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Abstract

This thesis investigates whether laser-driven plasma can be used as an ana-
logue model of gravity in order to investigate Hawking radiation. An action
describing laser-driven plasma is derived, and effective metrics are obtained
in various regimes from the resulting field equations. Effective metrics ex-
hibiting different behaviour are analysed by considering different forms of
the fields. One of the effective metrics has the required properties for the
analysis of Hawking radiation. It is shown that for a near-IR laser the Hawk-
ing temperature is about 4.5 K, which is small compared to typical plasma
temperatures. However the waist of the laser is shown to have significant
impact on the resulting Hawking temperature. As such it may be possible to
obtain Hawking temperatures of several hundred Kelvin with a pulse width
of a few um. A new approach to investigating quantum fluctuations in an
underdense laser-driven plasma is also presented that naturally emerges from
the model underpinning the above studies. It is shown that the 1-loop ef-
fective action is expressible in terms of a massless field theory on a dilatonic
curved background. Plane wave perturbations to the field equations are anal-
ysed for fields which are linear in Minkowski coordinates, and two dispersion
relations are obtained. The impact on a Gaussian wave packet is calculated,
suggesting it may be possible to experimentally verify this theory by utilising

an x-ray laser.
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Chapter 1

Introduction

The theory of general relativity predicts that a large enough mass confined
to a small enough volume will create a black hole; a region of spacetime from
which nothing, not even light, can escape. The point of no return is called the
event horizon. Observational evidence suggests that many galaxies have black
holes at their centres [1], including our own Milky Way [2]. These objects can
be completely characterised by their mass, charge and angular momentum.
In 1975 Hawking [3] showed that black holes should radiate particles due to
quantum effects near the horizon. The temperature of this radiation, called
Hawking temperature, is inversely proportional to the mass of the black hole
and the gravitational coupling constant. However the temperature of the
radiation is very small compared to everyday temperatures. For example,
for a black hole the mass of our Sun, the Hawking temperature is about 10~7
K. Considering that the cosmic microwave background has a temperature
of about 2.7 K, detecting Hawking radiation would require precision not

attainable with current technology. However, it has been discovered that



black holes are not the only phenomena that can generate Hawking radiation.
Certain systems can be described in terms of an effective metric, and if such
a metric is equivalent to that of a black hole, the system should produce
Hawking radiation. The field of research into such systems is called analogue
gravity. It is thus feasible that experiments in a laboratory setting could
realize the Hawking effect and potentially measure it. The aim of this thesis
is to investigate whether laser-driven plasma has the necessary properties to
probe this effect. Facilities such as ELI [4] and XFEL [5] are pushing the
boundary in terms of attainable laser pulse intensities and power in the near-
IR and x-ray spectrum respectively. Thus such systems might be promising
candidates for the experimental realisation of Hawking radiation.

For the rest of this chapter, section 1.1 will give an overview of the ana-
logue gravity topic. The rest of this thesis is organised as follows: chapter 2
will give an overview of the relevant mathematical concepts required to un-
derstand the presented work. Chapter 3 will describe the laser-driven plasma
theory, deriving the two field equations used to extract effective metrics. In
chapter 4 effective metrics will be derived and analysed assuming the forms
of the fields. Section 4.1 will consider the field equations separately while
section 4.2 will consider the full system of equations. In section 4.3 the full
system will be considered again for the case of a varying spot size of the laser
pulse, leading to an effective metric conformally related to the Schwarzschild
metric, and it will be shown that the resulting Hawking temperature is de-
pendant on the initial laser spot size and the initial laser intensity. Chapter 5
will present a new approach for investigating quantum effects in laser-driven

plasma inspired by gravitational physics. The effects of the resulting dis-



persion relation will be investigated for the case of a Gaussian wave packet.
Finally chapter 6 will give a summary of the presented work. Natural units

will be assumed throughout, unless stated otherwise.

1.1 Analogue gravity overview

In 1981 Unruh showed that Hawking radiation can be probed experimentally
through the use of an analogue model based on sound in fluid flow [16]. To
do so, perturbed equations of motion for an irrotational fluid were shown to
be equivalent to the equations for a massless scalar field in a spacetime that
is conformal to Schwarzschild spacetime (see section 2.3.1 for mathematical
detail). This publication gained little interest for several years, until this
model was used to investigate whether there is a Planck scale cutoff of the
Hawking radiation by taking into account the atomic nature of the fluid [17].
From that point the interest in analogue gravity grew, and various other
models were discovered.

There are many physically different physical systems which allow for an

analogue model of physics in curved spacetime:

e Surface waves in a shallow basin filled with liquid - the speed of the
waves can be easily modified by changing the depth of the basin, and
different effective metrics can be obtained by varying the shape of the
basin [19]. Such models can be generalised to non-shallow water waves

[20], however the analysis becomes significantly more complicated.

e Linear electrodynamics - formulating the Maxwell equations in a metric



independent form and assuming a linear constitutive relationship be-

tween the electric and magnetic fields leads to an effective metric [21].

e Nonlinear electrodynamics - if the permittivity and permeability de-
pend on the background electromagnetic field, the photon propagation

is equivalent to that in curved spacetime [22].

e Dielectric media - propagation of photons in a dielectric medium char-
acterised by permeability and permittivity tensors which are propor-
tional to each other is equivalent to that in curved spacetime [23]. It
is also possible to consider light propagating in dielectric fluids [24],

requiring high refractive index to be experimentally viable.

e Bose-Einstein condensates (BEC) - perturbations of the phase of the
condensate wave function leads to an effective metric [25] from a gener-
alised nonlinear Schrodinger equation. The effective geometry depends
on the state of the system, and various approximations yield different

results.

e Accelerating plasma mirrors - x-ray pulses on solid plasma targets with
a density gradient are analogous to the late time evolution of black hole

Hawking evaporation [26].

This list is by no means exhaustive. There are many other systems that can
be described by an effective geometry [18]. Since so many systems can be
described by an effective metric, it is also possible to make analogies between

them. For example, surface waves propagating against an external current



in deep water are described by an equation that is equivalent to the Gross-
Pitaevskii equation modelling the mean-field dynamics of BEC [27].

The very first experiment in the context of analogue gravity was per-
formed in 2008. It demonstrated scattering of light waves at horizons in
optical fibres [31]. In the same year, a similar experiment in which surface
waves scattered at horizons in a water tank [32]. Shortly thereafter optical
horizons were also realised in bulk crystals and sonic horizons in a BEC of
ultra-cold atoms [33]. In 2011, the scattering of surface waves at horizons in
a water tank was shown to be a thermal spectrum of emission [34].

These experiments provided evidence for the versatility of analogue grav-
ity as well as the robustness of the Hawking effect, which describes the scat-
tering of waves at horizons not only in gravitational physics, but also con-
densed matter systems. However, in these experiments, the input state was
a classical probe and not the quantum vacuum, meaning the emission was
stimulated and not a spontaneous scattering of quantum fluctuations. And
so it was not possible to measure the entangled state of Hawking radiation
and its infalling partner. In hopes of addressing this issue, atomic BECs
have been studied extensively due to the low temperature of the fluid, which
could lead to spontaneous emission by means of correlations between density
patterns in the atomic population across the horizon [35,36], with numerous
proposed experiments [37-39]. The observation of spontaneous emission in
entangled pairs has been reported in 2016 [40], and it was claimed that this
emission spectrum was thermal [41], however these claims are disputed [42].

Meanwhile, optics experiments lead to observation of stimulated emission

into waves of positive and negative frequency at optical horizons [43], and



quantum tunnelling of waves across horizon [44]. A series of experiments
based on a rotating geometry similar to the Kerr black hole were performed,
observing rotational superradiance at the ergosurface [45]. This also led to
the study of effects of vorticity and dispersion on fluid flows [46] as well as to
the observation of classical back reaction of water waves on a vortex flow [47].

This is a small selection of experiments, and many more are planned for
the future. Water, optics and BEC have been the main focus of experimental
realisation of analogue gravity, however, a variety of other systems have also
been proposed as potential candidates. This thesis aims to show that laser-
driven plasma systems have the necessary qualities to consider it as a model

for analogue gravity.



Chapter 2

Mathematical background

This chapter discusses mathematical concepts which will be utilised in sub-
sequent chapters. The derivations presented are brief as the results are of
importance, and the detail can be found in the provided references. Section
2.1 will describe the necessary definitions in general relativity, section 2.2 will
discuss the relevant quantum field theory, and section 2.3 will demonstrate

the derivation of two effective metrics.

2.1 Preliminary aspects

The volume form will be defined as

x1 = \/—det g4dz® A da* A da® A da? (2.1)

throughout, where * is the Hodge star operator and det g4 is the determinant
of a given 4-dimensional metric tensor. The inner product of two 1-forms «

and (3 on a metric g is given by a- 8 = g7'(a, 8), and can also be defined for
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any p-forms y and § as -6 = x (v A%d). More than one metric will feature
in the following calculations, and the « - 5 notation will always be used for
the background metric. A 1-form « is timelike, lightlike, or spacelike when
a -« is less than zero, zero, or greater than zero respectively. It is useful to

define a Hodge operator #

#1 = \/—det godz® A dz', (2.2)

to distinguish between 2- and 4-dimensional systems. The flat 4-dimensional

Minkowski metric with signature (—, +, +, +) is given by
gy = —dt@dt +dxr @ dr + dy ® dy + dz ® dz, (2.3)

where z, y and z are Cartesian coordinates in 3-dimensional Euclidean space
and ¢ is time, and it will be assumed as the background metric throughout

this thesis. For 2-dimensional systems it will be assumed as
gu = —dt @ dt + dz ® dz. (2.4)

The magnitude of the proper acceleration |A|, calculated with respect to the

metric gy of a curve (¢(n), z(n)), where n is a parameter, is given by

2 _ 1 i # 2— i ; 2
|"4| _t‘Q_Z'Q <d77< t'2_z'2>) (dn< f2—,é2)> (2.5)

(3t —t2)?




where the dots denote derivatives with respect to 1. A metric is conformally
flat if it can be written as Q2g,;, where Q is a real function of the coordinates.
The light-cone coordinates will be defined as u = z —t and v = z +¢. The
Riemann curvature tensor can be written as

1wwyzagfa—aJﬁa+F;r;—Jjgﬂ (2.6)

po?

where I'7, are the Christoffel symbols given by

1
re, = §gﬂg (0uYov + Ovgou — OsGu) - (2.7)

The Ricci curvature tensor is defined as R,, = R’,,, furthermore R =
g"" R, is the Ricci curvature scalar. Another curvature scalar is the Kretschmann
scalar, defined as K = R,,,, [*7*”. Both scalars are zero for g,;, however
they are not necessarily equal in general. A singularity in any of the scalar

invariants corresponds to a physical singularity. The Schwarzschild metric is

given by

r

2GM 2GM\ !
%:—O—(;)ﬁ®m+0—lla dr @ dr +r*dQ*,  (2.8)
T

where r is the radial coordinate centred about a body of mass M and d©? is
the angular contribution. For this metric the Ricci tensor is zero; hence the
Ricci scalar is also zero, however the Kretschmann scalar evaluates to Kg =
48%#. The components of gg in equation (2.8) exhibit two singularities at
r =rg = 2GM and r = 0. However the singularity at rg is a coordinate

singularity, and the metric components can be made regular at this point with



a different set of coordinates, for example Kruskal-Szekeres coordinates. The
point r = 0 however is a physical singularity, as the Kretschmann scalar is
also singular at that point. If the mass is contained within the Schwarzschild
radius rg, then this metric describes a static, uncharged, non-rotating black

hole of mass M centred at the origin with a horizon at rg.

2.2 Quantum field theory in curved space-
time

Consider a free scalar field ¢ satisfying the massless wave equation
d*d¢ = 0. (2.9)
A scalar product can be defined as

(i fa) = —i / (s dfs — faxdf?), (2.10)

where the superscript * denotes complex conjugation and ¥ is a Cauchy hy-
persurface. For example, two solutions to the massless wave equation (2.9)
in n-dimensional Minkowski spacetime with metric g,; are proportional to
ekt and etk @+t wwhere w = |k|. The modes proportional to e®®~%! are
called positive frequency because they are eigenfunctions of the 0, operator

ik-x+iwt

with eigenvalue —iw. Conversely the solution e corresponds to nega-

tive frequency modes. Requiring (ug, uy) = dgp leads to normalised positive

10



frequency modes

1 ) )
Up = —ezk~:l:—’bwt’ (211)
2w(2m)n—t

where ¥ in equation (2.10) is a hypersurface of constant ¢. A classical field is
quantized by treating it as an operator and imposing equal time commutation

relations:

[6(t, ), o(t, @")] =0,
[w(t, @), 7 (¢, @')] =0, (2.12)
[0(t, @), 7(t, )] =id(x — o),

where 7 is the conjugate variable to ¢. The normalised modes and their com-

plex conjugates form a complete orthonormal basis with the scalar product

(2.10). Supposing that k is discrete, ¢ can be written as
6= (upay +upay). (2.13)
k

The aJ,L and ag operators are called creation and annihilation operators respec-
tively. The equal time commutation relations given in (2.12) are equivalent

to

[akv ak'] :07
[a;fm a;rc’] :Oa (214)
[Clk, CLL/] :5kk/.

A vacuum state |0) is defined by ag, |0) = 0 for all k.

11



2.2.1 Unruh Effect

When an observer is accelerating in Minkowski spacetime, there will be a
detectable thermal spectrum of particle excitations in the vacuum state |0)
introduced above; this is called the Unruh effect. In this section the calcu-
lation of this effect will be performed. This calculation is compatible with
4-dimensional spacetime, however the results will be used in the context
of 2-dimensional spacetime in sections 4.2.1 and 4.1.3, as such only the 2-
dimensional case is presented.

Consider a 2-dimensional Minkowski space with the metric given in equa-
tion (2.4). The wave equation (2.9) has orthonormal positive frequency

modes as shown in the example above given by
Uy, = ——=e'Fzmit (2.15)

where in this subsection the bar will indicate quantities found in Minkowski

space. Now consider the two sets of coordinate transformations:

1
t ==¢%x sinh(ang)
a

‘ (2.16)
z :aeagR cosh(ang),
and
t=— le“& sinh(any,)
‘11 (2.17)
z=— ae“fL cosh(anyg),

where a is a constant. The two pairs of coordinates (ng,&g) and (nr,&r) are

known as Rindler coordinates; when £ is constant they represent uniformly

12



accelerating observers in Minkowski space. Both sets of Rindler coordinates
cover regions of spacetime where |z| > |t|, known as Rindler wedges. The
first pair of coordinates ngr, £ covers the region where z > 0, whilst the
second pair of coordinates 7y, £, covers the region where z < 0. They both

lead to

g= €2a£L/R(de/R Q@ dér/r — dnr/r @ dnig). (2.18)

Solving the wave equation (2.9) the following modes are obtained:

(
;eikfR_iwnR ln R
Ry = { VA (2.19)
0 in L
\
0 in R
Fagg, = 4 (2.20)
_Tlm ethéLtionL  ip [,

\

with w = |k|. Note that these are positive frequency modes with respect to
Opy, for fuy, and —0,, for Fu,. These modes cover Minkowski space and both

sets can be used to quantize ¢:
= (ﬁkak - a,’;aL) , (2.21)
k

6= ("un b + P ]+ Py + Fupo]) (2.22)
k

with aj and b, being annihilation operators. The operators a, b, and Lby,

lead to two vacuum states® |0)/) and |0g), corresponding to Minkowski and

!The subscript on |0g) stands for “Rindler”, whereas the superscript on #by stands for
“right”.

