GAUGE EQUIVALENCE FOR COMPLETE L. -ALGEBRAS

Al GUAN

ABsTrRACT. We introduce a notion of left homotopy for Maurer—Cartan elements in
Lo-algebras and Ac-algebras, and show that it corresponds to gauge equivalence in
the differential graded case. From this we deduce a short formula for gauge equivalence,
and provide an entirely homotopical proof to Schlessinger—Stasheff’s theorem. As an
application, we answer a question of T. Voronov, proving a non-abelian Poincaré lemma
for differential forms taking values in an Lc-algebra.

1. INTRODUCTION

A Maurer—Cartan element in a differential graded Lie algebra (dgla) V is a degree 1
element £ € V satisfying d€ + %[5, &] = 0. Tt is important to understand homotopies between
Maurer—Cartan elements; for example, deformation problems are governed by Maurer—Cartan
elements up to an appropriate notion of homotopy [SS, Man99]. Thus many different notions
of homotopy have been studied for Maurer—Cartan elements in dglas and, more generally, in
L-algebras; see [DP16] for an up-to-date and extensive survey.

The Schlessinger—Stasheff theorem [SS] states that two Maurer—Cartan elements in a
pronilpotent dgla are Sullivan homotopic (called Quillen homotopic in [DP16]) if and only if
they are gauge equivalent. One goal of this paper is to provide an entirely homotopical proof
of this result, and to extend to it to L..-algebras and A..-algebras under certain completeness
conditions. To do this, we introduce a new homotopy relation for Maurer—Cartan elements
in complete L ,-algebras and A..-algebras. Maurer—Cartan elements are interpreted as
morphisms of commutative differential graded algebras (cdgas); this is reviewed in Section 2
along with other relevant background on L..-algebras and A..-algebras. Two Maurer—Cartan
elements are then defined to be left homotopic if they are left homotopic between morphisms
in the category of cdgas, equipped with the model category structure of [Hin97].

As motivation for our definition, in Section 3 we show that there is a model structure on
the category of complete dglas, namely that of [LM15], in which gauge equivalence coincides
with left homotopy, a result also obtained by [RN18]. The results in this section should be
considered Koszul dual to the approach taken in the rest of the paper, where we choose to
work in the setting of cdgas in order for results to immediately generalise to the setting of
L.-algebras. There are also close parallels between the approach in Section 3 and the recent
papers [BM13b, BFMT18], in which it is shown that gauge equivalence coincides with left
homotopy for a larger class of dglas with a different model structure. However, their result
only holds in the generality of dglas, and the method used does not seem to easily generalise
to Loo-algebras.

The rest of the paper is organised as follows. In Section 4, we define left homotopy of
Maurer—Cartan elements and use it to deduce a new short formula for gauge equivalence
in Theorem 4.3 and Theorem 4.7. In Section 5, we prove combinatorial formulae for left
homotopy in terms of rooted trees and give a direct proof that left homotopy coincides with
gauge equivalence. As an application, in Section 6, we answer a question posed by Voronov
in [Vor12], and prove a version of the Poincaré lemma for differential forms taking values in
an L..-algebra.
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1.1. Notation and conventions. Throughout the paper, k denotes a field of characteristic
zero. All unadorned tensor products will be over k, and all vector spaces will be over k
and cohomologically Z-graded. The suspension ¥V of a graded vector space V is graded by
(Ev)z _ Vi+1.

We will often refer to pseudocompact vector spaces — these are projective limits of finite-
dimensional vector spaces, equipped with the inverse limit topology. In particular, the k-linear
dual V* of a discrete vector space V is pseudocompact. The dual of a pseudocompact vector
space is defined to be its topological dual; hence V = V** is always true, and the natural
map = > ev, is ev,(v*) = (—=1)1V"I#ly* () by the Koszul sign rule. For two pseudocompact
vector spaces V' and W, the space of morphisms Hom(V, W) is assumed to mean the space
of continuous linear maps, and the tensor product V' ® W is assumed to mean the completed
tensor product. If V = @l V; is pseudocompact and W is discrete, then their tensor product
is defined to be V@ W = lim, V; ® W; note that in general this is neither discrete nor
pseudocompact.

We abbreviate a differential graded (Lie) algebra or unital commutative differential graded
algebra by dg(l)a or cdga. The completed tensor and symmetric algebras are respectively
TV =2, T/(V) and SV := [[2,5(V). We will be mostly working in the context of
complete Loo-algebras (as defined in Section 2), so the completion is usually unnecessary.

