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Abstract

Sodium-ion batteries (NIBs) utilise cheaper materials than lithium-
ion batteries (LIBs), and can thus be used in larger scale applications.
The preferred anode material is hard carbon, because sodium cannot be
inserted into graphite. We apply experimental entropy profiling (EP),
where the cell temperature is changed under open circuit conditions. EP
has been used to characterise LIBs; here, we demonstrate the first ap-
plication of EP to any NIB material. The voltage versus sodiation frac-
tion curves (voltage profiles) of hard carbon lack clear features, consisting
only of a slope and a plateau, making it difficult to clarify the structural
features of hard carbon that could optimise cell performance. We find
additional features through EP that are masked in the voltage profiles.
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We fit lattice gas models of hard carbon sodiation to experimental EP
and system enthalpy, obtaining: 1. a theoretical maximum capacity, 2.
interlayer versus pore filled sodium with state of charge.

Keywords

thermodynamics, batteries, hard carbon, sodium-ion, entropy

1 Introduction

The demand for clean and sustainable energy sources necessitates effective and
low cost energy storage solutions. Lithium-ion batteries (LIBs) have been highly
prolific in portable devices and in mobile transport applications. The cost of
the raw materials of LIBs, and the fact that lithium is limited in supply and
unevenly distributed throughout the globe raises challenges for large scale ap-
plications of LIBs in areas like stationary storage [1, 2, 3]. Sodium-ion bat-
teries (NIBs) are an attractive alternative, replacing lithium with much more
Earth-abundant sodium. NIBs share many similarities with LIBs, comprising
an organic electrolyte and, typically, a layered transition metal oxide as cath-
ode material [4, 5]. A key challenge has been the development of suitable anode
materials. The usual anode material of choice for LIBs, graphite, does not
intercalate sodium to any significant extent [6].

As an anode material for NIBs, hard carbon has attracted much interest
since reports of sodium insertion into its structure by Stevens and Dahn [7,
8]. Hard carbons consist of randomly oriented, curved and defective layers of
graphene separated by large interplanar distances [9]. In a simplified picture,
the structure can be understood by a “house of cards” model [7]. Sodium
can be inserted at defect sites, between the carbon layers, and into nanopores
[9, 10, 7, 8, 11, 12, 13, 14]. Galvanostatic charge/discharge profiles comprise
two main features: 1: a sloping region from the maximum voltage of 2 V (vs.
Na) to approximately 0.1 V; 2: a plateau below 0.1 V [15]. Stevens and Dahn
used small and wide angle X-ray scattering (SAXS/WAXS) to assign sodium
intercalation to the sloping voltage region, and filling of the nanopores to the
low voltage plateau [8]. Nuclear magnetic resonance (NMR) suggested a similar
interpretation [9, 10]. However, a key challenge in this area is that the voltage
profile itself does not contain any distinct features apart form the slope and
plateau. The processes giving rise to these features may be interdependent and
overlap, but there isn’t enough information to separate them. In this regard,
local probes and operando techniques like SAXS, WAXS, Raman and NMR have
provided physical insight, but further work is needed to quantify, in particular,
the proportions of sites occupying the interlayers and the nanopores at a given
cell voltage.

A virtually unexplored parameter in NIB characterisation is the effect of
temperature variation. As well as influencing the kinetics of the various sodium
insertion processes, the voltage profile is directly connected to temperature by
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the partial molar entropy of sodium insertion [16]. To measure this param-
eter, it is necessary to probe the open circuit voltage (OCV) of the cell by
performing a technique similar to galvanostatic intermittent titration technique
(GITT), i.e. interrupted galvanostatic pulses and measurement of the cell volt-
age at rest [17, 18, 19]. In so called “entropy profiling”, the cell OCV of the
cell is measured while changing the cell temperature (c.f. section 2.3 for fur-
ther details). The only additional requirements compared with standard elec-
trochemical characterisation are a temperature controller and high-resolution
voltage measurement. This technique has been extensively applied in the LIB
area [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] but surprisingly, has not yet been
applied to any NIB chemistry. In previous work, we combined experimental
entropy profiling with lattice gas models and in so doing, gained additional in-
terpretation of ordering phenomena in lithium manganese oxide spinel [20, 21]
and lithium insertion/deinsertion in graphite [22, 23].

In the present work, we transfer established entropy profiling methodology
to sodiation in hard carbon. In section 2, we outline the experimental methods
and protocols, including a summary of how all the thermodynamic variables are
obtained from the experimental results, which follow in section 3. Detailed inter-
pretation of those results depends on models to separate interlayer and nanopore
filling. Two approaches, the Bragg-Williams model and grand canonical Monte
Carlo, are outlined in section 4. We show, by fitting interaction parameters
within these models to experimental data (section 5) how additional interpreta-
tion of the energetics of sodium insertion in the interlayers and nanopores can
be obtained that would be impossible to achieve from OCV measurement alone.
Overall, the work demonstrates how the additional features revealed by entropy
profiling in combination with models can be applied to gain insight into sodium
insertion processes, with the potential to transfer this methodology to a wider
range of synthesised hard carbon materials.

2 Experimental Methods

2.1 Coin cell assembly and materials

Electrochemical studies were carried out using stainless steel CR2032 2-electrode
coin cells. Working electrode materials were prepared by mixing hard carbon
powder, prepared according to a previous publication [12], with polyvinylidene
fluoride (PVDF) binder in a mass ratio of 90:10. N-methyl-2-pyrrolidinone
(NMP) was used as the solvent to prepare a slurry, which was cast onto alu-
minium foil as the current collector. The electrodes were dried at 80◦C overnight,
before transferring to an argon-filled glovebox (H2O and O2 levels < 0.1 ppm)
for cell construction. 16 mm disks were punched, giving a typical hard carbon
mass loading of around 2-2.5 mg cm−2 per cell.

Sodium metal (Tob New Energy) disks were used as the counter and reference
electrode. All voltages are, consequently, reported with respect to metallic
sodium. Whatman micro glass fibre paper was used as the separator and the
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electrolyte was 1 M NaClO4 (anhydrous, > 98% purity, Alfa Aesar) in a solution
mixture of propylene carbonate (PC, anhydrous, 99.7% purity, Sigma Aldrich)
/Fluoroethylene carbonate (FEC, anhydrous, > 99% purity, Sigma Aldrich) in
a 98:2 mass ratio. The PC and FEC were dried in the glovebox using molecular
sieves for 48 h before electrolyte preparation.

