Torque Enhancement of Dual Three-Phase PMSM by Harmonic Injection
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Abstract—The torque enhancement of dual three-phase permanent magnet synchronous machine (DT-PMSM) drive
system by full exploitation of flux-linkage and current harmonics are comparatively studied in this paper. The torque
capability of DT-PMSM is previously evaluated with strategies of harmonics utilization, i.e. Strategy-1 of 3rd harmonic
utilization and Strategy-2 of 5th and 7th harmonic utilization, which can extend the torque capability by 18.2% and 9.0%
respectively. However, the full exploitation of harmonics including 3rd, 5th and 7th harmonics in the dual three-phase
system are not addressed. In this paper, the Strategy-3 of 3rd, 5th and 7th harmonic utilization is also included. Its
corresponding harmonic current control is proposed and the average torque and harmonic torque are analyzed in detail.
Based on a test rig with existing prototype DT-PMSM, the torque with Strategy-3 is increased up to 26.5%, which is superior
to the previous strategies.

1. Introduction
High torque capability is essential for the electric
machine drive system in the application of emerging
industries such as modern transportation, electrical car, ship
propulsion, and wind power generation. The multi-phase
drive system presents a trending solution to obtain high power
ratings [1, 2] due to its multiple power/torque capability of a
conventional single three-phase machine within the same
current limit of power switch [3].
Except for the configuration of the multi-phase
system, there are also some other strategies to further enhance
the power/torque capability. The first strategy is to increase
the machine's flux density. A typical application is the
optimal magnet shaping with 3rd harmonic flux within the
flux limit in brushless AC machines [4-6]. The second
strategy is the harmonic current injection to the stator
currents, e.g. the 3rd harmonic currents or 5th and 7th
harmonic current injection to doubly salient synchronous
reluctance machines [7] and 2nd harmonic current injection
to variable flux reluctance machine [8] to improve the torque
performance.
The advantage of the multi-phase system is the
additional freedom of harmonic current injection compared
to its single three-phase counter-parts [9], which has meant it
is possible to enhance the torque by low-order harmonic
current injection to stator currents [10, 11]. There are various
applications of harmonic currents utilization in multi-phase
machines to improve torque capability; for example, the 3rd
harmonic currents are injected into a 5-phase induction
machine (IM) torque [12, 13] and 5-phase permanent magnet
(PM) machine [14] to increase their total average. It is based
on the interaction of the 3rd spatial and electrical harmonics,
which generate additional torque rotating at the fundamental
frequency [12]. Also as detailed in [15], the torque density
was enhanced without increasing stator yoke thickness of a
dual-rotor, radial-flux 5-phase PM machine with 3rd
harmonic current injection. The improved flux pattern of near
rectangular shape from no load to full load is achieved by 3rd
harmonic current injection for eleven-phase IMs [16] to avoid
flux saturation, reduce iron loss and improve power density.
The 3rd, 5th and 7th harmonic currents are injected into stator
currents of 9-phase synchronous reluctance machine (SRM)

to boost its torque [17]. To increase the torque capability of
an eleven-phase IMs, the odd-order harmonics below eleven
are injected into the stator currents [18].
Regarding the dual three-phase machine with phase
shift (electrical angle) 30°, the torque density is improved
significantly in dual three-phase IM [19] and PMSM with 3rd
harmonic current injection [20, 21]. The 5th and 7th harmonic
currents are also helpful in further enhancement of torque
capacity in dual three-phase PMSM (DT-PMSM) drive [22,
23]. It is worth noting that, to inject the 3rd harmonic currents
in the DT-PMSM, an extra flowing path is required for the
zero-sequence currents; meanwhile, a proper harmonic
current regulation is required and the harmonic voltage might
increase.
Based on the conventional dual three-phase voltage
source inverter (VSI) [24], a modified dual three-phase VSI
with 3rd harmonic current injection is shown in Fig. 1, where
two single three-phase VSIs are in parallel with the common
DC bus. Each set of three-phase windings is driven by a
single three-phase VSI, of which the first set of single threephase windings is phase ABC, whilst the other set of single
three-phase windings is phase XYZ, which is shifted from
phase ABC by electrical angle 30°. The neutral points of the
three-phase windings ABC and XYZ, as shown in Fig. 1, are
connected to the midpoint of two independent DC powers
[19].
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Fig. 1 Dual three-phase drive system with harmonic
current injection
In this paper, the full exploitation of harmonics to
boost torque capability in the DT-PMSM drive system is
investigated systematically, which is an extension study of
[22, 23]. Three different strategies of harmonic injection of
flux or current are compared, which include Strategy-1 of 3rd
harmonic injection, Strategy-2 of 5th and 7th harmonic

