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1. Introduction

Network data describing the temporal evolution of interactions among a
population of interest occur in a diverse range of applications, and particu-
lar examples of this data type include social ties among friend groups [41],
academic coauthorship [76] and co-evolution of financial indices [21]. The
latent space network approach of [32], where low-dimensional latent coor-
dinates associated with the nodes of a network express the propensity for
ties to form, is a popular approach for modelling such data (see for example
(60, 66, 21]). In this article, we focus our attention on exact estimation of
a dynamic latent space network (DLSN) model, in which the latent states
evolve over time according to a Markov process, via sequential Monte Carlo
(SMC) methods. Our aim is to be able to dynamically estimate latent state
positions efficiently, without relying on approximations. This is challenging
in this context due to the dimensionality of the state space and the de-
pendence inherent to networked data. This approach is appealing in this
context since we expect SMC to be more scalable than existing techniques
when the number of observations in time is large, SMC facilitates both online
and offline inference and SMC estimates can be conveniently updated given
additional observations.

Latent space network models for temporal data are well-established in the
literature, and both discrete time (see [60, 66, 25]) and continuous time (see
21, 57]) models have been proposed. It is typical in this approach to assume
that a tie is more likely to form between two nodes whose latent coordinates
are close in terms of Euclidean distance. This assumption allows a practi-
tioner to determine an intuitive visualisation of the data through the latent
positions and encourage transitive relationships to occur. Posterior samples
for parameters of a DLSN model are typically obtained via MCMC [66, 21|
which allows for asymptotically exact inference. However, standard algo-
rithms become increasingly computationally costly as the number of nodes
in the network or the number of observations in time grow. To improve
scalability, several authors have proposed likelihood approximations [56, 58|
whereas others rely on variational inference which targets a computationally
cheaper approximation of the posterior (see 68, 45]).

In this article, we present a SMC scheme for joint state and parameter
estimation of a DLSN model in which the latent trajectories for each node
are assumed stationary. Our approach combines the methodology for high-
dimensional state spaces presented in [51] with the gradient-based parameter



estimation presented in [49]. Our SMC scheme allows for both online and
offline inference, and we explore the performance of our approach on simu-
lated and real data examples. We present two simulation studies, the first
of which examines the scalability of our approach as the number of nodes
or the number of observations in time grows and the second of which ex-
plores the performance of our methodology under model misspecification.
Additionally, we consider the performance of our approach on a real-world
dataset describing classroom contacts in comparison and demonstrate how it
is straightforward to consider model adaptations within our framework.

Our proposed methodology is closely related to the surrounding literature,
but differs in two key ways. Firstly, our proposed DLSN model builds upon
the SSM formulation of [60, 66] but instead assumes stationarity in the la-
tent trajectories so that properties of the network interactions are preserved
through time. This is advantageous in data settings when the properties
of the observed networks do not change significantly between time points.
Secondly, whilst SMC methodology has previously been used in the context
of latent variable network data [61, 75], we present an inference procedure
which does not rely on particular model forms or approximations, such as in
(61, 75], by appealing to methodology proposed for high-dimensional state
spaces. As a consequence of this, it is straightforward to apply our approach
on modifications of our proposal model, including a model variant in which
the stationarity assumption on the latent coordinates is relaxed. Finally, we
note that our work differs from [9] who focus on the application for SMC to
a sequence of growing graphs.

The remainder of this paper is organised as follows. In Section 2, we
introduce our proposed model and comment further on its context within
the broader literature. In Section 3, we review SMC methodology and detail
our inference procedure. We present two simulation studies in Section 4 and
examine a real world data example describing classroom contacts in Section
5. Finally, we conclude with a discussion in Section 6.

2. Dynamic Latent Space Network Modelling

In this section, we present a latent space model for dynamic networks in
which the latent trajectories are assumed to follow a stationary first order
Markov process and highlight the flexibility of this model by describing a
number of possible variants. When coupled with the assumption that the
latent coordinates follow a Gaussian random walk in the generative model,
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Figure 1: SSM for DLSNs. The observed adjacency matrices are modelled independently
conditional on the latent coordinates, and the latent coordinates are modelled with a first
order Markov process that is governed by static parameters (o, ¢).

stationarity implies that the variance of the latent coordinate random vari-
ables does not accumulate over time. This allows network properties to be
preserved over time and prevents degeneracy in which networks sampled from
the model are empty given a sufficiently large time horizon.

Our proposed model is most similar to the work of [60] and [66]. However,
in contrast to these works, we impose stationarity on the latent trajectories.
This relates to the work of [31] who consider a latent factor model with
stationarity, but differs since our formulated is based on latent Euclidean
distances. A myriad of extensions have also been discussed in the literature
such as the inclusion of community structures [66], weighted interactions
[67], ranked interactions [65], multiple interaction types [22] and bipartite
networks [25], and we note that our model may also be extended analogously
as appropriate. For a detailed review of dynamic latent space network mod-
elling we refer to [40].

2.1. Proposed Model and Identifiability

Suppose that we observe interactions among a population of size N at
times t = 1,2,...,T. We represent this information as a collection of time-
indexed adjacency matrices Yy = {viji}ij=12,..n, Where y;;; indicates the
connection between nodes 7 and j at time ¢t. We will consider binary connec-
tions, so that y;;; € {0,1} where y;;; = 1 indicates the presence of the (i, j)™"
edge. Additionally, we will assume that the connections are symmetric, so
that v;;: = y;it, and that there are no self ties, so that y;;; = 0.

In the latent space framework, the probability of a connection forming
is expressed as a function of d-dimensional coordinates associated with the
nodes. We let U, € RV*? represent the N x d matrix of latent coordinates
at time ¢ where the 7" row of U, corresponds to the latent coordinate of the
i'" node at time t, u; € R% Following [60, 66], we model the observations
{V:}L | using a state space model (SSM) (see Figure 1), where we assume that



the interactions at time ¢ occur independently conditional on the latent states
{U}L, which follow a first order Markov process. We further assume that
the latent trajectories for each node follow independent stationary Gaussian
random walks so that

pUslo, 6 H/vd( h). 1)
p(U|U,_1,0,06) = HNd(qzsui,t_l,a?Id), fort=1,2,....,7, (2

where o € R., and |¢] < 1.