2.2 Electrochemical measurements

Experimental measurements were performed using aluminium heat exchangers,
in direct thermal contact with the coin cells, which were connected to a Ju-
labo F12 refrigerated – heating circulator, allowing direct control over the cell
temperatures. This setup enabled more rapid thermal equilibration of the cells
than would be possible using a climate chamber. The temperature was moni-
tored by type-T thermocouples in direct contact with the heat exchangers. A
Keysight 34970A data acquisition system with multiplexer unit was used for
high resolution (22 bit) voltage and temperature measurements, assisting post
processing of entropy profile data. Cell current and voltage were controlled by
a BaSyTec CTS cycler. A software interface between the data acquisition unit
and the battery cycler allowed real time measurement of temperature, current
and voltage to the required resolution. Data points were recorded every 1 s.
Further detail of the setup, applied to Li-ion half cells and commercial cells, can
be found in earlier publications [24, 23, 21, 22].

Freshly assembled cells were subjected to the following protocol, at controlled
T = 25◦C: 5 cycles between 1.5 to 0.05 V at 10 mA/g (here, the mass is
the amount of hard carbon active material). 3 further cycles were performed
subsequently between 2.0 and 0.005 V at 10 mA/g and revealed cell capacities
in agreement with previous characterisation on the same hard carbon material
at the same cycle rate and potential limits [12]. Rest periods of 20 minutes
were inserted between each charge and discharge cycle. This procedure was
performed to check representative and stable cycling behaviour before entropy
profiling characterisation.

2.3 Entropy profiling

All measurements described subsequently were preceded by a constant cur-
rent/constant voltage (CCCV) charging protocol to ensure a consistent starting
sodiation state for each experiment. This stage consisted of galvanostatic charge
at 10 mA/g up to 2.0 V, followed by at least 2 hours of polarisation at 2.0 V. This
ensured a consistent starting state for the entropy profile measurements, with
the hard carbon structure commencing as close to fully desodiated as possible, in
line with protocols that we have previously applied to Li-ion cells [24, 23, 21, 22].

We used similar methods as in our previous work [24, 23, 21, 22] to obtain
entropy profiles for hard carbon. The method is akin to galvanostatic intermit-
tent titration technique (GITT), comprising alternating steps under galvanos-
tatic control followed by relaxation under open circuit conditions [17, 18], but
in addition the temperature is varied during the relaxation period and entropy
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is calculated from the gradient of OCV with temperature. Measurements com-
prised iterative steps of galvanostatic discharge at 10 mA/g followed by a total
of 80 minutes of relaxation time. The current and temperature were changed
dynamically, as outlined in Table 1. Each iteration was repeated until the cell
voltage was less than 0.005 V.

Table 1: Conditions applied during each iteration of the entropy profiling ex-
periments.

Step Time Temperature T
(min) (◦C)

Discharge (10 mA/g) 20 20
OC at T1 20 20
OC at T2 20 15
OC at T3 20 10
OC at T1 20 20

2.4 Determination of thermodynamic variables

It is well known [22] that the equilibrium cell voltage, φ(x) and chemical poten-
tial of the guest atom (Na in this case), µ(x) are related as

φ(x) = −µ(x)− µref
Na

nF
, (1)

where µref
Na is the chemical potential of the metallic Na anode reference, which

is defined as zero on our reference scale. n = 1 is the number of electrons
transferred per inserted Na atom, and F is the Faraday constant. With a
suitable choice of units for all potentials (µ expressed in eV per inserted atom),
this can be written much more simply as

φ(x) = −µ(x). (2)

The term µ(x) can also be written as

µ(x) =

(
∂G(x)

∂x

)
p,T,Nhost

, (3)

where p = pressure, T = the absolute temperature, Nhost and NNa are respec-
tively the number of carbon and sodium atoms in the system. G is the Gibbs free
energy per inserted Na atom. The subscripts p, T and Nhost will be implicitly
assumed constant from now on and dropped for simplicity.

Here, we define x (0 ≤ x ≤ 1) as the fraction of sodium in the host. It is
straightforward to define x = 0 as the point where the experimental discharge
capacity, Q, is zero, because we initialise the experiment from a CCCV condi-
tion, and thus the hard carbon ostensibly starts fully desodiated. It is necessary
to define a theoretical maximum capacity to determine x = 1. The maximum
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experimental discharge capacity, Qexpt
max is attained when the 0 V cutoff crite-

rion is reached, but additional sites could in principle be available to be filled
with sodium below 0 V. Fortunately, the Bragg-Williams model defined later
in section 4.1 allows a theoretical maximum capacity, Qmax, to be determined
through fitting the thermodynamic variables to the experimental data. We can
then define x as

x =
Q

Qmax
, (4)

where Q is the measured capacity obtained from experiment in mAh/g. We can
similarly define

xexpt =
Q

Qexpt
max

, (5)

where xexpt similarly goes from 0 to 1. However, with Qmax > Qexpt
max , there is

a conversion factor required to relate simulated and experimental data on an
equivalent Q scale, which is detailed further in the Supplementary Information,
section 3.2.

The partial molar Gibbs free energy, ∆G, can be written as

∂G(x)

∂x
=
∂H(x)

∂x
− T ∂S(x)

∂x
= ∆G, (6)

where H(x) and S(x) are the enthalpy and entropy, respectively, per formula
unit of host material.

Assuming that the OCV, EOCV, measured at the end of the relaxation period
for each x value corresponds to φ(x), we can use equations 2, 3 and 6 to get
∂G/∂x = −EOCV. Hence we obtain

∂S(x)

∂x
=
∂EOCV(x)

∂T
= ∆S (7)

and
∂H(x)

∂x
= T

∂EOCV(x)

∂T
− EOCV(x) = ∆H. (8)

Due to the choice of units of eV per formula unit for the potentials H(x) and
TS(x), i.e. as in the conversion between equations 1 and 2, the usual factors of
F have been omitted. In this way, we can relate the partial molar entropy and
enthalpy, ∆S and ∆H respectively, in units of eV per inserted Na atom. All
of the terms in equations 7 and 8 are measurable using methods described in
section 2.3.

3 Experimental results

Galvanostatic characterisation of hard carbon cells, using procedures described
in section 2.2, is shown in Figure 1. Cycle 1, indicated in the inset shows a
large irreversible loss of capacity of about 70 mAh/g, corresponding to the for-
mation of a stable solid electrolyte interphase (SEI). Cycles 2-5 show stable
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Figure 1: Galvanostatic cycles at 10 mA/g. Cycles 1-5 cycles were performed
between 1.5 to 0.05 V. The subsequent 3 cycles, between 2.0 and 0.005 V, are
denoted cycles 6-8. Arrows indicate the cycling direction.

cycling behaviour. The discharge capacity obtained during cycles 6-8 corre-
sponds to approximately 220-230 mAh/g, in good agreement with previously
published work performed in the same potential window with the same hard
carbon material [12] and these scans show a stable and repeatable behaviour.
This behaviour displays the characteristic sloping region up to approximately
80 mAh/g, followed by a plateau between 80 mAh/g and maximum capacity.
The voltage difference between sodiation and desodiation (hysteresis) has been
widely reported elsewhere [12, 7, 8, 19], but all subsequent discussion relates to
the sodiation behaviour.

