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Abstract

This thesis deals with two different mathematical axiomatisations of chiral Conformal Field
Theory (CFT). On the one hand, there is the axiomatisation via Haag-Kastler axioms, in an
operator algebraic setting, dealing with families of von Neumann algebras, also known as graded-
local conformal net theory. On the other hand, there is the axiomatisation via vertex operator
superalgebras (VOSAs).

In [CKLWI1S], the authors establish a correspondence between these two settings, taking into
account Bose theories only, that is, local conformal net theory and vertex operator algebra (VOA)
theory respectively.

In this thesis, we extend the correspondence given in [CKLW18] to the case of graded-local
conformal nets and VOSAs, in order to include Fermi theories too. Furthermore, we present
completely new results about theories with non-trivial grading.

As an application of the correspondence between local conformal nets and VOAs, we classify
all the subtheories of specific concrete models, known as even rank-one lattice chiral CFTs.

This thesis has been supervised by Dr. Robin Hillier and it is based on two papers [CGH19],
published as Editor’s Pick on Journal of Mathematical Physics, and [CGH21], still in preparation,
of the author jointly with S. Carpi and R. Hillier.
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Introduction

It is possible to approach chiral Conformal Field Theory, briefly chiral CFT, from different
ways of mathematics and the relationships between those several approaches have been subjected
to extensive studies. Indeed, the relation between the two, that is the analytic and the algebraic
way, constitutes the main topic of this thesis. Before going further with the presentation of it, it
is worthwhile to report some facts to introduce and correctly place chiral CFT in the wide world
of mathematics. However, it is not our intention to give a full account of the genesis of chiral
CF'T. Thus, we redirect more curious readers to the specific references, which we give throughout
the exposition. It is in no way our aim to give a complete list of references and we apologise if
we miss some of the major ones.

A brief historical background

Quantum Field Theory (QFT) brings together three different branches of physics: Classical
Field Theory, Special Relativity and Quantum Mechanics. The main goal of QFT is to provide
physical models for the description of systems of subatomic particles (such as, photons, electrons,
quarks and so on) and their interactions. Therefore, QFT constitutes the ground for modern
elementary particle physics and can be successfully used in other areas of physics, such as nuc-
lear and atomic physics, condensed matter physics and astrophysics. Moreover, the Standard
Model, the physical theory which unifies three of the four known fundamental forces of Nature
(strong, weak and electromagnetic interactions, but not gravitational one), is described as a
QFT. What is required of QFT to be efficient is having a predictive feature to describe particle
scatterings. The branch of QFT studying particle scatterings is known as perturbative QFT and
its major tool is renormalization. Naively speaking, renormalization can be understood as those
“technical procedures” used by quantum field theorists to solve a perturbative model and thus
to give effective predictions on a real world interacting system. Both a blessing and a curse,
renormalization is a sturdy bridge between experimental feedbacks and theoretical predictions,
but it lacks a rigorous mathematical playground. At this point, the pragmatic reader may ask
whether humans really need a rigorous mathematical playground for QFT or it is just a math-
ematician’s whim. The answer is we definetely need it. It should be sufficient to think that the
Standard Model, which is the most important theory expressible through QFT, lacks complete-
ness, describing just a little part of our real world. Even a unification of the Standard Model
and General Relativity must pass through a deeper understanding of QFT. Mathematics must
be the vehicle to reach that goal. For an introduction to QFT and related topics, the reader may
consult [Wei051, Wei05IT, [WeiO5ITI], see also [Fol08|] or the physics textbooks [PS95] and [Ste94].

The search for a rigorous mathematical framework for QFT brought to the foundation of a
parallel area of mathematical physics, blessing the birth of two different axiomatisations of the
theory: Wightman QFT in the ‘50s, see [SW64] and Algebraic Quantum Field Theory (AQFT)
later in the ‘60s, see [Haag90] and [Aral0]. Wightman QFT focuses on the mathematical defin-
ition of quantum fields, whereas AQFT on the observable quantities or just observables of the
underlying physical system, such as position and momentum.

A question arises naturally: physically speaking, what is a quantum field? The concept of field
was introduced to implement Faraday’s idea of locality, proposed around 1830, which substituted
the concept of forces acting at distance of Classical Mechanics. In contrast, the locality principle
affirms that physical effects propagate from point to neighbouring point, so that all points of the
space participate to the physical process. Then, see the beginning of [Haag96| Section 1.2], fields
are “the vehicles by which this idea is put to work [...]”. A classical example is the electrostatic
field generated by a stationary electric charge, where to every point of the space is associated a
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three-dimensional vector. Therefore, a quantum field can be understood as a way to implement
the locality principle in the quantum mechanical context, reconciling Classical Field Theory and
Quantum Mechanics.

Now, let us have a naive look at these two axiomatisations of QFT, just to have a generic
idea of the physical interpretation of the mathematics as presented.

Mathematically, a quantum field in the Wightman framework is an operator-valued distri-
bution, that is, a linear function ® from the Schwartz space S of rapidly decreasing functions
on a d-dimensional (d > 2) Minkowski spacetime M to the space of (not necessarily bounded)
operators on a given Hilbert space H. Note that the definition of Wightman fields just given is a
precise quantum version of a classical field, which is usually regarded as a scalar/vector /tensor-
valued linear map on the d-dimensional Minkowski spacetime as for example, the electromagnetic
field is. On the one hand, the Minkowski spacetime, where physical systems live, is a heritage
of Special Relativity. On the other hand, the Hilbert space H realises the probabilistic inter-
pretation of the theory, coming from Quantum Mechanics. Indeed, a vector ¥ in H represents a
possible configuration or state of the system. Furthermore, we want to include in our theory a
state €2 representing the quantum vacuum, that is, when the system is in the configuration with
lowest possible energy. Hence, from the creation-annihilation point of view, an application of the
smeared field ®(f) for a function f € S to the vacuum Q (so the vacuum state must be in the
domain of all the smeared fields) produces a state of the system ®(f)Q with one particle alone in
the world; whereas an application of its adjoint ®(f)* to a generic state lower the particle num-
ber by one, creating an antiparticle when applied to the vacuum state. Note that the quantum
vacuum is the state with no particles by this interpretation. Moreover, it is usually required
that polynomials in the smeared fields and their adjoints generate a dense subset of H whenever
applied to the vacuum state, that is, the vacuum is a cyclic state. Insisting on the physical inter-
pretation, the locality principle, proper of a field theory, is fused with the relativistic Finstein’s
causality principle, that is, no physical effect can propagate faster than light. This fusion is real-
ised by asking that the smeared fields commute or anticommute whenever the supports of their
schwartzian test functions are contained in space-like E| separated regions of M. Commuting or
anticommuting depends on the fact of life that there exist (as far as we known) only two kinds
of quantum fields as well as of subatomic particles: bosons and fermions respectively. The first
obey the Bose-FEinstein statistic, that is, they are unaffected by the exchange of two of them;
whereas the second are antisymmetric under the exchange of two of them, which is the so called
Fermi-Dirac statistic.

The Haag-Kastler axioms constitute the mathematical framework for AQFT. Observables
in the Haag-Kastler setting are self-adjoint elements of an isotonous (inclusion preserving) net
of concrete von Neumann algebras, which is the main character of the theory. In complete
analogy with Wightman setting, this net is a linear map M > O — A(O) C B(H), where O
is a compact closure open region of a d-dimensional Minkowski spacetime and B(H) is the C*-
algebra of bounded operators acting on a given Hilbert space H. Also in this case, we require the
existence of a vacuum vector €2 in H, which is cyclic for the net of von Neumann algebras. The
physical interpretation of M, H and € is the same as for the Wightman framework. Similarly,
the locality principle is implemented requiring that operators contained in von Neumann algebras
coming from causally disjoint regions, commute or anticommute depending on their statistics.
The algebraic character of the Haag-Kastler approach can be further emphasised considering the
isotonous net of concrete von Neumann algebras as deriving from a GNS representation of an
isotonous net of abstract C*-algebras, induced by a linear functional giving the vacuum vector
Q and the Hilbert space H of the theory E|7 see [FR20] for a brief introduction in this spirit.

Another fundamental concept for a physical theory, which has not been introduced until
now, is symmetry. The choice of required symmetries which a given theory must satisfy, is due
to several considerations: they can be chosen by a purely theoretical argument or suggested
by experimental settings. The usual real world situation described by QFT is a subatomic

2Recall that for every point-event x of M, there are three distinguished regions as a consequence of the
Einstein’s causality principle: the forward cone V1, containing all the events which can be causally influenced
by x; the backward cone V'~ containing all the events which can have influenced x; the space-like region, which
is the complement of the two cones and consists of all events having no causal relation with . V1 and V~ are
usually called the future and the past of =, whereas the boundary of VT is constituted by all events which can
be reached by light signals only (as the fastest possible ones) from x.

3This cut between the algebraic data and its concrete realisation becomes relevant when one lacks a privileged
vacuum representation for the observables. This is what usually happens in perturbative AQFT and AQFT on
curved spacetimes, see e.g. [Rejl6] and [FRI16| respectively.
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particle experiment implemented in a laboratory displaced somewhere on the Earth or on a
spaceship crossing the Universe. Then, all possible displacements of our laboratory, limitedly to
the prescriptions of Special Relativity, are given by the isometries of the Minkowski spacetime,
which constitute the Poincaré group. E. P. Wigner was the first to introduce Poincaré symmetries
in terms of projective unitary representations acting on the Hilbert space H of a given QF T, see
[Wigh9]. On this line, both the QFT axiomatisations above provide that a projective unitary
representation U of the Poincaré group is implemented on the Hilbert space H of the respective
theories. This fact reflects the fascinating as well as obvious concept that the possible states
of the system are limited by the symmetries of the system itself. Moreover, the vacuum vector
Q) is characterised as the unique, up to a constant factor, invariant vector with respect to U.
This makes explicit that the physical quantum vacuum remains the same for all the observers
jointed by any Poincaré transformation. In application of the covariance principle, U must act
covariantly on Wightman fields and on von Neumann algebras respectively. This implies that
the physical laws are preserved when we change the frame or reference by an isometry of the
Minkowski spacetime.

Isometries of the Poincaré group are those transformations which preserve both the causal
structure and distances of the Minkowski spacetime. However, if we have to analyse a system
which shows additional symmetries, such as scaling invariance, then it makes sense to not force
the theory to be distance-preserving. This is what happens in several situations, such as in
statistical critical phenomena (phase transitions), massless field theories or (perturbative) String
Theory. The enlarged group of symmetries of the spacetime, which allows all those transforma-
tions preserving the casual structure only, is called the conformal group. Accordingly, a quantum
(or classical) field theory showing conformal symmetries is called a Conformal Field Theory. Tt
turns out that the conformal group can be described by a finite number of independent para-
meters (even if they are increased compare to the Poincaré group, e.g. see [BGLI3| Section 1]),
whenever the spacetime dimension is strictly bigger then two. Contrarily, for two-dimensional
spacetimes, the conformal group is very rich. Indeed, there is an infinite number of parameters
because every locally analytic function can describe a well-defined local conformal transforma-
tion. This richness is fundamental in the resolution of models presenting conformal symmetries.
Indeed, the more symmetries are shown by the system, the more restrictions can be imposed to
completely describe it. (See [DMS97, Chapter 1] and also [Wei05, Chapter 1.2]). Even more,
in several two-dimensional CFT models, quantum fields can be decomposed into two compon-
ents “living” in the left and right lightrays, called chiral parts. Under certain conditions, it is
convenient to compactify a lightray to the unit circle S!, so that the conformal group for every
chiral part is represented by (the universal cover Diff*(S$1)(>) of) the Lie group Diff " (S') of
all orientation-preserving diffeomorphisms of S'. Therefore, a chiral CFT is, naively speaking,
a QFT living in the unit circle S* with symmetries given by the universal cover Diff T (S1)(>) of
the conformal group Diff*(S').

The AQFT approach via Haag-Kastler axioms to chiral CF'T falls under the name of graded-
local conformal net theory. Here, the net E| of von Neumann algebras A is given by an isotonous
map from the set of intervals (that is, non-empty non-dense connected open subsets) of S!
to some subsets of B(#H). The other axioms remain the same, apart from some prescriptions:
causally disjoint regions are disjoint intervals; whereas the covariance principle is implemented
through a projective unitary representation U of Diff 7 (S1)(*) on H. The specific case where
Bose fields only are considered, is called just (local) conformal net theory. We refer the reader
to [DMS97] and [FSTR89] as classical references for two-dimensional CFT; [GF93] and [CKLOS]
for graded-local conformal net theory.

If graded-local conformal nets are the analytic way to chiral CF'T, vertex operator superalgebra
(VOSA) theory, see [KacO1l, [FHLI3, [FLMS8S| [LL04], represents the algebraic one. While VOSAs
pop up in several areas of mathematics, their axiomatic setting appears as an attempt of reducing
Wightman theory to a completely algebraic one, taking away the functional analytic part from
it. Indeed, the data of a VOSA is a quadruple (V,Q,Y,v) with the following interpretations.
V is a Zy := 7Z/2Z-graded complex vector space, playing the role of the finite-energy part of
the Hilbert space of states, where the grading distinguishes between bosons and fermions with
parity 0 and 1 respectively.  is an even vector of V, called the vacuum vector. Y is called
the state-field correspondence and constitutes of a linear map, associating to every vector a

4Note that the set of intervals of the unit circle S! is not a directed set and thus, strictly speaking, A is not a
proper net. Anyway, we keep this terminology because it is commonly used.
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in V' a formal doubly-infinite Laurent series Y(a,2) = >, -, amyz~ "1, where every a(,) is a
parity-preserving endomorphism of V' and z is a formal variable. As the name suggests, a field
Y (a, z) is an algebraic prototype of a Wightman field attached to the state of the system a in
the spirit of field-particle duality, interpreting z as insisting on the complex plane C and thus
on S! too. Therefore, it is natural to require a suitable locality aziom for the set of fields.
Note that, differently from the Wightman setting, the set of fields attached to a given VOSA
constitutes the whole Borchers class of the theory and not only some its representatives, see
[Haag96| Section II.5.5] for details. Finally, the conformal symmetries are realised through the
even vector v in V, called the conformal vector. The field Y (v,z) = Y, o, Lz~ "2 associated
to v, gives the generators {L,, | n € Z} of a Virasoro algebra. This is an infinite-dimensional
Lie algebra, which is naturally associated to the Lie group Diff+(51)(°°). When the data of a
conformal vector is given, fields are called with the evocative name of vertex operators. To have
a blend of analysis, a VOSA is usually endowed with an invariant scalar product (-|-), where
“invariant” stands naively for the property to give a formal adjoint to every vertex operator
with respect to this scalar product. Therefore, the quintuple (V,Q,Y, v, (-|-)) is called unitary
VOSA, see [DL14], [AL17] and [CKLWI8| Chapter 5], and constitutes the basic algebraic data
of a Wightman theory for a chiral CFT. As for the Haag-Kastler case, we can consider Bose
theory only reducing the Zs-grading to a trivial one, so that (V,Q,Y,v) is simply called a vertezx
operator algebra (VOA) ﬂ

It goes without saying that complex and functional analysis as well as operator algebra the-
ory play a crucial role in the development of mathematical methods for QFT and quantum
physics in general, see e.g. [BR02, [BR0O2b]. Results from AQFT have been bringing contribu-
tions to the operator algebraic environment in return. As an example, Q-systems, first out-
lined in [Lon94], are a fantastic tool which link the tensor category theory with finite-index
subfactors of type III von Neumann algebras, extending the Jones’ index theory for type II
subfactors [Jon83], see [BKLRI15]. Q-systems appear in the representation theory of Haag-
Kastler nets of von Neumann algebras, where the so called Doplicher-Haag-Roberts (DHR) ana-
lysis [DHRGII, DHRGIIT, [IDHRT7I, [DHR74] and the Doplicher-Roberts reconstruction theorem
[IDRR9] are notable examples of link between C*-tensor categories and group representation
theory, see also [Haag96l Chapter IV] and [Aral0, Chapter 6], [FR20, Section 8]. Moreover,
the representation theory of conformal nets can be expressed via the KK-theory formalism, see
[CCHI3, [CCHW13]. Fermi theories, which are central in this thesis, naturally introduce Su-
persymmetry, which noncommutative geometry applies to, see e.g. [CHLIS, [CHKLX15l [CHI7].
Similarly, VOSA theory is a bridge linking several areas of mathematics. Indeed, its axiomatic
form appeared for the first time in [Bor86], where R. E. Borcherds used it to study the rep-
resentation theory of Kac-Moody algebras, a kind of infinite-dimensional Lie algebras [Kac95].
He also recognised that the module constructed in [FLM84] by Frenkel, Lepowsky and Meur-
man is actually a V(O)A. This discover unearths the marvellous link, known as “Monstrous
Moonshine” | between infinite-dimensional Lie algebras, VOAs, modular function theory and fi-
nite group theory. Moreover, the Moonshine VOA is constructed from the Leech lattice and
more in general, positive-definite even unimodular lattices (see e.g. [CS99L Chapter 2]) are used
to classify holomorphic VOAs, which are of interest for CFT too, see [EMS20] and references
therein. Besides, note that the term “vertex operator” derives from the dawn of String The-
ory: Fubini and Veneziano used vertex operators in [FV70] to describe particle scattering at
some vertexes of the underlying base space. For a brief historical review of VOAs, see the In-
troduction of [FLMS8]. For the sake of completeness and as a proof of the wide links of chiral
CFT with several areas of mathemtics, we mention that there is a third approach to it with a
marked geometrical character, called Segal CFT, which is not treated by this work, see [Hen18]
and the series of papers [Tenl7, [Tenl9l [Ten19b]. An interesting book of T. Gannon [Gan06]
collects together most of the areas introduced above. Similarly to AQFT, tensor categories play
an important role in the representation theory of VOSA, see [Hua08], with notable recent de-
velopments [Guil9l, [Guil9ITl [Gui20, [Gui21], where, among other things, a Q-system theory for
unitary VOA is established.

5Some authors prefer to use the nomenclature VOA theory for VOSA theory too, as in [Kac01]. We prefer to
keep such difference, considering the nature and the content of this thesis.
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Main results of this thesis

Turning back to the Haag-Kastler and Wightman axiomatisations of QFT, the reader may
ask whether they are equivalent. Unfortunately, this is still an open problem, despite much has
been already done in different settings, see [BY90, [BY92 [BZ63| Bos05, [DF77, [DSW86| [FHS1
FJ96l, [Jor96l [GJ8T]. As far as chiral CFT is concerned, the existence of a sort of equivalence
between graded-local conformal nets and unitary VOSAs is supported by several cases where
the two theories touch each other. There are different models of graded-local conformal nets
constructed from unitary VOSAs as well as tools and methods developed for graded-local con-
formal nets transposed to unitary VOSAs and vice versa. Some examples are: the conformal net
constructed from the Moonshine VOA [KL06|, where methods from framed VOAs [DGH98| are
used; the graded-local conformal nets constructed in [Kaw10] arise from the VOSAs whose auto-
morphism groups are the Conway’s largest sporadic group and the Rudvalis’s one, constructed
by J. F. Duncan in [Dun07] and [Dun08] respectively; the conformal nets and the VOAs associ-
ated with lattices [DX06] and [DG9§|; the methods of mirror extensions [Xu07] and [DJXT4]; the
classification of theories with central charge ¢ < 1 [KL04] and [DLI5], see also [Gui2ll, Corollary
3.33]. Indeed, a great answer to this equivalence problem is given by [CKLW1§]|, where the au-
thors establish a correspondence between conformal nets and unitary VOAs under very natural
assumptions. Specifically, they construct a unique, up to isomorphism, irreducible conformal net
from a simple unitary VOA ﬂ provided the latter satisfies a certain analytic assumption called
strong locality. Conversely, using the Tomita-Takesaki modular theory (see [BR02, Chapter 2.5]),
they construct a kind of “pre-”vertex operators from a given irreducible conformal net, called
FJ vertex operators ﬂ Then, under a specific “growth” condition called energy boundedness, the
FJ vertex operators are actual vertex operators generating a simple strongly local unitary VOA
such that, the associated irreducible conformal net is the one we start with.

Therefore, one of the main tasks of this thesis is to extend the correspondence [CKLW18]
to the case of graded-local conformal nets and unitary VOSAs and indeed we have the following:

Theorem 1. A simple unitary VOSA V satisfying a suitable analytic condition, called strong
graded locality, gives rise to a unique, up to isomorphism, irreducible graded-local conformal
net Ay . Conversely, an irreducible graded-local conformal net A gives rise to some FJ vertex
operators, which determine a simple strongly graded-local unitary VOSA V such that Ay = A,
provided that these FJ vertex operators satisfy a certain set of conditions.

The first part of Theorem [1| is proved in Chapter [3] The rough idea is to construct a kind
of Wightman fields from vertex operators of a simple strongly graded-local unitary VOSA, that
is, operator-valued distributions from some test function spaces on S! to B(H), where H is
the Hilbert space completion of V' with respect to its invariant scalar product. These objects
are called smeared vertex operators and the von Neumann algebras they generate, constitute
the irreducible graded-local conformal net Ay . Here, the strong graded locality enters in two
occasions. First, it assures the necessary analytic conditions to well-define the smeared vertex
operators, requiring that the VOSA V is energy-bounded. Second, it assumes that Ay is graded-
local, a central property which we cannot derive automatically from the locality of the vertex
operators. This is due to a well-known results of E. Nelson [Nel59, Section 10], see also [RS80,
Section VIIL.5], which can be summarised as follows: there exist two self-adjoint operators on a
separable Hilbert space, commuting in a common core, whose generated von Neumann algebras
do not. In Chapter[3] we also prove that the group of unitary automorphisms of a simple strongly
graded-local unitary VOSA V equals the group of automorphisms of the associated irreducible
graded-local conformal net Ay .

The second part of Theorem [1]is proved in Chapter As announced, we construct some F.J
vertex operators from an irreducible graded-local conformal net A, using the Tomita-Takesaki
modular theory. If the FJ vertex operators satisfy a suitable energy bound condition, similar to
the one introduced just above, then they turn out to be ordinary vertex operators of a simple
strongly graded-local unitary VOSA V such that Ay = A. At this point, should not be difficult
to believe that the correspondence established by Theorem [1]is an extension of the one given by
[CKLW18|. In Chapter we also show that the correspondence V +— Ay of Theorem [I| can
be viewed as an isomorphism of categories.

6As we will see also in this thesis, simplicity and irreducibility are necessary and natural conditions to deal
with.
"The prefix “FJ” is for [F'J96], which inspires that construction.
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We conjecture that the strong graded-locality condition as well as the energy bound can
be dropped, so that the correspondence V +— Ay of Theorem [I] becomes a correspondence
between simple unitary VOSAs and irreducible graded-local conformal nets. This is a very
challenging problem, which would represent another great step forward in the understanding of
the connection between VOSAs and graded-local conformal nets.

We also generalise all the results in [CKLWIS]| to the case of the correspondence given by
Theorem [1] Among these, we highlight the two main theorems of Chapter [5] which are of great
relevance. Indeed, Theorem [5.1.1]| states that:

Theorem 2. There is a one-to-one correspondence between unitary vertex subalgebras of a simple
strongly graded-local unitary VOSA V' and covariant subnets of the associated irreducible graded-
local conformal net Ay .

As a consequence, we have that the coset construction as well as the fixed point one agree
under the correspondence established in Theorem [1| Instead, Theorem shows that:

Theorem 3. Let § be a subset of quasi-primary generating elements of a simple energy-bounded
unitary VOSA V. If § satisfies the strong graded locality, then V is strongly graded-local.
Moreover, § gives rise to an irreducible graded-local conformal net which is exactly Ay .

This last result has several consequences. First, we prove that simple unitary VOSAs gen-
1

erated by elements of conformal weight 5 and 1 together with quasi-primary PCT-invariant
Virasoro vectors are automatically strongly graded-local. Second, we have that graded tensor
product constructions agree under the correspondence established by Theorem Then, the
great importance of those results is manifest in Chapter [6] where they are massively used for the
construction of examples.

We also give results which do not have a local counterpart. An interesting example of this
fact is in Section 2.7] Here, we show that a simple VOSA V is unitary if and only if its even
part V5 is unitary and its odd part Vi is unitary as Vg-module. And, in Section @ we present
the well-known superconformal theories in both VOSA and graded-local conformal net settings.
Then, we show that also superconformal structures are preserved under the correspondence of
Theorem |1} Furthermore, we give a very interesting characterisation of the automorphisms of V'
preserving the superconformal structure.

Finally, we give an application of the correspondence between VOAs and local conformal
nets. In Section [6.3] we present a classification result for specific chiral CFT models, known as
even rank-one lattice chiral CFT models. Specifically, relaying on a previous work of C. Dong
and R. L. Griess [DG9§|, we use unitary VOA methods only (so no strong locality results are
involved) to give a complete classification of unitary vertex subalgebras of even rank-one lattice
type VOAs Vi, for N € Z-( as defined in e.g. [DG9Ig|, see also [Don93|, [Kac0l, Section
5.4], [LLO4, Section 6.4 and Section 6.5] for the more general case. Vi, are simple strongly
local unitary VOAs and thus, as a conseuquence of [CKLW18, Theorem 7.5] or Theorem |2, we
automatically have a complete classification of covariant subnets of the corresponding irreducible
conformal nets Ay(i),, for N € Zo. We call the latter U(1)-current extension nets because
they can be constructed, see [BMTS8S], by extensions of the U(1)-current net, which realises the
free boson chiral CFT, see also [DX06], [Xu05].

This classification result is interesting from several points of view. First, it shows how powerful
the theory developed above can be as it allows to transfer results from one setting to the other
one with just a little effort. Second, it is one of the few classification results for covariant subnets
of concrete models. Indeed, apart from the trivial subnet, it is known that: the Virasoro net
has no other covariant subnets, see [Car98|]; any other covariant subnet of Asu(2),, which is
the conformal net constructed from the loop group SU(2) at level 1, is a fixed point subnet
for a closed subgroup of the automorphism group SO(3) of Agyz),, see [Car99]. These models
are known to be strongly local, see [CKLW18, Example 8.4 and Example 8.9] and indeed, we
have corresponding classification results in the VOA setting too, see [CKLWI8, Theorem 8.5
and Theorem 8.13] respectively. Furthermore, conformal nets with central charge ¢ < 1 are
completely classified in [KL04] and so are their possible covariant subnets. Also this result has
a VOA counterpart in [DLI5] and [Gui2ll, Corollary 3.33], which gives a complete classification
of simple unitary VOAs with central charge ¢ < 1. This last remark brings us to the third point
which makes our classification result so interesting. Indeed, it is commonly believed that the
even rank-one lattice chiral CFT models, together with their fixed point subtheories, exhaust
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all possible chiral CFTs with central charge ¢ = 1, see [DVVV89, [Gin88] [Kir89]. In [Xu05], the
author proved that any conformal net with ¢ = 1, satisfying an additional assumption called
“Spectrum Condition”, is realised in that way. From this point of view, our classification result
is a step forward in that direction, proving that no new chiral CFT models with ¢ = 1 appear as
subtheories of rank-one lattice chiral CF'T models.

To have a general idea of our classification results, let Zy, T and D, := T x Zs be the cyclic
group of order k € Z~g, the one-dimensional torus and the infinite dihedral group respectively.
Then, for all N € Zs, these groups embed as unitary automorphisms of the VOSA Vi, .
Moreover, it is well-known that Vi, is unitarily equivalent to the unitary affine VOA V(2 ¢),,
constructed from the Lie algebra s[(2,C) at level one, whose unitary automorphism group is
isomorphic to SO(3), see e.g. [CKLW18, Example 8.8 and Corollary 8.12]. For any closed group
H of unitary automorphisms of Vz,, for every N € Z-, denote by VLIi . the corresponding fixed
point subalgebra. Then, our classification theorem in the VOA setting says that:

Theorem 4. The non-trivial unitary subalgebras W of the even rank-one lattice type VOAs Vi,
are classified as follows. Apart from the Virasoro subalgebra L(1,0), we have:

(i) If N = k?* for some positive integer k, then after the identification of Vi, with VLZQ’“,
W = VLIZ for some closed subgroup H C SO(3) containing Zy,.

i) If N > 2 is not the square of any positive integer, then W = VI  for some closed subgroup
Laon
HC D.

(iii) If N = 2, then either W = VLIZ for some closed subgroup H C Do, or W is in the continuous
series of unitary subalgebras {Wy |t € T} isomorphic to the Virasoro VOA L(%, 0).

Hence, the classification theorem in the conformal net setting, see Theorem [6.3.26] is stated
in a similar form as a direct consequence of [CKLW18, Theorem 7.5] or its super counterpart
Theorem Note that the conformal net theory arisen from Vi, is exactly the conformal net
Agu(z), presented above.

Generally, the classification of subtheories of concrete chiral CFT models is not an easy task
because requires several information about the model under investigation. This is the reason
why a classification theorem for other lattice chiral CF'T models, such as the higher-dimensional
or the graded-local ones, is a very big challenge. In the light of the new results about the
correspondence between graded-local conformal nets and VOSAs, we hope that methods and
tools used in the proof of Theorem [d] can help for a classification theorem for subtheories of odd
rank-one lattice chiral CFT models. Anyway, this is out of the scope of the present thesis.

Outline of the contents

The material follows mostly the two papers [CGHI19] and [CGH2I| of the author with S.
Carpi and R. Hillier. In particular, [CGH19|, which is published as Editor’s Pick in Journal of
Mathematical Physics, is related to Section whereas the rest of the thesis is based on [CGH21],
which is still in preparation. Additionally, this thesis provides details in various proofs, gives
some secondary or slightly general results and some introductory parts, which are definitely
useful for the overall comprehension of the work. We highlight that, apart from Section [6.3] the
spirit and most of the results and proofs are close to what is done in [CKLW18] due to its nature
of extension of an existing theory. Nevertheless, not all the arguments used in [CKLWIS] can
be adapted to extend the theory, so that completely new procedures are needed in some cases.
A clear example of this fact are the results in Chapter 4] which are proved with technical tools
completely different to the ones used in [CKLW18, Appendix B], which can be considered as its
“non-super” counterpart. Note that Chapter []is vital for the proof of Theorem [3] and the proof
of the second part of Theorem [I] Similar discussion holds for the construction of the irreducible
graded-local conformal net Ay in the first part of Theorem [l where we develop a strategy which
must take into account the presence of odd elements, present in the super environment only.
Furthermore, we highlight again that some of the results have no local counterpart, such as the
unitarity of VOSAs in terms of their even and odd part in Section[2.7] the superconformal theories
as well as the graded-local and superconformal models given in Chapter [(] We give a detailed
treatment of some classical local and graded-local models there, also proving the well-known
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unitarity of certain VOSAs relying on the theory developed in Section [2.5] This gives a different
approach to unitarity of those VOSAs from the one used in [ALI7]. We give a brief outline about
the main differences with respect to the local case at the beginning of every chapter. Now, let
us have a general look to the content of this thesis.

Chapter is an introduction to basic theory of Diff*(S1)(>) and of graded-local conformal
nets, which are necessary for the development of the work. Moreover, we settle down some useful
notations, used throughout the thesis, in Section The role of Chapter[3is twofold. On the
one hand, we introduce unitary VOSAs and its module theory. On the other hand, we present
new results about the uniqueness of the unitary structure of VOSAs, the characterisation of
the automorphism group of unitary VOSAs and of the structure of unitary vertex subalgebras.
Furthermore, we give a PCT theorem for VOSAs and we characterise the unitary structure of
a Zo-graded simple current extension of a VOSA. This last result allows us to characterise the
unitarity of a VOSA in terms of the unitarity of its even and odd parts. In Chapter [3 we
construct the smeared vertexr operators associated to an energy bounded unitary VOSA. Then,
we introduce the notion of strong graded-locality, which allows us to construct the irreducible
graded-local conformal nets Ay associated to a simple unitary VOSA V. Hence, we prove that
the group of unitary automorphisms of V' coincides with the group of automorphisms of Ay .
Differently from [CGH2I], we give an outline of the graded-local conformal nets which one can
naturally construct on the infinite and double cover of S'. In Chapter@, we give a Bisognano-
Wichmann property for smeared vertex operators, which will be fundamental for later results.
In Chapter[5, we prove the one-to-one correspondence between unitary subalgebras of a simple
strongly graded-local unitary VOSA and covariant subnets of the associated irreducible graded-
local conformal net. Moreover, we give an important criteria to prove strong graded-locality
from a particular subset of generators. As a consequence of those results, we are able to prove
that the correspondence “preserves” general constructions as fixed point ones, cosets and graded
tensor products. Furthermore, simple unitary VOSAs generated by quasi-primary PCT-invariant
Virasoro vectors and vectors of conformal weight % and 1 are automatically strongly graded-local.
Chapter[f shows how to systematically construct most of the well-known models of graded-local
conformal nets from VOSAs, using the whole power of the theory just developed. We also
introduce the superconformal structures in both settings, showing that they are preserved by
the correspondence. Finally, we construct the rank-one lattice models and we illustrate the
classification result of [CGHIY9J. Chapter is the backwards part of the theory. We first
prove that the construction in Chapter [3] produces different irreducible graded-local conformal
nets from different simple strongly graded-local unitary VOSAs. Second, we prove again that
result, but this time developing the theory of FJ vertex operators. The introduction of the
FJ vertex operators allows also us to prove under which sufficient assumptions an irreducible
graded-local conformal net actually comes from a simple strongly graded-local unitary VOSA.
We close merging the correspondence just developed in a categorical environment in Chapter
Finally, Appendiz [4] shows the equivalence between Wightman and VOSA locality under
the assumption of energy boundedness, which is used in several occasions throughout the thesis.



Chapter 1

Graded-local conformal nets

Section [L.1] is used to settle down the notation and recall some well-known facts about L2-
spaces, which we will use throughout the thesis. Then, we recall the main facts about the
orientation-preserving diffeomorphisms of the circle in Section and about graded-local con-
formal nets on S* and its covers R and §'() in Section[1.3|and Section[I.4|respectively, redirecting
the reader to the main references when necessary.

Comparing with the local case... The following is a collection of well-known facts about
graded-local conformal nets mostly from [CKLO08] and thus there are no new results. We just
present proofs of a couple of well-known facts about subnets and isomorphisms in the graded-local
setting, which, to the author’s knowledge, are not in the literature.

1.1 Notation for function spaces

We use C°(R) and C*°(R,R) to denote the spaces of infinitely differentiable complex- and
real-valued functions on R respectively. Moreover, we use C°(R) and C°(R,R) to denote the
respective subspaces of functions with compact support.

We use ~, .. for the relation of equality almost everywhere for functions and {-}., . for a
quotient set by this relation. Moreover, with an abuse of notation, we denote the a.e.-class of a
function with the function itself.

Square-integrable functions on [—m,7]. Let

L2 (=mm]) = {f: [-ma] > C 1 fllp, < oo} ()
1B i= o [ 17 (12)

It is known that {e="* [n € Z} and {e™™® | n € Z — 3} are orthonormal bases of L*([—,7])
and that for all f € L?([—n, 7)),

flz) = Z ﬁlem”’ = Z ﬁleim, fn : 1 i f(x)e ™ dx Vn € %Z. (1.3)

2 J_,
nez neZ—3

Moreover, we have Parseval’s Theorem: for all f,g € L?([—7,7]),
L — S S

2 J_ .
nez TLEZ*%

An operation on functions in L?([—7,7]), which we use is the convolution product x. It is
defined by

Ue9@)i= o [ SWe-ndy Vo efma (1.5

where we have eventually extended the (class of) f,g € L%([—m,7]) to the whole real axis by
27-periodicity. The important fact here is that f * g € L?([—7,7]) and the following formula

9
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holds

—

~ 1
(f*x9), =2nfugn  Vne L. (1.6)

We write C>°([—m,n]) for the vector space of infinitely differentiable complex-valued functions
on [—m, 7] and C°((—m, 7)) for the vector subspace of the C°°([—m, 7])-functions with compact
support in (—m, 7).

Square-integrable functions on S'. In our application, we are interested in working with
functions on the unit circle, that is the set of complex numbers with unit norm:

St = {ze(C||z|:1}:{6m|x€(—7T,7T]}C(CgR27 (L.7)

where we identify every z € S! with €% for the unique x € (—m, 7] when necessary. Then, we
give the usual subspace topology to S*. Let

12(81) = {f 18" 5 C | fllgs < +o0} (1.8)

a.e.

where )

dx . (1.9)

F(e')

2 1 (7
113 .—f PP o = o -

At this stage, it is convenient to identify L?(S') with L?([—m,7]) through the isometric iso-
morphism _ _ 4

L*(SY) 5 f— fe L¥([—n,7]), f(z):= f(e*) Va & [-m,7]. (1.10)
Then, it is clear that {z" | n € Z} and {z™™ | n € Z — 1} are orthonormal basis for L?(S") and

thus every function f € L?(S!) can be written as a convergent series of its Fourier coefficients
so defined

o= flz)z™ = _ 1 f( e *mdx:}; Vn e %Z. (1.11)
Sl

2miz %
Furthermore, we still have Parseval’s Theorem: for all f,g € L?(S!),

f( 271_12 - Z.fngn = Z J?n/g\in (1'12)

nEZ—%

Also in this case, we define the vector space of infinitely differentiable complex-valued func-
tions:

c=(8Y):={f: 8" > C| Je C*(l-mn]), [ (-m) = JO(m) Vs € 2o}, (113)

where f(a:) := f(e'®) for all x € [~m,n]. Note that the map in (allowing x going through
the whole real axis) gives an isomorphism between C'°°(S') and the vector space of infinitely
differentiable 27-periodic complex-valued functions on R. Thus, we have that f € C>(S!) if
and only if (the extension to the whole real axis of) f is 27-periodic and in C'* (R).

Consider now the function x(z) := €2 for all z = ¢ with € (—m,n]. Then, C>(S?)
is isomorphic to C;O(Sl) := xC*°(S') through the map f +— xf. Moreover, their intersection
contains C°(S1\{—1}), that is the subspace of C*°(S!) of infinitely differentiable complex-
valued functions on S with compact support contained in S*\{—1}. The former is isomorphic
to C°((—m, 7)) through the map (L.10).

Every function in C°°(S*) defines a proper a.e.-class and thus C°°(S') naturally embeds in
L?(S') as well as C3°(S"). Therefore, for every f € C>(S') and for every g € C°(S'), (J?n)nEZ
and (gn)nez 1 are rapldly decaylng sequences. As a matter of fact, if g = xh Wlth h e C>=(S1),

then g,, = h2712—1 foralln € Z — 5, which gives us the rapid decay because (hm)mGZ is.

Remark 1.1.1. We have a natural definition of derivative for a function f € C*°(S') induced
by f € C°([-n,n]). As a matter of fact, we write f/ € C*°(S!) as

df

L@ V= e e St (1.14)

f'(z) =



1.1. NOTATION FOR FUNCTION SPACES 11
Similarly, for every g € C;f(Sl), we denote ¢’ € O3°(S?) by

g (z) = %g(z) +x(2)h'(z)  VzeSh. (1.15)

where we have considered g = xh with h € C>°(S1).

We can make C*°(S') and C3°(S") Fréchet spaces using the family of seminorms:
Ul Tsezz0} Il = sup[ /()| Vs €. (1.16)
z€eS1!

Then, the Fréchet topology on C°(S') is the one induced by the one of C>°(S?).

Remark 1.1.2. Recall that for any f € C(S%), nf, = —if’n for all n € Z and thus the
seminorms (1.16]) can be equivalently defined as

£, =D (A +n))fa Y €C™(S") Vs € Zsp. (1.17)

nez

Similarly, it is not hard to show that for all g € C°(S'), ng, = —igA’n for all n € Z — 3. Indeed,
if we write g = yh with h € C*°(S1), then

1 4 . . .
ng, = Py h(e)x(e®)ne™""" da
— 1. ~ 1
= _Z(Xh/)n + 59n = _lg/n VnezZ— )

2 2

Therefore, we can similarly define the Fréchet topology on C3°(S 1) as the one induced by the
seminorms

lgll, = sup ‘g(s)(z)‘ Vg € C3°(SY) Vs € Zsg (1.18)
z€St
or equivalently
lgly =D (L+nD)*Ga Vg€ CF(S") Vs € Zxo. (1.19)
nGZfé

Infinitely differentiable functions on the double cover of the circle. It is useful to
look at C3°(S 1Y in a different way. Consider the double cover S*?) of the circle S, which we
can identify as

S = {65 €Clze (72717271'}} . (1.20)

Denote by C°°([—2m,27]) the vector space of infinitely differentiable complex-valued functions

on [—27,27] and define the vector space of infinitely differentiable complex-valued functions on
S12) as

C=(51?)) = {f :[=2m,27] = C | f € C°([-2m,2x]), f&)(=27) = &) (27) Vs € ZZO} .

A linear basis for C>(S'(?)) is given by

) . 1
{e_“””|n€Z}U{e‘mz|n€Z—2},

where {e*"”” |ne Z} generates the subspace of 2m-periodic functions, which we call C’f(Sl(Q)),
whereas {e’i”“’ |neZ— %} generates the one of 2m-anti-periodic functions, which we denote
by C>°(S*®)). Then, it is clear that C°°(S?) is identified with C°(S1(®)), whereas C(S') can
be identified with C>°(S*(?)). Then, we have the following decomposition in vector subspaces

C*(S'@) = 0 (') @ C>=(5'@) = c=(Sh) & C(SY). (1.21)

Fourier transform. For every f € L?(R) (equipped as usual with Lebesgue measure) we
define its Fourier transform

7 1 —ipx T
fp) = E/Rf(x)e dz VpeR. (1.22)
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Recall one consequence of Plancherel’s Theorem ([RS75, Theorem IX.6]) is that for all f,g €
L?(R) we have

+oo - too
[ s@i@de= [ i, (1.23)
—0o0 —00

Convention 1.1.3. Throughout the thesis, we use the symbols C2°(-,R) and L?(:,R) for the
subsets of real-valued C2°(-)- and L?(-)-functions respectively.

1.2 The orientation-preserving diffeomorphisms of S*

A smooth real vector field on S! is denoted by f% with f € C°(S, R), see Section
for notation. These form a topological vector space Vect(S') with the usual C° Fréchet
topology. Vect(S') can be used to model Diff T (S1), which is the infinite dimensional Lie group
of orientation-preserving diffeomorphisms of S!. Note also that Vect(S!) turns out to be
the Lie algebra associated to Diff*(S') with the Lie bracket given by the negative of the usual
bracket of vector fields, that is

d ,d, ., . d o
[ga,f%}—(gf fg)dx Vg, f € C*(SY,R). (1.24)

Then, we denote by exp : Vect(S') — Diff (S') the related exponential map and with exp(tf)
the one-parameter subgroup of Diff " (S') generated by the smooth vector field f d% with f €
C>°(S1,R) and t going through R. We redirect the reader to [Mil84, Section 6] for a detailed
treatment. Diff*(S') is connected, but not simply connected, see [Mil84 Section 10], [{am&82]
Example 4.2.6] and [Lok94, Section 1.1]. Therefore, we denote by Diff*(S1)(™ for all n € Z~,
the n-cover of Diff"(S') and with Diff7(S1)(>) its universal cover. We can identify every
v € Difft(81)(*) with a unique function ¢~ in the closed subgroup of diffeomorphisms of R
defined by

Diff*(S1)*) = {¢ € C°(R,R) | (x + 27) = $(x) + 27, ¢'(x) >0 Vz €R} . (1.25)
Under the above identification, the centre of Diff ™ (S1)(>) is given by
{¢p € DIff 7(S1)(>) | p(x) =z 4 27k Yz € R, k€ Z} = 277Z. (1.26)
Accordingly, for every n € Zs(, we have the following identifications

pigt (s = DI ez, (1.27)
For every n € Z~q and every v € Diff (S1)("), we denote by ¢y € Diff ' (51)(>) a representative
of y in its 2nnZ-class of diffeomorphisms (which is then given by {¢, +2n7k | k € Z}). Moreover,
note that for all v, v1,v2 € Diff *(SY)(™) | 4., and ¢, 0 $,, are in the same class of diffeomorph-
isms as well as ¢3! and ¢,-1. For all n € Z-o U {oo} and every v € Diff*(S1)(™), we use 4 to
denote the image of v under the covering map p : Diff (S1)(*) s Diff " (S'). Accordingly, we
use exp(™ (tf) to denote the lift of exp(tf) to Diff*(S1)(),

Remark 1.2.1. By the results of Epstein, Herman and Thurston [Eps70, [Her71l, [Thu74], we
know that Diff"(S?) is a simple group. It follows that every element of Diff " (S') is a finite
product of exponentials of vector fields exp(tf), where f € C°°(S!,R) with suppf C I for some
interval I C S, see [Mil84, Remark 1.7] and [CKLWI8|, Remark 3.1]. It also follows that every
element of Diff 7 (S1)(?) is a finite product of exponentials of vector fields exp® (tf) with f as
above by the proof of [CKL0S| Proposition 38|.

