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Abstract

Position and velocity measurements from freely-drifting surface buoys, known as
drifters, provide a unique observational dataset for measuring ocean surface ow.
The most immediate value of such observations is to aggregate data across drifters
to determine the currents and the mean ow at given spatial locations. However,
with more sophisticated models and statistical estimation techniques we can capture
additional ow components from drifter data, as we shall demonstrate in this the-
sis. First, we shall demonstrate how data from closely-deployed collections of drifters
can be jointly modelled to extract and identify mesoscale ow components ] such as
strain, vorticity, and divergence | as well as submesoscale components such as di usiv-
ity, and background components such as inertial oscillations. We apply our methods
to the LatMix deployment of drifters in the Sargasso Sea in 2011. Identi cation of
S0 many ow components is made possible by considering the relative motions of the
drifters with respect to each other, rather than in isolation. In the proceeding two
chapters we shall build on these ndings and provide evidence, both from simulation
results and from analytically derived statistical properties, to demonstrate how the

identi cation and estimation of ow components is expected to statistically behave



as both the sampling features (e.g. number of drifters and length of deployment) and
the underlying ow eld changes. Finally, we perform a separate analysis on Global
Drifter Program data, where drifters are too far apart to be modelled relatively, and
we instead perform a mean- ow and di usivity separation using a novel estimator for
estimating large-scale di usivity which we propose from the spectral analysis of time
series. A central goal of this thesis is to quantify the statistical error of parameter
estimates of ow components, both in terms of bias and variance, and to then tune

estimation methods to reduce these errors as much as possible.
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Chapter 1

Introduction

Knowledge of the ocean and its circulation has a number of practical applications.
The ocean's currents move heat across the globe, regulating the climate and weather
patterns (Rhines and Hakkinen, 2003). One quantity that is of particular importance
and interest to oceanographers is the di usivity (Taylor, 1922), this is the rate at
which particles spread out over time in a uid. Observing and measuring horizontal
or lateral di usivity at the surface can be performed using position observations from
free- oating buoys known as drifters, which are designed to mimic the motion of a
uid parcel or particle at the surface. When multiple drifters are deployed in a cluster,
they can be further used to obtain estimates of the mesoscale parts of the ow, such as
strain and vorticity, as we shall show in this thesis. Strain causes patrticles to stretch
along the axis aligned with the strain angle, and compress against the axis that is
orthogonal to the strain angle, whereas vorticity causes particles to rotate.

Splitting the ow into a mean ow, as well as mesoscale components and di usivity

creates a more coherent picture of ocean ow at the surface. Knowledge of di usivity,
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strain and vorticity helps us to understand, for example, the impact area of an oil
spill, or aid in search and rescue missions (Lumpkin et al., 2017). We can also gain
insight into the dispersion of ocean life (Lumpkin and Pazos, 2007), or discover how
plastics dropped into the ocean will spread (La Daana et al., 2017; Hardesty et al.,
2017).

Di usivity, strain and vorticity in the ocean can be separated and estimated using
observations from \Lagrangian" instruments such as drifters (Koszalka et al., 2011).
Lagrangian instruments freely drift in the ocean and are hence usually modelled using
a moving or \Lagrangian" frame of reference. Each individual particle trajectory is
in large part unpredictable, usually following a complex and meandering path (La-
Casce, 2008). Therefore multiple instruments and observations are usually required
to understand a ow eld. Commonly used Lagrangian instruments are oats and
drifters; they are designed to move with the currents and cover large regions of the
ocean. Drifters track the surface currents, they consist of a transmitter which sits
on the ocean surface and is tracked by satellites, and often have a subsurface drogue
(Niiler et al., 1995) which causes the transmitter to drift with the currents under the
surface, at the depth of the drogue which is typically of the order of 5{50 metres.
Floats track the currents below the surface, meaning they cannot be tracked by satel-
lite while at depth, but they either triangulate their position under water using sound
sources or, more commonly, periodically resurface to measure position and transmit
data. This thesis is focused on statistical methodology for surface drifter data, but
many of our techniques and ndings could be applied to oat data too after some

basic modi cations.
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The Global Drifter Program (GDP) is a global array of drifters which collect infor-
mation about the surface currents of the ocean. It is part of the National Oceanic and
Atmospheric Administration's (NOAA) Global Ocean Observing System and Global
Climate Observing System. The GDP aims to provide data on surface velocities, sea
surface temperatures, and pressure, amongst other things, that is used for weather
forecasting, research, and calibration of satellite observations. The GDP maintains
over 1,000 drifters globally at any given point in time, which has all together collected
over 100 million individual velocity observations over 40 years covering most of the
World's oceans (Elipot et al., 2016).

Di usivity cannot be measured directly by individual Lagrangian instruments, it
must instead be inferred from multiple position or velocity observations. There are a
number of ways that di usivity can be estimated from Lagrangian instruments, and
there have been a number of di erent studies into measuring the di usivity in di erent
parts of the ocean (e.g. Zhurbas and Oh, 2004; Buehler and Holmes-Cerfon, 2009;
Cronin et al., 2015; Salee et al., 2008; LaCasce and Bower, 2000), however di erent
estimators yield markedly di erent values for the di usivity. In this thesis we focus
on understanding theerror of di usivity estimates (as well as the error of other ow
parameter estimates), which motivates us to propose new di usivity estimators which
may have lower error under certain assumptions and conditions. By \error" we mean
both contributions from bias and variance, and in this thesis we shall generally work
with the notion of mean squared error of parameter estimates and trying to minimise
this.

Mesoscale parts of a ow can be estimated from clusters of drifters that are de-
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ployed together, for example as part of smaller experiments than the full scope of the
Global Drifter Program. An example of one such experiment is the LatMix (or Lateral
Mixing) Campaign which was carried out in the Sargasso Sea (part of the North At-
lantic Ocean) in Summer 2011 (Sundermeyer et al., 2020). There were deployments
in two sites, one exhibiting weak straining, and the other with moderate straining
(Shcherbina et al., 2015). Nine drifters were deployed at each site and each experi-
ment was run for six days, with position observations recorded every 30 minutes. The
LatMix experiment had the aim to determine what drives isopycnal (horizontal) mix-
ing and stirring at the submesoscale (smaller than mesoscale). In this thesis we use
the drifter trajectories from the LatMix experiment to split the ow into background,
mesoscale, and submesoscale components, providing estimates of strain, vorticity and
submesoscale di usivity. We use the LatMix drifter trajectories as the foundation
for our analysis of the errors of parameter estimates, which enables us to build a
more general model and comment on the prospective optimal initial con guration of
drifters based on the anticipated error of parameter estimates, to help guide future
drifter deployments and statistical analyses.

This thesis will take a statistical approach to approximate the error of estimat-
ing mesoscale ow components and di usivity from drifter position observations.
Throughout this thesis we develop estimators for di usivity and mesoscale compo-
nents, and use simulation and analytical techniques to analyse the errors. We apply
these estimators on drifter observations from the LatMix experiment and the Global
Drifter Program, as well as synthetically generated trajectories using stochastic La-

grangian models. Our main aim throughout this thesis is to quantify and reduce the
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errors of our estimates, to ensure correct scienti ¢ conclusions can be drawn from

observed surface drifter positions and velocities.

1.1 Structure of Thesis

This thesis is structured as follows. Chapter 2 introduces some of the oceanographic
concepts that will be used throughout this thesis. These include providing an overview
of di erent instruments that are used to collect data, as well as de nitions of di usivity
and mesoscale ow features (e.g. strain and vorticity) which specify the modelling
components and parameters that will feature repeatedly throughout this thesis. We
also introduce some methods to estimate these parameters from existing literature.
We highlight some weaknesses of the di erent methods, and use these weaknesses to
provide motivation for the following chapters in the thesis.

Drifters deployed in close proximity collectively provide a unique observational
data set with which to separate mesoscale and submesoscale ows. In Chapter 3 we
provide a principled approach for doing so by tting observed velocities to a local Tay-
lor expansion of the velocity ow eld. We demonstrate how to estimate mesoscale
and submesoscale quantities that evolve slowly over time, as well as their associated
statistical uncertainty. We show that in practice the mesoscale component of our
model can explain much rst and second-moment variability in drifter velocities, es-
pecially at low frequencies. This results in much lower and more meaningful measures
of submesoscale di usivity, which would otherwise be contaminated by unresolved

mesoscale ow. We quantify these e ects theoretically via computing Lagrangian
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frequency spectra, and demonstrate the usefulness of our methodology through simu-
lations as well as with real observations from the LatMix deployment of drifters. The
outcome of this method is a full Lagrangian decomposition of each drifter trajectory
into three components that represent the background, mesoscale, and submesoscale
ow.

In Chapter 4 we generalise the ndings of Chapter 3, and provide an insight into
how di erent drifter deployment con gurations impact upon the errors of mesoscale
and submesoscale parameter estimates. This allows us to make recommendations on
how many, for how long, and in what con guration drifters should be deployed, de-
pending on what we wish to learn from an observational experiment. This chapter uses
simulations of particle trajectories to obtain error estimates, by comparing parameter
estimates with the true value that was used to simulate the particle trajectories. We
show that the optimal deployment \morphology" is dependent upon the number and
combination of mesoscale parameters (strain, vorticity, and/or divergence) that we
wish to estimate. If only one parameter is being estimated, then we will show that it
is optimal to deploy drifters along a straight line, which in the case of strain is aligned
with the strain angle. However, if more than one parameter is being estimated, or it
is not known a priori which mesoscale features are present, then it is usually (but not
always) optimal to deploy drifters with an isotropic con guration in two dimensions
at the surface. We compare our results and recommendations with others made in
the literature to establish general principles.

In Chapter 5 we derive the error of parameter estimates analytically in a strain-

only setting and use these errors to comment on the scaling behaviour as di erent
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parameters change, such as the number and temporal length of the drifter observa-
tions. This enables us to reinforce the simulation results found in Chapter 4, as well
as quantify the error and approximate the full distribution of various parameter es-
timates. In this chapter we use method-of-moments to derive estimators for strain
rate, strain angle and di usivity, and by tting distributions to these estimators we
are able to calculate the root mean square error (RMSE) of di erent estimators. We
will show that increasing the distance from the centre of mass of the initial position,
in the axis aligned with the strain angle, reduces the error of strain rate estimates.
However, changing this distance in the orthogonal axis has no e ect on the error. This
is not the case for di usivity estimates, where we show that there is a more complex
relationship between the initial positions and the error.

In Chapter 6 we focus on drifters deployed in isolation, and as such develop a new
di usivity estimator for single drifters, and apply this estimator to trajectories from
the Global Drifter Program. We compare this estimator to the standard periodogram-
based estimator to show that our new estimator has a lower variance, and a reduced
error overall. We prove this by tting chi-squared distributions to the di erent dif-
fusivity estimators, by assuming drifter velocities are normally-distributed. The new
estimator works by splitting a time series into multiple segments, and then smoothing
over the segments, with the number of segments chosen as a trade-o between bias
and variance to optimally reduce the error.

Finally, in Chapter 7 we make concluding remarks and point to interesting areas
of outstanding further work and future directions that are motivated by the research

performed in this thesis.



Chapter 2

Background and Motivation

2.1 Introduction

The ocean plays a major role in regulating the weather and climate across the globe
(Rhines and Hakkinen, 2003). Its circulation transports heat between the tropics and
the poles, balancing the temperatures around the world. Ocean currents impact the
weather patterns worldwide, while transporting organisms and sediments around the
water. These currents are generated from a number of forces which are acting on the
water such as the rotation of the Earth, the wind and the gravitation of the moon
(Seager, 2006). Studies of the ocean have a number of practical applications. For
example, knowledge of the currents allows ships to take the most fuel e cient path
across the ocean, track pollution such as an oil or sewage spill, or aid in search and
rescue operations (Lumpkin et al., 2017). These studies can help with building models
of the climate and weather which can be used in predicting severe weather events such

as hurricanes.
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Lumpkin and Pazos (2007) provide a summary of some early methods of measuring
ocean quantities. In the early 17th century drift bottles were used to map surface
currents. The bottles would usually carry a note containing the location and time
of their launch (Sverdrup et al., 1942), and were weighed down so that they were
submerged almost completely. They have been used to map currents in the North Sea
(Fulton, 1897; Tait, 1930) and the northwest Paci c Ocean. Another early method
used to study ocean surface circulation uses measurements taken from the drift of
ships (Lumpkin and Pazos, 2007). The current can be found by nding the di erence
between the absolute and relative motion of a ship with no sailing force. However, a
ship has forces acting upon it from both the currents and wind, and it is di cult to
separate the two forces.

Methods for tracking currents have advanced in more recent years beyond sending
a message in a bottle. Modern oceanography has allowed us to develop an increas-
ingly accurate picture of the properties of the ocean. However knowledge of ocean
circulation is not complete and depends on assumptions about its internal dynamics
which are used to estimate ocean currents (Rossby, 2007).

There are a number of instruments used to gather data that is used to model
the ocean. These can be either Lagrangian or Eulerian; Lagrangian instruments
freely drift in the ocean and are hence usually modelled using a moving frame of
reference, whereas Eulerian instruments are spatially xed in position and so have
a xed reference frame. Throughout this thesis we consider data from Lagrangian
instruments, and not from Eulerian sources. Lagrangian instruments are used to

gather a large variety of data about the ocean (including e.g. temperature), but this
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thesis will only consider the recorded positions and velocities of the instruments.

Drifter positions can be used to build knowledge of the ocean's circulation. Through-
out this thesis, we are interested in the estimation of mean ow, as well as mesoscale
and submesoscale parts of the ow. Mesoscale ow refers to features that spread from
ten to hundreds of kilometres across the ocean, whereas the submesoscale part of the
ow is typically between 100m-10km. Large scale winds and tides drive ocean ows at
O(1000km) which through turbulent interactions drive mesoscale and submesoscale
eventually dissipating at the smallest scales. The combination of ows at all these
scales simultaneously acting on a particle placed in the ocean will determine where
it will end up. It isn't possible to perfectly estimate all these di erent contributions
to the ow, and so a deterministic model would not be able to accurately predict the
path this particle could take through the ocean. We will therefore use concepts from
the eld of statistics to build simpli ed stochastic models for the di erent parts of
the ow.

This background chapter will introduce some of the major concepts that will be
explored in more depth throughout this thesis. Speci cally, Section 2.2 will introduce
the type of data that will be used throughout the rest of the thesis|particle positions
from Lagrangian instruments known as drifters. We also give an overview of a few
drifter deployments. Section 2.3 introduces the concepts of mesoscale ow and di u-
sivity, which will be investigated in depth throughout the thesis. In Section 2.4 we
will give an overview of methodologies in the literature for estimating di usivity, and
discuss some of their limitations. Section 2.5 reviews some existing methodology for

separating mesoscale and submesoscale ow components as well as introducing the



CHAPTER 2. BACKGROUND AND MOTIVATION 11

Lateral Mixing and Coherent Turbulence (LatMix) experiment, from which we will
use drifter velocity observations through this thesis. Finally, Section 2.6 provides the
motivation for introducing our own estimators for ow component parameters that

we shall introduce in the proceeding chapters.

2.2 Oceanographic Instruments

There are two ways to model the ow of a uid, the rst of these is the Eulerian
method, where we have a xed frame of reference. This method describes the velocity
eld as a function of both location and time, and is the preferred method for many
applications in uid dynamics (Rossby, 2007). In practice, Eulerian data from the
ocean are collected using a number of spatially xed in situ instruments (such as
a network of moored buoys) or from remotely sensed data such as satellite images.
The spatiotemporal resolution of the data is determined both by the rate of temporal
sampling of the instruments, and by the spatial distance between measurement points
(e.g. the distance between buoys or the resolution of satellite imagery).

The other way to model a uid is the Lagrangian method, where we use a moving
frame of reference. A uid particle or parcel is followed by the observer, which can be
speci ed by a velocity eld as a function of time. Here the spatiotemporal information
comes from the recorded position of each particle over time. In practice, the data
comes from oats or drifters (see Section 2.2.1 for more details) and the spatiotemporal
resolution of the data comes from the number of instruments that are being tracked, as

well as their temporal sampling rate. This method tells us about how particles move
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in a uid, and is particularly useful in the problem of determining the horizontal
structure of ocean currents, as we shall discuss. Lagrangian data can map out the
structure of a uid ow with a high level of detail, with even a single trajectory being
able to provide a good insight into the underlying uid dynamics.

Fluid ows are often turbulent, and therefore non deterministic. This means
each individual particle trajectory is unpredictable, following a complex path, and so
statistical methods can often work better to provide a description of the path than a
physical deterministic system. We now introduce a couple of Lagrangian instruments
that are used in oceanography, which will be relevant to the particle trajectories we

will explore throughout this thesis.

2.2.1 Lagrangian Instruments

Floats and drifters are the two main classi cations of Lagrangian instruments which
are used to study the ocean. Over their lifetime they can cover large distances, and
so these free-drifting instruments provide a more cost e ective method of providing
coverage of the ocean than Eulerian instruments which have xed locations (Sykulski

et al., 2016).

Floats

Floats are one type of Lagrangian instrument typically used in ocean studies. They
move with the currents and can often travel large distances, providing data from just a
single instrument across many spatial locations. Floats are used to track the currents

below the surface. Argo oats are the most commonly used type of oat. They move
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horizontally through the ocean at a set depth of around 1000 metres, and periodically
return to the ocean surface to transmit data to a satellite. This includes the position
of the oat as well as depth pro les of other quantities of interest such as temperature
and conductivity, from which salinity and density can be computed. This resurfacing
occurs at regular intervals (often between 7-10 days), or the oat can remain below
the surface for years collecting data. Therefore the velocities that are obtained have
a low spatiotemporal resolution as position data is only obtained for each oat at a
minimum of every 7 days when the oat surfaces. Another type of oat is a RAFOS
oat, which is able to measure underwater velocities while submerged using acoustic
tracking, therefore providing a much better temporal sampling rate.
Throughout this thesis we will not directly work with particle trajectories from

oats, however the methods described in the thesis could be applied to oat data with
some modi cation. We instead focus our analysis to trajectories that are obtained

from drifters.

Drifters

Drifters are the modern equivalent of a message in a bottle. They move freely over the
surface of the ocean, tracking the surface currents. Drifters consist of a transmitter
which sits on the ocean surface and is tracked by satellites. Drifters often have a
subsurface drogue (Sybrandy and Niiler, 1991; Niiler et al., 1995) which causes the
transmitter to drift with the currents at a distance between 5-50m under the surface,
at the depth of the drogue. The drogue helps the drifter to move with the currents

as it is less in uenced by winds. Figure 2.2.1 (Lumpkin and Pazos, 2007) shows what
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a drifter looks like. One type of drogue is known as a “holey-sock' as they are made
from nylon cloth and consist of between 4-7 pairs of holes, with each consecutive pair
rotated 90 degrees from the previous opposing pair.

There are two main sizes of drifters, the original Surface Velocity Program (SVP)
drifter which has a subsurface oat, and a larger drogue which has 7 pairs of holes.
The newer drifters are smaller and have no subsurface oat and have only 4 or 5 pairs
of holes in the drogue. SVP drifters can transmit position data for approximately 400
days in the ocean before they cease transmission, but some have managed to keep
transmitting positions for up to 10 years.

Drifters were previously tracked using Doppler ranging by the Argos satellite sys-
tem (Niller et al., 1987), and provided locations up to 14 times each day (Ohimann
et al., 2005) with an accuracy of the order of a few hundred metres. Modern drifters
can be tracked by the global positioning system (GPS), and have a higher spatial and
temporal resolution, giving the location up to every 30 minutes with accuracy of the
order of a few meters (Elipot et al., 2016). The data are recorded internally, and are
transmitted more infrequently.

Drifters are a quasi-Lagrangian instrument, they are drogued to a certain depth,
and hence are only able to move in two dimensions. The potential density of a particle
in the ocean is not constant at a given depth, and therefore the potential density each
drifter observes will change as the drifter moves through the ocean. Throughout this
thesis, we make no attempt to quantify the e ect of the di ering potential densities on
the di erent parameters that we will estimate, and the results should be interpreted

accordingly.
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Figure 2.2.1: An illustration of a SVP drifter. Taken from https://www.adp.noaa.

gov/Students/LetsDissectaDrifter.aspx (Lumpkin and Pazos, 2007).

15
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2.2.2 Drifter Deployments

There have been a large number of drifter deployments, each with their own goals.
The largest drifter array is the Global Drifter Program which provides data across the
globe. Many smaller deployments have also taken place, each focusing on a smaller
region, usually providing higher resolution data in space and time. We are only
interested in the spatial and temporal position and velocity data through this thesis,
but oceanographers use other drifter data (e.g. sea surface temperature, pressure,
etc) and apply the information to a range of applications. Drifters can be used to
learn about the circulation of the ocean, mapping out its currents, to its biology and
learning about ocean life.

In this thesis we will explore results from both large-scale deployments such as
the Global Drifter Program, and also from smaller-scale deployments where multi-
ple drifters are deployed in the same region of the ocean approximately at the same
time. These smaller-scale deployments provide insight into smaller features and re-
gions of the ocean, known as the submesoscale and mesoscale, whereas global de-
ployments provide understanding of large scale ocean currents and circulation. We
will introduce submesoscale and mesoscale ow in more detail in Section 2.3. Exam-
ples of smaller deployments include the Grand Lagrangian Deployment (GLAD, Gulf
of Mexico), Lateral Mixing and Coherent Turbulence Campaign (LatMix, Sargasso
Sea), Lagrangian Submesoscale Experiment (LASER, Gulf of Mexico), and Coherent
Lagrangian Pathways from the Surface Ocean to Interior (CALYPSO, Alboran Sea).

Through this thesis we will focus on data from the Global Drifter Program and from
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the LatMix campaign, but note that the methodology discussed can be applied to

other drifter and oat data sets.

2.2.3 The Global Drifter Program

The World Climate Research Program recognised in 1982 that a global array of drifters
would be extremely useful for research in oceanography and the climate. The rst
Surface Velocity Program (SVP) drifters were deployed in 1979, and the modern
set of SVP drifters includes all drifters deployed between 1979-1993. Large-scale
deployments of the rst modern SVP drifters took place in 1988 with the aim of
mapping the surface circulation of the tropical Paci c Ocean.

The array of SVP drifters is today known as the Global Drifter Program (GDP),
which is part of the National Oceanic and Atmospheric Administration's (NOAA)
Global Ocean Observing System and Global Climate Observing System. It is a scien-
ti c project of the Data Buoy Cooperation Panel of the World Meteorological Organ-
isational and International Oceanographic Commission. The GDP aims to provide
data on operations, surface velocities, sea surface temperatures, and pressure that is
used for weather forecasting, research and calibration of satellite observations. The
GDP maintains over 1,000 drifters globally at any point in time and almost 20,000
drifters have been deployed in total over its history. There are two interpolated prod-
ucts (one hour resolution and six hour resolution) which together cumulatively yield
several hundred million position and velocity measurements. The positions of all
active drifters on 23% May 2022 is displayed in Figure 2.2.2.

In March 2014 the GDP announced that they were transitioning their array of
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Figure 2.2.2: Position of drifters on 23rd May 2022 as taken frohttps://www.aoml.

noaa.gov/phod/gdp/

drifters from Argos to Iridium transmissions (Lumpkin et al., 2017) in order to reduce
costs. Iridium drifters include GPS and provide their positions hourly. The transition

to Iridium is now complete (Elipot et al., 2022).

2.2.4 The LatMix Campaign

The LatMix campaign included two separate eld experiments. We are interested
in the rst campaign which took place in the summer of 2011 in the Sargasso Sea,
a region of the Atlantic Ocean with no land boundaries|it is instead bounded by
currents. The campaign aimed to help build understanding of mixing at scales of 0.1{
10km, also known as the sumbesoscale. A combination of drifters, oats, dye releases

and ships were used as part of the campaign (Shcherbina et al., 2015; Sundermeyer
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et al., 2020).

Observations were made at two overlapping sites, which were characterised as
being weak and moderate straining. The experiment took place from the 1st{20th
June, in an area of good water clarity which was relatively close to the shore, chosen
for its relatively weak mesoscale eld. The study in the region of weak strain (known
as site 1) was carried out between the 2nd{10th June, with the dye and nine drifters
being released on the 4th June. The study of the moderate straining site (known as
site 2) took place between the 12{20th June, with the dye and nine drifters being

released on the 13th June.

2.3 Ocean Circulation and Di usivity

The primary application of oats and drifters is to measure the currents of the ocean.
The large-scale mean currents move drifters across the globe, and have a large impact
on the path a drifter will take. While these instruments generally follow the large-scale
currents, many di erent physical e ects will act upon a drifter as it moves through

the ocean, such as wind, tides, eddies and fronts, amongst others. Through this
thesis we are primarily interested in estimating the e ects smaller than the large-scale
currents, such as mesoscale features which we will decompose into strain, vorticity and
divergence. Drifter motion is generally considered to be stochastic, meaning that the
particles will also spread randomly from a given location, and the rate of this spread
is known as the di usivity, which we also study.

Knowledge of how particles move through the ocean allows us to gain a better
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understanding of, for example, how an oil spill will spread in the water (Lumpkin

et al., 2017), and the impact that it will cause. Knowledge of the ocean's currents and
circulation can also be used to gain insight into the spreading of radioactive materials
that are released into the water, or how ocean life such as sh larvae and plankton
(Lumpkin and Pazos, 2007) will disperse. Another application is in aeroplane crashes
in the ocean, as knowledge of the currents and circulation can be used to predict

where debris came from or can aid recovery missions (e.g. Trinanes et al., 2016).

2.3.1 Mesoscale Flow

Movement of particles through the ocean is caused by processes at various scales. At
the largest scale, the background ow encompasses large scale currents and inertial
oscillations. At the other extreme is the microscal®(0.01-1m), where stirring is at

a molecular scale (Shcherbina et al., 2015), and at the submesosdal@®.1-10km)
mixing is due to such di usivity.

When drifters are deployed close together, their positions can be used to estimate
mesoscale parts of the ow. Mesoscale oW (10-100km) is smaller than background
ow which encompasses large scale currents and inertial oscillations, but is larger than
submesoscale ow, the e ects of which are often parameterised as a submesoscale
di usivity. The mesoscale describes e ects between ten to a few hundred kilometers,
for which it is useful to characterise in terms of strain, divergence and vorticity.

Strain in two dimensions refers to the stretching of the ow along one axis, and the
compression along the other axis. It is broken down to normal and shear strain which

refer to strain in di erent directions. A positive normal strain refers to stretching in
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Figure 2.3.1: Velocity elds of divergence, vorticity, normal strain and shear strain

(in order left to right).

the x-axis whereas a negative normal strain refers to stretching in theaxis. Shear
strain is equivalent to rotating the normal strain anticlockwise by 45 degrees. Strain is
often characterised by strain rate and strain angle instead of normal and shear strain,
which are based on the concept of radial and angular coordinates in polar coordinates.
Vorticity refers to the rotation of the ow, which can be either clockwise or anti-
clockwise. Finally, divergence describes a ow that separates from a point (or "di-
verges'), the opposite of which is convergence where di erent ows come together.
Divergence could be considered to be similar to di usivity as it causes patrticles to
spread further apart from one another, however divergence causes correlated and de-
terministic spreading of particles whereas di usivity refers to the uncorrelated and
stochastic spread. Figure 2.3.1 displays simulated velocity elds for each of diver-

gence, vorticity, normal and shear strain.

2.3.2 Di usivity

Drifters remain at a constant depth near the surface of the water, and so they work

well in measuring how particles at the surface disperse. The drifters are constrained to
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move only in 2-dimensions, and so provide horizontal measurements of the dispersion,
which can be thought of as the mean square separation from either a xed starting
point (absolute dispersion) or another particle (relative dispersion) (LaCasce and
Bower, 2000). Oceanographers are interested in nding the di usivity in di erent
parts of the ocean, which is found by taking the time derivative of the dispersion|
concepts which we shall explain mathematically shortly. Therefore the dispersion
provides information about the separation of particles in space, and di usivity is the
rate in time at which this separation occurs.

Di usivity is typically measured in units of metres squared per second. The size
of di usivity estimates from drifters can vary from O(0:1)m?/s up to O(10")m?/s
depending on the region of the ocean, and how exactly di usivity is estimated, and
therefore di erent di usivity estimates should be interpreted carefully. When di u-
sivity is estimated from clustered drifters, then background ow such as currents and
mesoscale ow such as strain and vorticity can be estimated and removed from the
drifter positions and velocities. Di usivity estimates will therefore be much lower,
as more of the ow has been explained by these other e ects. When di usivity is
estimated from single drifters however, it might only be possible to remove the mean
ow (or even this might not be known), as mesoscale ow cannot be easily estimated
from single drifters. The size of the di usivity estimates therefore depend on whether
mean ow and/or mesoscale features have been estimated and removed from drifter
data, with the di usivity estimates generally being lower as more features are esti-
mated and removed. We therefore can think of di usivity as a way to describe the

part of the ow that can't otherwise be explained.
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We work with isotropic di usivities, which are di usivities at a set depth (at the
depth of the drifter drogue) that are assumed to be the same in every direction (where
the depth z is constant). Di usivity can also be measured at a certain potential
density, called an isopycnal di usivity, which is often the case when di usivity is
estimated from dye release experiments. Because we are working with drifters that
follow a consistent depth, we are unable to estimate the isopycnal nor diapycnal
di usivity, the latter of which is the di usivity in the z axis.

Throughout this thesis we focus primarily on two de nitions of di usivity, sub-
mesoscale di usivity and large-scale di usivity. Submesoscale di usivity can be mea-
sured from clustered drifters, and predicts the stochastic behaviour of the ow after
we have removed background and mesoscale parts of the ow. An experiment de-
signed to estimate submesoscale di usivities will typically last only a few days and
cover a small region of the ocean. Large-scale di usivities are much larger than sub-
mesoscale di usivities as they are caused by larger eddies and turbulent ow. They
can be estimated from single drifters, and so frequently only the background mean
ow is removed before estimation. To estimate large-scale di usivities, a drifter ex-
periment must cover larger regions over longer timescales in order to capture these
larger eddies. The size of di usivity estimates will depend both on which and how
many other parts of the ow have been successfully resolved before estimating the
di usivity, and on the size of the eddies that cause the di usivity. Because di usivity
is estimated from the residual after estimating other parts of the ow, our di usivity
estimates might also contain other unresolved e ects such as internal waves. When

providing estimates for di usivity, it is important to state clearly what assumptions
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are made and which parameters have been estimated prior to estimating di usivity,

as this a ects the interpretation of the di usivity estimate.

2.4 Existing Di usivity Estimation Methodology

In this section we will introduce some existing methodology for estimating di usivity,
which we use to provide motivation for developing our own estimators in this thesis
(both in Chapter 3 for submesoscale di usivity and Chapter 6 for large-scale di usiv-
ity). Current estimation methods provide vastly varying di usivity estimates, which

is in part due to the di ering ways that di usivity is de ned.

The estimation of ocean circulation using Lagrangian observations has been stud-
ied increasingly in recent years. One of the earliest applications of di usion to ocean
dynamics was by Taylor (1922), with their equation for di usivity forming the basis
for many studies into di usivity, including our work in Chapter 6. It de nes di u-
sivity from a single particle to be proportional to the time derivative of the square
of the displacement of a particle from its initial position. This de nition has been
summarised in review papers by LaCasce (2008) and Van Sebille et al. (2018), as well
as in application papers such as Salke et al. (2008) who estimate the di usivity in
the Southern Ocean.

To now de ne di usivity more formally using the Taylor (1922) de nition, consider
the probability density function (pdf) Q(x;t) which is the probability that a particle
is in position x(t) at time t. This pdf is de ned independently of the starting position

and time and so holds for a ow which is both spatially homogeneous and stationary,
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meaning that the probability is invariant to shifts in position or time. The rst
moment of Q gives the mean displacemertt [x(t)] = R)&(t)Q(x; t)dx, and the second
moment gives the dispersiorE [x(t)?] = R)&(t)ZQ(%;t)d)e, wherex{t) = x(t) E[x(t)]
is the position with the centre of mass removed at timé. The time derivative of the

dispersion gives the absolute di usivity

1d

5 th[x(t)Z]: (2.4.1)

(1) =

This de nition is equivalent to the integral of the velocity covariance (LaCasce, 2008;
Zhurbas and Oh, 2003; Davis, 1991), which is frequently used to estimate di usivity
from single particles (e.g. Koszalka and LaCasce, 2010). The equivalence is shown in
LaCasce (2008, Equation 10).

In an inhomogeneous (spatially-dependent) setting, di usivity can be de ned in
terms of its dependence on positiom as well ast, following the de nition of Davis
(1991) who de nes the single particle di usivity tensor as

D E
fikg(X;t) = ¥ g(to)X; to)Grkg(to  tjX;to) (2.4.2)

wherevrjq = Vijg E(Vfjg), kg = divg E(dfkg) are the di erences of the velocity and
displacement from their means respectively, is some xed time, and the notation
a(tjx;tp) is the value ofa at time t of a particle which passed throughx at time
to. The angle brackets refer to calculating an average over multiple particles, anpd
and k refer to dimensions such that di usivity can vary in di erent directions and
we can also compute a \cross-di usivity" between dimensions when di usivity is not

expected to be independent in each dimension. Note that the de nition in Equation
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(2.4.2) computes backwards in time fronty such that di usivity is computed from
velocities and displacements prior to arriving ak at t = t.
In the rest of this section we will introduce di erent methods of estimating di u-

sivity from the literature which derive from Equations (2.4.1) and (2.4.2).

2.4.1 Clustering Drifter Trajectories

Di usivity is not constant across the ocean, so in practice the ocean is typically split
into spatial bins in which it is assumed that di usivity is constant. The size of these
bins is an area of interest to oceanographers, as the bins need to be large enough
that the estimates are statistically signi cant and larger than the eddies containing
the most energy, but small enough that estimates can be reasonably assumed to be
constant across the bins. When di usivity is estimated from residual velocities after
mean ow has been removed, the bins also need to be small enough to resolve the
mean ow. Mean velocity is often estimated by simply taking the average of all veloc-
ity observations in a spatial bin. Di usivity, on the other hand, is estimated (whether
directly or indirectly) as an autocorrelation between multiple observations (see Equa-
tion (2.4.1) and surrounding discussion), and so the same velocity observations yield
fewer di usivity observations which can then be averaged to obtain a di usivity esti-
mate for the bin. It could therefore be bene cial to estimate mean ow and di usivity
using di erent bin sizes. A variety of di erent bin sizes have been explored in the
literature, for example Zhurbas and Oh (2004) and Swenson and Niiler (1996) use
bins of size 5 5 to estimate di usivity, but use bins that are 2 2 to estimate

the average velocities.
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Di erent regions of the ocean have di erent numbers of velocity observations from
drifters. For example drifters near (but not on) the equator are faster moving and are
more densely populated, resulting in a high number of velocity observations. There-
fore, splitting the ocean into equally sized bins will result in some bins having more
observations than others. Koszalka and LaCasce (2010); Koszalka et al. (2011) ex-
plore the use of di erent bin sizes in estimating the mean ow of simulated particle
trajectories, and observe than bins that are 1 0:5 are able to recover the major
structures in the surface current. Bins of 2 1 are able to show where currents are
weaker or stronger, but lose the higher resolution structures, and when bins of 42
are used the currents are di cult to observe.

Koszalka and LaCasce (2010); Koszalka et al. (2011) propose a method to choose
the bin size where instead of the bin size being xed, they x the number of drifters
in a bin. The drifters are organised into bins via clustering. This ensures that the
standard error of the estimates are determined just by the velocities and physical
and measurement uncertainty and not by the number of drifters in a bin. They also
apply clustering to di usivity estimation. They take time series of xed lengths and
calculate the velocity autocorrelation for each time series, allocating the position to
be the midpoint of the trajectory. They then cluster the positions, and average the
autocorrelation in each cluster. Di usivity is then estimated as the integral of the
average autocorrelation.

The clustering algorithm used by Koszalka and LaCasce (2010); Koszalka et al.
(2011) isk-means clustering, which assigns all velocity observations intoclusters,

C=Cy,Cy; ; Ck, such that the sum of the squared distance between cluster mem-
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bers,x;, and the centre of the clusterg is minimised,

X X

min ixi Gj* (2.4.3)

i=1 x;2C;
The clustering is an iterative process as whenever the clusters change, so do the
centres. In each iteration, each data point is assigned to the nearest cluster centre,
and then the cluster centres are recalculated using the new cluster members. This
process is repeated until the cluster assignments do not change. For the clustering,
only the number of clustersk, needs to be pre-speci ed. If there are a desired number
of observations in a cluster, therk is chosen as the total number of observations
divided by the desired number of observations in a cluster.

The clustering algorithm is applied to simulated drifter trajectories in Koszalka

and LaCasce (2010), and to trajectories in the Nordic seas in Koszalka et al. (2011).

2.4.2 Principal Component Analysis

An alternative method to estimate di usivity is described in Zhurbas and Oh (2003).

It uses principal component analysis, which in two-dimensions can be thought of as
drawing an ellipse around the data where each orthogonal axis of the ellipse represents
a principal component (such that there are just two components in total for two-
dimensional data). These axes are found by calculating the covariance matrix and then
nding the eigenvalues and eigenvectors of the covariance matrix. The eigenvectors are
normalised to become unit vectors, representing the principal (major) and secondary

(minor) axes of the ellipse.
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Zhurbas and Oh (2003) use the minor principal component of both the di usivity
tensor by Davis (1991), as given in Equation (2.4.2), and half the growth rate of the
single particle dispersion, as given in Equation (2.4.1) to estimate di usivity. In more
detail, they rst estimate di usivity along each of the principal components from the
di usivity tensor de ned by Davis (1991). They then separate the di usivity tensor

into the symmetric and anti-symmetric parts, denoted fsjkg and fAjkg respectively, by

+
s _ s _ fxyg fyxg. s _ . s _ .
fxyg = fyxg = 2 ’ fxxg — fxxgr fyyg ~— fyygs (244)
A _ A _ fxyg fyxg, A _ A _nQn.
fxyg = fyxg = 2 ’ fxxg = fyyg ~ 0: (2.4.5)

The symmetric part, fsxyg is decomposed into its principal axis, with major principal
component 5, and minor principal component ,, such that ;> ,> 0.
Zhurbas and Oh (2003) also de ne di usivity to be half the growth rate of the

single particle dispersiors;jx ¢ which is de ned as
Stikg(tix) = dfj g(to + tiX; to)yg(to + tixito) : (2.4.6)

They decomposes;jy 4 into the principal axis components,s; s, 0, and obtain

di usivity estimates by taking time derivatives,

1 1
1= _@_§1 5 = _@’ (247)
2 @t 2 @t
where ; and , are the di usivity estimates along the principal components, and the
refers to the estimates coming from the growth rate of the dispersion.