The open circuit voltage (OCV) behaviour, as well as the entropy and en-
thalpy profiles are shown in Figure 2. These results were obtained using the
procedure described in section 2.3, after attaining the stable cycling behaviour
shown in Figure 1. The partial molar (p.m.) entropy and enthalpy, ∆S and
∆H, were obtained with equations 7 and 8, respectively. Note the scales on
the y-axes - these are presented such that addition of -∆H (Figure 2a) to T∆S
(Figure 2b) gives -∆G, and thus by equations 2- 6 the OCV shown in Figure 2c,
without any further unit conversion being necessary.

Firstly, the OCV shown in Figure 2c, effectively obtained under GITT condi-
tions, displays the same features and voltage scale as the result obtained under
continuous galvanostatic discharge (sodiation). This is expected as each entropy
profiling step was initialised by a discharge step for 20 minutes, and indicates
that both measurements probe stable or at least metastable behaviour (that is,
the galvanostatic data can be considered as a pseudo OCV measurement).
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Figure 2: (a) Partial molar (p.m.) enthalpy, (b) p.m. entropy and (c) open
circuit voltage (OCV) obtained for the hard carbon material. In (a), the p.m.
entropy is also shown on the same energy scale; arrows indicate the relevant
axes. The inset in (a) shows the same data over a narrower energy scale. The
regions of the plots demarked 1-3 are described in the main text; the boundaries
between these regions are determined by the turning points in (b).
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Although the mechanisms are still disputed, the sloping region, which here
terminates at approximately 70-80 mAh/g, is generally associated with the in-
sertion of sodium into the carbon layers. The layer filling is hypothesised to
initiate at defect sites and then proceed in the layers up to a stoichiometry of
approximately NaC24 [12]. The voltage plateau above 70-80 mAh/g capacity
is primarily attributed to insertion of sodium in the nanopores, with interlayer
sodium insertion thought not to contribute significantly here.

The three regions in Figure 2 marked 1-3 correspond approximately to: 1:
sloping region; 2: transition; 3: plateau region. Comparing the three panels
of Figure 2, it is apparent that the sloping region 1 (capacity < 80 mAh/g) of
the OCV curve is dominated by the p.m. enthalpy (Figure 2a), which spans an
energy scale of approximately 0 to 1 eV. The p.m. enthalpy changes in slope
between approximately 80-110 mAh/g (region 2) and in the plateau region 3,
the p.m. enthalpy is almost completely flat while the OCV still displays a
slope in this region. However, the inset of Figure 2a reveals a local minimum in
−∆H of approximately 0.03 eV at capacity ≈190 mAh/g, and a local maximum
at capacity ≈230 mAh/g, the significance of which will be explored further in
section 5.3.

The p.m. entropy shown in Figure 2b displays several distinct features.
Between about 0 to 80 mAh/g capacity, the p.m. entropy decreases monoton-
ically with increasing in capacity (interval 1). Between approximately 70 to
110 mAh/g, there is an increase in p.m. entropy (interval 2). After a local
maximum in p.m. entropy, there is again a decrease from about 110 mAh/g
to the capacity maximum of 272 mAh/g (interval 3). The p.m. entropy plays
an important role in the plateau region. The decrease in the p.m. entropy be-
tween 120 and 272 mAh/g is the primary contribution to decrease in the OCV
(Figure 2c) in the plateau region.

The observed decrease, increase and decrease in p.m. entropy in intervals
1-3 shown in Figure 2b is reminiscent of similar behaviour observed in the
entropy profiles of Li-ion systems. It has been observed and explained in lithium
manganese oxide (LMO) spinel [20, 21], layered lithium cobalt oxide (LCO) [25]
and graphite [26, 23, 22]. In these systems, the maximum and minimum p.m.
entropy within 2 is associated with ordering of lithium in the lattice, while
the rapid change in p.m. entropy such as in intervals 1 and 3 is indicative
of a transition to disordered ideal solid solution behaviour at low and high
lithium occupation in the lattice, respectively. Quantitative interpretation of
the observed features in the context of the present sodium-ion system requires a
model, which is presented and discussed in section 4. In this model, the entropy
features naturally arise as sodium transitions from interlayer to nanopore filling.

Additionally, numerical differentiation of the OCV with respect to x (as de-
fined in section 2.4) was performed using the “gradient” function in the NumPy
module of Python 3, which uses second order central differences in the interior
points. Using the variables defined in section 2.4 and applying the chain rule,
it is found that (c.f. Supplementary Information, section 3.2 for further details)
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Figure 3: (a) Experimental OCV data; (b) dQ/dV results obtained from equa-
tion 9. These results are compared with a Frumkin isotherm with interaction
parameter, g = −25 meV (red dashed line) and g = 0 meV (grey dotted line;
equivalent to a Langmuir isotherm).

dQ

dV
= − dxexpt

dEOCV(x)
= − 1

k2

(
dx

dEOCV(x)

)
, (9)

where k = Qexpt
max/Qmax, and the minus sign emerges because the measurement

was performed by galvanostatic discharge. Thus, dQ/dV was obtained as shown
in Figure 3b.

The single peak observed corresponds to the voltage plateau in Figure 3a.
The sloping region in the OCV does not display any inflection points or addi-
tional plateaus and therefore does not result in a dQ/dV peak.

The single dQ/dV peak in Figure 3b can be approximately described with
a Frumkin isotherm [31], where the cell voltage E(x) is given by

E(x) = ε0 − kBT (x log(x) + (1− x) log(1− x)) + gx, (10)

where ε0 is an interaction term between Na and the host that shifts the volt-
age scale, kB is the Boltzmann constant, T is the temperature, and g is an
interaction term between Na-Na pairs. The experimental peak full width half
maximum (FWHM) value is found to be less than 90 mV. Within this frame-
work, this FWHM value corresponds to attractive interactions (g < 0) between
the inserted sodium atoms in the plateau region, as shown by the red dashed
line. A FWHM > 90 mV would indicate repulsion, while a FWHM = 90 mV
would be equivalent to the Langmuir isotherm with g = 0 (grey dotted line in
Figure 3a-b).
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The fit with the Frumkin isotherm reveals several deficiencies that are all
addressed by the model presented in the next section:

1. The sloping voltage region is not properly described.

2. The configurational entropy term in equation 10 is that of an ideal solid
solution, at variance with the result shown in Figure 2b.

3. An attractive pairwise term would cause ∆H to decrease linearly with
increasing inserted sodium fraction (i.e. capacity) in the plateau region,
but as remarked above, ∆H shows two turning points in the inset of
Figure 2a. This suggests additional, possibly higher order interactions in
the system.

4. There is a discrepancy between the voltage profile obtained with high
x. This could indicate that there is, in principle, additional sodiation
capacity beyond x = 1. To illustrate this point, the Frumkin isotherm fit
is extrapolated beyond x = 1 (dash-dot line in Figure 3a).