Note that if we identify the double cover S'2) of the circle S as the set
SR = {ei% eClze (—2#,277]}, (1.28)

o o (@)
then every v € Diff 7 (S")(?) acts naturally on it by y(e'3) = ¢ “57  where ¢~ is one of the

representatives in its 4nZ-class of diffeomorphisms given by (1.27)). Note that the former action
does not depend on the choice of the representative ¢..
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It is useful to introduce the Virasoro algebra PUit, see [KR87, Lecture 1]. Consider the
complexification Vectc(S?) of Vect(S!) and its infinite dimensional Lie subalgebra spanned by
generators [, := —iei’L’J% for all n € Z, known as the complex Witt algebra 20itt. These
generators satisfies the commutation relations:

s ln] = (0 — M)lpsrs  Vn,m e Z (1.29)

where the bracket above is the natural extension of the one in (1.24) to Vectc(S?). The Virasoro
algebra is defined as the nontrivial central extension 20itt  Ck with commutation relations:

n3—n

Ly lm] = (0 —m)lpim + Tén’,mkz, [ln, k] =0 Vn,m e Z. (1.30)

Note that the Lie subalgebra of 2Jitt generated by I,, with n € {—1,0, 1} is isomorphic to the finite
Lie algebra s1(2,C). Moreover, the smooth real vector fields ily, Z(ll';l’l) and ll_;” generate a
Lie subalgebra of Vect(S?!) isomorphic to s[(2,R) 2 PSU(1,1) = PSL(2,R), which exponentiates
to the three-dimensional Lie subgroup M&b(S') of Diff*(S') of Mébius transformations of
St

We set the following Mdbius transformations of S*:

r(t) == exp(itlp), 0(t) :=exp (tll _2l1> ,  w(t) :=exp <22t {lo + h —;ll}> (1.31)

which are known as the rotation, dilation and translation subgroups of Mob(S?) respect-
ively. Their explicit actions on S! are respectively given by

r(t)z = €'z VtER Vz e S? (1.32)
z cosh(t/2) — sinh(t/2) 1
R 1.
o) —zsinh(t/2) + cosh(t/2) VieRVzES (1.33)
wit)y = ZUFDHIE o pyeg (1.34)

—zit + (4 — it)

If the action (|1.32)) explains why r(¢) is called the rotation subgroup, note that under the Cayley
transform, that is the diffeomorphism C : S1\{~1} — R defined by

11—z

_1+%x
Zl—i—z’

= =,
1—2a:

C(z) =2 C(x)

the actions ([1.33]) and send 2 € R to etz and x + t for all ¢ € R respectively, so justifying
the remaining nomenclature given above.

We denote by M6b(S1)(™) the corresponding n-cover contained in Difft(S')(™ for all n €
Z+o U {oo}. In particular, Méh(S")® = SU(1,1) = SL(2,R). Recall that the covering map p
restricts to the one of Mob(S')(>) on Méh(S'). Moreover, we have the identifications corres-
ponding to (T.27) for every Mb(S')(™, namely

Mob(s1)™ = MOD(S)™ . yn ez, (1.35)

For every n € Zso U {oc}, we use 7™ (t), (™) (t) and w(™ () for the lifts of the corresponding
subgroups given by the exponential map.

Of fundamental interest for our analysis is the representation theory of Diff ™ (S1)(>) and
Mob(S1)(*). We do not report here a treatment of such theory, which can be found in a
resumed form in [CKLWT1S8|, Section 3.2]. We present some key facts which can be useful to recall
before proceeding further.

For a topological group ¢, a strongly continuous projective unitary representation U
on an Hilbert space H is a strongly continuous homomorphism from ¢ to the quotient U(#H)/T
of the group of unitary operators on H by the circle subgroup T of operators with unit norm. A
strongly continuous projective unitary representation U of Diff *(S1)(°) restricts to one of the
subgroup Mob(S 1)(0"), which can always be lift to a strongly continuous unitary representation
U of Mo6b(S1)(>) see [Barb4]. U is said to be positive-energy if U is, that is, if the infinitesimal
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self-adjoint generator Lg of the strongly continuous one-parameter group t — e**ro := U (r(>) (1))
is a positive operator on H, namely, it has a non-negative spectrum. Note that U factors through
a positive-energy strongly continuous projective unitary representation of Diff © (S 1)(2) whenever
emlo — 1,5, In that case, it restricts also to a positive-energy strongly continuous projective
unitary representation of Mob(S1)(2),

A positive-energy unitary representation of the Virasoro algebra Uit is a Lie algebra
representation 7w of Uit on a complex vector space V equipped with a scalar product (+|-) such
that:

e 7 is unitary, that is, (a|L,b) = (L_pa|b) for all n € Z>o and all a,b € V;

e 7 has positive energy, which means that Ly is diagonalizable on V' with non-negative
eigenvalues, namely,

V= Va, Vai=Ker(L—Aly); (1.36)
)\E]Rzo

e 7 has a central charge c € C, that is, K = cly;

where K := m(k) and L,, := w(l,,) for all n € Z.

Finally, we remark that there is a well-known correspondence between positive-energy strongly
continuous projective unitary representations of Diff *(S1)(>) and positive-energy unitary rep-
resentations of Yir, which is summarised in [CKLW18, Theorem 3.4]:

Theorem 1.2.2. Every positive-energy unitary representation w of the Virasoro algebra Biv on a
complex inner product space V integrates to a unique positive-enerqgy strongly continuous project-
e unitary representation U, of Diff ™ (S1)(*) on the Hilbert space completion H of V. Further-
more, every positive-energy strongly continuous projective unitary representation of Diff+(51)(°°)
on a Hilbert space H arises in this way, whenever the subspace HI™ := @a€R>O Ker(Lg — aly)
is dense in H. The map m — U, becomes one-to-one when restricting to representations ™ on
the complez inner product spaces V', whose Hilbert space completion H satisfies Hi* = V. These
are exactly those complex inner product spaces V' such that Vy := Ker(Lg — Aly) C V is com-
plete (that is, it is a Hilbert space) for all A € R>q. Finally, Uy is irreducible if and only if
7 4s irreducible, i.e. if and only if the corresponding Uit-module is L(c,0) for some ¢ > 1 or
cm=1-— ﬁ with integers m > 2.

The proofs of the facts stated by Theorem are essentially given by [GW85] and [Tol99]
Theorem 5.2.1, Proposition 5.2.4] for the integrability statement and by [Lok94, Chapter 1]
and [Car04, Appendix A] for the remaining part, see Example for the definition of the
Yir-modules L(c,0); see also [NS15] for related results.

1.3 Graded-local conformal nets on S!

We recall some preliminaries about graded-local conformal nets from [CKLOS8|, Section 2],
[CHLIS, Section 2] and references therein.

Let J be the set of intervals of the unit circle, that is, the open, connected, non-empty and
non-dense subsets of S1. For every interval I € J, we set I’ := S'\I, that is the complement of
I'in S'. Set

Diff(I) := {7 € Difft(8Y) | 7(2) = 2 Vz € I’} VIieJ. (1.37)

Accordingly to the notation of Section forall I € J and all n € Z~oU{oc}, Diff(I)(™ denotes
the connected component to the identity of the pre-image of Diff(I) in Diff*(S)(™) under the
covering map p.

A graded-local Mdbius covariant net on S! is a family of von Neumann algebras A :=
(A(I))res on a fixed infinite-dimensional separable Hilbert space H, also called net of von
Neumann algebras, with the following properties:

(A) (Isotony). For all I, I € J such that I; C I, then A(I1) C A(I3).
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(B) (Mobius covariance). There exists a strongly continuous unitary representation U of
M6b(S1)(**) on H such that

UNADU(Y) = AR ¥y eMob(SH™), vie 7. (1.38)

(C) (Positivity of the energy). The infinitesimal generator Lg of the (universal cover of)
rotation one-parameter subgroup t ~ U(r(°)(t)), called conformal Hamiltonian, is a
positive operator on H. This means that U is a positive energy representation.

(D) (Existence of the vacuum). There exists a U-invariant unit vector € H, called
vacuum vector, which is also cyclic for the von Neumann algebra A(S') :=\/ o, A(I).

(E) (Graded locality). There exists a self-adjoint unitary operator I on H, called grading
unitary, such that I'QQ = Q and

TANT = A(I), A CZA()Z* vieJ (1.39)
with ) T
L AH T
7 = T (1.40)

Note that every operator A € A(I) with I € J can be written as the sum of the two operators

A+TAT A—-TAT
2 2
which have the property that TA,I' = (—1)¥A,, for all k € {0,1}. Then, we call an operator
A homogeneous with degree 0A equal to either 0 or 1 if AT is equal to either A or —A
respectively. Contextually, we say A is either a Bose or a Fermi element respectively. With this
notation, graded-locality is equivalent to saying that [A(I1),.A(l2)] = 0 whenever I; C I},
where the graded-commutator here is defined through homogeneous elements A and B by

AO : 1 (141)

[A,B] .= AB — (—1)%498BA

and thus extended to arbitrary elements by linearity.

A graded-local Mobius covariant net A is said to be irreducible if A(S') = B(H). This is
equivalent to say that Q in axiom (D) above is the unique vacuum vector up to a multiplication
for a complex number and equivalently that all local algebras A(I) are type I11; factors (provided
that A(I) # CQ for all T € J), see [CKLO8|, Proposition 7] and references therein.

As well-explained in [CKLO8, Section 2.2], the axioms (A)-(E) above have important con-
sequences. We rewrite here below the ones which we will use more often throughout the thesis:

¢ (Reeh-Schlieder theorem). See [CKLO8, Theorem 1]. The vacuum 2 is cyclic and
separating for every von Neumann algebra A(I) with I € J.

¢ (Bisognano-Wichmann property). See [CKLOS, Theorem 2]. For every I € 7, let
d7(t) with t € R be the one-parameter subgroup of Méb(S!) of dilations associated to 1,
defined as follows, see [Lon08b), Section 1.1] or [BGLI3, Eq. (1.6)]. Let SL € J be the upper
semi-circle and let 77 € M6b(S!) be such that v7SL = I. Then, &;(t) := v;0(t)y; " for all
t € R. Note that d; is independent on the choice of ;. Indeed, (5(t)Si = S_lIr forallt e R
and if 7y € M6b(S') is such that yS1 = S, then v = §(\) for some A € R. It follows that
if 71,72 € M&b(S!) are such that ;51 = I for all i € {1,2}, then 7, 'y16(t)y; 72 = 4(t)
for all ¢ € R. This clearly implies that d; is well-defined. Moreover, g1 (t) = 6(t) and
67 (t)y™' = 8,(t) for all ¢ € R and all v € Mob(S!). For every n € Z~o U {co}, denote
by 5§n) (t) the corresponding lift to M&bh(S')(™. Use also j; : S* — S* to denote the
reflection associated to I, mapping I onto I’, see [Lon08b, Section 1.6.2] or [BGL93].
Let Ay and J; be the modular operator and the modular conjugation associated to the

couple (A(I), ) from the Tomita-Takesaki modular theory for von Neumann algebras, see
[BRO2, Chapter 2.5]. Then,

U@ (~2nt) =AY VI€J VteR. (1.42)
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Moreover, U extends uniquely to an anti-unitary representation of Mob(S 1)(00) X Zg given
by
U(jr)=ZJr vieJ (1.43)

and acting covariantly on A, that is,

UAN)ADU () = A(FI) Yy eMob(SH)(>®) x Zy VI e J. (1.44)

(Uniqueness of the Mébius representation). See [CKLOS| Corollary 3]. The strongly
continuous unitary representation U of M&h(S1)(*) is unique.

(Twisted Haag duality). See [CKLO8, Theorem 5].
Al =ZA(I)Z* =Z"AI1)Z NIe€J. (1.45)

¢ (Vacuum Spin-Statistics theorem). See [CKL08, Proposition 8 and Corollary 9]. The
grading unitary I' is unique and

U(r>)(2rm)) = e?mlo =T, (1.46)

(External continuity). By Mobius covariance, see the proof of [CKL08, Corollary 4] and
[Lon08bl p. 48], it holds that

A= () AWJ) VIeJ. (1.47)

J>JDT

A graded-local conformal net on S! is a graded-local Mobius covariant net on S* with
the following additional property:

(F) (Diffeomorphism covariance). There exists a strongly continuous projective unitary
representation Ut of Diff 7 (81)(>) | which extends U and such that

U () AN U ()™ = A(YI) Yy e Diff 7 (81)(>) vI e 7; (1.48)
U (AU (7))L =AYy eDiff(I)*) vA e A(I') VI e J. (1.49)
With an abuse of notation, we use the same symbol U to denote U®*.

Note that the Vacuum Spin-Statistics theorem above implies that the representation U of
M6b(S1)(**) and consequently its extension to Diff 7 (S1)(>) factor through representations of
Mob(S1)®) and Difft(S1) respectively, which we still denote by U. Then, we have the following
uniqueness result:

¢ (Uniqueness of the diffeomorphism representation). See [CKLO08, Corollary 11].
The strongly continuous projective unitary representation U of Diff *(S1)(®) (and thus as
representation of Diff *(S1)(°) too) is unique (up to a projective phase).

A graded-local Mobius covariant (or conformal) net is simply called M6bius covariant (or
conformal) net if I' = 14.

Now, we introduce some basics about covariant subnets of a given graded-local Mobius co-
variant (or conformal) net A on S'. A Mébius covariant subnet B of A is a family of von
Neumann algebras (B(I))res acting on H with the following properties:

e B(I) CA(I) forall I € J;

e if I; C I, are intervals in J, then B(I1) C B(Iz);

o U()B(IU(y) = B(4I) for all v € M6b(S)(>) and all T € 7.
We use B C A to say that B is a Mobius covariant subnet of A. Define

B(sY):=\/ B(I), Hp:=B(ESHQCH
IeJg
Ics?
and denote by ez € B(S') NU(Mob(S1)(>)) the projection on the Hilbert space Hp. Then, we
have:
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Proposition 1.3.1. Let B be a Mébius covariant subnet of a graded-local Mdbius covariant net
A. Then, the restriction maps

T31w B(I)ey :=B(D|us,  Mb(SH)) 55 U(y)|us

define a graded-local Mébius covariant net B, acting on Hg, which is irreducible if A is.

If Ais conformal, then B is diffeomorphism covariant, that is, U(y)B(I)U (y)* = B(¥I) for all
v € Diff T (S1)(*) and all I € J. Moreover, there exists an extension of U(-)|x, to DiffT(S1)(>)
on Hg, which makes B., conformal.

Remark 1.3.2. Note that Hg = H if and only if B(I) = A(I) for all I € 7, see [Tenl9,
Proposition 2.30]. This means that € is generally not cyclic for B(S') and thus B does not
determine a graded-local Mobius covariant net on H.

Proof. If A is a graded-local Mobius covariant net, then properties (A)-(D) are clearly satisfied
by Be, and U(-)|3, on the Hilbert space Hp with vacuum 2. It remains to prove the graded-
locality (D) of B.,. By the Vacuum Spin-Statistics theorem and the M&bius covariance of B,
it is clear that I'B., (I)T' = B, (I) for all I € J. Moreover, by the graded-locality of A, we get
that

B(I'YC A(I')C ZA(I)'Z* C ZB(I) Z* vieJ,
which implies the graded-locality of B.,. Suppose further that A is irreducible and that ; € Hp

is a cyclic Ug-invariant vector for B., on Hpz. This implies that Hg C A(S')Q; and thus

Qe A(S1)Q;. Hence,

AQ € AA(SHQ, = A(SHQ, VA€ A(SY),

which implies that Q; is cyclic for A(S?) on H. But, Q; is also U-invariant and thus Q; = Q by
the irreducibility of A. To sum up, we have proved that B., is a Mdbius covariant net on Hp,
which is irreducible if A is.

For the second part, suppose that A is a graded-local conformal net. To prove that B,
has a conformal structure, we can adapt [Wei05, Corollary 6.2.13], paying attention to the fact
that there it is used [Car04l, Proposition 3.7], which can be adapted to the graded-local case as
done in the proof of Theorem [3.2.17] Finally, we can obtain the diffeomorphism covariance of B
by adapting [Wei05, Proposition 6.2.28]. The proof of [Wei05 Proposition 6.2.28] uses different
results coming mostly from [Wei05, Sections 6.4, 6.5 and 6.6]. [Wei05, Sections 6.4] brings to
the proof of [Wei05, Corollary 6.2.13], which can be adapted as discussed above. [Wei05] Section
6.5] deals with the representation theory of Virasoro nets (see e.g. Example and references
therein for the construction of these models), which then has a general validity. The final part
of the proof is in [Wei05, Section 6.6], which can be easily adapted. Here, note that in the proof
of [Wei05, Proposition 6.2.23], results from [K6s02] are used. Anyway, these are expressed in a
wider generality for von Neumann algebras and thus they can be used in the graded-local setting
too, eventually using the version of [K6s02] (see the discussion just after the proof of [K6s02,
Theorem 5]) given by [K6s02v2]. O

Thanks to the above result, we will denote the net B., by just B, specifying if it acts on Hg
or H respectively when confusion can arise. Moreover, we can refer to a Mobius covariant subnet
simply as a covariant subnet.

A first example of covariant subnet is the trivial subnet, which is defined by B(I) := Clcq
for all I € J with Q :=1 € C. In the following, we present some constructions which help in the
production of examples of covariant subnets.

Let (A1, H1,Q1,U7) and (Ag, Ha, Qo, Us) be two graded-local Mobius covariant nets. We say
that A4; and A, are isomorphic or unitarily equivalent if there exists a unitary operator
¢ : H1 — Ha such that ¢(Q;) = Qg and ¢pA (1)t = A(I) for all I € J. This implies that

oUL(7)¢~ " =Ua(y) Vv € Mob(S")(>) (1.50)

thanks to the uniqueness of the representations U;, see p. [I6 which are also completely de-
termined by their respective vacuum vectors. Therefore, we define the automorphism group
Aut(A) of the graded-local Mdbius covariant net A as

Aut(A) = {¢ cUM) | 6(Q) =Q, pAI)¢~" = AI) VI € j}. (1.51)
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Then, equation ([1.50) implies that that every ¢ € Aut(A) commutes with U(y) for all v €
Moh(S1)(>). Note also that Aut(A) equipped with the topology induced by the strong one of
B(H) is a topological group. Furthermore, we have the following desirable result:

Proposition 1.3.3. Let ¢ realise an isomorphism between two graded-local Mébius covariant
nets A1 and As. If Ay and As are also diffeomorphism covariant, then

UL ()¢~ =Ua(v) Yy € DiffF ().

As a consequence, if ¢ € Aut(A) for a graded-local conformal net A, then ¢ commutes with the
conformal symmetries U(v) for all v € Diff T (S1)(>),

Proof. 1If A; and Ay had been local Mobius covariant nets, then a trivial adaptation of the proof
of [CWO05, Corollary 5.8] would have proved the statement. In the graded-local case, we have
some complications, which we deal with as follows.

Recall that thanks to the Vacuum Spin-Statistics theorem, see , the representation U
of Diff 7 (81)(>) factors through a representation of Diff ™ (S1)(?), which we still denote by U. By
the uniqueness of the representation U of Diff 7 (S)®), see p. we have that

UL(7)p~ ! = a()Us(y) Yy € Diff T (1)@

where a(7) := ¢U; ()¢~ Us(y)~" for all v € Diff 7 (S1)?). It is not difficult to check that o is
a character of Diff " (S1)(?) which is also continuous thanks to the continuity of U. Therefore,
we have to prove that « is the trivial character, that is a(y) = 1 for all 4 € Diff " (S1)®). To
this aim, let H be the kernel of the character . Then, p(H), that is the projection of H under
the covering map p : Diff 7 (S1)(?) — Diff*(S'), is a non-trivial normal subgroup of Diff ™ (S%).
It follows that Diff *(S') = p(H) because Diff *(S') is a simple group, see Remark Hence,
Diff *(S1)?) = H U Hz, where z := r()(27) is the rotation by 2¢ in Diff 7 (S')), see (L.31)) for
the notation. Suppose by contradiction that z ¢ H. Note that H is closed by the continuity of
o and thus Hz is closed too. This means that Diff 7 (S")(?) is the union of two disjoint closed
subsets, which contradicts the connectedness of Diff 7(S')(>). As a consequence, z € H and
Diff*(S1)?) = H, that is a(y) = 1 for all y € Diff *(S*)(?). Then, the remaining statement is a
clear consequence of what proved. O

Example 1.3.4. Let A be a graded-local conformal net and G be a compact subgroup of Aut(.A).
Then, we define the fixed point subnet A® with respect to G as

AG(T) = {A € A(I) | gAg~t = A Vg e G} Vied.

It is then easy to check that AY is actually a graded-local conformal net because every auto-
morphism g is in U(Diff 7 (S')(°))" as we have explained above. If G is finite, we call A% an
orbifold subnet. A" := AU#T} the set of Bose elements of A is a conformal net, usually
called the Bose subnet of A.

Now, we introduce two ways to produce new examples of graded-local conformal nets and
covariant subnets from given ones.

Example 1.3.5. The graded tensor product of two graded-local conformal nets A; and As,
see [CKLOS8|, Section 2.6] for details, is the isotone map of von Neumann algebras J 3> I —
(A1®A5)(I), acting on the tensor product Hilbert space H; ® Ho with grading unitary I'y @ T'y
and vacuum vector 1 ® (o, defined by the following tensor product:

1
AL(D&A(T) := {A1 ® Ay, Bi®1y,, [1® By | PG00 g‘gfff“z(’)} : (1.52)

The definition above moved from the necessity that the Fermi elements on the right of the tensor
product must anticommute with the ones on the left and vice versa. For a graded-local conformal
net A and for every I € J, let us denote by A(I) the Fermi subspace of A(I), that is, the
subspace given by the Fermi elements. Accordingly, A; (1)®@.A4z(I) is the vector space direct sum

AT @ AR (1) @ Arp (DT @ Azy (I @ AT (1T @ Ao (1) @ A p(I) @ Ay (1) (1.53)

Bosons Fermions
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Moreover, we have the following isomorphisms of von Neumann algebras

Ai(I) := A (1) @ 1y, = A ()

. r (1.54)
Ao(I) == (1, @ A2 (1)) V (T1 @ Azp (1)) = 13, @ Ao(1) = Ax(1)
for all I € J. Furthermore, we have that
AL(DRAL(I) = A (1) v Ay(I),  [A (1), Ay(I)]=0 VIeJ. (1.55)

Example 1.3.6. The coset subnet B¢ of a covariant subnet B of a graded-local conformal net
A is the covariant subnet of A defined by the graded-local von Neumann algebras

Be(I) = {A € A(I) | [A,B] =0 VB ¢ 3(51)} VieJ. (1.56)

1.4 Graded-local conformal nets on R and S1(?

We are interested in working with covariant nets on R, which we introduce following [CKLO0S|
Section 3.1]. Let J® be the set of bounded open intervals of R, which we can identify through
the Cayley transform (see Remark with the subset of 7 given by the intervals of S! which
do not contain —1. Then, a graded-local conformal net on R is a family of von Neumann
algebras A := (A(I));es= on a fixed infinite-dimensional separable Hilbert space H, also called
net of von Neumann algebras, with the following properties:

(Ar) (Isotony). For all Iy, I, € J® such that I; C I, then A(I;) C A(I).

(Br) (Mébius covariance).
UADU(y) ' = AFI) Yy e Méb(8H)™ vI e g7 (1.57)

where for all I € J®, Mob(51)!™ is the connected component to the identity in
Méb(S1)(%) of the open subset {7 € Mob(S1)(>) | 47 e jR}.

(Cr) (Positivity of the energy). The infinitesimal generator Ly of the (universal cover of)
rotation one-parameter subgroup t +— U(r(°)(t)), called conformal Hamiltonian, is a
positive operator on H. This means that U is a positive energy representation.

(Dr) (Existence of the vacuum). There exists a U-invariant unit vector 2 € H, called
vacuum vector, which is also cyclic for the von Neumann algebra \/ ;¢ ;= A(I).

(Er) (Graded locality). There exists a self-adjoint unitary operator I' on H, called grading
unitary, such that I'QQ = Q and

TANT = A(I) YIeJ®,  AL)CZA(LL)Z*

14 —iD

whenever I, and I, are disjoint intervals in J&, with Z := .

(Fr) (Diffeomorphism covariance). There exists a strongly continuous projective unitary
representation U of Diff 7 (S1)(°) which extends U and such that

Uext(v)A(I)Uext(fy)fl — A("}/I) Vv € Dlﬁ""(sl)goo) VI € jR
U™ (1) AU ()" = A vy € Difi(I){™ VA € A(L)

for all disjoint I,I; € J®, where Diff+(X)(I°°), for X equal to S! or I, denotes that we
are considering only those diffeomorphisms  in the connected component to the identity

of the open subset {7 € Diff T (X)(®) | 4T ¢ JR}. With an abuse of notation, we use the

same symbol U to denote U,

As explained in [CKLOS| Section 3.2], we can define a net on a cover of S'. Specifically, we
are interested in nets on the double cover S*(?). As usual, we define the set 2 of intervals of
S51(2) as the set of connected subsets of S1(2) whose projections onto S' are intervals of 7. For
any I € 7@, let I' := S™®N\T be the complement of I in S*? and denote by pI its projection
onto S*. Then, a graded-local conformal net on S is a family of von Neumann algebras
A= (A(I));e 7 such that:
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(A2) (Isotony). For all I, I, € J® such that I; C Iy, then A(I;) C A(ly).

(B2) (Mobius covariance). There exists a strongly continuous unitary representation U of
Mo6b(S1)(**) on H such that

UNADU ()= AGFI) Vv e Mob(8H)™) vie 7@
where 4 is the projection of 4 on Mob(S')(2),

(C2) (Positivity of the energy). The infinitesimal generator Lq of the (universal cover of)
rotation one-parameter subgroup t — U(r(°)(t)), called conformal Hamiltonian, is a
positive operator on H. This means that U is a positive energy representation.

(D2) (Existence of the vacuum). There exists a U-invariant unit vector 2 € H, called
vacuum vector, which is also cyclic for the von Neumann algebra \/;c ;@) A(1).

(E2) (Graded locality). There exists a self-adjoint unitary operator I' on H, called grading
unitary, such that I'QQ = Q and

TANT = A(I), A(I')C ZAI)'Z* vIieJg®

with Z = 1=,
(F2) (Diffeomorphism covariance). There exists a strongly continuous projective unitary
representation Ut of Diff ¥ ($1)(>), which extends U and such that

Ut (Y) AU ()~ = A(YI) Yy e Diff (1)) vi e 73
U AU ()P = A Yy eDiff(pI) > VA e AI') VI e TP

where 7 is the projection of v on Diff 7 ($1)(2). With an abuse of notation, we use the same
symbol U to denote U®**.

Let A be a graded-local conformal net on S* and U be the corresponding representation of
Diff T(S1)(>). As it is well explained in [CKLOS, Section 3.2], we can associate a graded-local
conformal net on R to A, which we denote by A®. This is defined as the restriction of the net A to
J® namely AR(I) := A(I) for all I € J®. Moreover, the Mobius and diffeomorphism covariance
are obtained restricting the transformations of M&h(S1)(>) and Diff*(S1)() as explained in
(Br) and (Fr) respectively. Extend the net A® to the net A%, by

Ase D) = U AY MU ()" VIeJ

for any I, € J® and any v € Mob(S)(>) such that vI; = I. Then, it is even true that
AR = A. Following what is explained in [CKLOS, Section 3.2], thanks to the Vacuum Spin-
Statistics theorem and [CKLOS8, Corollary 17], we can promote AR to a graded-local conformal
net on S'(?), which is denoted by A®). Then, it holds that A (I) = A(pI) for all I € J).



Chapter 2

Vertex superalgebras and their
further structures

On the one hand, we introduce the basic theory of unitary vertex operator superalgebras
(VOSAs) and their modules in Section and Section On the other hand, we general-
ise most of the results of [CKLW18| Section 4 and Section 5] from Section to Section
Moreover, we study the unitarity of Zy := Z/27Z-graded simple current extension of a VOSA in
Section [2.7] so characterising the unitarity of a VOSA in terms of its even and odd parts.

Comparing with the local case... The main difficulty in generalising those results is due to
the Zo gradation of vertex superalgebras. Indeed, this reflects the definition of the unitary
structure of a VOSA, which now involves the operator Zy and powers of the imaginary unit i,
see definitions and (2.33). Of course, this makes the calculations harsher, but they can
be dealt with by making local changes. Apart from these technical issues, the results considered
generalise from the local case as common sense would suggest. Finally, Corollary [2.7.3]in Section
is a result particular to the “super” environment as relating the unitarity of a VOSA in terms
of its even and odd parts.

2.1 Unitary vertex operator superalgebras

For the sake of consistency and to help the understanding of the vertex superalgebra axioms,
we give some preliminary notions about the calculus of formal distributions. Later, we introduce
unitary VOSAs and correlated objects. We mostly follow [KacO1] for the general settings about
formal distributions and VOSAs, whereas [AL17] and [Tenl9bl Section 2.1] for the unitary part.
Note that our notation follows the one in [CKLW18| Sections 4 and 5] as closely as possible.

We define a formal distribution in the formal variables z,w,... with values in a vector
space U over C as a formal series of the form:

a(z,w,...):= Z Ay, 27 W™ - (2.1)

m,n,---€ZL

where @, p,... are elements of U. Such formal distributions form a vector space, which is usually
denoted by U[[z, 271, w,w™!,...]]. We remark that the multiplication of two formal distributions
is defined if and only if the coefficient of every monomial in the formal variables is a finite sum.
Consequently, we can always multiply a formal distribution by a Laurent polynomial, that is, a
formal series with a finite non-zero number of coefficients corresponding to negative powers of
the formal variables. This brings us to the following consideration: if we define the residue of
a formal distribution a(z) as Res, a(z) := a_1, then {(a, ) := Res, a(z)p(z) defines a pairing,
which takes values in U, between U[[z, 2 !]] and the algebra of Laurent polynomials in the
formal variable z with coefficient in C. In other words, these Laurent polynomials play the role
of “formal test functions” for the formal distributions in U[[z, 27 !]]. If 9. is the formal partial
derivation in any formal variable, we have the following well-known formulae:

Res, 0,a(z) =0, Res, 0.a(z)b(z) = — Res, 0,b(2)a(z) (2.2)

21
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whenever the products of formal distributions above is defined. Note that the second formula

above is the usual integration by parts. In the following, we use the notation: oY) = ‘3—: for all
j € ZZO'

Of particular interest is the so called formal delta-function ¢(z —w), which is the following
formal distribution in the variable z and w with coefficients in C:

8z —w) = 8(z,w) =271y (‘;’)n . (2.3)

ne”Z

To stay true to definition [KacOIl, Eq. (2.1.3)], we use the notation 6(z — w), despite § is a
function of z and w, not of z — w; in any case, the two notations can cohabit without making
confusion and we will use one rather than the other one depending on which is more appropriate
for the context. By [KacO1l Eq. 2.1.5a], we have the formula:

06(z—w)=>_ (7;) T V€ L. (24)
nez

Tt is then interesting to note the following properties of the formal delta-function given by [Kac01]
Proposition 2.1]:

Res,a(2)d(z —w) = a(w) Va € Ul[z, 27 Y]] (2.5)
0(z—w) = d(w—2) (2.6)

0,0(z —w) = —0,0(z—w) (2.7)
(z—w)dVT6(z —w) = V(2 —w) Vi € Zsg (2.8)
(z —w)ytoWs(z —w) = 0 Vi € Zsg. (2.9)

A definitely fundamental definition is the locality for formal distributions: a formal distribu-
tion a(z,w) is said to be local if

(z—w)Na(z,w) =0 (2.10)

for any positive number N big enough. A characterisation of locality is that the formal distri-
bution a(z,w) has what is called the OPE expansion:

2

—1
a(z,w) = & (w)dD (2 — w), ¢ (w) = Res, a(z,w)(z — w)’ . (2.11)

J

Il
=]

where the ¢/s are called OPE coefficients, see [KacOll Definition 2.2]. To specify the above
definition to the vertex superalgebra case, we suppose that U carries a further structure of Zo-
graded associative algebra, that is, U := Uy ® Uy and U;U, C U4y for all j,k € Zy. In that
case, U is usually called associative superalgebra. We call even the elements of Uy and odd the
elements of Us. Accordingly, we denote the parity of a € U; by p(a) = j for any j € Zy. We
can define a bracket by

[a,b] = ab — (—1)P(@P®)pg (2.12)

for all a,b € U with given parity. Hereafter, with an abuse of notation, we use (—1)?(®?®) as in
to denote (—1)P=Pb  where p,, pp € {0, 1} are representatives of the remainder class of p(a)
and p(b) in Zs respectively. A classical example, widely used in the vertex superalgebra setting,
is provided by the endomorphism algebra End(V') of a vector superspace V', where the parity is
given by

End(V); :={a € End(V) | aVi C V11 }

and bracket defined as above. Therefore, it makes sense to define locality for formal distributions
with values in a Lie superalgebra g (see [Kac77]): two formal distributions a(z) and b(z), taking
values in g, are said to be mutually local or just local if [a(z),b(w)] in g[[z, 271, w,w™1]] is
local in the meaning given just above, that is,

(z —w)Na(z),b(w)] =0 N>0. (2.13)
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Finally, we highlight that in the vertex superalgebra theory, it is widely used to write a formal
distribution a(z) with the following slightly different notation:

= Z anzn = Z a(n)z_n_l (2.14)

nez nez

and similarly whenever more then one formal variable is involved.
Now, we are in the conditions to give the definition of a vertex superalgebra in details,
that is, a quadruple (V,Q,T,Y), where:

e V is a complex vector superspace, namely a complex vector space equipped with an
automorphism I'yy such that 1"%/ = 1y and V decomposes as the direct sum of the following
vector subspaces

Vs = {a€V|Tya=a} (2.15)
Vi = {acV|Iva=—a}, (2.16)

where p € {0,1} denotes an element of the cyclic group of order two Zy. Hence, we say an
element a € Vg is even, whereas a € V7 is odd. Moreover, we say that a € V has parity
{O 1} 1f a € Viya

e () € V5 is called the vacuum vector of V.
e T is an even endomorphism of V called the infinitesimal translation operator.

e Y is a vector space linear map, called the state-field correspondence, defined by

Voar—Y(a,z2):= Z amyz "t € (End(V))[[z, 2] (2.17)
nez

Furthermore, Y must satisfy the following properties:

— (Parity-preserving). a(,)V, € V,4p(q) for all a € V,(,), all n € Z and all p € {0,1}.

— (Field). For all a,b € V, there exists a non-negative integer N such that ag,)b = 0
for all n > N. Then, we call Y (a, 2) a field.

— (Translation covariance). [1,Y(a,z)] = LY (a,z) foralla € V.
— (Vacuum). Y(Q,2) =1y, TQ =0 and a_nQ =a foralla € V.

— (Locality). For all a,b € V with given parities, there exists a positive integer M such
that
(z - w)N[Y(aa Z)v Y(bv U))} =0 (218)

for all N > M, where
[Y(a,2),Y(bw)] :=Y(a,2)Y(bw) — (=1)PPOY (b w)Y (a, z) (2.19)

is the graded commutator of the fields Y (a, z) and Y (b, w). Hereafter, with an abuse
of notation, we use (—1)P(??P(®) as in ([2.19) to denote (—1)Pa?> where p,,p, € {0,1}
are representatives of the remainder class of p(a) and p(b) in Zy respectively.

Every Y (a, z) with the properties above is called a vertex operator.

An important consequence of the above axioms, see [KacOll Section 4.8], is the Borcherds
identity (or Jacobi identity):

> (?) (a(n+j>b) by C

=0 N (2.20)
i a n
Z(—l)j( ) (a(m+n—j)b<k+j) — (~DPePO (1) b(n+k—j)a(m+j)) ¢
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for all a,b € V with given parities, all c € V and all m,n, k € Z. Putting n = 0 in the Borcherds
identity above, we get the famous Borcherds commutator formula for two vectors a,b € V
with given parities, see [Kac01l, Eq. (4.6.3)]:

> m
m)» bryle = . b VeeV Vm, ke Z. 2.21
[a(m)s bewyJe Z<J> () )(m+k_j)c c m (221)

j=0
Choosing instead m = 0, we get the Borcherds associative formula:

o0

a(n)b (k)C = Z ( > (a(n_j)b(k+j) - (*1)p(a)p(b)(71)nb(n+k._j)a(j)) C. (2.22)

j=0

for all a,b € V with given parities, all c € V' and all n, k € Z.
A further property which we will use considerably is the skew-symmetry, see [Kac01l Eq.
(4.2.1)]: for any a,b € V with given parities,

Y (a,2)b = (—1)P@POl2l-1y (b —2)a. (2.23)

An even element v of a vertex superalgebra (V,,7,Y) is called a Virasoro vector of
central charge c € C if the following commutation relations hold

c(n® —n)

[Lypy, Lin) = (m—m)Lpym + T5n,—mlv (2.24)
for all n,m € Z where L, := v(;,41). Y (v, 2) is called a Virasoro field. If Ly is diagonalizable
on V and L_; =T, then v is called a conformal vector, Ly a conformal Hamiltonian and
Y (v,z) an energy-momentum field. A vertex superalgebra with a fix conformal vector is
called a conformal vertex superalgebra. Then, we define a vertex operator superalgebra

(VOSA) as a conformal vertex superalgebra (V,Q,T,Y,v) with the additional properties:

[ ] Vn = KGI‘(LO — ’nlv) =0ifn ¢ %Z with Vﬁ = @ Vn and VT = @n€Z+% Vn

nez
e dimV,, < +o00 and there exists an integer N < 0 such that V,, =0 for all n < N.

With an abuse of notation, we will often use V' in place of the quintuple (V,Q,T,Y,v).
Every non-zero element a € V,, with n € %Z is called homogeneous with conformal weight
dg = n. Accordingly, we rewrite

Z Apz " g, = A(ntd,—1) (2.25)
n€EZ—dg,

for all homogeneous a € V. For our convenience, if d, € Z, we set a, := 0 for all n € Z — 2,
whereas if d, € Z — 2, we set a, := 0 for all n € Z. Furthermore, a € V homogeneous is called
primary if L,a = 0 for all n € Z~(, whereas it is called quasi-primary if just Lia = 0. It is
not difficult to prove that € is a primary vector in Vg (see [CKLWIS8| Remark 4.1]), whereas v
is a quasi-primary vector in V5 which cannot be primary if ¢ # 0 (see [KacO1l, Theorem 4.10]).
From [Kac01l Sections 4.9, 4.10] we have the following useful commutation relations:

[LO7 a'n] = —Nanp (226)
[L_1,an]) = (—n—do + 1)an—1 (2.27)
[Lhan] = (—n + da - 1)an+1 + (Lla)n+1 (228)

for all homogeneous a € V and all n € %Z.

Now, we are ready to define a unitary structure on a VOSA. First of all, we need to define
(anti)linear homomorphisms between VOSAs (V, Qv , Ty, Yy, vy ) and (W, Qw, Tw, Y, vw )
as a(n) (anti)linear complex vector space map ¢ between V and W with the additional conditions:
d(am)b) = ¢(a)m)@(b) for all a,b € V' (¢ respects the (n)-product), ¢(Qv) = Quw and ¢(ry) =
vy . The last condition implies that ¢ commutes with every L,, for n € Z and thus it is actually
parity-preserving. We also define isomorphisms and automorphisms of VOSAs in the obvious
way. We denote by Aut(V) the group of automorphisms of V. Note that Aut(V') is a subset
of the group [],,c 1z GL(V,,) of grading-preserving vector space automorphisms of V. Therefore,
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Aut(V) can be turned into a metrizable topological group if it is equipped with the relative
topology induced by the product topology of [],,. 17 GL(V;,). We say that an automorphism ¢

is an involution if ¢ = 1. Note that I'y is a linear involution of V. Moreover, due to the
parity preservation, we deduce that I'y commutes with every (anti)linear automorphism of V.
Furthermore, we define the following operator on V:
1y — il

Ly = ——. 2.29
vim Tl (229)
Note that Zy is a linear automorphism of the vector space V which preserves the vacuum and
the conformal vectors, but it is not an automorphism of the VOSA because it does not respect
the (n)-product. Indeed, we have that

amb if p(a) =p(b) =0
Zy(amyb) = § iamb if pla) =1+pb) ,
amb if pla) =p(b) =1
- (2.30)
a(n)b if p(a) = B(b) =0
(Zva)(n)(ZVb) = ia(n)b if p(a) =1 +p bl
—amyb if pla) =p(b) =1

for all a,b € V with given parities and all n € Z. Hence, (2.30) can be rewritten in the useful
formula

Zy (a@myb) = (=1)P PO (Zya0,))(Zyb) (2.31)

for any a,b € V with given parity and all n € Z.

A unitary vertex operator superalgebra is a VOSA V equipped with an antilinear
automorphism 6, which we call the PCT operator, associated with a scalar product (i.e., a
positive-definite Hermitian form, linear in the second variable) (+|-) on V such that:

e 0 is an involution, that is, 2 = 1y (see Remark below);
e (') is normalized, which means that (Q|Q2) = 1;
e (-|-) is invariant, that is, (see [AL1T, Section 2.1])
(Y (8(a), 2)b|c) = (b|Y(eZL1(—1)2L8+L0272L°a,Zﬁl)c) Va,b,c eV (2.32)
or equivalently (see [Tenl9bl Definition 2.3])
(Y (0(a), 2)b|c) = (b]Y (e*F* (iz7 1) Zya, 27 1)c) Va,b,c eV, (2.33)

where (2.32) and (2.33]) are to be understood as equalities between doubly-infinite formal
Laurent series in the formal variable 2 (which is not affected by the complex conjuga-
tion) with coefficients in C. In particular, for ¢ € V homogeneous, we use the following

definitions:
(—1)2Etlog = (—1)2datdag (2.34)
!
el = %Llla (2.35)
I€Z>0
(iz~1)2Log 1= (iz71)%eq, (2.36)
Note also that
2d%4-d (—1)d ifdeZ
(=1)2¢ :{ C1* ifdez-1 - (2.37)

Then, the equivalence of (2.32) and (2.33) is clear from L0 Zy, = (—1)2Lo+Lo,

Remark 2.1.1. In the references [ALI7, Section 2.1] and [Tenl9bl Definition 2.3] given above
for the definition of unitary VOSAs, it is required that the PCT operator # is an involution.
For our convenience, we have kept this axiom in the definition given above. Nevertheless, we
point out that the involution axiom is not necessary because we will prove that it is actually a
consequence of the other ones in (i) of Proposition m
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If a (unitary) vertex (operator) superalgebra V has V5 = {0}, then it is a (unitary) vertex
(operator) algebra as defined in [CKLWTIS].

Remark 2.1.2. Let V be a unitary VOSA. The real subspace
Ve :={a€V|0(a)=a} (2.38)

contains the vacuum and the conformal vectors because they are #-invariant. Moreover, Vg
inherits the structure of a real VOSA from the one of V. Note also that V is the vector space
complexification of Vg because V. = Vg + iVg and Vg NiVg = {0}. Then, Vi is known as a
real form for V, see [CKLWI18, Remark 5.4] and references therein. Restricting the scalar
product on V' to Vg, we obtain a positive-definite normalized real-valued R-bilinear form with
the invariant properties and . Conversely, if V is a real VOSA with a positive-
definite normalized real-valued invariant (in the meaning given just above) R-bilinear form (-, -),
then its complexification V¢ is a VOSA with an invariant scalar product which extends (-, -).
Furthermore, (‘N/C)R =V.

We say that an element ¢ in Aut(V) is a unitary automorphism if it preserves the scalar
product, that is (¢(a)|¢(b)) = (al|b) for all a,b € V. We denote such subgroup of Aut(V') by
Aut(. (V). Similarly, we can define a unitary isomorphism between two generic unitary
VOSAs.

In the following, we introduce some useful relations. Let (V,(:|-)) be a unitary VOSA and
let Hv,.|.)) be the Hilbert space completion of V' with respect to (-|-). Consider I and Z, the
extensions to Hy,(.|.)) of the operators I'y; and Zy respectively. Then it is easy to verify that
I' =I'"! =T* and consequently

1y +4l

7 =771 = ) 2.39
144 (2.39)

Moreover, due to the antilinearity of 6, we have that
Z07Z =0. (2.40)

If a € V is homogeneous of conformal weight d,, then L!a is still homogeneous of conformal
weight d, — [ for all I € Z>( thanks to (2.26). Then, by replacing a with 6(a) in and
and remembering that Z and § commute with every L,, for all n € Z, we can calculate
the following equation

(anb\c) _ (_1)2di+da Z (b|(9Ll1a)*nC) :’i2d“ Z (b|(Z9Ll1a),nc) (241)

I I
lEZZO l6220

for all b,c € V, all homogeneous a € V and all n € %Z. In particular, if a is quasi-primary, we
have

(anble) = (~1)2% 40 (b] (Ba) _c) = % (b](Z6a)_nc) = i (b] (62" ) _nc) (2.42)
(blanc) = (—1)2%a*da ((0a)_,blc) = i2% ((02*a)_nblc) = i~ ((Z60a)_nb|c). (2.43)

Equation ([2.42)) says that
(Lpal|b) = (a|L_,b) VYa,beV VnelZ (2.44)

which also implies, considering the case n = 0, that (V;|V}) = 0 whenever | # k. In this context,
we say that a field Y (a, 2), associated to a quasi-primary element a € V, is Hermitian (with
respect to (+]-)) if (anblc) = (bla—,c) for all n € 1Z and all b,c € V.