Given the latent trajectories, we can now express the probability of ob-
serving connections );. Following [32], we assume that, conditional on Uy,
each edge can be modelled independently via logistic regression such that
nodes whose latent coordinates are close in terms of Euclidean distance are
more likely to be connected. More specifically, for t =1,2,...,T, we let

pV|U, ) = [ i (1= pige) v, (3)
1<J
1
Dijt = m, (4>
Nijt = 0 — ||Un - th||7 (5)

where o € R controls the global tendency for connections to form and | - ||
denotes the £2-norm.

Specifying the connection probabilities as a function of the Euclidean dis-
tance has two primary advantages. Firstly, this implies that the coordinates
U, provide an intuitive visualisation of the network at time t and, secondly,
this encourages transitive relationships which are often observed in social
networks. Additionally, there exist many possible variants of this model.
For example, we may mimic the projection model of [32] by expressing (5)
as a function of u!u; or we may adapt (3) and (4) to express non-binary
connections. These adaptations will be illustrated in Section 5.

Since (3) only depends on U through the pairwise distances, p(V;|Uy, o, ¢)
is invariant to distance-preserving transformations of U,. This is a key issue
associated with latent space network models and, to resolve this, many au-
thors rely on a Procrustes transformation (for example see [32], [66]) which
finds the coordinates U that minimise the sum of squared differences between



U and some pre-specified reference coordinates Uy. Following [21], we opt
to examine the model in terms of the connection probabilities which do not
suffer from non-identifiability.

3. Model Inference

In this section we present details of our estimation procedure for the
DSLN detailed in Section 2.1. The state space model formulation presents a
natural setting for the application of SMC methodology and this is appealing
for three key reasons. Firstly, this class of algorithms is based on recursive
estimation and so SMC is more scalable than MCMC methods when the num-
ber of time steps T is large. Secondly, in contrast to variational Bayes tech-
niques, SMC does not require model approximations. Finally, SMC methods
facilitate both online and offline inference and allow posterior samples to be
updated given additional observations.

A brief review of SMC methodology is presented in Appendix A for
the unfamiliar reader. We obtain our inference procedure by combining the
Guided Intermediate Resampling Filter of [51] with the gradient ascent ap-
proach of [49] for static parameter estimation. Details of our state and pa-
rameter estimation procedure are presented in Sections 3.1 and 3.2, respec-
tively. We note here that, since the dimension of the state spaces for our
model of interest is equal to N X d, we must consider methodology for high-
dimensional state space even for moderate N. Furthermore, as commented
in Appendix A.4, the dependence present in network data restricts the set
of high-dimensional SMC methodology that is appropriate for our model.

3.1. State Estimation
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Figure 2: Intermediary steps {UT,”S}SS:O between observations V; and Vi1 1, where U, , =
Ut and UTt,S = Ut+1.

To estimate the latent coordinates we rely on the Guided Intermediate
Resampling Filter (GIRF) of [51]. This scheme introduces artificial interme-
diary states in order to guide particles to regions of the state space with high
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probability via a guide function, typically taken as the predictive likelihood.
We opt to use this scheme since it is appropriate for our modelling assump-
tions, is straightforward to implement and can be adapted to model variants,
such as those described in Section 2. It is important to stress that the depen-
dence in our likelihood (3) makes it challenging to consider many alternative
high-dimensional particle filtering schemes proposed in the literature, such
as [59, 7].

Our goal is to estimate {U;}_, given the observed connections {J,}L ;.
For each pair of observations {);, V,41}1", the GIRF introduces S — 1 in-
termediary time steps which we denote by {7 ,}5_,. Then, we rely upon the
following decomposition for the latent transitions.

pQ(Ut+1|Ut) = ]59<U7't,1 |Ut>ﬁ9(UTt,2 |UTt,1) .- ‘ﬁe(Ut‘f‘l’U’rt,S—l)’ (6>

where 6 denotes model parameters and {7, }5_, satisfy 7 := t < 7y <
o < Tgo1 < Tpg i=1t+ 1, and 7,9 and 7 g correspond to the times ¢ and
t + 1, respectively. Figure 2 provides a depiction of the intermediary states
and a derivation of py(U,|Uy,,_,) for the transition equation in (2) is given
in Appendix B. Note that, for this intermediary transition to be valid, we
require ¢ € (0,1) but this does not affect the expressivity of our model since
connections are modelled in terms of the latent distances.

At each intermediary time step, the particles are weighted according to
an assessment function v,  (u) which guides particles towards future obser-
vations. This function must be specified so that v ,(u) = 1 and v, (u) =
p(Yr|u), and we will discuss particular choices below. Given this function,
particles at time step 7 5 are then weighted according to

Tt UTt i
Lﬁ) ifr 1 g1:T
. (UTt’S’ ﬁn’s_1> _ VTZSIEUH’S)J ) . (7)
—Thel " Thas VU, ., 71 €1:T
Z/Tt,s—l (UTt,s—l)p( t| 7 ) -

Using (7), we see that the likelihood ¢()y.1) = E [Hthl p(yt|Ut)} can be

; 1 i) 7o
approximated by ¢ = szo Hle i Zf\il Wry (Uf(ty)s, UT(tL_1>.
Algorithm 1 details the GIRF for the DLSN model in Section 2.1 where
L = log¢. To implement this procedure we must specify v, (x) and the
number of intermediary states S. [51] suggest choosing v, (u) so that par-
ticles are guided towards B future observations and then demonstrate that
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Algorithm 1 GIRF for DLSN with 6 assumed known
Initialise: L = 0, sample lNJT(S)O ~p(-|) foriel: M
Fort=0:7T-1

Forsel:S
UY ~p(|OY 0 foriel: M
wl = w, (U TP Yforiel: M
_ ()
L=1L+ lég(Zj wr, ) | |
Sample b such that P(b®) = j) o wg,)s foriel: M
Set U, = UY)
End
End

S should scale linearly according to the dimension of the latent states. In
our setting, a straightforward option is to take v, (U) = p(Vi41|U) or, to
incorporate B future observations,
min{B,T—t}
Nty s,
VTt,s(U) = H (VTt,sﬂ'ter(U)) b ’ (8>
b=1
where v, -, (U) approximates py,,ju,, . (Vis|U) and 7, _ -, controls the
contribution of v, ., (U) in the assessment function. We let

(bS — s)

Mgy = 1 = S[(t+0b) —max(t +b— B,0)]’ )

so that the contribution of observations decreases as a function of distance
from 7, 5. This ensures that the potentially less accurate approximations

have a smaller contribution to v, (U). It may be possible to approximate
PYeiolUs, . (Ves|U) via simulation, however this will be computationally ex-

pensive for our setting. Instead we take v, ..  (U) = g(Vips|lms, (U)),
where m,, (U) = E [Uy|U,,, = U| = ¢U, which can be conveniently cal-
culated.

