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Abstract: Emerging glass structures, which frequently use laminated glass (LG) as load bearing
elements, see a significant rise in recent decade. Existing analytical solutions for LG under impact
present limitation when introduced into structural LG products, as structural LG having more glass
plies and soft polymeric interlayers requires more accurate nonlinear analytical model. In this study,
a nonlinear analytical model was proposed for the simply supported square structural LG subjected
to hard body impact. The motion equations were established based on a third order shear
deformation theory and von Karman nonlinear strain-displacement relationship. Based on a two-
step perturbation method, the solutions of the motion equations were obtained. The fourth-order
Runge-Kutta method was used to capture the impact force variation. Drop weight impact tests with
increasing impact velocity, were conducted to record the impact force of LG panels before breakage.
Eighteen LG panels with PVB or SG interlayers were tested. Through analysing the fracture
initiation from high speed photos as well as the impact force variation in the impact attempt causing
fracture, certain feature of the experimental impact force response was determined to be validated
with analytical prediction. The validation results show that the proposed model can well reproduce
the examined feature and achieve satisfactory impact force response. Case study was then designed
to investigate the influence due to the safety windows film on reducing the pre-crack impact
response. The effective thickness of LG based on the equivalence of indentation was also proposed
for the hard body impact.

Keywords: Laminated glass; Nonlinear dynamics; Architectural glass; A two-step perturbation

method; Hard body impact;
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1. Introduction

Structural use of glass, in particular, those glass components acting as load bearing elements
commonly require greater redundancy to survive the glass fracture [1, 2]. Therefore, structural
laminated glass (LG) products, which comprise more than two glass plies and one polymeric
interlayers to achieve better post-fracture performance, have been increasingly used in glass
buildings [3]. The most commonly used polymeric interlayers in glass buildings are Polyvinyl
Butyral (PVB) [4] and ionoplast interlayers [5]. The impact resistance is one essential factor in the
design of glass structures, as glass materials (even thermally toughened glass) present high
vulnerability under impacts [6, 7]. Impacts on the structural glass commonly have two types: soft
body impact such as manual hit or falling [8-10], or hard body impact like axe attack or windborne
debris hit [11, 12]. The structural calculations or experimental study on the soft body impact on the
glass products have reached a high level of accuracy [13, 14], which can be found in the existing
design code and specifications [15]. However, the hard body impact which yield greater threat to
the glass products has less attention.

Most works of the hard body impact on the glass products are carried out by laboratory tests
or numerical simulation, which demands the speciality of engineers and facilities [16]. In the
laboratory tests, the hard body impactor might be small missiles to simulate windborne debris [17-
19], large weight impactor with steel hemispherical head to simulate objects falling [20]. In the
automotive engineering, a headform impactor comprising aluminium sphere and Polyvinyl chloride
(PVC) skin is designed to simulate human head [21-23]. Wang et al. conducted a series of
experiment on testing both pre- and post-fracture behaviour of laminated glass (LG) panels using
ionoplast interlayer [20]. The results show the growth trend of the energy dissipation feature and the
transverse stiffness under impacts with increasing impact velocities. However, the laboratory tests
are expensive and cannot cover as many design variables as the numerical models can. Finite
element method (FEM) can be frequently seen in modelling the impact failure of LG products. Most
works using FEM focus on developing applicable failure criterion for glass materials [24] or glass-
interlayer interface [25, 26]. Other numerical models such as combined finite-discrete element
method have also been used in the related topic [27]. Complex mechanical models were developed

and implemented into the numerical model [16] to improve the computation accuracy, however, this
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also brings more difficulties for the engineers to conduct a concise simulation. To have a quick
assessment of the impact resistance of glass products, an analytical model might be more practical
for designers.

Analytical studies on the impact response of composite laminates can be frequently found. Due
to low transverse shear moduli relative to the in-plane Young’s moduli, transverse shear deformation
plays a much important role in the kinematics of composite laminates. Choi et al. [28] proposed a
modified displacement field of plate theory for carbon/epoxy laminates to consider the effect of in-
plane pre-load. The analytical contact force history in the low-velocity impact was compared with
that from a pendulum impact test. The results show that as the impact energy increases, the analytical
result will present higher difference from the experimental result, indicating the impact velocity or
impact energy variation needs to be considered in analytical solution. Singh et al. [29] improved a
spring-mass system to represent the contact, shear, bending and membrane stiffness of composite
laminates. The comparison between FEM result and analytical result shows that the local indentation
at impact point should also be considered in a low velocity large mass impact. In Singh’s model, the
modified contact stiffness was proposed to consider the damage caused by external impact. Wang
et al. [30] reviewed eighteen theoretical contact models reported in existing works. It can be found
that local indentation is frequently used to characterize the contact behaviour between the impact
body and the plate. Therefore, adopting a suitable contact model is a key step in the low-velocity
impact model of the laminated structures. Analytical impact model of other composites such as
functionally graded carbon nanotube-reinforced composite (FG-CNTRC) [31], carbon fibre
reinforced plastics (CFRP) [32], and laminate consisting of polymethyl methacrylate (PMMA) and
thermoplastic polyurethane (TPU) [33] under dynamic load can also be found. In contrast, the report
on the analytical solution for the LG under low-velocity hard body impact is limited so far. A recent
work of Yuan et al. [22] aimed to develop an analytical model for thin automotive LG subjected to
low velocity impact of headform impactor. The first-order shear deformation plate theory
incorporating the effect of bending, membrane and transverse shear was employed in this model.
The peak transverse displacement and contact force from analytical model were compared with that
from experimental test. The difference in the contact duration between analytical and testing result
was found to be evident, whereas the trend of transverse displacement was satisfactory. Amabili et

al. [34] proposed a theoretical model to study the nonlinear dynamic response of laminated glass
3
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plates subjected to blast load. In this model, the geometrically nonlinear damping model [35] was
adopted to capture the variation of damping values associated with large-amplitude oscillations of
the plate. Other analytical models commonly focus on the static load [36] or blast load [37].

