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Abstract— The monopole monotron instability is a well-known 
phenomenon in the linear beam devices. In recent development of 
a high efficiency 50 MW X-band klystron such instabilities were 
found and mitigated in a special 2nd harmonic multi-cell cavities 
triplet that is used to improve the klystron performance. In further 
simulations of the klystron, using 3D Particle-In-cell computer 
code, the more rare and complicated phenomenon, previously 
unreported in non-relativistic devices, associated with rotating 
multipolar monotron instabilities was discovered. In this letter, the 
qualitative and quantitative analysis of these oscillations will be 
presented. Various resonant multipolar instabilities suppression 
strategies will be introduced and discussed in detail. 

Index Terms—Hybrid modes, Instability, Klystron. 

I. INTRODUCTION 
LYSTRONS are linear beam devices, where the 
electron beam interacts with an array of the bunching 

cavities. In this process, the initial velocity modulation of the 
particles is converted into a beam current RF modulation [1,2]. 
In some cases, at high frequencies, to improve the bunching 
quality a few coupled cells are used instead of a single cavity to 
enhance the impedance [3,4]. Another important measure that 
allows the improvement of the klystron efficiency and the 
reduction of the RF bunching circuit length is the use of 
harmonic cavities [5,6]. A multicell second harmonic RF circuit 
was implemented through the design of 12GHz, 50MW high 
efficiency klystron [7,8]. To accommodate a 400kV, 190A 
beam current, the required beam tunnel aperture in this tube is 
rather large with respect to the second harmonic wavelength. 
Through optimization it was concluded that three coupled cells 
(triplet) operating in the π mode provided sufficient impedance, 
beam coupling and mode separation. The triplet geometry is 
shown in Fig. 1. However, with large beam power, such a 
topology appeared to be sensitive to spurious mode oscillations. 
The possibility of monotron oscillations [9-11] in this tube were 
investigated in detail and mitigated by adjusting the length of 
the triplet period [12]. The threshold current of the monopolar 
monotron oscillation only weakly depends on the magnetic 
field since longitudinal beam-wave interaction dominates the 
process. Therefore, in this study, in order to compare the 
monotron oscillations simulation results provided by different 
computer tools, we initially used a large external magnetic field 
(Bz=15xBBrillouin) to freeze the beam transversely [13]. 
Surprisingly when the external magnetic field in this immersive 
magnetic system was later reduced to the operating value of 

0.35T (2.2xBBrillouin) in dedicated Particle-In-Cell (PIC) long 
pulse simulations (2000 ns), using CST/3D [14], a rare and 
complicated instability evolved. This time we observed an 
unusual situation, where the dc beam is coupled to the rotating 
multipolar hybrid HE modes (TE21 and TE31-like) in the triplet 
rather than TM0n-like monopolar modes. The onset time for 
these oscillations was between 500 ns and 1000 ns, thus we 
could not spot such problems in the earlier klystron simulations 
when applying rather short (200-300ns) simulation times. Such 
phenomenon associated with an azimuthally asymmetric mode 
was previously discovered experimentally in relativistic 
vacuum electron devices [15].  Follow-up studies are either 
directly based on 3D PIC simulation or qualitatively treated it 
as a longitudinal interaction process [16,17]. In non-relativistic 
traditional Klystron with MW output power level, such a 
phenomenon has never been reported before. The only 
similarity we have found in the literature is a beam transverse 
kick effect originated by the TE11-like mode trapped in the drift 
tube between the bunching cavities [18-20]. In some other 
publications [21,22] it was suggested that using stainless steel 
instead of copper for the drift tubes could prevent the klystron 
from oscillating in an unspecified trapped High Order mode 
(HOM). 

A deeper understanding of the mechanisms behind the beam-
wave coupling and finding mitigation methods of the multipolar 
beam instability requires massive 3D PIC simulations. Such 
simulations are very time consuming. For example, long-pulse 
(2000ns) PIC simulations using a computer cluster with GPU 
accelerators (Kepler/Maxwell Type card supported by CST) 
takes about 2 days (0.5 million mesh cells). In this letter, we 
will first give a qualitative analysis of the resonant multipolar 
instabilities. Next, we will explain an innovative method for the 
fast analysis of these instabilities using a beam loading 
calculation in 3D PIC simulations with imported eigen fields of 
the modes. Comparing with other analytical/numerical methods 
for beam loading analysis of 3D modes, the methods put 
forward in this paper are more universal and convenient to 
execute [23,24]. Finally, we will discuss the different methods 
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Fig. 1.  The second harmonic (24 GHz) triplet geometry; 

g=g1=g2=g3=2.1mm, p=3.8mm, R tunnel=4mm. 
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which allow suppression of the multipolar oscillations.  

