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Abstract

Displacement calibration of nanomechanical plate resonators presents a challenging task. Large

nanomechanical resonator thickness reduces the amplitudeof the resonator motion due to its

increased spring constant and mass, and its unique re
ectance. Here, we show that the plate

thickness, resonator gap height, and motional amplitude ofcircular and elliptical drum resonators,

can be determined in-situ by exploiting the fundamental interference phenomenon in Fabry-Perot

cavities. The proposed calibration scheme uses optical contrasts to uncover thickness and spacer

height pro�les, and reuse the results to convert the photodetector signal to the displacement of

drumheads that are electromotively driven in their linear regime. Calibrated frequency response

and spatial mode maps enable extraction of the modal radius,e�ective mass, e�ective driving

force and Young's elastic modulus of the drumhead material. This scheme is applicable to any

con�guration of Fabry-Perot cavities, including plate and membrane resonators.

Nanomechanical resonators (NMRs) are exceptional force and mass sensors[1, 2], which

made them valuable test platforms for the investigation of various phenomena at the

nanoscale such as synchronization[3, 4], noise[5, 6], nonlinearity[7, 8], and light-matter

interaction[9{ 11]. NMRs with 
exural modes (i.e. plates and beams) have attracted in-

terest due to their linear response even to large deformation-inducing forces[12, 13]. The

well-known mechanical properties of the bulk material and its geometry determine plate

and beam frequencies that can be predicted to a high accuracy. This allows the realization

of unique device applications such as nanomechanical mass spectrometers[14, 15], phononic

crystals built from NMR arrays[16, 17], and complex networks of NMRs embedded in

electrical circuits[3, 4], and cavity-mediated quantum systems[18].

Calibration of NMR displacement is important for quanti�cation of device characteristics

in sensing applications. While the spatial dynamics of membrane NMRs,whose behav-

ior is to a large extent determined by tensile stress, have been investigated in great detail

with optical interferometry[8, 19{ 21], plate NMRs have been less explored. Studies involv-

ing Fabry-Perot (FP) cavities have introduced calibration of the vibrational amplitudes of

membrane and string NMRs[20, 22{ 24]. However, they are hardly applicable to plate NMRs

because of reduced vibrational amplitudes owing to the increased spring constant and mass,
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and unique re
ectance versus FP cavity length arising from thick absorptive materials such

as niobium diselenide. Also, there are cases where a smaller spacing is preferred over the

optimal spacing for interferometric detection. These cases include mechanical frequency tun-

ing by low gate voltages[25{ 27], and stronger electomechanical coupling between mechanical

resonators and microwave cavities[28, 29].

In this Letter, we show that the motion of plate NMRs can be calibrated by considering

multilayer wave interferences occurring on the FP structure. To demonstrate the robustness

of the technique, a thick 2D material, NbSe2, is used as the drumhead. This approach allows

determination of the layer thickness, spacer height and device responsivity of each translu-

cent 
exible mirror. Our calibration scheme reveals subnanometer mechanical displacements

for the measured response of plate NMRs with thickness exceeding50 nm.

Figure 1(a) shows Device A, a circular plate with a hole diameter of 7� m, and Device

B, an elliptical plate with hole diameters of 8� m (X, major axis) and 7� m (Y, minor axis).

The devices share the same 
ake, ground electrode, and driving voltages. The NbSe2 
ake

and ground electrodes are separated by the insulating layer (electron-beam resist CSAR-62)

and vacuum spacers, and hence form FP cavities for detection, and capacitors for actuation.

A large rectangular opening, located tens of microns below the drumcenters, allows the 
ake

to connect to the voltage-controlled Au/Cr electrodes. The motion of the electromotively

driven plates is detected interferometrically in a high vacuum environment[30].

Our method relies on di�erent contrast of light elastically re
ected from each zone, as

shown in Fig.1(b). The 
ake (pink bar) acts as a translucent movable mirror with thickness

h, which is separated from the ground electrode by a spacer of height s. For convenience,

the re
ected intensity is expressed in terms of the re
ectanceR, which is the ratio of the

total re
ected light intensity to the incident intensity. Stationary mirrors have only DC

component R = R while movable mirrors have bothR and AC component eR. Zones 1

and 2 represent two stationary mirrors: stacks of gold, orange,green and blue bars having

re
ectance R1 = R1 and a mirror covered with a spacer (light gray) having re
ectance

R2 = R2, respectively. Zone 3 represents two stationary mirrors separated by a dielectric

gap (clamp) with re
ectanceR3 = R3. Finally, zone 4 is the main FP cavity composed of one

stationary and one movable mirrors, which are separated by a vacuum gap with re
ectance

R4. Here, zones 1 and 2 are references for zones 4 and 3, respectively. Scanning mirrors in

the measurement setup move the laser spot in each zone a distanceX and Y away from the
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FIG. 1. (a) Optical micrograph of the NbSe2 plate resonator devices. The circuit diagram shows

the electromotive scheme used in driving the resonator. (b)Schematic drawing of the optical

cross-section of the device (zones 3 and 4) and the references (zones 1 and 2) as measured via

Fabry-Perot interference. The actuation circuit is added for clarity. (c) Confocal image showing

devices A and B as scanned with a probe laser beam with wavelength � = 532 nm. Scale bars in

(a) and (c) are set to 10� m. (d) Sketch of the output voltage of the fast photodetector versus time

of a driven 
exural resonator.

drums' center.