Hence, further interpretation of the experimental thermodynamic data for
sodium insertion in hard carbon requires a model that can quantitatively sepa-
rate the contibutions from defect insertion, carbon interlayer filling and insertion
of sodium into the nanopores. This framework is presented in the following sec-
tion.

4 Simulation methods

4.1 Mean field modelling

We apply a two-level Bragg-Williams approach to model the thermodynamics
of sodium insertion in hard carbon. In the model, the system is represented
in two energy levels, where level 1 represents insertion of sodium into the car-
bon interlayers while level 2 represents occupation of sodium in the pores. We
denote these environments as sublattices 1 and 2, where N1 and N2, respec-
tively, represent the total number of atoms currently occupying each level, and
N = N1 + N2, where N represents the total number of occupied sites in both
levels. A schematic representation of the model is shown in Figure 4. We solve
this model in the canonical ensemble, i.e. by varying the number of particles in
the system. This method has been applied, in similar form, by some of us to
understand voltage profiles, and entropy/enthalpy transitions in lithium man-
ganese oxide [21] and lithium (de)insertion in graphite [23, 22, 32]. Some model
parameters were fitted to experimental data in a multiple stage numerical op-
timisation procedure that is further detailed the Supplementary Information,
section 3.1. For convenience, we summarise here all the input parameters in
Table 2, and further details of the interpretation are described in the text.

We represent the total number of available sites in the interlayers and nanopores,
with M1 and M2, respectively, where here M1 6= M2[23, 22, 32], since it is not
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Figure 4: Representation of the site placements in the hard carbon model. Black
lines denote graphene layers. Blue sites correspond to interlayer sublattice, n1,
red sites correspond to filling of nanopores in sublattice n2. Here all the sites
are completely filled (sodiation fraction x = 1).

known a priori what the maximum number of sites is in the interlayers or
nanopores. The sublattice occupancies, n1 and n2, are defined as n1 = N1/M1

and n2 = N2/M2. The ratio L (0 < L < 1), determined through fitting, is given
by L = M1/(M1 +M2). The convergence of the thermodynamic results with re-
spect to system size was checked and it was found that a total of M1+M2 = 400
sites was more than sufficient for all values of L. The system size convergence
was checked during the optimization procedure as detailed further in the Sup-
plementary Information, section 3.2.

We define the sodiation fraction, x (0 ≤ x ≤ 1), as

x = Ln1 + (1− L)n2, (11)

so that 0 ≤ n1 ≤ 1 and likewise for n2. For the more complex interactions
in the hard carbon system that will be described shortly, the partition func-
tion must be solved numerically, and then all thermodynamic properties can be
obtained from analytical expressions.

The partition function, Q(N,M1,M2), is [32]

Q(N,M1,M2) =
∑
i

e
− Ei

kBT =

N∑
j=0

Ωje
−

Ej
kBT , (12)

where the index i indicates summation over all possible Na/vacancy configura-
tions while index j indicates summation over degenerate (energetically equiv-
alent combinations of) levels, Ej , where the degeneracy, Ωj , is defined in the
Supplementary Information, section 1, and kB is the Boltzmann constant.

The assumption of the Bragg-Williams approximation is that all Na/vacancy
configurations for a particular set of values n1 and n2 are degenerate, where the
number of degenerate energy levels is Ωj for each state j [32]. The calculation
is performed by enumerating through all possible values of n1 and n2 for a
given x value, where n1 and n2 are determined by the index j. The mean field
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Table 2: Summary of input parameters in the mean field model. Values reported
in the top part of the table were fixed where indicated; fitted parameter values
reported at the right of the table were the ones obtained at the end of the
numerical optimisation procedure (c.f. Supplementary Information, section 3.1
for further details). For values that are allowed to vary, the range of allowed
values is reported in the right column.

Parameter Definition Value
N Total number of filled sites 0 ≤ N ≤M1 +M2

M1 Number of available interlayer sites
M2 Number of available nanopore sites
Mtot Total number of available sites Mtot = M1 +M2 = 400
x Overall sodium concentration 0 ≤ x ≤ 1

x = N/(M1 +M2)
n1 Interlayer sublattice concentration 0 ≤ n1 ≤ 1
n2 Nanopore sublattice concentration 0 ≤ n2 ≤ 1
T Absolute temperature 288 K

Fitted parameters

L Ratio of interlayer/total sites 0.329
ε′1(n1) Interlayer point interaction term

between sodium and carbon
ε′1(n1) = ε1 +Aexp(−BnC

1 ) Varies with n1
ε1 Interlayer point term

at high sodium occupation -0.372 eV
A Function amplitude -0.684 eV
B Function decay constant 1.874
C Function exponent 1.686
ε′2 All interaction terms in nanopores

ε′2(n2) = ε2 + g2n2 + g3n
2
2 Varies with n2

ε2 Nanopore point term interaction -0.021 eV
∆ε ∆ε = ε1 − ε2 (point term difference) -0.351 eV
g2 Mean field interaction between

Na-Na pairs in the nanopores -0.046 eV
g3 Mean field interaction between

Na triplets in the nanopores 0.032 eV
Qmax Theoretical maximum capacity

obtained when x = 1 338 mAh/g
∆Scorr Partial molar entropy correction

(non-configurational entropy) 4.50 J mol−1 K−1

approximation means that the energy expression is not affected by the local
arrangement of Na atoms, only the proportions occupying the two levels.
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We can write the interaction Hamiltonian, H(N,M1,M2) as

H(N,M1,M2) = ε′1N1 + ε′2N2, (13)

where N1 = n1M1 and N2 = n2M2 are the total number of atoms on sublat-
tices 1 and 2 respectively. The terms ε′1 and ε′2 refer to the interaction terms in
the interlayer and pore sublattices, respectively. The definition, physical justi-
fication and interpretation behind the ε′1 term in the interlayers is presented in
section 5.1.

We assume a point term, ε2, that is constant in the pores because the inter-
actions there are predominantly metallic in nature [10, 9]. On the basis of the
cited NMR studies, complete reduction of Na+ to Na0 should occur, indicative
of complete charge transfer. Therefore, in contrast with the interlayer interac-
tions, we do not expect significant variations in electronic state with nanopore
sodiation fraction, and therefore the Na-C interaction is expected to be constant
with respect to the sodium coverage. However, the dQ/dV data in Figure 3b
additionally suggests interparticle interactions between sodium atoms in the
pores. Thus the overall nanopore interaction term, ε′2, can be represented as

ε′2 = ε2 + g2n2 + g3n
2
2, (14)

where g2 represents an interaction between Na-Na pairs in the pores (analagous
to the Frumkin parameter g introduced in section 3) and g3 is a triplet inter-
action parameter. This was found to be the minimum complexity needed to
replicate the peak FWHM while avoiding overfitting. Further detail and physi-
cal justification for nanopore interaction term ε′2 is detailed in section 5.3.

