
IEEE SYSTEMS JOURNAL, VOL. , NO. , AUGUST 2021 1

Efficient Matrix Polynomial Expansion Detector for
Large-scale MIMO: An

Inverse-Transform-Sampling Approach
Qian Deng, Xiaopeng Liang, Member, IEEE, Qiang Ni, Senior Member, IEEE, and Jinsong Wu, Senior

Member, IEEE

Abstract—Matrix polynomial expansion (MPE) based detector
incurs either complicated computation of polynomial coefficients
or slow convergence in uplink large-scale MIMO (LS-MIMO)
systems. To solve these issues, an improved MPE (IMPE) detector
is proposed, which can speed up the convergence significantly
with uncomplicated polynomial coefficients. However, a chal-
lenging problem of performing IMPE is needed to compute
all the eigenvalues of channel covariance matrix in real time.
Unfortunately, directly calculating the eigenvalues of the channel
covariance matrix requires complexity, which is as costly as
the matrix inverse. To this end, an inverse-transform-sampling
based IMPE (ITS-IMPE) detector is proposed to enhance the
convergence rate and accuracy in a simple way. First, the closed-
form expression of the eigenvalue spectral cumulative distribution
function of the channel covariance matrix is deduced analytically,
which is a critical factor that influence the eigenvalues estimation.
Second, the improved polynomial coefficients of ITS-IMPE are
then introduced by a fast online ITS-based eigenvalues estimation
algorithm and a least-squares fitting procedure, which achieve a
well trade-off between precision and computation. Simulation
results exhibit that ITS-IMPE detector is able to achieve a sig-
nificant enhancement performance with much lower complexity
compared with many reported detectors under Rayleigh fading
channel and low spatial correlated channel.

Index Terms—Large-scale MIMO, Inverse-transform-
sampling, Matrix polynomial expansion, Fast convergence.

I. Introduction

LARGE-SCALE multiple-input multiple-output (LS-
MIMO) is regarded as a promising technology to

enhance the spectral/energy efficiency requirements for
the 5-th generation (5G) and beyond wireless systems
[1], [2]. However, enormous system dimensions impose
great challenges to signal detection in terms of practical
implementations and computational complexity [3].

A. Literature Review on LS-MIMO Detector
The nonlinear maximum-likelihood (ML) detector is con-

sidered as the optimal detector, but its complexity increases
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exponentially in LS-MIMO, or high-order modulations that
limit its applications in LTE, 5G and beyond [4], [5]. The
variants of ML detectors like sphere decoding (SD) detector
[6], K-best detector [7], reactive tabu search detector [8]
and belief-propagation-based detector [9], exhibit near-optimal
performance and lower complexity compared with ML detec-
tor. Nevertheless, these detectors are not the most suitable and
popular choice for LS-MIMO circuit implementation. Other
more complex detectors (e.g. approximate message passing
(AMP) [10]) are able to provide superior performance, but they
incur severe degradation for certain LS-MIMO configurations
[11]. By comparison, approximate inversion-based linear de-
tectors are popular for practical LS-MIMO systems, not only
for their good performance-complexity trade-off, but also for
easy implementation.

At present, a lot of attention has been paid to the ap-
proximate inversion-based linear detectors, among which the
iterative methods based detectors (e.g., the variants of Gauss-
Seidel (GS), the successive over relaxation (SSOR), and so
on) [3], [12]–[15] and matrix polynomial expansion-based
detectors [16], [17] exhibit advantages in performance and
low-cost. Among them, the former detectors suffer from
low parallelism and require calculation of the Gram matrix,
while the latter ones have advantages in high parallelism
and small computation latency [18]. It is widely known that
one typical application scenario of 5G is ultra-reliable and
low-latency communications (URLLC). Particularly, the end-
to-end delay of URLLC service is maintained below 1ms
[18], [19]. Therefore, the suitability of highly parallelizing
detector algorithms is a critical determinant in meeting strict
computational deadlines required for LS-MIMO in 5G and
beyond wireless networks. But in this scenario, various matrix
polynomial expansion-based detectors, such as Neumann Se-
ries Approximation (NSA) [20], [21], Cayley-Hamilton Theo-
rem with maximum eigenvalue (CHTME) [22] and truncated
polynomial expansion (TPE) [23], [24], suffer either slow
convergence performance or complicated computation of poly-
nomial coefficients in uplink LS-MIMO systems. In [23], [24],
a TPE method based on Taylor series expansion was proposed
to solve the precoding/detection problem. In this way, however,
all polynomial coefficients need to be recalculated once the
order of the polynomial changes, and the calculation of the
corresponding polynomial coefficients was very complicated.
To solve this problem, other simpler methods to calculate
the asymptotic polynomial coefficients were proposed in [22],
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[25]. Additionally, a weighted Neumann series approximation
algorithm (wNSA) was proposed to approximate matrix inver-
sion, in which only one parameter α was used to control matrix
polynomial expansion coefficients al, l ∈ {0, 1, 2, · · · , L − 1}
(al is the l-th polynomial coefficient) [26]. Nevertheless, they
incur a slow convergence performance.

B. Motivation and Contributions

In this paper, an improved matrix polynomial expansion
(IMPE) detector is designed, which can speed up the con-
vergence significantly with uncomplicated polynomial coeffi-
cients. Nevertheless, a challenging issue of designing these
coefficients is needed to obtain all the eigenvalues of channel
covariance matrix in real time. Unfortunately, the eigenvalues
estimation can only be obtained offline through numerical
integration and binary searching method [27], leading to
unsatisfactory performance in practical LS-MIMO scenarios.