Application of DC and AC voltages to the 
ake exerts an attractive force; the NMR

responds with an out-of-plane motional amplitudez at a driving frequencyf d. Due to the

position and motion of the movable mirror in zone 4, the main FP cavity has re
ectance

R4 = R4 + eR4(f d), with R4 � eR4(f d). Figure 1(d) shows the photodetector output signalV

acquired fromR4. Both the DC componentV and the AC componenteV of the output signal

are proportional to R4 and eR4, respectively. Amplitude z is determined after obtainingh

and s.

Though we calculateR1� 4 using the multilayer interference approach[31{ 33] (MIA), the

re
ectance of FP cavities with four interfaces[34, 35] R3;4 captures the stationary re
ections

occurring for each drum. Here, we assume that the coherent probe light, having wave-

length � , originates from a point source and propagates from a semi-in�nitevacuum layer.
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The drum and the bottom mirror have complex refractive indices ^nh[36] and n̂m , respec-

tively, whereas the spacers have real refractive index ^ns (n̂s;drum for the vacuum spacer and

n̂s;clamp for the CSAR-62 spacer). In this geometry, the vacuum-NMR, NMR-spacer, and

spacer-mirror interfaces contribute signi�cantly to the cavity's overall re
ectance. The total

re
ectance is de�ned as

R3;4 =

�
�
�
�
�
rh + r se� 2j� h +

�
rhr s + e� 2j� h

�
� m e� 2j� s

1 + rhr se� 2j� h + [ r s + rhe� 2j� h ] � m e� 2j� s

�
�
�
�
�

2

(1)

where� h = 2� n̂hh=� is the optical phase thickness of the NMR,� s = 2� n̂ss=� is the optical

phase thickness of the spacer,rh=(1 � n̂h)=(1 + n̂h) is the Fresnel coe�cient of the vacuum-

NMR interface, r s=( n̂h � n̂s)=(n̂h + n̂s) is the Fresnel coe�cient of the NMR-spacer interface,

and � m = ( n̂s � n̂m )=(n̂s + n̂m ) is the equivalent Fresnel coe�cient of the spacer-mirror

interface. For convenience, �m is computed using MIA[30].

Figure 1(c) shows the topographical features of the drum devices as probed by a contin-

uous wave laser beam. Apparently, the re
ectance signal measured along the white dashed

lines drawn across devices A and B containsV 3, taken outside the dashed ellipses, andV 4,

taken within the dashed ellipses. Polygons 1 and 2 give average valuesof V 1 and V 2. The

colored dashed ellipses, representing the hole diameters measuredin Fig. 1(a), are smaller

than the light gray ellipses. These gray ellipses manifest in Fig.1(a) as concentric purple

rings seen for each drum. These features arise when the 
ake transfer, that is based on

elastomeric stamps, deforms the edge of every drum hole.

SinceR is susceptible to scattering losses[37], we circumvent this issue by normalizing the

Michelson contrast[34] of each FP cavity to their reference. Having de�ned the experimental

and calculated re
ectance, the cavity's optical contrast,C, is quanti�ed as C = ( R3;4 �

R2;1)=(R3;4 + R2;1), whereR3;4 is the stationary re
ectance of the FP cavity, andR2;1 is the

stationary re
ectance of the cavity's reference. Apparently,C ranges between -1 and 1, with

zero denoting no di�erence with the reference. IfC is positive, then the cavity is brighter

than the reference. Otherwise, the cavity is darker than its reference.

The output voltages measured for each pixel along the dashed linesin Fig. 1(c) are

converted into contrast values for devices A and B, as depicted in Fig. 2(a). The experimental

contrast Cexp represents the ratio of voltages acquired from di�erent zones in the confocal

image of each device while the modelled contrastCmod is derived using MIA[30]. Figures2(b-

c) show the resultingh and s cross-section pro�les acquired from minimizing the di�erence
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FIG. 2. (a) Diagram for determining h and s for the clamp and drum zones. Minimization of the

di�erence between the experimental contrast (Cexp) and the modelled contrast (Cmod) results in h

and s pro�les for Device A (b) and Device B (c). Colored dashed lines refer to the hole radius set

in Figs. 1(a,c), separating the drum (white �lls) and clamp (gray �lls ) zones.

between the experimental contrast values and the contrasts generated by MIA. The mean

plate thicknesses and spacer heights for the two devices are in excellent agreement with the

mean values listed in TableI. The spacer height for both drums and clamps agrees well with

the stylus pro�lometer measurements. From the 
ake thickness of about 55 nm, we deduce

92 layers of NbSe2 sheets assuming a single layer thickness of 0:6 nm[38].

