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5 ABSTRACT: We describe how the out-of-plane dielectric polar-
6 izability of monolayer graphene influences the electrostatics of
7 bilayer grapheneboth Bernal (BLG) and twisted (tBLG). We
8 compare the polarizability value computed using density functional
9 theory with the output from previously published experimental
10 data on the electrostatically controlled interlayer asymmetry
11 potential in BLG and data on the on-layer density distribution in
12 tBLG. We show that monolayers in tBLG are described well by
13 polarizability αexp = 10.8 Å3 and effective out-of-plane dielectric
14 susceptibility ϵz = 2.5, including their on-layer electron density
15 distribution at zero magnetic field and the interlayer Landau level
16 pinning at quantizing magnetic fields.
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18 Bilayer graphene1−3 is a two-dimensional (2D) material
19 with electronic properties tunable over a broad range. The
20 manifestations of the qualitative change of electronic character-
21 istics of both Bernal (BLG) and twisted (tBLG) bilayer
22 graphene, produced by electrostatic gating3 and interlayer
23 misalignment,4,5 were observed in numerous experimental
24 studies of the electronic transport in graphene-based field-
25 effect transistor (FET) devices. These versatile electronic
26 properties make FETs based on BLG and tBLG an attractive
27 hardware platform for applications tailored6−8 for various
28 quantum technologies. While, over the recent years, the
29 fundamental electronic properties of bilayer graphene have
30 been intensively studied, a mundane but practical characteristic
31 of this material related to the out-of-plane dielectric
32 susceptibility of graphene layers largely escaped attention of
33 those investigations, despite several already recorded indica-
34 tions9−13 of its relevance for the quantitative modeling of the
35 operation of graphene-based FET devices.
36 The out-of-plane dielectric susceptibility of a single graphene
37 layer stems from the polarizability of its carbon orbitals, that is,
38 from the mixing of π and σ bands by an electric field oriented
39 perpendicular to the 2D crystal. Hence, we start by computing
40 the out-of-plane polarizability of a graphene monolayer using
41 ab initio density functional theory (DFT). We use that to
42 estimate the effective dielectric susceptibility, ϵz, of graphene
43 and to design a recipe for implementing it in the self-consistent
44 description of electrostatics in bilayers, both twisted and with
45 Bernal stacking. For tBLG with twist angles outside the magic

46angle range,5,8 we perform a mesoscale analysis of the on-layer
47carrier densities, finding a good agreement with the earlier
48observations.9−13 Then, we implement the same recipe in the
49analysis of the interlayer Landau level pinning in strongly
50twisted bilayers. In this case, we also find an excellent
51agreement between the theoretical results and the measure-
52ments performed on a newly fabricated FET with a 30°-twisted
53tBLG. Finally, we take into account the out-of-plane dielectric
54susceptibility of a single graphene layer in the self-consistent
55analysis of the interlayer asymmetry gap in Bernal bilayer
56graphene,1 improving on the earlier calculations3,14,15 and
57successfully comparing the computed gap dependence on the
58vertical displacement field, Δ(D), with the earlier-measured
59interlayer exciton energies in gapped BLG.16

60■ AB INITIO MODELING OF THE OUT-OF-PLANE
61POLARIZABILITY OF GRAPHENE
62To determine the theoretical value of the out-of-plane
63dielectric polarizability of a graphene monolayer, we employ
64the CASTEP plane-wave-basis DFT code17 with ultrasoft
65pseudopotentials. We use a 53 × 53 × 1 k-point grid, a large
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66 plane-wave cutoff of 566 eV, and a variety of interlayer
67 distances c along the z-axis to compute the total energy, , of
68 graphene in a sawtooth potential, −Dz/ϵ0, centered on the
69 carbon sites of the graphene layer (D being the displacement
70 field and −c/2 < z < c/2). Then we determinea the
71 polarizability α in each cell of length c using the relation

72 D /(2 )0
2

0α= − ϵ , with 0 being the vacuum energy. As
73 the artificial periodicity, introduced in the DFT code, leads to a
74 systematic error in the polarizability, δα(c) ∝ c−1, we fit the
75 obtained DFT data with α(c) = α∞ + a/c + b/c2 and find αDFT
76  α(c → ∞) = 11 Å3 per unit cell of graphene with the
77 Perdew−Burke−Ernzerhof (PBE) functional and αDFT = 10.8
78 Å3 with the local density approximation (LDA).
79 These DFT values are close to the DFT-PBE polarizability
80 reported in ref 18, α = 0.867 × 4π Å3 = 10.9 Å3, and when
81 recalculated into an effective “electronic thickness” /α ,
82 where 5.2 Å2= is graphene’s unit cell area, we get 2.1 Å,
83 comparable to the earlier-quoted “electronic thickness” of
84 graphene.12,20 We also compared the computed DFT values
85 with the polarizability computed using the variational (VMC)
86 and diffusion (DMC) quantum Monte Carlo methods21−26

