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Abstract The paper interprets the cubic nonlinear Schrodinger equation as a Hamil-
tonian system with infinite dimensional phase space. There is a Gibbs measure which is
invariant under the flow associated with the canonical equations of motion. The loga-
rithmic Sobolev and concentration of measure inequalities hold for the Gibbs measures,
and here are extended to the k-point correlation function and distributions of related
empirical measures. By Hasimoto’s theorem, NLSE gives a Lax pair of coupled ODE for
which the solutions give a system of moving frames. The paper studies the evolution of

the measure induced on the moving frames by the Gibbs measure.
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1. INTRODUCTION

Consider the Hamiltonian

1 0P\ 2 0Q\2 Ié)
T ((Co R oy (S T
3 Q/T ox +8x $+27T( +Q)x (1.1)
on T = R/27Z which gives the canonical equations of motion
0 1|9 |Q > |Q 2, 21 | @
— =—— +B(P*+Q*) ! 1.2
[_108“3 s o] aE @ (12
so u = P 4+ 1(Q) satisfies the nonlinear Schrodinger equation
Ou 0u o(ry—1

When ~ = 2, we have the cubic nonlinear Schrodinger equation. The spatial variable is
x € T, and the functions are periodic, so that the system applies to fields parametrized
by a circle.

Throughout the paper, we write (M,d, ) for a complete and separable metric space
with a Radon (inner regular) probability measure p on the o-algebra generated by the

Borel subsets.
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The squared L? norm H; = [(P? + Q?) is formally invariant under the canonical

equations of motion, so we can consider possible invariant measures on
By = {u:P—i—iQ . P,Q € [(T;R) : /(P2+Q2)dx< K} (1.4)
T
The Gibbs measure on By for this micro-canonical ensemble is
() = Zi(8) T wexp (= [ Jul'ae) W) (1.5)

where W (du) is Wiener loop measure, and Zg(/3) is a normalizing constant. Lebowitz,
Rose and Speer [LRS] proved existence of such an invariant measure, so that for all K > 0
and f € R there exists Zx (/) > 0 such that px s is a Radon probability measure on
Br C L*(T;R?). When 8 = 0, we refer to the measure as free Wiener loop measure,
indicating that the dynamics are free of potentials. For 5 < 0, (1.3) is said to be focussing
and the Hamiltonian is unbounded below, giving the source of the technical problem.

Bourgain [Bo| gave an alternative existence proof using random Fourier series, and
showed that the measure is invariant under the flow in the sense that the Cauchy problem
is well posed on the support. Further refinements include a result of McKean [M], that the
sample paths are Holder continuous, and a result from Theorem 1.2(iv) in [BBD] that
the invariant measure of the micro-canonical ensemble satisfies a logarithmic Sobolev
inequality. Random Fourier series fit naturally into Sturm’s theory of metric measure
spaces, which we use to reduce some of the analysis to invariant measures on finite-
dimensional Hamiltonian systems.

The focusing case for spatial variable x € R captures soliton solutions, and [LRS] dis-
cuss the possible transition of the system between an ambient bounded random field and
a soliton solution. For x € T, the notion of a spatially localized solution is inapplicable,
but some of the [LRS] results are still relevant.

In section two, we consider tensor products of Hilbert space H and a k-point density

matrix. For jg a centered Gaussian measure on H, we express a specific integral

70 = [ 1) o
H

as a series of elementary tensors. This calculation involves combinatorial results which
are expressed in terms of Knuth’s odd and even decompositions of Young diagrams. In
section three, we use concentration of measure results to show how |[u®*)(u®*| is close
to its mean value J*) on a set of large probability. This statement also holds when
we replace o by the Gibbs measure. In section 4 we introduce metric probability
measure spaces and show how the infinite-dimensional dynamical system (1.2) can be
approximated by finite-dimensional dynamical systems, particularly involving random

Fourier series. In particular, we show that x +— u(z,t) is 7-Hélder continuous [0, 27| — L*
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for 0 < v < 1/16. We also obtain results on the empirical distributions that arise when
we sample solutions of (1.2) with respect to Gibbs measure (1.5), which we use in the
numerical experiments in section 7.

Hasimoto observed that (1.2) can be expressed as a Lax pair of coupled ordinary
differential equations with solutions in SO(3), one of which is the Serret-Frenet system
for a moving frame on a curve in R?. In sections 5 and 6 we consider the evolution of
the dynamical system corresponding to Hasimoto frames under the Gibbs measure. In
section 7 we present numerical experiments regarding the solutions, which illustrate the
nature of frames that arise from the solutions of (1.2) for typical elements in the support
of the Gibbs measure (1.5).

2. TENSOR PRODUCTS AND k-POINT DENSITY MATRICES FOR (GAUSSIAN MEASURE

Let H be a separable complex Hilbert space, with inner product (- | -) which is linear
in the second argument. We identify the injective tensor product H® H with the algebra
L(H) of bounded linear operators on H and the projective tensor product H®H with
the ideal L£!(H) of trace class operators on H. For H = L?| the identification is

foa=| gl he () / 3()h(y)dy.

Let A € LY(H) be self-adjoint such that 0 < A < I, and let po be a Gaussian measure
on H of mean zero and covariance A. By the spectral theorem, We can choose an
orthonormal basis (p;)32, of H such that Ap; = a;p; where the spectrum of A is the
closure of {a; : j = 1,2,...}. Then we introduce mutually independent Gaussian N (0, 1)

random variables (7;)52, and the vector

o0

w="Y A (2.1)

=1

so that pig is the distribution of u on H, as one easily checks by computing the expectation

Eexp(i(f,u)) = ]EGXI)(Z iv/aj(f, ‘Pj>’7j)

J

= exp <Z —%%‘(J‘l 99])2)

= ep(~3(AL ) (f ). 2.2)

Hence A is the mean of rank-one tensors with respect to Gaussian measure

A= [ Tl afdo),
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The k-fold tensor product H®* can be completed to give a Hilbert space, so that the

space H*®F of symmetric tensors gives a closed linear subspace. We consider
79 = [ a0 ()
H

An element of H®*QH®* determines a linear operator £( H®*), commonly referred to as
a matrix, so J®) € (L?)*®kg(L?)®* gives a k-point density matrix, or equivalently a trace
class operator J®) € L1(H*®F)

Lemma 3.3 of [LNR1] contains calculations regarding J*) which we have not been
able to interpret, particularly line 8 of page 79. Here we calculate J® directly, before
addressing the case of general k. Evidently we have E(v;77m7,) = 0 if one of the indices
7,€,m,n is distinct from all the others; otherwise, we have all the indices equal, or two

distinct pairs of equal indices. Hence we have

[ luewsu] uld) = 3 Vs | ¢ el on | Eiamn,)
H

Jtm,n

= 230@2 | 05 ® ) {0; ® ;|

J

+ ) ajor| 0 ® e @ |

JLitt

+ Z Q| 05 ® 9 {Pm ® om |
jam:j#m

+ Y ajar| 9 @ o) (e ® g | (2.3)
JLitt

and we combine the second and fourth of these to obtain

[ luonueul wid =Y 30 |00 e 05|

J
1
T3 Z a0y | 95 ® pet+ 0 ® ;)P ® P+ e ® |
Jil:g#L

+ D om0 ) (om ® @m | (2.4)
jm:j#m
which exhibits the right-hand side as a symmetric tensor, in which the final term shows

the integral is not diagonal with respect to the orthonormal basis

{SDJ@%" (p; ® e+ e ® ) /V2  j.l €Ny 755}

of the symmetric tensor product H ®, H, hence J® is not a multiple of A ® A.
For k € N, let 11, be the set of all partitions of k£ so that = € II; may be expressed as
k = ki + ko + - - -+ k, where the row lengths k; € N have ky > ky > --- > k,,. Given such
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7 and a n-element subset {ji,...,J,} of N, there is a symmetric tensor
1
k ®kn Qk
/i D¢t © @ s € H

where the sum is over all the permutations o of {ji,...,j,}. The set of all such tensors
gives an orthonormal basis of the k-fold symmetric tensor product H*®.

We express u as in (2.1) and consider the expansion
| u®k> <u®k |

= Z VOmy - Qmg Ymy - - - Vmogy | (fom1®"'®(fomk><90mk+1®.”®997712k |

(m1,...,max ) EN2k
(2.5)
in terms of this orthonormal basis of H*®* and look for the terms that do not vanish

after integration with respect to py.