However, as above mentioned, the structural LG is produced via lamination with multiple glass
layers, which might be up to 19 mm (e.g. fully tempered glass) for each glass layer. The first order
shear deformation theory, which is widely used in the existing analytical works, is very likely to be
not applicable in such product, as the multiple “stiff glass - soft polymer” interlaminar deformation
is complex. Due to great difference in the material characteristics between the glass layers and the
polymeric interlayers, the effect of shear deformation is commonly significant. Therefore, high-
order shear deformation plate theories should be used to study the dynamic behaviour of laminated
glass panel. At the same time, the contact law used in the analytical model for the laminated glass
panel containing the soft-core layer should be modified based on the experimental results. In
addition, existing research shows that the increase of impact energy might generate greater deviation
of analytical result from realistic one, which has not been well examined. Therefore, in this paper,
three novelty points are primarily introduced: 1) the third order shear deformation theory is adopted
to consider complex interlaminar deformation, which is more appropriate for structural LG than
existing works; 2) the local indentation, which exhibits significant effect on the impact failure due
to hard body impact but has not been considered in the existing analytical efforts, is introduced in
the proposed model; 3) impact tests are conducted with varying its impact energy, which is then
used to examine the potential deviation from the experimental data in the proposed analytical model.
Finally, a nonlinear dynamic analytical model can be built for the structural LG under hard body
impact with low velocity.

In this work, the impact responses of LG under different impact velocities were investigated
theoretically and experimentally. An analytical model considering geometric nonlinearity and shear
deformation was presented. The motion equations of the LG and impactor were obtained by
combining TSDT with larger deflection theory and framework of Newton’s second law of motion,
respectively. Furthermore, the second-order differential equation (SODE) including the perturbation
solution of the dynamic equation of LG and dynamic equation of impactor can be solved by a fourth
order Rung-Kutta method (RK4). The relationship between impact force or indentation and time

can be obtained. Drop weight impact tests were subsequently carried out to record the pre-crack
4
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impact force data of LG panels. Followed by a procedure of determining the validated feature of
impact force response, the comparison between the analytical and experimental results was finally
conducted to examine the applicability of the proposed model. Two case studies: 1) the investigation
into the influence of the safety windows film on reducing the pre-crack impact response; 2) the
validation of the proposed effective thickness of LG based on the indentation equivalence, were

then conducted.

2. Laboratory tests

2.1 Testing apparatus

In this work, the low velocity impact on the structural LG elements is assumed to be caused by
large mass impactor such as furniture. A drop weight impact test method with a peak drop height of
6 m was adopted. A transparent guide pipe made of Polymethyl methacrylate (PMMA) was used to
drop the impactor (Fig. 1(a)). A testing approach characterized by a series of impact attempts with
gradually increasing drop heights until glass fracture was adopted. The increment of drop heights
was determined as 0.1 m or 0.2 m, which was adjusted according to the expected fracture state of
next impact. The impact velocity was then recorded in each impact attempt. It is noting that the
repeated impact attempts cannot guarantee precisely identical impact velocity with same drop
heights, which is due to the friction of testing system and man-made errors. All sensors were
connected to data acquisition units, a sampling frequency of 100 kHz was determined during the
tests. Type DH5922N data acquisition unit with multiple sampling modules, which can reach a
highest sampling frequency of 256 kHz, was adopted.

Design of the impactor: the large mass impactor made of steel was designed to be a 13.5 kg
weight with a spherical head radius of 40 mm and a cylindrical body. A ring-shaped integrated circuit
piezoelectric (ICP) force sensor was installed between the head and the impactor body to measure
the impact force. The force sensor, type SA-CL600, has a sensitivity of 4 pC/N with response
threshold less than 0.01 N. An ICP accelerometer (type SA-PED5W) having a sensitivity of 2

pC/(m-s?) was placed near the impactor head to measure its acceleration (Fig. 1(b)).
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Fig. 1 Design of the testing system and impactor

Design of the testing platform: the platform was designed to test specimens with a largest size
of 1.5 m x 1.5 m (Fig. 2 (a)). Considering that the large mass impact will cause too much bouncing
and movement of the specimens with simple support, a slight upper constraint was applied at the
specimen edge as shown in Fig. 2 (b). Although the design was originally for the clamping support,
the fixing bolts were adjusted to provide very limited rotational constraint at glass edge in this
experiment. A pair of thick neoprene gasket was used to limit the bouncing and movement of the
specimen. Through such design, a support condition which was highly close to the simple support
can be achieved. The accelerometer glued to the bottom surface of panels beneath impact has a

sensitivity of 2 pC/(m-s2), the nominal threshold is 0.13 g with long-term stability of + 1%.

Accelerometers; ¥3

a— 1 Y

(a) Testing platform and specimen
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Fig. 2 Testing platform and details of the support

2.2 Testing specimens

18 LG panels split into 2 groups (See Table 1) were selected for testing. Fully tempered (FT)
glass and two types of interlayers, PVB (Butacite®) and ionoplast (SentryGlas®, SG) interlayers,
were utilized to make LG panels. It is noting that, in Table 1, because of the discreteness in glass
products (e.g., fracture strength of glass, adhesion level between glass and polymer) and impact
attempts, the number of impact attempts until fracture were not same. The soda-lime-silica glass
products used for the lamination followed the standard requirement of Chinese GB 15763.2 [38].
The glass products had edge treatments including polishing before tempering, and its surfaces did
not have any treatment. The laminated glass products provided by Henan Zhongbo Glass Co., Ltd
followed the standard requirement of Chinese GB 15763.3 [39]. The glass lamination adopted a
regular roller prelamination process and autoclaving process. Before lamination, interlayers were
packed and transported to the manufacturer without exposure to sunlight.

The uniaxial tensile property of PVB material was tested according to GB/T 529 [40] using
Instron universal testing machine. The uniaxial tensile tests were performed at ambient temperature
of 20 °C with a loading strain rate of 0.2 s*'. The tangent modulus at original point was found to
have a mean value of 73.4 MPa, the mean secant modulus at strain of 0.1 was found to be 13 MPa.
The ionoplast interlayer was tested under uniaxial tension at the identical ambient temperature and
loading strain rate as well. The tangent modulus at original point was around 535 MPa.

Several LG panels were tested within each group. Each panel had multiple impact attempts
before its fracture. The specimens were sized of 1.0 m x 1.0 m. The nominal thickness of the glass

layer and interlayer were 8 mm and 1.52 mm (PVB) or 3.04 mm (SG), respectively. The overlap
7
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length of the specimen edges from the support was 15 mm. After testing a total number of 12 PVB
LG panels and 6 SG LG panels, the pre-crack impact attempts successfully collected 103 groups of

experimental data for PVB LG and 31 groups of data for SG LG.

