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We examine the heat and charge transport of a driven topological superconductor. Our particular
system of interest consists of a Y-junction of topological superconducting wires, hosting non-Abelian
Majorana zero modes at their edges. The system is contacted to two leads which act as continuous
detectors of the system state. We calculate, via a scattering matrix approach, the full counting
statistics of the driven heat transport, between two terminals contacted to the system, for small
adiabatic driving and characterise the energy transport properties as a function of the system parameters (driving frequency, temperature). We find that the geometric, dynamic contribution to the
pumped heat statistics results in a correction to the Gallavotti-Cohen type fluctuation theorem for
quantum heat transfer. Notably, the correction term to the fluctuation theorem extends to cycles
which correspond to topologically protected braiding of the Majorana zero modes. This geometric
correction to the fluctuation theorem differs from its analogs in previously studied systems in that
(i) it is non-vanishing for adiabatic cycles of the system’s parameters, without the need for cyclic
driving of the leads and (ii) it is insensitive to small, slow fluctuations of the driving parameters due
to the topological protection of the braiding operation.

I.

INTRODUCTION

The time dependent, cyclic evolution of the internal
parameters of a quantum system can lead to the accumulation of a geometric phase that depends solely on the
path traversed in parameter space and not on the duration of the cycle itself [1]. This geometric phase manifests itself in different phenomena in all areas of physics
[2]. Geometric contributions to quantum evolution become particularly interesting for many-body systems in
a topological phase of matter, hosting non-Abelian excitations at their edges [3]. In this case, the phase is generalized to a unitary operation protected against details
of the system and the evolution, which makes anyons
appealing excitations for potential use in fault tolerant
quantum computation [4, 5]. A particularly interesting
case of non-Abelian zero energy excitations are Majorana
zero modes, which exist on the surface of topological superconductors [6, 7]. The proposal to engineer topological superconductivity in semiconductor nanostructures
[8–11] has received compelling experimental indications
[11–15] and led to proposals for quantum information
processing [5, 16–18].
Geometric contributions have generically found to be
evident in transport processes such as pumped charge
and heat currents in cyclically manipulated quantum systems with few degrees of freedom [19–31]. Such contributions, in the case of heat transport, are non-trivially
affected by the presence and manipulation of Majorana
zero-modes [32–36]. The importance of studying transport in such systems is further reflected by the identification of topological indices in scattering processes
for topological superconductors [37–39]. Notably, for
systems with few degrees of freedom, recent studies
[19, 40, 41] have suggested that geometric contributions
to the full statistics of heat transfer processes result in the
apparent violation of fluctuation theorems, which quan-

tify the likelihood of anomalous heat transfer against a
thermal gradient [42].
Motivated by these findings, it becomes of interest to
investigate how the topological protection of the geometric phases in Majorana based manipulations is reflected
in the corrections of the aforementioned fluctuation theorem. In this spirit, we further explore the influence of
geometric contributions to the full counting statistics of
pumped heat transport, in the case of the exchange of
two Majorana fermions performed within a Y-junction
of topologically superconducting nanowires. We address
our interest specifically to the effect upon fluctuation theorems. By using a scattering matrix approach, we will
show that we find a non-zero geometric contribution to
the probability generating function and that this contribution does indeed lead to a correction to the GallavottiCohen type fluctuation theorem. Such a correction generically exists for arbitrary adiabatic cycles in parameter
space, but it extends to the case of Majorana braiding,
in which it becomes insensitive to slow time-fluctuations
of the driving parameters.
The paper is organized as follows. In Sec. II we develop
the general formalism to compute the full counting statistics of energy transfer via scattering matrices, including
both particle and hole degrees of freedom required for
superconducting systems. We then address the protocols
of interest in Sec. III, where we analyze the scattering
matrix for a driven Y-junction of 1-dimensional p-wave
superconductors. We employ our formalism to compute
the transport properties beyond the average current in
Sec. IV and the corrections to the Gallavotti-Cohen fluctuation theorem in Sec. V. In the latter we first address
pumping cycles of small amplitude and finally extend
our results to topologically protected braiding, where we
characterize the topological features in the corrections to
the mentioned fluctuation theorem.
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II.

FULL COUNTING STATISTICS FOR
PUMPED HEAT TRANSPORT

In order to study the behaviour of thermal fluctuations throughout any pumped process, it is necessary to
extract information beyond the average pumped quantities and hence uncover the full statistical distribution of
the transport process. Such information is provided by
the probability distribution, P (Q, T ), for some quantity
of interest Q, e.g. charge or energy, transported across a
system throughout some time period T . This distribution can be accessed via the full counting statistics (FCS)
of the transport process and, in particular, the Fourier
transform of P (Q, T ) known as the characteristic function (CF), χ(λ), where λ denotes the counting field.
While proposals for detecting the FCS of electronic
current specific systems have been put forward [43–47],
it is well known that experimental measurements of FCS
and the full probability distribution of electronic and heat
transport are challenging and at present not accessible.
Nonetheless, FCS remains a widely studied, powerful theoretical tool for addressing fundamental transport properties, including the nature of thermal fluctuation theorems [23, 26, 48].
The FCS of charge transfer, originally introduced for
DC transport [49], has previously been evaluated for
pumped electronic charge [23, 26] and for specific nonadiabatic periodic driving of superconducting devices
[50]. For the case of a Majorana braiding, for which
topological features are apparent in scattering properties, we construct the FCS based on the scattering matrix formalism. We consider a superconducting system
under the cyclic modulation of some internal parameters,
which in this case correspond to the couplings between
the external and central Majorana states present in a superconducting Y-junction (cf. Fig. 1). This time dependent manipulation facilitates inelastic scattering events
and as a result, it is important to carefully consider both
the energy and time dependence of the scattering events
when defining the CF. We define the CF for the heat, Q,
pumped during the total cycle period T as
ˆ
χQ (λ) = dQeiλQ P (Q, T ).
(1)
The probability distribution for the total cycle, P (Q, T ),
can be obtained by considering the heat transported during the time steps, ti , of a discretised cycle:
ˆ
X 
X 
χQ (λ) = dQeiλQ
δ Q=
qti P (qt1 , qt2 , ...),
{qti }

ti

(2)
where {qti } denotes all possible combinations of the heat
quantities qti , transported in each discrete time step ti .
By considering the particle baths in the external leads
to be large, so that the ingoing distribution function at
any time t is given by the equilibrium Fermi distribution
function, and if relaxation times are fast enough, we can

assume independence of the probability distribution at
each time. The CF can then be written as a product of
the contribution from each time step:
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Taking the continuous limit, ti → 0, we can write the cumulant generating function (CGF), defined as GQ (λ) =
ln(χQ (λ)) as an integral over the driving time period:
ˆ
GQ (λ) =

T

dt ln(χt (λ)).

(4)

0

We have therefore reduced the calculation, of the total
FCS of driven heat transport, to that of a CF at a frozen
time t, which we denote as χt (λ). The latter is computed
analogously to the case of charge FCS [51], as outlined
in Appendix A:
D
E
χt (λ) = eiλQ̂→ (t) e−iλQ̂← (t) .
(5)
Here the operators Q̂→(←) (t) describe the energy carried
by particles in the left lead, entering (leaving) the junction with the internal system of interest, at some time
t. The heat current in the left lead, IL , is then defined
as the difference between the energy carried by the electrons and holes traveling from the scattering center into
the lead and that carried by those moving in the opposite
direction:
ˆ ∞

IL =
d( − µ) f→ () − f← () ,
(6)
−∞

where f→ () and f← () are the ingoing and outgoing
electron distribution functions in the left lead at energy
, temperature T and voltage bias µ. Since the leads
are thermal reservoirs, the energy absorbed by the leads,
measured with respect to the chemical potential, is regarded as pure heat [52]. The CF in Eq. 5 has been
previously evaluated for the case of charge transfer between superconducting leads in static systems by B.A.
Muzykantskii and D.E. Khmelnitskii [51]. We extend,
hereafter, this formalism to the case of heat transport
and adiabatically driven systems.
The heat operators can be written in terms of fermionic
creation and annihilation operators in the left external
lead [53]:
¨ ∞
  + 0  i(−0 )t
e ~
Q̂→ (t) =
dd0
2
−∞


× â†Le ()âLe (0 ) + â†Lh ()âLh (0 )
(7)
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and

¨

∞

dd0

Q̂← (t) =
−∞

  + 0 

e

i(−0 )t
~

2


× φ̂†Le ()φ̂Le (0 ) + φ̂†Lh ()φ̂Lh (0 ) .

(8)
The ingoing, aˆi , and outgoing, φ̂i , electron (e) and hole
(h) scattering states in the left (L) and right (R) leads
are related by the scattering matrix:




φ̂Le (˜
)
âLe ()
φ̂Lh (˜
) 
â h ()

 = SF (˜
, )  L
,
(9)
 φ̂Re (˜
âRe () 
) 
âRh ()
φ̂Rh (˜
)
where the scatering matrix depends explicitly on two energies since the scattered particles can absorb or emit
energy, due to the external driving. For a periodically
driven system, as we are considering here, energy can
be absorbed or emitted only in multiples of the driving
frequency, so that ˜ =  − nω. With this relationship between ingoing and outgoing states, Eq. 5, 7 and 8 allow
the FCS for heat transport to be accessed entirely via
the full Floquet scattering matrix describing transport
across the internal system.
A.

Adiabatic and small driving amplitude limit

In general, for a time dependent driven system, it is difficult to determine the elements of the full Floquet scattering matrix, which accommodates for all possible inelastic scattering events induced by the driving. In order
to make analytical progress, we choose to study a model
subjected to two important approximations. Firstly, we
assume that the periodic driving of the system is adiabatic, in the sense that the driving period, T , is large
compared to the scattering time. In this situation, scattering can be considered instantaneous and described by
a frozen scattering matrix, S(, t), the properties of which
are modulated periodically by the driving. More precisely, if the driving is switched off, the Floquet scattering matrix in Eq. (9), SF (, ), describes an energy
dependent, time-translation-invariant scattering process.
If the matrix depends on time via a parameter, one can
consider such a frozen scattering matrix parametrically
depending on time, SF,t (, ) ≡ S(, t). Secondly, we assume that the amplitude of the driving, in the relevant
parameter space of the system, is small. In Sec. V A we
will show that the results yielded from this approach can
be extended to the case of the Majorana braiding, for
which the amplitude of the driving can no longer be consider small with respect to the values of the parameters
at the center of the cycle.