13



Rindler spaces respectively. The states |057) and |Og) satisfy ay |0p7) = 0 and
Rby. [0g) = Lby, |0g) = 0 respectively. Bogolubov transformations between the
two sets of modes are commonly used to show that the vacuum state |0,)
represents a thermal bath of particles according to the accelerated observer.

However a more elegant method due to Unruh [6] is to use
W = Bug + e Tur (2.23)

2Uk = Ruik + e%Luk. (2.24)

It can be shown that U, o (z —t)% and 2Uj, « (z +t)« when k > 0.

_w
a

Likewise Uy o (z + )~ and 2U; o (z — )"« when k < 0. The constants

4w

a— a

Virw’

of z+t or z—t. Both U}, and ?U}, are analytic and share the positive frequency

of proportionality are =+ corresponding to the same sign as the exponent

properties of the Minkowski modes. They must also share a common vacuum
o _1
state, namely [057). The normalization factor of 'Uy is (2¢” "« sinh(%2)) 2,

TW 1
and for 2Uj it is (267 sinh(%)) 2 hence the field ¢ can be expressed as

1
b= Z <2 sinh(%)) ’ [lck(e%Ruk +e 2ty )+ 2 (e e Bur + e%Luk)}
k

+h.c.
(2.25)
where now 'c; |0y) = 0 and 2¢; |0p7) = 0. Taking inner products (¢, fuy)
and (¢, Puy,) with ¢ given by (2.22) and (2.25) results in

_1
Rpy, = (zsinh(@» : (e%lck +e*%2c,1) , (2.26)

a

14



N[

()

Thus it may be deduced that a Rindler observer will detect

(e%%k + e*%lcT) . (2.27)

(Onr“ b b [0nr) = (00| BP0y [02s) = —— = . (2.28)
particles in mode k. This is the Planck spectrum for radiation at temperature

T=_". (2.29)

2.2.2 Hawking radiation

Hawking radiation [3] is the thermal radiation predicted to be spontaneously
emitted by black holes, thereby reducing their mass. Intuitively this radiation
arises when a pair of virtual photons, one with positive energy and one with
negative energy, are created due to quantum vacuum fluctuations just outside
the event horizon. The negative energy photon then crosses the event horizon,
while the positive one escapes to infinity, constituting a part of the Hawking
radiation. This effect is widely discussed in literature [7,9], as such the
derivation will be omitted. The main result is that the temperature of this
radiation is given by

Ty = — (2.30)

where k is the surface gravity of the black hole, which for a Schwarzschild
black hole (metric in equation (2.8)) is k = (4GM)~!. This temperature is

conformally invariant [10], which will be exploited in section 4.3.

15



2.2.3 Effective action for a dilaton in two dimensions

This section describes the renormalization and variation of a one-loop ef-
fective action arising from a massless scalar field theory on a background
2-dimensional dilatonic spacetime, following the calculation performed in
Ref. [11]. The results will be exploited in chapter 5. The one-loop effec-

tive action W given by the path integral [12]

exp{iW|g, ¢, ¥]} = /Dfexp {%z /M e 2df - df#l} (2.31)

describes the coupling of a dilaton ¢ to some Lorentzian metric g,, and
their self-couplings, due to the vacuum fluctuations of a massless scalar field
f. The properties of the measure Df are fixed [11] by introducing f =
eV f, for some scalar field 1, and taking D f' to be the standard measure for
f, not f [11]. This is equivalent to requiring the quantity [ D feit (£ to
be a field-independent constant, where the inner product (-,-) is given by
(a,b) = [ ™ e 2Ya*b#1 and * denotes complex conjugate. The integral in

the exponent on the right-hand side of equation (2.31) can be written as

/M A A pdf = — / Fd(e4df) = / FH (e Hdf)#L
(2.32)

This integrand can be written as fAf, where the operator A is given by

Af = — el dle ™ 4d(e” f)
= — TR ] + 2(dy — do) - df (2:33)

+ (dy - dyp — 2dip - dop + # dgtd) f],

16



or equivalently

Af = =22 g (VY 42V, =V )V f+ FV V=2V 6V o+ V0V ,00),
(2.34)

where V,, is the covariant derivative?. Introducing subscript E to denote

quantities defined on a Riemannian metric, by definition e™"# = Det(A E)*%,

where Det denotes a functional determinant, hence

1

where Trg is the functional trace [7,8]. In zeta-function regularization Wg

can be expressed as

Wi = —5¢4, (0), (236)

where (4, (s) = Trg(Az°) and prime denotes derivative with respect to s.

Mapping (2.36) to the Lorentzian domain gives
L,
W = —2¢4(0). (2.37)

By introducing an infinitesimal Weyl transformation dg,, = ¢k g, (therefore
g = —0k g"), for some infinitesimal scalar field 0k, the energy-momentum

tensor T, by definition satisfies [13]

5,W = 1/ Sgh T 41 = —1/ Sk TH41. (2.38)
2 Jm 2 Jm g

2Since #~ld#do = 9"V, Vo and do - df = g"'V,,aV, 3 for any 0-forms o and 3.

17



Noting that .1}, = %(8”(% o0y + 0,0k o5 — 9°7 g,,050k) gives gLy, =0,
and hence inspecting (2.34) yields 6,(Af) = —0k(Af). Furthermore defining
C(s|ok, A) = Tr(dk A~*%) results in

C(0[6F, A) = /M SKTI41. (2.39)

It can be shown that ((0|0k, A) = aa(dk, A) up to a divergent part [14],
where ay is a coefficient in the asymptotic expansion of the heat kernel
Tr(ék: e’At) =3, _ot" %a,. It is not straightforward to compute this expan-
sion for an arbitrary A, however Ref. [14] provides the result for operators
of the form P = — (gD, D, + E), for some metric §,,, connection D,, and
scalar field F:

as(6k, A) = ﬁtr/ék(f%jt 6E)#1, (2.40)

where R is the Ricci scalar obtained from G- Identifying g" as g =
e20=20gi and introducing the connection D, = V,, + w, with w, = V3 —
@Mgb, where @u is the covariant derivative with respect to g,,, leads to
the conclusion that the operator A is of the required form, where E =
g}‘“’@ﬂﬁ,@ — Q“"@,ﬁ@,,qﬁ. Written in the original metric in conjunction with
(2.39) this yields [15]

o L

(R—6(Ve) +40¢ + 200), (2.41)
v 24r

where R is the Ricci scalar, [0 is the d’Alembert operator and (V¢)? =
gV 0V, ¢. The effective action can be computed from its functional deriva-

tives with respect to p, ¢ and ¢, where p is introduced by g,,, = €*’1,,,, where

18



N is a flat metric. All metrics on 2-dimensional manifolds are conformally
flat, so the previous expressions for g, is general. The variation of the metric

becomes 8¢, = 20p g, and thus 6, W = — [, 6pTH#1, leading to

ow

7 _E‘/_( Ap+ Ap +20¢ — 3(99)°), (2.42)

where A and 0, are the d’Alembert operator and covariant derivative with
respect to 7, respectively, and (9¢)? = n**d,¢0,$. To obtain the remaining
functional derivatives, firstly note that

2w 1

Saap) ~ orY N0 =) + 300, (0(w = )90(x))., - (249)

follows from (2.42). By definition 6, 5(;V(V) Sy &2'/= nw(iigz(l, p(z'), and

utilising integration by parts and Stokes’ theorem gives

ow 1
5y = =/ (A + 300, (0p0,)) (2.44)
Yo, 6T
thus
ow 1 ow
— =——v/—(A H 0, — 2.4
5 o V(Ao + 311 0,(p0,0)) + 5 (2.45)
With a similar approach,
ow ow
= __1/ 4+ — 2.46
(S¢ p 61/} =0 ( )

IS not trivial, since neither

can be obtained. Calculating 2 5o ‘

dsA or 64A are proportional to A. To evaluate these, Ref. [11] proposes
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upgrading f to a two-component spinor f by

eiWlo=o — ;L/Dj?exp{i/M FTAf#1}. (2.47)

Introducing Df = iy#e¥d,(e~*f) and Dif = iyte 98, (e” f), where * are
the 2-dimensional Dirac matrices with respect to n*¥, it can be shown that

in flat spacetime

/fo#1:/ DD F41. (2.48)
M M

The zeta-function corresponding to DDT can be written as [14]

(ppi(s) = Tr((DD)™*) = / Sy exp(—tDD"), (2.49)

L'(s) Jo

where I'(s) = fooo dtt*~le~!, and the variations with respect to ¢ and

become [11]
8Cppi(s) = —2sTr((DD") 6y — (D'D)~*6¢). (2.50)
Noting that W| _, = —2},pi (0) yields

5(W1,-0) =5(C(016, DD') — ¢(0]66, D' D)
| (2.51)
25(02(5¢7 DDT) - a2(5¢7 DTD))

Introducing D, = 8, + 8,0 — 8,6 — V1€, ¢ and E = §#**V,V, 6, where
Ve = [y*,~"], allows DD to be written in the form of —(¢**D,D, + E).

Thus both terms can be evaluated by noting that DD is obtained from DD
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by ¢ — —1 and ¥ — —¢, hence [11]

1

5(Wlom) = 5o

/M((A¢ F2AG)0S + (A + 28000 #1. (2.52)

The variations of W are now obtained:

ow 1
O = VT2 + 60 (p0,0) — AG — 2A),
0¢p 127 (2.53)
oW 1 '
— = — —/—n(Ap — AY — 2A0).
50 oV n(Ap =AY 9)
These together with (2.42) result in
1
W=—g— | (=pBp+20A0p =AY —6p(09)* + 46Ap
T JIm (2.54)
— 49AY — 9AQ)#1,
which written in terms of the original metric g,, becomes
1 L, 2-1
W=—— — —ROTR+3(Ve)’O "R — R(Y + 29¢)

(T (V) 4<vw><vu¢>) 41,

after integration by parts has been used. The renormalization term W (u, p') =
Ca(0)Inp + %CDDT(O) In ' associated with the zeta-function regularization
methodology must be added [11] to (2.55). It can be shown [11] that (ppt(0)
is a boundary term and as such does not contribute to the field equations.

Thus a renormalized effective action for a theory in two dimensions is given
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by

W o ( L pog +3(Ve)’O07 'R — R(¢ + 20)
24m ) 4

1
(V0 + (V0P +4(740)(T,0) J#1 - - 1uGo) [ (Vor,
M
(2.56)
where the boundary terms have been dropped. This result will be used in
chapter 5, in which the natural inner product is given by [ d*z\/—na*b. As

such 9 can be set to zero, allowing for a definition of w = W|w:0:

wlg, ¢, 1] = / (ERD—lR 1+ 2Ré — 3(V6)O'R)#1
1 |
— 51+ 6 /M(ng)Q#l.

2.3 Analogue gravity

The notion of an effective metric is a key component of analogue gravity.
Section 2.3.1 will show the derivation of an effective metric from equations
governing a perfect fluid, in similar fashion to the first effective metric found
by Unruh [16]. Section 2.3.2 will show that effective metrics arise naturally
from the linearisation process for any scalar field governed by a Lagrangian

which depends only on the field and its first derivatives.

2.3.1 Acoustic metric

To derive an effective acoustic metric gog for a perfect fluid of energy density

o(n) and unit-normalized 4-velocity V, n being the proper density, local
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balance of energy-momentum and particle number conservation can be used:

Lvd(j—zv> =0, (2.58)
dx(nV) =0. (2.59)

Here tilde denotes metric dual with respect to the spacetime metric g. Note
that equation (2.58) is satisfied when %‘7 = d¢, leading to the relations

do 2
do-dp = — (%) , (2.60)

d* (nédgb) =0, (2.61)

dn

where - denotes metric product given by ¢g. Next, consider a perturbation to

the system such that ¢ = ¢o + €1 + O(€?), n = ng + eng + O(€?) and

n d n
_ (d_g)‘ ver <f§z>‘ ny + O(e). (2.62)

dn n=ng

SR

The zeroth order in e returns unperturbed equations (2.60) and (2.61), and

the first order from equation (2.60) gives

do d?
dgo - doy = — <225

2.63
dn dn? ", ( )

n=ng

from which an equation for n; can be obtained. This can be combined with

the first order in € of equation (2.61), which results in

d (adey - oy ddy + Bddy) =0, (2.64)
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where

1 d/(n
0= - <@> , (2.65)
dn dn? dn n=no
n

B = (@) (2.66)

dn n=ng

Requiring

Ko *eff A1 = *(adg - dy dgo + Bdor), (2.67)

where kg is a dimensionful constant such that the dimensions of the spacetime
metric and the effective metric are the same, and .z is the Hodge map
resulting from the effective metric g.¢, leads to an expression for the effective

metric geg. Firstly introduce a 0-form v such that

*eff A1 = y-1(gg, Y > 1= 7% (g7 (dn, =)', (2.69)

where b denotes metric dual with respect to g. With this equation (2.67)

yields
K0V et (A1, —) = adghy - d¢1gl\gz/50 + Bdg,
L (2.70)
= (adpy @ dpy + 59_1)(d¢1a =)
thus obtaining the expression
FJO’YQfol = 046%0 ® dA%o + 8971, (2.71)

for the inverse g7 of the effective metric This effective metric can exhibit

sonic horizons with the right choice of ¢y and the results have been studied
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in the non-relativistic limit in Ref. [18].

2.3.2 Effective metric from a scalar field

It is straightforward to derive an effective metric for any scalar field ¢ whose
dynamics are given by a Lagrangian £(¢, 0,,¢) [28], which depends only on the
field and its first derivatives. Perturbing the field ¢ = ¢0+€¢1+%62¢2+O(63),

the Lagrangian can be written as

oL oL 2 oL oL
£(¢7 augb) :»C(gbo, auﬁbo) +¢€ (m@ugm + 8_¢¢1) + % (Wa“¢2 + a—¢¢2)
€ L 0*L 2L,
+ 5 (e 0 + 259+ gt

+0(€),
(2.72)

where the derivatives of the Lagrangian are evaluated at ¢ = 0. Consider the

action

Ste) = [ drac(0.0,0). (2.73)

Utilising integration by parts and Euler-Lagrange equations for ¢ yields [28]

€ n 0*L
Sle] = S(go] + Bl /d x {m@%@%

0%*L 0%L
* (0¢8¢ ~ O (8(8@)%)) gﬂ‘

Thus the equation of motion for the linearised perturbation is

(2.74)
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By defining

0*L )
g = (05 , 2.76
it = (g0 210
equation (2.75) can be written as
(A —U)py =0, (2.77)

where A is the d’Alembert operator associated with the effective metric geg,

and U is a potential given by

1 82£ 82£
) o (9L ‘ 2.78
e <a¢a¢ " (8@(/))%)) ‘wo o

This result shows that an effective metric arises naturally from the lineari-
sation process. The signature and properties of such effective metric will
depend on the details of £. However, it is also possible to derive effective
metrics with multiple fields [29] (a fact that will be exploited in subsequent
chapters), and even systems that cannot be described by Lagrangians [30].
This availability of models and their robustness lends itself to experimental
searches for analogue Hawking radiation, as well as analogies of other effects

arising from general relativity.
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Chapter 3

Underdense laser-driven

plasma theory

A laser-driven plasma is said to be underdense if the laser frequency is greater
than the plasma frequency. The plasma acts as a non-linear optical medium
for the laser. The field equations for an underdense laser-driven plasma
will be derived in this chapter. Firstly, in section 3.1 the ponderomotive
force equation will be derived, which describes the bulk behaviour of the
plasma electrons, then the continuity equation will be derived in section
3.2 by considering conservation of particle number current. Section 3.3 will
introduce an action for the theory of electron-ion plasma and discuss what
form the energy density should take, as well as extracting the laser pulse
contribution to the electromagnetic field. Section 3.3.1 will present the field
equations resulting from stationary variations of the action for a general
energy density and the cold plasma model will be assumed. Section 3.3.2 will

describe the system obtained from considering an energy density that leads
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to field equations that are commonly used in laser-driven plasma physics and
discuss an approximation regime in which it reduces to one spatial dimension.
Finally section 3.4 will show that the results of section 3.3.2 can be obtained

by considering scalar quantum electrodynamics (QED).