It is important to introduce here the notion of vertex subalgebra of a vertex superalgebra
V. This is given by a vector subspace W of V containing the vacuum vector €2 and such that
amyW C W for all @ € W and all n € Z. By the vertex superalgebra axioms, it follows
that Ta = a(_2)( for all @ € V. Accordingly, W is automatically T-invariant and therefore
(W, Q,T|w,Y|w) is a vertex superalgebra. It is then clear that C{ and Vj are vertex subalgebras
of V, which are also vertex algebras. Given a subspace § of V, we define W (F) as the smallest
vertex subalgebra of V' containing § and we say that W (J) is generated by 3§.
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Moreover, we can define an ideal of a vertex superalgebra V as a T-invariant vector subspace
# such that a¢,y # C # forall a € V and all n € Z. From [Kac0l, Eq. (4.3.1)], we have
that a(,)V C ¢ for alla € ¢ and all n € Z. As usual, we say that a vertex superalgebra V' is
simple if the only ideals which it contains are {0} and V itself.

Finally, we say a vertex operator algebra V' is of CFT type if the corresponding conformal
vector is of CFT type: V,, =0 for all n ¢ %Zzo and V = CQ.

2.2 Modules of vertex operator superalgebras

We introduce the representation theory for VOSAs, proving some classical results. Besides the
general interest, the statements here contained are fundamental to obtain some characterisations
of the unitary structure of a VOSAs in the following sections.

Working Hypothesis 2.2.1. Throughout the present section V' will be a VOSA.

A V-module is a Z-graded complex vector space M = My® M7 equipped with the following
structure:

e a vector space linear map Y defined by

Vsar—YM(a,z) = Z a%)z_"_l € (End(M))[[z, 27 1] (2.45)

such that:

— (Parity-preserving). a%)Mp C My p(q) for all a € Vj,,) and all n € Z.

— (Field). For all a € V and all b € M, there exists a non-negative integer N such that
aé\:{)b: 0 for all n > N.

— (Translation covariance). LY (q,2) = Y™ (L_a,z) foralla € V.
— (Vacuum). YM(Q, 2) = 1.

— (Borcherds identity). For every a,b € V with given parities, all ¢ € M and all
m,n,k € Z, we have that

2 (T) (a(n+j)b) :wk—j) ‘=

§=0

— (T M M b npM M

> (- (j ) (alrengybliagy = (CLPOPO 1) jyali ) e
§j=0

(2.46)

o Let YM(v,2) =3 ., LM27"72 then M has a grading compatible with the parity given
by the eigenspaces of L}

M=@PM, M=EFMnM, Vpe{0,1}, M,:=Ker(L) —nly) ¥neC
neC neC

with dimM,, < +occ for all n € C and M,, # {0} at most for countably many n.

Note that the translation covariance and the Borcherds identity imply that
d
(LM, Y M (a,2)] = d—YM(a, 2)=YM(L_ja,z) YaeV. (2.47)
z

Moreover, if ¢ € C is the central charge of V', then the following Virasoro algebra commutation
relations hold (see [Li96, Remark 2.3.2], cf. [LL04, Proposition 4.1.5]):

3 _
LM LM = (n—m)LM ., + W&n,_mw Vn,m € Z. (2.48)
A submodule S of a V-module M is a vector subspace of M invariant for the action of V.

M is called irreducible if there are no non-trivial submodules.
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We define a V-module homomorphism f beicween M*' and ]2\/[ 2 as an even vector superspace
homomorphism from M?! to M? such that f(Y™ (a,2)b) = YM (a,2)f(b) for all a € V and all
b € M!. Further definitions of V-module iso/endo/ automorphisms are given in the obvious
way.

A vector b in a V-module M is called vacuum-like if af\z)b = 0 for all n € Z>g. Then, we
have that:

Lemma 2.2.2. Let V be a VOSA. Then, a vector b of a V-module M is vacuum-like if and only
if LM b= 0.

Proof. We rewrite the argument of the proof of [Li94], Proposition 3.3 (a)], which works well in

our case too. The “only if” part follows by definition of vacuum-like vector because LY, = 1/(%.

Conversely, suppose that L b = 0 and let a be an arbitrary element of V. By the field axiom
in the definition of V-module, there exists an N > —1 such that a™ b = 0 for all n > N, but

(n)
a%)b # 0. By translation covariance (2.47)), we have that

—(N + Da{yb = [Lo1,ani1)]b=0
which necessarily implies that N = —1, that is, b is a vacuum-like vector of M. O

The basic example of a V-module is V itself by setting YV := Y, this is called the adjoint
module. Furthermore, note that the VOSA V is simple if and only if its adjoint module is
irreducible. A second example is represented by the contragredient module M’ of a given
V-module M, which is the graded dual vector space

M =P My M,)* & P (Myn M,)* (2.49)
neC neC

with the state-field correspondence Y™ defined by the formula
M (a,2),c) = (¥, Y M(eFr (—1)2L6+ Loz =2Log 2~ 1Y) Ya e V Vee M Wb € M,  (2.50)

where (-,-) is the natural pairing between M and M’. Y™'(a,z) is called the adjoint vertex
operator of Y (a,z). Then, we can prove the following.

Proposition 2.2.3. For a given VOSA V and a V-module M, we have that (M',YM') is a
V-module too.

Proof. The following proof is based on the proof of [FHL93l Theorem 5.2.1] as suggested for
[Yam14, Lemma 2].

From the definition of contragredient module , it follows that every adjoint vertex oper-
ator YM' (a, z) is actually a parity-preserving field with the related vacuum property. Moreover,
by the defining formula , we check that

(LMY ¢y =, LM ) VneZ Vee M Vb € M', (2.51)

which implies all the required properties for Y™ (v, z). Hence, it remains to prove that the
translation covariance and the Borcherds identity for Y™ hold.

As for the former one, we need to prove that %YM/ (a,2) = YM(L_ja,2) for all a € V.
Proceeding as in [FHLI93| Eq. (5.2.22)], that is, using the invariance and the chain rule,
we get that

d ’ d !
<$YM (a,z)b’,c) = $<YM (aa Z)b/7c>
= (v, diy]b[(ele(71)2L3+L0272L0a,Zfl)c> (2.52)
z
d d
= (¥ YM (e (F)PH R 00 o) 4+ (Y M (2T o)
z z

where a; = e*L1 (—1)2L3+L02_2L°a. On the one hand, an easy calculation gives us that

di (6zL1(71)2L§+L0272L0) = Ll (71)2L§+L0272L0 _9e7ln (71)2L3+L0L0272L071 . (2.53)
z
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On the other hand, if a is homogeneous, then

%YM(.7Z71)\,11 = —ziQdZdil YM( 27,

_ _Z—2yM(L_1€zL1 (_1)2L§+LOZ—2LOG7 Z—l)

= 2 Y M([e* Ly — 22¢*M1 Ly + Zleele](71)2L§+L0272L0a,271)

_ YM(ele (_1)243era+1z—20la—2L71@7 z_l)
42 ly M (el Lo(il)Qdi+da272daa’ 21 (2.54)
. YM(LleZLl (_1)2di+daz—2daa’ z_l)

_ YM(ele (_1)2L8+LOZ—2LOL_1a’ 2—1)
+ 2271YM(6zL1 (_1)2L§+L0 Loz2Log, 271)

_ YM(L:[@ZLl (_1)2L3+L0Z—2L0a7 z_l)

where we have used [FHL93, Eq. (5.2.14)] for the third equality and the fact that L_ja is in

Vi, —1 for the last one. Thus, putting (2.53)) and (2.54)) in , we get the translation covariance
property for Y™ through a straightforward calculation.

Now, we prove the Borcherds identity for M’'. We use the formal calculus for the
d-function as presented in Section just note that the d-function used in the proof of [FHL93|
Theorem 5.2.1] is defined differently from our one, see [FHLI3, Section 2.1]. We note that the
Borcherds identity for every V-module N is equivalent to

0(z9,21 — ZO)YN(Y(CL,ZO)Z)7 29)¢ = 6(20, 21 — ZQ)YN(CL, Zl)YN(b7 29)¢

2.55
+ (=1)P@PO§(—20, 20 — 20) YN (b, 20) YV (0, 21 )¢ (2.55)

for all homogeneous a,b € V and all ¢ € N. M is a V-module and then we already know that
the Borcherds identity (2.55) holds for the choice N = M. Replacing 21 — 2 Lz — 2y L

_ 2 _ . .
20 = =20 q — enlr(—1)2otLoy2Rog and b — e22 L1 (—1)2LotLoz2Rop in (2.55), we obtain

21227

(8(25" 27t + )y My (exr b (—1)2Lit Lo o 2Ro g —20mala (1) 2E8 kLo 2o L))
2122 2122

(PO (0 YN (e () 2 ),

_YM(ezlL1 (_1)2L8+L021—2L0a, zfl)d>

+(c’,6( —20 ,zfl _ z;l)yM(ezlLl(_1)2L3+L02;2L0a7zl—l).

.YM(equl (71)2L§+L022—2L0 b, 22_1)d>
(2.56)

for all homogeneous a,b € V, all d € M and all ¢/ € M’. Through some standard calculations,

we rewrite (2.56|) as

(¢ 8(21, 22 + 20) Y M (V (15 (—1)2Ea+E0 yo2Lo g —20ypzaln (_)2L3+Lo ,-2Lop, 1) g)

’ Z1%22
7(_1)p(a)p(b) <cl7 5(2:07 2 — ZQ)YM(622L1 (_1)2L3+ng;2Lob’ Z;l)
YM(enh (71)2L§+L021—2L0a, 1d) (2.57)

+{c',8(—20,22 — zl)YM(ezlLl(—1)2L3+L°zf2L°a,zf )-
_YM<€zQL1(_1)2L§+LOZ;2L0b7 z;l)d>

for all homogeneous a,b € V, all d € M and all ¢ € M’. Therefore, our aim is to prove the
formal equality:

(—1)P@POI§ (21 2 + 20) Y M (2201 (—1)2L6 L0 57200y (g, 20)b, 25 1)

_ 2.58
= 6(21, 22 + 20) Y M (Y (151 (~1)2E0+ Do 2h0 g — 20 )emaln (q)2Let Lo 72hop o0y 259
zZ122
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By (2.5, taking the residue in z; of both sides of (2.58]), we equivalently get that

(—1)P(@pO)y M (gz2L (—1)2L§+L0;;2*2L0Y(a7 20)b, 25 1)
2%

" (22 + 20)22 622L1(71)2L3+L022_2L%’ )

— YM(Y(e(ZQJrZO)Ll(,1)2L3+L0(22 4 Zo)izLOCL

for all homogeneous a,b € V. It is sufficient to prove that

ex2l (—1)2L3+L°z;2L°Y(a, 20)b
_ (_1)P(G)P(b)y(e(z2+20)L1(_1)2L5+L0 (22 + Zo)_QLoa —*0

" (22 4 20)22 e (1) 2

(2.59)

for all homogeneous a,b € V. Indeed, we have the following equalities for the left hand side of
(12.59):

22L1( 1)2L§+L022—2Loy(a720)b
el (izy )20 ZY (a, 29)b
?«’2L1(Z —1)2L0( )p(a)p(b)Y(Za’ZO)Zb
—ea2 L1 (C1)P@OPOY (5251200 Za, — 25 220) (125 1) 220 Zb
—(—1)P@P®) gzalny (_1)2Ei+E0 ;=2Log _p=2y0))(—1)2E5+E0 5 2Loy,
~ 2

o2l (_1)2L3+L0272L0b
22(22 + 20)

(=P (el (1) (2 o 20) 2o,

for all homogeneous a,b € V, where we have used [Kac01l, Eq.s (4.9.16), (4.9.17)] for the third and
last equalities respectlvely This prove ([2.58)). Putting (2.58)) into (2.57) and using the definition
of invariance , we obtain the Borcherds identity for M’ as stated in (2.55)), concluding the
proof. O

We end this section defining what a unitary structure on a V-module is and presenting an
important example.

Definition 2.2.4. Let V be a unitary VOSA and M be a V-module. M is called unitary (or
unitarizable) if there exists a scalar product (-|-)ps on M with the invariant property:

(YM(0(a), 2)b|c)pr = (b|YM(eZL1(—1)2L3+L0272L°a,zil)c)M Ya €V VYb,ce M. (2.60)

Given a module M on a unitary VOSA V, we define the conjugate module M of M as the
complex vector superspace constituted by M itself as a set and the scalar multiplication by A € C
realised via the usual scalar multiplication on M by its complex conjugate . Vertex operators
on M are defined by Y™ (a, z) := YM(f(a), 2) for all a € V, where 6 is the PCT operator of V.
It is not difficult to prove that M so defined is a V-module.

2.3 Invariant bilinear forms

We give the definition of invariant bilinear form for a VOSA and we prove the fundamental
Proposition [2.3.3] using the notion of contragredient module previously introduced in Section
We use this proposition to characterise the simplicity of a unitary VOSA and to state further
results in the forthcoming sections.

Definition 2.3.1. Let V be a VOSA. An invariant bilinear form on V is a bilinear form (-, -)
on V such that

(Y(a,2)b,c) = (b7Y(eZLl(—1)2L8+L°z_2L°a,z_l)c) Ya,b,ce V. (2.61)
Furthermore, we say that (-,-) is normalized if (Q,) =

Remark 2.3.2. Note that if V' is a unitary VOSA with scalar product (:|-) and PCT operator
0, then (-,-) := (6(-)|-) is a non-degenerate normalized invariant bilinear form on V.
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From the definition, we have that for all homogeneous a € V,

_ 2d% +d, (b, (Lia)—nc) 1
(anb,c) = (—1) l;z: T Ve S hee V. (2.62)
In particular,
(Lpa,b) = (a,L_,b) Vne€Z Va,beV, (2.63)

which implies that (V;,V%) = 0 whenever | # k. Moreover, using the straightforward com-
mutation identities (verified on homogeneous elements first and extended then by linearity, cf.
[FHLI3, Eq. (5.3.1)])

—2Lo 2" 'L1 _ zL1 ,—2Lo

z
_ 4N\2L24Lo,—2zL1 _ _zLi(_1\2Lo+Lo (2.64)
(—1)2E+ b0 =2l — 2l (1)
we prove the inverse invariance property for an invariant bilinear form (-,-) on V:
(¢, Y (a,2)b) = (Y(e*Fr (—=1)2L6+ Loz =2Log 21y ) Va,bce V. (2.65)

Now, we use the contragredient module of the d'oint module, which we denote by (V',Y”)
instead of using (V’, YV’ ), to prove Proposition 3| below. Accordingly, we will also use the
notation azn) to denote an endomorphism aXl) coming from a generic element a in V.

Proposition 2.3.3. Let V be a VOSA. Then:

(i) Fvery invariant bilinear form on V is symmetric, that is,

(a,b) = (b,a) Ya,be V.

(i) The map (-,-) — (Q,-)|v, realises a linear isomorphism from the space of invariant bilinear
forms on V' to Home (Vo /L1 V1, C) = (Vo /L1 Vh)*.

(#ii) If V is simple, then every non-zero invariant bilinear form on V is non-degenerate. Fur-
thermore, if (-,-) is a non-zero invariant bilinear form on V, then every other invariant
bilinear form on V is given by «(-,-) where o € C.

(iv) If V has a non-degenerate invariant bilinear form and Vo = CS, then V is simple.

Proof. The statements (iii) and (iv) are proved as [CKLW18| Proposition (iii) and (iv)] respect-
ively. (i) and (ii) are [Yaml4] Proposition 1], but the author does not give detailed proofs. We
unsuccessfully tried to find such proofs in the literature and thus, for the reader’s benefit, we
present one here below.

We can adapt [FHL93| Proposition 5.3.6] to prove (i). Indeed, thanks to (2.63]), we can
restrict to consider only a,b € Vy for some d € %Z. Then, we have

(a,0) = (e**'a,b) = (Y (a, 2)2,b)
_ Q7y(ezL1(_1)2Lg+LDZ—2LOa z_l)b)
1 2d%+d —2d(Q e? L,ly(b7 _2—1)62L1a)

_1)2d 24+d —2d( zL,ly(e—z’lLl(_1)2L3+L0(_1)—2L022L0b7 —z)ezflLlﬁ,a)

(

(

= (=

= (- 1)1)(@
= (=

= (=

= (- 1 2d( _1L1b,a)

(

where we have used: for the first equality; [KacOl, Eq. (4.1.2)] for the second one; the

invariance of the bilinear form (2.61)) for the third one; skew-symmetry (2.23)) for the fourth and
for the seventh one; the inverse invariant formula (2.65]) together with (2.63]) for the fifth one; the
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properties of the vacuum vector and some standard calculations for the sixth one; again
and that (—1)P(®)°(=1)2¢ =1 for the last one.

The proof of (ii) is an adaptation of [Li94) Theorem 3.1] (cf. also [Roi04, Theorem 1]) and
therefore it requires some extra work. Note that thanks to the invariance property and
the orthogonality , an invariant bilinear form (-,-) on V' is completely determined by the
values of the linear functional fq .y on Vg defined by

fray(a) == (Q,a) Ya €Vy. (2.66)
Moreover, by (2.63)), we have that
fa)(LiVh) = (Q, L1 V1) = (L19,V1) =0

and therefore f(q,.) induces a linear functional on V;/L1 V1, which we denote by the same symbol.
Conversely, we want to define an invariant bilinear form starting from a linear functional f €
(Vo/L1V1)*, which can be considered as an element of the contragredient module V’. We define
a bilinear form (-,-); through the formula

(a,b)s = (a[_y)f,b)  Va,beV (2.67)

where (-, ) is the natural pairing between V' and V. To prove invariance of (-,-) s, we first need
to prove that f is a vacuum-like vector. By Lemma f is a vacuum-like vector if and only if

0= (L', f,b) = (f, L1b) = f(I.b) VbeV.

By definition, the pairing (-, -) satisfies (V;*,V},) = 0 whenever h # k. Because f is an element
of (Vo/L1V1)*, we must have that f is vacuum-like if and only if f(L;b) = 0 for all b € V5 and
0= Vél)f = L f, which is actually the case. We can now prove the invariance (2.61) for (-,-)s:

(a(n)ba C)f = <(a(n)b)/(_1)fa C>

n a J+n n
(> (j)aén_j> Gonf = (FDPOPO N T (-1 (j>b'(n—j—1>a2j)f’ c)

J€Z>o J€Z>o
= {a(mbi-nfi0)
(O_1y fs (Lha) (—mye)

_ d2+dq (

ZEZZO

2 (b’ (Llla) —n C)
(_1)da+da Z l'( ) f
1€Z>0
for all homogeneous a € V, all b,c € V and all n € Z, where we have used Borcherds identity
with m = 0 and k = —1 for the second equality thanks to Proposition the definition
of vacuum-like vector for the third one; the invariance of the contragredient module for
the fourth one. Therefore, (-,); is invariant by (2.62). Finally, it is easy to verify that the two
maps raised from and are one the inverse of the other one, concluding the proof. [

Remark 2.3.4. Let V be a VOSA. Suppose that Vy = C, then V has a non-zero invariant
bilinear form if and only if L;V; = {0} as a consequences of (ii) of Proposition Moreover,
in the latter case, there is exactly one non-zero invariant bilinear form which is also normalized.
Suppose instead that V is simple, then there is at most one such a normalized invariant bilinear
form by (iii) of Proposition [2.3.3]

Remark 2.3.5. Checking the proofs given above and as it is remarked in [YamI4, Remark
1], the factor (—1)2L6+Lo which we chose for the definitions of invariance and is
necessary for V' to indeed be a V-module. Nevertheless, we can find in the literature different
definitions of invariance, as for example in [Sch98| Section 2.4] (there the author deals with real
vertex superalgebra, but the treatment can be extended to the complex case, see [Sch98| p. 377]).
One can prove that there is a one-to-one correspondence between these two different definitions.
Indeed, let (-,-) be an invariant bilinear form as in and let (-,)s be an invariant one as
in [Sch98, Eq. (2.20)] with A = —i. Thanks to (2.31), it is not difficult to prove that (Z-,)g is
an invariant bilinear form in the meaning of hereas that (Z*-,-) is an invariant bilinear
form in the sense of [Sch98, Eq. (2.20)].
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A first view on the link between simplicity and CFT type condition for VOSAs is given by
Proposition |2.3.3] and Remark in presence of an invariant bilinear form. More generally,
simplicity turns out to be an important feature to develop interesting results in what follows. In
this light, it is useful to have the following characterisation of simplicity:

Proposition 2.3.6. Let V' be a unitary VOSA. Then, the following are equivalent:
(i) V is simple;
(i1) Vo = CQ;

(iii) V is of CFT type.

Proof. (i) implies (ii) is a straightforward adaptation of the proof of [CKLW18| Proposition 5.3].
Note that (6(-)|-) realises a non-degenerate invariant bilinear form of V' and thus the claim (ii)
implies (i) is (iv) of Proposition 2.3.3] (iii) implies (ii) is trivial by definition. So the only
remaining implication is (i) implies (iii). Let n € £Z be such that V,, # {0} and Vy = {0} for
all N < n. Pick a € V,,, then using the Virasoro commutation relations , we have that

2n(ala) = (a|2Lga) = (a|[L1, L-1]a) = (a|L1L_1a) = (L_1a|L_1a) >0

which implies that n > 0 because (a|a) > 0 too. Therefore, V' is of CFT type. O

2.4 Uniqueness results and the automorphism group

In the present section, we investigate conditions which ensure the uniqueness of the unitary
structure introduced in Section [2.1] For this reason, we deal with invariant bilinear forms on
VOSAs, see Section recovering the possible scalar products from them. We further describe
the automorphism group of (unitary) VOSAs.

Thanks to Proposition [2.3.3] we can prove the following result:

Proposition 2.4.1. Let V be a VOSA with a normalized scalar product (-|-), which is invariant
with respect to an antilinear automorphism 6. Then, we have that:

(i) 0 is an involution and thus V is unitary. Moreover, 0 is antiunitary, that is, (6(a)|0(b)) =
(bla) for all a,be V.

(i) With V' unitary, 0 is the unique PCT operator associated with (-|). Moreover, if V is
simple, then () is the unique normalized invariant scalar product associated with 6.

Proof. We can prove (i) and the first part of (ii) as in [CKLW18| Proposition 5.1]. Regarding
the second part of (ii), (8(-)|-) defines a non-degenerate normalized invariant bilinear form on V.
According to (iii) of Proposition if V' is simple, then (0(-)|-) must be unique, which implies
the remaining part of the proposition. O

Claim (ii) of Proposition says us that for simple unitary VOSAs, a PCT operator
determines the associated normalized invariant scalar product and vice versa. Nevertheless, we
can still have different choices for the PCT operator or equivalently for the normalized invariant
scalar product, which can give us different unitary structures. From this point of view, it is
interesting to introduce the following result, which can be proved straightforwardly adapting
[CKLW18| Proposition 5.19] with its immediate consequences [CKLWIS| p. 38].

Proposition 2.4.2. Let V be a simple VOSA. Let (6,(:]")) and (6, (-|-)) be two unitary struc-
tures on V. Then, there exists h € Aut(V') such that:

(i) (a|b)" = (halhb) for alla,b € V, that is, h realises a unitary isomorphism between (V, 0, (-|-))
and (V,0',(-|-)"). As a consequence, if Aut(V) = Aut(.|.)(V), then the unitary structure on
V' is unique.

(ii) 0" = h=10h; OhO = h=1; (alha) > 0 for all non-zero a € V.

To investigate the structure of the automorphism group of a unitary VOSA, it is useful to
have the following uniqueness result for its conformal structure.
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Proposition 2.4.3. Let V be a vertex superalgebra with a conformal vector v and a non-
degenerate invariant bilinear form. Suppose that there exists another conformal vector v with a
corresponding non-degenerate invariant bilinear form. If Lo = Lj =: 1/{1), then v =1".

Proof. The proof is obtained by applying [CKLWIS8| Proposition 4.8] to the vertex subalgebra
V5. O

The following corollary is proved adapting the proof of [CKLWIS| Corollary 4.11].

Corollary 2.4.4. Let V be a VOSAs with a non-degenerate invariant bilinear form (-,-) and
such that Vo = CSQ. Let g be either a linear or an antilinear map which preserves the vacuum
vector and the (n)-product. Then, the following are equivalent:

(i) g is grading-preserving, that is, g(V,) = V,, for alln € 3Z.

(i) g preserves (-,-), that is: if g is linear, then (g(a),g(b)) = (a,b) for all a,b € V; if g is
antilinear, then (g(a), g(b)) = (a,b) for all a,b e V.

(iii) g(v) =v.

Therefore, we have all the ingredients to prove that:

Theorem 2.4.5. Let V be a unitary VOSA. Then, Aut(..,(V) is a compact subgroup of Aut(V').
Moreover, if V' is simple, then the followings are equivalent:

(i) (-|-) is the unique normalized invariant scalar product on V;
(i) Aut.y(V) = Aut(V);
(iii) 0 commutes with every g € Aut(V);

(iv) Aut(V) is compact;

(v) Aut.y (V) is totally disconnected.

Proof. The proof can be adapted from the one of [CKLW18|, Lemma 5.20 and Theorem 3.21]. O

We conclude presenting a characterisation of the automorphism group of the real form of a
VOSA, which we have defined in Remark

Remark 2.4.6. Consider a simple unitary VOSA V. Following the proof of [CKLWTE|, Theorem
5.21], we have that g € Aut(V) is unitary if and only if (gfalgb) = (falb) for all a,b € V. On
the other hand, (fga|gb) = (fa|b) for all a,b € V thanks to (ii)<(iii) of Corollary Tt
follows that ¢ is unitary if and only if it commutes with 6. Hence, g is unitary if and only if it
restricts to an automorphism of the real VOSA Vi defined in Remark 2:1.2] Conversely, every
VOSA automorphism of Vg extends to an automorphism of its complexification V. Thus, we
can identify Aut(.|.y(V) and Aut(Vg).

2.5 The PCT theorem in the VOSA setting

The main topic of this section, inspired by [CKLWIS8| Section 5.2], is to characterise the
unitarity of a VOSA equipped with a promising scalar product. The convenience of this approach
is twofold. On the one hand, it is natural from the point of view of QFT. Indeed, we obtain
also the VOSA version of the PCT theorem, see [SW64, Section 4.3]. On the other hand, to
construct examples of unitary VOSAs, we often have to find a PCT operator for a given scalar
product, which we start with. Therefore, it would be useful to have different methods to check
the existence of a unitary structure, which avoid the direct search for a PCT operator.

As mentioned above, the Wightman axioms [SW64] Section 3.1] for QFT require for the unit-
arity at least that: (i) “the spacetime symmetries act unitarily”; (ii) “the adjoints of local fields
are local”. We translate these requirements introducing the following definitions respectively:

Definition 2.5.1. Let V' be a VOSA with a normalized scalar product (-|-).
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(i) The pair (V, (-|-)) is said to have the unitary Mdébius symmetry if
(Lnalb) = (a|L_pb) Va,b eV V¥n e {-1,0,1}. (2.68)

(i) An element A € End(V) has an adjoint on V (with respect to (+|-)) if there exists AT in
End(V) such that
(a|Ab) = (At alb) Va,be V. (2.69)

It is clear that if an adjoint exists, then it will be unique and we will call it the adjoint of A
on V. Of course, A can be treated as a densely defined operator on the Hilbert space completion
Hv,.|y of V and thus AT exists if and only if V' is contained in the domain of the Hilbert space
adjoint A* of A, in which case AT C A*. It is not difficult to verify that the set of elements having
an adjoint on V' is a unital subalgebra of End(V') closed with respect to the adjoint operation,
that is, if A, B € End(V), then

(aA+BB)t =a@At + BBY Va,€C, (AB)" =BtAT, ATt :=(A")T=A4. (2.70)
We can easily adapt the proof of [CKLW18, Lemma 5.11] to obtain:

Lemma 2.5.2. Let (V, (+|-)) have unitary Mébius symmetry. Then, for every homogeneous a € V
and any n € %Z, a exists on V. Moreover, for all b € V, there exists a N € %ZZO such that
at,b=0 foralln > N.

If (V,(]-)) has the unitary Mobius symmetry, then Lemma permits us to define for all
a € V, a parity-preserving field by

Y(a,z)t = Z aa)z"Jrl = Z a?‘_n_Q)z*"*l . (2.71)
nez nez

Consequently, We adapt (ii) of Definition to the field setting, saying that for any given
a € V, the field Y (a, 2) has a local adjoint if for every b € V, Y (a, 2)* and Y (b, ) are mutually
local, that is, there exists N € Z>g such that

(z —w)N[Y(a,2)", Y (b,w)] =0.

Accordingly, we set V() as the subset of V consisting of all the elements a € V such that
Y (a, z) has a local adjoint. Then, retracing step by step the proofs of [CKLW18, Lemma 5.13
and Proposition 5.14], one proves that:

Proposition 2.5.3. For every a,b € V, Y(a,z)" and Y (b,2) are mutually local if and only if
Y(a,z) and Y (b, 2)* are mutually local. Moreover, V1) is a vertex subalgebra of V.

This allows us to prove the following technical result, just proceeding as in the proof of
[CKILW18| Lemma 5.15].

Lemma 2.5.4. Let a € V1) be a quasi-primary vector. Then, there exists a quasi-primary
vector @ € V) such that dgz = d, and z=2%Y (a,2)t = Y(@,z), that is, a} = a_, for all
1

Therefore, we prove the announced VOSA version of the PCT theorem:

Theorem 2.5.5. Let V be a VOSA equipped with a normalized scalar product (-|-) and such that
Vo = CQ. Then, the following are equivalent:

(i) (V, () is a unitary VOSA.
(ii) (V,(:|")) has unitary Mébius symmetry and every vertex operator has a local adjoint, that
is, VO Z v

Proof. We adapt the proof of [CKLWI8| Theorem 5.16].

(i) = (ii). Suppose that (V,(:|-)) is a unitary VOSA with PCT operator 6. By equation
([2:44), we have that (V,(-]-)) has unitary Mébius symmetry. Moreover, by (2.41), for every
homogeneous vector a € V', we have that

> L6a),
at, = (=1)*atde " ( 1”“) Vn € Z —d, (2.72)
l€Z>0 ’
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and thus . ol 1
Y(L46 a~
Y(a,2)t = (=1)2hetds 3 (L] a’uz)z (2.73)

ZEZZO

is mutually local with all fields Y (b, 2) for all b € V. Then, V) = V by the arbitrariness of
acV.

(ii) = (i). The first step is to prove the simplicity of V. Suppose that there exists a non-zero
ideal # CV. Ly ¢ C ¢ implies that

/:@/mvn

n>d

for some d € %Z such that _# NVy # {0}. If d = 0, then Q € _#, which implies that ¢ =V,
i.e., V is simple. Therefore, suppose d # 0 and let a € _# NV be non-zero, which says that a is
quasi-primary. By Lemma there exists @ € V; such that a™ 4 = Q4. @qa is non-zero because

(Qfga) = (Qat a) = (a_afa) = (ala) £ 0.

Accordingly, @qa = Gqa—qf) is a non-zero element of _# N Vp, which implies that 2 € ¢, that
is, the simplicity of V.

The remaining proof consists of constructing a PCT operator for (-|-). Let a € V. Since
Vo = CQ, then L_;Lia =0 and thus (Lia|Lia) = 0 by unitary Mobius symmetry. This implies
that Lya = 0 and L1V; = {0} by the arbitrariness of a € V3. By (ii) and (iii) of Proposition
it follows that V' has a unique normalized invariant bilinear form (-, -), which is also non-
degenerate by the simplicity of V. Now, (V,,|V;,) = 0 and (V,,, V;;,) = 0 whenever n # m thanks
to unitary Mobius symmetry and respectively. Then, there exists a unique antilinear C-
vector space map 6 : V — V| which is also grading-preserving and satisfies (-,-) = (6(-)]-). 6 is
injective by the non-degeneracy of (-,-). Moreover, by the fact that 6(V,,) C V, for all n € 1Z
and that every V,, is finite-dimensional, we have that 6 is invertible, so that 6 is a C-vector space
antilinear automorphism. To show that 6 preserves the (n)-product, pick a quasi-primary vector
acV=v_0 By Lemma there exist a quasi-primary vector @ € Vy, such that af =a_,
for all n € %Z. Furthermore,

(0(anb)le) = (anb,c) = (~1)2%* e (b,a_,c) = (~1)2%* 4 (6(b)|a_nc)

2 1
= (=1)%atda(@,0(b)lc) Vn€ 5L WheeV,

which implies that fa, = (—1)2datdeq, 6 for all n € 7. Note that 6(2) = Q because V; = CQ
and (Q,Q) = (QQ) = 1. Then,

0(a) = 0(a_q,Q) = (—1)2atdeg_,; 9(Q) = (—1)2atdeg_, O = (—1)2datdeg

and thus, just collecting together the previous two calculations, fa(,) = 0(a) )0 for all quasi-
primary a € V and all n € Z. Note that, by unitary Mobius symmetry, § commutes with L,
for all n € {—1,0,1} and vectors of the form L*,a with k € Z> and a quasi-primary span V.
Hence, we can conclude that 0b(,) = 0(b)(,)0 for all n € Z and all b € V, just recalling that
[L_1,Y(b,z)] = Y(L_1b,2) for all b € V, see [Kac0ll Corollary 4.4(c)]. To sum up, we have
proved that 6 is a C-vector space antilinear automorphism, which preserves the grading and the
(n)-product and realises the invariance property with respect to (:|-) by construction. Then,
we can conclude that 6 is a PCT operator for (-|-) thanks to Corollary and Proposition
4Tl O

Thanks to the theorem above, we can prove, easily adapting the proof of [CKLW18| Propos-
ition 5.17], the following:

Proposition 2.5.6. Let V be a VOSA equipped with a normalized scalar product (') and such
that Vo = CQ. Then, the following are equivalent:

(i) (V,(-]")) is a unitary VOSA.

(i) Y(v,z) is a Hermitian field and V is generated by a family of Hermitian quasi-primary
fields.
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2.6 Unitary subalgebras

We introduce unitary subalgebras, cosets and graded tensor products of unitary VOSA, re-
lying on some results introduced in Section [2.5

Definition 2.6.1. A unitary subalgebra W of a unitary VOSA V is a vertex subalgebra of
V such that:

(i) W is compatible with the grading, that is, LoWW C W or equivalently W = @nE%Z(WOVn);

.o +
(ii) Al

Note that a(tl) exists for all @ € W and all n € Z by Lemma Moreover, (ii) above is
equivalent to say that a;tb € W for all a,b € W and all n € %Z, provided (i) above holds.

be W forall a,b € W and all n € Z.

We characterise a unitary subalgebra with the following result.

Proposition 2.6.2. Let W be a vertex subalgebra of a unitary VOSA V. Then, W is a unitary
subalgebra of V' if and only if LW C W and (W) C W.

Proof. The proof follows the one of [CKLW18|, Proposition 5.23], just noting that we have to use
(2.41)) instead of [CKLWIS8| Eq. (84)] whenever required. O

Example 2.6.3. Let V be a unitary VOSA and G C Aut(.)(V) be a closed subgroup. By
Proposition the vector superspace

VE:={aecV]|gla)=a Yge G} (2.74)

defines a unitary subalgebra, which is called a fixed point subalgebra. When G is finite, V¢

is known as orbifold subalgebra. For example, the even subspace V5 is the orbifold subalgebra
yvilv. v}

Note that the projection operator ey on a unitary subalgebra W C V is a well-defined
element of End(V) thanks to the grading compatibility of W and the finite dimensions of the
eigenspaces V,, for all n € %Z. Then, proceeding as in the proofs of [CKLW18, Lemma 5.28 and
Proposition 5.29], we can get the following structural result for unitary subalgebras.

Proposition 2.6.4. Let V be a simple unitary VOSA with conformal vector v, scalar product
(:|) and PCT operator . Let W be a unitary subalgebra with the associated projector operator
ew € End(V). Then, [Y(a,z),ew] = 0 for all a € W, [Ly,ew] = 0 for all n € {-1,0,1},
[0, ew] =0 and ewY (a, 2)ew = Y (ewa, 2)ew for alla € V. If we define vV := eyyv € W, then:

(i) YW, 2) =3, cp LW 2772 is a Hermitian Virasoro field on'V and such that L)Y = Ly |w
foralln e {—1,0,1};

(ii) vV is a conformal vector for the vertex superalgebra (W, Q, T|w,Y (-, 2)|w), so that W has
a VOSA structure;

(ii5) (W, Tlw,Y (-, 2)|lw, ™, (-|), 0lw) is a simple unitary VOSA.

Some example of unitary VOSAs and unitary subalgebras are obtained by two general con-
structions which we introduce in the following.

For j € {1,2}, let (V7,Q7,Y;,17) be two VOSAs. The graded tensor product V!&®V?, see
[KacO1l Section 4.3], is the VOSA given by

VIeV2,0l 902 ViéYs, vl @ Q0% + O @ 1?)
where

(V18Ys)(a' @ a2, 2) = }ﬁ(al,z)Fz‘;(fZ)) ® Ya(a?, 2) Vo' @ a? e V@ V2. (2.75)
Clearly, the parity operator is given by I'y: ® I'y2. Consider the operators

ly1 @ 1y2 — iy @ Iye 1y — iy

1v2 —’LF‘/Z
Zyigye = 11— ) Zvlzﬁv Zy2 = ———

1—1
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It is not difficult to show that
Zyrgy(a' @a?) = (1P 7,1 (a1) @ Zy2(a?)

1 2
Tigva(at @a®) = ()PP 78 (ah) @ Zis ()

(2.76)

for all vectors a’ € V7 with given parities and with j € {1,2}. Finally, by [Ten19, Proposition
2.20), if for j € {1,2}, (V7,(-]);,0;) are unitary, then (VI@V?2, (:|-)1(-|-)2,01 ® O5) is unitary as
well.

Another important tool is given by the coset subalgebra of a vertex subalgebra W of a vertex
superalgebra V' (it is called centralizer in [KacOl, Remark 4.6b]). It is the vertex subalgebra of
V' given by the vector subspace

We:={aeV|[Y(a,2),Y(bw) =0 Vbe W} = {a eV |bya=0 v\;@eg;} (2.77)
where the last equality is obtained by the Borcherds commutator formula (2.21)). Then, we have
the following result:

Proposition 2.6.5. Let V' be a unitary VOSA with conformal vector v and let W be a unitary
subalgebra. Then, W€ is a unitary subalgebra of V.. If V is simple, then we also have that:
(i) v=v" + " and the operators LYY = Z/(I/Vl) and LY = V(WUC are simultaneously diagonal-
izable on V' with non-negative eigenvalues.

(i) Set U := span {a(_l)b lae W, be WC}. Then, U is a unitary subalgebra of V', unitarily
isomorphic to WQW € through the map a ® b — a(—1b.

Proof. A straightforward adaptation of [CKLW18|, Example 5.27] proves that W€ is a unitary
subalgebra of V. Now, suppose that V is simple.
To prove (i), we adapt the proof of [CKLWIS8, Proposition 5.31]. Set v/ = v — vV and let

a € W¢€. Proposition says us that ij)a =0 for j € {0,1}. Therefore, using the Borcherds

commutator formula (2.21)), [Vém),a(n)] = 0 for all m € {0,1,2} and all n € %Z. vWoe Vs
as a consequences of Proposition and thus [Lo, L§’] = 0 by (2.26)). This implies that the

w
operator szO = e2os(=1)L0 g well-defined on V. Using the commutation relations just found

above, we have that

w oW w Y4
220V (a, 2) 27200 = 2270 Y (a, 2)2, 20 2RV =Y (Y, 2), (2.78)
which we can use to prove that
w w
G2, Y (@) = [V 2), 250 (a,w)z )

w? [V (V) 2),Y (a, 22w))

which is zero by locality. By the arbitrariness of a € W, we have v/ € W€ by (2.77). With the
same argument, we show that v — "W € W¢. Therefore, for every b € W¢ we have that

Y (', 2),Y(bw)] = [Y(r,2),Y(bw)] =Y, 2),Ybw) (2.79)

where we have used that [Y (v — v"W", 2), Y (b,w)] = 0. This implies that ' — v"" is in W¢ N
wee. Y — v, 2) commutes with Y (v/,w) and Y (v, w) and thus with their difference
Y (v,w). Accordingly, Y (v — v"") commutes with every field Y (a,w) with a € V because V is
a representation of the Virasoro algebra. But V is simple and thus Y (v/ — v"",2) € Cly by
the Schur’s Lemma, cf. [LL04, Proposition 4.5.5]. So the only possibilities is that v/ = v, so
proving the first claim of (i).

For the second claim of (i), note that L{’ and L§" commute and they are equal to their
respective adjoints on V. Furthermore, they commute with Ly, which is diagonalizable on V'
with finite-dimensional eigenspaces. Then, L} and L}V" are simultancously diagonalizable on V'
with real eigenvalues, which we want to prove to be actually non-negative. Then, let a € V be a
non-zero vector such that LYV a = sa and L = ta for some s,t € R. Suppose by contradiction
that s is negative. As a consequence of the unitarity of V and of the fact that Y (", 2) is a
Virasoro field, it is not difficult to prove that (L}")"a # 0 for every n € Z~(. Furthermore,
Lo(L¥)"a = (s +t — n)(LY)"a for all n € Z~g, which contradicts the fact that Ly has non-
negative eigenvalues. Accordingly, s > 0 and proceeding similarly, ¢ > 0, which concludes the
proof of (i).

Finally, (ii) is just [TenI9l Proposition 2.21]. O
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2.7 Unitarity of @—graded simple current extensions

We discuss here the unitarity of simple current extensions of unitary VOSAs by the cyclic
group of order two Zy. As a consequence, we state sufficient and necessary conditions to have a
unitary structure on odd extensions of unitary VOSAs.

Consider an automorphism g of a VOSA V and suppose that ¢ is an involution, that is,
g% = 1y. Then, we have a decomposition of the vector space V given by the group Zo = {1y, g}:

V=vVteVv-, Vii={acV|gla)=at=V", V i={acV]|gla)=—a}. (2.80)

V is known as a Z;-graded simple current extension of V', where Z; is the dual group of
Zo.

Lemma 2.7.1. Let V be a simple VOSA with g an involution of Aut(V). Then, V* is a simple
VOSA and V'~ is an irreducible V1 -module.

Proof. V* = V7?2 is a vertex subalgebra of V thanks to Example Moreover, g(v) = v and
thus VT is actually a VOSA with conformal vector v. It is also clear that V= is a VT-module
with the vertex operators Y (a, z)|y - fora € V*.

Now, note that the proof of [Li94, Lemma 6.1.1] still works in the super case. Hence, we
can use it to prove the simplicity of V' and the irreducibility of V~. As a matter of fact, fix
any non-zero vector b € V, then by the simplicity of V, [Li94] Lemma 6.1.1] implies that V' is
linearly generated by vectors of type a,b where a € V and n € %Z. If we choose b € VT, then
a,b € VP whenever a € VP with p € {+,—}. As a consequence, VT must be linearly generated
by elements of type a,b where a € V* and n € %Z. This is equivalent to say that V' is simple.
Similarly, choosing b € V', we can prove the irreducibility of V ~, concluding the proof. O

The following result is in part inspired by [DL14l Theorem 3.3], where the authors con-
struct the entire structure of unitary VOA supposing some extra hypothesis, such as rationality,
Cy-cofinite (see references therein) and the existence of a map whose characteristics make it suit-
able for constructing a PCT operator. Instead, our focus is on finding sufficient and necessary
conditions to have a unitary structure starting with a pre-existent VOSA one.

Theorem 2.7.2. Let V be a simple VOSA with g an involution of Aut(V). Then, V has a
unitary structure with respect to which g is unitary if and only if V¥ is a unitary VOSA and V~
is a unitary V" -module. In both cases, VT is simple and V= is irreducible.

Proof. Recall that a unitary VOSA W is simple if and only if Wy = CQ2 by Proposition [2.3.6
Moreover, VT is a simple VOSA and V~ is an irreducible V*-module thanks to Lemma

If V and g are unitary, then VT is a simple unitary VOSA by Example Moreover, V—
is an irreducible unitary V*-module restricting the unitary structure of V to it.

Conversely, let (-|-); and 6 realise the unitary structure on V*. Denote by (-|-)— the scalar
product on the unitary V*-module V. Therefore, (-,-)+ := (64+(-)|-)+ is a non-degenerate
invariant bilinear form on V' and thus there exists a non-zero invariant bilinear form (-,-) on V
which extends (-, -)+ thanks to (ii) of Proposition Furthermore, (-, ) is also non-degenerate
by the simplicity of V, see (iii) of Proposition follows that the restriction (-,-)_ of (-,")
to V™ is a non-degenerate invariant bilinear form on it.