Definition 2.1. (even decomposition) Given m € II; consider a pair (), p) € I3 with
rows At k=10, + 0+ ---+{, where {; e NU{0} and p: k =r; +ry +--- +r, where
r; € NU{0} and

2kj =4; +1; (j=1,...,n),
so that A and p have equal numbers of odd rows; here rows may have zero lengths, and the
rows are not necessarily in decreasing order. We refer to (), p) as an even decomposition

of .

Remark 2.2. There are various alternative descriptions of even decompositions. We
write A ~ p if A and p are partitions that have equal numbers of boxes and equal
numbers of odd rows; evidently ~ is an equivalence relation on the set of partitions. By
[K] Theorem 4 there is a bijection between symmetric matrices A that have entries in
NU{0} with column sums ¢4, ..., ¢, and Young tableaux P such that have ¢; occurrences
of j as entries and number of columns of P of odd length equals the trace of A. Given
symmetric matrices A and B with entries in NU{0} such that A and B have equal traces
and equal totals of entries, then the RSK correspondence takes A to P and B to @
where P and ) are Young tableaux with an equal number of boxes, and their transposed

diagrams P’ and @)’ have an equal number of odd rows, so P’ ~ Q.

For notational convenience, we also regard 4,9?0 as a factor which may be omitted in

tensor products. Then given such a triple (7, A, p) and an n-subset {ji,...,j,} of N,

otk [P @ (P @ @ e B (v ) (2.6)
where .
2%k 2k %kn\ (2k;)!

J=1
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gives a nonzero summand in J*).

Conversely, let (A, p) € I3 and suppose that A\ and p have equal numbers of odd rows,
so that after adding zero rows and reordering the rows we have r; + ¢; even for all j.
Then we introduce 2k; = ¢;+1; and after a further reordering write k = by + ko +-- - +k,
where k; € N have ky > ky > --- > k,,, and we have 7 € I, as above. Given a n-subset
{j1,---,jn} of N, we take 2k, copies of j,, and split them as /¢, on the bra side and r,,
on the ket side of the tensor for m = 1,...,n, making a contribution as in (2.6). We

summarize these results as follows.

Proposition 2.3. The integral J*) is the sum over the summands (2.6) that arise from
a w € Il with n nonzero rows, a n-subset of N, and an even decomposition of ™ into a

pair (A, p) € 112 where X\ and p have equal numbers of odd rows.

3. CONCENTRATION OF k-POINT MATRICES FOR (GIBBS MEASURE

Let H = L*(T;R) and let (v;);jez be mutually independent Gaussian N(0, 1) random
variables, where z; = (v; +i7_;)/v/2) and 2_; = (v; —i7_;)/v/2 for j € N. Then we take

Brownian loop in the style

170
jenioy W
so that Wiener loop W (du) is the distribution of u € H. By orthogonality, we have
de |2;]2
O — = J 3.2
[uors = ¥ 52)

JeZ\{0}

so that v € Bg/a, if and only if ) | ; 7]2 /7% < K. Chebyshev’s inequality and independence,

we have ,
; 2t
P[ 3 7—;21(} ge—fKL 0<t<1/2,K > 0). (3.3)
emnioy sin(mv/2t)
The low Fourier modes are the predominant terms since one has the estimate
2
]P’[ Z Z—JQ>K} < exp(m — Km*/4), (meN, K >0), (3.4)
JEL|j|Zm

which also follows from Chebyshev’s inequality and independence.
Let py(du) = ¢(A) "' exp(AV (u))W (du) where

) = /B exp(AV ()W (du)

so that p, is a probability measure; we can take V(u) = [;u(#)*df/(27) and W to be
Brownian loop measure. Here p, is Gibbs measure (1.5) with the inverse temperature /3,
but we prefer to work with A = —3 > 0 so that the convexity statements are easier to

interpret.
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Theorem 3.1. Under the family of Gibbs measures (1.5) associated with NLS (1.3), the
random variable u v+ (u®* | T | u®*) with u € (B, L* 1) and T € L(H*®*) satisfies
a Gaussian concentration of measure, the mean is a Lipschitz continuous function of (3,

and the mean for =0 is a sum over partitions of 2k over even decompositions.

The statements in this theorem will be proved in this section. They involve the integral
k
G = [ Tu | ) (3.5)
Bg

where ) is the Gibbs measure for NLS. In the defocussing case, the k-particle density
matrix of an interacting quantum system with suitable initial conditions converges to its
classical analogue see [AGT] (2.16) for the 1D case and [LNR2] for 2D and 3D.

We can write u = P + i(Q for real variables (P,Q) and interpret (u®* | T | u®*)
as a homogeneous polynomial in (p,q) of total degree 2k.  The following result gives
concentration of measure for Lipschitz functions on (B, L?, j1y), and shows that k-point

matrices are concentrated near to their mean value.

Proposition 3.2. For T € L(H*®*) with operator norm ||T||, let gr : Bx — C by
gr(u) = (u®* | T | u®*). Then there exists « = (B3, K) > 0 such that

2

: (k) —ar
,uA<{u € By : |gr(u) — trace(G,'T)| > 7’}) < 46Xp<32k2K2k—1HTH2> (r > 0).
(3.6)
Proof. Here gr has mean value
/ gr(u)ua(du) = / (W | T | u® Y (du) = trace(GT). (3.7)
Bk Bx
Also gr is Lipschitz, with
2%—1
lgr(w) = gr(0)] < |TI Y ulP [0l flu — o]
j=0
< 2kK*Y2|T||lw—v||  (u,v € Bg). (3.8)

By the logarithmic Sobolev inequality Theorem 1.2(iv) of [BBD], there exists o =
a(K, B) > 0 such that

[ s it < [ armtos( [ s@im@n)+2 [ 1esm@)

(3.9)

Bk

for all continuously differentiable f : Bx — R. In particular, we choose

f(u) = exp(ARe(gr(U) — trace(GEk)T))/Z)
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and we deduce that the moment generating function
o(r) = / exp <r Re(gr(u) — trace(G(Ak)T))),uA(du) (3.10)
By

satisfies p(0) = 1, ¢'(0) = 1 and the differential inequality
8k2K2k—1 ||T||27’2

rg(r) < ¢(r)log o(r) + - (3.11)
hence
8k2K2k—1 ||T||27’2
p(r) < eXP( )
Q@
One can conclude the proof by a standard application of Chebyshev’s inequality to the
integral for ¢ in (3.10). O

To make full use of the previous result, one needs to know the mean trace(Gg\k) T) as
in (3.7), which depends upon the measure in (3.5). The following shows how the mean

can vary with the inverse temperature 5 = —A\.

Proposition 3.3. For g : Bx — R an L-Lipschitz function, the mean values of g with

respect to the measures py satisfy

([ st(lan) — i) < 51325559—(/yg (V) = V() s (dus (o)
" o (3.12)
where o is the constant in (3.9) for ji,, and some X € (a,b).

Proof. We observe that log(()) is a convex function of A > 0 and by the mean value
theorem, there exists a < A < b such that

¢®) , (b—a)?"(V)  V)?
o T 2 < a )

() O
=—w—@/ V() ap(du)

(b—a)?
1

log ¢(a) —log((b) = —(b— a)

+ / /B KxBK(V(“) — V(w))? pr(du) oy (dw). (3.13)

Let Wi (pa, 1) be the Wasserstein transportation distance between iy, and p, for the cost
function ||u — v||z2, as in page 34 of [V1]. Then by duality we have

‘/B g(u)pp(du) —/B g(u)ua(du)’ < LW (1w, fta)-

By results of Otto and Villani discussed in [V1] pages 291-2, the logarithmic Sobolev
inequality of Theorem 1.2(iv) [BBD] implies a transportation cost inequality

Wl ) < (2Bni(y | 1)) (3.14)
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in the style of Talagrand, where the relative entropy is

d
Ent(yn | i) = [ log P2y (da)
Bx

a

— (b—a) / V(w)us(du) — (tog C(b) — C(a))

NG —4a) //BKXBK(V(u) — V() u(du)py(dw),  (3.15)

where the final step follows from (3.13). The stated result follows on combining these

inequalities. Il

Proposition 3.4. The integral G(()k) from (3.5) is the sum over the terms (2.6) that arise
from a m € Iy with n nonzero rows, a n-subset of N, and an even decomposition of ™

into a pair (\, p) € 112 where X and p have equal numbers of odd rows.

