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Abstract

Existing changepoint approaches consider changepoints to occur linearly in time;
one changepoint happens after another and they are not linked. However, data pro-
cesses may have regularly occurring changepoints, e.g. a yearly increase in sales of
ice-cream on the first hot weekend. Using linear changepoint approaches here will
miss more global features such as a decrease in sales of ice-cream due to other product
availability. Being able to tease these global changepoint features from the more local
(periodic) ones is beneficial for inference. We propose a periodic changepoint model
to model this behavior using a mixture of a periodic and linear time perspective.
Built around a Reversible Jump Markov Chain Monte Carlo sampler, the Bayesian
framework is used to study the local (periodic) changepoint behavior. To identify the
optimal global changepoint positions we integrate the local changepoint model into
the pruned exact linear time (PELT) search algorithm. We demonstrate that the
method detects both local and global changepoints with high accuracy on simulated
and motivating applications that share periodic behavior. Due to the micro-macro
nature of the analysis, visualization of the results can be challenging. We additionally
provide a unique perspective for changepoint visualizations in these data sequences.
Supplementary Materials for this article are available online.

Keywords: PELT, segmentation, periodicity, level shift, house price index, North Atlantic
Oscillation



1 Introduction

In a world constantly challenged by change, identifying the points of change is of cru-
cial importance for researchers in all fields including health, finance, and the environment.
However, what if some processes exhibit a periodic (e.g. yearly) change and understanding
how constant this periodicity is might be of interest? Such non-stationary data sequences
experiencing sudden change in their structure can be studied using changepoint analysis,
where often the changes can be described by changes in means, variance or other distribu-
tional characterizations. The roots of research in changepoint analysis date back to 1950s
in the area of statistical process control (Page, 1955). Since then, changepoint based prob-
lems can be found far beyond statistical sciences and include engineering, environmental
sciences, linguistics and many others.

There are a number of changepoint methods developed for both frequentist and Bayesian
inference. Traditional multiple changepoint search algorithms consider a one scale perspec-
tive where a single data sequence is partitioned into a number of segments, that best
describe the characteristics of interest, per segment. Among the most notable frequentist
changepoint search algorithms are binary segmentation (BS) (Scott and Knott, 1974) and
pruned exact linear time (PELT) (Killick et al., 2012), with Bayesian alternatives repre-
sented by filtering mechanism (Fearnhead, 2006) and hidden Markov models (Reeves et al.,
2007). For more comprehensive overview of modeling techniques and assumptions please
see Eckley et al. (2011); Reeves et al. (2007).

The majority of changepoint algorithms evaluate from a sequential time perspective;
treating the process prior to the change as independent from the process after the change.
This approach is statistically convenient but the assumption is often not satisfied in real-
world applications. In this paper we want to challenge this idea by introducing a nested
or dual-level structure. Specifically, we consider that the data generating process possesses
a macro and micro changepoint structure. The structure of the macro-level represents the
aforementioned overall pre- and post- changepoint independence. The micro-level, however,
represents a periodic structure whereby there is a reoccurring pattern of abrupt changes

over a given macro-level segment. For example, a 24/7 customer support service may ob-



serve a regular daily changepoint pattern in demand, but the introduction of a new product
or a failure could impact the level of demand in one or more daily segments, and perhaps
simultaneously change when the transitions occur. The introduction of changepoint peri-
odicity at the micro-level introduces dependence as one would expect the same underlying
process at a given point within the period every time that period occurs until the next
macro-level changepoint event. This gives a parsimonious representation as each period
has the same underlying distribution.

As a motivating application consider the UK house sales price index (HPI) dynamics
(Figure 1). The data is expected to have changes in mean within the year (micro behavior)
as well as macro changes due to, for example, recessions. There are a total of 216 time
points which are split in 18 periods of length 12. A quick observation would note at least
one potential changepoint position at around the year 2010.

Rather than the overall index, Fryzlewicz (2020) consider averages of “inner” and
“outer” London boroughs. They argue that there are considerable numbers of change-
points in both series. Upon further inspection one can ascertain that these may be exhibit-
ing periodic changepoint behavior characterizing the larger and smaller values on a yearly
basis.

Considering again the overall sequence of HPI, there is arguably a periodic nature to
the highs and lows each year in parts of the series. Using a linear time solution might
pose an identification problem for the micro scale events as a high number of changepoints,
with short segments, would need to be estimated to describe the observed data, as in Fry-
zlewicz (2020). Furthermore, even if all changepoints are identified, as these are estimated
independently they are unlikely to align within each period as the periodic nature is not
utilized. Practitioners also would like to separate out the year-to-year expected variation
from the macro-level changes. This is not possible within the linear time framework.

Fitting two linear time changepoint algorithms, PELT (Killick et al., 2012) and WBS2
(Fryzlewicz, 2020) with changes in mean and variance and default penalties (Figure 1),
they identify a few changepoints separating the series into distinct segments, with some,

but not all, shorter segments as they cannot take into account the micro periodic structure.
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Figure 1: (a) Changepoints identified using Normal likelihood with PELT search algorithm
and default penalty (b) Changepoints identified using mean change with WBS2 search
algorithm and default parameters.

