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We show how an initial localized radiative excitation in a two-dimensional array of cold atoms can
be converted into highly-directional coherent emission of light by protecting the spreading of the
excitation across the array in a subradiant collective eigenmode with a lifetime orders of magnitude
longer than that of an isolated atom. We demonstrate how to reach two such strongly subradiant
modes, a uniform one where all the dipoles are oscillating in phase normal to the plane and an
antiferromagnetic mode where each dipole is π out of phase with its nearest neighbor. The excitation,
which can consist of a single photon, is then released from the protected subradiant eigenmode by
controlling the Zeeman level shifts of the atoms. Hence, an original localized excitation which emits
in all directions is transferred to a delocalized subradiance-protected excitation, with a probabilistic
emission of a photon only along the axis perpendicular to the plane of the atoms. This protected
spreading and directional emission could potentially be used to link stages in a quantum information
or quantum computing architecture.

I. INTRODUCTION

Collective optical interactions in cold trapped atomic
ensembles, where systems with increasing densities can
now be achieved, are being actively studied experimen-
tally [1�14]. Since the light-mediated resonant dipole-
dipole interactions depend on the average atomic separa-
tion, the close proximity of the atoms can lead to a corre-
lated optical response [15, 16] that no longer obeys con-
tinuous medium descriptions of electrodynamics [17, 18].
The quest for systems where the collective optical re-
sponse could potentially be easily manipulated has re-
sulted in the studies of strong light-atom coupling � and
coupling of light with other dipolar resonators � in regu-
lar arrays [19�52].
Control, storage and transmission of collective exci-

tations could play a key role in modular quantum ar-
chitecture [53�55], consisting of individual quantum ele-
ments with coherent links [36, 56]. Subradiant states [57],
which decay more slowly than an isolated emitter, couple
weakly to external �elds and have posed a long-standing
experimental challenge, with observations �rst emerging
in two- and few-particle systems [58�63], and now also in
larger ensembles [11, 42]. Due to the isolation from the
environment, subradiant modes have been shown to be
useful in transport of excitations [64�67]. Recent work
has explored light transport for closely spaced atoms in
arrays with topological edge states [22, 23] and in a one-
dimensional (1D) chain or ring [68�70].
We show here how a strongly protected spreading of a

radiative excitation can be achieved in a two-dimensional
(2D) planar array of cold atoms. The protocol involves
manipulating the internal atomic level shifts to produce
an initial excitation having a su�cient overlap with ex-
tremely subradiant collective excitation eigenmodes. The
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initial localized excitation at the center of the array,
which will emit radiation in all directions, is then trans-
ported across the lattice and converted into highly direc-
tional emission. The initial localized excitation can be
generated by a single-photon source and will generally
have an overlap with several of the collective radiative
many-atom excitation eigenmodes of the system. These
collective modes arise from the e�ective dipole-dipole in-
teractions between atoms, and will each have a collec-
tive resonance shift and a collective linewidth that di�ers
from that of a single atom. As these eigenmodes have dif-
ferent linewidths, they will decay at di�erent rates, and
interference of the modes leads to the spatial spreading
of the excitation across the lattice. After some time, the
most subradiant eigenmode of the initial single-photon
excitation will become dominant, and will be delocalized
over the entire array. In this case coherence across the
array comes from the collective nature of the many-atom
eigenmode, rather than any driving �eld. After we re-
lease the excitation by controlling the atomic levels, the
result is coherent and highly directional emission of a
photon from the array.

In our model, we assume that a 2D square array of cold
atoms is prepared with a single atom per lattice site and
with a single-photon excitation initially localized at the
center of the lattice. Such excitations could be produced
by coupling to a nearby emitter or by selectively control-
ling the atomic excitation. By choosing the initial state
and the lattice spacing appropriately, this local excitation
is transferred to one of two delocalized subradiant target
modes, a mode with uniform in-phase out-of-plane polar-
ization, and a mode where the phase of the out-of-plane
polarization varies by π between neighboring atoms, an
antiferromagnetic (AFM) mode. Once the delocalized
mode is established, Zeeman splitting can couple either
of the subradiant out-of-plane mode to a uniform in-plane
mode that is strongly radiating, allowing the excitation to
decay. We calculate the far-�eld radiation pattern of this
emission which is highly collimated in the direction nor-
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FIG. 1. (a) Illustration of planar array of atoms with an
initial single-photon excitation localized on a small number
of atoms at the center of the array. The arrows represent
the direction of the atomic dipoles that are oriented normal
to the plane and will propagate toward a uniform subradiant
eigenmode. (b) The atomic level structure where the Zeeman
splitting ∆ is only introduced for the release of the subradiant
excitation.

mal to the plane. Collimated emission has been achieved
in plasmonic planar arrays after spreading of an initial
excitation [71], but without an analogous procedure of
transferring the excitation between weakly (dark) and
strongly (bright) radiating states. An o�-resonant pair of
atomic layers, where the atoms do not experience strong
resonant dipole-dipole interactions, has been proposed as
a phased-array antenna for single photons [36].