injection and the proposed Strategy-3 of 3rd, 5th and 7th
harmonic injection. Compared to the 3rd, 5th and 7th
harmonic current injection in 9-phase SRM to improve the
torque [17], the proposed method utilizes the 3rd, 5th and 7th
harmonics in both current and PM flux in the DT-PMSM.
This paper is organized as follows: firstly, the gains of
3rd, 5th and 7th harmonics in different strategies are
optimized in Section 2; meanwhile, the average torque and
torque ripple due to harmonics are analyzed in details. Then
the torque capability of an existing prototype DT-PMSM by
different strategies of harmonic current injection is evaluated
in Section 3. The current control scheme of DT-PMSM with
harmonic current injection is introduced in Section 4.
Extensive experimentation on an existing prototype DTPMSM is conducted to validate the effectiveness of torque
enhancement by different strategies in Section 5. The
comparative experimental results show that the proposed
Strategy-3 has superiority over Strategy-1 and -2 in terms of
torque capacity.

2.1. Coefficients of harmonic injection
Assuming the phase current or flux-linkage with
fundamental, 3rd, 5th and 7th harmonics is expressed as
 cos( x )  k3 cos(3 x   3 )

y ( x )  k1 
 (1)
  k5 cos(5 x   5 )  k7 cos(7 x   7 ) 
where k1 and θx is the gain and phase angle of fundamental
respectively; k3, k5 and k7 are relative gains of 3rd, 5th and 7th
harmonics versus fundamental component respectively; θ3, θ5
and θ7 are offset angles of 3rd, 5th and 7th harmonics
respectively. As the torque mainly depends on the
fundamental current and flux-linkage, to maximize
fundamental within the same peak value 1pu due to the limit
of current or flux density, the gains k3, k5 and k7 should be
optimized. By genetic algorithm, whose optimization
procedure is detailed in [25] or by MATLAB Optimization
Toolbox (optimtool in MATLAB Command Windows), the
gains of optimization with different strategies are listed in
Table 1. These strategies are designated as: Strategy-1: 3rd
harmonic injection; Strategy-2: 5th and 7th harmonic
injection; Strategy-3: 3rd, 5th, and 7th harmonic injection;
Strategy-4: 3rd, and 5th harmonic injection; Strategy-5: 3rd,
and 7th harmonic injection.
Table 1 Coefficients of optimization results
Strategy Strategy Strategy Strategy
Gains
1
2
3
4

Strategy
5

k3
θ3
k5
θ5
k7
θ7
k1

-0.164
0
0
0
0.018
0
1.1708

-1/6
0
0
0
0
0
1.155

0
0
-0.1253
0
0.0535
0
1.0774

-0.2652
0
0.1000
0
-0.0291
0
1.2311

-0.2321
0
0.061
0
0
0
1.2071

3rd
5th and 7th
3rd,5th and 7th

1.0
pu value

2. Harmonics Optimization and Torque Analysis
To increase the torque capability, an effective way is
the magnet shaping with harmonic flux within the flux limit
in the PM machine [4-6]. In this paper, it is assumed that the
3rd, 5th and 7th harmonic flux are dominant harmonics in the
DT-PMSM.

According to the vector space decomposition (VSD)
control for the dual three-phase machine [26, 27], the 3rd, 5th
and 7th harmonics can be categorized into two groups. The
5th and 7th harmonics are mapped to harmonic sub-plane, i.e.
z1z2 sub-plane. The 3rd harmonics are mapped to zerosequence sub-plane, i.e. o1o2 sub-plane. Strategy-1 utilizes
harmonics in the o1o2 sub-plane. Strategy-2 utilizes
harmonics in the z1z2 sub-plane. Strategy-3, 4, and 5 utilize
harmonics in both o1o2 sub-plane and z1z2 sub-plane, and
Strategy-4 and Strategy-5 are special scenarios of Strategy-3.
As the coefficients of fundamental k1 in Strategy-4 and
Strategy-5 in Table 1 is much less than Strategy-3,
consequently, their torque analysis and corresponding
experiments will not be introduced for simplicity.
The optimized current or flux-linkage profiles are
shown in Fig. 2. It shows that optimized profiles are within
1pu, where the base value is the maximum peak current or
flux-linkage. The fundamental gains are 1.15pu, 1.077pu and
1.231pu for Strategy-1, Strategy-2, and Strategy-3
respectively, see [Table 1]. It indicates the fundamental
current and flux-linkage can be further increased within the
limit by harmonics utilization.
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Fig. 2 Current or flux-linkage profiles with harmonics
utilization after optimization
2.2. Torque analysis
If only the fundamental, 3rd, 5th and 7th harmonic
currents are considered, the current of phase A can be
expressed as
ia    ki1 2 I N 
 cos    2   ki 3 cos  3    2   i 3 



  ki 5 cos  5    2   i 5   ki 7 cos  7    2   i 7  


(2)
where θ is PM rotor position, IN is the RMS amplitude of rated
current, θi3, θi5, and θi7 are offset angles of 3rd, 5th and 7th
harmonic currents, ki1 is the gain of fundamental, ki3, ki5 and
ki7 are relative gains of 3rd, 5th and 7th harmonic currents to
fundamental current.
If only the fundamental, 3rd, 5th and 7th harmonic
flux-linkages are considered, similar to the expression of the
current (2) the back-EMF of phase A can be expressed as
ea    ke1 2 EN 

 cos    2  



 3ke3 cos  3    2    e3  



 5ke5 cos  5    2    e5   7 ke 7 cos  7    2    e 7  


(3)
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(6)