In this paper, we propose a novel method that permits the investigation of the micro-
level periodic changepoints alongside the overall macro-level changes. We extend the pre-
vious work of Taylor et al. (2021) for Binary observations to continuous observations and
combine it with the method of Killick et al. (2012) to create a single inference scheme. This
novel approach simultaneously estimates both the micro and macro-level changes, directly
allowing them to influence each other. As the micro-level changepoints are characterized
as periodic, they require fewer parameters than traditional linear changepoint detection.
Therefore we explicitly identify, in a parsimonious way, changepoints that occur regu-
larly and those which are more structural. Alongside this novel micro-macro changepoint
methodology, we simultaneously propose innovative visualizations to assess the results,
helping practitioners make inferences and take decisions.

The structure of the paper is as follows. Section 2 describes our novel approach with
2.2 and 2.3 covering the micro and macro methodology respectively. This section pays
particular attention to derivation of the posterior distribution and overview of the prior
distribution for parameters that are used for the inference mechanism in the Bayesian
framework. The method is evaluated in Section 3 using simulated scenarios and applications

in Section 4. Section 5 concludes with a discussion of our approach.



2 Materials and Methods

2.1 Dual-level changepoint structure

Let y1,...,y, denote a real-valued sequence of observations that follows a micro-macro
changepoint structure where the micro-level has periodicity of known length. Specifically,
let o, ..., a, denote the times of the ¢ macro-level changepoint events that partition the
observation sequence into ¢+ 1 macro-segments, with convention that ap = 0 and g1 = n.
We denote the length of the macro-segments by n; = a; — a;_1, and the set of observations
in the ith macro-segment as Y, ;+1):0s = {Yar_14+15- - Yo, }-

The observation sequence within a given macro-level segment are further partitioned
according to the micro-level changepoints. Due to the periodicity of the data, with known
length N, we need only notate the changepoint events for a single period and the other
events are subsequently derived. For the ith macro-level segment, let 0 < 7, 1,...,7m, < N
denote the micro-level changepoints that partition the N-period into m; segments such that
Timi+1 mod N = 7; 1. Note that if m; = 1 then the period contains one single segment and
so no micro-level changepoints exist. For m; > 1, the micro-level changepoints are derived
according to 7; j, = 7;; + kN for all integers k such that 7; ;1 € (o, a;1]. See Figure 2 for
a visual depiction of this setup.

Let B, = (a;_1,q;] denote the macro-level interval for the ith segment and B, ; de-
note the sequence of micro-level repeated intervals relating to the micro-level jth segment

contained within B;:

B;j=B; N U(Ti,j—l,kaTi,j,k:]- (1)
keZ

The doubly indexed micro-level intervals are disjoint and their union covers the whole
period: |} Ui, Bij = {1,...,n}. It is important to emphasize that there need not
be alignment between the macro and micro-level changepoints, that is to say the end of
the current macro-level segment need not align with the end of a micro-level segment and

the beginning of the next macro-level segment does not dictate the beginning of a new

micro-level changepoint event.



Figure 2: Visual depiction of the Micro-Macro problem setup. With the linear time per-
spective on the top graphic and circular time perspective within each macro-segment in the
lower graphics. Dotted lines («;) in the top graphic are macro-changes and in the bottom
are 7; ; micro-changes.

We assume that the data, yy, ..., y, is well represented by the following Gaussian model:

Yt b (ij,07;) , fort € B (2)
where p; ; and Ui ; respectively denote the unknown mean and variance on the correspond-
ing set of micro-level intervals. See Figure 2 for a visual depiction of our micro-macro
changepoints for the mean parameter. This assumption can be relaxed or changed to
other modeling structures provided that appropriate micro-level changepoint methods are
available.

The complete model is described by two key components: a) a micro-level periodic

changepoint model; b) a macro-level linear changepoint model.



2.2 Periodic changepoint model with macro-level inference

Here we provide details about the Bayesian within period changepoint model and inference
procedure of Taylor et al. (2021). Although developed to investigate changepoints within
period binary observations, here we extend the method to other sampling distributions.
We emphasize where these adaptations occur for our purposes. The discussion in this
section focuses on the micro-level variation for a given macro-level segment. For brevity
of notation, we define y; = y(a,_,+1):a; for the set of observations on the current macro

segment, and temporarily suppress the index ¢ on all other parameters and terms.

2.2.1 Within Period Changepoint Model

The observations on a given macro-segment y; is assumed to be periodic with known
period length N. It is important to re-emphasize that the first observation in y; can
occur at any point within the period cycle and need not dictate its starting position.
The period is partitioned according to the changepoint events 7,...,7,,. The duration
between events, or the length of the segment, is assumed to be larger than a pre-specified
minimum: 7; — 7,1 > l;. In practice, the minimum segment length [; represents how
long any particular regime structure must be sustained before transitioning to the next.
In addition, this condition also ensures there is a sufficient number of observations for
parameter estimation on short segments, especially when the duration of y; is also small.

The number of micro-level segments, m, is given a Poisson prior with rate 1 that is
truncated to the set {1,...,|N/l1]}; ranging from the single segment where there are
no micro-level changes, up to the case where as many changepoints as possible can occur
given the minimum segment length constraint. As mentioned in Section 2.1, the case m = 1
describes a period containing only one segment with no abrupt changes and therefore the
micro-level changepoint events are undefined. Otherwise, we denote the vector of micro-
level changepoint events by T = (71, ..., 7).