II. RESONANT MULTIPOLAR INSTABILITIES ANALYSIS  
The resonant multipolar instabilities in the second harmonic 

triplet (see Fig.1) made of copper with conductivity of 5.8×107 
Ω-1m-1 were originally observed in 3D PIC simulation. In this 
simulation an idealized dc beam (400kV, 190 A) with an 
emission radius of 2.8 mm (filling factor 0.7) and only axial 
momentum was injected from a metal surface at the end of the 
beam tunnel, to include space-charge depression and imitate the 
practical cylindrical beam with little azimuthal rotation and 

evenly distributed current density. The external magnetic 
solenoidal field with an amplitude of 0.35T was used in this 
simulation to confine the beam. After 500 ns we observed the 
onset of an instability by measuring the amplitude of the electric 
field with a voltage monitor located in the first gap of the triplet, 
which saturated in about 150 ns. After 900 ns the oscillation 
changed its amplitude, saturating at a new level, suggesting the 
involvement of multiple modes or instabilities. The evolution 
in time of the envelope of the measured oscillation and its 
corresponding spectrum is shown in Fig. 2. By analyzing the 
electric field and beam patterns at the triplet cross section (see 
Fig. 3) and the signal spectrum, we concluded that initially the 
instability is associated with the rotating TE31-like hybrid mode 
(HE31) at 42.7GHz and after 700ns, the rotating TE21-like 
hybrid mode (HE21) at 33.4GHz involves in which finally 
becomes dominant after 1100ns. This conclusion was 
confirmed by simulating the modes in the triplet using CST 
eigenmode solver and matching the eigen frequencies with the 
instability frequencies. The rotation directions of the modes 
were opposite from each other: HE31 was rotating clockwise (+) 
and HE21 was rotating contra clockwise (-). Flipping the 
direction of external magnetic field, the modes rotation was also 
alternated, whilst the oscillation amplitude was not changed. 
More details are shown in Fig. 4. One may see, that in 
interaction with these modes, electron beam receives an 
azimuthal modulation, and the spiral trajectories appear like a 
rotating Archimedes’ screw. With increasing magnetic field, 
the HE21 oscillation disappears when Bz exceeds 0.45 T and 
after 0.70 T the HE31 mode oscillation vanishes as well. The 
oscillations frequencies nearly do not depend on the magnetic 
field amplitude and/or direction. In steady state the surface 
electric field approaches very high values, 480MV/m (HE21) 
and 360 MV/m (HE31). With such behavior, we can classify 
these instabilities as monotron type instabilities with multipolar 
modes. It should be noted that this instability does not occur 
with monopolar modes as these modes cannot rotate. Here we 
introduce the Beam Loading quality factor (Qbeam), which 
describes the ratio of the stored energy in the resonant mode to 
the power exchange between the electron beam and the resonant 
mode in small signal region with DC beam propagated through 
the cavity gap [25-27]. Unlike monopole modes, Qbeam here 
depends not only on the beam current, but also is a nonlinear 
function of the external magnetic field and the beam filling 
factor. From monotron oscillation theory it follows, that an 
oscillation can be established if Qbeam is negative and its 
absolute value is smaller the value of the mode intrinsic quality 
factor (Qin). To calculate Qbeam from the PIC simulations, we 
can use the exponential growth of the oscillation shortly after 
the onset and pick up two voltage amplitudes (V1, V2) at two 
different moments of time (t1, t2): 

𝑄$ =
𝜋𝑓

ln	(𝑉-/𝑉/)
(𝑡/ − 𝑡-)	

 
(1) 

here f is the mode frequency. With known value of the mode 
Qin and calculated value of 𝑄$, Qbeam can be reconstructed: 

1
𝑄$

=
1
𝑄45

+
1

𝑄789:
	

 
(2) 

This straightforward method of Qbeam calculation still requires 
a long PIC simulation time. Also, it is impossible to disentangle 

 
Fig. 2.  a) Voltage signal measured by the voltage monitor in the first gap. b) 

spectrum of this signal before 700ns. c) spectrum of this signal between 700ns 
and 1100ns. d) spectrum of this signal after 1100ns. 

 
Fig. 4.  3D views of the particles distributions for HE21 oscillation (top) and 

HE31 oscillation (bottom). Electron energy scaled by color. 
 