The weak, adiabatic, periodic driving of parameters,
such as the lead temperatures or lead coupling strength,
with frequency ω can be modeled as
Xj (t) = Xj,0 + Xj,ω ei(ωt−ηj ) + Xj,ω e−i(ωt−ηj ) . (10)
With the assumption that the amplitude of this modulation, Xj,ω , is small enough to expand to first order,
then the corresponding time dependence of the scattering
matrix can be expressed as [30]
S(, t) ≈ S(, Xj,0 ) + Sω ()e−iωt + S−ω ()eiωt ,
X
∂S
(11)
where S±ω =
Xj,ω e∓iηj
.
∂X
j
j
The scattering matrix in this form corresponds to a zeroth order expansion in frequency of the full Floquet scattering matrix, whilst allowing only scattering processes
between nearest energy sidebands in addition to elastic
events. The corresponding operators for scattered states
then take the form
X
iα
φ̂i () =
S iα ()âα () + S−ω
()âα ( + ω)
α
(12)

iα
+ S+ω
()âα ( − ω) ,
where creation and annihilation operators for the four
ingoing channels at energy i are defined in Eq. 9. Before
using this approximation of the scattering matrix in the
expressions for the ingoing and outgoing heat operators
(Eqs. 7, 8), we notice that upon calculation of the CGF
in Eq. 4, and hence integration over the driving time
period, only terms where  = 0 will contribute to the
heat operators. Consequently, the evaluation of the CGF
only requires the calculation of the ingoing and outgoing
number operators at a single energy, defined as
e(h)
N̂→
() = â†Le(h) ()âLe(h) ()
e(h)
and N̂←
() = φ̂†Le(h) ()φ̂Le(h) ().

(13)

The number operators for both the ingoing and outgoing
particle states can then be expressed in terms of matrices,
P , acting on the ingoing scattering states:
e(h)

N̂→(←) (l ) =

iαβ
X h e(h)
†
P→(←) (l )
âα (i ) âβ (j ),
α,β
i ,j

i j

(14)

with α, β ∈ {Le , Lh , Re , Rh }. Here the ingoing scattering
matrices are diagonal in both the discretised energy and
the electron-hole bases:
h
iαβ
Pe(h)
= δαLe(h) δαβ δi l δi j .
(15)
l→
i j

However, the inelastic scattering events, induced by the
driving, result in non-diagonal matrices defining the outgoing number operators:

4
h

Pe(h)
l←

iαβ
i j

∗


e(h)
e(h)
Le(h) β
S L β (l )δi j + S−ω
(l )δ(i +ω)j + SωL β (l )δ(i −ω)j

∗
e(h)
e(h)
Le(h) β
αLe(h)
(l )δi j + SωL β (l )δ(i −2ω)j
(l ) S L β (l )δ(i −ω)j + S−ω
+δi (l +ω) S−ω

∗
e(h)
e(h)
e(h)
Le(h) β
+δi (l −ω) SωαL (l ) S L β (l )δ(i +ω)j + S−ω
(l )δ(i +2ω)j + SωL β (l )δi j .

=δi l S αL

e(h)

(l )

as a determinant via

Using these matrices P in Eq. 5, the characteristic function can be expressed as the average of a product of exponentials:
D
 X


E
X
χt (λ) = exp iλ
Cαβ â†α âβ exp −iλ
Dαβ â†α âβ ,
α,β


χt (λ) = det 1 − ρ + ρeiλC e−iλD
!


X
P
−iλi
iλ i i Pi →
1+
Pi ← (e
− 1)
= det 1 − ρ + ρe
i

α,β

= det(Mt (λ)).

(17)
P
P
with C = i i Pi → , D = i i Pi ← and the sum of the
electron and hole number operator matrices defined as
Pi → = Pei → + Phi → . The relevant density matrix, ρ,
is block diagonal in the energy basis with the block at
j
each energy i being given by ρijl = hâi†
l âl i = fi (l )δij .
2
Importantly P are projective matrices, P = P , as shown
in Appendix B. Under this condition, it has been proven
[51] that the expectation value in Eq. 17 can be expressed

(18)
In general the matrix Mt (λ) will be of block pentadiagonal form in an infinite energy basis. In order to make
analytical progress we can split the matrix Pi ← into two
contributions as P0i ← + P̃i ← , where P0i ← describes the
part of the matrix which survives in the static limit and
P̃i ← includes all contributions that arise from the periodic driving and hence all terms involving the sideband
scattering matrix coefficients S±ω . Subsequently we can
split the matrix Mt as Mt,0 + M̃t , where

!
Mt,0 = 1 − ρ + ρ exp iλ

X

i Pi →

!
1+

i

X

M̃t = ρ exp iλ

 i P i →

Pe,0
i←

− 1) ,
(19)

!
X

i
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i

!
X
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−iλi

P̃i ← (e

i

− 1) ,



..

 .




=






00

0
0
e
e
∗
0 S αL (i ) S L β (i ) 0
0
0
0

0 ..

.













and


P̃ei ←






=






..



.

0S

e
∗
αLe
(i ) SωL β (i )
ω
e
e
∗
S αL (i ) SωL β (i )
e
e
∗
αL
S−ω
(i ) SωL β (i )

e

∗

e

∗

e

L β
SωαL (i ) S L β (i ) SωαL (i ) S−ω
(i )
e
∗
Le β
αL
(i ) S−ω (i )
0
S
e
∗
∗ Le β
αLe
αLe
S−ω
(i ) S L β (i ) S−ω
(i ) S−ω
(i )

With these definitions, the CGF, G(λ) = ln χ(λ), can be






.






e

0 ..

.

expressed as a sum of two contributions:
ˆ
G(λ) =

T

 

dt ln det Mt,0 + M̃t

0
elas

=G

pump

(λ) + G

(λ)

(20)
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where
ˆ

T

Gelas (λ) =

dt ln(det(Mt0 )),
0

ˆ

T

Gpump (λ) =
0

 

−1
dt Tr ln I + Mt,0
M̃t ,

where I is the identity matrix. Here we have labeled
the contribution which would survive in the static limit,
arising due to only elastic scattering events, as Gelas (λ)
and the contribution arising from the adiabatic driving as
Gpump (λ). Since we are working in the limit of small amplitude parameter modulation, in which these dynamic
contributions to the scattering matrix are small, keeping only terms quadratic in Xj,ω would appear to be a
justifiable approximation. Terms of this nature appear
in both the linear and quadratic
contributions
to the ex

−1
pansion of the matrix ln Mt,0 M̃t . Consequently, the
contribution to the CGF from the driving can be Taylor
expanded and truncated to quadratic order:
ˆ
pump

G

(λ) ≈

T


2 
1
−1
−1
M̃t
. (21)
M̃t − Mt,0
dt Tr Mt,0
2

0

This approximation has significantly simplified our calculation. In particular the matrix Mt,0 is block diagonal
in the discretised energy basis. Its determinant can then
be written as a product of the determinants of each of
the individual blocks Mt,0 (). In the continuous limit the
static contribution to the CGF is then given by
ˆ
Gelas (λ) =

ˆ

T

∞


d ln det(M0 ()) .

dt
0

(22)

−∞

Similarly, since the dynamic contribution can be expressed as a trace, we can again consider the diagonal
blocks at each energy separately and in the continuous
limit we have that
"
ˆ T ˆ ∞
Gpump (λ) =
dt
d Tr Mt,0 ()−1 M̃t ()
0

−∞


2 #
1
−1
.
− Mt,0 ()M̃t ()
2

(23)

Eqs. 22 and 23 constitute the first main results of this
work and can be used to determine the heat transport
statistics and fluctuation theorems for weak and adiabatic cyclically driven systems in terms of the scattering
matrix.
In the case that we have the simultaneous variation
of just two parameters of the Hamiltonian, the dynamic
contribution to the generating function exhibits two distinct contributions. The first consists of terms dependent
only on the variation of a single Hamiltonian parame2
ter and is hence proportional to Xj,ω
. This contribution
is independent upon the direction of the driving in parameter space and survives in the case where only a single parameter is varied. The second contribution is, in

contrast, geometric in nature and hence only dependent
upon the path traversed in parameter space during the
driving cycle. We find that this contribution, Ggeom (λ),
is independent of the driving frequency and identified by
its proportionality to X1,ω X2,ω . The sign of this contribution is sensitive to the direction of traversal of the
contour in parameter space associated with the driving,
a feature which distinguishes it from both the static and
non-geometric pumped contributions and could hence be
used to isolate the geometric contribution in an experiment capable of accessing the FCS of heat transport.
Geometric contributions to the full counting statistics
of heat transport have previous been demonstrated to
produce corrections to fluctuation theorems [19]. This
contribution takes on further interest within systems
where the accumulated geometric phase is topologically
protected against fluctuations in the driving cycle, such
as a Majorana braiding protocol. Furthermore, although
the derivation of the FCS here used the approximation
that the amplitude of the driven cycle is small in parameter space, we show in Sec. V A that our analysis can be
extended to large amplitude pumps for the case of such
geometric contributions.
B.

Full Counting Statistics for pumped charge
transport

The calculation in the previous section can be reproduced for the case of electronic transport of an adiabatically driven system. In this case, the characteristic function is given by
D
E
χe,t (λ) = eiλQ̂e,→ e−iλQ̂e← ,
(24)
with ingoing and outgoing charge operators
defined as

P
e
h
Q̂e,→(←) = i e N̂i →(←) − N̂i →(←) and where e is
the unit of electronic charge. This expression reflects the
fact that electrons and holes, traveling in the same direction with respect to the scattering centre, carry charge
in opposite directions. From this new starting point,
one can show that the corresponding elastic and dynamic
contributions to the CGF can be expressed analogously
to those for the case of heat transport:
ˆ
Gelas
e (λ)

=

∞

dt
0

ˆ
Gpump
(λ)
e

ˆ

T

−∞
∞

ˆ

T

=

dt
0

−∞


d ln det(M0e ()) .

 (25)
e
−1
e
d Tr Mt,0 () M̃t () ,

where now
e
Mt,0
=1−ρ

+ ρ exp iλ

!

X

Pi →

!
1+

i

X
i

!
M̃te = ρ exp iλ

X
i

Pi →

P0i ← (e−iλ

− 1) ,
!

X
i

P̃i ← (e−iλ − 1) .