Consider the conjugate module V= of the V*t-module V~ as defined in Section Then,
we have an isomorphism of V*-modules induced by the following pairings:

1% V) V- . (2.81)

at———[f ) (a)]() == (a,")-
[fe1y- O]C) == (b]-) - =<————b

Note that the V*-module isomorphism (2.81]) can be considered as an antilinear vector space
automorphism of V7, call it §_, with the property that

1
0_(anb) = 0:(a)ab_(b) Va€ V' WbeV™ Vne Z. (2.82)
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Furthermore, by construction, we have that
(0—(a)|b)- = (a,b) Va,be V™. (2.83)

62 is an automorphism of the irreducible V*-module V= and thus it must be a multiple of the
identity by Schur’s Lemma, cf. [LL04, Proposition 4.5.5]. Write 2 = rly - with r € C\{0}.
Then, we have that

7(ala)- = (02 (a)la)- = (0-(a),a) = (a,0—(a)) = (0-(a)|f—(a))- >0 Vae V™\{0}

where we have used the symmetry of the bilinear form as in (i) of Proposition It follows
that » must be a positive number. Accordingly, we can renormalise the scalar product (-|-)_ in
such a way that » = 1. Consequently the “new” 6_ so obtained through that renormalisation is
an involution.

The unitary structure on V is defined in the following way: the scalar product is (-]-) :=
(:|)+ @ (:]-)= and the PCT operator 6 is given by 6, & 6_. By construction, (g(a)|g(b)) = (alb)
for all a,b € V* UV, that is ¢ is unitary with respect to (-|-). Moreover, (6(-)|-) = (-, -), which
assures us that (+]-) is normalized and the invariant property holds, provided that 8 is a well-
defined VOSA automorphism. About this last point, we already have that # is an antilinear vector
space involution of V', which preserves the vacuum and the conformal vectors. So it remains to
prove that 0 respects the (n)-product. By construction, we already know that 6(a,b) = 6(a),0(b)
whenever a € VT, n € %Z and b € V. Suppose that a € V~ and n € %Z. Then, we want to
prove that 6(a,b) = 0(a),0(b) for all b € V. First, we have that §(L,,b) = 0(v)n8(b) = L,,0(b)
for all b € V and all m € Z, that is, § commutes with L,, for all m € Z. It follows that if b € VT,
then

O(Y (a, 2)b) = O((—1)P@PE)l2L-1y (b —2)a)
= (~)P@rOel 1y (9(b), —2)0(a) = Y (0(a), 2)6(b)

where we have used the skew-symmetry (2.23)) twice, proving that 6(a,b) = 6(a),0(b) whenever
b € V*. Hence, using the invariance property of the bilinear form, we compute that

(Y(a, 2)ulv) = (0(Y (0(a), 2)0(u)) |v)
= (Y(0(a), 2)0(u),v)
= (O(u), Y (e7Er (—=1)2Lo Loz ~2Log(g), 2~ 1))
= (u|Y (e*Lr(—1)2Lo+ Lo 2Log(q) » 1Y) Vue VT VeV

(2.84)

(2.85)

which is the invariance property of the scalar product in a specific case. Furthermore, using
(2.64) with (2.85)), we get the inverse invariant formula

(Y(0(a), z)v|u) = (v|Y(eZL1(—1)2L3+L0z_2L"a,z_l)u) VueVt wweV. (2.86)
Consequently, if b € V7, then
(0(Y (a, z)b)|c) = (Y(a, 2)b,c)
b, Y(eZLl (_1)2L§+L0272L0a7 271)6)
9(b)|Y(eZL1 (_1)21:3+L02—2L0a7 2—1)0)
= (Y(0(a),2)0(b)|c) Vce VT

= (
= (
= (

where we have used the invariance property of the bilinear form for the second equality and the
inverse invariant property for the last one. By the non-degeneracy of (-|-) on V', it follows
that 8(a,b) = 0(a),0(b) whenever b € V'~ concluding the proof that 0 respects the (n)-product.
Then, the invariance property of the scalar product (+|) follows just proceeding as in . O

As a corollary, we have a characterisation of the unitarity of a simple VOSA in terms of its
even and odd parts.

Corollary 2.7.3. Let V be a simple VOSA. Then, V is unitary if and only Vg is a unitary VOA
and V7 is a unitary Vy-module.

Proof. Tt is an immediate consequence of Theorem [2.7.2] choosing g there as the parity operator
Iy. O



Chapter 3

The construction of the
irreducible graded-local conformal
net

In Section [3.1and Section [3.2] we construct a unique, up to isomorphism, irreducible graded-
local conformal net from a simple unitary VOSA, provided suitable as well as natural analytic
assumptions are given. We also outline the structures of the associated graded-local conformal
nets on S'(® and R in Section which naturally arise in the graded case.

Comparing with the local case... The %Z gradation of VOSAs forces us to choose a test
function space different from the local case, see [CKLW18, Chapter 6], to define smeared vertex
operators associated to odd elements. This choice is done to have test functions with rapidly de-
creasing Fourier coefficients, which allow a good definition of smeared vertex operators, see (|3.5)).
Other equivalent choices for the test function space are given in Section Moreover, differ-
ently from the VOA case, the conformal vector of a simple energy-bounded unitary VOSA gives
rise to a positive-energy strongly continuous projective unitary representation of Diﬁ""‘(S 1)(00)
which factors through the double cover Diff t(S1)() instead of Diff " (S'). This fact affects the
calculation of the adjoint action of such a representation on smeared vertex operators, which is
a core step in the proof of the Mobius covariance of the net associated to the VOSA.

3.1 Energy bounds and smeared vertex operators

In this first part, we construct certain operator-valued distributions associated to the vertex
operators of a unitary VOSA, called smeared vertex operators, assuming the analytic property
of energy boundedness for the unitary VOSA itself.

Definition 3.1.1. Let (V,(:|-)) be a unitary VOSA. A vector a € V or equivalently its corres-
ponding vertex operator Y (a, z), is energy-bounded if there exist s,k € Z~o and a positive
constant M such that

1
llanbll < M(n| + 1)*||(Lo + 1V)ka ez eV (3.1)

where for every v € V, ||v|| := (v|v)? is the norm induced by the scalar product (-|-). Accordingly,
we say that V is energy-bounded if every a € V' is energy-bounded.

Then, a nice property:

Proposition 3.1.2. Let V be a unitary VOSA generated by a family of homogeneous elements
satisfying the energy bounds. Then, V is energy-bounded too.

Proof. The proof is the same as in [CKLW18| Proposition 6.1], just using the Borcherds identity
for the superalgebras case (2.20) in [CKLWIS8| Eq. (103)]. This change does not affect the proof
at all. O

41
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An immediate corollary:
Corollary 3.1.3. If V! and V? are energy-bounded VOSAs, then VIQV? is energy-bounded too.

The following proposition gives sufficient conditions of energy-boundedness and it will be
useful in the production of examples in Chapter [0}

Proposition 3.1.4. Let V be a simple unitary VOSA. Suppose that 'V is generated by V% UV ug
where § C Va is a family of quasi-primary 0-invariant Virasoro vectors. Then, V is energy-
bounded.

Proof. For V1 U3, the result follows from [CKLWIS, Proposition 6.3]. Accordingly, suppose
that V% # {0}. Considering only homogeneous elements a,b € V% , the Borcherds commutator

formula (2.21)) becomes

0 1
m— 3 1
bl =S (™ ‘ keZ—=. 2
[@m, bk < > (a(])b)(m+k_1_j) Vm, k € 5 (3.2)

=0~/

Note that a(;b € V_; for all j € Z>( and that V is of CFT type by Prop051t10n Hence,
agyb=0for all j € Z>0 and a(g)b = af for some o € C. Thanks to , we calculate that

~(Balb) = ~((6a) 1y 2b) = () D) = (Qasb) = (age)b) = o(22) = a.

Accordingly, (3.2) is equivalent to

1
[am, bk] = —(9a|b)5m7,klv VYm,k € Z — 5 . (33)

Then, we can proceed as in [BS90, Section 2] to get that every a € V% satisfies the energy

bounds (3.1) with k& = 0, that is, a,, is a bounded operator for all m € Z — % Indeed, let b be a
normalized vector in H°, then

lambll* = (amblamb)* = (bl(=0a)-manb)* <[|(=0a) -manb|”
= (amblam (—0a)_amb) = (an,b|(fa|fa)a,,b) + (amb|(9a)_mafnb) (3.4)

1
= (falfa)||amb|® Ym e Z — 5

where we have used the Cauchy-Schwarz inequality in the first row; for the last but one
equality; the fact that a2, = 0 for all m € Z — % by for the last one. Dividing by ||amb||2,
we get the desired (energy) bounds, namely s = k = 0 so that Y(a, z) (and hence every element
in Vl) is actually bounded, not only energy-bounded. Therefore, V' is generated by the family
of energy-bounded quasi-primary vectors V1 U Vi UF and thus V is energy-bounded too by
Proposition [3.1.2 O

The first step for the construction of the net is to define the Hilbert space of our theory:

Definition 3.1.5. Let (V,(-|-)) be a unitary VOSA. Then, H := H(y,|.)) is the Hilbert space
completion of V' with respect to the scalar product (-|-). Hence, I' and Z are the extensions to
‘H of the operators I'yy and Zy respectively.

Let V' be a unitary VOSA. For every a € V, a(, is an operator on H with dense domain
V. Furthermore, a,) is closable for all n € Z. Indeed, thanks to the invariance of the scalar
product, a(,) has a densely defined adjoint for all n € Z. By definition, for all n € %Z, an is a
closable operator on H with dense domain V as well.

Recall from Section that we denote the Fréchet space of infinitely differentiable complex-
valued functions on the circle by C*°(S"). Moreover, we set C°(S') := xC>(S8") with x(z) =
e's for all z € S', where z = € for x € (—, 7). Now, suppose that V is also energy-bounded
and consider f € C*°(S') and g € CX(S") With their Fourier coefficients {ﬁb | n € Z} and
{Gn | n € Z — 3}. Then, for every a € Vg and every b € Vf, we define the operators Yy(a, f) and
Yo(b, g) both with domain V' by

Yo(a, f)c:= Zﬁlanc, Yo(b, g)c Z Inbnc YeeV. (3.5)

ne”Z TLEZ—*
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Note that the latter operators are densely defined on H because the series in converge in
‘H thanks to the energy bounds and the rapidly decaying of the Fourier coefficients fn and gy,
Moreover, Yy(a, f) and Yy(b, g) have both densely defined adjoints thanks to the invariance of
the scalar product. Then, we give the following definition:

Definition 3.1.6. Let (V, (:|-)) be an energy-bounded unitary VOSA. For all a € V5, b € V7 and
all f € C>(8"), g e CX(S"), we define Y(a, f) and Y (b, g) as the closure of the operators (3.5)
on the Hilbert space H. We call them smeared vertex operators.

In order to define a net of von Neumann algebras associated to the smeared vertex operators,
we need to find a common invariant core for them and their adjoints. This is what we do in the
following, rewriting with more details the argument in [CKLW18| p. 47] and extending it to the
super case (see also [Nel72| Section 1] and [Lok94) Section 1.5] for the construction of the core).

Working Hypothesis 3.1.7. Throughout the remaining of the current section, V' is an energy-
bounded unitary VOSA.

For every k € Z>o, set H* the domain in H of the positive self-adjoint operator (13; + Lg)*.
Thanks to the closedness of (13 + Lo)¥, it is immediate to check that H* is complete with
respect to the scalar product (+|-)x := ((13, + Lo)* - |(13 + Lo)*-). Define V* as the Hilbert space
completion of V' with respect to (-|-); and consider the corresponding induced norm |[|-||,.. Then,
we have that V¥ = H*. Indeed, if V were not ||-||,-dense in H*, there would exist a non-zero
vector v € H¥\V* such that

((1';.( + Lo)kvl(ly + Lo)ka) =0 Va eV

or equivalently
(0|19 + Lo)*a) =0  VacV

which implies that (v|b) = 0 for all b € V', which is impossible because V is ||-||-dense in H by
construction. Define the Fréchet space

o= ) 1 A ke Zso) | - (36)
kEZZO
As a first result, we have that:
Lemma 3.1.8. H™ is a common core for all the smeared vertex operators Y (a, f) and Y (b, g)

with a € Vg, b e Vg, f € C°(S") and g € CF(S'). Moreover, Y (a, f) and Y (b, g) are continuous
in H™ satisfying, for some positive integers M,k and s:

1Y (a, f)e|| < MI£I

(Lo + 1H)kcH Ve € H>
(3.7)
Ve € H™.

1Y (b, g)e|| < Mlgll,||(Lo + 13)"c

Proof. V is contained in both the domains of Y (a, f) and Y (b, g) by construction and thanks to
the energy bounds ({3.1]), they satisfy, for some positive integers M, k and s,

1Y (a, f)e|| < M|l

(Lo + 1H)kCH VeeV
(3.8)
Y (b, 9)c|| < Mgl

(Lo + ly)kcH Yee V.

Recall that V is ||-||,-dense in H* for all k € Zso and thus in H> as well. It follows that
if ¢ € 1>, then there exists a sequence {¢" | n € Z>o} in V convergent to ¢ in the Fréchet
topology of H*°. By the bounds above, {Y(a, f)c" | n € Z>o} and {Y (b, g)c™ | n € Z>o}
are Cauchy sequences in H and thus they are convergent by the completeness of H. By closeness

of the smeared vertex operators, ¢ is an element of their domains. As a consequence, we can
extend the bounds (3.8) to the ones (3.7)), from which the continuity statement follows. O
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As a corollary of the above Lemma one has that for all a € V4, all b € V; and all
c € H*, the maps
C®(SY s fr—Y(a,flceeH

X (3.9)
Cr(8) 29— Y(bglceH

are continuous and linear, that is, they are operator-valued distributions.
The invariance of the common core H>° is a consequence of the following standard argument.

Lemma 3.1.9. Let a € Vi and f € C>®(S'). For every t € R, define the C>(S')-function
fi(2) :== f(e~"z). Then, we have the following equalities:

ey (a, fle = Y(a, fr)ettoc Vee H™ VteR (3.10)
iLoY (a,f)c = =Y(a,fYe+iY(a, f)Loc  Vee€ H™. (3.11)

In particular, Y (a, f)c € H*® for all c € H™.
Proof. This is stated in [CKLWIS| p. 47] (cf. the proof of Lemma [3.1.10| below). O

Lemma 3.1.10. Let b € Vi and g = xh with h € C®(S). For every t € R, define the
C>°(S1)-function hy(2) := h(e~%z). Then, we have the following equalities:

oy (b, g)e = Y(be 3yhy)etloc Vee H™ VteR (3.12)
iLoY (b,g)c = =Y(b,g)e+iY(b,g)Loc  Vce H™. (3.13)

In particular, Y (b, g)c € H*>® for all c € H™.

Proof. It is useful to note that e*’0 is a bounded operator on H by the functional calculus of
Lo and in particular, it preserves V and H°°, whereas Y (b, g)c € H for all ¢ € H*>. We prove
for homogeneous elements b € V5 and ¢ € V first. On the one hand, for all ¢ € R, we can
calculate that

oy (b, g)e = Z Gneob,c = Z etlde=mg bc (3.14)

neZ—1% n€Z—%

where we have used (3.5]) and successively (2.26]) to prove that dp, . = d. —n for all n € Z — %
On the other hand, just note that for all ¢t € R,

— — 2n—1 -~ 1

(Xhe),, = (he)zns = 777 Than = ee™MG, Ynel - 3

2

It follows that the two sides of are equal when ¢ € V. Then, the general case with ¢ € H*
follows by Lemma [3.1.§

To prove , we show that the right hand side of is differentiable in ¢ = 0. Let
¢ € H™. Since H* is an invariant core for Ly and e*fo for all ¢t € R, we are allowed to write
that
Y (b, e~ 5 xhy)eitloc — Y (b, g)e

t +Y(ba g/)C—’LY(b, g)LOC

is equal to

Y (b, e~ 2 yhy)eitloe — Y (b, g)eitloc + Y (b, g)eitEoc — Y (b, g)e

t +Y(b7 g/)C— iy(bvg)LOC

The latter is less than or equal to

e~ xhy — g

Y
(5, X

Yeltboe + Y (b, g')e (3.15)

which tends to zero as t tends to zero. Indeed, (e?'Loc — ¢)t~1 converges to iLoc in H*> and thus

the second term in (3.15]) converges to zero by Lemma whereas the first term in (3.15)) is
less than or equal to

eiaxh —g
t

e~ xhy — g

Y (b, p

Y[etttoe — (] Y (b, +9')e
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which tends to zero thanks to the bound (3.7) and the continuity (3.9). Thus, (3.12) is differen-
tiable at ¢ = 0 with derivative

. _ d it Lo
1LoY (b,g)c = % {e Y (b, g)c] —
d it .
= 3 [Y(b, eﬂtht)e“Loc] _
= -Y(b,g")c+iY(b,g)Loc Vece H>®,
which is the desired formula. O

As a clear consequence of Lemma [3.1.9] and Lemma [3.1.10] we have that H* is a common
invariant core for all the smeared vertex operators.

Remark 3.1.11. It is useful to note that formula (3.10)) implies the following equality between
operators: for all a € Vg and all f € C*(S!), we have that

ey (a, fle” "0 =Y (o, f))  VEER. (3.16)
Similarly from formula (3.12)), for all b € V; and all g = xh with h € C*°(S"), we have that
eitLoy(b’ g)e—itLo _ y(b7 e_i%Xht) Vte R. (3~17)

Finally, by (2.41)), we can easily calculate that for all homogeneous a € V, all b,c € V and
all f either in C*°(S") or in C3°(S") depending on p(a),

(Y(a, fble) = (b]Y (a, f)*e), (3.18)
where we have defined
2 Y(0Lia, f) . Y(Z0La, f)
._ 2d% +d, 14,J) _ .24, 14,
Y(a, f)* = (—1)*%* lz =i lz — (3.19)
€Z>0 €Z>0

which is well-defined because Lia € Vg, _; for all | € Z>o and thus the sum in is finite.
This implies that Y (a, f)* C Y (a, f)* and thus H> is an invariant core for the adjoints of all
smeared vertex operators. Therefore, H> is a common invariant core also for Y (a, f)* for all
a €V and all f either in C*>°(S") or in C3°(S") depending on p(a).

3.2 Strong graded-locality and the irreducible graded-local
conformal net on S!

In this second part, we introduce the central concept of strong graded-locality for a (simple)
unitary VOSA V and we construct the irreducible graded-local conformal net on S associated
to it.

Thanks to Subsection [3.I] we can give the following:

Definition 3.2.1. Let (V(:|-)) be an energy-bounded unitary VOSA. Define a family of von
Neumann algebras Ay, (.|.) on the Hilbert space completion H := Hy,(..y of V by

a€Vs, feC=(S"), suppf C 1,

A . I ::W* Ya7 7Yb7
w1 () (a.1), Y(b.g) be Vg, geC(SY), suppg C I

vieJ,

where, for any index set Z and any family of closed densely defined operators {4, | j € Z} on a
given Hilbert space G,

W*({A; | jeT}) = \/ W*(A;), (3.20)
JjET

are called the von Neumann algebra generated by {4, | j € Z} and A; respectively. Note
that (3.21]) is the smallest von Neumann algebra to which the operator A; is affiliated, see [Ped89,
Section 4.5 and Subsection 5.2.7] for details.
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Then, we prove the cyclicity of the vaccum vector Q € V for the family Ay, (..)), which is
part of the axiom (F) given in Section

Proposition 3.2.2. Let V' be an energy-bounded unitary VOSA. The vacuum vector Q of V is
cyclic for the von Neumann algebra

Aw,en8h) =\ Aw.cn (3.22)
Ieg

Proof. Let E be the projection from H onto the closed subspace Ay, (..))(S1)Q2 C H. We want
to prove that FV is dense in ‘H, which implies the cyclicity of 2. We split the proof of this fact
into the following three steps.

First, we prove that EV C V. To do this, note that

Loa=Y(v,fla=Y (v, fi)a+Y (v, f2)a Ya eV

where f(z) =1 for all z € S and f; € C*(S',R) such that f = f; + f> and suppf; C I; for
some I; € J. Now, note that E € A(Vy(.|.))(51)’ and that Lg is a self-adjoint operator. Therefore,

using (3.19)), we have that
(Lob|Ea) = (Y (v, f1)b|Ea) + (Y (v, f2)b|Ea)
= (Eb|Y (v, f1)a) + (Eb|Y (v, f2)a)
= (Eb|Loa) = (b|ELga) Ya,be V.
This implies that if a € V' is homogeneous, then Fa is an eigenvector of Ly in ‘H with eigenvalue
dg, thus EV C V.

Second, we prove that EV = EH N V. On the one hand, EV is contained in both FH and
V' and thus in their intersection. On the other hand, if Fa € EH NV with a € H, then

Ea = E?a = E(Ea) € EV

and therefore EH NV is contained in EV | that is, EV = EHNV.
Third, we prove that EV = V. Let a € EV and b € V. Suppose initially that b is even. If
f e C>°(S) with suppf C I € J, then Y (b, f) is affiliated with Ay, (..))(I). This implies that

Y, fla=Y (b, f)EBa=Y(b, fla = Y(b, fac EH
for all f € C>°(S') with suppf C I for some I € J. Therefore, we obtain that
Vaoba=Y(b, fr)a=Y(0,gn)a+Y (b h,)a € EH VneZ

with fn,(2) = 2", gn, hn € C*(S') such that f, = g,, + hn, suppg, C I, and supph,, C I, for
some Iy, I, € J. Thus,

bpa € EHNV =EV  VYbe Vs Vac EV. (3.23)

Now, the identity operator is in A(y,(|.)) and thus EQ) = Q, which implies that Q € EV.
Therefore, we can choose a = (2 and n = dj in to obtain that b_1)Q = b € EV for all
b € V5. In a very similar way, we can prove that b € EV for all b € V4, which implies that
EV = V. This concludes the proof of the cyclicity of Q2 because V is dense in H. O

Now, we are ready to discuss the covariance of the family A(y,(.|.)). The first step is to prove
that Av,(|.)) is generated by the quasi-primary vectors of V.

Lemma 3.2.3. Let V be an energy-bounded unitary VOSA. Let A be a bounded operator on H
and let I € J. Then, we have two cases:

(0) Let a € V5. Then, AY (a, f) C Y (a, f)A for all f € C>(S') with suppf C I if and only if
(A*c|Y (a, f)d) = (Y(a, f)*c|Ad) for all c,d € V and all f € C°°(S*,R) with suppf C I.

(1) Let b € V;. Then, AY (b,g) C Y(b,g)A for all g € C’°°(S1) with suppg C I if and only if
(A*c|Y (b, g)d) (Y(b,g)*c|Ad) for all c,d €V and all g € CX (8", R) with suppg C 1.
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Proof.  (0) This is exactly the proof of [CKLWIS, Lemma 6.5].

(1) We can use the same proof of [CKLWIS8| Lemma 6.5] with minus changes. Indeed, it is
sufficient to use formula (3.17) instead of (3.16)), whenever the latter occurs.
O

Proposition 3.2.4. Let V be a simple energy-bounded unitary VOSA. Let A be a bounded
operator on H and let I € J. Then, we have that: A € Ay, (I)" if and only if

(A%clY(a, f)d) = (Y(a, f)"c|Ad)  and  (A*c[Y (b,9)d) = (Y (b, 9)"c|Ad)

for all quasi-primary a € Vg and all quasi-primary b € Vg, for allc,d € V, for all f € C*(S*,R)
with suppf C I and all g € C’;"(Sl,R) with suppg C I. In particular, for any I € J, A, 1)
is equal to the von Neumann algebra generated by the sets

Y(a,f)|ac€ UVk, Lia=0, f € C®(S",R), suppf C I
keZ

and

Y(bg)lbe |J Vi, Lib=0, ge CF(S . R), suppg C I
keZ—%

Proof. The proof of [CKLW18, Proposition 6.6] still works in this case, just using some pre-
cautions due to the presence of odd elements. This means that we have to use the generalized
formula for the adjoint smeared vertex operators, which we get by (3.19), namely,

Y(a, f)c = (—1)2%tday (a, f)*c = i 2%Y (0Z*a, f)*c (3.24)

for all quasi-primary a € V, for all ¢ € V and all f either in C>(S',R) or C3°(S', R) depending
on p(a). O

Working Hypothesis 3.2.5. Unless differently stated, V is a simple energy-bounded unitary
VOSA till the end of the current section.

The next step is the definition of the representation of Diff ¥ (S1)() on H. By Theorem m
the positive-energy unitary representation of the Virasoro algebra on V', which we have from the
conformal vector v of the theory, gives rise to a positive-energy strongly continuous projective
unitary representation of Diff 7 (1)(®) | which factors through Diff*(S1)() because e*™Fo = 14.
In particular, as well explained in [Tol99, Theorem 5.2.1 and Proposition 5.2.4], for all ¢ € R, all
f € C®(SY,R) and all A € B(H), we have that

Uexp®(tf)) = D Ulexp® (1) AU (exp® (t))" = ' D 4= (3.25)

where exp® (¢f) is the lift to Diff T (S')() of the one-parameter subgroup exp(tf) generated by
the real smooth vector field f <. Moreover, we have that U (y)H> = H*> for all v € Diff " ($*)®
and that U(r(®(t)) = e®Lo where r(?)(t) is the lift to Diff+(S')() of the rotation subgroup, where
t € R is the angle of rotation. In particular, U(r(? (27)) = 2710 acts on V as the parity operator
I'y, then the former is exactly I'.

Remark 3.2.6. For every real smooth vector field f%, the unitary operator U(exp® (tf)) =
e®Y 1) defines a strongly continuous one-parameter unitary group on 7. Moreover, for any
c € H*®, the function R > t + 'Y f)c € H is differentiable with derivative e®®¥ )Y (v, f)e.
Fix ¢ € H*® and k € Z+. By [Tol99, Theorem 5.2.1], for every v € Diff 7 (S1)), U(v) preserves
HF and acts continuously on it. Choose a real smooth vector field f %, if J on H* and 0 J on
‘H are Riemann integrals, we have that for all h > 0,

h h
/ YDy (v, fleds = / DY (v, fleds
kJo 0J0

— LEFRY (W, f) o _ it (nf) VteR.

(3.26)



48 CHAPTER 3. THE CONSTRUCTION OF THE GRADED-LOCAL CONFORMAL NET

Set A:=Y (v, f), for h small enough, we have that
pitHR)A L _ LitA

itA
— e Ac
h

1 ho ,
=7 / (€4 — 10 )€ iAcds

k k

(3.27)

IA

kJo

1 hH(eiSA -1 k)eitAiAcH ds
h Jo H k

h

< €= vt e R.

pE=¢
That means that R 3 t — Y (/)¢ € HF is differentiable with derivative 'Y f)iY (v, f)c. By
the arbitrariness of k, we have the same result for H> in place of H*.

A further step is to define a representation of Diff " (S') on C>°(S') and one of Diff T (S!)(?)
on C3°(Sh). The former is exactly [CKEWIS, Eq. (119)], which we rewrite with more details in
the following for our convenience.

Let v € Diff *(S') and consider the function X, : S* — R defined by the formula

d , ,
X, (2) = —i& log(y(e™)) z=¢€" ze(—mmn]. (3.28)
Remark 3.2.7. Note that we can rewrite (3.28) as
d , d .
X, (2) = —ia log(v(e*™)) = %(I) z=e", x € (—mm| (3.29)
where ¢, (-) = —ilog(y(-)), provided we have chosen any branch of the complex logarithm, is

one of the diffeomorphisms in Diff ™ (S 1)(‘X’)7 which are representatives of the 2wZ-class of ~, see
Section

Thanks to the orientation preserving of +, it results that X, (z) > 0 for all z € S'. Further-
more, it is easy to prove that X, € C°°(S') and that
X (2) = X0y (12(2)) X0 (2) V1,72 € Diff7(S) vz e St (3.30)

For every d € Z, we define a family of continuous operators {84(7) | v € Diff " (S")} on the
Fréchet space C*°(S!) by

BNPE = [X,67 @) F07@) vieCR(s) vae s, (331

Moreover, for every d € Z~q, B4 defines a strongly continuous representation of Diff ™ (S') on
C°°(S1), preserving the subspace of real-valued functions C*°(S', R). Finally, it is useful to write
the proof of the following fact, which is analogous to [CKL0S, Eq. (43)].

Lemma 3.2.8. For every f1 € C*°(S1,R) and every fo € C*°(S1), the map
R >t Ba(exp(tfi)) f2 € CF(S")
1s differentiable and
C [BalexpltF) ),y = (@~ VAS — Fifh. (332

Proof. Note that we can prove the theorem for f, € C°°(S' R) and then extend the result to
C>°(S1) thanks to the linearity of 84(7).
It is not difficult to prove the differentiability with respect to the Fréchet topology of C>°(S?)
recalling that
d d
3 OPtf) = fexp(tf)  Vfe C>=(S",R). (3.33)
We prove (3.32)) by direct calculation. On the one hand, we have that

d : d

X (@P(—Lf)(E) = T [Xexp(-ep) ()]

— S Xty (€7)

2
|:Xexp(—tf1) (elﬁ):|

i(ﬁ%exp(*tﬁ))(@m)
. dz exp(—tf1)(e*®) veiw c Sl

= — 5
[Xexp(ftfl)(eiw)}
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where We have used (3.30) and the positivity of X, for the first equality and (3.33) interchanging

4 and 7 for the thlrd one. As a consequence, we have that

dzx

d ) )

= [Xowumlexp(=ti)e)] _ = i) veres. (3:3)
On the other hand,

d P

Shexp(-t)(E) = 3 FGapa (@)

1 ( ix d
= ) b @)

i (it exp(=tf1)) ()
exp(—tf1)(e'”)

where we have used Remark [3:2.7] Therefore, it is clear that

= f3(e)

o [enepE)] = —feaEn et est (3.35)

t=0

To conclude the proof, note that equation (3.32)) is now an easy consequence of the chain and
product rules for the derivation. O

To define a representation of Diff 7 (S)®2) on C(S"), consider for every v € Diff (1)@,

7(1)
a representative of its 4wZ-class of dlffeomorphlsms ¢, € Diff 7 (S51)(>) 5o that y(e'%) = ¢ i

for all z € (—2m,27], see Section Thus, we define the function Y, : S' — C as

. (z)—x .
Y, (z):= ¢ , z=¢€", x € (—m,mn]. (3.36)

which is well-defined because it does not depend on the choice of the representative in the class
of diffeomorphisms {¢., + 4k7 | k € Z}.

Lemma 3.2.9. Y, € C=(S') for all v € Diff*(S1)?) and
Vo0 (2) = Yo, (2(2))Yas(2)  Y,72 € DI (1)@ vz € 5. (3.37)
Proof. Tt is useful to recall that every ¢ € Diff *(S)(>) satisfies

d(x + 2km) = ¢(z) +2kr Yz eR VEeZ. (3.38)
For all v € Diff(S1)®, the extension of Y, to the whole real axis is clearly infinitely
differentiable. Moreover, it is 2w-periodic, indeed

; Sy (Et2m) — (e 2m) ;o (@) t2m—a—2r Gy (x)—=

i’;(x +21)=e 2 =e 2 =eT 2 = if:(x) Vz e R (3.39)

where we have used (3.38) for the second equality. Thus Y, € C*(S?) for all y € Diff (S*)?
To prove (3.37), let y1,v2 € Diff 7 (S1)(?). Write 2z = ¢** with « € (—, 7] and for every such
x, consider k., (x) € 2rZ such that ¢.,(x) + &k, () is in (—m, w]. Then, we have that

gy (fyg ()~
g 2

Yip(z) = e

(2N 1Ny ) 9 ()=
e 2

|
o,

¢’yl (o () +hnyg (z)) (g (@) Fkryg ()
e’ Y2 (Z)

= Y, (e Z(%Z(z)—‘_kw(x))) Y., (2)
Y (R()Va(z)  Vzes!

where we have used the group properties of the representatives as explained in Section for
the first equality and (3.38) for the third one. O
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The following definition is inspired by [Boc96, Appendix A] and [Lok94, Section 1.1] (cf.
also [Pall0, Section 2, 3]). For all d € Z — 1, we define a family of continuous operators
{aa(v) | v € Diff(S1)@} on the Fréchet space C2°(S?) in the following way: let g = xh with
h € C*(S1) and set

(@a(1)9)(2) = x(2)Y, -1 (2) (Ba(Nh)(2) vz €S (3.40)

By Lemma [3.2.9) g defines a strongly continuous representation of Diff " ($*)® on C(Sh),
which preserves C;O(S L'R) as it is explained in the following Remark [3.2.10

Remark 3.2.10. Let 7 be a generic element in Diff 7 (S1)(?) and write every z € S' as '@ for a
unique z € (—m, 7|. Then, we have that

Yy(2)x(2) = €75 = 4(dF) = ey (x(3(z))  Vze S (3.41)

where €, (z) € {£1} is defined as follows: for all z € S!, there exist a unique ¢ in {¢- + 2k |
k € Z} such that ¢4(z) is in (—m, 7|; then

Py (2) — ¢y (x)
g 2

€y(2) :=e Vz=e"ec St (3.42)

Note that definition (3.42) does not depend on the representative ¢.. Thus, we can rewrite (3.40))
as
d—1
(aM9)(:) =[G ()97 (=) Vo OF(sY), vae ST, (343)
which clearly assures us that a4(y) preserves C2°(S*, R) for all v € Diff * (1)), Finally, note
that ([3.43) corresponds to the one in [Boc96, Eq. (78)] for Méb(S1).
It remains a last property to prove for the family ag4, that is:

Lemma 3.2.11. For every f € C*°(S',R) and every g € C;O(Sl), the map
Rt ozd(exp(Q) (tf)g € C’;O(Sl)

1s differentiable and

% ad(exp(”(tf))g} = @=Dfg-fg. (3.44)

Proof. We can easily adapt the proof of Lemma [3.2.8] to the current case with some extra work.
Indeed, it is quite clear the differentiability of the function

R3>tr— Y;Xp(’z)(,tf) S COO(Sl)

and consequently the one of t — ag(exp® (tf))g. Moreover, we have that

%l/cxp(z)(—tf)(eix) = %YCXP<2>(_tf)(em)%%x;,(z)(_tf)(em)
— ly (i (—f%exp(—tf)) (e) ix 1
) exp® (—tf) (€ exp(—tf)(ei®) Ve €5
where, without loss of generality, we have chosen (cf. Remark
(bexp@)(tf)(eix) = —ilog(exp(tf)(e™)) Vel ¢ St
From the calculations above, it follows that
d i ool in i 1
= [Yexp@(,t e )} = —3fE) verest. (3.45)

Therefore, using the product and chain rules for the derivative, we obtain that

< [oulexo® )] = —ixrhtx (- DFh- JH) = (@ 0fg— fg (3.46)

t=

remembering that if g = yh with h € C*°(S?) then ¢/ = %g + xh' by definition. O
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The following proposition is the key result to prove the Mobius covariance of the family
A1)
Proposition 3.2.12. Let V be a simple energy-bounded unitary VOSA. Then, we have that for
alll € J:

) if a € V5 is a quasi-primary vector then U(y)Y (a, f)U(y)* = Y(a, Ba,(7)f) for all f in
C°°(SY) with suppf C I and all v € Mob(S?);

(1) if b € V;§ is a quasi-primary vector then U(y)Y (b, g)U(y)* = Y (b, aq,(7)g) for all g in
C(8") with suppg C I and all v € Mah(S1)3).

Proof. The proof of (1) is an adaptation of [CKLOS, pp. 1100-1103], similar to what is done in

the proof of [CKLW18|, Proposition 6.4], which is exactly the case (0).
First, from equations (2.26))-(2.28)), we see that for every quasi-primary vector b € V'

[Lim, bn] = ((dp — 1)m — n)bpytn Ym € {-1,0,1}. (3.47)

Second, note that Mob(S?) is generated by the one-parameter groups generated by the exponen-
tial map of the three real smooth vector fields lm% given by

lO(Z) = 1a Y(Vvl()) :L07

P Ly+L_
h(z) = —5—,  Y(nl)="5"", (3.48)
z—z71 Ly — L,
la(z) = —5—, YWmila)=—F—,

that is, it is generated by exp(tl) with [ € C°°(S*,R) and such that Y (v, 1) is a linear combination
of L,, with m € {~1,0,1}. Consequently, M6b(S')(?) is generated by the corresponding one-
parameter subgroups exp(® (tl).

Fix a homogeneous quasi-primary odd vector b € V, fix a function g € C$°(S") and consider

any | € C*°(S',R) such that exp® (t1) € Mob(S1)?) as explained above. Thanks to Section [3.1]
H> is an invariant core for all the smeared vertex operators and therefore we can write, using

and ,
ilY (,0),Y(b,9)lc=Y(b,(dy — D)l'g—1g')c  VceH™. (3.49)
By Lemma Lemma and the continuity in , we have that the map
R >t Y (b, g, (exp®(t))g)c € H®

is differentiable on H for all ¢ € H*. Moreover,

d
= [V au (exo@ (W)g)e] =il (1,0),Y (b,g)le (3:50)
dt t=0

by equation ((3.49)).

For every ¢ € H* define
c(t) ==Y (b, ag, (exp® (t1)) g)U (exp'? (1)) (3.51)

which is a well-defined vector in H°° because this core is invariant for the smeared vertex operat-
ors and the representation U. Then, using again Lemma the continuity (3.9) and Remark
3.50)

it is possible to prove the differentiability of ¢ — ¢(t) on H and using (| , that
d .
&c(t)h:o =Y (v,l)c. (3.52)

This means that c(t) satisfies the Cauchy problem on H

de(t) =iY (v, 1)e(t)
{ (0) = Y (b g)e Y
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whose unique solution is given by
c(t) = U(exp@ (#1))Y (b, g)c. (3.54)
It follows by the definition of ¢(¢) that
Y (b, ag, (exp® (£1))g)U (exp@ (t1))e = ¢(t) = U(exp® (81))Y (b, g)c. (3.55)
Thus, by the arbitrariness of ¢ in the core H*°, we can conclude that
U(exp® (t1))Y (b, g)U (exp® (—tl)) = Y (b, ag, (expP (t1))g) (3.56)
which is the desired result. O

Remark 3.2.13. As in [CKLWI18| Proposition 6.4], substituting quasi-primary vectors with just
primary ones, we can prove the covariance properties (0) and (1) in Proposition |3.2.12| for all
v € Diff7(S') and all y € Diff*(S1)?) respectively.

Now, we can prove the Mébius covariance of the net Ay, (.|.)):

Corollary 3.2.14. Let V' be a simple energy-bounded unitary VOSA and Ay,(.|.)) be the associ-
ated family of von Neumann algebras on S*. Then, A,y 8 an irreducible graded-local Mdbius
covariant net on S* except for the graded-locality, which might not hold.

Proof. We need to prove that Ay, .|.y) satisfies properties (A)-(D) as in Section The isotony
(A) is clear from Definition of the net. The Mobius covariance (B) with respect to the
representation U as defined at page [47]is proved thanks to Proposition together with the
fact that A(v,(.|.)) is generated by quasi-primary vectors as showed by Proposition As far
U is a positive-energy representation, as required by (C), follows by simplicity, cf. Proposition
The simplicity of V says us also that € is the unique (irreducibility) U-invariant vector,
which is even cyclic thanks to Proposition proving (D) and concluding the proof. O

As Corollary above suggests, it is unknown whether the net Ay, ..)) satisfies the axiom
of graded locality (E) as in Section This is due to a more general fact, outlined by E. Nelson
in [Nel59, Section 10], see also [RS80), Section VIIL5]. It says that for a given separable infinite-
dimensional Hilbert space H, there exist two self-adjoint operators A and B and a common
invariant core D for them, such that ABa = BAa for all a € D, but W*(A) is not a subset
of W*(B)', see Definition for notation. Instead, the converse statement is a well-known
functional analytic fact, that is:

Proposition 3.2.15. Let A and B be closed densely defined operators on a Hilbert space H
and let D be a common invariant domain for them. Assume that W*(A) C W*(B)'. Then,
ABa = BAa for all a € D.

In VOSA terms, the discussion above means that the locality of vertex operators is not enough
to conclude the graded locality of the von Neumann algebras Ay, (.. (I) with I € J. Therefore,
we introduce the following important definition.

Definition 3.2.16. Let V be a unitary VOSA and let Z be the extension of the operator Zy on
V to the whole Hilbert space H. Then, V is called strongly graded-local if it is energy-bounded
and A, y(I") € ZAw,1.yI) Z* forall I € J.

Imposing the above definition, we have the desired irreducible graded-local conformal net:

Theorem 3.2.17. Let (V, () be a simple strongly graded-local unitary VOSA. Then, the family
A, 1s an irreducible graded-local conformal net on St. Furthermore, if (:|-)" is another scalar
product on V' then Av,.|.)) and Aw,.|.y) are isomorphic graded-local conformal nets.

Proof. We have already proved properties (A)-(D) and irreducibility as in Section by Co-
rollary Then, it remains to prove properties (E) and (F).

It is easy to prove that I'A¢y, .. (I)T' = Ay, (I) for all I € J and thus the graded-locality
(E) is assured by Definition

To prove the diffeomorphism covariance (F) of A(y,(.)), we could proceed as explained in
Remark[5.2.2] Note that that proof does not use the strong graded-locality, but it requires further
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results such as Theorem [5.2.1] and Remark Therefore, for a matter of convenience, we
present here below a simpler proof, which instead makes use of strong graded-locality. This
alternative proof is obtained by adapting the argument in the proof of [Car04, Proposition 3.7
(b)], cf. also the proof of [CKLO8, Theorem 33]. The adaptation is as follows. By Remark
and Definition we have that, for any interval I € 7, U(y) € A,y () for all
v € Diff(I)?. Now, fix an interval I € J and let v € Diff"(S")(?) be such that vI = I.
For all J € J containing I, it is possible to find v/ € Diff(J) such that v/|; = 7|; and
v~147 € Diff(I')®. The latter implies that U(y~'y/) € Aw,1)I") € Aw,)({) by the
argumentation above, the strong graded-locality of V' and the fact that every operator U(g)
commutes with the operator Z. We then have that

Aw,c1n(J) 2

' . . (3.57)
WU ) U ()
=UMAw,1nDUO)"
By the external continuity (|1.47), we have that
U(’Y)A(V,(.|.))(I)U(’}/)* C A(V,(‘|~))(I) Vv € Diff+(Sl)(2) st. yI=1. (3.58)

Now, let v be an arbitrary diffeomorphism in Diff " (S)(?), We can always find 7 € Mob(S*)(?)
such that 41 = ~vI. Then, we have that

UM Aw, 1y DU =UFUA "N A, OUE ) TR
CUMNAw,.|n@HUA)* (3.59)
= Aw,1n A1) = Aw,1) (),

where we have used: for the second step because ¥~ 'vI = I; the Mobius covariance of
Av,(.|.y) for the second equality. By the arbitrariness of I € J, we can conclude that Ay, .y is
diffeomorphism covariant.

Finally, the isomorphism between Ay, ..y and Ay,(.|.y;y is given by Proposition @ O

Definition 3.2.18. Let V be a simple strongly graded-local unitary VOSA. Then, Ay is the
unique, up to isomorphism, irreducible graded-local conformal net arising from V' as described

by Theorem [3.2.17]

We also get that:

Theorem 3.2.19. Let V be a simple strongly graded-local unitary VOSA. Then, Aut(Ay) =
Aut. (V). If Aut(V) is compact, then Aut(Ay) = Aut(V).

Proof. The proof of [CKLWIS8| Theorem 6.9] can be used with the following prescriptions. We
have to use Proposition instead of [CKLWTS| Proposition A.1] when this occurs (contex-
tually a straightforward modification of Proposition is required). Moreover, we have to
replace [CKLW18|, Corollary 4.11 and Theorem 5.21] with our Corollary and Theoremm
respectively. O

We end the current section with the following conjecture:

Conjecture 3.2.20. Every simple unitary VOSA V is strongly graded-local and thus it gives
rise to a unique, up to isomorphism, irreducible graded-local conformal net Ay .

3.3 The induced graded-local conformal nets on R and 5'®

In this third part, we give an outline of the graded-local conformal nets on R and S*(2),
which we obtain from Ay of Definition [3.2.1] as explained in Section [[.4} In particular, what we
are interested in is the actions of Diff (S') and Diff " (S')(?) on the these nets, which give us a
consistent description of the context.
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First, we describe the net Af on R. Recall from Section that the intersection between
C(S') and C*°(S"') contains C2°(S*\{—1}). Thus, for all a € V, we can define the corres-
ponding smeared vertex operators with H* as common invariant domain by:

Y(a,f)ei= Y foane  VfeCI(S'\{-1}) Vee V. (3.60)
nE%Z

Note that if we rewrite f = yh with h € C2°(S*\{-1}) in (3.60) above, then we obtain again
the definition given in (3.5)) for odd elements. Thus, we identify

AR (D) =W <{Y(a,f) laeV, feC®(SN\{-1}), suppf C 1}) Vie 7%, (3.61)

The point is that if v € Diff " (S 1)300) for any I € J®, then the diffeomorphism covariance given
by a4(¥) reduces to the one of 54(%), allowing semi-integers values of d for 54(%). This is clear if
we consider the identification above and the expression of ay(y) given in . Indeed,
in this case e4(2) =1 for all z € S'.

