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Abstract

We consider the consistency properties of a regularised estimator for
the simultaneous identification of both changepoints and graphical de-
pendency structure in multivariate time-series. Traditionally, estimation
of Gaussian Graphical Models (GGM) is performed in an i.i.d setting.
More recently, such models have been extended to allow for changes in
the distribution, but primarily where changepoints are known a-priori.
In this work, we study the Group-Fused Graphical Lasso (GFGL) which
penalises partial-correlations with an L1 penalty while simultaneously in-
ducing block-wise smoothness over time to detect multiple changepoints.
We present a proof of consistency for the estimator, both in terms of
changepoints, and the structure of the graphical models in each segment.
We contrast our results, which are based on a global, i.e. graph wide
likelihood, with those previously obtained for performing dynamic graph
estimation at a node-wise (or neighbourhood) level.
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1 Introduction

Many modern day datasets exhibit multivariate dependance structure that can
be modelled using networks or graphs. For example, in social sciences, biomed-
ical studies, financial applications etc. the association of datasets with latent
network structures are ubiquitous. Many of these datasets are time-varying in
nature and that motivates the modelling of dynamic networks. A network is
usually characterised by a graph G with vertex set V' (the collection of nodes)
and edge set E (the collection of edges). We denote G = (V, E). For exam-
ple, in a biological application nodes may denote a set of genes and the edges
may be the interactions among the genes. Alternatively, in neuroscience, the
nodes may represent observed processes in different regions of the brain, and
the edges represent functional connectivity or connectome. In both situations,



we may observe activity at nodes over a period of time— the challenge is to
infer the dependency network and how this changes over time.

Although the topic of change-point estimation is well represented in statis-
tics through methods such as binary segmentation [Fryzlewicz, 2014], dynamic
programming [Killick et al., 2012], or more classical methods such as Bai [1997],
Hinkley [1970], Raimondo [1998] and references therein; its application in the
context of graphical models, i.e. how the conditional dependency structure be-
tween a set of variables changes, is relatively unexplored. We here consider
a particular type of dynamic network model where the underlying conditional
dependency structure, encoded as a graph, evolves in a piecewise fashion. The
task is to estimate multiple change-points where the network structure changes,
as well as the structures themselves. To this end, we formulate the problem
as a joint optimization task whereby change-point estimation and structure re-
covery can be performed simultaneously. The particular class of networks we
alm to estimate are encoded via a multivariate Gaussian that has a piecewise
constant precision matrix and thus graph structure over certain blocks of time®.
Specifically, we assume observations X ) = (X l(t), o 7Xz(,t)) are drawn from the
following model:

X(t) NN(O,EE)k)) B te [kalaTk] 9 (1)

where t = 1,...,T indexes the time of the observed data-point, and k =
1,...,B := K + 1 indexes blocks [tx—1,7k] := {Tk—-1,...,7k — 1}, separated
by changepoints {74 }X_ |, at which points the covariance matrix Eék) changes.
The challenge is to assess, how well, or indeed if, we can recover both the
changepoint positions 7 and the correct precision matrices @((Jk) = (Z((Jk))_l.
In this paper we focus on the task of recovering {@ék), 7k }2_, in the case where
K is known in advance, that is, rather than focus on estimating the number of
changes, we consider where and in what form these changes appear.

For dependency graph identification in the static i.i.d. setting there are
two principal estimation approaches. Firstly, as suggested by Meinshausen and
Biithlmann [2006], one may adopt a neighbourhood or local selection approach
where edges are estimated at a node-wise level, an estimate for the network is
then constructed by iterating across nodes. Alternatively, one may consider joint
estimation of the edge structure across all nodes in a global fashion. In the i.i.d.
setting a popular method to achieved this is via the Graphical lasso [Banerjee
and Ghaoui, 2008], or explicitly constrained precision matrix estimation schemes
such as CLIME [Cai et al., 2011].

In the non-stationary setting, one could consider extending regression meth-
ods, for instance utilising the methods of Lee et al. [2016], Leonardi and Bithlmann
[2016] to estimate a graph where each node may exhibit multiple change points.
The work of Roy et al. [2016] considers a joint estimation approach for networks
in the presence of a single changepoint, while Kolar and Xing [2012] consider
using the fused lasso [Harchaoui and Lévy-Leduc, 2010] to estimate multiple
changepoints at a node-wise level. One may consider fused smoothing that re-

IFor a reference on static graphical models the reader is directed to Lauritzen [1996]



stricts changes in the graph structure, either at an individual edge level via an
£y penalty [Gibberd and Nelson, 2014, Monti et al., 2014], or across multiple
edges via a group-fused £ 1 penalty [Gibberd and Nelson, 2017]. The work of
Angelosante and Giannakis [2011] proposed to combine the graphical lasso with
dynamic programming to estimate changepoints and graph structures.

In this paper we operate in the group-fused setting, and we provide the-
oretical analysis for the Group-Fused Graphical lasso (GFGL) estimator first
proposed in Gibberd and Nelson [2017] and similarly in Hallac et al. [2017].
In these works, it was demonstrated empirically that GFGL can detect both
changepoints and graphical structure in relatively high-dimensional settings.
However, until now, the theoretical consistency properties of the estimator have
remained unexplored. In this paper, we derive rates for the consistent recov-
ery of both changepoints and model structure via upper bounds on the errors:
max;, |7F) — Ték)| and [|©%) — @ék) |loo under sampling from the model in Eq. 1.

Definition 1 (Group-Fused Graphical Lasso). Let S®) := X®(X®)T pe the
local empirical covariance estimator. The GFGL estimator is defined as the
M-estimator

{6\ — argmin [Z {— log det(U®) + trace(g(t)U(t))}
{U®W=oy, L=

lr(U,S)

T T
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where U\(g deotes the matriz UM with diagonal entries set to zero. Once the pre-
cision matrices have been estimated, changepoints are defined as the time-points
{71, 7} = {t| ©® —OU=1 £ 0}. While changepoints in the traditional
sense are defined above, it is convenient later on to consider the block separators
T:={1}u{s,... T} U{T + 1}, the added entries are denoted 7o and T ;.

