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Abstract

The work in this thesis is centred around exploring the transport properties induced
by periodically driving topologically non-trivial systems. In particular, it focuses upon
the signatures associated with Majorana modes in 1D topological superconductors and
their adiabatic manipulations, in anticipation of the next generation of experiments
pursuing the realization and control of such excitations, which have been stipulated as
the potential building blocks of robust quantum computation.

We examine two distinct ways by which external driving can influence a system’s
topology. Firstly, we focus upon systems for which the modulation results in the
emergence of additional topological phases, not present in their static counterparts, the
classification of which is not well defined by the usual topological invariants associated
with the energy spectrum of the bulk system. For such systems, transport properties
are vital in identifying non-trivial topological regimes and, with this motivation, we
examine the relationship between driven scattering matrix topological invariants and
conductance signatures.

Secondly, we determine the transport statistics associated with the adiabatic
manipulation of topological excitations appearing in static systems, with a specific focus
upon a Majorana braiding protocol. In this way, we demonstrate that the topological
protection of the operation is reflected in geometric contributions to the heat transport
induced by the driving. In addition to providing potential experiential signatures of such
manipulations, this analysis also sheds light on the influence of periodic driving upon
exchange fluctuation theorems, that govern the thermodynamics of non-equilibrium
quantum systems, and also the performance of such protected operations as nanoscale

thermal machines.
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Chapter 1

Introduction

A key aspect of condensed matter physics is the classification of systems into distinct
phases based on their underlying properties and the external conditions to which they
are subjected. Conventional phase transitions are well described by Landau’s theory,
which states that phase transitions occur upon the breaking of some internal symmetry
of the system |1H3]. Despite its success in the classification of a myriad of crystalline
structures and emergent properties such as magnetism and superconductivity, the
discovery of the quantum Hall effect posed a stumbling block to this theory by exhibiting
distinct phases characterized by the emergence of quantized conductance along the
edges of a sample, the bulk of which remains in an insulating state [4-7]. Crucially, the
emergence of this conductance occurs without the breaking of any local symmetry and
hence such phases require an alternative notion of classification.

This discovery initiated the concept of the topological classification of condensed
matter systems, a notion more commonly encountered in Mathematics, where it is
used to differentiate continuous manifolds which cannot be smoothly deformed into one

another. Within the realm of condensed matter physics, this idea can be used to group



wavefunctions that are adiabatically connected and distinct topological phases can be
defined by the value of a topological invariant that is immune to such deformations
[8-13]. Importantly, this manner of classification is based upon the global properties
of the object in question, as opposed to the local structure, and hence the topological
properties of each phase are robust against adiabatic perturbations to the system.

One particularly striking consequence of topologically non-trivial states of matter
is the existence of gapless excitations at the boundaries with systems of a different
topological class [11]. It is such protected excitations that result in the quantized
conductance across quantum Hall systems [14] and such excitations take on increasingly
remarkable properties when the concept of topological classification is extended to
superconductors [15,/16]. Superconducting systems allow for emergence of quasi-
particles consisting of linear combinations of particles and holes and, at zero energy,
this results in the appearance of Majorana zero modes (MZMs); excitations for which
the creation and annihilation operators are identical [17-22]. The possible existence
of such excitations was first eluded to by Kitaev’s toy model of a 1D spinless p-wave
superconductor 18], followed by the suggestion of their presence within vortices in 2D
ps + ip, superconductors [23].

Much of the excitement surrounding MZMs, and thereby the motivation for them
forming the focus of this thesis, stems from their potential applications in the field of
topological quantum computation [21,24-28]. Tt has been stipulated that two spatially
separated MZMs, defining a non-local state, could in principle encode information as
a qubit system. The topological protection of the constituent MZMs partnered with
the fact that the information is encoded non-locally, would instill such a theoretical

qubit with a high resistance to decoherence via local perturbations. Furthermore,



the MZMs exhibit non-Abelian statistics under exchange [23,24)29], allowing for
the protected control of the qubit state and the execution of some computational
gates. Such potential applications have motivated a multitude of attempts to realize
such excitations experimentally [30-34], many of which are centered around detecting
signatures via electronic tunnelling spectroscopy. It is known that the scattering of
electrons via MZMs, when in contact with an external metal lead, should yield a
quantised zero-bias peak in the conductance spectrum [35,36]. However, such a feature
is not a unique consequence of the existence of Majoranas [37,[38] and hence alternative
detection methods are desirable. Furthermore, in anticipation of the next generation
of experiments beyond detection, it is of interest to explore the transport signatures
associated with dynamical manipulation of MZMs, such as braiding operations, for
which several theoretical implementation proposals already exist [39,/40].

As a consequence of the correspondence between topological classification and the
presence of gapless boundary modes, scattering matrices can provide an alternative tool
in the identification of topological phases [41-43]. Indeed, scattering matrices provide
alternative topological indexes for all symmetry classes present in the so called 10-fold
way [44], providing a complete classification of the zoo of possible symmetry protected
topologically non-trivial states of matter. This approach is particularly applicable to
the identification of the additional topologically distinct phases that arise in systems
subjected to a source of periodic driving. Such Floquet topological systems attract
interest due to the ability to manipulate their properties and induce phase transitions
by simple changing the driving frequency [45-51]. However, unlike their stationary
counterparts, the original topological invariants associated with the eigenstates of the

bulk system can fail to capture the behaviour at the boundary [47,52,53]. Despite



this, stroboscopic scattering matrices, defined by only turning on the coupling to
external leads after regular intervals, remain sensitive to the existence of gapless modes
and are hence an indispensable tool in the classification of such driven systems [53].
However, the exact relationship between this fictitious stroboscopic scattering setup
and the electronic conductance that would be accessible in potential experiments, with
constantly coupled leads, remains unclear and hence is one of the topics addressed in
this work.

In addition to the emergence of additional topological features in periodically driven
systems, it is also of interest to consider the transport properties associated with the
time dependent manipulation of the topological excitations existing in static systems.
When connected to external baths of particles, the slow driving of a quantum system is
known to stimulate the transition of, or pump, both particles and energy between the
baths, even in the absence of potential or temperature biases [54.,/55]. These geometric
contributions to the transport are intricately connected to the Berry phase accumulated
during the periodic manipulation of a quantum state [56]. This contribution takes on
a renewed significance in systems for which the dynamical operations in question are
topologically protected, such as the exchange of Majorana zero modes [57] which is the
chosen example addressed in this work.

Geometric contributions to heat transport are also known to have a profound impact
upon the thermodynamic properties of driven mesoscopic systems. Specifically, they
have been shown to result in corrections to steady state fluctuation theorems, that
quantify the likelihood of anomalous heat transfer against a thermal gradient and
are of fundamental importance to understanding the second law of thermodynamics

on a mesoscopic scale [58-62]. The potential for topologically protected transport



contributions, and consequently the possibility of driving a highly controlled heat flux
against a thermal gradient, means that it is also of interest to consider the performance
of adiabatically driven quantum systems as thermal machines [63H66] and consequently
this forms the final focus of this thesis. The ability to utilise the flow of heat to
perform useful work or, conversely, use the external driving in order to refrigerate at
the nanoscale is of fundamental importance to the development of a host of quantum
technologies [67-71]. The highly robust nature of topologically protected operations

adds an additional desirable facet to the operation of such a thermal machine.

Structure of Thesis

The work in this thesis addresses themes concerned with the connection between
transport properties and periodically driven topological systems, using scattering
matrices as the central tool. It is divided into two main parts. Part [I] introduces the
background theoretical framework required to explore the properties of the topological
superconducting systems analysed in Part [II| in which the culmination of my original
studies of such systems are presented. Specifically, Chap. [2| will introduce the general
notion of topology in condensed matter physics, before focusing upon the emergence of
Majorana zero modes in topological superconducting systems. Chap. [3| then provides
an outline of how we can study the transport properties of such systems by introducing
Landauer-Biittiker theory and the scattering matrix formalism. This formalism is
then extended for application to both superconducting and periodically driven Floquet
systems. We will also explore how the underlying symmetries of the scattering matrix
can be exploited for the classification of topological phases. The fluctuations theorems

describing the work done by an isolated system as well as the heat exchange between



reservoirs are introduced in Chap. [4

Chap. is concerned with studying the transport properties of the additional
topological phases that arise due to external driving and focuses on the example of a
one-dimensional superconducting nanowire, periodically driven to host both Majorana
zero and m modes. We compare the electronic conductance accessible in transport
experiments with constantly coupled leads, with the conductance defined using the
stroboscopic scattering matrix, formulated by considering pulse-like coupling at periodic
intervals. In this way, we shed light upon the connection between the scattering matrix
topological invariants used to classify Floquet systems and the raw DC conductance.

Chap. [6] centres around the transport processes induced by performing a Majorana
braiding operation, when coupled to external fermionic reservoirs. Using a scattering
matrix approach, we analyse the full counting statistics of both the heat and charge
transport driven by the process and hence identify geometric contributions that share
the topological protection of the braiding operation. The calculation of the full
probability distribution describing the flow of heat, allows for the analysis of the relevant
fluctuation theorem for this driven system. Finally, in Chap. [7], the discussion of the
Majorana braiding protocol is extended to assess its performance as a quantum thermal

machine.



Part 1

Theoretical Framework



Chapter 2

Topology in Condensed Matter

Physics

2.1 Topological band theory

The topological classification of two geometrical objects concerns whether they can be
smoothly transformed into one other, that is, without the alteration of some global
property such as the number of holes [8,9,13]. Within the realm of mathematics this
notion can be illustrated by considering the simple structures of a sphere and torus.
The hole in a torus cannot be created by continuous deformations of the sphere and
hence these two objects are topologically distinct [72]. However, the torus belongs to
the same topological class as a coffee cup, since they share the same number of holes.
The number of holes thereby defines what is known as a topological invariant; an integer
value, determined by a global property of the system, that cannot be changed under
smooth deformations [73].

The concept of topological classification can also be extended into a condensed
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matter setting and, in particular, can be applied to crystalline systems that exhibit
translational invariance. This translational symmetry allows the system to be described
in terms of a Bloch Hamiltonian H (k) acting within a single unit cell of the crystalline
structure, where k is the periodic crystal momentum defined within the Brillouin
zone. The eigenstates, or Bloch states |u,,(k)), of this Bloch Hamiltonian then define
the possible electronic states of the system, with the corresponding eigenvalues €, (k)
describing energy bands that together form the band structure [74], each labelled by a
band index m = 1,2, 3, .... Therefore, within the context of condensed matter physics,
two quantum systems which exhibit a finite energy gap between the highest occupied
band and lowest empty excited state band are said to be topologically equivalent if their
Bloch Hamiltonians can be adiabatically deformed into one another without closing this
gap [8,9,13]. Each topologically distinct phase is characterised by some integer invariant
quantity n € Z that depends upon the topological structure of the Bloch wavefunctions
in momentum space.

One important quantity, crucial in the determination of such topological invariants,
is the Berry phase 7, [75]. This is the phase factor that, in addition to the dynamical
phase Y& = — [¢,,(k(t))dt, is accumulated as an eigenstate is adiabatically taken
around some closed path C in parameter space. The Berry phase is a purely geometric

quantity and can be expressed as a closed contour integral of the so-called Berry

connection A, (k) = i (upn (k)| Vi |un(k)) [76]:

Y = ygcdk; - A (k). (2.1)

The Berry connection can also be used to construct a gauge invariant quantity known

as the Berry curvature 2, = Vi X A,,. The flux of this quantity passing through the
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entire Brillouin zone gives us our topological classification of the eigenstate |u,,(k)),

known as the Chern invariant

Chy = — [ dk (k). (2.2)

iy

In the case that the eigenstate in question is topologically trivial, and hence the Berry
connection A,,(k) exhibits no singularities over the entire Brillouin zone, the Chern
number can be evaluated via Stokes’ theorem, with the periodicity of the Brillouin zone
resulting in a vanishing integral and C'h,,, = 0. In the case that there exists a singularity
in Berry connection at some point in a region R of the Brillouin zone, then we can
perform a gauge transformation |u,,(k)) — e*) |u,,(k)) such that this singularity is

removed. This results in a subsequent transformation of the Berry connection:

and Stokes’ theorem gives us a Chern number of

1
OM:%aﬁhm%W, (2.4)

where OR is the boundary of R. Since our choice of gauge '*»*) is a unique function
on OR, the value of this integral must be 2r N with integer N and consequently we have
that Ch,, € Z [8,[73,/76]. The fact that the Chern number is restricted to take integer
values means that under continuous deformations of the Hamiltonian, which maintain
the energy gap between bands and result in continuous changes to the Berry curvature,

it cannot change. Only when the energy gap separating ¢, from a neighbouring band

10
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closes, at which point the Berry connection is not well defined, can the Chern number
be altered. We hence see that Ch,, behaves like a topological invariant.

The connection between topological spaces and the band structure of some Bloch
Hamiltonian H (k) can be visualised in the case of a generic gapped two level system.
The general form of the Hamiltonian describing such a system can be expanded in the

basis of Pauli matrices as
H(d) =d,o, +dyo, +d.o. =d 0o, (2.5)

where d € R? and |d| # 0 in order to avoid the degeneracy in the energy spectrum
occurring at the origin, so that the system remains gapped. For now, we do not specify
the spatial dimension of the system in question and hence do not include the wave
vector dependence of d. Labelling the two eigenstates of this system as |+), one can
show that, in the parameter space defined by the vector d, the corresponding Berry

curvatures can be calculated as [76,|77]

d 1

(2.6)

This corresponds to the field of a point-like monopole source of Berry curvature,
emanating from the origin of our parameter space.

As an example of such a two band system, we can consider the case of an electron
with two possible internal states, hopping on a translation invariant 2D lattice. The
internal states may correspond to electron spin or some sublattice index in the case
that the electron is spin polarized. The function d(k) now maps each 2D wave vector

k = (k., k,) to a 3D vector in the parameter space defined by d. Due to the periodicity

11
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of the crystal momentum, as we sweep k through the Brillouin zone the endpoints of
the vector d(k) map out a deformed torus in R*\ 0. The value of the Berry curvature
flux passing through the torus, defined by the mapping d(k) over the Brillouin zone,
is then 0 in the case that the monopole source at the origin lies outside of the torus
and 27N, with N € Z, if the origin is contained within the torus. This results in
quantized integer values of the Chern number. Furthermore, we can see that deforming
a torus into one with a different Chern number necessarily requires that the surface
intersects the origin, corresponding to the point at which the band gap closes. Hence,
we can visualize the protection of the Chern number under deformations that preserve

the energy band gap which separates distinct topological phases.

2.1.1 Quantum Hall effect

The first example of a topologically non-trivial insulating state was discovered in
1980, in the form of the integer quantum Hall effect (IQHE) [4]. Such an effect is
exhibited in a two-dimensional electron gas subjected to a strong magnetic field, acting
perpendicularly to the plane. The action of the magnetic field, B, is to force electrons in
the bulk of the material to perform quantized circular orbits with a cyclotron frequency
w. = eB/m,, where e and m, denote the electron charge and mass respectively. The
band structure of the bulk then takes the form of flat Landau levels with energies
given by €,, = hw.(m + 1/2). In the case that N of these Landau levels are filled and
the remaining levels are empty, the Fermi energy lies in a gap in the band structure
and we have an insulating Hamiltonian for which we can calculate the Chern numbers
associated with each band. In a finite quantum Hall system, states close enough to the

edges have energy bands which are deformed by the effects of the confining potential and

12
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hence cross the Fermi energy. Classically, we can imagine that electrons at a distance
from the edge that is smaller than their cyclotron orbit radius are reflected by the
surface and forced to skip along the boundary in a single direction. These conducting
states, bound to the edges of the bulk insulating system and forced to propagate in a
single direction, are known as chiral edge modes. As a consequence, one can show that
the Hall conductance, dictating the current that flows perpendicularly to an applied

voltage, takes quantized values [5]:
Gay = N%, (2.7)

where N is the number of occupied Landau levels. It can also be shown that N
corresponds exactly to the sum of the Chern numbers for each of the occupied bands
of the system [6]. Consequently, each allowed quantized value of the Hall conductance

corresponds to the system being in a distinct topological phase.

2.1.2 Bulk-boundary correspondence

The existence of conducting states at the edges of bulk insulating systems, such as those
appearing in the 2D quantum Hall state, constitutes a universal property of non-trivial
topological phases. This correspondence between the topological classification of the
energy bands of a bulk insulating system and the existence of edge modes is known
as bulk-boundary correspondence [11]. The emergence of such gapless edge states can
be understood by considering the interface of crystal structures of differing topologies.
Since we have seen that topological invariants can only change upon the closure of the
bulk band gap, gapless energy modes must exist somewhere within the interface over

which the topological invariant changes. Due to the insulating nature of the bulk on

13
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either side of such an intersection, these conducting states are localized at the interface
and decay exponentially into the bulk. A more detailed derivation of the existence of
such modes is included in Sec. [2.2] where we study a specific example of a topologically

non-trivial phase in more detail.

2.1.3 The role of symmetries

Although the concept of bulk-boundary correspondence is a feature universal to phases
of matter exhibiting a non-trivial topology, the nature of the topological invariants
used to classify these phases are dependent upon the system in question. In particular,
it is the presence or absence of the three fundamental Hermitian symmetries in the
system’s Hamiltonian, along with the dimensionality of the system in question, that
determine the possible topologies of the occupied bands [15/44]. These three symmetries
consist of two anti-unitary operators, time-reversal (7") and particle-hole exchange (C),
which can either square to 1 or -1, along with the unitary operator representing chiral
symmetry (x) which always squares to 1. It can be shown that [8,9], in the absence
of these symmetry constraints, the only possible topologically non-trivial state, in up
to three dimensions, is that of the quantum Hall state in 2 dimensions with an integer
topological invariant given by the Chern number defined previously. In other words,
in 1D and 3D systems for which all three fundamental symmetries can be broken, all
gapped Hamiltonians can be deformed into one another without closing the bulk gap.

The importance of symmetry on topological classification can be illustrated by
considering what happens to a 2D insulating system in the presence of time-reversal

symmetry [78,79]. The time-reversal symmetry operator commutes with the Bloch

14
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Hamiltonian so that

TH(k)T ' = H(-k). (2.8)

In the case of a system containing spin—% electrons, the relevant time-reversal operator
is given by 7 = i0,K, where o, represents the second Pauli matrix acting on the spin
degree of freedom, K is the complex conjugation operator and we see that 72 = —1.
The symmetry of such a system means that for every eigenstate |u,(k)) of the Bloch
Hamiltonian, its orthogonal, time-reversed partner 7T |u,(k)) is also an eigenstate with
the same energy. This implies that every energy eigenstate of such a system is two-
fold degenerate, known as Kramers degeneracy. Each Kramers pair can be denoted as
|ul(k)), |ull(k)) and can be used to define corresponding Chern numbers Ch; and
Chyr. One can easily show that under time-reversal the Berry curvature transforms as
0, (k) = —Q,,(—k) and hence time reversal symmetry ensures that Ch; + Ch;; = 0,
so that the total Chern number of the occupied bands always vanishes. Despite this,
the Chern numbers associated with the Kramers pairs can be used to define a new Z,
topological invariant that changes sign upon the closing of the energy gap and hence
can be used to indicate the topology of each phase. For a time-reversal invariant system

this index can be defined as
v= (-1 = (=1)%1, (2.9)

A topological invariant of this type is restricted to take values of +1 and consequently,
such a system can only exhibit two topologically distinct phases.
Such time-reversal symmetric systems, when in the topologically non-trivial phase,

will exhibit two gapless modes at each edge of the system. These so called helical edge
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Symmetry Dimension

Class || x C 7|0 1 2 3
A 0O 0 o)z 0 zZ 0
AllT |1 0 0 0 Z 0 Z
ATl |0 O 1| Z 0 0 O
BDI |1 1 1||Zy Z 0 0
D 0 1 0| Zy Zo Z 0
DIT (1 1 -1\ 0 Zy Zo Z
AIl |0 0 -1(2Z 0 Zo Zy
CiH 1 -1 <10 22 0 7
C 0O -1 00 0 2Z 0
CI 1 -1 10 0 0 2z

Table 2.1: Classification of topological phases depending upon the symmetry class and
number of spatial dimensions. For each of the possible classes the absence of the chiral
(x), particle-hole (C) and time-reversal (7)) symmetries are denoted by 0, whereas their
their presence is indicated by a ‘+1’ depending on whether the operator in question
squares to £1. For each combination of symmetries and dimensionality, the possibility
of the existence of a topologically non-trivial phase is indicated by the corresponding
type of topological invariant. A ‘0’ denotes the case for which only the trivial phase is

present.

modes are counter-propagating and have opposite spins, meaning that although the
Hall conductivity of the sample vanishes, there is instead a net spin Hall conductivity,
leading such systems to be known as quantum spin Hall insulators [79)].

This example provides a clear demonstration of how adding certain symmetries to a
system can alter the nature of the topological phases that it can exhibit. We will study
the effects of the particle-hole symmetry present in superconducting systems in the
following section. One can show that it is possible to invoke 10 possible combinations
of the three fundamental symmetries mentioned previously and for each it is possible
to determine the nature of the topological invariant present depending on the spatial
dimension. The result is a periodic table of invariants known as the ‘Ten-fold way’

[15/44/80] which is displayed in Table [2.1]
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2.2. Kitaev chain

2.2 Kitaev chain

The work in this thesis is focussed upon the nature of topological phases within
superconducting systems and as such we here outline one of the simplest toy models
that can be used to illustrate their emergence: the Kitaev chain [18,81]. The model
describes a system consisting of a 1D chain of N fermionic sites, each of which can be
occupied by an electron of only one fixed direction of spin. The system is governed by
the following Hamiltonian:

A* t

1 w A
H=>" ( — p(ala; — 3) 5l taj +ala;) + 5 4%+ + 7(1}“%), (2.10)
J

where p gives the on-site potential strength, w > 0 the nearest neighbor hopping
amplitude and A = |A|e? the superconducting gap. The operators a;r- and a; denote

the fermionic creation and annihilation operators acting on the site j =1,..., N.

2.2.1 Energy spectrum of the bulk

Since topological phase transitions occur when the energy gap of the bulk system
closes, it is useful to analyse the bulk energy spectrum in order to determine in which
regimes of the Hamiltonian parameters we should expect non-trivial topological features
to be present. To this end we eliminate the boundaries of the Kitaev chain and
assume periodic boundary conditions. In this situation, the system has a translational
symmetry |j) — [j + 1) and the momentum £ is a conserved quantum number with

allowed values 2mn /N, where n = 1,...N. The creation and annihilation operators in
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momentum space are given by

N
1 i
ap = —Ze’l Ta;. (2.11)
VN &

In momentum space, the Kitaev Hamiltonian can then be expressed in Bogoliubov-de

Gennes (BdG) form:

1 e Al
H =3 > AlHpaa(k)Ar,  Hpac(k) = | _ (2.12)
% Ap  —e,
where €, = —wcosk — u, Ak = —iAsin k and we have introduced the two-component

operator A,TC = (aL, a_i). The BAG Hamiltonian Hgqg, is symmetric under the exchange

of the particle and hole degrees of freedom. This particle-hole symmetry is captured by
the anticommutation of the BAG Hamiltonian with the antiunitary operator C = ¢,/C,

where C is the complex conjugation operator:
CHpag(k)C™" = —Hpac(—F). (2.13)

This symmetry results in a symmetric energy spectrum around E = 0, with a dispersion

relation given by [20]

EL(k) = i\/(w cosk + p)? + A?sin® k, (2.14)
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and with corresponding eigenstates taking the form

U U_} Vk

g = , vo=C = : (2.15)

V_g Vg

‘Q
e

Hence, particle-hole symmetry in this system means that any excitation at energy F
is necessarily accompanied by a corresponding excitation at energy —FE. Diagonalizing
the Hamiltonian,
H= > Ei(k)afay + E_(k)afar =Y Ei(k)afay, (2.16)
k k
we see that these excitations take the form of Bogoliubov quasiparticles, ay, &y, which

consist of a linear combination of particle and hole operators:

a = upay + v,kaT_k and &y = viag + u,kaT_k. (2.17)

From these expressions it is evident that the positive and negative energy excitations,
ar and ay respectively, are related as o = &T_k and hence a special case arises when
E. =0, k =0 and the operators define a particle that is its own anti-particle, otherwise
known as a Majorana zero mode.

Such special points occur when the bulk energy gap closes which, from Eq. [2.14]
we see occurs when the on-site potential is set to 4 = £w. Since the regimes for which
i < —w and p > w are related by the particle-hole symmetry operator C, it seems
that the system exhibits two distinct gapped phases for parameter values |u| < |w| and
|pt| > |w]| respectively. However, in order to see that these two regimes do indeed have

distinct topologies, we require information beyond the bulk spectrum. In order to see
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Topological :
—w < p<w

Trivial : p < —w Trivial : w < p

Transition : g = —w Transition: p=w

\ﬂ\/\ﬂtr """""
= 5 0 5 = \\/\/‘/

T T
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k

Figure 2.1: Band structure of the 1D Kitaev chain for several values of the parameters
(1, w, A), including at the values for which a topological phase transition occurs: u =
+w. For the points away from the phase transition, the path traced out by the vector
h(k) (Eq. on the unit sphere §? as k is swept through the Brillouin zone is also
plotted and illustrates the two possible, topologically distinct, trajectories.

this, it is useful to write the BAG Hamiltonian Hpqg in the form
Hgac (k) = h(k) - o, (2.18)

where o = (0,,0,,0,) is the vector of Pauli matrices and h(k) = (hy(k), hy(k), h.(k))

with components given by

ho(k) = . hy(k) = L (k) = =k (2.19)

Since |h(lc)|2 = 1 when the spectrum is gapped, this vector maps a given wavenumber

k to a point on the surface of a 2D unit sphere S2. Sweeping the value of & through
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the Brillouin zone —7m < k < 7 then corresponds to tracing out a path on the surface
of this sphere. The particle-hole symmetry of our Hamiltonian results in the following

constraints on the components of the vector h(k):

hey(k) = —hyy(—k), h.(k) = h(—k). (2.20)

As a consequence, the mapped path of the Brillouin zone is constrained to pass through
one of the poles of the sphere at both £ = 0 and £ = w. This results in paths with
two distinct topologies: those passing through the same pole at both £k =0 and k£ = m,
corresponding to paths that can be continuously deformed to a single point, and those

passing through opposite poles that cannot. These two scenarios are illustrated in Fig

and can be distinguished by the Zs topological index [20]

v = sgnlepe] = —sgn[(w + p)(w — p)]. (2.21)

Since w > 0 by definition, we find that v = —1, and hence the system exhibits a
non-trivial topology, when —w < p < w.