Di usivity will usually increase for short timescalest > 0 and asymptote to a

constant value, usually before 30 days (Oh et al., 2000). The long term di usivities
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for the minor principal components are therefore estimated via

2(1)= max 205 A1)=  max [, (2.4.8)

Finally, they estimate di usivity as the average between long-term di usivity of

the minor principal component estimated by each method,

A1)+ H(1),

5 (2.4.9)

Therefore, Zhurbas and Oh (2003) estimate the di usivity using just the minor prin-
cipal component. They apply their method to observed drifter velocities in the Paci ¢

and Atlantic Oceans to produce maps of di usivity estimates.

2.4.3 Fitting a Parametric Model to Drifter Velocities

Estimating di usivity from either the half growth rate of the dispersion as in Equation
(2.4.1) or from the di usivity tensor given in Equation (2.4.2) require observations
over long times for the di usivity to converge to the long-term di usivity. This isn't
always possible as a drifter will move to another part of the ocean, where the di usivity
and mean ow are likely to be di erent.

Gri a et al. (1995) propose a method of estimating di usivity which doesn't nec-
essarily require a long time series. They t a parametric model to the velocity ob-
servations, and therefore they assume that the velocity autocovariance will have a
known shape, which can then be used to estimate di usivity. Drifter velocities are
often broken down into a mean ow estimate and a di usivity estimate, and so it is

intuitive to model a drifters position using the mean owE[u] and turbulent velocity
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u% Gri a et al. (1995) de ne their parametric model as
dx = udt = (E[u] + u®dt (2.4.10)
du®=  u%t + .p 2 dw; (2.4.11)

where dx is the displacement of a particle during timedt, u is the velocity, =
1=ty buent Wheretwmuent 1S the turbulent time scale, | is the standard deviation of
the turbulent velocity, and dW is an increment from a Wiener process (also known
as a Brownian motion). The stochastic di erential equation of Equation (2.4.11) is
known as an Ornstein-Uhlenbeck process, and has also been used by other authors
to model Lagrangian velocities (e.g. Lilly et al., 2017). The timescalk refers to the
time that this process is able to remember its initial turbulent velocity, as at each
time step the process will gradually lose memory of this initial velocity.

Di usivity is often estimated as the integral of the autocovariance, and the auto-

correlation corresponding to Equation (2.4.11) is
1 .
R()= shu(u(t+ )i=e : (2.4.12)
|

From the autocorrelation, the autocovariance can be calculated agR( ), and the
di usivity can be estimated.

The di usivity of an Ornstein-Uhlenbeck process is therefore
Z t

(t) = e d=-11 e ': (2.4.13)
0

2.4.4 Discussion

The three di usivity estimators introduced above are all based on either Taylor (1922)

or Davis (1991), as are many other Lagrangian di usivity estimators used in the



CHAPTER 2. BACKGROUND AND MOTIVATION 32

literature. Each of the three estimators will yield di erent estimates of di usivity,

as they are all built on dierent assumptions and try to minimise the error in a
di erent way. Koszalka and LaCasce (2010) aim to control the error by restricting
the number of drifters in each spatial bin to be spatially constant. Zhurbas and Oh
(2003) propose an estimator which assumes spatially anisotropic ow, and estimate
an isotropic di usivity from the minor principal component. Finally, Gria et al.
(1995) estimate di usivity using a parametric approach, and so the error comes from
the error from tting the model, as well as from any model misspeci cation in the
assumptions made. Each of the di erent estimators therefore has its own strengths
and weaknesses.

Clustering the drifters can lead to a higher spatial resolution of estimates for mean
ow and di usivity on average, compared with binning the observations geographi-
cally. It also ensures statistical signi cance of their estimates (under assumptions of
stationarity within each bin), as the number of drifters in a cluster could be chosen.
However, the amount of data available is not consistent across the ocean, and so the
spatial size of a cluster could vary dramatically across the globe. In regions of the
ocean where drifter observations are sparse, clustering observations will result in a
poor spatial resolution as the clusters in these areas must cover larger spatial areas
before they reach the required number of cluster members. In addition it may not be
reasonable to assume stationarity and constant di usivity levels for such large bins.

Zhurbas and Oh (2003) assume that any discrepancies betwegnand  are due
to the mean ow, and that the di usivity itself is isotropic. This assumption suggests

that any di erences between the minor and major principal components of di usivity
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are due to mean ow, and not di erences in the di usivity in di erent directions. In
the case where this assumption is correct, and di usivity is isotropic, then estimating
di usivity from the minor principal component will smooth out the variance from
estimating the mean ow. However, in the case where the assumption is untrue, and
di usivity varies in the di erent axes, then estimating di usivity from just the minor
component will result in an underestimate of the di usivity. The di usivity may also
be underestimated if the estimates have not reached the long-term di usivity within
30 days, as this is the maximum number of days the long-term di usivity is estimated
from.

Estimating di usivity from a parametric model means that di usivity is estimated
from a theoretical form of the autocovariance, rather than an estimated empirical au-
tocovariance from observations or simulations. This means, regardless of the length of
the time series, the di usivity estimates will always represent the long-term di usiv-
ity associated with the model. With in nite length data, the di usivity estimate will
have zero error for trajectories exactly tting the parametric model, however no model
is able to perfectly describe the complex nature of ocean circulation, and statistical
error will always remain with nite data. There will therefore be error associated with
tting a model to the drifters, which will result in the di usivity estimates having an
error determined by how good a t the parametric model is and how much data there
is and how noisily it is observed. This approach to estimating di usivity requires the
model parameters to be estimated, as well as a suitable model be chosen to t the
drifter velocities. If the model were not to be a good t to the trajectories, then this

would result in di usivity estimates with high errors.
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The di erent estimators will all give di erent di usivity estimates, even if they
were applied to drifter trajectories in the same part of the ocean. This is due to the
di erences in the way that each method estimates di usivity and the assumptions
they are built on. Di usivity will vary both spatially and temporally, but is generally
assumed to be consistent at a given scale within a given spatiotemporal region. This
highlights the need for more robust ways to estimate di usivity, and in Chapters 3
and 6 we propose new di usivity estimators for submesoscale and large-scale ow
respectively, with the aim of trying to reduce and quantify sources of error from data

sparsity and other ow components that are present.

2.5 Mesoscale and Submesoscale Flow Estimation

In this section we will introduce some existing methodologies for estimating mesoscale
ow and submesoscale di usivity. We also look at the LatMix experiment in more
depth, including some of the estimates of strain rate and di usivity from this study
found in the literature. We use this to provide motivation for developing our own
methodology, and applying it to the LatMix drifter observations later in this thesis.
Mesoscale ow is often estimated using tracer release experiments, as well as ob-
servations from Lagrangian instruments such as drifters. Drifters are drogued to a
certain depth, and can therefore only move in two dimensions. Dye is not constrained
to a set depth and will move in three dimensions, usually following the potential
density. Therefore, drifters estimate statistics at a given depth, and tracers estimate

statistics along an isopycnal. This will result in di ering estimates from Lagrangian
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instruments and dye releases.

2.5.1 Mesoscale Flow Estimation

Okubo and Ebbesmeyer (1976) provide a method to estimate the mesoscale ow
components which involves taking a Taylor series of the drifter velocities around the
\centre of mass" (i.e. the average location of the drifter positions), and then using
least squares regression to estimate strain, vorticity and divergence.

Speci cally, they approximate the drifter velocities to be decomposed as

2 3 2 3 2 32 3 2 3

g U (t) é: g E[u(t)] é* %g Ux(t)  Uy(t) ég (1) é+ g ug"(t) é; 25.)
Vi (t) E[v(t)] Vi (t)  vy(t) yi(t) vie™(t)

wheref ug(t); vk(t)g are the drifter velocities at timet for drifter k 2 f1;2;, ;Kg,
f E[u(t)]; E[v(t)]g are the drifter velocities at the location of the centre of mass at time
t, fuy(t); uy(t); v (t); v (t)g are velocity gradients found by taking the partial deriva-
tive in x ory, and f ui™(t); vy;"(t)g are the residual velocities. Finallyfx(t); y(t)g
are the positions of drifterk at time t after removing the \centre of mass", which is
the the average position of the drifters at time&. The Taylor series can be written in

matrix notation at each time point t as
U=RA+E; V=RB+F; (2.5.2)

where the matrices are de ned as follows:
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2 3 2 2 3
uy(t) Vl(t) 1 x(t) w()
uz(t) Vo(t) 1 x(t) ya(t))
U= ; , V= ;
Uk (1) Vk (1) 1 xx(t) YK (1)
2 2 3
) 3 5 ui™(t) vin(t)
E[u(t)] E [V(t)] us™(t) v3M(t)
E Uy (1) : E Ve (1) :  F = ; . (2.5.3)
uy(t) vy (1)
uR"(t) V(1)

Okubo and Ebbesmeyer (1976) use least squares regression to approxindasand

B as
A = (RR) 'RY;
B = (RR) R%; (2.5.4)
and then estimate the residual velocities as
E=[1 RRR) 'RIU=U RA;
F=[1 R(RR) RIV=V RV: (2.5.5)
The mesoscale ow components can be estimated from the velocity gradients as

Divergence: (1) = uy(t) + vy(t); Vorticity: () = w(t) uy(t);

Normal strain: ,(t) = ux(t) vy(t); Shear strain: s(t) = v (t) + uy(t): (2.5.6)
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2.5.2 Submesoscale Di usivity Estimation

Isopycnal di usivity is often estimated from a tracer using the advection-di usion

equation (e.g. Sundermeyer et al., 2020)

@ @ @_ ..
et “ex Yoy '

(2.5.7)
where is the dye concentration, is the non-divergent strain rate, and is the
isopycnal di usivity which is isotropic. It is assumed that the axes are aligned with
the principal axis of the strain tensor, withx corresponding to the principal axis and
y corresponding to the minor axis. To obtain second moments of the tracer xnand

y, they multiply the advection-di usion equation from Equation (2.5.7) by x? and y?

respectively to obtain

dm?2
TXX 2m2z =2; (2.5.8)
dm?
Yy 2 _ .
G t2myy=2; (2.5.9)

where m2, and m§y are the second moments ix and y respectively. The second
term of each equation has a di erent sign corresponding to stretching or convergence
of the tracer patch in the major and minor axis respectively. The strain causes the
second moment in the major X) axis to grow exponentially, while di usion grows
linearly, whereas in the minor {) axis the strain causes the tracer patch to converge,
counteracting the di usion causing the patch to grow.

To estimate di usivity, the variances mZ, and m7, and their rate of change with
time can be calculated from the tracer patch, and all that is left is two equations and

two unknowns, which the equations can be solved to nd.
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An alternative way to estimate di usivity and strain rate jointly is to assume that
after a time of 1= , the strain rate dominates the di usion in the x axis, but in the
y axis, the strain rate and di usion balance out to a steady streak width, simplifying

Equations (2.5.8) and (2.5.9) to

2
dmg,

Do 2m? =0; (2.5.10)

m2 = : (2.5.11)

Therefore the strain rate can be estimated from the growth rate of the second moment
in x, and di usivity can then be estimate using the estimated strain rate as well as

the second moment iry.

2.5.3 Earlier Work Separating Mesoscale and Submesoscale
Components

Sundermeyer and Price (1998) compare statistics estimated from oats and tracer
releases from the North Atlantic Tracer Release Experiment (NATRE). The aim of
Sundermeyer and Price (1998) is to gain a better understanding of what causes mixing
and stirring in the ocean. It is thought (Sundermeyer et al., 2020) that submesoscale
processes transfer energy between the mesoscale and the microscale, which are the
smallest scales. Sundermeyer and Price (1998) de ne mixing processes to be those
which can be modelled by di usion, being small-scale processes which cannot be re-
solved, and they de ne stirring to be larger scale events that can be resolved, such
as streaking and folding of a tracer. Estimating the dispersion of a purely di usive

process has been more thoroughly studied, whereas estimating dispersion in the pres-
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ence of strain is more complex and is therefore less well understood. Throughout this
thesis we aim to develop a better understanding of techniques to estimate mesoscale
and submesoscale ow, and the properties of the resulting estimates.

When a tracer is released it can be modelled in three distinct phases (Garrett,
1983). In the rst phase, the tracer patch is much smaller than the straining eddies,
and so the growth is modelled as a di usive process. In the second phase, the tracer
patch is large enough to be acted upon by the strain and is advected into long thin
streaks which grow in length exponentially with time. When the patch enters its
nal stage, it is larger than the mesoscale eddies, with the streaks wrapping around
each other due to stirring from the eddies. The patch becomes more homogeneous,
and therefore can again be modelled as a di usive process. Therefore, in order to
estimate the mesoscale e ects, the tracer must be in its second phase, where it is
approximately the size of the mesoscale processes that are being estimated. The single
particle di usivity estimators that were discussed in Section 2.4 would be suitable for
a tracer in the third phase of evolution.

Sundermeyer and Price (1998) used both tracer patch release experiments and
oat trajectories from NATRE to compare the statistics estimated from each. They
also aimed to determine whether the three stage tracer model is consistent with ob-
served dispersion rates from the NATRE experiment, and understanding the biases
of following Garrett (1983) to estimate the strain rate, streak width, and small scale
di usivity.

They found that estimates from oats and the tracer closely agreed. The dispersion

rates they found were consistent with an exponential growth phase, then a reduced
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growth phase, and nally a linear regime, which was consistent with the three phase
model by Garrett (1983). Estimating the small-scale di usivity as in Garrett (1983),
lead to the requirement of dividing estimates by a factor of 2 to obtain unbiased
estimates. They believe that this bias is due to unidenti ed horizontal mixing at
scales of 1-10km. This motivated the study of submesoscale processes, which was

addressed in the LatMix Field Campaign.

2.5.4 Findings from the LatMix Experiment

The Lateral Mixing (LatMix) Experiment (Sundermeyer, 2017; Sundermeyer et al.,
2020; Shcherbina et al., 2015) was carried out to gain a better understanding of stirring
and mixing at the submesoscale. Shcherbina et al. (2015) provide an overview of the
campaign, which included oats and tracer releases, and a suite of other observations,
as well as providing an overview of ongoing research by many di erent authors using
data from the many di erent sources.

It was hypothesised (Shcherbina et al., 2015) that stirring and mixing at the

submesoscale could be due to any (or none) of the following:
~ internal wave shear dispersion,
"~ stirring from vortical modes caused in internal waves breaking,
~ straining of tracer elds to smaller scales by mesoscale processes,
" high Rossby number subinertial submesoscale motions.

Testing the above hypotheses required observations from a tracer with di erent levels
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of mesoscale straining, and hence there were two major eld campaigns with instru-
ments deployed in areas with di erent straining levels. Throughout this thesis, we
only look at the rst of these two campaigns, which took place in the Sargasso Sea
in summer 2011 with two separate experiments, one at a region with low straining
[ 10 8/sor 0:01f ., wheref.=7:7 10 °rad/s is the Coriolis frequency at 32N],
and the other at a region with moderate straining ow [ 10 °/s or  0:1f.]. In
each site, three research vessels carried out an initial survey, and then dye was re-
leased, accompanied by a Lagrangian oat within the patch (Shcherbina et al., 2015).
Drifters and Electromagnetic Autonomous Pro ling Explorer (EM-APEX) oats were
also deployed to surround the dye patch. The vessels carried out surveys in the area
at the centre of the dye, with four Slocum gliders and one SeaGlider supplementing
these surveys. There were also eight smaller dye releases which were each tracked for
about a day by towed instruments, and four of these were tracked for the rst 6 hours
by airborne lidar. Throughout this thesis, we are interested in estimation techniques
for position observations obtained from the drifters, although some of our techniques
might be applied to some of the other data as well.

The study at the site of weak straining (Site 1) took place betweer'® June until
the 10" June 2011. On the # June the dye was released along a 1.4km streak with
nine drifters drogued at 30m also released with their initial positions forming a cross
shape centred on the dye streak. Over a period of six days, the instruments travelled
30km in the direction south-southeast, with the drifters being stretched along the
northwest-southeast axis, and relatively little rotation. The dye stretched into an

ellipse that was 12km 5km. Shcherbina et al. (2015) provide estimates for the
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di usivity, with an isopycnal di usivity of 1m ?/s estimated from the dye patch and a
lateral di usivity of 0 :2m?/s estimated from the drifters. They note that the di erence
between these di usivities is likely to be due to the di erence between dye following
an isopycnal and drifters being drogued at a set height. Therefore the drifters cannot
accurately estimate di usivity at a consistent potential density.

Sundermeyer et al. (2020) estimated the strain rate to be 310 /s from the dye
and @1 2 10 5/s from the drifters. They produced three di erent estimates for the
isopycnal di usivity at Site 1 as they found that the streak width did not approach
steady state during the 6 days of the experiment. They therefore estimated di usivity
from both Equations (2.5.8) and (2.5.9), as well as Equation (2.5.11). Their estimates
ranged from 04m?/s up to 0:7m?/s from dye, and 28m?/s from drifters. They note
that deciding which estimate is the most correct depends on which assumptions are
assumed to be true.

The moderate straining study (Site 2) took place between ¥2June until the
20" June 2011. Dye was released on the"3June, this time along a 2km line.
Drifters were deployed with the dye, and again had initial positions in the shape of a
cross. This site showed much stronger stretching, elongating to over 50km long, with
width approximately 3-5km (Sundermeyer et al., 2020). Shcherbina et al. (2015) state
that despite the stronger straining of the dye, the isopycnal di usivity estimate was
approximately the same as that in the weak-straining site, with estimates of Fis.

Sundermeyer et al. (2020) estimate the strain rate to be:d 10 /s for days
0-2, decreasing to be:3 10 ®/s in days 2-4 from dye, and estimates ranging from

3 10 °/s early in the evolution and 5 10 °/s in later days from drifters. They
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again found that the second moment in the minor axis did not approach steady
state, however they note that this is unsurprising due to the changing strain rate
estimates. They again calculate di erent estimate for di usivity, in this case ranging
from 1:9m?/s to 4m?/s.

Despite the di erence in the estimates for strain rate at each site, the isopycnal
di usivity estimates are remarkably similar between the two sites. Neither Shcherbina
et al. (2015) nor Sundermeyer et al. (2020) were able to rule out any of the four
hypotheses of what lead to stirring and mixing at the submesoscale, and suggested
that all four factors could possibly contribute, and no one process currently stands
out to be driving dispersion. Therefore, understanding mixing and stirring at the

submesoscale is still an area for ongoing research.

2.5.5 Discussion

Mesoscale and submesoscale ow can be estimated from many di erent Lagrangian
instruments. In this section we have focused on estimation from dye releases and from
drifters. The two methods are expected to give di ering estimates due to di erences
in the way the data is collected. A tracer is free to move in all three axes, and will
typically move through regions of constant potential density, known as following an
isopycnal. On the other hand, drifters are drogued to a certain depth, and can only
collect measurements at this depth. This means that if the density changes as a
drifter moves through the ocean then the density at which the drifter is measuring
will change. Sundermeyer et al. (2020) found a slight variation in their estimates of

strain rate and di usivity depending on whether they were estimating from drifter or
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dye positions. Therefore we note that regardless of the instrument used to obtain an
estimate, any parameter estimates are expected to vary at a di erent depth/density
to that followed by the drifters/dye during the experiment.

The method for estimating strain, divergence and vorticity by Okubo and Ebbesmeyer
(1976) provides an estimate for each parameter at every sampled time point, with the
spatial gradients also being allowed to vary at every point in time. This could po-
tentially result in estimates which are noisy and not statistically signi cant, as the
model doesn't allow any smooth changes to ensure the error is su ciently small to
ensure signi cance. Furthermore, Okubo and Ebbesmeyer (1976) take a Taylor series
around the centre of mass, meaning that information is lost from the mean velocities
which have been removed, this could also increase the error of the estimates. We note
however, that the method uses least squares regression which minimises the residual
velocities, and so this method attempts to describe as much of the ow as possible as
being either mean ow or mesoscale ow, resulting in the submesoscale di usivities
describing the unexplained part of the ow.

An alternative method to estimate strain rate is described in Sundermeyer et al.
(2020), where strain rate and di usivity are estimated simultaneously. This method
draws similarities to the principal component analysis for estimating di usivity dis-
cussed in Section 2.4.2, as both methods require the principal axis to be found, and
di usivity is then found primarily from the behaviour of the minor axis. This method
is de ned for a tracer, however drifters can be expected to behave similarly in their
spreading, albeit with a less clear ellipse to determine the axes. This method is only

able to estimate strain rate and di usivity, and in the presence of vorticity and/or
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divergence, the estimates are likely to be less accurate as the e ects of vorticity/-
divergence will be captured in the estimates of strain rate and di usivity. Vorticity

is unlikely to make signi cant changes to the second moments, however the ellipse
will be rotated and the principal axis will move with the vorticity. Therefore, if the
principal axis is able to follow the vorticity then the estimates should be largely un-
a ected, but if a single xed principal axis is used then the estimates will inevitably
be biased. Divergence could alias as either strain rate and/or di usivity, and is likely
to result in biased estimates if ignored. Therefore, the Sundermeyer et al. (2020)
method should be used for strain only elds, or must be carefully modi ed to account
for other mesoscale e ects.

Shcherbina et al. (2015) and Sundermeyer et al. (2020) quote varying estimates
for strain rate and divergence in each site of the LatMix experiment. It is not known
which of these estimates more accurately describes the complex nature of the ocean
dynamics in the Sargasso Sea at this point in time, and so the mesoscale and subme-
soscale processes driving the drifters in the LatMix experiment are still unknown. This
highlights the requirement for more research into the estimation of both mesoscale
and submesoscale ow, as well as more understanding of the properties and errors

associated with each parameter estimate.

2.6 Conclusion

Throughout this chapter we have introduced some of the basic de nitions from oceanog-

raphy which will feature throughout this thesis. We introduced Lagrangian instru-
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ments, with an emphasis on drifters which will be used to provide positions that will

be used to gain an understanding of ocean dynamics. We are patrticularly interested
in the estimation of mesoscale and submesoscale ow, as well as submesoscale and
large-scale di usivities. We have introduced some methodology used in the literature

to estimate these processes, as well as discussing their limitations. We now will fur-
ther discuss some of those methods and their limitations to motivate the work carried
out in this thesis.

Okubo and Ebbesmeyer (1976) provide a relatively straightforward method for
splitting drifter velocities into a background ow, as well as mesoscale and subme-
soscale components. In Chapter 3 we will develop a new way to estimate strain,
vorticity and divergence, based on the method by Okubo and Ebbesmeyer (1976),
but with some important modi cations. Our model addresses the shortfalls of their
method which we discussed in Section 2.5.5. Speci cally, we will assume that the
mesoscale processes are slowly changing in time, and we therefore will estimate each
parameter over a given time window, instead of independently at each sampled time
point. We will show how to choose this smoothing window to ensure that the es-
timates are less noisy and statistically signi cant. The window length can also be
changed to reduce the variance of the estimates if the true parameters are known
to remain constant over the experiment, for example in LatMix site 1, we saw from
Sundermeyer et al. (2020) that the strain rate is approximately constant, and so our
method is able to provide a single estimate for the strain rate across the entire time
period. We will show that our estimator produces similar estimates to Sundermeyer

et al. (2020) when applied to LatMix drifter trajectories, including the decreasing
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strain rate in Site 2.

Fitting a parametric model to drifter trajectories, as in Gri a et al. (1995), may in
practice result in large biases and errors for any resulting parameter estimates. This is
because the ocean is complex, and no model is able to capture all the di erent ocean
dynamics. However, parametric models can be used to provide useful summaries and
a general idea of the magnitude and associated error of parameter estimates. This is
because a parametric model allows us to develop estimators with known theoretical
properties which are precise assuming the assumptions of the model are satis ed by
the data. Such theoretical properties can be used to aid decision making in the design
of drifter release experiments; for example in Chapter 5 we will t an Ornstein-
Uhlenbeck model to derive estimators for strain and di usivity. We can use these
estimators and their properties to draw conclusions about how drifters should be best
deployed (in what number and in what con guration) to reduce the anticipated error
of di erent resulting parameter estimates from the study. In Chapter 6 we use a
parametric model to ne-tune our estimator to each individual drifter track to reduce
the expected error of di usivity estimates. By using a parametric model we obtain
a closed form expression for the error (both bias and variance) allowing us to tune
the tuning parameters of the estimator, however we do not explicitly use the model
in the nal estimation process, and therefore we do not directly encounter the error
associated with a poorly tting parametric model.

The di usivity de nition of Taylor (1922) will form the basis of our di usivity es-
timation in Chapter 6, where we provide a new di usivity estimator which attempts

to reduce the error when compared with the standard estimator using the integral of
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the autocovariance. Estimating di usivity across the ocean in practice requires us to
make decisions on how to split up the ocean into regions of approximately constant
di usivity. Koszalka and LaCasce (2010) use clustering to increase the resolution of
their estimates, as well as controlling statistical signi cance from sample size. How-
ever, in areas with poor spatial coverage, some of their clusters could be large and in
these regions they cannot predict how di usivity changes with space which is a disad-
vantage. In Chapter 6 we introduce a method to estimate di usivity that attempts to
reduce the variance of di usivity estimates from single drifters, and hence can produce
meaningful estimates when aggregated across all drifters. This means that we can at-
tempt to improve di usivity estimates with a constant resolution across the globe,
with a goal of ensuring reliable estimates even in regions with low data volumes.
This thesis builds upon some of the methods we have introduced in this chapter,
with an emphasis on estimating parameters of ow components and their associated
error. The goal of the subsequent chapters is to improve these methods and reduce
statistical and physical sources of uncertainty and error to obtain ow estimates that

are less biased and noisy and more statistically signi cant.



Chapter 3

Separating Mesoscale and
Submesoscale Flows from

Clustered Drifter Trajectories

The contents of this chapter is published in Oscroft S, Sykulski AM, Early JJ. Sepa-
rating Mesoscale and Submesoscale Flows from Clustered Drifter Trajectories. Fluids.

2021; 6(1):14.

3.1 Introduction

Recent eld experiments targeting submesoscale motions (100m{10km) include the
deployment of dozens to hundreds of GPS tracked surface drifters in close proxim-
ity, e.g., LatMix' (Shcherbina et al., 2015), "GLAD' (Poje et al., 2014), LASER’

(Gorralves et al., 2019) and "CALYPSO' (Mahadevan et al., 2020). These deploy-

49
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ments are designed to sample a narrow spatiotemporal window, but with high enough
data density to resolve submesoscale motions. However, even when submesoscale
motions are resolved, separating those motions from the larger, often more energetic
mesoscale motions remains a signi cant challenge.

One approach to disentangling the submesoscales from the mesoscales with high
resolution drifter data is to use the results from turbulence theory. For example,
Poje et al. (2014) showed results using two-particle statistics consistent with local
dispersion at submesoscales. Beron-Vera and LaCasce (2016) found ambiguous re-
sults until inertial oscillations were ltered from the trajectories. This suggests, not
surprisingly, that realistic ow elds contain a combination of ow features that can
be linearly separated in some contexts. In a detailed modelling study, Pearson et al.
(2019) showed that, even with some ltering, these Lagrangian statistics are far more
sensitive than similar Eulerian measures, and called into question the interpretation
of previous studies that use variations of two-particle statistics.

An alternative approach is to parameterise the energetic mesoscale ow features
from the Lagrangian trajectories, in order to disentangle them from the unparame-
terised, possibly submesoscale, ows. The notion of accounting for, or parameterising,
the mesoscale strain in order to measure the submesoscale di usivity, appears to orig-
inate with tracer release experiments (Sundermeyer and Price, 1998; Sundermeyer
and Ledwell, 2001), and is based on ideas introduced in Garrett (1983). The basic
idea is that one axis of the tracer grows exponentially with a rate proportional to the
strain rate, , while the other axis reaches a steady state balanced by the compress-

ing e ect of and the elongating e ect of di usivity, . In the dye experiments, the
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mesoscale strain rate is determined by measuring the rate of elongation of the patch,
which is then used to deduce the di usivity. The key idea to this approach is that
the mesoscale strain rate is parameterised, in order to separate its e ect from the
submesoscale motions.

This manuscript extends the idea of parameterising mesoscale features, in order
to disentangle submesoscale ow, to a more principled and robust framework appro-
priate for Lagrangian particles. Our work is complementary to, but distinct from,
the recent works of Gorcalves et al. (2019); Lodise et al. (2020) who developed a
method for projecting clustered drifter trajectories to reconstruct locaEulerian ve-
locity elds using Gaussian Process regression. The goal of our work is to disentangle
the trajectories in alLagrangiansense, and explicitly separate each drifter trajectory
into background, mesoscale and submesoscale components|where each decomposed
drifter can then be analysed further within the Lagrangian framework. A key bene t
is that our Lagrangian separation allows for the explicit estimation of submesoscale
di usivity , as we shall show.

The structure of this Chapter is as follows. In Section 3.2 we rst introduce a
conceptual Lagrangian ow model, and then show how this can be parameterised
using a local Taylor expansion. Then in Section 3.3 we show how these parameters
can be estimated from clustered drifter deployments. We pay particular focus to
building a hierarchy of models, where each layer in the hierarchy adds extra parameters
(e.g. strain/vorticity/divergence) that represent additional ow features. We provide
novel methodology for selecting between hierarchies based on the evidence from the

data. In Section 3.4 we go further and incorporate nonstationary ow features, by
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allowing mesoscale parameters to slowly evolve over time. We provide methodology for
estimating this evolution using splines, and then we provide techniques for quantifying
the uncertainty of all parameter estimates using the bootstrap. We detail how this
guanti cation of uncertainty provides the ideal mechanism from which to select the
key parameter of the temporal window length. Throughout Sections 3.3 and 3.4 we
perform detailed simulation analyses to provide further insight and motivation. Then
in Section 3.5 we test and perform our novel methodologies on data collected from
drifters in the LatMix deployment, which reveals new insights and discovers previously
hidden mesoscale and submesoscale structures. Discussion and conclusions can be
found in Section 3.6. We also perform a sensitivity analysis against the number of
drifters, as well as the con guration of the initial deployment, in Chapter 4. Code to
replicate all results and gures in this Chapter is available atttps://github.com/
JeffreyEarly/GLOceanKit

Overall, the principle contribution of this Chapter is a general framework for
analysing Lagrangian data from clustered drifter deployments. Speci cally, this method-
ology provides a tool to detect for the presence of various mesoscale ow features and
separate those features from the submesoscale ow|while allowing such features to

evolve over time|together with providing quanti ed statistical uncertainty of output.

3.2 Modelling Framework

The primary conceptual model used throughout this manuscript is that the total

velocity of a Lagrangian particleu® can be decomposed into three components,
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utotal = ubg + ymeso 4 Usm; (3.2.1)

whereu®¥ is a large scale background owyi™s° is the mesoscale ow¥ 10 km,> 10
days) andu®™ is the submesoscale ow (100m{10km, 1 hr{10 days). The background
ow is assumed to be spatially homogeneous in some local region around the drifters,
and thus includes motions such as inertial oscillations and large scale currents. The
terminology used here is appropriate for a range of oceanographic contexts, but ar-
guably the separation into mesoscale and submesoscale are more precisely related to
non-local and local dynamics, respectively. We thus use the term mesoscale to de-
scribe structures that behavenon-locally across the drifters, and are therefore the
smoothly varying uid structures that will be parameterised, such as the constant
strain rate used in the tracer release experiments (Sundermeyer and Ledwell, 2001).
The submesoscale currents are simply the residual motion, not captured by the back-
ground or mesoscale ow. If any statistically signi cant submesoscale signal remains,
its energy spectrum will likely be shallower than the mesoscale portion and therefore
be consistent with local dynamics. In practice, the scales captured by these three
types of motion will vary depending on the deployment details and the limitations of
the data, as much as the actual physical processes themselves, as we shall show. The
proposed methodology therefore ultimately remains agnostic to the scales and physi-
cal processes governing the motions, but instead focuses on the statistical signi cance
of the model.

Surface drifter motion is constrained to a xed depth near the ocean surface, where
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the two-dimensional positions are measured in geographic coordinates longitude and
latitude. For the work here it is necessary to use map coordinatés(t); y(t)g with a
projection that locally preserves area and shape. Following Early and Sykulski (2020)
we use the transverse Mercator projection with central meridian placed between the
minimum and maximum longitude of the drifter experiment and add a false northing
and easting to shift the origin to the southwest corner. The total velocity®?® of a
drifter is then two-dimensional and assumed to represent the velocity at the depth of
the drifter drogue. The work here will also be generally applicable to clustered de-
ployments of RAFOS oats with minor modi cation, but we will use the terminology

of drifters throughout the manuscript.

3.2.1 A local Taylor expansion

One of the simplest models for separating ow components is to perform a local Taylor
expansion of the velocity eld. Suppose we have observations fraftnclustered drifters
at time t, where the position of drifterk (1 k K)in x andy orthogonal directions
is given byf x(t); yk(t)g, measured in metres, and the corresponding velocity is given
by %ka(t);yk(t)g, measured in metres per second. We then take a Taylor series
expansion of the velocity eld evaluated at the position of drifterk, such that we

model its velocity as
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where

~ fxk(t); yk(t)g are observations from drifterk at time t,
fuPd(t); vP9(t)g is the spatially homogeneous time-varying background ow,
" fug;vo;ag; by n; s ; g are the model parameters for the mesoscale ow,

" fXo;Yog is the expansion location and has no consequence to the model, other

than rede ning f up; vog,

fug™(t), vy™(t)g are the residual "submesoscale' velocities for each drifter, as-

sumed to be zero-mean in time, but also zero-mean in space across drifters.

Equation (3.2.2) therefore separates background, mesoscale, and submesoscale fea-
tures in the data, following the conceptual model of Equation (3.2.1). We will show
in Section 3.3.1 how the eight mesoscale parameters can be simultaneously estimated,
and in Section 3.3.2 how the own can be decomposed into background, mesoscale
and submesoscale components.

We write Equation (3.2.2) in terms of velocities instead of positions, even though
the raw data usually measure positions of drifters. This is because we will be using

time series techniques to t the drifter trajectories to the model. Time series analysis
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techniques often assume that the data are stationary, hence the use of velocities is
desirable as they are more stationary than positions.

Equation (3.2.2) is similar to that given by Okubo and Ebbesmeyer (1976) which
we gave in Equation (2.5.1), except with the addition of the up + a;t;vo + bit)"
term which comes from taking a more complete Taylor expansion. The termg
and vy allow us to rede ne the expansion point without changing the other model
parameters, anda; and b, allow a small linear increase in the mesoscale component.
In Equation (3.2.2) we rewrite the strain tensor of Equation (2.5.1) in terms of our
mesoscale parameters.

The mesoscale parameters are simply re-de nitions of the standard spatial gradi-
ents: the divergence is = uy + vy, the vorticity is = v, uy, the normal strain
rate is , = Uy Vy, and the shear strain rate is s = vy + uy. The normal and shear
strain rates can be combined to a scalar value for the strain rate = P 2+ 2and
rotation angle =arctan|[ s= ,]=2, where , = cos(2), s= sin(2).

These mesoscale parameters can be rewritten to make the spatial gradients the
subject and then directly plugged into Equation (2.5.1). Therefore, fang = a; = vp =
b, = 0, Equations (2.5.1) and (3.2.2) are equivalent. We choose to write Equation
(3.2.2) in terms of the mesoscale parameters as these are what we wish to use the
model to estimate. The spatial gradients have no physical meaning in our model,
except for their relationship to the mesoscale parameters.

For the moment, the eight mesoscale parameters are assumed to be su ciently
slowly varying that we can treat them as constant over some time window, although we

will relax this restriction later. In practice, the mesoscale component of the model will
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capture any coherent feature that has constant spatial gradient across the cluster of
drifters, whether that is a large scale more permanent feature like a Western boundary
current or a transient mesoscale eddy|or nothing at all. The spatially homogeneous
time-varying "background' ow will capture inertial and tidal oscillations, but may also
erroneously include parts of a time or spatially varying mesoscale ow. Finally, the
residual "'submesoscale' velocity will include any velocity contributions not captured
by the other components.

The model of Equation (3.2.2) was applied to drifter observations in Okubo and
Ebbesmeyer (1976) to obtain estimates of the spatial gradient parameters, but with
two key di erences from the approach taken here. First, the spatial gradients were
allowed to vary at each observational time point, without any constraints on the
rate of uctuation. Second, the expansion pointf Xo; Yog was chosen to be the time-
varying centre-of-mass of the cluster of drifters. The consequence of this choice is
quite signi cant and is worth considering in more detail. De ning the centre-of-mass
(or rst moment) as my(t) & P o1 Xk(t) and my(t) & P “_ Yk(t), it follows from

Equation (3.2.2) that the centre-of-mass velocity includes contributions from both the

homogeneous background as well as the spatial gradients such that

2 3 2 3 32 3

3 2 2
d aMx(t) _ uP9(t) Up + agt } o+ . me(t)  Xo .
at §my(t)Z _ gvbg(t)é ' gVo + bl'[Z ' 2§ s+ né gmy(t) yoé 829

P
where no submesoscale is assumed to be present as we have de,%ned{f:l ug™(t) = 0.
That the mesoscale spatial gradients have a (potentially) signi cant impact on the

velocity of the centre-of-mass is evident in the top row of simulated drifter trajectories
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shown in Figure 3.2.1, where the entire cluster of drifters is advected by the linear
ow. Now if the expansion point is taken to be the centre-of-masd,Xo(t); yo(t)g =
fmy(t); my(t)g, then Equation (3.2.3) reduces the background velocity to the sam-
ple mean velocity, such thatu®9(t) %mx(t). As a result, after subtracting Equa-
tion (3.2.3) from (3.2.2), the velocities of the individual particles in the centre-of-mass

frame,

2 3 2 32 3 2 3

ngk(t) mx(t)é:} nt s égxk(t) mx(t)é+EUﬁm(t)2_ 3240
T m 2 L CON® my v

only depend on the spatial gradients and submesoscale ow. In some sense, the dif-
ference between Equation (3.2.2) and Equation (3.2.4) is quite remarkable: simply
by changing to centre-of-mass coordinates, the potentially complicated form of the
background ow, fuP9;vP9g, is eliminated, along with all the velocity variance associ-
ated with mesoscale advection of the centre-of-mass from Equation (3.2.3). With this
choice of reference frame, the spatial gradients in the model now only characterise
the spreading of particles, i.e. the second moment, as shown in the second row of

Figure 3.2.1, along with any spreading caused by the submesoscale process.

