Heat and work along individual trajectories of a quantum bit
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We use a near quantum limited detector to experimentally track individual quantum state trajectories of a driven qubit formed by the hybridization of a waveguide cavity and a transmon circuit.
For each measured quantum coherent trajectory, we separately identify energy changes of the qubit
as heat and work, and verify the first law of thermodynamics for an open quantum system. We
further establish the consistency of these results by comparison with the master equation approach
and the two-projective-measurement scheme, both for open and closed dynamics, with the help of a
quantum feedback loop that compensates for the exchanged heat and effectively isolates the qubit.

Continuous measurement of a quantum bit can be used
to track individual trajectories of its state. Due to the
intrinsic quantum fluctuations of a detector, measurement is an inherently stochastic process [1]. If a quantum system starts in a given state, then by accurately
monitoring the fluctuations of the detector, it is possible to reconstruct single quantum trajectories, which
describe the evolution of the quantum state conditioned
to the measurement outcome [1]. The idea of quantum
trajectories made its transition from a theoretical tool
(unraveling) to simulate open quantum systems [2] to a
physically accessible quantity with the experimental ability of tracking these trajectories in optical [3, 4] and more
recently in solid state [5, 6] systems. Continuous monitoring of superconducting qubits has, for example, enabled
continuous feedback control [7–9], the determination of
weak values [10–12], and the production of deterministic
entanglement [13, 14]. In view of their ability to combine quantum trajectory monitoring with external unitary driving, these superconducting devices additionally
offer a unique platform to explore energy exchanges and
thermodynamics along single quantum trajectories.
The laws of thermodynamics classify energy changes
for macroscopic systems as work performed by external
driving and heat exchanged with the environment [15]. In
past decades, these principles have been successfully extended to the level of classical trajectories to account for
thermal fluctuations [16]. By providing a theoretical and
experimental framework for determining work and heat
along individual trajectories, stochastic thermodynamics
has paved the way for the study of the energetics of microscopic systems, from colloidal particles to enzymes and
molecular motors [17, 18]. The further generalization of
thermodynamics to include quantum fluctuations faces
unique challenges, ranging from the proper identification
of heat and work to the clarification of the role of coherence [19–22]. Quantum heat is commonly associated

with the nonunitary part of the dynamics [23–25], carrying over the classical notion of energy exchanged with the
surroundings. This definition has recently been extended
to the level of single discrete quantum jumps [26–31] and
to individual continuous quantum trajectories [32, 33].
Other definitions of quantum work and heat have been
put forward, for instance based on the single shot approach [34, 35] or quantum resource theory [36, 37]. This
diversity of theoretical approaches emphasizes the crucial
importance of an experimental study.
We here report the measurement of work and heat associated with unitary and non-unitatry dynamics along
single quantum trajectories of a superconducting qubit.
The qubit evolves under continuous unitary evolution
and is only weakly coupled to the detector. As a result, information about its state may be inferred from the
measured signal without projecting it into eigenstates.
This system might thus generically be in coherent superpositions of energy eigenstates. We show that the
measured heat and work are consistent with the first law
and prove the agreement with both the two-projectivemeasurement (TPM) scheme [38] and the master equation approach [23–25]. We finally establish the correspondence with the TPM work in the unitary limit by
employing a phase-locking quantum feedback loop that
effectively compensates for the heat.
Heat and work along quantum trajectories. In macroscopic thermodynamics, work performed on a thermally
isolated system is defined as the variation of internal energy, W = ∆U [15]. According to the first law, heat is
given by the difference, Q = ∆U − W , for systems that
are not thermally isolated [15]. Thermal isolation is thus
essential to distinguish heat from work. At the quantum
level, identifying heat and work is more involved, because
quantum systems do not necessarily occupy definite energy states. Energy changes are usually defined in terms
of transition probabilities between energy eigenstates in
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the so-called two-projective-measurement (TPM) scheme
[38]. For a driven quantum system described by the
Hamiltonian Ht , the distribution of the total energy variation ∆U is thus given by [38],
X
τ
τ
P (∆U ) =
Pm,n
Pn0 δ[∆U − (Em
− En0 )],
(1)

single quantum trajectory ρ̃t then reads dŨ = δ W̃ + δ Q̃,
with δ W̃ = tr[ρ̃t−dt dHt ] and δ Q̃ = tr[Ht dρ̃t ] [45]. When
integrated over time, the first law takes the form,
Z τ
Z τ
Z τ
δ W̃
δ Q̃
dŨ
dt =
dt +
dt,
(4)
∆Ũ =
dt
0
0 dt
0 dt

m,n

where Pn0 denote the initial occupation probabilities,
τ
Pm,n
are the transition probabilities between initial and
τ
final eigenvalues En0 and Em
of Ht , and τ is the duration
of the driving protocol. This relation has been used to
experimentally determine the work distribution in closed
quantum systems such as NMR, trapped ion, and cold
atom systems [39–41], for which ∆U = W .
However, in open quantum systems, the total energy
change ∆U cannot, in general, be uniquely separated into
heat and work [42] and several definitions have been proposed [23–37]. Open quantum systems can be described
with density operator ρt with evolution given by a quantum master equation [43],
i
dρt
= − [Ht , ρt ] + Lρt ,
dt
~