The BAG Hamiltonian describing the bulk system can further be used to study the
nature of the transition points between distinct topological phases and hence shed light
upon the bulk-boundary correspondence introduced in Sec. [82,83]. Considering
the case of p = —w, at which the bulk energy gap closes for £ = 0, the Hamiltonian

can be linearly expanded as

HBdG(k) ~ mo, + AkO'y, (222)
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(a) (b)
|¥(z)| m(x)

: o™ 0™e? ¢ ¢

Topological Trivial

Topological Trivial

Figure 2.2: (a) Spatial dependence of the mass parameter m(z) appearing in the
linear expansion of the Kitaev chain Hamiltonian (Eq. [2.23)), alongside the spatial
dependence of the zero energy Majorana mode W(z). (b) Sketch of the interface between
trivial and topological Kitaev chains. The orange circles represent the fermionic sites,
each containing two red Majorana modes. The coupling between the Majoranas are
illustrated by the blue lines, leaving the uncoupled green zero mode localized at the
interface.

where m = —w — u. We see that, close to the gap closure, the system is described
by a ‘Dirac Hamiltonian” which is linear in k£ and includes a ‘mass’ parameter m, the
magnitude of which corresponds to the size of the band gap. We notice that m changes
sign across the topological phase transition, so that m > 0 corresponds to the trivial
phase and m < 0 when the system is topological. Consequently, the interface between
two different phases can be described by a mass parameter that varies continuously in
space and changes sign at some point, as sketched in Fig. 2.2 In real-space, the Dirac

Hamiltonian takes the form

H(z) =m(x)o, — 2A0,i0,, (2.23)

where m(z) — £m for x — o0 and m = 0 at the domain wall corresponding to z = 0.

Since we know that gapless zero energy Majorana modes exist for m = 0, we can study
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the spatial dependence of such states by solving H(z)¥(z) = 0. The solutions of this

expression take the form

T (! 1
U(x) = exp (:I:/O Q(A)d:v’> ol (2.24)

The fact that m(x) changes sign at the interface results in only one of these two solutions
being normalizable and hence physical. This solution takes the form of a wavefunction
centered at the interface, which decays exponentially on both sides. Furthermore, in
the case that m(x) does not change sign, no zero-energy normalizable solution exists.
This demonstrates the emergence of localized zero energy excitations at the boundary
between two phases of differing topologies. This analysis can be extended to any
topological system in order to demonstrate the universality of the principle of bulk-

boundary correspondence.

2.2.2 Majorana zero modes

In order to highlight the physical consequences of the existence of a non-trivial
topological phase in the Kitaev wire, it is instructive to assign to each fermionic site in

the Kitaev chain a pair of Majorana operators defined as [18§]

Yojo1 = €'2a; +e 2ay, gy =i(e2a; — e "2a;), (2.25)
satisfying the relations
%T- = ; and vy + 757 = 204 (2.26)
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Written in terms of these newly defined operators the Kitaev chain Hamiltonian takes

the form

=2

-1

1 1
< — WY2j-1725 + §(w + |A|)72j72j+1 + 5( —w+ |A|)72j—172j+1>~ (2.27)
1

N | .

J
In this form, two limiting cases that highlight the distinct topological phases evident

in this system become manifest. The first is the trivial phase for which |A| = w = 0,

i < 0 and the Hamiltonian becomes

N-1 N 1
H=—p>_ <72j—172j) = (a;aj - 5)- (2.28)
P =1

Here, we see that in this case only Majoranas belonging to the same fermionic site are
coupled. This situation is illustrated in Fig. [2.3|(a) and has a ground state corresponding
to the situation where every fermionic site is empty. If instead we consider the case

where |A| =w > 0 and p = 0, then

N N-1
. e 1
H =iw E V2jV2i+1 = 2w g <a;'~aj — 5) (2.29)
= j=1

In this case, only Majoranas from neighbouring sites are coupled and the Hamiltonian
is diagonalized by alternative creation and annihilation operators defined as a; =
%(’yzj + i7Y94+1) and &} = %(’ygj — i72;+1). This is the situation shown in Fig. (b)
Consequently, the Majorana operators localized at each end of the wire, 11 and 7oy
remain uncoupled to the bulk of the chain and do not appear in the Hamiltonian. The
system is now in the topological phase, characterised by the existence of these zero

energy excitations at the system boundaries. These two unpaired Majorana operators
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Figure 2.3: Schematic illustration of the two limiting cases of the Kitaev Hamiltonian
for (a) Al =w =0, u < 0and (b) |A] =w > 0, = 0. In the former limit, Majoranas
from the same fermionic site are coupled and the system exhibits a unique trivial ground
state. In the latter, coupling between neighbouring sites leaves an unpaired Majorana at
each end of the chain, resulting in a topologically non-trivial ground state with two-fold
degeneracy.

define a non-local fermionic state, the occupation of which costs zero energy:

The ground state of the system is hence two-fold degenerate and spanned by the states
|v0) and |p1) = fT|1) with opposite fermionic parity. The non-local nature of this
fermionic state, along with the non-Abelian statistical properties of the Majoranas,
make such systems appealing candidates for use as a topological qubit. These properties
will be discussed in more detail in the next section, but before this we would like to study
the behaviour of the Kitaev chain away from the two fully dimerized limits outlined

above.
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2.2. Kitaev chain

For arbitrary values of the Hamiltonian parameters pu, w and A, the Kitaev
Hamiltonian can be expressed in terms of the Majorana operators in a generic quadratic
form [18]:

1 ) .
H = 1 ZAlm’Yﬂm with A;, = Ain. (2.31)

Im

Such a Hamiltonian can be diagonalised by fermionic operators a' that are constructed
as linear combinations of the operators associated with each site in the chain a;. From
these one can construct associated Majorana operators ’y;-, ’y;, defined via the relations
a; = %(ﬁ/; + Z’i}/) and d} = %(i; — ify;/). In terms of these operators, the Hamiltonian

takes the form

. N N
1 o ot 1
H = 5 E Ej’}/j")/j = E 6]' (a;aj — 5) (232)

i=1 j=1
For values of the Hamiltonian parameters for which the bulk energy spectrum is gapped,
any zero energy mode of the finite system must be localized at the ends of the chain.
The particle-hole symmetry of the system also ensures that we chose zero energy states
to have a support on only even or odd Majorana states «;. As such, any potential edge

modes can be expressed in the general form

N = Z(O/erﬁr +a 2l )y, Y = Z(ale + a2 ),
j J
i\ Ju - 1A
w+ |A|

(2.33)

with 24 =

These states are further subjected to boundary conditions enforced by the fact that it
is necessary for them to vanish beyond the boundaries of the Kitaev chain: o/, + o’ =

—(N+1) i, —(N+1)

alx] +a" x = 0. Considering the two topologically distinct phases separated

by the closing of the bulk energy gap:
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2.2. Kitaev chain

e In the trivial phase, for |w| < |u|, we see that either |z,| > 1 and |z_| < 1 or
|z;| < 1 and |z_| > 1. Consequently, in order to be localized at one end of the
chain, one of the coefficients o/, or o/ must be equal to zero and hence cannot
satisfy the boundary conditions. As a result, zero energy edge states do not exist

in this phase.

e In the topological phase, for w > |u|, we have that |z4|, |z_| < 1 so that +/
is localized close to 7 = 1 and 7" close to 7 = N. In this case the boundary
conditions can be satisfied and hence Majorana zero modes exist in the whole of

this regime.

The persistence of the Majorana zero modes throughout the entire topological phase
can also be understood by considering the symmetry protection of these states. Due to
the particle-hole symmetry of the system and the resulting symmetric energy spectrum
around F = 0, any perturbation to the Hamiltonian that would move a state away from
zero energy individually is forbidden. Since the bulk spectrum is gapped throughout the
phase, the only possibility of removing zero energy states is to couple the two unpaired
Majorana states together. However, due to their localization at opposite ends of the
system, the strength of this interaction decays exponentially with the length of the
chain like e /¢, where ¢ is the Majorana coherence length, and hence can be assumed

negligible in the limit N > €.
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2.3. Majoranas in 2D superconducting systems

2.3 Majoranas in 2D superconducting systems

It can be shown that unpaired Majorana zero modes also arise in spinless 2D p, + ip,

superconducting system described by a Hamiltonian of the form |17} 20]

H= /er{wT ( — % — u)%/) + %‘ [€%9(0, + i0,)¢ + H.c] } (2.34)

where ! is the creation operator for a spinless fermion with effective mass m, |A|
determines the p-wave pairing amplitude and ¢ is the corresponding superconducting
phase. As in the case of the 1D analogue, when in the topological phase this system
is found to exhibit Majorana zero modes. In the 2D case, these Majorana states
are bound to the edges of topologically trivial regions within the superconductor
that are penetrated by an external magnetic flux and correspond to vortices in the
superconducting pairing parameter A = |Ale’® [20,184]. Several proposals of systems
that have the potential to exhibit such an exotic superconducting state have been
put forward. These include intrinsic realizations, such as the fractional quantum Hall
state at filling factor v = 5/2 [17,[24] and the superconductors SroRuO, [85,86] and
Cu,BisSes [87,188], in addition to hybrid metal or semiconductor systems which are
engineered to display the desired characteristics [89,90], the basic principles of which
will be outlined in Sec. [2.6] Although such 2D systems are not the focus of this thesis,
they are useful for explaining the behaviour of Majorana zero modes under exchange

and braiding, processes which require more than one spatial dimension to occur.
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2.4. FEzchange statistics of Majorana zero modes

Figure 2.4: Schematic illustrations of vortex-bound Majorana braiding processes in
a 2D topological superconductor. (a) demonstrates the phase factor acquired when
one vortex is taken in a circular path around another, whereas in (b) we see the
effect of directly exchanging the positions of two vortices, with the dotted lines
representing the branch cuts in real space needed to unambiguously define the phase of
the superconducting order parameter.

2.4 Exchange statistics of Majorana zero modes

2.4.1 Braiding MZMs in 2D

One of the most interesting properties of Majorana zero modes is the fact that they
exhibit non-Abelian statistics under the exchange of their positions [23,2429]. In order
to demonstrate this, consider the setup illustrated in Fig. a), consisting of a pair
of vortices in a 2D superconducting system. Each vortex hosts a MZM denoted v4 and
~vp which define fermionic creation and annihilation operators as

+ _ vativs . _ YA~ 1B

dp="2200 =20 (2.35)
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2.4. FEzchange statistics of Majorana zero modes

We know that when particles obeying fermionic or bosonic statistics are exchanged
twice, the wavefunction of the resultant state is the same as that with which we started.
However, the non-locality of the creation and annihilation operators defined via the
separated vortices in a 2D p-wave superconducting system, together with the fact that
the system is confined to just two dimensions, means that this is not the case for the
exchange of Majorana zero modes. To see this we consider the following sequence of
processes [22]. We start initially with our vortices A and B as illustrated in Fig[2.4|(a).
We then consider the arrival of a third vortex C which proceeds to move in a path
around vortex B before again moving far away, leaving us with our initial two vortices.
Such a process is equivalent to the double exchange of vortices B and C and hence,
under the assumptions of regular fermionic and bosonic statistics, we would expect the
initial and final states of the sytem to match. To see that this is not the case, we first
note that, due the Aharonov-Bohm effect, an electron or hole moving in one complete
circuit around a vortex in a superconductor containing a flux quantum ®y, = hc/2e,

acquires a phase factor given by

+ iePq

et he = —1. (2.36)

Given that Majorana operators consist of a superposition of electron and hole states,
a vortex bound Majorana moving around another such state transforms as vy —
—v0. Consequently, the process illustrated in Fig [2.4{a) results in the following

transformation of the fermionic operators defined by the vortices A and B:

i _atB AT

| | (2.37)
YA — 1B VAT UYB +
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2.4. FEzchange statistics of Majorana zero modes

We now consider the case that our system is initially in the state |i), corresponding to

the fermionic state defined by the Majorana operators v4 and g being empty, so that
|i) =0), cagpl0)=0. (2.38)

Considering the transformation of the fermionic operators, the final state of the system

must satisfy

Aplf)=0 = [f)=1[1) =clz]0). (2.39)

Hence we see that the final state of the system is orthogonal to the initial state and
the Majorana zero modes behave as non-Abelian anyons. One should note here that
this operation does not alter the parity of the total system since occupation of the
fermionic state defined by ¢ and its necessary partner will simultaneously change as
a consequence of the exchange.

In order to determine the exact form of the unitary operator representing the single
exchange of two MZM hosting vortices, we consider the situation illustrated in Fig.
2.4(b) [23]. In order to unambiguously define the phase of the superconducting order
parameter ¢, we introduce branch cuts connecting each of the vortices with the left
boundary of our system. We then take the superconducting phase to be single valued
away from these cuts and jumping by 27 as you move across the cuts. From Eq.
we see that a shift in the superconducting phase by d¢ is equivalent to a wavefunction
transformation of the form 1) — €%/2). As a consequence, a phase shift of 2 due to
crossing a branch cut results in a sign change for any unpaired fermionic operators in
the system. Since they are linear superpositions of these fermionic operators, the same

applies to operators corresponding to MZMs. Considering the evolution of the branch
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2.4. FEzchange statistics of Majorana zero modes

cuts as we perform a single exchange of two vortices as illustrated in Fig. [2.4(b) it
becomes clear that this process will result in just one of the MZMs crossing a branch
cut and hence being subjected to change of sign. Which of the two vortices experiences
the sign change will depend upon whether the braiding is performed in a clockwise
or anticlockwise direction in the 2D plane. The transformation corresponding to the

braiding of MZMs v and g therefore takes the form:

YA — VB
Tuip : ) (2.40)

YB — —7YA

From this transformation we can construct the corresponding unitary operator associ-
ated with the braiding U,p, such that UAB%‘ULB = Tap(v:). This operator takes the

form

1 T
Uap = —=(1+vyB7a) = exp <_’YB'7A>- (2.41)

NG 4

In the case of a system consisting of four vortices the MZMs can be combined to
define two fermionic states as ¢, = (y4 + iv5)/2 and ¢, = (yo + #yp) /2. The three

operators corresponding to the braidings of neighbouring vortices can then be expressed
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2.4. FEzchange statistics of Majorana zero modes

as matrices in the basis (]00) , ¢!, ;]00) = [10), ¢k, [00) = [01) , ¢l gel , [00) = [11)):

s T
Uap = exp <_7B’YA> = exp ( —i-1® UZ))

4 4
Uecp = exp (%’}/D’Yc) = exp ( — i%az ® I),
10 0 — (2.42)
Upc = exp (z’YC'YB) = i ! b d
4 V210 —i 1 o0
- 0 0 1

In matrix form the non-trivial nature of the braiding operators becomes evident and
in particular we see that the unitary operators Usp and Ugc do not commute, so
that UagUpc # UpcUap. This further illustrates the fact that such single exchange

processes are indeed non-Abelian.

2.4.2 Braiding MZMs in 1D

Although the braiding of two MZMs requires a minimum of two spatial dimensions in
order to perform without collisions, the process can also be achieved using a network of
one-dimensional superconducting nanowires [91]. The simplest such network required
to perform a braiding operation takes the form of a T-junction, as illustrated in Fig.
2.5(c). It is the exchange of MZMs hosted in such 1D structures that will form the focus
of the majority of the work in this thesis. The T-junction consists of the three distinct
wires meeting at a single junction. Each wire is described by a Kitaev Hamiltonian
(Eq. and can either reside in the topological or trivial phase depending on the
on-site potential strength . Since MZMs remain localized at the boundaries between

phases of differing topologies, tuning u locally along the wire provides a mechanism for
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Figure 2.5: (a) [lustration of how tuning the on-site potential strength p locally along
the wire can be used to control the size of the topological region and hence the location
of the Majoranas. (b) The coupling between the Majoranas at the junction between
two superconducting nanowires in the topological regime results in the formation of a
finite energy fermionic state at the interface. (c) Demonstration of how a T-junction
configuration of 1D nanowires can be used to perform an exchange of the Majoranas
~v1 and 7,. The black arrows on each topologically non-trivial wire are used to define
the phase of the superconducting order parameter A.

transporting Majoranas. This process is sketched in Fig. [2.5(a). Of course, moving an
unpaired MZM towards the other end of the wire in this way will eventually result in a
finite coupling between the MZMs at opposite end of the wire, thereby combining them
into an ordinary finite-energy fermion. However, this scenario can be avoided in the
case where we have two topological superconducting nanowires meeting at a junction,
as shown in Fig. [2.5(b). This situation results in a finite coupling between the MZMs
meeting at the junction. If the phase of the superconducting parameter is given by

¢r/r for the left /right chains, then this coupling can be shown to take the form ,

i
Heoup ~ =3 €08 (T)'yé,mf,l- (2.43)



2.4. FEzchange statistics of Majorana zero modes

Consequently, in general these MZMs combine to form a finite energy fermionic state
that will not interact with the MZM we would like to move towards the junction. We
note however that an exception occurs in the case that ¢, — ¢r = 7, in which case the
MZMs at the junction are decoupled.

Consider now the T-junction of three Kitaev chains as illustrated in Fig. [2.5(c).
Initially both of the horizontal chains are assumed to be in the topological state and
the vertical chain is trivial. Due to the universality of the braiding statistics, we are free
to restrict our Kitaev Hamiltonian for each wire to be real as we perform the braiding.
This restricts the superconducting phases to either 0 or m. Since the superconducting
pairing term in the Hamiltonian gives us that |Ale*®a;a;,1 = |Ale**T™a; 1a; we see that
in order to rigorously define the problem, the superconducting phase must be defined
relative to the direction in the wire for which the index j increases. For the setup
illustrated in Fig. [2.5(c), we define j to increase as we move rightward/upward and so
visualise the case that ¢ = 0 with rightward/upward arrows and conversely ¢ = 7 is
represented by leftward /downward arrows. The requirement that the coupling between
MZMs at the junction should remain non-zero then manifests itself as requiring that one
arrow should always point into the junction and one away from the junction throughout
the braiding process. As demonstrated in Fig. [2.5(c), exchanging the MZMs ~; and
~2 under this requirement results in a configuration for which the two arrows point in
the opposite direction to the original configuration. In order to complete the process, a
gauge transformation must then be performed to restore the Hamiltonian to its original
form. This is achieved by multiplying all creation operators by ¢”/? = i, including

the operator defined by the unpaired MZMs: fT = (y; — iv2)/2 — (72 + iv1). This

corresponds to the transformation 7 — v, and 9 — —74, similar to that in the case
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of braiding vortices in 2D (Eq. [2.40). Hence, exchanging Majoranas hosted by 1D
superconducting nanowires results in the same non-Abelian operations achievable in

2D systems.

2.5 MZMs and quantum computation

Much of the excitement surrounding Majorana zero modes and their non-Abelian
statistics results from their potential use for performing topologically protected
quantum computation. A topological qubit can be implemented via a system consisting
of two pairs of MZMs which correspond to fermionic operators cl 5 = (va+ivp)/2 and
CTCD = (v¢ + iyp)/2. The four-fold degenerate ground-space is then spanned by the
eigenstates |00), [01), [10) and [11) defined above Eq. [2.42] The parity conservation
arising from the particle-hole symmetry of the superconducting system means that only
coherent superpositions of states sharing the same parity are allowed and hence we can,
without loss of generality, take the two states of our qubit system to be encoded as |01)
and |10).

Crucially, since the MZMs are protected by the particle-hole symmetry of the system
and are spatially separated, the states of such qubits would be protected against local
perturbations at temperatures well below the superconducting gap A. Furthermore,
the requirement of fermionic parity conservation and the presence of the energy gap
constrain the unitary evolution associated with the braiding to operate within the
ground state subspace with fixed parity. These properties of the system completely
determine the form of the braiding evolution operators given in Eq. and hence
render them independent of fluctuations in the driving process. The requirement

of parity conservation also prevents fluctuations in the qubit occupation, rendering
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2.5. MZMs and quantum computation

its state immune to decoherence and circumventing the need for the error correction
schemes necessary for other proposed methods of quantum computation.

As an example of how braiding operations can be used to execute quantum
computational gates, we can once again consider the process illustrated in Fig (a).
One can show that [§], by braiding the third MZM ¢ in a complete circle around one of
the existing MZMs, one exchanges the states spanning the ground-space of the system,
corresponding to a NOT operation on the qubit:

01 10 01
Uzo oL =i 10) = i0, oL : (2.44)

|10) |01) |10)
Similarly, the protected exchange of pairs of MZMs can be used to execute the remaining
Pauli gates, o, and o, in addition to the Hadamard gate H = \/ii(ax +0.). The action
of single-qubit quantum gates can be represented as rotations on the Bloch sphere,
which is the unit sphere spanned by the eigenstates of the qubit. In order to implement
arbitrary rotations of the single qubit state on the Bloch sphere one additionally requires

use of the T-gate:

T = . (2.45)

Achieving universal quantum computation, with a fundamental advantage over its
classical counterpart, requires access to the T-gate, H-gate and the two-qubit controlled
NOT gate [94]. While the latter can be executed in a topologically protected way via a
combination of fermion-parity measurements and braiding [95], the same cannot be said
about the T-gate. While proposals of how to implement the T-gate upon Majorana

qubit systems do exist, via coupling to non-topological qubits for example [96], all
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2.6. Physical realization of Majorana zero modes

require the breaking of the topological protection and hence represent a fundamental
limitation of this approach.

Despite the robust properties of Majorana qubit states and their manipulation,
this potential topological protection against computational errors is reliant upon the
maintenance of fixed fermionic parity in the superconducting system. Consequently,
this protection is lost if the system is subject to quasiparticle poisoning (QPP) where
single superconducting quasiparticles are able to tunnel into the host system from
the environment. QPP is ubiquitous in proposed realistic non-trivial superconducting
systems and hence poses a significant hurdle to performing protected computation
[97,98]. Minimizing the risk of qubit decoherence relies on ensuring that braiding
processes are performed on timescales shorter than the quasi-particle poisoning time
Tqp and hence understanding and potentially maximising this timescale is a subject of
significant interest [28]/99,/100]. On the other hand, the coherence of the qubit state
can also be lost if manipulations are performed fast enough to induce excitations out
of the degenerate ground-space. Avoiding such non-adiabatic processes requires that
braiding is performed over a timescale exceeding 7o = h/A, set by the superconducting
gap [25,126]. These considerations present significant technological challenges in the
quest to harness the advantage of topologically protected quantum computation and
hence it seems the realization of such systems will likely need to be supplemented by

quantum error correction schemes [101-103].

2.6 Physical realization of Majorana zero modes

To conclude our discussion of Majorana zero modes, we here briefly discuss the

methods by which systems resembling Kitaev’'s toy model for a 1D, spinless, p-wave
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(b) (c)
5 E B/A
1 Topological
M 1
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—kso 0 kso k 0 /A

Figure 2.6: (a) Sketch of the fundamental components necessary to realize Majorana
zero modes within a 1D spin-orbit coupled semiconducting nanowire, where B is
the strength of an external magnetic field. (b) Band structure corresponding to the
Hamiltonian of a spin-orbit coupled wire, Hyir, in the absence (red and blue parabolas)
and presence (green curves) of an external magnetic field. The parabolas are shifted on
the momentum axis by kso = ma, where « is the spin-orbit coupling strength. When
the chemical potential p lies in the gap induced by the magnetic field, the system is
effectively spinless. The addition of a proximity-induced superconducting pairing term
results in the phase diagram sketched in (c).

superconductor can be realized in practice. We will see that such a system can be
constructed by endowing a semi-conducting nanowire with three key ingredients
(see Fig. [2.6(a)): spin-orbit coupling, proximity coupled s-wave superconductivity and
an external magnetic field strong enough so that the system can be approximated as
spinless.

Let us first focus upon the bulk Hamiltonian of a semi-conducting wire with spin-

orbit coupling, subjected to an external magnetic field of strength B :

(2.46)

k[ R
Hwire—/%lw (/f)<%—u+akay+Baz)w(k) .

Here, i is the chemical potential, o denotes the strength of the spin-orbit interaction

and ¢T(k) = (@ﬂ(k‘), wI(k)), where 11 (k) creates an electron with spin o, effective mass
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m and momentum k. When the magnetic field is switched off, corresponding to B = 0,
the electronic band structure is given by the red and blue parabolas sketched in Fig.
2.6(b). These parabolas correspond to electrons with spin aligned along +y and —y
respectively and exhibit a crossing at the Kramers degenerate point £ = 0 due the time-
reversal symmetric nature of the system. This degeneracy results in an even number
of pairs of Fermi points crossing the chemical potential p. Upon the addition of a
superconducting pairing term, failure to lift this symmetry will result in two MZMs
at each end of our nano-wire. These states will subsequently interact and conspire
to remove the zero energy states from the system. Therefore, to have any hope of
engineering a system capable of hosting unpaired MZMs, one must introduce a time-
reversal symmetry breaking term in order to leave the system effectively spinless. This
can be achieved via the addition of a non-zero magnetic field, B # 0, resulting in band
energies
12

ex(k) = o M + +/(ak)? + B2, (2.47)

illustrated by the green curves in Fig. [2.6(b). When the chemical potential x lies within
this induced energy gap, our system can be considered spinless as desired. Upon the
addition of a superconducting pairing term to our system, this approximation can be
maintained by focusing on this lower band only, an approximation that is valid in the
limit B > A.

We next briefly outline how to manipulate our wire in order to induce the k-
dependent p-wave superconducting pairing present in the Kitaev chain Hamiltonian
and required to induce non-trivial topological phases in the system. It can be shown
[20,90,|104], that by bringing a semi-conducting wire in close proximity with a bulk

s-wave superconductor, Cooper pairing can be induced within the wire, leading to the
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addition of an extra term to Hy;i. of the form

Ha :/%A(%(kz)m(—k) + H.c.), (2.48)

where A denotes the pairing amplitude of the proximity coupled s-wave superconductor.
Rewriting the full Hamiltonian of the wire in terms of the eigenstates of the system
with A = 0, which we denote wl(k), reveals the outcome of the interplay between the

conventional superconducting pairing and spin-orbit interaction:

il = / - [e+<k>wi<k>w+<k> e (k) (k) (k)

n APQ(]“) <¢+(—k)¢+(k) (k)Y (k) + H.c.) +A(R) (¢_(—k)¢+(k) + H.c.)] ,
(2.49)
with pairing coefficients given by
Ayk) = ——2FBnd AL = B2 (2.50)

V(ak)2 4+ B2

The first line in this expression simply describes the band energies of the system,

whereas the second line encodes its proximity induced superconducting properties. We
see that, as a result of the spin-orbit coupling interaction present in the wire, the system
exhibits p-wave intraband pairing on top of the expected s-wave pairing term acting
between the two bands. Taking the limit of strong magnetic field B > A is equivalent
to sending v_ — 0, leaving a spinless system with p-wave pairing only which connects
smoothly to Kitaev’s toy model in the topologically non-trivial phase. Since the band

gap only closes when B = /A% + u? we conclude that the system is topological for
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field strengths satisfying

B > /A2 + 2. (2.51)

The phase diagram is sketched in Fig. [2.6(c). For values of B below this critical value,
the system can no longer be approximated as ‘spinless’ due to the increased influence
of pairing between bands, resulting in a trivial state.

Following the initial theoretical proposals, the hunt for topologically non-trivial
superconducting phases swiftly moved into the realm of experiments. Initial hybrid
devices consisted of InAs or InSb semiconducting nanowires proximity coupled to a
thin superconducting film of Al or Nb. [32,|105H108]. Such semiconductors have a
spin-orbit interaction sufficient to open an appreciable p-wave superconducting gap A,
whilst being spin polarized by a magnetic field strength low enough to preserve the
superconductivity of the proximity coupled s-wave superconductor.