Acknowledgements. The author thanks Chris Braun and Andrey Lazarev for numerous
helpful discussions during the writing of this paper, and for their comments and corrections
on earlier drafts. Thanks are also given to an anonymous referee for their careful reading
and thoughtful comments and corrections.

2. PRELIMINARIES ON Ls,- AND A,.-ALGEBRAS

We start by recalling basic facts on Lo.- and Ay .-algebras, Maurer—Cartan elements,
Sullivan homotopy, and gauge equivalence for the differential graded case. All definitions
given in this section are standard and agree with those commonly found in the literature,
except for the notion of completeness: in particular, the definition given here agrees with
[LM15] but not with [BFMT18].

Definition 2.1 (following [HL09]). Let V be a graded vector space.

(1) An Lo -structure on V' is a continuous degree 1 derivation m of the complete cdga
§Z_1V*, such that m? = 0 and m has no constant term. The pair (V,m) is called
an Ly, -algebra, and (§Z_1V*,m) is called its representing complete cdga.

Given two Ly-algebras (U,my) and (V,my), an Lo,-morphism U — V is a
continuous cdga map (SL1V* my) — (SS71U*, my).

(2) An A -structure on V is a continuous degree 1 derivation m of the complete dga
Tx~V*, such that m2 = 0 and m has no constant term. The pair (V,m) is called
an Ay -algebra, and (fZ_lV*,m) is called its representing complete dga.

Given two As-algebras (U,my) and (V,my), an Ao-morphism U — V is a
continuous dga map (TS~V*, my) — (TSU*, my).

One recovers the standard definition of an L.-structure as a sequence of graded maps
as follows: By definition, the derivation m is determined by its components m;: L ~1V* —
S'¥~1V* i > 1. Dualise the components m; and apply the canonical identification of
S,.-invariants and S,-coinvariants, to get graded symmetric maps £;: S'XV — XV of degree
1, with m; = %Zz* The condition m? = 0 then translates into higher Jacobi identities.

Under the identification S'YV =2 A’V an L.-structure on V is equivalently a sequence of
graded antisymmetric brackets [—, ..., —];: A®V — V of degree 2 — i. For later convenience,
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we adopt the convention that the graded symmetric and graded antisymmetric operations
are related by £; = S [—,...,—]; (X71)®% so that by the Koszul sign rule,

Cilay,. . x) = (—D)Zm Dl n—ty, vl

Analogously, an A,.-structure is equivalent to a sequence of graded maps TV — V, i > 1,
of degree 2 — i, satisfying higher associativity identities. Note that factorials do not appear
in the A-algebra case, because there is no need to identify invariants and coinvariants.

For our purposes, V' will often be a pseudocompact vector space instead of discrete. In this
case, an L. -structure, A -structure, etc., on V is defined by replacing the complete cdga
SS=1V* in Definition 2.1 with the cdga SY~'V*, and replacing the complete dga Te-ly*
with the dga TS ~1V*,

Throughout this paper we will use the language of Quillen’s closed model categories [Qui69];
see [DS95] for a review. We will consider the categories of cdgas and dgas with the model
category structures of [Hin97|, in which the weak equivalences are quasi-isomorphisms and
the fibrations are degreewise surjections. All objects are fibrant, and the cofibrant objects
are described as below.

Definition 2.2. A Sullivan cdga (resp. Sullivan dga) is defined to be a cdga of the form
SV (resp. dga of the form TV') such that V is a graded vector space admitting a filtration
0CVocncwhc--cv, v=Jv

i>0

that is compatible with the differential d, i.e. d(V;) C SV;_; (resp. d(V;) CTV;_1) for all i.

The cofibrant objects in the model categories of (c)dgas are precisely retracts of Sullivan
(c)dgas. A proof appears in, for example, [Posl1, Theorem 9.1] for dgas; the same proof also
works for cdgas.

Definition 2.3. An L..-algebra (resp. A-algebra) V' is complete if V' is pseudocompact
and its representing cdga (resp. dga) is cofibrant in the model category of cdgas (resp. dgas).

Definition 2.4.

(1) Let (V,m) be a complete Lo.-algebra and A be a cdga. An element £ € V ® A is
Maurer—Cartan if it has degree 1 and satisfies the Maurer—Cartan equation

. 1
(id@da)(©) + D SlE. & =0,
i>1
where [—, ..., —]# is the A-linear extension of [—,...,—];.

(2) Let (V,m) be a complete A, -algebra and A be a cdga. An element £ € V ® A is
Maurer—Cartan if it has degree 1 and satisfies the Maurer—Cartan equation
(d®@da)(&) + > miE,....&) =0,

i>1
where m# is the A-linear extension of m.
The set of all Maurer—Cartan elements in V' ® A is denoted MC(V, A). In the case where
A =k, we write MC(V, k) simply as MC(V).