87 implemented in the CASINO code.27 In these calculations, we
88 used the DFT-PBE orbitals generated using the CASTEP
89 plane-wave DFT code28 and the orbitals being rerepresented in
90 a localized B-spline “blip” basis. The localized basis improves
91 the scaling of the quantum Monte Carlo (QMC) calculations
92 and allows the use of aperiodic boundary conditions in the z-
93 direction. The Jastrow correlation factor contained isotropic
94 electron−electron, electron−nucleus, and electron−electron−
95 nucleus terms as well as 2D plane-wave electron−electron
96 terms,29 all optimized using VMC energy minimization.30 The
97 DMC part of the calculations was executed with a time step of
98 0.01 Ha1− and a target population of 4096 walkers. The
99 resulting QMC out-of-plane polarizability of graphene is α ≈
100 10.5 ± 0.2 Å3, which is also close to the above-quoted DFT-
101 PBE value, so that, in the analysis below, we will use αDFT =
102 10.8 Å3 for the polarizability of the graphene monolayer.

103 ■ RECIPE FOR THE SELF-CONSISTENT ANALYSIS
104 ELECTROSTATICS OF BILAYERS IN THE FET
105 CONFIGURATION

106 Now, we will use the microscopically computed polarizability
107 αDFT to describe the on-layer potentials and charges in bilayers,
108 as a function of doping and vertical displacement field, D. For
109 this, we note that z-polarization of carbon orbitals in each
110 monolayer is decoupled from the charges hosted by its own π-
111 bands because of mirror-symmetric charge and field distribu-

f1 112 tions produced by the latter, see in Figure 1(a). Due to that,
113 the difference between the on-layer potential energies, u, in the
114 top and bottom layers of a bilayer, each with the electron
115 density nb/t, has the form
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117 Here, ϵz is the effective out-of-plane dielectric susceptibility,
118 and d is the distance between the carbon planes in the bilayer.
119 For the analysis below, we use d = 3.35 Å, resulting in ϵz = 2.6
120 for BLG, and d = 3.44 Å (as in turbostratic graphite31), leading
121 to ϵz ≈ 2.5 for tBLG. This expression is applicable to the

122description of both BLG and tBLG in a FET, improving on the
123earlier-published studies3,14,15 where the out-of-plane dielectric
124susceptibility of graphene layers was missed out in the self-
125consistent band structure analysis.

126■ ELECTROSTATICS OF TBLG − MESOSCALE
127MODELING
128To describe a twisted bilayer with an interlayer twist angle θ,
129we use the minimal tBLG Hamiltonian4,5
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131Here, v = 10.2 · 106 m/s is Dirac velocity in monolayer
132graphene. Eq 2 determines4 characteristic low-energy bands,
133illustrated in Figure 1(b) for 1≫ θ ≥ γ1/ℏvK ≡ 2° (away from
134the small magic angles ≤1°). This spectrum features two Dirac

135minivalleys at κ and κ′ ( K2 sin
2

κ κ| − ′| = θ), which originate

Figure 1. (a) Sketches illustrating how the dielectric polarizability of
each monolayer enters in the electrostatics analysis of bilayers in eq 1.
(b) Characteristic electron dispersion in tBLG (here, θ = 3°; u = 100
meV). Electron state amplitude on the top/bottom layer is shown by
red/blue. (c) Minivalley carrier densities nκ/κ′ in a single-gated tBLG
calculated for various misalignment angles outside the magic angle
range, in comparison with the densities corresponding to SdHO
measured10 in a tBLG flake with an unknown twist angle (black dots).
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136 from the individual Dirac spectra of the monolayers. Each of
137 those can be characterized by its own Fermi energy
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139 and carrier density nκ/κ′, determined by the minivalley area
140 encircled by the corresponding Fermi lines (as in Figure 1(b)).
141 To mention, carrier densities nκ/κ′ can be determined
142 experimentally from the 1/B period of Shubnikov−de Haas
143 oscillations9,10 or by measuring the Fabry−Perot interference
144 pattern in ballistic FET devices.12 The above expressions were
145 obtained using linear expansion in small λ, taking into account
146 that, due to the interlayer hybridization of electronic wave
147 functions, the on-layer charge densities in eq 1 differ from the
148 minivalley carrier densities, as
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150 The latter feature makes the results of the self-consistent
151 analysis of tBLG electrostatics slightly dependent on the twist
152 angle, θ. We illustrate this weak dependence in Figure 1(c) by
153 plotting the relation between the values of nκ and nκ′ in a
154 single-side-gated tBLG computed using eqs 3, 4, and 1 with ϵz
155 = 2.5 and d = 3.44 Å. For completeness, on the same plot, we

156compare the computed nκ and nκ′ values with the values
157recalculated from the periods of the earlier-measured SdHO10

158in tBLG devices with an unknown twist angle. We find that our
159calculations closely reproduce those earlier-observed behavior
160for θ ≈ 10°, which correspond to the weak interlayer
161hybridization regime.