Fc    Fa   8 s 

(7)

Fz    Fa   9 s 

(8)
where θs is the phase shift angle between phase ABC and
XYZ, which is π/6 in this case study; “F” represents phase
current “i” or back-EMF “e”. If the power related to
reluctance torque is neglected, the power related to PM torque
can be expressed by (9), which is the accumulation of power
from each phase.
P   
 e phs   i phs  
(9)
phs  a , b , c , x , y , z

Therefore, the electromagnetic torque Te can be
obtained by the power divided by mechanical speed, i.e.
Te  P     6ke1ki1 EN I N  

1 
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e5
i7
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i5 
 e5 i 7
(10)
where Ω is the machine’s mechanical speed. The torque
consists of four parts: the first line in the bracket (10) is the
torque from the interaction between the fundamental
components from flux-linkage and current. The second line
in the bracket (10) is the torque from the interaction between
the 3rd harmonic flux-linkage and 3rd harmonic currents. The
remained parts in bracket (10) are the torque from the
interaction between 5th, 7th harmonics of current and fluxlinkage.
If the flux and current are optimized according to
coefficients shown in Table 1, then (10) can be simplified as
1  3ke3 ki 3  5ke5 ki 5  7ke 7 ki 7 
6E I
Te  N N ke1ki1 
 (11)
 rate
   5ke5 ki 7  7ke 7 ki 5  cos(12 ) 
The RMS current can be expressed as

I rms  I N ki1 1  ki23  ki25  ki27

(12)

Therefore, the average torque per RMS current can be
expressed as
Te
1  3ke 3 ki 3  5ke 5 ki 5  7ke 7 ki 7

(13)
I rms
1  ki23  ki25  ki27
Assuming the torque, copper loss, and torque per RMS
current without 3rd, 5th and 7th harmonics in flux and stator
currents are 1pu when the peak flux and current are 1pu, then
the torque, copper loss, torque per peak current, and torque
per RMS current can be summarized in Table 7 in Appendix
with different strategies of harmonics utilization. It is worth

3. Prototype Dual Three-phase PMSM (DT-PMSM)
The torque capability extension is discussed based on
the optimized current and flux harmonic injection in Section
2. However, for limited conditions, there is no DT-PMSM
with optimized flux-linkage shown in Fig. 2 in the lab;
therefore, the torque enhancement by harmonic flux could not
be fully exposited by experiments. In this paper, an existing
prototype DT-PMSM is employed to evaluate the torque
capability enhancement by harmonic current injection
indeed.
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noting that 3rd, 5th and 7th harmonics in flux and stator
currents are optimized with coefficients listed in Table 1.
The torque per RMS current with different strategies
are also listed in Table 7. It shows that the torque per RMS
current can increase significantly by harmonic fluxes and can
be further enhanced by the combination of harmonic fluxes
and currents. The torque per peak current can increase a lot
by harmonic current injection. It could be employed in the
applications where more torque is required for a short time,
for instance, it can be applied in bulldozer, excavator or to
improve the starting performance of electric vehicles [23].
For a given DT-PMSM with different strategies of
flux optimization, the average torque and the torque per RMS
current vary with different strategies of harmonic current
injection. As shown in Table 7 in Appendix, the torque
capacity can be improved by the different combinations of
harmonics utilization. The combination of Strategy-3 for flux
optimization and Strategy-1 for current optimization could be
an attractive proposal to extend the torque capability up to
1.611pu without torque ripple, which has relatively high
torque, high torque per RMS current, and 12th torque ripplefree. If the Strategy-3 is applied to both flux and current, the
torque can be improved up to 1.928pu with the cost of 5.8%
12th harmonic torque ripple and, meanwhile, it has the
highest torque per RMS current.
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where EN is the RMS amplitude of rated back-EMF, θe3, θe5
and θe7 are the offset angles of 3rd, 5th and 7th back harmonic
EMFs, ke1 is the gain of fundamental, 3ke3, 5ke5 and 7ke7 are
relative gains of 3rd, 5th and 7th back harmonic EMFs to
fundamental back-EMF. It is worth noting that the EMF is the
differential of flux-linkage; therefore, the coefficients of nth
harmonic EMF are n times of coefficients of nth harmonic
flux-linkage.
The phase currents and back-EMFs of phase B, C, X,
Y and Z have similar expression as (2) and (3) respectively,
which can be expressed as
Fx    Fa    s 
(4)
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Fig. 3 Back-EMFs and FFT analysis
(a) Phase A and X back-EMFs and flux ψA, (b) FFT
analysis of phase A back-EMF
The measured back-EMFs of the prototype DTPMSM and the flux-linkage of phase A as a function of the
rotor position are illustrated in Fig. 3(a). The reconstructed
flux-linkage is the integral of measured back-EMF of phase