Proof. The measure py is a Wiener loop measure restricted to By. For any sequence
(en)nez € {£1}2, the sequence (Y, )nez With 7, mutually independent N (0,1) Gaussian
random variables has the same distribution as the sequence (£,7)nez. Also, the con-
dition ZnEZ\{O} 72 /n* < K does not change under this transformation. Let u () =
> ei¢;e7?/|j]. We therefore have

G0 = [ [ 1) | depolau)
By J{£1}*

where de is the Haar probability measure on the Cantor group {+1}%. We can therefore
compute the inner integral in this expression for Gék) by the same calculation that led
to the corresponding statement for J®)| since we only used the even decomposition of

partitions to derive (2.6). O

We have

2
72 .
[ ) < K} c N [7]2 < Kﬂ (3.16)
jezN{0} jez\{o}

where the sets are independent under the Gaussian measure dP, so we have a substitute
for (2.7)

/ Vi po(du) < P(Bg) ™! H/ v*edP, (3.17)
s s

where P(Bj) satisfies (3.3) and there is an approximate formula

)] 2K\ ke—1/2  emiK/2
/ e dP = (k ) exp<—<j£—> ' L) (3.18)




10 GORDON BLOWER, AZADEH KHALEGHI, MOE KUCHEMANN-SCALES
4. CONCENTRATION FOR METRIC MEASURE SPACES

In a similar spirit, we give a concentration result for k-fold stochastic integrals. This
result is in the spirit of the integrability criteria of[CM] which relates to a single variable.
Let H! be the Sobolev space of v € L*(T;C) that are absolutely continuous with deriv-
ative v’ € L*(T;C). Let h; € H' for j = 1,...,k be such that Z?Zlf(h;-)de <1, and
consider @ : BY. s R¥ given by

@ () o / uj(x)h;(x)dx>j_l - (- / hj(:l:)duj>j_1. (4.1)

The following result describes the distribution of this C*-valued random variable.

Proposition 4.1. Let v be the probability measure on CF that is induced from u}e}'fﬁ by
®. Then there exists ax > 0 independent of k such that

G(1U)210g<G(w)2/ / G2dz/K>z/K(dw) < % /C VG W) Py (dw) (4.2)

(Ck

for all G € CY(CK;R). The distribution vk has mean xo and satisfies

12w —m0]|2/2 _f_k 2 o
/Cke bl 2y () < (1 5) (# < a). (4.3)

«

Proof. We observe that for all u = (u;)%_, € Bj; and v = (v;)}_, € Bj; we have

19 () — D)2 < Z/ e deZ/\u] )[2de (4.4)

so @ : (BY,*(L?)) — (R¥, (%) is Lipschitz with constant one. Each metric probability
space (B, L* uk ) satisfies a logarithmic Sobolev inequality with constant ayx > 0 by
[BBD], and the probability space (Bk, (*(L?), p}@yfﬁ) is a direct product of the metric
probability spaces (By, L?, juk 5), hence also satisfies a logarithmic Sobolev inequality

2
Go bl log(Gob(w?) [ Gottduit )it d < 2 [ VG o @)l

Bk
(4.5)
with constant ax independent of &, by section 22 of [V2].
We introduce xg = fck v (dr) and consider
o(t) = / et Re@=20.9) () (4.6)
(Ck:
which satisfies ¢(0) = 1, ¢’(0) = 0 and the differential inequality
. 2lly?
to'(t) < p(t)log p(t) + —— (4.7)

2
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follows from (4.2). This gives
/C ey () < /e (4.8)

which we integrate against e~ WI*/2 where y € C* = R?** to obtain
2

12||z—z0]|2/2 12\ —k )
/Ck et lle=eoll®/2y, (da) < <1 — a) (t° < a). (4.9)

]

The probability space (B, L?, ik 5) has a tangent space associated with infinitesimal
translations. Let H! be the Sobolev space of v € L?(T; C) that are absolutely continuous
with derivative v’ € L*(T;C); let H~! = (H')* be the linear topological dual space for

the pairing (v, w) — [, v(x)w(x)dz/(27) as interpreted via Fourier series. Then there is

a Radonifying triple of continuous linear inclusions
H' — [* — (HY)* (4.10)

associated with the Gibbs measure px. The space H' has orthonormal basis
(e /v/n?+1)2__ and the covariance matrix of Wiener loop is Ry = diag[1/(1 +
n?)]>__ with respect to this basis. By simple estimates, one can deduce that there

exists, for each § and K > 0, a self-adjoint, nonnegative and trace class operator R such
that

(Rf.g),, = / / Judd / 0 i 5(du), (4.11)
Bg J[0,27] [0,27]

which gives the covariance matrix of the Gibbs measure on H!. This is essentially G(_I[)_},
up to the identification of Hilbert spaces in (4.10).

Cameron and Martin computed the density with respect to the Wiener measure that
results from the linear translation u + u + v for v € H'; their results extends to Gibbs
measure with some modifications.

We momentarily suppress the dependence of functions upon time, and consider for
p,q € H', the linear transformation P +iQ + P + p + i(Q + ¢). Cameron and Martin
proved that free Wiener measure (5 = 0) is mapped to a measure that absolutely con-
tinuous with respect to the free Wiener measure. Likewise, Gibbs measure is mapped to
a measure absolutely continuous with respect to Gibbs measure, so we can regard H' as

fibres of a tangent space to (By, L?, jix 5). We make a polar decomposition P+i@Q = re™
with Kk = /P2 + 2 and consider 7 = ‘g—‘;.

Proposition 4.2. For p,q € H' the functional

_ o\ __ a_p o % :
L(P,Q) = L(rke"”) = /Tax/icosada: /Tax/ismadx (4.12)
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is a Lipschitz functional of P+ iQ = ke such that

| en(s1P.Q=s [ L(P.Quxs(1PAQ) i s(aPQ)

< exp{C’s2 A((%)Q + <%)2)d1’} (s € R). (4.13)

Proof. Note that P + iQ) + k is 1-Lipschitz with
1

Niez=ox

Also x?||Hess o is bounded. We have

L(P,Q)= /p(% cosa—m¢sina>dx+/q(?—l;sina—klwcosa)dx (4.14)

—Q

[cm, /@VJ] = 0 P

€ SO(2).

which is bounded on L? with norm A where
Op\2 0q\ 2
A< [ ((58) +(58) )an 415
- /1r Ox * Ox v (4.15)
By the concentration of measure theorem for vg, we deduce the stated inequality. O
Definition We say that (M, d, i) satisfies Ty (a) if
2
Wa(w,)* < ~Ent( | 1) (4.16)

for all probability measures v that are of finite relative entropy with respect to pu. The
notation credits Talagrand, who developed the theory of such transportation inequalities.
Otto and Villani showed that LSI(«) implies T5(cv); see [V1] and [V2]

Theorem 4.3. Let (M,d, i) be a metric probability space that satisfies To(c); let
(MY, %(d), u®N) be the direct product metric probability space. Let Lf\, = N1 Zjvzl 3

be the empirical distribution for € = (fj)évzl € MY where &; distributed as p. Then the

concentration inequality holds
M®N<{§ i€ MY [Wy (LY ) — EW,(Ly, p)| > € }) <2e N2 (e >0)  (4.17)
forp=1,2.