In fact, user terminals (such as mobile phones, unmanned
aerial vehicles (UAVs) [28], sensors [29], vehicle to vehicle
(V2V) [30], and so on) usually access and are removed from
the cellular network randomly, which leads to the constan-
t change of eigenvalues of the channel covariance matrix.
Therefore, the fast estimation of all the eigenvalues online is
necessary and critical.

To this end, based on the aforementioned IMPE, a novel
inverse-transform-sampling based IMPE (ITS-IMPE) detector
is further proposed. Unlike [23], the improved polynomial co-
efficients proposed herein are developed by a fast online ITS-
based eigenvalues estimation algorithm and a least-squares
fitting procedure, which achieve a well trade-off between
precision and computation. Once the order of the matrix
polynomial or the number of user changes, the ITS-IMPE
algorithm will calculate the corresponding coefficients more
simply and efficiently. Importantly, the ITS-IMPE algorithm
are applicable to practical implementations not only for its
close-to-MMSE performance, but also for its low complexity
and hardware-friendly. The main contributions of this work
are as follows:

1) We design an IMPE detector, which can speed up
the convergence significantly with uncomplicated poly-
nomial coefficients. In order to fast estimate all the
eigenvalues online, we further proposed a novel ITS-
IMPE detector, where all the eigenvalues estimation of
the channel covariance matrix can be obtained at a
very low computational complexity. It means that the
negative impact on dimension change of practical LS-
MIMO scenarios can be significantly reduced.

2) We derive a closed-form expression of the eigenvalue
spectral cumulative distribution function (CDF) of the
LS-MIMO channel covariance matrix, which is almost
identical to the true CDF under different LS-MIMO
system configurations. This is the key to implement ITS-
IMPE detector. Furthermore, we deduce the improved
polynomial coefficients by the ITS-based eigenvalue
estimation algorithm and the least-squares fitting proce-
dure, achieving a good trade-off between approximation
accuracy and computation. When the order of the ma-

trix polynomial changes, calculation of the polynomial
coefficients becomes simple.

3) We verify the actual performance-complexity advan-
tage of the proposed ITS-IMPE detector in LS-MIMO
systems by simulation. In a word, the proposed ITS-
IMPE exhibits favorable stability for different channel
estimations and reaches a better trade-off between BER
performance and complexity load under Rayleigh fading
channel and low spatial correlation channel.

C. Outline of the Paper and Notations

Paper Outline: The remainder of this paper is organized
as follows. The system model is introduced in Section II.
IMPE and ITS-IMPE detectors are presented in Section III and
Section IV, respectively. Next, the computational complexity
is analyzed in Section V. And the simulation results are
illustrated in Section VI. Finally, the conclusion is drawn in
Section VII.

Notations: Matrices and column vectors are represent-
ed in uppercase and lowercase bold letters, respectively.
(·)∗, (·)H , (·)−1,Pr(·), λ(·) and ρ(·) stand for the complex con-
jugate, conjugate transpose, inverse, probability, eigenvalue
and spectral radius, respectively. Un(a, b) denotes a uniform
distribution with the lower endpoint a and upper endpoint
b. Additionally, diag(A) denotes the diagonal matrix, whose
elements consist of diagonal elements of matrix A. [Φ]i, j

represents the (i, j)-th element in matrix Φ. m ∼ CN(µ, ξ)
denotes that m is a complex random variable which obeys the
Gaussian distribution with mean µ and variance ξ.

II. SystemModel

We consider an uplink multiuser LS-MIMO scenario with
U single antenna users and B antennas at the base station side.
The received signal can be expressed as: y = Hs + n, where
H ∈ B×U denotes the channel matrix, n = [n1, · · · , nB] ∈ B×1

with nb ∼ CN(0, σ2
n), b ∈ {1, · · · , B} denotes the addi-

tive white Gaussian noise vector, and s denotes a (U × 1)-
dimensional transmitted symbols from constellation setA with
E{ssH} =EsIU . At the base station side, the MMSE estimate
of the transmitted symbols can be given by

ŝMMS E = (HHH+
σ2

n

Es
IU)−1HHy = G−1HHy, (1)

where G = HHH+ σ
2
n

Es
IU . Nevertheless, the direct calculation of

the estimations in (1) incurs a high complexity of O(BU2+U3)
and unfavorable hardware implementation [22]. Furthermore,
the computations are used for the Gram matrix G (i.e.,
O(BU2)), which are even higher than that of the matrix inverse
especially when B >> U.

III. The Proposed IMPE detector

To alleviate the aforementioned issuse, a novel IMPE al-
gorithm is proposed in this section, which does not require
computation of the Gram matrix and can further enhance
the convergence performance and accuracy of approximate
inversion-based MPE algorithm.
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According to the Neumann series theorem [11], [31],
the invertible matrix G−1 can be expressed as: G−1 =

κ
∞∑

l=0
(IU − κG)l ≈ κ

L−1∑
l=0

(IU − κG)l if lim
l→∞

(IU − κG)l = 0, which

holds for 0 < κ < 2/max λ(G) [23]. To speed up the
convergence rate, a set of weighting factor c0, c1, · · · , cL−1 is
introduced, thus G−1 is written as

G−1 = lim
η→∞
κ
∑η

l=0 (IU − κG)l

≈ ∑L−1
l=0 clκ(IU − κG)l,

(2)

where η and L denote the matrix polynomial terms. Let GL
∆
=∑L−1

l=0 clκ(IU − κG)l. According to binomial expansion theorem
[32], G−1 can be transformed into

G−1 ≈ GL

=
∑L−1

l=0
∑l

r=0 clκ

(
l
r

)
(−κ)lGl

= a0IU + a1G + a2G2 + · · · + aL−1GL−1.