A. The harmonics of back-EMF of phase A are shown in Fig.
3(b) and it can be seen that there are abundant 3rd, 5th and
7th harmonics, while other harmonics are negligible.
By fast Fourier transform (FFT), the measured backEMF of phase A can be expressed as the function of θ (14)

 


ea  A0   An cos  n       en 
(14)
2
n 1
 

where “An” and “θen” represent the amplitude and offset angle
of nth harmonics respectively, A0 is the DC value, which can
be obtained by FFT. The coefficients in Table 1 can be listed
in Table 2, where the base value for the amplitude An(pu) is
A1(V). Ideally, DC value A0 is zero, as can be seen from Table
2, the A0 is trivial and can be neglected.
As there are no even order harmonics in the threephase system theoretically and the 3rd, 5th and 7th harmonics
are dominant, according to coefficients in Table 2. The
fundamental back-EMF will be 1.088 times of back-EMF
peak value. Therefore, if the back-EMF is expressed as (3)
with peak value 1pu, the corresponding coefficients of
fundamental and harmonics can be listed in Table 3. The
torque of the prototype machine with Strategy-1, Strategy-2
and the proposed Strategy-3 ([Table 1]) can be estimated
according to (10) and listed in Table 4. It shows that the
Strategy-3 has the highest average torque, which is superior
to Strategy-1 and -2.
Table 2 FFT analysis of phase back-EMF
Harmonic order (n)
An (V)
An(pu)
0
1
2
3
4
5
6
7
8
9

0.00984
12.86400
0.13700
0.63600
0.03900
0.81600
0.02000
0.18900
0.00701
0.13200

0.00077
1.00000
0.01100
0.04900
0.00306
0.06300
0.00158
0.01500
0.00055
0.01000

Table 3 Coefficients of phase back-EMF
Gains
Values
Gains
ke1
θe1
ke3
θe3

1.088
0
0.049/3
3.118

ke5
θe5
ke7
θe7

θen(rad)
3.142
0
5.708
3.118
2.914
3.218
2.925
6.262
5.950
2.775

Values
0.0630/5
3.218
0.0150/7
6.262

Table 4 Estimated torque of prototype PMSM
Current optimization
Torque (pu)
Fundamental current
Strategy-1
Strategy-2
Strategy-3

1.088
1.267
1.182+0.00612cos(12θ+ 3.183)
1.347+0.00468cos(12θ+0.033)

4. Control of Harmonic Current Injection
In this section, the harmonic current control in DTPMSM will be introduced. Assuming the 3rd, 5th and 7th
harmonic currents in the phase current are expressed as (15)

i3rd  i5th  i7 th 
 ia 3rd     ia 5th     ia 7th   
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where

ia3rd    ki 3 cos   3(   / 2  i 3 

(16)

ia5th    ki 5 cos   5(   / 2  i 5 

(17)

ia 7th    ki 7 cos   7(   / 2  i 7 

(18)

According to the VSD theory for the dual three-phase
system [26], the six-dimensional abc-xyz frame can be
decomposed into three orthogonal sub-spaces, i.e. αβ, z1z2,
o1o2 sub-planes.

 F

F

Fz1

Fz 2

 T6   Fa

Fo1
Fx

Fo 2 
Fb

T

Fy

Fc

Fz 

T

(19)

where [𝑇6 ] is a transformation matrix (6×6) detailed in [27].
By (19), the fundamental, 3rd, 5th and 7th harmonics in the
abc-xyz frame are projected to three different orthogonal subplanes. The fundamental in the abc-xyz frame is projected to
the αβ sub-plane; the 5th and 7th harmonics in the abc-xyz
frame are projected to the z1z2 sub-plane; the 3rd harmonics
in the abc-xyz frame are projected to o1o2 sub-plane.
Consequently, the fundamental component, 5th and 7th
harmonics, and 3rd harmonics can be regulated by controlling
the fundamental component in the αβ sub-plane, sixth
harmonics in z1z2 sub-plane, and 3rd harmonics in o1o2 subplane respectively. As the control of fundamental currents in
the αβ sub-plane is the same as the conventional vector
control for the single three-phase system, therefore, it will not
be introduced in this paper; instead, the control of harmonic
currents will be detailed as follows.
4.1. Fifth and seventh harmonic current injection
By applying the conventional Clark to currents in each
single three-phase ABC and XYZ, and then followed by the
conventional Park transformation, the 5th and 7th harmonic
currents are converted to sixth harmonic currents in the
rotating synchronous frame (dq-frame), which can be
expressed as (20).
id 2 _ 6th  id 1_ 6th  ki 5 sin(6  i 5 )  ki 7 sin(6  i 7 )
(20)
iq 2 _ 6th  iq1_ 6th  ki 5 cos(6  i 5 )  ki 7 cos(6  i 7 )
where 𝑖𝑑1_6𝑡ℎ and 𝑖𝑞1_6𝑡ℎ are the sixth harmonic currents in
dq-frame for phase ABC, 𝑖𝑑2_6𝑡ℎ and 𝑖𝑞2_6𝑡ℎ are sixth
harmonic currents in the dq-frame for phase XYZ. The (20)
indicates that the 5th and 7th harmonic currents in phase ABC
and phase XYZ are both mapped to sixth harmonics in the dqframe. The 𝑖𝑑1_6𝑡ℎ and 𝑖𝑑2_6𝑡ℎ have the same magnitude, but
they are opposite in phase, so is the relationship between
𝑖𝑞1_6𝑡ℎ and 𝑖𝑞2_6𝑡ℎ .
By (19), the 5th and 7th harmonic currents 𝑖5𝑡ℎ ,
and 𝑖7𝑡ℎ in (15) are projected to z1z2 sub-plane and then [iz1
iz2]T can be obtained and expressed as