3.1 Relativistic ponderomotive force

A heuristic derivation of a commonly used method for modelling the effects
of an intense laser pulse on charged particles will be presented. Consider a
timelike unit normalised vector field V. The relativistic equation of motion
for a collection of particles with mass m and charge ¢ moving in an electric

field represented by V can be written as
ST
LvdV = —Lyf, (31)
m
where F is the Maxwell tensor. This equation can be simplified to
- q - q
Lvdv = —F = dy = —=F + Q, (32)
m m

where 11,2 = 0 is required, and also df) = 0 since dF = 0. For simplicity,
the 2-form €2 will be set to zero, meaning the motion is irrotational when
F = 0. Let () denote the differential p-form that results from averaging
the differential p-form « over the period of the fast oscillations of the laser

pulse. The precise details of the averaging process are unimportant®, but the

!Typically a time-averaging process is used [48,49], however a different process can be
used, such as phase-averaging [50].
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key properties of (-) include

(a+B) =(a)+(B),
(3.3)

(da) = d{a).

Let V and F be a sum of slowly varying parts from the background plasma

and fast varying parts from the laser pulse;

<V> + Vfast, (34)

Y
F <F>+Ffasta

where (Vi) = 0 and (Fp) = 0. Using (3.2) and (3.3) (with Q = 0) leads

to

(3.5)

(3.6)

)} and using the fact that V' is timelike and unit

V)

Now introducing V' = o

normalised, the following equality can be derived:
V) =V /14 (V2,). (3.7)

With this equation (3.5) becomes

(F) —d (f/ 1+ (17f2ast>) (3.8)

a4
m
( 1 + <]>f2ast>> ‘7 + 1 + <]>f2ast> dv
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Dividing both sides by 1/1 4 (V2.,) and applying v yields

%Mﬂ i {d (m( 1+ <17f2ast>>) f/} + wydV

:Lvdln( 1+ <1>gast>> 7 dln( 1+ <1>ést>) w4 idl
(3.9)

Let IIy be the V-orthogonal projection operator defined by
Mya=a+V Awa, (3.10)

where « is any p-form. Utilising the fact that ¢,V = —1, equation (3.9) can

be rearranged as

muydV = —mHlen<\/ 1+ <l~/f2%t)) + éav(}") (3.11)

]' + O}fzast>

The first term on the right-hand side is the ponderomotive force term, and
the extra factor in the second term can be interpreted as a multiplicative cor-

rection to the relativistic mass of particles undergoing the averaged motion.

3.2 Continuity equation

Consider a 4-dimensional spacetime M and a 3-dimensional manifold B.
Let f be a function that maps worldlines in M to points in B, such that
f: (€964 — (€4), where A, B and C run over 1, 2 and 3. The point (£4) in

B corresponds to the particle with world line £° — (£9,€4) in M. A general

30



3-form < on B is given by

1
< = gsanc deA N deB A deC. (3.12)

Letting fX = ¢X o f leads to

1
fr¢ = 3754BC © fdft ndf? adre, (3.13)

where f* is a pullback map induced from f. For any 3-form j on manifold
M given by j = f*q,
dj =0, (3.14)

since dj = df*s = f*ds = 0 as ¢ is a 3-form on a 3-dimensional manifold. Let
J be the particle number 3-form of f; note that particle number conservation
follows immediately from equation (3.14). Introducing proper density n and

4-velocity of matter V', the particle number 3-form j can be written as
j=nxV. (3.15)

Requiring V' to be unit normalised results in n = /7 - 7. Note that both n

and V' are dependent on f.
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3.3 Action

An action describing a laser-driven plasma whose plasma electrons are rep-

resented by f: B — M can be written as

S[f,A]:/M (p*1+qA/\j+%f/\*F—qA/\jext), (3.16)

where p is the proper energy density of the plasma and a function of the
proper density of the plasma electrons A/, A is the electromagnetic potential
1-form, F = dA is the Maxwell tensor, and J = f*¢ = N V. The 3-form
Joxt describes the external number current of the plasma ions. The proper
energy density of a cold plasma is given by mA/. The discussion in section

3.1 suggests the action

S[f, Al :/ ((p*l—i-q.A/\j—i—l]:/\*]:—q.A/\jext>>
M 2 (3.17)

1
:/ (g*1+qAAj+§<fA*}“>—qA/\jext),
M

where p is the proper energy density of the averaged motion, and a function
of the averaged number density n = (N). The 3-form jexy = (Jext) is the
averaged external number current. Here (AAT) = AAj and (AN Text) = AN
Jext are assumed rather than shown directly, as the resulting field equations
agree with the commonly used ones [48-53]. Also note that the statement
(xP) = x(P) for any p-form P requires the metric components to also be
slowly varying, however the results will be applied to Minkowski space and
as such it is a valid statement.

Keeping the background plasma and the laser pulse contributions to the
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Maxwell tensor together would lead to a complicated system. Thus following
the same approach as in section 3.1, let F be split into fast varying part,
Frast due to the laser pulse and a slow varying part, F' = (F), due to the
plasma, such that F = F + Fpg. Assuming a solution for the laser pulse

with a rapidly changing e¢® compared to the amplitude o gives
Frast = d (Re (aoe@)) ~ Re (id(I) A aoeiq)) ) (3.18)
Equation (3.18) leads to

<]:/\*f>:<F/\*F+F/\*]:fast+-Ffast/\*F+ffast/\*~Ffast> ( )
3.19

=F ANxF + <-Ffast A *-Ffast>>

since (F' N *Fpast) = F A *(Frass). The last term written in terms of o and

D is

(Frast N xFrast) =(=i(d® A cape™® — d® A age™®) A xi(d® A e’ — dd A age™™®))

((d® A ape ™) Ax(d® A ape'™))

(d® A ap) A*(d® A ag),
(3.20)

since (®) = @, (o) = ap and (e'®) = 0. Here bar denotes complex conjugate.

Incorporating this into the action (3.17) yields

Slae, @, f, Al :/

1 1
(Q*l—l—qA/\ (7 —jext)+§FA*F+zldCI>A6z0 /\*(dq)Aao)) ,
M

(3.21)

where now F' = dA. Compared to the action in (3.17), the contribution of the
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plasma and the laser pulse to the electromagnetic field has been split into the
last two terms respectively. The final issue is the lack of interaction between
the laser pulse and plasma. This can be added by modifying o(n) — A(n, u),
where p is a dimensionless intensity parameter relating the back-reaction of
the laser pulse and the plasma, but that leaves the question of what forms
should A and g have. One possible choice is p = pu; = O‘OT‘S‘O This comes
from requiring the form of equation (3.31) in the following section to match
that of equation (3.11) for A that is chosen appropriately (see section 3.3.2).
However the residual gauge invariance of (3.20) under the transformation
ap — ag + £dP for some O-form & is then not respected by the entire action

(3.21). To restore it, another choice for 1 can be made:

Lv(dq) A OZ()) . LV(dCI) A\ d())

= = 3.22
which can be written as
Qg+ Qg Ly gLy Qg Lv@o(ao : dq)) + Lvao(d/() . dq))
= dd - dd — . (3.23
M T o dd)? 20y dD (3:23)

When ay-d® = 0 and ag-V = 0, pyg reduces to p;. However, the form p = py
will be assumed for the purpose of varying the action, to respect the residual
gauge invariance. As for A, there is a form that corresponds to standard
modelling techniques in laser-driven plasma literature. The particular form

will be discussed in section 3.3.2, but will be kept general for now, thus finally

34



arriving at the action

1 1
Slag, @, f, A] = / (/\*1+qAA(j—jext)+§F/\*F+ZdCI)A@OA*(dCI)Aao)).
M
(3.24)
3.3.1 Variation of the action
Firstly consider variation with respect to A:
oS :/ <q6A A (J = Jext) + dOA /\*F)
M
:/ <q5A/\ (J = Jext) + d(0A N XF) +5A/\d*F) (3.25)
M

_/ SAN (U = jo) + dx F).
M

Requiring §45 = 0 recovers the Maxwell equation d* F' = —q(j — jext). Next,

variation with respect to f requires more care. First let f, : M — B be a

1-parameter family of maps with fy = f and consider a O-form h:

4 _ Ohdfr| Ofthdf
d¢(f*h) = E(hofﬁ) Y OEA de —o W de | _,
= (3.26)
" de | g ogatTM =AU,

0

where X = %2 Tk Now looking at a 1-form:
e=0

de

* Ay A _ ﬂ
Sy (dg) = oy = dL-

= dixd€* = (dix + 1xd)dEd = Ly dEX

e=0
= Lx(frde).
(3.27)
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This can be extended to any p-form 3 obtained by pulling back from B using
f*, thus 0;(8) = Lxp for any such p-form . Variation of n 1 and p * 1

with respect to f is as follows:

— 1 S . 1 o Lo ..
5f\/J-J*1=QW(@J-JH-@J)H:E*@fj-J):55127/\*3

(3.28)
Sppxl :—"l; Ax6;V = —= A (ﬁc% = a—[f A (%ﬁxj +j5f%)
=—Z A (%dtxj - n%&j 'j) = g—g A (%dﬁx}' - %(@‘j V) *f/)
0 (gt 7)< 22 1 (s 0
== (g—é AV A dLXj) + %Lv (2_1/; A V) Ndixj
_1 (HVSTI;) A dixj,

! (3.29)
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where g‘% is a 1-form and Il denotes the V-orthogonal projection operator

on forms. Thus varying the action gives

A
5fS / ( 5fn*l+g—5fu*1+qA/\5fj>

. O\ 1OX_ Ou
—/M dixj N\ (8nv —qA — E@HV8V>

. O\ ~ 10X Ou
= d| =V —qgA - =—IIy,—= )
/MLXj/\ (8nV q non Vav) (3.30)
O ~ 10X Ou
= 1 —qA — ——1I
/MLXLV(R* >/\d(3 v nop Vav)
O\ ~ 10N Ou
/M(n* ) A txiyd <8nv q o O V@V)

If X and V" are linearly dependent then 675 = 0 is satisfied trivially, otherwise

this gives the Lorentz force associated with the averaged motion and an extra

O\ 10X Ou
tyd (anv nf)uH W) quy F, (3.31)

contribution:

where

8_u _ ((Lv()do)@() + (Lvdo)ao)(dq) . d(I)) + ((Lvao)(do : dq)) + (Lvdo)(Oéo : d@))dq)

8‘7 2(Lvdq))2
o (Oéo : d@)@o + (5&0 : dq))Oé() B (Lvao)(Lvdo)(dq) : dq))dq)
2bvd(1) (Lvdq))3

(3.32)
Varying (3.24) with respect to ap and ® gives

8,u (Lyd®)? Ly dP Ly d®
(3.33)

A ¢ _ag-dd -
(dD-dD) vy — (dD-Gig)dD — —22 ( R BT ST 3 T i Y LVaOd(I)),
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and

d« (O_éo -dP Qg - d(j[)o_g O_éo : Oéod(I)+ O\ (LvOé()L\/C_YOd(I)

g T T T I\ (1ydd)?

Ly Qg LyQg _ Ly Qly Qg ~

- - - A - d®)V 34
20 dd " 2ydd ™ T (i) ) (3:34)

Ly 0 ~ lvoy ~
(- d®) T — Y (G de)V ) ) =0
Sy 0 IV = 5 gy (G0 - ) )) ’

respectively. As presented, these equations are very complicated and un-
manageable. They become much simpler when using i, or seeking solutions
where ag-d® = 0 and ap-V = 0 (i.e. the polarisation vector of the laser pulse
is orthogonal to the motion of the plasma electrons). The former abandons
residual gauge invariance but leads to simpler field equations, while the latter
is applicable when the pointwise behaviour of the system is 2-dimensional on
spacetime. The form of p; leads to field equations that are commonly used
in laser-driven plasma physics, but from a physical standpoint it is a more
natural choice to keep residual gauge invariance. Both choices reduce the
field equations in the same way. However from now on it will be assumed

that one of these choices was made, thus the field equations from varying the

action with respect to ay and ® respectively become

)
dd - dP = 25 (3.35)
d* (pd®) = 0. (3.36)

Furthermore the force from the laser will be assumed to dominate over the

force from the electromagnetic field, thus equation (3.31) obtained from vary-
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ing the action with respect to f becomes

wd (%V) = 0. (3.37)

The flow of electrons can be chosen to be irrotational [53], thus this equation

can be solved by introducing a momentum potential ¢) such that

OA
dp ===V (3.38)

The following relations are also satisfied:

)\ 2
Ay - dip = — (g—n) , (3.39)

d (nzl)\dw) =0, (3.40)

on

where (3.40) follows from (3.14) and (3.15).

3.3.2 Minimal energy density

The typical form of A [48-53], which will be referred to as minimal energy
density, that leads to field equations commonly used in laser-driven plasma
physics is

e
A=nm 1+W : (3.41)

With the form of p discussed previously, the field equation (3.31) is that of
the standard relativistic ponderomotive force found in section 3.1, with pu

being proportional to <l~)f2ast> In this regime the effective mass of the electron
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is given by y/m? + ¢?p. This form of A lends itself in specifying the field

equations further; now equations (3.35) and (3.39) become

ng?

A% dp = —— 4 (3.42)
my/ 1+ 31—22#
dip - dip = —m* — ¢*p, (3.43)
respectively. The field equations (3.36) and (3.40) can be written as
d((dvp - dip + m?) x d®) = 0, (3.44)
d((d® - dD) x dip) = 0. (3.45)
These in turn suggest the action
1
S[®, ] = 5/ (dD - dD)(d) - dip +m?) # 1. (3.46)
M

The considerations in section 3.3.1 leading to requiring o - d® = 0 and
oo - V = 0 suggest that both ® and ) will vary more quickly in the direction
of propagation of the laser pulse than transverse to it. Furthermore supposing
that it is possible to approximate (d® - d®)(dy - di) + m?) as a product of

two functions of (¢, z) and (x,y), where the laser pulse propagates in the z-

direction, and using the approximation [ h(x,y)dzdy ~ max(h) [, upp(h

) dxdy,

for a sufficiently well behaved function b, allows the introduction of

_ max((d® - dP)(dy - dY +m?)],, [ drdy
o [(d® - d®)(dy) - dip + m?)][smyeo (3.47)
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where S = supp((d® - d®)(dy - dy) +m?)). The quantity [ dxzdy represents
the cross-sectional area of the laser pulse (spot size), and thus A will depend
on (z,t), unless the spot size is assumed to be constant. Thus the action

becomes
S0 = 3 [ AL d0)(@0 v+l (349
and the domain of the field equations is reduced to 2-dimensional spacetime:
d(A(dy) - dip + m*)#dP) = 0, (3.49)

A(A(dD - dP)#dy)) = 0. (3.50)

Analysis of a system with non-varying cross sectional area can be done with
the field equations (3.44) and (3.45), and one or three spatial dimensions can
be considered. The field equations (3.49) and (3.50) describe a system in one

spatial dimension, and involve a varying spot size which is encoded in A.