(3)

Here, G−1 can be approximated by the first L-terms
of a weighted matrix polynomial. Consider that the
eigen-decomposition of G = VΛV−1, where Λ =

diag{Λ1,Λ2, · · · ,ΛU} and V = [v1, v2, · · · , vU]. Here, Λu(u =
1, 2, · · · ,U) is the u-th largest eigenvalue of G, vu ∈ CU×1(u =
1, 2, · · · ,U) is the u-th column eigenvector of G. Substituting
G = VΛV−1 into (3), we have

VΛ−1V−1

≈ a0VV−1 + a1VΛV−1 + a2VΛ2V−1 + · · · + aL−1VΛL−1V−1

= V(
∑L−1

l=0 alΛ
l)V−1,

(4)
i.e., Λ−1 ≈ ∑L−1

l=0 alΛ
l. Thus, without computing V, al(l =

1, 2, · · · , L−1) can be obtained by solving the following linear
equations

1/Λ1
1/Λ2
...
1/Λu
...
1/ΛU


≈



1 Λ1 · · · ΛL−1
1

1 Λ2 · · · ΛL−1
2

...
1
...

...
Λu
...

...
· · ·
...

...
ΛL−1

u
...

1 ΛU · · · ΛL−1
U





a0
a1
...
au
...

aL−1


.

(5)
To solve linear equations (5), in this paper, we use the classic
least-squares method with complexity O(UL2), where L <<
U. One of the most critical issue of solving (5) is to obtain
eigenvalues Λu(u = 1, 2, · · · ,U). The IMPE algorithm with
the efficient polynomial coefficients {a0, a1, · · · , al, · · · , aL−1} is
summarized in Algorithm 1.

Observe that the calculation of ŝMMS E ≈ (a0IU+a1G+a2G2+

· · ·+aL−1GL−1)HHy involves multistage parallel multiplications
of matrix-vector, such as y3

∆
= Gy1 = HHy2 +

σ2
n

Es
y1 where

y2
∆
= Hy1 and y1

∆
= HHy. Nevertheless, directly calculating

the eigenvalues of G requires the computational complexity
of O(U3), which is as much as that of the matrix inverse. The
work [27] proposed a an eigenvalue estimation approach from
the specified distribution fλ(x), which is expressed as:∫ dl

dl−1
fλ(x)dx = (dl − dl−1) fλ(xu)

= 1
U ,

(6)

Algorithm 1: The IMPE algorithm

Input: B, U, L, y, H ∈ CU×B.
Output: GL.

1 Calculate the exact eigenvalues Λu(u = 1, 2, · · · ,U) of G.
2 Λ = diag{Λ1,Λ2, · · · ,ΛU}
3 Based on (5), the efficient polynomial coefficients
{a0, a1, · · · , al, · · · , aL−1} are calculated.

4 Based on VΛ−1V−1 = V(
∑L−1

l=0 alΛ
l)V−1, GL is calculated

in (3).
5 ŝ ≈ GLHHy.

where d0 < d1 < · · · < dU are the U + 1 points located
on the horizontal axis. Here, the horizontal axis is x which
represents the range of eigenvalues. And dl is defined as:∫ dl

d0
fλ(x)dx = l/U, l = 1, 2, · · · ,U − 1. After {dl}Ul=0 are cal-

culated, the eigenvalues can be estimated as

xu = f −1
λ [

1
U(dl − dl−1)

], u = 1, 2, · · · ,U. (7)

However, these points d1, · · · , dU−1 can only be calculated
offline through numerical integration and binary searching
method [27], leading to unsatisfactory performance in prac-
tical scenarios. Furthermore, users randomly access and are
removed from the cellular network, leading to the con-
stant change of the number and the value of these points
d1, · · · , dU−1.

IV. The Proposed ITS-IMPE detector

To tackle the aforementioned issue, by making full use
of the typical properties of LS-MIMO channel matrices, an
ITS-IMPE detector is proposed in this section. Compared
with other sampling methods, such as reject sampling and
Monte Carlo methods, ITS method demonstrates excellent
performance, greater simplicity and intuitiveness [33]. Next,
we will detail the ITS-IMPE detector as follows.

First, a fast online ITS-based eigenvalues estimation algo-
rithm consists of the following three steps:
1) Step 1: Deduce the closed-form expression of the CDF,
e.g., Fλ(x), of eigenvalues Λu(u = 1, 2, · · · ,U) based on its
empirical probability density distribution function;
2) Step 2: Calculate the inverse of the desired CDF which is
obtained in Step 1, e.g., F−1

λ (x);
3) Step 3: Generate U uniform numbers within the interval
[0, 1] and substitute them into the inverse function of the
CDF as input, then the results can be used as the eigenvalues
estimation.

Second, the improved polynomial coefficients of ITS-IMPE
is then introduced by the above on-line ITS-based eigenvalues
estimation algorithm and a least-squares fitting procedure. The
specific design and analysis is as follows.