3.2.2 Di usivity

A key measure with which we evaluate our techniques is to measure the di usivity
of observed and modelled velocities. We de ne the submesoscale di usivity for each

drifter k as in Equation (21) of LaCasce (2008), such that



CHAPTER 3. SEPARATING MESOSCALE AND SUBMESOSCALE FLOWS 59

Figure 3.2.1: Simulation of 9 drifters from Equation (3.2.2) over 6.25 days, with
starting positions, number of drifters, and experiment length taken to match LatMix
Site 1. In each panel the submesoscale velocitieg;™(t); vi;"(t)g follow a Wiener
increment process with di usivity equal to 0.1 nf/s. The top row shows drifter
positions, and the bottom row shows positions with respect to centre-of-mass at each
time step. From left to right we include the following model components. Left:
di usivity only. Centre left: strain and di usivity. Centre right: strain, vorticity,

and di usivity (strain dominated). Right: strain, vorticity, and di usivity (vorticity
dominated). In each plot where a parameter is present, it has been set as=

7 10°%s, =30, =6 10 s (centreright), and =8 10 /s (right). We

have setup = Vo = a; = by = u” = v = 0. The trajectories are simulated using
the Euler-Maruyama scheme (Kloeden and Platen, 2013) and we include quivers in

all plots representing the underlying velocity eld.
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sm _1d sm Z_Ztsm sm .
(1) = X7 = , ug"(t)uE™( )d ; (3.2.5a)
sm — 1d sm 2 _ ‘ sm sm .
SO = SR 07= W OW"Od: (3.2.5b)

where xg™(t) is calculated from the residual velocitiesug™(t), such that xi™(t) =
I:\)c;uﬁm(t)dt, and similarly for yg™(t). As in Equation (10) of LaCasce (2008), a joint
di usivity measure across all drifters could be de ned by averaging the positions/ve-
locities before applying the derivatives/integrals in Equations (3.2.5a) and (3.2.5b);
however, we initially choose to calculate di usivity separately for each driftek to
re ect the fact that drifters are spatially spread in a clustered deployment, and hence
their di usivity values may depend on spatial scale within a spatially inhomogeneous
ow eld.

In general, it is also useful to consider the isotropic di usivity as this is rotationally
invariant, and as such, does not depend on our choice of coordinate system. The
isotropic submesoscale di usivity for drifterk is de ned as
Z t

1d

Rz () = 2 izd"(1)j* = wi(Ow™( ) d (3.2.6)

1
2
wherezg™(t) = xg™(t)+i yg"(t), wi™(t) = ug™(t)+ivi™(t), and i P

~ 1. The isotropic
di usivity is the average of % (t) and U (t) such that () = %f ke (1) + ¥y (Dg.

The di usivity is also related to the power spectral density of complex velocity
wg (t) where

1ZT 2

S(!) T, wi(t)e "dt (3.2.7)
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S(!') is known as the Lagrangian frequency spectrum and is related the isotropic

di usivity in Equation (3.2.6) with

kz(T) = %S(O); (3.2.8)

as shown in Lilly et al. (2017). Formally, di usivity requires the process to be sta-
tionary and is de ned in the limitas T ! 1, but in practice we are always limited
to nite observation times. The total variance of a complex particle velocity is con-
served with the Lagrangian frequency spectrurr% ka(t)zdt = RS(! )d!', and in this
sense it will be useful to think of how the model components in Equation (3.2.2) each
describe the distribution of variance in the frequency spectrum.

Equations (3.2.5), (3.2.6) and (3.2.7) are theoretical constructs as they require
submesoscale velocities to be observed continuously in time. In practice, drifter ob-
servations are only observed at discrete time points. In Section 3.3 we will discuss how
to estimate submesoscale di usivity from clustered drifter data using our modelling
and estimation approach.

We note that di usivities could also be calculated directly from raw velocities
f %xk(t); %yk(t)g, or from centre-of-mass velocities that have only had the background
removed and still contain mesoscale ow contribution (as in Equation (3.2.4)), and
such values of di usivity will in general be much larger than the submesoscale dif-
fusivities. This highlights the scale-dependent nature of di usivity, as well as the

challenges in comparing di erent measurements of di usivity.
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3.2.3 Model solutions

The mesoscale component of Equation (3.2.2) is a linear ordinary di erential equation
with tractable analytical solutions (e.g. Haynes, 2001; Lilly, 2018). However, the
submesoscale component of Equation (3.2.2) is assumed unknown, and may represent
a range of di erent phenomena. Thus, for our simulation analyses that follow in this

chapter we generate the submesoscale process stochastically using trajectory paths

de ned by
2 3 23 2 32 3
Xk () u + Xk(t) X _
% ’ ZZQOZJ,%gn s ng °Z+p2dwt; 529
yi(t) Vo st a @M Yo

where the functiondW represents an increment of a two-dimensional Wiener process
(a random walk in the discrete-time limit) that forms the submesoscale component.
The Lagrangian frequency spectrum of the submesoscale process is therefore simply

that of a white noise process:

S(1)=4: (3.2.10)
The frequency spectrum of internal waves (perhaps the best known submesoscale pro-
cess) will have either more or less contribution to the total variance, depending on the
frequency. We thus consider a white noise velocity process to be a reasonably agnos-
tic choice. Notably absent from Equation (3.2.9) is the spatially homogeneous back-
ground ow. In practice this contains a signi cant amount of power from inertial and
tidal oscillations, but does not signi cantly impact the estimation of mesoscale quan-

tities as we shall show. The particle trajectories shown in Figure 3.2.1 are sampled
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from Equation (3.2.9), where each column contains di erent choices for the mesoscale
parameters, but the submesoscale di usivity is held constant (the rst column has
no mesoscale and hence the particles follow a random walk).

In the absence of the stochastic submesoscale white noise process, the Lagrangian
trajectories from Equation (3.2.9) are purely deterministic and thus their Lagrangian
frequency spectra can be computed exactly, as we shall now show. For the following
analytical solutions we set = 0, but make no such assumption in the estimation
procedure that follows. To integrate Equation (3.2.9) with = 0, note that simply
re-positioning a particle's initial location can be used to rede néug; Vog. Speci cally,
if the initial position of the particle is given by f x(0); y(0)g with nonzerof ug; vog, the
fuo; Vog can be set to zero, so long as the initial position is set fx(0) x,;y(0) Vy.g

where

2 3 3
gqu:S_zz ) ) Zﬁ”"ﬁ; (3.2.11)

and the Okubo-Weiss parameter is de ned bg? 2 2, Thus, without loss of gen-
erality, we can simply takef ug; vog and the expansion point to be zero. The complex
path z(t) = x(t) +iy(t) with initial position given by fx(0);y(0)g= frcos;r sin g

is therefore

8

Egei scosh$ + e J+i sinh § if 2> 2
z(t) = (3.2.12)

“Le scosy + e J+i sin g if 2< 2

and the associated velocityv(t) = u(t) +i v(t) is given by
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8
3 ré ssinh $ + e” J+i cosh$ if 2> 2

w(t) = X (3.2.13)
T le ssin & + e J+j cos ¥ if 2< 2

where we have de ned the complementary Okubo-Weiss parameter kY

2 2
The mean-square distance of a particle from the origin is given by
8
147 E%sinh% A cosh & +sBsinh ST L C if 2> 2
T jzOitdt=
0
T 2% sin T A cos & +sBsin &+ 15 C if 2< ?
(3.2.14)
and total velocity variance,
8
1ZT_ , E%sinh ST A cosh §T + sBsinh 5T +r24C if 2> 2
T Iwtde=
0
" Isin ST A cos 3T sBsin 5T + =€ if 2< 2
(3.2.15)
where
A= + sin2( ); B= cos2( );C= + sin2( ); (3.2.16)

and T is the length of time that has passed since the particle has moved from its
initial position.

The Lagrangian frequency spectrum of a particle in a linear velocity eld can now

be computed using Equations (3.2.13) and (3.2.7) which yields
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8 " #
2 . A cosh(£T)+sBsinh(2T) C 2 = .
% 2 sink? st (57) > (37) + SC(t+ %) if 2> 2
T 4 124 ST |24 s2
S(M) = " # (3.2.17)
E 2 gjip2 ST A cos=I-+sBsin I+ C + SC(+ =2 it 2< 2

4 |2£ |2£2
4 . 2

where the Lagrangian frequency spectra of complex-valued velocities are permitted to
be asymmetric in! (see Sykulski et al. (2016)), which will occur in Equation (3.2.17)
when 6 0. Asymmetric spectra arise when the rotary spectra are unequal and
there is a preferred direction of spin (Sykulski et al., 2017b). With no strain and
after su ciently long observation time (T >> 1= ), Equation (3.2.17) becomes a
single frequency delta function, re ecting the rotation of a particle from the vorticity.
However, for the cases considered here, observation times are at n@dt=s;1=s), and
often much less. The result is a spectrum that is generally very re®&(!) ! 2),
with total power increasing in observation timeT .

The Lagrangian frequency spectrum in Equation (3.2.17) would appear to indicate
that particles advected by a linear velocity eld have a non-zero di usivity, following
the de nition of Equation (3.2.8). However, while it is true that the linear velocity
eld causes particles to disperse, increasing their second moment wikh this spread-
ing is entirely deterministic with correlations between particles spatially and across
time, and thus does not formally meet the requirement that di usivity results from
a stationary random velocity process. From the perspective of trying to isolate and
estimate the di usivity of submesoscale processes (which may be stationary at these
scales), the linear velocity eld may be viewed as contaminating the lowest frequen-

cies in the spectrum, providing erroneously high values of di usivity if not removed
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Figure 3.2.2: The one-sided frequency spectrum for a particle integrated with Equa-
tion (3.2.9) is shown in black. The particle is initially placed atfx(0);y(0)g =

f1 km;1 kmg and integrated for 5 days in a strain-only model with simulation pa-
rameters setto =0:1 m?sand =1 10 °=s. The theoretical spectrum of the
mesoscale process, Equation (3.2.17), is shown in blue, and the theoretical spectrum

of the white noise process, Equation (3.2.10), is shown in red.

correctly.

Figure 3.2.2 shows the one-sided Lagrangian frequency spectrum of a single par-
ticle simulated using Equation (3.2.9). The Lagrangian frequency spectrum thus has
two distinguishing parts: the white noise submesoscale process given by Equation
(3.2.10) and the deterministic red process given by Equation (3.2.17). In Figure 3.2.2
the observed particle spectrum is very nearly the linear addition of the theoretical
Lagrangian frequency spectra of the mesoscale and submesoscale models of Equa-
tions (3.2.10) and (3.2.17) respectively. In terms of Figure 3.2.2, the objective of the

methodology is to remove the deterministic contribution of the mesoscale ow (in
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blue), in order to study the submesoscale process that remains.

3.3 Estimation and Hierarchical Modelling

The spreading of particles in the ocean can be categorised into three distinct stages
of di usivity according to the size of the drifter separation (or the tracer patch)
relative to the size of mesoscale features (Sundermeyer and Price, 1998). At the
smallest spatial scales, the mesoscale features may be so weak that the submesoscale
processes dominate across all resolved scales and therefore completely control the
spreading (e.g., when the mesoscale spectrum in Figure 3.2.2 is below the submesoscale
spectrum). At the other extreme, where drifters are separated by distances that
exceed the size of mesoscale features such as with the Global Drifter Program, the
motions between any two drifters are uncorrelated and there are no common features
to parameterise. We are interested in the middle stage, where the spread of the
drifters is within the size of the mesoscale features. The upper bound of separation
is dictated by the requirement that the spatial gradients in Equation (3.2.2) must

be similar between drifters, while the lower bound is simply determined by lack of
statistical signi cance of the mesoscale parameters. We place no upper bound on the
number of drifters required, however there should be at least two drifters to remove
the background part of the ow. The drifters should be sampled frequently enough
that there is enough data to obtain estimates which are statistically signi cant whilst
keeping the spread of the drifters within the mesoscale. Further discussion of how to

ensure signi cance of results will be given in Section 3.4 and Chapter 4.
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3.3.1 Parameter estimation

Estimates for the mesoscale parameters in Equation (3.2.2) from observations will
be obtained using least squares regression, by minimising the sum of the squared
residuals representing the non-mesoscale ow, as we shall now show. This approach
therefore ts as much of the data to the mesoscale part of the model as possible. To
perform the ts, we make the important step of decomposing th& drifter velocities

into K drifter velocities relative to the centre-of-mass, plus a centre-of-mass veloc-
ity, as represented in Equations (3.2.3) and (3.2.4) respectively. In other words the
summation of Equations (3.2.3) and (3.2.4) recovers Equation (3.2.2). When put into

matrix-vector notation for observations these models can be jointly written as

U= XA + ; (3.3.1)
where we have de ned
2 3 2 3
%k (th) U™ (tn)
d & ¥(tn) Vi"(tn)
U= dt ;= ; (3.3.2)
My (tn) ubg(tn)
my(t,) vPI(t,)
| —{z—1} | —{z—1}
2(K+1)N 1 2(K+1)N 1

and
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2 3
Uo
V
2 3 °
Okn Okn Okn Okn %(th)  wa(tn) Ye(tn)  %(tn) a
16 Okn Okn  Okn Okn Ye(tn)  %(tn)  xk(ta)  W(tn) by
X:E A=
2 1y Oy 2ty O my(th) my(tn)  my(ty) my(t,) n
| On 2 1y On 2, r{ny(tn) My (th) My (tn) my(tn)} s
VA
2AK+1)N p
| {z-}
p 1
(3.3.3)

In this notation, x,(t,)  Xk(tn) mMy(th), W(tn)  Y(ta) my(t,) are length
KN column vectors of theN observations at timest; t, ty from each of theK
drifters in a chosen time window of widthw = ty t;. Similarly my(t,) my(tn) Xo,
my(tn)  my(tn) Yo are lengthN column vectors of the moving centre-of-mass at
timest; t, ty. The particular ordering of the observations within each vector in
Equations (3.3.2) and (3.3.3) does not matter, so long as it is consistent, and in fact,
there is no restriction that the drifter observations occur at the same time, despite
our choice of notation. We have de nedxy and 1xy to be KN 1 column vectors
of zeros and ones, respectively. Under each matrix we have given its size, where
is the number of parameters, and in this casp = 8. The vector A contains model

parameters which are estimated using the least squares solution
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A=(XX) XU (3.3.4)

By combining Equations (3.3.1) and (3.3.4) the residual submesoscale and background

velocities can be estimated by taking

=[1 X(X%X) X9u: (3.3.5)

The least-squares solution is equivalent to the optimal maximum likelihood so-
lution when the residuals are Gaussian and independent and identically distributed.
In general, weighted least squares solutions should be used if residuals are correlated
or have unequal variance, and although this will likely be the case here, weighted-
least squares requires prior knowledge of the distributional structure of the residuals
which we do not wish to assume is known. Overall, we found the (non-weighted)
least squares solution of Equations (3.3.4){(3.3.5) to be robust in simulation exper-
iments and real data analysis, and to perform better than performing least squares
directly on the representation of Equation (3.2.2) on raw velocities for each drifter
without removing centre-of-mass. This is due to the fact that th& drifter velocities
in centre-of-mass coordinates, with the addition of the centre-of-mass velocity, can be
thought of as a collection ofK + 1 drifters that are more independent of each other
than the K drifters in xed-reference frame coordinates. This leads to errors that are

more uncorrelated over drifters yielding better least squares parameter ts.
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3.3.2 Flow decomposition

Once the parameters have been estimated using Equation (3.3.4), the constituent
parts of the conceptual model of Equation (3.2.1) can be computed. The mesoscale

contribution to each drifter is computed using

2 2 3 2 32 3

guﬂ“ew(tn)z guo + alté n+ s égxk(tn) xoé: (3.36)

V|r(neso(tn) Vo + blt st n yk (tn) yO
The background is assumed to be spatially homogeneous, and thus can be recovered

from the residuals by averaging across drifters at each time,

2 3 2 31

§Ubg(t n) é X %dtgxk(t ) gufk“es°(tn)é§ : (3.3.7)

vP9(tn) k=t Yi(tn) Vi *(tn)

Finally, the submesoscale contribution to each drifter is all that remains,

2 3 2 3 2 3 2 3

dt | -

Vi "(tn) Yi(tn) Vi tn) v?9(tn)

This accomplishes the conceptual decomposition of velocities proposed in Equa-
tion (3.2.1). We emphasise that the ts of Equations (3.3.1){(3.3.5) could be per-
formed without the centre-of-mass velocity by removing the bottom 2 rows dfl,

and X in Equations (3.3.2) and (3.3.3). This is in e ect only tting observa-
tions to the second-moment model of Equation (3.2.4), as also proposed in Okubo
and Ebbesmeyer (1976). While this t still obtains estimates of mesoscale quanti-

tiesf ; ; ; g, and disentangles the submesoscdl@*"(t); v*™(t)g, the rst-moment
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mesoscale parameterug; a;; Vo; big and the backgroundf uP9; v*9g can no longer be
estimated directly (unless tted a posteriori). This means a full decomposition of the
ow as performed in Equations (3.3.6){(3.3.8) is not directly accomplished using the
K drifters in centre-of-mass frame only. We shall refer to this reduced technique as
the second-moment tting method . In contrast, we refer to the full estimation
technique from Equations (3.3.1){(3.3.8) as therst and second-moment tting
method .
Regardless of the tting method, we estimate the isotropic submesoscale di usivity

k2 (t), de ned in Equation (3.2.6), by measuring theimplied square displacemenof

the submesoscale velocities within the window. This yields

2
b (t) = o v (3.3.9)
t=1y
where is the sampling interval of drifter observations measured in seconds. Equa-
tion (3.3.9) is equivalent to taking 1/4 of the periodogram of the velocities|or the
absolute square of the Fourier Transform|at frequency zero. This is consistent with
the fact that the theoretical di usivity of a stationary complex-valued process is de-
termined by 1=4 of the zero-frequency of the Lagrangian frequency spectrum as per
Equation (3.2.8).
The above equations produce estimates of the background, mesoscale and subme-

soscale parts of the ow ovesomechoice of temporal window lengthV = ty  t;. A

small value ofW results in a reduced number of data points in the regression causing

potentially noisy parameter estimates. Conversely, a large value @ incorporates
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more distant observations in time and smooths over this noise, but may lead to poor
estimates if the underlying mesoscale parameters are evolving over time. This is the
classic bias-variance trade-o in statistical estimation. In Section 3.4 we address the
issue of choosing an appropriate window length, and we introduce a principled estima-
tion method using splines that allow parameters to evolve slowly over time, resulting

in smoother less-variable estimates.

3.3.3 Hierarchical modelling

The Taylor series model of Equation (3.2.2) speci es 8 mesoscale parameters which are
collectively denotedf ug; vo; a1;by; ; ; ; g, and these can be estimated from clustered
drifter data using the machinery of Section 3.3.1. However, not every clustered set of
drifters will necessarily experience all of these e ects (as we illustrated in Figure 3.2.1),
or the data might not give statistically signi cant estimates of some of the parameters
even if they are truly present. Alternatively, we might already know the true values of
some of the parameters and so we do not wish to estimate these. Motivated by this,
we now introduce a simple method of removing certain parameters from the model,
by either setting them to be zero or a pre-speci ed xed value, and then estimating
only the remaining unspeci ed parameters. If we were to instead set parameters to
zero (or xed values) after estimation, we would sub-optimally lose part of the data
contained in the removed estimate.

To remove a parameter from the model, one simply removes the parameter from
the vector A in Equation (3.3.3) and the corresponding column from the matrix ..

In a similar vein, multiple parameters can be removed by repeating this procedure.
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Ultimately, depending on the number of parameters removed, the matriX will be
sized 2K +1)N p, and the column vectorA, will be sizedp 1, wherep is the number

of free parameters that remain in the model. Ip = 8, as presented in Equation (3.3.2),
then this represents the full mesoscale solution. If any parameter values are known
a priori then they should be inserted as xed values intd\ and then multiplied by
the corresponding respective columns froix and then subtracted from the vectorU,
before proceeding with the least squares minimisation of Equation (3.3.4) to estimate
remaining parameters.

We now consider the special case of only estimating the mesoscale quantities

f;;; gusing the second-moment tting method discussed in Section 3.3.2. If we
estimate all quantitiesinf ; ; ; gthenp=4. In contrast, if we remove all mesoscale
parameters such thatf ; ; ; g= f0;0;0;0g, then p=0, and only submesoscale ve-

locities remain in the centre-of-mass frame of Equation (3.2.4). If € p < 4, this

represents scenarios where some mesoscale components from; g are present,

and some are not, and we display this schematically in Figure 3.3.1. We consider

strain rate and strain angle (or equivalently shear and normal strain rates) to be ei-

ther jointly present or both missing. Overall, there are therefore eight possible models

we might consider, shown explicitly in Figure 3.3.1. Regardless of the choice of model,

the remaining non-zero parameters are estimated using Equation (3.3.4) as before.
Figure 3.3.1 also shows that the eight models exist in f@erarchy. The simplest

model, the null hypothesis shown at the top of Figure 3.3.1, corresponds to velocities in

a centre-of-mass frame that are submesoscale only. There are three direct descendants

of this model in the hierarchy, the addition of vorticity or divergence, each of which
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Figure 3.3.1: Hierarchy of mesoscale models using the second-moment tting method
where p indicates the number of parameters. A model with increased complexity is
used only if it explains signi cantly more variance than the lower complexity model.

Models with fewer parameters are favoured when a choice must be made.

requires one more parameter, or strain, which requires two additional parameters. The
central philosophy is thata descendent in the hierarchy should only be used if

it shows meaningful improvement in some relevant error metric , essentially
disproving the null hypothesis. Because adding parameters wdlways produce at
most the same residual (which may itself be the error metric), this approach avoids
using too many degrees-of-freedom and producing meaningless or noisy parameter
estimates.

It is worth noting that estimating all four mesoscale parameters ; ; ; g at
each time point (as is often done in the literature) would bene t from this conceptual
approach. With K drifters there are K position observations at a given time point,
from which 4 parameters must be estimated at each time point. For modestly sized

drifter deployments, this computation runs the risk of producing estimates with no
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statistical signi cance.

In general, when selecting between the model hierarchies for all 8 mesoscale pa-
rametersfug;Vo;a1; by ; ; ; g then we are faced with an increased complexity of
selecting between reduced permutations of the full speci cation. Motivated by this,
in Section 3.4.3 we will introduce methodology for estimating time-varying parame-
ters using splines, which allows for a natural mechanism from which to build a full

hierarchy of rst and second-moment candidate models, as we shall show.

3.3.4 Selecting between hierarchies

We have provided a mixed background-mesoscale-submesoscale modelling framework
in Equation (3.2.2) and a corresponding estimation framework in Section 3.3.1. Then

in Section 3.3.3 we discussed how to estimate parameters using di erent hierarchies of
mesoscale components in the overall model. The appropriateness of a chosen model
in the hierarchy, for a given set of observational drifter data, can be evaluated by
estimating the error resulting from the tted model at a given point in time. We
argue there is more than one meaningful way in whicarror can be computed|and

in this section we shall de ne two such ways that prove to be very useful in terms of

model evaluation.

Fraction of Variance Unexplained (FVU)

The rst method is perhaps the most intuitive. Here we calculate how much vari-
ance remains in the “unexplained' residual submesoscale velocities found in Equa-

tion (3.3.8). This value in itself, however, is not a meaningful quantity unless it is
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presented in reference to some other quantity. Therefore, to provide a normalised and
meaningful metric we introduce the notion ofthe Fraction of Variance Unexplained

(FVU), which is de ned as

P tn P K fusm(t )2 + Vsm(t )Zg
FVU — |n th=1t1 k=1 k n k n
| od tn | d K

WU Aty M) S (lt)) my(t)) 2

o; (3.3.10)

and hence quanti es theproportion of the variability remaining in the submesoscale
model, as compared to velocities that have only had the centre-of-mass removed (and
will hence still contain second-moment mesoscale e ects present in Equation (3.2.4)).
The FVU will therefore in general be some value between zero and one. An FVU value
close to one occurs when there is little to no mesoscale component estimated from the
data. In contrast, an FVU value equal to zero means the mesoscale model successfully
explains all variability in the data after the background is removed, and there is no
residual submesoscale process left behind. For mixed mesoscale and submesoscale
ow the FVU will be somewhere between zero and one, and this will vary dependent

on the magnitude and number of mesoscale components present in the model t.

In Figure 3.3.2, in the left column we display FVU values obtained from our
simulation setup shown in Figure 3.2.1. Speci cally, we generate 100 replicated sim-
ulations of each of the four model scenarios shown in Figure 3.2.1|di usivity only,
strain+di usivity, strain+vorticity+di usivity (strain dominated), strain+vorticity+
di usivity (vorticity dominated)|where the stochasticity between replicates occurs
from simulating submesoscale velocities from a Gaussian white noise process as in

Equation (3.2.9). Again, as in LatMix Site 1, we simulate nine drifters within each
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simulation with matching initial positions, but this time we just simulate half-hourly
records for one day. We use the procedures described in Section 3.3.3 to t four hi-
erarchies of models to each simulation within each scenario. Note that we perform a
global t by setting the window length W to be the full length of the observations
(one day). The FVU values are calculated from Equation (3.3.10) and the resulting
spread of values across simulations are shown by box and whisker plots in Figure 3.3.2.
We also provide the spread of observed FVU values in an oracle case where the true
mesoscale parameters are known.

In the gure we have also indicated the estimated theoretical FVU value obtained
by combining the mesoscale variance obtained from Equation (3.2.15) for each drifter
k (let us denote this 2. (K)) with the submesoscale variance of a white noise process
given from the spectral form of Equation (3.2.10) yielding2.» =4 (1 1=K), which
is the same for each drifter, where the (1 1=K) rescaling is required to account
for moving to a centre-of-mass reference frame. We can then obtain an estimated
theoretical FVU value, which we denoteFVU, by taking

2

FvU= n—p W g ; (3.3.11)
20 Zueso(K) + Zem

This an estimatedtheoretical FVU, rather than an exact solution, because we have
ignored the co-dependence between the mesoscale and submesoscale processes and
assumed these variances aggregate separately. The results however indicate remark-
able agreement between theoretical and observed quantities for FVU over all scenarios

(except when insu cient mesoscale parameters are proposed in the candidate model),
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Figure 3.3.2: FVU (left column) and FDU (right column) for candidate models t-
ted to trajectories generated from the four model scenarios from Figure 3.2.1. Each
subplot here is for a di erent true model scenario (they-axis), and each box and
whisker within a subplot provides the spread of FVU/FDU values from a tted can-
didate model (the x-axis). The nal box and whisker in each subplot is using the
true mesoscale parameter values. The spread of results is over 100 repeated simu-
lations using 9 drifters sampled every 30 minutes for one day. The estimated theo-
retical FVU, obtained from Equation (3.3.11), and the estimated theoretical FDU,
obtained from Equation (3.3.13), are overlaid by a red horizontal line in each sub-
plot. Parameters are estimated using the second-moment tting method, where re-
sults using the rst and second-moment tting method yield near identical results as

Up= Vo= @ = by = uP = v =0 in these simulations.
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suggesting Equation (3.3.11) is an accurate approximation for the spatial and tempo-
ral scale of the simulation performed.

Overall, the key nding of Figure 3.3.2 (left column) is that the FVU helps identify
the correct model in all true model scenarios considered, and correctly estimates how
much of the variance is explained by the mesoscale and submesoscale components in
agreement with the theory. The addition of a mesoscale parameter which is truly
present signi cantly reduces the FVU, but adding further unnecessary mesoscale pa-
rameters (such as the divergence which is not present in any of the scenarios) does
not signi cantly reduce FVU. This diagnostic tool therefore shows utility as a method
for detecting the presence of mesoscale e ects on drifter velocities, and for selecting
between mesoscale model hierarchies. We shall scrutinise this further when we apply

our procedures to LatMix data in Section 3.5.

Fraction of Di usivity Unexplained (FDU)

The FVU is a measure of how much of the variability of the data remains in the
submesoscale residuals. However, we argue this is not the only metric with which
to ultimately select from a model hierarchy. First of all, as the residual velocities
are being directly minimised (along with the background) in the least squares ts

of Equations (3.3.1){(3.3.5), the more complex models will generally have a lower
FVU than nested simpler models with fewer or no mesoscale components (as seen
in Figure 3.3.2). This may lead to over- tting models unless parameter penalisation
methods are introduced. Secondly, mesoscale processes are primarily low frequency

processes with decaying Lagrangian velocity frequency spectra, as we showed in Fig-
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ure 3.2.2. Submesoscale processes, on the other hand, will likely have Lagrangian
velocity frequency spectra that are spread across frequencies and concentrated away
from frequency zero. For example, white noise submesoscale residuals will have a at
spectrum, and an internal wave process, represented by the Garrett-Munk spectrum
for instance, will have signi cant energy at the inertial frequencyf o, but very small
energy at frequency zero.

For these reasons, we now motivate a second metric with which to evaluate di erent
model hierarchies. Speci cally, we measure thai usivity of the residual process for
each drifter, and compare this with the implied total di usivity of each drifter when
no mesoscale is removed. In other words, we compare the variability of the aggregated
and submesoscale-only components in terms of their respective di usivities, with a
view that submesoscale di usivity should be much lower than total di usivity when
even a mild mesoscale component is present (as mesoscale energy is dominant at low
frequencies in the velocity spectra). To quantify this e ect we introduce the notion

of the Fraction of Di usivity Unexplained (FDU), which we de ne by

P P
D ke $R(t)

th=t k=1
FDU = P L jp )
tn K /\c.o.m.(t )
th=t1 k=1 Kk;z n

(3.3.12)

where 73 (t,) has already been de ned in Equation (3.3.9). 2™ (t,) is the di usivity
for drifter k with only centre-of-mass removed, which is de ned by replacing;™(t)
with %(xk(tn) my(t,)) and vi™(t) with %(yk(tn) my(t,)) in Equation (3.3.9).
The FDU measures how much di usivity is present in the submesoscale residual after

removing the mesoscale, as compared to the di usivity that is observed relative to
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the centre-of-mass when no mesoscale has been explicitly removed. An FDU value of
zero means that the submesoscale process has no observed di usivity, and an FDU of
one will occur when either no mesoscale is present, or the mesoscale does not create
any di usive-type behaviour on the particles.

We display observed FDU values across our simulations in the right column of
Figure 3.3.2, mirroring the simulation setup used for FVU described in Section 3.3.4.
The estimated theoretical FDU values are overlaid by a red horizontal value from

computing

sm

— _ z .
FDU = AR aa— s (3.3.13)
K k=1 Kk;z z

where the expected submesoscale di usivity for all drifters is™ = (1 1=K) where
again the (1 1=K) rescaling is required to account for moving to a centre-of-mass
reference frame. We obtain '7°° by taking 1/4 of the zero-frequency value from Equa-
tion (3.2.17) (as per the de nition of Equation (3.2.8)). Similarly to Equation (3.3.11),
Equation (3.3.13) is anestimatedtheoretical FDU because we are assuming indepen-
dent dispersion caused by the mesoscale and submesoscale. Nevertheless, Figure 3.3.2
indicates consistent agreement between observed and theoretical FDU values (when
the correct model is tted), highlighting the accuracy of this approximation.

The main nding of the FDU analysis in Figure 3.3.2 is that the mesoscale explains
signi cantly more of the total di usivity than the total variance. This is as expected
because of the low-frequency nature of mesoscale processes (see Figure 3.2.2) and

highlights the usefulness of computing FDU values to test for mesoscale presence. In
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all cases we can see that FDU analysis reveals the correct generating mesoscale model
even better than FVU does. We shall further use this diagnostic method of assessing

model ts with LatMix data in Section 3.5.

3.4 Uncertainty Quanti cation and Capturing Tem-

poral Evolution

3.4.1 Uncertainty Quanti cation

We now provide a method for estimating the uncertainty of parameter estimates when
applied to observational datasets. In a simulation setting, uncertainty estimates can
be obtained by repeating experiments several times stochastically or with di erent
initial conditions, but this cannot be done in the real world where clustered drifter
deployments are scarcely repeated in the same region of the ocean, and will likely be
measuring di erent mesoscale and submesoscale features each time.

Instead, we resort to the bootstrap, which resamples the observed data in such a
way as to provide a population of di erent datasets with which to measure uncertainty.
Speci cally, the bootstrap is implemented by taking a random sample & trajectories
from the K drifters with replacement, such that the same trajectories may be selected
multiple times as if they were di erent drifters. Then the mesoscale parameters are
estimated for this random sample of trajectories. Let us denote any one of these
parameter estimates apy™ The process is then repeateB times, every time randomly

resampling a set oK trajectories with replacement, such that we obtairB parameter
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which then provide con dence intervals for the parameter of interest, often set to
values such as 90% or 95%. Alternatively, we can also estimate tsi@ndard error
of P, the parameter estimate forp, by measuring the sample standard deviation qi,"

given by

! #1=2
SEe(f)= g5 B0 PO (34.2)
whereg, = &' 2, ().

In Figure 3.4.1 we show a histogram of bootstrap parameter estimates for ; g,
with a red vertical line at the true value, and a blue vertical line showing the average
bootstrap estimate. The purpose of this simulation is simply to show that bootstrap
parameter estimates arecentred at their true values and symmetrically distributed,
despite the fact that drifter trajectories are sampled with replacement. We found
this to be a consistent feature across di erent true parameter values and simulation
settings.

Next we establish that the bootstrap estimate for the standard error of param-
eter estimates, given in Equation (3.4.1), agrees with standard errors of parameter
estimates observed from repeated simulations. In Table 3.4.1 we compamaulated
and bootstrap standard errors for two experiments: the strain-only and the strain-
dominated simulations of Figure 3.2.1. The standard errors from simulations are
across 100 repeated simulations, but the bootstrap standard error approximation is

just from 1 simulation of drifters each time (as we would have with real data). Despite
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Figure 3.4.1: Histogram of bootstrap parameter estimates for strain rate, strain angle,
and vorticity, over 100 repeated simulations wher8 = 100 for each simulation, thus
obtaining 10,000 total bootstrapped parameter values. The trajectories are generated
as in Figure 3.2.1 in the strain-dominated model for 1 day, and the parameters are
estimated using the second-moment tting method. Any bootstrap estimates outside
the range of thex-axis are placed in the limiting visible bar in the histogram on each
side. The red vertical line is the true parameter value, and the blue vertical line is

the average bootstrap estimate.
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(s 10 () (sh 10

Strain-only Simulation

Simulated 117 G668 N/A

Bootstrap 132 0365 629 247 N/A

Strain-dominated Simulation

Simulated 122 678 161

Bootstrap 155 0459 808 343 194 0572

Table 3.4.1: Observed standard errors from simulation, and average bootstrap stan-
dard error estimates from Equation (3.4.1) (wher® = 100), over 100 repeated simu-
lations, for both the strain-only and strain-dominated simulations of Figure 3.2.1 over
1 day. We also provide the standard deviation of bootstrap standard error estimates

across the 100 simulations, as indicated after the symbol.

this, the average bootstrap standard error estimate is very close to the standard error
from repeated simulations (with the standard deviation of the bootstrap standard
error accounting for any di erence). Notice also that the bootstrap standard error
estimates are usually conservative, which is better than the converse, and correctly
increase when more parameters need to be estimated. This demonstrates the accuracy
of Equation (3.4.1) in estimating the standard error of parameter estimates obtained
from Equation (3.3.4). We will make use of the bootstrap in the analysis of LatMix

data in Section 3.5.
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3.4.2 Time-evolving parameters using rolling windows

To estimate the temporal evolution of mesoscale features across a drifter deployment
we allow the mesoscale parameters to evolve over time. In this section we rst intro-
duce a simple method for doing so where we use a rolling time window of widtt
and estimate the parameters Ug(t,); Vo(tn); ai(tn): bi(tn); (tn); (tn): n(tn); s(tn)g

in Equation (3.3.3) over time using velocity observations contained in the interval
[Axc(tn  %); Sx(tn + W) and [Syi(tn  %); Sy (ta + )] using the same approach
outlined in Section 3.3.1, repeated at every observation time-stépin the experiment.