(2)

where L is a Lindblad dissipator. In this case, the first
law has been written in the usual form, ∆Ū = Q̄ + W̄ ,
with [23–25],




Z τ
Z τ
dρt
dHt
Q̄ =
dt tr
Ht , W̄ =
. (3)
dt tr ρt
dt
dt
0
0
As in classical thermodynamics, Q̄ is the energy supplied to the system by the environment and W̄ the work
done by external driving. The above definition of quantum work has been originally introduced by Pusz and
Woronowicz in a C ∗ -algebraic context [44] and recently
applied to individual discrete quantum jumps [26–29].
In our experiment, we examine how quantum heat and
work can be consistently identified for systems whose environment consists of a continuously coupled quantum
limited detector, an effectively zero temperature reservoir [1]. The ability to track quantum state trajectories
enables energy changes to be decomposed separately into
heat and work components [32, 33]. The starting point of
our analysis is that the quantum state evolution consists
of both a unitary part and, because of the continuous
monitoring, an additional nonunitary component: the
former is again identified as work, the latter as heat, in
analogy to macroscopic thermodynamics [32, 33]. Specifically, for an infinitesimal time interval dt, a change of the
conditional density operator for a single trajectory may
be written as dρ̃t = δW[ρ̃t ]dt + δQ[ρ̃t ]dt, where δW[ρ̃t ]
and δQ[ρ̃t ] are superoperators associated with the respective unitary and nonunitary dynamics [32]. The tilde here
marks quantities that are evaluated in different realizations of the experiment, as opposed to quantities averaged over the possible trajectories. The first law along a

for each quantum trajectory. Equation (4) is a quantum extension of the first law of stochastic thermodynamics. It relates the average change of energy ∆Ũ with
the path-dependent heat Q̃ and work W̃ . Similarly, we
may distinguish quantum heat and work contributions to
changes of the transition probabilities [32],
W
Q
dP̃m,n = δ P̃m,n
+ δ P̃m,n
,

(5)

along single quantum trajectories [45].
The consistency of the decompositions (4) and (5) may
be established in three independent ways: P
(i) the total energy change along a trajectory, ∆P
Ũ =
dŨ , and
the total transition probability, P̃nm = dP̃nm , may be
compared to the TPM approach [38], (ii) the stochastic
heat and work contributions (4) may be compared to the
mean quantities (3) after averaging over stochastic and
quantum fluctuations, and (iii) finally, the work (4) along
a trajectory may be directly compared to the TPM result
(1) in the unitary limit when heat vanishes. In that case,
τ
− En0 = W [45].
∆Ũ = ∆U = Em
Experimental set-up. The qubit is realized by the nearresonant interaction of a transmon circuit [46] and a three
dimensional aluminum cavity [47] capacitivley coupled to
a 50 Ω transmission line. Resonant coupling between the
circuit and cavity results in an effective qubit which is
described by the Hamiltonian, Hq = −~ωq σz /2, and depicted in Figure 1a. The radiative interaction between
the qubit and transmission line is given by the interaction Hamiltonian, Hint = ~γ(aσ+ + a† σ− ), where γ
is the coupling rate between the electromagnetic field
mode corresponding to a (a† ), the annihilation (creation)
operator, and the qubit state transitions denoted by
σ+ (σ− ), the raising (lowering) ladder operator for the
qubit. By virtue of this interaction Hamiltonian, a homodyne measurement along an arbitrary quadrature of
the quantized electromagnetic field of the transmission
line, ae−iϕ + a† e+iϕ , results in weak measurement along
the corresponding dipole of the qubit, σ+ e−iϕ + σ− e+iϕ
[48]. In order to perform work on the qubit, we introduce
a classical time-dependent field described by the Hamiltonian HR = ~ΩR σy cos(ωq t + ϕ), where ωq is the resonance frequency of the qubit and ΩR is the Rabi drive
frequency.
Homodyne monitoring is performed with a Josephson
parametric amplifier [49, 50] operated in phase-sensitive
mode. We adjust the homodyne detection quadrature
such that the homodyne signal dVt obtained over the time
interval (t, t + dt) provides an indirect signature [51] of
the real part of σ− = (σx + iσy )/2. The detector signal
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FIG. 1. Evaluating heat and work along single quantum trajectories. (a), Schematic of the qubit system, drive, and homodyne
detection. (b), Work (blue), heat (red) and energy (green) along a single trajectory. The discrete timestep resolution is δt = 20
ns, the smallest compatible with the detection bandwidth (c), A scatter plot of final work and heat contributions to the P0,0
transition probability for an ensemble of ∼ 104 experimental protocols of duration 2 µs. Each experimental sequence terminates
with a projective measurement and the color of the points indicate the outcome of this measurement (orange: m = 1, purple:
m = 0). The heat and work contributions are not necessarily bounded, but their sum is limited to [-1,0] as expected. (d),
The total energy along a single quantum trajectory (green) compared to the total energy as determined from an ensemble of
projective measurements at each time point (circles). The error bars indicate the standard error of the mean. (e), Projective
Q
W
measurements binned and averaged according to the sum of the work and heat contributions P̃0,0
+ P̃0,0
. The error bars indicate
Q
W
the standard error of the mean based on the number of occurrences (N ) for each value of P̃0,0 + P̃0,0 (inset).