A. Inverse-transform-sampling Scheme

Theorem 1. (Adapted from [33]): Let Z be the random
variable, and its CDF is FZ

∆
= Pr{Z ≤ z},−∞ < z < +∞.
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F−1
Z (m) is defined as FZ

−1(m) ∆= inf{z : FZ(z) = m}. If random
variable M ∼ Un(0, 1), then for all z ∈ R, the equation

Pr(F−1
Z (M) ≤ z) = Pr(inf{t : FZ(t) = M} ≤ z)

= Pr(M ≤ FZ(z)) (8)
= FM(FZ(z))
= FZ(z),

where inf{A} and Un(a, b) stand for the infimum of set A and
a uniform distribution on the interval (a, b), respectively. Thus,
Z satisfies Z = F−1

Z (M), M ∼ Un(0, 1).
Theorem 1 demonstrates that given a standard uniform

distribution variable M on the interval (0, 1), and an invertible
CDF FZ , then the variable Z = F−1

Z (M) obeys the distribu-
tion of FZ . That is to say, using Theorem 1, the number
M ∼ Un(0, 1) can be used to generate the sampling values,
which are distributed as the specified distribution. However,
the critical factor of the implementation of ITS scheme is to
find the CDF, i.e, FZ . An intuitive diagram of the processing
of ITS scheme is presented in Fig. 1.

B. CDF of the Eigenvalues of LS-MIMO Channel Covariance
Matrix

In the lemma below, we derive the closed-form expression
of the eigenvalue empirical CDF of LS-MIMO channel co-
variance matrix for Rayleigh fading channels.

Lemma 1: In Rayleigh fading channels, for large-(B,U)
regime with U/B → τ, the empirical cumulative distribution
of channel covariance matrix eigenvalues λ(ĤHĤ) will almost
surely converge to a certain limit distribution as

Fλ(x) =
∫ x

a
fλ(x)dx

=

∫ x

a
(1 − 1/τ)+δ(x)+

√
(x − a)+(b − x)+

2πτx
dx (9)

=
1

2πτ
[
√
−x2 + 2(1 + τ)x − (1 − τ)2

− |1 − τ| arcsin
3

2
√
τx
+ (1 + τ) arcsin(

1 + τ − x
2
√
τ

) + πτ],
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Fig. 1. The schematic diagram of ITS method.

where Ĥ = 1/
√

BH.
Proof: For LS-MIMO, with the Marcenko-Pastur distribu-

tion, empirical probability density function (PDF) of λ(ĤHĤ)
converges to fλ(x)=(1 − 1/τ)+δ(x) +

√
(x − a)+(b − x)+/2πτx,

where (e)+ = max(0, e), a = (1 −
√
τ)2, and b=(1+

√
τ)2 [34],

[35]. Let Ψ ∆
= (x − a)(b − x), θ ∆= −ab, ϑ ∆= a + b, c = −1,

∆
∆
= 4θc − ϑ2 = −(a − b)2 < 0. If θ < 0, ∆ < 0, c < 0,√
ϑ2 − 4θc = (a + b)2 − 4ab = b − a, thus, we have

1
2πτ

∫ √
Ψ

x
dx =

1
2πτ

[
√
Ψ + θ

∫
1

x
√
Ψ

dx +
ϑ

2

∫
1
√
Ψ

dx],

(10)
where ∫

1

x
√
Ψ

dx =
1
√
−θ

arcsin
2θ + ϑx

x
√
ϑ2 − 4θc

, (11)∫
1
√
Ψ

dx = − arcsin(
2cx + ϑ
√
−∆

). (12)

Substituting (11) and (12) into (10). Then we can obtain:

1
2πτ

∫ √Ψ
x dx

= 1
2πτ [
√
Ψ −
√
−θ arcsin 2θ+ϑx

x
√
ϑ2 − 4θc

− ϑ2 arcsin( 2cx+ϑ√
−∆

)]

= 1
2πτ [
√
Ψ −
√

ab arcsin (a+b)x−2ab
x(b−a) − a+b

2 arcsin( a+b−2x
b−a )].

(13)
Note that the range of λu(ĤHĤ), u ∈ {1, · · · ,U} is [a, b]

[34]. According to the definition of CDF, we have

Fλ(x) =
∫ x

a fλ(x)dx

=
∫ x

a (1 − 1/τ)+δ(x)+
√

(x − a)+(b − x)+
2πτx dx

= 1
2πτ [

√
−x2 + (a + b)x − ab −

√
ab arcsin (a+b)x−2ab

x(b−a)

− (a+b)
2 arcsin( a+b−2x

b−a ) − Fλ(a)],
(14)
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Fig. 2. CDF of the eigenvalues of ĤHĤ under different LS-MIMO system
configurations.
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Fλ(a) = 1
2πτ [

√
−x2 + (a + b)x − ab −

√
ab arcsin (a+b)x−2ab

x(b−a)

− (a+b)
2 arcsin( a+b−2x

b−a )] |x=a

= 1
2πτ
π(
√

a−
√

b)
2

4 .
(15)

Thus, a closed-form expression of Fλ(x) can be obtained by

Fλ(x) = 1
2πτ [

√
−x2 + (a + b)x − ab −

√
ab arcsin (a+b)x−2ab

x(b−a)

− (a+b)
2 arcsin( a+b−2x

b−a ) + π(
√

a−
√

b)
2

4 ].
(16)

Substituting a = (1 −
√
τ)2 and b = (1 +

√
τ)2 into (16).