Proof. The map between metric spaces
N
1
Ly : (MY, 3(d)) — (Prob(M), W) : (), — ~ ;5%. (4.18)

associated with the empirical distribution is 1/v/N-Lipschitz. Let ()0, (y) i, € MY

and consider the probability measure on M x M given by

1 N
T= D O (4.19)
j=1
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which has marginals L% = N~} Z;\;l 0y, and LY = N~! Zjvzl dy,, hence gives a transport

plan with cost

N
1
(L3, LY)? // d(x,y)*r(dzdy) = E d(x;,y;)%. (4.20)
v MxM N e

j=1

Suppose that (M, d, 1) satisfies T5(«). Then we take N independent samples &1, . .., &y,
each distributed as g so they have joint distribution p®" on (MY, (*(d)), where by
independence [BB| Theorem 1.2, (MY, ¢%(d), p®") also satisfies Ts(«). By forming the
empirical distribution, we obtain a map Ly : (MY, ¢*(d)) — (ProbM, W5). Then ¢(§) =
pr(Lﬁv, ) is 1-Lipschitz (MY, (?(d)) — R, since by the triangle inequality and (4.20),

10(&) — ()] < VNW, (LS, L)
< VNWy(LY, L)

Z (& m)% (4.21)

hence ¢ satisfies the concentration inequality

/A . exp(W(f) —t / @duM)du@N <exp(t’/(2a))  (t€R). (4.22)

Then the stated concentration inequality follows from Chebyshev’s inequality.
O

Theorem 4.3 gives a metric version of Sanov’s theorem on the empirical distribution;
see page 70 of [DS]. There are related results in Bolley’s thesis [Bl]. By [CEMS], Theorem
4.3 applies to Haar probability measure on SO(3) and normalized area measure on S?,
as is relevant in section 7 below. However, to ensure that EW5(Ly, ) — 0 as N — oo,
it is convenient to reduce to one-dimensional distributions, where we use the following
integral formula. For distributions p and v on R with cumulative distribution functions
F and G, we write W, (p,v) = W,(F, G).

Proposition 4.4. Let & be a real random variable with finite fourth moment, and cumu-

lative distribution function F. Let &1, ...,&n be mutually independent copies of & giving

an empirical measure L5 =N"1! Z?le 0¢; with cumulative distribution function Fﬁ(t)
Then

3 ®N L = _
WA P ) < —— /_ VF@ - F@)i (4.23)

Proof. Let H be Heaviside’s unit step function; then F§(t) = N~ Z;VZI H(t —¢j), so
VN(Fy(t)— F(t)) is a sum of mutually independent and bounded random variables with

RN
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mean zero. Also, as in the weak law of large numbers, we have

o0

]EWI(FN,F):/ E|Fy(t) — F(t)] dt

—0o0
1/2

< [ (B - Poy) i
1 o0
-~ | VFOE-F@y (4.24)

where the integral is finite by Chebyshev’s inequality since E¢? is finite. Compare [BGV].
O

Proposition 4.5. Suppose that & has distribution u on S* where p is absolutely contin-
uwous with respect to the normalized area measure vy, and du = fdvy, where f is bounded
with || fllee < M. Let &; be mutually independent copies of €1, and let LY, be the empirical

measure from N samples. Then

Wi(Ly, p)dp®N = O(N*) (N — o0).
COM
Proof. Let g : S* — R be 1-Lipschitz, and suppose without loss of generality that g has
Js2 9(x)vi(dz) = 0; then g is bounded with [|g]|cc < 7. Given § > 0, by considering
squares for coordinates in longitude and colatitude, we choose disjoint and connected
subsets F, with diameter diam(F,) < ¢ and v(E;) < §? and p(E;) < Mv,(FE) such that
UeE; = S?. We can arrange that there are S; such sets Ey, where S; < C/§?. Let F be
the o-algebra that is generated by the Ej, take conditional expectations in L?(vy), and

observe that

[ ot@ats = [ s@iauta) = [ (oe)~Ba | LS + [ (Blo 1) = gla))auta)

+ [ Bl | F)) (@I (@) = du(a) (4.25)

where we have bounds
\ /S 2 E(g | F))dL§ ‘ < sup Lip(g)diam(E) < 5 (4.26)
| / (9le) = Elg | F))dul < sup Liplo)diam(E) < (4.27)

and the identity

dl/l
[ B 1 P — i) = L0 T (ans, ),

l
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so by Cauchy—Schwarz, we have

/(SQ)N <é2 ]E(g | -7:)({5) (dLg\’(x) - du(x))>2du®jv

< Bl Y oy [, (I8 - aos)

where LS (E;) — p(E) = N~ Z;il(]IEz(ﬁj) — u(Ey)) is a sum of independent random

variables with mean zero and variance N~*u(Ey)(1 — pu(Ey)), so

2 @N 1 2 T2 CM
@M%ﬁmeW%w—wmnw < glol o0 < T 42

Choosing § = N~/4 we make both (4.26) and (4.29) small, which gives the stated result.
(]

Remark Consider the discrete metric § on [0, 1], and observe that 14 gives a 1-Lipschitz
function on [0, 1] for all open A C [0,1]. Then we have [I4(x)(du(z) —dv(x)) = p(A) —
v(A), so by maximizing over A we obtain the total variation norm |[[p — v|[ye,. With p
a continuous measure and v a purely discrete measure, such as an empirical measure,
we have ||t — v||ver = 1. The Propositions 4.4 and 4.5 depend upon the choice of cost
function as well as the measures.

The Gibbs measure (1.5) was defined using random Fourier series. This construction
gives us a sequence of finite-dimensional probability spaces which approximate the space

(Br, L*, pxs). To make this idea precise, we recall some definitions from [S].

Definition 4.6. (Convergence of metric measure spaces) (i) For M a nonempty set, a

pseudometric is a function § : M — [0, 00| such that
o(z,y) =0y, x), o(z,2) =0, d(z,2) <d(z,y) +(y,2)  (z,y,2€ M); (4.30)

then (M, ¢) is a pseudometric space.
(ii) Given pseudo metric spaces (M, d;) and (M, ), a coupling is a pseudo metric
d: M — [0, 00] where M = M; LI M, such that 0 | M; x My = §; and 0 | My x My = ds.
(iii) Suppose that M, = (M, 61, 11) and M, = (My, b, j12) are complete separable
metric spaces endowed with probability measures. Consider a coupling (M,0) and a
probability measure 7 on M; x M, with marginals m; = 1 and m = po. Then the L2
distance between Ml and j\;fg is

A 1/2
Dy (M, M) = mf( / 8(z, y)Qﬂ(dxdy)) (4.31)
M xM

o,

Let D,, be the Dirichlet projection taking > r- _ (aj +iby)e™*™ to > (ay +iby)e’™®.

Following [B02], we truncate the random Fourier series of u = P+ iQ = > > (ay +

—0o0
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ibg)e™*® to u, = P, +1iQ, = > ,__, (aj + iby)e™™® and correspondingly modify the Hamil-
tonian to
Hy ((ar), (b)) = Z Ko+ ) + 2 / ] z ax + ib)e| L (4.32)
3 3 5

k=—n
for the real canonical variables ((ax,bx))i__,. Then the canonical equations become a
coupled system of ordinary differential differential equations in the Fourier coefficients.
We introduce the polar decomposition P, + iQ,, = k,e", and observe that in terms of

these noncanonical variables, the Hamiltonians H 1(”) = f k2df and

i =5 [((G) () ) o 1 Lot (4353

are invariants under the flow. The corresponding Gibbs measure is

n dc9
dﬂ&()ﬁ - Z(Kv Bv ) 1IBK eXp / ‘ ‘4 H du (434)
0€[0,27]
in which
J° o oy J da;db;
H du(f H exp(—;(aj + bj)) — (4.35)
0€(0,27] j=—-n;j#0

Consider the map u(z,t) — u(xz+h,t) of translation in the space variable. This commutes

(n )

with D,,, and the Gibbs measures ji;; 5 are all invariant under this translation. In terms

of Fourier components, we have M., = Bx and

M, = {(aj,bj);;_n ca b €R: Y (@241 < K} (4.36)

j=—n
with the canonical inclusions of metric spaces (M, (%) C (My, ?) C --+ C (Mu, 0?)
defined by adding zeros at the start and end of the sequences, which gives a sequence of
isometric embeddings for the ¢? metric on sequences. When we identify (a;, b; i), with

Z;L_ (aj +ib;)e " then we have a corresponding embedding for the L? metric.
Here (M, L?, ,uK B) is a finite-dimensional manifold and a metric probability space.

We now show that these spaces converge to (M, L?, pix.5) as n — oo.
Lemma 4.7. (i) Suppose that 0 < —fK < 3/(147%). Then M, = (M, L{,u&?_%) has

Dp2(M,, M) =0 (n— o). (4.37)

(n )

(11) The measures jiy; 3 converge in total variation norm to pg g as n — oo.