Early experiments were concerned with identifying zero voltage bias conductance
peaks by probing the superconducting nanowires using tunnelling spectroscopy tech-
niques when coupled to a normal metal lead. Such a feature in the conductance
spectrum would indicate the presence of localized states at the normal metal-
superconductor interface that facilitate the resonant Andreev reflection of incoming
electrons (see Sec. . Several studies reported evidence of such zero bias peaks
that were found to persist over a range of magnetic field strengths within the expected
topological regime [32,/105-107]. Such results were initially hailed as likely signatures
of MZMs. However, later studies quickly began to demonstrate that the emergence of
these features could also be accounted for by the existence of topologically trivial sub-
gap excitations, known as Andreev bound states (ABSs) [38,[109-112]. Such states are

formed when confined electrons are subjected to multiple coherent Andreev reflection
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events and it has been demonstrated that such states are expected to exist within
the hybrid superconducting devices under consideration here due to, for example, the
presence of disorder [113] or the formation of quantum dots within the nanowire [37,[114].
Furthermore, various mechanisms have been highlighted by which such states can
become pinned to zero energy and hence mimic many of the features attributed to the
presence of MZMs [38,/109-112]. As such, conclusive proof of the existence of MZMs
is still lacking and the quest to differentiate between MZMs and ABSs continues. The
focus of recent experiments is on probing the non-local nature of the exponentially
separated MZMs, by examining correlations in the conductance measured at either
end of the nanowire [115-117] or searching for signatures of the topological phase
transition [118-120].

The engineered 1D topological superconducting nanowires outlined in this section
also suffer from several technological challenges due to the fact that they require a high
level of control of the system parameters in order enter the topological regime. For
example, tuning the chemical potential using metallic gates is difficult due to screening
by the proximity coupled superconductor. Furthermore, the strong magnetic field
required can induce states within the superconducting gap, effectively softening the gap
and reducing the topological protection of the system [121]. In an attempt to circumvent
such issues, recent proposals have investigated a variety of 2D platforms for MZMs. For
example, the use of a 2D electron gas coupled to a pair of superconductors forming a
Josephson junction allows the onset of the non-trivial phase to be controlled via the
tuning of the phase difference across the junction, even in the limit of a weak magnetic
field [122]. Alternatively, it is hoped that 2D topological insulators hosting helical

edge modes may play host to MZMs without the requirement of an external magnetic
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field, potentially inducing a larger and more stable gap when proximity coupled to a
superconductor [123]. For a detailed review of recent experimental advances in the field,

see Refs. [108}121},/124].
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Chapter 3

Landauer-Buttiker Theory of

Transport

3.1 Scattering theory

The Landauer-Biittiker scattering theory [125-128] provides a simple and effective tool
for describing the electronic transport properties of mesoscopic conducting systems
by mapping the process to a corresponding quantum-mechanical scattering problem
[129,/130]. The theory assumes that our mesoscopic system of interest is coupled to
N macroscopic particle reservoirs, as sketched in Fig. [3.1] These reservoirs act as a
source of electrons which, upon entering the mesoscopic sample, are either reflected
back into the reservoir from which they originated or transmitted into a different one.
Such a scattering theory of transport is valid in a low enough temperature regime so
that the phase coherence length, Ly, is much larger than the size of the sample [130].
Consequently, scattering events can be considered coherent and energy conserving.

Under these conditions, electronic transport properties can be ascertained by observing
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a=3,.,.N -1

Figure 3.1: Mesoscopic sample coupled to multiple particle reservoirs (indexed o =
1,...,N) via conducting metal leads. Each reservoir is characterised by a temperature
and chemical potential, denoted T, and p,, respectively. The green (red) arrows indicate
the propagation direction of the incident (scattered) states in each lead, defined by the
creation operators al,(E) (bl (E)). The scattering matrix S(FE) encodes the relationship
between the ingoing and outgoing operators at some energy E and its exact form
depends upon the physical properties of the mesoscopic sample in question.

the flow of electrons travelling towards or away from the scattering centre. The starting
point of determining transport properties via scattering processes is the form of the
eigenfunctions of ingoing and outgoing states in the leads connecting our sample to the
particle reservoirs. The leads are defined as open in the longitudinal direction, x, and

confined by some potential in the transverse direction, y. Such a situation results in

separable wave functions, in each lead j, of the form [130]

ValE,2,y) = Qba,n(y)eikazv (3.1)
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3.1. Scattering theory

with wavenumber £; and transverse band number indexed by n. For simplicity, we will
henceforward focus on the case in which only one transverse band exists for each lead.
We denote wave functions propagating towards the scatterer, with positive wavenumber
k, as ¥ and those leaving the sample with negative wavenumber as ¥,

In order to calculate the current flowing between the reservoirs, it is instructive to
use the second quantization formalism and define creation and annihilation operators
for particles in each of the leads. To this end, we use af (E) to represent an operator
creating an ingoing electron in the lead «, with wave function ¥ (E) and bf,(E) for

(out)

the creation operator of a scattered electron in the state vs ' (E). These operators are

subject to the usual fermionic anti-commutation relations:

al(E)al(E') + al(E)al,(E) = 0 (32)

Similar relations hold for the outgoing operators bl (E) /by (E).
The scattering matrix S(F) is then defined as the linear operator mapping the vector
of ingoing annihilation operators to the vector of outgoing annihilation operators at

energy F:

= S(E) : (3.3)

From the conservation of particle flux in the system, we have that the scattering matrix
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3.1. Scattering theory

should be unitary:

N
S(E)SUE)=T = > [Su(E)f* =1 (3.4)
p=1
In order to define the particle current flowing through the lead at some time ¢ and lead

coordinate r = (x,y), it is first necessary to define field operators for electrons in the

lead « as,

. R T Sl MEry . WN(E )
\Da(t,r)—ﬁ/o dEe L(&a(E)T(E)—i—ba(E)\/h_T(E) : (3.5)

where v, (F) = hk,/m denotes the electron’s velocity. The particle current flowing in

the lead a can then be expressed as [130H133]

N 7 Ut (¢, 7). - L T
Lo(t,z) = % / dy<—a‘p%<;’ Vg (¢, ) — W (1, ) 22T >>. (3.6)

Upon inserting the definitions of the field operators, one finds that this expression
for current will include terms which depend on two energies F and E’. However,
the situation can be significantly simplified by noting that when calculating observable
quantities, such as average electronic and heat currents and their higher order moments,
the corresponding expressions are dominated by terms for which the difference between
these energies is small: |E — F'| < E ~ o, where pg is the Fermi energy [132]. Under
this approximation, the energy dependence of the electron velocity follows v, (F) =

vo(E") and the particle current becomes
A 1 p_g, [ - A
I(t) = 7 // dEdE e 7t (bg(E)ba(E') - dL(E)da(E’)) (3.7)
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3.1. Scattering theory

In order to turn the particle current operator into a measurable quantity, one can
calculate its expectation value I, = (I,(t)), by taking the quantum statistical average
over the state of the ingoing electrons. Our approach relies upon the assumption that
the presence of the mesoscopic scattering sample does not affect the properties of the
macroscopic reservoir from which any electron approaching the scatterer has arrived.
Additionally, the reservoirs are assumed large enough to remain in their equilibrium
state at all times and are uncorrelated with electrons in different wires [130]. Under
these conditions, expectation values of ingoing particle operators take the form

(@l (E)aa(E)) = 0apd(E — E') fo(E), (3.8)

«

where f,(F) denotes the Fermi-Dirac distribution function for electrons in the reservoir
a:
1
falB) = —5= (3.9)
1 4 e*Bta
Here, kg is the Boltzmann constant and p, and 7, represent the chemical potential
and temperature in the reservoir of interest respectively. Using the definition of the

scattering matrix given in Eq. [3.3 the expectation of the outgoing particle operators

can also be expressed in terms of the distribution functions for ingoing states:

N N
(OL(E)ba(E) =D ) Sis(E)Say(E) (0l (E)aa(E)),
=t (3.10)

Consequently, using the unitarity of the scattering matrix, the particle current can be
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expressed as

1 N )
L=y 183 150(E) (52) — 1u(B)). (3.11)

Again using the fact that the scattering matrix is unitary, one can show that, in the

case of a static sample, this particle current obeys the conservation law

N
d I.=0 (3.12)
a=1

Here, the positive direction of current flow is defined from the scatterer to the corre-
sponding reservoir. This conservation law demonstrates that there is no accumulation
of particles within the scattering centre.

The studies within this thesis are mainly be concerned with scattering systems
in contact with just two particle reservoirs, referred to as ‘left’ (L) and ‘right’ (R)

respectively. In this two-terminal scenario the scattering matrix will take the form

s - | B BN (3.13)

tRL(E) TRR(E)

Consequently, we see that only scattering events involving the transmission of particles

between two different leads contribute to the current:

I, = %/dET(fﬁ(E) - fa(E)>, (3.14)

with o # B = L,R and where T(E) = |tyr(E)|* = |tge(E)|? is the transmission
probability between the two leads. The particle current can be used to calculate the

electronic current, 19, flowing in each of the leads as I¢ = el,. This in turn can be
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3.1. Scattering theory

utilised to find the differential conductance, G (V,) = dI?/dV,, for a voltage bias V,
in the lead «. In the zero-temperature limit, this reduces to the well-known Landauer

expression of conductance [129}|134]

2

GrynlVa) = 7T (Va = pa). (3.15)

3.1.1 Scattering theory with superconductors

Here, we will outline how the scattering theory introduced in the previous section can
be extended to the case for which our mesoscopic sample is superconducting [135-139].
This will allow for the study of transport properties of topological superconducting
systems, such as the 1D Kitaev chain outlined in Sec. 2.2 The key difference that
arises when superconducting pairing terms are introduced into our system Hamiltonian,
is the need to treat particle and hole degrees of freedom explicitly due to the potential
for incoming electrons to be reflected into a hole and vice versa. Such an event results
in the injection of a Cooper pair into the superconducting sample and is known as

Andreev reflection [140]. This necessitates the inclusion of an additional index when

T

labeling the scattering states in each of the external leads. Concretely, we use a,. and
&Lh to denote operators creating electrons and holes traveling towards the scattering
sample respectively. Similarly, Z;L and ZA)Lh are used to describe the creation of the
corresponding scattered states. The particle-hole symmetry present in superconducting
systems dictates that the creation of a hole state at energy E, measured relative to the

chemical potential of the superconductor, is equivalent to the annihilation of an electron

with energy —F. This results in the following relationship between particle and hole
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3.1. Scattering theory

operators [133L|135]:

dlh(E) = Goe(—E), Blh (B) = Bae(—E)- (3.16)
The relationship between the ingoing and scattered states in the leads is again encoded

within the scattering matrix, which is now extended to include the particle-hole degrees

of freedom, so that

bor (E) = Y Y Sarpe(E)igs (E). (3.17)

s=e,h B
Transport quantities in the superconducting case can be calculated in much the
same way as the case for which the mesoscopic sample is a normal metal conductor.
However, now the relevant sign of contribution of the holes will depend upon whether
we are considering charge or energy currents. Focusing here upon the case of charge

current, the relevant operator can be expressed as [132]

() = % // dEdE'¢

BBy ((SLG(E)Z;M(E') — b, (B)bn (E')

— Qe (B)age (B') + al , (B)aon (E')
(3.18)

The quantum-statistical average of the products of creation and annihilation operators

for holes can be found by exploiting particle-hole symmetry:

for(B) = (alu(E)aa (E) ) (3.19)
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3.2.  Floquet scattering theory

Hence, the distribution function for holes in the lead « takes the form

1
Jor(B) = ——55— (3.20)
1+ e kBT

As we saw for the case of a normal system, these relations can be used to simplify the

expression for the average electronic current flowing into the lead «:

2= w3 S Sacsr (B)F (fi0 (B) = far (B)) = |Sunn (B[ (fi(E) = fan (B)).

B=1~vy=e,h
(3.21)

3.2 Floquet scattering theory

The previous sections in this chapter have demonstrated the power of scattering matrix
theory in simplifying the calculation of transport properties across static mesoscopic
samples. Here, we show how this formalism can be extended to incorporate systems
that are subject to some form of time dependent driving and, in particular, to Floquet
systems for which this driving is periodic [130},/141-143]. Such non-equilibrium systems
have been shown to exhibit a variety of properties and phases which are not present
in their static counterparts [144-146]. For example, the emergence of additional driven
topological phases will be of particular interest in the forthcoming chapters of this
thesis [45H51].

Our starting point is the Floquet theorem, which states that for a system with a

periodic Hamiltonian, with time-period T,
H(t,r)=H({t+T,r), (3.22)
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3.2.  Floquet scattering theory

solutions to the time-dependent Schrodinger equation can be expressed in the form [130]

_ ieqt

\I]Oé<t7 T) =€ h %(t, 7')7 (323)

where |9, (t, 7)) is a periodic eigenstate of the effective Hamiltonian Heg = H (¢, 1) —10;,

Heir(t, 1) [¢a(t, 7)) = €a [¢a(l, 7)) - (3.24)

Here, « is the band index and €, are the quasienergies of the periodically driven system,
in analogy with the quasimomentum characterizing the Bloch eigenstates of a spatially
periodic system. The quasienergy €, is unique up to multiples of the driving frequency
fiwwo and is therefore defined within the interval —7 /T < % < 7 /T.

Expanding the periodic function ¢(t, r) as a Fourier series, the Floquet wave function

becomes
(oo}

Ua(t,r)=e 7 D ety (r),
g=—o0 (3.25)

IR
where ,,4(r) = 7—,/ dte ™M, (t, 7).
0

In this form the effect of the periodic driving upon the wave functions becomes manifest.
We see that the wave function now includes additional terms corresponding to the initial
energy e shifted by integer multiples of the driving frequency E+qhwy. In the context of
scattering theory, this equates to inelastic scattering events resulting in the absorption
or emission of energy quanta hwy.

The prospect of scattered particles exchanging energy with the driven mesoscopic
sample means that the relevant scattering matrix for the problem now depends on two
energies which differ by integer multiples of the energy quantum hwg. The details of

such processes are captured by the Floguet scattering matriz, Sg [130,141]. The element
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3.2.  Floquet scattering theory

SFacpe(En, E) describes the process when an electron of energy E in lead /5 is scattered
as an electron in lead « with a final energy of E 4+ nhwy. The initial and resultant
scattering states are assumed to be eigenstates of the stationary Hamiltonian of the
leads.

As in the static case, conservation of particle flow implies that the Floquet scattering

matrix is unitary:

o N
Z Z S;:QB(E"7 Em)S;’,a,B(Ena E) = 5m055fy (326)

n=—oo a=1

Here, the sum over energy sidebands, n, runs from —oo to co since we are considering
superconducting systems for which electron and hole states at all energies contribute to
the conductance. In order to determine the current operator for the periodically driven
case, we first write down the operator for scattered states accounting for the fact that

an outgoing electron may have exchanged energy with the dynamic scatterer:

) N

ba(E) = > Y Spas(E, En)ag(En). (3.27)

n=—o0o0 =1

The periodic nature of the scattering properties in a Floquet system results in the
generation of periodic oscillating currents between the leads. Using the definition of
the outgoing scattering operators in Eq. the current generated by a periodically

driven scatterer can be expressed as

I5(t) = Z e_ilwot[(i,za
l=—o0
€ e *
where ]a,l = E /dE;::ln_X_:OO SF,ozﬂ(Em E)SF,ocﬁ<El+n7 E) (fﬁ(E) - foc(En)) :
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3.2.  Floquet scattering theory

Of particular interest is the time-independent, or direct, current that results in a finite
transfer of charge between different leads. Within this formalism, this contribution can

be isolated by focusing upon the [ = 0 term in Eq.

o0 N
Lo=7 [dB Y Y ISrasBu BN (E) - LlBn). (329

n=—oo =1

When expressed in this form it becomes evident that the nature of the current is dictated
by the difference in distribution functions (fs(E)— fo(E,)). Hence, for small frequencies
relative to the chemical potential of the leads (nmaxfiwy < 1), only electrons close to
the Fermi energy contribute to the electronic current. Here ng.. sets the maximum
number of energy quanta that an electron can absorb/emit during a scattering process
before the probability of such an event becomes negligible. This value is determined by
the specific form of the Floquet scattering matrix in question and will depend upon the
amplitude and frequency of the driving [130]. The energy window of current carriers
can also be set by any potential biases between the leads, as well as the temperature of

the selected leads.

3.2.1 Slow driving approximation of the Floquet scattering

matrix

The possibility of scattering between energies differing by integer multiples of the driving
frequency means that the Floquet scattering matrix has a very large number of elements
and is hence difficult to calculate in practice. One possible method of combating the
resultant numerical complexity is to consider situations for which the driving can be

considered slow compared to other relevant energy scales in the problem. In this limit,
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3.2.  Floquet scattering theory

the time spent by an electron in the scattering sample is small compared to the driving
period 7 and so, to all intents and purposes, the properties of the scatterer can be
considered frozen throughout the scattering process.

With this in mind, for a given periodically driven system, we can define a stationary
scattering matrix S(t, ) that depends implicitly on time through several periodically
modulated parameters p;, @ = 1,..., N,. This scattering is then itself time periodic, so
that S(t, E) = S(t+7T, E). This scattering matrix is frozen in the sense that if we fix the
parameters p(t) at some chosen time ¢ = ty, then the scattering matrix S(ty, F) would
describe scattering from such a stationary or frozen system. This scattering matrix
only depends upon a single energy and hence does not describe the true scattering
properties of the dynamically driven system. However, connections can be drawn to
the full Floquet scattering matrix in the slow driving limit. In order to see this, it is

first useful to expand the Floquet scattering matrix in powers of the driving frequency

[130]T41,[147):
Sp =Y (hw)?S?. (3.30)
q=0

We note that the scattering matrix element S,s(E,, E) induces a modification to the

wave function of ingoing electrons of the form

_iBt

\I/(m)(E) ~e h — \I;(Out)(En) ~ SaB(En,E)\II(Bm)(E) ~ e h e*inwot. (331)

This can be compared with the action of the frozen scattering matrix, \Ifg’m)( E) ~

S(t, E)\I’(ﬁin)(E), in the case that we take the Fourier expansion of S(t, F):

St E) = i e "ot (E). (3.32)

n=—0oo
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3.2. Floquet scattering theory

From this, one can see that the scattered wave function inherits the same factor of
e~ Mol ag from the Floquet scattering matrix element S,g(E,, E). To zeroth order in
wo, the energies E and E,, can be considered equivalent and therefore the comparison

between the effects of the Floquet and frozen scattering matrices yields
(0) _ ¢ _
Sp (B, E) =8 (E,E_,) = S,(E). (3.33)

It will become apparent in the later chapters of this work that this zeroth order
approximation of the Floquet scattering matrix is sufficient to exactly determine the
direct current generated by a driven scatterer to first order in wy.

It will also prove useful to consider the first order terms in the expansion in Eq.
Given the form of the zeroth order approximation in Eq. it can be shown

that [142], up to first order, the expansion can be expressed as

Sp(En, E) = S,(E) + %a%gj) + hwA,(E) + O(w?),
nhw 0S,(E) ) (3:34)
Se(E,E_,) = Sp(E) — - g T hwA,(E) + O(w?).

Here, A, denotes the Fourier coefficients of some matrix A(t, E') which, by enforcing
the unitarity of the Floquet scattering matrix, can be shown to share the following

relationship with the frozen scattering matrix [130]:
1
heo [ST(t,E)A(t, E) + Al(t, B)S(t, E)} - §P{ST(t, E), S(E,t)}, (3.35)

where P{Sf(t,E),S (E,t)} denotes the Poisson bracket with respect to energy and
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time:

t T
a5t as  as as)‘ (3.36)

P{s'(t.B), S(E,t)} = m(ﬁa_E o8

The expression of the Floquet scattering matrix expansion in Eq. reveals the
form of the parameter that must be small in order to neglect the higher order terms.

The use of the first order expansion requires that

ha}g
— < 1. 3.37
5B < (3.37)

Here, 0F is the energy scale over which the frozen scattering matrix changes
significantly. This may refer to the width of resonances or the distance between

resonances depending upon the relevant energy FE.

3.3 Symmetry classes and scattering matrices

In Chap. we outlined how the principle of bulk-boundary correspondence demon-
strates that topological invariants Q, obtained from the bulk properties of some system,
are related to the number of zero-energy conducting states localized at the edges of
the system. Upon opening such a topologically non-trivial system, by connecting it to
external metal leads, the presence or absence of edge modes will influence the scattering
properties of electrons approaching the sample. This, in turn, provides a connection
between the bulk topological invariant Q and the scattering matrix S [41].

In order to demonstrate this connection, we consider the simple example of the
interface between a normal metal wire and a topologically non-trivial superconducting
wire capable of hosting Majorana zero modes at its ends. At energies far below the

superconducting gap parameter A, there are no states available to aid transmission
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scattering events across the superconducting sample and consequently the only non-
trivial elements of the scattering matrix are given by the sub-block governing scattering
events within the same lead. For a superconducting system, this reflection matrix r(E)

can be written as

Tee Teh

ro(E) = . (3.38)

The Thh

Particle conservation once again ensures that this matrix is unitary r'r = 1. The
particle-hole symmetry of the Hamiltonian (Eq. [2.13]) results in a corresponding

symmetry of the reflection matrix r(E):
o, (—FE)o, = r(E). (3.39)

This symmetry constrains the determinant of the reflection matrix at zero energy to be
real since

det r(0) = det (0,7(0)0,) = (det r(O))*. (3.40)

This, along with the fact that r(E) is unitary, constraints the determinant to take one
of two possible values: detr(0) = £1. Furthermore, since this conclusion was attained
using only the fundamental symmetries of the system, the determinant of (0) cannot
be changed by continuous deformations of the Hamiltonian that preserve the energy
gap. In fact, the determinant can only change upon the closing of this energy gap, due
to the existence of possible transmission scattering events which violate the unitarity
of the reflection matrix. Therefore, it is clear that the quantity Q = det r(0) fulfills the
requirements of a topological invariant for the system. The topological properties of the

scattering matrix are also evident in the electronic transport induced by the scatterer.
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Symmetry Topology
Class | x C T | Phase || Scattering Index
D 0 1 0 Lo signdet r
DIII |1 1 -1 Lo sign Pf ir
BDI |1 1 1 Z v(r)
AIIT |1 0 O 7 v(r)
CIl |1 -1 -1| 2Z v(r)

Table 3.1: Relationship between the topological invariant Q and the reflection
submatrix r for each of the possible symmetry classes for 1D systems exhibiting
topologically non-trivial phases. For Z, topological phases, the corresponding invariant
is given either by the determinant (det) or Pfaffian (Pf) of r, whereas for Z phases the
relevant quantity is given by the number v of negative eigenvalues of r

The symmetry and unitary nature of the reflection matrix enforce the following

simultaneous relationships upon the normal and Andreev reflection coefficients:

Q :lree|2 - |7"eh|2 = :l:lu
(3.41)

|7"ee|2 + |r€h\2 =1.

There are only two scenarios for which both of these requirements hold true. The first
is the trivial case, where |r..|] = 1 and we have perfect normal reflection resulting
in no electronic transport between different leads. The second corresponds to the
superconductor being in the topological phase and the presence of the MZMs leads
to perfect Andreev reflection, |re,| = 1. Since, at low energies, only Andreev reflection
events result in the transfer of charge between the leads, it follows that the conductance

in a given lead « takes the form

GalVa) = S lra(V) (3.42)

Consequently, the existence of MZMs in the scattering sample is associated with a
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quantised conductance peak at V' = 0 of height G(0) = % This peak shares the

robustness of the topological index Q and can only change upon the closure of the
energy gap.

This example demonstrates the power of the scattering matrix as a tool for
determining topological indices. This method circumvents the need for knowledge of
the full spectrum of a given Hamiltonian, by reducing the problem to the scattering
properties of the system at the Fermi level only. This approach has been extended to
all of the symmetry classes listed in Table [2.1] Here, we will not include the details of
the scattering matrix invariants for each class, however Table includes the form of

the invariant for each of the five non-trivial classes in 1D for reference [41].
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Chapter 4

Transport Statistics in

Non-equilibrium Systems

4.1 Introduction to fluctuation theorems

The thermodynamic properties of equilibrium systems, free from the subjection
to thermodynamic forces or time-dependent driving, are well understood and the
probability distribution governing their microscopic degrees of freedom can be easily
formulated. The Hamiltonian, dictating the evolution of such systems, can be used
to determine the partition function from which macroscopic, experimentally accessible
thermodynamic quantities, such as average energy and specific heat, can be calculated.

However, the situation for non-equilibrium systems is far from as simple. Further-
more, such systems are prevalent in nature and arise in the presence of temperature and
chemical potential gradients, in addition to the application of time-dependent external
driving; the main focus of this thesis. Close to equilibrium, when the forces in question

can be considered weak, the deviation of the system’s properties with respect to the
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4.2. Quantum fluctuation relations

unperturbed values can be calculated via linear response functions [148-150]. Despite
this, analogous expressions valid arbitrarily far from equilibrium prove to be much more
elusive.

Fluctuation theorems (FTs) provide information about non-equilibrium systems
beyond the linear response regime by severely restricting the form of the probability
distributions for thermodynamic quantities, such as work and entropy production, that
are known to fluctuate at a microscopic level. Such relations describe the connection
between the probability distribution functions associated with the forward, Pg(x), and

time-reversed, Pg(z) processes and are typically expressed in the form [151]

Prp(z) _ palz—b)
—PR(—a;) , (4.1)

where x is our fluctuating quantity of interest and a and b are constants determined by

the equilibrium nature of the system.

4.2 Quantum fluctuation relations

Within the quantum setting, we are concerned with isolated systems, driven out of
equilibrium, which can be described by a density matrix p(¢) obeying the von Neumann

equation:

Co(t) = —L[H(1), p(1)]. (42)

The solution to this expression takes the form

p(t) = U(t.0)poU(1,0), (4.3)
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where pg is the density matrix describing the system at ¢ = 0 and the unitary evolution

operator reads

U(t,0) = exp, (- % /0 t dTH<T)>

00 i\ t t1 1
1+ ; ( - ﬁ) /0 dtl/o dty... X A dth<t1)H(t2)H(tn>,

(4.4)

with the subscript + indicating the use of an anti-chronological time ordering from left
to right.

Generalising the notion of the work performed on a system to the quantum regime
was a concept that initially caused some difficulties in the development of quantum
fluctuation relations [152]. Unlike other observables, which are defined by operators
which can be measured at any single time, work is a two-point quantity obtained by
finding the difference between the initial and final energy of the system after being
allowed to evolve for some time interval [151}/153].

With this in mind, we now consider some general observable A(t), with eigenvalues
a; and eigenstates |a;). We then imagine performing two consecutive measurements of
A(t) and define the joint probability of measuring ay at time 0 and a; at some later
time ¢:

Plag, ag] = Tr [P, U(t,0) Py po Poy U (£, 0) Py, (4.5)

with projective measurement operators defined as P,, = |a;) (a;|. This can also be

expressed in the form

Plag, ao) =) Plj, as; 1, o, (4.6)
2%

where the indices ¢ and j are used to distinguish degenerate energy states sharing the
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same eigenvalue. Using Eq. [L.5] the joint probability accounting for the degenerate

eigenstates is given by
P[ja ag; 1, aO] = | <]a at|U(ta O)|Za (lo) |2 <Z’ a0|p0|i7 a0> : (47>

The time-reversed evolution is defined as the process that brings the final density
matrix of the forward evolution back to its initial density matrix py. It can be shown
that [151], the probability of measuring a; initially and aq after the application of the

time-reversed evolution protocol for some time time ¢, can be expressed as

Pi, ao; j, ai) = | (G arl U (1, 0)]d, ao)|* G, ael polj, ar) - (4.8)

The quantity of interest in the general form of FTs is the logarithm of the ratio of

the forward and time-reversed probabilities:

Plj,ai;i,a0] (i, a0poli, a)
=In

- - - - , 4.9
Polisaggiad ™ Gradlools, an (4.9)

R[]7 Qg i? CL()] =In

where we have used the expressions for the probabilities given in Eqgs. [4.7]and [4.8] This

immediately allows the determination of the integral F'T, which takes the form

() = > Pliagi.ale il = 37 PUliagja] =1, (4.10)

J,at,%,a0 J»at,%,a0

following from the normalisation condition of the joint probability distribution P [i, ag; j, a;].