Remark 2.5. The completeness condition on the Lo,- and Ay-algebra ensures that the
infinite sums converge in Definition 2.4.

Given any cdga A and complete Lo.-algebra V', a Maurer—Cartan element in the L..-
algebra V ® A is represented by a cdga map SE~'V* — A. Similarly, given any dga A, a
Maurer-Cartan element in the A..-algebra V ® A is represented by a dga map TS 1V* — A.
For details see, for example, Proposition 2.2 and Remark 2.3 in [CL11].



4 AI GUAN

Next we consider a notion of homotopy for Maurer—Cartan elements. Let V' be an Lo-
algebra or Ac-algebra. Consider the Lo.-algebra or A-algebra V[t,dt] .= V ®@k|t, dt], where
k[t,dt] denotes the free cdga generated by a degree 0 symbol ¢ and a degree 1 symbol dt.
Then there are two natural cdga maps fo, f1: k[t,dt] — k, defined by sending ¢ to 0 and 1
respectively, and sending dt to 0.

Definition 2.6. Let (V,m) be a complete Ly,-algebra or A,.-algebra, and A be a cdga. Two
elements &, n € MC(V, A) are Sullivan homotopic if there exists an element h € MC(V, A[t, dt])
such that (id ® fo)(h) = ¢ and (id ® f1)(h) =n.

We recall the notions of a good path object and a right homotopy in the sense of Quillen’s
model categories. For an object X in a model category C, a path object for X is an object
X' in C with a factorization

X 4 xIT 2y X x X,

~_

Ax
with i a weak equivalence, where Ax is the diagonal map (idx,idx). The path object X7 is
called good if additionally, p is a fibration.
The following result is well-known; see for example [Laz13].

Proposition 2.7. Let (V,m) be a complete Lo, -algebra or As-algebra, and let A be a cdga.
Two Maurer—Cartan elements £,n € MC(V, A) are Sullivan homotopic if and only if their
representing (c)dga maps are right homotopic in the model category of (c)dgas.

Proof. This is immediate from regarding h € MC(V ® A[t, dt]) as a cdga map SE~1V* —
Alt,dt] or a dga map TE~'V* — A[t,dt]. Then

, f
Aty Al di] fﬁ A

is a good path object for A in the model category of (c)dgas; here i denotes the natural
inclusion. |

Now counsider the case where V' is a complete dgla, with differential d and bracket [—, —].
In this case, (V ® A)Y is a Lie algebra and the gauge group G of V ® A is defined by
exponentiating (V ® A)°. That is, G consists of formal symbols {e® : x € (V @ A)°}, with
multiplication e*e¥ = ¥ given by the Baker—-Campbell-Hausdorff (BCH) formula.

Definition 2.8. The gauge action of G on MC(V, A) is defined by
" 0 ady n—1
e ~§:§+Z(n7)!(adrf—dx). (1)
n=1

Two Maurer—Cartan elements £, € V ® A are said to be gauge equivalent if they lie in the
same orbit of the gauge action. We write .#% (V, A) for the quotient of MC(V, A) by the
gauge action.

If V is a complete dga, we say that two Maurer—Cartan elements in V ® A are gauge
equivalent if they are gauge equivalent in the corresponding dgla, taken with the commutator
bracket.

Remark 2.9. Completeness of V' implies that V is pronilpotent; thus the infinite series in
the BCH formula and the above gauge action (1) converge. Indeed, the ascending filtration
on SY~1V* corresponds to a descending filtration on V, and the Sullivan condition on the
differential of SX~'V* corresponds to pronilpotence of V* with respect to this filtration.

More generally, for a (not necessarily complete) dga V', the following definition of gauge
equivalence can be found in, for example, [CHL21].



GAUGE EQUIVALENCE FOR COMPLETE L..-ALGEBRAS 5

Definition 2.10. Let V be a dga. The gauge action of the invertible elements of V° on
MC(V, A) is defined by
a-&=afat —da-at. (2)

This definition is equivalent to Definition 2.8 in the case where V is complete.

Our aim is to establish gauge equivalence as a left homotopy in the model category of
cdgas. In particular, left and right homotopy coincide when the domain is cofibrant and
the codomain is fibrant, so this would prove that Sullivan homotopy and gauge equivalence
coincide in the case of dglas. We will see how this interpretation extends to Maurer—Cartan
elements in L,-algebras.