II. ATOM-LIGHT COUPLING

A. Single excitation model

We consider a 2D square array of N atoms in the yz
plane, with the lattice spacing d, and a J = 0 → J ′ = 1
atomic transition (Fig. 1). The full quantum dynamics
of the atomic system for a given initial excitation and in
the absence of a driving laser follows from the quantum
master equation for the many-atom density matrix ρ [72]:

ρ̇ = i
∑
j,ν

∆ν

[
σ̂+
jν σ̂
−
jν , ρ

]
+ i

∑
jlνµ(l 6=j)

Ω(jl)
νµ

[
σ̂+
jν σ̂
−
lµ, ρ

]
+
∑
jlνµ

γ(jl)νµ

(
2σ̂−lµρσ̂

+
jν − σ̂

+
jν σ̂
−
lµρ− ρσ̂

+
jν σ̂
−
lµ

)
,

(1)
where σ̂+

jν = (σ̂−jν)† = |ejν〉 〈gj | is the raising operator

to the excited state ν on atom j 1. The single atom
Zeeman splittings, ∆ν , are given relative to the m = 0
transition frequency ω, with ∆0 = 0 and ∆− = −∆+ ≡
∆ = ω − ω±, where ω± are the frequencies of the m =
±1 transitions, respectively. The diagonal terms of the

1 The atom and light �eld amplitudes in this paper refer to slowly
varying amplitudes, where the rapid oscillations at the resonance
frequency have been factored out, e.g., exp(−iωt) from σ̂−jν .

dissipative matrix γ
(jj)
νν = γ = D2k3/(6π~ε0) correspond

to the single atom resonance linewidth with the reduced
dipole matrix element D and k = 2π/λ = ω/c. The
o�-diagonal elements in the dissipation and interaction
terms are given by the real and imaginary parts of

Ω(jl)
νµ + iγ(jl)νµ = ξG(jl)νµ , (2)

where ξ = 6πγ/k3. Here, the dipole-dipole interaction
between the atoms j and l with the orientations of the
dipoles êν and êµ at positions rj and rl, respectively, is
determined by the dipole radiation kernel [73]

G(jl)νµ = ê∗ν · G′(rj − rl)êµ, (3)

where the familiar expression for the positive frequency
component of the monochromatic dipole radiation reads

Gαβ(r) =

[
∂

∂rα

∂

∂rβ
− δαβ∇2

]
eikr

4πr
− δαβδ(r) , (4)

and the contact interaction term between the atoms has
explicitly been removed [74]

G′αβ(r) = Gαβ(r) +
δαβδ(r)

3
. (5)

For ideal point dipoles this contact interaction is inconse-
quential for the physics [75], and by assuming hard-core
atoms it vanishes as the atoms cannot overlap. We as-
sume that the Zeeman level splitting ∆ of the J ′ = 1,
m = ±1 states, is controllable, as could be obtained,
e.g., by AC-Stark shifts of lasers or microwaves [76] or
by magnetic �elds. For the majority of what follows, we
take ∆ = 0 and study the transfer and decay of an initial
excitation in the regime where any Zeeman splitting is
negligible. In Sec. II B we describe the e�ects of Zeeman
splitting on a single atom. This is relevant in Sec. IID,
where we consider how this splitting can be used to cre-
ate the initial excitation, and in Sec. II E where we show
how Zeeman splitting couples a subradiant state, with
very slow decay, to a rapidly decaying bright mode, al-
lowing the photon to radiate away.
Instead of solving the general quantum master equa-

tion for the full multi-excitation dynamics, we restrict
ourselves to single-excitation systems determined by the
initial state of precisely one electronic excitation and
study their evolution. Such a localized excitation can
be achieved by short-range coupling to a single qubit in
the excited state, as discussed in Sec. IID. The dynamics
of the single-excitation subspace decouples to give

∂tρ̄
(jk)
νµ = iH(jl)

ντ ρ̄
(lk)
τµ − iρ̄(jl)ντ H(lk)∗

τµ , (6)

where ρ̄
(jk)
νµ = 〈G| σ̂−jνρσ̂

+
kµ |G〉 are the matrix elements of

ρ corresponding to the single excitation, |G〉 is the state
with all atoms in the ground state, and

H(jk)
µν = ∆µδjkδµν + Ω(jk)

µν (1− δjk) + iγ(jk)µν . (7)



3

While dissipation will mix the single-excitation sub-
space with the ground state, the dynamics within the
single-excitation subspace are coherent. Since we always
assume a pure initial state, the single-excitation part of
the density matrix retains the form

ρ̄(t) = |Ψ(t)〉 〈Ψ(t)| , (8)

where |Ψ(t)〉 is a single-excitation state whose norm
|〈Ψ(t)|Ψ(t)〉|2 is not conserved due to the dissipation.
This state can be expanded in terms of the atomic exci-
tations

|Ψ(t)〉 =
∑
j,ν

P(j)
ν (t) σ̂+

jν |G〉 . (9)