In general, the window width parameterW should be chosen to be large enough
to ensure we have reduced variance and statistically signi cant estimates of each
mesoscale parameter, but not so large that resolution is lost from over-smoothing.
To examine this e ect we display simulated trajectories in Figure 3.4.2 which exactly
follows the strain-only simulation from Figure 3.2.1, except that the strain rate pa-
rameter now decreases linearly by a factor of 10 across the length of the 6.25 day
simulation, and we have increased to 0:5m?/s. We then use the second-moment
tting method with the strain-only model over rolling windows with 3 choices ofW
(6-hours, 1-day, or 3-days). In Figure 3.4.3 we display the time-varying strain rate
estimate over time from the data in Figure 3.4.2, alongside the standard error of this
estimate over time (obtained over 100 repeated simulations). With this increased
di usivity, the inherent trade-o with the rolling-window method becomes apparent.
Long window lengths provide low uncertainty, but the parameter estimates are only

provided in the temporal centre of the experiment (and would be biased if extended



CHAPTER 3. SEPARATING MESOSCALE AND SUBMESOSCALE FLOWS 88

Figure 3.4.2: Simulation of 9 drifters using the identical con guration of Figure 3.2.1
(strain only) except that the strain rate changes linearly across time from = 1
105%sto =1 10 %sand =0:5m?/s. The left panel displays drifter positions.
The right panel displays drifter positions with respect to their centre-of-mass. The

guiver arrows indicate the velocity eld at the beginning of the simulation.

outwards). Short windows, on the other hand, provide variable estimates with large
standard errors that exceed half the parameter value, as we see on the right panel
meaning such estimates cannot be statistically distinguished from zero in a \ two
sigma" sense. A daily window length is perhaps the most appropriate balance here.
Motivated by these challenges, we shall shortly provide a more principled approach
to generating smoothly-evolving parameter estimates using splines in Section 3.4.3.
Before doing so, we present results of a large simulation analysis which we will use
to guide our window length selection choices in the LatMix experiment. Speci cally,
in Figure 3.4.4 we plot a heatmap of standard errors in strain rate estimation, over
a grid of values of true constant strain rate, , and estimation window length, W.
We repeat the analysis for a low di usivity = 0:1 m?/s and high di usivity setting
=1 m?/s. Otherwise the settings are the LatMix-type settings used in Figure 3.2.1,

using 9 drifter trajectories with matching starting locations. The standard errors are
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Figure 3.4.3: The left panel shows rolling-time window estimates of the varying strain
rate from the data presented in Figure 3.4.2 over 3 choices of window lengths using
the second-moment tting method. The right panel shows the standard error of these
time-varying estimates over 100 repeated simulations, plotted against the true value

of =2.

in units of the true strain rate, and we have marked with a red line the point at which
the standard error is approximately equal to half the true strain rate. The way in
which this plot should be interpreted is that for a given strain rate (and di usivity),
the window length should beat least as long as the red line marking the point at
which estimates become statistically signi cant. For example, higher di usivities, or
lower strain rates, will require longer windows with which to estimate the parameters
signi cantly. We focus on strain in these simulations, as this was found to be the most
pronounced mesoscale e ect in the LatMix analysis that follows, but this analysis
could be repeated with other mesoscale parameters to inform window length selection
for other drifter deployments. In Chapter 4 we perform a sensitivity analysis of these
results for varying numbers of drifters and initial deployment con gurations, to help

generalise our ndings to wider settings.
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Figure 3.4.4: Estimated standard errors for the strain rate (in the units of the true
strain rate) across a dense grid of xed strain rate values and window lengthsW

in a strain-only simulation mirroring the setup in Figure 3.2.1. In the left panel we
have set = 0:1 m?/s and in the right = 1 m?/s. The strain rate estimates are
obtained using the second-moment tting method of a strain-only model, and the
standard errors are obtained over 100 repeated simulations. The standard errors in
the heatmap are upper-bounded by 0.9 for representation purposes. We draw a red
line where the standard error is approximated to be half the true parameter value for

each value of the strain rate.
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3.4.3 Slowly-evolving parameters using splines

To generalise the idea of time windowing to estimate the mesoscale parameters, we
represent the parameters as coe cients as a nite sum of B-splines,
X

(1) = ATBM (1), (3.4.2)

m=1

whereM is the total number splines over the experiment window and™ are the M
coe cients. A B-spline (or basis spline) of degred® is a local piecewise polynomial
that maintains nonzero continuity acrossD knot points placed at times ;. These
knot points de ne the extent of the B-splines, and therefore let us choose an e ective
window length for parameter uctuations. The lowest degreed = 0) splines are
boxcar functions between the knot points, and are thus identical to non-overlapping
windows in Section 3.4.2. At degre® = 1, B-splines are triangle functions that span
two knot points, thus providing continuity in time as well as a piecewise rst derivative.
This generalises to higher degrees, where a B-spline of degeéhas D non-zero
derivatives, as reviewed in Early and Sykulski (2020). The key bene t to this approach
is that we can allow for time variation in the parameters while simultaneously choosing
an e ective window lengthlall while adding only a few coe cients to the model.

To extend the estimation method presented in Section 3.3.1, we now requive
coe cients for each of thep parameters, resulting inpM total coe cients to estimate.

Rewriting vector A from Equation (3.3.3) we have that
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2 3
u
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A= ; (3.4.3)

©3

m

| -{z-}

pM 1
where each coe cient, e.g. ug', is a column vector of theM B-spline coe cients
(we will shortly discuss whya; and b, can be dropped here). The data matrixx
correspondingly expands fronp to pM columns,

2
0
0
2B
0

3
Okn % (th)B™(tn)  w(tn)B™(th)  w(ta)B™(tn) % (th)B™(tn)
0

X = KN Yk(tn)Bm(tn) X'k(tn)Bm(tn) X'k(tn)Bm(tn) Yk(tn)Bm(tn)

NI =

KN
"(th)  On My(th)B™(ta)  mMy(ta)B™(th)  my(tn)B™(tn) mMy(ta)B™(tn)

N 2BM(tn)  my(ta)BM(tn) mMy(ta)BM(tn) mMu(th)BM(tn) my(tn)B™(tn)
| 2(K+1{)ZN pM

(3.4.4)

where each column is repeated for each of ti B-splines. Note that, because the
B-splines are local functions, the resulting matrix may be relatively sparse.

Parameter estimation is as before, but Equation (3.3.6) for the mesoscale ow is

replaced by,
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Figure 3.4.5: Hierarchy of rst and second-moment mesoscale models whpradi-
cates the number of parameters. A model with increased complexity is used only if
it explains signi cantly more variance than the lower complexity model. Models with

fewer parameters are favoured when a choice must be made.

2 3 2 3 2 32 3
EUE“em(tn)Z X! EUS“Bm(tn)éJr} pt M ”‘Zg(xk(tn) XO)Bm(tn)Z:

2
Vlr(neSO(tn) m=1 ngBm(tn) ;“+ m m rr]n (yk(tn) yO)Bm(tn)
(3.4.5)

The background ow and submesoscale ow are still recovered using Equations (3.3.7)
and (3.3.8), respectively.

One of the advantages of using B-splines is that the model hierarchy is simpli ed.
Figure 3.4.5 shows the complete model hierarchy that includes the rst and second-
moment tting method, unlike Figure 3.3.1 which only showed the hierarchy for the
second-moment tting method. The key simpli cation is that with B-splines we can
drop (a;; ) from X when going from Equation (3.3.3) to (3.4.4), since time depen-

dence is encoded in the B-spline estimates farg Vo). Choosing the appropriate model
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from Figure 3.4.5 proceeds exactly as in Section 3.3.3, but with the additional caveat
that one must choose the spline degrd2 and the number of splinesvi . With the re-
striction that the spline degreeD <M , a reasonable upper bound iB = 3, the cubic
spline. The number of splined! can be chosen by assuming a minimum window length
(as discussed in Section 3.4.2), treating the centre of each window as a data point, and
then applying the formula for the canonical interpolating spline in Early and Sykulski
(2020). To compute this explicitly, assume a time series of length, with minimum
window length W, then this results in a total of M = max(bT=Wc; 1) evenly sized
windows of minimum length. Now apply Equations (7) and (8) in Early and Sykulski
(2020) using pseudo points aft;;t; + T=M(j] 1=2);tyg wherej =2;:::;M 1.
When the drifters are evenly sampled in time, this will result inM splines that each
have support from the same number of data points, and each data point will intersect
D +1 splines. As a result, there is really only one parameter to adjust: the e ective
window length or, alternatively, the number of splinesM . Because settingM = 1
exactly reproduces the approach in Section 3.3.1 using xed parameters, the freedom
for parameters to vary over time can be systematically increased by increasikiy

Quantifying uncertainty with spline solutions requires a modi cation to the ap-
proach in Section 3.4.1. This is because the resulting bootstrapped parameter esti-
mates are no longer pointwise estimates of each parameter, but rather time-varying
global solutions. This means that computing the mean of each mesoscale parameter
at each instant in time will not, in general, result in a valid solution since each solution
is a global t to the data. As a result, rather than considering amean value from

bootstrap solutions, as in Figure 3.4.1, we must establish thmost likely bootstrap
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solution. Applying the bootstrap B times results inB continuous time varying model
solutions of the parameters. Thus, we compute the most likely solution (of th
solutions) from an estimated joint probability distribution function (PDF). Speci -
cally, for each estimated parameter in the model, we use a kernel density estimator
to estimate a PDF from the bootstrap replicates for each parameter at each point
in time using the methodology in Botev et al. (2010). For example, at timé¢, we
estimate a one-dimensional PDIP (t,; ") using the B bootstrap parameter estimates
for and a two-dimensional PDFP . _(tn; A°(th); AP(tn)) for o; . The likelihood

of each path is then found with

W
LOA A% ™) = P (s A00) At P (t; () (3.4.6)

n=1

where, in practice, we include probabilities from all estimated parameters. The most
likely solution is that with maximum L, where con dence intervals are similarly cal-

culated by including the Y percent of theB most likely solutions.

3.5 Application to the LatMix Experiment

The lateral mixing (LatMix) eld campaign of 2011 (Shcherbina et al., 2015; Sun-
dermeyer et al., 2020) deployed drifters and dye with the aim of understanding what
causes mixing at the submesoscale, and how this varies both spatially and temporally.
The experiment consisted of two drifter deployments in the Sargasso Sea, where the
drifters were deployed in a cluster. The rst deployment, which we refer to as "Site

1', consisted of 9 drifters tracked for 6.1 days in an area of low strain, and the second
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deployment, "Site 2', consisted of 8 drifters tracked for 6.3 days in an area of moderate
strain. There has been a large amount of interest and research from the experiment,
e.g. Shcherbina et al. (2013).

In Figure 3.5.1 we plot the drifter trajectories for each site both in terms of
their f x; yg positions, but also with respect to the time-varying centre-of-mass across
drifters. The e ect of the mesoscale, especially strain, can already be seen visually by
inspecting this plot, both in the absolute and centre-of-mass reference frames. There
are also possible signs of divergence in Site 1 (the drifters spreading in a non-random
way), and vorticity in Site 2. We will now inspect this in more rigorous statistical

detail using the methodology of this Chapter.

3.5.1 Fixed mesoscale parameter estimates

We rst t xed (i.e. non-time-varying) mesoscale parameters to Equation (3.2.4)
at each site using the second-moment tting method described in Section 3.3. We
present the results in the top half of Table 3.5.1 using several model hierarchies. For
each model hierarchy we present the estimated mesoscale quantities, and the resulting
submesoscale di usivity. We also present FVU and FDU values (Equations (3.3.10)
and (3.3.12) respectively) to assess model t, where we remind the reader that lower
values correspond to model ts with reduced error. To select the best model we use
the conceptual approach illustrated earlier in Figure 3.3.1.

For Site 1 we see reasonable evidence for adding the paramefers g ahead of
vorticity  or divergence , as this creates the lowest FDU values thereby creating

low submesoscale di usivities of  0:2m?/s, as reported in Shcherbina et al. (2015).
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Figure 3.5.1: LatMix trajectories of Site 1 (9 drifters) and Site 2 (8 drifters). Top

row are the positions infxg(t); yk(t)g, bottom row are relative to centre-of-mass
1 P« 1 Pk

fr(t)w(t)g = fxe(t) & o X)) g = Yk()g. The black and red

star in the top row of plots indicate the respective starting and ending centre-of-mass

positions. f 0; Og in the f X; yg components corresponds tb 730234 317424 degrees

longitude-latitude for Site 1 andf 736776322349 degrees longitude-latitude for

Site 2.
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Next, we follow the hierarchy and consider adding vorticity or divergence to the strain.
Here we see little evidence for vorticity, but some for divergence, with a marginal
reduction in the FDU value for the latter. Finally, just for completion, we show the
full hierarchy. While this full hierarchy will always yield the lowest FVU compared
to all simpler models (as this is the objective function being minimised)|the FVU
value does not appear to drop signi cantly, and the FDU value has in fact increased,
suggesting this to be an over tted choice if we are only selecting among xed mesoscale
parameters.

For Site 2 we see mixed evidence for either initially adding divergence or strain,
but the vorticity-only t performs poorly and in fact adds di usivity as compared to
raw centre-of-mass velocities. As divergence is only one parameter (vs two for strain),
we would normally proceed this way down the hierarchy using Figure 3.3.1. However,
as we shall see when we account for time-variation in the mesoscale parameters, there
will be more evidence for a strain-only model than a divergence-only model, therefore
for comparison we follow this route down the hierarchy. When considering adding
vorticity or divergence, then now there is interestingly more evidence for vorticity,
with reduced FVU and FDU values. Overall however, we note that di usivity values
are much larger at Site 2 using xed parameters, with ~ 2n?/s. This is likely due
to the presence of time-varying mesoscale features not being account for, as we shall

now explore.
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Fixed estimates (Site 1)

model (fo) () (fo) (fo) (m?/s) FVU FDU

fg 0 0 -0.000137 0 0.974 1.000 1.001

fg 0 0 0 0.0493 0.361 0.983 0.371

f: g 0.0591 -27.8 0 0 0.188 0.976 0.193
f;;, g [0.0785 -15.3 -0.0443 0 0.229 0.971 0.235
f;; g |0.0489 -25.6 0 0.0137 0.174 0.976 0.179
f;;; g9(0.0711 -12.2 -0.0443 0.0137 0.216 0.971 0.221

Fixed estimates (Site 2)

model (fo) () (fo) (fo) (m?/s) FVU FDU

fg 0 0 0.00613 0 4.011 0.999 1.000

fg 0 0 0 0.0125 1.886 0.997 0.470

f; g |0.0131 -67.0 0 0 1.906 0.996 0.475
f;; g | 00642 78.0 0.0650 0 1.950 0.985 0.486
f,;, g |0.0107 -67.9 0 0.00258 1.874 0.996 0.467
f;,; 9]0.0637 77.0 0.0650 0.00258 1.919 0.985 0.478

Table 3.5.1: LatMix submesoscale di usivity estimates and associated FVU and FDU,

estimated over candidate models in the hierarchy at each site using xed parameter

estimates. For xed estimates we also show the mesoscale parameter estimates (scaled

by the inertial frequency, fo).

methods.

The xed method uses the second-moment tting
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Rolling estimates (Site 1) Rolling estimates (Site 2)

model (m?/s) FVU FDU (m?/s) FVU FDU
fg 0.995 0.992 1.022 2.924 0.872 0.729
fg 0.325 0.974 0.334 2.341 0.838 0.584
f; g 0.183 0.961 0.188 1.680 0.710 0.419
f:: g 0.282 0.937 0.290 0.825 0.675 0.206
f;; g 0.147 0.966 0.151 1.753 0.704 0.437
f;;; 9| 0248 0941 0.255 0.722 0.669 0.180

Spline estimates (Site 1) Spline estimates (Site 2)

model (m2/s) FVU FDU (m2/s) FVU FDU
fg 1.742 1.025 1.791 3.059 0.973 0.697
f g 0.342 0983 0.352 3.438 0.831 0.783
f; g 0.178 0.976 0.183 2.118 0.837 0.483
f;; g | 1.433 0.997 1.473 1.041 0.808 0.237
f;; g | 0159 0.974 0.163 2501 0.783 0.570
f;;: g| 1446 0.996 1.487 1.466 0.770 0.334

Table 3.5.2: LatMix submesoscale di usivity estimates and associated FVU and FDU,

estimated over candidate models in the hierarchy at each site using either rolling
window, or spline parameter estimates. The rolling-window method uses the second-
moment tting methods, whereas the spline method uses the rst and second-moment

tting method.
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3.5.2 Time-evolving parameters using rolling windows

We now apply the rolling-window estimates using the second-moment tting method,

as discussed in Section 3.4.2. To pick a suitable window lengii, we see from
Table 3.5.1 that di usivity scales as order @1 1 n¥/s, and the strain rate when
converted to days is approximately #3 days. Therefore, using Figure 3.4.4 as a guide
we choose a window length oV = 1 day (corresponding to 49 observations over 30-
minute sampling intervals for each drifter). This choice also coincides approximately
with the inertial and diurnal periods meaning inertial oscillations and tides will be
relatively close to zero mean within the window, thus being closer to satisfying the
zero-mean assumption of the average submesoscale residuals across drifters made in
Equations (3.2.2){(3.2.4).

Within Table 3.5.2 we provide the estimated submesoscale di usivity, and FVU
and FDU error metrics, using rolling one-day windowed mesoscale parameter esti-
mates for each hierarchy. As expected, the FVU decreases everywhere (as more pa-
rameters are being tted) in comparison to the xed-parameter ts. The FDU values,
on the other hand, decrease in some but not all cases, providing mixed evidence for
time-variation. We notice the reductions in FVU and FDU are most pronounced
for Site 2, indicating this is the site most likely to have a time-evolving mesoscale.
Overall, there is now evidence for a time-varying strain-vorticity model. Including
divergence is now a less favourable choice than with the earlier analysis with xed
estimates.

In Figure 3.5.2 we display some examples of the time-varying parameter estimates
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Figure 3.5.2: Fixed (red) and time-varying (blue) parameter estimates, where the
latter are generated with a one-day rolling window using the second-moment t-
ting method. Top-Left: strain rate estimates with the strain-only model (Site 1).
Top-Right: strain rate estimates with the strain-only model (Site 2). Bottom-Left:
strain rate estimates with the strain-vorticity model (Site 2). Bottom-Right: vortic-
ity estimates with the strain-vorticity model (Site 2). 100 bootstrapped time-varying

trajectories are shown in grey in each subplot.
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using this approach. In the top panels we show the strain rate over time at each
respective site using a strain-only model, where the evidence for temporal evolution
at Site 2 is clear. We overlay bootstrap trajectories of these time series (as well as
the xed parameter estimates from Table 3.5.1) which indicates this variation appears
signi cant at Site 2, but largely not at Site 1. Also, the low values for strain rate
of  0:0If, in the xed-parameter estimate appears to be a mist due to model
misspeci cation from not allowing time-variation. The values for the strain rate are
now larger at Site 2 than at Site 1 when allowing time evolution, as expected. In
the bottom panels we show the time-varying strain rate and vorticity estimates using
a strain-vorticity model. Again there is evidence for time-variation which we will
explore further with spline tting.

Although the parameter estimates obtained using rolling windows are over tted
and not slowly varying, these ts however provide an extremely usefldwerbound, in
terms of interpreting estimated submesoscale di usivities and FVU/FDU values. This
will help guide the implementation for modelling time-variation more smoothly using
signi cantly fewer parameters in the spline methodology that follows. In contrast, the
xed parameter estimates provide a usefulpperbound on di usivities and FVU/FDU

values, as this approach is the most parsimonious.

3.5.3 Slowly-evolving parameters using splines

We continue our analysis of the LatMix data by tting time-evolving mesoscale pa-
rameters using the splines approach de ned in Section 3.4.3. We will use the full rst

and second-moment tting method allowing us to make a complete decomposition of



CHAPTER 3. SEPARATING MESOSCALE AND SUBMESOSCALE FLOWS 104

the ow at both sites into background, mesoscale, and submesoscale components.

First, in Figure 3.5.3 we compare estimates of strain rate between the second-
moment and the rst and second-moment tting methods during the rst two days
of the LatMix Site 1 experiment. This particular window has relatively low strain
rates that may not be distinguishable from zero, as seen in the top-left panel of
Figure 3.5.2. Using the bootstrap estimates and a kernel density estimator, the left
panel of Figure 3.5.3 shows the distribution of strain rates using the second-moment
tting method. While the peak of the distribution is consistent with the strain rate
estimated over the entire six day experiment, the 90% contour of the distribution
includes an enormous range of strain rates, including zero. In contrast, by including
the rst-moment as part of the tting method, the right-panel of Figure 3.5.3 shows
a narrower range of strain rates that do not include zero. Thus, at least in this
example, the combined rst and second-moment tting method provides more robust
estimation than the second-moment tting method by including extra information in
the t.

In Figure 3.5.4 we display the time-evolving parameter estimates at Sites 1 and
2 using a strain-only and strain-vorticity model respectively. We overlay con dence
intervals obtained using the bootstrap procedure outlined in Section 3.4.3. The time
evolution of the strain-vorticity parameters is clear at Site 2, where all 3 mesoscale
parametersf ; ; g are seen to change in a smooth fashion across the 6 days. In
contrast, at Site 1, evidence of time variability for the strain rate is less clear, as
the estimate of constant strain rate (dashed-line) ts entirely within the con dence

intervals. Figure 3.5.4 also shows estimates 6fiy; vog, but their particular values
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Figure 3.5.3: Distribution of strain rate parameters estimated for the rst two days

of the LatMix experiment at Site 1. Contours indicate the percentage of samples
enclosed. The left panel shows estimated strain rate parameters using only the second-
moment tting method, where the right panel shows estimates using the rst and

second-moment tting method.

are not directly interpretable, as they depend on the location of the expansion point,
fXo;¥og. Instead, from Equation (3.2.3), it can be seen that they contribute to the
mesoscale description of the ow at the location of the centre-of-mass.

We include the submesoscale di usivity estimates, as well as FVU and FDU values,
in the bottom portion of Table 3.5.2, along with comparison values from a hierarchy
of models at each site. What we observe is quite remarkable: we can achieve FVU
and FDU values that are very close to the rolling window estimates, despite using
signi cantly fewer parameters to describe the evolution of the mesoscale velocity eld.
The evidence from Table 3.5.2 continues to support the choice of a strain model at
Site 1 (with minor evidence for the additional presence of divergence), and a strain-
vorticity model at Site 2. The estimated submesoscale di usivities after performing

the ts are around = 0:2 m?/s at Site 1 and = 1:0 m?/s at Site 2, nearly an
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Figure 3.5.4: Parameters of the spline based strain model ts to Site 1 (left panel) and
strain-vorticity model ts to Site 2 (right panel) using the rst and second-moment
tting method. The most likely solution is highlighted, with 90% and 68% most
likely solutions shown in grey and dark grey, respectively. The models are t using

four degrees of freedom per parameter with the splines shown in the bottom row.

order-of-magnitude di erence.

Finally, we complete our analysis of the LatMix data by using the spline ts of
Figure 3.5.4 to decompose the ow into the three components of our conceptual model
of Equation (3.2.1)|background, mesoscale, and submesoscale|and then integrate
over time to construct an implied set of drifter trajectories for each component. This
is displayed in Figures 3.5.5 and 3.5.6 for Site 1 and Site 2 respectively. We have also
included the mesoscale component in centre-of-mass coordinates. We observe that the

mesoscale components meander in the xed reference frame and follow the observed
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Figure 3.5.5: Decomposition of the ow at LatMix Site 1 using the strain-only model
tted with splines using the rst and second-moment tting method. The left panel
shows the the mesoscale solution in the xed coordinate reference frame (compare to
the upper-left panel of Figure 3.5.1). The centre panel shows the same solution in the
centre-of-mass frame (compare to the lower-left panel of Figure 3.5.1). The top-right
and bottom-right panels show the path-integrated background and submesoscale ow,

respectively.

particle paths explaining most of their displacementnd explain some of the spreading
in the centre-of-mass frame. This can be seen by directly comparing Figures 3.5.5
and 3.5.6 with Figure 3.5.1. The submesoscale components are random-walk like and
broadly resemble a di usive process. The background components contain inertial
oscillations and tides which create looping trajectories with roughly daily periodicity.
Figure 3.5.7 shows the Lagrangian spectra of the background ow, the mean
(across drifters) of the mesoscale ow, and the mean (across drifters) of the subme-
soscale ow, for Sites 1 and 2 respectively. A number of features standout in Figure

3.5.7. The Coriolis frequency is almost exactly the diurnal frequency at this latitude,
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Figure 3.5.6: Same as Figure 3.5.5, but for LatMix Site 2 using the strain-vorticity
model. The mesoscale solution in xed frame can be compared to the upper-right
panel of Figure 3.5.1), and the mesoscale solution in centre-of-mass frame can be

compared to the lower-right panel of Figure 3.5.1

and this has the e ect of creating a relatively substantial peak of energy on the anti-
cyclonic side of the spectrum of the background ow at Site 1, with no corresponding
peak on the cyclonic side. This means that the oscillation is anticyclonic and nearly
circular. Furthermore, the semi-diurnal tide appears primarily on the cyclonic side,
although with some energy on the anticyclonic side. The background ow at Site 2
shows signi cantly more power, especially at lower frequencies and also has a strong
inertial signal. The mesoscale ow at Site 2 is much stronger than Site 1, as expected.
If the drifters were governed by the stochastic model given with Equation (3.2.9),
then removing the e ects of the strain in centre-of-mass coordinates would reveal a
submesoscale signal given by increments of the Wiener process. The Lagrangian power
spectrum would show a ( at) white noise process. However, Figure 3.5.7 shows that

the submesoscale spectra from both Site 1 and 2 have signi cantly more structure.
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Figure 3.5.7: The top and bottom panels show the power spectra of the decomposed
ow for Sites 1 and 2, respectively. The spectra shown are the spatially homogeneous
background ow u®? (black), the average of the mesoscale component of the awes°
(blue), and the average of the submesoscale componeft' (magenta). Anticyclonic
oscillations are indicated by negative frequencies and cyclonic oscillations by posi-
tive frequencies. The vertical lines indicate the semi-diurnal tidal frequency and the

inertial frequency on the positive and negative side, respectively.
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The spectra are characterised by low power at sub-inertial frequencies, roughly an
order of magnitude more power on the anticyclonic side than the cyclonic side at near

inertial frequencies, and a decay of power at higher frequencies.

3.6 Discussion and Conclusion

The separation in Equation (3.2.1) is a compelling conceptual model, based on the
ideas of non-local spreading in turbulence theory|but is the separation actually doing
something useful in practice? This idea can be tested by considering the cross-terms
in the total energy of the model, as was done in Lelong et al. (2020). Speci cally, the

cross terms in the kinetic energy equation,

2 — 2 2 2 .
Uiotal = Ubg ¥ Umeso T Usm + 2 (UpgUmeso T UmesoUsm T UpgUsm) ; (3.6.1)

should remain small if this is truly an orthogonal linear decomposition. To assess this
guantity we compute the coherence between the complex submesoscale signal and
the complex mesoscale signal in the centre-of-mass frame, as shown in Figure 3.6.1.
The results show remarkably low coherencé(0:1)) at Site 1, across all frequencies,
suggesting no relation between the two signals. In contrast, Site 2 does show more
coherence between the two signals, likely re ecting the challenges of the separation in
time-varying conditions. Despite this, the average coherence across frequency bands
is 0:2, suggesting the decomposition is successfully separating two mostly distinct
signals. The validity of this separation can be made precise using the methodology

that unambiguously separates waves and geostrophic motions at each instant in time
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Figure 3.6.1: Coherence between the mesoscale signal in the centre-of-mass frame
and the submesoscale signal at Site 1 and Site 2, using the disentangled velocities

corresponding to the trajectories shown in Figures 3.5.5 and 3.5.6 respectively.

in an Eulerian reference frame (Early et al., 2021).

One of the key strengths of this methodology is how few parameters are needed
to estimate the mesoscale parameters and perform the decomposition. For example,
at Site 1 there areN = 294 observations of position fromK = 9 drifters, resulting
in 2NK degrees-of-freedom. The second-moment tting method usell 2legrees-of-
freedom to remove the centre-of-mass. Using a single window across the entire time
series to estimate the 2 parameters in the strain model, such as Site 1 which is well
described by a single set of strain rate parameters across the entire window, leaves
2N (K 1) 2 degrees-of-freedom to describe the submesoscale ow. In contrast, daily
rolling windows with Ny = 49 points (corresponding to one day) that estimate strain
rate parameters at each of theN Ny time points, leaves only RI(K  2) + 2Ny
degrees-of-freedom to describe the submesoscale ow. As is evident in Figure 3.5.2,

these extra degrees of freedom capture time-variability in the parameters that may not



CHAPTER 3. SEPARATING MESOSCALE AND SUBMESOSCALE FLOWS 112

be appropriate. Finally, the spline ts require estimatingM coe cients per mesoscale
parameter, and thus the spline based time-varying ts leaveR(K 1) 2M degrees-
of-freedom to describe the submesoscale ow using the second-moment ts. With
M =4 su cient to capture any time variability at Sites 1 and 2, this approach uses
remarkably few parameters to perform this estimation. The bene t of which is that
the decomposed submesoscale trajectory will contain rich statistical information with
which to do further Lagrangian analysis.

As discussed in the introduction, we view this works as complementary to that
of Gorralves et al. (2019); Lodise et al. (2020) who recently developed a method for
projecting clustered drifter trajectories to local Eulerian velocity elds using Gaus-
sian Process regression. The ultimate goal of Lodise et al. (2020) was to compute
horizontal velocity gradients with which to better understand vertical transport. The
method was applied to the CALYPSO an LASER drifter deployments. Applying our
method to these datasets is a natural avenue for further investigation. More broadly
speaking, what our method provides to complement Gorcalves et al. (2019); Lodise
et al. (2020), is not the Eulerian velocity eld, but rather the Lagrangian decom-
position of the trajectories into various components. This allows us to extract the
speci ¢ submesoscale component from the trajectory for further analysis within the
Lagrangian setting. This allows for the estimation of submesoscale di usivity, which
is not a topic covered in Gorcalves et al. (2019); Lodise et al. (2020). However, there
is certainly scope to merge and compare our methodologies, particular because the
constructed Eulerian velocity eld can be directly compared with the mesoscale pa-

rameters we estimate locally over time (and hence space) using our slowly-evolving
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spline ts. Again, this is certainly a topic that warrants further investigation. We
also see potential for our work to naturally follow-on from the recent methodology
developed in Vieira et al. (2020) who identify clusters of drifter trajectories that share
coherent structures. For example, such clustering could be used to divide larger de-
ployments into smaller clusters, after which our method can then be applied to each

cluster to separate ow components within coherent structures.



Chapter 4

Sensitivity Analysis of the Drifter

Deployment Con guration

4.1 Introduction

In this chapter we shall build on Chapter 3 by investigating the sensitivity of the
simulation results with respect to the number of drifters in the cluster, as well as the
cluster morphology(i.e. the spatial distribution of the initial deployment con gura-
tion). Our simulation results in Chapter 3 were using 9 drifters con gured to start as
at Latmix Site 1land we used these results to motivate and help interpret our real
data analysis of the Latmix data. In other drifter deployments however, the number
of drifters, the number and duration of position observations, and the deployment
con guration will all potentially vary, and we now investigate what impact this may
have through simulation studies.

This chapter is structured as follows. In Section 4.2 we investigate how the num-

114
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ber of drifters in the deployment impacts upon the error of the mesoscale parameter
estimates. We show how the error scales inversely with the number of drifters. Section
4.3 performs a similar analysis to Section 4.2, but changing the number of observa-
tion time points in the experiment for each drifter. The number of time points can
be changed by either observing the drifters more frequently, or by allowing the de-
ployment to run for longer at the same temporal sampling rate. We investigate both
these possibilities and how they a ect the error of the parameter estimates. Section
4.4 looks at varying the initial con guration of the drifter deployment. There are
many di erent ways that the initial deployment con guration could be changed, but
we limit this analysis to the following: (a) changing the average initial distance of the
drifters from the centre of mass, (b) rotating the initial deployment relative to the
strain angle, and (c) changing the eccentricity of the deployment con guration. This
nal analysis (c) shall consist of deploying drifters in an ellipse, varying how eccentric
this ellipse is, and then looking at the errors for each eccentricity averaged over dif-
ferent possible angles that the ellipse could be aligned with. In our simulations, one
or more mesoscale parameters could be estimated (and the others assumed known),
and so we repeat this analysis for di erent combinations of known and unknown pa-
rameters. In Section 4.5 we conclude our analysis from this chapter and discuss the

optimal drifter deployments based on our simulation studies.

4.1.1 Simulation Set-Up

In this section, we will introduce the simulation set-up that will be used throughout

this chapter, and comment on how this a ects the validity of our results.
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We base our simulations upon the LatMix experiment at Site 1. Therefore, if a
parameter is present in the model, it is chosen to be the value that was used in Figure
3.2.1. Speci cally, the parameters are setas=7 10 °%s, =30, =6 10 %s,
and =8 10 %s. The simulations last for one day, with sampling rate = 30 min-
utes. The submesoscale di usivity will follow an isotropic 2D Wiener process with the
isotropic di usivity equal to 0.1m?/s. Standard errors of parameter estimates will be
calculated by estimating parameters over 100 repeated simulations. Initial positions
will be chosen iostropically (unless otherwise stated) where the expected distance to
the centre of mass is chosen to match that in Site 1 of the LatMix experiment.

We assume throughout this chapter that the stochastic noise (i.e. the Wiener
component) of each drifter observation is independent across time and across drifters.
This would likely only be true in real drifters if the observations occur with su ciently
large length and time scales.

The simulated patrticle trajectories contain only the parameters that we are esti-
mating. This would not be the case when we estimate using real drifter trajectories.
For example, we commented in Chapter 3 that there was evidence of internal waves in
the region covered by the LatMix experiment, and we do not include internal waves
in our simulations. Therefore, any results given in this chapter can only be used as a
guide, and are not fully representative of the errors from a real drifter deployment.

The scaling behaviours found in this chapter are expected to be the same as that
from drifter deployments such as LatMix, as the scaling behaviours are unchanged
by the inclusion of additional mesoscale parameters, or the value of each simulated

parameter. Therefore the results in this chapter are designed to be useful in choosing
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how to deploy clustered drifter arrays. In Chapter 5 we expand upon the results given
in this chapter, where the results can be found for other values of the mesoscale and

submesoscale parameters.

4.2 Varying the Number of Drifters

First we vary the number of drifters, denotedK , where we keep the same notation as
Chapter 3. Throughout this section we will also use the model and inference procedure
introduced in Chapter 3 to estimate mesoscale parameters, unless stated otherwise
and parameters will be estimated as xed quantities across this entire window.

In Figure 4.2.1 we report the relative standard error of mesoscale parameters
(strain rate, strain angle and vorticity) in the strain-dominated simulation of Fig-
ure 3.2.1. The initial drifter positions are sampled isotropically with expected dis-
tance to centre-of-mass xed over all experiments to be identical to Latmix Site 1.
Relative standard error is computed for each parameter by dividing the observed sam-
ple standard error by the true parameter value. We have included a reference line
that scales as ip K which is the asymptotic limit we expect to see standard errors
reduce by from asymptotic theory when observations are independent. For this sim-
ulation environment we see that this scaling behaviour is approximately correct for
K > 5. We emphasise that in practice this scaling behaviour will not apply to real
deployments. Here we have simulated drifters that experience independent subme-
soscale errors across drifters, which is an idealised scenario. In reality an increasing

number of densely packed co-located drifters will experience correlated motions thus



CHAPTER 4. SENSITIVITY ANALYSIS OF DRIFTER DEPLOYMENT 118

eventually limiting the amount of new information that can be gained by adding more
drifters to a cluster. Nevertheless, the simple rule from the observed scaling behaviour
is that one must have approximately four times as many drifters to reduce the stan-
dard error by a factor of two. At least three drifters are needed before the parameter
estimates become statistically signi cant. However, the SE decreases rapidly (faster
than the rate of 1:p K) until we have around six drifters before the decrease in the
SE begins to slow, and so one could argue that it is better to have at least around six

drifters to reduce the SE signi cantly, at least in this simulation scenario.

4.3 Varying the Number of Observation Time Points

We now vary the number of observed time points for the drifter positions in the
simulation. This can be done by (a) increasing the simulation tim& whilst keeping
the sampling time between observations constant, or (b) decreasing while keeping
T constant.

In Figure 4.3.1 we display the relative standard error for strain only and vorticity
only models in scenario (a), along with a reference line oi:plf. Drifters were sim-
ulated as in the strain only model of Figure 3.2.1, replacing strain with vorticity of
6 10 /s for the vorticity only model. The relative standard error follows the L-p T
relationship for the case where we only have vorticity. For the strain-only simulation
this relationship is followed for shorter simulations, however if we allow the simulation
to run longer then we see a faster decrease in reducing the standard error.

The di erence in the two simulations is due to the nature of each mesoscale feature
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Figure 4.2.1: Relative standard error of stain rate, strain angle and vorticity for a
varying number of drifters K, averaged over over 100 repeated simulations for each
K. The simulation setup is as in Figure 3.2.1 in the strain-dominated model with
trajectories simulated for 1 day. The initial drifter positions are sampled isotropically
with expected distance to centre-of-mass xed over all experiments to be identical to
Latmix Site 1. Relative standard error is computed by dividing the observed sample
standard error by the true parameter value. Therefore in this experiment we require
approximately 3 drifters in the cluster before the standard errors are approximately

half the true parameter value (and hence signi cantly non-zero).
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in a linear velocity eld with zero mean ow: vorticity causes drifters to orbit the
centre of mass, whereas strain will move drifters further from the centre of mass
with time. The strain rate is set to be constant throughout the simulation, resulting

in the velocity increasing exponentially as time increases. Di usivity is also set to
be constant, and so the increased velocity results in a larger signal to noise ratio,
and thus a faster reduction in standard error. In the case of vorticity only, the
average speed of the drifters is constant and so the expected standard error is simply
inversely proportional to the square root of the number of observation time points
from asymptotic theory.

We now consider scenario (b): the e ect on the relative standard error of increasing
the number of time points by reducing the time between observations . We require
the length of simulation T to be 1= or 1= in order to reliably estimate strain or
vorticity respectively, which corresponds toI'  5=3 days for strain ( =7 10 °/s)
and almost two days for vorticity ( = 6 10 ®/s). Therefore, in Figure 4.3.2,
which displays the relative standard errors, we set the length of the simulation to be
constant at T = 2 days, and otherwise the drifters are simulated as in Figure 4.3.1.
When = 2 days (at the left extreme) we have just two observations|one at the
start of the simulation and one at the end. In the deterministic setting, these would
correspond to almost the same point for vorticity-only particle trajectories (with the
variation due to the cycle period being just less than two days). Both plots of Figure
4.3.2 show a signi cant but small decrease in the standard error as we decrease |,
thus increasing the number of observation time points.

For the examples shown in Figures 4.3.1 and Figure 4.3.2, increasing the number
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Figure 4.3.1: Relative standard error of stain rate (left) and vorticity (right) for 9
drifters and a varying simulation length T from O to 6 days (in increments of 30
minutes), plotted on a log scale. For each value &f the results are averaged over
100 repeated simulations. The-axes are plotted in units of £ and 1= respectively.
The initial drifter positions are set to be identical to Latmix Site 1, and the time
between observations is = 30 minutes. Relative standard error is computed as in
Figure 4.2.1. The left and right panels show relative standard errors for strain only

( =7 10 ®/s) and vorticity only ( =6 10 8/s) models respectively.
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of observation time points by decreasing does not appear to have as signi cant an
impact to the standard error as adding to the total length of the simulation. This is
because in lling between observations does not provide as much information about the
mesoscale e ects as collecting data over a longer time window. Therefore, to reduce
the standard error, it is better to increase the total length of the simulation than to
decrease the time between observations. This nding is of course idealised because (a)
the assumption we have made of spatially and temporally xed mesoscale parameters
is of course unrealistic, and (b) the sampling rate of drifter observation cannot always
be controlled or altered. In reality, the velocity eld will only be locally stationary,
therefore there may be some practical time limit for which mesoscale parameters might
be stationary. For more discussion of this please see the earlier work in Chapter 3 on
optimal window length selection for estimating mesoscale parameters for the LatMix

drifters.