Thus, Lemma 1 is proved. As presented in Fig. 2, the closed-
form expression of CDF deduced by (9) is almost identical
to that of the true CDF under different LS-MIMO system
configurations. Therefore, it is a perfect match between our
theoretical analysis and simulation results.

C. ITS-based Eigenvalues Estimation

Since Fλ(x) is a monotonically increasing function (i.e., m ≤
n ⇒ Fλ(m) ≤ Fλ(n)), there exists an inverse function F−1

λ (x),
x ∈ [0, 1), and F−1

λ (x) must also be monotonically increasing
(i.e., m ≤ n ⇒ F−1

λ (m) ≤ F−1
λ (n)). According to (9), it is very

difficult to calculate the analytical expression of F−1
λ (x). Thus,

the linear approximation is used. More specifically, the interval
[a, b] is firstly partitioned into K segments, then we have a =
x0 < x1 < · · · < xk < · · · < xK = b, ∀k ∈ {1, 2, · · · ,K}. Each
interval ∆t =

b−a
K , so xk = x0 + ∆tk. Then, the linear function

is calculated within [a, b]:

v′ = Fλ(xk−1) + δk(x − xk−1), xk−1 ≤ x ≤ xk, (17)

where δk =
Fλ(xk)−Fλ(xk−1)

xk−xk−1
. Then the expression of the inverse

of v′ is

(v′)−1 =
x − Fλ(xk−1)

δk
+ xk−1, Fλ(xk−1) ≤ x ≤ Fλ(xk). (18)

Since lim
K→∞

(v′)−1 = F−1
λ (x), thus, an approximately closed-form

expression of the inverse function of CDF is given by

F−1
λ (x) =

x − Fλ(xk−1)
δk

+ xk−1, Fλ(xk−1) ≤ x ≤ Fλ(xk). (19)

Note that the value of K should be properly selected in
practice to trade-off the approximate accuracy and complexity
of the inverse function. Next, U uniform distributed samples
(xn1, · · · , xnu, · · · , xnU) are generated within the interval (0, 1).
According to Theorem 1, we substitute (xn1, · · · , xnu, · · · , xnU)
into (19) as x and output the samples F−1

λ (x) which obey the
PDF distribution. Thus, F−1

λ (xnu), u ∈ {1, 2, · · ·U} can be used
as the estimated value of λu(ĤHĤ), u ∈ {1, 2, · · · ,U}. There-
fore, it yields the ITS-based eigenvalues estimation algorithm.
Its implementation is detailed in Algorithm 2.

Since G = HHH + σ
2
n

Es
IU , the eigenvalues of G can be

approximated by

Λu = Bλu(ĤHĤ) + σ
2
n

Es

≈ BF−1
λ (xnu) + σ

2
n

Es
, u ∈ {1, 2, · · · ,U}

(20)

Algorithm 2: Online ITS-based eigenvalues estimation
algorithm
Input: B, U.
Output: λu(ĤHĤ), u ∈ {1, 2, · · · ,U}.

1 Compute Fλ(x) by (9).
2 Compute U uniform distributed samples

(xn1, · · · , xnu, · · · , xnU) within the interval (0, 1).
3 Compute λu(ĤHĤ), u ∈ {1, · · · ,U} by (19).
4 Compute Λu, u ∈ {1, 2, · · · ,U} by (20).

As discussed above, once Fλ(x) and F−1
λ (x) is deduced ana-

lytically, the eigenvalues estimation of G in the proposed ITS-
based algorithm can be obtained with a very low complexity
O(U).

D. LLR Approximation

To enhance the accuracy of ITS-IMPE detector, the log-
likehood ratios (LLRs) which can be extracted from soft
decision [4], [36], is employed. Let R = G−1HHH and
P = RG−1, where the equivalent channel matrix is denoted by
R, and the equivalent channel gain is denoted by µu = R(u,u).
Then, the noise-plus-interference (NPI) variance can expressed
as

v2u =

U∑
i ̸=u

|R(i,u)|2+P(i,i)σ
2
n, (21)

where R(i,u) and P(i,i) denote the (i, u)-th element in matrix R
and the (i, i)-th element in matrix P, respectively. The LLR of
bit b for the u-th user can be computed by [4], [36]

Lu,b =
µ2

u

v2u
(min

q∈S 0
b

| ŝu

µu
−q|2 − min

q′∈X1
b

| ŝu

µu
−q′|2). (22)

Here, S 0
b and S 1

b are the b-th bit of the symbol from
constellation set A, where the b-th bit is 0 and 1. The
proposed ITS-IMPE algorithm is summarized in Algorithm
3. Meanwhile, a functional diagram of ITS-IMPE processing
and detection is given in Fig. 3.

E. Numerical Evaluation of Convergence Performance

We compare ITS-IMPE with wNSA [26] to demonstrate
the convergence performance of ITS-IMPE detector. Ac-
cording to [26], the L−term wNSA is written as: GL

∆
=∑L−1

n=0 (I − (αD−1)G)n(αD−1), where D = diag(G), 0 < α < 1.
By setting α = 1, wNSA is called INSA [20]. Fig. 4 shows
that, with fixed B = 128, the INSA diverges for U = 32 and
U = 40. The reason is that when B/U < 5.8, the spectral radius
of the convergence matrix of INSA ρ(IU−D−1G) > 1 [37], and
the INSA can not satisfy the condition for converging to G−1.
At the same time, two preferable wNSA (α = 0.5 (selected by
[26]), α = 0.67) converge at different rates for U = 16, U = 24,
U = 32 and U = 40. By contrast, when the same L (e.g.,
L > 2) is used, the convergence performance of ITS-IMPE
with different weighting factors {a0, a1, · · · , al, · · · , aL−1} is
obviously enhanced compared with that of wNSA with a fixed
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Fig. 3. Functional diagram of ITS-IMPE processing and detection.
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modulation.