√
√
is given by dVt = ηγhσx idt + γdXt , where η is the
quantum efficiency of the homodyne detection, γ is the
radiative decay rate, and dXt is a zero-mean Gaussian
random variable with variance dt.
The qubit evolution, given both driven evolution HR
and homodyne measurement results dVt , is described in
the rotating frame by the stochastic master equation [52],
i
dρ̃t = − [HR , ρ̃t ] dt + γD[σ− ]ρ̃t dt
~
√
+ ηγH[σ− dXt ]ρ̃t ,

(6)

where D[σ− ]ρ̃ = σ− ρ̃σ+ − 12 (σ+ σ− ρ̃ + ρ̃σ+ σ− ) and
H[O]ρ̃ = Oρ̃ + ρ̃O† − tr[(O + O† )ρ̃]ρ̃ are the dissipation
and jump superoperators, respectively. By taking the
ensemble average, Eq. (6) reduces to a master equation
of the form (2) with dissipator Lρt = γD[σ− ]ρt , which
describes the coupling to a zero-temperature reservoir [1].
We next introduce the experimental protocols to determine the stochastic heat and work contributions. We
identify the instantaneous work contribution δW[ρ̃t ] with
the first (unitary) term in Eq. (6), while the instantaneous heat contribution δQ[ρ̃t ] is associated with the latter two (nonunitary) terms. Although the system could,
in general, exchange energy with the detector in the
form of heat or work, the homodyne measurement in our
experiment only induces a zero-mean stochastic backaction, which guarantees no extra work is done by the
detection process.

Having access to the instantaneous heat and work contributions from an individual quantum trajectory, we
now verify the first law in the form of Eqs. (4) and (5).
For this, we initialize the qubit in the eigenstate n, and
then drive the qubit while collecting the homodyne measurement signal. Figure 1b shows the path-dependent
instantaneous heat and work contributions, δ Q̃ and δ W̃ ,
and the corresponding changes in internal energy dŨ for
a single trajectory originating in n = 0. After time τ ,
we projectively measure [53] the qubit in state m and
then repeat the experiment several times. In Figure 1c
we show a scatter plot of the calculated heat and work
Q
and
contributions to the transition probabilities, P̃m,n
W
P̃m,n , for τ = 2 µs. Each single quantum trajectory exhibits different heat and work contributions, highlighting
the stochastic nature of its quantum evolution. Using individual heat and work trajectories we now address the
consistency of these decompositions in three independent
ways.
(i) Total energy change—In order to establish the consistency of these results with the TPM scheme [38], we
first show in Figure
P 1d the path-dependent total energy
variation ∆Ũ =
δ Ũ for a single trajectory and the
τ
path-independent total energy change ∆U = (~ωq )P1,0
obtained via projective measurements performed at various intermediate times [45]. We find that the pathindependent energy changes are in excellent agreement
with the energy changes along a single quantum trajectory. In Figure 1e we further compare the path-
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FIG. 2. Comparison of stochastic and average heat and work
quantities. (a), Individual heat and work trajectories Q̃, W̃
are displayed as transparent red and blue traces. The mean
of these individual trajectories hQ̃i, and hW̃ i are displayed
as dashed lines which are in good agreement with the mean
values from the master equation, Q̄ and W̄ , Eq. (3), solid lines.
(b), Distributions of Q̃ and W̃ at evolution time τ = 6 µs.