162■ ELECTROSTATICS OF TBLG − COMPARISON WITH
163EXPERIMENTS ON A 30°-TWISTED BILAYER

164In fact, the weakest interlayer hybridization, λ → 0, appears in
165“maximally” misaligned layers in a tBLG with θ = 30°. In that
166case, the comparison between the theory an experiment is
167simplified by that nb/t = nκ/κ′. Because of that, we fabricated a
168double-gated (top and bottom) multiterminal tBLG FET
169 f2shown in the inset in Figure 2 and used it to measure the low-
170temperature (T = 2 K) tBLG resistivity at zero (B = 0) and
171quantizing magnetic field. In the experimentally studied device,
172tBLG was encapsulated between hBN films on the top and
173bottom, thus providing both a precise electrostatic control of
174tBLG for B = 0 measurements and its high mobility, enabling
175us to observe the quantum Hall effect at a magnetic field as low
176as B = 2 T. The measured displacement field and density
177dependence of resistivity is shown in the form of color maps on
178the right-hand side panels in Figure 2(a,b) for B = 0 and B = 2
179T, respectively, where the form of “bright spots” of Rxx that

Figure 2. (a) Resistance map for a double-gated tBLG with a 30° twist angle, computed with ϵz = 2.5 and d = 3.44 Å (left) and measured (right) as
a function of the total carrier density, n, and vertical displacement field, D, at B = 0 and T = 2 K. (b) Computed density of states of pinning LLs
(left) and the measured resistance, ρxx, (right) in a 30° tBLG at B = 2 T, plotted as a function of displacement field and filling factor. Bright regions
correspond to the marked Nt/Nb LL pinning conditions.
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180 appear in each of these two cases is affected by the interlayer
181 charge transfer, controlled by tBLG electrostatics in eq 1.
182 For a quantitative comparison of the measured and modeled
183 tBLG transport characteristics at B = 0, we assumed elastic
184 scattering of carriers from residual Coulomb impurities in the
185 encapsulating environment with a dielectric constant ϵ (ϵ ≈ 5
186 for hBN), with an areal density nc, screened jointly by the
187 carriers in the top and bottom layers. The screening
188 determines32 the Fourier form factor of the scatterers
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191 Then, in Figure 2(a), we compare the computed and measured
192 tBLG resistivity. As in monolayer graphene,32 the density of

193 states, γt/b, cancels out from each e2 /( )t b t b t b/ /
1 2 2

/ρ τ ν γ= − ,
194 making the overall result, ρxx = ρtρb/[ρt + ρb], dependent on
195 the carrier density only through the wavenumber transfer,
196 2kFt/b sin(φ/2), and screening. This produces ridge-like
197 resistance maxima at kFt = 0 or kFb = 0, that is, when
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199 Lines corresponding to the above relation are laid over the
200 experimentally measured resistivity map for a direct compar-
201 ison.
202 For comparison between the theory and experiment at
203 quantizing magnetic fields, we studied the Landau level pinning
204 between the two graphene monolayers. In a magnetic field,
205 graphene spectrum splits into Landau levels (LLs) with

206 energies E eBN N2 signN ν= ℏ| | . In a twisted bilayer, infinite
207 degeneracy of LLs gives a leeway to the interlayer charge
208 transfer, which screens out the displacement field and pins
209 partially filled top/bottom layer LLs, Nt and Nb, to each other
210 and to their common chemical potential, μ. As a result, we find

211 that v e B N N u2 ( )t bℏ | | − = , as sketched in the inset in
212 Figure 2(b). This LL pining effect also persists for slightly
213 broadened (e.g., by disorder) LLs. Taking into account a small
214 Gaussian LL broadening, Γ, we write,
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216 Then, we solve self-consistently eq 1 and compute the total
217 density of states (DoS) in the bilayer. The computed DoS for
218 B = 2 T and Γ ≈ 0.5 meV is mapped in Figure 2(b) versus
219 displacement field and the total tBLG filling factor, νtot = hn/eB
220 (n = nt + nb). Here, the “bright” high-DoS spots indicate the
221 interlayer LL pinning conditions, whereas the “dark” low-DoS
222 streaks mark conditions for incompressible states in a tBLG.
223 We compare this DoS map with ρxx(D, νtot) measured in the
224 quantum Hall effect regime (similar to the ones observed
225 earlier9,10 in other tBLG devices), where the high values of Rxx
226 manifest mutual pinning of partially filled LLs, and the minima
227 correspond to the incompressible states. To mention, the
228 computed pattern broadly varies upon changing ϵz, whereas

229the value of ϵz = 2.5 gives an excellent match between the
230computed and measured maps in Figure 2(b).