 iz1   ki 5 sin(5  i 5 )   ki 7 sin(7  i 7 ) 
i    k cos(5   )    k cos(7   )  (21)
i5 
i7 
 z 2   i5
 i7
By applying (22) to [iz1 iz2]T in z1z2 sub-plane [22], the
5th and 7th harmonic currents are mapped to sixth harmonic
currents in a designated dqz-frame. Compared to the
conventional Park transformation matrix, the [𝑇𝑑𝑞𝑧 ] in (22)
represents matrix transformation to the negative-sequence
synchronous reference frame with opposite d-axis.
 Fdz 
 Fz1 
-cos sin  
 F   Tdqz    , Tdqz   
 (22)
 sin  cos  
 Fz 2 
 qz 

The sixth harmonic currents in the dq-axis for each
single three-phase ABC and XYZ and the sixth harmonics in
dqz-frame in z1z2 sub-plane for the dual three-phase system
have the relationship as (23).
 Fdz _ 6th   Fd 2 _ 6th 
 Fd 1_ 6th 
(23)
F
  F
   F

 qz _ 6th   q 2 _ 6th 
 q1_ 6th 
It can be seen from (23) that the sixth harmonic
currents 𝑖𝑑1_6𝑡ℎ and 𝑖𝑞1_6𝑡ℎ in dq-frame for phase ABC,
𝑖𝑑2_6𝑡ℎ and 𝑖𝑞2_6𝑡ℎ in dq-frame for phase XYZ can be
regulated simultaneously by controlling the sixth harmonic
currents 𝑖𝑑𝑧_6𝑡ℎ and 𝑖𝑞𝑧_6𝑡ℎ in z1z2 sub-plane in the dqz-frame.
Consequently, the 5th and 7th harmonics in each phase can
be controlled as well.
4.2. Third harmonic current injection
By (19), 3rd harmonic currents 𝑖3𝑟𝑑 in (15) projected
to αβ-z1z2-o1o2 sub-planes can be expressed as
 io1   ki 3 cos   3(   / 2   i 3  

(24)
i   
 o 2   ki 3 sin   3(   / 2   i 3  
The (24) indicates the 3rd harmonic currents in phase
ABC and XYZ can be regulated by controlling io1 and io2 in
the o1o2 sub-plane respectively.

can be induced by the harmonic current injection, which is
mixed up with the harmonic voltages from back-EMFs and
inverter non-linearity; consequently, the peak voltage of
references in the natural frame might be increased.
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Fig. 4 3rd, 5th and 7th harmonic injection based on VSD
current control
5. Experiments
To demonstrate the torque enhancement by utilization
of harmonic currents, an existing prototype DT-PMSM is
employed with different strategies of harmonic current
injection, whose back-EMF and flux-linkage are shown in
Fig. 3(a). The test rig is based on dSPACE DS1005, as shown
in Fig. 5. The parameters of the prototype machine are given
in Table 5. A PM DC generator connected with a power
resistor is used as a variable load, which can be adjusted by
changing the power resistor’s resistance. The current loop is
executed every PWM cycle 100μs. The inverter power
topology is the same as that in Fig. 1. Alternatively, the openend winding configuration can also be employed for the
verification.
Dual
3-phase PMSM