As far as the net on S'(?) is concerned, we have to consider C*°(S*(?)), as defined in Section
1.1} as space of test functions. Again, for all @ € V, we can define the following smeared vertex
operators with H*° as common invariant domain by:

Y(a,f)ei= Y foane  VfeC®(S'®) veeV, (3.62)

nE%Z

where we are considering f as an L?(S'(?))-function (and provided we give a suitable definition
of energy-bounds). Consequently, the net is given by

AP (1) =W <{Y(a,f) laeV, fe0™(5'®), suppf C 1}) vieg®.  (363)

Moreover, the action of v € Diff (S1)(® is determined by

do -1 1(2
(@) = [S2 01 @)] Soa@) ¥ ECR(S) voe amarl (o0

which is well-defined observing that % is a 2m-periodic function (see (3.38))). The above analysis
becomes clearer if we recall the following facts. As explained in Section [I.I} we can identify
C>°(S*) as the space of 2m-periodic functions C°(S1(?)), whereas C;O(Sl(z)) as the one of 27-

antiperiodic functions C>(S*(?)) to get the decomposition (I.21)), which we rewrite here:
0 (512) = (51D & C=($1D) = 0% (5Y) & C2(S").
In particular, the isomorphisms above are realised by
Cx(SY) 2 fr [P e CP(8'®), fP(2) 1= f(e'F)
C’;O(Sl) 59=xh— ¢?@ = xPp® c c>(51?), D (zg):=¢'3

for all € [—27,27]. Under the above isomorphisms, definition (3.62)) coincides with the one in
(3.5). It is then clear how to rewrite .AE,Q) in terms of the above functions:

(3.65)

acVy, fe Cf(Sl(z)), suppf C I,

vie J®.
beVr, g€ C>(5'?)) | suppg C I

ADI@) =w* [ {Y(a ), Y(bg)

3.66

Moreover, from equations and we deduce the following actions: for all v € Diff *(S1)®)
(2) (2) . —1izn]97! —1/i% 0ol

(BP0®) (@)= [X, (7€) F67NEE) vreo=(s)  (3.67)

(a?(19?) @) == 77(e%) (BPh® ) (@) ¥g e O3 (3.68)

for all z € [—2m, 27], where X, is defined either as in (3.28) or equivalently as X ég). Note that
even in this framework, the actions above define the same one and they summarise in (3.64])
defined above.



Chapter 4

The action of the dilation
subgroup on smeared vertex
operators

This whole chapter is dedicated to the proof of Theorem [£.0.4] which is crucial in the proof
of Theorem [5.2.1] and in the development of the theory in Section As a preparation, we
need some facts about the relationship between the real and the complex picture. We use the
notations and the conventions as explained in Section [I.I] and we put ourselves in the setting of

Chapter

Comparing with the local case... We point out that Theorem [4.0.4] can be considered as the
VOSA counterpart of [CKLWTS| Theorem B.6]. Nevertheless, the approach used to prove the
former is completely different from the one used for the latter. Indeed, a crucial role in the proof
of [CKIW18| Theorem B.6] is played by the theory of standard subspaces of a Hilbert space,
see [LonO§| or [Lon08b]. Instead, we pursue a complex analytic approach without relying on
the theory of standard subspaces of a Hilbert space. From this point of view, this can be also
considered as a new proof of [CKLW18, Theorem B.6].

We calculate the two-point function (Y (a, f)Q2Y (b, g)Q2), where a and b are quasi-primary
vectors of an energy-bounded unitary VOSA V and

Y(a, /)= ) faan,  Y(bh.9)2:= ) Gubal2 (41)

neiz ne3Z
for all f,g € C>(S'\ {—1},R). Specifically, we want to prove the following fact:

Proposition 4.0.1. Let (V,(:|-)) be an energy-bounded unitary VOSA. Let a,b € V be quasi-
primary vectors and f,g € C°(S*\ {—1},R). Then, we have the following formula:

(alb)da, .,

+00 — g
(¥ (a, NOIY (b,9)2) = AR (12)

- 27(2d, — 1

where for all h € C(S*\ {—1},R), h® € C>(R,R) is defined by

BR () x? da_lh 1+ i 4
(x) = 1+Z 1~ iz) (4.3)

Remark 4.0.2. In the definition of h® in equation (4.3), we have used the Cayley transform
C: S"\ {—1} — R, which is the diffeomorphism defined by

1—=2 1+ Lz
C(z) :=2i , ) = 2
() =27 @ =2

95
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Furthermore, note that lim; 1, C(e) = 400 and lim,_,1., C~1(x) = —1. For further use,
let us define the following isomorphisms between the space of functions C°(S1\ {1}, R) and
C°(R,R): for all d € 7

C2(S"\{-1},R) «+—— CZ(R,R)

72 -1 14+ ig
h(z) —)hR(:p) = <1+4> h<131>

z 2 -t —Z
hC(z) = <(1(L)) ) h (22‘1“) — h@).

Proof of Proposition[{.0-1 The proof is given by the following sequence of equalities [A]-[D],
which we prove separately below:

V(@ DAY .02 & (@b)see 3 (d“‘”‘l)fnan

—-n —d,
neZ d

(B] zdagyda dw dz
— 1 —_—

(al6)ou,.a, lim 743 ) T g
€ (alb)da, .y . // 9*(y) R (z)
T (2m)2%i2da 6_>0+ — - i )z —y(1 — §) — i€]?da dydx
o1 _(a[b)da, .,

- m/o FR(=p)gE(—p)p*t " dp.

Proof of [A]. From [Kac01l, Eq. (4.1.2)], we have that Y (a, 2)Q2 = e*L-1q for all @ € V, which

means N
—n—d, _ < (L_y)la _ (L_y) " %a —n—d,
Z anz *Z T Z Ch—dt z .

Nn€EZ—dqg =0 NEL—dg

This implies that for any a € V', we have that

(L_q)~"—dag
a "= q,0 = Cwmgor. S —da
0 n>—d,.

It follows that

(Y@ HQAY (1,92 = (D faanl D Gubn®)

nEZ—dq meZ—dy,

S Y Fn(anQbn®)

ne€l—d, meZ—dy

= > Y Fgmla

n€EZ—d, meZ—dy
n<—d, m<-—dy

de —n—1\=
= (a|b)6dn,7db Z ( ¢ >fn§n
PN dg

neZ—
n<—d,

where we have used (2.44)) and the formula L;b~™% = (d;, — m — 1)b=™~%~1 which can be
easily deduced through an induction argument, for the last equality.
Proof of [B]. For all € > 0 and d, € %Z, consider the integral

]{91 ]{;1 (z—( 1—6 )2d 9(w) f(2) 2(71:111 2(711'; (44)

where, for d, € Z — %, the integrand has been extended to zero to S' x S' thanks to the
smoothness and the compact support of f and g. By the change of variables e'* := z and
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e := w with z,y € [, 7], we rewrite (4.4), as

g T ei(xfy)da ) . dy dx
- Yy 1T . 4.
L e g st g (45)

For all € > 0 and d, € 3Z, define the following functions in L?(S') = L*([—m,7]) (see Section

L)

Zda

E-a-apn

Recall that we denote by f, g and i;;:i: the images of f, g and hcq, respectively under the
isometric isomorphism (1.10) between L?(S') and L2([—m,7]); * is the convolution between
functions in L?([—,7]). Then, we can rewrite the integral (4.5]) as

hea, () =

T = dz G*hea,), = el
[ @i g - X S o S GGo0, 5 6o
—7 n€Z—d, neZ—dg,

where we have used (1.11) and Parseval’s Theorem (|1.12)) first and the property (1.6 of the
convolution * after. It remains to calculate the Fourier coefficients of the function hc q,, which
are

— Za—n—1 dz
(he.a.),, :]4 (12 o
g1 (z— (1 —¢))?da 2mi
Res(hea, 27" 11 —¢) n <d,
Res(heq, 27 "1, 0) + Res(hea,z "1, 1—€) n>d,

(4.7)

where n € Z — d,. With an abuse of notation, we call he 4,27""" the integrand in the second
row of (4.7). Then, we calculate that

1 d2da71
—n—1 B R [ - do—n—1
Res(he,a, 2 ,1—¢) (2ds — 1) zgrln_e [dZQda—l (Z )]
(dem 1) (1 — &)t n<—d, (4.8)
=<¢ 0 —dg, <n <dg
(o) a9z,

whereas, for n > d,

1 dn—da 1
—n—1 _ li
Res(he,a, 2 ,0) (n—dg)! =3 [dzn—da ((z (1= ¢))2da )]

(4.9)
+d,—1
— _1 2d, 1 _ —n—d, n a .
1y g (M
From (4.8) and (4.9)), we obtain that
dg—n—1 —n—d,
— a 1— 6) a n < 7d
hE = ( —n—dq )( - e 4.10
(e, {O e (4.10)
Putting (4.10) in (4.6), we have that the right hand side of equality [B] is
de —n—1\=
b)0d, a4, li 1—e) w0 - 4.11
o0, iy 3 (10 (“ )T (1.11)
n<—d,

Therefore, noting that the binomial product in (4.11]) is a polynomial in the variable n with
degree 2d, — 1 and that f,, and g,, are rapidly decaying, we can swap the limit with the series in

(4.11)) to get the proof of equality [B].
Proof of [C]. Just the change of variables given by the Cayley transform: x := C(z) and

y:=C(w).
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Proof of [D]. Fix d, € 3Z. For all € > 0 and all y € R, set the L?*(R)-function

1 y(1—5) +ie
Qo () (T) == — - - VeeR, ady) = ——""——.
(@) [(1—5—isy)r —y(l —5) —ie]?da W) 1—-§—isy
Then, we can use the Plancherel Theorem, so that
[ @@ s = [ @) ). (112)

To calculate @, note that Im(a.(y)) > 0 for all 0 < ¢ < 1 and all y € R. Thus, we can use
the well-known procedure by Jordan’s Lemma and Residue Theorem (e.g. see [AF03, Lemma
4.2.2]), to obtain

— Vv 2miRes(qq, ()€ Pz <0
Ga.(y)(P) = { (o) ®) g> 0 (4.13)
where we have that for all p < 0,
. —ipz ﬂ€(y) : d2d071 —ipz
Reb(Qae(y)(z)e P2 ac(y)) = mzﬁham(y) W(e %)
(4.14)

(_ip)Qda—le—ipae(y)
2d, —1)!

= ﬁe(y)

where 8.(y) := (1 — § — iSy)~2%. Therefore, using (4.13) and (4.14) in ([£.12), we have that

2da+2, /5
/qae (@ )fR( )dz = ((Q)dil\/T/ Be(y _’We(y)fR( )p 2401 g

Thus, the left hand side of [D] is equal to

(alb)da, a,(—1)2%*1
(2d, — D))( 27r s

/ / Bo(y)e e ) TR (p)p2da =1 dp gR () dy (4.15)

We can swap the limit with the integrals in (4.15)) because f®,g® have compact support in R.
Moreover, for all y € R, a(y) — y and Bc(y) — 1 as € — 0T. Therefore (4.15) is equal to

b)o 2d “+1
(al ) dayds ( / flR 2d “1dp (4.16)
(2d, —1
which completes the proof after exchanging the variable p with —p. O

Fix d € 1Z and for all v € M&b(S'), define the continuous linear operator acting on the
Fréchet space C>°(S1):

D@2 fee) weods). @

(Ba(1)f)(2) := l

Note that every B4(7y) preserves the subspace C°(S'\{—1}). A dilation §(\) € Mé&b(S!) of
parameter A € R is given by the formulae
z cosh(\/2) — sinh(A/2)

—zsinh(A\/2) + cosh(\/2)

z cosh(A\/2) 4 sinh(A\/2)
zsinh(\/2) + cosh(\/2)

S(N)(z) = SN Hz2) = (4.18)

Note that every dilation 6(\) preserves the point —1 € ST and thus it preserves S'\{—1} too. A
straightforward calculation gives us that

(zsinh()\/2) + cosh(A\/2))?

z

(Ba(6(A) f)(2) = SN =) FENTH(R) (4.19)

for all A € R and all f € C°°(S!). Then, we can state the following result:



99

Corollary 4.0.3. Let (V,(:]))) be an energy-bounded unitary VOSA. Let a,b € V be quasi-
primary vectors and f,g € C°(S*\ {—1},R). Then, the following holds: for all A € R

(¥ (a, Ba, (5(ON) QY (b, 9)2) = 4Ny

T
= e v Ma FR(_eAp)gR (—p)p2da—1dp . 19
27r(2da—1)!/0 eMa fR(—eAp)gR(—p)p?*®~'dp.  (4.20)

Proof. A straightforward calculation gives that for all A € R,

(Be (6O (@) = XV fF (e ) Vo eR.
Then, the result follows by Proposition and observing that for all A € R,

—

[(Ba. 6ONN) ] () = XD R )] (p) = Mo FR (D) VpER,

Now, we are ready to formulate the main theorem of this chapter:

Theorem 4.0.4. Let a be a quasi-primary vector of a simple energy-bounded unitary VOSA V.
Define the operator K :=im(Ly — L_1) and let f € C°(S'\ {—1},R) with suppf C SL. Then,
Y (a, f)Q2 is in the domain of the operator e and

e Y(a, f)Q=i*Y(a, f 0 §)Q (4.21)
where j(z) = 2~ % for all z € S*.
Let us fix some notation which we use throughout the proof:
e a,b are quasi-primary vectors in V;

o H := H,|.) is the Hilbert space completion of V' with respect to its invariant scalar
product (-|-) with induced norm ||-||;

e we use the notations as settled in Section [1.1
e |-, is the usual norm in L'(R);
o we use the notations -® and -C as given in Remark

Let U be the positive-energy strongly continuous unitary representation of Méb(S)(>) on
‘H induced by the conformal vector v as in p. Then, we have that

K = U6 (—2nt))  VteR. (4.22)

As explained in Section the actions of the representations ay and 34 defined in (3.68]) and
(3-67) respectively, resume to the one of (4.17) when acting on C°(S*\{—1}). Therefore, by
Proposition [3.2.12| and Corollary we obtain that for all f,g € C>(S1\ {-1},R)

(Y (b, )™ Y (a, £)Q) = (Y(b, 9)QIU (6 (—27t))Y (a, £))

o0 — _
= Cha / g (—p)e 2Tt fR(—e~?p)p*e~ldp
0

(4.23)

forall t € R and Gy 4 := %. Our aim is to extend (4.23) by analyticity to some domain

in C to get the desired expression for es Y (a, £)Q by a limit procedure.
To further simplify the notation, for all a € V' set the function

Ga()Q: C(R,R) 3 h— ¢o(h)Q =Y (a,hC 0 j)Q € H. (4.24)

Note that for all h € C®(S1\{-1},R), (ho j)®(t) = h® o jr, where jr(t) = —t for all t € R.
Therefore, excluding the case 04,4, = 0, we obtain the formula: for all f,g € C*(R,R) and
teR

Fio(t) = Cy M) e 6a(£))
q;;(y(b, g% 0 )QIeEY (a, f€ 0 j)N)

oo R
/ g(p)e2ma f(e=2mtp)p>de~dp.
0

(4.25)
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Hence, the goal is to find a suitable range for z € C, where the following expression makes sense
as analytic function

+oo =R
Fyo(2) = /0 g(p)e 2= fle 2™ p)p*da—tdp (4.26)

for all f,g € C*(R,R) with suppf C (—o0,0) and

f '—L x)e Tdx
fie) = o= / f(@)erd (4.27)

for all ¢ € C, which is an entire function by [Rud87, Section 19.1(b)].

Note that for all z € D := {z € C| -3 <Im(z) < 0}, Fo(p) := f(e=2™=p) is a rapidly de-
creasing function of p on (0, +00), which assures us the convergence of the integral in (4.26)) for
all z € D. Indeed, if z € D and f € C(R,R) with suppf C (—00,0), we have that for all
Q, 6 € ZZO

~

f=

pdlf. (p)’

‘= sup
@B pe(0,+0)

1 _omz
= su — z)p*dlete Prdg
p \/ﬂ/u@f( )p*0,

p€(0,+00)
1 / 3 . _oma\B—ie—2T*
= sup JE— T f(x)po‘(—ze ‘n'z) e e PT e
pe(0,+00)| V2T JR
(_1)(1/ ,8 ( ) . 9 ,8— g 27mz
= sup A T f « (1’)(—26 TFZ) Qe PT e
pe(O,+00)| V2T JR
2 (a—p)z Coms
= sup A J:Bf(o‘)(x)eﬂe Prdx
pe(O400)| V21 JR (4.28)

2w (a—pB)z 0 )
e __so,—2mwRe(z) ,—i27Im(z)
= sup 2P fl) (z)eie ¢ Py

p€(0,+00) \/ﬂ —o0
< su ‘ezﬂ(a_ﬂ)z 0 B r(a) —e ?™Re(3) sin (27 Im(2) ) pz
= pelorioe) V2T /_oo‘x f (x)’e dw
6277(04_5)2 0
< T/_w‘xﬁf(a)(m)‘dx
Hxﬁf(a)
= BV~ 1‘62”(0‘_5)2 < 400

where we have used the integration by parts a times for the fourth equality.
The above analysis implies part of the following result:

Proposition 4.0.5. Let f,g € C°(R,R) with suppf C (—00,0). Define F;‘}(z) :D — C as in
[@.26), [@.27) with D := {z eC| —% < Im(z) < 0}. Then, we have the following facts:

(i) For dll f,g, F;{‘} is a well-defined function, analytic on D and continuous on D.

(ii) For all z € D, ng‘}(z) is linear in f and antilinear in g. Moreover, for all f, g, F;‘}(z) is

the unique analytic extension on D of F;f";(t) where t € R.

Proof. Throughout the proof, f and g are always functions in C2°(R,R) with suppf C (—o0,0).
Moreover, we set A(z) := e~ 27*da,

Proof of (i). We have already proved that F ; G isa well-defined function. To prove analyticity,
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first note that

of

5 [Femp)] = 2remp 2

C=e—27zp

-2z 1 . —ie 2 py
— 2me 2 pE/Rf(x)(—w)e Prde (4.29)

= 727rp\/% /R f(x)(—ief%zx)e*ie_z”pzdx

= —2mpd, f. (p)
for all p € (0, +00), which is a rapidly decreablng functlon of p on (0,4+00) by - Therefore,
for all f, g7 2 Fd g exists on D, ie., for all f,g, F ‘} is analytic on D. This also implies that for
all f,g, F ‘} is continuous on D.

Now, we prove that for all f,g, Fdf is continuous on D. Let ¢ € D and let Dg be a closed
disk of radius r > 0 centred in . Without lose of generality, consider as range for z the bounded
region D¢ := DN D. Our aim is to prove that for all € > 0 there exist § > 0 such that

[F5) — F !—‘ /m ()F-0) = AQLp)) P ~'dp| < (430)

whenever |z — (| < §. On the one hand, note that there exists a py > 0 such that

+oo R R
[ 30 (A0 E0) - AQ L) 1y

Po

< % Vze D (4.31)

Indeed, using that g € C°(R,R), we can choose a py > 0 such that

+o0 -1
~ _ €
[l < 2051, malac) |5 (1.32)
Po z€D¢ 2
Then, the left hand side of is bounded by
Foo 0 . —27z . =27
[l [ @l a@e T - age T dmptay
Do —o0
“+oco 0
< [ lawl [ 1@ (4@ +AQ]) dzptap (433)
Po —0oo
oo 2d,—1 €
< 2|| £l max|A(2)] [g(p)|p**"tdp < 5 Vze De.
ZGDg Po 2
On the other hand, let zp < 0 be such that suppf C (zo,0), then
TS (A o) — AOF 2da—1q
; 9(p) (A(2)f=(p) = AQ) fc(p) ) P p
Po 0 s —2Tz s —2T
< [T [ r@l|ace - age e s

< M¢(z / |g | 2d‘b_1dp/R}f(x)|dx Vz € D¢

where M¢(z) is the function on D¢ defined by

M¢(z) == max ‘14(,2)6_“3727&”r - A(C)e_i(%rC
zo<z<0
0<p<po

pT

27z

Note that ‘A(z)e‘ie*

on the compact domain D¢ x [0, po] X [x0, 0], which assures us that M (z) is non-negative, well-
defined and continuous on D¢. Then, M(¢) = 0 and by continuity, there exists § > 0 such that

pr A(()e‘i‘fwcp””‘ is a continuous function in the three variables (z, p, x)

Me(z) < [||f||1/0pol§(p)|p2daldp] % (4.35)
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for all z € D, such that|z — {| < 6. Thus using equation (4.35)) in (4.34), we obtain that

[ 70 (461700 - AR W) ] < § (4.36)

for all z € D¢ such that |z — (| < d. Therefore, the continuity of F;‘} is proved estimating (4.30)
by (L31) and (130)

Proof of (ii). For all z € D, Fr da %(2) is linear in f and antilinear in g by the properties of
the scalar product. Then, it remains to show that FZ‘} (z) is the unique analytic extension on
D of Fdf(t). Let G(z) an analytic extension on D and set H(z) := Fdf( )—G(z). H(t) =0
for all ¢ € R, then by the Schwarz reflection principle (cf. [SW64, p. 76]), H(z) extends to
DURU D where D% are the set of complex conjugates of elements of D. Hence, H(z) =0
in D by the identity theorem (cf. [AF03| p. 122]), i.e. for all f, g, ng‘}(z) is the unique analytic

. d,
extension on D of F_% (). -

A further step in the proof of Theorem is to use the function Fj)‘ff(z) to define an
antilinear functional on #. To this end, define the Hilbert spaces ‘

Ho = (9a(@9)Q g€ CRR)N | CH,  Hai= L2((0, +o0), p*=1dp) (4.37)

and denote by |||, , the norm of #H,. Note that ‘Ca,a|_1Hq’)a(g)QH = [|gll5,, by ([@:25).

particular, if {¢4(g, )2} is a convergent sequence in #, then {g, } will be a convergent

’I’LEZEO nEZZg

sequence in ﬁa. Let ¢ € H, and pick any sequence {5;} , convergent to some g, € 'rqa,

such that ¢ = lim,, ¢4(g,)S2. Define

n€lx>o

“+o0 R
Fe (2) = / o D)e 27 fem2mp)pa1dp (4.38)

where f € C2°(R,R) with suppf C (—00,0) and z € D. Then, the content of the following result
is an extension of the properties proved in Proposition to Fgff (2).

Proposition 4.0.6. Let f € C°(R,R) with suppf C (—00,0), 2 € D and ¢ € H, as defined in
(4.37). Define Fgff(z) as in (4.38]). Then, the following properties hold:

(i) For all f,p, Fgff is a well-defined function, analytic on D and continuous on D.

(ii) For all z € D, F* op(2) is linear in f and antilinear in ¢. Moreover, F “(z) = F;“f(z) for
all o = Pq(g )Q with g € C*(R,R).

Proof. Throughout the proof, f € C2°(R,R) with suppf C (—00,0), 2 € D and ¢ € H,, unless
it is differently specified. Moreover, we set A(z) := e~27%da,
Proof of (i). Let {g;}nez be a sequence convergent to some g, € H, and such that

¢ = lim, gi)a(gn)Q To prove that F o'r(2) is a well-defined function, we have to show that
the integral in exists and that for all ¢ € Hq, g, is 1ndependent of the choice of the

sequence {gz}nezm‘ Equation (4 says us that for all f, ¢, z, F<p (z) exists. To prove the
independence from the sequence, let {l;} be another sequence convergent to I, € ﬁa and
LASY/S)

such that ¢ = lim,, ¢4(1,)2. Then, for all e > 0, there exists N > 0 such that

g, — ls@“z,a <llg, - §;H2,a gn = ln 2 +||ln = ZWI »
=llge = il +1Caal " l0als a—wL
B 18 (4.39)
=lgs = Gall, o +|Caal " [[a(gn)2 = dulln b=l

€
— — - = >
<3+3+3 € Vn> N
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where we have used (4.25)) in the second raw. It follows that F 5:} (z) is well-defined.
Equation (4.29) implies that for all f, ¢, Fg:*f is aﬁnalytic ani therefore continuous on D.
To prove that for all f, ¢, Fgff is continuous on D, let ¢ € D and without loss of generality,

consider D¢ := D¢ N D as range for z, where D¢ is a closed disk of radius r > 0 centred in (.
Then, our aim is to prove that for all € > 0 there exist § > 0 such that

[Pl (2) = o (0)] < e (4.40)
whenever |z — (| < §. We have that for all f

1
2

~

Foo, 2
sup || f2|| = sup ( / fz(p)‘ de“ldp>
ZGDC 2,a ZGDC 0
L (4.41)
H ) oo 3
S sup 1‘6271'04,2 / p2da—1—2adp < 400
zE€D¢ \/27’(’ 0

where we have used (4.28)) with 8 = 0 and a positive integer « > d,. Therefore, using Holder’s
inequality, there exists N > 0 such that

Ll <S veen (4.42)
2,a 3

B () = Bl ()] <13 = gl 0 AC2)]

for all n > N. Then, choosing n > N, we can conclude that

Fie) = Fls Q)] < |Fiy (2) = By )] + |y (2) = Fyge ()] +[F5 0 = Fy(©
T (4.43)
<stoti=e
3 3 3
whenever |z — (| < § with § > 0 given by the continuity (4.30).
Proof of (ii). This is a straightforward consequence of the definition of Fgff (z) and of part

(i) above. O
Finally, we can prove Theorem [4.0.4]

Proof of Theorem[{.0.J, Our argument is inspired by [Ara76, Lemma 3.5]. Let a € V be a
quasi-primary vector with conformal weight d,. Let z € D, ¢ € H, as defined in and
f € C*(R,R) with suppf C (—00,0). Then, consider Fg:‘f(z) as in ([4.38)), which is well-defined
thanks to Proposition [£.0.6]

First, note that H = H, @ (H,)" with respect to (:|-) because H,, is a closed subspace of H.
Then, we set ng’ #(2) =0 for all o+ € (Hqa)*' and extend it to the whole H by antilinearity.

Second, consider the group of unitary operators on H given by e?*¥ for all ¢ € R and looking
at their action on ¢, (f)$2, note that it preserve H, and consequently its orthogonal complement
(Hq)* too. From [BRO2, Corollary 2.5.23], it follows that there exist D(e!*¥)¢ < H, and
D(et¥)aL  (H,)*, two norm-dense subsets of entire analytic elements for the one-parameter
group of isometries t — !X, Therefore, D(K)e, 1= D(e®5)2, @ D(e)%L is a norm-dense
subset of H.

Third, let ¢ = ¢ + 1+ € D(K)e, and {d)a(gn)Q}neZ>o be a sequence in D(e?#)2 such that

¥ = limy, ¢q(g,)Q2. Then, for all ¢ € R, we have that

(7K 0|pa (f)Q) = (e h| o (£)Q) + (e Hep g, (£)Q)
= lim (e " ¢,(g,)Qda(f)Q)

n——+oo

. da
= lim C’a,aF%(gn)Q,f(t) (4.44)

n——+oo

= Cua (Fjjf(t) + Fd f(t))
= Ca.aFy5 (1)
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where we have used (4.25) (K is self-adjoint), the orthogonality condition and the continuity
given by (4.42). Thus, combine the Schwarz reflection principle and the identity theorem as in
the proof of part (ii) of Proposition we have for all f and all ¢ € D(K)e, that

(e "X pl¢a(f)Q) = CaaFi7y(2)  Vz€ DUR. (4.45)
Now, using the analytic continuation to the boundary of (4.45]), we obtain that

(€% |¢a(f)Q) = CaaFo s(—i/2)

. dy .
= lim CoaFe, 10,(=i/2)

oo R
= lim Coo [ Gl Flop)p (4.46)
n—-4o0o 0
. iTdg C
nggloo(d)a(gn)ﬂk Y(a, f7))
= (ple™ Y (a, fO)Q) Vo € D(K)ea

where we have used again the orthogonality condition and the continuity given by (4.42)). Note
that e® is self-adjoint because of the functional calculus of the self-adjoint operator K. Then,
(4.46) implies, by definition of adjoint operator, that ¢,(f) is in the domain of e and that

?Y(a,fC0 )2 = 6u(f)Q = ™Y (a, )R = Y (a, fO)Q
for all f € C*(R,R) with suppf C (—o0,0). This is equivalent to
eZY (a, f o j)Q = i2%Y (a, £)Q

for all f € C°(S'\{—-1},R) with suppf C S, which implies the desired result. O



Chapter 5

Further results on the
correspondence

In Section we prove that there is a one-to-one correspondence between unitary subalgeb-
ras, see Section [2.6] of a simple strongly graded-local unitary VOSA V' and covariant subnets, see
Section [L.3] of the associated irreducible graded-local conformal net Ay, see Definition As
a corollary, we have that also the coset and the fixed point constructions are preserved. In Sec-
tion [5.2] we show that for a simple energy-bounded unitary VOSA, it is sufficient to test strong
graded-locality on a generating set of quasi-primary vectors to conclude the strong graded-locality
of the whole VOSA. Among other things, this result implies that the graded tensor products are
carried over by the correspondence.

Comparing with the local case... The methods used to prove the results from Section and
Section are close to the ones used in the local case [CKLWI8| Chapter 7 and Chapter 8].
Nevertheless, extra difficulties are caused by the fact that the operator Z plays a crucial role,
entering most of the calculations. Just as an example, in Step 4 of the proof of Theorem [5.2.1
we prove that the PCT operator 6 equals Z.J, where J is the modular conjugation associated to
the couple (Av(51),9Q).

We set the following notation: for every homogeneous vector a € V', define

O (S1) d, € Z B dy €7
0 1y .__ ) a o a ) a
o (S)_{C;O(Sl)> daez_% e ad, 5 da €2 —

=

i o [ CS'R), deez
Ca (5 R) '—{ C(SUR), doeZ- 1

where (4, and «g4, as defined in (3.31) and (3.40) respectively.

5.1 Unitary subalgebras and covariant subnets

The main result of this section is the following.

Theorem 5.1.1. Let V be a simple strongly graded-local unitary VOSA. If W is a unitary
subalgebra of V', then the simple unitary VOSA W is strongly graded-local and Aw embeds
canonically as a covariant subnet of Ay . Conversely, if B is a Mébius covariant subnet of Ay,
then W = Hg NV is a unitary subalgebra of V' such that Aw = B. In other terms, the map
W — Aw gives a one-to-one correspondence between unitary subalgebras of V' and covariant
subnets of Ay .

Proof. The first and the second statement are obtained by adapting the proofs of [CKLWIS|
Theorem 7.1 and Theorem 7.4] respectively. We use the notation given in (5.1). As usual, (-|-)
is the normalized invariant scalar product on V' and # is the Hilbert space of Ay .

Suppose that W is a unitary subalgebra of V. By proposition W with the restriction
of (+]) is a simple unitary VOSA. Moreover, by definition of vertex subalgebra, for all a € W,

65
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the vertex operator Yy (a,z) of W coincides with the restriction of the vertex operator Y (a, z)
of V and thus W is energy bounded.

If ey is the orthogonal projection onto the Hilbert space closure Hy, of W, then W = ey V' =
Hw NV. Hence, for all b € V and all f € C°(S'), we have that

Y(a, flewb € Hw , Y(a, f) ewb € Hw .
Therefore,

(blewY (a, fle) = (Y(a, f) ewble) = (Y(a, f)"ewblewc)
= (ewb|Y (a, flewc) = (b|Y (a, fewc) Va e W VbceV.

Recall that V is a core for every smeared vertex operator Y (a, f) and thus the calculation above
implies that Y (a, f) with a € W and f € C°(S!) commutes with ey. By Proposition
L_4, Ly and L; preserve W and thus we can prove that they commute with ey, just proceeding
as above. This implies that ey € U(M&b(S')(°))’. Therefore, the subnet By of Ay defined by

Bw (I) := .Av(.[)m{ew}/ vieJ

is Mobius covariant. Moreover, for all I € 7, every smeared vertex operator Y (a, f) with a € W
and f € C>°(S') with suppf C I is affiliated with By, (I). Consequently, Hp,, = Hy and thus
Bw becomes irreducible when restricted to Hys by Proposition [[.3:1] By twisted Haag duality

(T.45), we have that
ZBw ey ) 2" =Z*Bw(I)ew)' Z =Bw(I')e,,  VIE€JT.
Moreover,
DYw(a, f)) =ewD(Y (a, f)) =D (a, f)) N Hw Yae W Vfe Cxr(Sh)

because every Y (a, f) commutes with ey and it coincides with Yy (a, f) on W. Accordingly,
for every a € W and every I € J, Yw (a, f) must be affiliated with ZBw (I'),, Z* = Bw (I)eyy
whenever f € C>°(S!) has suppf C I. Then, the following von Neumann algebras on Hyy

Aw () == W* ({Yw(a,f) lae W, feC>(S") suppf C I}) vieJ

are contained in By (I)e,, for all I € J respectively. This means that W defines a simple strongly
graded-local unitary VOSA because By (+)¢,, is a graded-local Mobius covariant net. Then, by
Theorem [3.2.17] Ay is an irreducible graded-local conformal net and by twisted Haag duality

([L49),
B (I')ew = ZBw (D), Z* € ZAw(I) 2" = Aw(I')  VIe J

which implies that Ay (I) = By (I).,, for all I € 7, so concluding the proof of the first part.
Conversely, suppose that B is a Mobius covariant subnet of Ay and set W := Hg NV. Both

Qe W and L,W C W for all n € {—1,0,1} because Hp is globally invariant for the unitary

representation U of Méb(Sl)(oo) on H. Now, if a € W, then a(_)Q2 =a € W and

1 1
a(,n,l)ﬂ = n[L_l, a(,n)]ﬂ = nL_1a,(,n)Q Vn € Z
thanks to the commutation relation . Using the inductive step, we can deduce that a,)$2
is in W for all n € Z. It follows that Y (a, f)Q € Hp for all a € W and all f € C°(S!). Let ep
be the orthogonal projection of H onto Hp and for any I € J, let €/ be the unique vacuum-
preserving normal conditional expectation of Ay (I’) onto B(I'), see e.g. [Lon03l Lemma 13]. If
aeW, feC(S") with suppf C I and A € Ay (I’), we have that

Y(a, f)egZAZ*Q =Y (a, f) ZegAZ*Q =Y (a, f) Zep (A) Z*Q
=Zep(A)ZY (a, f)Q = ZegAZ*Y (a, f)Q (5.2)
=epZAZ*Y (a, f)Q =epY(a, f)ZAZ*Q

where we have used that e; (A)eg = egAep and that €5/ (A) € B(I'). By a slight modification of
[CKLWIS, Proposition 7.3], ZAy (I')Z*Q is a core for every Y (a, f) with a € W and f € C2°(S?!)
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such that suppf C I, so that every such Y (a, f) commutes with eg. Consequently, Y (a, f) and
Y (a, f)* with suppf C [ are affiliated with B(I) = Ay (I)N{es}’. If f € C°(St) (that is without
any restriction on the support), we can find g, h € C°(S') such that f = g+ h, suppg C I, and
supph C Iy, for some I, I, € J. Then, Y(a, f)c = Y(a,g9)c+ Y (a,h)c for all ¢ € H> thanks
to the continuity (3.9). Hence, Y (a, f) commutes with ep for all @ € W and all f € C°(S?)
because H> is a core for all smeared vertex operators. Now, proceeding similarly to the proof
of Proposition we can prove that a,b € W and afb € W for all a,b € W. Recalling that
LoW C W, we conclude that W is a unitary subalgebra of V. It follows also that B = Ay,
which concludes the proof. O

A first corollary is:

Proposition 5.1.2. Let V be a simple strongly graded-local unitary VOSA. If G is a closed
subgroup of Aut(..y(V) = Aut(Ay), then Aye = A§.

Proof. We can implement the same proof used for [CKLW18| Proposition 7.6], which we rewrite
here in the following with the notation as in (5.I)). For any g € G, gY (a, f)g~! = Y (a, f) for all
a € VY and all f € C(S). Then, g € Aya(I) for all I € J and thus Aye C A§. Conversely,
there exists a unitary subalgebra W of V' by Theorem such that Ay = A§. This implies
that W C V& so that Ag = Aw C Ayc, concluding the proof. O

Theorem allows us to prove also that the coset constructions in the two settings are
preserved by the correspondence, that is:

Proposition 5.1.3. Let V be a simple strongly graded-local unitary VOSA and let W be a
unitary subalgebra of V.. Then, Aw. = A, .

Proof. Tt is not difficult to check that the proof of [CKLWIS| Proposition 7.8] works even in
the super case with minor changes. We present a detailed version here below with the notation
specified in .

First note that Ay and Awe. are covariant subnets of Ay thanks to Proposition and
Theorem By Proposition [2.6.4] we have two representations of the Virasoro algebra on V
via the operators L and LYLVC with n € Z. Thus, we can extend them to two representations Uy,
and Uypye respectively on H of Diff ¥ (S 1)(00) in the usual way, cf. p. and references therein.
In particular, we have that Ux (exp® (tf)) = ¥ ") for all f € C>(S',R) with X equal to
W or W¢. Now, we give some properties of these representations. For every f € C*°(S! R),
both Y (", f) and Y (v"V°, f) satisfy the linear energy bounds (k = 1 in ) Moreover, by
Proposition the vertex operators Y (W, 2) and Y (", 2) commute. Thanks to these last
two properties, we can apply the argument given in [BS90, Section 2] (based on [DE77, Theorem
3.1], see also [GJ8T, Theorem 19.4.4]) to conclude that also Uy () and Upye(y) commute for all
v € Diff (5)(>). Moreover, we have that

U(Y) = Uw(NUwe(y) ¥y € Diff*(5")>). (5.3)

Let Y(a,g) be a smeared vertex operator with a € W and g € C°(SY), f € C*°(S1,R) and
c € H>. For every t € R, define the vector in H>

c(t) ==Y (a, 9)Upwe(exp™ (tf))ec = Y(a,g)eity(”wc’f)c.

Due to Proposition m [Y (", f),Y(a,g)] = 0 and thus, proceeding as in the proof of Pro-
position [3.2.12] it is not difficult to prove that ¢ — ¢(t) is differentiable on H and satisfies the
Cauchy problem on H:

Loty =iy (", fe(t)
C(O) = Y(aa g)C

which has as unique solution e“y(’jwc’f)Y(a, g)c. Therefore, it must be
Y (a, 9)Uwe(exp®) (tf))e = c(t) = ¢ " DY (a, g)e = U (exp™) ()Y (. g)e-

By the arbitrariness of the choices made above, we have that Y (a, g) and Uy (exp(® (tf)) com-
mute for all a € W, all f € C=(S',R), all g € C°(S') and all ¢ € R, that is, Uy (exp(®>) (¢f)) €
Aw (I) for all T € J. By (5.3)), what above implies that

U(exp® () AU (exp' (t))" = Uw (exp'™) (¢£)) AUw (exp'™ (t£))"
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for all A € Ay (I) and all T € J. Similarly, we can prove that Uy (exp®)(tf)) € Aw-.(I) for
allt € R, all f € C*°(S1,R) and all I € J. Pick I € J and A € Aw<(I). For any I € J,
let B € Ay (I1) and choose a composition of exponentials of vector fields v such that ¥I; = I'.
Then, we have that

AZBZ" =Uw()"AUw (v)ZBZ" = Uw ()" AZUw (v)BZ"
=Uw(y)"AZB"Uw(v)Z" = Uw(v)"AZB"Z*"Uw ()
=Uw ()" ZB"Z*AUw (v) = ZBZ*Uw (v)* AUw (y)
= ZBZ*A

(5.4)

where
BY = Uw (v)BUw (7)" = U(¥)BU(9)" € Aw(I') € Av(I').

The above means that for every I € J, every A € Ay (I) commutes with Aw (I1) forall I € 7,
that is Awe C Afy .

Conversely, there exists a unitary subalgebra W of V such that A5, = As7 by Theorem
As a consequence, for every a € W and every f € C(SY), Y(a, f) is affiliated with
ZAw (SY) Z*. This implies that [Y(a,2),Y (b,w)] = 0 for all b € W by Proposition that
is, a € W¢. Therefore, we can conclude that W C W€ and thus A§, C Ay, which ends the
proof. O

5.2 Strong graded-locality by quasi-primary vectors

Let V be a simple unitary energy-bounded VOSA. Let § be a subset of V', then for every
I € J we define a von Neumann subalgebra of Ay (I) by

a€Vzng, feC=(S"), suppf C I,

A= (I =W Y ) ’Yb’
s(I) (. £), Y(b.9) beViNg, g€ CX(SY), suppg C I

(5.5)

Then, we can state the following useful criteria.

Theorem 5.2.1. Let § be a subset of a simple energy-bounded unitary VOSA V and assume
that § contains only quasi-primary vectors. Moreover, suppose that § generates V and that
there exists an I € J such that Az(I') C ZAg(I)'Z*. Then, V is strongly graded-local and
Az(I) = Ay (I) for oall T € J.

Proof. The proof is an adaptation of the one of [CKLWI8|, Theorem 8.1], which is organised in
five parts. We use the notation settled in .

Step 1. We prove two facts which will be useful throughout the proof. The net Az is clearly
isotonous and Mobius covariant thanks to Proposition It follows that

As(I') C ZA5(1)Z*  VIeJ. (5.6)

Furthermore, we can prove that Ag(I) = Ague)(I) for all I € J. Indeed, let a € § and
f € C°(S1) with suppf C I € J, then Y (a, f) is affiliated to Ag(I). Let A € B(H) be such
that Y(a, f) commutes with A and A*. Then, we have

(A*c[Y (8(a), )d) = (Y (0(a), [)d[A"¢) = (~1)*%t9 (Y (a, f)*d[A*c)
= (—1)2%t e (Ad[Y (a, f)e) = (—1)*%*de (Y (a, f)e| Ad) (5.7)
= (Y (6(a), f)*c|Ad) Ve, d eV

where we have used for the second and the last equality, whereas Lemma for the
third one. The equality above is equivalent to say that Y (0(a), f) commutes with A and A* by
Lemma Thus, we can conclude that Y (a, f) and Y (6(a), f) are affiliated to the same von
Neumann algebra, that is, Az(I) = Agus(g) (). From now onwards, we suppose, without loss of
generality, that § = 6(F).

Step 2. We prove that Az defines an irreducible graded-local Mobius covariant net on S!
acting on H. For all I € J, define Pgz(I) the algebra generated by all the smeared vertex
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operators Y (a, f) where a € § and f in C2°(S') with suppf C I. From the 6-invariance of §, we
deduce that all Pz(I) are *-algebras and moreover they have H*® as invariant domain. Then, it
makes sense to define for all I € J, Hz(I) as the closure of Pz(I)Q2. Remembering that H*> is
an invariant domain for U(y) for all v € M6b(S')®), we can apply

UMY (a", f*)---Y(a', fHQ=U®)Y (a", fHU()U(y)---Y(a', fHU()*Q

=Y(@", tan.(V)f") - Y(a', b, () FH0 (5.8)

for all v € Mob(S1)?)| where {a™, f™} is any finite collection of homogeneous elements of §
and functions in C%,(S!). Passing to the closure, it follows that U(y)Hg(I) = Hz(¥I) for all
v € Mob(S1)?) and all I € J. Then

U  UHs() =Hs == P50 (5.9)
YEMBSb(S1) ()

where Pz is the *-algebra with H> as invariant core, generated by all smeared vertex operators
Y(a, f) with a € § and f € C°(S!) without any restriction on the support. Moreover, noting
that for all a € § there exists an f € C°(S!) such that

a = a(_l)Q = Y(a, f)Q,

we can conclude that V' C Hg by the fact that § is generating. Therefore, Hz is equal to H.
Now we adapt the proof of [Bor68| Theorem 1], cf. also [Lon08b, Theorem 3.2.1], to prove that
Hz(I) =H for all I € J, that is, a Reeh-Schlieder property for fields. Fix an I € J and consider
v € H orthogonal to Hz(I). We want to prove that v = 0. Let Iy € J whose closure is contained
in I, thus there exists a neighbourhood N of 0 small enough such that r(t)Iy C I for all t € N.
We have

F(t) := wUrPt)w) =0  Vte N Yw e Hgz(I) (5.10)

because U(r(® (t))w € Hg(I) as we have proved above. The generator of the rotation subgroup
is positive by construction and therefore by [HP57, Theorem 11.4.1], F can be extended to a
continuous function, still called F', on the upper half-plane {z € C | Im(z) > 0}, which is analytic
on {z € C|Im(z) > 0}. By the identity theorem [AF03| p. 122], F' = 0, which implies that v is
orthogonal to U (r®)(t))Hg(I) for all t € R. By [Lon08bl Proposition 1.4.1], the generator of the
translation subgroup of M&b(S 1)(2) is positive. Thus we can apply the same argument above for
the generator of rotations to the generator of translations and consequently conclude that v is
orthogonal to U(y)Hz(I) for all v € Mob(S1)?), just recalling that Mob(S)() is generated by
rotations and translations. By , v is orthogonal to Hz = H, that is, v = 0. This shows that
Hz(I) =H for all I € J. Now, let a € § and Y (a, f) be affiliated with Ag(I) for some I € J.
There exists a sequence of operators {A,} C Az(I) such that lim,_, 4. Anc = Y(a, f)c for all
¢ € H™. Therefore, it is not difficult to see that Ag(1)Q N H™ is invariant for the left action
of Pz(I). It follows that Pz(I)Q C Az(I)Q2 and thus Az(I)Q2 = H for all I € J. This means
that the vacuum vector €2 is cyclic with respect to the net Az, which then defines an irreducible
graded-local Mobius covariant net on S! acting on H.