Conditional on the number of segments, define ; = 7, — 7,1 — [; to be the excess
segment length of the jth segment after accounting for the minimum length constraint,

whereby Z;’Ll d; = N — mly. The prior for the spacing between micro-level changepoints



is given by the Dirichlet-Multinomial distribution:
d|m > 1 ~ DirMult(N — mly,v1,,). (3)

with positive shape hyperparameter v and 1,, denoting a ones vector of length m. The
shape parameter controls the prior degree of clustering, v < 1, or repulsion, v > 1, between
neighboring changepoint events. To determine the exact changepoint positions, the trans-
formation is reversed conditional on the position of one changepoint that initializes the
calculation. The prior for this initial changepoint is uniform over the set {0,..., N — 1}.
As a consequence, it is not possible a priori to be overly specific on the degree of clustering
or repulsion of selective neighboring changepoint pairs, hence the same hyperparameter in
(3) is applied to all components of §. If necessary, we re-label the events to ensure that
71 = min;(7; mod N).

Similarly to Taylor et al. (2021), we specify conditional conjugate priors for the sampling
distribution given the changepoint events. For the Gaussian structure in (2), the following

conditional conjugate normal-inverse-gamma prior is defined for the segment parameters:
J?\T, m ~ InvGamma(a, b), ,uj|c7]2, 7, m ~ Normal(d, 00]2-),

with the same positive shape (a), scale (b, ¢) and real valued location (d) hyper-parameters
for each segment.

From Bayes’ Theorem, the posterior distribution for the micro-level changepoints and
segment parameters, up to a constant of proportionality, given the observations on the

current macro-level segment is:

7T<TTL, T, K, UZ‘Y’L> X H H f(yt|:uj7 0-32')7‘-(:“]'7 U?’mv T) 71-(TlTn)W(Tn)' <4>

j=1teB; ;
Here f(-) is the probability density function for the data (Normal distribution) and 7(-)
are the prior densities for the parameters. We can leverage the conjugate structure of

the segment parameters to obtain a marginalized form from (4) that focuses only on the



changepoint events:

r(m, Tlys) = / / r(m, 1, 0%)ys) dpp do”

s [T TT #twlis 2t o, ) el (o) dedor?

]:1 tEBZ"j

11/ [ TI flas. )t olm. ) ds do mrfmym(om)

teB;

= [1#i(sidm. ) w(rfmm(m) )

where the marginalized sampling distribution for the jth segment, f;(y;|m,7), is analyt-
ically available in closed form. The principle advantage of doing this is to reduce the
dimensionality of the posterior to a finite, albeit potentially large, support such that the
MCMC sampling scheme focuses on the changepoint events (see Section 2.2.2). Posterior
inference for the segment parameters, either marginalized or conditionally on a particular

sampled changepoint event, can easily be evaluated in a post processing step.

2.2.2 MCMC Sampler

Methods for performing inference for the micro-level changepoints need to account for the
variable dimension to allow more of fewer events to be specified to describe the underlying
process. A common approach to perform inference in this setting is Reversible Jump
Markov Chain Monte Carlo (RJIMCMC) (Green, 1995) where one can explore the variable
dimension of the micro-level changepoint vector by considering a proposal that either:
partitions a randomly selected segment into two by adding a new micro-level changepoint;
combines a sampled segment with the next and remove a changepoint; or, update the
position of a changepoint and maintain the current length of the vector. In addition to
the birth-death-move proposal, in Section 4.3 of Green (1995) considered a fourth possible
transition that provides an update to the parameters of sampled segment, but by focusing
inference on the marginal posterior (5) makes this case redundant for our application.

The sample space for the proposal distribution in Taylor et al. (2021) considers a slight



variation on the birth and death transitions to account for restrictions in navigating the
sample space imposed by the minimum segment length. For a death transition a sampled
segment is combined with the following segment, but position of the changepoint for the new
combined segment is allowed to vary up to [; time-steps earlier. A corresponding adaptation
to the birth transition is made where the changepoint of the sampled segment can be
moved up to [; later time-steps before determining the position of a new changepoint that
partitions the potentially extended segment. This adaptation to the proposal distribution
increases the number of possible scenarios that the chain can move to at each iteration and
reduces the possibility for the chain getting stuck in a minor mode. For a more detailed
explanation, please refer to Section 3 of Taylor et al. (2021).

The support for the proposal distribution under the described extension to the range
of transitions contains fewer than N(/; + 1) unique changepoint vectors.As this set is of
modest size, we define the proposal distribution to be proportional to the targeted poste-
rior over this set. Specifically, for the current sample (m,7) we first uniformly sample a
segment j’ from the range 1,...,m and subsequently define the support for the proposal
distribution under the extended birth-death-move transitions by the set P;j(m,, 7). The
proposal (m/, 7’) is thereby sampled from:

71-(Tn/7 T/|yi>

/ / .
Ko 7) | for (m/,7") € Pj(m,,T), (6)

g(m/7 T/|m7 T?.j/> -

with K;(m, T) denoting the normalizing constant. If the sampled proposal is the same as
the current sample, then the chain is updated with the proposal with acceptance probability
of 1 but the value of the chain remains unchanged. Otherwise the proposal is accepted with

acceptance probability that is a function of the normalizing constants:
mKa(m, T
A(m/,7'|m,T) = min {1, #} , (7)

where j” denotes the unique and only segment under the proposed sample that gives a
valid returning path to the current sample such that g(m, 7|m’, 7', j”) is non-zero.