231■ ELECTROSTATICS OF BERNAL BILAYERS
232Finally, we analyze the electrostatically controlled asymmetry
233gap1 in BLG, taking into account out-of-plane polarizability of
234its constituent monolayers. In this case, we use eq 1 with

235d1 / 2.6z
1αϵ = [ − ] ≈− , recalculated from polarizability

236αDFT using d = 3.35 Å, and the BLG Hamiltonian1

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

u
v v v

v
u

v

v
u

v

v v v
u

2

2

2

2

4 3

1 4

4 1

3 4

π π π

π δ γ π

π γ δ π

π π π

=

ℏ * − ℏ * − ℏ

ℏ + − ℏ *

− ℏ − ℏ *

− ℏ * − ℏ ℏ * −

ξ ξ ξ

ξ ξ

ξ ξ

ξ ξ ξ
237(7)

238which determines the dispersion and the sublattice (A/B)

239amplitudes, t b k, / ,ψλ
β , in four (β = 1−4) spin- and valley-

240degenerate bands, Ek
β . Here, πξ ≡ ξkx + iky, k = (kx, ky) is the

241electron wave vector in the valleys Kξ = ξ(4π/3a, 0), ξ = ±.

242The computed sublattice amplitudes, kt b, / ,ψλ
β , determine the

243on-layer electron densities, which, in an undoped BLG with the
244Fermi level in the gap between bands β = 1, 2 and β = 3, 4, are
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246The on-layer potential energy difference, u, and a band gap,
247 f3Δ, in the BLG spectrum (see inset in Figure 3), computed
248using self-consistent analysis of eqs 7, 8, and 1 with ϵz = 1 (as
249in refs 3, 14, and 15) and with ϵz = 2.6, are plotted in Figure 3
250versus displacement field, D. On the same plot, we show the
251values of lateral transport activation energy36 and the IR
252“optical gap”interlayer exciton energy,16 measured earlier in
253various BLG devices. The difference between those two types
254of experimentally measured BLG gaps is due to that the single-
255electron “transport” gap is enhanced by the self-energy
256correction37 due to the electron−electron repulsion, as
257compared to the “electrostatic” value, u. In contrast, the
258interlayer exciton energy has a value close to the interlayer
259potential difference, u, because self-energy enhancement for
260electrons and holes is mostly canceled out by the binding
261energy of the exciton,16,37 an optically active electron−hole
262bound state. As one can see in Figure 3, u and Δ computed
263without taking into account a monolayer’s polarizability (ϵz =
2641) largely overestimate their values. At the same time, the
265values of u and Δ obtained using ϵz = 2.6 appear to be less than
266the exciton energy measured in optics, for interlayer coupling
267across the whole range 0.35 < γ1 < 0.38 eV covered in the
268previous literature.34,35,38−42 This discrepancy may be related
269to that the interaction terms in the electron self-energy are only
270partially canceled by the exciton binding energy.37 It may also
271signal that the out-of-plane monolayer polarizability, α, is
272reduced by ∼10% when it is part of BLG, as the values of Δ
273computed with ϵz = 2.35 and γ1 = 0.35 eV agree very well with
274the measured optical gap values.
275In summary, the reported analysis of the out-of-plane
276dielectric susceptibility of monolayer graphene shows that the
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277 latter plays an important role in determining the electrostatics
278 of both Bernal and twisted bilayer graphene. We found that the
279 DFT-computed polarizability of the monolayer, α = 10.8 Å3,
280 accounts very well for all details of the electrostatics of twisted
281 bilayers, including the on-layer electron density distribution at
282 zero magnetic field and the interlayer Landau level pinning at
283 quantizing magnetic fields. For practical applications in
284 modeling of FET devices based on twisted bilayers, the
285 polarizability of monolayer graphene can be converted to its
286 effective dielectric susceptibility, ϵz ≈ 2.5, which should be
287 used for the self-consistent electrostatic analysis of tBLG using
288 eq 1 of this manuscript.
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337■ ADDITIONAL NOTE
a

338Note that, at larger external fields, the energy abruptly
339becomes nonquadratic in D due to electronic density
340appearing in the artificial triangular well of the sawtooth
341potential, which sets the limits for the applicability of the DFT
342method we used. Also, we find that α is sensitive to the plane-
343wave cut-off energy at small external fields, which limits from
344below the range of D values we used in the analysis. We
345verified that the same polarizability results were obtained by
346directly evaluating the change in the dipole moment within the
347simulation cell when the external field is applied. Note that
348here we differ from some earlier studies of, e.g., bilayers,18,19

349where the dielectric screening contribution has not been
350separated from the contribution resulting from charge
351redistribution across the layers.
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