Remark 1. Time and Block Notation

Throughout the paper we will deal with parameters indexed by both individual
time-steps, and as part of constant blocks, respectively, these are denoted using
t and k. For instance, @ét) denotes the tth time-step of the true model structure
(in terms of precision matriz), whereas, @ék) denotes the precision matriz for the
kth block, i.e. inline with Eq. 1. Note: t is always reserved for time indexing,
whereas we use k or | to reference blocks. FEstimators are denoted with a hat
notation, i.e. 0 or S'(t), while ground-truth objects are denoted with ¢, i.e.
@ék) refers to the true precision matriz in the kth block.



2 Theoretical Analysis of the GFGL Estimator

To assess the statistical properties of the GFGL estimator, we first need to derive
a set of conditions which all minimisers of the cost function (2) obey. We connect
this condition to the sampling of the model under (1) by the quantity W) :=
S — Zét) which represents the difference between the ground-truth covariance
and the empirical covariance matrix X (X®)T. Since we are dealing with a
fused regulariser, it is convenient to introduce a matrix I'® corresponding to
the differences in precision matrices. For the first step let A®) = @), then for
t=2,....,T, let AU =©® — =1  The sub-gradients for the non-smooth
portion of the cost function are denoted respectively as RY),RS) € RP*P_ for
the ¢; and the group-smoothing penalty. In full, these can be expressed as

Rgt) _ {Sign(zsgt AEJS)) if ngt /A\Ej) 70
tj

[-1,1] otherwise

A NG
RO = oy EAT A0
Br(0,1) otherwise
where Bp (0, 1) is the Frobenius unit ball.

Lemma 1 (GFGL Optimality Conditions). The minimiser {©®}L | of the
GFGL objective satisfies the following

S { O =)+ w0 MR + i =0,
for alll € [T] and Rél) = RéT) =0.

2.1 Consistent Changepoint Estimation

We here present a result for changepoint consistency with the GFGL estimator
where T' — oo, and the dimensionality p is fixed. Let {d7}r>1 be a non-
increasing positive sequence that converges to zero as T' — oco. This quantity
should converge at a rate which ensures an increasing absolute quantity 76 —
oo as T — oo. The target of our results is to bound the maximum error to an
ever decreasing proportion of the data, i.e. maxy |7 — 7%|/T < d7. To establish
a bound, we consider the setting where the minimum true distance between
changepoints din := minge[p) |7x — 7x—1| increases with T', for simplicity let
us assume this is bounded as a proportion ymin < dmin/7T. Furthermore, let us
consider that the minimum jump size is denoted by:

e min [ kD
n ;JQEE]H 0 o lF,

and that the maximum jump size is finite in the Frobenius norm. The term
Nmin 1S important as in some sense it defines the strength of the jump signal



in our true sequence of covariance matrices. We can either consider ny;, fixed
as a function of T and demonstrate that we recover the jump positions with
increasing precision, and/or we consider nNmin to be a decreasing sequence in T'
and that we can recover (asymptotically in T') ever decreasing jump sizes.

The first result we present below requires that the regularisers A1, Ao are
set in a very specific way, to achieve the correct number of changepoints. After
discussing the result based on this somewhat restrictive assumption we will then
present an alternative result which is more flexible in the specification of the
regularisers.

Assumption 1. Appropriate Regularisation

For sequences of regularisers {A1.7}, {A2.r} (and {nmin.r} if we consider
this as a decreasing sequence) 31 := (nminvminT))\gl > 25 By = nmin)\fl(p(p —
1))_1/2 > 237 and (3 := (nminT(ST))\gl > 3.

Theorem 1 (Changepoint Consistency, K= K). Assume for all T > Ty, we
have sequences which meet Assumption 1 such that GFGL problem (2) results
in |K| = K changepoints, then we have

P(z?é[a;?{] [T — k| > Tor) < fr(T) := Ok pexp{—Tornis,/p°cs} .  (3)

where Cr, = 4p°K(K?2K+! 4 4).  The probabilistic bound holds for cz =
5427 maxy, ||Z(()k)||oo, and Nmin < 2252p maxy, HZ(()k)HOO.

The proof of the above follows a similar line of argument as used in Harchaoui
and Lévy-Leduc [2010], Kolar and Xing [2012]. However, several modifications
are required in order to allow analysis with the Gaussian likelihood and group-
fused regulariser, we also utilise a different concentration bound. Full details
can be found in Appendix A.

The results demonstrate that asymptotically changepoint error can be con-
strained to a decreasing fraction d7 — 0 of the time-series as T' — oo. Indeed,
this occurs with increasing probability when estimation is performed with an
increasing number of data-points. Unlike in high-dimensional settings [e.g. Ne-
gahban et al., 2012, Ravikumar et al., 2011], the regularisation parameters have
less strict requirements on their form and the bound in Theorem 1 holds for
any T > Ty where Tj is dictated by the choice of tuning parameter sequences
in Assumption 1.

Remark 2. Choosing the reqularisers to scale as A\; < Ao = O[{log(T)/T}/?]
enables convergence in probability with

57 =1og(T)*/T 3 nmin = Qf (log 7)1 ~)/2} | (4)

where o > 1. Under such regularisation, the conditions in the theorem (specifi-
cally Assumption 1) are met (under the assumption K= K ) and the exponential
bound of (3) decreases in order f,(T) oc T~1. Alternatively, one may consider
the polynomial quantities Nwin = QUT ™) and 67 = T~¢, where a,b > 0 and



a+2b=c< 1. In this case Top > 0 still increases with T, although the ex-
ponential bound is dependent on c of the form f,(T) x exp{—T'=¢}. Unlike
in (4), when using the polynomial scaling there is a clear trade-off between the
minimum jump Size Nmin, and the amount of data Tor required to gain a cer-
tain level of changepoint consistency. For example, considering the case where
b =0, and thus nmin s a constant as T — oo, enables for a fired value of ¢ a
larger value of a = c. In such cases changepoints may be recovered with greater
accuracy.