As for the energy terms, Ej , in equation 12, these can be determined for
each index j, as

Ej =

{
(N − j)ε′1 + jε′2 = N1ε

′
1 +N2ε

′
2 for N < Mtot/2

(M1 − j)ε′1 + (N −M2 + j)ε′2 = N ′1ε
′
1 +N ′2ε2 otherwise,

(15)

where N ′1 = M1−N1 and N ′2 = M2−N2, i.e. N ′1 and N ′2 denote the number of
vacant sites in sublattices 1 and 2, respectively. The index j in the top (bottom)
line of equation 15 denotes the number of filled (vacant) sites in sublattice 2,
respectively. Counting through all values of j in equation 12 allow the energy
of all possible combinations of N1 and N2 to be determined for a given N . The
second line of equation 15 is simply a numerical trick to reduce the number of
states to count in the summation.

Once the equation 12 is determined, all of the thermodynamic relationships
can easily be obtained. For example, the chemical potential of inserted Na, µ,
can be determined as

µ = −kBT
(
∂lnQ

∂N

)
T,M1,M2

, (16)
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and hence the open circuit voltage versus metallic Na is given by EOCV = −µ.
All other thermodynamic variables can be then obtained from equations 3-8,
including the enthalpy H(x) and configurational entropy Sconf(x).

The partition function calculated above naturally includes all configurational
degrees of freedom, but in principle there are also vibrational and electronic con-
tributions to the entropy. Based on assumptions of Fultz et al., we treat the
vibrational and electronic contributions as constant, given that in lithium ion
systems, they do not vary substantially with lithiation degree [25, 26]. Like-
wise, there is no evidence to suggest these contributions vary significantly with
sodiation degree, x, here. The correction to the partial molar entropy, ∆Scorr

is therefore

∆S(x) =
∂S(x)

∂x
=
∂Sconf(x)

∂x
+ ∆Scorr, (17)

where ∆Sconf is the partial molar configurational entropy determined by solving
the partition function, ∆Scorr is a constant fitted parameter and ∆S(x) includes
all entropy contributions.

Good agreement between experimental and simulated data was obtained
by applying the numerical optimisation procedure, described in Supplementary
Information, section 3.1, with the Hamiltonian defined in equation 13.

4.2 Grand canonical Monte Carlo calculations

Grand canonical Monte Carlo (GCMC) calculations were performed with two
different types of site, ci and cj , which refer to the interlayer and nanopore site
occupancies, respectively. ci takes value 0 if an interlayer site is empty and 1 if
the site is filled, and likewise for cj . A total of M1 +M2 = 5000 sites was found
to be fully converged with respect to the system size, as further detailed in the
Supplementary Information, section 4. GCMC calculations were perfomed using
the Metropolis algorithm [33], with a total of 5000 Monte Carlo steps (MCS)
per site run at each input chemical potential µ to reach equilibrium. A further
5000 MCS per site were run subsequently, and fluctuations of the occupancy,
N and internal energy U at each µ value were sampled every 200 Monte Carlo
steps and were used to derive thermodynamic observables, as further detailed
in our previous work [20, 34].

A grand canonical Hamiltonian of the form

H = (ε′1 − µ)

M1∑
i

ci + (ε′2 − µ)

M2∑
j

cj , (18)

was used in all GCMC calculations, where the terms were defined in section 4.1.
Different variations of the ε′1 are presented in the following section, while nanopore
interaction term ε′2 is as defined in equation 14. Otherwise, the same nomecla-
ture and parameter values were used as described in section 4.1.

We used GCMC simulations to test the effect of different point term distribu-
tions in the interlayers, which is not feasible with the partition function defined
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in equation 12. Additionally, this method allowed us to verify the simulation
results obtained with the Bragg-Williams method, using the same interaction
parameters, to verify the calculation of the partition function.

5 Comparing lattice gas models to experiments

5.1 Interpretation of sloping voltage region

The layers of hard carbon are highly heterogenous, comprising a variety of
possible point defects [10, 8, 12, 11]. Point terms for sodium adsorption in
carbon nanostructures have been computed elsewhere by DFT, including sodium
adsorption near possible defects such as oxygenated sites and carbon vacancies
[11, 12]. In the cited studies, these point terms were found to span an energy
range of approximately 0 to -1 eV versus Na metal. We assessed the influence of
different interlayer site distributions by performing GCMC calculations, detailed
in section 4.2.

An analysis of different distributions, and the dependence of simulation re-
sults with system size, is presented in the Supplementary Information, section
4. In Figure 5, a triangular distribution of interlayer site energies, ε′1, is pre-
sented. In the GCMC model, energies of the interlayer sites were chosen by
running through each of the sites and assigning them an energy using a random
sample of the frequency distribution. This distribution naturally includes a low
proportion of sites with high binding energy, with a linearly increasing fraction
of sites with lower binding energy, with the frequency distribution of ε′1 shown
in Figure 5a. The upper and lower limits of the distribution, 0.08 eV and -1.65
eV respectively, were obtained by comparing the Monte Carlo results with the
experimental enthalpy profile. The physical picture is also shown schematically
in Figure 5b.

GCMC simulation results obtained with ε′1 following a triangular distribution
are presented in Figure 6. Here, the experimental x scale was obtained by
normalising the discharge capacity to the theoretical maximum capacity Qmax =
338 mAh/g. This capacity value is comparable with experimental maximum
capacities obtained from other hard carbons [35], with a value as high as ≈430
mAh/g having been reported [36]. The grey and green lines represent extreme
cases: the grey line is the entropy of an ideal solid solution, where all lattice
sites are filled randomly, which is described by equations S7-S8. The green line
corresponds to random filling of interlayer sites until all sites are filled, followed
by random filling of nanopore sites. The green line is described by equations
S12-S15.

Most of the features of the sloping region of the experimental OCV (Fig-
ure 6a), are well replicated by the GCMC simulations. Some deviation in the
p.m. enthalpy (Figure 6b) is observed at the transition at x = 0.3. This is
reflected also in the p.m. entropy, Figure 6c, at the same x value, which shows a
more pronounced step than observed in experiment. Another difference between
experiment and the model is that the p.m. entropy from GCMC remains almost

16

10.1002/cphc.202100748

A
cc

ep
te

d 
M

an
us

cr
ip

t

ChemPhysChem

This article is protected by copyright. All rights reserved.



Figure 5: (a) Triangular distribution of site energies in interlayer sublattice n1.
Site energies were binned in intervals of 0.1 eV to obtain the frequency. (b)
Schematic representation of the inclusion of interlayer point defects. The lattice
is shown to be completely filled (x = 1). There is a small proportion of lighter
blue sites (energy close to -1.65 eV). The majority of interlayer sites are dark
blue, indicating less negative binding energy closer to 0.08 eV. Red sites indicate
occupation of sodium in the pores, which are treated as having the same energy.

constant between 0 < x < 0.3, while the experimental result is much closer to
the red dashed line.