Algorithm 3: The ITS-IMPE detector

Input: B, U, L, y, H ∈ CU×B,G = HHH.
Output: Lu,b.

1 Generate U uniform numbers (xn1, · · · , xnu, · · · , xnU)
within the interval [0, 1].

2 Compute τ, a, b by τ=U/B, a = (1 −
√
τ)2, and

b=(1+
√
τ)2.

3 Based on PDF fλ(x), the empirical CDF of
λu(ĤĤH), ∀u ∈ {1, · · · ,U} can be calculated by (9).

4 Based on CDF Fλ(x), the approximately inverse function
of the CDF F−1

λ (x) can be calculated by (19).
5 Plug (xn1, · · · , xnu, · · · , xnU) into the approximately

closed-form expression (19) as x, the estimated values of
Λu(u = 1, 2, · · · ,U) can be obtained by (20).

6 Λ = diag{Λ1,Λ2, · · · ,ΛU}
7 By using the least-squares fitting procedure to solve (5),

the efficient polynomial coefficients {a0, · · · , al, · · · , aL−1}
are calculated.

8 Calculate ŝ ≈ (a0IU + a1G + a2G2 + · · · + aL−1GL−1)HHy.
9 LLR Approximation:

10 for u = 1 : U do
11 for b = 1 : log2|A| do
12 Lu,b =

µ2
u

v2u
(min

q∈S 0
b

| ŝu
µu
−q|2 − min

q′∈X1
b

| ŝu
µu
−q′|2).

13 end
14 end

parameter. Furthermore, the benefit brought by the proposed
ITS-IMPE can be shown in Fig. 5. As the number of users
increased from 16 to 32, the bit error rate (BER) performance
of INSA suffers obvious divergence since ρ(IU − D−1G) > 1.
Meanwhile, by choosing α = 0.5 [26], the convergence perfor-
mance of wNSA shows some improvement. Undoubtedly, the
optimal choice of weight factor has a vital influence on the
convergence performance. However, the improvement brought
by wNSA is limited. This is due to the fact that only one
parameter α is used to implement matrix polynomial expansion
and the spectral radius of the iterative matrix ρ(IU − (αD−1)G)
increases with an increase in U. To further enhance the conver-
gence rate and accuracy, by introducing efficient polynomial
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coefficients {a0, a1, · · · , al, · · · , aL−1}, the ITS-IMPE is able to
achieve a significant enhancement performance. Furthermore,
a performance bound of the ITS-IMPE algorithm which is
obtained by IMPE algorithm is also used as the benchmark for
comparison. Fig. 5 depicts that, without directly calculating
the true eigenvalues and the complicated matrix inversion
operations, ITS-IMPE algorithm can fast converge to the exact
MMSE and its performance bound even when the number of
users increases. This can be explained by the fact that the
proposed ITS-based sample values can be used to estimate
the true eigenvalues simply and effectively.

V. Complexity Analysis
Computational complexity analysis and comparison is given

in this section.
For a given L, ŝ can be obtained by

ŝ ≈ (a0IU + a1G + a2G2 + · · · + aL−1GL−1)HHy

=a0y1+a1(HHy2 +
σ2

n

Es
y1︸           ︷︷           ︸

y3

)+a2(HHy4 +
σ2

n

Es
y3︸           ︷︷           ︸

y5

)+ · · ·

+aL−1(HHy2L−2 +
σ2

n

Es
y2L−3︸                   ︷︷                   ︸

y2L−1

)

=a0y1+a1y3+a2y5+a2y7 · · ·+aL−1y2L−1

, (23)

where



y2L−1
∆
= Gy2L−3 = HHy2L−2 +

σ2
n

Es
y2L−3

...

y3
∆
= Gy1 = HHy2 +

σ2
n

Es
y1

y2
∆
= Hy1

y1
∆
= HHy

.

From (23), the calculation of ŝ involves multistage parallel
multiplications of matrix-vector (see Fig. 3 for detail). Hence,
the complexity for the calculation of ŝ is :

N = (2L − 1) BU + 2UL − U. (24)

Note that the number of complex-valued multiplications
(NCMs) [38] is considered in the computation complexity.
In addition, the number of NCMs involved in estimating the
eigenvalues and performing least-squares method is approxi-
mately NLS = 3U+UL2 (U >> L), and the complexity of LLR
approximation is: NLLR = U2 + U. Thus, without computing
the Gram matrix, the overall complexity of ITS-IMPE can be
calculated by:

Ntotal=N+NLS+NLLR

= (2L − 1) BU + 2UL + 3U + UL2 + U2,
(25)

which is evidently lower than many of the reported methods
(see TABLE I). For the fair comparison of complexity and
performance, the max-log LLR approximation is taken into
account by all detectors in TABLE I. L1 denotes the initial
settings of Gauss-Seidel-NSA (GS-NSA) and RSI (i.e., the
first L1-terms of NSA in GS-NSA [39] and the first L1 initial
value of RSI [40]). Lit denotes the number of iterations in CG,
QRI, CD, GS-NSA, JS-CD and RSI algorithms. Also note that
Gram matrix calculations cannot be avoided in many of the
reported methods, such as GS-NSA, JC-SD, CG, RSI and so
on.