In Assumption 1 we made a strong assumption on the number of change-
points, in that we had K = K and that we somehow had access to a sequence
of regularisers A1, Ay which attained such a condition. In practice, we will not
often be able to meet the condition K = K as we don’t know a-priori what the
true number of changepoints K is. We note that this is a general challenge in
changepoint estimation methods, as these are typically used in an exploratory
data-analysis setting Harchaoui and Lévy-Leduc [2010], Killick et al. [2012].
What is perhaps more reasonable to assume is that we recover some K which
upper bounds the truth. In the fused-lasso inspired changepoint estimators,
such as GFGL studied here and that of Harchaoui and Lévy-Leduc [2010] it is
typically seen experimentally that the regularisation imposes a bias on the esti-
mated parameters. Particularly, unlike when using ¢y penalised schemes such as
AIC/BIC, for instance those which are typically used with dynamic program-
ming schemes [Angelosante and Giannakis, 2011, Killick et al., 2012], the ¢;
or group smoothing can shrink the size of parameter changes resulting in less
defined ”jumps” and over-estimating the number of changepoints. For exam-
ples of this, the reader is referred to the synthetic experiments in Harchaoui and
Lévy-Leduc [2010], Gibberd and Nelson [2017]. In the former paper, the authors
suggest a second stage of estimation which further prunes the estimates from
the fused-lasso smoother using a dynamic programming scheme. Potentially,
this hybrid estimation scheme can also be adapted to GFGL, however, we leave
this as further work. In the following result, we consider relaxing Assumption 1
and bounding the distance between any point in the estimated changepoint set
’7}(, even in the case where K > K.

Proposition 1 (Changepoint Error, K>K ). Consider the mazimum distance
of any estimated changepoint from its closest true changepoint as measured via

h('f}(HTK) = sup inf |7 —7].

TETK TET,
then under Assumption 1 and that K < K< Konax we have
P[h('f—k”TK) <Tér] —1,asT — o0

The proof of the above can be demonstrated along similar lines to that of
Theorem 1 Harchaoui and Lévy-Leduc [2010]. The result is a direct extension
of bounds used in proving Thm. 1.



2.2 Consistent Graph Recovery

One of the key properties of GFGL and similar fused estimation procedures is
that they simultaneously estimate both the changepoint and model, i.e. con-
ditional dependency structure. In this section we will turn our eye to the
estimation of model structure in the form of the precision matrices between
changepoints. In particular, we consider that a set of K=K changepoints have
been identified as per Assumption 1 and Theorem 1. We here assume that such
a bound maxye(k] |7 — x| < T'ér holds, and develop theory relating to the
recovery of model structure and parameters in the relevant segments.

A key advantage of splitting the changepoint and model-estimation con-
sistency arguments as we do here, is that we can consider a simplified model
structure such that the GFGL estimator may be parameterised in terms of a
B = K + 1 block-diagonal matrix ©g,5 € RBP*BP_ Conditional on segmenta-
tion, we do not need to deal with the fact that the model may be arbitrarily
mis-specified, as this is bounded by Theorem 1. As such, in this section the
dimensionality of the model space is fixed with respect to an increasing number
of time-points. The following results demonstrate, that as expected, gathering
increasing amounts of data relating to a fixed number of blocks allows us to
identify the model with increasing precision.

Let us define a set of pairs My which indicate the support set of the true

model in block k and its complement M- as My, = {(i,) | @ékz)] # 0} and

Mt = {(,7) | @ékz)J = 0} respectively. The recovery of the precision matrix
sparsity pattern in true block [ from estimated block k£ can be monitored by the
sign-consistency event defined:
Exm (0%, @él)) = {sign(ég”')) = sign(@&j) Vi, j € Ml} .

In order to derive bounds on model recovery, one must make assumptions on
the true structure of ©9. Whilst the GFGL loss function is strictly convex over
the space of positive definite matrices (Appendix D), one also needs to take into
account more specific constraints referred to as incoherence or irrepresentability
conditions. In the setting of graphical structure learning, these conditions act
to limit correlation between edges and restrict the second order curvature of the
loss function. In the case where we analyse GFGL under Gaussian sampling the
Hessian Ty = V3 L(O)|e, relates to the Fisher information matrix such that
Lo (k) ,m) = Cov(X; Xy, X1 X,,). Written in this form we can understand the
Fisher matrix as relating to the covariance between edge variables defined as

z = x"xV —Ex X" for i, j e {1,...,p}.

ij i
Assumption 2. Incoherence Condition
Let M denote the set of components relating to true edges in the graph and
M- (for block k) its complement. For example, F(()]f_/)\/l  Tefers to the sub matrix
of the Fisher matrix relating to edges in the true graph. Assume that for each

k=1,...,B there exists some ay, € (0, 1] such that

(k) ) 1 N
max Lot (Topand) ™ Il < (1= ).



Notationally, we will use UJ(\IZ) to denote components of a matrix that are in
the true support. In the multivariate Gaussian case we have

)T t t)T1—
max, IE[Z 230 T TB[ZG 280 ] h < (1 - o)
for every t € {7g,...,7x + 1} for each k where we denote and track a =

ming{ar}. One can interpret the incoherence condition as a statement on
the correlation between edge variables which are outside the model subspace
Z;; such that (7,7) ¢ M, and those contained in the true model (i,j) € M.
In practice, this sets bounds on the types of graph and associated covariance
structures which estimators such as graphical lasso can recover (see the discus-
sion in Sec. 3.1.1 of Ravikumar et al. 2011, and Meinshausen 2008). The model
selection proof presented here can be seen as an extension of Ravikumar et al.
[2011] to non-stationary settings. Similarly to their original analysis we will

track the maximal row-wise sum via the upper bound Ky, := makazék)moo
and Kp, := max||[T{" .

When using GFGL there will generally be an error associated with the iden-
tification of changepoints and as such the estimated and ground-truth blocks do
not directly align. With this in mind, the model consistency proof we present
does not necessarily compare the kth estimated block, to the kth ground-truth
block. Instead, the result we present is constructed such that the structure in
an estimated block k € [B] is compared to the ground-truth structure in block [
such that the blocks k£ and | maximally overlap with respect to time. Notation-
ally, let ’flk = %kf’f'k_l and ’fllk = |{7A'k_1, e ,f'k}ﬁ{Tl_l, PN ,Tl}|, the maximally
overlapping block is then defined as knyax = arg max; {7 }.