(26)
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Left lead

<latexit sha1_base64="Hjs4PFlwYfx75p0eOB/ljbE3N6I=">AAAB8HicbVA9SwNBEN3zM8avqKXNYhBShbs0WgZsLCwimA9JjrC3N5cs2b07dueEcORX2FgoYuvPsfPfuEmu0MQHA4/3ZpiZF6RSGHTdb2djc2t7Z7e0V94/ODw6rpycdkySaQ5tnshE9wJmQIoY2ihQQi/VwFQgoRtMbuZ+9wm0EUn8gNMUfMVGsYgEZ2ilxzuIkEpg4bBSdevuAnSdeAWpkgKtYeVrECY8UxAjl8yYvuem6OdMo+ASZuVBZiBlfMJG0Lc0ZgqMny8OntFLq4Q0SrStGOlC/T2RM2XMVAW2UzEcm1VvLv7n9TOMrv1cxGmGEPPloiiTFBM6/56GQgNHObWEcS3srZSPmWYcbUZlG4K3+vI66TTqnlv37hvVZq2Io0TOyQWpEY9ckSa5JS3SJpwo8kxeyZujnRfn3flYtm44xcwZ+QPn8wdK14/5</latexit>

<latexit sha1_base64="Z/A/IZ5jhGwBrZ6FsfX87yyEP1Q=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBByCrsi6DHgxWME84AkhN7JbDJkZnadmRXikp/w4kERr/6ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuh2iY4Io1LLeCtRPNUIaCtcLxzcxvPTJteKzu7SRhPYlDxSNO0Tqp3R2ilNh/6pfKftWfg6ySICdlyFHvl766g5imkilLBRrTCfzE9jLUllPBpsVualiCdIxD1nFUoWSml83vnZJzpwxIFGtXypK5+nsiQ2nMRIauU6IdmWVvJv7ndVIbXfcyrpLUMkUXi6JUEBuT2fNkwDWjVkwcQaq5u5XQEWqk1kVUdCEEyy+vkuZFNfCrwd1luVbJ4yjAKZxBBQK4ghrcQh0aQEHAM7zCm/fgvXjv3seidc3LZ07gD7zPHxcWj+g=</latexit>

<latexit sha1_base64="fd2Xwa0NO3816oFVlumo0RohyjM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9XDEkfbLFb/mL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VNGE23C6uHZGLpwyILE2rhSShfp7YkoTaydJ5DoTiiO76s3F/7xuhvFNOBUqzZArtlwUZ5KgJvPXyUAYzlBOHKHMCHcrYSNqKEMXUMmFEKy+vE5al7XArwX3V5V6NY+jCGdwDlUI4BrqcAcNaAKDR3iGV3jztPfivXsfy9aCl8+cwh94nz+cJY8O</latexit>
<latexit

<latexit sha1_base64="G8Vrp6GUmqAB9k/IWv1ORdLzX2g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tDoOQKtyJoGXAQguLCOYDkiPMbfaSJbt75+6eEI78CRsLRWz9O3b+GzfJFZr4YODx3gwz88KEM20879sprK1vbG4Vt0s7u3v7B+XDo5aOU0Vok8Q8Vp0QNeVM0qZhhtNOoiiKkNN2OL6e+e0nqjSL5YOZJDQQOJQsYgSNlTq9GxQC+3f9csWreXO4q8TPSQVyNPrlr94gJqmg0hCOWnd9LzFBhsowwum01Es1TZCMcUi7lkoUVAfZ/N6pe2aVgRvFypY07lz9PZGh0HoiQtsp0Iz0sjcT//O6qYmugozJJDVUksWiKOWuid3Z8+6AKUoMn1iCRDF7q0tGqJAYG1HJhuAvv7xKWuc136v59xeVejWPowgncApV8OES6nALDWgCAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/oA+Pmg==</latexit>

L

<latexit sha1_base64="MY67Mnqt48e/LtJ6ldl2QEsJ1JY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx4jmAckS+idzCZDZmbXmVkhhPyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmKWvSRCS6E6FhgivWtNwK1kk1QxkJ1o7Gt3O//cS04Yl6sJOUhRKHiseconVSpzdEKbHv98sVv+YvQNZJkJMK5Gj0y1+9QUIzyZSlAo3pBn5qwylqy6lgs1IvMyxFOsYh6zqqUDITThf3zsiFUwYkTrQrZclC/T0xRWnMREauU6IdmVVvLv7ndTMb34RTrtLMMkWXi+JMEJuQ+fNkwDWjVkwcQaq5u5XQEWqk1kVUciEEqy+vk9ZlLfBrwf1VpV7N4yjCGZxDFQK4hjrcQQOaQEHAM7zCm/fovXjv3seyteDlM6fwB97nD6bfj54=</latexit>
sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit>
sha1_base64="Zix17My26bjAsPI2cyx3FRz3u7g=">AAAB5HicbZBLSwMxFIXv1FetVatbN8EiuCoZN7oU3LisYB/QDuVOmmlDk8yYZIQy9E+4caGIv8md/8b0sdDWA4GPcxJy74kzKayj9DsobW3v7O6V9ysH1cOj49pJtW3T3DDeYqlMTTdGy6XQvOWEk7ybGY4qlrwTT+7meeeZGytS/eimGY8UjrRIBEPnrW5/hErhgA5qddqgC5FNCFdQh5Wag9pXf5iyXHHtmERreyHNXFSgcYJJPqv0c8szZBMc8Z5HjYrbqFjMOyMX3hmSJDX+aEcW7u8XBSprpyr2NxW6sV3P5uZ/WS93yU1UCJ3ljmu2/CjJJXEpmS9PhsJw5uTUAzIj/KyEjdEgc76iii8hXF95E9pXjZA2wgcKZTiDc7iEEK7hFu6hCS1gIOEF3uA9eApeg49lXaVg1dsp/FHw+QN9OY5e</latexit>
sha1_base64="3Pd9AbcfbUDbfCJKVy2fcENDrZI=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhBShTsbLQM2lhHMByRHmNvsJUt2987dPSEc+RM2ForY+nfs/Ddukis08cHA470ZZuZFqeDG+v63t7G5tb2zW9or7x8cHh1XTk7bJsk0ZS2aiER3IzRMcMVallvBuqlmKCPBOtHkdu53npg2PFEPdpqyUOJI8ZhTtE7q9kcoJQ78QaXq1/0FyDoJClKFAs1B5as/TGgmmbJUoDG9wE9tmKO2nAo2K/czw1KkExyxnqMKJTNhvrh3Ri6dMiRxol0pSxbq74kcpTFTGblOiXZsVr25+J/Xy2x8E+ZcpZllii4XxZkgNiHz58mQa0atmDqCVHN3K6Fj1Eiti6jsQghWX14n7at64NeDe7/aqBVxlOAcLqAGAVxDA+6gCS2gIOAZXuHNe/RevHfvY9m64RUzZ/AH3ucPpZ+Pmg==</latexit>

0

x

<latexit sha1_base64="zZ+z89DnlnZ4MPq+MHEKCUbey2o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeCHjxWsB/QhrLZTtqlm03c3Ygl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj65nffkSleSzvzSRBP6JDyUPOqLFSp3eDwtD+U79ccWvuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5LWec1za97dRaVezeMowgmcQhU8uIQ63EIDmsBAwDO8wpvz4Lw4787HorXg5DPH8AfO5w/tbo/N</latexit>

x

y
<latexit sha1_base64="VtlGwTC9VTOlOeZC9G24vWYgdHs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeCF48V7Ae0oUy2m3bpbhJ3N0II/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6BmgkesbbgRrJcohjIQrBtMb+d+94kpzePowWQJ8yWOIx5yisZKvcEYpcRhNqzW3Ia7AFknXkFqUKA1rH4NRjFNJYsMFah133MT4+eoDKeCzSqDVLME6RTHrG9phJJpP1/cOyMXVhmRMFa2IkMW6u+JHKXWmQxsp0Qz0aveXPzP66cmvPFzHiWpYRFdLgpTQUxM5s+TEVeMGpFZglRxeyuhE1RIjY2oYkPwVl9eJ53Lhuc2vPurWrNexFGGMziHOnhwDU24gxa0gYKAZ3iFN+fReXHenY9la8kpZk7hD5zPHxWSj+c=</latexit>

<latexit sha1_base64="RFU3nl7xu9g/Y9nHUBAgUNL/P5o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvQU0lE0GPBgx6r2A9oQ5lsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rToiaciZp0zDDaSdRFEXIaTscX8/89hNVmsXywUwSGggcShYxgsZKnd4NCoH9+3654tW8OdxV4uekAjka/fJXbxCTVFBpCEetu76XmCBDZRjhdFrqpZomSMY4pF1LJQqqg2x+79Q9s8rAjWJlSxp3rv6eyFBoPRGh7RRoRnrZm4n/ed3URFdBxmSSGirJYlGUctfE7ux5d8AUJYZPLEGimL3VJSNUSIyNqGRD8JdfXiWt85rv1fy7i0q9msdRhBM4hSr4cAl1uIUGNIEAh2d4hTfn0Xlx3p2PRWvByWeO4Q+czx+pJ4+g</latexit>

R
<latexit sha1_base64="39BxBdPcJgc5PbzPI5jI9UvluUc=">AAAB8XicbVBNS8NAEN34WetX1aOXxSL0VJJe9Fjw4rGK/cA2lM1m0i7dbMLuRCih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUikMuu63s7G5tb2zW9or7x8cHh1XTk47Jsk0hzZPZKJ7ATMghYI2CpTQSzWwOJDQDSY3c7/7BNqIRD3gNAU/ZiMlIsEZWunxXozGSCWwcFipunV3AbpOvIJUSYHWsPI1CBOexaCQS2ZM33NT9HOmUXAJs/IgM5AyPmEj6FuqWAzGzxcXz+ilVUIaJdqWQrpQf0/kLDZmGge2M2Y4NqveXPzP62cYXfu5UGmGoPhyUZRJigmdv09DoYGjnFrCuBb2VsrHTDOONqSyDcFbfXmddBp1z617d41qs1bEUSLn5ILUiEeuSJPckhZpE04UeSav5M0xzovz7nwsWzecYuaM/IHz+QMiCpB2</latexit>