4.3. VSD current control scheme
The scheme of current control is shown in Fig. 4. Each
phase current is sampled so that the zero-sequence currents in
phase ABC and XYZ, including the 3rd harmonic currents,
can be obtained and regulated effectively. The fundamental,
5th and 7th harmonic currents, and 3rd harmonic currents are
regulated in αβ, z1z2 and o1o2 sub-plane separately. The
∗
∗
reference currents 𝑖𝑑𝑧
, 𝑖𝑞𝑧
in dqz-frame are from (23) and
∗
∗
reference currents 𝑖𝑜1 , 𝑖𝑜2 in o1o2 sub-plane are from (24),
while the harmonic currents reference is from (1). Two PI
controllers with resonance controllers (PI-R) [28-30] are
adopted to regulate the sixth harmonic currents without
tracing error in steady-state operation in idz and iqz in dqzframe, There are also two resonance controllers employed to
regulate 3rd harmonic currents in io1 and io2 in o1o2 sub-plane.
Since the currents in αβ-z1z2-o1o2 sub-planes are
controlled separately, 6-independent phase voltage
commands including zero-sequence voltages are necessary.
Therefore, 2-individual SPWM (sinusoidal pulse width
modulation) strategy is adopted here considering the
regulation of 3rd harmonic currents.
It is worth noting that an ideal integrator is often
approximated by a low-pass transfer function in the
resonance controller due to finite precision in digital systems
in the practical application [28-30]. The harmonic voltages

v

*
z1

Power
resistor

Load
machine

Encoder

(a)
Control power
supply

Dual 3-phase drive

dSPACE

DC power supply

(b)
Fig. 5 Test platform for DT-PMSM
(a) Prototype DT-PMSM and load, (b) Dual three-phase
inverter based on dSPACE

The experimental results without 3rd, 5th and 7th
harmonic current injection are illustrated in Fig. 6. The phase
currents ia and ix are shown in the top half of Fig. 6(a), where
it can be seen that the phase shift angle between ia and ix is
30° and their peak values are 1A. The currents iα and iβ in the
αβ sub-plane are shown in the bottom half of Fig. 6(a), where
the peak value of iα and iβ are 1A and they are very sinusoidal.
The currents in the z1z2 sub-plane and the currents in the o1o2
sub-plane are shown in Fig. 6(b). As can be seen from Fig.
6(b), the currents of idz, iqz, io1, and io2 are zeroes, which
indicates that the 3rd, 5th and 7th harmonic currents are not
injected to the phase currents. The harmonic analysis of phase
currents is shown in Fig. 6(c), which shows that the
fundamental is 1A the 3rd, 5th and 7th harmonic currents are
negligible. The speed is illustrated in Fig. 6(d) and the
average speed during 0.4s is about 158.04 rpm. The phase
voltage 𝑣𝑎 and 𝑣𝑥 are illustrated in Fig. 6(e).
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5.1. Without the harmonic current injection
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To investigate the torque enhancement of the
prototype machine with different strategies of harmonic
current injection, four experiments are conducted within 1A
peak current value. The first is the current control without
harmonic current injection; the second is the current control
with Strategy-1; the third is the current control with Strategy2; the last is the current control with Strategy-3. In all
experiments, the peak current value will be maintained to 1A
with the reference current having the same expression as (2)
and the power resistor is the same all the time.
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Table 5 Design parameters of prototype DT-PMSM
Parameters
Value
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5.2. Strategy-1: 3rd harmonic current injection
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The experimental results with Strategy-1 of 3rd
harmonic current injection are shown in Fig. 7. The phase
currents ia and ix are shown in the top half of Fig. 7 (a) and
their peak values are 1A as well. The fundamental currents
mapped to the αβ sub-plane are shown in the bottom half of
Fig. 7 (a). The 5th and 7th harmonic currents mapped to the
z1z2 sub-plane and the 3rd harmonic currents mapped to the
o1o2 sub-plane are shown in Fig. 7 (b). As can be seen from
the top half of Fig. 7 (b), the currents idz and iqz are zeroes, but
there are 3rd harmonic currents in io1 and io2 at the bottom half
of Fig. 7 (b). The FFT analysis of phase currents is shown in
Fig. 7 (c), where it shows that the fundamental current is 1.15
times of that in Fig. 6(c) and there are obvious 3rd harmonic
currents inside, which is in accordance with the optimized
gains for Strategy-1 in Table 1. The speed is illustrated in Fig.
7 (d) and the average speed during 0.4s is around 186.78 rpm.
The phase voltage 𝑣𝑎 and 𝑣𝑥 are illustrated in Fig. 7(e).
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Fig. 6 Without harmonic current injection
(a) Phase currents ia and ix (top half), and currents in αβ subplane (bottom half), (b) Currents in dqz-frame in z1z2 subplane (top half), and currents in o1o2 sub-plane (bottom half),
(c) Harmonic analysis of phase currents, (d) Speed, (e) Phase
voltages.
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Fig. 7 With 3rd harmonic current injection (Strategy-1)

Fig. 8 With 5th, 7th harmonic current injection (Strategy-2)

(a) Phase currents ia and ix (top half), and currents in αβ subplane (bottom half), (b) Currents in dqz-frame in z1z2 sub-plane
(top half), and currents in o1o2 sub-plane (bottom half), (c)
Harmonic analysis of phase currents, (d) Speed, (e) Phase
voltages.