Theorem 2 (Bounds on Estimation Error). Consider the GFGL estimator with
Assumption 2, and in the case where changepoint error is bounded according to
the event E; := {maxyc|x) |7 — Tx| < TOr}, this event occurs in probability
1 — f-(T) under Theorem 1. Assume A\ = 16a e, Ao = pA1 for some finite
p >0 and any

2
e cq log(4p?) ’
(’Ymin - 26T)T

1 1
min , , (5)
{235maxk ||Zék)||oo Gdz% maX{KEoKFo,K%OKI%O} })

where ¢y = 2752 maxy |S)]so, and zr = 1 + 240~ (14 2/(Ymin — 207)T),
then we have .
0% —f | < 2Kr,ezr (6)

in probability greater than 1 — f(T) — fy(T) — 1 as T — oo, where

fv(T) = 4p? exp{—clle2 (Ymin — 207)T} .



Corollary 1 (Model-selection consistency). In addition to the assumptions
in Theorem 2. Let %) .= minij|®(k)| for all (i,5) € My and for each

min (\R¥1
k=1,....B. Let vy = ZKEOZﬁkG;iln, then if € satisfies Eq. 5, and ¢ <
1/2Ks, 24,051, , then GFGL attains sign-consistency P{Ex(©O®); GE)km“X))} >
1— f+(T) — fv(T) with probability tending to one as T — co.

Theorem 2 is obtained utilising a primal-dual-witness approach conditional
on the event E.. This follows a similar argument to that used in Ravikumar et al.
[2011], but requires modifications due to the smoothing regulariser in GFGL
and posssible (but limited) mis-specification related to changepoints. Corollary
1 follows from Theorem 2 subject to the condition that the true entries in the
precision matrix are sufficiently large, i.e. bounded away from zero. Full details
of the proofs are found in Appendix B.

The above bounds suggest that indeed, if regularisation is appropriately set
one can not only recover changepoint structure, but also obtain a consistent
estimate of the precision matrices using GFGL. However, there are several im-
portant insights we can take from the results. Firstly, we clearly see the effect
of the smoothing regulariser in (6) where a larger p will result in a larger upper
bound for the error, even though asymptotically this bias diminishes. In the
analagous results from the i.i.d. graphical lasso case [Ravikumar et al., 2011],
the bound on Eq. 6 is of a form 2Kt (1 + 8a~')e. In fact, our results sug-
gest that the additional error in the precision matrix is a function of the ratio
Ao /A, if we now let pr = Aa/A; vary as a function of T, but so it doesn’t
grow faster than 7y ~ O(T), then estimation consistency can still be achieved.
For example, if we set A\; = O({log(p)/T}'/?) then noting 7y = O(T) (under
changepoint consistency), gives A2 the flexibility to grow with increasing T, for
instance at a rate Ay = O({Tlogp}'/?). We note that under such scaling it is
possible to satisfy the conditions of Assumption 1, thus both changepoint and
structure estimation consistency can be achieved.

3 Discussion

The grouped nature of GFGL assumes that the graph structure underlying a
process changes in some sense systematically, where changepoints are considered
at the full precision matrix scale as opposed to seperately for each node i =
1,...,p. As a consequence of this changepoint definition, we may expect that
the minimum jump size Nymin required in our results (Theorem 1) are greater
than that utilised in neighbourhood selection case [Meinshausen and Bithlmann,
2006, Kolar and Xing, 2012]. To compare, lets consider defining the analogous
quantity ngn = miny ||Zélf;1) - Z(()];)’,Hg, at the neighbourhood of each node
i =1,...,p. The jumps as measured through the group-norm can now be
related to those measured in a Frobenius sense, such that ny, < Zi nl(;l)in <
p?nmin.  Thus, even though the minimum jump size in the GFGL case is
greater, i.e. Mpin > 771(;2117 it is not proportionally greater when one considers
summing over nodes. In our analysis it should be noted that consistent recovery



of changepoints requires a tradeoff between the minimum jump-size 7ynin and
the amount of data T'. For example, a smaller minimum jump-size will generally
require more data; as expected it is harder to detect small jumps. The relation

Nmin < D, 77m3n suggests that the minimum jump-size at a graph-wide (precision
matrix wide) level is proportionally smaller when measured in the Frobenius

norm than at a node-wise level. As a result, for equivalent scaling of 7y, and
0 the graph-wide GFGL method will be able to detect smaller (graph-wide)

nmln
jumps with an equivalent level of data. Conversely, if the jumps one is interested
in occur at the neighbourhood level the neighbourhood based method would be
more appropriate.

Neighbourhood selection is the result of a set of p group-fused optimisation
problems, and changepoints are selected at the node level. However, in many
situations it is not trivial how we combine edge estimates when using a neigh-
bourhood selection approach. For example, we may consider an edge to exist if
it is estimated according to one node “OR” another, or alternatively, when it
is estimated by one node “AND” another. Because edges are estimated locally
they may be inconsistent across nodes which can make it difficult to interpret
global changes. Clearly, the OR rule will result in a graph which is less sparse,
but more prone to false positives. In the context of changepoint detection for
the block-constant GGM (1) the results of Kolar and Xing [2012] require one
to use a union bound over the p separate nodes. The bulk of the theory in that
paper operates at the node level, with the argument being that when one has
successfully recovered the local structure then global structure can be recovered
by combining results over nodes. In the case of GFGL, the estimator is obtained
by optimising over the whole set of precision matrices jointly, and thus we have
no need to combine estimates.