3.4 Effective field theory of laser-driven plasma
motivated from scalar QED

Although the action (3.48) may seem mysterious, it will be shown that this
action can be motivated through scalar quantum electrodynamics. To show

this, consider the action

1— 1 1
S:_/ Do A*xDp + =m?|p]* x 14+ =F A*xF — A Njei |,  (3.51)
M2 2 2
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on a flat 4-dimensional spacetime, where ¢ is a complex scalar field, F' = dA,
Dy = dp + ieAp, joxs is the background electric current 3-form, A is the
electromagnetic potential 1-form and e is the elementary charge. Let ¢ be a
function of (¢, z) only, A = A+ A,dx + A,dy, where the components of the
1-form A are functions of (¢, z) only and underline indicates projection into

the ¢t — z plane. The first term in the integrand of (3.51) becomes
l=— L= 20 4121, 52
§D¢A*D¢: E(ng/\*QgH—e |AI%|p|“#1) A #11, (3.52)

while the third term becomes

1 1 1

1
+ §c_lAy Ady N *(dA, A dy) (3.53)

:%(EA*EH_MA H#dA) A H1 1,

where A = A, +iA, and #,1 = dx A dy. Assuming that the background
current has no components in the x and y directions, the following action is

motivated from (3.51):

§—— / Al5(Dp A 4D + LA el #1 + mlel 1)
M (3.54)

+%(EA#E+QAA#QA)—AAZL

where jexy = j Adx Ady for some 1-form j. Here A is the cross-sectional area
of the domain in the = — y plane of the action, assumed to be a function of

(t,z) . The field equations arising from stationary variations in ¢, A and A
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respectively are

D(A#Dyp) — A(?|A]* +m®)p#1 =0, (3.55)
SieM(g#Dp — G#D) + d(AHE) — Aj =0, (3.56)
> ANA||*#1 — d(A#dA) = 0. (3.57)

By introducing ¢ = |ple? and A = |Ale®, the field equations result in

A + eA) - (dib + eAd) — ——#"d(A#d|]) + ALAP + Am® =0, (3.58)

]
d#(A|g|*(d + eA)) = 0, (3.59)
Al (dv + cA) + d(A#E) — Aj = 0. (3.60)
Ad® -0+ Ao = oAl A)) = (3.61)
Ad#(A|Af*d®) = 0. (3.62)

Equations (3.58) and (3.59) arise from the real and imaginary parts of (3.55),
similarly (3.61) and (3.62) arise from the real and imaginary parts of (3.57).
Inspection of equations (3.58), (3.59), (3.61) and (3.62) when d#d|p|, d#d|A|

and A are negligible leads to equations (3.49) and (3.50). Applying the above
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amplitude-phase decomposition to the action (3.54) gives

1 1
S== [ ALydv+ed) A (b + o + 3diol Al
M
Loz a2iorey + Lo2io2 o (3.63)
+ 5P+ Smtlpl” + SEA#E

1 1
+ Sl APA® A #d® + Zd| Al A #d|A] = AN ]

Let |I) = |A;, Ap, r; t1) and |II) = | Ay, A, i tn) be the eigenstates of the
field operators at times t; and t;; respectively. The transition amplitude is

given by [8]
I1]1) = / DADADA*DypDp*e™
(3.64)
~ [ DADEDUD(AP)D( e
where the lower and upper limits in the action integral are t; and ¢y respec-

tively.

Suppose that the derivatives of |p| and |.A| are negligible compared to the
derivatives of ® and 1. Furthermore suppose d|¢| - d|¢| and d|A| - d|A| are
negligible compared to other terms in (3.63). Now the functional integrals

over |p|? and |AJ? are infinite dimensional analogues of

[:/ d:n/ dy etlaztbytery) (3.65)
0 0

where Im{a} = 07 and Im{b} = 0%, and ¢ < 0 is a real constant. The
notation 0" indicates replacing 0" with € and taking the limit ¢ — 0 of
the whole expression. The variables corresponding to a b, ¢, x and y are
—sA(dp+eA)? —3Am?, —3A(dD)?, —LAe?, |¢]? and |A|* respectively. Note

that a — a + 10" and b — b+ 10" corresponds to the Feynman prescription
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M? — M? — 0", with M = m for ¢ and M = 0 for A. Either integral

evaluates to

1 ' 00 ibz 1 w 00 iaz
[ == lim dz—— = —¢71% lim dz———.  (3.66)
c 0t Jrefa} z—ie 0% Jreft} 2z — i€
Numerical integration reveals that
2m _ab
I~ ——~0(a)f(b)e "<, (3.67)

where 6 is the Heaviside function, is a reasonable approximation when || > 1
and |2| > 1. The right-hand side of equation (3.67) arises from considering
the results of (3.66) when the lower integration limits are replaced by %oo.
Hence with these approximations equation (3.67) suggests that the functional

integrals in (3.64) give
(I1]1) ~ / DADODYO[Us|0[U )™, (3.68)

up to a numerical factor, where Up = —d® - d®, Uy = —(dip + eA) - (dy +
eA) —m? and
1 1
S’ =/ A<@(dw+eé> Ny +eA)dD - dP — SENH#E+AN]
M
1
+ —m2d® - dPH#1 ).
2e2
(3.69)

The action S’ is that of equation (3.63) with the stated assumptions. This

45



approach is valid for

dv/Ug - d\/U

ZVrPe " 2VEe <1, (370)
UsU,

VA VAL (3.71)
UsU, ! '

which can be deduced from equations (3.58) and (3.61) respectively since by
assumption the kinetic terms of |¢| and |A| in (3.63) are negligible. When
A is negligible, the action (3.69) is that of (3.48). There is a point worth
noting: ® and ¢ in (3.69) have finite ranges as they are the angles in polar
decomposition of ¢ and A. However when Us and U, are large, small vari-
ations in ® and ¢ will make significant contributions to (3.69), enhancing
the phase interference in the functional integral over configurations in (3.68).
Thus ® and ¢ having finite ranges lessens in significance when U and Uy,
are large, and in such case there is no obstacle in extending their ranges to
the real line. Thus ® and 1 can be regarded as scalar fields. Finally note
that this approach only captures the effects of quantum fluctuations of &
and ¢ and not those of || or |A|. The above considerations support that if
the quantum fluctuations of |¢| and |A| are negligible then the physics of the

bi-scalar field theory (3.48) should capture a flavour of the physics of (3.51).

46



Chapter 4

Effective metric derivation

There are several ways of deriving an effective metric from the field equations
found in section 3.3, and different functions can be ascribed to the fields
giving rise to distinct metrics. Firstly section 4.1 will consider metrics derived
from individual field equations separately, with one of the solutions leading
to the Unruh effect. Section 4.2 will consider effective metrics derived from
perturbing the general field equations (3.36) and (3.40). In each of these,
subsections will follow with specified forms of the fields ® and . While
there will be no solutions analogous to the Schwarzschild metric, the Unruh
effect is attainable again. Finally section 4.3 will consider the system with
varying laser spot size as discussed in section 3.3.2 and show that it is possible

to get an effective metric conformal to the Schwarzschild metric.
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4.1 Individual field equations

Before turning to the bi-scalar field theory of ® and v, it is instructive to
explore the case of a single field, as is typically the focus of other analogue
gravity systems. To do so, an effective metric can be derived from equation

(3.40) or (3.36) individually. Note that they both resemble the field equation

d(f'(v) * dp) = 0, (4.1)

for some function §, where v = dy - dp, ¢ is some field, and prime indicates
derivative with respect to v. The effective metric will be derived for this
general field and its properties dependant on ® and v will be discussed in
the immediately following sections.

Consider the action

Stel= [ 1)1, (42)

of which stationary variation gives equation (4.1). Perturbing the field such

that ¢ = g + €1 + €2ps + O(e3) and Taylor expanding f yields

f(v) = fo+2¢fodio - dpr € (Fo(dpo - dipa + dipr - dipr) + 25 (dipo - dipr )?) + O (%),
(4.3)
where the zero subscript denotes functions evaluated at the solution ¢q to

equation (4.1). Noting that for any x

/M dipo-dpyfox1 = /M dipx A(foxdepo) = /M d(pxFoxdpo) — /M oy d(foxdpo) = 0,
(4.4)
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results in

Slgl = ¢ / (Fydor - dor + 285 (dpo - dipr)?) % 1. (4.5)

From this, an effective metric is given by

oot = g~ + 2fadioy © dipy, (4.6)

where *.g1 = o % 1, so that g5 (dpy, dpy) is the integrand of equation (4.5).
The function o can be obtained by expressing the effective metric in terms

of an orthonormal frame. To see this let U = @“"O then

0o =Fo(~U @ U + Hyg™") + 2f5|dpo|’U @ U

(4.7)
— (fo — 2o |d900| WWeU+ foHUg
Assuming g.g is Lorentzian suggests the frame
e fo — 21deol? e fi
X" :\/%XO, X7t =12X;
(4.8)
io— %
v Cef = v €
—Qf |d§0 |2 fo
where ¢® = U and j = 1,2,3. Thus %zl = 0 + 1 gives
o2
/' \4 I \3¢/ 2 =0
V (76)t = 2(56)*f5 1 dwol (4.9)

= (1) V/Fo — 2fgldeol,
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and the effective metric becomes

e o " 25
V0P (T — 2 ldgol?) V (50)3 (Fo — 2f61depol?)

dpo @ dipo. (4.10)

Section 4.1.1 will consider the field equation for 1, showing that it will never
lead to a Lorentzian effective metric. Section 4.1.2 will consider the field
equation for ® using minimal energy density, showing it leads to a complex
metric. Section 4.1.3 will consider the field equation for ® with a general
energy density, however the time dependence of the field will be assumed
to be linear in order to obtain a solution. It will be shown to lead to a
peculiar energy density, but also an effective metric that is conformally flat
and that of a homogeneous plane wave, and a calculation of the Unruh effect
will be presented. Similarly section 4.1.4 will consider the same system, but
in radial coordinates, showing that the resulting equations are too difficult

to solve analytically.

4.1.1 Field equation for v

Consider the case when ¢ = v and the laser strength p is not an independent

variable. Equation (3.39) gives |dy| = %, with which comparing equations
(3.40) and (4.1) results in

w2

fo(v) = \/—% (4.11)

where w? = %‘12, and thus fj — 2f)|dvo|> = 0. Hence trivially there is no

Lorentzian effective metric corresponding to (3.39) and (3.40) alone.
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4.1.2 Field equation for ® with minimal energy density

Consider the ¢ field when the minimal energy density (3.41) is used and n

is not an independent variable. Equation (3.35) becomes

_
ddg - dPy = ———L2 (4.12)

w/1+;i—22/ﬁ

where wﬁ = %, which in conjunction with equation (3.36) results in f; =
4 4
=2 — 1. Furthermore §, — 2f§|d®o|* = —2% — 1, so
1 1
% = —;(wﬁ + 1/2)(&); — )3 = —E(wg — 1/4)3(w;‘; — 2 (4.13)

A consequence of equation (4.12) is that w§ > v*, making ¢ imaginary, and
thus there is no Lorentzian effective metric corresponding to (3.35) and (3.36)

alone for the minimal energy density case.

4.1.3 Field equation for ® with general energy density

Equations (3.35) and (3.36), when n is not an independent variable, can
describe a laser pulse propagating through a dielectric medium, not just
a laser-driven plasma system. Instead of requiring minimal energy density
given in (3.41), a form of A(u) can be found that is compatible with the

existence of a Lorentzian effective metric. Let ®, be of the form

Oy =t + h(z), (4.14)
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where v is a constant and h is a function. Furthermore the timelike condition

d®q - dPy < 0 gives the constraint
(4.15)

dh\? o
dz T
Looking at equation (4.1) now results in
.l
=1 (4.16)

d [dh% (v)} =0 = 0t =g

for some constant ¢;. At this point it is possible to deduce the form of A from

= /v + 72, thus with equation (3.35):

the field equation in terms of v f6 has to equal +ku for some constant k£ due

to equation (3.36), furthermore 2
2 2
Y G
A= — 4.17
T, (4.17)
The last term in the energy density increases for sufficiently small p, but in
the large p limit it disappears. Noting that Ldand £ =4 = 5 e
z dz2 dz
yields
1 d Cy
-t (3)
282 & (4.18)

G

Wlll change the overall sign of the effective metric, so

A change of sign in £*
without any loss of generality the numerators can be brought into the square
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roots in equation (4.10), thus with dz = g dh,
dz

1 1 1
%FJWL—W®M+M®M+ —t—— | dh®@dh + do ® dz + dy @ dy| .
(%) L7 ()
(4.19)
Introducing a coordinate change
— h
t=v—=2(h), (= ;, (4.20)

where 2%‘;—% =+ <%) and letting Q(h) = ((;5'2, shows that the effective

metric is conformally flat:
Get = V() [dv @ d¢ + d( @ dv + dx ® dx + dy ® dy] . (4.21)

With a further substitution of du = €2d(, this metric becomes that of a
homogeneous plane wave in Rosen coordinates. While there is no particle
creation in such a spacetime [54], it might be of interest in pursuing analogue
models of string theory [55], but that is beyond the scope of this discussion.
However, if considered as a 2-dimensional effective metric, the Unruh effect
calculation applies, hence the motion of a detector in the laboratory frame
corresponding to a uniformly accelerated observer in the effective metric can

be deduced. By using the coordinate transformation

Z-T  Z+T

V2 V2

<
|

(4.22)
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the metric becomes
Gt = —dT' @ dT +dZ ® dZ. (4.23)

A uniformly accelerated observer in the right Rindler wedge of this metric is

described by the parametrization
L e L e .
Z = —e% cosh(an) T = —e% sinh(an), (4.24)
a a

for some constants a and £. Firstly note that

1 1
$=5- In(a?(2*> - T7)) = 5 In(2auv),

1 | Z+T 1 | <v> (4.25)
—— 1N = — N —
"% Z-T 2a  \u/’
thus
v :Lea(ﬁ-&-n) u = 1 e(&=m) (4.26)
av/2 ’ av/2
By definition u satisfies
dudh ey
habaftb AN by A 4.27
dz dz v (4.27)
furthermore Z = % + 21 [(2)~'dz, hence
1 h(z(n)) v 1
t — a(é+n) _ 1 /_d
(n) o 2 ) | m ; , (4.28)
Z z=z(n

Now z(n) and t(n) can be found once h(z) is specified. Figures 4.1 and
4.2 show the motion and proper acceleration respectively in the laboratory

frame for a simple choice of h(z) = z, with arbitrarily chosen constants as an
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example. The plots show the motion starts with an approximately constant
velocity in the past followed by a period of acceleration near ¢ = 0 and
tending to z = 0 for large ¢, and the acceleration is prominent around ¢ = 0

and tends to zero for large |t|.

Figure 4.1: Plot of the motion described by (4.28) with h(z) = In(cosh(z))
for arbitrarily chosen constants a =1, { =2, ¢; = 2 and y = 3.
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Figure 4.2: Plot of the magnitude of the acceleration |.A| (see equation (2.5))
described by (4.28) with h(z) = In(cosh(z)) for arbitrarily chosen constants
a=01§{=1¢=2and y=3.

4.1.4 Field equation for ® with general energy density

in spherical coordinates

Let ®q be of the form

Oy =yt + h(r), (4.29)

where 7 is a constant and h is a function of the radial coordinate r =

V2?2 +y? + 22 in spherical coordinates. Looking at equation (4.1) now re-

d | ,dh, dh\*\|
% [TQJf (_72+ (E) >] _07

sults in

(4.30)

56



1 o d _ drd
for some constant ¢. With = G

1 d c
6/(5) :2d2h@% <T2%>

dr? dr
d2h dh
raz 2

)

dr 1 __
andd—g—g—

(4.31)

Ricci and Kretschmann scalars can be obtained with the use of algebraic
software, however there are no simple algebraic solutions when the former is
equal to zero or the latter is proportional to é for some constant k. Thus
this approach is not fruitful for obtaining static effective metrics that are of

interest in analogue gravity.