The experimental configurational entropy, shown in Figure 6d, was obtained
from equation S16. The procedure is detailed in full in the Supplementary Infor-
mation, section 2.2, and a very similar approach has previously been used to de-
termine the experimental configurational entropy for lithium insertion/removal
in graphite [22].

In Figure 6d, it is apparent that the simulated point term heterogeneity
leads to almost zero Sconf between 0 < x < 0.3, contrary to the experimental
Sconf , which agrees much more closely with interlayer solid solution filling (red
dashed line). The reason for the very low simulated Sconf is that for any point
term distribution spanning a range on the order 0 to -1 eV, this energy scale
would dominate over that of thermal fluctuations, kT ≈ 25 meV. Sites with
the highest binding energy (the most negative point terms) fill first, then sites
of lower binding energy are filled in sequence as the chemical potential (or
Fermi level) of the electrode is changed, with little driving force to fill sites
at different energy. This means that any given chemical potential, a limited
number of states would be energetically accesssible, resulting in a low Sconf . In
contrast, the experimental result suggests limited point term heterogeneity, with
many sites of similar energy that are energetically accessible through thermal
fluctuations, and an Sconf approximating solid solution filling of the interlayer
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Figure 6: (a) Cell voltage, (b) partial molar (p.m.) enthalpy, (c) p.m. entropy,
(d) configurational entropy. Black points: GCMC data, with a triangular distri-
bution of interlayer point terms. Blue points: experimental data; grey dashed
line: ideal solid solution (ss) on all sites; green dash-dot line: ideal ss filling of
interlayer sublattice, followed by ss filling of nanopore sites.

sites. Therefore, a priori interlayer site heterogeneity, i.e. a distribution of point
defect energies, is not the primary origin of the change in p.m. enthalpy, and
therefore the change in voltage, in the sloping voltage region.

The same finding is also helpful to understand the possible role of Na adsorp-
tion on surface sites versus being inserted into the interlayers. This situation
could also result in a distribution of point terms, because of different possible
Na-C binding energies at the surface with respect to the bulk. By the same logic
as above, the difference between the simulated and experimental configurational
entropy suggests either that surface sites are a relatively small proportion of the
available sites, the energetics of Na adsorption do not vary significantly from
the bulk interlayer sites, or both. This justifies approximating the surface and
interlayer sites as a single energy level in the model presented subsequently.

We consider that the interlayer point term, ε′1, might vary with sodiation
fraction n1. When an alkali metal is intercalated into a compound with a low
density of states (DOS) at the Fermi level, large changes in chemical potential
occur, as highlighted by Dahn et al. [37]. This results in rapid changes of
the point term of lithium in graphite at low lithium occupation, resulting in
additional electrochemical features [23]. Similarly, the local structure of hard
carbons approximates to curved bilayer graphene, which also presents a low
DOS at the Fermi level (Dirac cone at the Γ point minimum) when no sodium
is in the lattice [38, 10]. In fact, Stratford et al. found localised charge transfer
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Figure 7: Blue points: DFT data obtained from Figure 6 of ref. [41], for
sodium adsorption on graphene. Data re-used with permission from Elsevier
Ltd., Copyright 2018. The binding energy as a function of sodium concentration,
n1 is obtained. The fitted function, obtained within the present work, is E =
Aexp(−Bn1.67

1 ) + y0, where E is the adsorption energy of sodium on graphene.
The fitting coefficients, obtained from least squares regression, were: y0 = −0.23
eV, A = −1.82 eV, B = 5.78.

between sodium and carbon defects in hard carbons by in-situ NMR [10]. They
found changes in the local environment of the sodium ions with an increase in
the amount of sodium in the hard carbon, implying that the sodium species
become increasingly metallic as the voltage decreases. A greater Knight shift
was obtained with increasing sodium concentration, indicating an increase of the
Na 2s DOS at the Fermi level. The operando Raman measurements of Euchner
et al. combined with DFT calculations of phonon spectra, suggest a downwards
shift in the G-band through as more sodium is added in the sloping region [38],
which was also observed experimentally by Weaving et al. [13]. Both groups
attributed this shift to charge transfer from the metal atoms to the carbon
matrix [38, 13]. DFT calculations combined with Bader charge transfer analysis
also suggest changes in the charge transfer from sodium to carbon dependent
on the amount of inserted sodium [39, 40, 41].

Based on arguments presented previously for lithium in graphite [23, 37, 42]
and the experimental/DFT evidence for the sodium in hard carbon system,
it is therefore reasonable to assume that the interlayer point term, ε′1, varies
dependent on the sodiation fraction, n1. This is in line with the DFT data of
Wasalathilake et al. [41], who showed a more negative binding energy, ∆ENa,
at low sodium occupation that decays to a less negative ∆ENa as the lattice
becomes sodiated. We show DFT data from Wasalthilake et al. in Figure 7, for
sodium adsorption on graphene.

Consistently with these calculations, we found that a relationship of the form

ε′1(n1) = ε1 +Aexp(−BnC
1 ), (19)

gave a satisfactory fit to the experimental results for the partial molar enthalpy
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variation in the sloping region. Here ε1 represents the interlayer point term
in the limit of high sodium occupation, and A, B and C are empirical fitting
constants that represent the amplitude, decay constant and exponent, respec-
tively, of the point term variation with n1, obtained from experimental data.
Pairwise Na-Na interactions were tested, but were found to negligibly influence
the thermodynamic behaviour compared with the variation in Na-C interac-
tions expressed in equation 19. Therefore, pairwise interactions were neglected.
As shown from the fitted variables in Table 2, ε′1(n1 = 0) = −1.056 eV and
ε′1(n1 = 1) = −0.477 eV, i.e. there is a high sodium binding energy at low occu-
pation, that decays to a somewhat lower binding energy once the lattice becomes
filled. The quantitative values obtained for A and B by fitting the experimental
thermodynamic profiles differ from those shown in Figure 7, which are based
on DFT data [41]. Nevertheless, the experimental and DFT parameters are
in qualitative agreement, with both parameter sets describing an exponentially
decaying binding energy with the same sign and order of magnitude of the inter-
action. Quantitative differences between experiment and the model likely arise
from the DFT exchange correlation functional, as well as planar graphene being
an imperfect proxy system for hard carbon.

Results for the enthalpy variation of the interlayer and nanopore sites are
presented in Figure 8. The presented results assume that sodium filling proceeds
entirely in the interlayer sites (red line) until those are filled, and then further
filling proceeds only in the nanopore sites. The enthalpy variation for 0 < x <
0.2 is indeed described well under this assumption, but the p.m. entropy would
be that of the green line shown in Figure 6. There is a transition region between
about 0.2 < x < 0.5, where filling of interlayer and nanopore sites is energetically
competitive and proceeds at the same time, as shown schematically at three
different sodiation degrees in Figure 9. This transition is naturally accounted
for in the Bragg-Williams model, as outlined in the next section.