In practice, whether a global or local approach is more appropriate will de-
pend on the application, and thus it is important to study both cases. For ex-
ample, in certain biological applications (proteins, biomolecules etc.) node-wise
changes would be more appropriate, whereas for genetic interaction networks,
social interaction or brain networks global structural changes may be of more
interest. To this end, the results presented here complement previous results de-
rived in the literature, and extend our theoretical understanding of regularised
fused estimators for graphical model recovery. One may note that the results
here are presented in a Gaussian setting, i.e. we analyse the Gaussian gener-
ating process (1), however, the proof of the result is actually more general in
that results will also hold for sub-Gaussian sampling. This suggests some level
of robustness to these estimators, even when the likelihood is mis-specified. We
conclude with a remark about the path towards a true high-dimensional change-
point theory and note that while in our case, the model-selection arguments can
operate in high-dimensions, we have yet to prove consistency of changepoint es-
timation in high-dimensions. We leave this as a direction for future work.
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A Proof of Changepoint Consistency

We relate the proof bounding the maximum deviation between estimated and
true changepoints to the probability of an individual changepoint breaking the
bound. Following Harchaoui and Lévy-Leduc [2010], we utilise the union bound

P | max |1, — 7| > T(ST] < Z Pl — 7| = Tor] .
ke[K] relK]

The complement of the event on the LHS is equivalent to the target of proof;
we wish to demonstrate P[maxy |7 — 7| < Tér] — 1. In order to show this,
we need to show the LHS above goes to zero as T — oo. It is sufficient, via the
union bound, to demonstrate that the probability of the bad events:

Ap = {|m — 7| > Tor} , (7)

go to zero for all k € [K]. The strategy presented here separates the probability
of A7}, occurring across complementary events. In particular, let us construct
what can be thought of as a good event, where the estimated changepoints are
within a region of the true ones:

Cr = {I:IEI?KX]H']CT]C <dmin/2} . (8)
The task is then to show that P[A7 ;] — 0 by showing P[Ar; N Cr] — 0 and
PlArNCSl —0as T — 0.

A.1 Stationarity induced bounds

As a first step, let us introduce some bounds based on the optimality conditions
which occur in probability one. We base our results on a set of events which
occur in relation to these conditions. By intersecting these events with Ar ;N
Cr and Apy N CF, we can construct an upper bound on the probability for
changepoint error exceeding a level T'dp.

Without loss of generality, consider the optimality equations (Lemma. 1)
with changepoints | = 7, and [ = 7 such that 7, < 7. We note, that an
argument for the reverse situation 7, > 73 follows through symmetry. Taking
the differences between the equations we find

IR B =50 - SR WO 4 MTE R e <22 (9)

t=Fp -
The gradient from the ¢; term Z:i;: )\Rgt) can obtain a maximum value of
4\ (1 —7) for each entry in the precision matrix. Transferring this to the RHS
and splitting the LHS in terms of the stochastic and estimated terms we obtain

IS5 (O = SO e = IS WOlr < 200+ M/p(p = 1)(76 —72) - (10)

The next step is to replace the time indexed inverse precision matrices ©(Y) with

the block-covariance matrices indexed Egk) and Egkﬂ). We can re-express the

11



difference in precision matrices as the sum of a difference between true values
before 7 , i.e. E(()Hl) — Z(()k), and the difference between the next (k+ 1)st true

block and estimated block, i.e. L(*+1) — EékH) to obtain:

N+ AVl = D(m =) > [P (S8 = 58 e — 100 (S — 5|
IRl 7 IRzl F
— SO e (11)
|Rs|| ¢

which holds with probability one. Define the events:

By o={X2 + Mv/p(p — 1)(m — 71) > *||Rl||F}
1
={||Rz2||Fr > §||R1||F}
1
Es :={||R3||r > §||R1||F}

Since we know that the bound (11) occurs with probability one, then the union of
these three events must also occur with probability one, i.e. P[E1UE;UE3] = 1.

A.2 Bounding the Good Cases

One of the three events above are required to happen, either together, or sepa-
rately. We can thus use this to bound the probability of both the good Cr and
bad Arpj events. Similar to Harchaoui and Lévy-Leduc [2010], Kolar and Xing
[2012] we obtain

AT k1 AT k2 AT k3

P[ATJC N CT] < P[ATJg NCrnN El} + P[AT,k NCrN Eg] =+ P[Aﬂk NCrnN E3] .

The following sub-sections describe how to separately bound these sub-events.

Unlike in the work of Kolar and Xing [2012], there is no stochastic element
(related to the data X;) within the first event Ay 1. We can bound the proba-
bility of P[Ar k1] by considering the event {$||Ri|[r < X2+ Mi/p(p — 1) (71 —

71)}. Given ||R1|lr = || szﬂj (k) E(kﬂ lF > (7k — 7%)Mmin we therefore
obtain the bound

PlAr ;1] < Pl(Th — T5)Mmin/3 < A2 + M/ p(p — 1) (7% — 1)) -

When the events C, Ap j, occur we have T'or < 7, — 75 < dmin/2 to ensure the
event At 1 does not occur, we need:

NminT07 > 3X2 5 Mmin > 3A1V/p(p—1) . (12)

12



These conditions are satisfied by Assumption 1. Thus, for a large enough T, we
can show that the probability P[Az k1] = 0, the size of this T' depends on the
quantities in Eq. (12).

Now let us consider the event Apyo. Consider the quantity 7 = [(7% +
Tk+1)/2]. On the event C),, we have 7311 > T so 2O = Bk for all ¢ €
[Tk, Tx]. Using the optimality conditions (Prop 1) with changepoints at [ = 7
and [ = 73, we obtain

200 + AVp(p — D (7 — ) 2 [N7HEED - s e — S WO

and thus

_ Tr—1
(50—l < Ao+ 20/plp — (T — ) + 2 o0 WO g
- Tht+1 — Tk

. (13)

We now combine the bounds for events Ey and Es, via Ep = {||Ral|r >
%||R1||F} and the bounds || R1||r > (Th — 7%)7min and ||Ra||r < (70 —72) | 2P —
YEFY|p . Substituting in (13) we have

129 + 6 p(p— 1)(77']C —Tk)+6|| %i;l W(t)”F
PlA7 k2] < P[Es] = P | fmin < Vel —1) Lz, )

Tk+1 — Tk
(14)
Splitting the probability into three components, we obtain

6 S WO g
P[A7 2] < PNmindmin < 12X2]+P[1min < 3A1v/p(® — 1)]+P | Nmin < k

Tk+1 — Tk
(15)
Convergence of the first two terms follows as in A7 1, the second is exactly
covered in Ar y 1; however, the third term nyin < 3| th;kl W(t)HF/(?k — Tk)
requires some extra treatment. As 7 < Tp+1, we can relate the covariance
matrix of the ground-truth (time-indexed) and block (indexed by k) such that
»®) = E((Jk) for all ¢ € [, Tk+1]. One can now write the average sampling error
across time according to:
Vi, =8, - 367,

sk

where 1

a(k) ®)(x@ONT

Sls09) = T3] > XU(x®)

tes(k)

and s C [r}, Tk11] is a subset of the kth changepoint interval. To simplify
the notation, we will refer to the above quantities with a general subset of data
n = |s(¥)|, principally, this is because in a block the samples are i.i.d so only the
length n distinguishes the quantity.