Appendix D provides an example of the GIRF on simulated data with
known #. From this, we find that the choice of S significantly impacts the
performance of the filter, with larger values improving the estimated effective
sample size (ESS) given by ESS = 1/21.]\11(10?))2 at time t. We also found
little difference in practice between choosing p(V:41|U) versus (8) as the
assessment function for this example.



3.2. Parameter Estimation

We now consider estimation of static parameters § = (o, ¢, a) using the
gradient ascent approach of [49]. This allows both online and offline esti-
mation, is flexible to variants of the model and has been shown to exhibit
favourable performance when compared with other well known algorithms.
We begin by discussing their approach for offline estimation of 6.

A gradient ascent procedure obtains the £ estimate of 6 by taking

O, = Ok—1 + vV 1logp (Vi.r|0) lo=s,_,, (10)

where 7, is a sequence of decreasing steps such that Y, 7, = oo and Y, 77 <

00. A typical choice for this sequence is v, = £k~ with 0.5 < a < 1.
Following [49], we can rely on a particle approximation of the score

C(r = Viogp(V1.r|0)]o=s,_, to evaluate (10) Details of this approximation

are given in Algorithm 2, where {mt ,wt } denotes the particle approx-
imation of ¢, = Vlog p()/l,t\H). An 1mplementation of Algorithm 2 returns
an estimate of ¢y which can then be used to update 6 according to (10).
An offline procedure for joint estimation of # and the latent states therefore
requires Ny runs of the PF | and an outline of our implementation using the
GIRF is presented in Algorithm 3.

An online implementation can be obtained by assuming

Vlogp(yt’yl:tfla 6t> ~ Vlogp(yl:t‘et) - VIng<y1:t71’9tfl)> (11>

which typically holds for small changes between 6,_; and 6,. Then, at the t*
iteration, we approximate the score (r by Vlogp(Vi| Vri-1,60:) = ¢ — (-1,
where (; is obtained via Algorithm 2. The details of this online procedure
for joint estimation of 6 and the latent states are given in Algorithm 4.

Since we require ¢ > 0 and ¢ € (0,1) we opt to estimate 0= (5,0, a)
where

g =log(o) €R and ¢ = log (1 ib ¢> € R. (12)

Details of the necessary gradient calculations and parameter initialisations
are provided in Appendix C and Appendix E, respectively.

4. Performance for Simulated Examples

We now explore the performance of the GIRF when additionally estimat-
ing static parameters, as detailed in Section 3. First, we will consider the

9



Algorithm 2 Estimate the score (; via Rao-Blackwellisation

Initialise: set m{’ =0 for i = 1,2,..., M, ¢y = 0.
Fort=1,2,...,T ‘
1) Run one iteration of a PF to obtain {U”/}M, {a!” }¥, and
{wt M (see Algorithm 1 or 5)
) Update the mean approximation
@ ) .
=" 4 (1= NG + Viogpi U, a)

+ log (UL UL, 6)
3) Update the score vector (; = Z ) wil)mg 2
End

Algorithm 3 Offline joint estimation of § and {U;}L  using the GIRF

Initialise: set 6y and number of iterations Ny
Forle1l:Ny
1) Run the GIRF (Algorithm 1) with Rao-Blackwellisation (Algorithm
2) to estimate (r = Vlog p(V1.7(0)]o=0,_,
2) Update theta according to 0, = 6;_1 + v (r
End

performance of this approach when the data are simulated according to dif-
ferent mechanisms in Section 4.1. Then, we will consider the scalability of
this approach as N and T increase in Section 4.2.

4.1. Simulated Data

In this section our focus will be on the performance of the GIRF for
networks simulated according to the following data generating mechanisms.

Throughout, we fix N =30, d =2 and T = 25.

(S1) Simulate from the model in Section 2.1 with a = 0.75, ¢ = 0.4 and
¢ =0.9.

(S2) Partition the nodes into two groups with latent centres p, € R?, for
c € {1,2}. Suppose that the i** node belongs to group ¢, then we let

ug; = (1 — Q)u;t—1 + qite + €, (13)

10



Algorithm 4 Online joint estimation of § and {U;}]_,using the GIRF
Initialise: set ¢y = 0,0, m{) = 0 and UL, ~ p(-|0) for i =1,2,..., M.
Fort=1,2,....T .

1) Run S intermediary steps of the GIRF to obtain {Uf”}f‘ih

{a!? M and {w”}M, (innermost loop in Algorithm 1)
2) Update the mean approximation

: o) ;
mi = a1 4 (1= NGt + Vg pa, (V0L )
RO
+Vlog fo,_, (U U 0)
3) Update the score vector ¢ = S, wm{?
4) Update theta according to 6, = 0;_1 + V(¢ — G—1)
End
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Figure 3: Figure 3a shows the effective sample size and Figure 3b shows the mean square
error in probability (see (15)) for the online estimation procedure run with B = 1 (green,
solid), B = 2 (orange, dashed) and B = 3 (purple, dot-dashed) look ahead steps. For each
figure, left, middle and right correspond to data simulated according to models (S1), (S2)
and (S3), respectively.
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(b) ROC curve for observations at time T'.

Figure 4: Figures 4a and 4b show the ROC curves for observations 1 to T'— 1 and for the
predicted probabilities at time T, respectively. Each figure reports the ROC for the online
estimation procedure run with B = 1 (green, solid), B = 2 (orange, dashed) and B = 3
(purple, dot-dashed) look ahead steps. For each figure, left, middle and right correspond
to data simulated according to models (S1), (S2) and (S3), respectively. The line y = x is
shown in red and the ROC curve for the true probabilities is shown in black.
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Figure 5: Estimates of o (blue), o (orange) and ¢ (grey) obtained via online procedure
with B =1 (solid), B = 2 (dashed), B = 3 (dot-dashed). Left, middle and right figures
correspond to the data generated according to (S1), (S2) and (S3), respectively.

where ¢ € (0,1) and € ~ Ny(0,0%I;). We take o = 0.75,0 = 0.4,q =
0.25, 11 = (2,0) and pe = (—2,0), and note that this is similar to the
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model of [68].