4.2 High frequency approach and the promi-
nence of the minimal energy density

The full field system (3.35), (3.36), (3.39) and (3.40) for ® and ¢ will now
be considered. Unfortunately, simply perturbing the field equations does not
immediately yield an obvious way to extract an effective metric as was the
case in section 4.1. However as will be shown, it is possible with the assump-
tion that the perturbations have high frequency. This method also requires
the minimal energy density to be used, as will be demonstrated. Consider
the field equations (3.36) and (3.40) using a general A\. By perturbing p

and n such that g = po + ey + O(€?), n = ng + eny + O(e?) and defining
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(11, n)|, = €(po, no) for any function €, the following relations are acquired:

o\ oA\ 0 O\ 0 O\
—2@——2%0—26<8—n8—'u0n1+@a_luo,ul), (432)
N> N> o [ON\? o [(ON\?
— (a—n) = — (%) 0 - <% (%) Onl + B (%) p |, (4.33)
n n 0 n 0 n
DN + € (&@ n1 8_@ ﬂl) . (434)
on on |g on |o on o

Perturbing ® and ¢ in a similar fashion, equations (3.35) and (3.39) in first

order of € give
0\
nG— —
0 op?

D*\

m M1, (4.35)

0

o0 <8A)2
R (e
. op \ On .

respectively. These can be solved as a system of linear equations for n; and

d®y - ddy = —

f (4.36)

9 (o2
2dify - dipy = — o <%)

1, giving
2 53| (- dvn) = 3 (5)°] (o - d)
ny = —=10 o o (4.37)
<82A Q(G_A)Q_ﬂi(@f) ’
Ondu Ou \on Ou? on \on 0
2 (B)7| (ddo - ddy) —2 2| (diby - dipn)
H1 = - - 0 "o . (438)
( 92\ 0 (@)2 N (@)2>
Ondu Ou \on Ou? on \on 0
The field equations (3.36) and (3.40) in first order of € read
d(,uo * dq)l + U1 % d‘bg) = 0, (439)
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n 0 n 0 n

d N *d@[)l + Y)Y ny + Y)Y 1751 *d¢0 =0.
o on 5o Opt 5,
n 10 n 10 n 10

Substituting the expressions for n; and p; and introducing

Po= 7x
on

Y

o
on?

the field equations (4.39) and (4.40) become

d(,u() * dq)l + qO<dq)0 . dq)l) * dq)() —+ To(d¢0 . d¢1) * dq)o, ) = O,

d(po * dipy + 1o(dPg - dPy) * dipg + so(drbo - dipy) * dipy) = 0.

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

To extract a metric, the perturbations will be assumed to have high frequency,

such that ®; = Re <anei%> and Y1 = Re (bnei%), for some parameter 7.

Only the lowest order of n is required, where a, = ay + O(n) and b, =
bo + O(n). Using d®; = Re (%aoei%d}(> and dy; = Re <%boei%d}(>, the
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field equations (4.45) and (4.46) in the lowest order of 7 lead to

(qO<d(I)0 . dK)CLO + To(dwo : dK)bo)(d(I)o . dK) + NO(dK . dK)CLO = 0, (447)

respectively. These in turn can be written as a matrix multiplied by a vector:

To(dq)o . dK) (di/)o . dK) So(dlpo : dK)2 + po(dK : dK) agp 0
(4.49)

The determinant of this matrix must be zero for the vector on the left-hand

side of (4.49) to be non-zero. Thus

(qo(d®o - dK)* + po(dK - dK))(so(dtbo - dK)? 4 po(dK - dK)) (4.50)
—r3(d®g - dK)*(dvy - dK)* =0, |

which can be rearranged to give

popo(dK - dK)* + (qoso — 75)(dPo - dK)*(dby - dK)? (4.51)
—|—(dK : dK)(po(]o(dq)Q : dK)2 + Soﬂo(d¢0 . dK)Q) =0.

The simplest way to extract one or more effective metrics from (4.50) is
to demand that it can be factorised. Introducing two symmetric rank two

tensors

gt = @Ig_l"’bICfl\q/)O@Cfi\q/)O"’CI@o®@0+d1<6ﬁ0®@0+@0®%0)a (4.52)
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g = Clng_l+bntﬁo®éﬁo+m@o®@o+dn(Cfi&)o@)@o‘?@o@(ﬁo), (4.53)

the coefficients need to be matched such that g; ' (dK, dK)gg' (dK,dK) gives
the determinant of the matrix. Here ¢g~! is the inverse of the background
metric, which will be set to the Minkowski metric in the following sections.
These two tensors are then the inverses of two effective metrics. This proce-

dure gives the following relations:

arair = fopo, (4.54)

Adidyy + bren + birer = goso — 7, (4.55)
arbir + anbr = poqo, (4.56)

arcr + ancr = SoMo, (4.57)

bibr = 0, (4.58)

cen = 0, (4.59)

ardn + andy = 0, (4.60)

brdi + budy = 0, (4.61)

crdyy + eppdy = 0. (4.62)

Since popy # 0, inspection of (4.54) shows a; # 0 and a;p # 0. If df # 0
and dyp # 0, then equations (4.60), (4.61) and (4.62) can be re-written as

CLIbH - CLHbI = 0, aiCiy — arcr = 0 and bICH — bHCI = 0 which together with
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(4.58) and (4.59) yield

bI = bH = C = C11 = 0. (463)

This in turn gives gy = 0 and sp = 0 by (4.56) and (4.57), leading to two

partial differential equations:

02\
= 4.64
PANT PAPN) Ao
— — = 4,
" <<8u6n) o2 8n2> * ou2 on 0 (4.65)

from equations (4.42) and (4.44) respectively. Equation (4.64) follows from
(4.42), and (4.65) follows from (4.44). Equation (4.64) yields A = Fy(u)n +
F5(), which in conjunction with (4.65) results in

dF\\?  [(d®F,  d2F,
=1 F, =0. 4.66
n(du) +(du2n+ 2 ) (4.66)

Note that Fy = 0 trivially satisfies this equation, but this is not a physical
choice for \ as it is independent of the averaged number density n. Solving

(4.66) for F; yields

() +48h
Fy=—n / / an — W dudp, (4.67)
1
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however no matter what F} is, there is a factor of n thus contradicting the

fact that F3 is just a function of u. Hence F» = 0. Finally (4.66) becomes

dF\?  &®F
-1 F, =0 4.68
(du) Tz Y (4.68)

which solves to F; = ++/C + Cyu, thus

A = 1n\/C1 + Cop. (4.69)

Note that d; = dyp = 0 could have been chosen instead of (4.63). However
this choice does not lead to choices of A that include (4.69). The form of A
in (4.69) recovers the standard relativistic ponderomotive force, and as such
d; = dyp = 0 is not a valid physical choice. In summary, starting from the full
field equations (3.35), (3.36), (3.39) and (3.40) for ® and ¢ with a general
energy density A, the perturbations are assumed to be of high frequency in
order to derive two effective metrics. When the coefficients of the metrics are
matched to the underlying field equations, it appears that the only physically
sensible choice for A is the minimal energy density.

The remaining coeflicients in (4.52) and (4.53) are

ar = /(d®q - d®o)(diby - diby +m2)dy, di = dj,
1
di

(4.70)

ann = —/ (d®g - dDo) (dio - dipo +m?)dn, dir =

Choosing d; = 1 yields two effective metrics that are given by

Jog = AP, @ 67% + @/0 ® dd, + V(d®g - dDo) (dig - dipg +m2)g~t. (4.71)
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Note that at this stage it is not important to distinguish between the + and —
sign choice. It is also required that the effective metrics are Lorentzian, which
leads to a constraint on d®q and diy. For example, suppose that the fields
are functions of the light-cone coordinates only, then the 0, ® 9, and 9, ® 9,
components of the metric are both either positive or negative. The 9,®0, and

0, ® 0, components are 89,9,0,7y and 89, Py0,q, the 9, ® 9, and 0, ® 9,

components are 4(0, L0, + 9, Po0uto) £ 2\/(d(I>0 - d®o)(dipg - dipg + m?)
which is equivalent to 2(d®y - dipg £ /(dPg - dPo)(debg - dihg + m?)), and the

remaining components are zero. A Lorentzian signature is obtained when

det (ge_ﬁl) < 0, which gives

4[(dDg - d®o)(dapg - dipg) — (dDg - dipo %+ \/(dDg - dDo) (diby - dipy + m2))?] < 0.
(4.72)

A little rearranging and taking the square root yields the constraint

—d®q - dipg >/ (dDg - dDo)(dig - difg) + \/(dDg - dDo) (daby - dipg + m?2).

(4.73)
Although both metrics are Lorentzian, it can be inferred that the effective
metric (4.71) with positive sign choice will have the same signature as the
background metric, while the negative sign choice gives the opposite signa-
ture. To proceed further, the forms of ®; and 1y are required. The field
equations are too complicated for a general solution, but there are several
regimes which lead to a manageable system which require the fields to be
functions of two variables (¢,z), or equivalently the light-cone coordinates

(u,v). Section 4.2.1 will consider the fields as linear functions of ¢ and z,
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leading to metrics with constants coefficients which are conformally flat, and
the Unruh effect calculation will be discussed. It is also worth noting that the
field equations result in linear fields when requiring them to be of the form
vt + h(z). Section 4.2.2 will consider fields as solutions to the 2-dimensional
wave equation, leading to effective metrics with geometric singularities, how-
ever it will be shown that there are no horizons; thus they are naked singu-
larities. Section 4.2.3 will consider the system in spherical coordinates with a
linear time component, showing they lead to systems which are not physical.
However, it will be shown later that introducing an extra degree of freedom

(the spot size of the laser) leads to physically interesting effective metrics.

4.2.1 Fields as linear functions

The simplest model is given by ® and 1)y being linear functions of ¢t and z,
or equivalently the light-cone coordinates. The background metric will be
considered as 2-dimensional for brevity, but the result easily translates to
three spatial dimensions. Introduce ®y = ciu + cov, g = c3u + c4v, for some
constants ¢y, o, c3, ¢4, Where u and v are the light-cone coordinates. In order
to keep d®, and dv timelike, either ¢, is positive with ¢, being negative or
the other way around, and similarly either c3 is negative and ¢4 is positive
or the converse is true. For this analysis it will be assumed that c; and ¢4

are negative, but it is straightforward to change that by introducing minus
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signs in relevant places. The effective metrics now become

Jeff = 0? [ —4ejezdu ® du — 4egeadv @ do

+ <26164 + 2c9c5 £ \/40102(40304 + m2)> (du ® dv+ dv® du)} ,

(4.74)
where Q2 = —TZ_U. With the transformation 3 — t = /4cicsu, 3+t =
€ eff
v/4cocqv, the metrics become
Geit = 2% (—(Cyp + 1)dt @ dt + (Cyy — 1)d3 @ d3), (4.75)
where
o 2ci1c4 + 2903 \/46162(46364 + m?)
wv 16
v a1t (4.76)

_ d@g : dwo + \/(dq)o : d@o)(d?ﬂo . dwo + m2)
V ([dPo - dPo)(dio - diby)

Finally letting T = Qv/2v/C,y + 1t and Z = Qv/2+/C,,, — 13 puts the metrics

into the form:

gt = —dT ®@ dT + dZ @ dZ. (4.77)

Requiring Cy, —1 > 0 is equivalent to the condition given in (4.73). Now an
observer that is uniformly accelerated in the effective spacetime, in the right

Rindler wedge is described by the parametrization

1 1
7 = ~e" cosh(an), T = —e®sinh(an). (4.78)
a a
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Thus § = ———=—=c" cosh(an) and t = % ginh(an). In the

1
\/i\/ Cu'u_ QQ\/§V Cuv+1€

light-cone coordinates adapted to the background metric this becomes

1
u =
200/ 27/ Clp — 14/C103
1

1
e
2a00v/2\/Cyyy + 1 /C1C3
1

e cosh(an) — % sinh(an),

% sinh(an),

(4.79)

e cosh(an)

= +
’ 20002/ Clyy — 11/Cata 2002/ Cly + 1«/02046

yielding

0 =g [ven o (v 7om) vt (v v
0 =5 | o (- )+ e (e am) )

(4.80)
Noting that
<ﬂ)2_ (%)2_ e 1+ Oy, — 2cosh?(an) (4.81)
dn dn) 4022 Jcicacsca(C2 —1) '

reveals that the observer can only exist in a small portion of the background
spacetime given by 1 + Cy, — 2cosh®(an) > 0, because the tangent to the
curve (t(n), z(n)) becomes spacelike beyond it. The proper acceleration also
becomes divergent at the transition point. The Unruh effect is strictly defined
for an observer that is accelerating for all time; however this is experimen-
tally unfeasible, and instead a finite time interval needs to be chosen. Thus
the timelike region may be extended, which can be achieved by tweaking
the parameters associated with &y and 1y to maximise C,, such that it is
sufficiently large. Figure 4.3 shows the motion of such an observer in the

laboratory frame, which resembles a uniformly accelerated motion, but fig-
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ure 4.4 shows non-constant acceleration, which diverges as expected at the
points where 1+ C,, — 2 cosh?(an) = 0. The results for the minus sign choice
in the effective metric are similar, with only minor changes in the numerical

values, and as such their discussion will be omitted.

100000

30000 +

t 0 T T T T T T
20000 100000 110000 120000 130000 140000

z

-30000 4

- 100000 4

Figure 4.3: Plot of the motion in the lab frame of the corresponding uniformly
accelerated observer in the effective metric with plus sign chosen, in the range
14 Cyup — 2cosh2(a77) > (0. The constants were chosen to be ¢; = —¢y = 15
and —cy = c3 = a = & = m = 1. These values are for illustrative purposes
only.
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t

Figure 4.4: Plot of the magnitude of the acceleration |A| (see equation (2.5))
in the lab frame of the corresponding uniformly accelerated observer in the
effective metric with plus sign chosen, in the range 14 C,, — 2 cosh?(an) > 0.
The constants were chosen to be ¢; = —c4 = 15 and —c; = c3 =a =& =
m = 1. These values are for illustrative purposes only.
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4.2.2 Fields as solutions of 2-dimensional wave equa-
tion

Suppose that &y and vy are functions of (¢,z) only, and d x d®y = 0 and

d * dyy = 0. Utilising light-cone coordinates gives the general solutions

Oy =&_(u)+ P, (v) and Yy = ¢¥_(u) + 14 (v), with which the field equations
(3.44) and (3.45) reduce to

PO_dpy dd, PO, dy_ d_

= 4.82
du? dv dv dv? dv dv’ (482)
d*Y_dipp dd, _d2¢+ dy_ dd_ (4.83)
du? dv dv ~ dv? dv dv’ '
A solution to (4.82) and (4.83) can be found:
o, = (ln(ec7(”+58)) — ln(—l + 02657(”+68)))C—6 + c10,
(&1
o= (- ln(ecl(“JrCB)) +In(—1+ 02661(“+C3)))@ + cs,
(&1
In(—1 + cpecr(vies)) (4.84)
Qp-‘r = + Cy,
Ca
In(—1 + coecr(utes)
%D— = - ( C2 ) + C4,
2

where ¢; are constant for j = 1,2,..,10. Without loss of generality, ca, cs,
co and ¢y can be set to zero as only the derivatives of (4.84) are of interest.
The effective metrics are quite complicated and no insight is gained from

writing them out, so to show their general properties other constants will be

DO [

settocy =1, c0 =1, ¢ = 35,¢c; =1, cg =1 and m = 2. Furthermore,

coordinates u = e" and v = e” will be adopted and a 2-dimensional system
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will be considered. The fields now become

1 1
ddy = ————du — ——dv 4.85
° 7 2u(u—1) " 200 —1) (4.85)

1 1
Ay = ————du+ —dV. (4.86)

Note that in order to keep the fields real-valued, u > 1 and v > 1 is required,
or equivalently z > |t|. Firstly consider the effective metric obtained from
choosing + in equation (4.71). Figure 4.5 shows a plot of the determinant of
this metric and its individual components, and figure 4.6 shows a plot of the
Kretschmann scalar. What the plots fail to show is that all of these quantities
are divergent at u = 1 and at v = 1. There are no other divergences, thus
these are the only geometric singularities and there are no horizons at finite
u and v. The effective metric obtained from choosing the — sign contains the
same naked singularities as the + sign choice. Further naked singularities

are found at points that satisfy

0 =u' — (40 — 8)u® + (60% — 560 + 24)u* — (40” + 560 — 800 + 32)u

+v* — 8v% + 24v% — 320 + 16.
(4.87)

Since none of the geometric singularities have horizons at finite u and v, and
thus finite v and v, neither of the effective metrics are useful for representing

the gravitational field of a black hole.
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Figure 4.5: Plots of a) determinant, b) dudb component, ¢) du® component,
d) dv? component of the effective metric in equation (4.71) with + sign choice
for constants ¢ =1, co =1, ¢g = 1 c;=1,c=1and m = 2.