TABLE I
Computational complexities comparison

Detector scheme Computational Complexity

MMSE ((B + 7)U2 + U3 + 3BU + 2U)/2
NSA/wNSA(L ≥ 2) [20] (B + 1)U2 + BU + UL2 + U3 + U
CG [41] [22] (BU2 + 3BU)/2 + (2U2 + 7U)(Lit − 1) + U + U2

QRI [42] (B/2 + 1)U2 + 2BU + (2U2 + U)Lit + U
CD [43] Lit(4BU2 + 2U) + U + U2

CHTME [22] (2L + 2)BU + (3L − 1)U + U2

JC-SD [44] 2BU2 + 4BU + 5U2 + 13U + 4LitU2

GS-NSA [39] BU2/2 + (Lit + 2L1 − 1)U2 + 4U
RSI [40] BU2/2+BU+2U2+4U + (U2+2U+4)Lit
Proposed ITS-IMPE (2L − 1) BU + 2UL + 3U + UL2 + U2

VI. Simulation Results

To validate the performance of proposed ITS-IMPE de-
tector, the BER of ITS-IMPE is studied and compared with
exact MMSE, CG [41], QRI [42], CHTME [22], JCSD [44],
GS-NSA [39], RSI [40] under perfect channel estimation and
maximum likelihood (ML) channel estimation [45]. For simu-
lations, independent and identically distributed (i.i.d.) Rayleigh
fading channel, spatial correlation channel, and an uncoded
LS-MIMO system with B = 128 and U = {16, 32, 40} are
considered. K is set to 8. At the same time, two modulations,
16-QAM and 64-QAM, are adopted.

First, the i.i.d. Rayleigh fading channel is taken into account.
As presented in Fig. 6, using L = 3 is sufficient for ITS-IMPE
to fast achieve almost the same BER performance as the exact
MMSE, performing better over all the considering modulations
under perfect channel estimation, when B = 128,U = 16.
Furthermore, the proposed ITS-IMPE is superior to that of oth-
er reported algorithms such as CG, QRI, GS-NSA, CHTME,
RSI and JCSD, which have apparently low complexity (see
TABLE I and Fig. 8), especially when 64-QAM is employed.
Moreover, with the decrease of base-station to user antenna
ratios (BUARs), CHTME and JCSD suffer severe divergence.
And at the same time, CG and QRI incur slow convergence
performance, but ITS-IMPE can still obtain the similar near-
optimal BER performance as exact MMSE. Thus, more user
terminals can be served in the cellular network (such as
sensors [29], unmanned aerial vehicles (UAVs) [28], vehicle
to vehicle (V2V) [30], etc). As shown in Fig. 6, at BER 10−4

with B = 128,U = 32 for 16-QAM, ITS-IMPE (L = 6)
outperforms the CG (Lit = 6) by 1.5 dB, outperforms GS-NSA
(L1 = 2, Lit = 2) by 2 dB, outperforms QRI (Lit = 6) by 2.1 dB
and outperforms RSI (L1 = 2, Lit = 4) by 0.5 dB, but at BER
10−4 with B = 128,U = 40 for 16-QAM, ITS-IMPE (L = 7)
outperforms the CG (Lit = 7) by 4.9 dB, outperforms QRI
(Lit = 7) by 5.2 dB. Additionally, GS-NSA (L1 = 2, Lit = 4)
and RSI (L1 = 2, Lit = 5) with higher iterations not only is
inferior to ITS-IMPE by a 0.2 dB and a 0.4 dB gap, but also
suffers higher complexity burden. For higher-order modula-
tions (e.g., 64-QAM), the BER performance advantage of ITS-
IMPE is further increasing. In other words, the proposed ITS-
IMPE detector is able to achieve a significant enhancement
performance, and its complexity advantage is discussed in Fig.
8.
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Fig. 6. BER performance comparison with perfect channel estimation in B = 128, U = {16, 32, 40} LS-MIMO systems.
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Fig. 7. BER performance comparison with ML channel estimator in B = 128, U = {16, 32, 40} LS-MIMO systems.

Fig. 7 compares the BER performance of different algo-
rithms with ML channel estimator under different LS-MIMO
configurations. As observed in Fig. 7, the SNR required by
exact MMSE to reach BER 10−4 increases compared with
perfect channel estimation. Some detectors like CHTME and
JCSD fail to converge when BUARs decreases (i.e., small
B/U). However, the proposed ITS-IMPE not only maintains
at a near-MMSE level, but also outperforms other algorithms
even with smaller BUARs and higher-order modulations, when
the ML channel estimator is employed. It further verifies the
effectiveness and robustness of the ITS-IMPE detector.