Regarding single-particle expectation values, equations
of motion can equivalently be written in terms of these
single-excitation subspace amplitudes [77]. Here we ex-
press this by rearranging the excitation amplitudes into

a vector b3j−1+ν = P(j)
ν (ν = −1, 0, 1), and similarly ar-

ranging the evolution Hamiltonian into a 3N×3N matrix

H′3j−1+ν,3k−1+µ = H(jk)
νµ . Then the time evolution is de-

scribed by

ḃ = iH′b, (10)

where H′ is a non-Hermitian matrix.
This matrix equation describing the dynamics of the

amplitudes of a single excitation state is formally equiva-
lent to the equations of motion of N classical linear cou-
pled dipoles. Thus we can interpret the results in terms
of the decay of a single photon, or the decay of a classical

coherent dipolar excitation. For a dipole P(j)
ν of the jth

atom, the scattered �eld at r reads [73]

ε0E
(j)(r) = G(r− rj)D

∑
ν

êνP(j)
ν . (11)

In order to understand the behavior of the system as
it evolves away from the initial condition, we study the
eigenvalues δn + iυn and eigenmodes vn of the coupling
matrix H′, where δn = ω−ωn is the shift of the collective
mode resonance from that of a single atom and υn is the
collective resonance linewidth.
Since H′ is not Hermitian, the eigenmodes will not be

orthogonal. However, we �nd that in all our numerical
simulations they still form a complete basis. One can
therefore uniquely express the excitation amplitudes as

b(t) =
∑
n

cn(t)vn. (12)

The amplitudes cn of the collective modes evolve inde-
pendently and each satisfy the equation of motion

ċn = (iδn − υn) cn, (13)

with solution

cn(t) = exp [t(iδn − υn)]cn(0). (14)

Due to the non-orthogonality of the eigenvectors, we use
the de�nition

Lj(t) =
|vTj b(t)|2∑
i |vTi b(0)|2

, (15)

for a measure of the occupation of an eigenmode vj in the
current state b. This has been shown to describe accu-
rately the contribution of the collective mode occupations
in the decay dynamics of radiative excitations [27]. This
measure can also be used to determine a target eigen-
mode of a �nite lattice which most closely matches an
ideal uniform mode with equal amplitude on every site.

B. E�ects of Zeeman splitting

In the absence of Zeeman splitting the J = 0→ J ′ = 1
transition is isotropic. This symmetry is broken by the
plane of the atomic lattice, and collective modes can be
grouped into those where the polarization is out-of-plane
and those where it is in plane. Zeeman splitting rotates
the polarizations around an e�ective magnetic �eld trans-
ferring the excitation between in-plane and out-of plane
modes [27]. We use this e�ect in Sec. IID to create an
initial localized out-of-plane excitation, and in Sec. II E
to couple the delocalized out-of-plane-excitation to an in-
plane excitation, allowing the light to radiate away.
We illustrate the e�ect of Zeeman splitting (along the

z direction) in coupling the x and y polarizations by
�rst considering a single isolated atom j. The transi-
tions |J = 0,m = 0〉 → |J ′ = 1,m = ±1〉 correspond to
the unit circular polarization vectors ê±. For a single

atom the polarizations P(j)
±1,0 evolve independently. How-

ever, if we instead write the equations of motion in the
Cartesian basis;

P(j)
x =

1√
2

(
P(j)
−1 − P

(j)
+1

)
, (16)

P(j)
y = − i√

2

(
P(j)
−1 + P(j)

+1

)
, (17)

then we obtain [27, 29]

∂tP(j)
x = (i∆0 − iδs − γ)P(j)

x − δaP(j)
y , (18)

∂tP(j)
y = (i∆0 − iδs − γ)P(j)

y + δaP(j)
x , (19)

where δs = −(∆++∆−)/2 = 0 and δa = (∆−−∆+)/2 =
∆ for the case of symmetric splitting. Hence, the two am-
plitudes are coupled and an initial polarization in the y
direction will act as a source of x polarization, and vice-
versa. In the absence of Zeeman splitting the isotropy of
the J = 0 → J ′ = 1 means that any orientation of the
basis vectors forms an eigenbasis. However, for ∆ 6= 0
the isotropy is broken; Px,y are no longer eigenstates and
will rotate around the e�ective magnetic �eld generat-
ing the Zeeman shift. In practise, the shift can be faster
to control using microwave- or laser-induced AC-Stark
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shifts [76]) than magnetic �elds. The sign of ∆ deter-
mines the direction of this rotation. Hence, depending
on this sign, a component Py can be rotated toward ei-
ther ±Px, which represent the same dipole orientation
but with a π phase di�erence. By preparing di�erent
atoms in di�erent internal states the sign of the Zeeman
splitting, and hence the orientation of the coupling be-
tween Py and Px, can be chosen to vary from site to site.
In this way uniform polarization in the y direction on
each atom can be coupled to two di�erent out-of-plane
modes which will be discussed further in Sec. IID 1, a
uniform mode where each dipole points in the x direc-
tion with the same phase, and an AFM one where each
dipole points in the x direction with the phase varying
by π between each atom and its nearest neighbors.