Right lead

z

✓
<latexit sha1_base64="D

C

<latexit sha1_base64="mDQxlttrqmBmVKP6C3c5o7iP1Kg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSJ0NSTa1umu0I3LCvYB7VAyaaYNzTxMMoUy9DvcuFDErR/jzr8x01ZQ0QOBwzn3ck+OFwuuNEIfVm5jc2t7J79b2Ns/ODwqHp90VJRIyto0EpHseUQxwUPW1lwL1oslI4EnWNebNjO/O2NS8Si80/OYuQEZh9znlGgjuYOA6AklIm0uhnhYLCHbca7qDobIrtRQrYoygqv1CoLYRkuUwBqtYfF9MIpoErBQU0GU6mMUazclUnMq2KIwSBSLCZ2SMesbGpKAKTddhl7AC6OMoB9J80INl+r3jZQESs0Dz0xmIdVvLxP/8vqJ9h035WGcaBbS1SE/EVBHMGsAjrhkVIu5IYRKbrJCOiGSUG16KpgSvn4K/yedSxsjG99WSo3yuo48OAPnoAwwuAYNcANaoA0ouAcP4Ak8WzPr0XqxXlejOWu9cwp+wHr7BA7qkjQ=</latexit>

z

C3

C1

<latexit sha1_base64="mDQxlttrqmBmVKP6C3c5o7iP1Kg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSJ0NSTa1umu0I3LCvYB7VAyaaYNzTxMMoUy9DvcuFDErR/jzr8x01ZQ0QOBwzn3ck+OFwuuNEIfVm5jc2t7J79b2Ns/ODwqHp90VJRIyto0EpHseUQxwUPW1lwL1oslI4EnWNebNjO/O2NS8Si80/OYuQEZh9znlGgjuYOA6AklIm0uhnhYLCHbca7qDobIrtRQrYoygqv1CoLYRkuUwBqtYfF9MIpoErBQU0GU6mMUazclUnMq2KIwSBSLCZ2SMesbGpKAKTddhl7AC6OMoB9J80INl+r3jZQESs0Dz0xmIdVvLxP/8vqJ9h035WGcaBbS1SE/EVBHMGsAjrhkVIu5IYRKbrJCOiGSUG16KpgSvn4K/yedSxsjG99WSo3yuo48OAPnoAwwuAYNcANaoA0ouAcP4Ak8WzPr0XqxXlejOWu9cwp+wHr7BA7qkjQ=</latexit>

<latexit sha1_base64="3udFVxVTZHODOrJqP6J8ex/B/e0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBByCrsi6DHgxWME84AkhN7JbDJkZnadmRXDkp/w4kERr/6ON//GSbIHTSxoKKq66e4KE8GN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqyho0FrFuh2iY4Io1LLeCtRPNUIaCtcLxzcxvPTJteKzu7SRhPYlDxSNO0Tqp3R2ilNh/6pfKftWfg6ySICdlyFHvl766g5imkilLBRrTCfzE9jLUllPBpsVualiCdIxD1nFUoWSml83vnZJzpwxIFGtXypK5+nsiQ2nMRIauU6IdmWVvJv7ndVIbXfcyrpLUMkUXi6JUEBuT2fNkwDWjVkwcQaq5u5XQEWqk1kVUdCEEyy+vkuZFNfCrwd1luVbJ4yjAKZxBBQK4ghrcQh0aQEHAM7zCm/fgvXjv3seidc3LZ07gD7zPHxQOj+Y=</latexit>

<latexit sha1_base64="v/sAFvJwjBzaHSq4KoXsPIF3cPc=">AAAB9HicdVDLSgMxFM3UV62vqks3wSJ0NWRa+9oVunFZwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpq2gogcCh3Pu5Z4cL+JMaYQ+rMzW9s7uXnY/d3B4dHySPz3rqjCWhHZIyEPZ97CinAna0Uxz2o8kxYHHac+btVK/N6dSsVDc6UVE3QBPBPMZwdpI7jDAekowT1rLUWmULyAbVSuNMoLIriCn1mgYglC1Xi5Bx5AUBbBBe5R/H45DEgdUaMKxUgMHRdpNsNSMcLrMDWNFI0xmeEIHhgocUOUmq9BLeGWUMfRDaZ7QcKV+30hwoNQi8MxkGlL99lLxL28Qa7/uJkxEsaaCrA/5MYc6hGkDcMwkJZovDMFEMpMVkimWmGjTU86U8PVT+D/plmwH2c7tdaFZ3NSRBRfgEhSBA2qgCW5AG3QAAffgATyBZ2tuPVov1ut6NGNtds7BD1hvnwRDki0=</latexit>

<latexit sha1_base64="j8jmSTLU5C02fEt6j9912TQ8a5g=">AAAB63icbVBNSwMxEJ34WetX1aOXYBF6Krsi6LHgxWMF+wHtUrJpthuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXpoIb63nfaGNza3tnt7JX3T84PDqunZx2TZJpyjo0EYnuh8QwwRXrWG4F66eaERkK1gund4Xfe2La8EQ92lnKAkkmikecEltIwzTmo1rda3oL4HXil6QOJdqj2tdwnNBMMmWpIMYMfC+1QU605VSweXWYGZYSOiUTNnBUEclMkC9uneNLp4xxlGhXyuKF+nsiJ9KYmQxdpyQ2NqteIf7nDTIb3QY5V2lmmaLLRVEmsE1w8Tgec82oFTNHCNXc3YppTDSh1sVTdSH4qy+vk+5V0/ea/sN1vdUo46jAOVxAA3y4gRbcQxs6QCGGZ3iFNyTRC3pHH8vWDVTOnMEfoM8fC7aOJQ==</latexit>

C1

<latexit sha1_base64="DE2tvZIVHzD3eY7RYg7ZtzNQVcg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSJ0NWSsxZldoRuXFewD2qFk0kwbmsmMSaZQhn6HGxeKuPVj3Pk3ZtoKKnogcDjnXu7JCRLOlEbowypsbG5t7xR3S3v7B4dH5eOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDaTP3uzMqFYvFnZ4n1I/wWLCQEayN5A8irCcE86y5GNaG5QqyPa/uIhci20XIQTVDap7nuXXo2GiJClijNSy/D0YxSSMqNOFYqb6DEu1nWGpGOF2UBqmiCSZTPKZ9QwWOqPKzZegFvDDKCIaxNE9ouFS/b2Q4UmoeBWYyD6l+e7n4l9dPdej6GRNJqqkgq0NhyqGOYd4AHDFJieZzQzCRzGSFZIIlJtr0VDIlfP0U/k86l7aDbOf2qtKorusogjNwDqrAAdegAW5AC7QBAffgATyBZ2tmPVov1utqtGCtd07BD1hvnyQdkkM=</latexit>

C3

~ ~γ
HY = iγ0 ∆

x

C2
<latexit sha1_base64="v/sAFvJwjBzaHSq4KoXsPIF3cPc=">AAAB9HicdVDLSgMxFM3UV62vqks3wSJ0NWRa+9oVunFZwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpq2gogcCh3Pu5Z4cL+JMaYQ+rMzW9s7uXnY/d3B4dHySPz3rqjCWhHZIyEPZ97CinAna0Uxz2o8kxYHHac+btVK/N6dSsVDc6UVE3QBPBPMZwdpI7jDAekowT1rLUWmULyAbVSuNMoLIriCn1mgYglC1Xi5Bx5AUBbBBe5R/H45DEgdUaMKxUgMHRdpNsNSMcLrMDWNFI0xmeEIHhgocUOUmq9BLeGWUMfRDaZ7QcKV+30hwoNQi8MxkGlL99lLxL28Qa7/uJkxEsaaCrA/5MYc6hGkDcMwkJZovDMFEMpMVkimWmGjTU86U8PVT+D/plmwH2c7tdaFZ3NSRBRfgEhSBA2qgCW5AG3QAAffgATyBZ2tuPVov1ut6NGNtds7BD1hvnwRDki0=</latexit>

C2

y
<latexit sha1_base64="VtlGwTC9VTOlOeZC9G24vWYgdHs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeCF48V7Ae0oUy2m3bpbhJ3N0II/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6BmgkesbbgRrJcohjIQrBtMb+d+94kpzePowWQJ8yWOIx5yisZKvcEYpcRhNqzW3Ia7AFknXkFqUKA1rH4NRjFNJYsMFah133MT4+eoDKeCzSqDVLME6RTHrG9phJJpP1/cOyMXVhmRMFa2IkMW6u+JHKXWmQxsp0Qz0aveXPzP66cmvPFzHiWpYRFdLgpTQUxM5s+TEVeMGpFZglRxeyuhE1RIjY2oYkPwVl9eJ53Lhuc2vPurWrNexFGGMziHOnhwDU24gxa0gYKAZ3iFN+fReXHenY9la8kpZk7hD5zPHxWSj+c=</latexit>

FIG 1 (a) Y- unct on o p-wave superconduct ng nanow res
(b ue) w th Ma orana zero modes at pos t ons nd cted by
the green dots
Each o the externa Ma orana modes
γx y z s coup ed to centra mode w th correspond ng coup ng strengths ∆x y z and the modes γx and γy are urther
coup ed to conduct ng norma meta eads w th strengths ΓL
and ΓR (b) Schemat c dep ct ng the Ma orana bra d ng cyc e
The d agram on the r ght ustrates the requ red sequence o
Ma orana coup ngs where the so d b ue nes ustrate the
coup ngs wh ch are turned on and dashed nes nd cate those
that are turned off The correspond ng evo ut on C1 +C2 +C3
s shown as a path n spher ca parameter space on the e t
A so ustrated s an examp e o a sma amp tude dr v ng
contour Cs

In th s case P
e(h)

→(←)

54 However at energ es we be ow the superconductng gap ∆sc the ow energy H bert space s spanned by
the three outer Majorana zero modes γx γy γz and a
fourth zero mode γ0 formed by a near comb nat on of
the nterna Majoranas from each w re Th s Y-junct on
s coup ed to two externa norma meta eads L and R
wh ch e on e ther s de of the junct on n order to fac tate a part c e current and a ow the exp orat on of the
transport propert es of the bra d ng protoco
The two Majorana states γx and γy can be exchanged
by systemat ca y modu at ng the coup ngs between the
externa Majorana states and the centra state γ0 55 56
The coup ngs between these four states are summar zed
n the effect ve Ham ton an for the Y-junct on

= Pe →(←) − Ph →(←) and the ma-

tr ces P →(←) are defined as n Eq 15 and 16 As for
the ana ogous express ons for heat transport these resu ts are va d for any cyc ca y dr ven system prov ded
the dr v ng can be cons dered ad abat c and w th an amp tude that s sma n the re evant parameter space
III
DRIVEN 1D TOPOLOGICAL
SUPERCONDUCTORS BRAIDING CYCLE AND
PUMPED HEAT

The dr ven process for wh ch we wou d ke to study
transport stat st cs and hence w prov de the centra focus of th s paper s that of a Majorana bra d ng The
setup under cons derat on cons sts of three p-wave superconduct ng nanow res n a topo og ca y nontr v a state
arranged n the form of a Y-junct on as ustrated n
F g 1 Such a system has been demonstrated by D
Me dan et a . to produce a net heat current under Majorana bra d ng 36 Each of the three w res hosts two
zero energy Majorana modes one at each end of the w re

(27)

~ = ∆(s n θ cos φ s n θ s n φ cos θ) and ~γ =
where ∆
(γx γy γz ) The comp ete Ham ton an for the system s
then g ven by H = HY +Hcoup +H eads where the contr but ons from the coup ng to the externa eads and the
eads themse ves can be wr tten as
p
p
Hcoup = ΓL (cLk − c†Lk )γx + ΓR (cRk − c†Rk )γy
X X
H eads =
ξαk c†αk cαk
k α=L R