3. GAUGE EQUIVALENCE AS A LEFT HOMOTOPY OF DGLAS

In this section, we show that gauge equivalence for complete dglas coincides with left
homotopy between complete dgla morphisms, with respect to the model category structure
of [LM15]. An analogous result is proved in [BM13b, BEMT18] for a different model structure.
The key to this construction lies in an alternative characterization of Maurer—Cartan elements
in V, when V is a dgla, as follows. Let L(x) be the free complete dgla generated by one
element = of degree 1, with differential dv = —1[z,x]. Then there is a correspondence
between the set MC(V') and the set of dgla morphisms L(x) — V. Thus, to describe a left
homotopy in a model category of complete dglas we require a cylinder object for L(x); such
a cylinder is given by the Lawrence—Sullivan interval introduced in [LS14].

The Lawrence—Sullivan interval £ is the free complete dgla on three generators a, b, z,
where |a| = |b| = 1, |z| = 0, with differential

1 1
da + §[a,a] =0, db+ §[b’b] =0,

ad,
eadz —id

That is, the differential d is defined such that a and b are Maurer—Cartan elements in £, and

dz = ad,(b) + (b—a).

are gauge equivalent by a = e* - b.

Proposition 3.1. Let ig,i1: L(z) — £ be the natural inclusions and p: £ — L(z) be the
natural projection, that is, ig(x) = a, i1(x) = b and p(a) = p(b) = x, p(z) = 0. Then

L(x) &{ e L Lx)
i1
is a good cylinder object for L(x) in the category of complete dglas, equipped with a model
structure in which a morphism f: (V,d) — (V',d’) is

(1) a weak equivalence if SX=1(V')* — SE=1V* is a weak equivalence in the category
of cdgas.
(2) a fibration if it is surjective.

Proof. See [BFMT18| Corollary 5.3 and Theorem 7.6. O

It is then straightforward to show that gauge equivalence corresponds to the notion of a
left homotopy in the category of complete dglas.

Proposition 3.2. Let V be a complete dgla. Two Maurer—Cartan elements &,m € V are
gauge equivalent if and only if there exists a dgla morphism h: £ — V such that h(a) = ¢
and h(b) =n.

Proof. Consider the element h(z) € V. If h is a dgla morphism, then h(z) has degree 0, and
d(h(z)) = h(dz), from which a direct computation shows & = ¢"(*) . 5. Conversely, if & and 7
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are gauge equivalent by £ = e - ), then define h(a) = &, h(b) = n and h(z) = x. The same
computation shows that h is a dgla morphism. O

It is natural to ask how this result can be generalized to a notion of homotopy when V'
is an Loo-algebra. In [BM13a], two Maurer—Cartan elements &,n € V are called cylinder
homotopic (terminology following [DP16]) if there exists an Loo-morphism £ — V such that
h(a) = £ and h(b) = n. Then by [BM13a, Proposition 4.5], two Maurer-Cartan elements are
cylinder homotopic if and only if they are Sullivan homotopic. The resulting generalization,
however, is no longer a left homotopy of complete dglas.

4. LEFT HOMOTOPY OF MAURER—CARTAN ELEMENTS

A different approach will be taken in this section: loosely, we will work in the Koszul dual
picture, and consider Maurer—Cartan elements in L.-algebras and A-algebras by their
representing (c)dga maps. We define the following notion of homotopy for Maurer—Cartan
elements.

Definition 4.1.

(1) Let V be a complete Ly-algebra and A be a cdga. Two Maurer—Cartan elements
£, €V ® A are left homotopic if their representing cdga maps SX~'V* — A are
left homotopic in the model category of cdgas.

(2) Let V be a complete A-algebra and A be a cdga. Two Maurer—Cartan elements
£,m €V ® A are left homotopic if their representing dga maps TX'V* — A are left
homotopic in the model category of dgas.

4.1. The cylinder object for (c)dgas. We recall a cylinder object for cdgas constructed
in [FOTO8, Section 2.2]. Given a cofibrant cdga of the form (SV,d), its cylinder C(SV) is
defined to be the cdga (S(V &V @ X7)7 D), where V 2 XV and V =V, and the differential
D is defined by

D(v) = dv, D(v) =v, D{®)=0.
We also define a degree —1 derivation s on C'(SV) by

s(v) =7, s(v) =s(v) =0.