(a) Phase currents ia and ix (top half), and currents in αβ subplane (bottom half), (b) Currents in dqz-frame in z1z2 sub-plane
(top half), and currents in o1o2 sub-plane (bottom half), (c)
Harmonic analysis of phase currents, (d) Speed, (e) Phase
voltages.
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5.3. Strategy-2: 5th and 7th harmonic current
injection
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5.4. Strategy-3: 3rd, 5th and 7th harmonic current
injection
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The experimental results with Strategy-2 of 5th and 7th
harmonic current injection are illustrated in Fig. 8. The phase
currents ia and ix are shown in the top half of Fig. 8(a) and their
peak values are 1A as well. The fundamental currents mapped
to the αβ sub-plane are illustrated in the bottom half of Fig. 8
(a). The 5th and 7th harmonic currents mapped to the z1z2 subplane are shown in the top half of Fig. 8 (b). There are obvious
6th harmonic currents in idz, and iqz. The 3rd harmonic currents
mapped to the o1o2 sub-plane are shown in the bottom half of
Fig. 8 (b). The io1 and io2 are zeros, which means there is no 3rd
harmonic current injection. The FFT analysis of phase currents
is shown in Fig. 8 (c), where it can be seen that the fundamental
current is 1.077 times of that in Fig. 6(c), and there are obvious
5th and 7th harmonic currents, which are in accordance with the
optimized gains for Strategy-2 in Table 1. The speed profile is
illustrated in Fig. 8 (d) and the average speed during 0.4s is
around 172.31 rpm, which is lower than the speed in Fig. 7 (d).
This is mainly because the fundamental current within the peak
current in Strategy-2 is lower than Strategy-1. The phase
voltage 𝑣𝑎 and 𝑣𝑥 are illustrated in Fig. 8(e).
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The experimental results with Strategy-3 of 3rd, 5th and
7th harmonic current injection are shown in Fig. 9. The phase
currents are shown in the top half of Fig. 9 (a) and their peak
values are 1A as well. The fundamental currents mapped to the
αβ sub-plane are shown in the bottom half of Fig. 9 (a). The 5th
and 7th harmonic currents mapped to the z1z2 sub-plane and the
3rd harmonic currents mapped to the o1o2 sub-plane are shown
in the top and bottom half of Fig. 9 (b) respectively. As can be
seen from Fig. 9, there are obvious 6th harmonic currents in idz
and iqz and 3rd harmonic currents in io1 and io2, which indicates
the 3rd, 5th and 7th harmonic currents are injected to the phase
currents. The FFT analysis of phase currents is illustrated in
Fig. 9 (c), where it shows that the fundamental current is 1.23
times of that in Fig. 6(c), and there are 3rd, 5th and 7th harmonic
currents, which are in accordance with the optimized
coefficients for Strategy-3 in Table 1. The measured speed is
illustrated in Fig. 9 (d) and the average speed during 0.4s is
about 199.97 rpm. The phase voltage 𝑣𝑎 and 𝑣𝑥 are illustrated
in Fig. 9(e).
5.5. Summary
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Fig. 9 With 3rd, 5th and 7th harmonic current injection
(Strategy-3)
(a) Phase currents ia and ix (top half), and currents in αβ subplane (bottom half), (b) Currents in dqz-frame in z1z2 sub-plane
(top half), and currents in o1o2 sub-plane (bottom half), (c)
Harmonic analysis of phase currents, (d) Speed, (e) Phase
voltages.

The experimental results show that the fundamental
currents in Fig. 7(c), Fig. 8(c) and Fig. 9(c) with different
strategies of harmonic current injection are higher than that in
Fig. 6(c) without harmonic current injection, which indicates
more torque can be generated within the same current limit.
Since a PM DC generator is employed as the load, if the friction
is neglected, the power produced by the prototype DT-PMSM
is equal to the power consumed by the PM DC generator, i.e.
 E 2 2
Te  L 
(25)
p RL
RL