4.4 Varying the Initial Con guration

We can also vary the initial cluster morphology in our simulated environment|where
by cluster morphology we refer to the initial spatial con guration of the drifter deploy-
ment at rst measurement. In Figure 4.4.1 we consider two classes of con gurations.
First, we consider deployments where the drifters are initially con gured to be ei-
ther closer or further apart than in Latmix Site 1, as shown in Figure 4.4.1 (left).
Speci cally, the red drifters are twice as far from the centre-of-mass as Latmix Site 1

drifters (in blue), and the green drifters are half this distance. We repeat the same
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Figure 4.3.2. Relative standard error of stain rate (left) and vorticity (right) for
drifters simulated as in Figure 4.3.1, plotted on a log scale, except varying the time
between observations on a decreasing scale (from = 2 days to 2 minutes in
increments of 2 minutes, using only values of which exactly divide intoT) whilst
keeping the length of the simulation xed toT = 2 days. Again the x-axes are plotted

in units of 1= and 1= respectively where =7 10 %sand =6 10 %s.
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analysis as Figure 3.4.4 over di erent true strain rates to nd the required window
lengths (the segment of the time series over which we will estimate the parameters, see
Section 3.4.2) in the left panel of Figure 4.4.2. We observe that drifters initialised fur-
ther apart require shorter window lengths to obtain signi cant strain rate estimates,
and conversely require longer window lengths when initialised closer together. This
phenomenon is easily understood in this idealised simulation scenario where spac-
ing drifters farther provides richer information on mesoscale features as distances to
centre-of-mass are increased. In practice the ow eld is not spatially homogeneous,
so as with the number of drifters (Section 4.2) and length of simulation (Section 4.3),
here there will be a practical limit as to how far apart drifters should be initially
placed to ensure they are sampling the same homogeneous background ow eld.

In the right panel of Figure 4.4.1 we contrast Latmix Site 1 con gurations (in blue
dots) versus two other deployment con gurations: one that is parallel to the true strain
angle (red dots), and another that is orthogonal to the true strain angle (green dots).
For each colour, the average distance to centre-of-mass is held constant to 0.6km. To
see how this a ects parameter estimation we repeat the analysis of Figure 3.4.4 to nd
the required window length to get signi cant estimates of the strain rate over a range
of true strain rate values|these are displayed for each con guration in the right panel
of Figure 4.4.2. We see that the required window length is signi cantly reduced when
the con guration is aligned parallel to the strain angle (red drifters), and conversely
the required window length is increased when this is orthogonal (green drifters). The
results with the Latmix con guration, which is more isotropic, are sandwiched in

between.
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Figure 4.4.1: Di erent cluster morphologies (deployment con gurations) we shall con-
sider. In the left panel we again consider 9 drifters deployed as at Latmix Site 1 (blue
dots), together with 9 drifters deployed with the same morphologies but with the
respective distances to the centre-of-mass either doubled or halved (red and green
dots respectively). In the right panel we consider 9 drifters deployed as at Latmix
Site 1 (blue dots), but this time the red and green dots are drifters deployed parallel
and orthogonal to the strain angle (red and green dots respectively) but with the
same average distance to centre-of-mass as the blue dots. In both panels the velocity
eld is as in the strain-only simulation of Figure 3.2.1, and the positions are given in

centre-of-mass coordinates.
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Figure 4.4.2: Required window lengths to obtain signi cant strain rate estimates for
di erent drifter con gurations. The lines in the left/right panels correspond to the
drifter con gurations considered in the left/right panels of Figure 4.4.1 respectively,
with the colours matching the corresponding con gurations. Each line corresponds
to the level where the standard error of the strain rate estimate is approximately half
the true strain rate value. These lines are found as in Figure 3.4.4 over 100 repeated

simulations over a grid of true strain rates and window lengths.
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This analysis shows that in a strain-only eld (with no vorticity or divergence),
then the optimal morphology is to align drifters along the expected strain angle|but
more investigation is needed to understand how the optimal con guration may change
in the presence of vorticity and/or divergence, as well as background and submesoscale
e ects. For example, Ohimann et al. (2017) showed that an isotropic con guration
has the lowest error for estimating divergence, whereas con gurations along a straight
line, such as those in Figure 4.4.1, have the largest errors. This is in contrast to our
results for a strain-only eld, where the LatMix con guration is the most isotropic yet
has higher error than aligning drifters along the strain angle. Therefore, the optimal
morphology appears to be dependent upon the mesoscale features present in the
data, and unless these are knowa priori then the best model-agnostic morphology is
likely to be an isotropic cluster. Motivated by this, for the remainder of this section
we will setup a new simulation environment to more thoroughly explore how the
optimal morphology changes when we estimate di erent combinations of mesoscale

parameters.

4.4.1 Simulation Set-Up

We shall consider how varying the eccentricity of the initial deployment con guration
impacts upon the standard error of the resulting parameter estimates. Eccentricity,
e is a measure of how circular an ellipse is, wite = 0 being a perfect circle and
e = 1 a straight line. Therefore the red and green simulations of Figure 4.4.1 have
deployment eccentricity equal to one.

We shall simulate the initial position of K drifters from a bivariate normal dis-
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tribution with some arbitrary mean, standard deviation x and  (in X and Y
components), and zero covariance. We shall setf and , such that the average ex-
pected distance from the centre of mass is the same as that in the Latmix experiment
at Site 1. In the isotropic case (; = y = y) the expected distance to centre of mass

is calculated from the simulated drifters as

n # 25 3
1 X4 — Xk 2 Y 2
cmd=E Xzg+Y2 = (E4 Z£ + X 5. (4.4.1)
k=1 | |
' 2 2
Dening Z = %+ Yo then this exactly follows a chi distribution with 2
degrees of freedomZ ») which has meanp 2 g . The expected distance can
therefore be written as
P~ 3
cmd= | 2 > ; (4.4.2)

and hence the standard deviation of the normal distribution can be set to be

cmd
= P=7 (4.4.3)

N
NIw

such that we can insert the cmd value from Latmix Site 1 to set, in the isotropic

case. For the general anisotropic case, we shall simulate initial particle positions from

X " N(O; 2); (4.4.4)
Yi " NO; ), (4.4.5)
where y = =, y= ,and isare-scaling factor suchthat> 1. The re-scaling

factor is related to the eccentricity of the deployment bye = P 1 (1= )4 from the
properties of an ellipse. This gives randomly distributed anisotropic particles within

an ellipse with the major axis aligned along thg axis.
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Figure 4.4.3: Initial positions of 500 drifters simulated from Equations (4.4.4) and
(4.4.5). The average distance to the centre of mass is set to be the same as that in
LatMix Site 1. These positions have eccentricity of (from left to right) 0, 0.75, 0.9

and 0.99 and the angle of the drifters is 30 in each plot.

A rotation matrix can then be applied to the positions so that they can be aligned
with or against the mesoscale features that are simulated in the data. Unless other-
wise speci ed, the particle trajectories will be rotated randomly by sampling from a
uniform distribution and multiplying the value by 360. This will result in a uniformly
random angle between 0 to 360 degrees. Figure 4.4.3 displays 500 simulated particle
initial positions from Equations (4.4.4) and (4.4.5) with di erent eccentricities.

Throughout this section, we will simulate particle trajectories with a sampling rate
of 30 minutes for one day using nine drifters, motivated by the LatMix experiment.
Fixed (non time-varying) mesoscale parameters will be estimated over the entire time
series, and the submesoscale di usivity is set as 0.1 for all simulations. Hence the
particle trajectories are simulated similarly to the simulations we performed earlier in

Section 4.3.
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4.4.2 Single Parameter Estimation

First, we explore changing the deployment eccentricity for particle trajectories sim-
ulated using only one mesoscale e ect: strain, divergence or vorticity. We display
the relative standard error of mesoscale parameter estimates over 10,000 simulations
in Figure 4.4.4 for varying eccentricities. The standard error for each parameter is
calculated by estimating only the parameter for the mesoscale feature that is present,
with all other mesoscale parameters set to zero. For the strain only model (left panel,
=7 10 ®/s) we simulate particle trajectories for three di erent cases|the angle
of the deployment ellipse aligned parallel to the strain angle, aligned orthogonal to
the strain angle, and a random angle for each simulation. The corresponding stan-
dard errors are shown with the red, green, and blue curves respectively. We have
also added horizontal dashed lines displaying the standard error for the deployments
from Figure 4.4.1 (right). Note that the horizontal green and red dashed lines refer to
the standard error of equally spaced particles, whereas the values of the solid curves
at e = 1 correspond to randomly placed drifters along a line, we therefore do not
expect these to be identical. The Latmix con guration (blue dashed line) appears to
have a higher standard error than if the drifters were deployed randomly (with the
same xed distance to centre of mass), however this result does not consistently hold
across all scenarios (as we shall shortly see). Furthermore, if the drifters are deployed
randomly or parallel to the strain angle then on average it is better to deploy the
drifters along a straight line with e = 1 than it is to use an isotropic deployment.

In contrast, if the drifters are aligned orthogonally to the strain angle then a more
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isotropic arrangement is preferable, and so the alignment of the drifters in relation
to the strain angle determines the optimal con guration. Overall, aligning drifters
parallel to the strain angle achieves optimal results here in the sense of minimising
standard error.

For the divergence only (centre panel, =3:8 10 ®/s) and vorticity only (right
panel, =6 10 °/s) simulations, we plot only the blue continuous line as there is no
strain angle to align the drifters with or against. For these simulations, the standard
error decreases for higher eccentricities in all cases, suggesting that it would be better
to deploy drifters with e =1, i.e. along a straight line. The Latmix deployment (blue
dashed line) was better than an isotropic con guration where = 0, however it is more
optimal to position drifters along a single line for higher eccentricities whea > 0:8.
Therefore, on average the optimal deployment morphology appears to be along a
straight line for trajectories simulated with only a single mesoscale parameter, unless
the trajectories are simulated using strain-only mesoscale and the initial con guration
is aligned orthogonally to the strain angle.

Real-world data from drifter deployments will be much more complex than the
above simulations which have assumed that there is no mean ow and only a single
mesoscale parameter present. For example, Site 2 of the Latmix experiment showed
that there was likely to be both strain and vorticity present, as well as other back-
ground e ects. In Chapter 3 we presented parameter estimates from a strain-only
model (assuming the vorticity to be zero) and from a strain-vorticity model. We
therefore next consider a scenario where we simulate drifters from a strain-vorticity

model, but estimate only strain rate, whilst assuming the vorticity to be zero. We now



CHAPTER 4. SENSITIVITY ANALYSIS OF DRIFTER DEPLOYMENT 132

Figure 4.4.4. Standard error standardised by the parameter value over 10,000
simulations for di erent deployment eccentricity values for strain only (left panel,
=7 10 9/s), divergence only (centre panel, =3:8 10 ®/s) and vorticity only

(right panel, =6 10 ®/s) models. Particle positions are observed every 30 minutes
for one day with di usivity set at 0:1 m?/s. Only the mesoscale parameters present
in the data are estimated in each con guration. The continuous lines in each panel
correspond to the average standard error for di erent deployment eccentricity values
for drifters deployed perpendicular to the strain angle (green), aligned with the strain
angle (red) and with a random angle (blue). The blue dashed lines correspond to
drifters deployed with Latmix Site 1 initial positions. The green and red dashed lines
correspond to equally spaced drifters deployed along a straight line that is aligned
perpendicular to and parallel to the strain angle respectively. The red and green solid

and dashed lines are only present in the left panel where strain is present.
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Figure 4.4.5: Standard error standardised by the parameter value of strain rate es-
timates over di erent deployment eccentricities. The drifter trajectories are simu-
lated as in Figure 4.4.4 except using a strain-vorticity model with = 7 10 ©
and =6 10 °. The solid and dashed lines in each panel correspond to di erent

deployment morphologies as in Figure 4.4.4.

obtain the standard errors as shown in Figure 4.4.5. It again appears to be optimal
to deploy drifters along a single line, however the presence of vorticity now means
that the angle of the deployment relative to the strain angle is less important as the
drifters will be rotated by the vorticity. Therefore, deploying drifters in a line that is
orthogonal to the strain angle (see green continuous line) results in a lower relative
standard error than isotropic positions. However, the standard error is further min-
imised by aligning the drifters in a line that is parallel to the strain angle (red line)
or simply any random angle (blue line).

So far, we have only studied the standard error when a single mesoscale parameter
is estimated, and our results show the opposite to those in Ohlmann et al. (2017).

Speci cally, we showed that drifters deployed along a straight line have a lower stan-
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dard error for most scenarios we showed, whereas Ohlmann et al. (2017) showed that
drifters with an isotropic initial con guration will have lower standard errors. How-
ever, in the next section we will show that when more than one mesoscale parameter

is estimated, the optimal drifter con guration will change.

4.4.3 Multiple Parameter Estimation

We now explore estimating di erent combinations of mesoscale parameters and how
the number of estimated parameters a ects the standard error of those estimates.
First we estimate any two of strain, divergence and vorticity from drifter trajectories
simulated using a correctly speci ed model with only those mesoscale features present.
It is seen in Figure 4.4.6 that when more than one mesoscale parameter is estimated,
e = 0 now minimises the standard error for some combinations of parameters |
speci cally when we estimate strain rate, strain angle and divergende; ; g or
strain rate, strain angle and vorticity f ; ; g. However, if divergence and vorticity
are estimated togetherf ; g, without any strain, then e = 1 minimises the standard
error, although the range of the standard error across deployment eccentricities is
small, meaning this result is unlikely to be practically signi cant.

These results show that when strain rate is estimated along with one other mesoscale
parameter, then we are unable to disentangle their e ects easily when the drifters are
deployed in a single straight line. This can be easily understood for drifters in a
strain-divergence eld deployed in a straight line (aligned with the strain angle), as
then it is di cult to determine whether the spreading motion along the strain angle

is due to strain or divergence. Similarly, when we estimate strain and vorticity in a
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strain-vorticity eld, then placing the particles in a line does not exploit the spatial
variability along di erent slices of the velocity eld, making disentangling the e ects
all the more challenging. However, for the divergence-vorticity trajectories, the ve-
locity eld is rotationally invariant across space, as the divergence causes the drifters
to spread or converge, whereas the vorticity causes the circular motion, and so these
are much more easily separated regardless of spatial con guration. This explains why
the standard error in the right panels is more or less similar across all eccentricities
and orientations.
The standard errors when all mesoscale parameters are jointly estimated are

shown in Figure 4.4.7. Each parameter was simulated in the drifter trajectories with

=7 10°% =6 10°% and =3:8 10 5 Lower eccentricities have lower stan-
dard errors for each of the parameters, meaning that if all mesoscale parameters are
present and being estimated then it is more optimal to deploy drifters in an isotropic
con guration rather than anything eccentric. We note that the Latmix drifter con-
guration (blue dashed line) results in even lower standard errors than fully isotropic
positions, as was also the case in Figure 4.4.6, suggesting that randomly deployed
drifters might not fully minimise the error under expectation. The red and green
dashed lines, corresponding to drifters deployed equally spaced along a straight line,
have the highest standard errors for divergence, but not for vorticity or strain. This
makes sense for strain since aligning the drifters with the strain angle (green dashed
line) will decrease the standard error for strain rate (but not for the other parame-
ters we are jointly estimating). Drifters along a single line can only estimate spatial

gradients in a single dimension, and hence only a single parameter can be reliably
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Figure 4.4.6: Standard errors standardised by the parameter value of mesoscale pa-
rameter estimates for varying eccentricities for strain-vorticity (left column), strain-
divergence (centre column) and divergence-vorticity (right column) models. Within
each model (or column) two parameters are estimated as indicated by thexis label.
The drifter trajectories are simulated as in Figure 4.4.4, aside from the mesoscale pa-
rameters present in the model which vary in each column. Each solid or dashed line in
each panel corresponds to a di erent deployment morphology as in Figure 4.4.4. The
red and green solid and dashed lines are only present in the left and centre columns

where strain is present.
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Figure 4.4.7: Standard errors standardised by parameter value of parameter estimates
for varying eccentricities when all mesoscale parameters are simulated and then es-
timated. The drifter trajectories are simulated as in Figure 4.4.4, aside from the
mesoscale parameters presentinthe model€7 10°% =6 10°% =3:8 10 °9).
Each straight or dashed line in each panel corresponds to a di erent deployment mor-

phology as in Figure 4.4.4.

estimated whilst minimising the standard error. To estimate multiple parameters we
require drifter observations in more than one spatial dimension, and hence a lower
deployment eccentricity is bene cial (i.e. a more isotropic con guration). However,
note that in Figure 4.4.7 anye < 0:6 achieves close to the minimal standard error for
all mesoscale parameter estimates, suggesting mild eccentricity at deployment does
not have a signi cant e ect and only more extreme eccentricities should be avoided.
Finally, we investigate the error of estimating a mesoscale feature parameter which
isn't truly present in the model, thus allowing for a proper comparison with a sim-
ilar study by Ohlmann et al. (2017). We repeat the experiment of Ohlmann et al.
(2017) and simulate drifters that follow a random walk, i.e. they have no mesoscale
component and zero mean ow, and then we estimate all mesoscale parameters. The

standard errors of the divergence estimates (measured against a true value of 0) are
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Figure 4.4.8: Standard error of divergence estimates from drifter trajectories simulated
with no mesoscale component (i.,e. = = = 0) but all mesoscale parameters are
estimated. Drifter trajectories are simulated as in Figure 4.4.4 and the straight and

dashed lines in each panel refer to the same deployment morphologies as in this Figure.

shown in Figure 4.4.8 (note that we do not standardise the standard error by param-
eter value here since the mesoscale parameters are all set to zero) and are in complete
agreement with Ohlmann et al. (2017): it is more optimal to deploy drifters in an
isotropic con guration than in a straight line. These results are the same as when
all mesoscale parameters were present in the simulation (Figure 4.4.7), meaning that
it is the number and type of parameters estimated rather than the parameters truly
present which a ects the optimal morphology.

To conclude, this analysis suggests that the optimal morphology is dependent on
the number of mesoscale parameters being estimated and which speci ¢ parameters
they are. In other words, it is the mesoscale parameters beiegtimated that deter-

mines the optimal morphology, rather than the parameters that are actually present
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in the drifter trajectories. Therefore we do not require prior knowledge of mesoscale
features present in the ocean to choose the optimal morphology, we just need to de-
termine what we want to learn from the experiment. If we are only interested in
estimating a single mesoscale parameter, then it is generally optimal to deploy the
drifters along a straight line. If we wish to estimate more than one mesoscale pa-
rameter then the optimal morphology is determined by which parameters are desired,
however in most cases it is better to deploy the drifters in an isotropic initial con gu-
ration. If we have no prior knowledge whatsoever of what parameters are present, and
we wish to learn which mesoscale features are present in the particle trajectories, then
it would be safer to choose a morphology with low deployment eccentricity. However,
reducing the deployment eccentricity below around 0.6-0.7 doesn't appear to signi -
cantly reduce the standard error when multiple mesoscale parameters are estimated,
whereas for a single mesoscale parameter increasing the deployment eccentricity above
0.4 does signi cantly reduce the standard error. Therefore, with no prior knowledge
of the data or model to be used, a deployment eccentricity between 0.4-0.7 will be

relatively close to optimal most of the time.

4.5 Discussion and Conclusions

It will always be bene cial to deploy more drifters and to observe them for longer,
however this additional data will have diminishing returns. Therefore, what we really
want to know, is how much data is enough? In Section 4.2 we showed that we need

at least three drifters before our parameter estimates become statistically signi cant
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from zero. The relative standard error initially decreases more quickly, and after ve
drifters it scales asO(pl?). Therefore, we would recommend at least ve drifters in
such a setting. Similarly, in Section 4.3 we showed that in terms of the simulation
time length T, then the relative standard error generally scales a@(p%). In the
case of strain-only data, the relative standard error then decreases more quickly when
T > 1=, but this is not the case for the vorticity-only data, where we do not see
any faster decrease in the error once > 1= . For both strain-only and vorticity-only
experiments, we found the experiment should run for atleadt 0:1 ort 01

for the estimated parameters to be signi cantly di erent from zero. In terms of the
sampling rate , we found quickly diminishing returns when reducing this, and in
any case this option is seldom available in practice due to the GPS technology used
and the limited battery-life of drifters.

The optimal deployment con guration of drifters is determined based on what
we wish to learn from an experiment. If we are only interested in estimating a single
mesoscale parameter, the optimal con guration is di erent than if we wish to estimate
a combination of mesoscale parameters. Speci cally, it is generally optimal to deploy
drifters along a single straight line if we only wish to estimate one mesoscale parameter.
If more than one parameter is to be estimated then the optimal con guration is
determined by which parameters are to be estimated, as we discussed in Section 4.4.
If we do not have any prior knowledge of the expected parameter values before the
experiment then a deployment con guration with low eccentricity (i.e. more circular)
should be used.

The results in this chapter are simulation-derived and based on an idealised model,



CHAPTER 4. SENSITIVITY ANALYSIS OF DRIFTER DEPLOYMENT 141

and the complexity of real-world data could change the results. We have explored the
scaling for only certain parameter values. Motivated by this, in Chapter 5 we will

explore these results further via analytically-derived expressions for the error.



Chapter 5

Analytical Derivations of the

Errors of Parameter Estimates

5.1 Introduction

Di usivity can be estimated by taking the time derivative of the relative dispersion
(LaCasce, 2008), where the dispersion is the second moment of the particle positions in
centre of mass coordinates after the initial positions are removed. The second moment
of particle positions grows exponentially with time for a xed strain rate (Sundermeyer

et al., 2020)|a relationship which allows us to estimate the strain rate, assuming that

it is constant in time. In this chapter we will de ne method-of-moment estimators for
both di usivity and strain rate, and use these estimators to provide theoretical errors
for these parameter estimates, which we use to advise how drifters are deployed. We
will introduce three possible estimators for di usivity in centre of mass coordinates

for a di usivity-only model, as well as a method to estimate di usivity in a strain-

142
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di usivity model. We also introduce a method-of-moment estimator for the strain
rate. Our estimator is similar to that by Sundermeyer et al. (2020), however they
estimate strain rate using the second moment in only the major axis which is aligned
with the strain angle, whereas we derive an estimator using the second moments in
both the major and minor axis. Similarly, they estimate di usivity using just the
second moment in the minor direction whereas we will derive an estimator using the
second moments in both axes.

The optimal deployment morphologies in the previous chapter depended on the
values of the parameters chosen for our simulations. The results might not hold
if any of the strain rate, strain angle, vorticity, divergence, di usivity, number of
observations, time between observations, or number of drifters are changed. These
results gave a good intuition into how many, how long, and in what con guration
drifters should be deployed, however repeating the simulations for di erent parameter
values would be time consuming.

In this chapter we will instead approximate the theoretical distribution of errors
for the least squares parameter estimates from our model from Chapter 3 (Equa-
tion (3.2.2)) by calculating the distribution of the second moment of the positions.
This approximation will be done using method-of-moments estimation, which is sim-
pler than the least squares estimation used in the simulations of Chapter 4, but allows
(near) exact distributions to be derived as we shall show. We shall do this approxima-
tion for the simple case of a strain-only model, but note that the general method can
be expanded to more complex mesoscale models. This chapter will help to mathemat-

ically reveal and explain the results of the number of drifters required (as found in
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Section 4.2), the number of observations (see Section 4.3) and the initial con guration
of the drifters (as in Section 4.4), and allow the results to be expanded to di erent
parameter values to those used in the previous chapter.

Sundermeyer et al. (2020) estimate the strain rate using second moments as

AMye
dt

M g = 0; (5.1.1)

wherexy = Xx My is the position of drifter k with the rst moment removed and

will be de ned fully in Section 5.2. Equation (5.1.1) can be solved to nd that
My = mxx(o)et ; (5.1.2)
and hence the strain rate is estimated as
1
n= Cl0g(Me)  log(ma(0)] (5.1.3)
They estimate di usivity from second moments as
Nz Mgy (5.1.4)

In this Chapter we will introduce a method-of-moments estimator for strain rate
and di usivity which will give estimates with lower RMSE than the estimator from
Sundermeyer et al. (2020). Speci cally, in Section 5.2 we derive the second moments
of particles in a strain only eld. We calculate the expected second moment and its
variance in each of thex and y directions, and we also derive the cross second mo-
ment. Section 5.3 introduces three di erent ways to estimate di usivity from second
moments when there are no mesoscale components present in the particle trajectories.

We calculate the error of each di usivity estimator and show that the optimal variant
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is to remove the initial positions from drifter positions before estimating di usivity.
This produces a biased di usivity estimator, however correcting for this bias (another
variant which we try) increases the error due to increased variance as we shall show.
In Section 5.4 we show how to rotate the particle trajectories to align the axis with

the strain rate, and derive an estimator for strain rate in this rotated reference frame.
We estimate the error of this estimator and use this to provide scaling behaviour
which can be used to reinforce the results from Chapter 4 about the optimal drifter
deployment. In Section 5.5 we derive an estimator for di usivity when the strain
rate is not zero, and use this estimator to show how our di usivity estimates scale
with di erent parameters. Finally, in Section 5.6 we summarise our results from this
Chapter and provide a discussion as to the expected errors of parameter estimates

with respect to mesoscale features present as well as the deployment con guration.

5.2 Second Moment Calculation

Throughout this chapter, we will consider the more simple case of a strain only eld.
The results we present throughout this chapter only hold when the strain rate is
aligned with the x axis, which is not usually the case in real or simulated particle
trajectories (unless has been set to be zero). Therefore, for these results to hold, we
must align the axis with the strain rate by applying a rotation matrix to the positions.
We will show how to carry out this rotation in Section 5.4.1.

To determine the optimal drifter deployment, we wish to derive analytical ex-

pressions for the error of strain rate and di usivity using method-of-moments, which
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can be used to calculate the errors. To derive these expressions we must rst calcu-
late the moments of the solution to the stochastic di erential equation (SDE) from

Equation (3.2.9).

Drifter Positions

The SDEs forxg(t) and yk(t) in a strain-only eld are

dxy(t) = % X (t)dt + P 2dW ; (5.2.1)

dyi(t) = %y () dt + P 2dW ¢; (5.2.2)

where the subscriptk denotes drifterk =1;2; ;K.
Both Equations 5.2.1 and (5.2.2) can be modelled using an Ornstein-Uhlenbeck

(OU) process. In general, the OU process is de ned as
dx, = (% )dt+ 2dW; (5.2.3)

where is the growth-rate, is the asymptotic mean, and 2 is the noise variance.
The solution to an OU process follows a normal distribution, where the distribution
of X given initial position Xq is

XtjXo N +(Xo )e °; > (5.2.4)

Hence, by replacing; , and ?in Equation (5.2.3) with their values in Equations

P

(5.2.1) and (5.2.2), we set =0, = =2,and 2= 2 . The drifter positions in

Equations (5.2.1) and (5.2.2) are therefore distributed as
L 2 t
xk(t) N x¢(0)ez;—(e¢ 1) ; (5.2.5)

k() N yk(0)e %;2—(1 e') ; (5.2.6)
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and hence can be written as

r

(D) = x0T + (& DXy (5.2.7)
r

yk(t) = y(0)e = + 2—(1 e )Y (5.2.8)

where X and Y, each follow a unit normal distribution.
We can approximate the drifter positions for smalt by taking a Taylor expansion

aroundt = 0 to obtain

p___

Xk(t) xx(0) 1+ +  2tX ; (5.2.9)

p_—

ye(t)  w() 1 + 2tY (5.2.10)

o oN T

At small times, the deterministic component of the drifter positions will grow
linearly in time with respect to in the x direction whilst decreasing linearly in time
with respect to in the y direction. On the other hand, the stochastic component will
grow at a rate proportional to the square rootof time with respectto in terms of the
standard deviationin both the x and y directions. This means that for smallt, the
e ect of the submesoscale di usivity will be larger than the e ect of the strain in both
the x andy directions, and this e ect will be more prolonged if is large with respect
to |which will be the case for examples with values found for the Latmix experiment
(  0O:1lm?=sand 10 ®=s). Hence the drifters will initially spread di usively in x
andy in an isotropic fashion at a rate determined solely by. For larger values oft,
however, the strain will eventually contribute signi cantly more than the di usivity
to how the drifters will spread in thex direction, as the exponentially growing terms

in Equation (5.2.7) take over. Conversely in they-direction the exponential terms
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vanish in Equation (5.2.8) for larget and the drifters are simply spread around 0 with

variance proportional to =

Second Moments of X, (t) and y(t)

To determine the optimal drifter morphology, we are interested in the properties of
the parameters estimated in Chapter 3, where we estimated using centre of mass
coordinates. Therefore, we will calculate the positions of the drifters in centre of mass
coordinates. This is found by removing the rst moment fromx(t) and yk(t). The

moments are de ned as
1 X

K
k=1

Mynym = XpYe': (5.2.11)

The rst moment of x(t) is found from Equation (5.2.11) by settingn = 1 and
m = 0, and similarly the rst moment of y(t) is found by settingn =0 and m = 1.

The rst moments are therefore distributed as
r

t 2 1 X
m(t) = m(0)e7 + (¢ i X (5.2.12)
k=1
r .
C 2 1 X
my(t) = my(O)e z+ —(1 et )E Yk; (5.2.13)
k=1

where m, (0) and my(0) are the values of the rst moments at time zero inx and y
respectively. De ning xi(t) = X (t) my(t) and w(t) = y(t) my(t), the positions
with centre of mass removed are found by subtracting Equation (5.2.12) from 5.2.7

(and equivalently Equation (5.2.13) from 5.2.8), and hence are written as
r r

_ - 2 2 1 X _
*(t) = x¢(0)ez + —(¢& )X —(e 1)— Xk (5.2.14)
r r —K k=
_ .2 2 1 X
Y (t) = ¥ (0)ez + —(1 e ')Y —(1 et )E Yi: (5.2.15)

k=1
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where we have de nekg(0) = xx(0) my(0) and yx(0) = yx(0) my(0).
By separating terms for drifterk from those from all the other drifters, and com-
bining the variance for drifter k with the variance for all drifters except fork, it can

be shown that Equations 5.2.14 and 5.2.15 follow Gaussian distributions
s
t 2
x(t) = x(0)ez + —(¢ 1) 1
s

W) = v@et + L@ et) 1

1

< X (5.2.16)

Ki Y2 (5.2.17)
whereX? N(0;1) andY?? N(0;1).

The distribution of the second moments ok -and y-are of real interest to us, as
we will later use them to obtain di usivity and strain rate estimators, from which we
can derive theoretical errors. We calculate the distribution of the second moment of
xx(t) from Equation (5.2.14), this is found using Equation (5.2.11) with = 2 and
m = 0. Similarly the second moment ofyg(0) is found from Equation (5.2.11) with

n =0 and m = 2. Finally, the cross second moment irx-and y-is found by setting

n=m =1 in Equation (5.2.11). The second moments are distributed as

2 3,
X o X
Mye(t) = K32—(et )y agX@er Ly, Ki X5 (5.2.18)
k=1 2 1 k=1
2 3,
- X
Myy(t) = Kz—(l e') 4g w@e =, Y Ki YO (5.2.19)
k=1 2(1 et) k=1
82 3
t X< X
mety= ~2 € 1 agX@er o 17 .5
¥ K et_z .
k=1 (e 1) k=1
2
)(( =
ag @z v 17 5, (5.2.20)
21 et) K ’

The second moments ix and y-can be written in terms of a noncentral chi squared



CHAPTER 5. ANALYTICAL DERIVATIONS OF ERRORS 150

distribution. This distribution is found by pulling out the P 2= (¢ 1) term in

Equation 5.2.18 and thep 2= (1 e')termin Equation 5.2.19 and then applying

P P
Cochran's theorem. Cochran's theorem states that [, (X; 2 o

Xi)2 ﬁ 1
whenX; are i.i.d standard normal variables. As theX; in Equations 5.2.18 and 5.2.19
have mean 6 0O, our result will be a noncentral chi square distribution, where the

non-zero mean is due to the{0)ez and yx(0)e = terms in Equations 5.2.18 and

5.2.19 respectively. The second moments can therefore be written as

My (t) = Kiz—(et 1)z, (5.2.21)
Myy(t) = Kiz—(l e ')z, (5.2.22)

where z, 2 1( %) Zy Z 1( ) follow noncentral chi-squared distributions

. : P :
with noncentrality parameters found by = E=1 Z. The noncentrality parameters

are therefore

— et K .

x = mmxx(o), (5.2.23)
3 e 'K .

S 3a et) )mw(O)- (5.2.24)

The noncentral chi-squared distribution %2 ;( ) hasK 1 degrees of freedom, despite
there beingK drifters. This is due to Cochran's theorem, and can be understood
because we subtracted the rst moment before calculating the second moment, which
removed one degree of freedom.

The noncentral chi-squared distribution has expectatioik 1+ and variance
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2(K 1+2 ). Therefore, the second moments,,. and my, have expectations

EMe(l] = Ma(0)d + o(¢ 1K 1) (5.2.25)
E [myy(t)] = myy(0)e ° ?(e‘ DK 1) (5.2.26)

and variance
var(my(t)) = %(et 1)2 2—(et 1) 1 Ki + & me(0) ; (5.2.27)

var(myy(t)) = 2?(1 e')2 2—(1 e') 1 +e ' my() @ (5.2.28)

K
The cross second moment can be written in terms of a single Gaussian distribution.

To derive this distribution we rst write m,y as

s
12 1
M= M@+ 5 1 = (€ D@+ e )m,O)X
" #" #
12 (¢ 11X 1 X 1 X _
+ E—T Xk K Xk Yk K Yk , (5229)
k=1 k=1 k=1

whereX  N(O; 1).

The nal term of Equation (5.2.29) is the product of two normal distributions, and
hasK 1 degrees of freedom due to the summation of K normal distributions, each
with the sample mean removed. The variance is therefore the product of the variance
of each distribution in X andY summedK 1 times, and therefore the cross second

moment can be written as

S

12 1
Mup(t) = M)+ ——— 1 —

K [(&  Dme(0)+(1 et )my(0)]X

2 1

1
+o1 = Y: (5.2.
- J=5Y: (6:230)
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whereY  N(0;1). Combining normal distributions, the cross second moment can

be written as

Myy(t) = Myy(0)+
S

2 2
221 e e+ etmuo+ 1 o 2 E D

(5.2.31)
whereZ  N(0;1).

A histogram displaying the distribution of eachmy,, my, and my, is displayed
in Figure 5.2.1 for 10,000 simulations of nine drifters in a strain-di usivity eld with

=7 10 %sand =0:1m?/s. The simulated particles trajectories were con gured
to have initial positions the same as in LatMix site one, were of length one day and
their positions were sampled every thirty minutes. The red curves correspond to the
chi-square distributions in Equations (5.2.21) and (5.2.22), and the green curve with
the normal distribution in Equation (5.2.31) which con rm we have derived the exact
distribution in each case. The distribution for the second moment of(t) looks to
approximately follow a normal distribution, however the second moment foy(t) is
skewed towards lower values. These gures therefore show the stretchingxirand
compression iny due to the strain.

The limiting cases of Equations (5.2.21), (5.2.22), and (5.2.31) as! O are
Mex(t) | Mee(0)€ , myy(t) ! my(0)e ', and myu(t) ! myy(0), meaning that when
di usivity is zero then there is no random walk component and the second moments
are fully deterministic. Similarly ast! 0, Me(t) ! My(0), Myy(t) I my(0), and

Myy(t) | mMyy(0), that is to say that the second moment at time zero is just the initial
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Figure 5.2.1: Histogram of second moments (ir-direction (aligned with strain) on
left plot, in y-direction on centre plot, and thexy on the right plot) from 10,000
simulations of nine drifter trajectories (simulated for one day and sampled every
30 minutes) in a strain-di usivity eld, with =7 10%=sand = 0:1m?/s.
The red curve corresponds to a chi-squared distribution with K-1 degrees of freedom
and noncentrality parameters as in Equations 5.2.23 and 5.2.24. The green curve

corresponds to a normal distribution, as given in Equation (5.2.31).

second moment, as would be expected.

Second moments after removing initial positions

We will show in Section 5.3 di erent ways to estimate di usivity from second moments
when the strain rate is zero. When the di usivity is estimated from the second
moments My, and My, we will show that the di usivity estimate can sometimes be
negative. This happens if the average distance to the centre of mass is large but the
di usivity is small then the second moment at the nal time could be less than the
initial second moment, which would result in negative di usivity estimates.

To remedy this, we would need to increase the number of drifters or increase the

length of the simulation. However this could be costly, and in some cases might



CHAPTER 5. ANALYTICAL DERIVATIONS OF ERRORS 154

not be practical. Alternatively we could therefore remove the initial positions be-
fore calculating the second moment, which we will show in Section 5.3 will lead to
guaranteed non-negative di usivity values. To do this, de nex¥t) = %(t) »(0) and

¥t) = ¥(t) WO0). The second moments are then distributed as

X< " r— e % #o
1 t 2 2 1
Myoeo(t) = K x(0)(ez 1)+ —(e 1)Xi —(e 1)E Xk
k=1 k=1
(5.2.32)
= Kiz—(et 1)zy0; (5.2.33)
" #
1 X L "2 "2 X
Myayo(t) = K w(@O)(e = 1)+ —(1 e')Y —(@1 e! )K Y
k=1 k=1
(5.2.34)
= Kiz—(l e ' )zy; (5.2.35)

where z. and zy follow noncentral chi-square distributions (shown in Figure 5.2.2)

with K 1 degrees of freedom and noncentrality parameters

o= éetet—l)?;mm(ox (5.2.36)
s 2
ée i elz ;< My, (0): (5.2.37)

We note that Equations (5.2.33) and (5.2.35) are almost identical to Equations
(5.2.21) and (5.2.22), the only change is to the noncentrality parameters, which are
the part of the distributions which contain the initial positions (within the second
moment at time zero).

In Figure 5.2.2 we display the distribution of second moments after removing the

initial positions for the data in Figure 5.2.1. The second moments of(t) appear
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Figure 5.2.2: Histogram of re-centred second moments using the same simulation
setup as Figure 5.2.1. The red curve corresponds to a chi-squared distribution with

K degrees of freedom and noncentrality parameters as in Equations 5.2.36 and 5.2.37.

to be more normal than those in Figure 5.2.1, and the mode is further from zero in
Figure 5.2.2. The mean oMy is smaller than that of my, due to the long tail at
the upper end of the distribution in Figure 5.2.1. Due to the skewness afy, if
we were to sample repeatedly from the distribution, we would obtain many samples
which are close to zero. We will show in Section 5.3 that this can result in negative
di usivity estimates. One way that di usivity can be estimated from second moments
is as the change in second moment with time. This requires subtracting the second
moment at time zero from the second moment at timg, and so if the second moment
at time t is less than that at time zero the di usivity estimate will be negative. This
is undesirable since di usivity should be positive.