An added complexity to the aforementioned MCMC scheme regards the transitioning

10



into and out of the single segment model, m = 1. This case describes a constant data
sampling scheme throughout the period where no micro-level changepoints need defining,
whereas the neighboring two segment model m = 2 requires the definition of two change-
points (the intuition here is analogous to cutting a slice of pizza/cake - you need two cuts,
not one). This means that the birth transition from the single segment model could be to
any one of the N(IN —1;)/2 two segment models. As a result, the size of the sample space
of the proposal distribution for this unique case is significantly increased, but not overly
too large for many practical period lengths to have a substantial negative impact on the
performance of the MCMC scheme. One final difficulty related to the single segment case
is that it does not matter whether the first or second segment is sampled when proposing
a death transition from the two segment model. This can easily be rectified by applying a
minor adaptation to (7) the defining the acceptance probability for transitioning into the

single segment model by:

A(1,]2,7) = min {1, 2K:(2, 7)K5(2,7) } . (8)

Ki(1,)[K1(2,7) + K2(2,7)]

The corresponding probability for the inverse action of transitioning from the single segment
case, A(2,7'|1,-), is given by inverting the ratio inside (8). This ensures that all the
properties required for RIMCMC are satisfied.

From a practical level, in order to assess convergence of our RIMCMC sampler, we
initiate two chains, one under the assumption of no within-period changepoints and the
other from a saturated case based on the minimum segment length condition. By setting the
chains from two opposite and extreme scenarios we expect the true posterior distribution
lies between these two cases and so aim to converge from opposite directions. Convergence
is deemed to be acceptable if samples pass the two-sample Kolmogrov-Smirnov test for
both the number of changepoints and separately for their positions. Whilst we could use a
more sophisticated test of discrete sample chains such as those described in Deonovic and
Smith (2017), the additional computational time to run the test is prohibitive as we run

these chains for each potential macro-level changepoint combination.
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2.3 Macro-level changepoint model

The ability to identify macro-level changepoints crucially depends on the underlying model
of micro-level changes. These are necessarily inter-twinned. The goal of the macro-level
changepoint detection is to identify when, in linear time, the parameters of the underlying
micro-level changepoint model have changed. This could be a change in the mean/variance
in the micro-level segments, and/or a change in the location/number of micro-level change-
points. We do not prescribe the type of change we expect to see. In this way, the macro-level
changepoint detection is identical to the aims of traditional linear time multiple change-
point approaches. The only difference is that the complexity of the model within each
segment is more complicated (now being the micro-level changepoint model).

To identify multiple changepoints, a common approach is use a cost function C(.) that
provides a measure of fit for the observations on a given segment, where the optimal case

lies at the minimum. The aim is to identify the changepoint events that minimize:

q+1

Z[C(y(aifl'f‘l):ai)] + 5q' (9)

i=1

Here, the cost function is evaluated on each macro-level segment and added together
with Bq representing a linear penalty term in respect to the number of macro-level change-
point events to guard against over-fitting. Assuming conditional independence of data
across the segments, we can calculate the cost associated with the identified segment, us-
ing the micro-level changepoint model, and consequently, use the results as the measure
of fit. The parameters associated with each segment observed in the micro-level of the
algorithm are assumed to be independent. The data points within the segment, given set
of parameters, [i; ;, &z ; are also independent and identically distributed and represented by
the density function f(y|f) = felfiig, 07;) -

The cost function for the current segment, indexed by i, following from the last proposed

macro event a;_; up to time s is given by the micro-level maximum a posteriori likelihood:

C(y(az71+1):s) = -2 Z Z log f(yt|ﬂi7j7 5-124)

j=1 teB;,
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where B;; denotes the set of intervals given by (1) based on the segment according to the
proposed macro changepoints «; ; and s, and the estimated micro-level changepoints 7.
The micro-level estimates m;, 7; and {[Li,j,&ﬁj ;”:'1 denote the posterior mode estimates
from the inference detailed in Section 2.2 based on the available data for the given macro-

level segment. Specifically:

{mg, 7} = argmaxw(m, 7|y +1)s), and, (10)
{ﬂi,j»&?,j = arg maxw(u,02|y(az71+1):8,m,~,€'i), for j=1,...,m,. (11)

The log f (y|é) are observed as we pass through the data with minimum segment length
being equivalent to the length of two periods or 2/N. We recommend using 2N as a default
as it is vital to pass through enough information for the micro-level model to fit adequately
(i.e. 2 or more periods) before suggesting a macro-level changepoint.