 
Fig. 3.  Particles distributions (top, energy scaled by color) and electric field 
plots (bottom, field amplitude normalized in dB scaled by color) at the triplet 

cross section for HE31 (left) and for HE21 (right) oscillations. 
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any other modes where Qbeam is larger. A more efficient 
approach to calculate Qbeam was extrapolated from the method 
used in [12]. It is related to the monotron small signal theory, 
when beam dynamic calculations (BDC) in PIC can be 
performed with known (imported from CST eigen solver) eigen 
field map of the mode. The mode rotation can be imposed in the 
simulation by using two identical field maps with an RF phase 
shift of +/-90 degrees between them, with the sign controlling 
the rotation direction. With this method, one does not need to 
use the full geometry in the simulation, but only the smooth 
beam pipe region. To perform the Qbeam calculation it is 
sufficient to measure the beam power at the collision plane (Pend) 
for two regimes, the first without the imported mode field map 
(dc) and the second with the imported mode field map (rf): 

𝑄789: =
𝜔𝑊
∆𝑃

=
2𝜋𝑓𝑊

𝑃85@,BC − 𝑃85@,@D
	

 
(3) 

here f is the frequency of the mode and W is the stored energy. 
To obey the small signal regime, the system shall be linear, thus 
W shall be set small enough. This condition can be calibrated 
by measuring if Pend,rf changes linearly with changing W. Such 
a method can be shown to be reliable when calculating 
Qbeam<1×105 and is suggested as a general approach for the 
evaluation of various monotron instabilities using fast (few 

minutes on the same sever mentioned before), almost steady 
state 3D PIC simulations. More specifically, the stabilization 
time for beam dynamics calculations (BDC) conducted in CST 
PIC simulation should be longer than the current rise time (~1ns) 
plus several electron flight times (~1ns), therefore several ns 
will be enough rather than 1000ns in a full PIC simulation. Such 
BDC consider all effects, like relativistic effects, space charge 
effects, 3D particle trajectories, etc. Using BDC, we have 
calculated Qbeam for the modes, which rotate in opposite 
directions compared to the ones observed in simulations. Both 
showed positive Qbeam values (several thousand) within the 
range of external magnetic field between 0.3T and 0.9T. Which 
is consistent with observations made in the direct PIC 
simulations. In Fig. 5 the direct calculation of Qbeam (Eq. 1) is 
compared with BDC calculation. Direct calculations for HE21 
mode were not possible, because Qbeam of this mode is larger 
than Qbeam of HE31 mode. Thus, only BDC results of HE31 mode 
are shown. However, BDC predictions are consistent with 
observation made in PIC simulation, when HE21 oscillation 
disappeared with Bz exceeding 0.45T. 

Unlike the monotron oscillations of the monopole modes, 
where the threshold current is inversely proportional to Qbeam, 
for the multipolar oscillations this correlation is more 
complicated, see Fig. 6. From this observed relationship 
between Qbeam and magnetic field, we can conclude that 
transverse beam-wave interaction plays an important role for 
this type of oscillation. In this case, the particles trajectories 
transverse component is greatly affected by the beam current 
itself, especially when the confining magnetic field is close to 
the Brillouin magnetic field. Another peculiarity of the 
multipolar instability is the Qbeam dependence on the beam 
radius (filling factor), see Fig. 7. In these illustrations, for 
simplicity, we fixed the beam voltage (400kV) and the external 
magnetic field, disregarding the fact that with changing the 
current and/or the beam radius, the confining magnetic field 
might need to be re-adjusted. 

III. RESONANT MULTIPOLAR INSTABILITIES SUPPRESSION 
STRATEGIES 

Following the results shown in Fig. 5, the increase of the 
external magnetic field from 0.35T to 0.7T will eliminate the 
resonant multipolar instabilities. It is also straightforward that 
with increasing the magnetic field, the beam filling factor can 
be reduced to below 0.55, thus the klystron stability will be fully 
assured. However, this approach is not economically efficient, 
as the solenoid cost and power consumption will be increased 
significantly. 

Another solution is to use stainless steel for the triplet 
fabrication (conductivity~1.3×106	Ω-1m-1) instead of the copper 
(conductivity~5.8×107 Ω-1m-1). In this case the Qin of each of 
the modes will be reduced by a factor of 7, which is proportional 
to the square root of the conductivity of the metallic wall for a 
given mode [28]. That is more than sufficient to eliminate both 
oscillations, see Fig. 5. As a drawback, such an approach could 
introduce additional complication and cost increases into the 
tube fabrication process. 

A more rewarding strategy is to review the geometry of the 

 
Fig. 6.  Qbeam as the function of the beam current for the dominant HE31 mode 

(Bz=0.35T). 

 
Fig. 5. Qbeam as function of the magnetic field for HE31 and HE21 modes; Qin 

is approximately 4200 for both modes. 

 
Fig. 7.  Qbeam as a function of the beam filling factor for the dominant 

HE31 mode (Bz=0.35T). 
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triplets itself. In our previous studies, monopole monotron 
oscillations in the triplet were removed by adjusting the cells 
period length to 3.8mm [12]. We have tried the same technique 
in attempt to mitigate the multipolar oscillations, but this 
attempt was not successful due to the number of modes 
involved, see Fig. 8. 