Proof. (i) This is proved in Theorem 3.2 of [B2]; see also Example 3.8 of [S]. Let
Wo(Dptu, i) be the Wasserstein transportation distance between D, fp and free Brown-

ian loop measure 4 for the cost function ||u — vl|3,, where D,, is the Dirichlet projection.
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The key point is

Wa(Duitu ) < [ 1Dy = ulfauda)
—E Y '7{@ - o(%) (n — 00). (4.38)

k:|k|>n

(ii) The measures ,u( )

of McKean in step 7 of [M]. By M. Riesz’s theorem, there exists ¢4 > 0 such that
Jp | Dpul*df < ¢y [ [u|*df, and by [LRS] the integral

/B eXp</\c4 /T |u(9)|4d0)W(du) (4.39)

is finite, so we can use the integrand as a dominating function to show

/B K‘exp(A /T |Dnu(9)|4d9> —eXp</\ /T |u(«9)|4d0>’W(du) 50 (n—o0).  (4.40)

]

converge in total variation norm to pg, by an observation

Proposition 4.8. Let (M, U M, d,) be a coupling of (M, L?) and M., L?), and let
¢ (M, U My, 6,) — R be a Lipschitz function. Then

/M Pun)pi () = / wprp(du) — (n— 00). (4.41)

Proof. We can introduce a pseudo metric 6, on M, U M,, that restricts to the L? metric
on M, and M., and apply (4.42) to Lipschitz functions ¢ : (M, U My, 0,) — R.  We
can regard M, x My, as a subset of M x M = (M,, U M) x (M,, U M,). Note that for a
Lipschitz function ¢ : M — R such that |p(z) —¢(y)| < d(z,y) for all z,y € M, we have

/A ’{nSD(un)MgLy)ﬁ(dun)— /M o(u)pk 5(du) / A . o(un) — (u))m(dudu,)
//M . 0 (U, u)m(du,du)
SU/RCUCED,

= Dy2(M,, Moo). (4.42)
O

For example, with u = >"°° _ (ax + ib)e’*? we introduce D,u = Y7 (aj. +iby)e™;
then p(u) = || Dyul|z2 and ¥ (u) = ||u— D,u||r2 give Lipschitz functions ¢, v : (Bg, L?) —

R.

—n

Proposition 4.9. For 0 <y < 1/16 and fived 0 < t < tq, the map x + u(z,t) € L* is

~v- Holder continuous.
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Proof. We prove that for 0 < ¢t < ty, we have C' = C(ty) such that
/ [ w(e + hyt) — uz, 6)|| 5 i s(du) < CR? (4.43)
Bi @

sox + u(x,t) € L1 is - Holder continuous for 0 < v < 1/16 by the Censov—Kolmogorov’s
theorem. To obtain (4.43), let J3s(z) = Y. €™ /|k|3/® so that J3s(x)|z|*’® is bounded
on (—m,m) and Jy5 € LY3(—m, 7). Then by Young’s inequality for convolutions, with

|D| : €™ — |n|e™ we have
[u(@ + hot) = (e, )| 4 < || Tayslloss][[ DI Pule + b t) — [DPPu(e, )], (4.44)
Then by Bourgain’s estimate on the solutions of NLS [B], there exists C(#;) such that

Hu(:p—i—h,t) — a8 < Clty) Hu x+ h,t) —u(z,t) HH”S (4.45)

Ol

where

/B Hu(:r + h,t) — u(z, 75)“}{62/8,&1(,5(6[“)

< (/B [z + h,t) — u(z, t |\He/sW(du)>l/2 (/BK <d5§/’5)2W(du)>U2. (4.46)

By basic results about Gaussian series, the first factor on the right-hand side is bounded

by the eighth power of
L k341 — cos hk)
L2

< Ch'/*, (4.47)
k=1
so we obtain (4.43). Also, by rotation invariance of the Gibbs measure, we have

/B\u(9+h,t)—u(e,t)ﬁwﬁ(du):/B e + 1) = ule, )] s ),

which is

< (/BKHU(:E +h,0) — (e, 0)”;W(du))l/2 (/BK (j—vﬁé)QW(du))l/Q

< C(i 1 —coshk>2 <R,

k2
k=1

so x + u(x,t) is 1/4-Holder continuous along solutions in the support of the Gibbs

measure. O

5. HASIMOTO TRANSFORM

We recall the Hasimoto [H] transform, which associates with a solution u € C? of
(1.3) a space curve in R?* with moving frame {7, N, B}; Hasimoto considered the case
f = —1/2. In the present context, u is associated with the space derivative of a tangent

vector T to a unit speed space curve, so the curvature is £ = ||%5|. We have a polar
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decomposition u = ke’ where o(z,t) = f; 7(y,t)dy and 7 is the torsion. Then the

Serret—Frenet formula is

9 T 0 k 0 T

— = |- 1

B N k 0 7| |NJ, (5.1)
B 0O —7 0 B

so the frame develops along the space curve. Let X = [T; N; B] € SO(3), and Q(z,t)
the matrix in (5.1). The space

L(SO(3)) ={g:10,27] — SO(3);g continuous, ¢(0) = g(27)}
with pointwise multiplication is a loop group, and its Lie algebra may be regarded as

H}(s0(3)) = {h; [0,27] — so(3);h  absolutely continuous, h(0) = h(27) = 0,

27
| @ e < oo}

see [DL]. When Q(-,t) € C(T;s0(3)), the solution X(-,¢) € C([0,27]; SO(3)) to (5.1)
is 27 periodic up to a multiplicative monodromy factor U(t) € SO(3) such that X (x +
21, t) = X (z, t)U ().

The frame also evolves with respect to time, so that with p = —%—‘t’ — BK2, we have
T 0 —7mx Z1[T
8 xr
o N| = |71k 0 —u| |N|. (5.2)
B ~% u 0] |B

Lemma 5.1. (Hasimoto) If u is a C* function that satisfies the nonlinear Schréodinger

equation, then the coupled pair of differential equations is consistent, giving a Lax pair.

Thus the frame X € SO(3) evolves along the solution P + i@ € By of NLS, and
we can regard d/dx — Qy and d/dt — Qs as connections for this evolution. Both of the
coefficient matrices are real and skew symmetric. One can check that a solution of the

integral equation

X(z,t) = Xo(z) + tQ22(0,0) Xo(0) + /$/ <% + D (y, $)Q(y, s))X(y, s)dsdy
o (5.3)
satisfies
0X (z,0)

X(z,0) = Xo(x), 5

= Qa(, 0)Xo(2),

PX(x.t) (8(21(33,15)
oxot ot

so smooth solutions are given in terms of an integral equation.

Oy (2,6, t))X(:c, 1),
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From the Serret—Frenet formulas the components of the acceleration along the space

G = (G = (62 (5

(- @) =il = (P*+ Q2" (5.4)

curve satisfy

The total curvature of the space curve is

[ wapar= [ (224 @iis = 110 (5.5)
T T
which is an invariant under the flow associated with the NLS.

Proposition 5.2. Let
m(P.Q) = - [ P@Q @) (5.6)

(i) Then —Hy is convergent almost surely and is invariant under the flow associated
with NLS,
(ii) —Hy represents the area that is enclosed by the contour {u(z) : x € [0,2x]} in the

complex plane, and
1
H, = —/HQTdSU; (5.7)
2 Jr

(ZZZ) H22 < 4_1H1H3 f07" B > 0.

Proof. (i) The invariance of Hy was noted in [MV1] and can be proved by differentiating

through the integral sign and using the canonical equations. We have a series

N

Ju do . <
Jate.0556.05 = lm 3" @ijad)
T —00 |
j=—N
which converges almost surely. This follows since
/ Sup‘ Z ‘ e p(du)
N

. </BK (CZCZM—I;’QYCZW)M(/BK ngp‘,z a(g)iju(y)

where the final integral involves the series

Tim " a(iaG) =y sl ol (5.9)

Jj==-N j=1 J
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which is a martingale; by Fatou’s Lemma, we have
> 12 12 00 Al 2 — 12
[ (333 Yy ] [ g (M1 gy
L2 | J /L2 J

_ <sif17;jr)\>1/2 (—1/2 < A < 1/2), (5.10)

so the series in (5.9) is marginally exponentially integrable. Hence the integrals in (5.8)
converge by the L? martingale maximal theorem for all 1 < p < oo.
(ii) One can write Hy in terms of P + i@ = re', and make a change of variables to

obtain
__0PQ)
Jd(k,0)

and
1 / / 1 2
Hy = - (PQ—PQ)CZ:I::— koTdx.
2 Jr 2 Jr

To interpret this as an area, We write 6 € [0, 2n] for the space variable and extend
functions on [0, 27| to harmonic functions on the unit disc via the Poisson kernel. Then
by Green’s theorem, we can express this invariant in terms of the area of the image of D

under the map to P + i@, as in

[P,
HQ_//D ey (5.11)

This is similar to Lévy’s stochastic area, as discussed in Example 5.1 of [IW].