The fluctuation theorem can be expressed in an alternative formalism by introducing
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the probability distributions associated with the forward and reversed evolution:

P(R)= Y Pljai,a0l0(R — R[j, a1, ac)),

Jrat,i,ao

(4.11)
Ptr(R) = Z Ptr[iJ aO;j, at]é(R - Rtr[iJ a(];j7 at])a
%,a0,J,0t
where
P™[i, ap; 7, a]
i, a0; j =In——~———. 4.12
R [Zva07.]7at] n P[j7at;i7a0] ( )
From this we can write down the general form of the so-called detailed FT:
p(R
In ——— = R. 4.13
pr(=R) (1)

4.2.1 Jarzynski and Crooks relations

To put the general form of the FT given in Eq. into some physical context, we
here consider the case for which our quantity of interest is the work performed on some
isolated system by an arbitrary external source of driving [154,|155]. Our system is
initially described by the Hamiltonian H(0) and is assumed to be in an equilibrium
state described by the density matrix py = e ##(©)/Z(0), where Z(t) = Tre #H®. At
t = 0 the energy is measured before being subjected to driving up until a later time ¢,
when a second energy measurement is performed. The corresponding backward process
can be described by allowing the system to thermalise after the second measurement, so
that we arrive at the equilibrium state, pif = e=##(®) /Z(#), of the system described by
H(t), and then taking another measurement of the energy. We then proceed to apply
the time-reversed driving protocol to the system, before taking a final measurement of

the energy after a time ¢ has passed, with the final Hamiltonian returning to H(0).
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Using Egs. and the probabilities associated with the two-point energy

measurements for the forward and reverse processes can be expressed as

Plj. Exsi, Bl = | (. BU (1, 0)]i, Ey)2e? (F ),

(4.14)
PVl By, B = | . BAU( )l By) e (FF0),
and the expression for the quantity R is given by
R[j, By;i, Eo] = B(w — AF(t)). (4.15)

Here we have defined the work done on the isolated system by the external driving as the
difference in the energy measurements of the final and initial states; w = F; — Ey. The
free-energy difference is given by AF(t) = F(t) — F(0), where F(t) = —~'In Z(t).
Written in this form we see that the quantity S~'(R) can be associated with the
irreversible contribution to the entropy change of the process, a property shared by
all manifestations of fluctuation theorems. The general form of the F'T in Eq. now

takes the form of the Crooks relation [156]:

p(w) — Plw=AF)
T , (4.16)

which relates non-equilibrium work with the equilibrium free energy difference. From

this relation, the Jarzynski equality [154] immediately follows:

(e7Pwy = ePAF, (4.17)
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4.2. Quantum fluctuation relations

4.2.2 Steady state exchange fluctuation theorem

Fluctuation theorems can also be formulated to describe fluctuations in entropy
production [157,/158] and various related quantities such as the heat exchange between
two reservoirs via some embedded system of interest [159-161]. Fluctuation theorems
of this form can also be extended to be valid in the long-time limit and are hence known
as steady-state FTs. We study FTs of this form in Chap. [6] in the context of heat
transport driven by the periodic modulation of a system’s parameters.

In general, we can consider two reservoirs A and B, described by Hamiltonians
H, and Hp, each with inverse temperature 34,p and chemical potential y14,5. The
reservoirs are weakly coupled to a system of interest, described by the Hamiltonian
Hyg, which facilitates the transport of energy and particles between the reservoirs. We
assume that the initial states of this composite system, for both the forward and time-

reversed processes, are described by the equilibrium density matrix [151]

po = po = P (Ba, a)ps (Bs, 1s)ps' (Bs, pis). (4.18)

After an initial measurement of both energy F, and particle number n, in reservoir
A, the system is allowed to evolve up until a second measurement at some time
t.  We denote the measurement outcomes of the combined system using a =

(Ea,na, Ep,np, Es,ng) so that, in this scenario, Eq. gives us

Rlo/,a] = = Ba[(Ea — E) — pa(na —n'y)]

— BBl(Ep — Ep) — ps(np — ng)] — Bs[(Es — Eg) — ps(ns — ng)].

(4.19)

For a weakly coupled system, conservation laws for energy and particle number result
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4.2. Quantum fluctuation relations

in the following constraints on the respective changes in the constituent parts of the

composite system:
Ep—Ey=FE)),—FE s+ Ey— Eg and npg—nly =nly —na+n—ng. (4.20)

Under these constraints, the ratio of probabilities for the forward and reversed processes

can be simplified as
R[E'\,ny; Ea,nal = —Ag(Ey—FE4)—An(n/y—na)+O(Eg — Eg)+0(ns — ng), (4.21)

where we have defined Ag = Sp— 54 and Ay = Bapa—Bpprp as the affinities associated
with heat and matter transport respectively.

The fact that the reservoirs A and B are considered macroscopic sources of particles
and energy means that the changes in energy and matter that they experience over long
time intervals in unbounded. This is in contrast to the internal mesoscopic system of
interest which is small and finite. Consequently, in the steady state limit, ¢ — oo, the

FT describing heat and matter flow from the reservoir A can be reduced to [151,|153]

. 1 p(AEA, AnA) . 1
tlggo ? I p(_AEA, —ATLA) N ; (AQAEA + ANAnA)' (4'22)

From this exchange FT it is evident that positive Ag (Ay) indicates that the probability
of an energy transfer AF, (particle transfer Any) from reservoir A to reservoir B is
exponentially more likely to occur than from B to A. The right-hand side of Eq.
takes the form of an entropy production and fluctuation relations of this kind are known

generally as Gallavotti-Cohen (GC) type FTs [158]. When focusing on the nature of
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4.2. Quantum fluctuation relations

heat transport between two reservoirs only, the relation reduces to the expression:

1 p(AE) _ AE(ﬁR - 5L)
toot - p(—AE) t '

(4.23)

In Chap. [6| we explore the validity of this expression in the case that the internal system
is subjected to a source of slow, periodic driving. For such a scenario, the conservation
law constraining the energy changes within each part of the system (Eq. no
longer holds true, since the driving itself acts as an additional energy source/sink. This
exchange of energy can facilitate the driving of heat against a thermal gradient and

hence results in a correction to the fluctuation relation in Eq. [58-62).
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Chapter 5

Transport Properties of Floquet

Majorana Systems

This chapter is based upon the results published in the paper:

T. Simons, A. Romito, and D. Meidan. Relation between scattering matriz topological
invariants and conductance in Floquet Majorana systems. Phys. Rev. B 104, 155422
(2021)

In Chap. [2] we discussed how, under certain conditions, p-wave superconducting
structures can play host to zero-energy excitations known as Majorana zero modes.
Their stability and non-Abelian nature ensure that such excitations receive great
attention, particularly in relation to their potential application within a quantum
computation setting. Building systems capable of hosting such a topologically non-
trivial phase is experimentally challenging and hence exploring alternative mechanisms
capable of achieving this goal are of great interest.

One possible direction is to exploit the emergent properties of systems driven out of
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5.1.  Floquet topological phases

equilibrium by some source of periodic driving. It is known that such Floquet systems
can exhibit a variety of distinct properties, for which there is no evidence of in their
static counterparts [144H146]. These properties can be tuned solely by the driving,
in contrast to equilibrium systems, for which they are intrinsic to the setup and hard
to change in situ. In particular it is known that periodic driving can result in the
emergence of additional topological phases, even in the case that the system is trivial
at any given point during the cycle [45,47-51].

The calculation of topological invariants, such as the Chern number defined in Eq.
2.4 from the bulk properties of the system cannot be straightforwardly generalised
from the case of static to periodically driven systems [47,52,53]. However, the principle
of bulk-boundary correspondence, and resulting existence of gapless surface modes,
ensures that scattering properties continue to provide a reliable method for calculating
topological invariants. In contrast to static systems, it has been shown [53] that
the invariants of periodically driven systems are related to a gedanken scattering
experiment, for which the leads are only coupled to the system at discrete times
separated by the driving frequency. Despite this, the exact relationship between
this stroboscopic scattering matrix and the DC transport properties measured in

conductance experiments remains unclear and forms the subject of this chapter.

5.1 Floquet topological phases

In order to see how such phases can arise, we first use the Floquet theory introduced
in Sec. to study the stationary solutions of a periodically driven system described
by a Hamiltonian of the form H(t + T') = H(t), where T is the period of the driving

acting with frequency w = 27/T.
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5.1.  Floquet topological phases

The quasienergy spectrum can be determined by considering the unitary evolution
operator U(t,0) [1,(0)) = |¥(t)), and in particular the Floquet operator which gives
the evolution over one entire period of the driving cycle, F' = U(T,0). From this we
can construct the Floquet Hamiltonian:

Hp — %log(F), (5.1)

the eigenspectrum of which provides access to the quasienergies ¢,

Hp |[a(0)) = €a[¢a(0)) - (5.2)

Similar to the case of static systems, we can determine the bulk quasienergy spectrum
of a periodically driven system by applying spatial periodic boundary conditions and
determining the momentum space Hamiltonian H (k).

For example, we can consider the case of a driven Kitaev wire, where the system
Hamiltonian is of the form given in Eq. , with g = py for 0 < t < T/2 and
= po for T/2 <t < T. Such a driving scheme is desirable from an experimental
perspective since it requires the control of only a single Hamiltonian parameter and the
modulation of the on-site potential can be achieved in p-wave superconducting systems
by driving the gates controlling the electrostatic environment [162-164]. Furthermore,
it is not a strict requirement that the value of  be changed stroboscopically as it has
been demonstrated that the emergence of non-trivial phases persists when the driving
is performed in a sinusoidal manner [163].

Examples of the resultant quasienergy spectrum are plotted in Fig. [5.1l The

particle-hole symmetry present in the system again results in a spectrum that is

5



5.1.  Floquet topological phases
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Figure 5.1: (a)-(e) Quasienergy band structure of a driven 1D Kitaev chain for various
values of the Hamiltonian parameters. The driving protocol is outlined in Sec.
and the phase diagram corresponding to the parameters A\g and \; is plotted in Fig.
5.3l The fact that the quasienergy is defined periodically results in the existence of two
relevant energy gaps in the system, at €' = 0 and €I" = m. These gaps close in (b) and
(d) respectively, indicating a topological phase transition.

symmetric around € = 0, with eigenstates fulfilling 1 (e) = ¢L€(—e) However, due
to the periodic nature of the quasienergy spectrum, ¢ = 7/7 is an additional point
mapped onto itself by the symmetry transformation ¢ — —e. Consequently, this
results in a second relevant energy gap in the system when it comes to topological
classification. As in the case of Majorana zero modes, wavefunctions at quasienergy
¢ = m/T also exhibit the property of being their own anti-particle ¢ = " and can only
be removed by the closing of the band gap at this energy. Such excitations are known as

Majorana m-modes (MPMs) [46,,165-170] and their existence provides a clear example

of how the periodic driving of a system can add to the richness of its topological order.

76



5.2. Model Hamiltonian

Furthermore, the fact that the presence of such Majorana modes can be controlled by
tuning the versatile external driving protocol, holds promise for a wide range of potential
applications [171-173]. In particular the driven Kitaev wire has been stipulated as
a potential candidate for demonstrating a topologically protected Majorana braiding
operation (Sec. within a single 1D wire by utilizing the quasienergy as an effective
second dimension [163}/174].

The realization and manipulation of such driven topological phases would require
overcoming several experimental challenges. In particular it is known that, in
generic interacting systems, subjection to periodic driving results in heating to infinite
temperature, rendering any topological Floquet states unstable. Several mechanisms
of how to avoid or suppress such heating have been stipulated, such as many-
body localization and prethermalization [175,(176]. It has further been demonstrated
that, for interacting systems, the switching on of the driving can stimulate the
production of unwanted quasiparticles, again leading to the instability of the Floquet
system [177]. Driven systems would also be subject to the same limitations as their
static counterparts, such as the issue of quasiparticle poisoning, when considered as
candidates for performing topologically protected quantum computation. Although
several proposals of how to realize Floquet Majorana states in practice do exist

[51,164.|178], these are yet to be demonstrated in experiments.

5.2 Model Hamiltonian

With the objective of studying the electronic transport properties of periodically driven
topological systems, we consider the setup sketched in Fig. (a). Our system of

interest is driven via the periodic modulation of its Hamiltonian parameters {X;(t)}
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Floquet topological
system of interest

Hsys(Xl (t)a XZ(t))

X1 (1) 7\ ’<X2(t)

(b) () Continuous and Stroboscopic
Time dependent parameters coupling
4 A o IL(1)
Tr(t)
\/ X2 ‘ l \
= t L t

T

Figure 5.2: (a) Schematic of an electronic system connected to two external leads
(terminals) via tunneling rates I';,, I'g and driven via periodic control of its parameters
X1, Xo, the time dependence of which are sketched in (b). Each terminal (L, R) includes
ingoing and outgoing («—,—) electron (e) and hole (h) scattering states. (c) Two
scattering scenarios are depicted, corresponding to either a continuous coupling to the
leads (dashed lines) or time-pulsed couplings with periodicity 7" (solid lines).

(Fig. [5.2(b)), and is coupled to two electron reservoirs, labeled L and R, via metallic

leads. The relevant Hamiltonian therefore consists of three parts:

H = Hsys<t> + Hrp + Hleada (53)

where Hy(t) = 32N k=1 c]h k(t)ck is the Hamiltonian of the system of interest, which

is assumed to be a generic non interacting system of local fermionic degrees of freedom
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5.3. Conductance for different system-lead couplings

annihilated by the operator ¢;. The coupling to the external leads is captured by
Hy = Z [\/FaaL’kKacja + h.c.|, (5.4)
a,k

where K, is the contact matrix between the system and the lead «, with I',
characterizing the coupling strength, and c;, annihilating a particle in the mode j,.
In a system modeled by spatially discretized sites, j, labels the spatial coordinate of
the system’s site closest to lead . Finally, the metallic leads are modeled as generic

free fermion reservoirs with constant density of states and linear dispersion:

Ho = vk > [al, acs — bl ybarl, (5.5)
k

where a,  and b, annihilate ingoing and outgoing particles with momentum % in the
reservoir « = L, R. The creation/annihilation operators for energy eigenstates in each
lead can be identified with the momentum creation operators, e.g. b(F) = by and

ar(E) = ar, via E' = tupk respectively.

5.3 Conductance for different system-lead couplings

In order to explore the connection between transport properties and topological
classification in driven systems, we will consider two distinct coupling configurations,
the behaviour of which are plotted in Fig. (c) Firstly we examine the case of
constant coupling to the leads, as is typical in transport measurement setups, before
comparing this to the scenario with d-like pulsed coupling, which is of importance for

determining the scattering matrix topological invariants of the system.

79



5.3. Conductance for different system-lead couplings

5.3.1 Constant couplings

Using the Floquet scattering matrix S, one can express the time-averaged electronic

current in the lead « by rearranging the expression introduced in Eq. [141],142]:

|Sa,8(EmE)|2fﬂ(E) - |Sﬂa<En7E>|2foc(E) : (5-6>

I;ZE/MdEZZ

0 Bita m

Here, f,(F) gives the distribution function of particles entering the scatterer through
the channel a. In order to keep this formalism general for superconducting systems,
the channels run over both particle and hole degrees of freedom in each of the external
leads, o, 8 € {L¢, L" R¢, Rh}.

The current can subsequently be used to find the differential conductance in each
lead via the derivative with respect to the voltage bias V,: G.(V,) = dI/dV,. For
simplicity we consider a symmetric voltage bias, V', with respect to the Fermi level of
the superconductor, so that the corresponding Fermi distribution functions are given
by: fre = f(E—¢eV), fin = f(E+¢eV), fre = f(E+¢eV) and frn = f(E —eV). In the
zero temperature limit, the Fermi distribution functions reduce to step functions and

hence the conductance in the left lead for example, reads

GL(V) = Grepn(=V) + Grepe (V) = Gremn (V) + > Gare(V), (5.7)
B#a

where the contribution to the conductance from each element of the scattering matrix

takes the form

Gas(V) = 7 D 1Sas (Ve VI (5.8)

In order to determine the form of the Floquet scattering matrix we employ a
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5.3. Conductance for different system-lead couplings

Green’s function approach. To this end, we note that the evolution of the driven
scattering sample, along with coupled leads, is captured by the effective non-Hermitian
Hamiltonian Hgy(t) — iX, where ¥ = 1>, F(;KgK(; is a self energy term accounting
for the coupling between the system of interest and the external leads. The retarded

Green’s function in energy-time representation is then defined as [179]

Gt B) = % / dreEG (¢t — 7). (5.9)
where G(t,1') satisfies
0 , / /
(zhg — Hgys(t) + zZ) Ggt,t'")y=46(t—1t). (5.10)

The Green’s function can be defined in terms of the evolution operator as
/ 1 / /
G(t,t") :%@(t—t)U(t,t), (5.11)
i

where O(t —t') is the Heaviside step function. The evolution operator can be expanded
in terms of the Floquet-state solutions W, () of the Schrodinger equation, similar to
those defined in Eq. The difference in the case that the effective Hamiltonian is

non-Hermitian, is that the eigenspectrum of the Floquet operator I is no longer real:

Fl6a(0)) = A [a(0)),  (a(0)] F = Aa ($a(0)

: (5.12)

with A\, = exp[—i(% — i%)T}. Here, €, defines the quasienergy spectrum, whereas
the coefficient 7, denotes the inverse lifetime of the corresponding eigenstate. From

this starting point, one can determine the left and right periodic Floquet states via the
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application of the evolution operator
|\I’a(t)> _ ei(Ea/hfi%x)tU@?O) |wa> : <\i’a(t)‘ — efi(ea/hfi'ya)t <1;a‘ U(O,t). (513)

From these definitions the evolution operator can be expanded in terms of the Floquet

states as

Ut 1) = Y eflce/m =0 g (1)) <¢1a(tf) . (5.14)

Using the definition in Eq. [5.11}, we can express the so called Floquet-Green functions
as [179]

o ey
P _ = ipw _
) =7 [ g m =3 gl (5.15)

0

where the Floquet state harmonics )\If,(lp )>, are defined via the Fourier transform

T T
p@y — — dtePet [\ v | — l dte= ™t (I 1
W)= 3 [ drer ), (V0= [Caer (o). 610

From this expression the elements of the Floquet scattering matrix required to find the

conductance across the scattering sample can be accessed via the relation [134,/180]

St (Euny Bn) = 80,0m-no — in/Tal 3G 5" (By). (5.17)

It has been demonstrated that the presence of Majorana zero/m modes in driven
systems results in specific features in the zero temperature conductance profile, similar
to the case of static systems given in Eq. [3.42] In contrast to the static case, the

resonance quantisation for a periodically driven system takes the form of a sum-rule [46]
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2¢?
ZGL(EO/W—i—mw) == (5.18)

where ¢p = 0 and ¢, = % = w/2.

5.3.2 Stroboscopic couplings

Contrary to their static counterparts, there is no direct relationship between the Floquet
scattering matrix and the topological indices of driven systems. Despite this it has been
demonstrated that the topological indices can be formulated in terms of a gedanken
scattering configuration, consisting of instantaneously emitting and absorbing particles
when the coupling to the leads is switched on at discrete times separated by the
driving period T'. Between two such coupling times ¢ and ¢ + 7', the system evolves
under the influence of the Hermitian Hamiltonian Hgy(f), which defines a unitary
Floquet operator F;. It can be shown [53,[181], that this configuration corresponds

to a stroboscopic scattering matrix of the form

1 .
strob _ . o iET t
SIE) = VI =W - W pTro e U (5.19)

where the matrix W encodes the coupling to the leads and, using the notation from
Eq. m, takes the form: W =Y, /TT ;K.

This stroboscopic scattering describes the situation in which the scattering sample
can only exchange particles with the leads at the beginning and end of each period,
starting at some offset time ¢ with respect to the driving period. The relevant Floquet
operator is defined as

F, = U(t,0)FU(t,0), (5.20)
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where F' = U(T,0) is the evolution operator for one period starting at the beginning
of the driving cycle. Although the quasienergy spectrum is of course independent of
this offset time ¢, the stroboscopic scattering matrix can in principle be ¢t dependent,
depending on specifics of the evolution between the coupling times ¢ and ¢ + T

Analogous to the case of the single energy static scattering matrix (Eq. ,
the stroboscopic scattering matrix can be used to define a corresponding conductance
averaged over the offset time ¢, 5™ = £ fo dtI;'°", where

S5 (B)| f5(B) — |SSub(B) [P fu(B) | (5.21)

g = [ 4y
B2

Once again, we can define the contributions to the stroboscopic conductance from each

element of the scattering matrix at zero temperature as

e’ 1

G (V) = > dt\s,fggb W), (5.22)
so that the total conductance reads
GFP(V) = GER(=V) + GER(=V) = GER (V) + ) GH (V). (5.23)
B#a

The profile of this stroboscopic conductance behaves much in the same way as
its static counterpart defined in Eq. [3.42l In particular, it exhibits quantized
conductance peaks corresponding to the existence of topologically protected Majorana
edge modes. Although both result in quantized conductance peaks in some form, the
exact relationship between the stroboscopic and continuously coupled conductances

remains to be explored.
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We see that (Eq. , in contrast to the physical conductance associated with
a system that is constantly coupled to the external leads, the stroboscopic scattering
matrix, and consequently the corresponding conductance, are periodic in energy. This
helps to explain why the quantisation rule in Eq. required the sum over energies
separated by integer multiples of the driving frequency. Further light is shed upon the
relationship between the two quantities by considering the intermediate scenario for
which the system is continuously coupled to the external leads, but scattered particles
are only recorded at discrete intervals separated by the driving period and starting at
the delay time ¢t. We associate with this process an alternative stroboscopic scattering
matrix S;(E) which is a non-unitary construction due the neglected scattered states
flowing in the leads during the intervals between the discrete recording times. This
setup allows us to draw a direct analytical connection between S’t(E) and the Floquet

scattering matrix (see Appendix [A)):

SUE) = S(Ey, Enpi)e™. (5.24)

k,n

This relationship to the Floquet scattering matrix highlights the need to sum scattering
events over all Floquet sideband energies, F, = FE + nw, in order to make a
meaningful comparison with the stroboscopic conductance. We therefore define a

summed conductance

Go(V) = Gu(V + nw), (5.25)

which provides a natural quantity to be compared with that defined in Eq. [5.23]
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5.3.3 Weak coupling limit

In order to compare the conductance quantities Go(V) and G5"°P(V), one can make
use of the fact that they both exhibit quantized conductance peaks at V = ¢g/r.
Therefore, analysing their behaviour in the vicinity of these resonances can help to
shed light on the relationship between the quantities around the resonant quasienergies.
Furthermore, in the regime for which the coupling strength to the external leads can
be considered small compared with the other energy scales associated with the system
Hamiltonian, these resonances dominate the conductance spectra and hence we may
expect the agreement between the two to extend, to some extent, beyond the resonant
Majorana quasienergies.

In the weak coupling limit, the self energy term ¥ from Eq. can be treated
as a perturbation to the system Hamiltonian Hgy(t). In particular, the Floquet state
solutions can be approximated as solutions to the Floquet equation for an isolated

system:

(Hape(t) = i) 106(0)) = eala(0). (5.26)

The first order corrections to the quasienergies ¢, are found to be

o= [ @ OIZI00(0)- (527

Using the expression for the Floquet scattering matrix in terms of the Floquet-Green

functions in Eq. [5.I7, the contributions to the current from each scattering matrix
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element (Eq. can be approximated by

|6 (8] K5 18) (81 K [0+ {6
[E — (6 +rw — Z”yi)} [E — (ej +r'w+ i’yj)}

K} |a)

{
[Sas(Eny B)* = Tal's Y
agrr!
(5.28)
Here (¢;| K, |a) gives the tunneling amplitude for scattering into the mode «, running
over both particle and hole degrees of freedom, via the mode ¢; of the internal system.
Since the coupling strength I', controls the width of conductance resonances,
the weak coupling regime corresponds to a conductance spectra consisting of sharp
Lorentzian peaks at energies ¢€; +rw and €; +r'w. As a result, the sums in the previous

expression are dominated by contributions for which these energies coincide or for which

the quasienergies ¢; are degenerate. Thus, the scattering matrix can be further simplified

n+r>< T) Kt |ﬂ>‘
+ (F — ¢ +1w)?

as

\zk

|Sap(En, B)? = Tuls Y
irk

, (5.20)

where |¢;, ) represent the eigenstates corresponding to the degenerate eigenvalue ;.
The degenerate states correspond to the Majorana bound states localized at each end
of the chain. Since these states only couple to one of the external leads, only one will
contribute to the scattering matrix elements and we henceforward drop the sum over
degenerate states k.