Now that we have framed the global optimization procedure for both macro- and micro-
level changepoints any generic multiple changepoint search algorithm could be used to
identify the macro-level changepoints with the micro-level optimization nested within. Ex-
amples of suitable macro-level approaches include, Binary Segmentation (Scott and Knott,
1974), PELT (Killick et al., 2012), SMUCE (Frick et al., 2014). Note that due to the
complexity of the likelihood for each segment it is not clear how to apply Wild Binary
Segmentation as the combination process relies on results that do not apply to this setting.
In the remainder of this paper we embed the micro-level changepoint identification within
the PELT algorithm. We choose PELT as it provides an exact optimization of (9) within
a computationally efficient framework. However, we wish to stress that this is merely an
example and any of the aforementioned algorithms could be applied. Our final algorithm
for identifying both micro- and macro-level changepoints within the PELT algorithm is

given in Algorithm 1.
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Algorithm 1 Macro-Micro Circular Changepoint Algorithm

Input: A time series of the form, (y1, 4o, -..,¥ys) where y; € R.
A period length N.
A measure of micro-level fit C(.) dependent on the data.
A penalty 8 independent of the number and location of changepoints.

MICRO-LEVEL

Initialize: Set (m(o), 7'(0)) from the sample space, differently for 2 or more chains.
Iterate per chain For r =1,2,... until chain convergence
1. Sample segment j’ uniformly from {1,...,m( =1},

2. Draw proposal (m/,7') from g(m/,7'|m{=D +=1 47,
3. With probability A(m/,7/|m=D, +=D):
e Accept proposal and set (m(), 7)) = (m/,7'), or,
e Reject proposal and set (m(r), T(T)) = (m(T—U7 T(T—l)).

Output: Maximum a posteriori estimates m, 7 and {/;, &?}?@:1 from post burn-in samples.

MACRO-LEVEL

Initialize: Let n = length of time series
Set F(O) = _67 Cpmicro(o) = Cpmacro<0) = 07 R2N = {07 N}
Iterate For a* =2N,...,n

1. Calculate C(y(a+1):a+) and 7(a) for each a € R~ using the MICRO-LEVEL algorithm.
2. Calculate F(a*) = minaer,. [F(@) + C(Yat1)a-) + 5.

3. Let o' = arg {minaeRa* [F(a) + C(Y(at1):ax) + ﬁ] }

4. Set Pmacro(@*) = [Pmacro(@), o] and cpmicro(@*) = [cPmicro(at), T(ab)].

5. Set Ro+y1 =" N{a € Ry : F(a) + C(Ya, 1) < Fla¥)}.

Output: The change points recorded in ¢ppicro(n) and epmacro(n).

3 Simulation Study

When considering designing simulations there are several possible factors to consider. The
structure of the micro-level and the ability to detect these changes as well as the macro-
level changes which could result from a) micro-level changepoints moving; b) the means
and variances of the micro-level segments varying; ¢) additions or deletions of micro-level
changes. We design scenarios to cover these possibilities systematically to allow differenti-
ation between the effects of each.

Twenty cases with varying positions of micro and macro changepoints as well as varying

periodic means and variances were simulated according to the details in Appendix A. For
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all scenarios we simulate 30 years of data, recorded monthly, giving us a total of n = 360
for each scenario and N = 12. For many changepoint data sets these may be considered
as small data lengths but these were chosen to mimic the applications we have commonly
seen in practice and consider in Section 4. In all the figures depicting micro and macro
changes, dashed lines depict the periodic positions, with bold lines representing macro
changes. As there are no existing micro-macro methods to compare to, we compare to the
PELT search algorithm assuming a Normal distribution with varying mean and variance
per segment, and the WBS2 method designed for identifying frequent changepoints in the
mean structure only. The PELT approach with SIC penalty is fit using the changepoint
R package (Killick et al., 2016) and the WBS2 with recommended Steepest Drop to Low
Levels (SDLL) penalty using the breakfast R package (Anastasiou et al., 2021).

We present the summary of accuracy of changepoints identification given our set up
for distinct scenarios using histograms that report the number of resulting segments and
respective positions observed on 500 simulations. We focus below on four scenarios, namely
Scenarios 1, 2, 9, and 20 as examples of the types of scenarios we encounter. Remaining
scenarios can be found in Supplementary Materials. Note that on all graphics, the axis ticks
and light gray horizontal lines indicate the true values and frequencies that were simulated.

From the simulation results, one can note that among the 500 cases, the true number
of segments were picked up accurately, on average, with a slight tendency to suggest a
greater number of segments (+1/2). With regards to the exact positions of macro- and
micro-level changepoints, there are small uncertainties around values of the exact position
and the modes are around the true values as expected. Similarly, we can see a satisfactory
behavior of micro-level changepoint positions with a small uncertainty in cases where the
shift is less drastic (i.e. micro-level positions shift from (2,10) to (3,11)).

For the first scenario where no macro-level changepoints are simulated, it is evident that
the micro-level model is capable of picking up the truth consistently (Figure 3).Looking at
the scenarios with the micro-level mean changes, the behavior is also very consistent with
the truth. Furthermore, the overall performance with respect to position of a macro-level

changepoint is improved when both micro-level changepoints and the segment means have
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Figure 4: Simulation results for scenario 2: 1 macro-change at 15th period, micro-changes
at months (3,10) and (2,11) for segments 1 and 2 respectively.
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Figure 5: Simulation results for scenario 9: 1 macro-change at 5th month of 13th period,
micro-changes at months (3,10) and (5,11) for segments 1 and 2 respectively.
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Figure 6: Simulation results for scenario 20: 2 macro-change points at 15th period and 20th
period, micro-changes at months (3,10) for segments 1, 2, and (5,11) for the 3rd segment.
The ticks on the axes indicate which true positions should occur with which frequency.
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changed (Scenario 9 in Figure 5. This is to be expected as it signifies a larger change in
the distribution than a change in either the positions or the means as with the cases where
both mean and variance change (Scenario 20 in Figure 6).