K_rem.:lnnmm 0.8
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Figure 4.6: Plot of the Kretschmann scalar of the effective metric in equation
(4.71) with + sign choice for constants ¢; = 1, ¢ = 1, ¢ = %, cr=1,c=1
and m = 2.
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4.2.3 Fields with linear time dependence in spherical

coordinates

Suppose that @y = vot + he(r), o = Yyt + hy(r). The field equations give
Oy (1?0, hy(0:ha)?) = 130, (r*0,hy), (4.88)

0, (r*0,ha(D,hy)?) = (V2 — m?)0,(r*duha). (4.89)

These have three solutions:

he = = + ¢y, hy = cs, (4.90)
T
C1
hq; = Cs3, h¢ = — + Cg, (491)
r
and
+the =ver + c3,
2¢2 + 2¢, \/ﬁpr? —m2r? + ¢
+hy :\/757’2 —m?r2 4+ ¢ — ¢ ln . + c2,

(4.92)
where ¢1, ¢ and c3 are constants, and the + signs in the third solution are

not related to the sign in the effective metric and are both independent of
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each other. For the solution in (4.91) the effective metrics become

¢r (€ = 27a7y)r"
off = sdt @ dt + sdr @ dr
T T 2 et + A ¢t = 2¢veyurt + iy,
017¢r
+ dt @ dr + dr @ dt
¢Crt =209yt + cm,( )
2 2 (i A
+ Zde ® df + %n()dgo ® do,
(4.93)
where
¢ = £/(dDy - dDo)(diby - diby + m2) = £— \/ — 2t (m? —72). (4.94)
Since v > m?, (4.94) <11 thus the metrics
1

are only valid for r > r., where r, = =l A singularity is obtained when
the denominator of the dt? component equals zero, which can be achieved if
either the plus sign is chosen and 74 and 7, have the same sign, or if the
minus sign is chosen and 4 has the opposite sign to 7,,. This choice does not

change the qualitative properties of the resulting metrics, so only the first

case will be discussed. For the positive sign choice, this singularity occurs at

m2

ry =12 . (4.95)
\/—273 +ygm? +m 4 Y3l v —m?

A plot of the Kretschmann scalar for arbitrarily chosen constants in figure
4.7 shows the singularity at » = 75, is geometrical, that there is another
one at r = r., the curvature between r. and r;, is high in comparison to

the region r > r,, and the metric is asymptotically flat for large r. Those
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singularities are naked, thus this solution does not relate to a gravitational

field of a black hole. When the minus sign is chosen for the metric, it also

10

l.= 10
8. x 10°
6. % 10°
Kretschmann
scalar
4.%10°
2. % 10°
0

045 0.50 0.55 0.60

F

Figure 4.7: Plot of the Kretschmann scalar of the effective metric given in
(4.93) with + sign choice, for constants ¢; = 1, 79 = 5, 7y = 5 and m = 4,
giving r. ~ 0.447 and r; ~ 0.506.

exhibits a naked singularity at r = r. and asymptotic flatness for large r.
The second solution given in (4.91) has the same properties as the previous
one due to the symmetry of the equations involved, and as such it will be
omitted. Finally the last solution given in (4.92) can also be discarded by
noting that it leads to di) - dip = —m?, which forces u = 0 (i.e. the laser has

zero strength) due to equation (3.43).
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4.3 Laser with varying spot size

The derivation of an effective metric from the field equations (3.49) and (3.50)
is very similar to what is discussed in section 4.2, and will be omitted. The
difference is that a conformal factor of A appears in equation (4.71), thus

there are two effective metrics given by

gzt = sA (&E ® diy + diby @ ddy = \/(dBy - dBo) (dily - dibo + 1)g’1> .

(4.96)
Note that the dimensionless form has been used, as outlined in Appendix B.
The factor of s comes from the freedom of choice of d; in (4.70), and will be
assumed to be s = 1 or s = —1, to match the signature of the effective metrics
with the background metric. This is equivalent to choosing df = 1 rather
than simply d; = 1. The condition for Lorentzian signature given in (4.73) is
still valid, as a conformal factor will not affect it. The advantage of including
A is that there are two equations for three unspecified fields, thus one of those
fields can be freely chosen. It is possible to obtain an effective metric that
is conformally related to the Schwarzschild metric, as will be shown in this
section. Firstly, suppose that @ = vot + he(2), o = Yyt + hy(2), and A is

some function of z. Then the zeroth order field equations become

dhy\ 2 dh
AL =73+ (d_;b> )(Yodz + d—;dt)] =0

dhy\ % dh
M-+ () >d—f] =0

d

(4.97)
= 0,
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dhe\? dhy
d | A(—~2 — dz + ——dt)| =
(a4 () s+ 4 0
) (4.98)
dhe \ ", dhy
0, | A(—~2 — | )—| =0.
Thus these two equations can be written as
dhy\*. dh
A2 T ) I
A(—% + ( dz> ) T =L (4.99)
dhe \ . dhy,
A(—~2 — ) )— =oa. 4.1
(4 () = (4.100)
where 2 = 'yfb — 1, and ¢; and ¢y are constants. This system has one

free function, either hg or hy,, which will determine (4.96) once specified.
This freedom allows for demanding that the ratio of the components of a
diagonalised effective metric is proportional to (1 — %)2 The effective metric
is then conformally related to the Schwarzschild metric with a horizon at
z = zs. Introducing 7 = at+f(z) for some constant a, and choosing §(z) such

that the metric becomes diagonal, gives the requirement

(-2 0 (2mh, + [ =) ()2 =)
N B ; B 1\2 _ A2 I\2 A2 (vphg+yehy)?
27@’71# + \/((hé) 7@)<(th) ’}/,) Zhghipi\/((h&,)Q*’Yé)((hip)Q*’yz)
(4.101)

Note that the numerator on the right-hand side is proportional to ges (0, ;)
and the denominator is proportional to ges(0.,d.). It is convenient to intro-

duce the scaled variables hgy = 7¢B¢ and hy = W,lvw. With the introduction
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2
of € = 17*, equation (4.101) becomes
P

a? <2h' 2 i\/ 1 — (i) ))

2y
S - (hﬁb+h' )?
2?% 1 — (Rly)?)(e — (R))?) — 2Rl e [(1= (R )2) (2= (7],)?)
(4.102)
Note that
7 << 109)

where the upper bound comes from the definition of € and the fact that
v— < 7y, while the lower bound is required so that the metric components
do not become imaginary. The field equations (4.99) and (4.100) yield the

relationship

B(e* = (hy)*)hg = (1 = (h)*) iy, (4.104)

between R} and lvzip, where 3 = £ Introducing ﬁiﬂ = ¢h and choosing § = =
results in A% = h. Also note that h? < 1 is required due to (4.103). With
these simplifications, the components of the inverse of the effective metric in

t and z coordinates are

Jor (dt, dt) = sAypyy (2 F [e[(1 = h?)), (4.105)
Jert (dz, dz) = sAyoyy(2eh” £ [e|(1 — B?)), (4.106)
Jogt (dt,dz) = —sAyayy(1 + €)h, (4.107)

with
C1

A? = (M)Q (4.108)
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Note that by definition A > 0, thus the choice s = —1 is required in order to
match the signatures of the effective metrics to the background metric. The
0; ® 0y component and the off-diagonal terms, as well as A, will be non-zero
for all values within the constraints (4.103). Equating g7 (dz,dz) to zero
and solving for h leads to a horizon if € is chosen appropriately. The value

of h when (4.106) equals zero is

(4.109)

When € is positive, for the + sign choice in (4.96) there will be no horizon,
while there will be a horizon at h? = % for the — sign choice. The converse
is true for € < 0. Since these are interchangeable, the case of ¢ < 0 will
be assumed henceforth. Also note that det (g;ﬁ}) < 0 for =1 < e < 0 and
% < h? < 1, thus both effective metrics are Lorentzian. This can be seen
from plotting the inequality given in (4.73), however it can also be proved

algebraically. To show this let p, = m det (ge’ﬁl) and note:
7y

Py =(—=3h* 4+ 3h% — 1)e + (4h? — 2)e — R,
p_ =(2+ |e|(1 — h?))(2eh® — |e](1 — h?)) — (1 + €)*R? (4.110)

= — (2 + |e|/(1 = h?))(—2eh® + |e|(1 — h?)) — (1 + €)*h>.
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The result p_ < 0 is immediately satisfied and thus det (ge’ﬁl) < 0 for the

negative sign choice. The derivatives of p, are

d
% — — 2h((6h2 — 3)€* — de + 1)
P (4.111)
P+ 2 2
2 = 24he
At h2 = %, pr = —(1+¢) and ‘%r = \%(52 + 4e — 1). The polynomial

€2 + 4¢ — 1 = 0 has solutions at € = —2 + /5. Thus %M?:% < 0 for

—1 < € < 0, since these roots do not lie between -1 and 0. Furthermore

d;,i’; < 0for =1 < € < 0 and 3 < h? < 1, hence p, is negative at h? = 5
and decreases as h increases. Thus det (ge_ﬁ}) < 0 for the positive sign choice.
Only the + sign effective metric is of interest and will be explored further, as

the other one does not contain a horizon. Let v = —e¢ for convenience, with

which equation (4.102) can be written as

2\ 2 a2 (1 — 3h%)* 12
B (1 a ?) T 2—v(1—R2) (—2wh2 + vl — k) — (1 — v)2h?’ (4.112)

which will always have a solution in the specified range, because the numera-
tor on the right-hand side is positive and the denominator is always negative
because it is the determinant of the effective metric. An expression for a is

obtained from (4.112) by matching the limit of z — oo to h — 1, yielding

9 2w\’
“=\137) (4.113)

A solution to equation (4.112) can be found since it is a quadratic equation

in h%, however it is cumbersome and a simpler approach is available. Since
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the behaviour at large z is of interest, a function that tends to 1 for large 2
is required. A simple choice for this function is h = ez, Inserting h = ez
and the solution for a into the right-hand side of equation (4.112), taking

the square root and Taylor expanding it in 1 yields 1 — -1+ O(z72). This

1+v 2z
allows to match z, = 2(1 + v)~! and
ddy - ddy = —2(1 — e ), (4.114)
dip - dipo +1 = — (73 — 1)(1 —e73), (4.115)

is obtained. Following the definitions in Appendix B to restore units requires
setting

L= Mg, (4.116)

2
where M is the mass of the effective black hole. This is because z, = 26;—]2\/[

and % = [,z. Now the following relations can be obtained for the spot size A

and dimensionless amplitude ag of the laser:

: (4.117)

_9olx
ag= (7 = DA —e*5) = (1 — )=, (4.118)

and the plasma frequency w, satisfies w? o< 1 + O(%). A system that fol-
lows these equations for the laser cross-sectional area A and dimensionless
amplitude aq for large Z corresponds to an effective black hole with Hawking

temperature
hc?

Ty = ———
B Sk, G M’

(4.119)
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which can be written as
_ he(1+v)

T = 4.120
B 8 rkyl, ( )

To proceed further, the values of [, and v must be fixed using a physical

configuration.

4.3.1 Application of the result

The Hawking temperature can be calculated if the initial dimensionless am-
plitude ag|s and the initial laser cross-sectional area _/~\| g are known. Here
|s indicates evaluation at z = zg. By matching ag|s to equation (4.118) a
value for 7, is obtained, and hence v. Note that it is possible to solve for v,
algebraically, however the solution is cumbersome and no insight is gained,

and as such it will be omitted. Choosing
e =v[e T (1—e2%))s, (4.121)

gives [, = \/X\S using (4.117), and the initial laser width wy can be ex-
pressed as wy = \/K| 5. Now v and [, are known, thus M is known from
equation (4.116), and Hawking temperature follows. As an example the pa-
rameters aglg ~ 0.7 and wy ~ 30 pm are achievable [53] for maintaining an
intense near-IR laser pulse. These parameters result in ~, ~ 1.15, v ~ 0.49,
c1 ~ 0.18, M =~ 2.71 x 10?2 kg, and the associated Hawking temperature
is Ty ~ 4.52 K. Note that these values were obtained with asymptotically
expanded ag. Without the expansion the quantities are v, ~ 1.27, v ~ 0.61,

c1 ~ 0.22, M ~ 2.50 x 10*2 kg and Ty ~ 4.89 K. This temperature is very
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small regardless. However, inspection of (4.116) reveals that the mass of the
effective black hole only depends on +, through v, and v < 1, thus no matter
how big ag|s is, it will have small impact on the Hawking temperature. But
the mass of the effective black hole depends linearly on [,. This suggests that
wq contributes much more significantly to the Hawking temperature than ag
does. Indeed as ag|g gets smaller, v, gets closer to 1 and thus v gets closer to
0. This lowers the Hawking temperature by a factor of 2 from the maximum
value which coincides with ¥ = 1. On the other hand, Ty is inversely pro-
portional to wy. Thus decreasing wy by any factor will increase the Hawking
temperature by the same factor. For example, pulses with waist of ~ 100 nm
are experimentally achievable [56]. Even for a small ag|s, and thus v =~ 0,
the Hawking temperature evaluates to ~ 760 K. Note however that there
is no plasma in Ref. [56] and the pulse length is 210 pm, while the model
used in this section is only applicable when wy is greater than pulse length.
Nevertheless even a pulse width of a few pm and high intensity would yield

Ty ~ 100 K.
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Chapter 5

Effective field theory of

laser-driven plasma

In this chapter the quantum effects of the previously derived action given in
(3.48) will be explored through the 1-loop effective action. The field equa-
tions will be derived in section 5.1. In section 5.2 the fields will be assumed
to be linear in Minkowski coordinates and they will be perturbed in order to
investigate the effects of the quantum fluctuations. In section 5.3 the per-
turbations will be assumed to be of the form of a plane wave leading to a
dispersion relation. Finally the effects of this on a Gaussian wave packet will
be investigated in section 5.3.1.