(S3) Let the density « decrease over time, so that (5) is replaced by
Nijt = O — ||uzt - th“a (14)

where @ = (g, ag, ..., ar) is a decreasing sequence sequence starting
at 2 and ending at —2. We also take 0 = 0.4 and ¢ = 0.9.

(S1) corresponds to simulating from the generative model, (S2) corresponds
to simulating from a variant of the generative model in which the nodes
belong to one of two communities that evolve jointly, and (S3) corresponds
to simulating from a variance of the generative model in which the density of
the networks evolves from more to less connected. Note that (S1) allows us
to verify our approach is behaving as expected, whereas (S2) and (S3) allow
us to explore the performance of our approach under two specific forms of
model misspecification.

For each of (S1), (S2) and (S3), we fit our model using both an online
and offline procedure. We take S = 1.5N, M = 5000 and d = 2, and consider
the two different choices of assessment function discussed in Section 3.1.
For B = 1, we take v,, (U) = p(Vi41|U), and for B € {2,3} we take the
assessment function given by (9). For the online procedure, the results are
summarised in Figures 3, 4 and 5 and corresponding figures for the offline
procedure can be found in Appendix F. To assess the performance Figure 3
depicts the ESS, mean square error in probability, given by

1 A
MSES")ob - (T Z (pije — pijt)2 ) (15)

2) i<j

and Figure 4 shows ROC curves. Figure 5 shows the parameter estimates.
Overall, we see that increasing the number of look-ahead steps B does
not offer much improvement in terms of the performance of the filter. This
is likely due to the observations being binary, and setting B > 1 may offer
improvement for more informative observations. The cases (S1) and (S2)
exhibit the most stable performance throughout and this is particularly clear
in Figure 5 where we see that the estimates of o and o for case (S3) vary
according to the decreasing density of the observed networks. We also see in
Figure 3b that the MSE in probability is larger for case (S3), however this
is somewhat obscured by the variability in the parameter estimates. In the

13



offline setting, we find that the parameter estimates are more stable which
results in a larger MSE (see Appendix F). Online estimation is challenging
in general, and so it is unsurprising that we find that the performance is
generally much more stable in the offline setting. Finally, we comment that
suitable modifications of our model may be made in order to express the
structures present in (S2) and (S3) if appropriate.

4.2. Scalability

In this section we explore the scalability of our approach as the dimension
of the state space increases in terms N and 7. We simulate data according
to the model in Section 2.1 under the following two settings.

1. Increasing 7 Simulate a dataset with 7" = 1000 and N = 20,d =
2,a = 1250 = 0.2, ¢ = 0.9, and restrict the number of observations
to t = 50, 100, 500, and 1000.

2. Increasing N: Simulate a dataset for each of N € {50, 75,100} and
T=25,d=2,a=1,0=02,90=0.9.

For each case we implement online inference with M = 5000 and the
timings are shown in Figure 6. We choose the number of intermediary states
as S = N for increasing 7" and S = 0.5N, N, and 2N for increasing N. From
Figure 6a we see that the computational cost grows quadratically with the
number of nodes N and this is due to the (]; ) terms in the expression (3).
Whilst we may reduce the overall computational cost through decreasing S,
this will affect the performance of the filter (see Figure G.13a in Appendix
G). From Figure 6b we see that there is a linear increase in the computational
cost as T grows. The filter is much more stable in this setting (see Figure
G.13b in Appendix G), and so is much more appropriate for network data
with a large number of observations in time.

5. Classroom Contact Data

In this section we consider the application of our proposed methodology
to a dataset describing face-to-face contact among primary school children.
Students are equipped with sensors and a connection is recorded if two stu-
dents face each other within a 20 second interval. The data are available
from www.sociopatterns.org and have been published in [71] and [27]. We
analyse interactions among a class of 25 school children on an aggregate level,
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Figure 6: Time taken for online SMC procedure for increasing N (left) with S = 0.5N
(green), S = N (orange) and S = 2N (purple), and increasing T' (right).

where we record whether each pair of students interacted within a 4 minute
interval. In Section 5.1 we analyse the data with binary interactions whereas
in Section 5.2 we analyse the data with integer interactions. Furthermore, a
discussion of the stationarity assumption for this data example is presented
in Appendix H.

5.1. Binary Interactions

We now apply our model to the contact network where the connections are
binary, so that y;;; = 1 if students ¢ and j interact within the ' interval and
yij+ = 0 otherwise. We compare our model to the approach of [21] who model
the latent trajectories according to a Gaussian process and, throughout this
section, we report estimates obtained via the offline procedure. In addition
to the formulation presented in Section 2.1, we also fit our model with the
linear predictor (5) replaced by

Nijt = @ + ugujt. (16)

Similarly to the Euclidean distance formulation, u;; captures the probability
of the i"" node interacting with the remaining nodes at time ¢ relative to the
base-rate parameter «. In contrast to the Euclidean distance assumption,
the dot-product assumption imposes that nodes whose latent positions lie in
similar directions from the origin are more likely to be connected.

Since [21] model the connection probabilities as a function of the dot-
product between latent variables, the formulation (16) makes for a more
reasonable comparison than the Euclidean distance formulation in presented
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Figure 7: Fitted model obtained via offline procedure for a selection of student pairs.
Figure 7a shows the connection probabilities for binary data and Figure 7b shows the rate
for count data. Left, middle and right correspond to the same node pairs for each plot.

in Section 2.1. We note that these models differ in how the latent trajectories
and the base-rate parameter o are modelled. More specifically, [21] assume
that the latent coordinates evolve according to a Gaussian process and allow
a to vary with time.