Where one expects a macro-level changepoint due to a change in micro-level changepoint
positions without changes in segment means, we find a slightly larger uncertainty around
the exact positions of the macro-level changepoint (Scenarios 2 4). For instance, when
we have a relatively small micro-level change, from (2,10) to (3,11), the model is likely to
pick up (3,10) as a new micro-level changepoint. Where the distance between micro-level
changepoints is much more visible or abrupt (e.g., (3,10) to (5,11), and is accompanied by
changes in mean in Scenario 9), the method correctly identifies the changepoint positions.

In scenarios where we have multiple macro-level changepoints (e.g. Scenario 20), the
effect of a micro-level mean and variance change compared to varying micro-level change-
point locations is less visible and performance in those cases is fairly similar with respect
to both macro- and micro-level changepoint identification.

It is crucial to note, that in all of the scenarios considered, the smallest number of
segments identified by the model is consistently at the true value. Such implies that
even though we occasionally have cases of false positives, there are no occurrences of false
negatives.

Each set of simulations were also studied using PELT with Normal mean & variance cost
function (Normal MV+PELT) and WBS2 for mean change (Mean+WBS2) approaches. In
contrast to our approach the Normal MV+PELT and Mean+WBS2 linear time meth-
ods highlight different changes. Normal MV+PELT tends to favor identifying the macro
changes in most scenarios whilst Mean+WBS2 the micro-changes. Mean+WBS2 fails to
identify the changes in scenario 1 and tends to falter around the macro changepoint lo-
cations, likely due to the disruption between micro and macro changes. Nevertheless,
Mean+WBS2 can often identify the micro-changes fairly accurately, this is not taking into
account the periodic nature of the data and so the structure is not estimated in a parsimo-
nious way - estimating ¢.120 parameters where the micro-macro approach would estimate

8, for example.
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4 Applications

4.1 North Atlantic Oscillation

One of the motivating applications in the development of our approach is the North At-
lantic Oscillation dynamics and similar environmental data. The North Atlantic Oscil-
lation (NAO) is a meteorological phenomenon and is measured by obtaining the differ-
ences in atmospheric pressures at sea level between the Icelandic Low and the Azores
High. We obtained data on the NAO, aggregated to the monthly level, from https:
//crudata.uea.ac.uk/cru/data/nao/ Climatic Research Unit (2019). The data is de-

picted in Figure 7a.
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Figure 7: (a) NAO data with Normal MV+PELT (upper ticks) and Mean+WBS2 (bottom
ticks) changepoints and (b) estimated micro-macro changepoint positions. The Normal
MV+PELT and micro-macro approach use pen = 4log(n) and Mean+WBS2 the data-
adaptive SDLL penalty.

Recent research suggests that it might be appropriate to characterize the NAO by
winter/summer differences (Sansom et al., 2019). There is a further evidence of decadal
trends presented in NAO fluctuations studied in Stephenson et al. (2000). However, with
respect to changes in periodic nature, there are mixed views on whether such change is
random or may have a pattern.

We fit the yearly winter/summer pattern using a change in mean and variance using
Algorithm 1. For real-world applications the assumptions made in simulations may not

hold. Thus it is prudent to conduct a sensitivity analysis on the penalty value used. Figure
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25a (Appendix) depicts this sensitivity analysis plot for the likelihood as a function of
varying penalty. Considering both the sensitivity analyses, standard penalty values, and
conversations with Environmental Scientists, we choose two macro-level changepoints for

the NAO index. The resulting segmentation is given in Figure 7b.

Macro-level segment Micro-level changepoints

1979-2008 April and October
2008-2013 May and August
2013-2019 April and October

Table 1: Estimated macro- and micro-level changepoint positions for the NAO index.

We note the full changepoint segmentation in Table 1. Here we can observe expected
periodicity (switch between early spring/early autumn) for a period throughout 1979-2008.
The change in periodicity to late spring and late summer is observed during the period
2008-2013, just before switching back to April and October for the remaining years up
to 2019. The last change in the periodicity (2013-2019) has received attention in climate
literature indicating that there is evidence for winter variability change in NAO in the
recent decade (Hanna et al., 2015). With respect to decadal trend the last two macro-level
changepoints are in line with evidence discussed in Stephenson et al. (2000).

The methodology we propose offers a novel angle to analyze the dynamics of such
periodic data based on meteorological observations. This is an important contribution to
address the evidence of changes in the reoccurring structure of the data (Stephenson et al.,

2000).

4.2 House Price Index

For the second case study, we use data for monthly House Price Index (HPI) in the UK
for almost 20 years (2002-2019) available freely from UK Land Registry Registry (2020)
https://landregistry.data.gov.uk/app/ukhpi. The data is displayed in Figure 8a and
is known to exhibit periodic behavior (summer/winter) as well as changes in the overall data
sequence structure due to external influences, such as macro economic factors or changes

in the housing market. The proposed methodology offers inference across multiple levels
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in order to capture macro-level changepoints and micro-level changepoints to provide a
comprehensive modeling framework. Further background and details on the challenges in
modeling of house prices dynamics can be found in Yusupova (2016).