The spot size of the laser pulse will be assumed to be constant, hence (3.48)

can be written as

S[®, 9] = %/M(dQD-dCD)(dw-derl)#l, (5.1)
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using the dimensionless forms of ® and v as outlined in Appendix B. The

1-loop effective action I' is given by [12]

T[®, 4] = S[®,¢] —iln {/Dfexp <iAtotal[ﬂ>} , (5.2)

where

B 1 ! 34! 5*S 1oyt
Noaali] = 5 [[ [ [ deaeizr it e a a0, 653

with the indices A, B ranging over 1, 2, ¢; = ®, py = 9 and F: (f1 fo)*, T
denoting matrix transposition. Note that the dimensionless factor A intro-
duced in equation (3.41) and the functional Ay, are unrelated. The relevant

functional derivatives are

58 U ) .
oG sa ) 000 (e v+ 1)) — 00,59y - dy + 1),
58 o o
0 (2, )ov(', t) =0,(0,0"%)(d® - d®)) — 0(0.0% (d - dP)),
58

=20,(0,2(0.:10.5% — 0,9,6®)) — 20.(9.9 (94005 — 98,5,
(5.4)

0D (2, t)0 (2, 1)
where 6@ is a product of two Dirac delta functions é(x — ') and §(t — t'),
giving
= 1
Atoralf] = / 5[(0@ - d®@)(dfs - df2) + (dv - dip + 1)(df1 - df1)
M (5.5)

+ 4(d® - dfy)(dy - dfp) |71,

or equivalently

&mm:—/ﬁM;@ﬁ (5.6)
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where the operator O is given by

. oT A aT + 1 2 uaagq) vT T .
i = b, (7701000 + 1)1 n 0o oF (5.7

201 0y yhm¥ T 0, P 70,90 Pyt

Here n** = Diag(—1,1). By definition, the path integral [ Dfexp <iAtOtal [ﬂ)
is equal to Det(—i®)~2, where Det(—iQ) is the functional determinant [7,8]
of the operator —iO, which is equal to the product of its eigenvalues. It is
difficult to directly calculate this analytically, however it is greatly simplified
when the fields ® and v are linear functions of z and ¢. In this case, the
matrix in (5.7) is constant, thus the eigenfunctions of the operator are of the
form (ab)” exp(il,a"), where a, b and [, are constant. The eigenvalues of

the matrix in (5.7) arise in pairs, where each pair A" and )\, corresponds to

each [, and must satisfy
N =7 awﬁTw—i—1)777587@8#1)(77“"[”[1,)2—4(7}“‘780@77”87@[”[1,)2. (5.8)

Equation (5.8) can be readily factorised to A} A\, = (AY1,1,)(A%7l,1,), where

A =g (\/ (N7 OO-1p + 1) 100, @IsO™ + 1“7 (0, PO + &@f%w)) )
(\/ (n

A" —g oT 021}87_1/1 + 1)777587(1)85(1)77/11/ _ nuanuﬂ'(ao(l)ﬁq.w -+ 8Tq)ag1/))) s
(5.9)
where s = +1 accounts for the overall sign of both tensors. Note that

these two tensors are exactly the same as the effective metrics found in

section 4.2, up to a sign. Now, due to the product of eigenvalues being
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commutative, the functional determinant can be expressed as Det(—:iQ) =

Det(—iO, ) Det(—iO_), where
O,f = _8M(AiV6Vf)> O_f= _au(Aliuan)- (5.10)

The path integral can also be factorised to

[ e (i) = { [ e (in-11) H{ [ 27000 (i )

(5.11)

where

AL = / Itz V0101, A= / Itz AV 0,50, (5.12)

While this derivation requires the fields ® and ¢ to be linear functions of
the Minkowski coordinates, it is also valid when ® and v are sufficiently
slowly varying. This approach is analogous to the common usage of the
Euler-Heisenberg Lagrangian even when the background electric and mag-
netic fields are not constant. The form of I' can be obtained when (5.11)
is expressed in terms of a massless field theory on a dilatonic curved back-
ground, as discussed in section 2.2.3. This identification requires A% and
A" to be Lorentzian, hence the constraint given in (4.73) applies. The pairs
of metrics g;ru, 9, and dilatons ¢, ¢ are

AP

pv 1 pv AL 1
&= pr = —qm(Ay), o= —== ¢ =—7In(A), (5.13)

VAL
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where A, and A_ are the determinants of 7,,A7" and 7,,A%" respectively.

Thus (5.12) can be written as

Al = [ oy el =20 )0 00,

) (5.14)
Al = [ o= g en(=20 300,10,

where g* and g~ are determinants of g, and g, respectively, and g* = g~ =
n by construction. Following the discussion in section 2.2.3, the effective
action is given by

L[®,y] = S[®, Y] + wy +w_, (5.15)

where w = wlgh,, ¢, ] and w_ = wlgm. o p1_].

5.1 Field equations

It is not straightforward to extract the field equations from varying I'[®, 1]
immediately due to the amount of substitutions made. To obtain them, the
variations of different terms will be presented, building up to expressing the
field equations in a condensed form. Starting with functional derivatives of

wlg, ¢, 1] (see equation (2.57)), it is relatively easy to show that

127 dw

—— =3V, 0 'RV*¢+ B0 'R+ 1+6Inu)0¢ + R. 5.16

The functional derivative of w with respect to g,,, is more involved, as O, R
and y/—g contain the metric. The calculation will be performed for the first

term of w, displaying all the tools necessary to obtain the whole expression,
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however the remaining terms will be omitted for brevity and the final result

will be stated. Firstly let I be given by

I=§ / d*z/—gRO™'R
— / d%{é(\/_—g)RD‘lR +v=gRS(O MR+ /—gésRO 'R + \/—gRD_léR}

= / de{d(\/_—g)RD_lR +v/—gRS(OHR + 2\/_—95RD_1R},
(5.17)
where the last step utilised the identity given by

/ d*zv/—ghiyOd 1 hy = / d*xv/—gOH Hy = / d*x/—gH,OH,
M M M

(5.18)
:/ d2[E\/ —ghQD_lhl,
M

where H; = hy; and Hy = [hy for some scalar fields h; and ho, and in-
tegration by parts has been used. It can be shown that 0R = R, 0" —
V. V.,0g" + g,86¢g" and 0(y/—g) = —%\/—gguydg“”, also

/dz.r\/ —gh1(5<|:|>h2 :(5/d21’\/ —ghIDhg — /d2$6(\/ —g)hﬂjhg
— 5/d2x\/—gg“l’vuhlv,,h2 — /d2x5(\/—g)h1Dh2
1
=— /dzx\/—g(vuhlvyhz — §gu,,Vh1 - Vhy)dgh”

- / 226(v/=5) s
(5.19)

where hy and hy are again arbitrary scalar fields and integration by parts has
been used. It is worth noting that this result holds even if hA; and hy depend

on the metric; the extra terms that appear in the first two lines of working
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(due to 0h; and dhy being non-zero) cancel in the final result. Now I can be

evaluated to
I = /de\/_—g{ZGWD_lR -2V, V,O 'R+2g,,R+V,0'RV,0'R

1 — v
— 5g,u,(vm 13)2}@” ,

(5.20)

where G, = R, — % g R is the Einstein tensor, however in two dimensions

G\ = 0 [57]. Using the methods above yields

487 dw 1 1

— = JO'R JR+=V,0 'RV, 0'R — ~¢,, (VO 'R)?

N v,V + g R+ QVH \v, 9 (V )
— 4V, V, ¢ + 49,06 — 6V, 6V, 60 'R + 39, (V¢)’0 'R
— 6V 07 (V)’VyO 'R+ 3g,,¢°V,0 7 (V4)* VO 'R
+6V,V,0V¢)? —2(1+61Inu)V,0V,¢

+(=5+61In u)g,w(va)za
(5.21)

where the parentheses enclosing indices denote tensor symmetrization given
by 2V, XV, )Y =V, XV, Y +V,XV,Y. The functional derivatives of w

or w_ are simply the variations of w evaluated at ¢ = ¢, and g" = ¢"”,

jn%

or ¢ = p_ and g" = g~ respectively. It is now also possible to determine
the functional derivatives of w, and w_ with respect to AY" and A" by
introducing A" = e~2?g" where similarly to (5.13), ¢ = —;InA and A is

the determinant of 7,,.4°”. The variations now become dg"* = e??6 A" +
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2" 8¢ and 40¢ = —e*?g,, 6 A*, thus

ow ow
= | &2z | —06g"™ + —
ow /dw(égw(Sg + 5¢(5¢>

0 1 o Y
ol i )

Exploiting the fact that the determinant g of g,, and the determinant 7 of

(5.22)

N satisfies g = n gives

I ow 1 ow 1 ow . dw 26
\/__775A“” N \/—_g{(Sgl“’ Z <2(59079 + 5¢)g#’/}e ) (5'23)

where again the properties of dw, and dw_ follow through suitable substitu-

tions. Recalling that s> = 1, equation (5.9) yields

SOAY = (—\/gn*”ﬂ“ + 26(“77”)") 0,00 + (—\/gn"”é" + 25(“17”)") 0s 0,
SOAM = (—\/gn””ﬁ" - 2C(“n”)") 0,00 + (—\/gn“”é" - 26“‘77”"’) 0500,

(5.24)

where

a=n"0,20,®, p"=n"0,0, e=n"0W00+1, "=n"00.
(5.25)
Thus the field equations arising from varying I'[®, )] with respect to ® and

1) can be written in concise form as

VO (eB” + B +B7) =0, VI (al”+C]+C7) =0, (5.26)
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respectively, where

s Owy
et (o),
”‘;’4* (5.27)
5 dw_
= =i (e - wer)
o — S 5'UJ+ < \/Enpy(a+2/8u l/a')
+ T = v
Voo c (5.28)
o __ S ow_ \/E ,ul/Ccr 2€;L vo
T /= 0A" €

The terms V" (ep?) and fon)(aC“) come from variation of S[®,1)].

5.2 Perturbations of the linear solution

The simplest solution of the field equations is given by the case when ® and
1 are linear functions of the Minkowski coordinates ¢ and z. In this case «
and ¢ are constant, meaning A%, A" " and (" are constant. Therefore
g, ¢", ¢ and p_ are also constant, and in addition RT = R~ = 0. Hence
(5.16) and (5.21) are zero, and thus (5.26) is satisfied. To investigate the

effects of the quantum fluctuations on this solution, introduce

9" =g"+ gﬁyy =9+ du), (5.29)

where barred characters indicate quantities associated with the unperturbed
solution. The functional derivatives of w obtained in (5.16) and (5.21) be-

come
127 dw

N7 Ry + (1+ 61 p)0e), (5.30)
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487r (5w
V=g

respectively, to first order in the perturbations g(;y and ¢y, and the pertur-

—0,0, O~ R(l) + g Ry — 40 8V§Z5 +4guyﬂ¢(1), (5.31)

bation of the curvature scalar is given by
Ry = —0,0,9() + g0y’ (5.32)
With suitable substitutions, the field equations (5.26) become

0 =0 Py + 28"C7 0,00y

" 967 \/75”3 {7 [=2(00) /O Ry — <" By — 80a)@
+2¢7 (1= 6Inpy )T gf)]
+ € [=2(00) /O7) Ry — ¢ Ry — 80y
+2¢7 (1= 6Ilnp )0 ¢ ]} (5:33)
+ 50 (e 206 /0M)0RG) — 54,0° R, — 80wl
+2(1 = 6Inpy)g,,0" 0]
— e [_2(D(n)/i_)auR(_l) o g;VaVR(_l) - 8D(’7)90(_1)

+2(1 = 6Inp-)g,0" 03]}
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0 =aluva + 28°C*9,0,80
967 \[an {77 [=2(0) /0N R — "Ry — 80y
+2¢"(1—-61n u+)ﬁ+<p2'1)]
+ - [2(0 /0B
+2c(1—61In u_)ﬁ_go(_l)]} (5.34)
B“{ez“” /OB, RE) — 5,0 Ry — 80wt
+2(1 = 61Inp1)g,),0" 0]
— %P [=2(00)/E7)0uR 5y — G, 0" Ry — 80w ¢
+ (1= 6Inp-)g,0"¢ )}
where ¢t = gin,., ¢ = §%'n,, and O, = n*70,0,. Expressing the metric

and dilaton perturbations in terms of perturbed fields gives
2 v - == 20— MV
9y = 200G + A 9 = 200G, + P AN (5.35)

dply = =¥ gL AL, e, = —em g, A (5.36)

where

1uv € vV QO ~ v)o € V0 2 v)o
A = <_\/gnu B+ 2¢n” > 0o ®(1) + (—\/;77“ ¢ + 280" ) Do)
€ 3 - v)o € 1yl 2 v)o
SAu(l) = (‘\/%77/“/50 — 20Uy ) 0o @1y + (—\/gn“ C7 — 2BmpY) ) Ot (1)

(5.37)
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5.3 Plane-wave perturbations and their dis-
persion relations

By inspection of (5.33) and (5.34), the classical behaviour of the field per-

turbations satisfies

0@y +26"C" 0,0,y = 0, e0t) + 26"¢" 0,0, %) = 0. (5.38)
Requiring the perturbations to be of the form of a plane-wave, ®;) etk

and () e’*® where kx = k,x", leads to the dispersion relation
A kb, A7k kb, = 0, (5.39)

where s A = agn + 280" and sA" = agn® — 23W(¢Y). Further-
more (5.38) is linear in ®(;y and 1)), thus the following substitutions can
be performed in (5.33) and (5.34): 0, — ik,, Ogy — —n""kk, = —k - k,
Ot — —gkuk,, O — —g"k,k,, /07 — —1/(¢""k,k,) and 1/0° —
—1/(g""k,k,). Terms containing 1/007 and 1/00~ dominate the quantum
corrections if A‘frykuky =0 and A" "k, k, = 0 respectively. Close to the clas-
sical solution A%"k,k, = 0 the field equations (5.33) and (5.34) approximate

to

oINNOY

v _ . 62554-
0 = g kyuk, (2h - k@) + 2BkChi) +is T <—

Bk + 2§k> k- kR,
(5.40)
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0= g kuk, (ak - kb + 28kCkD )

( \/7§k;+26k:)k KR},

(5.41)
respectively, where Sk = 8¢k, and Ck = ("k,, and R+1 = kuk,,gle) follows

from equation (5.32). Furthermore g/, = Pt ALY "(1)> hence

sR()) = (—\/gﬁk + 2§k> ik - ke**+ )

Introducing

Ck: + 2Bk:> ik - ke ).
(5.42)

( \/76/<:+2C> ke*?+, (5.43)
( \/7§k+25k;)k kee+ (5.44)

the field equations become
y - - 1
0 =g kuky (gk - k@) + 20kChv)) — ==a (a®a) + b)), (5.45)

, _ - 1
0= g kuky (ak - kb + 2BkCk® ) — yrom (a®ay 4+ bY)) . (5.46)

These can be written in matrix form as

Gk kek k— 2 25"k k,BkCk — 2| @ 0
asr 29+ ¢ 4i7r W\ _  (5a7)
204" kuk BkCh — 22 gk kak -k — 2 ] \ v 0

Requiring the determinant of this matrix to equal zero yields

0 =(g" k)’ [ea(k - k)? — (2BkCk)?
(5.48)

1 -
— k- k(a*a + 62) — 4abBhCkIg, k.
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From (5.13) it follows that g\"k,k, = e*?+ A% k,k,, furthermore za(k - k)? —
(2BkCK)? = A"k by A7k, Ky, thus

1

— 204 ( AV 2 foT .
0 =22 (A k) A7 highr — o

[k - k(a®a + b°2) — 4abBkCk]).  (5.49)

Utilising A"k, k, = 2sv/aek-k— ALk, k, and 2BkCk = s Ak, k, —\/agk -k,
and keeping first two lowest order terms in &, gives

. 1
0 =2se**+ (A k,k,)*Vag — EKQQ@ + b?€) + 2abVaz]. (5.50)

™

Dividing by 2v/a¢ and factorising the last term gives
1 _ 2

Ak =g (o(2) -0(D)) e

Demanding that both sides are real-valued when taking the square root re-
quires choosing s = —1. By definition e =47+ = (ag+3-()?>—3-B¢-(. Finally

substituting a, b and A’fr”kuk,, back and taking the square root yields

3 Ik - k|
Vor [(Vag+ 302 =B B¢ ()

IV ack-k+2B8kCk| = “ k- (2_) ﬁk‘ ,

(5.52)