independent transition probability P0,0 to the sum of the
Q
W
path-dependent work and heat contributions, P̃0,0
+ P̃0,0
,
for experiments of variable duration τ = [0, 8] µs. We
again observe very good agreement.
(ii) Correspondence with master equation definitions—
Figure 2 displays the time evolution of the heat Q̃ and
work W̃ along single trajectories, as well as their respective mean values. The ensemble average of the individual
work hW̃ i and heat hQ̃i trajectories agrees well with the
the averaged values, Q̄ and W̄ , Eq. (3), thus recovering
the expression by Pusz and Woronowicz [44] at the level
of unraveled quantum trajectories. In addition, the individual trajectories allows examination of the heat and
work distributions (Fig. 2b) at each timestep.
(iii) The unitary limit—We finally show correspondence of the quantum trajectory work W̃ and the TPM
τ
− En0 , for a single realization by experiwork, W = Em
mentally isolating the system with a quantum feedback
loop [1]. The essence of feedback is to compensate for
the effect of the detector by adjusting the Hamiltonian at
each timestep, δQ[ρ̃t ], thus making the system effectively
closed. The dynamics of the system is then simply described by unitary evolution where only the work δW[ρ̃t ]
contributes to changes in the state. In order to implement feedback, we adapt the phase-locked loop protocol
introduced in Ref. [7]. This is achieved by multiplying
the homodyne measurement signal with a reference oscillator of the form A[sin(ΩR t + φ) + B] yielding a feedback
√
control, ΩF = η(cos(Ωt + φ) − 1)dVt /dt, that modulates the Rabi frequency of the qubit drive. The detector
heat exchange is eliminated by applying additional work,
δWF [ρ̃t ] = (i/~)[~ΩF σy cos(ωq t + φ), ρt ].
Figure 3a shows the instantaneous feedback work,
δ W̃F = ~ωq tr [Πm=1 δWF [ρ̃t ]] dt (with Πm the projector onto eigenstate m), together with the corresponding
instantaneous heat, δ Q̃ = ~ωq tr [Πm=1 δQ[ρ̃t ]] dt, along
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FIG. 3. Quantum feedback loop. (a), Instantaneous heat and
feedback work along a single trajectory. The feedback work
has been time shifted by 20 ns to account for the time delay in the feedback circuit. The anti-correlation (r = −0.68)
of heat and feedback work is evident in the scatter plot (b).
(c), Average of the instantaneous contribution of heat and
feedback to the transition probability for 104 experimental itQ
W
erations. (d), Parametric plot of P̃0,0
versus P̃0,0
(red) and
F +Q
P̃0,0 (blue) showing how the feedback cancels the heat, narrowing and shifting the distribution toward zero for τ = 6 µs.

a trajectory for a quantum efficiency of 35%. We observe that the feedback partially cancels the heat at each
point in time. The anti-correlation between the instantaneous feedback and heat contributions depicted in Figure 3b confirms that the feedback loop compensates for
exchanged heat at each timestep. In addition, by averaging the instantaneous heat and work contributions to
the transition probability over many iterations of the experiment (Fig. 3c), we clearly see how feedback works
toward canceling the heat on average. Similarly, at the
level of single trajectories, the total transition probability
τ
W
Q
F
may be written as P̃m,n
= P̃m,n
+ P̃m,n
+ P̃m,n
, with the
F
work contribution from feedback P̃m,n . Figure 3d shows
Q
F
W
versus P̃0,0
+ P̃0,0
. By
the transition probabilities P̃0,0
comparing the transition probabilities with and without
feedback, we observe a significantly reduced heat contribution.
In the presence of the quantum feedback loop we can
decompose the instantaneous work along trajectories into
work imparted by the feedback and work associated with
the driving protocol, δ W̃ . In the absence of the feedback loop, the quantum dynamics of the qubit are given
by work δW[ρ̃t ] and heat δQ[ρ̃t ] superoperators; the heat
changes the state, causing the observed δ W̃ to differ from
the case of closed unitary evolution, δ W̃u . With the feedback loop, the heat contribution is compensated at each
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FIG. 4. Work along trajectories with and without feedback.
(a), the instantaneous work δ W̃ along a single trajectory in
the presence of feedback (blue) and the open loop configuration (no feedback) (red) is compared to the calculated instantaneous work expected for pure unitary evolution (green). (b,
c), The correlation between the instantaneous work δ W̃ and
the work for a unitary evolution along a quantum trajectory.
The linear regression fit (black lines) show correlation (slope
0.437) when the feedback loop is employed, and no correlation
in the open loop configuration (slope 0.006).

timestep causing the instantaneous work δ W̃ to match
the expected unitary work δ W̃u . Figure 4 displays δ W̃
for a single quantum trajectory in the presence of feedback (blue) and for a different trajectory in the absence
of feedback (red) compared to the expected unitary work
δ W̃u (green). Figure 4b,c show that in the presence of
feedback the work is more closely correlated with the
unitary work, with the correlation only limited by the
efficiency of the feedback loop [45]. In the limit of unit
quantum efficiency and null loop delay, a feedback loop
could exactly compensate for the exchanged heat [45].
Conclusion. We have introduced experimental protocols for a continuously monitored driven qubit that allow
to operationally define and individually measure quantum heat and work along single trajectories, accounting for the presence of coherent superpositions of energy
eigenstates. We have verified the first law of thermodynamics at the level of energy exchanges and of transition probabilities. Moreover, we have demonstrated the
consistency of these results with the master equation approach as well as with the TPM scheme, both for open
and closed evolutions, with the help of feedback control.
Our findings pave the way for future experimental and
theoretical studies in quantum thermodynamics [54] at
the single trajectory level.
Acknowledgements: We acknowledge research support
from the NSF (Grants No. PHY-1607156 and No. PHY1752844 (CAREER)), the ONR (Grant No. 12114811),

the John Templeton Foundation, and the EPSRC (Grant
No. EP/P030815/1). This research used facilities at the
Institute of Materials Science and Engineering at Washington University. K. W. M. acknowledges support from
the Sloan Foundation. E. L. acknowledges support from
the German Science Foundation (DFG) (Grant No. FOR
2724).