Then 6 := [s, D] = sD+Ds is a derivation of degree 0, so e? = 3">° 6™ /n! is an automorphism
of C(SV). Explicitly,

O(v) = sdv+v, 0(v) =0(v) =0,
and inductively, " (v) = (sD)"(v) for n > 2 as s> = 0. Since SV is a Sullivan cdga, 6™V (v) = 0
for some N, and hence we have a convergent series

ee(v)zwmz(wg#, @) =10, @) =7. (3)

Analogously, given a cofibrant dga of the form (T'V,d), its cylinder C(T'V') is defined to
be the dga (T(V @ V @ V), D), with D and e? defined as above. This is a different cylinder
to the one constructed by [BL77].

Proposition 4.2. Let (SV,d) be a cofibrant cdga. Let i: SV — C(SV) be the natural
inclusion and p: C(SV) — SV be the natural projection, that is, i(v) = v and p(v) = v,
p(0) = p(®) =0. Then

SV == C(sV) L sV
is a good cylinder object for (SV,d) in the model category of cdgas. Analogously, if (TV,d) is
a cofibrant dga, then
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TV == C(TV) = (T(V o V o V),D) —— TV

is a good cylinder object for (T'V,d) in the model category of dgas.

Since C'(SV') and C(TV) are good cylinder objects, £ and 7 are left homotopic if and only
if there exists a cdga morphism H: C(SV) — k or dga morphism H: C(TV) — k that is a
left homotopy between their representing (c¢)dga maps.

4.2. Left homotopy in (c)dgas. From now on, let V' be a complete Lo.-algebra; everything
we say will have an obvious analogue for complete A,.,-algebras. Consider the vector space
VaeVaV, where VY"1V and V = V. This is a complete L..-algebra with differential

d(§) =d¢, d(&) =0, d(&) =¢,
and all brackets defined as 0 on the second and third components. Then the representing
cdga of V & V @V is isomorphic to C(SU), where U = £~1V*, U = £~1V* = $U and
U =~ U, with differential D as in Section 4.1.

Note that for any cdga A, an element in (V @V & ‘7) ® A is Maurer—Cartan if and only if
it is of the form & + 2 + 0 for some £ € MC(V ® A) and = € (V ® A)°. By abuse of notation,
we denote also by £ its representing cdga map (SU,d) — A, and by « its equivalent degree 0
linear map U — A. Hence x and ¢ together determine a cdga map He ,: C(SU) — A that
is a left homotopy between § and x * § := H¢ , o e? oi, by

He o (u) = &§(u), Heo(u) = a(u), Heo(u) = 0.

Our next result gives a compact formula for left homotopy of Maurer—Cartan elements.
In the next section, we will show that the formula specialises to gauge equivalence in the
case where V is a dg(1)a.

Theorem 4.3.
(1) Let V be a complete Lo-algebra. Two Maurer—Cartan elements £,n € V are left
homotopic if and only if their representing cdga maps &,m: SX~1V* — k satisfy

n=_¢Eoel™

where % is the constant degree —1 derivation of SX~1V* induced by the left homotopy.
(2) Let V be a complete Axo-algebra. Two Maurer—Cartan elements £,m € V are left
homotopic if and only if their representing dga maps £,m: TS YV* — k satisfy
n=_¢goeld,
where T is the constant degree —1 derivation of TL~'V* induced by the left homotopy.

Proof. Consider first the Lo,-case. We lift the homotopy H¢ , between £ and x * £ to SU in
the following sense: Let f be the cdga map Hiq, o€’ 0oi: SU — SU. Then x & = o f and
the identity map of SU is left homotopic to f via Hiq,: C(SU) — SU, defined by

de,z(u) =u, Hid,r(ﬂ) = $(ﬂ), Hid@(ﬂ) =0.
We now show that f = el®9 where # is the constant derivation of SU corresponding

to x. First we convert the homotopy Hiq . into a Sullivan homotopy between the identity
morphism of SU and f. Consider the map

e* + se*?dz: C(SU) — C(SU)|z,dz], (4)
which is well-defined as any element u + 4 + @ € C(SU) satisfies N (u + @ + @) = 0

for sufficiently large N (see Section 4.1), so e’ is indeed a polynomial in z. By [BLO5,
Theorem 3.4], equation (4) defines a Sullivan homotopy between the identity morphism
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and the automorphism e’ = el*P of C(SU). Then defining F,G: SU — SU|[z] to be the
compositions
F = Hldzoe , G= Hldxosee o1,

we obtain that F' + Gdz: SU — SU[z7dz] is a Sullivan homotopy from id to f. Since the
constant term of F' is always the identity on SU, the map F' is formally invertible and the
integral formula from [BLO5| gives

1
f:exp[/ GF~tdz, d}.
0

Finally we show that G = £F, from which it follows immediately that the integral converges
and evaluates to 7, concludlng the proof of the theorem. Indeed, Hiq, @8 and £Hiq, , are both
Hiq ,-derivations S(U & U & U) — SU, and they agree on U @ U @ U:

Hiqgs(u) = Hiq (@) = (@), Hiaes(@) = Hia (W) =0, Hiqzs(w) =0,
and
THiq,,(u) = Z(u) = 2(4), THiq.(0) = Zz(a) =0, THia (1) = 0.