Next, we have studied the HOM modes frequency detuning 
method. The cells period length was slightly tapered, whilst 
keeping the overall length and iris thickness constant. Meaning 
that central cell was not modified. In this exercise, the outer 
cells radii were adjusted to preserve the TM01 resonant 
frequency of the individual cells. Such modification practically 
did not affect the effective impedance of the operating 24GHz 
π mode. This approach was rather successful, when the period 

length of the two extreme cells was changed by 0.2mm. The 
dominant HE31 mode was fully eliminated, with Qbeam being 
positive for both rotating polarizations. The remaining HE21 
mode with original rotating polarization survived, but the 
negative value of Qbeam was increased from 2900 to 8000, thus 
the triplet was moved out of the instability zone. Qbeam 
dependence on the filling factor for two values of the confining 
magnetic field are shown in Fig. 9. From these results, we can 
conclude that with the designed value of the filling factor (0.7) 
and expected beam scalloping in the drift tube below 10%, the 
klystron will be stable when operated with the nominal 
amplitude of confining magnetic field of 0.35T. Particle 
trajectories for this operating point after 2000ns PIC 
simulations are shown in Fig. 10. The modified triplet stability 
was studied for the range of the beam voltages from 150kV to 
430kV with fixed beam perveance (0.75µA/V3/2) and 0.35T 
external magnetic field, see Fig. 11. In these simulations, the 
Qbeam value remains sufficiently above (factor 1.7) the threshold 
limit for the entire range of simulated voltages. 

It is noteworthy that the example presented here is operated 
in an immersive magnetic system, meaning that the azimuthal 
velocity of the electron beam is theoretically zero at the 
entrance of the RF circuit and very small when the beam is 
passing through the circuit in the DC scenario. However, the 
idealized emission model could be modified to handle error 
analysis when the magnetic flux is not well aligned with the 
beam trajectory in the gun area. This is equivalent to putting 
less/more Bz field on the emission plate than in the latter RF 
circuit in our model to rotate the beam in purpose. The non-
uniform Bz(z) with an abrupt field change just after the emission 
plate shows that the Qbeam of the HE21 mode of the modified 
triplet with the same filling factor (0.7) and saturated Bz field 
(0.35T) will be affected by about 20% if the variation of Bz field 
on the emission plate is 10%. Such a sensitivity study is further 
proof that the transverse beam wave interaction is a non-
negligible factor for this type of instability. More realistic or a 
more general (optics from shield/partially shield gun) model 
could be established with the import of emission information 
from beam optics simulations, where the technique proposed in 
this paper will still apply for resonant multipolar instability 
analysis regardless of the specific optics situations. 

In klystron amplifiers, any spurious oscillation can abruptly 
interrupt the RF power generation and must be eliminated at the 
design stage. However, there is a class of RF generators, which 
use the monopole monotron instabilities and dc beam to 
generate coherent microwave radiation [29]. It is proposed here 
for further study, that resonant multipolar instabilities can be 
also used for the megawatt level RF power generation at high 
frequencies (100 GHz), profiting from the reasonable level of 
the confining magnetic field and large beam tunnel aperture to 
accommodate large current. 

IV. CONCLUSION 
The rare phenomenon of multipolar beam instabilities in the 

second harmonic (24GHz) cavities triplet of the 50MW, 12 
GHz high efficiency klystron was observed in 3D PIC 
simulation. The numerical analysis of the instabilities allowed 

 
Fig. 10.  Particle trajectories after 2000ns PIC simulations in the modified 

triplet. 

 
Fig. 8.  Qbeam as a function of cell period for multipolar modes in the triplet. 

 
Fig. 9.  Qbeam of HE21 mode as a function the filling factor for two values of 

the confining magnetic field in the modified triplet. 

 
Fig. 11.  Qbeam of HE21 mode simulated for the range of beam voltages from 

150kV to 430kV with fixed beam perveance (Bz=0.35T). 
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us to classify these oscillations as monotron type instabilities 
associated with a rotating TE31-like hybrid mode (HE31) at 
42.7GHz and a TE21-like hybrid mode (HE21) at 33.4GHz. To 
make quantitative analysis of these oscillations, a novel 
technique of beam loading quality factor calculation using fast 
PIC simulations was proposed. Using this method, the impact 
of the various parameters like beam current and voltage, 
amplitude of the external magnetic field and beam filling factor 
on the instabilities onsets was studied. Resonant multipolar 
instabilities suppression strategies were presented and 
discussed in detail. The most economically and technologically 
efficient method, the triplet HOM detuning, was demonstrated 
to be effective to ensure klystron operation far from the 
instability region. Finally, the modified triplet could work 
stably with a filling factor of 0.7 and a magnetic field of 0.35T 
in such a high-power Klystron without any oscillation. 
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