We fit the yearly winter/summer pattern using a change in mean and variance using
Algorithm 1. The macro- and micro-level changepoints are depicted in Figure 8b with

exact changepoint positions given in the Table 2.
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Figure 8: (a) HPI data with Normal MV+PELT (upper ticks) and Mean+WBS2 (bot-
tom ticks) and (b) estimated micro-macro changepoints. The Normal MV+PELT and
micro-macro approach use pen = 3log(n) (SIC) and Mean+WBS2 the data-adaptive SDLL

penalty.

The results suggest either no or two changes within the year alternating mostly between
late winter /early spring and late summer. For example, in the years up to 2004, there is
no evidence of micro-level periodicity. However, during 2004-2008 there is a proposal for
two periods within the year (February and August). The sensitivity analyses for penalty

values and likelihood are provided in Appendix (Figure 25b).

Macro-level segment Micro-level changepoints
2002-2004 No micro changepoint
2004-2008 February and August

2008-mid 2009 February and May
mid 2009-2019 March and August

Table 2: Estimated macro- and micro-level changepoint positions for House Price Index
Data.

The above period also precedes a significant break that is easy to observe in the index.
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This break is likely to be attributed to 2008 recession with the house prices falling by around
16% in 2008. The proceeding macro-level segment is 2008 to mid-2009 with February and
May changepoints. After 2009 the market recovers and the overall dynamic resumes a
new regular pattern characterized by two micro-level changepoints in late winter and late
summer (March and August).

The findings correspond with evidence on House Price Index dynamics found in the
economics literature (Begiazi and Katsiampa, 2019). The results also align with the mean
pattern identified in London boroughs in Fryzlewicz (2020) but with considerably fewer
parameters and changepoints to estimate. In comparison to Normal MV+PELT and
Mean+WBS2 methods, the 2008 and 2009 macro-level changes (driven by the recession
and recovery) are complemented by the insights into periodic structures pre and post re-

cession.

5 Conclusion

This paper has provided a novel approach for evaluation of the multi-scale changepoint
structure, introducing micro- and macro-level changepoint identification. The central con-
tribution of the method is an attempt to solve a common trade-off between having too
many changepoints or too few, focusing on application that have micro- and macro-level
structures to account for periodic changepoints. Such analysis is vital where one is inter-
ested in the stability and consistency of periodic changepoint behavior across time. Taking
this micro-macro perspective can be crucial for understanding precise changes in the pro-
cesses, and periodicity shifts which may be a sign of a much more complex long-term change
whilst allowing parsimonious modeling. We envisage application areas to include sensor-
based activities (i.e., smart meter data, movement data), environmental processes (e.g.,
moth counts, algae blooms) and economic applications (e.g., employment and production
data.

Experimental results have illustrated that the method is accurate in identifying the true
number of changepoints as well as their respective positions at micro and macro-levels.

Future research may consider theoretical dimension to the method presented taking
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either fully frequentist or fully Bayesian setting. Another interesting dimension to explore
would be uncertainty measures for macro-level changepoint estimation taking account of

the uncertainty at the micro-level.

Supplemental Materials

R-code: The supplemental files for this article include R-code to obtain the micro-macro
changepoints for given datasets along with functions to aid plotting. We include
an R-script that generates all the plots for the simulated data examples and the
applications. Please consult the file README contained in the zip file for more
details.

Appendix: The Appendix contains full simulation details, additional simulation results

and sensitivity analyses for our applications. (Appendix.pdf)
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A Simulation Details

Scenario «;(TimelD) «;(PeriodID) 71  Tia  Tis iy iy i
1 0 0 3,10 3,10 21 2.1
p 180 15 3,10 2,11 31 31
3 149 12(5) 3,10 2,11 31 31
4 180 15 3,10 3,10 3,1 5.1
5 149 12(5) 3,10 3,10 31 51
6 180 15 3,10 2,11 3,1 2.1
7 149 12(5) 3,10 2,11 3.1 2.1
8 180 15 3,10 5,11 3,1 5,1
9 149 12(5) 3,10 5,11 3,1 5.1
10 120,240 1020 3,10 211 511 3,1 3,1 3,1
11 186,262 15(6), 21(10) 3,00 2,11 511 3,1 3,1 3,1
12 120,240 10,20 3,10 3,10 3,10 3,1 5,1 2,1
13 186,262 15(6), 21(10) 3,10 3,10 3,10 3,1 51 2,1
14 120,240 10,20 3,10 2,11 511 31 51 21
15 186,262 15(6), 21(10) 3,00 2,11 511 31 51 21
16 120,240 1020 3,10 3,10 511 3,1 51 5,1
17 186,262 15(6), 21(10) 3,10 3,10 511 3,1 51 5,1

Table 3: Description of simulated yearly scenarios at monthly resolution for varying change-
points positions and respective means. Each scenario was simulated 500 times. For the
period index of the macro-level changepoints a; X(Y) indicates that it is the Y** month

within the X year.

Scenario Time Period 7,1  Tia T3 i, iy i o2, o, o2,
18 130 15 310 211 31 2.1 0505 2505
19 149 12(5) 3,10 5,11 31 51 05,05 2505
20 120240 1020 310 310 511 31 51 51 0505 2505 2505

Table 4: Description of simulated yearly scenarios at monthly resolution for varying change-

points positions and respective means and variances.

times.