Table 1 Configuration of the testing specimens

ID Thermal Interlayer Thickness Number of impact  Impact velocity
treatment material (mm) attempts (ms?)
1-01  Fully tempered PVB 8/1.52/8 13 0.86 —1.37
1-02  Fully tempered PVB 8/1.52/8 1 0.86
1-03  Fully tempered PVB 8/1.52/8 5 0.92-1.27
1-04  Fully tempered PVB 8/1.52/8 5 0.86-1.21
1-05  Fully tempered PVB 8/1.52/8 4 0.88-1.14
1-06  Fully tempered PVB 8/1.52/8 2 0.86 - 0.97
1-07  Fully tempered PVB 8/1.52/8 12 1.0-1.53
1-08  Fully tempered PVB 8/1.52/8 22 0.82-1.76
1-09  Fully tempered PVB 8/1.52/8 8 0.82-1.29
1-10  Fully tempered PVB 8/1.52/8 21 0.89 —-1.96
1-11  Fully tempered PVB 8/1.52/8 12 0.82-1.49
1-12  Fully tempered PVB 8/1.52/8 11 1.01-1.43
Total 103 0.82-1.96
2-01  Fully tempered SG 8/3.04/8 11 0.86 -1.41
2-02  Fully tempered SG 8/3.04/8 8 0.91-1.27
2-03  Fully tempered SG 8/3.04/8 2 0.81-0.82
2-04  Fully tempered SG 8/3.04/8 2 0.84 -0.87
2-05  Fully tempered SG 8/3.04/8 8 0.64 -0.95
2-06  Fully tempered SG 8/3.04/8 1 (N/A) 0.64 (crack)
Total 31 0.64 -1.41

2.3 Experimental observation

Impact force in the pre-crack impact attempt: the recorded data of ID1-03 (FT/PVB/FT) is
taken as example to show the typical time history of impact force (Fig. 3) after the impactor contacts
the glass panel. It can be seen that there are two contacts within 8 ms. The duration of each contact
is around 2.29 ms and 2.83 ms, respectively. As the second contact will not be the predominant hit
for cracking the glass, it will not be considered in this study. In the first contact, the oscillation of
the force curve is caused by the dynamic coupling effect between impactor and glass panel. Such
coupling effect can be frequently seen in the hard body impact, which is due to the interaction

between the local high-frequency deformation behaviour of glass material and the impactor

8
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Fig. 3 Typical impact force variation in pre-crack impact attempt

Differing from the previous study using soft impactor head, in which the impact force is
without oscillation because the interaction force between soft head and glass is not evident, great
difficulty rises in seeking the theoretical result of hard body impact when introducing the high-
frequency oscillation of impact force. Thus, a rational assumption should be made to simplify the
analysis procedure whilst the essential factors are considered. Although the impact force at the first
contact has a duration of nearly 2.29 ms in Fig. 3, it presents the highest value at the first peak (or
second peak in several other impact attempts). It implies that the impact force or the impact energy
transferred into the glass panel at the earliest force peaks might dominant the fracture of glass layers.
In Fig. 4, the normalized impact force curves at fracture in ID1-03, 1-04 and 1-05 are given as
example to identify the force peaks which is most likely to determine the glass fracture. It is found
that the impact force is more likely declining to zero at nearly 0.4 ms, which indicates the fracture
of glass. Such duration commonly includes two force peaks.

The high speed photos at the fracture initiation of ID1-04 and 1-05 are given in Fig. 5 to better
support the determination of the predominant force peaks and its duration. The fractures in ID1-04
and 1-05 both initiate at the contact side with the generation of petal shaped fragments near the
impact point. After cracks propagating beyond the edge of petal shaped fragments, the FT glass
fractures into small dices which are similar to that from the spontaneous breakage (Fig. 6 (a)). The

fracture initiation in the selected specimens is captured at nearly 0.32 — 0.40 ms, which is highly
9
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Fig. 4 Impact force variation in impact attempt causing crack

FT/PVB/FT ID1-04 at fracture
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(b) Fracture initiation of ID1-05
Fig. 5 High speed photos of ID1-04 and 1-05 at fracture initiation
Through analysing the fracture pattern, in particular, the petal shaped fragments as well as the
fracture initiation and propagation shown in the high speed photos, it can be concluded that the
impact failure of glass at contact side is primarily caused by the indentation of the hard impactor
head into the glass. As the fracture initiation at the contact side under hard body impact is due to a

similar failure process to that in the indentation failure of thermally tempered glass. The crack
10
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propagation at the impact point is shown in Fig. 6 (b). A Hertzian cone crack will firstly be formed
near the impactor head [41], which is followed by the lateral crack propagation to generate the petal
shaped fragments. Whilst, the central crack will propagate vertically beneath the impact point. This
is different from the report in the soft body impact, which finds that the fracture commonly initiates
at the opposite side with a pattern of radial cracks, indicating that the failure is due to the tensile
stress wave. Therefore, it is rational to introduce the indentation movement in the theoretical model

of hard body impact to consider such failure mode.

$
— "

Impactor head

generating petal shaped
fragments

(a) Fragments at outer glass layer (b) Generating petal shaped fragments

Fig. 6 Fracture pattern from indentation dominant failure

3. Nonlinear dynamic theoretical model

In this section, a nonlinear dynamic model is presented for investigating the low velocity
impact of LG panels. To simplify the model, the classical Hertz contact law (HCL) is used to
characterize the impact response of such structures. It is worth noting that the initial velocity of the
impactor is obtained by combining the HCL and introducing a modified coefficient through

experiments.

3.1 Contact model for hard body impact

The general contact laws proposed by Meyer was used extensively to capture the indentation
of solids. The contact force Fc at different loading stages can be defined as

At the loading phase,

Fo(t)=K [s(t)] (1)
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with 7= 1.5 is suitable for contact between two isotropic structures. This is also named Hertz’s
contact law (HCL), which can frequently found in the related works to the impact on LG [42].
However, Abrate [43] found that the HCL was not available to capture the indentation of a sandwich
structure. It is then proposed that the index » can be taken as 0.8 by comparing the experimental

results with those obtained from Eq.(1).