The scattering matrix elements in this weak coupling regime can be used to produce

approximations of the matching contribution to the summed conductance at zero
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temperature:

2 ‘(a|Ka

Gas(V) = -Tal's >

‘ 2

6) (67| K319)

: 2 4+ (V — € + mw)?
mrnm T ‘2 (5.3())

COTT, e (T |l Kaloi) o) K] 19)

=+ ;/0 dtdt F T ——

I

Close to the resonant quasi-energies, V' & ¢;/e, the conductance contributions take the

form of a Lorentzian distribution:

2 z (@) 2 (8)

~ e“ % Y eV —¢
Gaﬂ(v) ~ E ,72 E( ~ )7 (531)

where £(z) = (1 + 2®)7! is the Lorentzian function and

@ 17 3 3
39 = 3 [ Taltal Ko, so that 5= 375, (5.32)
0 5

Using the fact that the localization of the Majorana states dictates that they only
contribute to the conductance through Andreev reflection events, along with the
(L°) (L")

0,7

particle-hole symmetry constraint %ﬁ: =7 one sees that for V' =~ ¢y, /e,

(5.33)

We next turn our attention to deriving a similar expression for the stroboscopic
conductance close to the resonances. In order to facilitate the comparison of the
two quantities, it is necessary to express the stroboscopic conductance in terms of

the unperturbed Floquet state solutions of the Hamiltonian Hgy(t). Consequently, we
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would like to perform a perturbative expansion, in the coupling strength I',, of the
operator appearing as a fraction in Eq. [5.19] As a first step towards this goal we can

write this operator as a geometric series,

1 iET iET 1

‘ Z ETENT - WIW) = 3 (1B - - EWiw).
T — eETFNT — WIW - \A;-/ 2 ~
1

(5.34)

Here we have defined the perturbed operator A = Ag + I'A;. Expanding A in terms of

its eigenstates and eigenvalues, given by A |x;) = x; |z;), we can rewrite this expression

as

1

1 ~ 1
T GBTET W STEFS wlag) (wl) =Y Ty | il (5:39)
k 7 ;

The unperturbed Floquet operator F; = Ay can be expanded in terms of the Floquet

state solutions of the uncoupled Schrodinger equation introduced in Eq. as

= e TIgi(t)) (:(1)] (5.36)

The unperturbed eigenstates |¢;(t)) therefore form the zeroth order term in the
expansion of the eigenstates of A, which will be sufficient for our requirements in the
weak coupling regime. However, we will include the corrections to the eigenvalues z;(t)

up to first order in I', so that

e LGOI RV 6(0)
e N PXOIT0)

=TI T@IT]00)). (537

7?(;)
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Using this expansion, the stroboscopic scattering matrix now takes the form

i(E—e)T

S(B) = T - WIW — WZ = [8:(0) (G W, (5.38)

i(t)

In this form it is possible to make meaningful comparisons between the conductance
of the two coupling configurations. Again using the fact that, in the limit of weak
coupling, the conductance profile is dominated by sharp Lorentzian peaks at the
resonant quasienergies €;, the expression for S"°P(E) translates into the following

contributions to the stroboscopic conductance defined in Eq.

v il Kalao) oo £515)]
GEEP (V) = hTP Pﬁ/ dt; e T (5.39)

At this point we can return to our expression for the conductance summed over
Floquet sidebands for constant couplings, defined in Eq. [5.30, This expression can be

rearranged to a similar form as our stroboscopic conductance using the relation

Z 'prz - 6iAz (5 40>
A—pw AT — 1’ '
so that
a| Ko |oi(t)) {¢i(t)] K \5)!
Gap(V) r ng/ dtdt’ T (11 T (5.41)

It is clear that, from Eqgs. [5.39 and [5.41] there exist clear similarities between the

conductances for continuous and pulsed coupling in the regimes for which this coupling
can be considered weak. Both expressions are clearly dominated by resonances at
the quasienergies, however the parameters controlling the widths of those peaks are

generically different in each case.
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5.3. Conductance for different system-lead couplings

In order to highlight the exact nature of this difference, we can, as we did for the case
of continuously coupled leads, examine the behaviour of the stroboscopic conductance
(Eq. at voltage biases close to resonant quasienergies, V' = ¢;/e. In doing so,
one finds that the contributions to the conductance from each element of the scattering
matrix can be further simplified as
‘2

@1 7 [l Kalaut) (0.0 K 18)

strob _ eV — &
Gos”V) =37 0 V2(t) ( (1) ) (5.42)
_ A1 Mo <6V - 62')
T RT )y AR %t) /7
where
1) = Dol (8] K5 6,12, s0 that 7(t) = S 27(@). (5.43)

)

Once again, the particle-hole symmetry of the superconducting system, along with the
localization of the Majorana modes, results in quantized conductance peaks at the
corresponding voltage biases V' = ¢;/e of the form

221 [1 eV — ¢
strob /T
V)= —— — ). 44
G (V) A T/o dtﬁ( o) ) (5.44)

5.3.4 Comparison of conductance quantities

The expressions for the conductance due to the Majorana bound states for each of the
coupling configurations, Eq. and [5.44] constitute the key results from this chapter.
Their comparison demonstrates that the discrepancy between the two quantities arises
due to the time dependence of the function 7;(t), defined in Eq. which controls the

widths of the peaks in the conductance profiles. Agreement between the two quantities

91



5.3. Conductance for different system-lead couplings

therefore occurs when this function is time independent. The time dependence of 7;(t)

is captured by the variance function

Va = ((alt) = (al®))”). (5.45)

This function acts as a figure of merit quantifying the discrepancy between the two
coupling configurations at the resonances. As a more concrete measure of this variation
we can also consider the difference between the two functions integrated around a

particular resonant quasienergy ¢;:

1 e;+I"
D=~ / dE

,—T

L(E;E> —%/OTdtLi(li;t;i)]. (5.46)

We note that this difference integrated over the entire voltage range vanishes identically:

pr= [asle(fzm) L dw@i&;)]

T
=T — %/ Yi(t)dt = my; — 7y = 0,
0

(5.47)

where we have used the definition of 4 from Eq. [5.27] Consequently, in the weak
coupling limit, we see that the total weight of the conductance peaks associated with
Majorana modes are identical for the stroboscopic and constant coupling configurations.

In order to explore the difference between the conductance quantities G and G5°P
for arbitrary values of the voltage bias, we will apply the analysis outlined in this section
to the example of a periodically driven Kitaev chain subject to two different driving

protocols.
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5.4. Transport signatures of a periodically driven Kitaev chain
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Figure 5.3: Phase space diagram illustrating how the topological phase of the Floquet
Kitaev wire depends upon the Hamiltonian parameters Ay and A; (see Eq. [5.50). (a-
h) Numerical results for the zero temperature differential conductance summed over
energy sidebands G and the stroboscopic conductance G5*°P, plotted as a function of
the total voltage bias between the left and right external leads V' =V, — V. The plot
colours correspond to those in the phase diagram. The conductance is evaluated at
both the four sweet spots, marked by black crosses, as well as the points marked by the
white crosses in each phase: (a,b) Trivial, (¢,d) MZM, (e,f) MPM, (g,h) MZM/MPM.
The results were obtained using a chain of 20 sites and with tunneling rates to the
external leads given by I'z/g/w = 0.016.

5.4 Transport signatures of a periodically driven
Kitaev chain

In this section we will explore the relationship between the conductance measured
in transport experiments and the topological invariants defined via the stroboscopic

scattering matrix by considering the example of a periodically driven Kitaev chain. For
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5.4. Transport signatures of a periodically driven Kitaev chain

this, we use the same toy model Hamiltonian introduced in Sec. 2.2}

H(w, A, p) Zu al Qi+ Z ( ait1 + A;t) ;0,11 + h.c.), (5.48)

where the on-site potential y, the nearest neighbour coupling J and the superconducting
pairing strength A are all now time dependent with a period (7"). We will consider two
different step like driving protocols in which the parameters of the Hamiltonian are

switched instantaneously between two different sets of values.

5.4.1 Protocol 1: Sudden switching between Hamiltonians in

different topological phases

Firstly, we study the scenario in which the Kitaev chain is forced to alternate between
the topologically non-trivial and trivial phases in each half of the cycle [163], so that

the evolution is governed by a Floquet operator of the form
F — e*iHlT/QefiHoT/Q’ (549)

where

HO = H(27T)\0/T, 27T>\0/T, 0) and H1 = H(0,0, 27T)\1/T) (550)

Here H, is the Hamiltonian at the sweet spot of the static topological phase,
characterised by the existence of Majorana zero modes localized on the final site of
the chain, with zero correlation length.

By allowing the parameters A\g, A\; to take values in the interval \; € [0, 1], we see

the emergence of four topologically distinct phases which are illustrated in the phase
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5.4. Transport signatures of a periodically driven Kitaev chain

diagram in Fig. [5.3] The phase in which the system resides is evidenced by the presence
or absence of Majorana zero modes and Majorana m modes. Due to the influence of
these Majorana bound states upon the scattering properties, each phase can equally be
characterised by a topological index expressed in terms of the single energy stroboscopic

scattering matrix via

1
Vo/m = %logdet{’RL(eO/ﬂ)}, (5.51)

where Ry is the sub-block of the entire stroboscopic scattering matrix describing
reflection in the lead L. The justification for the form of v follows from the analogous
discussion of static systems in Sec. and via comparison with the static invariants
listed in Table [3.1} To gain insight into how this quantity changes as we move across
the phase diagram, it is useful to consider the stroboscopic scattering matrix at the
sweet spots in each phase, which are identified by the relevant Majorana modes being
localized at the left and right most sites of the Kitaev chain. We also consider
the case for which the coupling to the external leads is perfectly transparent, i.e.
W =>sVITsKs; = > 5 Ks. At these special points in the phase diagram, indicated
by the black crosses in Fig. there is no possibility of transmission events and the
scattering matrix can be decoupled into a block sum of the reflection sub-matrices in
cach lead: S(€) = Rp(€) ® Rr(e). Subsequent calculation of the index v for each sweet

spot yields:

(i) For the trivial phase sweet spot at A\g = 0 and Ay = 1/2 we have R (¢) = Rgr(e) =

—ie"To,, and the topological indices are:

Vo/ﬂ- =0. (552)
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5.4. Transport signatures of a periodically driven Kitaev chain

(ii) The MZM phase, where the sweet spot is A\g = 1/2 and A; = 0 results in Ry (¢) =

X1 — )T — (1 4 €T)o,] and Ri(e) = S-[(1 — €T)T + (1 + €T)o,], and

the topological indices are:

v=1;v,=0. (5.53)

(iii) The sweet spot of the MPM phase is at A\g = 1/2 and A\; = 1 with R (¢) =

(-1 — NI + (1 — ¢T)o,] and Ry(e) = S-[(—1 — 1)L — (1 — Mo,

and the topological indices are:

vy=0; v, =1 (5.54)

(iv) Finally, the sweet spot of the MPM+MZM phase at \g = 1 and A; = 1/2 gives
Rr(e) = —Rpg(e) = ¢*T'o, and hence

vy=1;v, =1 (5.55)

These results are directly reflected in the quantized values of GS*°P(V = €/, ).

In Fig. p.3|(a-h) we plot the zero temperature conductance profiles as a function of
bias voltage V', for two points in each of the distinct phases. These points are marked
by crosses on the phase diagram, with the black crosses corresponding to the four
sweet spots and the white crosses marking points away from these localized limits. The
chain length used in the numerics is sufficiently long for any interaction between the
Majoranas at opposite ends of the wire, and any resultant splitting of the resonances,

to be neglected. Each subplot includes profiles for both G(V') (solid lines), the physical
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5.4. Transport signatures of a periodically driven Kitaev chain

conductance of a constantly coupled system summed over Floquet harmonics, alongside
the stroboscopic conductance G5 (V) (dashed lines) defined via the fictitious pulsed
scattering configuration. For both quantities, we see that resonant Andreev reflection
via the Majorana bound states results in quantized conductance peaks of height 2¢%/h
at eV = 0 and/or eV = /T, corresponding to the existence of Majorana zero and =
modes, respectively.

As discussed in the preceding section, we expect that the conductance profiles
corresponding to the different coupling configurations should differ in the widths of
the resonant peaks due to the difference in the level broadening. For weak coupling,
the conductance traces in Fig. demonstrate very good agreement even away
from the Majorana quasienergies eV = 0 and eV = 7/T. In order to analyse this
discrepancy in greater detail we plot the integrated difference function Dy, around
the zero and m mode resonances throughout the phase space spanned by Ay, Ay in Fig.
(a) and (c) respectively. To complement this, we additionally plot V,,, the function
capturing the time variance of the resonance width ~,(¢) in Fig. |5.4(b) and (d). The
correlation between the two quantities is clear and confirms that the difference between
the conductances is indeed maximal at points where the offset time dependence of 7, ()
is most pronounced. From the plots, it is evident that these points occur in the phase
for which both Majorana zero and m-modes are present.

Fig. M(e—h) show the stroboscopic and DC conductance traces at points in the
phase diagram close to where the difference function Dy , is maximal, for bias voltages
in close proximity to the resonant quasienergy in question. By focusing on this narrower
range of biases the discrepancy between the quantities becomes visible and, although

small, this difference persists in the limit I' — 0. In order to determine whether the
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Figure 5.4: (a,c) Density plots illustrating the value of the difference function for both
the zero mode resonance Dy and m mode resonance D, respectively throughout the
parameter space (Ao, A1), with coupling strength I'y /g /w = 0.0016. (b,d) Corresponding
plots of the time variance of the function ~v,(¢) controlling the resonance widths.
The comparison between the conductance summed over energy sidebands G and the
stroboscopic conductance G for selected points are shown in (e-h), again with
coupling strength T'y/z/w = 0.0016. (i) Comparison of G' (solid lines) and G*t*°P
(dashed lines) for increased strength coupling to the external leads T, close to the
MZM resonance. (j) Density plot illustrating difference between the stroboscopic and
summed conductances integrated over the entire spectrum throughout the parameter
space, calculated using a coupling strength of I'y/z/w = 0.016. All data was obtained
using a chain of n = 20 fermionic sites.
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5.4. Transport signatures of a periodically driven Kitaev chain

discrepancy at the Majorana state resonances is indicative of the difference between
the conductance quantities at all bias voltages, in panel (j) we plot the exact difference
integrated over the entire Floquet energy range from —w/2 to w/2. From this plot
we can conclude that the figures of merit Dy and D, do a good job of quantitatively
capturing the parameters for which this difference is greatest. Finally, we see from panel
(i) that, upon increasing the coupling strength to the external leads, the agreement
between the conductance quantities at the resonances breaks down and the difference

between them becomes increasingly stark.

5.4.2 Protocol 2: Sudden switching between Hamiltonians

within the trivial topological phase

As a second example, we consider an alternative driving of the Kitaev wire that
comprises of alternating between two topologically trivial Hamiltonians in each half

of the cycle [46], which differ by the value of the chemical potential p;(t):

H() = H(J,A,,uo) and H1 = H(J, A,/Ll), (556)

such that po; > J/2. In this case, distinct topological phases can be accessed by
varying the driving frequency w, resulting in a phase diagram of the form illustrated in
Fig (a). We see that this driving protocol results in the existence of the same four
phases as in the previous example, despite the fact that at any instant throughout the
driving the Kitaev chain is in its trivial state.

As for the previous protocol, in Figs. (d—f) we plot the conductance quantities

for the two coupling configurations, G(V) and G**°P(V'), and again find that they show
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Figure 5.5: (a) Variation of the bulk quasi energy gaps around €I' = 0 and €T = 7
over a range of driving frequencies w. The possible phases over this range are denoted:
Tr=Trivial, MZM=Zero-modes only, MPM=n-modes only and MZM/MPM=Both Zero
and m modes. (b) Illustration of the difference functions for the zero (Dy) and 7 (D)
mode resonances over this range of frequencies and (c) the corresponding behaviour
of the time variance of v;(¢) dictating this difference. (d-f) Conductance profiles
for selected driving frequencies comparing the measured conductance summed over
sidebands with the stroboscopic construction. All data was obtained using a chain
length of n = 70 and coupling strength I'; /z/w = 0.04.
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5.4. Transport signatures of a periodically driven Kitaev chain

good agreement across all values of the bias voltage. Furthermore, the concurrence
between the plots in panels (b) and (c¢) illustrates that the difference between the
conductances at the zero and m Majorana peaks is well captured by the time variance
of the function v,(t), at all relevant driving frequencies.

While both of the protocols studied are similar in the sense that the discrepancy
between the conductances is small across all voltage biases and is captured by the
difference between the widths of the resonances, there remain aspects of the connection
between the conductances that are protocol-dependent. We notice that the maximum
difference in the first protocol is roughly two orders of magnitude larger than in the
second. This is down to the time dependence of 7,(t), which is controlled by how the
eigenstates of the Floquet operator behave as a function of the offset time between the
pulsed stroboscopic coupling and the start of the driving cycle. Specifically, it depends
on the time dependence of the contribution to the eigenstates on the left and right-
most fermionic sites which are coupled to the external leads. In the example of the
first protocol, at the points at which the difference is largest, the relevant eigenstate is
localized entirely upon the first site, n = 1 at ¢ = 0, but as the offset time increases
this localization is shifted almost entirely to the site n = 2 and then back to the
first at t = 0.57 (See Fig. [5.6{a)). This results in a significant time dependence
of 7, (t) and consequently a difference between the conductance quantities. This is in
contrast to the second protocol (Fig. [5.6(c,d)), for which the eigenstates are more evenly
distributed throughout the entire chain irrespective of the offset time ¢. Accordingly,

the contribution on the end-most coupled sites depends little on the variation of ¢.
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Figure 5.6: Weight of the time-dependent zero-mode Floquet states for an isolated
system |¢o(t)) (Eq. on each of the fermionic sites in a 1D driven Kitaev wire.
(a) and (b) show solutions from two chosen points from the phase diagram for protocol
1 (see Fig. [.3)), whereas (c) and (d) show points from protocol 2 (see Fig. [5.5(a)).
For each example, the spatial structure of the zero mode is shown for 3 snapshots
throughout the driving period, illustrating the extent of the time dependence. In (a)
the strong time dependence of the weight upon the end sites corresponds to the marked
difference in the stroboscopic and summed conductance quantities at this point in the
phase space. This is contrasted with (b), a point at which the time dependence is
minimal and hence the agreement is good. The examples from protocol 2 show little
dependence on time, corresponding to good agreement between the two conductances.
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5.5 Discussion

Within this chapter, we have explored the connection between the experimentally
accessible Floquet scattering matrix and a related scattering matrix formulated in terms
of a gedanken stroboscopic coupling experiment, from which topological invariants of
periodically driven systems can be formulated. The comparison between these two
quantities provides a platform from which to explore signatures of Floquet topological
phases in transport properties, such as differential conductance, building upon the
relationships between scattering matrix invariants and topological phase classification
already established for non-driven systems.

We have contrasted the electronic transport properties of periodically driven systems
subjected to constant and periodically pulsed coupling to external leads, via the analysis
of both the DC conductance summed over Floquet side-bands and the period-averaged
stroboscopic conductance. In this way, we have demonstrated that the two quantities
are equivalent at the resonant quasienergies associated with the Majorana bound states
and hence see how the stroboscopically defined topological invariant results in quantized
conductance peaks of height 2¢2 /h, in the sideband summed DC conductance. However,
at arbitrary values of the voltage bias there exists no analytic connection between the
two quantities and the general difference between them is captured by the resonance
widths in the limit of small coupling to the external leads.

We have explored this relationship for the specific example of a driven Kitaev chain
subjected to two different driving protocols, both consisting of instantaneous alterations
of the Hamiltonian parameters half way through the cycle. Both protocols demonstrate
the emergence of four distinct topological phases, distinguished by the presence or

absence of Majorana zero and/or m-modes and characterized by topological invariants
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derived from the stroboscopic scattering matrix. We have seen that, within the weak
coupling regime, the stroboscopic conductance shows good agreement with the DC
conductance summed over sidebands at all bias voltages. Furthermore, in this limit,
the total weights of the Majorana quasienergy conductance peaks integrated over all
bias voltages exactly agree for both quantities. However, we have further studied the
dependence of the difference on the physical parameter space and the driving protocol
in question, finding that generically the discrepancy is larger when the Majorana mode
weight at the end of the chain depends strongly on the offset time between the driving
cycle and the pulsed coupling period. Hence, for generic systems, the stroboscopic
scattering matrix can only be guaranteed to predict the height and total weight of the
conductance peaks associated with the presence of Majorana bound modes.

By exploring the factors which contribute to the discrepancy between the two
conductance quantities being small, we can determine the regimes in which the
stroboscopically defined single energy scattering matrix, containing the relevant
topological invariant for the driven system, can provide a good approximation of

experimentally accessible DC conductance profile.
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Chapter 6

Transport Statistics of a Majorana

Braiding Protocol

This chapter is based upon the results published in the paper:
T. Simons, D. Meidan, and A. Romito. Pumped heat and charge statistics from

Majorana braiding Phys. Rev. B 102, 245420 (2020)

In addition to stimulating the emergence of additional topological phases, not
present in static systems, periodic modulation can also influence the transport
properties of mesoscopic systems when the driving can be considered slow compared
with the scattering time. When coupled to multiple particle reservoirs, the slow driving
of a pair of Hamiltonian parameters is known to stimulate a pumping effect that can
drive a current between different reservoirs in the absence of potential and temperature
biases [6,54,|182]. Interestingly, this contribution to the current emits a geometrical
formulation, in that it depends only upon the contour traversed in the parameter space,

and can be interpreted as an analogue of the Berry phase [75] accumulated when a
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wavefunction is subjected to some periodic modulation [183]. However, the geometric
phase of interest here is accumulated by the transported observable and is hence more
akin to the Landsberg phase [184,|185], originally developed to describe the driving of
classical dissipative systems. The ability to control currents, particularly in the case of
heat, via an external driving protocol is of profound importance in context of building
quantum thermal machines at the nanoscale [67-71].

Beyond the period averaged pumped current, geometric contributions are also known
to manifest themselves in the full counting statistics, which encode the complete
knowledge of transport process in question, including all higher order fluctuations
[58,186H188]. In recent years, several studies have demonstrated that such fluctuations
can be accessed experimentally [189-193] and such measurements have important
applications in metrology, such as in Johnson thermometry [61,|194]. Importantly,
the presence of geometric contributions within the distribution function describing the
transport means that the exchange fluctuation theorems known for static systems,
introduced in Sec. [.2.2) cannot be applied in the driven regime, without the
consideration of the additional energy input of the driving source [58-62].

Geometric contributions to transport statistics are of particular interest for scenarios
where the manipulation in question is topologically protected, in which case the
geometric phase accumulated throughout the evolution shares this protection. One such
example, that will form the main focus of this chapter, is the Majorana braiding protocol
outlined in Sec. Since they form one of the key building blocks in the pursuit
of the realisation of topological quantum computation [23}24,29], understanding the
signatures of such operations is of significant interest, in readiness for potential future

experiments. It is known that heat transport, in particular, is non-trivially affected by
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6.1. Full counting statistics for pumped heat transport

the presence of Majorana zero modes [195H197] and it has been recently demonstrated
that a braiding operation would be expected to prompt a finite heat pumping between
two external leads that, in the low temperature limit, is characterised by a universal
value, independent of the driving details and coupling strength to the leads [57].
Motivated by these findings, it becomes of interest to explore how these topologically
protected geometric contributions are reflected in the full counting statistics of transport
induced by a Majorana exchange and, furthermore, how such contributions affect the

relevant heat exchange fluctuation theorems.

6.1 Full counting statistics for pumped heat trans-
port

Our system of interest throughout this chapter takes the form of that sketched in Fig.
3.1 where our sample of interest is connected to N/ = 2 particle reservoirs via conducting
leads. With the ultimate goal of studying the behaviour of thermal fluctuation theorems
in driven topological systems, we require access to the full statistical distribution of the
heat transport between these two leads. Consequently, we must calculate the probability
distribution P(Q,,7) for the heat @, entering the lead « in some time period 7. This

can be calculated via the characteristic function (CF) xq,(\a), defined as

XQa(Aa) = /ane“aQ“P(Qa, 7), (6.1)
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6.1. Full counting statistics for pumped heat transport

where \, denotes the counting field. The CF for heat can be calculated analogously to

the case of charge FCS [198] using the following expectation operator,
XQu(Aa) = (€0 7). (6.2)

Here the operators Qo_f /" describe the heat flow associated with ingoing/outgoing
scattering states and can be written as the particle number operators in each direction,

weighted by the energy measured with respect to the chemical potential:

0 =7 [ aB(E - p)a(E)an(E) -
Qi =7 [ dBE - wi B E)

As discussed in Chap. [3] the ingoing and outgoing particle operators in the external
leads are connected by the scattering matrix S. Since the setup under consideration
consists of just two external leads and we would like to consider superconducting

systems, this relationship can be expressed as

BLe (E/) dLe (E)
lth(E/) _ (5. B) apn(E) 6.
bRe(E,) dRe<E)
b (E') apn (E)

The CF in Eq. has been previously evaluated using a scattering matrix formalism
for the case of charge transfer between superconducting leads in static systems [198].

We extend this analysis hereafter, to the case of heat transport in slowly driven systems.
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6.1.1 Slow and small amplitude driving limit

As discussed in Sec. [3.2.1] determining the general form of the inelastic scattering
matrix S(E’, E) is a highly non-trivial problem. We choose to study a model subjected
to two important approximations. Firstly, we assume that the driving of the system
is slow, so that the driving period is large compared to the electron dwell time in the
scattering region. This corresponds to the limit iw < §E, introduced in Eq. [3.37]
where 0 corresponds to the scattering matrix resonance width. This will allow us to
utilise the so-called frozen scattering matrix, S(E, t), introduced in Sec[3.2.1] This limit
is appropriate for the study of Majorana manipulation, which must be performed slowly
with respect to other relevant energy scales to avoid excitations out of the degenerate
ground-space. Secondly, we will operate under the assumption that the amplitude of
the driving, in the relevant parameter space of the system, is small. This will allow
the Fourier expansion of S(E,t) to be curtailed at first order and hence only inelastic
scattering events between nearest energy sidebands of energies F + hw are relevant.
This significantly simplifies the calculation of the CF and additionally, in Sec.
we demonstrate that the geometric contributions to the transport properties yielded
from this approach can be extended to larger amplitude cycles and in particular to a
Majorana braiding protocol, our chosen system of interest.

With these approximations in mind, we can consider a general system described
by some Hamiltonian H(t) which depends implicitly on time through the periodic

modulation of a set of parameters {X;(¢)} with driving frequency w:

X;(t) = X0+ X' @m) 4 X emiwtm), (6.5)
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6.1. Full counting statistics for pumped heat transport

Here, n; is an arbitrary phase factor. Under the assumption that the amplitude of
this modulation is weak, so that X, < Xj Vj, the frozen scattering matrix can be

approximated as [199]
—iwt wt 5 a5
S(e, t) = S(e, Xjo) + Su(€)e™ + S_,(e)e™", where Sy, = E X et ——. (6.6)
) ] i an

By comparison with the zeroth order approximation of the Floquet scattering matrix,
given in Eq. |3.33] one can deduce that the operator responsible for annihilating an

outgoing scattered state can be written as
ba(e) = > (8 (€)asle) + S2(e)asle +w) + S (asle —w)).  (6.7)
B

This expression further highlights that we are restricted to the regime for which only
elastic and nearest-energy sideband scattering events are of relevance.

The evaluation of the heat flow operators defined in Eq. and subsequently of the
CF, requires the calculation of the number operators for states traveling both towards

and away from the scattering region, defined as
S reh) . . & reh) > >
NE™(e) = al . (agem () and NE™(e) = bl ) (€)bpem (€). (6.8)

These operators can both be compactly expressed in terms of the ingoing scattering

states in a discretized energy basis as

~ r1e(h) e(h) N N
NED @) =2 [PE )] aale)astey). (6.9)
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using projective matrices P. Since the ingoing scattering matrices are diagonal in both

the discretized energy and electron-hole bases, we have that

)8
|:PEIlI—(>h>i| = 5aLe(h)5a656iez 661'6]" (6'1())

€€
Whereas the possibility of inelastic scattering events results in a non-diagonal matrix
being used to define the outgoing number operators:

e(n)] P aLeh) * [ are e(h) e(h)
PEC]T = b (875 @) (55 ()0, + S5 )8 erne, + S5 @) )

€€
%ﬂiﬂﬂ+w)<sg£dm(q)> <SLdMﬂ(q)&ﬁ*wkj+_SESMB(Q)5QQ'+_S£dMﬁ<q>QQ*Z®W)
Fata (S8 (@) (S5 )0erre, + S (@) esang + SE @), ).
(6.11)
By expressing the heat flow operators Q; /" in terms of the matrices P, the CF in Eq.
[6.2] reads

va: (o) = (exp(imae 3 [ jf_ag(ei)aﬁ(ej))exp( —inxe 30 [0 dafe)taste) ),
A &

(6.12)
with C¢ = 3. PS5, D¢ = %, ¢P5_ and the sum of the electron and hole number
operator matrices defined as PS_, = PS", + P£",. Under the condition that the matrices
P are projective, as demonstrated in Appendix , it can be shown [198] that the

expectation values in Eq. are evaluated as

T

Xqe(Ae) = det(l - p+pei)‘cge_i’\D£>] = [det(Mﬁ()\g))] : (6.13)

with MS(X\¢) = 1 — p + pe's SieiPio <1 + 3, PE (e — 1)> Here, the relevant
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6.1. Full counting statistics for pumped heat transport

density matrix p is block diagonal in the energy basis, with the block at each energy e
being given by pas(€) = (al,(€)as(€)) = fa(€)dap.