TABLE I. Mean 
ake and spacer thicknesses of NbSe2 drum and clamp zones

Devices A B

hdrum (nm) 55.139 � 0.002 55.135� 0.002

sclamp (nm) 55.03 � 0.05 55.05� 0.04

sdrum (nm) 297.2 � 0.1 297.3� 0.1

sdrum (nm) 296.0 � 0.3 295.9� 0.3

The h pro�les in Figs. 2(b-c) show a hundred picometer variation between the drum and

clamp zones. Meanwhile, buckling is observed in thes pro�les in Figs. 2(b-c) as sdrum for

both devices are greater thansclamp by 1:2 � 1:4 nm. We see the drumheads bulge[39, 40]
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presumably due to the pressure di�erence between the trapped air in the drum hole and the

vacuum environment. The surface roughness of the movable mirror likely comes from the

thermally-grown oxide[41] on the surface of the stationary mirror.

Having determined the meanhdrum and sdrum , we evaluate the optical re
ectance-to-

displacement responsivity
�
�dR4=ds

�
� of each drum. This quantity is obtained fromeR4(f d) =

�
�dR4=ds

�
� z(f d). The AC component re
ected from zone 4 and characterized byeR4, being

purely due to mechanical motion, is insensitive to any scattering losses as this wave is

amplitude-modulated. Eq. (1) is then corrected by a prefactor that accounts for the �nite

spot size of the probe Gaussian beam[30].

FIG. 3. (a) Waterfall plot of FP re
ectivity as a function of � at varying s, with the used probe

wavelength (green plane) situated at� = 532 nm. (b) Colored scatter plot of � F P as a function of

s. The slope of the red solid line originates from the intersection of the red plane with the � � s

plane in (a). (c) Colored scatter plot of R4 as a function of the cavity shift � F P . The blue solid

line comes from the the intersection of the blue plane with the red plane in (a).

We de�ne the average
�
�dR4=ds

�
� to account for spatial variations insdrum across the plate

due to the pressure di�erence and DC voltage. Note that each complex-valued refractive

index is dependent on the probing wavelength; this translates into the wavelength-dependent

rh, r s and � m . We modeled
�
�dR4=s

�
�
avg

by the chain rule
�
�� �R4 (� )=� � F P

�
� j� � F P =� sjs= sdrum

,

where � R4=� � F P is the change ofR4 with regards to the wavelength shift in the FP cavity,

and � � F P =� s is the wavelength shift of the FP cavity caused by the change of thespacer

gap. The resulting dependences are shown as a waterfall plot in Fig.3(a) with a gap range
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exceeding the uncertainty of our stylus pro�lometer[30]. Figure 3(a) demonstrates largerR4

at near-infrared wavelengths. Figure3(b) shows the peak wavelength of the cavity, falling

in the near-infrared range, shifting linearly with a slope of 1:543 nm/nm assdrum increases

from 285 nm to 305 nm. Figure3(c) shows how the shift consequently increasesR4 (� )

linearly, with a slope of 0:28� 10� 6 nm� 1. The product of these two slopes,
�
�dR4=ds

�
�
avg

=

0:43 � 10� 3 nm� 1, agrees with
�
�dR4=ds

�
�
s= sdrum

= 0:40 � 10� 3 nm� 1 that is evaluated from

the gradient of the R4 with respect to s[30]. The linear behavior seen in Figs.3(b-c) is in

contrast to the non-linear dependence observed for optically-thin membranes in the same

ranges ofs[30].

We use the average responsivity together with the interferometer system gain S(� )

(V/W), and the laser probe powerPin to de�ne the displacement amplitudez as

z (f d; X; Y ) =
eVpk (f d; X; Y )

�
�dR4 (�; h drum ; sdrum ) =ds

�
� S (� ) Pin

(2)

where eVpk is the frequency and position-dependent peak voltage response of the NMR. The

denominator in Eq. (2), when squared, represents the transduction factor� (in V 2/m 2) that

one can deduce from the measured Brownian motion of a mechanicalresonator probed by

an interferometric system[20, 22]. This quantity accounts for the device responsivity and

the detection parameters in the interferometric setup[30]. We deduce transduction factors of

0:20� V/pm for device A, and 0:22� V/pm for device B for probe powers listed in Figs.4(a-

b).