C. Initialization of localized excitation

In the analysis of the subradiance-protected excitation
spreading and collimated photon release, we �rst study
the initialization of a localized excitation which, for sim-
plicity, we take extend over nine sites. We will consider
two types of initial excitation, one where the central nine
atoms begin with polarization in the x direction which
is in phase, and one where this initial polarization varies
by a phase of π between neighboring atoms. To model
the initialization of these localized lattice excitations by
a single-photon source, we add the amplitude of the qubit
excitation Q to the dynamics described by Eq. (10),

∂tQ = −iJjµP(j)
µ , (20)

∂tP(j)
µ = −iJ∗jµQ+ iH(jk)

µν P(k)
ν , (21)

where Jjµ is the coupling of the qubit to the polarization
µ on atom j. Here we use a coupling that is approxi-
mately constant over a few atoms at the center of the
lattice, i.e., over distances of the order of a few wave-
lengths. One example of a possible implementation is
using a laser-assisted coupling and highly excited Ryd-
berg states. As in similar proposals [36, 78], the dressing
laser provides o�-resonance coupling between the ground
state of the lattice atoms and a Rydberg state, which
then has a dipole-dipole coupling to Rydberg states of
the qubit atom. In that case the coupling

Jjµ = J0Ωd(rj)[ê
∗
µ · G′(rj − rq)dq] (22)

is proportional to the dipole-dipole interaction with the
qubit dipole dq at position rq, and the spatially depen-
dent Rabi frequency of the dressing laser Ωd(rj).
We take the qubit to be displaced from the lattice in

the x direction, and have a dipole moment in the y direc-
tion. This primarily drives polarization in the y direction
in the lattice atoms, with equal phase. To initialize a lo-
calized excitation with polarization in the x direction,
Zeeman splitting is used to rotate the polarization, as
discussed in Sec. II B. If the direction of the rotation is

the same for all atoms, this initial state will then have
in-phase polarization in the x direction. Alternatively,
by varying the sign of the Zeeman splitting ∆, the y po-
larization can be made to rotate in opposite directions
on di�erent sites. The spatial variation of the level shift
could possibly be created by directly adjusting the atom
traps or by the AC Stark shift of an external standing-
wave laser with the intensity varying along the diagonal
of the array (along the direction ŷ+ ẑ) with the intensity

maxima separated by
√

2d.2 This results in an initial lo-
calized excitation with the checkerboard-pattern of the
phase of Px di�ering by π between di�erent sites. An
alternative approach is to have atoms in di�erent hy-
per�ne states occupying the di�erent lattice sites [79],
with the associated description of the atom-light dynam-
ics [74, 80]. Independently of which eigenmode we are
targeting, a simple numerical example shows that a single
photon from the nearby qubit can in principle be trans-
ferred accurately very close to the desired initial state.

D. Excitation spreading

We now study numerically the evolution and decay of
an initial localized excitation consisting of a single pho-
ton. We examine how the appropriately prepared ex-
citation spreads across the lattice due to a subradiant
collective mode and comes to occupy a target delocalized
mode.

1. Collective modes

Once the initial excitation (Sec. II C) is established,
the Zeeman shift is turned o�, and the state evolves
with ∆ = 0 until we consider releasing the excitation
in Sec. II E. While the excitation decays to zero in the
long-time limit, it is clear from Eq. (14) that if there is
appreciable initial excitation of a subradiant state with
υn � γ, then this will dominate at intermediate times
when other mode amplitudes have decayed. There are
two such modes that we target here. The �rst consists of
coherent uniform in-phase polarization which points per-
pendicular to the plane, along the x axis, and which we
denote by PP . This eigenmode can be targeted with an
appropriate initial excitation of in-phase x polarization,
even when this initial excitation is highly localized. Here

2 Suitable transitions could be found, e.g., with Sr or Yb. For
the 3P0 →3 D1 transition of 88Sr [37], the resonance wavelength
λ ' 2.6µm and the linewidth 2.9× 105/s. For the case of optical
lattices the array spacing d at magic wavelength for the same
transition can be as short as 206.4nm, yielding d/λ ' 0.08. The
optical lattice spacing for a 2D planar lattice can also be con-
trolled to achieve the right periodicity by tilting the propagation
direction of the lasers forming the lattice.
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FIG. 2. Collective linewidth as a function of lattice spac-
ing of the uniform out-of-plane eigenmode (υP ), the uniform-
in-plane eigenmode (υI), and the antiferromagnetic (AFM)
out-of-plane eigenmode (υAF) with the phase of polarization
varying by π between nearest neighbors. The linewidth of
the AFM mode falls rapidly when it crosses the light line at
d = λ/

√
2, where it would go to zero in the N → ∞ limit.

The dashed-dotted line shows the analytic in�nite-lattice limit
formula for υI given by Eq. (23), which is valid only for d < λ.

we also target another collective eigenmode, an AFM ex-
citation denoted by PAF , where each atom has a polar-
ization in the normal direction along the x axis which is
π out of phase with each of its nearest neighbors. This
mode is of interest because it has quickly varying phase
across the lattice, but can be reached from a localized
initial excitation where the polarization of almost all the
atoms is zero. This localized excitation consists of al-
ternating polarization P(j)

x = ±1/3 on the central nine
atoms.