In general, the matrix M¢(\¢) will be of block pentadiagonal form in an infinite
energy basis, making the calculation of the determinant a highly non-trivial exercise.
In order to make further analytical progress, we divide the matrices Pé . into two
contributions as PS, = P$Y + PS¢ . Here, P5Y includes only contributions arising
from elastic scattering events that survive in the static limit and ﬁ’é . encompasses all
contributions arising from the periodic driving. This allows us to split the matrix M?¢

in a similar fashion as M¢ = M§ 4+ M¢. Where

MS=1—p+pexp (mz eipfﬁ> (1 + ) O PLY (e - 1)>’
M¢ = pexp (MZ qPéH) (Z pé(7<€*i)\€i _ 1))7

(6.14)

with

0 0 0
pPEl = 0 S (6,)*S5B(e;) 0
0 0 0
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and

0

S (e)"SE P (e) S (€)™ S5 P (er) S ()" S5 (e)
P = SO (€)" S5 (e;) 0 S (e)" S (e
S () SEP () S () 6B (er) S (e) S< 0 (e)

w

O .

. . . h ~¢h
Corresponding expansions can be defined for the matrices P and PS_. Through
these definitions, the cumulant generating function (CGF) G, (\¢) = Inxq,(A¢) can

be reduced to the sum of two distinct contributions:
Go.(Ae) = 7In <det(M§ + M5>> = GE(Ae) + G5 () (6.15)

where
G%?S()\g) = Tln<det <M§>>,
G (\e) = 7 Tr (1n(z+ (Mg)—1M€)>,
with Z denoting the identity matrix. Here, we have assigned the label G%?S(/\g) to
the contribution to the CGF arising from only elastic scattering events that would be
present irrespective of whether or not the system is driven. The remaining contribution,
arising from the driving itself, we call Gg:mp()\g). Since we are working in the limit

of weak amplitude parameter modulation, X;, < X;o Vj, this expression can be

further simplified by only retaining terms up to order (’)(Xj7w)2. Performing a Taylor
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6.1. Full counting statistics for pumped heat transport

expansion of the small driven contribution to the CGF under this assumption results

in the approximation
um —1 17 1 —117 2
GBI (\e) ~ 7 T ((MF) 0 — S (M§) ™ 81€) ), (6.16)

which leads to a significant simplification of our calculation. Exploiting the block
diagonal nature of the matrix Mg in the discretized energy basis, and taking the
continuous limit, the static contribution to the CGF reduces to an integral over all

energies:
o0

G2 () :T/ deln(det(Mé(e))). (6.17)

—00
Similarly, since the dynamic contribution can be expressed in the form of a matrix
trace, the diagonal blocks at each energy can each be evaluated individually and in the

continuous limit we have that

1

ME() AT () — - (<M§>-1<6)M5<e>) ] 1)

Go, (Ae) = 7'/ de Tr 5

o0

Egs. [6.17 and [6.18] enable the determination of the heat transport statistics and

fluctuation theorem for weakly and adiabatically driven systems from scattering
matrices and constitute the first main results of this work.

In the case that the Hamiltonian is subjected to the simultaneous driving of just
two parameters, the dynamic contribution to the CGF can be further separated into
two distinct contributions. The first consists of terms that depend on only one of the
parameters and are hence proportional to X JQW This contribution remains present in the
case that only one parameter is driven and is independent of the direction of traversal

of the driving contour in parameter space. The remaining contribution is, in contrast,
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6.1. Full counting statistics for pumped heat transport

geometric in nature and hence only depends upon the path traced out in parameter
space throughout the driving. This contribution, which we denote as Gngsm(/\g), is
independent of the driving frequency and identified by its proportionality to X , X .
The fact that the sign of this contribution is sensitive to the driving direction allows
for the possibility of this contribution being isolated from the static and non-geometric

pumped contributions in an experiment capable of accessing the FCS of heat transport.

6.1.2 Application to charge transport

Here, we briefly outline how the calculation in the previous section can be applied to
the case of electronic transport properties. Analogously to the case of heat transport,
the CF associated with the transport of charge ¢g¢ into the lead ¢ in some time 7 can

be expressed as

Xae(Ae) = <€”§q? el > (6.19)
with ingoing and outgoing charge operators defined as

h

cj?(e) = eT/de<]\A/'§(H(e) — Ni(k)(€)> (6.20)

and where e is the unit of electronic charge. This expression reflects the fact that
electrons and holes carry electronic current in opposite directions when traveling in
the same direction, in contrast to the case of heat current. From here, corresponding

expressions for the CGF can be derived and take the form

Go(\) =7 / " deln (det(M;O(e))).

o (6.21)
Gg;lmp()\) :7-/00 deTr(Mio(E)_lMg(e))»
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6.2. Model: Majorana braiding cycle

where now

o =1=pepon(n SR (14 o)
M§ = pexp <i>\g > Pfﬁ> (Z PE_ (e — 1)> .

(6.22)

(h)

—(

_ ph

€i— (<)

In this case, P, () = P¢

e (<) and the matrices P:i

) are defined as in Eq.
6.10] and [6.11] These results are again valid for any cyclically driven system for which
g y cy y y

the driving can be considered weak and slow with respect to the scattering time.

6.2 Model: Majorana braiding cycle

In this section, we apply our expressions for the full counting statistics of heat and
charge transport to a concrete example of a topologically non-trivial system subjected
to periodic driving, in the form of a Majorana braiding protocol (see Sec. [2.4). We
consider the minimum setup required to achieve a Majorana exchange using only 1D
p-wave superconducting nanowires, similar to the system illustrated in Fig. (c)
Executing a braiding by tuning the on-site potential locally along the wire, as described
in Sec. [2.4.2] requires precise control over the system that may be challenging in
practice. Furthermore, the opening and closing of the band gap along the wire increases
the likelihood of unwanted non-adiabatic excitations during the manipulation [200,
201]. A protocol that effectively braids the Majorana operators without physically
manipulating their positions is therefore desirable. Our system of interest consists
of three nanowires arranged in a Y-junction configuration, as sketched in Fig. [6.1](a).

Each of the superconducting wires hosts a MZM at each end, however the interaction of
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Yz
(a’) V= ( C) 0 /
A, CS
A, Yo A, \ ST R
Left lead f/j 7% Right load / (bj
Y \-
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O (o] ° . o © o ‘ O ° O
© © Ca O O
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Figure 6.1: (a) Y-junction of p-wave superconducting nanowires (blue) with Majorana
zero modes at positions indicted by the green dots. Each of the external Majorana
modes, 7v;,.., are coupled to the central mode with corresponding coupling strengths
A, .- and the modes v, and v, are further coupled to conducting normal metal leads
with strengths I'y and T'g. (b) Illustration of the required sequence of couplings to
perform a Majorana exchange, where the solid blue lines illustrate the couplings which
are turned on and dashed lines indicate those that are turned off. White circles indicate
Majoranas with a large Coulomb splitting whereas coloured circles correspond to those
with a vanishly small Coulomb splitting. The small diagrams above each arrow show the
intermediate steps with two couplings turned on and one of the zero energy Majoranas
delocalised over the two corresponding external sites. (¢) The corresponding evolution,
C1+Cy+Cs, is shown as a path in spherical parameter space on the left. Also illustrated
is an example of a small amplitude driving contour Cs.
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Figure 6.2: (a) Schematic of a Cooper pair box composed of a superconducting
island (blue), carrying charge Q and superconducting phase ¢, connected to a bulk
superconductor via a split Josephson junction (grey). A nanowire (yellow) can be
added to the island so that the system can host two MZMs when in the topological
phase. These spatially separated Majoranas can be coupled using the Coulomb charging
energy on the island, which can be tuned by changing the magnetic flux ® passing
through the Josephson junction. (b) Three Cooper pair boxes connected in a Y-junction
configuration via the tunnel coupling between the three internal MZMs. By controlling
the couplings between MZMs on the same island, this setup can be used to perform a
Majorana exchange.

the three Majoranas that meet in the centre results in the ground-space of the system
being spanned by just four Majorana states: 7, v,, 7. and 7, formed by a linear
combination of the internal Majoranas from each wire. The Y-junction is coupled to
left (L) and right (R) external metal leads, so that the transport properties associated
with the braiding process can be probed. In the following we work in the limit that the
lead temperature can be considered small with respect to both the magnitude of the
superconducting gap in the nanowires and the tunnel coupling strength between the

Majoranas at the centre of the junction. In this way, the transport is only mediated by

the fourfold degenerate ground-space of the system.

118



6.2. Model: Majorana braiding cycle

It can be demonstrated that, by systematically modulating the couplings between
each of the external MZMs and the central state 7y, the states 7, and 7, can be
exchanged [39,202]. A proposal of how these couplings could be controlled in practice
is illustrated in Fig. [6.2(a). The proposed system consists of a Cooper pair box: a
superconducting island (charge Q, capacitance C') connected to a bulk superconductor
via a split Josephson junction enclosing a magnetic flux . The Hamiltonian describing
such a device consists of the sum of charging and Josephson energies:

QQ

Hepp = 250 + E;(®) cos(y), (6.23)

where ¢ is the superconducting phase on the island, related to the charge operator as
Q = —2eid/dp. The Josephson energy takes the form E,;(®) = Eycos(e®/h), with E,
corresponding to the coupling energy to the bulk superconductor [39,[201].

The addition of a segment of semiconducting nanowire allows the system to host
two MZMs when in the topologically non-trivial phase. Although the MZMs themselves
are charge neutral quasiparticles, an effective Coulomb interaction exists between them
due to the fact that the charging energy of the Cooper pair box is related to the

fermionic parity, P = iy172, of the island. This relationship can be expressed through

the following constraint on the eigenstates of Hcpg:

1-P

U(p+2m) =(=1)"2 Y(p), (6.24)

ensuring that the eigenvalues of Q are even multiples of e for P = 1 and odd multiples
for P = —1. It can be shown (see Ref. [39] for a detailed derivation) that, in the limit

that E; is large compared to the single electron charging energy E¢, this condition
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6.2. Model: Majorana braiding cycle

results in a contribution to the effective low energy Hamiltonian of the form
Hehg = —U(®)P = =il (®)m7, (6.25)

where U(®) oc e V8 (®)/Ec This leads to a Coulomb coupling between the spatially
separated MZMs that can be controlled via the modulation of the magnetic flux through
the split Josephson junction, avoiding the need for microscopic control of the system.
The Josephson energy could alternatively be controlled electrostatically by the tuning
of a gate voltage to modulate the transparency of the Josephson junction as proposed
in Ref. [26]. The ratio Unpin/Umax ~ €V 8E0/Ec can be made exponentially small in
the limit Fy > Eo. We will see shortly that this factor governs the protection of the
braiding protocol and the associated geometric transport properties.

Fig. [6.2(b) demonstrates how three Cooper pair boxes can be combined to create
the Y-junction setup introduced in Fig. [6.1a). Despite the existence of the proposals
outlined here, in addition to alternative mechanisms based only upon executing
projective measurements on the system of MZMs [203], the experimental realization
of a Majorana exchange process is yet to be attempted.

The Hamiltonian for the Y-junction describing the time-dependent couplings A;

between the external MZMs ~; and vy can be written as
Hy =il -7, (6.26)

where A = (Az, Ay, AL) and 5 = (Y4, Yy, V2)- The complete Hamiltonian for the system

is then given by H = Hy + Hcoup + Hieaaqs Where the contributions from the coupling to
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6.2. Model: Majorana braiding cycle

the external leads and the leads themselves can be written as

Hcoup =V FL(CLIC - CTLk)’YI + FR<CR/€ - C;%k)fy?ﬁ

Hleads = Z Z gakclkcaky

k a=L,R

(6.27)

respectively. Here, I'r/r denote the coefficients associated with particle tunneling
from the leads onto the superconducting Y-junction and &, are the energy dispersion
relations in the leads.

It can be shown [39] that the execution of the sequence of Coulomb couplings
illustrated in Fig. [6.1(b) results in the exchange of the Majoranas 7, and 7,. In
order to better understand this evolution, it is useful to rewrite Hy using the basis
vectors of a spherical coordinate system, letting A, = Asinfcos ¢, A, = Asinfsin¢

and A, = Acosf, so that

Hy = iAvyy,, where 7, =7 - (sinf cos ¢, sin 0 sin ¢, cos 0),
Yo = 7 - (cos B cos ¢, cosf sin ¢, — sin 0), (6.28)

Yo =7 - (—sin g, cos ¢,0),

for A € [0,00], @ € [0,7] and ¢ € [0,27). The absence of the MZMs 7y and 7, in the
Hamiltonian Hy indicates that these states span the two-fold degenerate ground-space
throughout the braiding operation and the evolution of the system now corresponds to
changing the projection of these zero-energy states onto the space of physical Majoranas
Yz, Yy and v,. The manipulation of the coupling strengths A; can then be mapped to a
rotation of -, on the unit sphere as illustrated in Fig. |6.1c). The exchange operation

then corresponds to the curve C = C; +Cy+C3. We notice that only two of the Coulomb
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6.2. Model: Majorana braiding cycle

couplings are switched on at any one time during this cycle. This constrains our path
in parameter space to the plane spanned by the two corresponding Majoranas and
hence fixes the contour, making it insensitive to any fluctuations in the two couplings
being driven and only dependent upon the order in which the couplings are switched
on/off. For example, along C; the parameter ¢ = arctan(A,/A,) is independent of both
driven couplings A, and A, so long as A, remains switched off. As a consequence,
any geometric contributions to the transport statistics, that only depend upon the
shape of this contour, will also inherit this protection. The robustness of the cycle is
subject to errors of the order of the ratio A" /A which, as mentioned previously, is
exponentially suppressed in the limit Fy > Ec. It is thought that a ratio A" /AP ~
10~° would be realistically achievable in practice [39,[204].

In the energy regime far below the gap associated with the superconducting wires,
A, particle transport between the external leads can only occur via the occupation
of the non-local fermionic state, a = %("}/9 + i’y¢), defined in terms of the ground-space
Majoranas. The degeneracy associated with the occupation of this state is protected by
the particle-hole symmetry of the system and the spatial separation of the constituent
Majoranas. This affords further protection to the energy dependence of the low energy
scattering events facilitated by the occupation of this state and the associated transport
properties.

It can be shown that performing the sequence of couplings sketched in Fig. [6.1{(b)
corresponds to the operator @ accumulating a phase factor e®’¢, where Q¢ denotes the
solid angle enclosed by the curve, C, traversed in parameter space during the cycle.
For the case of the Majorana braiding we have that Q¢ = 7/2 and this phase factor

shares the topological protection of the braiding operation, as discussed in Sec. [2.4]
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Executing the cycle results in system evolution described by the operator U = e~ 1767,

corresponding to the desired exchange of the Majoranas 7, and v,:

Uy, U =7, and Uly,U = —7,. (6.29)

It should be noted here that a full treatment of the effect of allowing electrons to
coherently scatter between the external leads via the internal system upon the physical
setup of coupled Cooper pair boxes has not been included in this work. Tunnelling
events will certainly lead to changes in the fermionic parity of the system and hence
limit its performance as a qubit when coupled to the leads. However, the assumption
that the driving is slow enough for the scattering to be considered instantaneous should
mean that such tunnelling events have a limited impact upon the evolution associated
with the exchange process. Furthermore, the protection of the path in parameter space
and the scattering properties are only reliant on the suppression of the ratio A®in / Amax
and the degeneracy of the ground state and hence these should remain unaffected by the
coherent scattering of electrons from the leads. However, as with all Majorana braiding
proposals, this protection is subject to the issue of quasi-particle poisoning from other

environmental sources, as discussed in Sec. [2.5]

6.2.1 Determining the scattering matrix

Before calculating the FCS associated with the Majorana braiding protocol, we must
first determine the form of the instantaneous scattering matrix S(e,t) associated with

the Y-junction. This can be achieved via the use of the so-called Mahaux-Weidenmuller
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formula [205]:
S(e,t) =14+ 2miWT(Hy (0(t), ¢(t)) — e — inWW )W (6.30)

Here, W is the contact matrix describing the coupling between the Y-junction and the
external leads and its form can be deduced from the coupling Hamiltonian Hqyp. In

the basis of the physical MZMs, it takes the form

W = Vo ( b (4] = 1) (8] ) + VTr (1) (€% = ) (B ). (6.31)

With this, the specific form of the scattering matrix for the Majorana braiding is found

to be
GLeLs 1 _ gL GLeR _ gLeR*
1 — GLeLe GLeLe _ GL°R* gLeRe
S(e) = ’
GLeR* _ GL°Re GROR* | _ QRR"
_SLeRe SLeRe l_SReRe SReRe
h GLLY _ | _ amiT sin? ¢ cos? 0 cos? ¢ (6.32)
where — 1 — 4mi
e+ 2mill e+ 2micos? Ol )’

e+ 2mill e+ 2micos? AT

47ie cos ¢ sin’ @ sin ¢I2

(€ + 2mil") (e + 2mi cos? OT")

SReRezl—élmF( cos? ¢ n cos? @ sin? ¢ >7

e pe
and SR =

Here we only show the case of equal coupling to the left and right leads, I'y, =T'r =T,
for brevity. The components of this scattering matrix can be used in Eq. and
[6.18]in order to determine the heat and charge transfer statistics of a driven Majorana

Y-junction.
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Figure 6.3: (a) Real and (b) imaginary parts of the Andreev reflection component of the
scattering matrix for the topological superconducting Y-junction. Results are plotted
for several positions in the parameter space, (6, ¢o), and for equal coupling to the left
and right external leads 'y = I'.
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6.3. Heat and charge transport statistics for small amplitude cycles

The expressions for the scattering matrix components allow for the identification of
two distinct energy scales that will shape the transport properties of the system. The
energy dependence of the real and imaginary parts of the Andreev reflection component
of the scattering matrix SteLn(€) are shown in Fig. [6.3|a) and (b) respectively. We see
that the real part comprises of the sum of two peaks centered at e = 0. The width of the
larger of these two peaks is set by the strength of the coupling to the external leads I'z /5.
However, at energies close to € = 0 the behaviour is denominated by a narrower peak
with a width given by I'p cos? § and which is controlled by the location in parameter
space (0, ¢), with the width decreasing as we approach the equator corresponding to
the line § = /2.

From Fig. [6.3] we also learn that the real and imaginary components exhibit different
energy dependence in the limit ¢ — 0. Whereas the real part can be approximated
as constant in this limit, the imaginary part varies linearly with energy and hence
quantities that include this contribution will show sensitivity to the energy dependence

of the scattering matrix, even in the limit 7" — 0.

6.3 Heat and charge transport statistics for small
amplitude cycles

With the ultimate goal of studying the FCS of a Majorana braiding cycle, we start
by considering the situation wherein our superconducting Y-junction is driven through
some small amplitude cycle in the parameter space (6, ¢). Such cycles also result in
the manipulation of the projection of the MZMs v, and 7, in the space spanned by

the physical Majoranas, but do not correspond to an exchange process and hence the
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6.3. Heat and charge transport statistics for small amplitude cycles

corresponding contours in parameter space are not protected against fluctuations in
the driving. In this scenario one can utilise our expressions for the elastic and dynamic
contributions to the CGF given in Eq. and respectively.

In order to focus attention on the contributions to the transport arriving purely from
the periodic driving, we will study the case in which we have no chemical potential or
temperature biases between the leads, so that up, = pug = 0 and 7T, = T = T.
Accordingly, the distribution functions for electrons and holes in each lead are identical:

L) = fE"(¢) = fE(e) = fE"(¢). Our analysis will focus on the energy regime
far below the superconducting gap and upon the case for which the driving can be
considered slow compared to the scattering time, so that w < I'p p < Ag.

The CGF provides access to all the higher order cumulants for both heat, ./\/l(k&), and

charge, /\/l((]’?, transport in the lead € via the derivatives with respect to the counting

field:

) _ 0"Gae(Xe)

akGlIg()‘S)
MQ'E N O(iAe)* N

Bine): (6.33)

and M gif)

Ae=0 Ae=0

6.3.1 Elastic contributions

We first focus upon the contribution to the CGF that would survive in the static limit
and therefore arises from elastic scattering events only. Since this quantity does not
depend upon the driving, these results are valid for arbitrary amplitude cycles. The

elastic component of the CGF for heat transport takes the form

Go¥(A\) =T /_ " deln (1 + 3 Bu(e)(e™ " — 1)), (6.34)

n=-—1
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where T denotes the period of the driving and the coefficients B,,(€) take the form
By(€) = B_1(€) = 415 (¢, 0y, 60) 2 (€) (1 - f(€). (6.35)

Here, (6, ¢o) corresponds to the location of the driving cycle centre in parameter
space. Written in this form it becomes evident that heat can only be transferred
to or from the external leads via normal and Andreev transmission events involving
electrons and holes. The coefficients B, (€) capture the probability of scattering events
resulting in the transfer of n particles from the lead £ into other leads. For example, the
transmission of an electron from the left to the right lead will occur with a probability
of |SEE (e)|?f(e)(1 — f(e€)), as expected. The corresponding expression for charge

transport is found to be

G (A) = 7_/00 deln (1 + Z B, (e)(eP ™ — 1)), (6.36)

n=—2

where

B_i(€) = Bi(e) = 4|S™ ™ (€, 00, ¢0) > f () (1 — [f(e)),

B_s(e) = Ba(e) = |5 (€, 60, 60) " (e) (1 = f(€))-
In the case of electronic transport, we see that, in addition to transmission events,
Andreev reflection also contributes via the creation or annihilation of Cooper pairs
in the superconducting Y-junction. These processes result in the propagation of an

electronic charge of +2e, but no energy transport in the form of heat.
Of course, in the absence of chemical potential and temperature biases between the

leads, the contribution to the average heat and charge currents arising from the elastic

CGF are identically zero <Qelas> = <(jelas> = 0. Despite this, the thermal fluctuations
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6.3. Heat and charge transport statistics for small amplitude cycles
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Figure 6.4: Period-averaged static contribution to the second cumulant of (a) the
pumped heat and (b) pumped charge throughout the driving of a Majorana Y-junction
centred at (0, ¢o) = (7/2 — 0.1,7/4), with amplitude 6, = ¢, = 0.01. The noise is
plotted as a function of the external lead temperature T'/T'g, for a driving frequency
w/I'r = 0.001. The insets show the temperature dependence of this quantity scaled by
T® and T for heat and charge respectively, highlighting the behaviour as T — 0. The
different colours correspond to various values of the coupling between the Y-junction
and the external leads I'y, /T'g (cf. legend).

in the occupation of ingoing scattering states result in a contribution to the second
cumulant from elastic processes. Such contributions are present in the FCS for both
heat and charge transport and their behaviour as a function of the lead temperature
for each case are illustrated in Fig. [6.4(a) and (b) respectively. For both heat and
charge transport, the elastic contribution to the noise vanishes in the limit 7' = p = 0,
in which case the occupation probability of all ingoing states is fixed and no charge or
energy transfer processes take place. From the behaviour sketched in Fig. [6.4] it is

natural to identify two distinct temperature regimes relative to the coupling strength

to the external leads.
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6.3. Heat and charge transport statistics for small amplitude cycles

Thermal noise at low temperature

In the low temperature regime, ' < minI'f g, the energy dependence of the frozen
scattering matrix can be considered weak and consequently the dominating factor in
the energy dependence of the thermal noise should arise from the combination of Fermi
distribution functions, f(€), appearing in the elastic component of the CGF (Egs. m
. If the scattering matrix is taken to be energy independent, the form of the elastic
CGF implies that the thermal charge noise should vary linearly in 7', whereas for the
case of heat this quantity should vary as 7% [141},/199)].

The elastic contribution to the second cumulant of both heat and charge transport
for the example of the driven Y-junction are plotted in Figs. [6.4|(a) and (b) respectively.
The insets within each plot highlight the behaviour at low temperatures. For the case
of charge transport we see that, as anticipated, the energy dependence of the scattering
matrix can be neglected and that the thermal noise scales linearly with temperature.
Additionally, we see that the dependence upon the coupling strength to the leads is lost
as T"— 0; a further consequence of weak energy dependence of the scattering matrix.

Conversely, we find that the thermal contribution to the heat noise maintains its
sensitivity to the scattering matrix energy dependence in the low temperature regime.
One can show that this property arises due to the fact that this contribution is influenced
by the imaginary component of the scattering matrix which, as we see in Fig. [6.3(b),
cannot be considered constant at energies close to € = 0. In fact, the removal of the
energy dependence of the scattering matrix would result in the elastic part of the second
cumulant for heat being identically zero. The result is that the elastic heat noise scales
as T% in the limit 7" — 0 and that the dependence upon the coupling strength I" remains

evident at all temperatures.

130



6.3. Heat and charge transport statistics for small amplitude cycles

We will soon see that, although the energy dependence of the scattering matrix,
discussed in Sec. could be neglected for the case of electronic transport thermal
noise, its influence will be present in the transport cumulants arising from the driving,

even in the limit of low temperatures.

Thermal noise at high temperature

As the temperature becomes comparable with the coupling strength to the external
leads, the influence of the scattering matrix energy dependence can no longer be
neglected for both heat and charge transport. Since the transport is facilitated by
the MZMs, the scattering is dominated by low energy states and hence fluctuations
in the occupation of higher energy states do not contribute to the noise, even as T is
increased. Consequently, we find that the rate of increase of the elastic contributions to
the noise slows down at high temperatures, eventually reaching a constant value in the
case of charge current and scaling linearly in 7" in the case of heat. In Fig. it can
clearly be seen that this change occurs at a temperature of the order of the coupling

strength T.

6.3.2 Average pumped heat and charge

We next focus upon the more interesting contributions to the FCS for transport
arising from the time-dependent driving of the system. These are the charge and heat
cumulants originating from the pumped contributions to the CGF introduced in Eq.
We start by considering the first order cumulants, describing the average heat and
charge driven between the leads throughout the cycle. Still assuming the absence of

temperature and chemical potential biases between the leads, one finds that the charge
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6.3. Heat and charge transport statistics for small amplitude cycles

pumped during any modulation of the Majorana Y-junction identically vanishes. This
property occurs as a direct consequence of the particle-hole symmetry of the scattering
processes between the MZMs and the leads. This result is in contrast to previous works
studying adiabtic pumps in the absence of this symmetry, where the driven charge is
found to vary linearly with the driving frequency [199).

In spite of the absence of charge pumping, the driven Y-junction is seen to facilitate
the transfer of a finite heat current between the leads which, in the absence of biases,
arises purely from the geometric contribution to the CGF G§™ (A¢). This heat can be
expressed as

<Q§“mp> = <Q§e°m> =2 /000 de € Qo,g(e)ag—(:), (6.37)

with

€8 (e) OSEDB (¢
Qo,g(E)—//degf) >  Im [8589( )95 ()]. (6.38)

B=Le,L",Re, R 9
Expressed in this way, as an integral over an area in parameter space spanned by 6
and ¢, the geometric nature of the pumped heat becomes manifest. This quantity
bares no dependence upon the driving frequency but is fixed by the path traversed in
the parameter space. We will see (Sec. that, since the pumped heat arises solely
from the geometric contribution, this expression is equally valid for arbitrary amplitude
cycles such as the Majorana braiding.