We fit our model with S = 2N, M = 5000 and d = 2 and, similarly to [21],
we assess the model on the connection probabilities to avoid identifiability
issues associated with the latent representation. Figure 7a shows the esti-
mated connection probabilities for the first T'— 1 observations for a selection
of node pairs, where the blue line represents the dot-product DLSN model
fitted and the grey line represents the model of [21]. We see that there is
a reasonable correspondence between the two models, however the model of
[21] returns a smoother estimate of the probability trajectory. Our approach
instead is able to obtain estimates at a lower computational cost, particularly
when online inference is implemented. More precisely, the MCMC scheme of
[21] involves update steps for each time point and node at every interaction,
whereas our online GIRF scheme requires S x M likelihood evaluations at
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Figure 8: Summary of fit for the dot-product DLSN, Euclidean distance DLSN and the
model of [21]. Figure 8a shows the ROC curve for each model. Figures 8b and 8c compare
the average absolute error (AAE) (17) for our model with a dot-product and Euclidean
distance formulations when the interactions are binary and weighted, respectively. We
note the predictive measures are only considered for the DLSN models.

each time point.

Figure 8a reports the ROC curve for the DLSN model and the model of
[21], and the dot-product and Euclidean distance formulations of the DLSN
model have both been included for comparison. We see from this figure that
all the models perform comparably well in terms of this measure, however
we see that the Euclidean distance model is a marginally better classifier.

Finally, we explore the predictive distribution for the 7% observation.
To assess the quality of predictions, we simulate R,., = 5000 observations
according to p;;7 and record the average absolute error. For {i,j} € {i,j €
{1,2,...,N}|i < j}, this is given by

Rrep

1 A
AAE; = 7— > vigr — e
rep 1

: (17)

where ;7 is simulated from a Bernoulli distribution with success probability
pijr- Note that (17) is equal to 0 when the data are predicted correctly. The
distribution of the AAE over all node pairs is depicted in Figure 8b for
the dot-product and Euclidean distance DLSN model, and from this we see
that most observations are well predicted. Additionally, we observe that the
Euclidean distance formulation performs better in terms of this measure.
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5.2. Weighted Interactions

Our approach also allows us to straightforwardly analyse networks with
non-binary interactions and, in this section, we consider the classroom data
where y;;; represents the number of interactions between nodes 7 and j in the
" time interval. To adapt the model in Section 2.1, we model the probability
of connections forming as

piU @) = [T e N5 i, (18)
1<J
Aije = expla — |lugy — |}, (19)

with expressions for the latent transitions (1) and (2) specified as before.

The formulation (19) can also be adapted to express \;;; in terms of the
dot-product u] u;, similar to the model considered in Section 5.1. Here, we
consider both formulations and explore the model fit when estimates are
obtained via the offline procedure. Throughout, we fix S = 2N, M = 5000
and d = 2. The estimated rates for a subset of node pairs for the dot-
product formulation is shown in Figure 7b, where each panel corresponds to
the same set of node pairs in Figure 7a. It is clear that modelling the data in
this way allows us to obtain an understanding of the interactions on a finer-
scale. Finally, we assess the predictive distribution for the T observations
in Figure 8c. We see that the majority of observations are predicted well
and that there is no clear difference between the dot-produce and Euclidean
distance models. Note that we have not compared to the approach of [21] for
this example. Since their inference procedure relies on a data augmentation
scheme for logistic models, it is not immediately straightforward to adapt
their approach to the non-binary setting.

6. Discussion

In this article we have considered sequential estimation of a dynamic
latent space network model and our approach relies on the algorithms intro-
duced in [51] and [49]. Since standard SMC methodology scales poorly as the
dimension of the state space increases, we consider the GIRF of [51] which
allows us to estimate networks with moderate N. Our approach is most ap-
propriate in settings where there are a large number of observations in time,
allows convenient estimation of predictive distributions and, unlike MCMC,
can be updated with additional observations without rerunning the entire
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inference mechanism. We have also shown that, in contrast to related ap-
proaches, our procedure can be adapted to model variations, such as weighted
interactions, and is suited to both online and offline inference. To the best of
our knowledge, we have presented a novel approach for sequential estimation
of dynamic latent space networks which, in contrast to existing methodology,
does not rely on specific model forms or approximations. Since the likelihood
of a latent space network model is of O(N?) computation complexity and a
basic MCMC scheme requires n;; x 1" evaluations of this likelihood, we expect
our SMC scheme to be more computationally efficient when M x S is much
less than n.

In practical applications, we anticipate our proposed methodology to be
particularly appealing in either data streaming settings or for data examples
with a large number of observations in time. SMC is well-suited to these
settings since the sequential nature of SMC allows estimates to be updated
given additional observations, therefore making this approach amenable to
online inference. In contrast, we stress that estimates obtained via either
MCMC or variational methods would require reestimation of model parame-
ters under further observations. Furthermore, since our inference procedure
is simulation based, our methodology is not sensitive to modifications of the
model. Whilst this is also the case for MCMC methods, we note that for
some model modifications it may be difficult to derive an expression for the
evidence lower bound, needed to update estimates in variational methods,
and this would make application of such techniques challenging.

When implementing our methodology, there are a several choices which
require the practitioners input. Firstly, they must specify the number of
particles M and the number of intermediary steps S given their available
computing resources. As shown in Section 4.2, increasing S will require
more computational resources but, from Appendix D we see that a larger S
does improve the performance of the GIRF. We advise taking M and S as
large as possible and not choosing S less than 1.5/N. In our simulations and
data examples we let S = 1.5N and S = 2N, respectively, and found this
to be sufficient. Secondly, depending on the specifics of the data example, a
practitioner must choose between online and offline inference. Here we note
that, as evidenced by the study in Section 4.1, parameter estimation is less
stable for our online implementation and so care must be taken. Furthermore,
we also note that the noise in the log-likelihood approximation utilised in our
gradient descent algorithm may give rise to local modes. However, we did
not find evidence of this in our examples with known static parameters.
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A key limitation of our approach is the scalability in terms of the number
of nodes N and this is due to both properties of SMC methodology and the
O(N?) calculations needed to evaluate the likelihood. The latter contribu-
tion has been addressed via likelihood approximations (see [56] and [58]),
however it is not straightforward to adapt this approach within the context
of SMC. Alternatively, the modelling approach taken in [24], in which the
nodes are partitioned into communities and the within-community connec-
tion probabilities are modelled via a latent space, may allow us to consider
networks with larger N. In this setting, regions of independence in the latent
space may allow us to develop a more scalable approach through a partition
of the state space (for example, as in [59]).