Hence Hiq s = £Hiq 4, which gives G = TF as required.

Now suppose £ is a Maurer—Cartan element in an A..-algebra. In the A.,-case, the integral
formula no longer applies due to the lack of graded commutativity. However, we can reduce
to the L..-case as follows. Since k is commutative, its representing dga map £: TU — k
factors as £ = &’ op, where p: TU — SU is the canonical projection and &': SU — k is a
cdga map. Similarly there are factorizations z « £ = (z %)’ op and H = H' o p. Then & and
(x * &) are Maurer—Cartan elements in the L..-algebra represented by SU, and the cdga
map H' defines a left homotopy between them. By definition (x % &)’ = z % £’, hence by the
Lo-case,

1,*5: (x*g/)ongloe[:i,dsu] Op:flopoe[i’dTU] :foe[i,dTU].

This proves the A..-case. O

We would like to extend Theorem 4.3 to Maurer—Cartan elements in L.-algebras and
Ao-algebras of the form V ® A, that are not necessarily complete. However, given two
left-homotopic Maurer—Cartan elements £,7 € V ® A, it is not true that their representing
cdga maps &,1: SLTIV* — A satisfy = € o el for some degree —1 derivation & of
SY~1V* as the following counterexample shows.

Example 4.4. Take V to be a dg vector space, so that it has a linear differential and a
decomposition V = H(V)® XB ® B, and take A = SEL~1V*. Let ¢ be the identity map, and
7 be the map induced by the projection of V onto its homology H(V'). Then £ and 7 are left

[&.d]

homotopic, but 7 is not an automorphism, so cannot be of the form id o e!**. Indeed, if Z is

the constant derivation corresponding to the homotopy, then the exponential el®4 diverges.

To obtain an analogue of Theorem 4.3 for Maurer—Cartan elements in V ® A requires
introducing a semi-completed symmetric algebra and a semi-completed tensor algebra: for a
pseudocompact vector space V', define

SV =SV and T'V=ETV.
i>0 i>0
Since V is pseudocompact, S*(V) and T%(V) are still assumed to mean completed tensor
powers. However, S’V and T'V differ from SV and TV by taking the direct sum of tensor
powers instead of the direct product. Thus S’V and TV are not pseudocompact, but do
have some non-discrete topology. They have the following property.
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Lemma 4.5. Let V' be a pseudocompact vector space.

(1) Let B be a pseudocompact (c)dga. Any continuous linear map V. — B extends
uniquely to a continuous cdga map S’V — B or a continuous dga map T'V — B.

(2) Any continuous linear map V. — S’V extends uniquely to a continuous derivation
of 'V, and any continuous linear map V. — T'V extends uniquely to a continuous
derivation of T'V .

Proof.

(1) Since elements of S’V and TV are finite sums of tensor powers, it suffices to prove
that a linear map f: V = lim, V; — B extends to continuous maps Ven 5 B for all
n > 2. Since f is determined by V; — B, we define f*":V;, @V, ®--- @V, — B,
and take the inverse limit to obtain a map on yen,

(2) This follows the same argument as above, but instead we extend f to V;, ®V;,®- - -®V;
by Yy U@ fe1nimd, 0

This allows us to give an alternative characterization of Maurer—Cartan elements as
continuous (c)dga maps.

Lemma 4.6. Let V be a finite-dimensional complete Lo, -algebra, and let A be a cdga. There
is a correspondence
MC(V ® A) =2 Hom(S'S™H(V @ A)*, k).
Let V be a finite-dimensional complete As.-algebra. There is a correspondence
MC(V ® A) = Hom(T'S™H(V @ A)*, k).
We recover the usual representing (c)dga maps if V' is finite-dimensional and A = k.

Proof. First note that the object S’S™1(V ® A)* makes sense: V is finite-dimensional, so
V ® A is discrete and its dual is pseudocompact. Recall that V@ A = ((V ® A)*)*. So there is
a correspondence between (X(V ®A))? and continuous degree 0 linear maps X1 (V®A)* — k,
which correspond to continuous degree 0 algebra maps S’~~(V®A)* — k by Lemma 4.5. The
Maurer—Cartan condition corresponds to the correct axioms for differentials on S’%~1(V® A)*
by the same argument as the usual (non-continuous) cdga case. O

Theorem 4.7.