We also consider a third mode, denoted PI , which has a
uniform in-phase polarization in-plane, here chosen to be
along the y axis. The eigenmode PI directly couples to an
incident plane wave propagating normal to the plane and
is generally very easy to excite. Similarly to the single
atom case, the out-of-plane eigenmodes PP and PAF can
be directly coupled to PI by a symmetry breaking where
induced Zeeman level shifts drive transitions between the
modes [27, 29]. The uniform modes have previously been
shown to be useful in understanding the spectral response
of the array, and can play the role of collective versions of
dark and bright states [29] of a standard single-particle
electromagnetic induced transparency (EIT) [81].

The resonance linewidth of each of these modes is
shown in Fig. 2 as a function of lattice spacing for a
31 × 31 lattice. The uniform out-of-plane mode PP and
the AFM mode PAF can be strongly subradiant at the
appropriate array spacings. The AFM mode has maxi-
mum phase variation in the y and z directions, and so for
periodic boundary conditions is located at the corner of
the Brillouin zone with quasi-momentum q = (π/d, π/d).

For small lattice spacing the quasi-momentum here is
greater than the free-space wavevector, |q| > k, and the
mode cannot decay [22]. While the linewidth is non-
zero for a �nite lattice, it is still much smaller than the
linewidths of the uniform eigenmodes for d <∼ λ/

√
2. This

linewidth depends strongly on the lattice size. It is easy
to show numerically that the scaling with the total atom
number N satis�es υP /γ ≈ N−3, as, e.g., for the most
subradiant mode in 1D atomic chains [32, 48]. The uni-
form modes at q = 0 are not protected by momentum
conservation; in the limit of an in�nite array the uniform
in-plane eigenmode only radiates exactly normal to the
plane (the zeroth order Bragg peak) for any subwave-
length lattice spacing [24, 27, 52]. For the PP mode,
however, the dipoles oscillate along the x axis and so
emit mainly in the lattice plane, where light is absorbed
by other atoms and must undergo many scattering events
to escape. This leads to this mode also being very sub-
radiant for larger lattices, scaling as υP /γ ≈ N−0.9 [27],
with the mode becoming completely dark in the in�nite
lattice limit, limN→∞ υP = 0. The in-plane mode PI
has a linewidth which is well described for d < λ by its
large-N limit [24, 29]

υI,∞ ≡ lim
N→∞

υI =
3λ2γ

4πd2
. (23)

Here we show that these eigenmodes make
subradiance-protected excitation spreading possible
in 2D arrays. As a consequence, even localized initial
excitations can produce collimated emission of light orig-
inating from coherently oscillating atomic dipoles across
the entire lattice. The protocol requires that we choose
the initial excitation to match one of these eigenmodes
in the center of the lattice, and to be zero everywhere
else, such that the excitation has a non-zero overlap with
the targeted collective mode. Since this mode is strongly
subradiant, and as other modes decay, it will come to
dominate and the initial localized excitation will quickly
evolve into a coherent, subradiant state extended across
the entire lattice. We determine the occupation of a
particular eigenmode vj by Lj(t) de�ned by Eq. (15).
We take this measure to be normalized at t = 0.

2. Time evolution

For a 31 × 31 square lattice with a lattice spacing of
d = 0.75λ and ∆ = 0, the uniform mode PP is very sub-
radiant, with a linewidth (5×10−4)γ, as shown in Fig. 2.
To target this mode, we start from an initial excitation

which has P(j)
x = 1/3 on the central nine atoms and 0 on

all other atoms. The resulting time dynamics are shown
in Fig. 3 (a), where the mode occupation of the uniform
perpendicular mode, LP , is plotted along with the sum of
the occupations of all other eigenmodes, denoted by L′.
The dynamics can be understood by looking at the initial
mode occupations, plotted in Fig. 3 (b). While several
modes are initially occupied, the target mode, indicated
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FIG. 3. Time evolution and initial eigenmode distribution of
a localized excitation. (a) The occupation measure LP for the
uniform out-of-plane mode and the sum L′ of the occupation
measure of all other modes for an initial in-phase out-of-plane
excitation localized on the central nine atoms of a 31×31 lat-
tice, with lattice spacing d = 0.75λ. The delocalized uniform
mode quickly grows to 100% of the remaining excitation. (b)
The initial mode occupations for the initial excitation and pa-
rameters in (a), ordered by collective linewidth υi. The target
uniform out-of-plane mode is illustrated by the red square.
(c) Mode occupation LAF of the AFM out-of-plane mode and
the sum L′ of all other mode occupations for an initial out-
of-plane excitation localized on the central nine atoms, the
phase of which varies by π between nearest neighbors. Here
the the 31× 31 lattice has lattice spacing d = 0.45λ. (d) The
initial mode occupations for the initial excitation and parame-
ters in (c), where the red square now denotes the target AFM
delocalized mode. (e) Mode occupation LI of the uniform
in-plane mode, and the sum of L′ of all other modes for an
initial in-phase in-plane excitation on the central nine atoms,
showing that in the absence of subradiance the delocalization
is not achieved. (f) Initial mode occupation for the excitation
in (e), where the red square indicates the uniform in-plane
mode.

by the red square, is the most subradiant. As the less
subradiant modes decay rapidly, the total excitation ini-
tially falls o� quickly. However, because the target mode
is very subradiant, the population of this mode decays
much slower, and after some time it becomes the domi-
nant mode. At this point, light is e�ectively stored in a

very subradiant state delocalized across the entire lattice.