13



Lemma 2 (Error Bound on Empirical Covariance Matrix). Let X ®) ~ N(0, Zék)),
or more generally be sub-Gaussian with parameter oy fort =1,... n, then

P(IVOlr = €) < 45 exp {~ne?/p?er} | (16)
— ‘ (t) 197 21)2
where ¢ = max; ({4, }2" (1 + 4max{o;})* for all
e < 2°pmax{S(, }(1 + 4minfo7})?/(1 + 4max{o}}) .

The result is a corollary of relating the empirical covariance under sub-
Gaussian sampling to the sum of sub-exponential random variables, see C.1 for
details.

Finally, let us turn to Ar 3. Recall P(Ary3) := P(Ap, N Cr N E3) =
P(ArpnCrn{|| 2725 WOl > [|Ra ¢ /3}). Given that || Ri|lr > (k) min
with probability 1, an upper bound on P[Ar\ 3] can be found using the same
concentration bounds (Lemma 2) as for Ar . The only difference is that
we need to replace the integration interval n with Tdér. Noting that Tér <
T — Tk < dmin/2, the overall bound will be dominated by the concentration
results requiring n > Tér.

A.3 Bounding the Bad Cases

In order to complete the proof, we need to demonstrate that P[Ar N CS] — 0.
Again, the argument below follows that of Harchaoui and Lévy-Leduc [2010],
whereby the bad case is split into several events:

DY = (BkelK], % <1} NCS,
DM = (ke [K), Tho1 <k < Thp1} N CS,
DY = {3keK], % > e} NCS,

where Cf. = {maxye(x]|Tx — Th| > dmin/2} is the complement of the good
event. The events above correspond to estimating a changepoint; a) before

the previous true changepoint (Dg)); b) between the previous and next true

changepoint (D(Tm))

, and c) after the next true changepoint (Dgf )). The events
Dgpl) and Dgpr ) appear to be particularly bad as the estimated changepoint is very
far from the truth, due to symmetry we can bound these events in a similar
manner. Focussing on the middle term P[Ar N D(Tm)], let us again assume
Tk < Ty , the reverse arguments hold by symmetry.

The probability of the intersection of Az and Dgpm) can be bounded from

above by considering the events

E, = {(Fu1— %) = dmin/2} (17)

Ej, {(7h — %) = dunin/2} - (18)

14



In particular, one can demonstrate that:

K
P[A7 N DY) < PlA7 N E,n DY+ > PIE; nE;n DY) . (19)
j=k+1

Let us first assess P[Ap N D(Tm) N E,;], and consider the stationarity conditions
(10) with start and end points set as [ = 7, [ = 7 and | = 7,0 = 741 . We
respectively obtain:

= 7llS5 = SED | < 20+ A0V — (e — ) + [ 275 WO (20)

and

=[SV =SEHD | 5 < 20040 Vo — 1) (Frgr— i) H[ ST WO

(21)
Using the triangle inequality, we bound ||E(()k+l) - Eék)H r conditional on E,; =
{(Fr41—7k) > dmin/2} and Ay := {|7—7%| > T'ér}. Specifically, we construct
the event

HF = {HE(kJrl)_Z(k)HF<2)\1m+2)\2((T6T)_1+2/dm1n)
(k
HIVEL e+ VD le} (22)

which bounds the first term of (19) such that P[Az; N E, N Déqm)] < P[HF N
{r — 7 > Tép} N E,]. Splitting the intersection of events we now have five
terms to consider

P(Ary, N E,nDS™)

P()\l \/ ( - 1) 2 nmin/lo) + P(>\2/T6T Z nmin/lo) + P(>\2/dmin Z nmin/20)
(||V7(kk) 2 lP > Nwin/5} N {7 — T3 > Tor})
({H (kt1) ”F > 77m1n/5} N {Tk+1 — Tk > dmln/z})

Tht1— Tk

IA

The stochastic error terms (containing V( ) ;) can then be shown to converge
similarly to P(Ar NCr). Again, it is Worth noting that the term involving 701
will be slowest to converge, as dumin = Yminl > 0771 for large T. The first three
terms are bounded through the assumptions on dyin, A1, A2, and dr as required
by the theorem (and enforce a similar requirement to those used to bound
P(Ar1) in Eq. 12). The other terms in (19), ie. Y20, | P[E; N E; N DY)
can be similarly bounded. Instead of using exactly the event H¥ one simply
replaces the term 1/Td07 in (22) with 2/dmin.

Now let us consider the events D(l) {3k € [K], Tt < Tk—1} N C5. The
final step of the proof is to show that the bound on Az ;N Dg), and similarly

Atk ﬂD¥ ) tends to zero. To achieve this, we introduce an upper bound derived
by the combinatorics of estimated changepoints:

15



Claim 1. The probability of Dg,f) 1is bounded by

K-1K-—
P(DY) <28 3" Z (E/ NE))+25XP(Ey) .
k=1 12k

We omit proof for brevity, however, remark that a similar argument is made
in Harchaoui and Lévy-Leduc [2010, Eq. 31]. In order to bound the above
probabilities we relate the events El”and El, to the optimality conditions as
before, via Eq. 10 . Setting £ = [ and invoking the triangle inequality gives us
(similarly to Eq. 22), the event

TP = {I=0 ) = 2Qle <20/l — 1)+ M+ IV e+ IV e}

TI+1—T1

where M = 2X\o(|7, — 71| =1 + 7141 — 7|~ 1). Conditioning on the event E, N E,
implies that M = 8\y/dmin. We can thus write

+P({” — TlHF > Nmin/4} N {7 — 71 > dmin/2})
+P{||V: (+1) |7 = Min/4} N {T141 — 71 > dimin/2}) -