[1] K. Jacobs, Quantum Measurement Theory (Cambridge,
2014).
[2] H. Carmichael, An Open Systems Approach to Quantum
Optics (Springer-Verlag, 1993).
[3] C. Guerlin, J. Bernu, S. Deleglise, C. Sayrin, S. Gleyzes,
S. Kuhr, M. Brune, J. Raimond, and S. Haroche, “Progressive field-state collapse and quantum non-demolition
photon counting,” Nature 448, 889 (2007).
[4] C. Sayrin, I. Dotsenko, X. Zhou, B. Peaudecerf, T. Rybarczyk, G. Sebastien, P. Rouchon, M. Mirrahimi,
H. Amini, and M. Brune, “Real-time quantum feedback
prepares and stabilizes photon number states,” Nature
477, 73 (2011).
[5] K. W. Murch, S. J. Weber, K. M. Beck, E. Ginossar, and
I. Siddiqi, “Reduction of the radiative decay of atomic
coherence in squeezed vacuum,” Nature 499, 62 (2013).
[6] S. J. Weber, A. Chantasri, J. Dressel, A. N. Jordan,
K. W. Murch, and I. Siddiqi, “Mapping the optimal
route between two quantum states,” Nature 511, 570
(2014).
[7] R. Vijay, C. Macklin, D. H. Slichter, S. J. Weber, K. W.
Murch, R. Naik, A. N. Korotkov, and I. Siddiqi, “Stabilizing Rabi oscillations in a superconducting qubit using
quantum feedback,” Nature 490, 77 (2012).
[8] M. S. Blok, C. Bonato, M. L. Markham, D. J. Twitchen,
V. V. Dobrovitski, and R. Hanson, “Manipulating a
qubit through the backaction of sequential partial measurements and real-time feedback,” Nature Physics 10,
189–193 (2014).
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SUPPLEMENTAL MATERIAL
Heat and work definitions and contributions to transition probabilities

For a continuously monitored driven quantum system, one can consistently identify unitary and nonunitary contributions to (i) the evolution of the conditional density operator ρ̃t along a single trajectory, (ii) to the energy of the
system Ũt (averaged over quantum fluctuations), and (iii) to changes δ P̃m,n of the transition probabilities [32]. The
definition of heat and work in the manuscript stems from the association of work with the deterministic driving of the
quantum system, and of heat with the stochastic evolution due to the detection process, dρ̃t = δW[ρ̃t ]dt + δQ[ρ̃t ]dt,
where δW[ρ̃t ] and δQ[ρ̃t ] are superoperators associated with the respective unitary and nonunitary dynamics. In fact,
the change in the internal energy between times t and t + dt along a single quantum trajectory may be expressed as,
dŨt =tr[Ht (ρ̃t−dt + dρ̃t )] − tr[Ht−dt ρ̃t−dt ]
=tr[ρ̃t−dt dHt ] + tr[Ht δW[ρ̃t ]dt] + tr[Ht δQ[ρ̃t ]dt]
=δ W̃t + δ Q̃t ,

(7)

where in the second line dHt = Ht − Ht−dt and tr[Ht δW[ρ̃t ]dt] = −(i/~)tr[Ht [Ht , ρt ]dt] = 0. In the last line,
δ W̃t = tr[ρ̃t−dt dHt ] and δ Q̃ = tr[Ht dρ̃t ], indicating that work is related to a change of the Hamiltonian and heat to
the nonunitary changes in the state. Equation (7) shows that there are actually two contributions to the averaged
work δ W̃t : one coming from the variation dHt of the Hamiltonian and one coming from the superoperator δW[ρ̃t ].
However, the average of the latter vanishes due to the properties of the trace. The superoperator δW[ρ̃t ], by contrast,
directly contributes to the (unaveraged) density operator ρ̃t and transition probabilities δ P̃m,n . We note that the
association of δW[ρ̃t ] with work at this level is limited to the case of driven unitary dynamics.
The different contributions of heat and work to the quantum evolution are reflected in different contributions to
Q
the transition probabilities. The changes to the transition probabilities due to heat and work are defined as δ P̃m,n
=
W
tr [Πm δQ[ρ̃t ]], and δ P̃m,n = tr [Πm δW[ρt ]], where Πm is the projective measurement operator of the eigenstate m
at time t and the trajectory ρ̃(t) originates in eigenstate n. Correspondingly, we define the path-dependent total
transition probabilities,
Z τ
Z τ
Q
Q
W
W
P̃m,n =
dt δ P̃m,n , P̃m,n =
dt δ P̃m,n
.
(8)
0