Further, a clear overview of the performance-complexity
trade-off under different channel estimations is provided in
Fig. 8. As depicted in Fig. 8, the horizontal and vertical axes
denote the SNR loss of each detection algorithm at a specific
BER compared with exact MMSE and the complexities of
the detection algorithms, respectively. On the horizontal axis,
the smaller the SNR loss of the algorithms compared with
exact MMSE, the better the algorithm performance. On the
vertical axis, the less the NCMs, the lower the computational
complexity. We find that the proposed ITS-IMPE detector,
which comes with an improved matrix polynomial expansion
to avoid matrix inversion operation, has a much lower com-
putational cost compared with that of exact MMSE. At the
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Fig. 8. The performance-complexity trade-off comparison for different
detectors under different channel estimations. Exact MMSE is used as the
benchmark to compare the SNR loss of ITS-IMPE, CG, GS-NSA, QRI
detectors. JCSD and CHTME detectors is not compared in this figure, since
the BER performance of these two detectors are declining sharply, which
cannot achieve the illustrated BER level.
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same time, its performance remains almost the same as the
benchmark. From Fig. 8, with different channel estimations,
ITS-IMPE is not only superior to GS-NSA, CG, QRI, but also
consume obvious lower computational cost. For example, with
the perfect channel estimation for 64-QAM, ITS-IMPE with
6 polynomial terms can achieve near MMSE performance at
BER 10−3 when B = 128,U = 32, but the computational cost
of ITS-IMPE is about 52.7% of MMSE. At the same time,
the SNR loss of ITS-IMPE at BER 10−3 shows a decrease
of 27.5 dB from that of GS-NSA (L1 = 2, Lit = 2), 9.8
dB from that of CG (Lit = 6) and 22 dB from that of QRI
(Lit = 6), respectively, but it only consumes 68%, 56.7% and
54% computational cost of that of GS-NSA, CG and QRI,
respectively. In addition, ITS-IMPE with 6 terms is superior
to RSI (L1 = 2, Lit = 4) by a 0.2dB gap, but the computational
cost of ITS-IMPE is about 64% of RSI. With ML channel
estimation for 64-QAM, as shown in Fig. 8, the SNR loss
of ITS-IMPE with 7 terms also shows a decrease of 1 dB
from that of GS-NSA (L1 = 2, Lit = 4), 7.5 dB from that
of CG (Lit = 8), and 12.3 dB from that of QRI (Lit = 8),
at BER 10−3 when B = 128,U = 40, but it only consumes
62.2%, 52% and 50% computational cost of GS-NSA, CG and
QRI, respectively. In this case, RSI performs well, but the ITS-
IMPE is still slightly better than it in both performance and
complexity. Hence, the proposed ITS-IMPE exhibits favorable
stability for different channel estimations and reaches a better
trade-off between BER performance and complexity.
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Finally, to further investigate the convergence performance
of the different algorithms in correlation channel environment,
the BER performance comparison among the detectors versus
different L or Lit is given in Fig. 9. Note that the exponential
correlation model which depicts the spatial correlation of LS-
MIMO channels is adopted here [4], [23]. The exponential
model is modeled as [46]: [Φ]i, j = ξ

j−i, when i ≤ j;
[Φ]i, j = (ξi− j)∗, when i > j, where ξ (0 ≤ ξ ≤ 1) represents
magnitude of the correlation between two adjacent antennas at
the base station side. Thus, spatially correlated channels, H̃ is

modeled as [47]: H̃=Φ1/2H, where H ∈ CB×U represents the
Rayleigh fading coefficients with i.i.d. Gaussian elements. We
made the BER performance of exact MMSE as the benchmark.
From Fig. 9, INSA, CHTME and JCSD unable to converge,
meanwhile CG and QRI suffer slow convergence performance
in low correlation channel (ξ = 0.2) under both perfect and
ML channel estimations, when B = 128,U = 32 for 16-
QAM. As shown in Fig. 9, we can notice that RSI also
fails to converge in the low correlation environment. This is
due to the fact that RSI is a semi-iterative method based on
Richardson iteration for signal detection, and it is difficult for
Richardson iteration to produce more reliable iterative result
for correlation channel. Additionally, as illustrated in Fig. 9,
the proposed ITS-IMPE with a few numbers of polynomial
terms can converge to exact MMSE under both perfect and ML
channel estimations, which shows the performance advantage
of ITS-IMPE in low correlated channel scenarios. For high
correlated channel scenarios (ξ = 0.7), ITS-IMPE suffer severe
divergence, it is because the empirical PDF is no longer ap-
plicable to high correlated channel environment [34], causing
the deduced CDF (9) to be inapplicable. Therefore, obtaining
the closed-form expression of eigenvalue CDF of channel
covariance matrix with different propagation environments is
the key to implement ITS-IMPE detector.

VII. Conclusion
Based on the proposed IMPE, we have further designed

a novel data-detection scheme, ITS-IMPE detector, which
can fast reach near-optimal performance of MMSE and its
performance bound in both perfect channel estimation and ML
channel estimation. The proposed detector does not require
calculation of the Gram matrix and thus presents very low
complexity. Furthermore, it is able to enable pipelining to
execute multistage parallel structure for different modulations
and hence exhibits low-cost and hardware-friendly. Theoretical
and simulation results have shown the actual performance-
complexity advantages of the proposed ITS-IMPE detector for
LS-MIMO systems under Rayleigh fading channel and low
spatial correlation channel.

As future work, there are many potential applications.
The proposed design can be extended to other more com-
plex detectors, such as expectation propagation with approx-
imation (EPA) [26] [48] [49], ADMM-based infinity-norm
(ADMIN) [36] [50], and so on, which involve underlying
high-dimensional matrix inversion operations and outperform
MMSE performance. Also, it can be used as a new iterative
initial solution for other iterative algorithms, such as GS,
CG, and so on. Furthermore, it can be used as a promis-
ing preconditioning matrix for some algorithms like Steepest
Descent [37] to improve the convergence rate. Finally, the
multilevel block matrix partition based on the correlation
channel eigenvalue spectral CDF is further employed in the
proposed design for high correlated channel scenarios, which
is a part of ongoing work.
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