(iii) We then have
2
(/ /@2de> < /liQdCIZ/IiQTQdZC
T T T

which is bounded in terms of other invariants, with H < 471 H, H;.

]

(i) Bourgain interprets Hs in terms of momentum (5.70) [B02].
(ii) Suppose that T € C?([0,a] x [0,b];S?), so that T'(x,t) represents the spin of the

particle at (z,t) and let
oT

E(T):/Oa >

2
—(x,t)H dr, (5.12)
x

which corresponds to our 5.5. One can consider infinitesimal variations T +— T + T x V

and thereby compute g—? In the focusing case 5 = —1, Ding [D] introduces a symplectic
structure on the space of such maps such that the Hamiltonian flow is
oT 0T
— =T x ——
ot ox?
which corresponds to Heisenberg’s equation for the one-dimensional ferro-magnet, and

(5.13)

gives the top entry of (5.2). There is a a gauge equivalence between the focussing NLS

and Heisenberg’s ferromagnet. There is also a gauge equivalence between the defocussing
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NLS and a hyperbolic version of the ferromagnet in which the standard cross product is
modified. We have

0*T |2 0K\ 2
@ = <£) + K272 + K (514)
o 811, 2 4

The aim of the next section is to interpret the Lax pair suitably for solutions which are
typically not differentiable and for which we have a pair of stochastic differential equations

with random matrix coefficients.

6. GIBBS MEASURE TRANSPORTED TO THE FRAMES

The compact Lie group SO(3) of real orthogonal matrices with determinant one is a
subset of Msy3(R), which has the scalar product (X,Y) = trace(XYT) and associated
metric d(X,Y) = (X — Y, X — Y)2 such that (XU,YU) = (X,Y) and d(XU,YU) =
d(X,Y) forall U € SO(3) and X.,Y € M3,3(R). The Lie group SO(3) has tangent space
at the identity element give by the skew symmetric matrices so(3), so the tangent space
TxSO(3) at X € SO(3) consists of {QX : Q € s0(3)}, where so(3) is a Lie algebra for
[z, y] = 2y —yz, x,y € so(3).

With M, as in (4.36), the space C*°(M,,; R) is a Poisson algebra for the bracket {f, g} =
Z;L:_n a‘?(g 7,2)’ and the canonical equations arise with Hamiltonian Hén) on M,. Let QQ be
the ring of quaternions, and extend the Poisson bracket to C*(M,,; Q) via { f®X, g®Y } =
{f,9} ® XY. Then (R? x) may be realised as Q/RI and (so(3),[,-]) = (R3, x); see
Example 2.3 of [X].

We consider the differential equation

dxX
= QHX; X(0)= X, (6.1)

where ¢ € [0, 1] is the evolving time. Let v, for ¢ € [0, 1] be a weakly continuous family of

probability measures on SO(3), such that

1
/ / |\Q||§0(3)1/t(dX)dt<oo (6.2)
0 Jso)

converges and 2.X is locally bounded so X + QX is locally Lipschitz, and such that the

family (1) satisfies the weak continuity equation

% +V - (2xu) =0, (6.3)

The weak continuity equation is equivalent to

/ FXm(dX) = / F(X(Xo)o(dXo) (6.4)
50(3)

S0(3)
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for all f € C(SO(3);R), where X, — X;(Xj) gives the dependence of the solution of (6.1)
on the initial condition. It is not asserted that the velocity field 2X gives an optimal

transportation plan, but it does an upper bound on the Wasserstein transportation cost
for the cost d(X,Y)? on SO(3)

Wzt:/tiatyltl / /so(3 112 (dX)dt (0 <t <ty < 1). 6.5)
Then by Theorem 23.9 of [V2], the path (1) of probability measures is absolutely con-
tinuous, so there exists ¢ € L'[0,1] such that Wy(vy,,1y,) < ;12 ((t)dt and 1/2-Holder
continuous, so there exists C' > 0 such that Wy(vy,, v, ) < Clts — t1|/2.

Example 6.1. (i) If Q; € M;,3(R) is skew, and X, Y; give solutions of the differential

equation
dX dY
=0,X, X(0) =Xy, —
o X0 =X

then d( Xy, Y;) = d(Xo, Yy). We deduce that if X is distributed according to Haar measure

on SO(3), then X, is also distributed according to Haar measure since the measure, the

=Y Y(0) =Y, (6.6)

metric and solutions are all preserved via X — XU.
(ii) As an alternative, we can consider Xy to have first column [0; 0; 1] and observe the

evolution of the first column 7 of X under the (6.1) where T evolves on S?.
We now consider the case in which 2 is a so(3)-valued random variable over (M, px 5, L?).

Proposition 6.2. Suppose that Q = Q(u(-,t)) where u(x,t) is a solution of NLS and
that

/B 12 0)) 2 gy 1 () (6.7)

converges. Then for almost all u with respect to pk p. there exists a flow (1,(dX;u)) of

probability measures on SO(3).

Proof. Each solution u of NLS determines 2 so that the associated ODE (6.1) transports
the initial distribution of X, € SO(3) to a probability measure on SO(3); then we average
over the u with respect to g (du). This Gibbs measure is invariant under the NLS flow,

so by Fubini’s theorem

L[ 1ot o)) (6.8)
Bk Jo Jso@3)

converges. Hence the condition (6.2) is satisfied, for almost all u, and we can invoke
Theorem 23.9 of [V2]. O

For the finite-dimensional M, of (4.36) and solutions u, = k,e”", the modified Hasi-

moto differential equations are
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9 0 kn O
%X(”) (IL‘, t) ==k 0 7 X(n)(x7 t): (69>
0O -7, O
and
0 —Tnkn aaﬁ
8 xr
EX(n)({E, t) = | Tnkn 0 o B2 | X (x,t) (6.10)
B -pop o

involves 7, = %LG and (%L;)Q + 72K2 = (%)2 + (aé%)2 which is continuous, so there
exists a solution X (z,t) € SO(3). We can interpret the solutions as elements of a fibre
bundle over (M, ,u%), L?) with fibres that are isomorphic to SO(3).

Let P +iQ = ke be a solution of NLS and let

0, = [—On g ﬂ : (6.11)

O

Proposition 6.3. (i) Let P+iQ = re™ be a solution of NLS with initial data in P(x,0)+
iQ(x,0) € BgkNH'. Then Qy in (6.11) gives an so(3)-valued vector field in L*(k*(z,t)dx).

(ii) Let P+iQ = ke' be a solution of NLS with initial data P(z,0)+iQ(z,0) € H'NBg,
and let P, +iQ,, = K,e°" be the corresponding solution of the NLS truncated in Fourier
space, giving matrix an). Let Xt(n)(x) be a solution of (6.9) and suppose that X™
converges weakly in L? to Xy(z). Then X; gives a weak solution of (5.1).

Proof. (i) With w = v k? + 72, we have

sin hw 1 — cos hw
Q + -8
w

exp(h€y) =1 + Q2

where the entries of Q2 are bounded by x* + 72, hence
/ 194 (2, )|k (2, )% dz < o (6.12)
T

for u € H'; however, there is no reason to suppose that 7 itself is integrable with respect
to dx.