(28)
respect ve y Here ΓL/R denote the coeffic ents assoc ated w th part c e tunne ng from the eads onto the superconduct ng Y-junct on and ξαk are the energy d spers on re at ons n the eads
The process of bra d ng now corresponds to ad abatca y chang ng the parameters θ and φ n such a way
as to generate the evo ut on of the Majorana coup ngs
ustrated n F g 1(b)
Th s evo ut on can be better understood by wr t ng
the Ham ton an HY n terms of the bas s vectors for a
spher ca coord nate system
HY = i∆γ0 γr
where γr = ~γ êr γθ = ~γ êθ γφ = ~γ êφ

(29)

S nce they do not enter the Ham ton an the bas s vectors
êθ and êφ span the degenerate ground space and the ad abat c evo ut on of the system can now be nterpreted as
chang ng the project on of the phys ca Majorana states
on to th s degenerate ground space At energ es we beow the superconduct ng gap (  ∆sc ) t s on y th s
subspace that w fac tate part c e transport between
the eft and r ght eads v a the occupat on of the zero
energy non- oca Ferm eve defined v a the ann h at on
operator
â =


1
γθ + iγφ
2

(30)

It has been demonstrated 55 56 that the sequence of
coup ngs sketched n F g 1(b) corresponds to th s ann h at on operator accumu at ng a phase factor e ΩC where
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ΩC corresponds to the solid angle enclosed by the curve,
C = C1 + C2 + C3 , traversed in parameter space. For the
specific process outlined in this section with, ΩC = π/2,
π
the resulting unitary evolution operator, U = e− 4 γφ γθ ,
corresponds to the exchange of Majoranas γx and γy :
U † γx U = γy ,

(31)

†

U γy U = −γx .
Several proposals have been put forward as to how such
a protocol could be realized experimentally. Ref. [55],
for example, outlines a system in which the coupling between the Majorana zero modes are controlled via the
modulation of the magnetic fluxes through Cooper pair
boxes.
The non-zero heat current pumped between the two external leads throughout the braiding is found, in the low
temperature limit, to tend to some universal value independent of the coupling strength to the external leads and
fluctuations to the driving [36]. Despite this, the particlehole symmetry of the Majorana-lead coupling results in
no net transfer of charge between the leads during the
process.
In order to find the CGF for the Majorana braiding
protocol, we first need to determine its instantaneous
scattering matrix S(, t). For the superconducting Yjunction, the scattering matrix can be calculated as [57]:
S(, t) = 1 + 2πiW † (HY (θ(t), φ(t)) −  − iπW W † )−1 W.
(32)
Where H0 denotes the Hamiltonian of the Y-junction in
the absence of the external leads and W describes the
coupling between the incoming electron and hole (e/h)
scattering states in the leads and the states of the system. This coupling matrix can be obtained from the
Hamiltonian in Eq. 28 and, in the basis of the Majorana
zero modes, it takes the form:

p 
W = ΓL |γx i eL − |γx i hL

p 
+ ΓR |γy i eR − |γy i hR .

(33)
Eq. 32 and 33 then give the specific form of the scattering
matrix for the braiding protocol [36]:

e e
e e 
e e
e e
−S L R
SL L
1 − SL L
SL R
e e
e e
e e
e e
1 − S L L
SL L
−S L R
SL R 
e e
e e
e e
e e ,
S() = 
L
R
L
R
R
R
 S
−S
S
1 − SR R 
e e
e e
e e
e e
1 − SR R
SR R
−S L R
SL R
!
sin2 φ
cos2 θ cos2 φ
Le Le
where S
= 1 − 4πitΓ
+
,
 + 2πiΓ  + 2πi cos2 θΓ
!
cos2 φ
cos2 θ sin2 φ
Re Re
S
= 1 − 4πiΓ
+
,
 + 2πiΓ  + 2πi cos2 θΓ
e

and S L

Re

=

4πi cos φ sin2 θ sin φΓ2R
,
( + 2πiΓ)( + 2πi cos2 θΓ)
(34)

where here we display the case of equal coupling to the
left and right leads, ΓL = ΓR = Γ, for brevity. The
components of this scattering matrix can be used in Eq.
22 and 23 in order to determine the heat and charge
transfer statistics of a driven Majorana Y-junction.
From the form of the scattering matrix components it
is evident that there exists two distinct energy scales that
will influence the transport. These scales are illustrated
in Fig. 2 for the case of the Andreev reflection component of the scattering matrix, S Le ,Lh () = 1 − S Le ,Le ().
In Fig. 2(a) we see that the energy dependence of the
Andreev reflection via the Majorana zero modes consists
of the sum of two peaks centred at  = 0. The width of
the narrower peak, ΓR cos2 θ, is set by the position in the
parameter space (θ, φ), with the width decreasing as we
approach the line θ = π/2, corresponding to the equator of the spherical parameter space shown in Fig. 1(b).
This energy scale is not visible as we move a sufficient
distance away from this line and the larger energy scale
dominates. The size of this larger energy scale is set by
the strength of the coupling to the external leads ΓL/R .
It is also worth noting the difference in behaviour between the real and imaginary components of the scattering matrix in the limit  → 0. Whereas, the real part
can be approximated as constant in this limit, the imaginary part varies linearly with energy and hence quantities
that include this contribution will show sensitivity to the
energy dependence of the scattering matrix, even in the
limit T → 0.
IV.

HEAT AND CHARGE TRANSPORT
CUMULANTS IN SMALL CYCLES

With the motivation of studying the FCS for a Majorana braiding protocol, we begin by considering a situation where the superconducting Y-junction, outlined in
Sec. III, is driven through a small amplitude cycle on
the surface of the spherical phase space defined by the
parameters θ and φ and illustrated by the contour Cs in
Fig. 1(b). The CGF for this process is found by substituting the scattering matrix, defined in Eq. 34, into
the elastic and dynamic contributions (Eq. 22 and 23) at
some time t. For simplicity, we will consider the case in
which we have no chemical potential bias, µL = µR = 0,
between the external leads and that both leads are held
at the same temperature, TL = TR = T , so that the distribution functions for holes and electrons in each lead
e,L
h,L
e,R
h,R
are identical: fin
() = fin
() = fin
() = fin
().
Our approach is valid in the adiabatic limit, which in
this case corresponds to restricting the driving frequency
to be much smaller than the coupling between the system
and the external leads, ω  ΓL,R .
The expressions for the generating function in Eq. 22
and 23 can be used to determine all cumulants of both
(k)
the heat, M(k) , and charge, Me transport between the
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be expressed as
ˆ
Gelas (λ) = T

∞

d ln 1 +
−∞

1
X
n=−1

!
Bn ()(eiλn − 1) ,

(36)
where T denotes the period of the driving and the coefficients Bn () take the form

e
e
B1 () = B−1 () = 4|S L ,R (, θ0 , φ0 )|2 f () 1 − f () .
(37)
Here, (θ0 , φ0 ) corresponds to the location of the driving
path centre in parameter space. In this form the physical meaning of the CGF becomes clear, as heat is only
transferred across the junction by the normal and Andreev transmission of electrons and holes in both directions. For example, the transmission of an electron from
the eleft
to the right lead will occur with a probability of
e
|S L R ()|2 f ()(1 − f ()), as expected. The corresponding expression for charge transport is found to be
!
ˆ ∞
2
X
Gelas
Bn ()(eiλn − 1) ,
d ln 1 +
e (λ) = T

Out[ ]=

−∞

n=−2

(38)
where
e

B−1 () = B1 () = 4|S L
FIG. 2. (a) Real and (b) imaginary parts of the Andreev reflection component of the scattering matrix for the topological
superconducting Y-junction. Results are plotted for several
positions in the parameter space, (θ0 , φ0 ), and for equal coupling to the left and right external leads ΓL = ΓR = 1.

external leads:
(k)

M(e) =

∂ k GQ(e) (λ)
∂(iλ)k

.

(35)

λ=0
(1)

For example, the first cumulants M(1) and Me correspond to the total heat, Q̂(t) and charge, Q̂e (t)
pumped during the cycle respectively, and the second
(2)
cumulants M(e) give the variances, or noise, Q̂2(e) (t) −
Q̂(e) (t)
A.

2

of these distributions.

Elastic contribution to energy and charge
transfer statistics

We first discuss the contribution to the CGF arising
from elastic scattering events only, which would survive
in the limit that the system is not driven and is hence
relevant for cycles of arbitrary amplitude. For the case
of heat transport we find that the static contribution can

Re


(, θ0 , φ0 )|2 f () 1 − f () ,

e h
B−2 () = B2 () = |S L L (, θ0 , φ0 )|2 f () 1 − f () .

Here we see the additional contribution of Andreev reflection processes, which result in the creation and annihilation of Cooper pairs within the superconducting
nanowire system. These processes result in the propagation of an electronic charge of ±2e, but no energy
transport in the form of heat.
In the case of both zero temperature and chemical potential bias between the external leads, both the heat
and charge current contributions arising from the elastic
CGF, Gelas
(e) (λ), are identically zero, Q̂elas = Q̂e,elas =
0. Despite this, the elastic scattering processes still allow
for fluctuations. This contribution to the noise is thermal in nature, arising due to thermal fluctuations in the
occupation of the ingoing scattering states. It vanishes
in the limit T = 0 and µ = 0 when the occupation of
all ingoing energy states is fixed and no charge or energy transfer processes take place. This thermal noise
is present in both energy and charge transport and, for
our setup, it is natural to identify two distinct temperature regimes relative to the strength of coupling to the
external metal leads.
1.