Step 3. We use the last three parts to prove that Ay (I) C Agz(I) for all I € J, which will
conclude the proof. Using the Md&bius covariance of the net Ay given by Corollary we
can restrict to prove the inclusion above for the upper semicircle Si € J only. Accordingly,
consider the Tomita-Takesaki modular theory associated to the von Neumann algebra Az(S1)
and the vacuum 2, that is, the modular operator A, the modular conjugation J and the Tomita
operator S = JAZ, see [BRO2, Definition 2.5.10]. Then, we are going to prove that ZJ defines
an antilinear VOSA automorphism of V. Let j be the orientation-reversing isometry of S*, that
is, j(z) = 27! for all z € S*. By the Bisognano-Wichmann property, see Section U extends
to an antiunitary representation of Méb(Sl)(oo) X Zo, which we still denote by U, such that
U(j) = ZJ and

ZJAZ;(NZJ = Az(j(I))  VYIeJ (5.11)
ZJU()ZJ =U(jodoj)  Vye Mob(SH)(). (5.12)

Then, we obtain that L, commutes with Z.J for every n € {—1,0, 1} (consider the one-parameter
subgroups exp(tl) as in the proof of Proposition|3.2.12[in (5.12)) and derive them for ¢ = 0). Then,



70 CHAPTER 5. FURTHER RESULTS ON THE CORRESPONDENCE

proceeding as in the first part of the proof of Proposition we have that ZJV C V. This
implies that for all homogeneous a € V', the formal series

Oo(2)i= Y ZJanZJz "% (5.13)
neZ—d,

is a well-defined field on V' and moreover

d
[L1,P.(2)] = atba(z), D, (2)Qm0 = ZJa, @ (2)Q=eTZJa. (5.14)
Noting that (A.1)) holds in the current setting, we can define, as it is done in Appendix the
smeared fields R
o(flei= > fuZJanZJc VfeCF(S') VeeV.
neEZ—d,

Recall that every ®,(f) is closable (and we use the same symbol for its closure) thanks to the
energy bounds and that they have H*° as common invariant domain. Then, note that if c € V,
we have

O, (f)c=ZJY (a,foj)ZJc  VfeCX(Sh (5.15)

thanks to the fact that Z.J is a bounded operator which preserves V. Moreover, ZJ is an
isometry which commutes with Ly and so it preserves H>°, giving us the following equality
between operators

O, (f)=ZJIY (a,fof)Z]  YfeCX(Sh). (5.16)

Now, Y (a, f o j) is affiliated to Ag(j(I)) whenever suppf C I for some I € J. Therefore, if
suppf C I for some I € J, then ZJY (a, f0j)ZJ = ®,(f) is affiliated to ZJAz(5(I))ZJ, which
is exactly Az (I) thanks to (5.11). Now, by the graded locality of Az and by a slight modification
of Proposition [3.2.15] we can prove that for all a,b € §, ®4(2) and Y (b, z) are mutually local
in the Wightman sense as defined in Appendix [Al By Proposition for all a,b € §, ®,(2)
and Y (b, z) are mutually local in the vertex superalgebra sense. Then, combine the generating
property of § and Dong’s Lemma [KacOI, Lemma 3.2], we can prove that ®,(z) and Y(b, 2)
are mutually local (in the vertex superalgebras sense) for all ¢ € § and all b € V. Noting that
®,(z) = ZJY (a,z)ZJ, we have that also Y (a, z) and ®(z) are mutually local for all a € § and
all b € V. Thus, using again that § generates V' and Dong’s Lemma [Kac0l, Lemma 3.2], we
can conclude that ®,(z) and Y (b, z) are mutually local for all a,b € V. Using the uniqueness
theorem for vertex superalgebras [KacOIl Theorem 4.4], it follows that ®,(2) = Y (ZJa, z) for
all a € V and therefore Z.J defines an antilinear automorphisms of the VOSA V.
Step 4. Now, we want to prove the useful formula:

SY (a, £)Q = Y (a, f)*Q (5.17)

for all quasi-primary element a € V and all f € C3°(S*) with suppf C Si. To this aim, fix a
homogeneous a € § and f € C2°(S!) with suppf C S_l‘_. On the one hand, Y (a, f) is affiliated
with Az(S}) and thus JAZY (a, f)Q = Y (a, f)*Q, cf. [BRO2, Proposition 2.5.9]. On the other
hand, using the Bisognano-Wichmann property for Az first and Theorem with the
linearity of the maps in after, we obtain

0ZA2Y (a, f)Q = 0Ze> Y (a, £)Q = 0(—1)2%tdey (a, f 0 j)Q = Y (a, £)* Q.
Consequently, we have, using 7
JA2Y (a, /) =0ZAZY (a, )Q = ZJAZY (a, ) = 0A3Y (a, f)Q. (5.18)

Using again that ZJ and 6 both commute with L, for all n € {—1,0,1} and the Bisognano-
Wichmann property for Az, especially the implication that A? = e* with K as in Theorem
we prove that ZJAzZ.J and 9A%0 are both equal to A~%. This implies from
that ZJY (a, f)Q is equal to 0Y (a, f)Q. Again ZJ and 6 both commute with Lo and thus
ZJY (a,iq, (1P (1)) £)is equal to 0Y (a, va, (1 (t)) f)Q for all t € R. Therefore, using a partition
of unity, we prove that ZJY (a, f)2 is equal to 0Y (a, f)Q for all f € C°(S!) and consequently
it must be (ZJ)(a) = 6(a). From the arbitrariness of a € §, which generates V' and the fact
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that ZJ and 6 are antilinear automorphism, it follows that Z.J = 6. By Theorem [4.0.4] we can
conclude that for every quasi-primary element a € V and every f € C°(S!) with suppf C S}H
Y (a, £)§2 is in the domain of the operator S and equation holds.

Step 5. In this last step, we are going to prove that Y (a, f) is affiliated to Agz(I) whenever
a € V is any quasi-primary vector, f € C$°(S') with suppf C Si and I € J containing the
closure of S}. This will bring us to conclude that Ay (1) C Ag(I) for all I € 7, proving the
theorem. Let I € J containing the closure of S} and let A € Az(I') C Az(SL). Then, using
Proposition that is, the M&bius covariance of the smeared vertex operators associated to
quasi-primary elements, there exists § > 0 such that e?*fo Ae~#L0 is still an element of Ag(S!)
for all t € (—4,0). Proceeding similarly to the proof of [CKLWI8, Lemma 6.5] (cf. proof of
Lemma , it is possible, for all s € (0,d), to construct an operator A(ys) such that (cf.
[DSWS86, Lemma 5.3] for a similar argument)

A(ps) € Az(SY),  A(ps)c € H® Vee H™, liH(l) Alps)c=Ac VceH. (5.19)
s5—

Now, let X1, X5 € P3(SL) and B € A5(S}) C ZAz(SL)' Z* by graded locality, we have

(ZX7A(ps) XoQ[SBQ) = (Z2X7A(ps)X2Q|B™Q)
= (ZZ*BZXlA( $)X20/Q)
(
(

zZX (‘pé)X2Z BQ|Q)
BQ|ZX2 (0s)* X19).

where we have used (5.19)), the properties of Z as in Section and the commutation relation
between smeared vertex operators and affiliated bounded operators. Because S is antilinear, the
equation above implies that ZX; A(ps) X2 is in the domain of S* and

S*ZXTA(ps)XoQ = ZX5 Aps)* X100 (5.20)

Fix a quasi-primary vector a € V and a function f € C3°(S') with suppf C Si. For every
X1, X2 € P3(S1) and every s € (0,6), we have the following equalities

(X1Q|A(ps)27Y (a, [)2X29) =

Q|A(<P5)XQZ* (a, £)$2)
ZX5A(ps)" X1 QY (a, £)$2)
S* ZX1 A(ps) XoQY (a, £)2)
SY (a, [)QUZXT Aps) X202)
Y(a, )" QZX] A(ps) X202)

127Y (a, f)* ZQ| A(ps) X540)
Z"Y (a, [)" ZX1QA(ps) X2€2)

19| Z7Y (a, [)Z A(ps) X202)

(X
(
(
(
(
(X
(
(X

where we have used: the twisted Haag duality (1.45) for Az with an adaptation of Proposition
for the first and for the seventh equality; ([5.20)) for the third one; equation for the
fifth one; the usual properties of Z as in Section and in general. As we have proved in
Step 2 that Pz(SL)Q is dense in H and therefore

Alp)Z*Y (a, f)ZXQ = Z*Y (a, f) ZA(p) XQ VX € P3(SL) Vs € (0,6)

which implies, thanks to the properties in (5.19), that AXQ is in the domain of Z*Y (a, f)Z for
all X € Pz(SL) and that

AZ*Y (a, f)ZXQ = Z*Y (a, f)ZAXQ VX € Pz(SL). (5.21)

Moreover, Pz(S1)Q is a core for all (Lo + 1%)* with k € Z~¢. Indeed, choose I € J such that
I C SY. Then, there exists a positive real number 5 such that eI c St for all t € (—4,6). B

the Mobius covariance of the vertex operators, U (r®)(t))Pz(I)Q C Pz(SL)Q for all t € (-4, 6),
see Step 2. From [CKLWIS8, Lemma 7.2], it follows that Pg(S1) is a core for every (Lo + 14,)*

with k € Z~( and thus it is also a core for Z*Y (a, f)Z thanks to the energy bounds of Lemma
Therefore, (5.21)) implies that AZ*Y (a, f)Z C Z*Y (a, f)ZA. By the arbitrariness of the
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choices done above, it follows that Y'(a, f) is affiliated with ZAz(I')'Z* = Az(I) (twisted Haag
duality ) for all I € J which contains the closure of SL all quasi-primary a € V and all
f € C°(S*) with suppf C SL. Applying Proposition we get that Ay (S1) C Ag(I) for
all I € J which contains the closure of Si. The external continuity holds for the net Az
thanks to its Mobius covariance and thus

[ As(D) = Az(S}).

stcr
Hence, Ay (S1) C Ag(SL), which concludes the proof. O

Remark 5.2.2. Let V be a simple energy-bounded VOSA. As a representation of the Virasoro
algebra, V is spanned by the conformal vector and by primary elements. Then, thanks to
Theorem and Remark we can deduce the diffeomorphism covariance of the net
Av,(.|)) without using the strong graded-locality assumption as it is done in the proof of Theorem

Corollary 5.2.3. Let V' and V2 be simple strongly graded-local unitary VOSAs. Then, V1QV?
is strongly graded-local and Ay 5> = Ay1@ Ay,

Proof. V1®V? is energy-bounded by Corollary Call §' and F? the sets of all quasi-primary
vectors of V! and V?2 respectively. V'®V? is generated by the set of quasi-primary vectors
T = (F @) u Q! ®F?). Moreover, Az(I) = Ay (1)®@Ay=2(I) for all I € J. In particular,
if we call Z,, Z5 and Z the operators for Ay1, Ay2 and Ayi1®Ay2 respectively, then we
have that

Az(I') = Ay (IN@Av2(I') = (Z1Avi (1) Z5) @ (Z2Av2 (1) Z3)
CZ(Avi(D)&Ay=(1)) 2* = ZA;(1) 2" VIeJ

where we have used the twisted Haag duality (1.45]) and (2.76)). Then, we get the desired result
just applying Theorem [5.2.1] O

The following result can be useful in the production of examples.

Theorem 5.2.4. Let V be a simple unitary VOSA generated by V% UV US where § C Va is
a family of quasi-primary 0-invariant Virasoro vectors. Then, V s strongly graded-local and

Ay = AV% UVLUZ -

Proof. We use the notation settled in . First, by Proposition and its proof, V is
energy-bounded and in particular, every smeared vertex operator Y (a, f) with a € V% Uuhhug
and f € C2°(S') satisfies the energy bounds (3.7) with at most & = 1. Second, using Proposition
we have that the vertex operators Y (a,z) with a € V% U V3 UF are mutually local in the
Wightman sense. Then, we use the argument in [BS90, Section 2] (based on [DF77, Theorem 3.1],
see also [GJ87, Theorem 19.4.4]) to show that the family of von Neumann algebras Ay, uv,ug (1)

with I € J satisfies the graded-locality condition required by Theorem Theref0r2e7 we can
conclude that V' is strongly graded-local and that Ay, yv,uz = Ay by the same theorem. O
2



Chapter 6

Applications

The purpose of the current chapter is multiple. In Section [6.1] and Section [6.2, we show a
systematic way to construct the most famous examples of graded-local conformal nets using all
the power given by the theory developed throughout the present thesis. Contextually, we define
and characterise a further correspondence between the two superconformal structures, which we
have in the two settings. In the last Section we introduce the rank-one lattice models and
we present the classification results given by [CGHI9].

Comparing with the local case... The local examples in Section [6.1] were already presented
in [CKLWI18| Chapter 8], but we give full details on how to construct the conformal nets from
the VOAs. The same treatment is used for graded-local examples, which are obviously exclusive
to this new setting. Similar discussion holds for superconformal structures and superconformal
examples in Section which do not have a local counterpart. We also point out that the well-
known unitarity of some VOSASs is proved relying on the theory developed in Section [2.5] giving
a different approach from the one in [AL17]. In Section we prove the strong graded-locality
of the odd rank-one lattice type VOSAs, giving also a new proof of the strong locality of the even
ones. Nevertheless, the classification results for submodels are given for even rank-one lattice
models only as presented in [CGHI].

All models constructed in the following sections refer to the representation theory of Lie
superalgebras, see [Kac77], to produce the vertex superalgebras which we need. Considering
that the way to build up vertex superalgebras from given Lie superalgebras is quite general, we
propose it just here. The following setting is a little more general than what we really need and
refers to [KacO1l, Section 4.7 and Section 3.4] and the few notions about the calculus of formal
distributions summarised in Section Our hope is to give a broader range of constructions of
examples of vertex superalgebras which rely on a general machinery. An alternative textbook to
[Kac01] is [LLO4, Section 6], where the examples of (just) VOAs which we need are constructed
in a detailed way. There, the authors list also the main references where these non-super models
are studied for the first time.

Recall that a Lie superalgebra is a vector superspace g = gz @ g7 (as usual, for p €
Zy = Z/2Z, any vector ¢ € g, has parity p(c) := p and it is called even or odd if p(c) is 0
or 1 respectively) with a bilinear operation [-,-], also called bracket or supercommutator,
satisfying:

(Parity-preserving) [a,b] € Gp(a)+p(b)

(Anticommutativity) [a,b] = —(=1)P@PO)[p g (6.1)

(Jacobi identity) [a, [b,d]] = [[a, b], ] + (—1)P@DPOb [a, c]]
for all vectors a,b € g with given parities p(a),p(b) € Zs respectively. Hereafter, with an
abuse of notation, we use (—1)P(@P®) as in to denote (—1)P«Pb, where p,,p, € {0,1} are
representatives of the remainder class of p(a) and p(b) in Zs respectively. Note also that gg is
a ordinary Lie algebra. Moreover, the multiplication on the left by elements of g induces a
structure of gz-module on g.

A Lie superalgebra g is called a formal distribution Lie superalgebra if it is spanned
over C by coefficients of a family of g-valued mutually local formal distributions {a®(z) | « € A},
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with A a set of indices. Then, g is called regular if there exists an endomorphism 7" of g over C
such that T'a®(z) = 0,a%(z) for all a € A. Equivalently, such T is an even derivation of the Lie
superalgebra g defined by Ta‘("n) = _”a((an) for all n € Z, where a®(z) = >, o, a‘()‘n)z_"_l for

all & € A. Define a T-invariant subalgebra of g by
g._={acg|TFa=0 k> 0}. (6.2)

Note that from the definition of 7', g__ contains all the coefficients a‘(*n) with n € Z>(¢ and

a € A. Consider a representation A : g__ — C of g__ such that A(T'g__) = 0. Define the
induced g-module ({-) means the ideal generated by)

VAg):==U(g)/(a ~ Ma) |a € g—-) (6.3)

where U(g) is the universal enveloping algebra associated to g (see [Jac79l Chapter V.1]), which
is usually defined by

+o0
U(g) == @g®j /(ab — (=1)P@POpg — [a,b] | a,b € g) .
j=0

It is useful to recall that, if the set of indices A is ordered (which is the case we are going to deal
with, e.g. [Kac77, Section 1.1.3]), then thanks to the Poincaré-Birkhoff-Witt theorem, see [Jac79]
Section V.2], a linear basis for U(g) is given using the ordered monomials of degree s € Z~:

{Q:=1], ap! a5 Qg < -+ <ag, nyp <o <ng (6.4)
Noting that T can be extended to U (g) and pushed down to V*(g), indicating it with 7" again, we
have the following [KacO1l, Theorem 4.7], which is obtain as a corollary of the existence theorem
for vertex superalgebras [Kac01l Theorem 4.5]:

Theorem 6.0.1. Let (g,T') be a regular formal distribution Lie superalgebra with generating set
{a®(2) | @ € A}. Then, any induced module V*(g) has a unique structure of vertex superalgebra
determined by Q = [1] as vacuum vector, the even derivation T as infinitesimal translation
operator and generated by the state-field correspondence Y(a?fl)Q, z) = a*(z) for all a € A.

Vertex superalgebras so constructed are called universal vertex superalgebras associated
to g.

Suppose also that g is graded, that is, we have a diagonalizable derivation H of g, such that
for some A, € R (which will be at most in 17 in our case)

Ha®%(z) = (20, + Ay )a®(2), (6.5)
which we can rewrite coefficient-wise as

= —nal, a®(z) = Z alz "B (6.6)

neZ—Aq

Ha

Therefore, we can implement a simple quotient on & (g) by the maximal graded ideal, which
produces a simple vertex superalgebra associated to g, which we denote by V*(g), cf. [Kac01l
Section 3.4].

6.1 Starting examples

The easiest example of a vertex (super)algebra is C itself with vacuum vector Q := 1 and
trivial structure, that is, Y (¢, z) := cl¢ for all ¢ € C and derivation T := O¢c. It is called the
trivial vertex algebra. It is clearly simple and of CFT type. Moreover, it can be made a
unitary VOA just choosing the trivial conformal vector v := 0 and the usual scalar product on
C with PCT operator given by the complex conjugation. This is also a first example of unitary
subalgebra of any unitary VOSA. It is trivially strongly local and thus define an irreducible
conformal net, the trivial net as in Section Obviously, this is an example of covariant
subnet of any graded-local conformal net too.



6.1. STARTING EXAMPLES (0]

For more interesting examples, we introduce the following vertex superalgebras, which con-
stitute the ground for constructing further ones. Specifically, we rewrite [CKLW18, Example 8.4
and Example 8.6], that is Virasoro models and the free boson respectively, with more details in
Example and Example respectively. Then, we give the simplest super model possible,
the free fermion, in Example [6.1.5] Therefore, we have Example [6.1.4] and Example [6.1.7] as
straightforward applications of Corollary Finally, we include [CKLW18, Example 8.7] in
its super counterpart in Example In the development of every example, we rely on the
general theory presented at the beginning of Chapter [6]

Example 6.1.1 (Virasoro models). The Virasoro algebra is the infinite dimensional Lie
algebra

Viv := (P CL,, & CC (6.7)
meZ

with commutation relations:

m3—m

_ /
12 Om,—nC Ym,n €

[Lmv Ln] = (m - n)LTTH-TL + (68)
=0.

[Bir, C] :
This Lie algebra can be realised as a central extension of the Witt algebra, see e.g. [Kac95|

Section 7.3] and [KR87, Lecture 1] or [CKLWTS|, Section 3.1] for a quick survey. (Uir,adL_1) is
a regular formal distribution Lie superalgebra (adL_; is the adjoint action of L_1) such that

Vie__ = P CL,&CC,  adL_,(Vir__) = (P CL,. (6.9)

n>—1 n>—1
Consider the universal enveloping algebra U (Uir) associated to Uir with 2 := [1] and define
Ve(Bir) := U(Viv)/(C — ¢, L, |n>-1) VeeC, (6.10)

which are constructed from the Wiv__-representations A. on C such that A.(Tir__) = 0 and
Ae(C) = ¢ respectively. V¢(Uir) has a structure of vertex algebras for all ¢ € C: it is linearly
generated by the ordered elements

{Q, Ly, LpQ|m < <ny < -2} (6.11)

where Q is also the vacuum vector, T'= L_; (that is, the multiplication by L_;) is the infinites-
imal translation operator and the state-field correspondence generated by v := L_5():

Y(v,2) = Z Vmz "l = Z L,z "2, (6.12)

nez ne”Z

It is also clear that Uiv is graded by ad Ly, making the simple graded quotient V¢(ir) of YN/C(QTit)
be a simple VOA with central charge ¢ € C of CFT type, where v is the conformal vector, see
[Kac01l Example 4.10]. Indeed, we have

Lo(Ln, L, Q) = (=Y nj)Ln, -+ Ln,Q Vs €Zx. (6.13)
j=1

L(c) := V°(ir) are called Virasoro vertex operator algebras. To put a unitary structure
on L(c), it is convenient to introduce the following Verma modules associated to Qit:

Vie,h) = U(Bir)/(C —c, LoQ—hQ, L,Q|n>1) VeeC VheC. (6.14)

Every V(c, h) contains a maximal ideal J(c, h), see [KR8T7, Proposition 3.3(c)], so that we can
define the corresponding irreducible Qit-module L(c, h) := V(c,h)/J(¢c,h). Note that for all
c € C, L(c,0) = L(c) thanks to [Wan93, Lemma 4.2]. It is known, see [LL04, Theorem 6.1.9 and
Theorem 6.1.12], that for all ¢ € C, V' (¢, h) and L(c, h) are L(c)-modules for all h € C. Moreover,
L(c,h) for all h € C exhaust all the irreducible L(c)-modules up to module isomorphism. By
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IKR&7, Proposition 3.4], we can construct a Hermitian form (-|-) on V' (¢, h), provided that ¢ and
h are real numbers, such that

Q1) =1, (Lpald) =(a|L_pb) Va,beV(e,h), Ker(:])=J(c,h). (6.15)

Furthermore, it can be pushed down to a non-degenerate Hermitian form on L(c, h) for all ¢ and
hin R. By [KRS&7, Proposition 8.2 and Theorem 12.1], such non-degenerate Hermitian forms on
L(c, h) are positive definite if and only if

c>1 and h>0 (6.16)
_ 6 _ ((m4+1)p—mgq)®~1 :

em =1= oy and hyg(m) = Semm i —
forallm > 2and 1 < ¢ < p <m—1. In other words, L(c, h) has a scalar product whenever (c, h)
is as in (6.16). To sum up, for all values ([6.16]), L(c) is a simple VOA of CFT type, equipped
with a normalized scalar product and generated by the Hermitian quasi-primary field Y (v, z),
that is, L(c) is a simple unitary VOA using Proposition Moreover, it is possible to prove
that every L(c,h) is a unitary L(c)-module whenever we have (6.16]), see [DL14, Theorem 4.4].
We point out that the unitarity of the Virasoro models was proved in [DLI4, Theorem 4.2] by
finding an explicit formula for the PCT operator. Indeed, this is the antilinear map which acts

on generators as the identity:
O(Lyy -+ Ln, Q) =Ly, -+ Ly, Q@ Vngp <o <pg < =2 (6.17)

When c is as in , we can use Theorem to deduce that L(c) is strongly local and
construct the irreducible conformal net Vir, := Af.), which is the well-known Virasoro con-
formal net of central charge c¢. Every Vir. is the irreducible conformal net generated by the
positive-energy strongly continuous projective unitary representation of Diff 7 (S1)(°) and thus
it is also an example of covariant subnet of any graded-local conformal net. In complete analogy,
every L(c) is a non-trivial example of a unitary subalgebra of any unitary VOSA as the one
generated by its conformal vector.

Example 6.1.2 (The free boson). Let h be a complex one-dimensional vector space, equipped
with a non-degenerate symmetric bilinear form B(-,-). We obtain a particular type of infinite
dimensional Lie algebra, known as an affine Kac-Moody algebra (see [Kac95]), implementing a
central extension of the affinization of h. Specifically, we have the complex vector space

h:=bocC[tt']eCK (6.18)
with the commutation relations: for every x € h and every m € Z, define z,,, 1= x ® t"*, then

[@m, by = MO, —nB(a,b) K Ya,beh Vm,ne€Z

K] = 0. (6.19)

h is known as an oscillator or Heisenberg algebra. We choose the generator J € h such that
B(J,J) =1, calling it the current vector of fj (see Example for this choice of the name).
(h, —0:) is a regular formal distribution Lie superalgebra such that

b =hecClHleCK, abh _=hacC[]. (6.20)
Consider the universal enveloping algebra U (6) and define the G—module
Vb)) :=U(B)/(K =1, Jp | m > 0), (6.21)

which is obtained from the h__-representation \; on C such that /\1(8t6__) =0and \(K) =1.
Then, V1(h) has a structure of vertex algebra: it is linearly generated by the ordered elements

{Q7 Jm,1 o 'Jm,SQ | mi S e S mg S *1} (622)
where () is the vacuum vector, T is induced by —3d, and the state-field correspondence generated
by

Y(JaQ2) =Y (JaQmez " =) Juz " (6.23)
nez nez
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V1(h) is also simple thanks to [KacOI, Theorem 3.5] or [LL04, Theorem 6.3.9]. By [Kac0ll
Proposition 4.10(a)] or [LL04, Theorem 6.3.2], V1(h) is a simple VOA with central charge ¢ = 1
of CFT type, where the conformal vector is given by v := %J,l J_1Q and

Lo(Jmy - T, Q) = (= > m) oy - Jm, Q0 Vs € L. (6.24)
j=1

M(1) := V(f) is called oscillator or Heisenber vertex operator algebra. By [KRR&7
Proposition 2.2 and Corollary 2.1], M (1) can be equipped with a scalar product such that
(QI2) =1 and (Jpalb) = (a|J_pb) for all a,b € M (1) and all n € Z. Therefore, using Proposition
M (1) is a simple unitary VOA. As for the Virasoro algebra, Example the unitarity
of M(1) was already proved in [DL14l Proposition 4.9], identifying the PCT operator 6 as the
antilinear operator such that

O(Jmy - I, Q) = (=1)° Ty -+ I [ Q Ymy <o <mg < —1. (6.25)

By Theorem M (1) is a simple strongly local unitary VOA and thus there exists an irredu-
cible conformal net Aj;(1). Such net is usually called A () in the conformal net theory, known
as the free Bose chiral field net or U(1)-current net, see [BMTS8S8| Section 1B]. Those names
derived from the fact that Ay ;) describes the chiral field theory of a free boson, also called
current in a more general fashion, which is represented by the vertex operator Y (J_1, 2).

Remark 6.1.3. We want to point out here a fact about the construction of the VOA of Example
Define the following Verma modules associated to bh:

Mkh):=UWb)/(K—k, Jo—h, Jn|m=>1) VkeC YheC. (6.26)
We have that for all k # 0, M (k,0) is a simple VOA, which is also isomorphic to M (1). M(0,0)
is a vertex algebra which simple quotient is the trivial vertex algebra, see [LL04, Theorems 6.3.2,
6.3.9 and Proposition 6.3.10] or [Kac0ll, Theorem 3.5(a) and Proposition 4.10(a)]. This means
that if we consider M (k,0) for any k € C\{0} in place of M(1) in Example we will obtain
the same conformal net theory. Instead, for any fixed k # 0, M(k,h) for all h € C exhaust
all the irreducible M (1)-modules up to module isomorphism thanks to [LL04, Theorem 6.3.9].

Moreover, such modules are all unitary whenever h > 0 thanks to [DL14} Propositions 4.9 and
4.10], cf. [KR87, Proposition 2.2 and Corollary 2.1].

What below is a straightforward application of Corollary
Example 6.1.4 (d free bosons). Applying Corollary to Example we have that

M) =@ M(1)  Vde Zsg (6.27)

are simple unitary VOAs with central charge ¢ = d, which are also strongly local. Moreover, the
corresponding irreducible conformal nets satisfy

d
AdU(l) = ®AU(1) = Anr(1) Vd € Zso . (6.28)

Jj=1

A‘é(l) represent the chiral field theory of d free bosons and thus we call them the d free bo-

sons net. An equivalent way to construct M(1)? is implementing a similar construction of
Example [6.1.2] starting differently with a d-dimensional complex vector space b, still equipped
with a non-degenerate symmetric bilinear form. In that case, what we obtain is a simple unitary
VOA isomorphic to M(1)? (see [DL14, Propostion 4.10]) and therefore the same corresponding
conformal net theory.

Example 6.1.5 (The free fermion). Let A be a complex vector superspace, such that Az = {0}
and dimc A7 = 1. Suppose that A is equipped with a non-degenerate skew-supersymmetric
bilinear form B(-,-), which turns out to be a non-degenerate symmetric one on Ay because

B(p,¥) = —(-1)P'B(y, ) = B(ih, )  Vp,ih € A. (6.29)
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We consider the Clifford affinization of (A, B(-,-)), i.e., the Lie superalgebra
fi=A®cC[t,t™'|®CK (6.30)
with commutation relations:

[(pm7wn] = B(@aw)ém,an V@,w €A Vm,n e Z— %
i, K]:=0

(6.31)

where 4, =y @ ™2, p(ym) = 1 and p(K) =0 for all y € A and all m € Z — 1. f is known
as the fermion algebra and the basis element ¢ € A such that B(p,p) = 1 is called the
supercurrent vector of A (see Example for this choice of the name). (f, —d;) is a regular
formal distribution Lie superalgebra such that

f__=A®cCltl®CK, f__=AxcC[]. (6.32)

Consider the universal enveloping algebra U(f) and the Verma module

), (6.33)

N[ =

Vi) =U{/K —1, om|m >

which comes from the f_ _-representation A; on C such that A;(9¢f-—) = 0 and A (K) = 1. Then,
V1(§) has a structure of vertex superalgebra: it is linearly generated by the ordered elements
with parities

1
{Qv Sp’rnl e QOWLSQ | mi S e S meg S _5}7 p(‘p’ml e SOWLSQ) =s5€ ZZ (634)
where ) is the vacuum vector, T is induced by —0; and state-field correspondence obtainable
from )
— —n—1 _ —p—1
Y(p_19,2) = (p_1Q(m)2 = > opz "I, (6.35)
nez nEZ—%

Actually, V1(f) is simple, see [KacOlI, Theorem 3.6] and carries a structure of VOSA of central
charge ¢ = % of CFT type by [KacOIl Theprem 4.10(b)]. Specifically, the conformal vector is
V= %@7%@%9 with

Lo(@my -+ 0m, Q) = (= Y m)m, -+ om, Q. Vs € Lxg. (6.36)
j=1

F = ‘71(f) is known as the neutral or real free fermion vertex operator superalgebra.
It is known, e.g. [KT85 Section 4] or [KR87, Lecture 4], that F has a scalar product (-|-) such
that

Q) =1
1
(omald) = (a|lp_mb) VmeZ— 5 Ya,b e F (6.37)
(Lpalb) = (a|L_,b) VYn € Z Va,b e F.

Therefore, F' has a unitary structure thanks to Proposition because it is generated by its
%—eigenspace F% = Cyp. Also in this case, the unitarity of F' was already well-known thanks to
[ALI7, Theorem 2.7], which gives us the PCT operator, that is, the antilinear map 6 defined by
the following action on ordered generators of F":

O(omy = Pm. ) = (=1)°0m, = O, Vs € Zxo - (6.38)

By Theorem F' is a simple strongly graded-local unitary VOSA and thus we have a cor-
responding irreducible graded-local conformal net F := Ap, known as the neutral or real free
fermion net. F is exactly the net of graded-local algebras of the chiral Ising model affiliated
with the Majorana field, which gives the generators of the Araki’s self-dual CAR-algebra, see
[Boc96l, Section 2.1] and [Ara70), Section 2]. In particular, the Majorana field ¢ (z) in [Boc96l
Section 2.1] is our supercurrent Y(p_19,2).
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Also for the free fermion, we have the corresponding of Remark and Example
Remark 6.1.6. With the notation as in Example define the f-modules

Fk) == UG /K — &, om|m > %> VkeC. (6.39)

We have a structure of simple VOSA of CFT type with central charge ¢ = 1 on every F(k) for

all k € C\{0}, whereas F'(0) is a vertex superalgebra which is not simple, see [Kac0ll Theorems
3.6 and 4.10(b)]. For all & € C\{0}, it is not difficult to verify that there exists a VOSA
automorphism ¢, between F' and F'(k) defined by

De(Omy - Pm. Q) = kT2, - P, 0 Vs € Zso - (6.40)

It follows that F' and F'(k) give rise to the same graded-local conformal net theory F whenever

k € C\{0}.
Example 6.1.7 (d free fermions). Applying Corollary to Example we obtain that

~d
Fli=@) _F  VdelZsy (6.41)

are simple strongly graded-local unitary VOSAs. In particular, their associated irreducible
graded-local conformal nets are

~ d
_/——'d = ®j:1]: = AFd Yd e Z>0 . (642)

Obviously, F? represents the graded-local conformal net theory of d free fermions and it is called
the d free fermions net. Specifically, 72 is known as the charged or complex free fermion
net. Note that we can obtain every VOSA F? starting in Example with a complex vector
superspace A such that A = {0} and dimc A7 = d, equipped with a non-degenerate skew-
supersymmetric bilinear form, which amounts again to a non-degenerate symmetric bilinear
form on As.

Of course, we can produce far more examples picking graded-local tensor products of free
fermions, free bosons, Virasoro models or other well-known ones. The following is an example of
that.

Example 6.1.8 (Current and supercurrent algebra models). Let g = g5 & g7 be a finite
dimensional simple Lie superalgebra such that [g1, g7] = 0 and with a non-degenerate symmetric
bilinear form B(-, ) such that

B(gﬁv QT) =0, B([a»sﬁ}ﬂ/’) = B(@v [GJ/J]) Va € 90 Vo, € 97 (643)

According to [Li9) Section 4.3], the restrictions of B(-,-) to gy and gy amount to a non-
degenerate symmetric invariant bilinear form B(-,-)5 on gz and to a non-degenerate symmetric
bilinear form B(-,-)7 on the gg-module gy such that

B(a'@aw)T:B(@va'w)T VCLEgﬁ v@v"/} SN (644)

Set dg := dimc gg and dy := dimc gy. Consider the central extension g of the loop superalgebra
associated to g, that is, the Lie superalgebra

g:=g®cC[t,t '] ®CK (6.45)
with the following commutation relations: for every x € g5,y € g7, m € Zand n € Z — %, define
T = T @ t™ with p(z,,) := 0 =: p(K) and y, := y @ t"~ 2 with p(y,) := 1, then

[@m, bp] == [a, D] mtn + M, —nB(a,b) K Va,b € gg Ym,n €Z

1
[@m, pn] = [a, Olmin Vac gy Voegr VmeZ VneZ—i
(6.46)

1
[omsn] = Blo,¥)K Vo, € gy VmneZ -3
[6,K]:=0.
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g is called a supercurrent algebra. Accordingly, even and odd elements of a fixed orthonormal
basis {J1,...,J% ¢! ... ¢} for g are called current and supercurrent vectors respectively.
Note that if dy = 0, we are in the case of Examplewith d = dy. Similarly, if dy = 0, Example
with d = dj is a special case of the present example, namely when gg is a commutative Lie
algebra. Anyway, (g, —0;) is a formal distribution Lie superalgebra such that

g =g@cCt]oCK, g =g[t] := g®cCt]. (6.47)

Let us consider the universal enveloping algebra U(g) and the following Verma modules at level
k € C associated to it: B

VE(g) = U(@)/(K — k., glt]). (6.48)
which are clearly obtained trough the g__-representations A, on C such that A\ (g[t]) = 0 and

M (K) = k respectively. Every 1 (g) has a vertex superalgebra structure: it is linearly generated
by the ordered elements with parities:

J1 ... Jis pha oL Sher J1<<js<dg hi<---<he<dy
{9, iy iy - Pl 2 20 ncgn, <1 )

) ) (6.49)
DU, -+ T ol - ) =T € 2y

where 2 is the vacuum vector, T' is induced by —0; and the state-field correspondence obtained
from

V(10,2 =Y (2 Qz " =) gl Vie{l,....dg}

neZ neEZ
Cpl (6.50)
V(e 192 => (¢ Q"= > ez Ve (.. di}
neL n€Z—%

Note that H = —td; makes g be graded, so the simple quotients V*(g) for all k¥ € C are simple
vertex superalgebras. [[i96l Proposition 4.3.6] says that, for any fixed k € C, V*(g) is isomorphic
to the tensor product V* (99) ®@F%. Let hY be the dual Coxeter number associated to the pair
(g5, B(+, ")), see [Kac95, Chapter 6]. By [Kac0I, Theorem 5.7], if k # —h", then every V¥(g5) is

a simple VOA with central charge ¢, = % of CFT type. In particular, the conformal vectors
are given by

dy

1 S
k._ U o) —hY 51
= ) ;J_IJ_l Vk # —h (6.51)
and .\
Lo(J3 - T3 Q) = (= > my) it -+ Ji: Q@ Vs € Lxg. (6.52)

V*(g5) are called current vertex operator algebras. Consequently, V*(g) are also simple
VOSAs with central charge ¢, = % + kﬁ_% of CFT type, called supercurrent vertex operator

superalgebras. If k € Z~q and k # 0, then, see [Kac95, Theorem 11.7], V*(g5) has a scalar
product such that (eventually changing the linear basis of gg)

Q) =1

) . 6.53
(J2alb) = (a]J”,,b) Vi€ {l,...,ds} Vn€Z VYa,bec V¥ (gg). (6.53)

Therefore, thanks to the fact that V*(ggz) is generated by V*(g5)1 = @;'%:1 CJ7,Q, which give

rise to Hermitian fields, we have that V* (gg) is a simple unitary VOA by Proposition Note
that [DLI4l Theorem 4.7] gives us also the PCT operator 6 on ordered (eventually changed)
generators:

0, m — (C1)R - TEQ Vs € s (6.54)
Further, by Theorem [5.2.4) m is a simple strongly local unitary VOA whenever k € Z~q

and k # —h". By Corollary |5.2.3] 3 and Example it follows that V*(g) is a simple strongly
graded-local unitary VOSA Whenever k € Zwg and k #—hY. Aykg) = Avr (g0 ® F4 are known
as supercurrent algebra nets. Ay ) are usually called Ag,, that is, the loop group
conformal nets associated to the level k positive-energy representation of the loop algebra of
G, which is the compact connected simply connected real Lie group underlying gg, see [CKLW1S|
Example 8.7] and references therein.
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6.2 Superconformal structures and further examples

We relate the superconformal structures which naturally arise in the graded-local conformal
net and VOSA theories, see [CHLIS, Definition 2.11] and [Kac01l Definition 5.9] respectively.
To do this, we have to introduce the super-Virasoro models first:

Example 6.2.1 (N = 1 super-Virasoro models). The Neveu-Schwarz or N = 1 super-
Virasoro algebra NS is the Lie superalgebra

even odd

NS =@ CL,eoCCo P CG, (6.55)

meZ nEZ—%

with commutation relations:

m?’—m

12

[Lin, L) = (m — n)Lppgn + Im,—nC VYm,n € Z

1
(Lo, G := (m —n> Gin VMEZLVRETL— =
2 2 (6.56)
1 5 1 1
[Gﬂh Gn] = 2Lm+n + g m- — Z 6m,—no Vm,n cZ— 5
[NS,C]:=0.
(NS,adL_1) is a regular formal distribution Lie superalgebra such that
NS__= P cL,ecca P CG,
m>—1 nZ—%
(6.57)
adL_\NS__ = P CL.& € CG...
m>—1 n>—21

Let U(NS) be the universal enveloping algebra of N.S and define the Verma modules associated
to NS:
VE(NS):=U(NS)/{C-c, P CLno @ CG.) VeeC, (6.58)

m>—1 n>-3%

which is obtained from the N.S__- representations A. on C defined by A.(adL_1NS__) = 0 and

Ae(C) = c respectively. The vertex superalgebra structure on every V¢(NS) is given by: the
following is a set of ordered linear generators with parities

my < <my<—2

{Q, Ly, -+ L, G, -+ Gn, Q| n1<-<n,<—3%

(6.59)
P( Ly L, Gny -+ G, Q) =T € Zsg .
where () is the vacuum vector, T := L_; and state-field correspondence obtainable from
Y(v,z2):= Z 1/(”)27"*1 = Z Lpz "2, v:=L_50
ne nez (6 60)
Y(r,2):= ZT(n)z_"_l = Z an_"_% , T = G_%Q. ’
nez nEZ—%

NS is graded by adLy and thus the simple quotients V¢(NS) produce simple VOSAs with
central charge ¢ € C by [Kac01, Theorem 4.7 and Lemma 5.9], see also [Li96] Section 4.2] and
[KW94l Section 3.1]. Specifically, the conformal vector is v = L_5Q and 7 := G_ %Q is called
a superconformal vector. Note from the commutation relations 7 that 7 is a primary
vector:

Ll’T:*[G_%,Ll]QZQG_%Q:O, LQTzf[G_%,LQ]Q: gG%QZO (661)

The %Z—grading is given by the following action on the ordered generators

Lo(Lim, -+ Lin Gy -+ G, Q) = [ =D my = nj | Ly - Lo, Gy - G, 0, (6.62)
j=1 j=1
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where s,r are non-negative integers. Moreover, by [FQS85|, [GKOS86l Section 4], [KW86, The-
orem 5.1], if
. 3 3 8

either 022 or C—2<1 m(m+2)> m>2, (6.63)
then there exists a scalar product on V¢(NS) with respect to which Y (v,z) and Y (7, z2) are
Hermitian fields. Using Proposition V¢(NS), which is generated by v and 7, is a simple
unitary VOSA, provided that c is as. [ALI7, Section 2.2] gives an alternative way to
prove the unitarity of V¢(IN.S). In particular, the former shows that the PCT operator is the
antilinear map which acts as the identity on ordered generators. It follows from [CKLOS8, Egs.
(26) and (27)] and Proposition that V¢(NS) is energy-bounded and Ay-«(yg) corresponds
to the Neveu-Schwarz algebra or N = 1 super-Virasoro net SVir, constructed in [CKLOS|
Section 6.3], which is an irreducible graded-local conformal net for all ¢ as in by [CKLOS,
Theorem 33] (in particular, V¢(N.S) is strongly graded-local, see [CKLO0S8, p. 1100]).

The example of the N = 1 super-Virasoro models enables us to talk about the superconformal
structure in both graded-local conformal net and VOSA settings. The question is whether a given
VOSA or graded-local conformal net contains also a N = 1 super-Virasoro theory in addition
to the Virasoro one. This is relevant when it comes to supersymmetry in CFT. The precise
definitions are as follows, see [CHL15, Definition 2.11] and [Kac01l Definition 5.9] respectively:

Definition 6.2.2. A graded-local conformal net A with central charge c is said to be N =1
superconformal if it contains SVir. as Mdbius covariant subnet and

U(Diff ™ (1)) ¢ SVir.(I) C A(I) YIeJ (6.64)

that is, SVir. contains the Virasoro subnet Vir. (see Example [6.1.1) given by the conformal
symmetries.

Definition 6.2.3. A VOSA V with central charge ¢ is said to be N = 1 superconformal
if there exists a superconformal vector 7 associated to the conformal vector v, that is, the
operators GG,, with n € Z — %, given by Y(7,2) = Znez_% Gnz "3, satisfy the Neveu-Schwarz
Lie superalgebra relation . If V' has an invariant scalar product with respect to which 7 is
PCT-invariant, then we say that V is a unitary N = 1 superconformal VOSA.

Accordingly, if V' is a simple N = 1 superconformal VOSA with central charge ¢, then the
generated vertex subalgebra W ({v, 7}) is isomorphic to V¢(NS) of Example

Remark 6.2.4. Trivially, V¢(NS) with ¢ € C\{0} is a simple N = 1 superconformal VOSA,
which is unitary whenever ¢ is as in (6.63]). For ¢ as in (6.63), every SVir, is an N = 1 super-
conformal net.

To state a correspondence between the two superconformal structures, we need the following
result:

Lemma 6.2.5. Let V¢(NS) be the Neveu-Schwarz VOSA with central charge ¢ € C\{0}. If
g 1s either a linear or an antilinear automorphism of the vertex superalgebra V¢(NS), which
preserves the conformal vector, then g(7) = 7.