Figures 4(a-b) show the measured voltage response and its correspondingz for devices

A and B. The measuredz response pro�le agrees well with a driven mechanical resonator

model in the linear regime[42]:

z (f d; X; Y ) =
Aef f

4� 2
q

(f 2
d � f 2

m )2 + ( f df m / Qm )2
� ( X; Y ) (3)

where f m is the fundamental mode frequency,Qm is the mode quality factor, andAef f is

the amplitude expressed as e�ective acceleration. �(X; Y ) is the mode shape of the plate

described as

� ( X; Y ) = K 0

�
J0 (�k (X; Y )) �

J0 (� )
I 0 (� )

I 0 (�k (X; Y ))
�

(4)

where J0 and I 0 are the zeroth Bessel and modi�ed Bessel functions of the �rst kind, re-

spectively, � = 3:1961 is the fundamental mode constant for a clamped circular plate, and
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K 0 = 0:947 is a normalization constant. Here,k (X; Y ) =
q

(X / a)2 + ( Y=b)2 represents the

normalized coordinates away from the maximum ofz, where a and b represent the NMR

major (X axis) and minor (Y axis) modal radii, respectively. By setting �( X; Y ) = 1, we

measurezA = 158 � 2 pm for device A, andzB = 259 � 3 pm for device B. Their magnitudes

are three orders of magnitude smaller thanhdrum and sdrum .

FIG. 4. Spot-based displacement amplitude response (l ) of device A (a) and device B (b) at VDC

= 4 V and VAC = 125 mV and their driven resonator �ts (red solid lines). The data shown in (c)

and (d) refer to the spatial amplitude mode shape of devices Aand B at f d = f m . The amplitude

pro�le along X ( l ) and Y ( l ) axes of the mode shapes for devices A (e) and B (f) is �tted with a

clamped circular plate model (red and blue solid lines for X and Y, respectively). Dashed vertical

lines indicate the edges of the holes.

By driving the plates at f m , and probing their spatial mode shape with scanning mirrors,

we observe surface plots ofz for devices A and B as shown in Figs.4(c-d). Figures 4(e-f)

show X and Y axes cuts, with both axes intersecting atzmax of Figs. 4(c-d). They revealz

pro�les that agree with Eq. (4), with a and b acting as free parameters.zmax , a, and bof the

two plates are listed in TableII . The discrepancy in the values ofzB and zmax of device B is

due to the location of the laser spot that probed Fig.4(b). WhereaszA lies at X = Y � 0,

zB lies at X; Y � 1� m away from the spatial peak. Botha and b for devices A and B are

smaller than the hole radii (set as cyan and yellow dashed lines in Figs.4(e-f)), making f m

9



TABLE II. Modal properties of NbSe 2 devices

Speci�cations Device A Device B Method

zmax (pm) 161 320 Eq. (4)

a (� m) 2.7 � 0.2 3.19� 0.06 Eq. (4)

b (� m) 2.6 � 0.2 2.66� 0.02 Eq. (4)

mef f (fg) 1.4 1.74 [30]

Aef f (km/s 2) 132 132 Eq. (3)

Fef f (pN) 191 229 [30]

EY (GPa) 135 � 13 [30]

for both devices higher than the designed values. Moreover, device A shows unexpected

elliptical modal behavior with a miniscule di�erence betweena and b, which is due to the

fabrication process.

Table II lists other NMR-related quantities that are derived from Figure 4 such as the

e�ective massmef f , accelerationAef f , force Fef f , and Young's elastic modulusEY . These

quantities are derived from a clamped elliptical plate model[30]. The estimatedEY is within

the range of reported values for bulk NbSe2 
akes[43, 44]. These quantities are obtained

without inducing damage on the 
ake, and are independent of the actuation scheme.

Eq. (4) does not explain the asymmetric sinusoidal waves propagating beyond the drum

edges seen in Figs.4(e-f). These waves are signatures of support losses due to imperfect 
ake

clamping at the edges[45]. Discussing the waves' origin goes beyond the scope of this study,

though resolving the waves' amplitude, which is 1=3 of zmax , demonstrate the capability of

our method to visualize acoustic waves in NMRs [17].

In summary, we demonstrated an in-situ, non-invasive method of calibrating motional

displacement of plate NMRs by exploiting wave interference phenomena in FP cavities.

Using a probe laser beam, and applying MIA to di�erent realizations, we determine cross-

sectional pro�les of the NMR thickness and spacer height, transduction factors of NbSe2 plate

resonators, and subnanometer motional amplitudes that helped examine modal properties

of the drumheads. We foresee that this method will be applicable to 
exural and acoustic

wave resonators of various geometries.
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