where Te, p and ω are the torque, the number of pole-pairs and
electrical speed of prototype dual three-phase machine, RL is the
sum of resistances of the adjustable power resistor and stator
resistor of the PM DC generator, EL is the back-EMF of the PM
DC generator. Since EL is proportional to ω, it can be derived
from (25) that Te is proportional to the speed
Te  
(26)
Therefore, the average torque with different strategies is
reflected by their speed. Assuming the speed without harmonic
current injection is 1pu, the measured speeds with different
strategies can be listed in Table 6. It shows that the measured
speeds are in accordance with the predicted speeds very well,
which means the torque is boosted by different strategies of
harmonic current injection.
Assuming the RMS current in the experiment without
harmonic current injection is 1pu, then the RMS currents with
Strategy-1, Strategy-2, and Strategy-3 are 1.171pu, 1.087pu,
1.281pu respectively, and the torque per RMS current is
1.010pu, 1.003pu, 0.988pu, which means the average torque
can be boosted significantly within the same peak current
without deterioration of copper loss. Compared with the torque
without harmonic current injection, the Strategy-1 can
approximately improve the torque capability by 18.2% and the
Strategy-2 can extend the torque by 9.0%, while the Strategy-3
can boost the torque by 26.5%, which is much better than these
other two strategies.
Table 6 Torque capability extension by harmonic current
injection to prototype machine
Strategies Without Strategy Strategy Strategy
Index
Harmonics
1
2
3
Predicted torque(pu)
1.088
1.267
1.182
1.347
Predicted Speed(pu)
1
1.165
1.086
1.238
Test speed(rpm)
158.04
186.77 172.31 199.97
Test speed (pu)
1
1.182
1.090
1.265
Peak current(pu)
1
1
1
1
Torque/Peak(pu)
1
1.182
1.090
1.265
RMS current(pu)
1
1.171
1.087
1.281
Torque/RMS(pu)
1
1.010
1.003
0.988

with the machine without harmonic flux and current utilization,
the average torque per peak current can be increased up to
1.611, 1.224, and 1.928 times by Strategy-1, Strategy-2, and
Strategy-3 of harmonic current injection respectively.
Compared with Strategy-1 and Strategy-2 within the same peak
current, the torque of Strategy-3 increases by 7.00% and 16.06%
for the prototype DT-PMSM at the cost of 9.39% and 17.85%
higher RMS current than Strategy-1 and Strategy-2 respectively.
Nevertherless, the torque of Strategy-3 can be 19.68% and
54.98% higher than Strategy-1 and Strategy-2 respectively for
the ideal machine.
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8. Appendix
Table 7 Torque capability extension by different strategies of harmonics utilization
Current
optimization
Flux
optimization

Fundamental current

Strategy-1:
3rd harmonic
injection

Strategy-2:
5th and 7th harmonic injection

Strategy-3:
3rd, 5th, and 7th harmonic
injection

Fundamental Flux: 1
Fundamental Current: 1
Torque: 1
Torque/peak current:1
Torque/RMS current: 1

Fundamental Flux: 1
Fundamental Current: 1.15
Torque: 1.15
Torque/peak current: 1.15
Torque/RMS current: 0.986

Fundamental Flux: 1
Fundamental Current: 1.077
Torque: 1.077
Torque/peak current: 1.077
Torque/RMS current: 0.990

Fundamental Flux: 1
Fundamental Current: 1.231
Torque: 1.231
Torque/peak current: 1.231
Torque/RMS current: 0.961

Strategy-1
with 7 VSI legs:
3rd harmonic injection

Fundamental Flux: 1.15
Fundamental Current: 1
Torque: 1.15
Torque/peak current: 1.15
Torque/RMS current: 1.15

Fundamental Flux: 1.15
Fundamental Current: 1.15
Torque: 1.445
Torque/peak current: 1.445
Torque/RMS current: 1.234

Fundamental Flux: 1.15
Fundamental Current: 1.077
Torque: 1.244
Torque/peak current: 1.244
Torque/RMS current: 1.144

Fundamental Flux: 1.15
Fundamental Current: 1.231
Torque: 1.611
Torque/peak current: 1.611
Torque/RMS current: 1.258

Strategy-2
with 6 VSI legs:
5th and 7th harmonic
injection

Fundamental Flux: 1.077
Fundamental Current: 1
Torque: 1.077
Torque/peak current: 1.077
Torque/RMS current: 1.077

Fundamental Flux: 1.077
Fundamental Current: 1.15
Torque: 1.244
Torque/peak current: 1.244
Torque/RMS current:1.062

Fundamental Flux: 1.077
Fundamental Current: 1.077
Torque:1.275-0.093cos(12θ)
Torque/peak current: 1.275
Torque/RMS current: 1.173

Fundamental Flux: 1.077
Fundamental Current: 1.231
Torque: 1.224+0.077cos(12θ)
Torque/peak current: 1.224
Torque/RMS current: 0.956

Strategy-3
with 7 VSI legs:
3rd, 5th and 7th
harmonic injection

Fundamental Flux: 1.231
Fundamental Current: 1
Torque: 1.231
Torque/peak current: 1.231
Torque/RMS current: 1.231

Fundamental Flux: 1.231
Fundamental Current: 1.15
Torque: 1.611
Torque/peak current: 1.611
Torque/RMS current: 1.376

Fundamental Flux: 1.231
Fundamental Current: 1.077
Torque: 1.224+0.073cos(12θ)
Torque/peak current: 1.224
Torque/RMS current: 1.126

Fundamental Flux: 1.231
Fundamental Current: 1.231
Torque: 1.928 - 0.058cos(12θ)
Torque/peak current: 1.928
Torque/RMS current: 1.505

Fundamental
with 6 VSI legs

Note: The current peaks are the same in all the strategies.