(ii) By (5.4) and (5.5), we have xQ; € L2 for all u € H'. Moreover, Bourgain [Bo| has
shown that for initial data P(z,0) +iQ(z,0) = x(x,0)e”™% in H' N By, the map

w(x,0)e @0 s gz, ) (2, 1) € L? (6.13)
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is Lipschitz continuous for 0 < t < ¢, with Lipschitz constant depending upon ty, K > 0.
We have

k(z+ h, t) X (2 + h,t) — k(2 t) X (z,t)]]? 1 [t 85
2 <2<E/ i |dy>

2k [ i) 610

where the right-hand side is integrable with respect to x by the Hardy—Littlewood max-
imal inequality and (6.12). Suppose that X is a solution of (5.1). We take 7, to be
locally bounded. Then by applying Cauchy—Schwarz inequality to the integral

h
X0 (x4 h,t) — X (z,t) = / O (2 + 5, )X (2 + s, t)ds,
0

we deduce that

/[ X (2 + 5,8) = XO (@, )3, ) o (2. 1) *d
0,27

]
h
<h / /[0 . |\Q§”>(x+3,t)||§[3X3(R)Hn(x,t)2dxds (6.15)

where the integral is finite by (6.12).
Also

X0 (5, ) = X0 (2.0 3w

_ TN
Z s®) / 190 (2, )2
T; — Ty 0

j=1 Ti-1

for 0 <oy <o < - <ay < 27.

We have

8% (kX ™) =

so for Z € C*°([0,27]; M343(R)) and the inner product on M;y3(R), we have

Okn
; X 4 o x ™ (6.16)

(1n (20) X (2, Z(27)) — (10 (0) X (0), Z(0)) — / " enl2)(X (), Z(2)) da

_ 0% T (X)), Z(a)) dr + /OQW<X<H>,nn<x>95"><x>TZ<x>>dw (6.17)

where x,, — & in H!, so with norm convergence, we have a”" — a"’” in L2, and £,Q0" —

k€ as n — oo, and with weak convergence in L?, we have X ) = X, so

(r(2m) X (2m), Z(27)) — (x(0)X(0), Z(0)) — /0 Tr r(2)(X(2), Z(x)) dx

2w 8/@

- [ . 2@ o+ /0 (X, k(2) 00 ()T Z(2))dz. (6.18)

]
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The simulation of this differential equation computes X, € S? starting with X, =
[0;0;1] and produces a frame {X,, 2, X,, X, x Q. X,} of orthogonal vectors. Geodesics
on S? are the curves such that the principal normal is parallel to the position vector,
namely the great circles. For a geodesic, X, x Q,X, is perpendicular to the plane that
contains the great circle.

Let P +iQ = ke be a solution of NLS and let

0 —kT g—';
B=|rkr 0 0]. (6.19)
—% 0 0

Proposition 6.4. (i) Let P+iQ = ke be a solution of NLS with initial data P(z,0) +
iQ(x,0) € Bg. Then x fom Qo (y, t)dy gives a so(3)-valued stochastic of finite quadratic
variation on [0, 2] almost surely with respect to pux (dPdQ).

(ii) Let P+iQ = ke' be a solution of NLS with initial data P(z,0)+iQ(z,0) € H'NBg,
and let P, +iQ,, = K,e°" be the corresponding solution of the NLS truncated in Fourier
space, giving matrix an). Let Xt(n) be a solution of 6.10). Then Xt(n) converges in L2

norm to X; as n — oo where X; gives a weak solution of (5.2).

Proof. (i) The essential estimate is

/BK Ej:'”(%‘ﬂv il ) s (du)

- Z</ u(wjin,t) = ulay, O ()
< S, st st ormatan) ([ (Y ar)”
< CZ( / (. t) — ulay W ()

<O (w41 — ;) < 27C. (6.20)
J

Also, we can control the k7 term via

/ kdo — 27 'K2do N do = / kVo -
0 0

which is a bounded martingale transform of Wiener loop.
(i) By (5.4) and (5.5), we have Q, € L? for all u € H'. Bourgain [Bo] has shown that
for initial data P(x,0) 4+ iQ(x,0) = k(z,0)e ™% in H' N By, the map

P ~QdP + PdQ

o VP Q

r(z,0)e@0) s Qy(x,t) € L2 (6.21)
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is Lipschitz continuous for 0 < t < ¢, with Lipschitz constant depending upon ty, K > 0.

We have o o
/0 |‘Qg(m)”2dx < 2/(; <<g—z>2 + /i(;p)QT(ZL’)Q + /i(:c)‘l) dx,

where the final integral is part of the Hamiltonian. With Z € C*°(T; M3x3(R)), we have
the integral equation for the pairing (-,-) on L?([0, 27|, Mzx3(R))
t
(10.2) = (4. 2) + [ Q0 (@) Z) ds. (6.22)
0

Consider the variational differential equation in L*([0,27], M3x3(R))
d
Z (XM () = X0 (a,) = 0" (2, (X (2,1) = X (a, 1))
+ (™ (2, t) — QS (2, 1) X (2, ) (6.23)

where Qg")(m, t) and ng)(ff, t) — an)(x, t) are skew.
We introduce a family of matrices U™ (z;t,s) such that U™ (z;t,r)U™ (z;7,5) =
U™ (x;t,s) for t > r > s and U™ (z;t,t) = I such that

%U(”)(x; t,s) = QO (@ ) U™ (23, 5). (6.24)
Then the variational equation has solution
X0 (1) = X0 (a,8) = U (34, 0) (X (2, 0) — X (,0))

t
+ / U™ (a3 ¢, 7)( Q" (w5 7) — O (7)) X ) (2, )

0
Then
d m n m n
(X () - X ><t>,X< () — X (1)) 12
= 2Re((Q4™ (1) — Q57 (1) X (1), X )(1) (£)) 12
SHﬂgm)(t)—an)(t)|\%g||X(m)(t)||ig+||X () — X (1|2 (6.25)

so from this differential inequality we have
t
X=X DI < IXO-X OO+ [ 194 (5)-08"(5) s (626)

Now X™)(0) — X" (0) — 0 and ng)(s) - an (s) = 0 in L2 norm as n,m — 0o, SO
there exists X (z,t) € L2 such that X (x,t) — X™(2,¢) — 0 in L2 norm as n — oo.
We deduce that

(X(0.2)2 = (X0 Z)sz + [ (Ko (9(0)" )12 (6.27)

so we have a weak solution of the ODE. O
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Let Qé"’u”)(:r, t) be the Fourier truncated matrix that corresponds to a solution u, of
the Fourier truncated equation NLS,,, then let X™%(x,t) be the solution of the ODE
(6.10). By Proposition 6.2, the map u,, — X"™"*(-,t) pushes forward the modified Gibbs

measure ,u&?) to a measure on (C'(M,; SO(3)), L?) that satisfies a Gaussian concentration

of measure inequality with constant «(3, K)/n?; compare (3.9).

Corollary 6.5. For each Z € L*([0, 27]; M3x3(R)), introduce the R-valued random vari-
able on (M, LQ,M%)) by

Zuun) = [ (XOa,1), 2 ()i (6.28)
[0,27]
(i) Then the distribution v\ of Z,, satisfies the Gaussian concentration inequality
/ exp (th — t/ an,u%))u%)(dun) < exp(n’t*/a(B, K)) (t € R). (6.29)
Mp My,

(i1) Let 1/](\7) = N-! Z;\;l 0,0 be the empirical distribution of N independent copies of
Zy. Then Wl(yj(\?), vM) — 0 almost surely as N — oo.

Proof. (i) As with w,, we introduce the corresponding data for another solution v,. As
in (6.26), we have

), 1) — X0 (1) < X (0) — X0 (0) 2
t
+/ e | (2, 5) — Q) (s, 5) 2oz ds. (6.30)
0

For given initial condition X™)(0) = X (™) (0), and T' > 0, we can take the supremum

over t, then integrate this with respect to x and obtain

27
[ s X0 ) = X )
0

0<t<T

T
<7 / 195 (2, 5) — Q) (z, 5)| 2 ds (6.31)

s0 QW +— X% is a Lipschitz function L2([0, 27] %[0, T], so(3)) — L2([0, 27]; L>=([0, T],R?)).
By Bourgain’s results, there exists C' > 0 such that
195" (@, 5) = " (@, )12z < Cllun (2, 5) = va(, 5) |
< CTLHun(SU,O) _Un(x70)HL§v (632>
80 U, ++ X ™) is a Lipschitz function on L2, albeit with a constant growing with n. Thus
we can push forward the modified Gibbs measure (M, L?, p%)ﬁ) — L2([0,27]; M3x3(R))

so that the image measure satisfies a Gaussian concentration inequality with constant
a(B, K)/n? dependent upon n. For each Z € L*([0,27]; M3x3(R)), we introduce Z,, so
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that where u,, — Z, is Cn-Lipschitz function from (M, L?, u%)ﬁ) to R. The random
variable Z,, therefore satisfies the Gaussian concentration inequality (6.29).