The extension of this expression to the example of a Majorana braiding is of
significant interest due to the fact that the topological protection of this non-Abelian
operation ensures that the path traversed in parameter space, C in Fig. [6.1c), is
immune to fluctuations in the driving mechanism. Therefore, any transport properties

that are geometric in nature will share this protection. Furthermore, in the limit 7" — 0
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Figure 6.5: The total heat (); pumped into the left lead throughout the Majorana
braiding process as a function of the lead temperature, in the absence of a temperature
bias. Results are shown for a selection of symmetric lead coupling strengths I'p g =
I' When scaled by temperature, we see that this purely geometric heat becomes
independent of the coupling strength in the low temperature limit, tending to a universal
value.

the parameter space contour corresponding to the braiding can be mapped onto a fixed
path in scattering matrix space, independent of the coupling strength to the leads.
In this limit, the pumped heat tends to a universal quantized value independent of
fluctuations to both the driving and coupling to the leads [57]:

@ _1

R 6.39
2Tlog2 4 ( )

This behaviour is illustrated in Fig. [6.5, which shows the pump heat as a function of
temperature for various coupling strengths to the external leads.

As well as this robust quantization in the low temperature limit, the pumped heat
provides further signatures of the presence and manipulation of MZMs and allows them

to be distinguished from Andreev bound states (ABS) that are known to exhibit similar
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6.3. Heat and charge transport statistics for small amplitude cycles

transport features in static setups. Specifically, a non-zero pumped heat relies on the
fact that the zero energy fermionic state, defined by the MZMs ~y and 4, is non-local
in nature and that the projection of the component MZMs onto the physical Majoranas
Yz, Yy and 7, can be manipulated. A localized ABS, on the other hand, would exhibit
no long range coupling with any other bound state at the opposite end of the wire,
as such states would have no connection through the parity operator of the system.
Consequently, modulating the flux passing through the Cooper pair boxes, as outlined
in Sec. [6.2], will only result in heat pumping in the presence of Majorana excitations.
Furthermore, this driven transport cannot be mimicked by simply varying the
coupling strength to the external leads. In this case, any pumping stimulated by, for
example, turning off I';, would be exactly cancelled when I'y is restored to its original
value, which is required to ensure that the driving is periodic. Consequently, pumping
a net heat between the leads requires a non-trivial manipulation of the ground state of

the internal system.

6.3.3 Heat and charge noise from pumping

Our expression for the CGF can further be used to analyse the nature of contributions
to the higher order transport cumulants arising from the periodic driving of the
system. The inclusion of time dependent processes allows for noise arising not only
from thermal fluctuations, but additionally from the non-equilibrium nature of the
outgoing scattering states resulting from the possibility of scattering events between
nearest energy sidebands. Such events result in correlations between outgoing particle
distributions at energies within the range € 4+ w, which manifest themselves as a source

of noise in the average pumped heat and charge. This contribution to the noise is
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6.3. Heat and charge transport statistics for small amplitude cycles

exclusively present when the system is driven and vanishes in the case that the driving
is switched off and inelastic scattering events cease to occur.

Henceforward we will use M(QQQ to denote the part of the driven noise stemming

,geom
from the geometric CGF Ggfm()\g). This is the additional noise appearing when two
parameters are driven simultaneously. The noise arising from the remaining part
of the pumped CGF, that survives when only a single parameter is driven, we call
Mg;pump. These driven contributions to the second cumulant of the heat and charge
transport are shown in Fig. and respectively. They highlight the existence of

three temperature regimes in which both the heat and charge noise exhibit differing

behaviour.

Low temperature regime: T < w

In the low temperature regime, the noise associated with the periodic driving dominates
over the thermal noise discussed in Sec. [6.3.1] The key quantity dictating the behaviour
of the noise in this regime is the difference in Fermi occupation functions between
neighboring energy sidebands, f(e) — f(e+w). At low temperature, the energy window
over which this quantity is non-zero is centred around € = 0, with a width which scales
linearly with w and is insensitive to the temperature of the leads.

This lack of temperature dependence can be seen in Figs. [6.6(a,d) and [6.7|(a,d) for
heat and charge transport respectively. From the insets in each of these panels, it is
also clear that this contribution to the noise persists in the limit 7" — 0, in contrast to
the case of thermal noise which vanishes in this limit.

The negligible energy dependence of the real part of the scattering matrix around

e = 0 (cf. Fig. [6.3) would suggest that, at low temperatures, this energy dependence
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Figure 6.6: The pumped contribution to the second cumulant of the heat transport
throughout the driving of a Majorana Y-junction centred at (6o, ¢9) = (7/2—0.1,7/4),
with amplitude 6, = ¢, = 0.01. Plots (d,e, f) show the geometric contribution
whereas (a,b,c) illustrate the remaining non-geometric part. Plots (a,d) show the
second cumulants as a function of temperature, with the inset highlighting the region
T < w. Panels (b,c, e, f) show the same quantities plotted against frequency. (b,e)
illustrate the behaviour as a function of low frequencies w < T and (c, f) at high
frequencies w > T

should not influence the transport. However, the linear variation of the imaginary
part, along with the behaviour of the scattering matrix derivatives appearing in the
inelastic terms Si,(€), mean that this factor cannot be neglected, even in this limit.
This energy dependence manifests itself in the form of a difference in the frequency
dependence between the geometric and non-geometric contributions to the driven noise.

Q¢,pump

M) o w? and for charge, in Fig. (c,f), that /\/ll(é?pump o w? and Mt(]?geom o wi.

Q¢,geom

Specifically, for heat transport we see, in Fig. (c,f), that M2 x w* and

This difference in behaviour between the geometric and non-geometric terms occurs
as a result of their differing dependence upon the scattering matrix, as implicit in
Eq. Furthermore, the difference between the frequency dependence of the charge

and heat noise is explained by considering that both are underpinned by the same
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Figure 6.7: The pumped contribution to the second cumulant of the charge transport
throughout the driving of a Majorana Y-junction centred at (6, ¢g) = (7/2 —0.1,7/4)
with amplitude 6, = ¢, = 0.01. Plots (d,e, f) show the geometric contribution
whereas (a,b,c) illustrate the remaining non-geometric part. Plots (a,d) show the
second cumulants as a function of temperature, with the inset highlighting the region
T < w. Panels (b,c, e, f) show the same quantities plotted against frequency. (b,e)
illustrate the behaviour as a function of low frequencies w < T and (c, f) at high
frequencies w > T

fluctuations and differ only in whether the scattering events are weighted by the energy

absorbed /emitted. In the case of scattering between nearest energy sidebands, this

energy is given by the driving frequency w.

Mid-temperature regime: w <717 < I'; g

When the temperature of the leads is raised beyond the energy associated with the
driving frequency, the temperature takes over as the dominant quantity in determining
the size of the energy window within which scattering events can occur. Panels (a) and
(d) of Figs. and illustrate this transition via the deviation of the driven noises
away from their corresponding low temperature constant values at approximately T' =

w. In this mid-temperature regime, the behaviour is governed by both the distribution
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6.3. Heat and charge transport statistics for small amplitude cycles

functions f(e), in addition to the energy dependence of the scattering matrix.

Immediately following the transition into this regime, the heat noise initially varies
as T° whereas the charge noise goes as T3. Here, temperature plays the same role as
frequency in the low temperature regime and we have a similar ratio of T? between
the quantities for charge and heat transport. This behaviour is well understood and
documented in many previous works [142]. However, as the temperature is increased
further it exceeds the width of the narrower resonance present in the scattering matrix
elements, set by the location of the driving centre in parameter space (g, ¢g) (cf. Fig.
. We see that this results in non-monotonic behaviour of the driven noise, where
the turning point is independent of the coupling strength to the leads. This also results
in the noise changing sign as the temperature is raised, however we stress that the sum
of the static and driven contributions to the noise remain positive at all temperatures.
Since the existence of this narrower resonance arises due to the fact that the projection
of the zero energy modes in the space of physical Majorans can be controlled, this
corresponding behaviour of the noise is unique to our system of interest and indicative
of the presence of MZMs.

In terms of frequency dependence, both the heat and charge noise now exhibit
the same behaviour. The difference between the mnon-geometric and geometric
contributions, present in the low temperature regime, does persist at higher T as
illustrated in panels (b) and (e) respectively. Whereas the non-geometric part is
proportional to 1/w, we see that geometric contribution is now independent of the

driving frequency similar to the average pumped heat discussed previously. Its

(2)

geometric nature ensures that M, /e geom

depends only upon the path traversed in

parameter space and not upon the details of the driving itself.
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6.3. Heat and charge transport statistics for small amplitude cycles

High temperature regime: 7' > 'y

Increasing the temperature beyond the broadening of the scattering matrix resonance,
set by the coupling strength to the external leads, means that the noise is dictated
purely by the energy dependence of the scattering matrix. At high energies, both the
real and imaginary components of the scattering matrix vary as 1/e%. This results in a

saturation of the charge noise and heat noise that is linear in 7. This behaviour can

be seen in panels (a,d) of Figs. and [6.7]

Measuring heat and charge transport

We end this section with a brief description of how the driven charge and heat transport
statistics may be detected in practice. The FCS of electronic transport has long been
measurable by use of a quantum point contact capable of detecting single electron
tunnelling events and hence counting electrons [189,190|. Repeating this over many time
intervals allows the construction of the statistical distribution of the charge transport
and subsequently the determination of the average current and noise.

Similar measurements for the case of heat transport can be achieved using quantum
calorimetric techniques, by which the energy of individual particles is converted into a
measurable temperature change [191-193]. Recent advances in this field have lead to
proposals of ultra-sensitive, real-time detection of heat pulses of energy < 100ueV [193].
The challenge when working in the low temperature regime is that, as seen in Fig.
6.5, the pumped heat scales linearly with temperature and is therefore small. For
our braiding setup we require that the energy scales associated with the temperature
and coupling to the external leads are small compared to the superconducting gap,

T.I' < Ay, with Age ~ 0.2meV and I' ~ 0.05meV examples of typical experimental
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6.4. Impact of geometric contributions upon fluctuation theorems

parameters [32,57]. Under these conditions a temperature of 7" ~ 20mK, so that
T/T' ~ 0.04, would allow access to the low temperature regime in which shot noise
dominates. This would lead to a resultant pumped heat of @ = 0.3ueV per cycle |57,
which is below the latest level of achievable sensitivity. Consequently, with the detection
schemes currently available, it seems only the higher temperature regime of the heat

transport statistics would be accessible in experiments.

6.4 Impact of geometric contributions upon fluctu-
ation theorems

Beyond the cumulants associated with charge and heat transport, we can further explore
the thermodynamics of driven systems by analysing the nature of fluctuation theorems.
In particular, working in the setting of heat transport between two reservoirs, we focus
here upon the Gallavotti-Cohen type exchange fluctuation theorem introduced in Sec.

and formulated as

1
lim —In
T—00 T

, (6.40)

PAQ) | _ QBr— )
PT(_Q) T

where P,(Q) denotes the probability distribution of the heat @ transferred from the
left to the right bath in some time 7 and S p = m Although this FT is known
to hold for non-equilibrium stationary systems, it fails to account for the possibility
that heat is exchanged with the source of external driving [61] and previous studies

have indicated that it is the geometric contributions to the heat transfer statistics in

particular, that result in the need for additional correction terms when making the
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Figure 6.8: (a) Probability distribution, P(Q), for the heat pumped via the small
amplitude (0, = ¢, = 0.01) driving of a Majorana Y-junction centred at (0o, ¢g) =
(5 —0.01, 7). Results are shown for several values of the coupling to the external leads,

PL I‘R I', with an external lead temperature of T/w = 10. The inset shows
the corresponding behaviour of the fluctuation theorem violation quantifier A(\) =
IX(A\) —x(—=A)| which is identically zero when the Gallavotti-Cohen fluctuation theorem
holds true. (b) Probability distribution for the case of a static Majorana Y-junction at
(6o, 90) = (5 —0.1,7). Results are plotted for several temperature gradients, 5* and

the inset shows the corresponding behaviour of the fluctuation theorem.
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extension to driven systems [58-62]. The formalism presented in this chapter enables
the computation of such corrections for systems for which the geometric contributions
are topologically protected.

To highlight the fact that it is indeed the cyclic driving of the system that
results in the aforementioned correction terms, we first consider the case of a static
superconducting Y-junction subjected to a temperature bias between the external leads.
Such a system is physically equivalent to a single superconducting nanowire hosting a
MZM at each end. The probability distributions P(Q) for the heat transport that
flows in response to several different temperature gradients 5* = G — [ are plotted
in Fig. (b) The inset panel demonstrates that, for a static system, the quantity
In[P(Q)/P(—Q)] corresponds exactly to a straight line of gradient 5*, confirming the
validity of the GCF'T in this scenario.

Returning now to the case of our periodically driven superconducting Y-junction, we
first note that the GCFT can be reformulated in terms of the presence of the following

symmetry in the characteristic function:

XQe(Ae) = X@e (—Ae +i57), (6.41)

where 8* = 0 for our system of interest, since the temperatures of the external leads are
assumed to be equal and remain constant throughout the modulation of the Y-junction.
Using this symmetry we can define a function capturing the nature of the corrections

to the fluctuation theorem:

A(Ae) = xQe (Ae) — xQe (—Ae)l- (6.42)
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Therefore, a non-zero value of A(\¢) at any value of the counting field, A¢, indicates
the presence of an additional contribution to the GCFT.

For weak amplitude driving of the Y-junction we can calculate the probability
distribution for heat transport via the Fourier transform of the exponentiated total
CGF G, ()\¢) defined in Eq. [6.15 The probability distributions associated with one
such cycle are plotted in Fig. (a), for several values of I'. Despite the absence of
any temperature or chemical potential gradients between the leads, we see that heat
is pumped across the system throughout the cycle and is indicated by the asymmetry
of P(Q) with respect to @ = 0. The inset in panel (a) illustrates the behaviour of the
function A(A¢), which is non-zero around A = 0 and hence indicative of a correction to
the FT.

The behaviour of A(\¢) also suggests that the magnitude of the correction term is
increasing with the coupling strength to the external leads I". This is a consequence
of the increasing translation of P(Q) away from @ = 0, as an increasing heat current
is pumped across the system. However, increasing noise at higher temperatures will
act to obscure any translation of P(Q)) and hence decrease the magnitude of the
correction term. Despite the fact that at low temperatures the variance of P(Q) is
found to decrease with increasing coupling strength (cf. Fig. [6.6{a) inset), in the high
temperature regime the static component of the noise becomes linearly dependent upon

I" and dominates over the driven contributions in this limit.

6.4.1 Extension to arbitrary amplitude pumps

In this section, we illustrate that our results for the correction term of the GCFT can be

extended to include large amplitude driving cycles and hence applied to our example of
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Figure 6.9: An illustration of how the difference between contour integrals in opposite
directions for arbitrary amplitude cycles can be broken down into the sum of similar
differences on smaller cycles. This result is due to the cancellation of the integrals along
the interior sides of the smaller cycles and is valid upon division of the contour C' into
an arbitrary number of smaller cycles {C;}.

a Majorana braiding cycle. Central to this extension is the fact that the total CGF for
an arbitrary small amplitude cycle can be written as a sum of geometric and dynamical
contributions: Gq,(A¢) = G5 (Ae) + Gdeén()\g). Here, the dynamical component
contains both the static contributions and the part of the driven contributions that
is not geometric in nature. Our numerical simulations show the dynamical part of the
GCF obeys the GC symmetry for all A and hence any correction term in the FT arises

solely from geometric contributions. Using this fact, an equivalent indicator of FT

corrections can be defined as
AR () = [xg, T (Ae) = XG, (=)l (6.43)

where x5 (Ae) = exp (Gngfm()\g)). This quantity, in contrast to A()¢), can be

calculated for arbitrary amplitude driving cycles.

144



6.4. Impact of geometric contributions upon fluctuation theorems

To see the validity of this extension, it is useful to notice that the generating
function is dependent upon the direction in which we traverse the contour in parameter
space induced by the driving. We denote the clockwise and counter-clockwise CGF's
as Ggg()\g) and GSE()@ respectively. The difference between these two functions,
Dq,(Ae) = Ggg (Ae) — Ggg (Ae), will clearly change sign under time reversal. This allows
the calculation of this quantity for a large amplitude cycle by breaking down the area
enclosed by the contour in parameter space into smaller segments, within which the
weak amplitude approximation is valid. This reasoning is sketched in Fig. [6.9] We can
write each of the directional generating functions for each small cycle as closed contour
integrals in the parameter space as G&(Ag) = ¢, ds%LGq, (X, 0, ¢). The subtraction of
this integral along contours with opposing orientation results in the cancellation of the
interior contributions, leaving only the desired line integral around the boundary of the

larger cycle:

]
Do.(he) = / 4t(G5, (e, t) — G5, e, 1)

dt dt
:¢ dSEGQg()‘&aQﬁ) - yg ds£GQg(>‘£797¢> (6.44)
dt
= Z [% dSZ GQ£<)\€, (9 ¢) é dSid_Sl-GQE ()\g, 9, ¢)] .

In this way, we can obtain the quantity Dgq,()¢) for arbitrary amplitude cycles by
summing the contributions from cycles in which the small amplitude approximation is
valid. Taking the limit of infinitesimally small interior cycles, this technique can be
used to determine Dg, (\¢) for contours of arbitrary shape and size via the integration
over the area enclosed by the contour. The quantity DQg()\g) isolates the contribution

to the CGF that is sensitive to pumping direction and hence, for a small amplitude,
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Figure 6.10: Absolute value (a) and argument (b) of the geometric contribution to the
heat transport characteristic function x&°™()\) for the case of a Majorana braiding
protocol. Results are plotted for several values of the external lead temperature.
Asymmetry of this function in A indicates an apparent violation of the Gallavotti-Cohen
type fluctuation theorem.

two parameter pump, this quantity corresponds exactly to 2G%e§m()\5). This therefore
enables the calculation of the FT correction function A#°™(\¢) for arbitrary amplitude
driving cycles.

We plot the absolute value and argument of the geometric contribution to the CF,
Xngsom()\f), for a Majorana braiding process in Figs. [6.10(a) and (b) respectively. From
this one can deduce that, although the real part fulfills the GC symmetry, this symmetry
is not present in the imaginary component of the CF, which is found to be antisymmetric

around A¢ = 0. Consequently, the correction function, in this example, can be written

as

A (r) = 2 (A sin (g™ (0e)) ) | (6.45)

In the case of a Majorana braiding, this non-zero correction to the GCFT stems solely
from the cyclic variation of the system’s internal parameters in the form of a non-trivial

rotation of the degenerate ground-space. The lack of requirement for modulation of the
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properties of the external leads and the energy level of the internal system, along with
the fact that the ground state facilitating the transport is degenerate, makes this system
distinct from those appearing in previous studies of topologically trivial systems that
highlight the existence of the same correction term [58,(188]. In the Y-junction setup
the relevant driving parameters, which appear in geometric transport properties, are
not the physical parameters (the magnetic flux passing through the Cooper pair boxes)
that would be driven if the process was carried out experimentally. In the case of
the braiding operation, this allows for the possibility that the contour appearing in
the geometric contribution to the FCS, and consequently in the F'T correction term, is
immune to fluctuations in the value of the driving parameters in addition to the driving
frequency for T > w.

We can also briefly comment on the temperature dependence of the correction term
by noting that two competing factors must be taken into account. Although the pumped

heat increases as a function of T, illustrated by the increasing gradient of arg (Xéesm()\g))

in Fig.|6.10(b), we also know that the second cumulant of the pumped heat, Mg; varies

geom

as T°. This increased variance, indicated by the rate of decay of | X (A¢)|? plotted
in Fig. [6.10|(a), leads to the overlap of the probability distributions P(Q) and P(—Q)

and hence a reduction in the correction to the GCFT.

6.5 Discussion

A system driven in an periodic cycle shows corrections to thermodynamic fluctuation
theorems which depend on geometric properties of the cycle, as opposed to its dynamical
features. Here we have studied the statistics of heat transfer for slowly driven cycles

associated with the topologically protected evolution of a quantum system, specifically,
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an exchange of Majorana excitations present in 1D superconducting nanowires. We
have first obtained general expressions for the statistics of heat transfer from scattering
matrices, which extend known results for the charge transport full counting statistics.
This approach was then utilized to highlight features unique to the presence of Majorana
zero modes in the heat and charge current noise and additionally analyse the nature of
the Gallavotti-Cohen type exchange fluctuation theorem for this driven system.

We have successfully demonstrated that our initial approach, based upon the
approximation of weak amplitude driving, can be extended to explore the geometric
transport features of arbitrary amplitude cycles and showed that the heat transfer
associated with Majorana braiding induces a correction to a Gallavotti-Cohen type
fluctuation theorem. As opposed to analogous corrections in non-topological systems,
which require cyclical variation of the external lead properties, coupling strengths to
the leads or energy level of the internal system [58,/188], our contribution stems solely
from a cycle in the system’s parameter space, at constant temperature gradient, and is
a result of the coherent dynamics of the driven degenerate ground state of the internal
system. Moreover, in the limit of slow driving, this correction term is purely geometric
in nature and hence inherits the topological protection of the braiding operation against
small, slow fluctuations of the driving.

Since it relies upon the non-local nature of the fermionic mode defined by the
MZMs, the analysis of the heat transport could potentially provide an invaluable
alternative to charge transport signatures of topological excitations, that are difficult
to discriminate from other features of the system such as localized Andreev bound
states [37,38]. The quantized nature of the pumped heat further provides a signature

of the execution of a non-trivial manipulation of the zero modes themselves. Finally,
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the identification of corrections to transport fluctuation theorems, in terms of quantum
coherent contributions to scattering processes, allows for further investigation to

incorporate such contributions in properly modified fluctuation theorems.
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Chapter 7

Majorana Y-junction as a Heat

Engine

As demonstrated in Chap. [6) the manipulation of Majorana zero-modes within a
superconducting nanowire Y-junction results in the pumping of heat between coupled
fermionic reservoirs. This setup therefore resembles the behaviour of a thermal machine
operating via a genuinely quantum cycle by which, depending on the initial parameters,
the manipulation of a working substance can be used to transform heat into useful work
or use work to pump heat from cold to hot reservoirs resulting in refrigeration [63-66).
Since the topologically protected nature of the Majorana braiding protocol results in a
highly controlled contribution to the driven heat current [57], it is interesting to explore
the thermodynamic properties of this process and assess the Y-junction’s performance
as a geometric thermal machine. The content of this chapter is based upon preliminary,

as yet unpublished, results.
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7.1. Model of the Y-junction as a thermal machine

Yz

Figure 7.1: Schematic of a Majorana braiding driven thermal machine. The
superconducting Y-junction introduced in Sec. is coupled to hot and cold fermionic
reservoirs with a temperature bias of AT. The execution of the braiding cycle, in
addition to the temperature gradient, stimulates the flow of heat ()i, between the
reservoirs. The work done W by the driving also results in an additional flow of heat
into the system.

7.1 Model of the Y-junction as a thermal machine

We are interested in determining the thermodynamic performance of the driven
Majorana Y-junction as a working substance in a quantum thermal machine. As such,
we consider the scenario sketched in Fig. [7.1] in which the Y-junction is coupled to two
external metal leads now held at different temperatures T, = T—AT and T = T+ AT.
Apart from the coupling to the leads, the Y-junction is considered closed so that energy

is only exchanged with the source of driving and dissipated into the leads. We will
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7.1. Model of the Y-junction as a thermal machine

again be concerned with the slow driving regime introduced in the previous chapter.
Additionally, we are interested in the case for which the temperature gradient AT is
small enough so that the heat that flows as a result of this bias is comparable to the
heat flow induced by the Majorana braiding protocol. In this regime, under the right
conditions, it will be possible to realise the case for which a net heat current flows from

the cold to the hot reservoirs and hence refrigeration occurs.

7.1.1 Heat, work and entropy production

In addition to the heat transport induced between external reservoirs by both the
temperature gradient and adiabatic modulation of the internal system, the driving is
itself a source of heating that results in dissipation in the leads [63}/130,206]. Together
these contributions make up the total heat flux @), entering each lead « after a single
driving period

Qa = Ea - /JJaNaa (71)

with @), and N, the energy and particle fluxes entering the lead a respectively. In order
to focus solely on energy currents, throughout the following we will set p, =0V a. In
the case of a setup involving just two external leads, the component of the heat arising

due to transport Qi will necessarily satisfy the condition

Qi = —Qu,r = Qo (7.2)
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7.1. Model of the Y-junction as a thermal machine

The additional work performed by the parameter driving can therefore be isolated as

the additional heat generated by the driving

W =QL+ Qr. (7.3)

It is also interesting to consider the entropy current induced by the driving of such
a thermal machine. This is defined as the sum of the entropy production in each of the
leads throughout the process:
_ QL | Qr

S= (7.4)

Expanding to first order in the temperature bias AT this can be expressed as the sum

of two distinct contributions [206]:

ST =~ Qr + Qr + (Qr _fL)AT =W+ Q“TAT. (7.5)

Here the first term corresponds to the work done by the driving forces, whereas the

second term describes the work required to drive the @)y, against the thermal bias AT.

7.1.2 Efficiencies

Depending upon the direction of heat transport between the hot and cold reservoirs,
the driven Majorana Y-junction has the potential to operate as either a heat engine or
a refrigerator. In the case that heat is transported from the hot to cold reservoir, the

resultant change in free energy can be used to perform useful work upon the source of
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7.1. Model of the Y-junction as a thermal machine

the driving. The efficiency of such a heat engine can be defined as

he __ -W
Qtr ’

n (7.6)

the value of which is bounded by the Carnot efficiency ni* = AT/T.
Refrigeration occurs in the case that the work done by the external driving force
is used to pump heat from the cold to the hot reservoir. The corresponding efficiency

quantifier, often referred to as the coefficient of performance (COP), is given by

77fr — _Qtr
W )

(7.7)

where positive )y, is defined so as to describe heat flowing in the direction of the thermal
gradient. This quantity is bounded by the reciprocal of the Carnot efficiency for the
heat engine: n = T/AT.

Additionally, the driven Y-junction can be used as a heat pump, even in the absence
of a temperature gradient between the leads, as discussed in Chap. [0] In this case the
heat can be pumped in either direction and the only source of dissipation arises from
the modulation of the parameters { X;}. As such, the efficiency of this process is defined
by the unbounded quantity

e |Qu

= (7.8)

As demonstrated in Chap. [6] in the slow driving limit the only contribution to the heat
flux entering each lead is that of the driven contribution )i, and hence the efficiency

of such a pump will continue to increase as the driving frequency w — 0.
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7.2.  Determining the heat current using the scattering matriz formalism

7.2 Determining the heat current using the scatter-
ing matrix formalism

In order to include the effect of thermal dissipation, and hence analyse the efficiency
of the Y-junction as a thermal machine, it is necessary to include contributions of
O(w?) and hence make use of the first order expansion of the Floquet scattering matrix
introduced in Eq. [3.34] In the following derivation we mostly follow the method outlined

in [207]. The heat current flowing in the lead « is defined as
IZ = (IZ™(t) — 12" (t)), (7.9)

using the ingoing (outgoing) heat current operators /9" (19°4) defined in Eq. .