The initial excitation and the time dynamics for the
AFM mode are shown in Fig. 3 (c) and (d). As in the
case of the uniform mode, the initial localized excitation
tends to a delocalized state. However, due to the sharp
transition to a highly subradiant mode at d < λ/

√
2,

there is a larger gap between this mode and other occu-
pied modes, as can be seen in Fig. 3 (d). This means
that the target delocalized mode decays much less in the
time it takes to become the dominant mode.

The importance of subradiance in letting the excitation
spread across the lattice is illustrated by comparing an
attempt to target the uniform in-plane mode PI . The
result is shown in Fig. 3 (e) and (f). Because the excited
modes are not signi�cantly subradiant, the occupations
decay on a much faster timescale. Even within this short
time, however, the occupation of the target mode is never
higher than that of all other modes.

The spatial spreading is illustrated in Fig. 4, which
shows the absolute value of the excitation amplitude
(which always points normal to the plane) across the
lattice at various times, for initial in-phase and AFM
excitation at the center. For the out-of-plane mode the
excitation quickly spreads across the lattice as each eigen-
mode component of the initial excitation decays at dif-
ferent rates. After about t = 500/γ, the excitation has
settled into the most subradiant target mode. While the
AFM mode behaves similarly, the timescale is longer due
to the smaller linewidth of many of the occupied modes.

In Fig. 5 we plot the time taken for the occupation
measure of the target uniform mode to reach a �xed per-
centage of the sum of all occupations, starting from an
initial localized in-phase excitation on the central nine
atoms. For each percentage, the time taken is directly
proportional to the total atom number N ∼ 1/γP (while
for the AFM mode it is proportional to N3). Conversely,
we note that the share of the initial occupation measure
at t = 0 is proportional to 1/N .

In the case of both the modes PP and PAF, while the
initial excitation is successfully transferred to the target
mode, the �nal overall occupation is much less than the
total initial occupation, which is normalized to one. This
is due to the low occupation of the target mode in the
initial state, which is approximately 0.035 in both cases.
While the uniform mode Pp is subradiant, the initial oc-
cupation still decays to L ≈ 0.018 by the time the occupa-
tion of all other modes has become negligible. The sharp
decrease in the lifetime of the AFM mode below the light
line leads to a much smaller decay, with L ≈ 0.032 by
the time it has become the dominant mode. In the case
of a single photon excitation, the occupation measure in-
dicates the probability that the photon has reached the
target mode (in the latter case, approximately once in
every 30 realizations). The relatively small initial oc-
cupation of both modes is a direct result of the initial
excitation being localized to ≈ 1% of the atoms. This
could be improved by starting with a larger excitation.
The occupation of the target mode rises to 0.07 for an ini-
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

FIG. 4. Spatial distribution of the absolute value of polarization |P | (the polarization is oriented normal to the lattice plane)
on each atom of a 31× 31 lattice at varying times. (a-e) Evolution of an in-phase excitation (targeting uniform PP mode) with
lattice spacing d = 0.75λ at times γt = 0, 50, 100, 400, and 800, and (f-j) evolution of an AFM excitation (targeting AFM PAF

mode) with lattice spacing d = 0.45λ at times γt = 0, 4 × 103, 8 × 103, 3 × 105, and 6 × 105, from left to right. Note that at
each time slice |P | is normalized independently.

FIG. 5. Time t taken for the uniform delocalized mode
occupation measure to contribute di�erent percentages of the
sum of all occupation measures, as a function of atom number
N . Black lines show linear �ts.

tial excitation of the central 16 atoms for example, and
to 0.1 for an initial excitation of the central 25 atoms.
Several experimental realizations of quantum memories
have achieved much lower e�ciencies [82, 83].

E. Photon release

In the previous section we described how an initially lo-
calized excitation can be transferred to a delocalized sub-
radiant eigenmode occupation, extending over the entire
array of atoms. As the photon then is e�ectively stored
in a subradiant state, it decays slowly and little light is
emitted. To release the photon, the Zeeman splitting can
be introduced at the desired time by turning on a mag-
netic �eld or by utilizing AC-Stark shifts of lasers or mi-

crowaves [76]. As discussed in Sec. II B for a single-atom,
this couples the x and y components of polarization.
The e�ect on the many-atom lattice can similarly be

understood by considering the uniform in-plane eigen-
mode PI , and one of the two out-of-plane eigenmodes of
the system PAF and Pp. When we introduce a non-zero
Zeeman splitting, these modes are no longer eigenmodes,
but coupling is introduced between in-plane and out-of-
plane modes. The dynamics in the presence of Zeeman
splitting can be understood by considering a two-mode
model [27, 29], which for a driven system represents a lin-
earized version of the EIT equations for bright and dark
states [81]. The two-mode model qualitatively captures
many aspects of the dynamics of the full lattice for su�-
ciently large arrays, since the phase-matching conditions
of the other modes are not satis�ed. We �nd that it can
also illustrate how the excitation is transferred from one
of the dark, subradiant modes to the uniform in-plane
mode in the present case. In analogy to the case for a sin-
gle atom described by Eq. (18), (19), the relevant physics
is captured by the simple coupled two-mode dynamics