In Section 5.3 we will derive the distribution and errors for di usivity estimates
before and after removing the initial positions. We will initially do this for the simple
case where =0, and so we estimate the second moments »{t) and y(t) where we

have set the strain rate to be zero.
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5.2.1 Di usivity-Only Second Moment

We now calculate the second moment for particle trajectories with no mesoscale com-
ponent. We do this for the second moments of () and yx(t) and the second mo-
ments ofx?(t) and y(t). These expressions are not immediate from Equations 5.2.21,
(5.2.22), (5.2.33) and (5.2.35) as setting = 0 returns 0/0 values in numerous places
and therefore we must resort to expansions to resolve the correct values.

We begin with the second moments of{t) and y«(t). We take a rst-order Taylor
series expansionad ( 1+t )ande ' ( 1 t )toapproximate Equations (5.2.21)

and (5.2.22) with strain rate set to zero as

2t
mx-x-; =0 = ?ZX'; :0; (5.2.38)
2t

wherez,. - andz, - follow noncentral chi-square distributions withK 1 degrees
of freedom. We also take a Taylor expansion & in the noncentrality parameters,

which we approximate as

K

x =0 — _2t m)ex(o); (5.2.40)
K

¢ =0 = _2t mW(O); (5.2.41)

when the strain rate has been set to zero.
Now, we nd the second moments okXt) and yP(t). This is again done by taking

a Taylor expansion ofe! , hence we obtain second moments with the strain rate set
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to zero
2t
Myox0: =g = ?Zxo; =0, (5.2.42)
2t

where z.0. -9 and zy - are central chi-square distributions withK 1 degrees of
freedom, mearK 1 and variance 2K  1). Note that we have a central chi-square
distribution and so x = 4 = 0. This means that the second moments af%and y°

do not depend on the second moments at time zero, and hence do not depend on the
initial positions. The second moments only depend on the number of drifters, time
length of the particle trajectories, and the value of the di usivity.

The only di erence between Equations (5.2.38) and (5.2.42) and between Equa-
tions (5.2.39) and (5.2.43) is the noncentrality parameters being nonzero when the
initial positions are not removed. Therefore the second moments xfand y-depend
on the initial positions, while second moments af%and y° do not.

Removing the initial positions before calculating the second moments will reduce
the probability of the di usivity estimates being negative, compared with estimating
di usivity from second moments where the initial positions have not been removed,
as we shall show. Speci cally, in the next section we will show that this is because
the variance of the di usivity estimates calculated frommyowo and myayw is lower than

that from my, and my,, but both estimates have the same bias.
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5.3 Diusivity Estimation and Errors (no strain)

The second moments of(t) and y(t) can be used to obtain estimates of the di usivity.
We calculate the distribution of this di usivity estimate (when = 0) from Equations
(5.2.38), (5.2.39), (5.2.42) and (5.2.43). There are three di erent ways in which we
could estimate di usivity in centre of mass coordinates: we could use the observed
positions, x; y, we could re-centre the positions to start at the originx% y°, or we
could re-centre the positions and unbias the estimate. We now show the expectation,
variance and mean squared error (MSE) for each method.

Throughout this section we de ne the mean squared distance of the drifters to the

origin in the initial deployment to be

1 X
= (a(0)’+(%(0)’ (5.3.1)
k=1
= Myx(0) + My (0): (5.3.2)

5.3.1 Centre of Mass Coordinates (Observed)

Calculating the di usivity using the observed positions, after removing the centre of

mass, gives a di usivity estimate with distribution given by

mxx; =0 (t) + mw; =0 (t) m)e)e; =0 (0) myy; =0 (0) — i 7 d%

N = _Y
obs(t) 4t 2K 4t

; (5.3.3)

wherez %< 2( x =0+ y —0)andhasmean K 2+ . o+ - and variance

22K  2+2[ « -0+ y =0)]. Hence the expectation and variance of the di usivity
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estimate are

1 Kd? d?

A = el ) -0
E("obs(t)) K 2K 2+ 1 0 (5.3.4)

1

= 1 Ko (5.3.5)

1 7 2K d?2
var(®gps(t)) = oK 2 2K 242 ds (5.3.6)

2 1 )

The bias of this di usivity estimate is [E("ops(t)) ]= =K which! 0 as

K 'l , meaning that estimating di usivity from the second moment is only an
unbiased estimator asymptotically as the number of drifters approaches in nity.

For xed K andt, the variance of the di usivity estimate scales a©O(d3). The
distance from the centre of masgj3, only exists in one term, and so the variance has
a lower bound (for xed K) which is found by settingd2 to zero. In contrast,K is
in both terms, and as the number of drifters increases, the standard deviation tends
towards zero asO(1=p K), consistent with the law of large numbers.

The mean squared error of the estimate is equal to the variance plus the bias

squared. Hence,

2 1 2
MSE("ops(t)) = K 1 K + %dg+ ra (5.3.8)
2
=t mdé: (5.3.9)

The root mean squared error (RMSE) therefore scales witly, and goes to a constant

nonzero value agl, goes to zero. As the number of drifters increases, the estimate
P— N

approaches the true value atO(1= K). For small t the MSE due to the initial

positions could be large if the drifters are not deployed close together. Hence, we will
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now show a re-centred di usivity estimate where we will remove the initial conditions

before estimating the di usivity.

5.3.2 Centre of Mass Coordinates (Re-Centred)

If the di usivity is instead estimated after removing initial positions in centre of mass

coordinates, then its distribution follows

Moo =0 (t)+ Myoyo. =0 (t) —

50
i 5 2 (5.3.10)

Are-centred (t) =

where 2° 2« » has mean K 2 and variance 2(K  2), hence the expectation

and variance are

1
E(Are-centred (t)) = 1 R (5.3. 11)
h i,

var(Mre-centred (1)) = =~ (4K 4) =

1
5 1 (5.3.12)

2
K
Therefore, estimating di usivity with or without removing initial positions have
the same expectation and bias, that is the bias is again,-. However, the variance of

estimating di usivity with or without removing initial positions is di erent, as there
is an additional variance not present in Equation (5.3.12) attributed to the initial
positions. Speci cally, the variance of the re-centred estimate is equivalent to setting
do to zero for the previous di usivity estimate in Equation (5.3.7). Therefore the
variance of the re-centred estimates will always be less than or equal to that of the
observed estimates.

Using the observed positions can result in an incorrect negative di usivity esti-

mate, as can be seen in Figure 5.3.1. The left panel shows the histogram of estimates



CHAPTER 5. ANALYTICAL DERIVATIONS OF ERRORS 161

Figure 5.3.1: Histogram of di usivity estimates calculated from the second moment,
where the true di usivity was = 0:1m?/s and = 0. Otherwise the same simulation
setup is used as in Figure 5.2.1. The red curve corresponds to the theoretical distribu-
tion of the estimates, from Equations (5.3.3), (5.3.10) and (5.3.14). The red vertical
line displays the sample mean, and is hence the mean of the blue histogram. The left
panel displays estimates from observed particle trajectories, the centre panel displays
estimates from the re-centred trajectories, and the right panel shows the de-biased

estimates from the re-centred patrticle trajectories.

for the observed data (with theoretical distribution overlaid to show agreement), which
has a larger variance than the centre panel which displays a histogram of the estimates
from the re-centred data (again with theoretical distribution overlaid). Note that the
theoretical expectation (and bias) for each of the left and centre plots is the same, as
derived in Equations (5.3.5) and (5.3.11).

The rate in which the variance in Equation (5.3.12) decreases is no longer a ected
by the initial positions and so neither is the rate at which the di usivity estimate
approaches the true di usivity. The variance approaches zero at the same rate as

with the observed positions when we increase the number of drifter@((lzp K)).
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The mean squared error is simply

2

MSE(Are—centred (t)) = K: (5313)

Similarly to the variance, the MSE is the same as for the observed positions, but
without the part attributed to d3. Hence, the same MSE could be obtained using
observed positions if all drifters were deployed at the origin. The reduction in the
MSE comes from a reduction in the variance, as the estimate is still biased by the
same amount. We will now consider an unbiased estimate of the di usivity to see how

the error changes.

5.3.3 Centre of Mass Coordinates (Re-Centred and Unbi-
ased)

We have seen that removing the initial positions decreases the variance of the di u-
sivity estimate, but has no e ect on the bias. Since we know the bias of the re-centred
estimator we could de-bias the estimates. The debiased di usivity estimate would be

de ned and hence distributed as

1 1

2% (5.3.14)

Myoo —g + M . =
x%0 =0 yo0 =0 1 - 1

1 1
Aunbiased (t) = 4t E 2 K

This estimator isn't biased, and the expected value is the true di usivity, which

can be veri ed by observing that

1
E(™ unbiased(t)) = K 1 Ki 2K 2)=; (5.3.15)

where recall thatz%is a chi-squared distribution with ZK 2 degrees of freedom, and
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hence mean equal toR 2. The variance is

2
var(tumiasea(t)) = 7~ 2(2K - 2)= T T KT (5.3.16)
K

The MSE is simply equal to the variance as the bias is zero, that is MSE{fiased(t)) =
K—zl. Hence, the bias correction actually results in a slightly larger MSE than for the
re-centred estimator. This is analogous to the general choice of choosing between bi-
ased and un-biased estimators of variance and (auto-)covariance in classical statistics.
Typically the biased estimator is preferred as it has a lower variance and MSE.

The de-biased estimates for di usivity are displayed in the right panel of Fig-
ure 5.3.1. We can see that while the expectation of the de-biased estimator is almost
equal to the true di usivity, the variance is larger than that for the re-centred es-

timates. The observed positions produced the di usivity estimator with both the

highest bias and variance, and should therefore not be used.

5.3.4 Summary

We introduced three di erent possible estimators for di usivity. As a summary, the
bias, variance and MSE for each estimator is displayed in Table 5.3.1. The estimator
"obs(t) has the highest variance and MSE. The estimator jiased(t) has the lowest
bias of zero, however it has a larger variance thane’entred (t) @s removing the bias
caused the variance to increase foryhiased(t). Overall, " centred(t) has the lowest
MSE, and we therefore suggest that the re-centred estimate of di usivity is preferable
for this reason.

We can use Table 5.3.1 to reinforce the results from Chapter 4 relating to the
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Estimator Expectation Variance Bias MSE

Movs (1) s el ot K|t
M re-centred (1) 1 Ki ?2 1 % =K ?2
™ unbiased (1) - 21 0 . 21

Table 5.3.1: A table displaying the expectation, variance, bias and MSE of each
estimator from Sections 5.3.1, 5.3.2 and 5.3.3. The "best' in each column is given in
red text, where "best' is determined by that with the expectation closest to the true

value and the lowest value for each of the variance, bias and MSE.

deployment of drifters, however we note that those results were for the error of the
strain rate estimates, whereas the results in Table 5.3.1 only apply to di usivity. The
MSE all three di usivity estimators are O(Ki), meaning that the RMSE isO(pl?), as
was the case in Section 4.2 for the strain rate. Similarly, the RMSE of(t) scales
aspl—f, and we showed in Section 4.3 that the strain rate error W@(Pl—f). The RMSE

of "ops(t) cannot go to zero however, as there is a term that does not depend on time,
soast!1 the RMSE would approach a constant value, assuming and K are
constant. We note that the MSE “}e_centred (1) @and "ynpiased(t) do not depend on time,
and hence do not display the same result as in Section 4.3, meaning that increasing
the number of time points will not decrease the error of the estimators. Therefore, it
is more e cient to reduce the error of di usivity estimates by choosing an estimator
with lower error (i.e. using the re-centred estimator), as opposed to needing to collect

more data | at least in the case of di usivity estimation via method-of-moments.
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We have seen that the errors for di usivity and strain rate appear to behave in
the same way as we change the number of drifters or the number of observed time
points. However, they do not appear behave in the same way when the distance to the
centre of mass is changed. In Section 4.4 we showed that the error of the strain rate
estimates decreased as drifters were placed further from the centre of mass, which
is equivalent to increasingds. The RMSE of “,ps(t) on the other hand is O(dy),
meaning that the error increases as the distance to the centre of mass increases.
This suggests that the optimal morphology is not only dependent on which mesoscale
parameters are being estimated, but also on whether we are interested in the di usivity
estimates. We note that the results for strain rate are based on simulation and the
least squares estimator, whereas the di usivity results are derived from method-of-
moments estimation. Therefore, to investigate further we now provide a distribution

for the method-of-moments estimator for the strain rate.

5.4 Strain Rate and Angle Estimation

In the previous section we derived the distributions and errors for method-of-moments
estimators of di usivity when the true strain rate is zero. We now derive the distri-
bution for an estimator of the strain rate in a strain-di usive eld estimated from
the observed second moments aft) and y(t). We use this distribution to quantify
the error of strain rate estimates, and look at the scaling behaviour of the analytical
expression of the error. The scaling behaviour is used to comment on how drifters

should be deployed to reduce the error of strain rate estimates.
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Throughout this section we will assume that the particle positions are given in a
rotated coordinate frame wherex is aligned with the stretching caused by the strain
and y is perpendicular to this and aligned with where the positions are compressed
by the strain. Typically drifter trajectories will (at least initially) not generally be
aligned with the strain angle, and so this must be estimated rst, as we shall now

describe.

5.4.1 Strain Angle Estimation

We derive an expression for the strain angle using second moments. The drifter
positions can then be rotated such that they are aligned with the strain angle.
The strain angle can be estimated from the second moments of the raw (unrotated)

particle positions, which we denote asn,(t), my.(t), and my,

#(t). When the drifter

positions are given in a reference frame that is aligned with the strain angle the
expected cross second moment doesn't change with time, thatrsy.(t) = myy(0).
We note that the cross second moment in Equation (5.2.31) had expectation(0) as
we would expect as this was derived in a rotated reference frame (with strain aligned
along the x-axis), however it had a non-zero variance due to the non-deterministic
nature of drifter trajectories.

We therefore wish to nd the value for such that my,(t) m.(0) = 0. We look

at the rotation of My, = Myu(t) My (0) to nd

2 mr

g1 (5.4.1)

Myy = COS SiN My, +COs sin  my, + cog  sin

where My, = My(t)  Myee(0) and My, = myy(t)  my(0). We set myy, =0,
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and rewrite Equation (5.4.1) as

1. 1.
0= ésmz my, + ist My, +COS2 My, (5.4.2)

Therefore, the strain angle is given by

2 m;,
tan2 = ——F (5.4.3)
m)e)e m)e)e

The second moments can be rotated by to align with the strain angle, and for
the remainder of the chapter we will assume that this rotation has taken place. We
do not comment on the error of the strain angle estimates, nor do we investigate how
this error will a ect further estimates through the rest of this chapter. We leave these

as areas for future work.

5.4.2 Strain Rate Estimation

We now assume that the particle positions have been correctly rotated by the strain
angle and derive an estimator for the strain rate in this rotated coordinate system.
We will use this estimator to calculate an approximation to the errors, which will be

used to comment on the optimal drifter deployment morphology.

As di usivity is calculated from the residual ow, Equations (5.3.3), (5.3.10), and
(5.3.14) can be used when the strain rate is not zero, if strain rate has rst been
estimated and subtracted from the drifter positions. Strain rate therefore needs to
be estimated without prior knowledge of the di usivity, and so di usivity needs to
be eliminated from the equations to be able to estimate strain rate. To eliminate

di usivity, we divide the expected second moment okg{t) by the expected second
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moment of y(t) from Equations (5.2.25) and (5.2.26). This gives us a statistic which

is distributed as

Elme()] me(0)e _ (¢ 1)

Efmpy()] my©et (et 1) (5.4.4)

We multiply out to obtain
(EIme()] mx(0)e )(e ' 1)= (E[my(t)] my(0)e ' )(e 1) (5.4.5)
Multiplying out the brackets, and collecting terms,

E[me(Dl(e © 1) mu(0)(1 €)= E[my(l(e 1)+ mu(0)(1 e');

(5.4.6)

FE[Me(t)] + my(O)g(e ' 1) = f E[mu(t)] + me(0)g(e' 1) (5.4.7)

Hence,

E[me(®]+ myw(©) _ (¢ 1)
Elmu]+ M) (6 ¢ 1)

= ¢ (5.4.8)

Therefore, the strain rate can be estimated from observed second moments as

N =

=

00(T(t) + Myy(0)) 7 10G(Myy (1) + Mex(0)): (5.4.9)

In Figure 5.4.1 we show in a histogram a collection of strain rate estimates over
100,000 repeated simulations using the method of Chapter 3. The red curve, on the
other hand, corresponds to a kernel density estimate of the estimates obtained using
Equation (5.4.9) over the same 100,000 repeat simulations, where the true strain rate
was set to be 7 10 © and is highlighted with the yellow vertical line. We see that

Equation (5.4.9) appears to be a reasonable estimate for the strain rate (and have
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Figure 5.4.1: Histogram of strain estimates using least squares regression from Chap-
ter 3 over 100,000 repeated simulations, using the same simulation setup as in Fig-
ure 5.2.1. The red curve corresponds to a kernel density estimate from the same
simulations from Equation (5.4.9), the green curve corresponds to a normal approxi-
mation with parameters given in Equations (5.4.13) and (5.4.14), and the yellow line

shows the true strain rate of 7 10 %/s.
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a similar distribution to the least squares method of Chapter 3), and because it has
been derived under expectation it should produce unbiased estimates.

Recall that in Equations (5.2.21) and (5.2.22) we showed that the second moments
My (t) and my,(t) both followed exact chi-squared distributions under the assump-
tions of our strain-di usive model. The distribution of ~ in Equation (5.4.9) therefore
follows an addition of two independent non-central log chi-squared distributions. This
probability density has no known analytical form and must be computed numerically
(see Pav (2015) for more details on the log chi-squared distribution). However a nu-
merical form will not reveal scaling behaviours with respect to di erent parameters.
There instead we proceed by approximating this density via a normal distribution as

we shall now show.

5.4.3 Normal Approximation of Strain Rate Estimator

We can analyse the distribution of the method-of-moments estimator for the strain
rate, given in Equation (5.4.9), to better understand its scaling behaviour with re-
spect to di erent parameters of the drifter deployment. However, we cannot directly
obtain the expectation and variance of the estimator from Equation (5.4.9) as this
is not analytically solvable and instead would have to be computed numerically for
given parameter values. We will therefore instead approximate the distribution of the
estimator in Equation (5.4.9) with a normal distribution to obtain a theoretical form
for the error as a function of di erent parameter values.

The log of a chi-squared distribution approaches a normal distribution faster with

K than a chi-squared distribution. Initially it therefore appears to be better to write
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Equation (5.4.9) as a sum of two log chi-squared distributions before approximating
as a normal distribution. At rst glance, we know that my(t) and my(t) follow
noncentral chi-square distributions, and thatm,.(0) and my,(0) are constants. How-
ever, we cannot combin@n,,(t) with my,(0), or my,(t) with my(0), to form a single
chi-square distribution. This is because the constant term would need to be added to
the mean, but the mean of the noncentral chi-square distribution is determined by the
noncentrality parameter, which is the sum of the degrees of freedom and the squared
means of the squared random variables which were summed to form the chi-square
distribution. Since myy(0) and my,(0) are not the mean of any of the squared random
variables, then it cannot be added to the mean of the chi-squared distribution, and
we cannot combine the terms to form a chi-squared distribution.

We therefore will approximate the second moments inside Equation (5.4.9) as nor-
mal distributions before taking the log and summing. To do this, we use the expec-
tation and variance of my(t) and my,(t) from Equations (5.2.25), (5.2.26), (5.2.27),

and (5.2.28). Taking a normal approximation, we approximate Equation (5.4.9) as

h i
t  log g var(My(t)) X + E(Myy(t)) + my,(0)

q___
log  var(my(t))Y + E(Myy(t)) + M (0) ; (5.4.10)

whereX N(0;1)andY N(O;1). To take the log and combine both terms into

a single distribution, we will take a Taylor expansion. To do this we must rst write
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Equation (5.4.10) as
" #

P
Var (M (1)
| E(me) + myy(0) L T 1OIEMect) My (O]

P ar(myy M)
E (Myy(1) *+ Mee(0)

1 log

log Y +1 log[E (Myy(t)) + Mxx(0)]: (5.4.11)

Taking a Taylor expansion, we get

" Varme(D)

E (Myx(t)) + myy(0)
var(myy(t))

E (myy(t)) + Mxx(0)

X +10g[E (Mye(t)) + myy(0)]

Y 10g[E (Myy(1)) + Myc(O)]: (5.4.12)

Hence we nd that

A 1 E(myx(t)) + my(0)
E(") f|og E (Mo (D) + mZ(O) . (5.4.13)
var(") 1 var(Myy(t)) N var(my(t)) (5.4.14)

2 FEMex()) + Myy(0)g2 ~ FE(Myy(t)) + Mex(0)g
The expectation of ~is approximated to be simply , suggesting an unbiased
estimator. This is because the expectation in Equation (5.4.13) is equivalent to that
found in Equation (5.4.8) which was used to form an estimator for.
Finally, we take a normal approximation of the distribution of the ~in Equation

(5.4.9) to assume that the strain rate estimates are distributed as
“norm N (5 var(M)) ; (5.4.15)

where the “\om denotes the normal approximation of the strain rate.
The normal approximation for the strain rate distribution is shown in the green
curve of Figure 5.4.1, and appears to be a good t to the histogram, for the chosen

parameter values which were motivated by observations and settings from the LatMix
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experiment. However, strain and di usivity vary across the ocean, if they didn't then

estimating them would be a much simpler problem! We therefore require the strain
rate estimates from Equation (5.4.9) as well as the normal approximation for their
distribution in Equation (5.4.15) to be a good estimate in terms of bias and variance
for di erent possible strain rate and di usivity values. To show that Equations (5.4.9)

and (5.4.15) are approximately valid for di erent parameter values, we will now look
at the way that these equations were derived and any possible limitations that may

cause.

5.4.4 Limitations of Normal Approximation to Method-of-
Moments Strain Rate Estimator

We made approximations when we derived the distributional form of Equation (5.4.15),
and so for any parameter values where these approximations might not hold, the nor-
mal approximation could be unreliable. In this section we discuss the assumptions we
made and how they a ect the normal approximation from Equation (5.4.15).

The normal approximation assumes that the strain rate estimates themselves are
normally distributed, and this is the case when the degrees of freedom in the chi-
squared distribution (of the second moments) is large. Therefore, when we have a
small number of drifters, the normal approximation in Equation (5.4.15) may no longer
be suitable. In Figure 5.4.2 we repeat the simulations from Figure 5.4.1, but reduce
the number of drifters from nine to three. We see that the normal approximation

gives approximately the same distribution of estimates as the kernel density estimate
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Figure 5.4.2: As in Figure 5.4.1, but reducing the number of drifters t& = 3.

of Equation (5.4.9), and so is a good approximation. The expected strain rate from
the normal approximation is equal to the true strain rate, as would be expected from
Equation (5.4.9). We note that the estimates from the least squares estimate from
Chapter 3, appear to have a slightly di erent distribution to those from Equation
(5.4.9) and the normal approximation. This is likely to be due to a di erence between
the de nition of the estimates|the least squares estimates of the strain rate are
de ned to be strictly positive, whereas estimates from Equation (5.4.9) can be either
positive or negative. A negative strain rate is equivalent to rotating the angle of a
positive strain rate by 90 degrees, and then the negative estimates in Figure 5.4.2
could be mirrored at = 0. Further simulations (not shown) indicate that negative
strain rates are seen foK 3 in Figure 5.4.2, forK > 3 however the least squares
and method-of-moment estimators appear to be increasingly equivalent. These results

may vary as model parameters vary from those in our simulations.
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Approximating the distribution of Equation (5.4.9) as a normal distribution in
Equation (5.4.15) required us to take a Taylor approximation in Equation (5.4.12).
The expectation and variance of the normal approximation to the strain rate estimates
are therefore only likely to hold close to the expansion points which wexe=0 and
y= 0. In Equation (5.4.12) we took a Taylor expansion of

" # n #
P var(mye(t)) P var(myy(t))

% Ema®)+ my© 1 2 9 Em ) ma©
(5.4.16)
to get
" Varme(0) P Gy
Ema®) + My ™ Emy)+ me@ ' O

The Taylor expansion breaks down when these terms become large, andXasand

Y are normal distributions with O(1) values, the Taylor expansion will break down

when
,
- 2 _ K
P var(Mmed(t)) K (€ 1) 2K 1+2;5755Mx(0) (5.4.18)
EMa() + Myp(0) 2@ 1) K 1+ s Me(0) + Myy(0)
and
r
— 2 t _ K
P var(myy(t)) 1 oe’) 2K 1+2; G 5My(0) (5.4.19)

EMyO+ Ma0) 21 et) K 14, % m(0) +meu()
are large.
Equations (5.4.18) and (5.4.19) will never become larger than 1 for any choice of
parameters whereK > 3, as we will now show. We will rewrite Equations (5.4.18)

and (5.4.19) in terms of dimensionless parameters for the time scaland the length
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scalesx and y, which we de ne as follows

* y
t= t = —_— = : 5.4.20
P VTP (5:4.20)

We note that changing the value ot is synonymous with changing in the time scale
ase®) @), The length scale is chosen such that ifi,,(0) = 1, then the initial
positions are in equilibrium such that the strain and di usivity are acting to keep
myy(t) constant at (2 )= .

Substituting the dimensionless variables, Equation (5.4.18) is written as
r

p Var(ma) (€ 1) 2 K 1+ (1 )\ t)mXX(O) ( |
= 5.4.21
EMa(+ My(0) L 1) K 1+ 7K-mu(0) + myy(0)
and Equation (5.4.19) as
.
P 11 eYH 2 K 1+ -2-m,(0)
K et Yy

var(myy(t)) (e' 1) (5.4.22)

EMup+ ma@ 11 ey K 1+ 5Myy(0) + My (0)

(et

To show that Equations (5.4.21) and (5.4.22) never become large enough for the
Taylor expansion to break down, we start by looking at the limitasKk !'1 . We

write Equations (5.4.21) and (5.4.22) as
r
(¢ e 21 g+ g25m«(0)

P e (mee(D)

= 5.4.23
E(mxx(t))-l' mW(O) (et 1) 1 Kl+ I e t)mxx(o) + my)’(o) ( )
and
r
P arm. ) _Ge P 21 @ L (5.4.24)
E (Myy(t)) + Myx(0) 1 ety 1 L+ (et 5Myy(0) + My(0)

Hence both Equations (5.4.18) and (5.4.19) at@(1=p K).
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Looking at the scaling as we change the initial positions of the drifters, Equa-
tion (5.4.18) scales a®©(1=m,,(0)) and O(1=p M (0)). Equation (5.4.19) scales as
0(1=" T,(0) and 0(1=m,y(0)).

Finally we look at how Equations (5.4.18) and (5.4.19) scale as we change the

timescale,t. Ast!1 , Equation (5.4.21) becomes

PVarme® " 2K 13 2Kmu(0) .
EMa) * My©®) (K 1+ KM (0) (5429
and Equation (5.4.22) approaches
P P —
var(my(t)) | 2(K 1) (5.4.26)

E(My(D) + Mex(0) K 1+ KMy (0)

Neither Equation (5.4.21) nor Equation (5.4.22) contairmy,(0) ast ! 1 , and so
in the long time limit, the initial positions in y have no e ect on the Taylor series
expansion. Both Equations (5.4.25) and (5.4.26) remain smak (1) for all K 3,
and we require at least 3 drifters to obtain statistically signi cant estimates, as we
showed in simulation in Section 4.2.

We have shown that Equations (5.4.18) and (5.4.19) never become large, and the
Taylor series expansion will not break down faKk 3. Equations (5.4.13) and (5.4.14)
can therefore be used to obtain good estimates for the expectation and variance of
estimates of the strain rate from Equation (5.4.9). The expectation and variance can
then be used to obtain an approximation of the error and the scaling behaviour of the

estimates as we shall now explore.
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5.4.5 Comparison with scaling behaviour of least-squares es-
timator

In Chapter 4 we studied the error of strain rate estimates using the least-squares es-
timator from Chapter 3, and the e ect on these errors that di erent parameters had
under simulation. We now repeat some of this investigation but using the theoreti-
cal normal approximation to the method-of-moments estimator in Equation (5.4.15),
rather than simulated estimates from least-squares.

The method-of-moments strain rate estimator is unbiased, therefore the MSE is
equal to the variance. We can write the MSE for the method-of-moment estimator in

Equation (5.4.15) as

A _1 var(myx(t)) var(my(t)) _
MSECNom) = FE(mal) + myOF * FE(m, @)+ ma@ %)

This is simply 1=t? times the sum of the square of Equations (5.4.18) and (5.4.19),
which we studied the scaling behaviour of in Section 5.4.4. To study the scaling
behaviour of Equation (5.4.27), we write the error as a single fraction rearranging

Equation (5.4.8) to get
E(Mux(t)) + Myy(0) = € [E(Mys(1)) + Myx(0)] : (5.4.28)

The variance (and equivalently the MSE) of ~can therefore be written as

e 2t var(myy(t)) + var( myy(t)) .

2 A
R T E (M) + MO

(5.4.29)

Substituting var(m,(t)), var(myy(t)) and E(my.(t)) from Equations (5.2.27),
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(5.2.28) and (5.2.26), the variance becomes

41 2(1 etl)

2K 1 2 21 et)+ my0)+e tmy0)

(5.4.30)

The variance can be written in terms of the dimensionless variablds,x, andy as

de ned in Equation (5.4.20). Dividing by 2, the variance becomes

var(®) 41 1 _
2 2K 1 Ki + sz(fi) + me?,((l))' (5.4.31)

The dimensionless variance can be used to obtain scaling behaviour which can be
compared with the scaling behaviour for the least squares estimator from Chapter 4.

We start by considering the scaling behaviour as the number of drifters changes.
Equation (5.4.31) scales a®(1=K), and therefore the RMSE scales a@(lzp K).
This is the same result as observed under simulation in Section 4.2.

Now we consider the scaling behaviour as we change the initial positions of the
drifters. Equation (5.4.31) is O(1=my,(0)) and O(1=myy(0)). In Section 4.4 we
didn't demonstrate the precise scaling behaviour with the initial positions, however
we showed that increasing the distance from the centre of mass decreased the error,
which is consistent with the result for Equation (5.4.31).

Finally, we look at the scaling behaviour as we change the number of time points
by increasing the length of the experiment. Equation (5.4.31) i©(1=t?) for large t.

In the limit t!1 , the variance approaches

var(®) 41 1

2 12K 1 L+ m(0)

(5.4.32)

Therefore, for large time scales, the error depends only upon the starting positions in
x (but not y), and is minimised by increasing the value ofn,,(0) to be as large as

possible.
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The behaviour of a cluster of drifters can change over time, and the optimal
deployment con guration depends of the phase of the experiment in which we wish
to estimate the parameters. Sundermeyer and Price (1998) model mixing over three
di erent phases based on the size of a tracer patch. The small-time phase is used
when the tracer is smaller than the mesoscale, the intermediate-time phase when the
tracer is the size of the mesoscale, and the long-time limit where the trace is bigger
than the mesoscale. We will look at the scaling at each of these phases, and have
already shown the scaling behaviour at the long time limit. To consider the small

time limit, we will take a Taylor expansion att = 0, to obtain

var(®) 41 1 :
2 tKt 1 & + my(0)+ my(0)

(5.4.33)

In the small-time limit, the variance scales a®D(1=t). This is becauset << 1, and
so the contribution oft(1 1=K) to the denominator of Equation (5.4.33) is much
less than that of m,,(0) and my,(0), and hencet 1 Ki + Myy(0) + my,(0) scales
as O(1). Therefore the scaling behaviour with the number of time points changes
depending on the value of. In the small-time limit, changing my,(0) has the same
e ect on the error as changingmyy(0). To minimise the error we want bothm,,(0)
and myy(0) to be as big as possible. Hence the optimal morphology for the small-time
limit is di erent than that of the long-time limit where only the value of myy(0) had
an e ect on the error.

To look at the intermediate time limit, we requiret 1. We sett = 1 in Equation

(5.4.31), to get

var(™) 41 1 .
2 t_zi 1 Ki + mxex(clJ)e_l_ méy(lo)' (5.4.34)
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In the medium-time limit, there is a shift towards increasingmy,(0) having a greater
e ect on the error than increasingmyy(0). As t increases, thenmy,(0) will have
increasingly more e ect in decreasing the error thamy, (0). Therefore, itis optimal to
align the drifters with the strain angle (and hence alongnyy(0)) in order to minimise
the error of the strain estimates, consistent with the ndings of Chapter 4.

We note that the above results about the initial positions assume that we have
prior knowledge of the strain angle. We requiren,y(0) (and my,(0) depending on
the phase of the experiment) to be as large as possible to minimise the error, however
the drifters need to be deployed close enough together such that the strain rate is
approximately constant. Therefore, there will be a practical upper limit on the size of
Myx (0) and myy (0), and this limit will likely vary for di erent parts of the ocean and at
di erent times. The optimal initial con guration for a strain-only experiment will be
to deploy drifters aligned with the strain angle wheran,, (0) is as large as possible, but
still ensuring the strain rate experienced across the drifters is approximately constant.
This will provide strain rate estimates with the lowest possible error. However the
above analysis only accounts for the error of the strain rate estimates, and as we
showed in Section 4.4, if we wanted to estimate other mesoscale parameters, then the
optimal morphology and experimental setup might be di erent. This analysis did not
consider the error of estimating di usivity, and so in the next section we will look at

the error of estimating di usivity when the strain rate is non-zero.
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5.5 Diusivity Estimation (with strain)

We provide a di usivity estimator using method-of-moments where the strain rate is
non-zero. This diers from the estimators in Section 5.3 which required the strain
rate (and other mesoscale parameters) to be zero. We use this estimator to determine
the scaling behaviour, which we use to discuss how to deploy drifters to reduce the
error of the di usivity estimates.

The di usivity can be estimated by adding the expected second moments xand

y from Equations (5.2.25) and (5.2.26) to obtain

4 _Elme(t)] mw(0)¢  E[My(t)] my(0e '

<& D e 1 et 1

< (5.5.1)

Substituting € from Equation (5.4.8) and changing expectations for observed second

moments, the method of moments di usivity estimator is

A= K My (1) My (t) My (0)My(0)
2(K 1) mMu(t) my(t) my(0) + my,(0)

(5.5.2)

The expected value of is . This is because the di usivity estimator was derived
under expectation. Therefore, estimating di usivity using method-of-moments in the
presence of strain provides better estimates in terms of bias than when the strain rate
is zero. In Section 5.3 the di usivity estimator which had the lowest MSE was biased
and had expectation (1 1=K) .

Because the estimator is unbiased, the MSE ofi$ equal to the variance, which we
now compute. Equation (5.5.2) is a product of distributions, and it is not straightfor-
ward to calculate the variance of Equation (5.5.2) in its current form. We will instead

work with the log of the di usivity to obtain an approximation.
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5.5.1 Lognormal Approximation of Di usivity Estimator

To obtain an estimate of the variance of Equation (5.5.2), we want to estimate the
di usivity as a single distribution. It is easier to nd the distribution of log(” ), which

we write as

log(") = log +10g [Myx () Myy(t) - Myx(0)Myy(0)]

K
2K 1)

log [Myx(t)  Myy(t)  Mux(0) + myy(0)]: (5.5.3)

We wish to approximate Equation (5.5.2) with a single distribution. We therefore
approximate the distributions of each of the second moments with a normal distribu-

tion,

Mex(t) = x+ %X (5.5.4)

My(t) = v+ Y, (5.5.5)

where we have de ned , = E(Me(t)), y = E(mMy(t)), 2 = var(my(t)), and
5 = var(myy(t)) to be the expectation and variances of the second moments, as
de ned in Equations (5.2.25), (5.2.26), (5.2.27), and (5.2.28).

To calculate the di usivity as a single distribution, we look at each term of Equa-

tion (5.5.3) separately, starting with the second term which we can write as

10g [Myex (1) My (1) Myx (0)My(0)]

=log[ « g XY + 0 o X+ Y+ oy mxx(o)mw(o)] (5.5.6)

x y XY + 5 y X+ )Y
x v Mxx(0)Myy(0)

=log[ x y Me(0)My(0)] +log +1 : (5.5.7)
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Taking a Taylor series expansion, we can approximate this term as

l0g [Myx () Myye(t) My (0) My (0)]
x y XY + 5 p X+ &Y

log[ x» y Me(0)my(0)] + e Om ) (5.5.8)
The third term of Equation (5.5.3) can be written as
log [Myx(t)  Myy(t) Mk (0) + Myy(0)]
=log[ »X yY + %y Me(0) + mMyy(0)] (5.5.9)
— xX vY
- |Og[ x \a mXX‘(O) + mw(o)] + |og « v m**(o) + mw(o) +1
(5.5.10)
We approximate this term using a Taylor series expansion to be
log [Myx(t)  Myy(t)  My(0) + Myy(0)]
000 x ¥ Mux(0) + Myy(0)] + aB o (5.5.11)

« y Mel0)* Mpy(0)
We can now combine all the terms in Equation (5.5.3) as a single distribution.
We can approximate the distribution of XY to be unit normal, as each ofX and Y
are unit normal, and so the product will have zero mean, and variance one. While
this product doesn't exactly follow a normal distribution, it's a close approximation.

Therefore, we can estimate

x v Mxx(0)Myy(0)
y Mex(0) + myy(0)

K
log(®) log
. 2K 1) «

2+ 2 2+ 2 2 2+ 2
+ y o xy ¥ x 4 x ¥ X% (5.5.12)
[y Mux(OMy(0)]2 [ x ¢ Mue(0) + My (0)]?

whereX? N(0; 1).
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Using the fact that the expectation of ~in Equation (5.5.2) is , the log term
on the right of Equation (5.5.12) is equal to log(). We can take the expectation of

Equation (5.5.2) to write

(K x y Mee(0)mMyy(0)) =2 (K 1) & y  Mux(0) + My (0)]; (5.5.13)

and hence the terms inside the square root of Equation (5.5.12) can be combined into

a single fraction, giving

v

u 2
log(™) log( )+ fiv g gk e (R ‘%xa (5.5.14)

[ x v m)e)e(o)my’y‘(o)]z . o
Hence  lognormal(log( ); var[log(™)]), where
2
2 2, 224 22, 2K 1 (2+ 2)
varflog(")] = ————~ T~ < M (5.5.15)

[ x v Me(0)myy(0)]?
A lognormal(a,b?) distribution has expectation e#* =2 and variance £  1](®*Y).
The approximation in Equation (5.5.14) has expectatiorE (*) = e @109 )1=2 There-
fore, the lognormal distribution produces biased estimates, except when loyé 0,
and in this case we would just get the true di usivity every time. Both the expectation
and the variance of ~are minimised by minimising var[log(*)].