Proof. By construction, VC(NS)% = Cr, where 7 = G_3€). This means that there exists
a € C\ {0} such that g(7) = ar. By commutation relations (6.56]), we have that

Gar=2v = ang%T = g(GL%T) =29(v)=2v= G 17
which implies @ = +1, that is, the desired result. U

Corollary 6.2.6. Let V¢(NS) be the unitary Neveu-Schwarz VOSA with the central charge ¢
as in the unitary series (6.63). The unitary structure of VC(NS) is unique with the unique
PCT operator 0, given by the antilinear map which acts as the identity on ordered generators.
Furthermore,

Aut(VE(NS)) = Aut(.)(VE(NS)) = Aut(SVir.) = Zs .
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Proof. From Theorem [2.4.5|and Proposition[2.4.2] we obtain the uniqueness of the unitary struc-
ture. The explicit form of 6 is already given by [ALI7, Theorem 2.6]. Anyway, it follows easily
from applied to 7 and the fact that 7 gives rise to a Hermitian field, see Example
which implies also its uniqueness. The last part is obtained by Theorem [3.2.19 O

Now we can prove the following correspondence:

Theorem 6.2.7. Let V be a simple N = 1 superconformal VOSA equipped with an invariant
scalar product (+|) and PCT operator 0. If W ({v,T}) is a unitary subalgebra of V', then V is a
simple unitary N = 1 superconformal VOSA. Furthermore, V is a simple strongly graded-local
unitary N = 1 superconformal VOSA if and only if Ay is an irreducible N = 1 superconformal
net.

Proof. By construction, W := W ({v, 7}) is isomorphic to a Neveu-Schwarz VOSA V¢(NJS) for
some ¢ € C\ {0}. Moreover, ¢ must be a positive real number because of

0< (vv) = (L_oQv) = (QLov) = g

by [Kac01l Theorem 4.10 (a)]. The PCT operator 6 of V restricts to an antilinear automorphism
of W because W is unitary. By Lemma [6.2.5] 6(7) = 7, otherwise from (2.72)) applied to 7 and
[Kac0O1l Proposition 5.9 (ii)], we have that

0<(r|r) = (G_%Q|T) = (Q|(9T)%T) =-3 <0

which is impossible. This means that Y (7, z) is a Hermitian field of V' and thus of W with respect
to (-|-). Hence, (W, (+]-)) realises a unitary representation of NS and therefore ¢ must be in the
unitary series , see Example and references therein. This implies that V is a simple
unitary N = 1 superconformal VOSA.

Now, suppose that V is a simple strongly graded-local unitary VOSA. On the one hand, if
V' is also unitary N = 1 superconformal, then by Theorem W = W({v,7}) gives rise to
a covariant subnet Ay, of Ay, containing the Virasoro subnet Vir, arisen from the conformal
vector v € W. Then, Ay is a N = 1 superconformal net. On the other hand, if Ay is a
N = 1 superconformal net, then it contains the covariant subnets Vir. C SVir. for some c as in
(6.63). By Theorem the latter nets must derive from unitary subalgebras L(c) = W ({v})
(see Example and W := W({y,7}) for a superconformal vector 7 respectively. By the
discussion above, 7 is f-invariant and thus V' is unitary N = 1 superconformal. O

Now, we are going to look at those automorphisms in the VOSA and the graded-local con-
formal net setting which preserve the respective superconformal structures.

Definition 6.2.8. Let V be a N = 1 superconformal VOSA. We define Aut®**(V') as the closed
subgroup of Aut(V') formed by those automorphisms which preserve the superconformal vector.

If V is unitary, we set
Aut) (V) = Aut™ (V) N Aut (V).

Thus, we have a result similar to Theorem [2.4.5

Theorem 6.2.9. Let V be a unitary N = 1 superconformal VOSA. Then, Aut{],(V) is a
compact subgroup of Aut(V). Moreover, if V is simple, then the following are equivalent:

(i) (-|-) is the unique normalized invariant scalar product which makes V' a simple unitary
N =1 superconformal VOSA;

(i) (-|) is the unique normalized invariant scalar product on V such that the corresponding
PCT operator 0 fixes the superconformal vector T;

(i1i) Aut{, (V) = Auat™(V);
(i) 0 commutes with every g € Aut®>(V);
(v) Aut® (V) is compact;

vi) AutiS (V) is totally disconnected.
¢1)



84 CHAPTER 6. APPLICATIONS

Proof. The first claim follows from Theorem [2.4.5] For the “TFAE” part, we straightforwardly
adapt the proof of [CKLW18, Theorem 5.21]. We prove the following implications:

(1)< (ii) is trivial by Definition

(ii)=(iil) follows from the fact that if there exists g € Aut™(V)\ Aut(fy,,(V), then (g(-)|g(-))
defines a new invariant scalar product on V', which is different from (:|-) and such that the
corresponding PCT operator g~ '6g fixes 7.

Regarding (iii)<(iv), we have that g € Aut® (V) is unitary if and only if (gfa|gb) = (a|b)
for all a,b € V. On the other hand, (Aga|gb) = (falb) for all a,b € V thanks to (ii)«<(iii) of
Corollary It follows that g is unitary if and only if it commutes with 6.

(iii)=-(v) is immediate from the first part. Checking the construction of the automorphism
h € Aut(V) of Proposition in the proof of [CKLWI8, Proposition 5.19], we note that
h € Aut®*(V) if we are dealing with PCT operators which preserve 7. Then, the proofs of
(v)=(ii) and (vi)=-(ii) are as in the proof of [CKLWIS8| Proposition 5.21]. Also (iii)=(vi) is
proved as in [CKLW18| Proposition 5.21]. O

Definition 6.2.10. If 4 is a N = 1 superconformal net, denote by Aut®*(A) the group of those
automorphisms of the net which fix the elements of the covariant subnet SVir,.

Note that Corollary says us that, whenever ¢ is chosen as in (6.63)), then
{lveng)} = Aut?,cl,)(Vc(NS)) = Aut®*(V4(NS)) = Aut®*(SVir,.) . (6.65)
More generally, proceeding similarly to the proof of Theorem [3.2.19] we have that:

Theorem 6.2.11. Let V' be a simple strongly graded-local unitary N = 1 superconformal VOSA.
Then, Aut(()) (V) = Aut™(Ay). Moreover, if Aut™ (V) is compact, then Aut* (V) = Aut™(Ay).

Now, we can present further models, which show also a superconformal structure.

Example 6.2.12 (Kac-Todorov models). We present a special case of Example known
as Kac-Todorov models, see [KT85], [KW94, Section 2.1] and [KacOll, Theorem 5.9]. These
objects occur when the Lie superalgebra g = g5 @ g7 is chosen such that g7 is the adjoint module
of gg, in which case g7 = gy as vector spaces and d := dg = dy, see [Li96, Remark 4.3.9]. The
corresponding supercurrent algebra nets Ay« () = .Aw(%) ® F? are exactly the ones constructed
in [CHLIS, Section 6], see also [CHI7, Example 5.14]. Moreover, those supercurrent algebra
nets are irreducible N = 1 superconformal nets as proved in [CHL15, Proposition 6.2], thus
the corresponding Kac-Todorov models V*(g) are simple unitary N = 1 superconformal VOSAs
thanks to Theorem [6.2.7

Example 6.2.13 (N = 2 super-Virasoro models). The Neveu-Schwarz N = 2 super-
Virasoro algebra N2 is the Lie superalgebra

even odd

N2:=@PCL,aPCl.aCCo P 6o P CG,

meZ meZ n€Z—% n€Z—1
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with the commutation relations:

m3 —m
12

Ly, GE] 1= <ZL >G$,§+n N/ VneZ—%

Ly, L) := (m —n) Ly + Om,—nC VYm,n € Z

[Lm, Jn] = _nJern Vm,n € Z
1

1 1
(G, G ) i= 2L n + (M — 1) Ty + 3 <m2 - 4) bm—nC Vmn€Z—3 (6.66)

1
(GE,J,) == FGE ., ¥meZ - Vel

1
GE,.GY =0=[G,,,G;] Vm,nEZ—§
[N2,C]:=0

The construction of the unitary VOSA structure is similar to the one of Example [6.2.1] so we
just sketch it here in the following. For every ¢ € C, we define:

VeN2):=UN2)/( @ CLme @ Clno @ CGio @ CG,, C-o
meLso—1 meEZLx>o n€L>o—% nE€L>o—%
where U(N2) is the universal enveloping algebra of N2. Then, the maximal quotient module
V¢(N2) has a structure of simple VOSA with central charge ¢ € C of CFT type, where v = L_1{2
is the conformal vector, see [KacOIl, p. 182]. V¢(NS) are call N = 2 super-Virasoro vertex
operator superalgebras. About unitarity, V¢(N.S) is a simple unitary VOSA whenever the
central charge c is in the range:

3n
> .
2 Vn >0, (6.67)

see [CHKLX15, Theorem 3.2] and references therein. Note that
Y(v,2), Y(J_12,2), Y(G ;Q,2) and Y(GT,Q,2)
2 2

either ¢>3 or c=

are Hermitian fields. Now, energy-bounds are given by [CHKLXT5l Eq. (3.1)] and Proposition
whereas the strong graded-locality is (in the proof of) [CHKLX15, Theorem 3.3]. For all ¢
as in ([6.67), we denote the irreducible graded-local conformal net Ay yo) by SVir2., known as
N = 2 super-Virasoro net. Note that N2 is a simple N = 1 superconformal VOSA because
it contains the Neveu-Schwarz N = 1 super-Virasoro algebra NS of Example setting
G = % (G} + G,,) for all m € Z — 1. According to Theorem if ¢ is as in (6.67), then
V¢(N2) is a simple unitary N = 1 superconformal VOSA and SVir2. is a N = 1 superconformal
net.

Remark 6.2.14. In complete analogy with the N = 1 superconformal structure introduced
in Definition and Definition we can define, using the Neveu-Schwarz N = 2 super-
Virasoro algebra N2, the N = 2 superconformal nets and the unitary N = 2 supercon-
formal VOSAs as done in [CHKLX15l Definition 3.5] and [KacO1Il Section 5.9] respectively.
Also in this case, we have a complete correspondence between the two N = 2 superconformal
structures in complete analogy with Theorem In particular, N2 contains a copy of NS
as unitary subalgebra as explained in Example [6.2.13] Therefore, thanks to Theorem [5.1.1
every N = 2 superconformal net is also NV = 1 superconformal as well as every unitary N = 2
superconformal VOSA is a unitary N = 1 superconformal VOSA.

Remark 6.2.15. Let Vi,, be the even rank-one lattice type (simple unitary) VOA associated
to the lattice Lon (see e.g. [CGHIY, Section I1.B] and references therein) and let V*(g) be the
simple unitary VOA constructed from the Lie algebra g := sl(2,C) at level k as in [CKLWIS|
Example 8.7]. The interesting fact here is that, for all ¢ = 3+”2 with n € Z>¢, the simple unitary
VOSA V¢(N2) can be constructed as the coset of the unitary subalgebra Vi, ., of the tensor
product V"(g) ® F?, where F? is the charged free fermions of Example see [CHKLX15,
Theorem 3.2] and references therein. Vy,, as well as V"(g) are strongly-local and therefore, by
Proposition [5.1.3] Theorem and Corollary we have

SVir2 an = = A

— 2
Vio(nyay AcU(l)z(n+2) C 'AV"(Q) QF Vn € Zxq .
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We can produce far more examples picking the graded tensor product of the simple strongly
graded-local unitary VOSAs considered above. A large exposition of this kind of examples of
both graded-local conformal and N = 1 superconformal nets are given in [CH17, Section 5.2].

6.3 Rank-one lattice models

We introduce and investigate the rank-one lattice models. Specifically, we construct the
rank-one lattice type (unitary) VOSAs first, showing their strong graded-locality too. Second,
we classify all the unitary subalgebras of the even models. As a consequence of Theorem [5.1.1]
we obtain the complete classification of all covariant subnets of the corresponding even rank-
one lattice conformal nets, also known as conformal net extensions of the U(1)-current net, see
[IBMTSS| Section 4A].

By a rank-one lattice L we mean a positive definite integral lattice in R. In other words, L
is a free abelian group contained in R equipped with a non-degenerate symmetric bilinear form
B(-,-). Let b := C®z L. Therefore, b, is a one-dimensional complex vector space equipped
with a non-degenerate bilinear form, which is the bilinear extension of B(-,-) to hr. Denote
the latter extension of B(-,-) to bz, by (:]-). Example says that every by gives rise to the
same, up to isomorphism, simple strongly local unitary VOA M(1), known as the oscillator or
Heisenberg VOA. Recall that we have a particular vector J € by such that (J|J) = 1, called
the current vector of h,. Moreover, every rank-one lattice L can be identified with the rank-one
lattice Lys := Z+/MJ for some positive integer M. Therefore, Ly; is called even or odd if M is
even or odd respectively.

Consider the group algebra C(Ljs), which can be identified with the unital associative
algebra generated by the formal set of elements {e® | & € Ly} such that

e’ =P VYa,B € Ly (6.68)

where 1 := €° is the identity element.

By [KacO1l Theorem 5.5 and Proposition 5.5] and [AL17, Theorem 2.9], we have that for
every positive integer M, the complex vector superspace

Vi, i= M(1) ®c C(Ly) (6.69)

has a structure of simple unitary VOSA with central charge ¢ = 1, known as rank-one lattice
type (unitary) VOSAs. More specifically, they are called even rank-one lattice type
(unitary) VOAs when L, is even, otherwise they are called odd rank-one lattice type
(unitary) VOSAs when L), is odd. Note that, in the even case, these are “non super” models.
In what follows, we are going to specify the unitary VOSA structure of rank-one lattice type
VOSAs. A linear basis is

{Q®13 anl""]?nsQ@ea‘mlg"'gmsg_la OZEL]\/[}

_ (6.70)
p(Jml e JmsQ ® ea) = (O(|O[) S Z2
where 2 ® 1 is the vacuum vector. The infinitesimal translation operator T is defined by
T(Jn2®1) =mJyp_10®1 Vm e Z 6.71)
T(Q®ea):a719®ea Ya € Ly . ’
The state-field correspondence is
Y(JaQ@Lz) = > (JaQ@)mz =Y Jz " (6.72)

nez ne”’
Y(Q®e 2z) = ez™Ei(a,2)E_(a,2) VYo € Ly (6.73)
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where

= (J|fvee®  YoeM(1) VB € Ly

( ) (6.74)
TLvee’) = (Jw)ee®  VYneZ\{0} Yo M(1) VB€ Ly (6.75)
ea(v@el) = vee?  Yoe M(1) Yo,B € Ly (6.76)

2wl = 2y geh Yo e M(1) Yo, B € Ly (6.77)

E, (a,z) = exp|— Z % =i Vo€ Ly (6.78)
§<0

E_(a,2) = exp|— Z % Voo € Ly . (6.79)
>0

The conformal vector is v®1, where v := 1.J2, () is the conformal vector of M(1). If Y (v®1, z) =
> ez Lnz7™72, then

Lo(Jn, - Jp. Q@) = (0‘;‘) S | duy T Q@e® Vs € Zsg Va € Ly (6.80)
j=1
1
Ly =3 %JnJm_n, vm € Z\ {0} (6.81)

noting that J_1Q® 1 is primary of conformal weight 1, whereas 2 ® e® are primary of conformal

weight %ﬁ It is also useful to note the commutation relations

Ly Jn]) = —ndmin VYm,n€Z. (6.82)

Before proceeding with the unitary structure, it is worthwhile to have some remarks about
the VOSA structure just introduced.

Remark 6.3.1. It is important to point out that, in definitions and 7 we have used
the same symbols J,, with n € Z to denote operators acting both on V,,, and M(1). Similarly,
the Virasoro operators L,, with m € Z of the conformal vector v®1 in equations and
are different from the same symbol Virasoro operators of the conformal vector v introduced in
Example for M(1). At first glance, this choice can be difficult to understand, but it is well
justified from the fact that those operators in (6.74)), (6.75)), (6.80) and (6.81)) coincide with the
corresponding ones of Example when they act on the subspace M (1)®1 of V,,,. Therefore,
with the same abuse of notation used for all the operators .J,, we will write L,, with m € Z
to denote the Virasoro operators of both the conformal vectors ¥ ® 1 and v, making clear the
context to correctly interpret them time by time.

Remark 6.3.2. In [Kac0I, Theorem 5.5], the vertex superalgebra is constructed in a slightly
more general way. Specifically, the twisted group algebra C.(Lj,) is used in place of C(Lys)
in (6.69). The former is identified as the unital associative algebra linearly generated by {e® |
a € Ly} with identity 1 := €® and multiplication:

e“e’ = e(a, B)e*t? Va,B € Ly
where € : Ly x Ly — {£1} is a 2-cocycle, i.e.,
e(a,0) =€(0,a) =1 Ya € Ly
€B,1)e(B+7,a) =€e(B,a+)e(v,a)  Va,B,7€ Ly
with the additional property
(o, Be(B,a) = (,1)(alﬁ)+(a|a)(ﬁ\ﬂ) Vo, B € L .

By [Kac01l Theorem 5.5] again, the vertex superalgebra so constructed is isomorphic to the one
obtained through the group algebra as in . Moreover, it is not difficult to check that the
trivial 2-cocycle, that is € = 1, is an admissible choice in our case. Therefore, it is not restrictive
and it makes no difference to consider the construction implemented from .
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Remark 6.3.3. For every positive integer M, denote by a generic I the identity operator 1y, .
From [FLMS8S|, Eq.s (7.1.42), (3.2.17) and (2.1.11)], we have that, for any « € Ly,

Ei(a,2) = 1+Z:1 m (6.83)
Y| = Yy S o, (6.84)
i<o / m=n \ jit-Agp=m  J1TTIN
Jk>0
+o0 (—Z a—?z_j)n
J>0 3
E_(o,2) = I+Z:1 — (6.85)

n

o0
@ —J n Qj, -Gy, —-m
7Zf_z = (-1) Z Z e | (6.86)
=07 mon | jitgg=m J1 T In
J>0

Remark 6.3.4. Note that the operators e, and z* commute with Ey (a, z) for all & € Ly, see
[FLMS88, Eq. (7.1.37)].

As far as the unitary structure on every Vi,, is concerned, the invariant scalar product is
given by the formula:

(v ®e*|w®e?) = (v|w)daps Yo, w € M(1) Yo, 8 € Ly (6.87)

where we are using the invariant scalar product on M(1). Note that we are using the same
symbol (-|-) for the scalar products on Lys, M(1) and Vy,,,. Nevertheless, it will be clear from
the context which is the correct scalar product to use time by time. The PCT operator 6 is the
antilinear map which acts on elements of the linear basis as

O(Jny - I, Q@e®) = (=1)°Tp, - - . Q@e™@ Vs € Z>o Ya € Ly . (6.88)
Now, we are ready to prove the strong graded locality of rank-one lattice type VOSAs.

Theorem 6.3.5. For every positive integer M, Vi, is a simple strongly graded-local unitary
VOSA. In particular, Vi, = F? and every Vi, is a unitary subalgebra of F*M. Consequently,
every Vi, gives rise to an irreducible graded-local conformal net AVLM such that Ay, = F?

and every Ay, s a covariant subnet of FM

Proof. We have already showed that every Vi, is a simple unitary VOSA. So, we have to prove
the strong graded-locality. By [Kac0ll Example 5.5a and Example 5.5b], V,, and the charged
free fermion F? of Example are isomorphic simple VOSAs. Therefore, we can conclude
that Vi, is strongly graded-local and Ay, = F 2 is an irreducible graded-local conformal net. It
is not difficult to show that, for every positive integer M, Lj; can be identified with a sublattice
of the lattice LM = ZM. Moreover, from [KacOI, Remark 5.5b and Proposition 5.5, it should
be clear that Vpn and F 2M are isomorphic simple VOSAs. Therefore, we can identify Vr,,

with a unitary subalgebra of F2M. Thanks to Theorem and Example it follows that,
for every positive integer M, Vi, is strongly graded-local and AVLM is a covariant subnet of
FM O

AVLM are known as rank-one lattice graded-local conformal nets. In the even case,
that is when M = 2N with N € Z~,, Ay, , . are irreducible (local) conformal nets, whose strong
locality was already known from [CKLW18, Example 8.8]. In that case, the irreducible conformal
nets are realised as extensions of the U(1)-current net Ayqy of Example in [BMT88], Section
4A], where Ay,  are called Ay. For this reason, Ay, are usually denoted by Ay(i),y, see
[Xu05l Section 4]. Accordingly, we will keep this notation for the remaining part of this thesis

and we refer to every Ay(i),, as a U(1)-current extension net.

Remark 6.3.6. It is also interesting to note that Vy, and V(N2) (see Example [6.2.13) are
isomorphic simple VOSAs by [Kac0l, Example 5.9¢| and consequently SVir2; = Ay, can be
seen as covariant subnet of F9.
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The rest of the current section is dedicated to the classification theorems for unitary subal-
gebras of the simple unitary VOAs Vi, for all N € Z-( and consequently for covariant subnets
of the corresponding irreducible conformal nets Ay1),, for all N € Z~ respectively. We present
some well-known unitary subalgebras of V7, first. Then, we move on to the classification results.

M (1) ®c C1, which we call just M(1), is a unitary subalgebra of every Vi,,. The vacuum
vector is 2 ® 1, the conformal vector is ¥ ® 1 and the PCT operator is the restriction of 6 to
M (1), that is,

O(Jp, - Jp.Q@1) = (=1)*Jp, - Jn. Q@1 Vs €Zsg. (6.89)

Let ¢ be the (linear) automorphism on Vi, defined by the following action on the linear
basis:
Jn1 JnéQ@)ea — (—1)8Jn1 -~-JnSQ®6_a VSEZZO VYa € Loy, (690)

which must not be confused with the antilinear PCT operator 6 in (6.88). Note that ¢ is an
involution and restricts to an involution of M (1). Then, we define the orbifold subalgebras, see
Example (see also [DGI8| Section 2]),

V+ o V{Iﬂi’}

Laon - Loy

M)t = M),

We identify every t € T := R/2xZ with its representative in [0,27) and for any positive
integer IV, we define an action on Vr,, by automorphisms

: (i)
92Nt = exp (i\/ﬁj()) =y ~————  WeT (6.91)

n!
n>0
which act on generators of Vz,, in the following manner

0@ e® s R 10y g o Yo e M(1) Yo € Loy . (6.92)

Note that Jy leaves invariant the finite-dimensional eigenspaces of Ly so that every gon: is a
well-defined automorphism of V7, , see [DN99, Section 2.3]. Moreover, for a = v/2N.J, we have
et vam (19) — it oo that gan,¢ is not the identity when t # 0, t € [0,27). For the reader’s benefit,
we include the following well-known facts with proofs.

Proposition 6.3.7. For any positive integer N, the automorphisms gan,: and ¢ defined above
give an embedding of the infinite dihedral group Do =T x Zg into Aut(.|.y(VL,y). Moreover,

VE . = M(1), (6.93)
Ve = M(1)*. (6.94)

Proof. For every fixed N, let Goy = T and H = Zy be the groups generated by the automorph-
isms gon ¢ for all t € T and ¢ respectively. Using and , it is easy to verify that
PGNP = gz_Al,t for all gon: € Gan. It follows that the group generated by Gon and H is
isomorphic to boo.

Now we prove that the automorphisms gon; and ¢ are unitary. Recall from Theorem
that if V' is a simple unitary VOA, then an automorphism g of V' is unitary if and only if g
commutes with the PCT operator. The above condition is easily verified on the linear basis
of Vi,y. Thus, D, embeds into Aut(.|.)(VL2N).

Note that (6.94) follows from (6.93) by definition. To prove (6.93)), consider a € V., ~and its

linear decomposition into basis elements, that is,
M
a= Z a;v; ® e, (6.95)
j=1

with C 3 a; # 0 for all j, v; some of the vectors in (6.70). Applying a generic automorphism
gan,+ to both sides of (6.95)), we obtain

M M
S a0 =a=gonla) =Y Vg @ e (6.96)
j=1 j=1
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By linear independence of v; ® e/, is satisfied if and only if et van 1) — 1 for all j and
t €T T,ie, aj =0 for all 5. To sum up, a € VLTM if and only if a; = 0 for all j, which is
equivalent to a € M(1). This completes the proof. O

In the following, for every fixed N € Z-(, we identify T with the closed subgroup Gan
of Aut(.;.y(VL,y) as in the proof of Proposition We also identify Z; C T with the cyclic
subgroup of Aut..y(VL,, ) of order k generated by automorphisms 9N, 2mx form € {0,...,k— 1},
and Dy 1= Zy X Zo with the corresponding dihedral subgroup of Aut(.;.y(Vz,, ) of order k.

Note that Long2 is a sublattice of Loy for all positive integers N and k. This inclusion
induces an isomorphism of vector spaces

L VL

2Nk2

—Vani = P M) @cCe® CVi,y . (6.97)

a€L,n 2

Clearly, by definition , Van i is a unitary subalgebra of Vi,, and ¢ realises a unitary
isomorphism. Therefore, from now onwards, we consider Vp, as a unitary subalgebra of V1,
without specifying the identification through ¢.

2Nk2

Proposition 6.3.8. For every positive integer N and k, we have that:

VIikN = VLZNkz ) (698)
Dy,
Vi = Vi . (6.99)

Proof. First note that follows from by definition. Then, it is sufficient to prove that
VLZQ’“N is equal to Von i as in @ to conclude. Using the same argument and notations as in
the proof of Proposition @ we have that a € VLZZ’“N if and only if AR %) — 1 for all J-
aj € Z~/2N J for all j and thus the former condition is satisfied if and only if aj € Z\2NkJ for
all j. Then Von i = VLZZ’“N as desired. O

Remark 6.3.9. The closed subgroups of Do, C Aut(..)(VL,,) are the circle group T, cyclic
groups Zy, dihedral groups Dj and their conjugates Dz = gon,tDrgan,—+ for all t € T. Note
that D} = D?’r for all k € Zso and all t € T (gan,~ is in the center of D). Obviously Dy, = D},

t
for all k € Z~q and all t € Zj. Thus, it is easy to verify that VLD;;] = gzN,t(VLg’;) for all k € Z~q
t
and all t € T. In other words, VLD2 " Is unitarily isomorphic to VLIZ " forallk € Zspand all ¢t € T.
Every Vi,, has a decomposition into Virasoro modules, introduced in Example as

described in [DG98|, Section 2]. In particular, if N is not a perfect square, that is the square of
a positive integer, then we have the following decompositions into irreducible Virasoro modules:

Vi.y =@ L1, p%) © 5 2L(1, Nm?) (6.100)

M(1) =176290L(17p2) o (6.101)

5 :gL(Lsz?) @ P L1, Nm?) (6.102)

M(1)* =$L(174p2)- - (6.103)
>0

Remark 6.3.10. As stated in [DG98|, Section 2], the decompositions in (6.100]) and (6.101]) are
due to the fact that the following isomorphisms of Virasoro modules hold

M(1) ®c Ce=V2NmI > [(1, Nm?2)  VYm € Zsy. (6.104)

Therefore, for all m > 0, QO ® etV2NMJ form a basis for the subspace of Vr,, of primary
vectors of conformal weight Nm? respectively. As a matter of fact, it is straightforward to
check that the former elements are homogeneous of conformal weight Nm? using and that
L(Q®@ eEV2NmIy — 0 for all n > 0 by (6-81). Then, they generate (as Virasoro modules) the
two copies of L(1, Nm?). This also implies that every L(1, Nm?) in is generated by the
¢-invariant primary vector 2 ® (emm‘] + e~ V2NmJ ) of conformal weight Nm?2.
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We state the following Galois correspondence for unitary VOAs, which is crucial for the clas-
sification result. This is a variant of [CKLW1I8|, Theorem 7.7], which can be entirely formulated
and proved in the unitary VOA setting thanks to [DM99, Theorem 3].

Theorem 6.3.11. Let V' be a simple unitary VOA and G be a closed subgroup of Aut(.|.)(V)
which is topologically isomorphic to a Lie group. Then, the map H — VH gives a one-to-
one correspondence between the closed subgroups H of G and the unitary subalgebras W C 'V
containing V&,

Proof. We first show that every unitary subalgebra W C V which contains V& is an orthogonally
complemented subVOA in the sense of [DM99] Definition 2]. To this end it is rather straightfor-
ward to see that in our case the subspace in Eq. (1.3) in [DM99, Definition 2| coincides with the
orthogonal complement

Wt :={acV|(ab)=0foralbec W}

which is easily seen to be a W-submodule of V' because of the invariance property of the scalar
product and the fact that W is a unitary subalgebra. Now, for every closed subgroup H of G,
VH is a unitary subalgebra of V by Example Moreover, since Aut.|.)(V) is compact by
Theorem 2.4.5] G must be topologically isomorphic to a compact Lie group. Then, the result
follows from [DM99, Theorem 3]. O

The unitary subalgebras of Vp, have already been classified in [CKLWI18, Theorem 8.13].
Here, we give a proof in the unitary VOA setting using the Galois correspondence stated in
Theorem instead of [CKLW1I8|, Theorem 7.7].

First of all, recall that Vi, is identified (cf. [CKLWI8, Example 8.8]) with the simple unitary
VOA V1(sl(2,C)) built from the affine Lie algebras sl(2,C); associated to the Lie group SU(2),
see Example[6.1.8] (see [GW84] and [PS86] for more information about loop groups). Consider the
orthonormal generators J* for a € {x,y, 2} of the complex Lie algebra s[(2, C) and corresponding
elements J§ of the associated loop algebra. Then, we have a group of unitary isomorphisms of
V1(sl(2,C)), isomorphic to SO(3) and generated by operators of the form e/ with ¢ € T and
a € {z,y,z2}, see [KacOI, Remark 5.7a]. Then, SO(3) C Aut(.|.y(VL,), see [CKLWIS| p. 63].
Remember that the closed subgroups of SO(3) are, up to isomorphism, the circle group T, all
cyclic groups Zg, the infinite dihedral group D, all finite dihedral groups Dy and the three
platonic groups E,,. Finally, note that the action of D introduced in Proposition [6.3.7] can be
embedded in SO(3) as described above, identifying the current vector J with v/2.J, cf. [BMTSS,
Section 5B]. Therefore, we have the following.

Theorem 6.3.12. All unitary subalgebras of Vi, = V1(sl(2,C)) are given by the family of fived
point subalgebras VL’Z for every closed subgroup H C SO(3) together with the trivial subalgebra

CQ® 1. In particular, VLSZO(S) = L(1,0) and consequently Aut(.,.y(VL,) = SO(3).

Proof. Let W be a nontrivial subalgebra. Then by [CKLWI18 Lemma 8.10], L(1,0) C W.

Moreover, by [CKLW18, Proposition 8.11] (cf. also [DG98|, Corollary 2.4]) L(1,0) = VLS;)(S) and
the claim follows from Theorem [6.3.111 O

For N different from a perfect square, the classification of unitary subalgebras of Vi, will
rely on Theorem below, the key ingredient of our classification result, which states that
any unitary subalgebra properly containing L(1,0) contains also M (1)*. To prove it, we begin
with some preliminary results.

Lemma 6.3.13. Let N € Z~y.
(i) The vector
1 3
u®1l:= (2(J1)4Q —J_3J_1Q+ 4(J2)QQ) ®1

is primary of conformal weight 4. In particular, if N is not a perfect square, then it is the
highest weight vector of the unique irreducible Virasoro submodule L(1,4) of Vi, as in
(6.100)) .
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(i) We also have
1
L o(vel)= (4(J_1)4Q + J_3J_1Q) ®1

1
4(Qe1) = (2(J2)QQ + J3J1Q) ®1

Proof. (i). From formula (6.80) it is clear that u ® 1 is homogeneous of conformal weight 4.
According to (6.100)), if v ® 1 is primary and N is not a perfect square, it will be the highest
weight vector of the unique irreducible Virasoro submodules L(1,4) of Vz,,.. We need to prove
that L,,u = 0 for all m > 1. Using equation , we see that

%Lm(J—1)4Q :%(Jm V(o) Q4 Ty T o1 (J21)°Q

()21 Q4 (T )P T+ (J_1)4LmQ) (6.105)
L3 1Q = — (33T 1+ T3 1Q + J_5J_1 L) (6.106)
%LW(J_Q)ZQ :% (2Jm 0o+ 2] 0T+ (J_2) ) (6.107)

Note that the last term on the right-hand side of each of equations ((6.105)) - is 0, because
L, = 0 for all m > 1. Moreover, by the commutation relations (6.19) we know J; and Jj
commute if k # —j. This means that for all m > 5 every term in equations - is
zero since J;Q = 0 for all j > 0. Therefore, it remains to study the four cases m € {1,2,3,4}
one by one. For m = 1 we have

1
5Ll(J_l)‘*Q =2(J_1)3JoQ2 =

—L1J 3] 1Q=—-3J_9J 1Q—J 3JoQd =—-3J_2J_1Q
%Ll(J_g)ZQ :% (2J_1J_QQ + 2J_2J_1Q) =3J_9J_1Q

and the sum is clearly 0. For m = 2,

1 1
§L2(J_1)4Q =5 (JL(J_1)*Q+ T 11 (J_1)*Q+

+ (J1)? T Q+ (J1)3010)
:% (3424 )02+ 4(1)"00)
=3(J_1)%*Q
—LoJ 3] 1Q=—3J_1J1Q—J 3,10 =—3(J_1)*Q
ZLQ(J_ po=" 3 QT a0+ 2T 5 JoQ) =

and again the sum is 0. For m = 3,

1
5LB(J,l)‘*Q =2(J_1)31,Q =

—L3J_3J 1Q=—-3JgJ_1Q—J_3J502=0
ZLg(J 2)?Q = (2J1J N+ 2J 5J1Q) =
Finally for m = 4,

1
§1:4(17_1)49 =2(J_1)3 30 =

—LyJ 3J_1Q=—-3/1J_1Q — J_3J30Q = -3Q

3 3
ZL4(J— 2)*Q = (2J2J—ZQ +2J_2J50) = 3Q



6.3. RANK-ONE LATTICE MODELS 93

which adds up to 0 as well.

(ii). By (6.82)), we have that

1 1
Logv=5Loy(J1)2= 3 (2J_3J_1Q + (J_1)2L_QQ)

1
=J 3J 19+ 1(J_l)‘*Q
and using (6.81])

(2J,3J,1Q + (J,g)zfz)

| =

-1
1 1
LaQ=3 Z Jid-a-jQ =5 .Z Jid 4 Q=
JEZ j=-3

1
=J 3J_10+ §(J,2>ZQ .

O

Proposition 6.3.14. Let N, m be positive integers such that g := vV2Nm > 2. Let b € C\ {0}
and set

e =Q® (ng + befg‘]) .

Then
+gJ FgJ) —
(Q ®e )(g2_2) (Q ®e ) (£gJ_1Q)®1
(e7)(g2—5)€ =bvg @ 1,
where . 0o )
g 4 g g 2
= (J_1)* Q4+ =—J _3J_1Q+ —(J_9)*Q.
Vg 12(J 1) + 3 J_3J_1Q+ 4(J 2)

Proof. Note that the 29 +4-coefficient of the formal z-series Y (€], z)ej corresponds to
(e})(g2—5)€y. We have that

Y(el,z)ej =A+bB
A=Y Q®e ) Q@)+ Y Qe 9 2)(Q®e )
B:=Y(Q®e 2)(Q@e )+ Y (Q@e 9 2)(Q@ed).

From formulae (6.85) and (6.86]), we deduce that E_(cgJ,2)(Q ® e%97) is equal to

—+oo oo
Z = Z Z (cg)" Jj, -+~ J;, 2 - dgJ
2+ n! J1dn @ ® e, (6.108)
n=1 m=n Jit+otin=m
Jk>0

for all ¢,d € {—1,+1}. Formula (6.108) is equal to Q ® €9’ because Ji§2 =0 for all j > 0 by
construction. From Remark and (6.73), we have that

Y(Q® e 2) Qo) = 29 (By(+g],2)Q) @ e297 (6.109)
Y( Qe 2) Q@) = 279 (BEy(+g],2)Q) 01 (6.110)

From (6.84) we deduce that the lowest z-power in equation (6.109)) is g> > 0. Thus we can

restrict our attention just to B and therefore to equation (6.110) because —g? +4 < 0. Then
we have to consider the z*-coefficient of E, (£gJ,2)Q in equation (6.110). This means that in
(6.83) and (6.84)), we can restrict the calculation to the cases m = 4 and n € {1,2,3,4}. There
we find

=1 %szl
2 5 5
=2 (e B+ S )
3 3 R
=3: % ((ﬂ:2g) J_o(J_1)% + %J—lv]—%]—l + %(«7—1)%]—2)
=t (0 U)Y)
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Using the commutation relations ((6.19)), we obtain as z*-coefficients of E, (+¢.J,2)Q in equation

(6.110]), the elements
92 g3
R - Qo+ T LT a0 o (J— ). (6.111)

In order to compute B, we have to add up the two versions of (6.111)), so the summands with +
cancel while the other ones double, and we obtain for the z=9° T4-coefficient of Y (el z)ey:

bvg®1—b< (J_1 )4Q+7J_3J_1Q+ (J_ ) Q) ®1.

In the same manner, the z=9 T1-coefficient of the formal z-series Y(Q®etd’ 2) (QeTs)
corresponds to (Q ® eig‘]) (92-2) (Q ® eﬂ”) respectively. Thus we have to consider the z-
coefficient of E (+gJ, z)Q) in equation . This corresponds to fixing m = 1 = n in formulas
- to obtain £¢.J_1. Thus (+¢J_1€) ® 1 are the desired z~9" +1-coefficients. O

Proposition 6.3.15. For every nonzero complex number g, the primary vector u®1 in Vi, of
conformal weight 4 as in Lemma is a linear combination of vectors L_4Q® 1, L_sr ® 1

and vy ® 1 as in Proposition [6.5.14)

Proof. It is easy to see that the three vectors form a basis for the vector subspace of Vi,
generated by (J_1)1Q® 1, J_3J1Q®1 and (J_2)?Q® 1. It follows that u ® 1 must be a linear
combination of these three vectors. O

From previous results we obtain a generalization of [DG98, Theorem 2.9].

Corollary 6.3.16. For any integer N which is not a perfect square, VE;N is generated as a VOA
by the conformal vector v ® 1 and the primary vector ef =0® (e VEINJ 4 e=v 2NJ>.

Remark 6.3.17. Note that in [DG9§|, the authors denote by w and S our conformal vector
v ® 1 and the current vector J respectively (see [DGI8| p. 264]). Moreover, their u™ stands for
the highest weight vector of the irreducible Virasoro submodule L(1,m?) of M (1) (see [DGIS|
p. 268]), thus their u? is our u ® 1 as in Lemma Finally, e” in [DG98, p. 269] coincides

with our e}?", identifying n with N when they are different from a perfect square.

Proof of Corollary|6.5.16. Due to Remark |6.3.10[ the vector 2 ® (em‘] + e‘m‘]) is in VL+2N

Using Proposition [6.3.14} the vector vy ® 1 € VL‘Z v- Then, the result follows from Proposition
6.3.15[and [DGI8| Theorem 2.9]. O

We are now ready to prove the key ingredient for the proof of our classification result.

Theorem 6.3.18. Let N be an integer which is not a perfect square. Every unitary subalgebra
W of Vi, properly containing L(1,0) contains also M(1)*

Proof. Consider the decomposition of Vi, as in . Keeping in mind the notational cor-
respondence given in Remark if W contains L(1,4p?) for at least one p > 0, then the
theorem follows from [DG98, Theorem 2.7(2)]. Similarly, if W contains L(1, p?) for at least one
odd p > 0, then we have that @3—17:0 L(1,5%) C W by [DGI8, Lemma 2.6]. Then, the theorem
follows from [DG98, Theorem 27E(“ée)r]l We therefore have to prove that W contains at least one
L(1,p?) with p > 0.

Suppose for contradiction that W does not contain any L(1, p?) with p > 0, i.e., WNL(1,p?) =
{0}. This implies that W has the following decomposition into Virasoro modules

W =L(1,0) & @ amL(1, Nm?) (6.112)
m>0
where a,, € {0,1,2}.
We first want to prove that a,, # 2, for all m. If a,, were equal to 2 for some m then by
Remark [6.3.10, Q @ eXV2NmJ ¢ W By Proposition [6.3.14] J_12 ® 1 would then lie in W, but
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J_19Q ® 1 is primary of conformal weight 1. In other words, J_1Q2 ® 1 € L(1,1), which cannot
be the case as W N L(1,1) = {0} by assumption. Therefore, a,, € {0,1}; moreover, at least one
ap, equals 1 because by assumption W # L(1,0). Fix such an m.

Second, from Remark we know that, for this m, there exists a primary vector of
conformal weight ¢g?/2 := Nm? in W which must be a linear combination of the form Q ®
(aeg" + be’g‘]), for some a,b € C. W is a unitary subalgebra, thus W must be invariant under
the PCT operator 6. If a were 0 then 0 (Q ® be’g‘]) = Q ® bed”’ would be in W, which means
that a,, = 2; however, since a,, = 1, we find that a # 0. Similarly, b # 0; thus, up to rescaling,
we can suppose a = 1. With eg =0Q® (eg‘] + be_gJ) € W as in Proposition the vector
vy ® 1 must lie in W. Furthermore, L_ov ® 1 and L_42 ® 1 are in W because they are vectors
of L(1,0). Thus by Proposition u® 1 lies in W. On the other hand, u ® 1 is the primary
vector of conformal weight 4 generating L(1,4), so we obtain W N L(1,4) # {0}, which leads to
a contradiction. Therefore W must contain at least one L(1,p?) with p > 0, which concludes the
proof of the theorem. O

Theorem [6.3.18]also allows us to explicitly calculate Aut(..)(Vz,, ) for N not a perfect square.
We highlight that Aut(Vz,, ) for all N has been calculated by [DN99, Theorem 2.1].

Corollary 6.3.19. For any integer N which is not a perfect square, we have that
Aut(,‘.)(VLQN) =D . (6.113)

Proof. We have Do, € Aut..y(VL,, ) by Proposition Suppose for contradiction there exists
g € Aut(y)(VL,y) \ D and let G be the (proper) closed abelian subgroup of Aut..)(Vr,y)
generated by g. By the Galois correspondence given in Theorem [6.3.11and the fact that L(1,0)

is the only proper unitary subalgebra of M(1)* = VLDQ’}’V" as proved in [DGI8, Corollary 2.8], we
can deduce that VLIZ?("')(VL”) = L(1,0). Then, using again the Galois correspondence, VLGQN is
a unitary subalgebra of Vi, properly containing L(1,0). By Theorem [6.3.18 VLG2 , contains also

M(1)T = VLD2 >, s0 G is a subgroup of Do, by the Galois correspondence, which is a contradiction,
so Aut(.|y(VL,y) = Do O

From formula (6.80), we deduce that for every N € Zq, the vector subspace of Vi, of
vectors of conformal weight 2 is spanned by

J Qe vel, JQeeY?, J Qe V2 (N=1)
J 0ol vel Qe Qe ?! (N=2) (6.114)
J0®1,vel (N>2).

Moreover, it is easy to verify by (6.81]) that

Li(J_1Q® V) = £ V20 @ e*V?,
Ly (J2Q®1) =2J_10®1, (6.115)
Li(v®1) =0,
Li(Q® e*?) =0.

Now, let W be a unitary subalgebra of Vi,,. Consider the conformal vector w = ey (r ® 1)
of W as in Proposition and let YV (w,2) := >, o4 L¥z7"=2 be the corresponding energy-
momentum field. Using (i) of Proposition [2.6.4] together with [Kac0I, Theorem 4.10(iv)] and the
quasi-primarity of the conformal vector, we have that

Low =L{w = 2w

(6.116)
Llw :L‘fw =0.

Thus, equations imply that w must be a quasi-primary vector in Vr,, of conformal weight
2. Hence, according to and , recalling that all non-zero vectors on the right hand
sides of are linearly independent, w must be equal to a multiple of v®1 for N # 2. Then,
we have proved the following result (cf. also [Car99l Proposition 5.1]):

Proposition 6.3.20. Let N # 2. Then, every nontrivial unitary subalgebra of Vi, contains
L(1,0).
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Remark 6.3.21. For N = k? with k a positive integer, Proposition [6.3.20] follows also directly
from Proposition [6.3.8] and Theorem [6.3.12

In the following we investigate the case N = 2 to be able to complete the classification.

First of all, we know from [DGH98| Lemma 3.1] (put 2J = « there), cf. also the proof of
[IDMZ94, Theorem 6.3] putting 2J = f there, that Vi, contains at least two distinct copies of
L (%, 0) generated by the Virasoro vectors

vel Qo (27 +e?7)

- 6.117

wo 5 + 1 ( )
1 O® (e +e?

W = ”@5 0 - ). (6.118)

Let Wy and W, be the vertex subalgebras of Vi, generated by wy and w, respectively. Then,
thanks to [CKLW1S8, Example 5.26], they are unitary subalgebras of V7,,, unitarily isomorphic
to the unitary Virasoro VOA L (%,O)7 see Example Therefore, our goal is to prove the
following result:

Theorem 6.3.22. For every t € T, the vector

rel O® (6”62'] + efit672.])
wem Ty 1

eV, (6.119)

1s a Virasoro vector with central charge %, generating a unitary subalgebra W C Vi, unitarily
isomorphic to L (%,O). Moreover, if W is a nontrivial unitary subalgebra of Vi, which does not
contain L(1,0), then W = W, = gay (W) for some t € T.

To prove Theorem [6.3.22] we need the following result.