This work may also be considered in the context of changepoint or anomaly
detection, similarly to [42], where the authors rely on approximate inference
via variational methods. However, in contrast to existing DLSN models, our
approach models the latent nodes via a stationary process and so is likely
more appropriate for determining changes in network behaviour. For exam-
ple, the latent space approach may allow for the detection of changes in joint
distributions of motif counts resulting from a change in the variance of the
latent representation.
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Appendix A. Background: SMC review

SMC methods are a class of simulation-based algorithms designed to iter-
atively estimate a posterior distribution (see [20], [46] and [18]). We split our
discussion into state estimation in Appendix A.2, where we focus on particle
filtering, and static parameter estimation in Appendix A.3. To motivate the
algorithm considered in Section 3.1, we briefly discuss high-dimensional SMC
methodology Appendix A.4.

Appendiz A.1. General SSM
A general SSM is governed by the following equations

Xo ~ po(o),
thXt—l = Ti—1 "~ f@(xtlxt—1>7 fort =1,2,...,T, (A‘1>
| Xy =z ~ go(2zi]2y), fort=1,2,...,T,

where {X;}7_, are the latent states, {Z;}]_, are the observations and 6 is a
vector of parameters. The distributions pug(-) and fy(:|-) govern the latent
states and gp(+|-) controls the observations. Note that the model in Section
2.1 is a special case of (A.1) with 6 = (a, ¢,0), Z; = Y, and X; = U, and
densities as specified in (1), (2) and (3).

Appendiz A.2. Generic Particle Filter

A particle filtering (PF) scheme estimates the latent states {z;}_, given
observations {z}L, by sequentially targeting the filtering densities {pp(z;|
Z1;t)}tT:1- In general, we cannot obtain analytic expressions for the filtering
densities and so a PF scheme instead relies on approximations obtained via
importance sampling (IS). However we note that, in the special case when
fo(zi|zi—1) and gg(z|z;) are Gaussian, we may determine pg(x;| z1.;) analyt-
ically and this scheme is the well-known Kalman filter [35].
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Algorithm 5 Generic Particle Filter to obtain estimates {a:,gi),wgi)}f\il of
po(x¢]z14), for t =1,2,....T.

o [teration t = 0:

Sample M particles {:v(()i)}ij‘il from pg(-) and assign weights w(()i) =1/M.

o [terationt =1,...,T":

Assume particles {2\, }M, with weights {w”’,}™, that approximate
Po(Ti1|21:4-1)- '

a) Sample parent indices {a\”}¥, from F(-|W,_1), where W, ; =

1 2 M
(wi—)lv wzg—)h ey wzg—l))'

, o
b) Propagate the particles according to mil) ~ qp <-|Zt,xti‘ll), for i =
al
t

(i) DG
1,2,..., M, and set x;,; = (xl:tllvxt )
c¢) Calculate the weights

w® o (i) @, e ag?,
t Po \ Ty, 212t qo | Ty |Zt75”1:t—1 Po | T1.4—1521:t-1

fori=1,2,..., M and normalise.

A generic PF scheme for approximating {pg(z¢|z14)}L, is outlined in
Algorithm 5. We let {xii),wy)}i\il denote the particle approximation to
po(T¢|z1.4), where a:f) and wgi) represent the " particle and " weight, re-
spectively, for ¢ = 1,2,..., M. This scheme updates the particles at time
t — 1 according to a proposal distribution gg(z;|zs_1, 2;) and then adjusts the
weights to account for the discrepancy between the #** and (¢ — 1)™ filtering
densities. Algorithm 5 contains a resampling step where parent indices ag?l
are resampled according to F(:|-). This step mitigates against particle de-
generacy in which the weights concentrate onto a small number of particles
causing the quality of the approximations to degrade. We refer to [17] and
[20] for details of standard resampling schemes.

Many well-established particle filtering algorithms can be obtained as a
special case of the scheme in Algorithm 5. For instance, we may obtain
the standard SIR filter of [30] by taking qy(-|zi—1, 2:) = fo(:|z—1) and w; =
go(2¢]-). This filter has the advantage of being simple to implement, however
the particles are propagated according to the model dynamics and so do not
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incorporate information about future observations. It has been shown that
the proposal which obtains optimal performance in terms of the variance of
the importance weights is [19] qg(x¢|2¢, x1—1) = po(x¢|2, x4—1). However, for
many practical applications, we cannot find a tractable expression for this
proposal. Alternative approaches, such as the auxiliary particle filter (APF)
of [53], instead aim to approximate p(x¢|z, x1—1).

To assess the performance of a PF, we can approximate the the effective
sample size (ESS) at time ¢ as ESS = 1/Zgl(w§i))2. Additionally, a PF
allows us to obtain an estimate of the marginal likelihood py(y1.r) from the
importance weights using

po(yrr) = H [% Zwt(i)] . (A.2)

t=1 i=1

Evaluating (A.2) does not incur an additional computational cost and this
estimator has been shown to be unbiased (see Theorem 7.4.2 in [15]).

Appendiz A.3. Static Parameter Estimation

The procedure in Algorithm 5 estimates the latent states {z;}L; con-
ditional on known static parameters #. However, in practice, we also wish
to estimate static parameters 6, given by (o, ¢, «) in our application. The
existing literature can be divided into offline and online approaches, and we
will briefly discuss these below. For a more in depth discussion, we refer the
reader to [36], [26], [37] and [46].

Offline estimation can be considered within the Bayesian or Frequentist
paradigm. In the Bayesian setting, particle MCMC [4] methods allow joint
state and parameter estimation by utilising an SMC approximation of the
the likelihood which leaves the target distribution invariant. This avoids cal-
culation of complex proposal distributions and, due to the crucial role of the
estimation of the marginal likelihood, attention has been focused on develop-
ing PF schemes which improve the quality of this estimate (for example, see
[3]). Alternatively, [13] develop an iterated procedure which relies on nested
particle filters to estimate the state and parameters jointly in the Bayesian
setting. From the Frequentist perspective, estimating 6 is viewed as a like-
lihood maximisation problem (see [47] and [33]). This has been addressed
via gradient ascent in which estimates of # are updated according to the gra-
dient of the log-likelihood (for example, see [34]). [55] consider estimating
the score and information matrix, which can be used within gradient ascent,
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and [49] extend this to develop a procedure which has a linear computational
cost. Alternatively, 6 can be estimated using an expectation maximisation
procedure as in [16].