We can use var[log()] to place error bars around estimates of. We do this by
calculating the quantiles from the lognormal distribution. Writing Equation (5.5.14)
as log(" =log( )+var[log("*)]X? the quantiles of the distribution can be calculated
as q = exp[log(") + P 2var[log(M]erf (2p 1)]. The value of’ Zerf 'op 1)is
equivalent to the quantile of a normal distribution with zero mean. Therefore, a 90%

con dence interval is found by [exp 1:64var [log(M]g; expf 1:64var[log(N]g ], and a
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95% con dence interval is found by [exp 1:96var[log(V]g; expf 1:96var [log(M]g ].
The exact con dence interval will depend on the values of var[logjl*and . This
means that we can be 90% con dent that an estimate of from Equation (5.5.2) is
approximately (with the approximation coming from the assumptions made to t the
lognormal distribution) no bigger than exg 1:64var [log(M]g times , and we can be
95% con dent that the estimate isn't bigger than exp 1:96var [log("]g times the size

of

5.5.2 Scaling Behaviour of Lognormal Approximation

We now wish to use the distribution of di usivity estimates in Equation (5.5.14) to
determine how in an idealised setting drifters should be deployed to reduce the error
of the estimates. To know the best way to deploy drifters, we want to look at how
the number of drifters, the length of the experiment, and the initial positions a ect
the error. We look at the scaling behaviour of var[log()}, as this also tells us about
how var(”) scales.

We write var[log(”)] in Equation (5.5.15) in terms of the dimensionless variables

as given in Equation (5.4.20). To do this we de ne dimensionless expectation and
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variances inx-and y-to be

o= 2:* = my(0)e +(e 1) 1 Ki ; (5.5.16)

vT 5 =my@©e' (¢' 1) 1 Ki ; (5.5.17)
— )% — 2 s \ 1 P — 2 \ i
= 2= ) =@ D(E D1 2 +mu0e = (€ 1)

(5.5.18)

y 2 t t 1 t 2 t .

2= (2:* 7 - <@ e) @ e 1 - +my@e’ = (1 ey

(5.5.19)

The variance of log(*) in dimensionless variables can therefore be written as

x N

2
Pt v Rt e (v ) (5.5.20)

2 2
Yy ¥y
[ x y My (0)myy(0)]2

var[log(M)] =

We start by looking at the scaling behaviour of Equation (5.5.20) with the number
of drifters, K. We see from Equations (5.5.16){(5.5.19) that, and , are O(1) and
that 7 and [ are O(1=K). Therefore Equation (5.5.20) is alsd(1=K), and the
RMSE scales aS)(lzIO K). This is the same scaling behaviour that we observed for
the strain rate, and so both strain rate and di usivity can be considered together
when choosing the number of drifters in a deployment.

Now we look at the scaling of var[log(Jj as we chang¢. Ast!1 , ! (1 1=K)
and 7! (2=K)(1 1=K), meaning that there is no dependence on the initial positions
in y in the long-time limit. This same scaling does not happen for, or 4, as these
approachl atrate myy(0). This means that for large time scales, var[log(} depends
only on the initial positions in x and not the initial positions in y, and that it will

decrease to a non-zero value at rate 1 withm,y.
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Figure 5.5.1: The scaling of var[log()] in Equation (5.5.20) with t (blue line) when

=7 10° = 0:1=s and the time between observations is 30 minutes. The red

line is a reference line of, which is the scaling in the small-time limit.

To look at the scaling behaviour in the small-time limit, we take a Taylor expansion

of ., y, % and 7 aroundt =0 to obtain

x MyO@X+t)+t 1 Ki ; (5.5.21)
y My@@@ tH+t 1 Ki ; (5.5.22)
: % t 1 Ki + My (0) 1+ 1) ; (5.5.23)
; % t 1 Ki + myy(0)(1 t) : (5.5.24)

Substituting only the highest order term int for each of Equations (5.5.21){(5.5.24),
we get that var[log("] is O(1=t), and hence the RMSE ii)(lzp t). This is again the
same result as for the strain rate, and so changing the time the experiment runs for
has the same e ect on estimating strain rate and di usivity.

Finally, we look at the scaling of var[log(’)] as we change the initial positions.

Figure 5.5.2 shows var[log(}} for di erent values of my,(0) and my,(0), at t = 0:6;2
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Figure 5.5.2: The value of var[log(J] for di erent values of m,,(0) and my,(0), at

t = 0:6;2;, and 3. The coloured dots refer to the initial positions from the LatMix
experiment, transformed into dimensionless variables using the values forand
from Chapter 3, rotated by . The color of the dots correspond as follows: red - Site
1 initial positions, yellow - Site 2 initial positions scaled by the strain estimate for the
rst three days of the experiment, green - the positions at the start of day 3 at Site
2, scaled by the strain estimate for the nal three days. Each dot is only displayed

for times less thant for that site (see Table 5.5.1).
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and 35. The colour corresponds to the value of var[log}]} which changes for di erent
initial positions, as well as changing with time. For lower time points, either a large
value of m,,(0) and a small value ofm,(0), or a small value ofm,,(0) and a large
value of my,(0) minimises var[log(")]. As time increases, this relationship gradually
evolves until changing the value ofmy,(0) has minimal impact on var[log(?], but
increasing myy (0) will reduce var[log("]. Therefore, to reduce the variance of the
estimates, the bottom right corner of these plots is the most optimal across the three
timescales we plotted. Speci cally, that corresponds to a large value of,,(0), and
a small value ofmy, (0). Therefore, to minimise the variance of estimating di usivity,
it is the most optimal to deploy drifters spread apart along the axis aligned with the
strain angle, and to minimise their spread in the axis orthogonal to the strain angle.
The coloured dots in Figure 5.5.2 correspond to the initial positions of the LatMix
experiment. Because we are working in dimensionless variables, the points have been
scaled by our estimates for and from Chapter 3. The strain rate wasn't constant
in time at Site 2, and therefore we have two points corresponding to splitting the time
series in half. Therefore, the red dot corresponds to the initial positions at Site 1,
scaled by 2= . The yellow dot corresponds to the initial positions at Site 2, scaled
by the strain rate for days 0{3, and the green dot corresponds to the positions of the
drifters at the start of day 3, scaled by the strain rate estimate for days 3{6. The initial
positions have been rotated by the strain angle estimate for each site from Chapter
3. The estimates used for; , and are those displayed in Table 3.5.1, where each
parameter was estimated over the entire 6 day experiment, with the exception of the

strain rate at Site 2, which is taken from Figure 3.5.2. The values of , and that
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(m2/s) (/s) T (days) (L (m) |T g/T | my(0) | myy(0) | var[log(™)]
Site 1
0.19 45 106 2.6 290 2.33 2.4 3.6 0.48
(days 0{6)
Site 2
1.9 1.5 10 ° 0.77 490 3.9 0.59 1.6 0.59
(days 0{3)
Site 2
1.90 2.310° 5.03 1280 0.60 12.9 0.26 0.38
(days 3{6)

Table 5.5.1: A table of the value of var[log(}] for each site of the Latmix experiment

(splitting Site 2 in half corresponding to di erent strain rates) for the values of and

that are given in the table, and their corresponding dimensionless initial positions,

myx and myy. Also given are the time scales T, de ned as 1/, the length scale L,

de ned asIo 2=, and the experiment length in non-dimensional time units g/T.
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were used to calculate the initial positions in Figure 5.5.2 are shown in Table 5.5.1.
The table also displays the time scale T, which is equivalent to=1, the length scale
L, de ned asp 2=, the experiment length in dimensionless units /T, equal to the
length of the experiment divided by T, the non dimensional initial positionan,(0)
and my,(0), and the value of var[log(")] at the nal time point of each experiment
(Te/T). Note that T /T is equivalent to the value of t at the end of the experiment
(either 3 or 6 days). Each point is only displayed on the gure for values dfwhich
are relevant, if the experiment time /T is less than the value oft then that point

is not shown in the gure.

Of the three points corresponding to the LatMix experiment, the one with the
lowest variance is the green dot { which represents the second half of the experiment
at Site 2. The values used fom,(0) and my..(0) are the position of the drifter at the
start of day 3, and therefore these positions were the result of the drifters movement
through days 0-3 and are not the initial deployment positions. The initial deployment
positions (scaled by the value of strain for the rst three days) are shown in the yellow
dot. Therefore, the drifter has moved itself into a morphology where the variance of
estimating has reduced when compared with the initial drifter morphology. This is
due to the e ects of the strain on the drifters, stretching them along thec axis, and
compressing them along thg axis. Our parameter estimates for the LatMix campaign
in Chapter 3 could potentially have been improved if the drifters had been deployed
along the axis aligned with the strain angle, and more compressed in the orthogonal
axis. In the case of Site 2, this could have resulted with di usivity estimates where

var[log(")] was reduced by a factor of two, and in Site 1 var[log{] could be reduced
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by up to a factor of three. These factors correspond to choosing a drifter deployment
with my, (0) = 10 and my,(0) = 0:1, which is in the area of the gure where var[log(}]

is minimised all three values of.

5.6 Discussion and Conclusions

In this chapter we have showed that the scaling behaviour for the distribution of strain
rate estimates, as we change the number of drifters and length of simulation, are
the same analytically using method-of-moments as found in simulations using least
squares from Chapter 4. The results in Chapter 4 about the optimal deployment
con guration were con rmed theoretically in Section 5.4 and reinforced in Section 5.5
as they minimise the error for both strain rate and di usivity estimates.

In Section 5.3 we gave method-of-moment estimators for di usivity. We considered
three di erent di usivity estimators in the absence of strain and found that remov-
ing the initial positions before calculating the second moments gave the di usivity
estimates with the lowest error. These estimates were biased, however performing a
bias correction increased the resulting RMSE. The error of the re-centred di usivity
estimator scales a$3(1=p K), and isn't changed by increasing the length of the sim-
ulation or by changing the initial deployment positions of the drifters. Therefore, to
decrease the error of the di usivity estimates in the absence of strain, more drifters
must be deployed.

In Section 5.4 we introduced a method-of-moments estimator of the strain rate

in a strain-di usive ow. The strain rate estimator from Sundermeyer et al. (2020)
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in Equation (5.1.3) is equivalent to settingmy,(t) and my,(0) to zero in Equation
(5.4.9). Hence Sundermeyer et al. (2020) estimate strain similarly to our proposed
method, however they only use drifter position from the major axis, whereas we use
both the major and minor axes.

The scaling behaviour of Equation (5.1.3) from Sundermeyer et al. (2020) is the
same as our strain rate estimator in Equation (5.4.9) (settingny,(0) = 0 in dj),
however the mean and variance are not the same. This can be seen in Figure 5.6.1
which repeats Figure 5.4.1, where we have added a kernel density estimate of the
distribution of estimates from Equation (5.1.3) from the same 100,000 Monte Carlo
simulations. The curve corresponding to Sundermeyer et al. (2020) (Equation (5.1.3))
is more variable than that corresponding to Equation (5.4.9), and the mean appears to
be more than the true strain rate, meaning that Equation (5.1.3) appears to produce
more biased estimates than Equation (5.4.9). Hence, the inclusion of the second
moment iny, as well as the second moment ir in Equation (5.4.9) will reduce the
RMSE of the estimates. Therefore, a cheaper way to reduce the error of the estimates
is not increasing the number of drifters or running the experiment for longer, it is
rather to include more of the available data in the estimation procedure! For the case
of strain rate estimation, if drifter trajectories are available in two dimensions, then
both dimensions should be used in the estimator if possible, and so we propose the
strain rate should be estimated using our estimator of Equation (5.4.9).

In Section 5.5 we derived an estimator for di usivity when strain is present, but has
rst been estimated. We gave an analytical equation for the error of these di usivity

estimates, however we did not consider how the error of the strain rate estimates from
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Figure 5.6.1: As in Figure 5.4.1, with an additional curve (purple) corresponding
to the distribution of estimates from the method by Sundermeyer et al. (2020) in

Equation (5.1.3).

Section 5.4 would a ect the error of di usivity estimates (joint estimation and study-
ing their correlated errors is reserved for future work). We showed that changing the
initial drifter deployment positions has di erent impacts upon the scaling behaviour
of the error of our estimates depending on the phase of the experiment, but the overall
best deployment morphology was to align the drifters with the strain angle, consistent
with the simulation ndings of Chapter 4. For small time scales, increasing the value
of t decreases the error, but this is only up to a point, as the error will asymptote to
a constant value witht. We note that we cannot change the value of in practice,
and so the only way to increase is to let the experiment run for longer. Therefore,
to reduce the error of the di usivity estimates either more drifters are needed, the

drifters should be deployed aligned with the strain angle, or the experiment needs to
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run for longer.

Overall, increasing the number of drifters is the most consistent way to decrease the
error, as this is the only parameter that decreases the error across all three estimators
(strain rate and di usivity with/without strain). Increasing t reduces the error for the
di usivity estimator with strain, but only for small values of t, for longer deployments
then the length of the experiment doesn't impact the error. However, increasing the
experiment length and the number of drifters can be costly, and therefore it is impor-
tant for oceanographers to deploy these drifters in an optimal con guration. We have
showed both analytically in this chapter, as well as in simulation studies in Chapter
4, that deploying drifters further apart will decrease the error of strain rate estimates
(assuming the strain rate is constant over this distance). For large timescales, the
initial positions in ¥ (the axis aligned orthogonal to the strain) don't a ect the error,
and hence the most optimal way to deploy drifters in a strain-di usivity eld is to
align them with the axis aligned with the strain angle, spread across this axis.

The results throughout this chapter are based on an idealised linear strain-di usivity
model with Gaussian white-noise forcing. Speci cally, we assume that drifter posi-
tions follow an Ornstein-Uhlenbeck process, and are normally distributed. We don't
include other terms in our model, such as vorticity or divergence, and so the impact
of other features must be negligible, or have already been separated, for these results
to be applicable. We assume a scale separation between di erent parts of our model,
speci cally we assume that di usivity is a submesoscale process, and that the strain is
mesoscale. If we were to observe, for example, mesoscale di usivity it is possible that

this di usivity could alias into the mesoscale components of the model. The work in
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this chapter is applicable to small scale drifter deployments that are used to measure
mesoscale strain and submesoscale di usivity.

An area for future work would be to extend these results to a strain-divergence-
vorticity model, as well as to more complex models with nonlinear mesoscale e ects
and/or non-white noise forcing terms. This chapter and Chapter 4 use only simulation
results and analytical data, and so another area for further work would be to analyse
these results using other real-world data in addition to Latmix such as, for example,

GLAD drifters.



Chapter 6

Estimating di usivity from

non-clustered Drifters

6.1 Introduction

Throughout this thesis we have considered position data from clustered drifters in a
small region of the ocean. Drifter deployments can also happen on a larger scale with
drifters spread through the ocean. In the Global Drifter Program data we often have
single drifters in a region at a given time, rather than clusters of drifters. We require
drifters to be clustered in order to realistically estimate mesoscale ow, however we
can still estimate di usivity from single drifters, as we shall show in this chapter where
we investigate how to reduce the error of such estimates.

In Chapters 3{5 di usivity was estimated from the residual velocity after remov-
ing the mesoscale ow. As a result, di usivity summarised the submesoscale part of

the ow. Diusivity from global drifters can be estimated either directly from the

198
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displacement of particle trajectories, or the mean ow can be removed before di u-
sivity is estimated. How we estimate di usivity changes how we interpret what it is
telling us. Submesoscale di usivity as estimated in Chapter 3 will be much smaller
( 0:1m?=s) than large-scale di usivity where we have not removed the mesoscale
part of the ow (as large as 10°m?=s). Di usivity can therefore be thought of as a
parameterisation of the unknown part of the ow that hasn't been explained by mean
ow, submesoscale strain and vorticity, etc.

This chapter focuses on estimating di usivity using particle trajectories from the
Global Drifter Program. The Global Drifter Program provides information on the
oceans across the globe, with observations over 40 years. It can therefore be used
to provide an insight into how di usivity changes across both space and time. We
cannot exactly estimate di usivity for every point in the ocean continuously. Instead
oceanographers usually split the ocean into a number of boxes, assuming di usivity
to be approximately constant in each box. The size of the spatial bin determines both
the resolution and the error of the estimates|smaller bins provide a higher resolution
but the variance is increased as less data is available inside each bin, whereas larger
bins are more biased as they smooth over larger areas, but the variance will typically
be lower. This leads to an idea of nding an optimal balance between the bias and
the variance, to minimise overall error, which will be discussed in detail throughout
this chapter.

In this chapter we rst introduce a core method for estimating di usivity based
on Taylor (1922) which uses the periodogram at frequency zero. We show that this

method to estimate di usivity has large errors|larger than the actual size of the
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di usivity that we are estimatingjand that these errors are due to large variances.

We therefore present a new method of estimating di usivity which involves splitting

a longer time series into many new smaller time series and calculating di usivity
as the smoothed average over these chunks|motivated by the notion of Bartlett or
Welch-type smoothed periodogram estimates from the eld of time series analysis.
This reduces the variance but increases the bias of the estimates, hence introducing a
trade-o between bias and variance which requires us to optimally choose the number
of chunks that we split the time series into.

In Section 6.2 we introduce the de nition of di usivity, and compare a number
of di erent single-drifter estimators. We introduce two simple time series processes
that we could use to model the particle velocities, a white noise process, or an AR(1)
process. We then derive a distribution for the periodogram-based estimator for drifters
following either a white noise or AR(1) process, and calculate the bias and variance
for each of these distributions. In Section 6.3 we propose a new way to estimate
di usivity which involves splitting a time series into a number of smaller chunks and
estimating di usivity as the average across all chunks. In Section 6.4 we demonstrate
how to choose the number of chunks to minimise the error. We do this by tting a
parametric model to drifter trajectories and deriving theoretical forms for the bias
and variance. In Section 6.5 we apply our new estimator to particle trajectories in
a simulation environment where we compare it to the periodogram-based estimator
against the known di usivity. We show that our estimator is able to reduce the error
of the estimates. We then apply our estimator to global drifter program drifters in

Section 6.6. Finally in Section 6.7 we draw some conclusions and comment on some
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areas for future work.

6.2 Benchmark methods for single particle di u-

sivity estimation

In this section we will introduce three di erent single particle di usivity estimators
and use these to provide motivation for developing a new estimator with a lower
error. We will show that increasing the length of the time series used doesn't reduce
the errors of these estimators to zero, and instead we need a large number of drifters

to reduce the error which are not always available in practice.

6.2.1 De nition of Single Particle Di usivity

In this section we will give a formal de nition of di usivity, which will be used in
Section 6.2.2 to introduce di erent di usivity estimators. We will show that di usivity
can be de ned using the autocovariance function and the spectral density, and that
both de nitions are equivalent.

In Section 5.3 we estimated di usivity by taking the time derivative of the particle
second moments. The second moment is equivalent to the absolute dispersion when
calculated using a single particle, and di usivity is de ned as the time derivative of
the absolute dispersion. For single particles, di usivity can be thought of as being an
absolute di usivity, as it tells us about the position of a particle relative to its original
position. On the other hand, when di usivity is calculated from multiple particles,

we are usually calculating a relative di usivity, which tells us about the position of
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particles relative to each other.

In this section we will build our theory and methodology for one-dimensional
velocities and di usivity (in the x/ u direction for positions and velocities respectively).
The same principles apply by extension in thg/ v directions, and later when we apply
to real data we shall average the di usivity estimates in each direction to obtain one
isotropic di usivity estimate (though they could of course be estimated and reported

separately). LaCasce (2008) de nes the di usivity in one dimension at timé as

Z t

()= Efu(tju( )Id; (6.2.1)
0

whereu( ) is the velocity of a particle andE [u( )] denotes the expectation or average
velocity over multiple particles. When the ow is stationary and zero mean, this
equation is analogous to the integral of the velocity autocovariance. Speci cally, for
a stationary and zero mean ow, the expected velocity is the same at all time points,
and we can writeE[u(t)] = E[u(t )] = 0. Hence the autocovariance can be written

as ()= E[u(t)u(t )]  EJu(t)]E[u(t )] = E[u(t)u(t )]. Therefore, after a

change of variables, Equation 6.2.1 may be written as
yA t
(t) = ()d: (6.2.2)
0

After long times, the di usivity will approach the long-term di usivity, which we

de ne to be

1= ()d: (6.2.3)

The di usivity can be written in terms of the power spectrum, as we showed in

Equation (3.2.8). For a stationary time series, the power spectral density given in
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Equation (3.2.7) is equivalent to

z 1
S(f) = (e 2t d: (6.2.4)

1
Hence, the di usivity can be written in terms of the power spectrum by setting the
frequency to be zero in Equation (6.2.4). As the autocovariance is symmetric(() =

(), the di usivity can therefore be written as
1
1 = ES(f =0): (6.2.5)

We have shown that Equation (6.2.5) is equivalent to Equation (6.2.3) and the di usiv-
ity can be de ned using the autocovariance or the spectral density at frequency zero.
In order to estimate di usivity we therefore require estimators for the autocovariance

and/or the spectral density, which we will introduce in the next section.

6.2.2 Estimating Single Particle Di usivity

The equations de ning di usivity in Section 6.2.1 are de ned for continuous time,

whereas drifters are observed at discrete time points. Suppose we wish to estimate

cessive observations (which will be 1 hour or 6 hours for the global drifter program
depending on which data product we use). To be able to estimate di usivity, we must
rst estimate either the autocovariance or the power spectrum that were de ned in

Section 6.2.1.
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Autocovariance Estimation

The autocovariance can be estimated in two ways from observations, producing biased

or unbiased estimates. The unbiased estimator is

1 W
A = N j ] (U E[u)(uesjj  Efueg D) (6.2.6)
t=1
for = 0;:::;N 1, whereEJ[u()] is the expected velocity at time (), and the

superscript () refers to this being the unbiased estimator. The biased estimator for

the autocovariance is typically preferred

N
(U E[u)(uesj;  Efuggl); (6.2.7)

t=1

A — i
N

as this often reduces the root mean square error (RMSE) of the estimator (Percival
et al., 1993). Here the superscriptl) refers to this being the biased estimator for

autocovariance. In Section 4.4 the biased di usivity estimator was preferred over the
unbiased di usivity estimator as it resulted in a lower error overall. The same applies

to estimating the autocovariance from drifter observations as we shall show later.

Spectral Density Estimation

The spectral density is de ned for continuous data. When we have velocity observa-
tions sampled at discrete time points, the spectral density needs to be estimated. One
way in which the spectral density can be estimated is using the periodogram, which
is de ned as (Percival et al., 1993)

SP)N(fy= — * ue 2t (6.2.8)
N | ] L.
i=1
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where the notationS() (f ) refers to this being the periodogram estimator for spectral

density.

Di usivity Estimation

The di usivity at time t = N can be approximated by taking the value of S()(f)

at frequency zero using alN observations:

AP ()= X Uj 2; (6.2.9)

2N i=1

The superscript P) in the left hand side of Equation (6.2.9) denotes that this is the
periodogram-based estimate of di usivity, and we use this notation to distinguish this
estimate of di usivity from others that will be introduced later in this section. This is
a discrete time approximation to the true time-dependent di usivity given in Equation
(6.2.1), and ift is large, can be used to approximate the long-term di usivity, ; ,
given in Equation (6.2.5).

This estimator is equivalent to the re-centred di usivity estimator in Equation
(5.3.10), but for a single particle, as we will now show. The observed velocity at
time indexi 2f 1;::;;Ng, is equivalentto (x; X; 1)=. After summing all velocities
Ug; Uy, Uy in Equation (6.2.9), we are therefore just left with Ky Xo)=, where

Xo denotes the initial position at timet = 0 (which can be found from the data by

taking Xo = X1 Uy ). The di usivity estimator can therefore be written as

. L 1 .
XN Xol? = —jXn Xoj*: (6.2.10)

AP) (1) =
v >

2N
Hence the di usivity depends only on the initial and nal positions x, and x5, and

not the path taken to get there. We are only working with di usivity in a single
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dimension, hence we have a2 scaling for di usivity, whereas in Chapter 5 di usivity
was estimated in two dimensions and so the scaling wasA1l The di erent scaling can
be understood by taking the two-dimensional di usivity to be the average di usivity
over each dimension. Therefore, the only di erence between Equations (6.2.10) and
(5.3.10) is that (6.2.10) is de ned for a single drifter and so the re-centred second
moment is just jxy  Xoj2. Hence the estimator can be interpreted as being the
squared displacement of a particle from its starting position divided by time, which
is why the units arem?=s. This means that di usivity provides us with an area in
which we could expect to nd a particle at each time point after its deployment. It is
clear to see from Equation (6.2.9) that ®)(t) is in the correct units of m?>=s asu; is
assumed to be given in Sl units of metres (m) per second (s), as is which is given
in seconds (S).

We can also estimate di usivity directly from Equation (6.2.1) using a Riemann
approximation to the integral. We will use the trapezium rule which approximates the
integral of a function f (x) betweenxgy and X,,, such that xo < x; < <Xn 1<Xn,

to be
Z

" f (x)dx = %h[f (Xo) + T (Xp) +2FF (X1) + T (X2) + i+ F(Xn 1)Q]; (6.2.11)

Xo

where h is the step size. Hence, the Riemann approximation to Equation (6.2.1) for

a single drifter time series is
#

1
ARI(t) = uy u o St uy) (6.2.12)

=1

Here the superscript R) refers to this estimator being a Riemann approximation. This

estimator can be written in terms ofx;, as we did with the periodogram estimator in
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Equation (6.2.10). The Riemann di usivity estimator is equivalent to

(XN XN 1)

0=

(XN + XN 1 X1 Xo); (6.2.13)

which is quite di erent from the periodogram estimator in Equation (6.2.10).
The di usivity can also be approximated from Equation (6.2.2), using either the
biased or unbiased estimate of the covariance. Taking a Riemann approximation of

Equation (6.2.2) gives us the di usivity estimator
n 1 l #
AO(t) = NSt (6.2.14)
=0
where the superscript () refers to this being an estimator which uses the sample
autocovariance. It can be shown that when the biased estimator is used for the
autocovariance, then this estimator is equivalent to the periodogram-based estimator
given in Equation (6.2.9) when the mean ow is zero. This equivalence is shown

analytically using the relation

X T X Xk X
i =2 ik o (6.2.15)
i=1 k=0 j=1 i=1
From the above relation and the di usivity estimators in Equations (6.2.9) and (6.2.14),
setting E (u;) = 0, we get that

. o2 Xt X X
EQ( )(f =0)= N U = U U L (6.2.16)

t=1 =0 t=1 t=1
where SP)(f ) is the periodogram, as de ned in Equation (6.2.8). This is equivalent

to

X P
Eé(F’>(f=0)= AP) AP, (6.2.17)
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Hence, this gives us the relation

APY(t) = A (1) + EAt(P); (6.2.18)

and the only di erence between the two estimators is; t(P) which converges to zero

for large T. Therefore we can assume these estimators to be equal when mean ow has
been removed. This only holds for the biased estimator, not the unbiassed estimator
and hence leaves us with three di erent ways in which di usivity could be estimated
(not including those from second moments in Section 4.4). Speci cally, the estima-
tors are AP)(t), ~®)(t) and ~()(t) when ~ )(t) uses the unbiased autocovariance

estimator.

6.2.3 Diusivity of White Noise and AR(1) Velocity Pro-
cesses

Throughout the remainder of this chapter we will use two discrete-time statistical
processes to model particle trajectory velocities. These will be used to analyse the
error of the di usivity estimates. The rst of these processes is a Gaussian white noise
process which is perhaps the simplest way to model particle velocities. The second is
an AR(1) process.

In this section we will introduce a white noise and an AR(1) velocity process
and derive their theoretical di usivities. We then compare di usivity estimates via
simulation for the three estimators that were introduced in the previous section against

the theoretical di usivity.
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Di usivity of a White Noise Velocity Process
A Gaussian discrete-time white noise velocity process is de ned as

u " N(@©; 2); (6.2.19)

wherevu; is the drifter velocity at index time t, and 2 is the variance of the process.
A white noise process has Cowu(; u+ ) =0, and is therefore a stationary process

with autocovariance

(6.2.20)

W AW 0
o
=
11
o

0; if 60:
The spectrum of a discrete-time white noise process is calculated from the discrete-
time equivalent of Equation (6.2.4) to be
X _
S(f) = et = = 2 (6.2.21)
=1

Hence the spectrum of a discrete-time white noise process is at and is proportional
to its variance at all lags.

The di usivity of a white noise velocity process is calculated using its autocovari-
ance, as de ned in Equation (6.2.20). Using the same concept as Equation (6.2.14)

for discrete-time processes, the di usivity of a white noise process is therefore

=" Yo+ y= i
= — + )= —:
» 2+ 0 2

(6.2.22)

For white noise velocities, the di usivity immediately converges to its long-time limit,
i.e. (t)= 1, which is consistent with applying the de nition of Equation (6.2.5) to
Equation (6.2.21) to obtain half the spectral density at frequency zero as the long-term

di usivity.
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Di usivity of an AR(1) Velocity Process

The second model we use for drifter velocities is an AR(1) process, where each velocity
is expressed as a linear combination of its previous sampled velocity plus a white
noise term. An AR(1) process is a discrete-time analogue of the Ornstein-Uhlenbeck
process, the latter of which has been proposed by oceanographers to model Lagrangian
particle ow (Gria et al.,, 1995; Lilly et al., 2017; Berlo and McWilliams, 2002;

Veneziani et al., 2004). The AR(1) process can be de ned as

U= Ut 1+ (6.2.23)

"N (0; ?) is a white noise signal, and is the autoregressive parameter

where
which acts as a damping parameter if j < 1.
The process is zero mean so the autocovariance is calculated as E (uiu; ).

Calculating the variance rst, we get that
0= EU)=E(u, 1+ J)= 2o+ (6.2.24)

And so the variance of an AR(1) process is

0= 1 —: (6.2.25)
We can calculate the autocovariance of an AR(1) process at lagas
= EXe Xy )= B(X ¢ 1 Xy + Xy )
= 1= 0 (6.2.26)
The autocovariance of an AR(1) process is therefore
2
= L. (6.2.27)
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whenj j < 1 such that the process is stationary.

The spectrum of an AR(1) process is calculated as

S(f) = X i e 2t = i ; (6.2.28)
. 1 2 1 2 cos(2f )+ 2

We now calculate the di usivity of an AR(1) process from its autocovariance as de ned
in Equation (6.2.27). Using Equation (6.2.14), the di usivity of an AR(1) process is

therefore calculated as

X 1
t= E( ot 1)
=0
Xt 2 2 2
- | _ o, ot
o 1 2 2 1 2 1 2
2 t+1 1 1

= I — 1+ t . 2.2

1 2 1 2 (6 9)

For an AR(1) process the di usivity converges to a xed value ags!'1

= (6.2.30)

which again we can see is equivalent to half the value of the spectral density at
frequency zero in Equation (6.2.28). We note that this only holds whenj < 1, as
this is when the process is stationary.

For an AR(1) process the di usivity changes over time, and is not immediately the
long-term di usivity. This would generally be the case for other time series models

other than white noise, as well as what is expected to be seen in the ocean.

Comparison of Di usivity Estimators

The dierent di usivity estimators introduced in Section 6.2.2 do not all give the

same estimate of the di usivity even though they are all based on the same original
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de nition from Equation (6.2.1). We will compare the error of the three estimators
for particle trajectories generated from a white noise process and an AR(1) process.

To estimate the error of each di usivity estimator from Section 6.2.2 we simulated
5000 time series each from a Gaussian white noise process and an AR(1) process with
damping parameter = 0:7 whereN = 100; , = 1; = 1s. The true value of the
di usivity in the white noise and AR(1) cases are therefore 0.5Ats and 5.55n?/s
respectively. We then estimated the di usivity from each estimator from the time
series, and used these to calculate the bias, standard deviation, and RMSE which
were then normalised by the true di usivity. In Table 6.2.1 we can see that®) has
the lowest RMSE for both the white noise and AR(1) processes. The absolute value
of the bias isn't lowest for AP) for the white noise process, however the standard devi-
ation of this estimator is consistently the lowest across both processes. The superior
performance of 4°) is expected as ®) uses an unbiased (and hence highly variable)
autocovariance estimate, and ® uses a Riemann approximation that weights heav-
ily on the nal velocity (uy) rather than spread information across all velocities (see
Equation (6.2.13)). Based on this, we shall assuméP? to be generally better than
~() and ~R) in terms of error, but recognise that for di erent time series models this
might not necessarily be true. Overall, we note already that standard deviations are
greater than 1 meaning estimated di usivities have larger standard deviations than
their true value, motivating the need for a new and less variable estimator.

For the remainder of this chapter, we will now focus on the periodogram-based

estimator for di usivity and understanding its properties.
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White Noise AR(1)

Estimate Bias SD RMSE Bias SD RMSE

nC) -0.0045| 3.7307| 3.7438 0.1087 3.1377 3.1414

A R) 0.0124| 13.3736 13.3976 0.0348 5.7915 5.5959

A(P) 0.0246| 1.4607| 1.4613 -0.0232 1.4360 1.4388

Table 6.2.1: Average bias, standard deviation and root mean square error (calculated
from 5000 repeated simulations) for three di erent di usivity estimators, for particles
with velocities following a Gaussian white noise process and AR(1) process. All results
normalised by the true di usivity. The choice of parameters was, =1, = 0:7,

=1, and N =100.

6.2.4 Distribution of Di usivity Estimates

We wish to derive a analytical form for the error of estimates from®), We shall do
this for particle trajectories with velocities that follow either a white noise or AR(1)
processes. This will enable us to determine the scaling behaviour of the estimator,
similar to the ideas developed in Chapter 5. Note that both these processes are an
over-simpli cation of velocities from drifters, and the results are therefore not directly
indicative of the error from real ocean drifter paths|instead we shall use our results

to guide construction of a new estimation technique.
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White Noise Velocity Process

The di usivity estimator, ~ (P), of a Gaussian white noise velocity process given in
Equation (6.2.19), can be written in terms of a chi-squared distribution, as we now
show. The sum ofN i.i.d. normal variables is distributed asP Lu NON D).
Hence the di usivity estimator in Equation (6.2.9) can be written as

2
X 2
AP (t) = N Ui = TIZZ; (6.2.31)

t=1

whereZ N(0;1). SinceZ? 2, we get that

2
_ZA(P)(t) i:
|

(6.2.32)

Therefore the di usivity estimator of a single white noise process follows a re-
scaled 2 distribution, which is shown in Figure 6.2.1. The estimate has expectation

and variance given by

E /\(P)(t)

= (1) (6.2.33)

var ~P)(t)

L=2 (1) (6.2.34)

2

The periodogram di usivity estimator applied to a white noise velocity process
produces unbiased estimates. However, the variance does not depend on the length
of the time series,N, and so adding additional data points does not improve the

estimate. Furthermore, the RMSE of the estimate is

2 _
RMSE ~®)(t) = —p?' = pz (t): (6.2.35)
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Figure 6.2.1: Distribution of P)(t) for a white noise velocity process. The histogram
shows the density found by simulating 5000 white noise processes, withe 1, =1,

of length N = 1000, and nding the di usivity of each individual time series. The
red curve shows the PDF of the re-scaled chi-squared distribution given in Equation

(6.2.32).
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The RMSE is larger than the value that we are estimating, this means that we
would get a smaller RMSE by simply estimating the di usivity to be zero and get-
ting an RMSE of (t). The periodogram-based estimator is therefore clearly a poor
estimator of di usivity for white noise velocities, despite being the best of the three
proposed in Section 6.2.2. The high error is solely due to the variance of the estimator,

and in Section 6.3 we will propose an estimator which reduces this variance.

AR(1) Velocity Process

We can show that the di usivity estimates of an AR(1) velocity process also follow a

chi-squared distribution. We start by writing the AR(1) process as

U= U¢ 1+ (= ‘ug+ tno (6.2.36)

The expectation and variance of an AR(1) process are

2

E(u)=0; var(u;) = 1 (6.2.37)

To derive the distribution of the di usivity estimator, we write the sum of velocities
from Equation (6.2.36) up toN observations as
XN ( N 1) X N+1 k 1

U = ———Ug +
t=1 k=1

% (6.2.38)

and calculate the variance of the sum of velocities to be

|
XN ' 2( N 1)2 2 XN N+1 k 2
—_ | 2
var oy = oot 1 (6.2.39)

(
2f (M DN P,
( @ 3

(6.2.40)
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P
Dening Z = p=(‘h:alN‘“=) N (0; 1), the di usivity can be written as as
var( ;- Ut
!
(P) x * 2
N = = — r Z . .2.41
(1) N Ug N va . Ug (6 )

As was the case for a white noise process, the di usivity follows a chi-squared distri-

bution, and is distributed as

N( 121 3
2 (N D+N@ 2]

APy 2 (6.2.42)

A histogram of the di usivity of an AR(1) velocity process is shown in Figure 6.2.2
for di erent choices of the damping parameter, . We see that the damping parameter
vastly changes the distribution, and therefore will change the error of estimates. The

expectation and variance of the estimator are

f2 (N 1+NE )
2N( 121 ?)