Thermal noise at low temperature

For low values of the external lead temperature, T 
min ΓL/R , the energy dependence of the absolute value
of the scattering matrix elements can be considered weak
(cf. Fig. 2). Consequently, one would expect that the behaviour of the thermal noise as a function of temperature
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FIG. 3. Period-averaged static contribution to the second cumulant of (a) the pumped heat and (b) pumped charge throughout
the driving of a Majorana Y-junction centred at (θ0 , φ0 ) = (π/2 − 0.1, π/4), with amplitude θω = φω = 0.01. The noise is
plotted as a function of the external lead temperature T /ΓR , for a driving frequency ω/ΓR = 0.001. The insets show the
temperature dependence of this quantity scaled by T 5 and T for heat and charge respectively, highlighting the behaviour as
T → 0. The different colours correspond to various values of the coupling between the Y-junction and the external leads ΓL /ΓR
(cf. legend).

in this regime should be dictated by the Fermi distribution functions, f (), appearing in the elastic contribution
to the CGF (Eq. 36, 38). Taking the scattering matrix
elements to be energy independent, the form of the static
contribution to the CGF implies that the elastic charge
noise should depend linearly on temperature, whereas the
elastic heat noise should vary as T 3 . This behaviour is
well understood and in agreement with previous studies
of transport statistics. [30, 58]
The period averaged second cumulants of the static
(2)
contribution to the CGF, T1 M(e),elas , which quantify the
thermal noise, are plotted for both heat and charge in
Fig. 3(a) and 3(b) respectively. At low temperatures
T  min ΓL/R , we see that, as expected, the electronic
charge thermal noise scales linearly with temperature.
Additionally, we see that the charge noise becomes independent of the coupling to the external leads, ΓL/R
(cf. Fig. 3(b) inset). This is a further consequence of the
weak energy dependence of the frozen in time scattering
matrix, Ŝ(, Xj,0 ) at energies close to zero.
We find that the thermal heat noise, however, is sensitive to the energy dependence of the scattering matrix
even in the low temperature limit. In fact, if the energy dependence was neglected entirely, and the scattering matrix evaluated at the chemical potential µ = 0,
the elastic contribution to the heat noise would vanish.
The inset in Fig. 3(a) illustrates that as T → 0 the elastic heat noise scales as T 5 as opposed to the T 3 scaling
originating from the distribution functions of the normal
metal leads. The influence of the scattering matrix is
also evident in the fact that the thermal noise is dependent upon the external lead coupling at all temperatures,
in contrast to the case of charge transport. However, the
energy dependence of the scattering matrix cannot be entirely neglected even in the case of charge transport, as its

influence is evident in the contributions to the transport
cumulants arising from the pumping.
2.

Thermal noise at high temperature

As the temperature becomes comparable with
min ΓL/R , the energy dependence of the scattering matrix becomes increasingly significant in both the cases of
charge and heat noise. For scattering processes via Majorana zero modes, transport is dominated by low energy
scattering states, hence high energy occupation fluctuations that occur as T is increased do not contribute to
the current noise. As a result, the rate at which the elastic noise increases slows down at high temperatures and
will eventually plateau for the case of charge transport
and scale ∝ T for that of heat transport. The temperature at which this occurs is proportional to the external
lead coupling, min ΓL/R , as can be clearly seen in the
main panels of Figs. 3a and 3b for heat and charge noise
respectively.
It is also worth noting that, at all temperatures both
the period averaged charge and heat thermal noises are
independent of the driving frequency. This is to be expected, as the components of the scattering matrix responsible for elastic scattering events are not influenced
by the driving.
B.

Averaged pumped heat and energy

Next, we analyse the more interesting contributions to
the transport statistics arising from the pumped contribution to the CGF given in Eq. 23. Again considering
the case for which the external leads are held at the same

10

Out[ ]=

FIG. 4. The pumped contribution to the second cumulant of the heat transport throughout the driving of a Majorana Y-junction
centred at (θ0 , φ0 ) = (π/2 − 0.1, π/4), with amplitude θω = φω = 0.01. Plots (d, e, f ) show the geometric contribution whereas
(a, b, c) illustrate the remaining non-geometric part. Plots (a, d) show the second cumulants as a function of temperature, with
the inset highlighting the region T  ω. Panels (b, c, e, f ) show the same quantities plotted against frequency. (b, e) illustrate
the behaviour as a function of low frequencies ω < T and (c, f ) at high frequencies ω > T .

temperature, T , and zero chemical potential µ = 0, one
finds that the charge pumped during any modulation of
the Majorana Y-junction is identically zero. This is a direct result of the electron-hole symmetry of the coupling
between the Majorana zero modes and the leads [36].
This result is in contrast to previous works on adiabatic
pumps in which the scattering matrix does not possess
such a symmetry and the pumped charge is found to vary
linearly with the pumping frequency [30]. Despite this
there is a finite heat current pumped across the junction
which, in the case of zero temperature bias, arises solely
from the geometric part of the CGF, Ggeom
(λ):
Q

driving. As a consequence, any transport properties that
can be shown to be geometric in nature will also be protected. Furthermore, at low temperatures, T → 0, the
derivative of the Fermi function ensures that only particles with energies close to the chemical potential take
place in the transport, which in this case corresponds to
taking the limit  → 0 of the area integral in Eq. 39. In
this limit the contour traversed in parameter space maps
on to a fixed path in scattering matrix space and hence
the pumped heat tends to some universal value, independent of the coupling to the external leads as well as the
nature of the driving [36]:

1
Q
∂
= .
(40)
=
Ggeom (λ)
2T log 2
4
∂(iλ)
λ=0
"
#
ˆ ∞
¨
Considering the experiment proposal for a realization
e
e
X
∂f ()
∂S L β () ∂S L β ()
4
d 
Im
dθdφ. of such a braiding process outlined in Ref. [55], it is
∂
∂θ
∂φ
−∞
the modulation of the external fluxes, and the correβ=Le ,Re
sponding change in the Coulomb coupling between Ma(39)
jorana zero modes, that physically results in the heat
In this form the geometric nature of the pumped heat
pumped between the external leads throughout the probecomes clear, since its value depends only upon the concess. The properties of this non-zero heat current can
tour traversed in parameter space throughout the driving
further be used to distinguish the case of transport via
and is independent of the driving frequency itself. The
Majorana zero modes from that of a system containing
fact that the pumped heat arises solely from the geometonly Andreev bound states (ABS). Firstly, due to the
ric contribution to the CGF means that this expression is
localized ABS only coupling to a single lead, the heat
valid for arbitrary amplitude cycles in parameter space,
pumped into each external lead will, in general, be un(see Sec. V A), and in particular for that of the Macorrelated. However, the presence of non-local Majorana
jorana braiding protocol illustrated in Fig. 1(b). The
zero modes leads to the anti-correlation of the heat curenergy pumped throughout such a process is found to be
rent in the left and right leads, IL = −IR . Furthermore,
in agreement with Ref. [36].
the transport properties of a system hosting ABS would
The Majorana braiding is of particular interest since
not demonstrate independence to local perturbations of
the path traversed in parameter space during the prothe Y-junction as well as fluctuations in the driving cycle,
cess is topologically protected against fluctuations in the
Qpump = Qgeom =
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properties that are unique to the presence of Majorana
zero modes.
C.

Heat and charge noise from pumping

We now extend our analysis beyond the known results
for the average current by analysing the higher order
cumulants of the contribution to the CGF arising from
the time dependent pumping, for transport via Majorana
modes. When dynamic processes are included, noise can
originate not only from thermal fluctuations, but also
from the action of the pump itself. This noise arises due
to the non-equilibrium nature of the outgoing scattering
states, as a consequence of the possibility of scattering
events between nearest energy sidebands, and is present
in both the cases of heat and electronic transport. This
side band scattering results in correlations between outgoing particle distributions at energies within the range
 ± ω which manifest themselves as a source of noise in
the average pumped heat and charge. This source of
noise vanishes in the case that the pump in switched off
and hence inelastic scattering events between side bands
cease to occur.
From the total pumped noise we can isolate the contribution that arises from the geometric part of the CGF,
(2)
which we denote M(e),geom . This is the additional noise
that is observed in the case that two parameters are
driven simultaneously in a closed cycle. The remaining
(2)
pumped noise, denoted M(e),pump , would be present even
in the case that just a single parameter is driven. These
pumped contributions to the second cumulant of the heat
and charge noise are shown in Fig. 4 and 5 respectively.
They illustrate the existence of three distinct temperature regimes that dictate the behaviour of the noise as
a function of driving frequency ω, each of which are discussed in the following sections.
1.

Low temperature regime: T  ω

In the case that the temperature is lowered below the
energy associated with the driving frequency ω, the thermal noise becomes negligible and the noise associated
with the pumping itself dominates. In the case of driven
noise, the key quantity dictating the characteristic behaviour is the difference in Fermi occupation functions
between neighbouring energy sidebands, of which the
pump can stimulate transitions between. In this regime,
the quantity f0 () − f0 ( ± ω) is only non-zero over an
energy window close to  = 0, the width of which scales
linearly with ω, but is insensitive to the temperature of
the external leads.
The absence of temperature dependence is reflected
in Figs. 4(a,d) and 5(a,d) for heat and charge transport
respectively. The inset panels within each of these figures
show that the pumped contributions to the noise tend to

some non-zero value in the limit T → 0, in contrast to
the static contributions to the noise (cf. Fig. 3).
Although the energy dependence of the real contribution to the scattering matrix in negligible in this low temperature limit, (cf. Fig. 2), the linear energy dependence
of the imaginary contribution will influence the transport
properties, as will the behaviour of the scattering matrix
derivatives appearing in the inelastic terms S±ω (). This
energy dependence manifests itself in the form of a difference in the frequency dependence between the geometric
and non-geometric contributions to the pumped noise,
since they depend differently on the scattering matrices,
(2)
as implicit from Eq. 19. Specifically, Mpump ∝ ω 4 and
(2)
5
Mgeom ∝ ω (cf. Fig. 4(c,f)) whereas for charge the non
geometric and geometric contributions are found to vary
as ω 2 and ω 3 respectively (cf. Fig. 5(c,f)). This difference
between heat and charge noise can be justified by the fact
that the dominant process is the scattering from states
of energy  to  ± ω. Consequently, the heat noise is underpinned by the same fluctuations as those in the case
of charge, and differ only by the fact that the scattering events are weighted by the energy absorbed/emitted
∼ ω.
2.

Mid-temperature regime: ω < T  ΓL,R

As the temperature is increased beyond the driving
frequency, the temperature becomes the quantity which
determines the energy window within which scattering
events can occur. This transition can be seen in panels (a) and (d) of Figs. 4 and 5 by the deviation of the
pumped noises away from their corresponding constant
low temperature values at approximately T = ω. Beyond
this point the temperature dependence is governed by a
combination of the distribution functions and the energy
dependence of the scattering matrix. Initially, the heat
noise varies as T 5 and we find that the charge noise is pro(2)
portional to T 3 , with the ratio M(2) /Me = T 2 , where
the temperature now plays the same role of the frequency
in the previous case, in agreement with previous works
[52]. However, as T increases further we see that, for
both heat and charge, the second cumulant is not monotonic and exhibits a turning point corresponding to the
temperature exceeding the width of the scattering matrix
resonance. The width of this resonance is set by the location of the centre of the driving in the parameter space,
(θ0 , φ0 ) (cf. Fig. 2). We also see that the pumped contributions to both the heat and charge noise undergo a
sign change which originates from the energy dependence
of the derivatives of the scattering matrix with respect
to the driving parameters, S±ω (), which dictate transitions between nearest energy sidebands. The sum of the
static and pumped contributions to the noise, however,
remains positive at all temperatures.
The driving frequency dependence of the pumped noise
in this regime is similar for both the cases of heat and
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FIG. 5. The pumped contribution to the second cumulant of the charge transport throughout the driving of a Majorana Yjunction centred at (θ0 , φ0 ) = (π/2 − 0.1, π/4) with amplitude θω = φω = 0.01. Plots (d, e, f ) show the geometric contribution
whereas (a, b, c) illustrate the remaining non-geometric part. Plots (a, d) show the second cumulants as a function of temperature, with the inset highlighting the region T  ω. Panels (b, c, e, f ) show the same quantities plotted against frequency. (b, e)
illustrate the behaviour as a function of low frequencies ω < T and (c, f ) at high frequencies ω > T .

charge. The difference between the non-geometric and
geometric contributions persists however as illustrated
in panels (b) and (e) respectively. We see that the
non-geometric part is now inversely proportional to ω
whereas the geometric contribution is independent of the
frequency of the driving and determined purely by the
path traversed in parameter space.
3.