0

The definition of heat and work contributions to the evolution of the density matrix, dρ̃t , imply that, starting from a
τ
density matrix ρ0 corresponding to an eigenstate n, the total transition probabilities P̃m,n
are given by
Z τ
Z τ
τ
0
Q
W
(9)
P̃m,n
= tr[Πm ρ̃t ] = Pm,n
+
dt tr[Πm δQ[ρ̃t ]]dt +
dt tr[Πm δQ[ρ̃t ]]dt = P̃m,n
+ P̃m,n
,
0

0

The instantaneous heat, work, and feedback are also expressed in terms of energy by δ Q̃ = ~ωq tr [Πm=1 δQ[ρ̃t ]], δ W̃ =
~ωq tr [Πm=1 δW[ρ̃t ]], and δ W̃F = ~ωq tr [Πm=1 δWF [ρ̃t ]], respectively. These changes reflect only the instantaneous
changes in energy and do not depend on the initial state of the system.
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Transition probabilities can be experimentally obtained by preparing the qubit in a specific initial state n and
terminating the experiment at time τ with a projective measurement [53] in the energy basis. These projective
measurements allow us to determine the total energy change the qubit and compare to the total energy calculated
from the heat and work along individual quantum trajectories, in a manner similar to the tomographic validation
for trajectories in previous work [6, 55]. In Figure 1d we show the total energy changes of the qubit ∆U obtained
from the transition probability P1,0 which was determined from an ensemble of 105 experiments of variable duration
τ where the path-dependent energy Ũ was within ±0.05 ~ωq of the black curve shown in Figure 1d at time τ . The
transition probability is corrected for the finite readout fidelity of 65%. In Figure 1e, we compare the measured,
Q
W
, by binning
path-independent, transition probability P0,0 , to the path-dependent transition probability P̃0,0
+ P̃0,0
experiments of variable duration according to the final path-dependent transition probability and determining the
transition probability P0,0 at each point from the outcomes of the projective readout. The close agreement between
Q
W
indicates that the two independent measures of the qubit energy are in agreement, thereby
P0,0 and P̃0,0
+ P̃0,0
confirming the first law of thermodynamics.

The unitary limit

In the absence of a detector, the system under consideration reduces to an isolated system and our definition of work
agrees with the standard definition in Eq. (1) of the manuscript. In order to see this for a two energy measurement
protocol, we note that our distinction between heat and work amounts to the separation of work-like and heat-like
Q
W
. When the system detector coupling is vanishing, one has
and P̃m,n
components of the transition probabilities, P̃m,n
τ
W
P̃m,n = Pm,n . In fact, for an isolated system initially prepared in the En0 energy eigenstate, the trajectory is only
dictated by the unitary evolution, with the nonunitary part being zero along the entire trajectory, δQ[ρ̃t ]/dt = 0.
Q
Hence P̃m,n
= 0 and dρ̃t = δW[ρ̃t ]dt. Together with Eq. (9), this implies the work-like component of the transition
probability is reduced to that of an isolated system,
W
τ
τ
P̃m,n
= P̃m,n
= tr[Πm ρ̃τ ] = Pm,n
.

(10)

In addition, our formalism also reproduces the physics of an isolated system at the level of a single two-energymeasurement realization. In that case, one identifies four possible trajectories corresponding to the transitions from
τ
τ
the initial states of energy En0 to the final states with energy Em
. The probability of such a trajectory is Pn0 Pm,n
.
Each of these trajectories consists of a unitary evolution from 0 to tf ending with a density matrix ρf and a final
extra nonunitary step from tf to tf + ∆tM = τ determined by the measurement, during which the Hamiltonian is
unchanged and ρf → ρm = |mihm|. The work contribution from the unitary evolution is,
Z τ
Z tf
δ W̃
δ W̃
dt =
dt = tr[ρ̃f Hτ − ρ̃0 H0 ]
dt
dt
0
0
= tr[ρ̃f Hτ ] − En0 .
(11)
The contribution from the last step does not involve exchange of energy with the detector and is therefore regarded
as work, although it arises from nonunitary evolution [30]. This yields
Z
0

τ

δ W̃
dt =
dt

Z

tf +∆tM

tf

δ W̃
dt
dt

τ
= tr[ρ̃m Hτ − ρ̃f Hτ ] = Em
− tr[ρ̃f Hτ ].

(12)

τ
This correctly reproduces the change of internal energy, ∆Ũ = ∆U = Em
− En0 = W associated with the trajectory
0
τ
from energies En to Em . We therefore recover the full probability distribution in Eq. (1) of the manuscript.