5.2 Bragg-Williams, Monte Carlo and experimental re-
sults compared

We can compare the results of the Bragg-Williams model, defined in section 4.1,
with experiments. We utilise interlayer interaction term defined in equation 19,
having provided physical arguments in the previous section. It is also possible to
validate the Bragg-Williams results by putting the same interaction parameters
into the grand canonical Hamiltonian (equation 18) and performing Monte Carlo
calculations. Bragg-Williams, Monte Carlo and experimental thermodynamics
results are thus overlaid in Figure 10.

It is apparent from all the plots in Figure 10 that the Monte Carlo and
Bragg-Williams results, evaluated using the same interaction parameters but
in two different ensembles, are in good agreement. This provides validation of
the simulation results from both methods. The agreement between the results
means that the substantially less computationally expensive Bragg-Williams
results can be used to model the experimental behaviour.
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Figure 8: Red line: plot of the interlayer enthalpy variation obtained from
equation 19, in the interval 0 < x < 0.329, assuming that this region corresponds
entirely to interlayer filling. The dashed red line is an extrapolation. Grey line:
plot of the enthalpy variation in the nanopore filling region, obtained using
the expression introduced in Table 2, also assuming that filling of these sites
proceeds in the interval 0.329 < x < 1. Blue line: experimental results.

  

= filled interlayer 
sites

= filled nanopore 
sites

Increasing interlayer point term= Interlayer
vacancy

= Nanopore
vacancy

(a) (b) (c)

Figure 9: Schematic representation of the site occupancies and energies of
sodium in hard carbon at three different sodiation fractions. As explained in
the text, the energy of the interlayer sites varies with the number of occupied
sites, as indicated by the changing shade of these sites. The point term of the
nanopore sites, indicated in red, is fixed (although mean field interactions be-
tween Na particles are accounted for). As shown in (c), nanopore filling proceeds
before all the interlayer sites are completely filled.
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Figure 10: (a) Voltage, (b) partial molar (p.m.) enthalpy, (c) p.m. config-
urational entropy, (d) absolute configurational entropy. Bragg-Williams (red
dashed line) and GCMC (black points) simulation results were obtained from
equation 19, assuming an interlayer point term that varies with sodiation frac-
tion. Blue points: experimental data; grey line: ideal solid solution (ss) on all
sites (equation S7-S8); green dash-dot line: ideal ss filling of interlayer sublat-
tice, followed by ss filling of nanopore sites (equation S12-S15).
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Figure 11: (a) Proportions of sodium occupying interlayer (n1) and nanopore
(n2) sites as a function of sodiation fraction, x. (b) Order parameter (OP),
obtained from equation S17.

Comparing those Bragg-Williams results to the experiments, good agree-
ment is also obtained, indicating that both the energetics and the configura-
tional entropy of sodiation in hard carbon are well described in the model. The
three regions 1: sloping region, 2: transition and 3: plateau region that were
highlighted in Figure 2 in the experimental section are faithfully replicated.

A closer inspection of Figure 10d reveals that the experimental configura-
tional entropy, Sconf(x), is somewhat lower than either than Bragg-Williams
solution or the analytical solution for ideal solid solution filling of interlayers
(green dash-dot line, determined from equation S12-S15). This could be due to
a some small distribution of point terms in the interlayers (c.f. section 5.1) that
is not captured within this model. A full treatment of this effect would require
combining a priori heterogeneity with a varying interlayer point term with oc-
cupation. Alternatively, a more sophisticated model of the vibrational and/or
electronic entropy may be required. Both of these aspects are beyond the scope
of the present work. However, neglecting a priori heterogeneity is otherwise a
very good approximation to the entropy of sodiation of hard carbon and allows
all of the key parts of the voltage profile to be quantitatively decoupled.

The proportions of sodium occupying the carbon interlayers and the nanopores,
n1 and n2, can be separated within the model, which is a key advantage of mod-
elling the configurational entropy. This is shown in Figure 11a.

It is revealed that exclusive filling of the interlayers as an ideal solid solution
proceeds first in region 1, as previously hypothesised. Approximately 80% of
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the available interlayer capacity is filled in this region. However, in regions 2
and 3, filling of nanopores proceeds at the same time as interlayer filling. In
region 2, significant filling of both regions occurs while in region 3, filling of the
nanopores predominates.

Additionally, we can quantify an order parameter (OP), defined in the Sup-
plementary Information (equation S17). This OP is shown in Figure 11b as a
function of x. The OP is negative for all x, indicating that a higher proportion
of interlayer sites are filled than nanopore sites. Note that with L < 0.5 as in
the results presented here, it is still possible for a greater absolute number of
nanopore sites to be occupied even if the OP is negative, because there are more
nanopore sites available to be filled. The minimum value of the OP at x = 0.3
is ≈ −0.8. Thus, nanopore filling initiates once about 80% of the available
interlayer capacity is filled.

The energetic diffference between interlayer and nanopore sites means that
only the interlayer sites, which comprise about one third of the total available
capacity, can initially be filled. The restricted number of available configurations
can be interpreted as ordering, which manifests itself as a local minimum in the
entropy (Figure 10d). Commencement of nanopore filling, once the chemical
potential of sodium comes close to that of bulk metallic sodium, is responsi-
ble for the increase in entropy once those configurations become energetically
accessible. This behaviour is responsible the experimentally observed entropy
features shown in Figure 10c-d.

5.3 Interpretation of nanopore interactions

In this section, we present further information about the nanopore interactions
described by ε′2, defined earlier in equation 14.

The dQ/dV data presented in Figure 12, are sensitive to the interactions ε′2,
since these interactions determine the slope of the voltage plateau. The peak
position is primarily determined by ε2 = −0.021 eV. This ε2 value, just slightly
negative of 0 eV, can be interpreted as deposition of metallic sodium into the
pores at potentials slightly positive of the equilibrium potential for reduction of
sodium, i.e. underpotential deposition (UPD) [43, 44]. Note that UPD occurs
because the interaction between the deposited metal atom and the substrate is
more energetically favourable than metal-on-metal deposition, and thus UPD is
restricted to one, or exceptionally two, monolayers.

The dQ/dV peak shape is determined by interactions between Na atoms in
the pores. The experimental partial molar enthalpy, Figure 2a, showed two turn-
ing points in the nanopore filling region. This behaviour cannot be replicated
with a single interparticle interaction term, which would cause a monotonic
decrease or increase in ∆H dependent on whether that term is attractive or
repulsive, respectively. However, two interaction terms g2 = −0.046 eV and
g3 = 0.032 eV, was found to be sufficient to replicate the dQ/dV peak shape
in Figure 12, and the p.m. enthalpy behaviour in Figure 2a. The term g2 is
analagous to a mean field pairwise interaction, while g3 behaves like a triplet
interaction, albeit a mean field one. As in previous sections, the agreement be-
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Figure 12: dQ/dV results. Blue points: experimental data; blue points: GCMC
data; black points: red dashed line: Bragg-Williams (BW) solution.

tween the GCMC and Bragg-Williams (BW) results is strong, so we will discuss
only the BW result. Both simulation methods replicate the experimental peak
width and shape.