High temperature regime: T > ΓL,R

As the temperature is increased beyond the broadening
of the scattering matrix resonance, set by the strength of
the coupling between the system and the external leads,
the scattering matrix dependence on energy is dominated
by the generic 1/2 behaviour. This leads to saturation
of charge noise and heat noise that is linear in T , (cf.
panels (a,d) of Figs. 4 and 5).
V.

IMPACT UPON FLUCTUATION
THEOREMS

When studying systems which involve heat transfer to
thermal reservoirs, fluctuation theorems (FT) dictate the
likelihood of anomalous transfer events which appear in
violation with the second law of thermodynamics. Therefore, they provide useful information on the nature of the
heat flow. From their general formulation in terms of entropy production [59, 60], fluctuation theorems can be
recast in more specific forms for different settings. One
such example is the Gallavotti-Cohen fluctuation theorem (GCFT), determining the statistics of heat transfer

between reservoirs at different temperatures. It states
that, over a sufficiently long time interval τ [19, 42]:
"
#
1
Q(βR − βL )
Pτ (Q)
lim ln
=
,
(41)
τ →∞ τ
Pτ (−Q)
τ
where Pτ (Q) denotes the probability distribution of the
heat Q transferred from the left to the right bath and
βL,R = kB T1L,R . This statement describes the probability
at which heat transfer occurs against the thermal gradient. However, in the case of cyclic time-dependent manipulations of the system, it has been shown [19] that
geometric contributions to the heat transfer statistics
lead to the addition of correction terms to this theorem.
The formalism presented in Sec. II allows us to compute
the corrections to the fluctuation theorem for systems
in which this geometric term is topologically protected
against fluctuations in the driving.
In order to highlight the fact that these corrections
arise due to the cyclic driving of the system, it is first useful to consider the case of a static Majorana Y-junction,
which physically corresponds to the case of transport
across a single topologically superconducting wire. Fig.
6(b) shows the probability distributions for heat transport in the static case for several temperature gradients,
β ? ≡ βR − βL . The inset demonstrates that the quantity
ln[P (Q)/P (−Q)] corresponds exactly to a straight line
of gradient β ? and hence the GCFT holds exactly in this
case.
In order to compute the correction terms, we start by
noticing that the GCFT holds if and only if the characteristic function obeys the Gallavotti-Cohen symmetry
χ(λ) = χ(−λ + iβ ∗ ), where β ∗ = 0 for our system of
interest, since the temperature of the external leads are
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FIG. 7. An illustration of how the difference between contour
integrals in opposite directions for arbitrary amplitude cycles,
can be broken down into the sum of similar differences on
smaller cycles. This result is due to the cancellation of the
integrals along the interior sides of the smaller cycles and is
valid upon division of the contour C into an arbitrary number
of smaller cycles {Ci }.

FIG. 6. (a) Probability distribution, P (Q), for the heat
pumped via the small amplitude (θω = φω = 0.01) driving
of a Majorana Y-junction centred at (θ0 , φ0 ) = ( π2 − 0.01, π4 ).
Results are shown for several values of the coupling to the
external leads, ΓL = ΓR = Γ, with an external lead temperature of T /ω = 10. The inset shows the corresponding behaviour of the fluctuation theorem violation quantifier
A(λ) = |χ(λ) − χ(−λ)| which is identically zero when the
Gallavotti-Cohen fluctuation theorem holds true. (b) Probability distribution for the case of a static Majorana Y-junction
at (θ0 , φ0 ) = ( π2 − 0.1, π4 ). Results are plotted for several temperature gradients, β ? and the inset shows the corresponding
behaviour of the fluctuation theorem.

assumed to be equal and remain constant throughout the
braiding process. Using this expected symmetry of the
CF, we can define the following function quantifying the
corrections to the fluctuation theorem:
A(λ) = |χ(λ) − χ(−λ)|.

(42)

A non-zero value of A(λ) at any value of the counting
field, λ, indicates a correction to the GCFT.
For the case of small amplitude oscillations in the parameter space of the Majorana Y-junction, we can access
the probability distribution for pumped charge via the inverse Fourier transform of the exponentiated total CGF
G(λ) defined in Eqs. 20. The probability distributions
for one such cycle are illustrated in Fig. 6 for several
values of the coupling to the external leads Γ. Here the
asymmetry of the probability distribution with respect
to Q = 0 is clearly visible and corresponds to fact that

heat is driven between the external leads, despite the absence of any temperature or chemical potential bias. The
inset of Fig. 6 illustrates the behaviour of our violation
quantifier A(λ), which is non-zero and hence indicative
of a correction to the FT. The magnitude of the correction also appears to be increasing with Γ, indicated
by the larger area under the graph of A(λ). This is a
consequence of the increasing translation of P (Q) as an
increasing heat current is pumped between the external
leads. However, this trend is not general as increasing
noise will act to obscure any translation of P (Q) hence
reducing the magnitude of the correction function A(λ).
At the low temperature, relative to the energy scales associated with the scattering matrix, the variance of P (Q) is
found to be decreasing with increasing coupling strength
(cf. Fig. 3(a) inset). However, in the high temperature
limit, the static noise becomes linearly dependent on Γ
and we would see that the resulting violation would become less prominent with increasing coupling to the external leads.
A.

Impact upon fluctuation theorems for arbitrary
amplitude pumps

For the case of the Majorana braiding [cf. Fig. 1(b)],
the amplitude of the parameter modulation is not small
enough for the linear expansion of the scattering matrix in Eq. 11 to apply. Yet, in this section, we show
that the our results can be extended to demonstrate
the correction to the Gallavotti-Cohen fluctuation theorem for large amplitude cycles such as this. Firstly,
we make use of the fact that we can write the total
generating function for a small amplitude cycle, G(λ),
as the sum of geometric and dynamic contributions:
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G(λ) = Ggeom (λ) + Gdyn (λ). From our numerical results, we see that for the dynamic contribution, the GC
symmetry holds for all λ and consequently any corrections to the FT arise solely from the geometric contribution. Hence, an equivalent indicator of FT correction is given by
Ageom = |χgeom (λ) − χgeom (−λ)|, where
geom
Ggeom (λ)
χ
(λ) = e
. This quantity, unlike A(λ), can be
calculated for arbitrary amplitude cycles.
In order to demonstrate this, we define the generating
function to be dependent upon the direction we travel
around the driving contour in parameter space as G (λ)
and G (λ). The difference between these two generating
functions DQ (λ) = GQ (λ) − G
Q (λ) will clearly change
sign upon reversal of the pumping direction. For this
reason, we can calculate this quantity for a large amplitude pump by dividing the area enclosed by the contour,
traversed throughout the braiding process, into smaller
areas, within which the weak amplitude approximation is
valid. An example of this reasoning is illustrated in Fig.
7. If we write the directional generating functions for
each smallı cycle as closed contour integrals in paramedt
ter space, C ds ds
Gθ,φ (λ), we see that the subtraction of
these integrals in opposite directions leads to the cancellation of the interior contributions. This leaves only the
desired line integral around the boundary of the larger
cycle:
ˆ

T


dt Gt (λ) − G (λ, t)
0
‰
dt
dt
=
ds Gθ,φ (λ) −
ds Gθ,φ (λ)
ds
ds
C
C
"
#
‰
X 
dt
dt
=
dsi
Gθ,φ (λ) −
dsi
Gθ,φ (λ) .
dsi
dsi
Ci
Ci
i
(43)
We can hence obtain the quantity DQ (λ) for large amplitude cycles by summing the contributions of cycles
in which the small amplitude approximation is valid.
In the limit that the interior cycles are made infinitesimally small, the summation of the contributions from
each smaller cycle can be used to approximate the form
of the generating function resulting from the traversal of
a contour of an arbitrary shape and size.
The quantity DQ (λ) isolates the contribution to the
generating function which is sensitive to the direction in
which the pumping contour is traversed. One can show
that, for a small amplitude, two parameter pump, this
term is the proportional to Xω,1 Xω,2 and corresponds to
2Ggeom (λ). We can hence access the violation function
Ageom (λ) for arbitrary amplitude cycles.
The absolute value and argument of χgeom (λ) are plotted in Fig. 8(a,b) for a Majorana braiding process. It can
be seen that, although the GC symmetry is present in the
real part of this quantity, the imaginary part is non-zero
and antisymmetric with respect to λ. As a result, the
violation function takes the form


Ageom (λ) = 2|χgeom || sin arg(χgeom ) |
(44)
DQ (λ) =
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FIG. 8. Absolute value (a) and argument (b) of the geometric contribution to the heat transport characteristic function
χgeom (λ) for the case of a Majorana braiding protocol. Results are plotted for several values of the external lead temperature. Asymmetry of this function in λ indicates an apparent
violation of the Gallavotti-Cohen type fluctuation theorem.

and corrections are clearly required to the GCFT when
considering a Majorana braiding process. Furthermore,
the presence of this correction does not require the modulation of the external temperature gradient as in topologically trivial systems [19] and hence stems solely from
the cyclic variation of the systems internal parameters.
In order to consider the temperature dependence of
this apparent violation one must take into account two
competing factors. Although the pumped heat increases
as a function of T , illustrated by the increasing gradient
of arg(χgeom )(λ) in Fig. 8(b), we also know that the second cumulant of the pumped heat, M(2) varies as T 5 .
This increased variance, indicated by the rate of decay of
|χgeom |2 plotted in Fig. 8(a), leads to the overlap of the
probability distributions P (Q) and P (−Q) and hence a
reduction in the correction to the GCFT. Furthermore,
the fact that the correction is purely geometric in nature,
means that, for T  ω, the correction is dependent only
on the contour traversed in parameter space and is independent of the driving frequency. Given that, in the case
of a Majorana braiding, this contour is topologically protected against fluctuations in the driving, the behaviour
of the violation function Ageom (λ) will also exhibit this
protection.
VI.