Each scenario was simulated 500

Each of the simulated scenarios shares constant characteristics with respect to the fol-

lowing parameters. The data are simulated from a Normal distribution with a changing

mean as detailed in Table 3. The minimum segment length is fixed at 2N and the penalty

value, 3, is fixed at 2log(n) for mean change only and at 3log(n) for mean and vari-

ance change, commonly used in changepoint identification. We simulate 30 years of data,
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recorded monthly, giving us a total of n = 360 for each scenario and N = 12. The variance
is held constant at o = 0.5 for scenarios where positions and means were varied (Table 3.

The changes in both mean and variance were evaluated using extensions to scenarios 6, 9,

16. These are described in Table 4

B Results from remaining simulation scenarios
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Figure 9: Simulation results for scenario 3: 1 macro-change at 15th period, micro-changes
at months (3,10) and (2,11) for segments 1 and 2 respectively.
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Figure 10: Simulation results for scenario 4:1 macro-change at 5th month of 13th period,
micro-changes at months (3,10) and (2,11) for segments 1 and 2 respectively.
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Figure 11: Simulation results for scenario 5: 1 macro-change at 5th month of 13th period,
micro-changes at months 3 and 10 for both segments.
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Figure 12: Simulation results for scenario 6: 1 macro-change at 15th period, micro-changes
at months (3,10) and (2,11) for segments 1 and 2 respectively.
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Figure 13: Simulation results for scenario 7: 1 macro-change at 5th month of 13th period,
micro-changes at months (3,10) and (2,11) for segments 1 and 2 respectively.
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Figure 14: Simulation results for scenario 8: 1 macro-change at 15th period, micro-changes
at months (3,10) and (5,11) for segments 1 and 2 respectively.
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Figure 15: Simulation results for scenario 10: 2 macro-change points at 10th period and
20th period, micro-changes at months (3,10) for segment 1 and (2,11), (5,11) for segments
2 and 3 respectively. The ticks on the axes indicate which true positions should occur with
which frequency.
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Figure 16: Simulation results for scenario 11: 2 macro-change points at 6th month of 16th
period and 10th month of 22nd period, micro-changes at months (3,10) for segment 1, and
(2,11), (5,11) for the 2nd and 3rd segments respectively. The ticks on the axes indicate
which true positions should occur with which frequency.
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Figure 17: Simulation results for scenario 12: 2 macro-change points at 10th period and
20th period, micro-changes at months (3,10) for segments 1, 2 and 3.
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Figure 18: Simulation results for scenario 13: 2 macro-change points at 6th month of 16th
period and 10th month of 22nd period, micro-changes at months (3,10) for segments 1,
2 and 3. The ticks on the axes indicate which true positions should occur with which
frequency.
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Figure 19: Simulation results for scenario 14: 2 macro-change points at 10th period and
20th period, micro-changes at months (3,10) for segment 1 and (2,11), (5,11) for the 2nd
and 3rd segments respectively. The ticks on the axes indicate which true positions should
occur with which frequency.
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Figure 20: Simulation results for scenario 15: 2 macro-change points at 6th month of 16th
period and 10th month of 22nd period, micro-changes at months (3,10) for segments 1, 2,
and (5,11) for the 3rd segment. The ticks on the axes indicate which true positions should
occur with which frequency.
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Figure 21: Simulation results for scenario 16: 2 macro-change points at 15th period and
20th period, micro-changes at months (3,10) for segments 1, 2, and (5,11) for the 3rd
segment. The ticks on the axes indicate which true positions should occur with which
frequency.
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Figure 22: Simulation results for scenario 17: 2 macro-change points at 6th month of 16th
period and 10th month of 22nd period, micro-changes at months (3,10) for segments 1, 2,
and (5,11) for the 3rd segment. The ticks on the axes indicate which true positions should

occur with which frequency.
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Figure 23: Simulation results for scenario 18: 1 macro-change at 15th period, micro-changes
at months (3,10) and (2,11) for segments 1 and 2 respectively.
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Figure 24: Simulation results for scenario 19: 1 macro-change at 5th month of 13th period,
micro-changes at months (3,10) and (5,11) for the segments 1 and 2 respectively.
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C Applications

C.1 Sensitivity Analyses

These “scree” type plots (Figure 25) are commonly used by practitioners to decide on
an appropriate penalty for a specific time series which may not satisfy all the theoretical
assumptions. We expect that as we decrease the penalty value we are first adding true
changepoints into our model, these will be the larger changes that make a big different
to our model fit (likelihood). As we decrease the penalty further we will start to pick up
smaller, less obvious changes and eventually, as we decrease to a penalty of zero we will just
be picking up changes due to noise. These less obvious and noisy changes will not improve
our fit as much as the obvious changes. Thus we are looking to identify the elbow in the
curve where we move from larger changes in the likelihood values, to smaller changes due
to noise. This is a judgment that is typically based on identifying a region for the elbow

and then looking at segmentations within that region to identify a plausible solution.
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Figure 25: Likelihood versus penalty analyses for (a) NAO data and (b) HPI data. The
dashed lines represent chosen penalty values: 4log(n) and 3log(n) respectively for (a) and

(b).
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