The heat current operators can equally be reformulated as

ey - | " deed™ (1, 0),
A P (7.10)
oty = / decd™ (£, €),

o0
with ¢/ °ut(t, e) given by the Wigner transformation of the relevant expectation values:

in _ ® iét/h T( € (_E
ap(ts€) /_ dé ee <a5 e+2>aa € 2)

o)

oo

(7.11)

Using the fact that the outgoing particle operators can be expressed in terms of the

two-energy dependent scattering matrix as bf(e;) = [ deaS(eq, €2)a'(e2) along with the
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7.2.  Determining the heat current using the scattering matriz formalism

expectation values of uncorrelated ingoing channels given in Eq. we have that

(bl (e2)baler)) =D // desdesSaq (€1, €3)0(e5 — €4) fr(€4) ST 5(ea, €2). (7.12)

In order to determine ¢2"(¢,€) in terms of the scattering matrix, we note that taking

the Wigner transform of a convolution of the form

G<61,62) :/d€30(61,€3)D(63,62>, (713)

results in a Moyal product of Wigner transforms
G(e,t) = C(e, t) x D(e, t), (7.14)

where C(e,t) * D(e,t) = C(e,t) exp( (8 3 ))D(e,t). Consequently, the

Wigner transform of the expectation value in Eq. can be expressed as

O (t,€) =D [San(e,1)  f(€)] * Sly(e,), (7.15)

o

with the Wigner transform of the full scattering matrix given by

- € €
S(e,t) = / dee ™S (et 5e— 5. (7.16)
As in the previous chapters of this thesis, we are concerned with scattering events
via some internal system modelled by the periodic Hamiltonian Hy(t), with time
dependence induced through the modulation of some set of internal parameters {X;(¢)}.

As outlined in Sec. [3.2.1] in the event that the parameter variation is slow enough,
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7.2.  Determining the heat current using the scattering matriz formalism

the Wigner transformed scattering matrix S(e,t) can be expanded about the frozen

scattering matrix S(e, t) in powers of the velocities Xj, up to terms of order w? [207,208|:

S(e,t)m S(e,t) + Y XjAj(e,t) + Y XiX;Bij(e.t) + Y X;Cj(e,t). (7.17)

J j J
As first introduced in Eq. [6.30, the frozen scattering matrix can be expressed in the
form

S(e,t) =1+ 2miWiGE(e, )W, (7.18)

with the frozen retarded Green’s function of the internal system given by G#(e,t) =
(Ho(t) — e — imnWWT). It can be demonstrated, by term by term comparison with the
expansion of the full retarded Green’s function G, that the matrices A4;, encoding the

first order corrections to the frozen scattering matrix, can be calculated as [208]

R R
0G" 9H, LOH, 0G )W (719

Ailet) :”WT( De anGR_G 0X; Oc

The matrices B;j(e,t) and Cj(e,t) will make no contribution to the forthcoming

expansion of the outgoing operator ¢°"* after accounting for the condition of unitarity
imposed upon the full scattering matrix S(e, t), as outlined in Appendix |C| [207].

Using the adiabatic approximation of the scattering matrix (Eq. to evaluate

the Moyal product from Eq. , gives rise to a corresponding expansion of ¢°" in

powers of the parameter driving velocity:
(bOUt ~ ¢0ut(0) + (bOUt(l) + ¢out(2). (720)
In the following we examine the nature of each term in this expansion individually.
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7.2.  Determining the heat current using the scattering matriz formalism

Zeroth order

The zeroth order contribution comes from the frozen scattering matrix only:
out(0
005 =" Sar /115 (7.21)
.

The contribution to the heat current /€ arising from this zeroth order term corresponds
to the heat that flows due to any temperature or chemical potential bias between the
external leads. Considering terms up to second order in the temperature bias AT this

leads to a contribution to the transported heat ()i, of the form

T o9 AT
erad _ / dt / deeQTaf (€)|SLR(e,t)|2. (7.22)
0 —00

Oe

Unlike the geometric nature of the contribution to the transported heat arising directly
from the driving, this contribution corresponds to the direct heat flow from the hot to
the cold reservoir and acts against the efficiency of the machine as a refrigerator. Since
this heat current is time-independent, it becomes particularly harmful to the efficiency

in the limit of slow driving.

First order

The first order contribution to the outgoing operator is expanded as [207]

¢out(1) _

o z‘(@S oSt a8 GST)

} I et et G et
ApST+ 50 A + S\ 5P T T 3P e

2
z‘(Sﬁp&ST 858pST>] ’
af

(7.23)

5553 ~ 5 B

Oe Ot ot Oe
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7.2.  Determining the heat current using the scattering matriz formalism

with pas(€) = fa(€)das a diagonal matrix whose elements correspond to the distribution
function of each scattering channel and A(e,t) = > _; X;A (e, t). In the absence of a
temperature difference between the leads, so that f,(¢) = f(€) V «, this contribution

reduces to the heat current pumped between the left and right leads as investigated in

Chap. [6}
0S%
pump / dt/ m [SLg—aj/B]
© e (7.24)
> Of (e ZB
:/_Oodee 5% %%deIm Sta an]

In this form, this contribution to the transported heat is manifestly geometric in nature
and hence only depends upon the path traversed in parameter space throughout the
driving cycle.

The remaining component of the heat flux, arising from the first order term of the
outgoing operator ¢°"*") contributes to the work done by the driving forces through
the cycle. This contribution to the work is also geometric and up to second order in

the small parameters X; and AT can be expressed as

eom = AT
we = Z/_Oo de%deAjT,
J

with A, = af(;) ( €2 Re [A; UZST] + e Im [g—sazgf;] + e¢Im [SUZS)S(T.D (7.25)
J
e et

Here o, is the Pauli z-matrix acting in the basis of the left and right leads. This
geometric contribution corresponds exactly to work required to overcome the thermal

bias and pump the heat QPP from the cold to the hot reservoir.
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Second order

Since we are interested in studying systems for which the temperature gradient between
the leads is small, we only include the terms that are second order in the parameter
velocity that arise in the absence of a temperature difference between the external leads.

Using Eq. in Appendix [C] this contribution then simplifies to [207]

gont _ LO°F 05051

of 20e2 | Ot ot ,
iof[ 05t (oAl if@PSost 9s@St oS ast 95 o%!
2 Oe ot ot 2\ 0t2 Oe Oe Ot? Oedt Ot Ot Oeot

(7.26)
This contribution results in a strictly positive heat flux flowing from the driven scatterer
into each of the external leads and hence constitutes a dissipative component of the total
work done by the driving forces W. This term is not geometric in nature and increases
with the driving frequency w, as will be demonstrated numerically in the results that
follow.
The expressions derived in this section allow for the determination of the heat
current [9(t) flowing in the lead a, up to second order in the velocity of the driven
Hamiltonian parameters X;(¢). These will now be utilized to analyse the efficiency of

driven Majorana Y-junction as a quantum thermal machine.

7.3 Results

We start by considering the scenario for which the braiding process pumps heat in the
absence of a temperature gradient between the external reservoirs. In Fig. (a) we

plot both the purely geometric pumped heat @),, alongside the work performed by the
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Figure 7.2: (a) Pumped heat @, and work done by the driving W as a function of lead
temperature for a Majorana braiding exchange in the absence of a temperature gradient,
AT = 0. The inset gives a closer view of the behaviour of W at low temperatures. We
used a coupling strength to the external leads of 'y = ' = 0.017" and a driving
frequency of w = 0.027". (b) Using the same system parameters, we plot the behaviour
of the coefficient of performance 7" versus T. (c) The coefficient of performance is
plotted as a function of driving frequency. The COP is unbounded in the slow driving
limit as the heat dissipated by the driving tends to zero and the geometric pumped
heat remains unchanged.

driving W as a function of the lead temperature T'. We see that, for all temperatures, @y,
is positive, indicating that heat is pumped from the left to the right reservoirs, although
this directional flow would be flipped if the driving protocol was executed in reverse.
This pumped heat exhibits a maximum where 7" becomes comparable with the energy
scale associated with the coupling strength to the external leads. This is a consequence
of the energy window, within which scattering events can occur, exceeding the width

of the resonance in the energy dependence of the scattering matrix, which is set by the

coupling strength. Similarly, the dissipated heat W is positive at all temperatures and
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exhibits a maximum value at a much smaller temperature in comparison to that of the
pumped heat (see inset).

The values of pumped heat and work can subsequently be used to calculate the
coefficient of performance n™ of this Majorana heat pump, the behaviour of which is
illustrated in Fig. [7.2[b). We see that the COP increases linearly with T in the low
temperature regime, within which the pumped heat is increasing and the heat dissipated
by the driving is falling. Beyond this regime, as the pumped heat drops below its
optimum value, the rate of COP increase slows down. Fig. [7.2(c) demonstrates how
the COP varies as a function of driving frequency. As expected, we see that the COP
diverges in the adiabatic limit due to the constant nature of the geometric pumped heat
Q1 and the suppression of the heat dissipated by the driving, which varies linearly with
the driving frequency. The detrimental effect of this dissipation leads the COP to fall
monotonically as the frequency is increased.

Next we assess the performance of the braiding operation as a refrigerator by
applying a temperature gradient between the external leads. In Fig. [7.3(a) we again
illustrate the behaviour of (Qy, and W, this time as a function of AT. The addition of
the temperature bias means that the heat driven from the cold to the hot reservoir is
now in constant competition with the heat flowing in the opposite direction due to the
gradient Q™. Eq. indicates that this contribution varies linearly with AT and
hence results in the decreasing linear dependence of the total transported heat seen in
Fig. [7.3(a). The work W performed by the driving also consists of a combination of
two distinct contributions in the presence of a temperature bias. The addition of the
geometric contribution from Eq. [7.25] corresponding to the energy input required to

drive the pumped heat against the increasing temperature gradient, results in the weak
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Figure 7.3: (a) Transported heat @y, and work done by the driving W as a function
of the temperature gradient between the hot and cold leads for a Majorana braiding
exchange. We used a coupling strength to the external leads of 'y, = ' = 0.017 and
a driving frequency of w = 0.027". In this regime the braiding operation results in a
refrigeration effect, pumping heat from the cold to the hot bath. (b) Using the same
system parameters, we plot the behaviour of the coefficient of performance 7™ versus
AT. We plot the COP normalized by the maximum Carnot value in addition to the raw
value. (c¢) The normalized coefficient of performance is plotted as a function of driving
frequency w for AT/T = 0.0025. The COP becomes negative for lower frequencies,
where the static heat flow due to the temperature gradient dominates and the system
no longer operates as a refrigerator.

linear dependence upon the temperature gradient.

Measurement of the transported heat and work by use of quantum calorimetric
techniques , introduced at the end of Sec. would again require extremely
high sensitivity given that the quantities of interest are small relative to the temperature

of the leads, as seen in Fig. [7.3(a). Ensuring that transport is restricted to the

degenerate ground-space of the Majorana Y-junction requires that T' < Ay ~ 0.2meV
[32,[57]. Consequently, the values of @y, and W plotted in Fig. [7.3 would be beyond
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the current best estimates of achievable sensitivity, corresponding to the detection of
heat pulses of ~ 100ueV [193].

Fig. [7.3(b) illustrates the performance of the Majorana Y-junction as a refrigerator.
The dotted line plots the COP n™ and demonstrates that this decreases linearly with
the temperature bias. This feature is again a result of the increasing heat flow due to
the temperature difference, that acts to reduce the net heat pumped in the direction
desirable for refrigeration and hence also decreases the overall efficiency. Conversely,
taking the ratio of the raw COP and its maximum Carnot efficiency, 7 /nZ, results in
a bell shaped curve with an optimal value of AT. This can be explained by the fact
that the Carnot COP for refrigeration is given by n% = T/AT. As a consequence,
for small AT we would expect the ratio to vary linearly with AT, before the increase
in temperature gradient reduces the desired heat flux and forces the efficiency back
towards zero.

Fig. [7.3(c) also indicates the existence of a optimal driving frequency that maximises
the normalized COP. In the slow driving limit the static heat flow Q&% which is
directly proportional to the driving period, dominates and eventually eliminates the
refrigeration effect entirely, indicated by the frequency at which the COP reaches zero.
Driving at higher frequencies favours the pumped component of the heat transport

PP and thus results in an increasing COP. However, this increase is halted by the
increasing dissipative component of the work exerted on the system by the external

driving forces.
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7.4 Discussion

We have utilized the heat pumping effect induced by the slow manipulation of Majorana
zero modes within a Y-junction of superconducting nanowires in order to analyse the
system’s performance as a thermal machine. Such a machine is interesting in the sense
that its operation relies only upon the manipulation of the internal system’s degenerate
ground state, without modulating its energy or the properties of the external leads.
By analysing the refrigeration performance of a Majorana exchange, we determined
that it is the geometric contributions to both the heat transport ), and the work
done by the external driving W that result in useful heat-work conversion, boosting the
coefficient of performance. This observation is in agreement with a recent study by B.
Bhandari et al. [63], in which they show that a machine operating purely geometrically
would achieve the Carnot efficiency ¢ [63,69]. Additionally, for a machine based upon a
Majorana exchange operating in this geometric limit, the efficiency would only depend
upon the shape of the contour in parameter space associated with the driving and
hence would share the topological protection against fluctuations to both the internal
system and to the driving mechanism itself, as outlined in Sec. [6.2] This potential for a
robust driven heat current represents a clear advantage of utilizing such a topologically
protected operation as a thermal machine, however this should be offset by the low
efficiencies, relative to the Carnot limit, found when using the parameters studied here.
However, the non-geometric contributions to both @, and W act as a source of
entropy production and are hence detrimental to the efficiency of the pumping process.
In terms of heat transport this non-geometric contribution is the steady-state heat flow
from the hot to the cold bath that varies linearly with both the temperature gradient and

driving period. With regards to the work, non-geometric terms arise in the form of heat
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dissipated into the leads due to frictional effects of the driving, which are proportional
to the driving frequency. These terms result in the emergence of optimal values of
driving frequency and temperature gradient that maximize coefficient of performance.

This analysis could be further extended by considering the performance of the driven
Y-junction as a heat engine, for which the heat flow is used to perform useful work. One
should also, in addition to efficiency, consider the parameters for which the machine
operates at maximum power, defined by the useful work performed for a heat engine
and the heat removed from the cold bath in the refrigeration regime. Besides the
lead temperature and driving frequency, it would also be of interest to analyse how
driving along alternative contours in the parameter space of the Y-junction influences
the performance.

Investigation of this system could be further extended by making use of the full
counting statistics derived in Chap. [ to analyse the nature of thermodynamic
uncertainty relations in the context of this model. Such relations provide limits upon
the precision of non-equilibrium currents in terms of the entropy production of the
system [209]. They can further be used to provide tighter bounds upon the efficiency
of thermal machines and their extension to periodically driven systems, for which
geometric contributions to the transport become significant, is a subject of recent

interest [210-212].
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Chapter 8

Conclusions

In this thesis we have explored the impact of periodic driving upon the transport
properties of mesoscopic systems hosting topologically protected excitations, with a
particular focus upon Majorana zero modes. Firstly, in Chap. [0 we considered a
system for which periodic driving results in the fabrication of additional topological
phases compared to the system’s static counterpart. It is known that such phases can be
identified by the value of topological invariants obtained from a stroboscopic scattering
matrix for pulsed coupling to the external leads. Although the experimentally accessible
DC conductance is known to exhibit quantized peaks, corresponding to the existence of
Majorana modes, when summed over Floquet sidebands, the exact relationship between
the stroboscopic scattering matrix and the transport properties was yet to be fully
understood.

We have attempted to shed further light on this relationship by comparing the DC
conductance summed over Floquet sidebands with the period-averaged stroboscopic
conductance for two distinct driving protocols of a 1D superconducting nanowire. We

demonstrated that, in the limit of weak coupling to the external leads, the discrepancy
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between the two quantities is captured by the difference in the widths of the resonant
conductance peaks. In particular, it is the dependence of the resonance widths upon the
offset time between the external driving and the pulsed coupling period that controls
the discrepancy between the conductance quantities, with the difference larger when
the weight of the Majorana mode upon the endmost sites depends strongly upon this
offset time. This study provides a platform from which to explore signatures of Floquet
topological phases in transport properties, building upon the relationships between
scattering matrix invariants and topological phase classification established for non-
driven systems.

In Chap. [0, we instead focus upon the effect of driving in terms of the slow
manipulation of topologically protected zero modes, in the guise of a Majorana
braiding protocol. We showed that the periodic nature of the system manipulation
results in a geometric contribution to the full counting statistics of the transport,
in addition to the dynamical part. In contrast to previous studies, this additional
contribution was found to be present after only the manipulation of the degenerate
ground state, as opposed to the properties of the external leads or the energy levels
of the internal system. As a result, the parameters relevant for calculating these
geometric contributions, defining the rotation of the zero energy modes in the space of
the Majoranas physically coupled to the leads, do not correspond to the parameters of
the system that would be driven in practice to initiate the braiding. The contour in this
parameter space traced out throughout the protocol, which completely determines any
geometric transport properties, is therefore independent of fluctuations in the driving
mechanism. Furthermore, the degeneracy of the ground state, via which scattering

events take place in the low temperature limit, is also protected by the topology of the
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system.

We saw that the geometric contribution to the FCS leads to the braiding driving a
finite heat current when connected to external free fermion reservoirs and that, since
purely geometric in nature, this pumped heat shares the topological protection of
the braiding operation itself. This robust heat current could potentially provide a
signature of Majorana exchange for the next generation of experiments concerning the
manipulation of topological superconducting systems.

Furthermore, we have explored the influence of the MZMs upon the temperature
and frequency dependence of the heat and charge current noise, in addition to the
consequences of the geometric contribution on the probability generating function in
regards to exchange fluctuation theorems. We see that the presence of such a term
results in a deviation from the standard form of the steady-state fluctuation theorems
for heat exchange and arises due to the additional consideration of the energy exchange
between the system and the external driving mechanism. In contrast to other works in
which this geometric correction term is discussed, here we demonstrate its emergence
after only driving a rotation of the degenerate ground-space of the internal system.
Furthermore, in the case of the Majorana exchange, the geometric nature of this
correction term means that it too shares the robust protection associated with the
operation.

Finally, we have delved further into the thermodynamic properties of the Majorana
braiding by examining its performance as a quantum thermal machine, for which the
work performed by the external driving can be utilized to pump heat against a thermal
gradient. The topologically protected nature of this pumped heat makes the driven

Y-junction a particularly interesting candidate to study in this regard.
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We see that non-geometric contributions to the heat transport and work exerted by
the driving result in a competition between the desired heat pumping effect and the
heat current flowing in response to the temperature bias across the device, as well as the
frictional losses arising from the operation of the driving mechanism itself. These factors
result in the suppression of the coefficient of performance, characterizing the Majorana
exchange’s capabilities as a refrigeration device, and hence allow for the identification

of optimal temperature biases and driving frequencies that maximize efficiency.
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Appendix A

Relationship between the Floquet
and stroboscopic scattering

matrices

Here we derive Eq. of the main text, which gives the relationship between the
stroboscopically defined scattering matrix which maintains a constant coupling to the
external leads Sy(E) and the full Floquet scattering matrix S(E,E’). We start by
considering the form taken by the outgoing annihilation operators in the case that only
scattering events separated by integer multiples of the driving period T, starting at

some time ¢, are taken into account:

bo(t +nT) = Z / dt'S(t +nT,t")apas(t)o(t — (t +mT))
g (A1)

= Z Sapt+nT,t +mT)as(t +mT).
B.m
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Using the Fourier transform for this stroboscopic scenario, we have that

ba(E) = P D, (t + nT)

(A.2)
— Z Saﬂ(t + nT,t + mT) /dE,aB(E,)eiE(t+nT)_iE,(t+mT)'

B7n7m

This operator is equivalent to that defined in terms of our stroboscopic scattering matrix

with constant coupling, so that
bo(FE) = S”t’aﬁ(E)aﬁ(E). (A.3)

From this, we can determine a relationship between the two scattering matrices:

> Sapt + 0Tt +mT)ePHN=E D) = 5, (E)§(E — E'),
nm (A4)
— Sus(t +nT,t+mT) = / dEe En=mTg, (E).

The two-time Floquet scattering matrix can also be expressed in terms of scattering

between energies F and E,, = F + nw as

Stt) =) / dEe  BU—t+met' g p [ ), (A.5)
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In the case that the two times are separated by an integer multiple of the driving

frequency, we have that
St+nT t+ml)=> / dEe ET-mD)ilvtg( @ )
!
_ Z/dEe—i(E—l—pw)(nT—mT)-i—ilth(Ep’ Ep-i—l) (A6)
l,p

_ /dEezE'(nm)T{ Z e”“tS(Ep, Ep+l)}-
lp

By comparison of this expression with that in Eq. [A4] we can determine the

relationship between the scattering matrices introduced in Eq. of the main text:

SUE) = e™'S(Ep, Epn)- (A.7)

nm
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Appendix B

Projective nature of the number

operator matrices

Here we will show how products of number operators, defined in Sec. [6.1.1] which act at
the same or different energies can be simplified in order to demonstrate their projective
nature. In order to do this we must first consider several relationships that can be
obtained from the unitarity of the scattering matrix. Treating the discretized particle
energy levels as ingoing and outgoing propagation channels, we can write the scattering

matrix in block form,

SoP(e)  S*(e)  SU(e)
SS9 (eir1) SP(eir1) S (i) : (B.1)

SSP(eiva) S°P(eiy2) S (eir2)

(O
I
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By writing the scattering matrix in this form we can immediately see that its unitarity

gives us the following useful relations:

5% ()2 + 1857 (e)|* + 180 () = I, (B.2a)
S (e) S (€)' + S0 () S (€141) = 0, (B.2b)
S ()5 (€)' = 0. (B.2c)

These relationships can be further simplified by considering the symmetric nature of
cach of the blocks, so that S‘)‘ﬁ((—:i)T = 5%%(¢;)" and Sj‘:g(e,»)T = 5% (e;)".

Now let us consider, for example, the square of the outgoing number operator matrix

at energy e¢;:

Plo= (Bo 4 PLO? = (PO + (PLY 4 PL Pl + PLPY

€i— 7 €55 €i¢— " €;¢"

First considering the top left non-zero element of the matrix for the squared electron

term, we have that

{(Peo)Ya =55 (€) SiP(e:) S5 (e) S (e3) + S8 ()5 ()57 (e0)" S) (&)
+58H(e3)"S (1) 8% (e3) SL(er)
=56 (ei)" (SM () S () + S™ (€)™ ()" + S¥L(e) S en) ) S ()
=551 (e) S5 () = { P Y
(B.3)
where in the final step we have made use of the unitarity relation given in Eq. [B.2al The
same reasoning can be applied to the other components of the matrix and in the case

of the outgoing number operator for holes. Hence we can conclude that (P¢_)? = P¢_
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and (P!Z_L )P = P!; . Next considering the cross-terms in the expansion we see that,

[P P! b =S () S () S22 (es) S () + 521 (e0) 'S () 5™ () S (es)
55 (e) S e) SZ(e1) 527 ()
=58 ()" (SY() SE (@) + 8" (€)™ ()" + SYL(€) 7 (er) ) ST ()
=0,

(B.4)
where once again we have used Eq. [B.2a] This results hold for all elements of the
matrices P ePE’: . and P;? . P¢. and hence we have demonstrated the projective nature
of the outgoing number operator matrices at each energy: Pfi =P,

Next we will show that, in addition to this result, the sum of the matrices P, over

all energies is also itself a projector. In order to do this we will evaluate the product

(X P+ )

Due to the shape of the P matrices given in Eq. [6.11], we find that the only non-zero

contributions to this product take the form:

<Pfi<_ + PZ;) <Pfj ot Pe’;_) where |i — j] < 2. (B.5)

For the case in which ¢ = j we have already shown that these matrices are projectors.
Next considering the case |i — j| = 1, we will first consider the elements of the matrix

Pg_P:, .. In particular the top left non-zero element of this matrix will be of the
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form

(P Pe . bion =S0M(e) SY () S5 (€is1) SY (i41) + Sat(er)"SM (€) S (ei1) S (€in)
=5 (c0)" (57(€) S5 (e1s1)” + SY(e0)S™ (e111)") S (ei1)
=0.
(B.6)
(PP Yioni =52 (e) " SY (€)% (6-1) " SY (64-1) + S (€:) S () S, (ei1) ST (€imn)
:Sﬁl(ﬂ)*(Solaﬁ(ﬁi)sm(ﬂfl)* + Sm(ﬂ)si(ﬁifl)*)Sy(ﬁi—l)

=0.

Here we have used the relation given in Eq. and this relationship can be shown

to hold true for every element of this matrix. In the case of holes, we also have that,

P! P! Yin =S2M(e) S (€) S (€is1) S (i) + S (er)"SY (€)™ (€141) SYY (€i1)

=5 (e:)" S (&) (515(€i>551(6i+1)* + Sﬁ(ei)sm(ﬁzﬂ)*) S2 (€i1) (B.7)

=0.

In the same way, it can be shown that the product terms between electrons and holes
are also zero, so that (Pf“_ + PE’;_) (P;_ + Pg;_) = 0 when |i —j| = 1. Finally for the
case of |i — j| = 2, we will again consider as an example the top left non-zero element

of the relevant matrix:

(P P i =521 (&) SM(€:)S8 (€142) " SY (€i2)

=0,

(B.8)

by Eq. B:2d We have hence demonstrated the projective nature of the sum of the
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number operator matrices,

O S A Y Y
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Appendix C

Unitarity condition of the

scattering matrix

Here we will demonstrate how the unitarity of the full Floquet scattering matrix,

Z/deSmn(el, €)ST (e,€") = 6(¢ — €O, (C.1)

results in different constraints upon the matrices appearing in the slow driving
expansion introduced in Eq. from Chap. [7] Taking the Wigner transform of

this expansion results in the requirement that

D Sunlet) % S)i(e,t) = i (C.2)

In the following we insert the expansion of the Wigner transformed scattering matrix

into this expression and collect terms of the same order in the driving frequency.
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Zeroth order

To zeroth order in the frequency we have the unitarity condition of the frozen scattering

matrix:

> SnShy = i (C.3)

First order

Up to first order in the frequency the unitary condition can be expressed as

= Omr, (C.4)

2\ 9e ot ot Oe

n

. t t

with A(e, t) = 7, X;A;(e, t). Using the zeroth order condition this leads to the following

constraint:

i [0Sy 0S), O3Sy OS]
> [Amns,ik + SmnALk] == 5( o 8tk - aek)‘ (C.5)

n n

Second order

Expanding up to second order in frequency and using the relationships given in Eq.

and gives

AmnALk + Smn(BILk + Clk) + (Bpn + Cmn)Slk;

5

n

i (aAmn oSt 9Aum asgk> i (asmn 0Al,  9Sum aA;k>
2 2

(C.6)

de Ot ot  Oe de Ot ot  Oe
- 1(625,% Sty Sun 0°Sly 0" S 82%)]
8 Y

92 Ot2 o2 92~ 9edot Otde
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with B(e, t) = XiX;Bij(e,t) and C(e,t) = 3, X;Ci(e, t). This relationship is used
to show that the matrices B(e,t) and C(e,t) do not contribute to the expansion of the

outgoing operator ¢q, in the limit of small temperature bias.
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