At the unloading phase,
s(t)-6, |
F.(t)= — 2
C() Qmax|:5max_50:| ()

where contact stiffness K¢ related to the material properties of impactor and face layer of LG

is expressed as

-1

2 2
KC :g 1— (E,ustee| ) + (ltéglass) \/ﬁl (3)

steel glass

in which Egeer, tisieel, and R; are the material and geometric properties of impactor, respectively
(see Sec.4). Omax and Jdmqr are the maximum contact force and local indentation, respectively. The
irrecoverable local indentation dy equals to zero when dnq remains below a critical indentation
during loading phase. Here, Ep is the elastic modulus of top layer of LG. Considering the effect of
out-of-plane Poisson's ratio, Greszczuk [44] proposed a formula for £p of composite materials with
transverse isotropy along the loading direction.

Based on the contact law, a simple way was obtained for studying the effect of the various
parameters on the impact response of structure. The initial kinetic energy of the impactor is 7= m;
V2/2. Shivakumar et al. [45] showed that the energy can be absorbed by the overall deformation of
the plate and local indentation. Based on this assumption, the energy balance equation for the plate

can be expressed as:

miVO2 —

U, +U, +U, “

where Uy is the energy associated with the bending and shear deformations and U, is the
energy associated with membrane deformation. The energy Uy, and U, for plates are defined in [45,
46].

For the HCL, the overall deformation of plate is ignored and the local contact indentation 6(¢)

12
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is defined as
S(t)=Wi (t)-W(X,Y,t) 5)
in which W;(t) and W (X, Y, ¢) represent the displacement of impactor and deflection of the

LG panels, respectively. The energy stored by indentation can be obtained as follow:

r+l

B ()"
U, = [ Fdo=[ K85 =——"— (6)
5 5 (r+1)(K,)
Therefore, the maximum contact force F, is written as
2 e
Fm :kc { miVO (1+ F)Jl (7)
2k,

In this work, Hertz’s assumption of impact on a half-space was adopted. The initial velocity of
impactor Vycan be given by introducing the modified coefficient o.

W \2a
V. 2k, (F, /k,) ™ ®
m; (1+7)

Vo varies with the maximum contact force F, obtained by experiment and the a=14/15 (instead
of 1 in HCL).
Hence, the motion equation of impactor is given as follow:
mW (t)+F. (t)=0, W (0)=0,W (0)=V, ©)

where the m; =13.5 kg is the mass of the impactor.

3.2 Motion equations

Let us consider the LG panels consisting of two glass face sheets and a polymeric interlayer.
Fig. 7 defines the coordinate system used in the analysis of glass panels. The XYZ coordinate system
is assumed to have its origin on the middle face of the plate, so that the middle surface lies in the
XY-plane. The displacements at a point in the X, Y, and Z directionsare U,V ,and W , respectively.

The size of the panel is taken as axb and the total thickness is 4.

13
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Fig. 7 Glass panels and the reference system adopted

The analysing method is based on the third order shear deformation theory [47] for the
laminated plate undergoing large deflection. It should be noting that the nonlinear damping effect
of PVB or SG interlayer triggered by large deflection is neglected in this model. The investigation
of the effect of nonlinear damping on the large amplitude vibration of plate can be found in the
recent works of Amalili [35, 48, 49]. In all the cases, a transverse low-velocity impact force Q is

considered. The motion equations are given as follow:

_1 I:170 Isa_() 85_()—_ 7
_I:14O _l:13() _I:iz() En() i IE_ 0 0 gx gY ?
I;21() Egs() Igzz () _~|:24() ?y - P O w
L340 _Lss() Lez() L31() LIlx 0 98_X I10 0 qlx
_I:44 () I:43 () _I:42 O |:41() ] _VV _ a() \?

0 l,=2 0 Iy |- -

L oY i

- E(\/V,If) -

1~ — —
4 W) (10)
0
L O -

where the nonlinear operator (L()) and the stress function (F) can be expressed as follow:
o? o° o o? o? o°
2

0 oX 2 aY? OXOY OXAY oY ? X2 (b

N, =0’F/0Y?, N, =0°F /0XaY , N, =9°F / oXx? (12)
¥ and Wy denote the rotation about the Y- and X-axis, respectively. The coefficients S;; and

14
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inertias 7; (i=8, 9, 10) are given in Appendix A. The operators (L; ;) introduced in the above motion
equations are defined from [50].

In the current work, immovable in-plane boundary conditions (BCs) are considered as follows.

at X=0, a:
W =¥, =M, =R=0 (13)
U=0 (14)
at Y=0, b:
W=¥ =M, =P,=0 (15)
V=0 (16)

in which the quantities (M, My) denote the flexural moments and (P, ﬁy) represent the higher
order moments given by [47].

The immovable BCs are converted to integral form as given below:

jj—dXdY 0 (17)
jjhﬂdvdx 0 (18)
where,
J O°F (g _4E. o¥, . o*F (.. 4E,\07,
_A“ ov? ( 2 3h122J o A ax”(B“_lelJa_x
4( oW . oW 1(owW Y
T e T2 ol (19

av . O°F - _4Ex 0¥, (.. 4E, o7
— = +| By, ——2 | =L
P ox A” oY? [ 7 3h? J oX [ # 3h’ J oY

_i E ﬂ+E* ﬂ _l ﬂ 2 (20)
3n?l *oax? *oav? ) 2l ox

where the reduced stiffness (4j;, Bjj, D;j, Ejj, Fjj, H;;) are the functions of the geometry,

materials properties, and stacking sequence of the LG panels as given in Appendix A.
Here, a two-step perturbation approach technology [50] is used to solve the nonlinear equations.