22 (N n+N@a 3P
N2 1M1  2)2 :

E ~Pt) (6.2.43)

var /\(P)(t) = (6.2.44)

For an AR(1) process, the di usivity estimator is biased, unlike for a white noise

process. Speci cally, the bias of estimating,; by ~(t) is

G

Bias "0 = N @ o

(6.2.45)

The bias is O(Ni). However, a large number of observations could be required to
make the bias of the estimator su ciently small. This is not necessarily realistic for
modelling the ocean because as a drifter moves though the ocean it will leave the area
for which we are estimating the di usivity, meaning that the number of observations

within a region are nite. The RMSE follows from combining the variance and bias
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Figure 6.2.2: Distribution of the periodogram-based estimator of the di usivity of
an AR(1) velocity process, as given in Equation (6.2.42). The histogram shows the
density found by simulating 200,000 AR(1) processes of length= 10 where | =1,
and nding the di usivity of each individual time series. The four plots correspond
to di erent values of , where is chosen to be one of 0:7;0:7;0:9 and Q99. The

red curve shows the PDF of the scaled chi-squared distribution.
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Figure 6.2.3: Normalised bias (left), standard deviation (centre) and RMSE (right)
of the periodogram-based di usivity estimator with AR(1) velocities for =[ 1,;1].
For each plot we have set, =1, =1 and considered all values of for which the
process is stationary, and foN = 1;2;:::;100. The plots have been normalised by

the long-term di usivity of an AR(1) process.

from Equations (6.2.44) and (6.2.45)

q
2o e (M oDria )

N(C  1?Q 2

2

RMSE ~®)(t) = (6.2.46)

In the limitas N ' 1 the RMSE goes to F:p 2( 12= p? 1 . This means

that the error doesn't go to zero with increased observations. As was the case for the
white noise process, the RMSE would be lower if we were to estimate the di usivity
to simply be zero when we only have data from a single time series.

Figure 6.2.3 shows the bias, standard deviation and RMSE of the di usivity es-
timator for an AR(1) velocity process, normalised by ; , for di erent damping pa-
rameters and di erent numbers of observations. For all values of and N the RMSE
will approach pi 1, as expected from Equation (6.2.46). This corresponds to the
normalised RMSE beingp 2, which can be seen in the Figure for each di erent damp-

ing parameter wheneveN is su ciently large. Hence for an AR(1) process, in order
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to improve the estimator we seek to reduce both bias and variance, but primarily

variance since for largeN the bias vanishes, but the variance remains.

6.2.5 Combining Multiple Drifter Time Series

The goal of this chapter is to reduce the RMSE in order to improve di usivity es-
timates. However, as we saw in the last section, for both Gaussian white noise and
AR(1) processes the RMSE of the di usivity is greater than the di usivity itself. The
variance in the estimates is not improved by increasinly for either Gaussian white
noise or AR(1) processes. Thus we need to consider other approaches to reducing
variance.

One way in which we can reduce variance, and hence reduce the RMSE, is to
calculate di usivity using trajectories from multiple drifters. The Global Drifter Pro-
gram has a large number of drifters, and so there is typically information from more
than one drifter in each part of the ocean, although not necessarily at the same time.
In this section we look at the theoretical properties of averaging di usivity estimates
over multiple drifters.

We write the di usivity estimate calculated by averaging over multiple drifters as

1 M
M) =

Y APy (6.2.47)

j=1
where ’fP)(t) are di usivity estimates from individual drifter time series as in Equation
(6.2.9), M is the total number of time series and is an index representing individual
time series.

We show how averaging over multiple drifters, as in Equation (6.2.47), improves
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the di usivity estimates of the white noise and AR(1) processes. We will repeat the
derivations in Section 6.2.4 to calculate the bias, variance and RMSE for the di usivity

estimates for each process.

White Noise Velocity Process

First we consider the white noise velocity process. We showed in Equation (6.2.32)
that the di usivity estimates follow a chi-squared distribution with one degree of
freedom. If we takeM independent time series of length , and average the di usivity
estimates of each time series, we show that the periodogram-based estimate at time
t= N followsa £, distribution. We have from Equation (6.2.32) that the di usivity

of a single particle following a white noise process is distributed aé?"fp)(t) 2:
The average di usivity over M particles can be found by writingz, 2 and applying

Equation (6.2.47),
(P) ]
M) = 2 = o Zom (6.2.48)

wherez,n, 2 . Therefore the di usivity is distributed as

2M
]

AP gy 2 (6.2.49)

Hence the estimate follows a chi-squared distribution wittM degrees of freedom, as
shown in Figure 6.2.4. The gure shows the distribution of the estimates for di erent
values ofM. AsM !'1 the distribution will converge towards a normal distribution

centred around the true di usivity value by the central limit theorem.
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Figure 6.2.4:. Histogram of di usivity estimates using periodogram estimator, for a
white noise velocity process with M = 2, 5, 20 and 100. Here we simulated 200,000
white noise processes of lengtN = 2, where | =1, =1, suchthat ; =0:5.

The the red line corresponds to a chi-squared distribution from Equation (6.2.49).
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The expectation and variance are,

2
|

5 (t) (6.2.50)
2

| 4 2
2 (1)

A(P) = I — .
var “u’(t) 2M M

h
E ()

(6.2.51)

Hence, the estimates are unbiased, and fof ! 1 the variance goes to zero. The

RMSE of the estimate is

2 P

2 (1),

h i
RMSE ~P)t) = p . 6.2.52
v () =p S\ v ( )

WhenM 3, then RMSE[X")(t)] < ; , meaning that at least three time series are
needed before the periodogram-based estimator yields meaningful estimates of the

long-term di usivity.

AR(1) Velocity Process

We show that the di usivity estimate of an AR(1) velocity process also follows a chi-
squared distribution with M degrees of freedom. We calculate the di usivity from

Equation (6.2.47) to be

h N 2
APy — L 2 ( 1)+ N(1 ) 2.
v () = M T N( 1@ D) z2; (6.2.53)

2(N 1+N@ P

=— X 6.2.54
M 2N( 1@ 3 o (6.2.54)
where z2, 2 and zp, 2 Therefore the diusivity of an AR(1) process is
distributed as
2NM 1)%(1 2
DX ) Ay 2 (6.2.55)

2 (N DD+N@ 2)
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Figure 6.2.5: Histogram of di usivity estimates using periodogram estimator, for
AR(1) velocity process with =0:7 andM = 2;10;50; 100. Here we sampled 200,000
AR(1) processes of lengttN =10 with |, =1, =1,suchthat ; =5:55. The red

curve corresponds to the distribution of Equation (6.2.55).
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Di usivity estimates of an AR(1) process averaged oveM drifters are shown in
Figure 6.2.5 for di erent choices oM . As was the case for the white noise process, as
M 'l the distribution of the di usivity estimates approaches a normal distribution
centred around the true value.

The expectation and variance of the di usivity estimates are

h i 2 N 2
E APy = dzé( f;a“”i) ) (6.2.56)
22 (N 1+N@E )PP

2MNZ( 131 2)2

h i
var AP(t) = (6.2.57)

The bias is the same as when the di usivity was calculated from a single time
series, and so averaging over multiple time series will not reduce the bias. However
the variance depends on the number of time seried], and so as we average the
di usivity estimates from multiple drifters, the variance decreases as expected. The

RMSE is
S

2 M (N 1P+ 2 (N D+ENE P

h i
A(P) -
RMSE ~ (1) IMN 2( (1 22 :

(6.2.58)

Figure 6.2.6 shows the bias, standard deviation and RMSE of the estimator, nor-
malised by the long-term di usivity, for di erent values of N and M. We see that as
we increaseN the bias will tend towards 0, similarly as we increas®l the variance
will approach 0. Hence, in order for the RMSE decrease to 0, we require large values
for both N and M. In practice this is not realistic, we cannot obtain long time se-
ries from a single drifter, as the drifter moves freely around the ocean into di erent
regions, and so the data must be split into di erent parts of the ocean. Similarly, we

cannot have always have a large number of drifters in a given region.
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Figure 6.2.6: Normalised bias, variance and RMSE of periodogram-based estimator
for = 0:7. For each plot we have set;, =1 and =1, such that ; = 5:55,
and then considered a range of values fo&& and M. The colour on each plot shows
the value relating to its title, for example on the left hand plot the colour is the bias.
The plots have been normalised by the long-term di usivity, and capped at 0.75 for

visualisation purposes.

This means that while theoretically averaging oveM time series can give a good
estimate, in practice we require techniques that work with a given small and nite
set of drifter data. This motivates nding a better way to estimate di usivity in the

ocean with a xed sample size.

6.3 Reducing Variance from a Single Time Series

In Section 6.2 we showed that the error of di usivity estimates for a white noise
velocity process cannot be reduced when estimated from a single drifter by changing
the length of the observed time seriebl. For an AR(1) velocity process, the error
of the di usivity estimates asymptote to a constant value asN is increased, and

therefore cannot be reduced to zero. When the diusivity is found as an average
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from multiple time series, at least three time series are required before the estimates
become statistically signi cant, which isn't possible in all regions of the ocean.

In this section we introduce a method of estimating di usivity which minimises
the RMSE when estimating from a single time series. By minimising the RMSE for
just one drifter we can nd a method that works when we only have one time series,
but can be expanded to multiple drifters if applicable to further improve the estimate.

In Section 6.2.4 we showed that the di usivity estimate from a single time series
has a high RMSE due to the variance. For the white noise velocity process, the error
is completely due to variance as the estimator is unbiased, and the RMSE doesn't
depend on the length of the time series, as it is a constant value irrespectiveNf
When averaging oveM time series, the RMSE reduces d¢l increases.

Similarly for the AR(1) velocity process, for largeN di usivity estimates become
unbiased, and so the RMSE of the long-term di usivity is mostly due to the large
variance, which approaches a constant non-zero value lds! 1 . However, as the
estimator is biased for smalleN, both bias and variance should be considered when
constructing a new method for estimating the di usivity.

We propose a new way to estimate the di usivity which involves splitting a single
time series into smaller chunks, and treating each chunk as a new time series. We then
estimate the di usivity separately for each segment and then average these estimates
to obtain a new estimator. This method can be thought of as calculating the rate of
squared displacement gradually over sections over the time series and averaging them
to get the rate of dispersion of the overall time series. Hence we are nding local

di usivity along segments of the time series, and then averaging these to nd the
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overall di usivity over a larger spatial distance. This method smooths out the e ects

of areas which have unusually high or low di usivity compared with the areas of the
ocean around them, and so physical e ects such as tides should have less impact on
the estimated di usivity.

This idea is related to the concept of smoothing spectral density estimates, using
techniques such as Welch's overlapped segment averaging (WOSA) (Percival et al.,
1993). This method reduces variance, in the same way as we showed in Section 6.2.5
that averaging di usivity estimates over a greater number of time series will reduce
the variance. However, we note that di usivity estimates calculated as an average
over chunks from a single time series will have a higher bias than if we were just to
calculate di usivity from the full time series. This is because we are now working
with time series of a shorter length, and we showed in Section 6.2 shorter time series
yield a higher bias.

We will derive the distribution of di usivity estimates from a single time series
chunked into smaller sections for a white noise and AR(1) velocity process respectively,
and use these to derive an expression for the error. We will show that the error can

be reduced from a single time series by applying this method.

6.3.1 |lllustration: Variance Reduction of Di usivity Esti-
mates from a White Noise Velocity Process

We begin by looking at the simple case of a white noise velocity process, and split

the time series into multiple segments. To illustrate the core idea, we start with the
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extreme and simpli ed case of splitting the time series intdN chunks each of size 1.

For a white noise velocity process, estimating di usivity as an average of chunks
of length 1 is equivalent to estimating the di usivity to be half the sample variance,
which we write as

W= qu i (63.1)
i=1
where "mcp)(t) denotes the periodogram-based estimate of a time series of length
which has been chunked inton new time series, where in the case of Equation (6.3.1),
the number of chunksm has been set to equal to the number of observations in the
original time seriesN .

This can be written in terms of the chi-squared distribution. We letU; = u;=s

N (0;1): This gives

) = X jSUj? = =172 (6.3.2)
N - — | Il —— y . .
2N 2N

P : o
wherez2=" L U?  Z. Hence the estimate is distributed as

2N
ey 2 (6.3.3)

|
This distribution can be seen in Figure 6.3.1. We see that this distribution is less
variable than the distribution shown in Figure 6.2.1, where the di usivity was esti-
mated across the full length of the time series, with the estimates distributed evenly
around the true di usivity of 0.5m?/s.

The expectation and variance of the di usivity estimate where we have split the
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Figure 6.3.1: Di usivity estimate of a white noise velocity process found by splitting
a time series intoN chunks of length 1. The histogram has been found by simulating
10,000 time series of lengtN = 1;000 with |, =1, and =1s, suchthat ; =0:5,

and nding the average di usivity estimate of each time series of length 1. The red

curve represents the pdf of the chi-squared distribution given in Equation (6.3.3).

time series intoN chunks of length 1 are
h p [
E ~ACPt) = TI: 0 (6.3.4)
[ 2

h [
var ACP(t) = ZN': (6.3.5)

As with the periodogram-based di usivity estimator for a white noise velocity
process, this estimator is unbiased. However, the distribution of the estimate is now
dependent on the length of the time series, and so the variance of the estimate will
decrease adl increases.

From the expectation and variance we can calculate the RMSE to be

h i , T >
RMSE ~EP)(t) = pz—_lll: ot (6.3.6)

After splitting the time series into chunks, the error now depends on the length of the
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time series, and hence the RMSE can be reduced from a single time series, unlike the

error for di usivity estimates from the periodogram estimator in Section 6.2.4.

6.3.2 Average Chunked Periodogram Estimator

The idea of partitioning a single time series into multiple segments can be generalised
into di erent chunk sizes, as well as di erent time series processes, as we shall now
describe. Speci cally, we partition a time series intan non-overlapping chunks of
length n = bN=mc. The di usivity for each new smaller time series is then estimated,
and averaged of them segments. This estimator will in general increase bias com-
pared with the periodogram-based estimator because the length of the time series is
decreased, however it will also decrease the variance as we now have multiple time
series to average over.

We initially de ne the Average Chunked Periodogram (ACP) di usivity estimator
to be

Xn
APy, (6.3.7)

j=1

1
M=
de ned in Equation (6.2.9).

We note that depending on the values oN and m it might not be possible to
split a time series into equal sized chunks using all the data. This could mean that
some data are not used, which seems wasteful. If this is the case we can introduce

two di erent chunk lengths|either length bN=mc or bN=mc+1. Speci cally, we take

m; = N nm chunks of sizeny = n+1,and m,=m N + nm of sizen, = n. We
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have that m; + m, = m and m;n; + myn, = N, and no data are wasted.

Then the ACP di usivity estimator is fully de ned as

n #
1 Xt X2
EOE=S FIOR S A (Ol (6.38)
j=1 j=1
where "nP} (t);i =1;2;) =1;:::;m; are di usivity estimates from each time series

chunk where the rst m; chunks are lengthn; and the secondm, chunks are length
n,. Note that setting m = N recovers the di usivity estimator of Equation (6.3.1)
proposed for white noise velocities, and that if all chunks are of the same size then

m; = m, = m and Equation (6.3.7) is recovered.

6.3.3 ACP Estimates from an AR(1) Velocity Process

We now apply the ACP estimator to an AR(1) velocity process and show how splitting
an AR(1) time series into chunks a ects the RMSE of the di usivity estimates. For
this process it is not as straightforward as the white noise process to deduce the
optimal number of chunks into which to split the time series to minimise the RMSE,
and how this is done will be shown in Section 6.4.

From Equation (6.2.42) di usivity estimates for each chunk from an AR(1) velocity

process follow

(™ D@ ),

A(P) _
nig (0 = 2n;( 1?21 ?)

(6.3.9)

forj =1;:::;m and z? 2, Combining Equations (6.3.8) and (6.3.9), the AR(1)
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ACP di usivity estimator approximately follows

aemgy L 20 DEm@ Y 2(™ hrn@ B
m 2n (11 ?) 2n( 112 9
(6.3.10)
wherez,,, %i: Equation (6.3.10) is an approximation of the di usivity distribution

as we have assumed that theﬁf\;} (t) terms in Equation (6.3.9) are independent. This
is only approximately true, and the accuracy of this approximation is discussed at the
end of this section.

We calculate the expected value of the ACP estimator to be

E AR
Foomnp2 ("M 1)+l )]+ mangf2 (" 1)+ (1l )]
m; + m, 2nn( 1%(1 )
(6.3.11)
The bias can be calculated from the expectation to be
bias ACP)(t) fman, (™ 1)+ meny (™ 1], (6.3.12)

(mi+ m)nin( 121 3
The bias is dependent on both the number of chunks and the length of these chunks.
For the case whemm; = m, then all chunks are the same length and the bias reduces
to the form given earlier in Equation (6.2.45) when we had just a single time series.
Hence the bias is largely una ected by the number of chunks, and is instead reduced
by increasing the length of each chunk. This means that to reduce bias we would need

to minimise the number of chunks.
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The variance is

var ~CP)(t)

28 mm32 (™ D+ AP+ mni2 (M 1+n(l AP
(M + my)?2 2nfn3( 141 ?)?

(6.3.13)
The variance also depends on both the number and length of chunks. However the
variance is minimised by increasing the number of chunks. Hence we observe a trade-
0 between the bias and variance to minimise the RMSE.

The RMSE can be calculated as

r 1 - L .
n P n T
RMSE A(CP)(t) bias AP (t)  +var APt (6.3.14)

The RMSE is minimised by increasing both the number of chunks;;n,, and the
length of these chunkan;; m,. The number and length of the chunks are not inde-
pendent of one another, and cannot both be simultaneously be increased. We therefore
need to nd the optimal length of a chunk which balances the bias and variance to
nd the overall minimised RMSE.

This error is only an approximation to the true error as we assumed in Equation
(6.3.10) that the chunks are independent, which is not the case since they were formed
from a single time series following an AR(1) process where the velocity at tinte
depends on the velocity attime 1. We therefore need to verify that this assumption

is appropriate and show that the e ect that this dependence has on the error is small.
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Figure 6.3.2: The analytical RMSE where independence is assumed, and simulated
RMSE where chunks are dependent, both normalised by for an AR(1) process with
=0:7, , =1, =1,and N = 1000. Values are shown for a range of chunk

numbersm ranging from 1 to 1000.

Dependence Between Chunks

We have assumed up to now that chunks are independent of one another, and so
we note that the RMSE given in Equation (6.3.14) is only approximate. To con-
sider whether this assumption is appropriate, we simulate 1000 time series of length
1000 from an AR(1) velocity process with damping parameter = 0:7, and compare
the RMSE of computing Equation (6.3.8) with the analytical expression of Equation
(6.3.14), as shown in Figure 6.3.2 for a range of values for(the number of chunks).
We see that the simulated and analytical errors are almost identical for all values of
m, meaning that the assumption, at rst glance, is reasonable.
To further test this assumption, we found the simulated and analytical RMSE for
2 [ 0:9;0:9]in steps of 01, and produced a histogram of the di erence, as shown in

Figure 6.3.3. We see that the histogram shows the di erence to be extremely small.
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Figure 6.3.3: A histogram displaying the di erence in the RMSE of the analytical
RMSE where independence is assumed, and simulated RMSE where chunks are de-
pendent. The error is calculated from 1000 simulated AR(1) processes with= 1000

for between 0:9 and Q9 in intervals of Q1 for all possible values odn, with | =1

and =1.

The average di erence between the RMSE from simulations and the analytic approx-
imations is only 0.0284% of the value of the true diusivity. The apparent small
di erence between the simulations and analytical expressions is promising. Analyti-

cally bounding the error induced by this approximation is left for future work.

6.4 Window length selection for ACP Estimator

The window length (or equivalently the number of chunks) of the ACP estimator will
need to be chosen to minimise the RMSE of the resulting estimate. We discussed in
Section 6.3.3 that minimising the RMSE will result in a trade-o between the bias

and variance as they cannot be simultaneously minimised|reducing the bias increases
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the variance and vice versa. In fact this trade-o can be observed in the experiment
performed in Figure 6.3.2 for an AR(1) velocity process where fbr = 1000 it appears

a value ofm around 50 is optimal (such that corresponding window lengths are around
20). The choice of the window length is process dependent, and in this section we
discuss how the chunk length can be chosen.

To emphasise an important distinction when we refer to \chunking”|a drifter will
move through di erent regions of the ocean during its lifetime, and therefore will need
to be partitioned into segments where the currents and di usivity can be assumed to
be approximately stationary. We assume this pre-processing step has occurred, and
through this chapter we assume that all time series have been split into stationary
segments. Choosing the window length in this section instead refers to splitting these
stationary segments into chunks that the di usivity estimates are averaged in the
ACP di usivity estimator to reduce error.

To determine this optimal window length, a closed form expression for the error is
required. This is because the bias in Equation (6.3.12) cannot be estimated directly
from the data since we do not know the true di usivity. We therefore turn to para-
metric stochastic models to calculate the RMSE. One such model that could be used
is an AR(1) velocity process, and this is the model that we will use. We note that
other models could also be used, and an analytical form for the error would need to

be found.
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6.4.1 Using an AR(1) process as a rough approximation to
low frequency motion

An AR(1) process can be used to approximate ocean drifter velocities. Maern and
Ornstein-Uhlenbeck processes have also been used to model velocities by, for example,
Lilly et al. (2017), and are a good t for low frequencies below the frequencies of tides
and inertial oscillations. We choose to use the AR(1) process as it is the discrete-
time analogue of an Ornstein-Uhlenbeck processes, and no information is lost in the
discretisation as drifter velocities are regularly sampled in any case, so tting to a
discrete-time stochastic process has intuitive appeal and bene ts.

An Ornsterin-Uhlenbeck process (or equivalently an AR(1) process) provides a
good t to ocean velocity observations at low frequencies, as has been shown in
Sykulski et al. (2017a). Higher frequencies do not t to an Ornstein-Uhlenbeck or
AR(1) processes due to physical e ects such as tides, wind and inertial oscillations,
however the ACP di usivity estimator only uses frequency zero, and so we do not
require a good t for higher frequencies since they are not directly used. Therefore, an
AR(1) process is a reasonable approximation to ocean velocities at low frequency, and
can be used for tuning the window length of our di usivity estimator. We emphasise
that the nal estimator of diusivity is ultimately non-parametric, it is only the

window length choice where we use a parametric model to select its value.
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6.4.2 Optimal window length for an AR(1) Velocity Process

We use an AR(1) velocity process to approximate the optimal window length for the
ACP estimator. The optimal window lengthsng; n, are chosen to minimise the RMSE

from Equation (6.3.14), which takes the form

RMSE ~(CP)(t)
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(6.4.1)

Figure 6.4.1 shows the RMSE of the ACP estimator of an AR(1) process of length
1000 for = 0:7;0:7;0:9 and Q99 and |, = 1, for di erent values of m (the number
of chunks). Note that here we plot ovem and not N, to see the performance of our
estimator for di erent chunk lengths for a xed value of N. The blue lines correspond
to splitting the time series into chunks which all have the same length, and discarding
any remaining observations. The red curves correspond to using all drifter velocity
observations, and splitting the time series into chunks of lengths; and n,. The
jumping in the blue lines is due to splitting the drifter velocities into equal chunks as
some observations are lost ifn doesn't divide N exactly. The red curves are much
more smooth than the blue lines, and generally have lower RMSE, and hence the
RMSE is better minimised if all observations are used in the estimation process as
expected.

For each value of there is a clear global minimum on the plot, and so we can
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Figure 6.4.1: RMSE for = 0:7;0:7;0:9 and Q99 plotted against the number of
chunks, m, from a time series of lengthN = 1000, with = 1, using either equal
chunk sizes, or chunks of dierent sizes where every drifter velocity observation is

used.
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choose a value ofm for which the error is minimised. The RMSE whenm = 1

is equivalent to the periodogram-based estimate using just one time series that we
considered in the previous section in Equation (6.2.9). For positive values ofit is
the least optimal to setm = 1, and so even if we did not chose the value of which
minimises the RMSE it is still optimal to chunk the drifter velocities into multiple
time series as opposed to obtaining the periodogram-based estimate directly from the
time series.

The RMSE is a tradeo between the bias and the variance, as shown in Figure
6.4.2, which shows the bias, variance and RMSE of an AR(1) velocity process of
length 1000 with = 0:7 split into m equal chunks. As the time series is divided into
a greater number of chunks, the variance reduces as we are averaging over more time
series, however the bias will increase since each time series will not be as long. The
value ofm which minimises the RMSE should be chosen to optimally balance the bias
and variance.

We can approximate the optimal number of chunks for any AR(1) process with

, = 1 for jj < 1and for all N using Equations (6.3.12)-(6.3.14). Figure 6.4.3
shows the optimal value ofm which we denotem,,, normalised by the length of the
time series. If we were to take the mean value ofi,,; over all N 1000 and all
in intervals of 0.01 from -0.99 to 0.99, we get that it is optimal to haven  N=5.
However this takes into account more extreme values, such as whéfres small, and

is close to zero. Omitting these values, it appears from inspection that the optimal
choice ofmgy is around N=20.

For =0, which is equivalent to a white noise process, we get thah,, = N
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Figure 6.4.2: Bias variance trade-o demonstrated by plotting bias, variance and
RMSE for = 0:7;0:7,0:9and Q99, =1,and |, =1, plotted against the number
of chunks,m, from a time series of lengtiN = 1000, comparing using equal chunks,

or chunks of di erent sizes where every drifter velocity observation is used.

Figure 6.4.3: The normalised optimal number of chunksi,,;=t for 2 ( 1;1) for a

time series of lengtht 2 (1; 1000) and | = 1.
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which is equivalent to chunking the time series intdN new time series of length 1, as
discussed in Section 6.3.1.

We note that the optimal value of m in Figure (6.4.3) assumes that the white
noise signal in the AR(1) process has variance = 1, but this only a ects the scaling
behaviour of the RMSE (see Equation 6.4.1) and hence does not a ect the optimal
choice ofm, therefore the key variables one has to know are(the autocorrelation at
lag-1 between subsequent velocity observations spaced apart) and the time series

length N .

Relationship to decorrelation time

The optimal chunk length, noe = N=mgy, is related to the concept of decorrelation
time, which we denotetgecorr, and we de ne as the time taken for the autocorrelation

of the velocity process to become less thard The autocorrelation is de ned as

R( )= (6.4.2)

_0.
From Equations (6.2.25) and (6.2.27) which de ne the variance and autocovariance

of an AR(1) process respectively, the autocorrelation of an AR(1) process is simply

R()= (6.4.3)

The decorrelation time for an AR(1) process is therefore the time when

< l=e: (6.4.4)
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For a stationary AR(1) process with positive damping parameter (& < 1), the

decorrelation time is therefore

l .
St (6.4.5)

where the log refers to the natural logarithm. The decorrelation time doesn't hold
when the damping parameter is zero or negative due to the nature of the logarithm,
but in general we expect drifter velocities to exhibit positive autocorrelation.
Repeating Figure 6.4.3 but plotting the optimal chunk length multiplied by , and
scaled by the decorrelation timengy:  =tyecorr, Produces a plot which is approximately
at colour for values of t greater than 300s. Therefore, for time series with> 300,
the optimal chunk length is approximately proportional to the decorrelation time. For
the particle trajectories simulated in Figure 6.4.3, the median optimal chunk length

is 13 gecorr=-

6.5 Application of ACP Di usivity Estimator to

drifters

The ACP estimator can be applied to large scale particle trajectories such as the
Global Drifter Program. In order to apply the estimator, a number of choices must
be made. These choices include: the value of the AR(1) damping parameteio tune
the number of chunks, the initial length of the time seriedl, the width of spatial bins,
whether or not to allow drifter velocities from neighbouring bins, and if a trajectory

passes through multiple bins then which bin should the estimate be placed in, or



CHAPTER 6. DIFFUSIVITY FROM NON-CLUSTERED DRIFTERS 245

should the estimate belong to all bins?

We leave the choice of damping parameter, the initial length of the time series
and the width of spatial bins to the practitioner, and as an area of future research to
establish their optimal tuning. As noted in Chapter 2, Zhurbas and Oh (2004) and
Koszalka et al. (2011) use varying bin sizes. In Section 6.6 we will explore di erent
initial time series lengths and bin sizes, but make no attempt to choose these optimally.
We choose to place our di usivity estimates within the spatial bin corresponding to
the position of the drifter halfway through the time series. We place the di usivity
estimate just in that single bin but allow the velocity observations from outside the
spatial bin to contribute towards the estimate.

An alternative way we could have assigned trajectories to bins would be to split the
drifter trajectories into time series that are contained solely within each spatial bin,
regardless of the number of observations. Faster moving drifters, for example those
close to the equator or on the boundary currents, move through bins more quickly
resulting in shorter time series. We chose to instead estimate with xed length time
series so that the estimates are more comparable in terms of the variance from a single
time series, but acknowledge that this may cause biases. Some parts of the ocean are
more densely populated with drifters, and so in these areas the di usivity estimates
are expected to have lower variances as estimates are averaged over multiple drifters.
The chunk length could therefore take the number of drifters in the spatial grid into
consideration, and use this number as the number of time series, rather than just the
number of time series from an individual drifter. This type of “optimal tuning' is left

for future work.
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6.5.1 Mean Flow Estimation

One factor which a ects di usivity estimates is the di ering mean ow across the
ocean. Because we are not working with clustered drifters, as we did in Chapters 3{5,
only the mean ow can be removed, and not mesoscale features such as strain and
vorticity, although some mesoscale features will be captured as part of the mean ow.
To estimate di usivity without mean ow, we can't simply calculate the mean

across each time series and remove that to estimate di usivity, as this will trivially
always return a di usivity of zero. This is because of the way we estimate di usivity

in Equation (6.2.9), as we now show. If we remove the mean velocity across the time

series, then the di usivity estimator becomes

X 1N ?
/\(P)(t) - m U W U : (651)
i=1 j=1
Expanding out gives
|
X X2
AP (1) = o Uj uj =0: (6.5.2)

i=1 i=1
This happens due to the way di usivity is calculated, as we're calculating the square
of the sample mean. Therefore, we require an alternative method to estimate mean
ow.
To estimate the mean ow, we take an average of all velocity observations within
a spatial grid. This mean is subtracted from the velocity of each individual drifter,
where the mean removed corresponds to the spatial position of the drifter at each
time point and can therefore change throughout the time series. The di usivity can

then be estimated in the same way as in Section 6.3.2.
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This method for estimating mean ow uses all observations in time, and does not
account for temporal variations to the background velocity at a given spatial location.
An example where the mean ow varies over time is the Gulf Stream whose position
and amplitude oscillates in time (Zhai et al., 2008). Therefore our mean ow estimates
mix spatial and temporal scales. Possible alternatives would be to provide mean ow
estimates that vary seasonally or by decade. The choice of the time period over which
to estimate the mean ow would introduce another trade-o between the bias and

variance of mean ow estimates and is left to further work.

6.5.2 Comparison of ACP Di usivity Estimator with Peri-
odogram Estimator via Box Simulations

We have previously shown theoretically that the ACP estimator will reduce the error
of di usivity estimates by reducing the variance. We will now demonstrate this error
reduction via an idealised simulation environment, where the mean ow and di usivity
are known gquantities. We will consider the simple case of white noise velocities with
constant mean ow and di usivity. We then look at a more complicated ow made
up from trigonometric functions, but with a homogeneous di usivity.

Throughout the simulations, we will simulate 10,000 particles across a box with
dimensions de ned to be 100km 100km. The drifters are equally spaced at the start
of the simulation, arranged in a grid shape, with a particle positioned every 1km. We
will take hourly observations, equivalent to setting = 3600s. The box is doubly

periodic, and so when a particle reaches the boundary of the box, it will wrap around



CHAPTER 6. DIFFUSIVITY FROM NON-CLUSTERED DRIFTERS 248

Figure 6.5.1: Mean ow velocity eld with u; = v; = 1m/s.

as if it were on a torus. Away from the poles the box can be thought of as a simpli ed

representation of the globe.

White Noise Positions with Constant Mean Flow

We begin with the simple case of particles where the velocities follow a two-dimensional
white noise process with additional mean ow, and hence the positions follow a two-
dimensional random walk with drift. The simulation lasts fort = 500 hours with the
observation interval set to = 1 hour such that N =50. The mean ow velocity is
set to u; = v; = 1m/s (shown in Figure 6.5.1), and the di usivity is set to 1000n¥/s

in eachx andy direction (with zero correlation or cross-di usivity).

We estimate the mean ow in each direction, using the method described in Section
6.5.1, on a spatial grid of resolution 1km1km. Figure 6.5.2 shows box plots mean
ow estimates aggregated across the 100kni00km box, with each box and whisker
covering 20km in eitherx or y, and all 200km in the other direction. The reason for

separating into 20km regions will become apparent in experiments that follow where
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Figure 6.5.2: Box plot of mean ow estimates from particles simulated with mean
ow as in Figure 6.5.1, where di usivity is set as 1000rfis. The velocity observations
were organised into 1km 1km grids based on their positions, and the mean calculated
for each grid. Each box plot corresponds to aggregating across 20km grids in either
x (left panels) ory (right panels), with the red horizontal line corresponding to the

mean.

the mean ow is inhomogeneous. The simulations revealed that if we were to estimate
mean ow in 1km 1km grids following Section 6.5.1, the average bias would be zero,
and standard deviation 0.033m/s. Therefore for the simple case of trajectories with
constant mean ow and white noise velocities, this method for estimating the mean

ow performs well.

We now subtract the estimated mean ow from each grid from the velocity, and
estimate di usivity using the periodogram estimator from Equation (6.2.9) and our
proposed ACP estimator from Equation (6.3.7), where we have chosen a chunk length
of 50 hours (corresponding to 10 chunks containing 50 observations each). We report

the two dimensional di usivity, taken as the average of the di usivity in the x and y
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Figure 6.5.3: Histogram of di usivity estimate for each spatial grid, for particles
simulated as in Figure 6.5.2 using the periodogram di usivity estimator (left) and
ACP estimator (right). The red vertical line corresponds to the mean di usivity

estimate.

directions (Lilly et al., 2017). Figure 6.5.3 shows histograms of the periodogram and
ACP di usivity estimates, where each di usivity estimate corresponds to a particular
1km 1km grid-point. The periodogram and ACP estimates have mean 1003t and
996n7/s respectively, and standard deviations 518Ats and 334nt/s. Therefore, the
bias of each estimate is almost negligible whereas the variance is completely dominat-
ing the RMSE. Speci cally the periodogram estimates have RMSE 51818, and the
ACP estimates have RMSE 3344ts.

For the simple case of particles with velocities following a white noise process, the
ACP estimator was able to reduce the error of di usivity estimates compared with
estimating with the periodogram estimator. While the bias was greater with the ACP
estimator, this increase is very small and so the signi cant decrease in variance was

able to reduce the overall RMSE. We note that drifters in the ocean follow a much
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Figure 6.5.4: Mean ow velocity eld from Equation (6.5.3).

more complicated path than that which can be described by a white noise velocity
process with constant mean ow, and so we shall now apply both estimators to more

complicated simulated trajectories.

Stream function Mean Flow

We now use our simulation environment to test the ACP estimator on more compli-
cated particle trajectories. We will use a stream function (Lamb, 1924) to de ne the
velocity eld, choosing a periodic function so that the boundaries are divergence free.

We de ne the stream function

2X 2y
y)= U - = 6.5.3
(x;y) cos Dy cos Dy ( )

whereDyx = Dy = 100km de ne the size of the box inx and y, and we setU =
10,000m= ?, meaning that the velocity in each direction will be 0.1m/s. The

stream function is shown in Figure 6.5.4.
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We can calculate the velocities in each direction as

2 2X .2y
= =U— — — 5.4
u y UDY cos Dy sin Dy (6.5.4)
L 2 . 2x 2y
V= = Uﬁ sin Dy cos D, (6.5.5)

The stochastic velocities again follow a two-dimensional white noise process with
the di usivity is set as 200n?/s in each x and y direction (with no correlation), and
N = 1000hours. For this simulation, while the observed time between observations is
still =1 hour, due to the complexity of the stream function, we simulate positions
every 30 seconds to update the positions based on intermediate positions rather than
just the previous recorded position. If we were not to do this, then drifters will not
follow the stream lines, and this results in regions of convergence/divergence, which
should be otherwise infeasible due to the de nition of a stream function which is
always divergence free.

Figure 6.5.5 displays box plots of mean ow estimates (compare with Figure 6.5.2
for a constant mean ow), calculated by taking the mean of all velocity estimates
in a 1km 1km grid. We can see in Figure 6.5.4 that the mean ow changes across
space, and these changes can be seen in the estimates in Figure 6.5.5. While the mean
of each box is approximately the same, the interquartile range varies between boxes
re ecting the changing magnitude of velocities in di erent regions.

As in the previous section, we remove the mean ow from the particle velocities
and calculate di usivity using the periodogram and ACP estimators, obtaining an
estimate for each spatial grid and a chunk length of 50 hours. Again we report the

two dimensional di usivity, taken as the average of the di usivity in the x andy direc-
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Figure 6.5.5: Box plot of mean ow estimates from particles simulated with mean ow
as in Figure 6.5.4, where di usivity is set as 200/fs. The mean ow was estimated
in 1km 1km grids. Each box plot corresponds to 20 grids in eithexr (left panels) or

y (right panels), with the red horizontal line corresponding to the mean.

tions. Figure 6.5.6 shows the a histogram of di usivity estimates. Despite the more
complicated background ow which changed across space, the di usivity estimates
are almost unbiased, with each histogram having mean 20%s and therefore bias
1n?/s. The periodogram estimates have standard deviation, and RMSE of 68fs,
and the ACP estimator has standard deviation and RMSE of 47ffs. If we were to
scale the RMSE by the true value of the di usivity then for the ACP estimator we
get 0.235, and for the white noise case the scaled RMSE was 0.334. Similarly for the
periodogram estimator the scaled RMSE is 0.34 for the stream function ow and 0.58
for the white noise. Therefore the scaled RMSE is signi cantly lower with the ACP
estimator.

We have tested the ACP estimator on two di erent simulations with varying levels

of complexity, and in both cases it performed better than the periodogram estimator
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Figure 6.5.6: Histogram of di usivity estimate for each spatial grid, for particles
simulated as in Figure 6.5.4 using the periodogram di usivity estimator (left) and
ACP estimator (right). The red vertical line corresponds to the mean di usivity

estimate.

in terms of RMSE, as we expected. Further, the bias of the ACP estimator was
very similar to that of the periodogram estimator, and the decrease in variance was
signi cant. Changing the chunk length is likely to change the bias and variances
to those we have found, however we have shown that the ACP estimator is able to
produce reasonable di usivity estimates in a simulation environment.

Further work would be to repeat the work in this section to include time variation
since the ocean circulation changes with time. Including time variation in Equation
(6.5.3) would mimic Rossby waves. If we were to estimate a time varying simulation
as if it were constant in time, then we would expect the moving wave to be weakly
seen in all locations that it has been during the simulation. The structures in the
simulation would be smoothed across the di erent spatial locations, due to the tem-

poral evolution. Therefore, we would need to include temporal evolution into our
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