VS
(O Re]l
——

where € is a parameter tracking the order of k and will be set to unity at
the end. A similar approach can be taken with the field equations close to
the A"k, k, = 0 solution with similar results, the difference being a =
s (—\/gﬁk _ 25k) ko kX b — s (—\@Ek _ 2Bk> k- ket 23kCk —
—s A" k,k, + Vaik - k, e = (@ — 3-()* — B - BC - ¢, and again re-

97



quiring s = —1, yielding

3 Ik - k|
Vor [(Vag - B-()2— - B(- (]

|V aek-k—2Bk(k| = é4

=

(5.53)
The justification of (5.1) requires the laser frequency to be the highest fre-
quency in the unperturbed case, hence equations (5.52) and (5.53) will be
investigated in the ultrarelativistic limit. To do so, let the timelike vector S*

be decomposed as

_ 1_ _
B = Bty + Bl (5.54)

where B[“_ 1 and B[“_ ) are lightlike, and € is a positive parameter used for
tracking the order of perturbations and will be set to unity at the end. It
is useful to correlate € and é: inspection of (5.52) and (5.53) with (5.54)
suggests ¢ = Ve2P—1 for some positive integer p. Note that p > 1 since the
quantum corrections should be much smaller than the deviation of S from

a null vector. Utilisinga =3- 5 = 23[_1] . 5[1] and £ =(-( +1, (5.52) and
(5.53) become

3k k1 (2)* Bruk

1 (55)
46\ /1By - €|

Bk - k[ (£)* [B-nk|
4v/6m /1811 - €|

|€\/ agk -k + (6[_1]]{7 + 625[1]]{3) 5/<5| =€P

levazk - k — (Buk + €Buk) Ck| = € (5.56)

where O(e?!) has been set to zero. To the lowest order in e both of these

are solved by

Br-11kio) o) = 0, (5.57)
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where k, = ko, + €kpj, + O(€?) has been introduced. This can be solved by
BFﬂkM = Oorékm = 0. FhSﬂy(Dnﬂda‘BF”km = 0: ﬁnmeﬁﬁ”isnum
kfé} must also be null and proportional to B[“_ > Where /{:ff)] = " ko). To first

order in € equations (5.55) and (5.56) both give
Bk Chi = 0, (5.58)

thus k), is proportional to kpj,. Up to first order in ¢, the phase speed of
the perturbations ¢(;) and 1 is the speed of light in the vacuum. Now
consider the ¢ ko) = 0 case. To analyse this solution in the first order of e, it
is useful to introduce a timelike unit vector n* = (#//—( - ¢ and a spacelike
unit vector n; orthogonal to n. By using ¥ = —n*n” + n//n’, equations

(5.55) and (5.56) to first order in € give

(o735 nLkM
k= —y | ——=— 5.59
n 1] —C'CZB[_l]‘nJ_7 ( )
Qg nlkm
ki = - 5.60
R ey, (560

respectively. Note that n, k is proportional to the wavenumber of the per-

turbations ®;y and 1)y in the rest frame of the plasma electrons, thus up to
(p — 1)th order there is no dispersion, as (5.55) and (5.56) are second-order
homogeneous polynomials in k,. Corrections due to quantum fluctuations
only contribute at pth order and above in €. For the B[l}k[o] = 0 case, the
right-hand side of (5.55) and (5.56) can be shown to be of order e’*!. Thus

the quantum corrections are too small to be captured by the analysis. How-
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ever when ( k) = 0,

nk=swvn k—¢€ ’ (56|C_€ C_|3> ! (n k)>+O(),  (5.61)

8\ / 67T|11 . B[,lﬂ

where the — sign corresponds to (5.55) and the + sign corresponds to (5.56),

and the constant v is given by

 [as 1 )
v=c¢ ST + O(e%). (5.62)

It can be shown that |8y n| = [B_1ym1| = |99P(0)|. The sign of the quantum

corrections will be chosen such that its contribution to the frequency of the
perturbation is positive. Introducing the angular frequency w = |nk| and
wavenumber £ = |n, k| of the perturbations in the rest frame of plasma ions,
and setting O(eP*!) to zero, € to unity, ®) = wot + koz, dP() - dP) =
—wf, with w, being the plasma frequency, and restoring units as outlined in

Appendix B finally yields

3 hie? 2 i 2,2
w=uvk+ 2 — ( S0 3) °r (5.63)
8\ 6megm2c3A \ (ag+ 1) /@oWy
with
wpC  ag
V= — 5.64
2wo /a2 + 1 (5:64)

Equation (5.63) can be written as

1
Ja Ae ag 22
_ [ 3a A 5.65
R i o wo ((a% + 1)3> V@owy, (5.65)
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where ). is the Compton wavelength of an electron, « is the fine-structure
constant, and the width of the laser pulse wy = \/X has been introduced.
Note that the standard dispersion relation for a cold plasma in the absence
of a laser pulse w® = w? + ¢*k? is not recovered in the limit ag — 0. This
is because both the laser and the plasma are indispensable parts of the un-
derlying theory, as equations (3.49) and (3.50) both vanish if either is field

1S zero.

5.3.1 Gaussian wave packet

This section will show the implications of the dispersion relation found in
(5.65) for a Gaussian pulse, suggesting that quantum fluctuations could play
a significant role in the evolution of an underdense plasma driven by an x-ray
laser pulse. Consider a Gaussian wave packet given by

> 4 1(k — ko)?
=(t, z):/ dke! == exp(——%), (5.66)

o 2 o

where w is a function of k£, and o controls the width of the packet at t = 0.
Taylor expanding w = w(ko) +w’ (ko) (k — ko) + 3" (ko) (k— ko )2+ O((k—ko)?),
where prime denotes derivative with respect to k, yields

—_— 1 ox 1 (2 — W'(ko)t)*
ST e A e ML

g

Thus the quantity

A— \/02(w”(k0))2t2 + % (5.68)
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is an estimate of half of the width of a pulse subject to the dispersion relation
given by w(k). Let Ag = 1, and AAO = 146 for some small parameter 9, since
the contributions of the quantum fluctuations are small. The characteristic
time scale 7 over which the length of a Gaussian wave packet increases by a

small amount ¢ due to quantum fluctuations is obtained from (5.68):

A5 (i) T o

3 Ao at+1 c

Let 7 = 527 and 6 = Aio be normalised quantities with respect to the laser

2mc

period and laser wavelength \y = o respectively. The wavelength of the

laser pulse is required to be the shortest classical wavelength in this model,

thus @ > 1. Considering § < 1 gives

a? 1 W20
F > 1509 ( ——0 020 5.70
TR (<a3+1>3) \ 22, (5.70)

where \, = QW—’;C It is possible for an intense laser pulse to propagate through

an underdense plasma over distances that are many multiples of the classical

Nﬂ'w(Q)
i
A5

Rayleigh length. Equation (5.70) along with the number of oscillations

corresponding to N multiples of the Rayleigh length of a laser beam yields

[ a2 NZuw2a2x
§<87x%10°° %o 0%ep 571
~ (a2 +1)3 A5 ( )

This suggests that the effects due to quantum fluctuations will not be de-

the upper bound

tectable in experiments based on near-IR lasers. As an example, it is pos-
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sible to maintain an intense near-IR laser pulse with A\ = 800 nm and
wy = A, = 30 pm over tens of Rayleigh lengths [53]. Even though the di-
mensionless laser amplitude ay ~ 0.7 is achievable using high-power near-IR
lasers, these parameters yield § < 2.6 x 107 for N = 40, which is experi-
mentally unresolvable. However, similarly to the results of section 4.3.1, the
role of ag is not that significant. Strong dependence of (5.71) on Ay suggests
that x-ray lasers may lead to an experimentally accessible measurement. For
example taking Ao = 10 nm, A, = 100 pm, wy = 100 pm, ay ~ 6 x 107°
yields ¢ < 0.05. Thus it may be possible to investigate this result with the

use of an x-ray laser, such as the European XFEL [5].
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Chapter 6

Conclusion

The main aim of this thesis was to establish a link between laser-driven
plasma and analogue Hawking radiation. While this has been achieved, other
results were obtained along the way, as will be summarised below.

Two field equations for a laser-driven plasma were derived in chapter 3 in
terms of the laser phase ®, 4-momentum potential 1 of the plasma electrons
and the energy density A\. Furthermore, utilising the dispersion relations
of ® and ¢ in the minimal energy density case, these field equations were
shown to be readily expressible in terms of ® and v only. This system was
also reduced to two dimensions with the introduction of A, related to the
cross-sectional area of the system. It was shown that the field equations for
the minimal energy density system can be motivated from scalar quantum
electrodynamics.

Following that, effective metrics were derived from the perturbations of
the field equations in chapter 4 in various regimes. Firstly the field equations

were considered separately in section 4.1. It was shown that regardless of the
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choice of energy density, the equation involving ¢ does not lead to Lorentzian
effective metrics. However, the ® equation was more robust. It was shown
that utilising minimal energy density leads yet again to a non-Lorentzian
effective metric, but assuming ® = ¢+ h(z) for some general energy density
does indeed give a Lorentzian effective metric. It was shown that with suit-
able substitutions it is the homogeneous plane wave metric. Such a metric
is conformally flat; reducing the system to two dimensions allowed for inves-
tigation of the Unruh effect, leading to non-trivial motion of the accelerated
observer in the laboratory frame, with the freedom of choice of h(z). Lastly
it was briefly explained that considering a spherical system does not readily
lead to an analogue of a physically interesting spacetime.

In section 4.2, the field equations were considered together with a general
energy density. It was shown that in order to derive an effective metric, the
perturbations of the fields are required to have high frequency. With that,
the only physically sensible energy density giving rise to two effective metrics
was found to be that of the minimal energy density. Firstly the case of the
fields being linear in Minkowski coordinates was considered. This led to flat
metric, which again allowed for investigating the Unruh effect, and led to
non-uniform acceleration in the laboratory frame. Following that, the fields
were considered as solutions of the 2-dimensional wave equation. While the
field equations were solvable, the effective metrics had undesirable properties
and as such were discarded. A spherical system was also investigated with
both fields having the form of gyt + ha/y(r). Two distinct solutions were
found for the A functions, however one displayed naked singularities while

the other was not physically viable.
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The final regime considered effective metrics on 2-dimensional spacetime
where the cross-sectional area of the laser pulse (spot size) is not constant.
The spot size appeared in the field equations as well as being the conformal
factor of the effective metrics. Both fields were assumed to be of the form
Yot + hasy(2), and a relation between hg and h, was found in terms of a
function h. It was shown that there exists a singularity in one of the effective
metrics, and parameters were matched such that the ratio of the components
of the effective metrics was that of the Schwarzschild metric. The resulting
Hawking temperature depends on the initial dimensionless laser amplitude
ao and the waist of the laser wy = \/K The initial amplitude has a small
effect on the Hawking temperature compared to the waist. It was shown
that the Hawking temperature resulting from using an intense near-IR laser
is about 4.5 K. However, the temperature is inversely proportional to the
waist, which significantly increases the feasibility of detecting it as the waist
gets smaller.

Finally chapter 5 explored the quantum effects of the action for under-
dense plasma in two dimensions for a constant spot size. The analysis in-
cluded quantum backreaction of the system; backreaction is an important
area of study of analogue evaporating black hole systems. The 1-loop effec-
tive action was shown to be expressible in terms of a massless field theory
on a dilatonic curved background for fields that are linear in the Minkowski
coordinates. However it was argued that the fields may have a more gen-
eral form, thus the field equations were subsequently derived for a general
case. With these, the linear solution was perturbed and two distinct disper-

sion relations were derived, describing dynamical perturbations of a uniform
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underdense laser-driven plasma. Omne of the dispersion relations describes
propagation in the same direction, at essentially the same phase speed, as
the laser beam. The remaining dispersion relation is associated with pertur-
bations that co-propagate and counter-propagate with the laser beam, but at
a much slower speed than the laser beam. None of the modes are dispersive
without quantum corrections, and the modes that propagate at essentially
the same speed as the laser beam are non-dispersive even when quantum
effects are included. The effect of the non-trivial dispersion relation on a
Gaussian wave packet was then analysed. It was shown that for an near-IR
laser the effect is negligible, while for an x-ray laser the width of the packet
increases by about 5% over a distance corresponding to 40 Rayleigh lengths

of the laser.

6.1 Future work

There are several avenues for undertaking future work. Understanding how
to set up and measure the vacuum of an effective metric, and that of an
accelerated observer, would be an important step in finding a way to probe
the Unruh effect found in section 4.2.1. Investigating phenomena other than
Hawking radiation may also be feasible, such as naked singularities as dis-
played by several of the presented effective metrics, or analogue string theory
through homogeneous plane wave effective metrics found in section 4.1.3. The
simplest underdense plasma model was heavily focused on in this thesis, but
it may be possible to find a manageable system in a more general case.

Lastly, a comparison of the analogue Hawking temperature found in sec-

107



tion 4.3 and typical plasma temperatures suggests that a detailed model
of the laser-driven plasma is needed to confidently identify signatures of the
analogue Hawking effect. The temperature of the plasma electrons in a laser-
driven plasma accelerator is ~ 5 x 10° K [53], which is ~ x10° times larger
than the expected analogue Hawking temperature. Even so, for comparison,
it is claimed [40,41] that an analogue Hawking temperature of 1.2 nK has
been measured in an atomic Bose-Einstein condensate. Whilst it is clear that
identifying the analogue Hawking effect in a laser-driven plasma accelerator
is a significant challenge, the fact that the results show that its analogue
Hawking temperature is ten orders of magnitude larger than that of a Bose-

Einstein condensate suggests that further investigation is deserved.
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Appendix A

Identities

A smooth map f : M — N between two manifolds M and N induces a

pull-back map f*: N' — M with the following properties:

f'h=ho f,
o+ B) =fa+ 5.
fanB)=fanfp,

frd =df*,

(A1)

where h is a O-form, o and [ are p-forms.

Stokes’ theorem is given by

/Sda = /as a, (A.2)



for any p-form alpha. Whenever this is used, all quantities will be assumed

to have compact support, meaning they vanish at the boundary of S,thus

/Sda =0, (A.3)

for all a.



Appendix B

Dimensionless variables and

restoring units

The process of restoration of dimensionful variables for results obtained from
the action (3.48) will be presented. This action is used in section 4.3 and

chapter 5. Firstly, the action written out with all the physical constants is

o 1= ~ ~ ~ -
S = % dtd%§A{ ((0;9)% — 2(0:2))) ((0:0)* — 2 (0:0)* — m2ct) }, (B.1)
q*c
where ~ indicates quantities without any substitutions, ¢j is the permittivity
of free space, c is the speed of light and ¢ is the elementary charge. The con-
stant coefficient in (B.1) ensures that S has the correct physical dimension.
Introducing

t= l—*t, Z=1z ¢ =mcl, (B.2)
c



where [, has units of length, yields

60m203

S = p /ﬁm%ﬁ%ﬂ@dQdew+D} (B.3)

The dot product is taken with respect to the metric ¢ = —dt @ dt + dz ® dz.

If the spot size is not constant then two further substitutions are required:

b1 g KAz (B.4)
\egm2e3i2 7 T '
resulting in
1
S = h/dtdzﬁA(d(ID -d®)(dy - dip + 1). (B.5)

However if the spot size is constant,

N 2
b | g (B.6)
gomic3A
suffices, resulting in
1
S = h/dtdzé(dcb ~d®)(dy - dp 4+ 1). (B.7)

Identifying
(B.8)

(0:0) — 2(9:40)* — m2ct = m2cta?, (B.9)



where w, is the plasma frequency and aq is the dimensionless amplitude,

allows to express relevant observables with restored units as

K2 2
W) = ———d? - do, (B.10)
ag = —dip - dip — 1, (B.11)
where ® = K®, with
he2
K=, -2 (B.12)
com2c3A
when A is constant, and
he?
K=——-— B.13
eom2c3l,’ ( )

when A is not constant.