Eqg. (10) can be converted to dimensionless forms by the definition of the following dimensionless

15
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4
W F X Y a
W;F = * * * o x 1 * * s yﬂ (ﬂ._ ﬂ._’_j
( ) [[DIIDZZ A11A22]1/4 [D11D22]1/2 j ( ) a b b
2
22 A11 1 a _4(|5|1_|4|2)Eo
(75’714’724 [ 1’ 1*1’1’Azz}, V1o = D zp0a7171 3D1*1h2|1p0
¥ -
FX \Py} MX 4 % =2t |5
M va| @ ar "' a
NI ”[Au 11A22 22] D117T 3h2 Dl*lﬂ_ Po
E h(c,b%, o ,a%)
(710 Za01 Yo0) = (g Lgs 1) x , (A Ay)=——L—,
PoDy " an? JD:.D;,
a 2 2 2 2 2 2
/Iq: * 4 **Q* *1/4a|—():azaz+az82_28 ‘ :
D7 [A11 D, A, Dzz] oX° oY oY oX OX oY oXoY
(22)
5 in which Eg= Eglass , po=pglass- In Eq. (21), the dimensionless linear operators (L;; ()) are defined
6  in [50]. y170 and y171 are used in Eq.(40.a).
7 Substitution of dimensionless parameters into Egs. (13), (15) and (19)-(20) yields:
8 at x=0, a:
W=%¥ =M, =P =0 (23)
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2 oy
o°W oW 1 oW
_724£7244ﬁ2 ay *+ Ven1 o2 j‘z?’m( o ) }dxdy 0 (24)
1 aty=0,b:
W=¥ =M, =R =0 (25)
= ox| O°F B 0°F oY, ov,
.[o Io y‘y 8y2 TVou| Voo 2 ox + Vs B— oy
2
82VV , OW ) 7, B (oW
- - dxdy=0 26
Jen (7240 Py + Vo8 ay 5 oy y (26)
2 with y; given in Shen [50].
3 3.3 Solutions for the low velocity impact
4 The solutions for Eq. (21) consist of an additional displacement and rotation terms as a result
5  of'the impact loading. The following initial BCs are adopted in the present work:
oW (x,y,t
W (X’ yvt) |t:0: # |t:0= 0,
ot
oY, (xy,t
¥, oy t)lom I o @
oF, (X, y,t)
le (X1 y!t) |t:0: — |t:0: O
ot
6 A two-step perturbation technique is applied to determine the solution. Considering r =&t

7 the solution equations can be expanded as a function with a small perturbation parameter & (j=1, 2

8 3, ...) which has no physical meaning.
W(X,Y,7,&) =eW,(X, Y, 7) +&W, (X, Y, 7) + W, (X, Y, 7) +-+-
W, (XY, 7,8) = ey g (X, Y, 7) + W, (X, Y, D) + €95 (X, Y, 7) + -
W, (X Y,7,8) =sw, (X, Y, 0) + W, (X, ¥, 7) + 7w 5 (X, Y, 7) +- -
F(x, Y, 7,8) = f,(X, y,7) +f,(X, ¥, 7) +&° £, (X, ¥, 7) +---
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A (% Y,7,8) = A (X, Y, 7) + €2 2,(X, Y, ) + &3 2,(X, ¥, 7) + -+

(28)
1 Following the perturbation solutions procedure, one assumes the following form of the first
2 term of wj (x, y, T ) that satisfies the simply supported BCs:
w, (%, y,7) = A% (r)sinmxsinny, (29)
3 where the terms (m, n) are used to describe the waveform. For immovable BCs, fy (x, y)=-

4 Bég)yz/Z—b(()g)yz/Z Motion equations converted into their perturbation expansions are given from the

5  substitution of solution equations (28) to Eq. (21). The asymptotic solutions obtained for the

6  perturbation equations with order equal to e=1, 2, 3 are given below:

W (x,y,t)=e[AP (t)sin mxsin ny]+ £ [AD (t) sin mxsin 3ny

+A? (t) sin 3mxsin ny]+O(e*) (30)
¥ (%, y,t) = [CL (t) + CO (t)] cos mxsin ny + £2C2 (t) sin 2mx

+&*[CY (t) cos mxsin 3ny + C& (t) cos 3mxsin ny] +O(&*) (31)

¥, (X, y,t) = e[ DY (t) + DY (t)]sin mx cosny + £2D{? (t) sin 2ny

+&°[DY (t) sin mx cos 3ny+D$ (t) sin 3mx cos ny] + O(&*) (32)
(0),,2 ()2 .
F(x,y,t)= —BOOTy - bOOTX +£[BY (t) + BY (t)]sin mxsin ny

(2)+,2 (2) 2
g2 (_BooTy_booTX+ B (t) cos 2ny + B (t) cos 2mxj

+&°[BY (t)sinmxsin 3ny + BY (t) sin 3mxsin ny]+O(s*) (33)
A, (%, y,t) = e[g, AD () + g , AD (t)]sin mxsin ny
+(eAD (1))? (g, COS 2Ny + g, COS 2MX)

+(eAD (1))’ g, sinmxsinny +O(e*) (34)

7 It is noting that the perturbation series is a divergent series, in which the order solution is closer
8  to the real solution and needs to be determined by experimental verification or by comparing with

9  the theoretical exact solution. Zhang [51] and Shen [52] found that there were no such things as
18



1  higher order perturbation solution being more correct than lower order solution. According to
2 previous work [53-55], it is found that the 3" order asymptotic solution can be used to study large-
3 amplitude vibration.

4 In Eq.(30), sAgll) (t) is considered as the second perturbation parameter which is the function

5  ofthe deflection, By taking (x, y)=(n/2m, n/2n), sA(l)(t) can be expressed as:

eAY (1) =W, —OW,; - (35)

6 Substituting equation (35) into equation (34) and applying Galerkin procedure, one has
(W ) 36

9.0 + 09, W) + 9, W, )? + 09, W, )° —ﬂvq (t) (36)
7  where

—_— 4 T T . . d d

2,(t) = ?J‘O jo 2, (%, y, t)sin mxsin nydxdy - (37)
8 When the A_q (t)=0, the Eq. (36) becomes duffing equation corresponding to the larger

9  amplitude vibration of plate. Here, we take ):q (t)=F- (¢) to consider low velocity impact of panel.