Ti+1—T1

P(El” N El,) S P(nmin S 8)\1 ( - 1)) + P(nmin < 32)\2/dmin)

Finally, the term corresponding to the last changepoint can be bounded by
noting that when k& = K we have M = 6\2/dmin, and

P(E;;) < P(Nmin < 8\ m) + P(Nmin < 2422/ dmin)
+ PEIVYIO L e > nin/4} N {7k — P > dunin/2)})

Tk —TK

K+1
PV e > nwin/4) - (23)

A.4 Summary

The bounds derived in A1-A3 demonstrate that P(Aryj) — 0 since P(Ar N
Cr) — 0 and P(Ar; N CS%) — 0. However, to achieve these bounds, the
regularisers must be set appropriately. The event El” N El/ establishes a min-
imal condition on 7' in conjunction with ny,;, and the regularisers, such that
Nmin@min /A2 > 32 and Nmin/A14/p(p — 1) > 8. A final condition for Apj 1 re-
quires NminTor /A2 > 3. Once T is large enough to satisfy these conditions, the
probabilistic bound is determined either by the smallest block size dnin = YminT
or by the minimum error T0r. Let ko, = arg maxy{max;; Eg’fi)i} select the block
which results in the largest expected covariance error. Summing the probabili-
ties, one obtains the upper bound:

P(|i — 7| > To7] <2 x 2K ((K — 1)? + 1) P(|[VFeoidmin/2|| o > 1, /4)
koo
+ 2P|V | = Dhnin/5)
koo
+2P(|Vis P > Nwin/3) |
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where the top row corresponds to Dg) and D¥ ); the middle Dgpm)7 and the
bottom Ar o and Ar 3. Since 07T < yminT for large T, the above bounds

will be dominated by errors Véﬁ;‘)) integrated over the relatively small distance
Tor. A suitable overall bound on the probability is

P(ua 7 = 7l = Tor) < K*2X PVl 2 tnin/4)

koo
+4K PV |7 > Mhnin/5)
koo
< Cx PV Il 2 thain/5) -
In the Gaussian case where o, = 1 for all ¢, we have

P(;n% |7k — 7| = Tor) < CgAp® exp{—Térn} /P cs}
S

where Cy = K(K225+144), ¢5 = 5427 || 5)|| . for all i < 2552p|| 2| oo
We thus arrive at the result of Theorem 1.

B Proof of Model-Selection Consistency

Assumption 3. The event E. := {maxy |7y — 7| < Tdr} holds with some
increasing probability 1 — f-(T) = 1 as T" — oo.

For the model selection consistency argument, we extend that presented in
the stationary i.i.d setting as discussed in Ravikumar et al. [2011]. Specifically,
this follows the primal-dual witness method as described in Wainwright [2009].
Since {©"}B_ | is an optimal solution for GFGL, for each estimated block
k,l= 1,...,f>’ = K + 1 it needs to satisfy

B
S aun(VED) b+ Vet — i S0 4 nag R 4 0 (RS — RTV) =0,
I#k
(24)
where 7, describes the proportion of overlap between the Ith true block and
the kth estimated block. The term E#ke[é] ﬁlk(VéfZ) can be though of as pro-
viding a sampling bias due to estimation error in the changepoints, wheras the
term 7y, V7% compares samples and the ground-truth of the same underlying
covariance matrix.
We will now proceed to construct an oracle estimator © € M 5 =1{U (k) €
RP*P| U/(\Ijl)L =0,U® = 0}P_,. The oracle is constructed through solving the
restricted problem

B B B
O = arg min[z { Z ﬁlktr(ggl)kU(k))fﬁk log det(U(k))}+)\1 Z A|UM ||,
UeMp L= =1 k=1

B
3 [0 - 0o
k=2
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The construction above does not utilise oracle knowledge to enforce change-
point positions, only the sparsity structure of the block-wise precision matrices.
Again, for each estimate block, we obtain a set of optimality conditions like
(24). Let us denote the sub-gradient of the restricted problem evaluated at the
oracle solution as B{*) = R{™*) for the £, penalty, and R*~*) R{™ for the
smoothing components. By definition the matrices Rg’““% Rg’“) are members
of the sub-differential and hence dual feasible. To show that © is also a min-
imiser of the unrestricted GFGL problem (2), we will show that ||R(1k/)v[ oo €1
and is hence dual-feasible. 7

Ravikumar et al. [2011, Lemma 4] demonstrates that for the standard graph-
ical lasso problem strict dual-feasibiility can be obtained by bounding the max-
ima of both the sampling and estimation error. The estimation error (on the
precision matrices) is tracked through the difference (remainder) between the
gradient of the log-det loss function and its first-order Taylor expansion. In
our case we will track the precision matrices at each block k via the remainder
function defined as

EA)=06"1-06,'+06,tA0,!, (25)
where A = © — O, € RP*P,

Lemma 3 (Dual Feasibility). The out-of-subspace parameters are dual feasible
such that ||11_2§I€/)\/1L||Oo <1if

max {7 o, [€(A) oo, Ao IR oo, Aot RS ™ o } < aXi/16,
(26)
where
+ VM) (27)

Nk

f/(k) = ﬁ;l(zﬁékﬁlkv(”

Nk

We note at this point, that the condition (26) in the setting where T' — oo
converges to that of the standard graphical lasso Ravikumar et al. [2011].
Specifically, if changepoint error is bounded according to the event E. :=
{maxy, |7 — 7x| < Tér}, the mis-specification error averaged across the block

converges to the exact case V*) — Ve(xkgct, where exact refers to the setting with
zero changepoint estimation error.

Lemma 4. The average sampling error over estimated block k is bounded for
some € < c5 = 235\|E(()k°°)||OO according to

PIIV® o > o] < apPe=/es
fOT’ Cqg = 2752||2(()km)”00 .

Applying this result to (26) and making the choice of regulariser A\; =
16a~ e, enables the condition ||[V*)|, < a)\;/16 in (26) to be satisfied in
high probability. Specifically, we have

PlIV® | > aXi27Y < f(T)
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where fy(T) = 4p® exp{—c; ' €*(Ymin — 267)T}, and note that fy(T) — 0 as
T — oo.