CONCLUSIONS

A system driven in an adiabatic cycle shows corrections to thermodynamic fluctuation theorems which depend on geometric properties of the cycle, as opposed
to its dynamical features. Here we have studied the
statistics of heat transfer for adiabatic cycles associated
with the topologically protected evolution of a quantum
system, specifically, a 1-dimensional topological superconductor undergoing a braiding of its Majorana zero
modes. We have first obtained general expressions for
the statistics of heat transfer, which extend known results
for the charge transport full counting statistics. We singled out the peculiarities of Majorana zero modes in the
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The identification of corrections to transport fluctuation
theorems, in terms of quantum coherent contributions to
scattering processes, allows for further investigation to
incorporate such contributions in properly modified fluctuation theorems.

heat and charge current noise, including a correction to
the Gallavotti-Cohen type fluctuation theorem. We have
successfully extended this result to finite amplitude cycles
and showed that the heat transfer associated with Majorana braiding induces a correction to a Gallavotti-Cohen
type fluctuation theorem. As opposed to analogous corrections in non-topological systems which require cyclical
variation of the external temperatures [19], our contribution stems solely form a cycle in the system’s parameter
space, at constant temperature gradient, and is a result
of the coherent dynamics of the driving. Moreover, the
correction term is geometric in nature and topologically
protected against small, slow fluctuations of the driving.

VII.
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Appendix A: Characteristic Function for Driven Heat Transport

In order to define the characteristic function for the case of the Majorana braiding setup, which will include
inelastic scattering between the nearest energy sidebands, we must consider both the time and energy dependence of
the scattering matrix. Firstly, in order to deal with the time dependence, we will divide the total time interval t0 into
discrete time steps, which we will denote as ti , before taking the continuum limit. At each time step the components
of the scattering matrix will be assumed constant and we assume that the outgoing distribution of particles at a time
ti has no influence upon the ingoing distribution at a later time, since this is always taken as the equilibrium Fermi
distribution of the particle bath. As a consequence, the probabilities of the heat transferred across the junction within
each time interval can be taken as independent from one another. We can write the characteristic function associated
with a heat transfer Q after a total time t0 as
X 
X
X 
δ Q=
χQ (λ) =
eiλQ
qti P (qt1 , qt2 , ...),
(A1)
Q

ti

{qti }

where {qti } denotes all possible combinations of the heat quantities qti . The independence of the probability distribution at each time allows this expression to be rewritten as the product of characteristic functions defined at each
discrete time step:
X
X 
X Y
χQ (λ) =
eiλQ
δ Q=
qti
P (qti )
Q

=

X

e

iλ

{qti }
P
t qti
i

ti

Y

X

=

YX

eiλqt1

q t1

ti

P (qti )

ti

{qti }

=

ti

X

Y

P (qti ) =

Y

q t2

e

iλqti

(A2)

eiλqt2 ...

P (qti )

ti

qti

χti (λ).

ti

Taking the logarithm of this expression we can define the characteristic function the time continuum limit:
ˆ t0
ln(χQ (λ)) =
dt ln(χt (λ)).

(A3)

0

It now remains to find an appropriate expression for the function χti (λ). The scattering between nearest energy
sidebands means that we cannot consider the characteristic function at each energy independently, a fact which
complicates the subsequent calculation significantly. With this in mind, we can define the net number of particles
with energy j traveling to the right in the left lead as qti (j ) = mti (j ) − nti (j ) and thus write the characteristic
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function at a fixed time ti as
χti (λ) =

X
q ti

=

{qti (j )}
P
 j qti (j )

iλ

X



X
δ qti =
j qti (j ) P (qti (1 ), qti (2 ), ...)

X

eiλqti
e

j

j

P (qti (1 ), qti (2 ), ...)

{qti (j )}

(A4)

X

=

e

iλ

P

j

j (mti (j )−nti (j ))

{mti (j ),nti (j )}

P (mti (1 ), −nti (1 ), ...)

E
D
= eiλQ̂→ e−iλQ̂← ,
where
Q̂→(←) =


X 
i N̂ei →(←) + N̂hi →(←) .

(A5)

i

Appendix B: Projective nature of Number Operator Matrices

Here we will show how products of number operators, defined in Sec. II A, which act at the same or different energies
can be simplified in order to demonstrate their projective nature. In order to do this we must first consider several
relationships that can be obtained from the unitarity of the scattering matrix. Treating the discretised particle energy
levels as ingoing and outgoing propagation channels, we can write the scattering matrix in block form,




Ŝ = 




..

.
Sωαβ (i )

0



0

αβ
S αβ (i )
S−ω
(i )
αβ
(i+1 )
Sωαβ (i+1 ) S αβ (i+1 ) S−ω
αβ
αβ
αβ
(i+2 )
Sω (i+2 ) S (i+2 ) S−ω
..
.




.




(B1)

By writing the scattering matrix in this form we can immediately see that its unitarity gives us the following useful
relations:
αβ
|S αβ (i )|2 + |Sωαβ (i )|2 + |S−ω
(i )|2 = I,

S

αβ

†
(i )Sωβγ (i+1 )

+

†
αβ
S−ω
(i )S βγ (i+1 )
†
αβ
S−ω
(i )Sωβγ (i+2 )

(B2a)

= 0,

(B2b)

= 0.

(B2c)

These relationships can be further simplified by considering the symmetric nature of each of he blocks, so that
†
∗
†
∗
αβ
αβ
S αβ (i ) = S αβ (i ) and S±ω
(i ) = S±ω
(i ) .
Now let us consider for example the square of the outgoing number operator matrix at energy i :
2

P2i ← = (Pei ← + Phi ← )2 = Pei ← 2 + Phi ← + Pei ← Phi ← + Phi ← Pei ← .
First considering the top left non-zero element of the matrix for the squared electron term, we have that
∗

∗

∗

∗

{Pei ← 2 }ii =Sωα1 (i ) Sω1β (i )Sωβ1 (i ) Sω1γ (i ) + Sωα1 (i ) S 1β (i )S β1 (i ) Sω1γ (i )
∗

∗

β1
1β
(i )S−ω
(i ) Sω1γ (i )
+Sωα1 (i ) S−ω


∗
∗
∗
∗
1β
β1
=Sωα1 (i ) Sω1β (i )Sωβ1 (i ) + S 1β (i )S β1 (i ) + S−ω
(i )S−ω
(i ) Sω1γ (i )

(B3)

∗

=Sωα1 (i ) Sω1γ (i ) = {Pei ← }ii ,
where in the final step we have made use of the unitarity relation given in Eq. B2a. The same reasoning can be
applied to the other components of the matrix and in the case of the outgoing number operator for holes. Hence we
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2

can conclude that Pei ← 2 = Pei ← and Phi ← = Phi ← . Next considering the cross-terms in the expansion we see that,
∗

∗

∗

∗

{Pei ← Phi ← }ii =Sωα1 (i ) Sω1β (i )Sωβ2 (i ) Sω2γ (i ) + Sωα1 (i ) S 1β (i )S β2 (i ) Sω2γ (i )
∗

∗

1β
β2
+Sωα1 (i ) S−ω
(i )S−ω
(i ) Sω2γ (i )


∗
∗
∗
∗
1β
β2
=Sωα1 (i ) Sω1β (i )Sωβ2 (i ) + S 1β (i )S β2 (i ) + S−ω
(i )S−ω
(i ) Sω2γ (i )

(B4)

=0,
where once again we have used Eq. B2a. This results hold for all elements of the matrices Pei ← Phi ← and Phi ← Pei ←
and hence we have demonstrated the projective nature of the outgoing number operator matrices at each energy:
P2i ← = Pi ← .
Next we will show that, in addition to this result, the sum of the matrices Pi ← over all energies is also itself a
projector. In order to do this we will evaluate the product
X
2
Pei ← + Phi ← .
i

Due to the shape of the P matrices given in Eq. 16, we find that the only non-zero contributions to this product
take the form:



Pei ← + Phi ← Pej ← + Phj ← where |i − j| ≤ 2.
(B5)
For the case in which i = j we have already shown that these matrices are projectors. Next considering the case
|i − j| = 1, we will first consider the elements of the matrix Pei ← Pei±1 ← . In particular the top left non-zero element
of this matrix will be of the form
∗

∗

∗

∗

∗

∗

∗

∗

1β
{Pei ← Pei+1 ← }i−1i =Sωα1 (i ) S 1β (i )Sωβ1 (i+1 ) Sω1γ (i+1 ) + Sωα1 (i ) S−ω
(i )S β1 (i+1 ) Sω1γ (i+1 )


∗
∗
∗
1β
=S α1 (i ) S 1β (i )Sωβ1 (i+1 ) + S−ω
(i )S β1 (i+1 ) Sω1γ (i+1 )

=0.
β1
(i−1 ) Sω1γ (i−1 )
{Pei ← Pei−1 ← }i−1i =Sωα1 (i ) Sω1β (i )S β1 (i−1 ) Sω1γ (i−1 ) + Sωα1 (i ) S 1β (i )S−ω


∗
∗
∗
β1
=Sωα1 (i ) Sω1β (i )S β1 (i−1 ) + S 1β (i )S−ω
(i−1 ) Sω1γ (i−1 )

(B6)

=0.
Here we have used the relation given in Eq. B2b and this relationship can be shown to hold true for every element of
this matrix. In the case of holes, we also have that,
∗

∗

∗

∗

1β
{Phi ← Phi+1 ← }i−1i =Sωα1 (i ) S 1β (i )Sωβ1 (i+1 ) Sω1γ (i+1 ) + Sωα1 (i ) S−ω
(i )S β1 (i+1 ) Sω1γ (i+1 )


∗
∗
∗
1β
=S β1 (i ) Sω1γ (i ) S 1β (i )Sωβ1 (i+1 ) + S−ω
(i )S β1 (i+1 ) Sω1γ (i+1 )

(B7)

=0.

In the same way, it can be shown that the product terms between electrons and holes are also zero so that Pei ← +


Phi ← Pej ← + Phj ← = 0 when |i − j| = 1. Finally for the case of |i − j| = 2, we will again consider as an example
the top left non-zero element of the relevant matrix:
∗

∗

1β
{Pei ← Pei+1 ← }i−1i+1 =Sωα1 (i ) S−ω
(i )Sωβ1 (i+2 ) Sω1γ (i+2 )

=0,

by Eq. B2c. We have hence demonstrated the projective nature of the sum of the number operator matrices,
X
2 X
X
2
Pei ← + Phi ← =
Pei ← 2 + Phi ← =
Pei ← + Phi ← .
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