(ii) By Theorem 4.3, we can use the Borel-Cantelli Lemma to show that
]P’[‘Wl(uﬁ), vy — ]EWl( 1/(”))| > ¢ for infinitely many N} =0 (e >0),

where by Proposition 4.4, ]EWl( ™) 5 0as N — oo. O
Consider a coupling of (M, L?, u%)ﬁ) and (Mw, L?, k. 5) involving measure 7,. For

any bounded continuous ¢ : C — R we can consider

| et@tsddu)~ [ oz @)stan
[ ez ez (633

where
Dr=( Mn, M, // O(tUn,u ﬂn(dundu) —0 (n — 00).
M x Moo

Proposition 6.6. Let (0;)32, be a dense sequence in Ball(C.(C;R)) and (Y7)72, a dense

sequence in Ball(L?*). Then there exists a subsequence (ny) such that
(X0 Y i (dun,) (6.34)
\ Pj y e) ) g g (AUny, :

converges as ny — oo for all j, ¢ € N.

Proof. We can introduce a metric so that M = [[2, M,, U M becomes a complete
and separable metric space, and we can transport s, onto M. Then w = 2 'u, +
S>> 27" Yy, is a probability measure on M, and pu, is absolutely continuous with
respect to w, so du, = fndw for some probability density function f, € L'(w). By
convergence in total variation from Lemma 4.7 (ii), here exists f,, € L'(w) such that
Jn = foo in L' as n — oco. Given a bounded sequence (g,)>, in L®(w), there exists

Joo € L®(w) and a subsequence (ny) such that

/gnkd,unk = /gnkfnkdw—> /goofoodw :/good,uoo. (6.35)
U

Remark 6.7. For v € M, we have u,, = D,u € M, so that v, — v in L? norm as
n — oo. It is plausible that (6.33) tends to 0 as n — oo, but we do not have a proof.
Unfortunately, the constants are not sharp enough to allow us to use (4.8) to deduce W,

convergence for the distributions on SO(3).
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7. EXPERIMENTAL RESULTS

Our objective in this section is to obtain a (random) numerical approximation to the
solution of (6.9). We consider the case where the parameter 5 in (1.3) is equal to 0.
Note that in this case, the Gibbs measure reduces to Wiener loop measure and stochastic
processes with the Wiener loop measure as their law are by definition Brownian loop.
Equation (6.9) is a PDE with respect to the space variable 2, while the parameter of a
stochastic process in an SDE is colloquially referred to as time. To avoid confusion, in
this section we refer to x as s; whereas the time variable ¢ is suppressed.

Recall the polar decomposition P + i) = ke where, K = \/WQ2 and o is such
that 7 = 22. Define o (P, Q) := tan™( 249 ) as the regularised Ito integral of 7. The Ito

P2+¢€2
differential do. can be written as do. = f1(P, Q)dP + fo(P,Q)dQ + f5(P,Q)ds, where
__ (@-P)Q
fl(PaQ) = (€2+P2)2+P2Q27
_ P(E+P?
f?(PaQ) = (€2+P2)2+P2Q27
MO = 2PQE P 2PQ(E+ P+ PQY)
3t = _

((€2 + P2)? + P2Q?)? ((€ 4+ P?)? + P2Q?)*

(2 — P%)Q (2PQ? + 4P(e* + P?))
B (&2 + P2)2 + P2Q2)? '

We can write (6.9) in the form of a SDE, including a correction to convert from a
Stranovich SDE into an Ito SDE as follows

dX, =AX,ds + BX,dP + CX,dQ (7.1)
where,
0 / P?+Q? 0

A= |—/P2+Q* ;f1(P,Q)+1f3(P.Q) f3(P,Q) ;

.0 —f3(P,Q) 3fH(P.Q) + 5 f5(P.Q)

[0 0 0 0 0 0
B=10 0 [PQ), C=10 0 f2(P,Q)] - (7.2)

0 —f1(P,Q) 0 0 —/fo(PQ) 0

As justified above P and @) are each a Brownian bridge with period T' = 2, thus they
can be expressed in terms of Brownian motions W, and Ws; that is, P(s) = Wiy(s) —
sWi(2m)/2m and likewise for (). Equation (7.1) is now written as a standard Ito SDE,

2 2
+W1( W)B+ Wy (2r)
2 2

X, :(A C) X,ds + BX,dW, + CX,dW, (7.3)
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FIGURE 1. One sample path of the stochastic process X, over [0, 10] with
step size of h = 107°.

where A, B and C are defined as in Equation (7.2). The resulting stochastic process
X, € SO(3) is then used to rotate the unit vector yo = [0,0,1]7 on S* by ys = Xyo. The
sample paths of this process can be described by construction of a frame {ys, ., ysxy.}. In
order to simulate this SDE, we make use of a numerical scheme for matrix SDEs in SO(3)
developed by Marjanovic and Solo [MS]. This involves a single step geometric Euler-
Maruyama method, called g-EM, in the associated Lie algebra. Figure 1 demonstrates
a sample-path of y, generated via this method. The sample paths start off on the great
circle perpendicular to the y-axis, and so have constant binormal ys x y.. As a sample
path extends past the great circle the binormal vector at each point deviates slowly, thus
a sample path can be thought of as a precessing orbit.

The Ito process y; is derived from the solution to Equation (7.3) and takes values in
R3. Let s denote the numerical approximation to ys on [0, 7] with step size h, which
is calculated using the g-EM method. The approximation error converges to zero in the
L? space of Ito processes as the step size h — 0,

E | sup Hys _QS,hH]%@ = O(h1_€)7 (7'4)

0<s<T

for some ¢ > 0 [PS]. A value of ¢ = 1/4 allows us to maintain control of the implied
constants on the interval [0, 1], and & is taken to be 107°. We apply g-EM to Equation
(7.3) on the interval [0, 10], upon which a smaller value of i would be welcomed. However,
we are attempting to calculate a distribution, so we need a large number of sample-paths.

The computational complexity of simulating a single sample-path is O(7'/h) where
T denotes the length of the interval simulated. Therefore, for a total of N samples,
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FIGURE 2. Left: A histogram of (65, ¢;) over one hemisphere at s = 1.
Right: A histogram of (s, ¢s) over the sphere at s = 10.

the computational complexity of our simulation algorithm is O(NT'/h). We run our
simulations using a machine equipped with an 8-core Intel Xeon Gold 6248R CPU with
a clock speed of 2993 Mhz; we take advantage of integrated parallelisation in MATLAB.
With A = 107° and N = 2 x 10° the algorithm takes around 1 week to run on our system.

Since the sample paths are constrained to S? the points y, can be specified in spherical
coordinates of longitude 05 € [—m, 7) and colatitude ¢ € [0, 7|. Figure 2 demonstrates the
empirical joint distribution of 8, and ¢, for two different values of s. As can be observed,
the distribution of (6, ¢s) varies with s. We hypothesise that the angles 65 and ¢, evolve
to become statistically independent, and that y, will eventually be uniformly distributed

on the sphere. In the remainder of the section, we test this hypothesis statistically.

Wasserstein distance between measures on S?. We start by calculating the Wasser-
stein distance W (v, 1) between probability measures v, and v, on S?, which are abso-

lutely continuous with respect to area and have disintegrations

dyj = f](e)gj(¢ | 9) sin ¢ dodf (9 € [_ﬂ—:ﬂ—]:¢ € [077T]7j = 172)

where f; (j = 1,2) are probability density functions on [—m, 7] that give the marginal
distributions of v; in the longitude 6 variable, and g; in the colatitude variable. Let F}
be the cumulative distribution function of f;(#)df and G, be the cumulative distribution
function of g;(¢)sin¢de. We measure Wy (v, 15) in terms of one-dimensional distribu-
tions. Given distributions on R with cumulative distribution functions F; and F3, we
write Wy (Fy, Fy) for the Wasserstein distance between the distributions for cost function
|z —y|. Let ¢ : [-m, 7] = [—m, 7] be an increasing function that induces f»(6)df from
f1(0)do; then

Wi(vy, 1) < W) (Fl, )+ /7r Wi (G2(' | (0)), G1(- | ‘9))f1(9)d9-