(1) Let V be a finite-dimensional complete Lyo-algebra and A be a cdga. Two Maurer—
Cartan elements £&,n € V ® A are left homotopic if and only if their representing
continuous cdga maps £, n': S'S™HV @ A)* — k satisfy

77/ _ 5/ ° e[fc’,d/]7
where ' is the constant degree —1 derivation of S'S™Y(V ® A)* induced by the left
homotopy.

(2) Let V be a finite-dimensional complete A -algebra and A be a cdga. Two Maurer—
Cartan elements £,n € V ® A are left homotopic if and only if their representing
continuous dga maps £ ,n': T'S~HV @ A)* — k satisfy

77/ _ gl ° e[:f:’,d’]’

where &' is the constant degree —1 derivation of T'S~Y(V ® A)* induced by the left

homotopy.

Proof. We prove the L.,-case; the A,.-case can be reduced to the L.,-case as before. For
U=X"YV & A)*, consider

C(S'U) = (S'(UaUaU),D),
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where U = XU and U 2 U, and D are defined as in C(SU). As before, we can also define
an automorphism e/ = >">7 6" /n! of C(S'U); note that the Sullivan condition still holds
on the differential D of S'U, so the series still converges.

While C(S'U) is not a cylinder object, we can treat it as if it were one: by Lemma 4.5
and Lemma 4.6, £ and 7 are left homotopic if and only if there is a cdga map H' such that
the diagram commutes:

5/
SU—=k
n n~

. . /
lueeo ) ’
L/

ey -

The rest of the proof is the same as Theorem 4.3, replacing C(SU) with C(S'U) everywhere.
The Sullivan condition still holds on the differential d’ of S'U, so the exponential el @]
converges as before. O

5. LEFT HOMOTOPY AND GAUGE EQUIVALENCE

In this section, Theorem 4.3 and Theorem 4.7 are used to obtain combinatorial formulae
for the Maurer—Cartan element z * £ = He , o €’ o4, in terms of rooted trees. The formulae
will show that Theorem 4.3 and Theorem 4.7 specialise to gauge equivalence in the case of a
dgla or dga. We will use this to deduce the following theorem at the end of the section.

Theorem 5.1. Let V be a complete dgla and A be a cdga. For any two Maurer—Cartan
elements £ andn in'V ® A, the following are equivalent:

(1) € and n are gauge equivalent;

(2) € and n are left homotopic;

(3) € and n are Sullivan homotopic.

A proof that 1 and 3 coincide already appears in the literature; see for example [SS]
and [CL10, Theorem 4.4]. The originality of Theorem 5.1 lies in directly establishing the
equivalence of 1 and 2. The proof that 2 and 3 coincide is purely model category theoretic,
so this theorem also provides a new proof that gauge equivalence and Sullivan homotopy
coincide.

The terminology and conventions we use for trees below follows those of [GK94]. We will
allow the empty tree, that is, a tree with no vertices. Additionally, given a rooted tree T' and
a natural number k, we say that the maximal height k sub-tree of T is the rooted sub-tree of
T consisting of all vertices with a path to the root with length at most k, together with their
internal edges and leaves.

Theorem 5.2. Let V be a complete Lo -algebra, and let x € V°, € € MC(V). Then

(=1)™r
rx€ = ———T(z,¢&
ET:n!jll...jn! (@,8),
where the sum is taken over all rooted trees T such that every vertex has at least one leaf,
and for each rooted tree T,

(1) n is the number of vertices of T';

(2) r is the number of orderings of the vertices of T such that each vertex is greater than
1ts parent;

(3) T'(x,€) is the unique word associated to T' given by labelling exactly one leaf on each
vertex by x and all remaining leaves by &, and associating to each degree i vertex
with inputs 1, ...,ni—1, ¢ the operation [ny,...,ni—1,x];

(4) j1,.-.,jn are the numbers of £ attached to each of the n vertices.