Heat and work tracking

The stochastic master equation (Eq. 3) is used to update state of the qubit conditioned on the collected homodyne
signal which is digitized in 20 ns steps, and scaled such that its variance is γdt [48]. Our identification of work and
heat as the respective unitary and nonunitary changes of the state applies in the laboratory frame. However, it is
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Supplemental Figure 1. Simulation of optimal unitary feedback. (a), Schematic of the feedback operation, the qubit
evolution from A at time t to C at time t + dt comprises of two different types of evolution; unitary evolution due to the
Rabi drive (A → B) and stochastic evolution due to coupling to the environment. Because the environment is monitored with
nonideal quantum efficiency we effectively average over some of the stochastic evolution reducing the state purity (B → C). The
ideal unitary feedback maintains the phase relation with unitary evolution by application of a rotation −θQ to state B 0 . (b),
Instantaneous contributions of heat and feedback to the transition probability P0,0 for a single run of experiment. (c), Scatter
plot of the instantaneous heat versus feedback for 100 runs of experiment which shows an anti-correlation (r = −0.9) between
feedback and heat contributions to the transition probability P00 . (d), Ensemble behavior of the trajectories in presence of
feedback with no delay (red) and a 500 ns loop delay (blue) showing a persistent Rabi oscillations.

convenient to calculate the state trajectories in the frame rotating with the qubit drive and identify energy changes
in the rotating frame. We break the evolution into discrete timesteps. Each timestep i is divided into two substeps.
The first substep updates the ρ̃[i] by the unitary terms. The second substep updates ρ̃[i] with the non-unitary terms
given by the discretized stochastic master equation (in Itô form) [32, 56].
√
√
dρ̃00 [i] = γ(1 − ρ̃00 [i])dt + η(dV [i] − ηγ2ρ̃01 [i]dt)2ρ̃01 [i](1 − ρ̃00 [i]),
√
√
dρ̃01 [i] = γ ρ̃01 [i]/2dt + η(dV [i] − ηγ2ρ̃01 [i]dt)(1 − ρ̃00 [i] − 2ρ̃201 [i]).

(13)
(14)

Therefore, in each timestep, we accordingly distinguish between instantaneous work and instantaneous heat in the
rotating frame. Since the transformation to the lab frame is set by the deterministic driving, it is straightforward to
determine these energy changes in the lab frame.

Feedback

In this section, we analyze in detail the feedback protocol used in the experiment and compare it with optimal
feedback protocols in the presence of finite efficiency and feedback loop delay.
If η = 1 and given a pure initial state, the state of the system is pure at all times, and is described by a vector on
the surface of the Bloch sphere. An ideal feedback loop would then exactly and immediately compensate for the heat
exchanged with the environment resulting in completely unitary evolution of the state. This is not possible at finite
inefficiency, where the evolution of the system is no longer constrained to the surface of the Bloch sphere. Since the
evolution due to the feedback protocol is unitary, it preserves the length of the Bloch vector, and cannot maintain
pure evolution once purity has been lost. Therefore, it is impossible to exactly compensate for the exchanged heat
with a unitary operation.
Given access to the trajectory in real time, the best possible feedback is to maintain the phase of the oscillation
as if the qubit state were to undergo closed unitary evolution (Supplemental Fig. 1a). In this case, the feedback
output would be ΩF dt = −θQ where θQ can be calculated by the state of the qubit at t and t + dt. In this case we
would not have control over the purity of the state and it will change by measurement backaction from point to point.
Supplemental Figure 1 shows simulation results for this type of feedback for 35% quantum efficiency. As depicted in
Supplemental Figure 1b, the exchanged heat contribution is compensated by the feedback contribution. The scatter
plot in Supplemental Figure 1(c) shows the anti-correlation of these contributions. Therefore, as we expect, the
system will behave more like a closed system and we observe persistent Rabi oscillations with 70% of full contrast
(Supplemental Fig. 1d). However, a realistic feedback loop would also have a finite loop delay, given by the time it
takes for the measurement signal to travel to a detector and for the feedback output to be calculated. Considering a
feedback loop delay of ∼ 500 ns [57, 58], Supplemental Figure 1(d) (blue curve) shows that the feedback performance
would be reduced.
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Supplemental Figure 2. Simulation of phase-lock feedback. (a), Instantaneous contribution of heat and feedback to
the transition probability P00 for a single run of experiment. (b), Scatter plot of instantaneous heat versus feedback for 100
runs of the experiment which shows anti-correlation (r = −0.81) between the feedback and heat contributions to transition
probability P0,0 . (c), Ensemble behavior of the trajectories in presence of feedback with no delay (red) and 100 ns loop delay
(blue) showing a persistent Rabi oscillations. (d), Simulated feedback efficiency versus feedback scale (A) and offset (B). The
green dot indicates the expected parameters for optimal feedback.