10 the SODEs of both the LG panel and the impactor can be rewritten as:
d*(¢AY) '
940 d,[Al + 0, (EAY) + 05 (6AY)* + 04 (AT) —0us [W ( )} =0 (9
d?W, (t
W) g ()-w (O] ©
11 Hence, the SODEs with initial value (W(0)=W (0)=W(0)=0,W; (0)=v) can be solved by

12 employing the RK4 numerical method that has been used to study low velocity impact behaviour of
13 composited structures [56-58]. g0, g41,...¢t al. are given as follows.

g&gm

06

1710 _7171(m2 + nzﬂz)]_ 938 = V147 24

mZ n2 2 m2 n2 2

+780[714724 O *1 Jo1 95 M Oos * p gos]’ (40.2)
900 Jos Yoo

Gas = Gos + GosTor 22724, (41.b)
06

o 2
s :M(4%+&+&J(1—COS mr)(1-cosnz), (42.c)
3 Jos 76 77
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K (BADIOL)" e e

= L2 N2 sin—sin— (44.¢)

04 T
"Dy, 2
2 * * * * 1/8

_pcha (AnAzanDzz) (45.d)

45 EOﬂ_Zmi

with the other symbols are given in Shen [50].

4. VValidation and discussion

(1) PVB laminated glass panels:

The material properties used in the validation of pre-crack behavior in PVB LG panels are as
follows: elastic modulus: Egass= 70 GPa, Epys = 267 MPa, Egec1 = 200 GPa; density: pglass = 2500
kg'm?3, ppve = 1000 kg'm™, pseet = 7960 kg-m3; Poisson’s ratio: fglass = 0.22, upve = 0.45, tstcel =
0.3. It is worth noting that PVB material is highly sensitive to the strain rate, which will shift from
rubbery material to glassy elasto-plastic material with stiffness increase when strain rate increases
from 107 s”' level to 10% s level [59]. In this work, the low velocity impact is expected to generate
a strain rate level of 10? s in interlayer. The elastic modulus of PVB material in this section is
determined based on Zhang’s work [60], which gives a simplified formula (see equation (41)) for
calculating the initial modulus of PVB under high strain rates.

E,, =129.4910g,,(£)-92.275  ¢>10s* (1)
&,

0
where Ei;is the initial modulus, which is taken as the elastic modulus in this section. & is the

strain rate, &, is reference strain rate of 1 s”'. Based on the preliminary works of numerical

prediction, the strain rate might be more than 200 s-' and can reach 600 s*'. The elastic modulus of
PVB is then calculated based on equation (41) and its value is found to vary from 206 MPa to 267
MPa. Here, the elastic modulus Epyg is taken as 267 MPa.

Considering that the recorded impact velocity of specimen ID1-10 can cover the testing
velocity range in PVB LG panels, it is taken as an example to validate the experimental data with
that from the proposed model. Six cases from velocity, v, of 0.89 m-s' to 1.96 m's™! are shown in

Fig. 8 to give a comparison between analytical result and experimental data. It is worth noting that
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the first peak in the experimental curve (highlighted by green box in Fig. 8 (a)) is not the “first peak”
in Fig. 3. The highlighted peak is actually referring to the negligible peak at nearly 0.06 ms in Fig.
3 (see also in Fig. 4), which has a much lower value than the peak force at nearly 0.18 ms. The
analytical model is expected to have a satisfactory prediction for the second and third peaks of
experimental results (highlighted by red box in Fig. 8 (a)). Thus, the first peak will not be discussed.

From Fig. 8 (a), it can be seen that the analytical curve grows with a highly close path to that
of the peak (PeakA) which initiates from 0.09 ms and reaches its highest value at 0.18 ms. The
analytical curve drops at nearly 0.28 ms and its decline also follows a similar path to that of PeakB.
The analytical peak can be found at almost the same location of the center (0.29 ms) between PeakA
and PeakB, where a trough of experimental data can be found. Such trough indicates that the glass
material beneath the impactor head experienced a short vibration period during the indentation
movement of impactor from 0.18 ms (PeakA) to 0.4 ms (PeakB) and hence generates a very fast
contact (PeakA), detachment (trough) and the next contact (PeakB). If this short vibration of local
glass material at contact is removed, the peak instead is very likely to be the same as that in analytical
result. In addition, the analytical peak force is 32.9 kN whilst that of experimental result in PeakA
is 32.8 kN, showing a good agreement. Thus, it can be concluded that the analytical prediction has
achieved the expected result in the examined impact velocity of 0.89 m's™.

From Fig. 8 (b) to (f), it can be observed that, with the velocity increase the declining path of
analytical result has a trend of being deviated from the declining path of experimental PeakB. It
shows that the predicted duration (see Dana in Fig. 8 (f)) is less than the experimental one covered
by PeakA and PeakB (see Dy in Fig. 8 (f)). It is then found that, with the increasing deviation and
underestimation on the contact duration, the difference of peak force has a rise from the case of v=
0.89 m's™! (0.1 kN) to that of v=1.96 m's™! (5.3 kN). Although the absolute force difference has an
increase, the relative proportion to the experimental peak force is around 6.8% in case with v=1.96
m-s™!, which still can be accepted. As for the latter part from time = Dex to that where force drops
to zero, the keep-in contact between glass and impactor is more likely caused by the deformation of
the entire laminated glass panel and the movement of impactor, whereas the maximum indentation
into the glass material does not have a significant increase. Thus, as the indentation and its associated
pre-crack behaviour (highlighted by red box in Fig. 8 (a)) are the examined feature in this work, the

latter part will not be included in discussion and analytical effort.
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Fig. 8 Validation with the experimental data of PVB LG ID1-10
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Fig. 9 Impact force and indentation with increasing impact velocities in PVB LG ID1-10

The analytical impact force and indentation motion with increasing impact velocities in PVB
LG ID1-10 are shown in Fig. 9 (a, b), respectively. It can be seen that the duration of indentation is
within (0.48 ms, 0.56 ms), showing a rapid hit of impactor head into glass material. The indentation
increases from 0.175 mm at velocity of 0.89 m's™' to 0.326 mm at velocity of 1.96 m's™,

downward velocity of LG panel approaches that of impactor head. The relative movement decreases
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and hence indentation does not further increase. Meanwhile, the peak impact force increases from
32.2 kN at velocity of 0.89 m's™! to 82.9 kN at velocity of 1.96 m-s™.