Lemma 6.3.23. Let W C V, be a nontrivial unitary subalgebra which does not contain L(1,0),
then
w=ew(rel)e{w|teT}

Proof. First of all, L(1,0) ¢ W implies that the conformal vector w of W must be different
from v ® 1. Moreover, it must be different from a multiple of ¥ ® 1 because W is nontrivial and
because it has to satisfy Ljw = 2w as in . Now, consider the energy-momentum field
Y(w,2) :=>,cp Lez7""2 corresponding to w. Then, (]%mplies that w must be a linear
combination of the three quasi-primary vectors of Vz, in (6.114)), that is

w=ar®@1+0®e? +dQ e 2’

for some a,b,d € C. Note that either b # 0 or d # 0 because w is not a multiple of ¥ ® 1. Using
that O(w) = w (see Proposition [2.6.4)) we obtain

w=ar®1+0® (b62‘]+5672‘l) =av® 1+ be?
),

Z LPwz "2 =Y (w,2)w=aY (v @1, 2)w + bY (2, 2)w. (6.120)
neZ

for some a € R, b € C\ {0} and €2 226252(2@(62‘]-1-
b

We want to calculate L§w. Consider

(SIS

Then, we have that
L§w = aLow + abC_z,, + bQC’,Q)ez = 2aw + abC_s, + b2C,2762 (6.121)

where C_5,, and C_j .2 are 2z~ 2-coefficients of Y (e?, z)(r ® 1) and Y (e?, z)e? respectively.
Proceeding as in the proof of Proposition we find

b b
C g2 = B4(J_1)QQ @1= 8ral.
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To calculate C_5 , , consider

Y(Q®e* 2)(vel) =E,(2J,2)E_(2J,2)v @ e*’

b b

;Y(@e e 2 ) (vel) =7 B (=20,2)E_(-2],2)v ® e 2’

where we have used firstly Remark and secondly formula (6.77). Using commutation rela-
tions (6.19) and the fact that J;Q2 = 0 for all j > 0 by construction, we get

1
Ji(v @ e*?) :§Jj (J_1)’Q@et? =0 Vj>2
. 1 ;
(1) (v @et?) =5 (1) (J_1)’Q@et® =0 Vj>3
(J1)? (v @ e*?) :% (J1)2(J_1)?Q@et? =t/
1
Jl(V ® €i2‘]) :§J1 (J,1)2 Q® et?) = J_190® et2)

Together with (6.85)) and (6.86)), this implies

E_(£2J,2)(v @ e*?T) =
—1 +2J;(v ® e*?)
_ +2J |, -, 1 -1 . -2
sveeT 1 ST 11 ?

—v@et? x (2J_1Q ® eﬂ‘]) 2714 (2Q ® 6i2‘]) 272,

Using (6.83) and (6.84)), we find
By (£2J,2) =1+2J 12+ O(2?),

thus
Y(Q®e*, 2) (v 1) =F,(2J,2)E_(2J,2)v ® €2’
= (ZQ ® 62J) 2240
and
b —2J b —2J
5Y(Q®e ,2) (v e 1) :BEJF(—QJ,Z)E,(—QJ,z)V@e
b
=3 (29 ® 672‘]) 2724 0(z7Y).
We deduce that
C g, =22, (6.122)
We can therefore rewrite identity (6.121]):
Lw = 2aw + 2abe* + 8[b|*v @ 1 = 2(a® + 4]b]*)v @ 1 + 4abe? (6.123)

Imposing equation (6.116)), namely L§w = 2w, and using (6.123]), we have the following identity
2av ® 14 2be? = 2(a® + 4)b|*)v @ 1 + 4abe?

which has precisely the solutions

Thus w € {w; : ¢t € T} O

Proof of Theorem[6.3.23 First, note that w; = g4 +(wp) for all t € T, where g4 as in (6.91) is a
unitary automorphism of Vz,. Thus, w; € Vi, are still Virasoro vectors of central charge 5 and
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by [CKLW18| Example 5.26], they generate unitary subalgebras Wy = g4, (Wy) of Vi, unitarily
isomorphic to L (%, 0).

Second, we have to show that every unitary subalgebra W C V1, is of the above type. Lemma
proves that w = ey (v ® 1) must be of the form wy, for some ¢t € T. Accordingly, W is
a unitary VOA with conformal vector w; and hence its central charge is ¢ = % On the other
hand L (%, O) is the unique, up to isomorphism, unitary VOA with central charge ¢ = %, see e.g.
IDL15]. It follows that W = W,. O

Remark 6.3.24. Note that every W, is contained in VLT for all t € T. By Remark ,
D% = DV™™ for all t € T. Moreover, under the identification VLt = VLIZ ' = Wy ® W, given by

[DGHOS, Lemma 3.1 (if)], we have that V;2! = W, @ Wiy for all ¢ € T.
Then, we can prove the classification theorem.

Theorem 6.3.25. The non-trivial unitary subalgebras W of the even rank-one lattice type VOAs
Vi, are classified as follows. Apart from the Virasoro subalgebra L(1,0), we have:

(i) If N = k?* for some positive integer k, then after the identification of Vi, with VLZ;,
W = VLh; for some closed subgroup H C SO(3) containing Z,.

(i) If N > 2 is not a perfect square then W = VEZN for some closed subgroup H C Dq,.

(ii) If N = 2, then either W = VLIi for some closed subgroup H C Do, or W = W, for some
teT.

Proof. First of all, note that L(1,0) C Vi, for all N € Zs,.

(i) The case k = 1 is Theorem [6.3.120 By Proposition , Ve = VLZ: for all k € Z~q is

a unitary subalgebra of V,. Then, the result follows from the Galois correspondence in
Theorem [6.3.17] and from Theorem [6.3.12]

(ii) By Proposition [6.3.20} every unitary subalgebra of Vi, contains L(1,0) and thus contains
also M (1) by Theorem [6.3.18, On the other hand, M(1)* = VLDﬁ by Proposition

and therefore the result follows from the Galois correspondence in Theorem |6.3.11

(iii) If L(1,0) C W, then we can proceed as in (ii) above. The other case is covered by Theorem
0.5.22)

O

Now, we can transpose Theorem to the family of even rank-one lattice conformal nets
Au(1),y With N € Z thanks to Theorem and Theorem

First, we point out that such an extension is maximal if and only if N is not a multiple
of a perfect square. As a matter of fact, if N = N’k? for positive integers N’ and k, then
AU(l)ZN/k2 C ~AU(1)2N/7 cf. [BMTS& p. 37].

Second, by Theorem there is a well-defined action of Do, on Ay(y),, for every N

in Zso. Let A$(1)2N = A(ll ,, and AIJE(D = Agll), then we have the conformal net results
corresponding to Proposition Proposition @ and Remark [6.3.9] namely
Abny = Au) (6.124)
ATy = Abays (6.125)
Ay = AUW, ez (6.126)
AGtay = AV(1)prn (6.127)
Agé)zz\f - 92N’tv4$(1)m2 (g2v,0) 7" (6.128)

for all positive integers N and k. Furthermore, we have a well-defined action of SO(3) on Ay),,
which extends the one of Dy,. Set A; := Ay, = Vir% for all ¢ € T with W; as in Theorem [6.3.22
Then, we can state the following classification result:
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Theorem 6.3.26. The non-trivial conformal subnets A of the even rank-one lattice conformal
nets Ay 1),y are classified as follows. Apart from the Virasoro conformal net Viry, we have:

(i) If N = k? for some positive integer k, then after the identification Av),,. = A%’f('l)z,
A= Ag(1)2 for some closed subgroup H C SO(3) containing Z,.

(ii) If N > 2 is not a perfect square then A = Ag(l)w for some closed subgroup H C D .

(iii) If ]\gr: 2, then either A = AIU{(1)4 for some closed subgroup H C Do, or A = A for some
teTl.

Regarding the case N = 1, recall that the classification has been known for a while, cf.
[Car99, Theorem 3.2] and [Reh94, Proposition 5]. Recall also that Ay, is isomorphic to the
level 1 loop group net Aguy(z), , see [BMTSS] Section 5B].

We support the understanding of these classification results by presenting two graphical
realisations of the cases (ii) and (iii) of Theorem and Theorem that is, whenever
N > 2, but different from a perfect square.
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Chapter 7

Reconstruction of the VOSA and
functoriality

In Section we show under which conditions we can recover a VOSA theory from an irre-
ducible graded-local conformal net. Then, we look at the correspondence between VOSAs and
graded-local conformal nets from a functorial point of view in Section [7.2

Comparing with the local case... The content of Section [7.1]is a generalisation of the results
proposed in [CKLWI18, Chapter 9]. Apart from the usual difficulties due to the gradation of
the objects involved, those results generalise from the local case as one would expect. A partial
novelty is represented by Theorem[7.1.1] which proves that two irreducible graded-local conformal
nets arisen from two distinct VOSAs cannot be isomorphic. Of course, this is a corollary of
Theorem but it is proved without introducing the theory of F.J smeared vertex operators.
To the author’s knowledge, the (expected) categorical result of Section has never been put
down in those terms, even for the local case.

7.1 Reconstruction of the VOSA theory

First, we give an “injectivity” result for the correspondence established by Theorem
that is, we prove that if an irreducible graded-local conformal net arises from two simple strongly
graded-local unitary VOSAs, then they must have the same VOSA structure. Second, we prove
again that result, but this time we explicitly reconstruct the VOSA structure of a simple strongly
graded-local unitary VOSA V from its irreducible graded-local conformal net Ay,. In this way,
we introduce a more general theory, which allows us to give sufficient conditions in order that a

given irreducible graded-local conformal net arises from a simple strongly graded-local unitary
VOSA.

Theorem 7.1.1. Let V and W be two simple strongly graded-local unitary VOSAs, giving rise
to the same graded-local conformal net theory. Then, V and W have the same VOSA structure.

Proof. By assumption, V and W give rise to the same irreducible graded-local conformal net up
to isomorphism. Then, without loss of generality, we can assume that Hy = Hy, QY = QW
and Uy, = Uy, . This implies that the generators of the rotation subgroup coincide, that is
LY = LY. Let 7—[?}‘ denote the subspace of finite energy vectors, i.e., sums of eigenvectors of
LY. Then, we have that V = 7—[?}1. Since LY = LYV, we get V = Hin = Hin = W as vector
superspaces.

Now, we claim that Yy (a, z) = Yw(a, 2) for all a € V. For any vector a € V| clearly we have
Yy (a, 2)QW = e*Twa. Moreover, for any b € W, the vertex operators Yy (a, z) and Yy (b, 2) are
mutually local in the Wightman sense and thus they are mutually local in the vertex superalgebra
sense thanks to Proposition It follows by the uniqueness theorem for vertex superalgebras
[KacO1l, Theorem 4.4], that Yy (a,z) = Yw(a,z). By the arbitrariness of a € V, the claim
follows. Since LY = LY for all n € Z, we finally get that vV = v" so that V and W coincide
as VOSAs. O
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The fundamental idea for the theory we are going to present in the following is to construct
certain quantum fields starting from an irreducible graded-local Mobius covariant net. This
construction relies on the idea developed in [FJ96] by Fredenhagen and Jor8, who construct
certain pointlike localized fields associated to an irreducible Mobius covariant net by a scaling
limit procedure. Instead, we use and naturally generalise the alternative construction based on
the Tomita-Takesaki modular theory for von Neumann algebras (see e.g. [BR02, Chapter 2.5])
presented in [CKLWIE| Chapter 9].

For the reader’s benefit, we report the following standard argument.

Remark 7.1.2. Let N be a von Neumann algebra on an Hilbert space H with a cyclic and
separating vector € H for N. As usual, we denote by S,A and J the Tomita operator,
the modular operator and the modular conjugation associated to the pair (N, Q) respectively.
Recall that S is an antilinear operator such that SBQ = B*Q) for all B € N, S*AQ = A*Q for
all A€ N’ and S = JA=. For an arbitrary vector a € ‘H, we define the following linear operator
with dense domain:

LYNQ—H, AQ+— Aa. (7.1)

If a € D(S), the domain of S, then

(L9 AQ|BQ) = (ASa|BQ) = (a|S* A* BQ)
= (B*AQ|a) = (AQ|Ba) (7.2)
= (AQLZ°BQ) VYA, Be N,

that is, Z2, C (£2)*. Hence, Z? and £, are both closable and their respective closures .Z,
and .ZLs, satisty Ls, C £ for all a € D(S). We also have that all the operators .Z, and L,
above are affiliated with .

The operator ., with a € D(S) of Remark can be interpreted in certain situations, see
[Car(5], as abstract analogue of smeared vertex operators, see also [BBS01]. We explain this point
of view in the following, constructing a family of localized fields associated to a given irreducible
graded-local Mé&bius covariant net A on S'. Let H be the vacuum Hilbert space of A and U be
the positive-energy strongly continuous unitary representation of Mob(S 1)(00). Recall that the
conformal Hamiltonian Lg, that is, the infinitesimal generator of the one-parameter subgroup
of U(M8b(S1)(>)) of rotations, is a positive self-adjoint operator on H. By the Vacuum Spin-
Statistic theorem (L.46), U factors through a representation of M6b(S!)(?), which we denote by
the same symbol. Accordingly, the spectrum of Lq is contained in %Zzo and we use the usual
definition

Hin = @ Ker(Lyp —nly) CH. (7.3)

RE%ZZO

It is known that U differentiates uniquely to a positive-energy unitary representation of the
Virasoro algebra Uit on H" and thus it restricts to a unitary representation of s{(2, C) on H'",
the complexification of s[(2, R), see Sectionand references therein. The latter representation is
spanned by the operators L_1, Ly and Ly on H, satisfying L; € L*; and the usual commutation
relations

(L1, L_4]) = 2L
(L1, Lo) = Ly (7.4)
[L_1,Lo) = —L_;.

A vector a € H is called quasi-primary if Lya = 0 and if it is homogeneous of conformal
weight d, € %Z, that is, Loa = dga, so that in particular, a € H". Fix a quasi-primary vector
a € H. With a standard induction argument, we can prove that the commutation relations (|7.4))
imply that for all n € Z>q, the vectors
L™ a
a" = = cHin (7.5)

n!

satisfy

Loa" = (n+d,)a" Vn € Zso, Lia™ = (2d, +n—1)a"""' Vne€Zyg. (7.6)
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Moreover, it is also easy to prove that

2d, +n—1
ol = @l = (5T )l v e s, &
Define
|
He=Ta" [neZso) | CH. (7.8)

By (7.7), we can prove that for all f € CZ°(S') (see (5.1]) for the notation), the series

Z ffnfdaan

neZZO

converges in H® to an element, which we call a(f). Furthermore, f — a(f) defines a linear
continuous map from C°(S?) to H* and thus proceeding as done to prove Proposition [3.2.12
we have that:

Proposition 7.1.3. Let a € ‘H be a quasi-primary vector. Then, for all I € J, we have that
Uy)a(f) = a(va, (3)f) for all v € M&b(S1)(*) and all f € C(S*) with suppf C I.

1
Now, consider for every interval I € J, the Tomita operator S; = JrA} associated to the
von Neumann algebra A(I). By the Mobius covariance of the net, we get that

U(v)S1U(y)" = Ss1, U)JtU ()" = Jsr, UArU()" = Asr (7.9)

for all I € J and all v € Méb(Sl)(C’o). Furthermore, by the Bisognano-Wichmann property

(1.42), we have that

SR

Nsti =t VieR, Az =e?, K =in(Li — L) (7.10)

1
2

1
S+

where K is the infinitesimal generator of the one-parameter subgroup of dilations. We set
0 = ZJS}r and we note that § commutes with L_y, Ly and Ly. (Clearly, 6 will be the PCT
operator of our unitary VOSA theory, cf. the proof of Theorem )

It should be not difficult to recognize that an equivalent of Theorem [4.0.4] can be derived for
a(f) in place of Y (a, f)Q there. Indeed, despite it is stated in the energy bounded unitary VOSA
setting, a(f) maintains all the necessary properties of Y (a, f)Q there. Then, we state:

Theorem 7.1.4. Let a € H be a quasi-primary vector and let f € C°(S\{—1},R) with
suppf C S1. Then, a(f) is in the domain of the operator e and

K ) )
eza(f) = i**a(f o) (7.11)
where j(z) = 2% for all z € S*.
As an application, we get

Corollary 7.1.5. Let a € H be a quasi-primary vector and let I € J. Then, a(f) is in the
domain of the operator St for all f € C°(S*) with suppf C I and

Sra(f) = (=1)*% 4 (0(a))(f)
Proof. By Theorem (7.10) and the linearity of the map f + a(f), we have that
Aéla(f) —eSa(f) = a(foj)  VfeC®(SN\{-1}) with suppfcC SL.  (7.12)

Then, a(f) is in the domain of Ssi and

Ssyalf) = Jsy AL alf) = (=125 (6(a)) (F) (7.13)
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for all f € C°(S*\ {—1}) with suppf C SL. Let I € j and choose vy € M&b(S)(>) such that
vl =S L. By the covariance of the modular theory (7.9) and Proposition |7.1.3] _ we get that a(f)
is in the domain of Sy for all f € C2°(S') with Suppf C I because

Sra(f) =U0)"Ss1 U(v)a(f)

=U(7)"Ss1 alta, (7))
(7.14)
= (— 1%+ U (5)" (0(a)) (ta, (3 F)
= (=12t (9(a))(F),
which concludes the proof. O

By Remark , we can construct the closed operator faf(f) affiliated to A(J) for all T € 7,
where a € H is a quasi-primary vector and f € C>°(S!) with suppf C I.

Definition 7.1.6. For every quasi-primary vector a € H, every I € J and every f € C2°(S?!)
with suppf C I, £! a(f) is called a Fredenhagen-Jorf3 (shortly FJ) smeared vertex operator

and it is denoted by Yi(a, f).

The notation introduced by Definition is justified by the following properties of FJ
smeared vertex operators, which follow directly from the properties of the operators £ al( f) con-
structed above.

Proposition 7.1.7. Let a € H be a quasi-primary vector. Then, the F'J smeared vertex operators
Yi(a, f) have the following properties:

(i) for every fized I € J and b € A(I)'SY, the map
{fec>(SY) | suppf CI}> fr—Yi(a, f)bEH (7.15)
s an operator valued distribution, that is, it is linear and continuous;

(ii) if Iy C I in J, then Y1, (a,f) C Yr,(a, f) for all f € C°(SY) with suppf C I, so
that the operator valued distribution f — Y7, (a, f) as defined in (7.15)) extends to the one
f H YI2 (a7 f);

(iii) the following Mébius covariance property holds:
U()Yi(a, HU(Y)" = Ys1(a, ta,(9)f) (7.16)
for all v € Mob(S1)(), all T € J and all f € C°(SY) with suppf C I;
(iv) the following hermiticity formula holds:
(=14 Y;(0(a), T) € Yi(a, f)* (7.17)
for all I € J and all f € C°(SY) with suppf C I.

Thanks to the distribution property stated above, we can write the usual formal formula for
FJ smeared vertex operators:

dz
2miz

Yi(a, f) = ?gl Yi(a,z)f(z)z% (7.18)
for every quasi-primary vector a € H of conformal weight d,, every I € J and every f € C2°(S?!)
with suppf C I. Accordingly, we have families of type {Yi(a,z) | I € J}, which we call FJ
vertex operators or FJ fields. As for the local case, it is unknown whether the FJ smeared
vertex operators admit a common invariant domain and this prevents us to extend an FJ vertex
operator {Y;(a,z) | I € J} to a unique distribution Y (a, z). This also implies that the FJ fields
cannot be consider as quantum fields in the sense of Wightman as in [SW64], Chapter 3].

Proposition 7.1.8. Let A be an irreducible graded-local Mébius covariant net. Then, A is
generated by its FJ smeared verter operators, which means that

A(T) = W™ ({Yh (a,f) [a €M™, Lia=0, feCX(S") suppf C I, I C 1}) (7.19)



7.1. RECONSTRUCTION OF THE VOSA THEORY 107

Proof. We trivially adapt the argument for [CKLW18|, Proposition 9.1]. For every I € J, call
B(I) the right hand side of , so defining a graded-local Mobius covariant subnet B of A.
By definition, every a(f) with f € C>°(S') belongs to the vacuum Hilbert space Hg := B(S1)Q
of B. Since the representation U of M&b(S1)(>) on H is reducible, all the a(f) span a dense
subset of H. Consequently, H must coincide with Hpz and thus A = B. O

Now, we can prove the second of the three most important results of this chapter. As
previously anticipated, we show that the FJ smeared vertex operators of an irreducible graded-
local conformal net arisen from a simple strongly graded-local unitary VOSA are actually the
ordinary smeared vertex operators. Note that as a corollary, we obtain Theorem [7.1.1

Theorem 7.1.9. Let V' be a simple strongly graded-local unitary VOSA and consider the corres-
ponding irreducible graded-local conformal net Ay . Then, for every quasi-primary vector a € V,
we have that Yi(a, f) =Y (a, f) for all I € J and all f € C2°(S') with suppf C I. In particular,
one can recover the VOSA structure on V = H™ from Ay .

Proof. We easily adapt the proof of [CKLWI18| Theorem 9.2]. Note that Y (a, f) is affiliated with
A(I) and thus its domain contains A(I)'Q2, which contains ZA(I')Q NH> by Haag duality. By
a slight modification of [CKLWIS8|, Proposition 7.3|, the latter is a core for Y (a, f), implying
that also the former is a core for it. By definition, A(I)'2 is a core for every FJ smeared
vertex operator Y7(a, f). [KacOll Eq. (4.1.2)] says that Y (b, 2)Q = e*L-1b for all b € V. Thus,
Y(a, f)Q =a(f) and

Y(a, f)AQ = AY (a, f)Q2 = Aa(f) = Yi(a, f)AQ VA e A(I) .

It follows that Y'(a, f) and Yj(a, f) coincide in a common core and thus they must be the
same. O

Now, we can move to the last part of this chapter, which consists of the reconstruction of a
simple strongly graded-local unitary VOSA V from a given irreducible graded-local conformal
net A such that A = Ay. To reach this goal, we note that a necessary condition is that for
every quasi-primary vector a € H, the corresponding FJ vertex operator {Y;(a,z) | I € J} is
energy-bounded, that is, there exists a positive real number M and positive integers k£ and s
such that

[viGa, ]| < MIFIL || (Lo + 120" (7.20)

for all I € J, all f € C°(S') with suppf C I and all b € A(1)'QNH>. We are going to prove
that the energy bound condition for the FJ smeared vertex operators is actually a sufficient
condition.

We say that a family of quasi-primary vectors § C H generates A if the corresponding FJ
smeared vertex operators generate the graded-local von Neumann algebras, that is, if

A =W ({Vi(a, /) [a€F, feCE(S") swpfC I, heT, LCI}) VIeJ.
Then, we present the third main result of this chapter:

Theorem 7.1.10. Let A be an irreducible graded-local conformal net. Suppose that A is gen-
erated by a family of quasi-primary vectors §. Suppose also that § is 0-invariant and the cor-
responding FJ vertex operators are energy-bounded. Furthermore, assume that Ker(Lo —nly) is
finite-dimensional for alln € %Zzo- Then, the complex vector space V := HI™ has a structure
of simple strongly graded-local unitary VOSA such that A = Ay .

Proof. The following proof retraces the one of [CKLW18, Theorem 9.3] with just few adjustments
where necessary.

As for the smeared vertex operators in Section [3.I] we can prove that the energy bound
condition implies that H is a common invariant core for the operators Y (a, f) withI € J,a € §
and f € C°(S') with suppf C I. Let {I1, s} C J be acover of S* and let {1, p2} C C>(S1,R)
be a partition of unity on S* subordinate to {I1, I}, that is, suppyp; C I; for all j € {1,2} and
23:1 ¢i(z) =1 for all z € S'. Then, for every a € § and every f € C°(S'), we define the

operators Y (a, f) on H with domain H> by

2
Y(a, /b= Yi(a,0;f)b  beH . (7.21)

j=1
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Let {I;,I;} C J be a second cover of S* and let {57, 52} € C°°(S,R) be a partition of unity
on S! subordinate to {I1,I>}. Then, we have that

2 2
Y(Chf)b:ZY[J(a,@]f)b: Z YIJ(G;,@SO]f)b
Jj=1 k=1
2 2
= > Yi(a,0;@k /b= Yi(a,0cf)b  VbeH>
k,j=1 =1

where we have used (ii) of Proposition for the third equality. This means that the definition
of f/(a7 f) is independent of the choice of the cover of S! and of the partition of unity
subordinate to it. As a consequence, we have that }7((1, fi=Yi(a, f) foralla € §, all I € J and
all f € C°(S1) with suppf C I. This implies the state-field correspondence Y (a, f)Q = a(f) for
all a € § and all f € C2°(S1). Moreover, we get the Mobius covariance property and the adjoint
relation for the operators Y (a, f) with f € C°°(S) as stated in (iii) and (iv) of Proposition
respectively.

By hypothesis, for every a € §, the FJ vertex operator {Y;(a, z) | I € J} satisfies the energy
bounds with a positive real number M and positive integers s and k. By the convolution theorem
for the Fourier series, for every ¢ € C*°(S!) and every f € C2°(S%), it is not difficult to prove

that
< >

JEL—dg

@< T |5

|Grn—j| VREZ—d,.

Hence,

—

leflls="D_ (nl+1)*|(ef),

nelZ—d,

< 3> i+ |F8n]

nEZ—d, j€EL—dg

=> > (m+jl+1)°

MEZL jEL—dq
<llellslf1ls

712wl

implying that

Hff(a,f)bH:Hfjn(wjf)b <ot (S, ) 151, (Lo+ 1% (r.22)
Jj=1 j=1

for all f € C2°(S1) and all b € H>°. This means that the operators Y (a, f) with f € C°(5)

satisfy the energy bounds with the positive integers s and k& and the positive real number M :=
2
M (324 will,)-
For every n € Z andlevery m € Z— 3, define e, € C*(S") and e, € C2(S1) by €,(2) 1= 2"
and e,,(2) = x(2)2™ "2 with z € S! respectively. For any a € § and any n € Z — d,, set

a =Y (a,e,). Thus, we have that

land|| < M(n] +1)°

(Lo + 1H)ka VneZ—d, Wbe H®.

By definition, we get that a_4, = a(e—q,) = a for all a € §. The Mé&bius covariance property
implies that e®*og, e "o = ¢=tq, foralla € §, allt € R and all n € Z —d,. This implies that
[Lo,an)b = —naybforalla € F, all n € Z —d, and all b € H> and thus a,, preserves Hi® for all
a € § and all n € Z — d,. By the covariance property, we also have the remaining commutation
relations [L_1,a,]b = (—n — d, + 1)a,—1b and [L1,a,]b = (—m + dy — 1)an,41b for all @ € §, all
n € Z —d, and all b € H*. Define the linear span

Vi={(a}, -a,Q1>0, ad €F, njE€L—dy Vje{l, - ,1}) (7.23)

n
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We show that V = H". Let Hy be the closure of V/ in H and ey be the corresponding orthogonal
projection onto Hy . For any f € C3°(S"), Y, cs_y. fnen converges to f in C5°(S') and hence

Y(a, b= Y Jaanb VaeF Vfe€CF(S) WbeH™.

JE€Z—d,

It follows that Y (a, f)b and Y (a, f)*b are in Hy for all a € §, all f € C2°(S1) and all b € H.
Considering that Ker(Lg — nly) is finite-dimensional for all n € %Zzo, we get that ey Hi" = V.
Consequently, we have that [ev,f/(a, fHb=0foralacg, al feC>®(S!) and all b€ V. But
H" is a core for every FJ smeared vertex operator, which means that ey Y;(a, f) C Yi(a, f)ey
foralla € §,all I € J and all f € C>°(S') with suppf C I. Then, using that § generates A, it
must be ey = 1y by the irreducibility of A. This obviously means that V = #Hf".

What we have just proved says us that the formal series

D,(2) = Z Apz Ya € § (7.24)

NneEZ—dg

are translation covariant (with respect to the even endomorphism 7' := L_;) parity-preserving
fields on V, which are also mutually local (in the vertex superalgebra sense) thanks to the
graded-locality of A and Proposition Then, we have a unique vertex superalgebra structure
on V thanks to the existence theorem for vertex superalgebra [Kac01, Theorem 4.5] with vertex
operators Y (a,z) := ®,(z) for all a € F. Moreover, we have a unitary representation of the
Virasoro algebra on V' by operators L, with n € Z by differentiating the representation U of
Diff T (51)(>) associated to A, see Theorem Consequently, L(z) = >, Loz "% is a
local field on V, which is also mutually local with respect to every Y (a,z) with a € V thanks
to the graded-locality of A. Furthermore, L(2)Q2 = e*L-1L_,Q and thus L(z) = Y (v, 2) with
v := L_5Q by the uniqueness theorem for vertex superalgebras [Kac01l, Theorem 4.4.]. Clearly,
v is a conformal vector which makes V' a VOSA.

The scalar product on H restricts to a normalized scalar product on V having the unitary
Mobius symmetry as defined in (i) of Definition Furthermore, we have that

Y(a,2)" = (=1)%%tdey(9(a),z) VaeF

where Y (a, z)* is the adjoint vertex operator as defined in ([2.71). This means that every Y (a, z)™
with a € § is local and mutually local with respect to every vertex operator of V. Set

_1\2d2+d, _(_1)2d2+da
&:{aﬂ i o<a>|a€3}’ S{ D 9<a>|a€3}.

Note that V is generated by the family of Hermitian quasi-primary fields {Y (a, 2) | a € §+ UF_}
and thus V is unitary by Proposition m Furthermore, V' is simple by (iv) of Proposition
because Vy = CQ. V is also energy-bounded thanks to Proposition because it is
generated by the family § of energy-bounded elements. Az as defined in coincides with A
by hypothesis and thus we can conclude that V is strongly graded-local and that Ay = A by
Theorem (.21 O

We conjecture that:

Conjecture 7.1.11. For every irreducible graded-local conformal net A, there exists a simple
strongly graded-local unitary VOSA V' such that A= Ay .

7.2 Functoriality

It seems natural to express the correspondence given by Theorem [3.2.17] and Theorem
in a categorical language. This is what we do in this chapter. We refer the reader to [McL98] as
general reference for category theory.

On the one hand, we define the category V:

e objects are simple strongly graded-local unitary VOSAs, denoted by capital letters V, W, @
and so on;
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e an arrow between objects W and V is a C-vector superspace linear map ¢ € Hom(W, V)
such that ¢(a(n)b) = ¢(a)n)@(b) for alla,b € W and all n € Z, ¢(QV) = QV, oL}V = LY ¢
and ¢9W = evd)

Lemma 7.2.1. If ¢ is an arrow between objects W and V of V, then ¢LY, = LY ¢ and
oLy = LY. Moreover, (¢(a)|op(b))v = (alb)w for all a,b € W. In particular, p(W) is a
unitary subalgebra of V' unitarily isomorphic to W.

Proof. Recall that L") and LY, are the infinitesimal translation operators of the corresponding
VOSAs and thus

$(LY)a) = d(a—) Q") = 6(a)(—2)$(QY) = ¢(a) (- Q" = LY ¢(a)  VaeW.

Then, ¢L§/ = LY ¢ follows from (2.24)). Now, W and V have a unique normalized non-degenerate
invariant bilinear form by (iii) of Proposition [2.3.3] which we call (-, -)w and (-, -)y respectively.

Define a bilinear form on W' by )y = (¢()7i§\(/))v Using (2-62) and that L} = LY ¢, it is

easy to see that (-,-)y, is invariant. Moreover, (-,-)y;, is non-zero and normalized because

(@Y, QW) = (6(QY), 9( Q7 ))y = (¥, ")y =1

and thus (), = (-,-)w by (iii) of Proposition [23.3 Then, (¢(a)|¢(b))y = (alb)w for all
a,b € W if and only if (¢(0w (a))|o(b))v = (0w (a)|b)w for all a,b € W, where

—_

(Ow (a)|)w = (a,b)w = (a,b)y, = (6(a),¢(0))v = (Ov(d(a)|¢(b))vy  Va,be W. (7.25)

Hence, if ¢pby = Oy ¢, then (¢(a)|p(b))y = (alb)w for all a,b € W. The properties above imply
that ¢(W) is a unitary subalgebra of V', unitarily isomorphic to W. O

On the other hand, we consider the category A:
e objects are irreducible graded-local conformal nets, denoted by symbols A, B and so on;

e an arrow between objects B and A is a Hilbert space isometry g € Isom(Hp, H_4) such that
9(Q8) = Qa, gB(I)g* C A(I) for all I € J and gUg(v) = Ua(7y)g for all v € Mob(S1)>);

e set Ay, as the full subcategory of A, whose objects are all irreducible graded-local conformal
nets satisfying the hypothesis of Theorem [7.1.10]

Note that, by the uniqueness of the diffeomorphism representation, see [CKLO8|, Corollary 11],
Us(y) = g*Ux(y)g for all v € Diff T (S'). Moreover, gBg* is a covariant subnet of A isomorphic
to B.

Finally, we propose the following categorical result.

Theorem 7.2.2. There exists a fully faithful functor F : V. — A, which is also injective on
objects. Furthermore, F restricts to an isomorphism of categories between V and Aey,.

Proof. We use the notation as in (5.1)).
Let ¢ € Hom(W, V) be an arrow of V. From Lemma we have that

lally =||¢(@)|l,,  VaeW, (7.26)

which implies that ¢ is injective. Then, using a standard functional analytic argument, we can
uniquely extend ¢ to an isometry g, from Hw,(.|.),) to Hv,(|.),)- By assumption, we have
that go(QY) = QY. If ¢, = 949y, is the projection onto g4 (H(w,(.|)w)), then by the defining
properties of the arrow ¢ and Lemma [7.2.1] we have that

9oYw(a, f)g;, = Yv(gs(a), fleg, ~ Ya€ W VfeC(sh)
and
9oLy g5 =LY ey,  Vne{-1,0,1}.
¢(W) is a unitary subalgebra of V' by Lemma and thus Yy (g4 (a), f) for all a € W and L,, for
alln € {—1,0,1} commute with ey, by Proposition As a consequence, ggAw,(.|)w)(1)g5 C
Aw,1y)) for all I € J and 9¢UA<W,(.\.)W)(7) = UA(v,<-|.>V)('7)g¢> for all 4 € Mob(S1)(*),
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Now, it should be clear how to define the functor F': V — A : this is the map which associ-
ates to every simple strongly graded-local unitary VOSA (V] (-|-)), the corresponding irreducible
graded-local conformal net A(y,.|.)) defined by Theorem and to every arrow ¢, the unique
isometry g, constructed above. By Theorem if ¢ = L1(v,(|)y). then gy = 13, , and
thus F(1ev,.|)y)) = L3 vty Py construction. Moreover,

oo (a) = (9o )(a) = ¢(¢(a)) = (9s 0 gp)(a) Vi € Hom(Q, W) Vé € Hom(W,V) Va € Q@

and thus it must be F(¢p o) = F(¢) o F(¢) for all arrows ¢ € Hom(Q, W) and ¢ € Hom(W, V)
thanks to the uniqueness of the extension of ¢ o ¢ from @ to Hq, (|.)o). Therefore, F' is a
well-defined functor.

Let ¢,v € Hom(W, V') be arrows of V such that F(¢) = F(¢). In particular, this means that

¢a) = gs(a) = gy(a) = ¢(a)  VaeW,

which is the faithfulness of F'.

Conversely, let g € Isom(H w,(.|-)w)> H(v.(|-)v)) e an arrow between Ay, .|y, ) and Ay, (.|.),)
in the category A. Let e, := gg* be the projection onto g(Hw,(.|.),,)). By the defining proper-
ties of g, gLW g* = LY e, for all n € {—1,0,1}. Moreover, for every n € {—1,0,1}, LY and e,
commute because gAw,(.|.),)g" is a covariant subnet of Ay, (.1),). 9(W) = g(Hw,(|yw)) NV
because ¢ is an isometry and thus g(W) is a unitary subalgebra of V' thanks to Theorem
Now, gYw (a,z)g* is a parity-preserving field on g(W), whenever a € W. Therefore, by Pro-
position Proposition and the fact that gAawy,(.|))g" is graded-local, gV (a, 2)g* is
mutually local in the vertex superalgebra sense with all Yy (b, z), where b € W. By [Kac01l
Remark 1.3]:

gYw(a,2)g* QY = gYi(a,2)Q" = getMg = eZLYIg(a) YaeW.

By the uniqueness theorem for vertex superalgebra [Kac0l, Theorem 4.4], we deduce that
gYw (a,z)g* must be equal to Yy (g(a), z) for all a € W. Then, g restricts to a C-vector su-
perspace linear map from W to V, which preserves the (n)-product and such that g(Q") = QY
and gL = LY g for all n € {—1,0,1}. As an isometry, g preserves the scalar products and (-|-)y/
is non-degenerate on g(W) because this is a unitary subalgebra of V. Then, with an argument as
in and using that 8y g(W) C g(W), we can conclude that gfy = 0y g, so that g restricts
to an arrow between W and V. This prove that F' is a fully faithful functor.

We can conclude that F' is injective on objects thanks to Theorem or Theorem [7.1.9
Moreover, Theorem says that I is also surjective on objects when we restrict the codomain
of F to Agp. Therefore, we have proved that F' : V — A,y is a fully faithful functor both injective
and surjective on objects, i.e., an isomorphism between the categories V and Agy. ]






Appendix A

Vertex superalgebra locality and
Wightman locality

We investigate the relationship between the locality axiom in the vertex superalgebra frame-
work and in the Wightman one. Indeed, as it is well explained in [Kac01Il Chapter 1], the vertex
superalgebra axioms are motivated by the Wightman axioms for a QFT. It is therefore likely to
have an equivalence between the locality axioms in the two frameworks at least under certain
assumptions. Those assumptions are represented by a suitable energy bound condition for fields
in the spirit of Section

Comparing with the local case... The following framework generalises the one of [CKLWIS|
Appendix A]. Some complications are given by odd elements, which must be treated in a different
way from the even ones due to the Z — % gradation. This issue is somewhat analogous to the
one about the definition of smeared vertex operators in Section

Let Ly be a self-adjoint operator on a Hilbert space H with spectrum contained in %Zzo-
Define the algebraic direct sum

V= @ Ker(Lo — nly),
HG%ZZO

which is a dense subspace of H. Then, denote by H> the dense subspace of H given by the
smooth vectors of Ly (see [GW85], [Tol99] or Section [3.1]), namely

ne = () H

kE€Z>o

where H* are the domain of the operators (Lo + 13)* respectively. Let a := {a, | n € Z} and
b:={b, | n € Z— 1} be two families of operators on H with V as a common domain and such
that

ethog, e~itho — =inty VieR VneZ

. , . 1 (A.1)
ethop, e~itho — p=intp VieR VneZ-— 3"

It follows that
1
anKer(Lo — jly) C Ker(Lo — (j — n)1ly) VYn€Z Vj € 5220
1 1
aner(LO —le) - Ker(Lo — (j — n)lH) VneZ— 5 VJ S §Z20 .

Consequently, all the operators a,, and b, restrict to endomorphisms of V' with the property that
for all ¢ € V there exists N > 0 such that a,, = b, = 0 for all n > N. In other words, the formal

series )
D,(z2) = Zanzfn7 Dy(z) = Z bpz™ "2

neZ nEZ—%

113



114 APPENDIX A. VERTEX SUPERALGEBRA AND WIGHTMAN LOCALITY

are fields on V as defined in [Kac0l, Section 3.1], see also Chapter Moreover, assume that
®,(z) and Pp(z) satisfy the following energy bounds: there exist positive real M and s,k € Z>¢
such that

lanc]] < M (1 +|n])®

(Lo + IH)kcH VYne€Z YeeV

. 1
bnell < M (L +|n))*||(Lo + 1H)kcH VneZ—3 VeeV.

Thus, we define the following operators:

@a(f)c::ananc, Dy(f)e = Z fL;bnc VfeC®(SY) Yee V.

nez nezfé

The closures of the above operators, which we still denote by the same symbols, have H> as
common invariant domain, see Section We call &,(f) and ®,(f) smeared fields. We say
that a, ®,(z) and ®,(f) are even, whereas b, ®y(z) and Py(f) are odd. We say that a has
parity p(a) = 0, whereas that b has parity p(b) = 1.

Now, let a! and a? be two families of operators with given parities as above. Let [, -] be the
graded commutator, that is,

[@yi (), Poz ()] 1= Pyt (VB2 (-) — (—1)PE PN o (YD (), (A.2)

where, with an abuse of notation, we are using (—1)P(@)?P(e”) a5 in to denote (—1)PalPa2,
where p,1,p.2 € {0,1} are representatives of the remainder class of p(a') and p(a?) in Zy re-
spectively. We say that the fields ®,1(z) and ®,2(2) are, accordingly with Section mutually
local in the vertex superalgebra sense if there exists an integer N > 0 such that

(z = w)"[Pu1(2), Pp2(w)]e =0 Yn>N VeeV, (A.3)

whereas, we say that the fields ®,1(z) and ®,2(z) are mutually local in the Wightman sense
(cf. [SW64, Section 3.1)) if

[(I)al (fl); P2 (fg)]c =0 YeeV (A4)

whenever fi, fo € C*°(S1) are such that suppf; C I and suppf, C I’ for some I € J.
We can now state the correspondence between the two locality definitions given above:

Proposition A.1. Let a' and a? be two families of operators with given parities on H with
V' as common domain and satisfying the energy bounds. Then, the fields ®,1(2) and Py2(z)
are mutually local in the vertexr superalgebras sense if and only if they are mutually local in the
Wightman sense.

Proof. We are going to present here an adaptation of the proof of [CKLW18, Proposition A.1].
For every c¢,d € V, define the following formal series in the two formal variables z and w:

ped(zw) = (][00 (2), Bz (w)e) = 3 (dlfal, a2 ]e)z" P2

n€Z+p1
meEZ+p2

where py, are either 0 if p(a¥) =0 or 3 if p(a®) =1 for k € {1,2}. ¢ .a(z, w) can be considered
as a formal distribution on S* x S' as in [Kac01], Section 2.1], that is, . 4 is a linear functional
on the complex vector space of the trigonometric polynomials in two variables. Thanks to the
energy bounds, ¢. 4 extends to a unique ordinary distribution on S x S! by continuity, that
is, a continuous linear functional on the Fréchet space C*°(S* x S1), which we call ¢, 4(f) for
f € C®(St x SY). (Recall that C>°(S! x S') is isomorphic to the completion of the algebraic
tensor product C*°(S1) ® C°°(S').) The energy bounds assure us that there exists an N > 0
such that for every c,d € V, there exists M. 4 > 0 such that

[eealA)] < Meallfly ,  max|0*f(e,e¥)|  Vfe (S xS (A.5)
x,y_G]R

where, as usual, s = (s!,5?), s/ € Z>¢ is a multi-index with|s| = s* + s? and 9° := (8m)51(8y)52.
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Suppose that the fields ®,1(z) and P42 (z) are mutually local in the vertex superalgebra sense.
By [Kac01l, Theorem 2.3(i)], the ordinary distribution ¢, 4 has support in the diagonal

D:={(z,w) € S* x S' | z —w = 0}.

It follows that (d|[®.1(f1), @a2(f?)]c) = O for all ¢,d € V, whenever f! f2 € C°(S!) with
suppf! € I € J and suppf? C I'. Due to the energy bounds, we can extend the identity above
to all ¢ € H* (cf. Lemma [3.1.8) and thus the fields ®,1(z) and ®,2(z) are mutually local in the
Wightman sense.

Conversely, suppose that ®,1(z) and ®,2(z) are mutually local in the Wightman sense, then
the formal distribution ¢. 4 has support in the diagonal D as above. Moreover, says us that
©¢.q 1s a distribution of order N in the sense of [Rud91l p. 156]. We would like to apply [Rud91l
Theorem 6.25]. To this aim, consider a finite open cover {U;} of the diagonal D of the torus
S! x ST in such a way that every U; is diffeomorphic to the open square (—m, ) x (=, 7) of R?
and such that D N Uj is diffeomorphic to a diagonal of such a square. Complete {U;} to a finite
open cover of ST x S I , which we denote by the same symbols. Let h; be a partition of unity of
S1 x St with respect to the finite open cover {U;} and set ¢/, ; := hjpc,4, s0 that pea =32, ¢l -
Every <pc7 4 can be considered as a distribution in the angular variables (z,y) € (—m,7) X (=7, 7)
and can be easily extended to a distribution on R?. Applying the change of variable [ :== z — y
and m := x +y, we obtain distributions ¢/ , on R* with support in {(I,m) € R* | I = 0}.
Smearing a distribution ¢J 4 With a test functlon g in the variable m € R, we obtain a new
distribution in the variable [ € R with support in {O} only Then, we are in the case of [Rud91l,
Theorem 6.25], which says us that gf)h (l,9) = ZNZ ki(g)9%5(). One can check that for every s
and j, '15; is a distribution in the variable m € R. Thus, for every j, we can rewrite ¢. 4(z, w) =

Zivzl ki (w)03 6(z —w) for some distributions kJ in the variable w. By [KacOll Theorem 2.3], we
can deduce that (z — w)N . 4(z,w) = 0 for all ¢,d € V, that is, the fields ®,1(z) and ®,2(z) are
mutually local in the vertex superalgebra sense. O
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