To gain additional insight into the interactions, we can separate the energetic
contributions from the interlayers and nanopores from the BW model, since
we know the fraction of these sites that are occupied at any given x value
(Figure 11a). The full procedure is described in the Supplemental Information,
section 2.4.

In Figure 13, the partial molar enthalpy of sodium in the interlayers and
nanopores, ∆Hinterlayers and ∆Hnanopores respectively, are shown. In contrast
to the result shown earlier in Figure 8, this analysis accounts for the correct
occupation of interlayer and nanopore sites at each x value. The enthalpy vari-
ation in the sloping region is dominated by interlayer interactions. Filling of
nanopores commences at x = 0.2 and at x = 0.4, nanopore and interlayer fill-
ing become energetically competitive, resulting in a minimum in −dH/dx. At
higher x, the energetic contributions from nanopore filling dominate. The sec-
ond turning point in the partial molar enthalpy occurs just before x = 1 and
originates from the nanopore interaction term. The simulated results replicate
the two turning points found experimentally in the inset of Figure 2a. The
first turning point originates from a transition from interlayer to nanopore fill-
ing. The second one appears to a consequence of two competitive interactions
between Na atoms in the nanopores.

One hypothesis to explain the enthalpy relationship in the nanopores is the
following, represented schematically in Figure 14. Deposition of sodium on the
pore walls commences by a mechanism similar to UPD. It is likely that this is
initiated on defect sites on the pore walls. As the cell voltage increases, the
first layer completes (Figure 14a), as described by the ε2 term. Ordinarily,
subsequent sodium deposition (Figure 14b-c) should not be possible above 0 V
vs. Na. However, we propose that pore geometry itself facilitates subsequent
sodium deposition, because subsequent layers of sodium deposited onto the first
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Figure 13: Plot of the partial molar enthalpy obtained from the Bragg-Williams
model. The energetics of the interlayers (blue line) and nanopores (red line)
were separated by applying equations S18-S20. The total partial molar enthalpy
(grey line), presented earlier, is also shown here. Inset: the same data shown
over a narrower energy range.

layer reduce the surface area and therefore the surface energy of the system.
The g2 term can be thought of a surface term; g3 as a volume term. There is a
competition between these terms, but interestingly this is the exact opposite of
a nucleation and growth problem [45], because deposition reduces the surface
energy of the system but increases the energy through the bulk term. This could
be the reason that the system is well described by a negative g2 but positive g3,
resulting in a maximum in −dH/dx.

Although we have no evidence of this hypothesis other than measurement
and modelling of the energy terms and the trend with sodiation fraction, we be-
lieve this should be examined further on systematically synthesised hard carbons
of variable pore size and geometry, perhaps bolstered by operando techniques
such as small angle x-ray scattering (SAXS). Youn et al. recently found, via
DFT calculations, that layers of sodium of between 3-6 atomic layers in thick-
ness are stable in between two sheets of planar graphene [46]. With a nearest
neighbour distance in body-centred cubic sodium of 0.366 nm [47], this regime
spans a pore diameter range between about 1.1 and 2.2 nm. Consistent with this
size range, a pore size of approximately 2.0 nm was obtained by Au et al. using
SAXS for hard carbons showing the highest capacity of about 300 mAh/g [11],
indicating that the energetics of multiple layer sodium adsorption in nanopores
is worth further study.

6 Conclusions

In this work, we present the first application of the entropy profiling tech-
nique, which is an established method for characterising lithium-ion cells, to
any sodium-ion system. It was demonstrated that this method, when applied
to sodiation of hard carbon, yields additional features that ordinarily cannot be
discerned through conventional galvanostatic cycling. The method was sucess-
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Figure 14: Schematic representation of how the nanopore site distribution might
change with increasing sodiation fraction from (a) to (c). The dashed grey
line represents the surface area of the empty void. As the sodiation fraction
increases, the surface area of that void decreases.

fully combined with lattice gas models that allows the interlayer and nanopore
site environments to be separated. We can break down the main findings as
follows:

• The energetics and entropy of sodium insertion in hard carbon were de-
termined experimentally.

• The observed entropy profile feature was attributed to: 1: a region where
only interlayer sites were filled at low sodium occupation, 2: a region
where interlayer and nanopore sites were filled at the same time and 3:
a region corresponding almost entirely to nanopore filling, with the inter-
layer sites almost all filled. Regions 1, 2 and 3 correspond to the observed
decrease, increase and decrease in partial molar entropy, respectively, with
additional sodium occupation.

• We developed a 2 level Bragg-Williams model, the first level corresponding
to sodiation of the carbon interlayers and the second to sodiation of the
nanopores. The method was validated by fitting the interaction terms to
the experimental thermodynamic results. The calculation of the partition
function was validated through Monte Carlo simulations, which yielded
nearly identical results to the Bragg-Williams model.

• To simultaneously model the energetics and entropy of sodium insertion
into the interlayers, it was necessary to account for changes in the interac-
tion between sodium and the carbon host with the interlayer filling frac-
tion, which can be attributed to varying charge transfer between sodium
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and the host dependent on sodiation fraction, i.e. the system becomes
more metallic as more sodium is inserted.

• Modelling the enthalpy changes in the interlayers with a distribution of
point terms, which would arise from defects in the interlayers, leads to a
description of the entropy that is inconsistent with experimental results.

• Quantification of the interlayer and nanopore sublattices suggests that, for
the studied hard carbon sample, the sloping region corresponds to filling
of only the interlayer sites to about 80% of their available capacity. The
plateau region is attributed to filling of the remaining interlayer sites with
concomittant filling of nanopores.

• Fitting the model to experiment required extrapolating the curves beyond
the experimental maximum capacity. The theoretical capacity was 338
mAh/g while the experimental discharge capacity was approximately 270
mAh/g. Almost all of the unutilised capacity was in the nanopores.

As outlook from the work, we anticipate that entropy profiling could be-
come a standard method for the characterisation of hard carbon materials of
controlled pore size and interlayer geometry. It has the potential to allow more
definitive discrimination between the plateau and sloping voltage regions depen-
dent on synthesis conditions. Hard carbon materials design strategies should
focus, not only on optimising the capacity in these regions, but also on raising
the voltage of the plateau region. This could be achieved through systematic
doping, such as through boron substitution, which should allow additional ca-
pacity to be accessed in the nanopores. As an additional benefit, such a strategy
would mitigate the risk of sodium plating.
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