GAUGE EQUIVALENCE FOR COMPLETE L..-ALGEBRAS 11

Proof. As before, we write U = X~1V*. Using that 22 = 0 (as the square of a constant odd

0

derivation is 0), the same calculation as for the series e” in equation (3) gives

n=1

for v € U. From Theorem 4.3 and Theorem 4.7, the Maurer—Cartan element x * & is
represented by the cdga map & o el®4: SU — k, so the restriction of & o el®9 to U is eVng-
Applying € oel® to an element u: XV — k in U is equivalent to forming a tree by successive
compositions. Since Z and d are derivations, each (Zd)"(u) is a sum of words determined by
sequences d;, , diy, - .., d;, , for any 41,...,4, > 1. Hence at each step:
(1) Applying d; to u € U gives the composition %u o {;. Applying id® ! @ d; @ id®*~7
to an element of U®* therefore corresponds to composition with an i-star along ;.
(2) Applying i to u € U is the evaluation ev,(u). Applying id®* ™! @ z ® id®* ™7 to an
element of U®* therefore corresponds labelling the jth leaf with .
(3) Applying £ to u € U is the evaluation eve(u). Since ¢ extends to a cgda map, this
corresponds to labelling all remaining leaves with &.

Every sequence d;,, d;,, ..., d;, gives words of the form (—1)"T(z,€)/i1!...0,!. Indeed,
regard ¢ and x as elements in XV, so that ¢ and x have degrees 0 and —1 respectively. Then
by graded symmetry of the ¢;, there must be exactly one x on each vertex, and every term
can be written as ¢;(n1,...,m;—1, ), which equals [n1,...,7;—1,z] by our grading convention.
Finally, each Zd introduces a sign —1, as both ¢; and x both have odd degree.

To determine the coefficient, it remains to count how many ways compositions give rise to
the same word. By graded commutativity, we can form the trees such that each composition
or labelling by x always fills the last unlabelled leaf on each vertex. With this restriction, the
number of ways a tree can be built is r, the number of monotone orderings of its vertices. O

When V is a dgla, the above formula only allows rooted trees with vertices of valence 1 or
2, and the coefficients 7, ji, ..., j, equal 1 for every tree. This recovers the formula (1) for
gauge equivalence in dglas, and recovers the formula of [Get09, Proposition 5.9] in the case
of L..-algebras.

Similarly we can use Theorem 4.3 and Theorem 4.7 to obtain the following analogous
formula for the A..-case.

Theorem 5.3. Let A be a complete Ay-algebra, and let x € A°, ¢ € MC(A). Then
="
rxE=3 % (8,
T A

where the sum is taken over all planar rooted trees T, and for each rooted tree T,

(1) n is the number of vertices of T';

(2) A ranges over labellings of T that label n leaves by x and all remaining leaves by &,
such that for any 1 < k < n, the mazimal height k sub-tree of T' has k leaves labelled
by x;

(3) Th(x,&) is the word given by the labelling A and associating to each degree i vertex
the operation m;: T'SA — L A.

Proof. The calculation is similar to the L..,-case in Theorem 5.2, except the lack of graded
commutativity means that each m; can take more than one z. Each sequence d;,, d;,, ...,
d;, gives words of the form (—1)"Ty(z,&). O

Proof of Theorem 5.1. First note that the equivalence of (2) and (3) is immediate by com-
pleteness of V. Also, if V is finite-dimensional, then the equivalence of (1) and (2) is
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immediate by Theorem 4.7 and Theorem 5.2. Finally in the infinite dimensional case, by
completeness of V' we have V = liil‘/i where V; are all finite-dimensional complete dglas.
Hence (1) and (2) are equivalent for V', as they are equivalent for each V. O

Remark 5.4. In the case where V' ® A is complete (in particular, when A = k), we can simplify
the above proof, as the result is just a direct consequence of Theorem 4.3 and Theorem 5.2.

6. A STRONG HOMOTOPY POINCARE LEMMA

The Poincaré lemma states that on a contractible manifold, every closed differential form
of positive degree is exact. The following non-abelian analogue to the Poincaré lemma is
proved in [Vorl2, Theorem 3.1].

Theorem 6.1 (Non-abelian Poincaré lemma). Let M be a contractible manifold and let g be
a dgla. Let & be a g-valued differential form on M such that £ is a Maurer—Cartan element
ing® Q(M). Then & is gauge equivalent to a constant.

It was suggested by Voronov that Theorem 6.1 may be extended to L.,-algebras. Here,
we prove such a statement as an application of the results from the previous sections.

Theorem 6.2 (Strong homotopy Poincaré lemma). Let M be a contractible manifold and let
g be a complete Loo-algebra. If £ is a g-valued differential form on M that is Maurer—Cartan,
then £ is gauge equivalent to a constant.

Proof. By Theorem 5.1, two Maurer—Cartan elements in g ® Q(M) are gauge equivalent
if and only if their representing cdga maps are left homotopic. But M is contractible, so
Q(M) is weakly equivalent to R. By nilpotence of g, homotopy classes of maps Sg — Q(M)
correspond to homotopy classes of maps Sg — R. Hence #€ (g, 2 M)) = 4% (g). O
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