In the online setting, a natural approach for estimating # would be to
find a particle approximation to the joint density p(xy, 8|21.), similar to the
procedure for estimating {x;}L ; outlined in Algorithm 5. However, since
0 does not evolve in time, the particle set will degenerate under repeated
resampling. Online estimation of 6 therefore presents a challenging task and
remains an open problem in the literature. Several Bayesian strategies have
been proposed, such as [30], who include artificial dynamics to reduce the de-
generacy, and [28], who rely on MCMC kernels to add diversity to the particle
set. Other approaches include practical filtering (see [54]), kernel approxi-
mations (see [44]) and estimating 6 using sufficient statistics (see [72], [23]
and [12]). More recently, [14] introduced a procedure which relies on nested
particle filters, similarly to the approach of [13]. In the Frequentist setting,
6 can be estimated via likelihood maximisation. For example, see [43], [55]
and [49], for methodology which relies on gradient ascent. Alternatively, [11]
consider estimation via an expectation maximisation procedure.

Appendixz A.4. High-Dimensional Particle Filtering

It is well-understood that the performance of SMC methods degrade as
the dimension of the state space increases [5, 69, 6, 8] and it has been shown
that the number of particles must increase exponentially with the state di-
mension to avoid particle degeneracy [70]. Developing methodology for high-
dimensional state spaces remains an open problem in the literature, and in
recent years a body of work has developed to address this issue.

A popular strategy involves the utilisation of MCMC techniques, such
as in [29] where MCMC moves are introduced to mitigate against particle
degeneracy. More broadly, MCMC methodology has appeared as part of
sequential MCMC schemes [39, 62, 10] and this idea has been explored further
in, for example, [50] and [64]. Other authors have considered approximate
algorithms, such as the ensemble Kalman filter (see [38]) which approximates
a Kalman filter through a sample, or ‘ensemble’, from the target distribution.
Alternatively, [59] explore local particle filters such as the block particle filter
in which the state space is partitioned into non-overlapping blocks. Finally,
2] generalise the nudging approach, where a subset of particles are artificially
moved towards the observation (see also [73] and [1]).

30



Several algorithms have also been developed for particular classes of mod-
els. [7] introduce the space-time filter which assumes that the likelihood can
be decomposed so that knowledge of the observations can be incrementally
incorporated. [74] introduce artificial process noise to improve the perfor-
mance of the particle filter in high-dimensions for a class of state space mod-
els. [48] consider a nested approach in which an additional particle filter is
introduced to approximate the proposal distribution relied upon in the fully
adapted filter of [53]. [51] introduce artificial intermediary states in order
to handle high-dimensional state spaces. We note that in our application of
interest the form of our network model restricts which of these algorithms
are appropriate. Finally, for a selective review of high-dimensional particle
filtering algorithms, we refer the reader to [63].

Appendix B. Derivation of py(U-,,|U-,,_,)

In this appendix we derive the intermediary transition kernels required to
implement the GIRF. Since all nodes follow the same distribution indepen-
dently, we drop the notation 7 and derive the transition equation for a single
node.

For u; we have U;|U;_1 = us_y ~ N (dus_1,0%1;). We require an expres-
sion for pg(ur, , |t ,) so that

Po(Ues1lue) = Poltr,, [1e)Po(Ur, o |tr, ) - - Do(tpsr|tir, 5, ). (B.1)

By properties of the Normal distribution, we know that pg(ur, ,|ur, ) =
N(mu,,_,vl;). We determine the values of m and v below.

Determining m
By the law of total expectation we have

E [Ut’Ut—l] =E [UTt,s|UTt,o] = Quz-1, (B
= ]E [E [ . E [E [UTt,S’UTt,Sfl} |UTt,S—2] ot |UTt,1] ’UTt,0j| 9 (B

= mSUt_l. (B

(B

=m = ¢/,

We have po(tr, |ur., ) = N(¢"5u,, , ,,vl;) and we note that this is valid
for ¢ € (0,1).

31



Determining v
The law of total variance tells us

Var [Ur, s|Ur,,] = E [Var [Ur, ;|Ur, ] |Un,,] + Var [E [Ur, (|Us, ] | m(}- |
B.6

For the expectation, we have

E|U

Tt,s

U, S,} = ¢Sy, for ' < s. (B.7)

We then obtain a recursion for (B.6) by writing

Var [Un,s‘Un,s] =K [Var [UT

tS| ts+1:| |

UTt,s] + Var [E [UTtS‘ ts+li| UTt,s:| )

(B.8)
fors=8-2,5-3,...,0.

Starting from s = S — 2, we have

Var [Ufts‘ Tt,S— 2] E [Var [UTtS’ Tt,S— 1:| ‘UTt,S—Q] +Var [E [ TtS‘ Tt,S— 1]( t)S 2:| )
=E [0I4|U,, 5 ,] + Var [¢"°U,, | |Us L], (B.10)
= de + ¢ /SU]d. (B.ll)
Then from s =S — 3 we have
Var |:UTtS| Tt,S— 3] _E [Var [UTtS’ Tt,5— 2} |U‘Ft,s-3] _'_Var [E [U‘I’ts| Tt,S— 2] ’ Tt,5— 3} )
(B.12)
=K [Ujd + ¢2/Svld|UTt,573i| + Var [¢2/SU ,S— 2|Un S— 3} )
(B.13)
= vl + ¢* vl + ¢Sl (B.14)
Applying this procedure iteratively, we obtain
0® = Var [Uy, (|Ur ]| = vl [1+ ¢S oM ng(S_l)/S} , (B.15)
5-1 ; 1— (¢2/S)S 1— ¢?
:U[d2(¢2/s) :'U[d< —1_¢2/S :U[d(1_¢2/s>7
r=0
(B.16)
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_ 02
=0 =0 (ﬂ> I (B.17)

Finally, we have

_12/8
uTt,s—l) = N <¢1/Sun,s17 02 (%) ]d) . (B18>

]59 (uTtﬂg

Appendix C. Gradient derivation for parameter estimation
To estimate 6 = («a, 0, ¢) using the scheme detailed in Section 3, we must

d d
find expressions for pTi log p(U;|U;—4, 0) and pT log p(V4|Uy, 0). For the model

detailed in Section 2.1 we obtain

ilogp(yt|Ut,9) => {yz-jt - ! } (C.1)

Do = 1+ exp([Juir — ujel| — @)
= Z (Yije — pijt) - (C.2)
i<j
9 U, 0)—210 WU, 9)—310 (U,|U,_1,0) = 0. (C.3)
(90' gp t ts - agb gp t ty - aOé gp t t—1, - Y- .