The feedback loop implemented in our experiment differs from the optimal feedback in that it does not require
real-time state tracking and error processing. This feedback takes a copy of homodyne signal, dVt , and multiplies it
by a sinusoidal reference signal, A [sin(ΩR t + φ) + B] resulting in a feedback signal ΩF , which is used to modulate the
drive amplitude.
This feedback loop essentially implements a phase-locked loop, and in order to clarify how the loop works we may
cast the stochastic master equation (3) in terms of the Bloch components x and z,
√
√
dz = +Ωxdt + γ(1 − z)dt + ηx(1 − z)(dVt − γ ηxdt)
γ
√
√
dx = −Ωzdt − xdt + η(1 − z − x2 )(dVt − γ ηxdt).
2

(15)
(16)

It is apparent that by canceling the last two terms, the evolution would be unitary as we expect for a closed system.
However, with only unitary rotations we can change dz and dx in the following way,
dz = ΩF xdt,

dx = −ΩF zdt,

(17)

where, we wish to cancel all the stochastic terms in (15) with the unitary terms (17). Regardless how complicated
ΩF is, with finite efficiency, it is impossible to compensate for all terms as mentioned earlier and the best choice
recovers about 70% of purity for 35% quantum efficiency. To understand how the phase-locked loop approximates the
optimal feedback, we consider just the z ≡ hσz i component of the state. This is reasonable since all thermodynamics
parameters e.g. work, heat and transition probabilities directly relate to the z component. This requires ΩF xdt =
√
√
√
− ηx(1 − z)(dVt − γ ηxdt), where for weak measurement γ ηxdt is negligible compared to dVt . Thus, we have
√
ΩF = − η(1 − z)dVt /dt. The essence of the phase-locked loop is to replace z with cos(Ωt + φ), which is the “target”
z that would be obtained for closed evolution. Here φ = 0 (π) for an initial ground (excited) state. This choice for z
has a two-fold effect: not only is this a reasonable approximation for z in presence of feedback but it also locks the
oscillation phase which addresses the damping term in (15). Note that the choice of phase φ only affects the transient
behavior and appears as a overall phase shift in the persistent Rabi oscillations without affecting the contrast. Thus
the feedback signal is,
ΩF =

√

η(cos(Ωt + φ) − 1)dVt /dt,

(18a)

√
This equation suggests that the scale for feedback should be around A = η/dt ∼ 30 which is in agreement with
optimal value found empirically in the experiment of A = 34. Experimentally, this factor may be set by preamplification of the homodyne signal. Note that this result also suggests the offset term of B = −1 as we use in our
feedback setup. Supplemental Figure 2 shows the simulation result for the phase-locked feedback with 35% quantum
efficiency.
As we see in Supplemental Figure 2(a,b), the phase-locked feedback loop effectively compensates for the heat at
each point in time. Supplemental Figure 2(c) shows persistent Rabi oscillations for this case. In Supplemental Figure
2(d), we explore the contrast of persistent Rabi oscillations versus feedback parameters. The simulated result shows
that maximum contrast occurs around B ∼ −1 and A ∼ 35 as we expect.
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Supplemental Figure 3. Experimental setup The qubit and Josephson parametric amplifier share a signal generator to
maintain the phase relation defining the amplification quadrature. We use a double sideband technique to pump the parametric
amplifier. The homodyne signal is split for the purpose of feedback and state tracking. Both the feedback signal and homodyne
signal are digitized for state tracking in a post-processing step.

Experimental setup and parameters

The transmon circuit was fabricated by double angle evaporation of aluminum on a high resistivity silicon substrate.
The circuit was placed at the center of a 3D aluminum waveguide cavity machined from 6061 aluminum. The
bare cavity frequency is ωc /2π = 7.257 GHz. The near-resonant interaction between the circuit and the cavity
(characterized by coupling rate g/2π = 136 MHz) results in hybrid states, as described by the Jaynes-Cummings
Hamiltonian. The lowest energy transition of hybrid states (ωq /2π = 6.541 GHz) can therefore be considered a “onedimensional” artificial atom because the radiative decay of the system is dominated by the cavity’s coupling to a 50
Ω transmission line. This radiative decay was characterized by a decay of rate γ = 1.7 µs−1 . Resonance fluorescence
from the artificial atom is amplified by a near-quantum-limited Josephson parametric amplifier, consisting of a 1.5
pF capacitor, shunted by a Superconducting Quantum Interference Device (SQUID) composed of two I0 = 1 µA
Josephson junctions. The amplifier produces 20 dB of gain with an instantaneous 3-dB-bandwidth of 50 MHz. The
quantum efficiency was measured to be 35%. We drive the qubit by sending a resonant coherent signal via a weakly
coupled transmission line, and the strength of the drive is characterized by a Rabi frequency of Ω/2π ' 1 MHz. The
total loop delay for the feedback is 100 ns. The initial state fidelity was limited by a 3% thermal population of the
excited state.

Statistical Analysis

Error bars reported in Figure 1 indicate the standard error of the mean for binomial data, which are subsequently
scaled by the readout fidelity. On average 300, projective energy measurements were used for the determination of ∆U
at each timestep in Figure 1d. The number of data points for each value reported in Figure 1e is shown in the inset.
In Figure 3, the shaded regions indicate the standard error of the mean based on binomial data used to determine
the work distribution and the standard error of the mean based on the trajectories used to calculate the efficacy.