ṖP\AF = (iδP\AF − υP\AF)PP\AF −∆(j)PI , (24a)

ṖI = (iδI − υI)PI + ∆(j)PP\AF , (24b)

where δP\AF is the collective resonance shift and υP\AF

the collective linewidth of the uniform out-of-plane or
AFM out-of-plane mode, and δI the collective resonance
shift and υI the collective linewidth of the uniform in-
plane mode. Here to couple Pp and PI we choose the

symmetric Zeeman splitting on atom j to be ∆(j) = ∆,
identical for all atoms, while to couple PAF and PI we
take the splitting on atom j, indexed in the y and z direc-
tion by jy, jz respectively, to be ∆(j) = (−1)jy (−1)jz∆,
alternating between neighboring sites.
As seen from Eq. (24a) and (24b), in the presence of

Zeeman splitting, PP or PAF is no longer an eigenmode,
and the dipoles start to rotate towards the plane. Ap-
plying the splitting for a short time, the excitation can
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FIG. 6. Highly collimated light emission from a uniform
subradiant eigenmode delocalized across the entire 31 × 31
array, with d = 0.75λ. (a) To release the light, Zeeman level
splitting ∆ = 3.3γ is introduced, either by a magnetic �eld
or by AC-stark shifts, at t = 800/γ for a short period of time
0.5/γ to transfer the excitation from the collective eigenmode
where the dipoles are uniformly pointing normal to the lattice
(with the occupation measure LP ) to the one where they are
coherently oscillating in phase on the lattice plane (LI). The
sum of the occupations of all the other modes is L′. (b) Image
of the far-�eld radiation of the initial excitation at t = 0,
and (c) the released radiation at t = 801/γ. (d) The angle
θmax such that 99% of the integrated far �eld intensity is
between 0 < θ < θmax, where θ = arctan (

√
k2y + k2z/kx), as

a function of the number of atoms N . To compare di�erent
lattice sizes, the excitation is released when the target mode
accounts for 90% of the population. (e) Far-�eld radiation
for a 71× 71 lattice, released when 90% of the excitation was
in the mode PP , showing highly directional emission of the
stored excitation. The intensity Irel is plotted in relative units
scaled to a maximum of one.

then be transferred to the mode PI , where each atom
has approximately uniform in-phase polarization in the
y direction, with much faster emission rate, allowing the
excitation to quickly radiate away. We calculate the
emitted light, given by the sum of all the atomic con-
tributions from Eq. (11), in the far-�eld limit (r � d, λ,

where r is the distance from the source to the obser-
vation point) [73]. While we show here numerical re-
sults for the case of the uniform mode, the stored AFM
mode could also be released in a similar manner. The two
mode model captures much of the physics because once
the dipoles are all oscillating with a �xed phase relation,
they will continue to do so even when Zeeman splitting is
present and the direction of the e�ective magnetic �eld
breaks the isotropy of the J = 0→ J ′ = 1 transition.

Figure 6 shows the results of Zeeman splitting being
turned on at t = 800/γ for a short time, for the stored
uniform out-of-plane mode. As soon as the splitting is
turned on, the occupation PP falls rapidly, while the oc-
cupation of the in-plane mode PI shows a corresponding
rise. Since this mode has a much larger linewidth, the
occupation then begins to fall quickly and, within a time
≈ 5/γ, the photon has been emitted from the lattice.

While emission from the initial excitation is omnidi-
rectional, emission from the delocalized mode is highly
collimated along the direction of the x axis, perpendicu-
lar to the lattice. We quantify this by the angle θmax such
that integrating between 0 ≤ θ ≤ θmax and 0 ≤ φ ≤ 2π
gives 99% of the total integrated forward-scattered inten-

sity, where θ = arctan (
√
k2y + k2z/kx) is the polar angle

of the ray to the kx axis and φ = arctan (ky/kz) the
azimuthal angle in the kykz plane. For the initial exci-
tation, this angle is θmax = 0.997(π/2), i.e. the light is
not collimated at all. However, when the excitation is
released from the delocalized mode, the photon emission
is highly directional, with θmax = 0.05(π/2). In this case
the emission is equal in the forward and backward direc-
tions. Forward-only scattering could be achieved using
two arrays o�set in the x direction with a suitable phase
shift [36], analogously to the directed radiation of anten-
nas. In the presence of resonant-coupled light and atoms,
each layer can be considered as a `superatom', exhibit-
ing its own resonance linewidth and line shift, and the
analysis of the system is similar to the one of two 1D
atoms [29, 43, 52].