N

0 d 1
— logp(U;|U;—+,0) = Z {—; + ;(Uit - Cbui,tfl)T(uit — ¢Ui,t1)} .

Jo ’
i=1

(C.4)

0 o1
(9_¢ log p(Ui|U; -1, 0) = 121 {;Uﬂ_l(uit - ¢Ui,t—1)} . (C.5)

where (C.5) follows from (84) in [52]. )
Since ¢ > 0 and ¢ € (0,1), we opt to estimate & and ¢ as specified in
(12). From the chain rule we have

o 090 9 909

Then, we obtain the required expressions using
95 1 06 1
i L it 7
(C.8)

For stability reasons, we scale each of the gradients by a 1/Nd.
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Figure D.9: Performance of GIRF as NN increases for varying number of intermediary
states S. The ESS and average MSE in probability are shown in the left and right panels,
respectively, and the number of particles was fixed at M = 10000. Blue, red and grey lines
correspond to N = 20, N = 30 and N = 50, respectively.

Appendix D. Suitability of the GIRF

To assess the suitability of this approach, we fit the GIRF to data simu-
lated from the model in Section 2.1 with o« = 1.2, 0 = 0.2 and ¢ = 0.9. Figure
D.9 shows the performance of the GIRF for different choices of S and varying
N when the assessment function is taken as v, (U) = p(V441|U) and 0 is
assumed known. The left plot depicts the ESS (see Section Appendix A.2)
divided by the number of particles and the right hand size shows the mean
square error in probability. For t = 1,2,..., T, this is given by

1 ~
MSEzSi)ob - m Z (pije — pijt)2 ) (D.1)

2/ i<y

where p;;; and p;;; represent the true and estimated probability of nodes i
and j sharing a tie at time ¢, respectively.

Figure D.9 indicates that the accuracy of the filter remains reasonably
stable as the dimension of the state space increases. We also see that esti-
mation is more challenging as NV increases and that S significantly impacts
the performance of the filter. It is clear that too few intermediary states will
result in poor quality approximations. Finally, we comment here that little
difference in the performance was observed when the assessment function was
given by (8) and it is not clear whether this is true more generally. For exam-
ple, we may find that incorporating future observations is more worthwhile
for non-binary interactions.
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Algorithm 6 Procedure for initialising o

Input: )i, Vs and d
For t € {1,2}:
- Calculate the N x N distance matrix D, = {d;j+}; je1.n, Where d;;
is the graph distance between nodes ¢ and j. We set d;;; = 0 and,
if d;;; = 0o, we set d;j; to be the maximum finite entry of D;
plus some constant v > 0.
- Calculate the MDS coordinates with latent space dimension d, U,

1 N
- Calculate o; = Nd Zfil Ut

Let 0 = (01 + 02)/2

Appendix E. Static parameter initialisation

To initialise o we follow [66] and adapt the GMDS approach considered in
[60] and our procedure is detailed in Algorithm 6. We initialise ¢ at 0.8, and
then choose « via a grid search conditional on ¢ and ¢. More specifically, for
a sequence of candidate « values, we simulate a series of latent trajectories
given o and ¢. Then, we initialise a by taking the value which results in
a network with density that is most similar to the average observed density

Zthl Zi<j yijt/T(];)'

Appendix F. Alternative Scenarios

Figures F.10, F.11 and F.12 summarise the fit for offline estimation pro-
cedure for the data scenarios considered in Section 4.1. Throughout we fix

= 1.5N, M = 5000,d = 2 and Ny = 20. Corresponding figures for the
offline procedure are presented in Section 4.1.

Appendix G. Performance Plots for Scalability Simulation

Figure G.13 shows the performance of the filter as N and 7' increase
and the data were generated according to the description in Section 4.2.
From Figure G.13a, we see that the problem becomes more challenging as N
grows and choosing S too small will decrease the performance of the filter.
From Figure G.13b we see that the performance of the filter is stable at T’
increases. As expected, increasing the dimension of the state space is the
more challenging aspect.
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Figure F.10: Figure F.10a shows the effective sample size and Figure F.10b shows the
mean square error in probability (see (15)) for the offline estimation procedure run with
B =1 (green, solid), B = 2 (orange, dashed) and B = 3 (purple, dot-dashed) look ahead
steps. For each figure, left, middle and right correspond to data simulated according to
models (S1), (S2) and (S3), respectively.

Appendix H. Stationarity assumption

The assumption of stationarity over the latent trajectories in our model
ensures that the network properties are preserved through time. Without this
assumption, the generative model gives rise to empty networks as 1" grows
since the variance of the latent positions accrues over time. For the data
example presented in Section 5, we plot some network summary statistics
in Figure H.14 to justify this assumption. Whilst there is some variability
in these summaries, there do not exist significant trends which suggest the
assumption of stationarity to be unreasonable.
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(b) ROC curve for observations at time T'.

Figure F.11: Figures F.11a and F.11b show the ROC curves for observations 1 to T'— 1
and for the predicted probabilities at time T, respectively. Each figure reports the ROC
for the offline estimation procedure run with B = 1 (green, solid), B = 2 (orange, dashed)
and B = 3 (purple, dot-dashed) look ahead steps. For each figure, left, middle and right
correspond to data simulated according to models (S1), (S2) and (S3), respectively. The
line y = x is shown in red and the ROC curve for the true probabilities is shown in black.
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Figure H.14: Summary of the classroom contacts dataset considered in Section 5. Left,
middle and right panels plot the density, average path length (APL) and transitivity of
the observed graphs over time, respectively.
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Figure F.12: Estimates of « (blue), o (orange) and ¢ (grey) obtained via offline procedure.
Left, middle and right figures correspond to the data generated according to (S1), (S2)
and (S3), respectively.
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Figure G.13: Summary of performance of online SMC scheme as the dimension of the data
increases in terms of NV and 7.

39