The peak impact force from experimental and analytical results of tested PVB LG specimens
are collected and shown in Fig. 10. It is found that, the experimental and analytical peak force have
great consistency at lower impact velocity. With the impact velocity increases, the greater slope of
analytical result gradually leads to an overestimation of peak force when the impact velocity is
greater than 1.22 m-s™'. The average difference between the experimental results and the theoretical

results is 2.76% and the standard deviation is 2.67.
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Fig. 10 Collection of peak impact force from experimental and analytical results of PVB LG;

Difference =[F(analytical)-F. (experimental)]/ F. (experimental)x100%

(2) SG laminated glass panels:

The material properties of SG used in the validation of pre-crack behavior in SG LG panels are
as follows: elastic modulus: Esg = 675 MPa; density: psg = 1100 kg-m™3; Poisson’s ratio: usg = 0.45.
Differing from PVB material, the elastic modulus of SG material is found to be relatively insensitive
to strain rate and presents an elastic modulus of nearly 500 MPa with strain rate lower than 100 s-!
[59]. Considering that higher strain rate in this work will still enhance the elastic modulus of polymer,
a higher modulus of 675 MPa is determined for SG material based on the associated reports of SG
material. As the recorded impact velocity of specimen ID2-01 can cover the testing velocity range
in SG LG panels, it is adopted to validate the corresponding analytical results. Firstly, before
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comparing the testing and analytical results in SG LGs, through overviewing the experimental result
and giving a comparison between that from PVB LG and SG LG, for example, PVB LG in Fig. 8
(a) and SG LG in Fig. 12 (a) having similar impact velocity, it is found the impact force variation
shares a close form and has similar characteristics of duration, oscillation and force peaks. It
indicates that the elastic modulus of interlayer might not have significant influence on the pre-crack
impact force response, as the force is mostly dependent on the elastic modulus of the contact
material, i.e. glass material in the pre-crack stage. A sensitivity study is also performed to examine
such conclusion. As shown in Fig. 11, elastic modulus ranging from 50 MPa to 1000 MPa are
selected for the interlayer of 1.52 mm to investigate its effect on the pre-crack impact force. The
impact velocity is determined to be 0.86 m's™'. The results show that the difference in the force
curves with different elastic modulus of interlayer can be omitted. Therefore, in the pre-crack stage,
it is rational to conclude that the interlayer types do not have great influence on the pre-crack
behaviour, in particular, impact force.

However, it is also noting that in the subsequent test with impact failure which is not shown in
this study, the tested SG LG panels are more likely to crack at a much lower impact velocity. This
shows that the interlayer types can present their effect on triggering the fracture via other aspects.
For example, SG material has greater adhesion property with the glass material when comparing
with PVB material. Once the impact induced stress wave reaches the SG-glass interface, it will
generate higher local strain at the interface. Thus, glass panel might be easier to fracture. On the
other hand, in those cases with failure originating from the opposite side to the impact, the tensile
stress wave is the predominant factor of triggering fracture. The difference in the viscoelasticity of
interlayers will have various cushion effects on reducing or interrupting the stress wave propagation

and hence present varying impact resistance of LG.
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Six cases from velocity of 0.86 m-s™ to 1.41 m-s™! are shown in Fig. 12 to give a comparison
between analytical result and experimental data. From Fig. 12 (a), similar to the finding in PVB LG,
it can also be seen that the analytical result increases with a close path to the rising stage of PeakA.
The analytical peak force is 32.0 kN, which is slightly less than that of experimental result in PeakA
(32.8 kN), showing a negligible difference. The analytical curve drops at nearly 0.29 ms and its
decrease also follows a similar path to the declining stage of PeakB. It indicates that the results from
proposed model can also map well with the testing data. From Fig. 12 (b) to (f), it shows that in
most cases the predicted duration (see Dana in Fig. 12 (f)) is underestimated when comparing with
the expected experimental one (see Dexp in Fig. 12 (f)). As the impact velocity increases, the absolute
difference of peak force firstly decreases from the case of v=0.89 m-s™' (0.8 kN) to that of v=1.29
m-s™' (0.12 kN) and has another rise to that of v=1.41 m-s™! (0.46 kN). Such difference is relatively

small and hence the analytical result can be accepted.
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Fig. 12 Validation with the experimental data of SG LG ID2-01

As above mentioned, the sensitivity study of impact force to the elastic modulus of interlayer
shows that within a limited range of elastic modulus, the interlayer type will not present evident
effect on the response, therefore the predicted impact force and indentation of SG LG follows the
similar trend to that of PVB LG. Fig. 13 452! KR 5| FJ&. shows the analytical impact force
and indentation motion with increasing impact velocities in SG LG ID2-01. In Fig. 13 (b), the
duration of indentation is within (0.52 ms, 0.58 ms) whilst the indentation increases from 0.168 mm
at velocity of 0.86 m-s™ to 0.251 mm at velocity of 1.41 m's™!. Meanwhile, the peak impact force
increases from 32.0 kN at velocity of 0.86 m's™! to 58.3 kN at velocity of 1.41 m-s™.

Fig. 14 gives the collection of the peak impact force from experimental and analytical results
of SG LG specimens. Overall, the experimental and analytical peak force still have good consistency

in the examined velocity range. The difference between the experimental and analytical peak force
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varies from -4.68% to 0.8%. The average difference and standard deviation are -1.96% and 1.48,
respectively. In the velocity range lower than 1.0 m's™!, the analytical prediction is slightly lower
than the testing data. Once the velocity exceeds 1.0 m-s’!, the analytical result shows a trend of

being greater than the experimental one.
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Fig. 13 Impact force and indentation with increasing impact velocities in SG LG ID2-01

28



10

11

12

13

14

15

16

17

18

60
)
Q
Q
- 50+ @
z ©
< B
8 40 Ch
o B
% 5
2 301 S
Malc) @ Experimental
gP © Analytical

20 1 I I
0.6 0.8 1.0 1.2 1.4
Impact velocity (m/s)

Fig. 14 Collection of peak impact force from experimental and analytical results of SG LG

5. Case study

Based on the findings from above study, a case study was designed and carried out to examine
the difference in the pre-crack impact response of the examined cases. A double layered LG panel
with 1.52 mm SG interlayer was set as a reference panel. Two cases using 1) a reference panel
laminated with extra safety window film (SWF), 2) a monolithic glass panel which can obtain
identical indentation to the reference panel in the impact with same velocity, were considered.