The far-�eld radiation pattern of the delocalized mode
is that of a 2D di�raction grating, dominated by the cen-
tral zeroth order Bragg peak (the higher order Bragg
peaks do not exist because of the subwavelength lattice
spacing). For lattices with a higher number of atoms,
this central peak becomes sharper. To compare di�er-
ent lattice sizes we start with the same initial excitation
on the central nine atoms, and let it evolve until the
target uniform mode accounts for 90% of the remaining
mode occupation. Increasing the number of atoms leads
to a sharp drop in θmax, as shown in Fig. 6 (d). For the
largest lattice (71× 71), we �nd θmax = 0.02(π/2) which
represents a photon wave-packet that is highly localized
in k-space. For an in�nite array, the propagation reaches
the precise 1D limit, propagating only in the x direction.

The process described in this section is reminiscent of
the procedure to slow and store light within an atomic
cloud using the standard single-particle EIT [84, 85]. In
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(a)

(b)

FIG. 7. (a) Decay of polarization |P | for a localized in-phase
uniform out-of-plane excitation for position �uctuations with
standard deviation l around each site, and of a localized in-
phase in-plane excitation at �xed atom position for compar-
ison. At long times, the out-of-plane excitations are well de-
scribed by a single exponential, and the extracted decay rates
γe for γt > 40, from top to bottom, are γe/γ = 6×10−3, 0.01,
and 0.03. The decay rate of the in-plane excitation is 0.5γ.
(b) A histogram of the occupation measure of the initial exci-
tation of in-phase polarization on the central nine atoms with
each eigenmode having a decay rate υ (dark blue), and the
distribution of the most subradiant modes which contribute
up to 30% of the excitation for each realizations (light green).
Results are averaged over 5000 individual realizations of po-
sition �uctuations.

our case it is the collective modes of the atomic array
which act as the bright and dark states. To release the
photon, the Zeeman splitting couples these states, play-
ing the role of the coupling laser which is usually used to
restore transparency. This allows the photon to radiate
away while preserving spatial coherence.

F. The e�ects of position �uctuations

While the depth of the atomic trapping potential is
su�cient to ensure the atoms remain in the ground state
of the trap, the wavefunction in this state has a �nite
size whose width could be suppressed, e.g., by engineer-
ing the optical lattice potential [86]. We account for the
�nite size by taking many individual realizations with
�xed atom positions drawn randomly from a harmonic
oscillator ground-state probability distribution for each
lattice site with root-mean-square width l, and stochas-
tically averaging over these realizations [21]. This proce-

dure has been shown to be exact in the limit of low light
intensity [74, 87]. The result of spatial disorder is shown
in Fig. 7, where we plot the surviving amplitude P =√∑

j,µ |P
(j)
µ |2 as a function of time for varying �uctua-

tion lengths. For increasing disorder, the excitation de-
cays more quickly, as also observed in other subradiance-
protected excitation transfer studies [70]. However, in
these cases the lifetime is still much longer than the cor-
responding case of an in-phase in-plane localized excita-
tion with no disorder. This can be understood by look-
ing at the distribution of the eigenmodes, weighted by
their initial occupation L, across many stochastic real-
izations. This is compared in Fig. 7 in the case of the
uniform excitation to the distribution of the most sub-
radiant modes which contribute up to 30% of the initial
excitation of each realization, shown in green. Although
disorder means that each realization has far fewer very
subradiant modes, these few modes are consistently well-
represented in the initial excitation.

III. CONCLUDING REMARKS

Subradiant states are isolated from the environment
and therefore di�cult to excite. Standard �eld excita-
tion typically only results in a very small fraction of
the total population to notably subradiant modes [11].
Transferring a more substantial population to very slowly
radiating states typically requires �rst the breaking of
the eigenmode symmetry before the excitation, followed
by restoration of the symmetry, such that the modes
are temporarily made to interact with radiation [27].
Promisingly, a narrowed transmission linewidth has now
been experimentally observed in a Mott-insulator state
of atoms [88].

Here we showed how to achieve subradiance-protected
excitation spreading in 2D arrays by manipulating the
atomic level shifts. Remarkably, this allows us to use
even an initial localized single-photon excitation to pro-
duce a delocalized collimated emission from the array.
In the procedure a localized single-photon excitation of
an atomic lattice, with omnidirectional emission, spreads
out into a subradiant state which is delocalized across
the whole lattice and is protected from decay.

We considered two strongly subradiant target eigen-
modes into which the initial excitation can evolve and
showed how they can be excited. In the both cases the
suppressed emission is achieved by reorienting the atomic
dipoles normal to the lattice plane. For the uniformly os-
cillating dipoles, the mode is similar to the one studied in
Refs. [27, 29] for coherent driving. The AFM mode, how-
ever, with the polarization of each atom π out of phase
with its nearest neighbors, can be signi�cantly more sub-
radiant, as it crosses the light line at d = λ/

√
2 [22],

and is particularly promising for potential applications
involving a photon storage.

Our protocol could form part of a quantum informa-
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tion or quantum computing architecture [36, 54, 89],
coupling via short-range interactions to an input state,
and coherently converting this local excitation into di-
rectional emission, and e�ective 1D propagation. This
output could then be transferred via free space to an-
other stage. Future work could identify collective quan-
tum e�ects in higher-order correlations beyond the single-
excitation limit, and study the e�ect of such correlations

on the emitted collimated light.
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