(1) Case I:

The thickness of SWF was set as 4 mil, 8 mil and 14 mil, respectively. The thickness of SWF
is commonly expressed in ‘mil’, 1 mil equals to 0.0254 mm. This case was designed as it was found
the material at the contact side of LG panel significantly affected the indentation and impact force.
The impact velocity was set as 1.0 m's”'. SWF was simplified into the laminated polyethylene
terephthalate (PET) layers. The adhesives between PET layers as well as the coating were not
included. Material properties of PET are as follows: elastic modulus: Eper= 3.8 GPa; density: pper
= 1350 kg'm3; Poisson’s ratio: uper = 0.38. In this case, the reference LG panel was fitted with the

SWF or without film.
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Fig. 15 The effect of the SWF on the pre-crack impact response of LG

The analytical results of the pre-crack impact response of the LG panels with or without SWF are
given in Fig. 15. It is seen that the SWF can significantly reduce the impact force by more than 63%
whereas the further increase of SWF thickness does not present significant influence on reducing
the impact force. The curves of impact force (Fig. 15 (a)) and force-deflection (Fig. 15 (c)) from
the LG panels with SWF are highly consistent. In these cases, the duration of the impact force also
increases to nearly 1.56 ms. In Fig. 15 (b), the obtained indentation from panels with SWF is not
originated from zero, this is because the thickness of SWF has been deducted. It is seen that the
application of a thin SWF (4 mil, 8 mil) does not generate the reduction of indentation, on the
contrary, the indentation increases more than 124% with a 4 mil SWF and 70% with 8 mil SWF.
When the thickness of SWF increases to 14 mil, the indentation decreases to around 0.172 mm,

which is lower than that (0.19 mm) from the panel without SWF. It can be concluded that the use of
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SWF can significantly reduce the impact force by more than 63% with the examined impact velocity,
however the indentation can only see a decline when a 14 mil thick SWF is used.

(2) Case2:

In this case, an effective thickness method was used to simplify the reference LG panel as a
monolithic glass panel. Differing from the traditional effective thickness [61] used in the design
code of structural glass [62] which approximates the same deflection or same stress in each glass
layer under static load, the monolithic glass panel in this case will have same indentation under
impact with same velocity. The effective thickness of LG panel using 1.52 mm SG interlayer and
glass layers with varying thickness from 4 mm to 19 mm was calculated by the proposed analytical
model. The results are shown in Fig. 16. The effective thickness is found to be slightly greater than

the thickness of two glass layers.

45
40
35 1
30 r
25 1
20 1
15
10 r

5

Thickness (mm)

1 2 3 4 5 6 7
Total thickness 9.52 1352 1752 2152 2552 3152 3952
Effective thickness 8.2 12.2 16.5 20.2 245 305 385

Fig. 16 Collection and comparison of effective thickness and total thickness

Fig. 17 shows the validation of the pre-crack impact response using effective thickness
(monolithic glass) and total thickness (laminated glass) under impact velocity of 1.0 m-s-'. The time
history of impact force, indentation, the relationship of impact force and glass panel deflection are
shown in Fig. 17 (a) to (c), respectively. It is seen that with lower glass thickness the impact response
of laminated glass tends to be slightly smaller than that of monolithic glass. Overall, the pre-crack
impact response using effective thickness is consistent with that using total thickness, indicating the

reliable equivalence.
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Fig. 17 Validation of the impact response using effective thickness and total thickness

A sensitivity study of the impact velocity on the impact response was also conducted. The
impact velocity varies from 0.6 m-s™' to 2.0 m's™!. The time history of impact force, indentation, the
relationship of impact force and glass panel deflection are shown in Fig. 18 (a) to (c), respectively.
It can be seen that the impact response of monolithic glass using effective thickness can achieve
good consistency with that of laminated glass panel, showing that the effective thickness based on

the equivalence of indentation is reliable in the low velocity impact.
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Fig. 18 Validation of the impact response using effective thickness under various impact velocities

6. Concluding remarks

In this study, a nonlinear analytical model was developed for predicting the pre-crack impact
force response and its indentation behaviour of structural laminated glass under hard body impact
with low velocity. The analytical results were validated with those obtained from a series of impact
tests on square PVB and SG laminated glass panels. The results show that the proposed model can
well capture the examined feature and satisfactory impact force response, although with the velocity
increase the analytical model will tend to slightly overestimate the peak impact force. It is also found
that the pre-crack impact force response of SG laminated glass panels exhibits high consistency
with that using PVB interlayers, because the elastic property of the material at the contact layer,
glass, dominants such behaviour.

It was followed by two case studies which focused on the influence of the safety window film
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on reducing impact response, and the applicability of a proposed effective thickness method of LG
based on the indentation equivalence. The results show that using the film can reduce more than 63%
of the impact force, however the variation of film thickness does not show further promotion. A 14
mil thick film can also reduce the impact indentation whereas less thick film might increase the
indentation. The validation of the proposed effective thickness method shows its reliability in the

application of low velocity impact.
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Appendix A

In Eq. (10), the coefficients /; can be calculated as:

N h
(|1a|2,|3'|41|5’|7)zz jh pk(]_,Z,ZZ,Zs,Z“,Zﬁ)dZ, (A.D)
k=1 k-1
and
— 4] — 8l. 16l — 4]
2o hgn Bl g g e
— — — — —\2
O 1 PO U9 (a2
T L O 11 T P '
1 1 1

The matrices in the Eqs.(19)-(20) are derived in Shen [63].

A;; E; Aij B _Aij 71Eii

B, F,|=| -A"B F; —E;A By |- (./=1,2,6) (A3)
* * a1 -1

D; H; Dii - Bij Aij Bij Hij - Eij Aij Eij

1 1

in which 4y, By, Dy, etc. are the LG panels stiffnesses, which are obtained as follow

—Aj B; Dy N 1 z z? L
= . dz (ij=12,6)
_Eij o H; ;Jl Q) z3 z* z°® (A.4)
A Noh 1
Dij = Z _[ (Qij )k z* |dz (ij=4.5) (A.5)
k=1 hy_1 Z4

ij
where @ are the component of the transformed lamina stiffness matrix. For the isotropic

materials, Q; ; are evaluated as follows:

| ?11 ?12 (§16 Q, Q, O
922 (226 966 =Qy 0 Qg (A.6)
_Q44 Qi Qss v Qu 0 Qg K
_Qll 1 E, Qu Gy,
sz I E— Ezz > st = GlS : (A7)
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| Qp K vy By K Qss K G, K
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