We now turn our attention to the size of the remainder [|E(A)||co. In the
first step, we directly invoke a result from Ravikumar et al. [2011]:

Lemma 5 (Ravikumar et al. [2011], Lemma 5). If the bound || Al|o < (3Kx,d)?
holds and d is the maxmimum node degree, then

3
E(A) o < SAIAJZKE,

While we can use the same relation as Ravikumar et al. [2011] to map || Ao
to [|E(A)]|e we need to modify our argument for the actual control on ||A||s.

Lemma 6. The elementwise (o, norm of the error is bounded such that | Al =
1© = Oolloo < if

r = 2K, {1V 0 |oo + A1+ Ao (IR loo + 1IRS [1)} . (28)
and r < min{(3Kx,d)"", 3K$ Kr,d)~'}.

Note that the contribution of the fused sub-gradient is bounded Ao, ' ( ||R§*k*‘) oo+

||R§*’€)||oo) < 2X\on, ', Let us further assume that Ay = Aip for p > 0, we now
upper bound (28) with the stated form of A\; such that

r < TRy = 2KFU{6+ )\1(1 + Qpﬁ];l)} = QKFOZﬁkE R

where
Zay, o= 1+ 1607 (14 2pn, ") .

We have two constraints on €, one from the concentration bound (Lemma 5)
whereby € < 235||Eék°c) lloo, then a second from Lemma 6 gives

r<rp, <min{(3Ks,d)"!, BK$, Kr,d)~'}

which implies € < 1/vg, where vg, = 6dzs, maX{KEOKFD,K%OK%O}. Now
lets use Lemma 5 to obtain

1E(A) ]l

IN

3 :
SUAIZKS,
6dK7 K3, 27 €

= [6dKE K3 22 €| 27" \a,

IN

where the last line comes from setting e = A\ja/16. To demonstrate dual fea-
sibility we therefore have to satisfy the further constraint that e < 1/ve where
ve = 6dK7 K3 27 . Dual feasibility is obtained in the case where

1 1
€ € | 0,min , )
( {235”Eékoo)”w GdZT%k maX{KEOKFO,K%UKI%O}}>
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Consider the lower bound on 7y > (Ymin — 267)T = YminT, as T — oo then the
term z;, — 1+ 16a~1. For convergence of the tail bound (Lemma 5) we need

T > ¢y log(4p2)/(’ymin —207) .

Thus, we can choose a rate € = Q(T~/2) and still maintain dual feasibility.

The final step of the proof is to demonstrate that all possible solutions
to GFGL maintain this relation. In the case of GFGL, the following lemma
states that the objective function is strictly convex on the positive-definite cone.
Hence, if we find a minima it is the global minima, and the dual-feasibility con-
dition ensures that the suggested bounds are achieved.

Lemma 7 (Strict Convexity). For matrices Op € ST, = {{UO}, |U® =~
0, UM =UMTY the GFGL cost function is strictly convex.

C Proof of Lemmata

C.1 Bounds for Empirical Covariance Error

Proof of Lemma 2. We want to bound P[||Vn(k)||Oo > ¢]. Our approach is to
extend the single block tail-bound of Ravikumar et al. [2011], derived in an
i.i.d setting, to the case where samples are independent, but not necessarily
identically sampled. Without loss of generality consider the event

- {| YoxOx —n] > d} (29)
t=1

Recall, the deviation of a sub-exponential random variable Z with E[Z] = uz
is given by the inequality

exp(;;j) if 0<v<~%/b

30
exp(—g) ifv>~%/b (30)

P(ZZ,Uz-i-U)S{

For independent Z®) | sub-exponentials with parameters (y7,b;) the sum Zij =

ZZ.(jl) +...+ Zl-(;) is sub-exponential with parameters (3,7, max;b;). Now

consider the event A;;(v), and construct the auxilary variables A(f) = X ) 4
X(t) and B(t) X(t) X](.t) where Xi(t) X(t / 0 ” We note that Lemma
9 of Ravikumar et al. [2011] holds at the individual ¢ step level such that, if X Z-(t)

is sub-Gaussian with parameter oy, then the random variables AZ(-;-) and Bi(;-) are
sub-Gaussian with parameter 20y, and for all d > 0

PlA;

|ZA(t _21_/)1] |>2d/ Eg)tu 0]]
t=1

‘ZB(t _21_plj |>2d/ E(()tu 0]j|]
t=1
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Through Lemma 10 (Ravikumar et al. [2011]) we have Zi(;.) = (AE;))2 (1+p(t))
is sub-exponential with parameter v = b = 16(1+402). Application of (30) with
the tighter bound (0 < v < 42/b), gives us

Z (t) —pii)l > 2d/ étZZE((ng] <2exp{-d*/nc1} ,
t=1

where ¢ = maxi’t{Eét;gi}T(l + 4max,{o?})? for all d < ncy where ¢y =
2% max; t{ZO ) M1 + 4min{0?})2/(1 + 4max,{o?}). A bound on the required

quantity P (||Br(Lk) lloo > €) follows from application of the union bound over both

A and B, and then further over the individual elements in the p X p matrices.
In a general setting we obtain

Pl Z E(t loo > d] <dp®exp{—d*/nc1} , (31)

where ¢; = max; t{EO “}27(1 + 4max;{o?})? for all
d<2%n matuX{E(()t;gi}(l + 4m1n{at N2/ + 4m§1x{at2}) .

The required bound is given by the inequality || X||r < p||X||c and setting
d = en with € < ¢s.
O

Proof of Lemma 4. For the quantity ||V )|, we consider adapting the proof
of Lemma 2. A bound on this can be derived from (31) setting n = fg, d = ei

letting maxi,t{Eét;zi} = |2 and max;{o?} = min{o?} = 1, ie. all
variates are Gaussian. We then obtain

P|[V®)||o > €] < 4p® exp{—eiy,/ca}

for ¢y = 2752|580l and € < c5 := 2352 . O

C.2 Dual-feasibility with Mis-Specification (Proof of Lemma
3)

Proof. We can write the block-wise optimality conditions (24) for the restricted
estimator as

O ta® (o)~ —eat) ankvvfm + V(u? + MR
I#k
A + 5 (7
2(R(k 1) R(Qk))ZO-
nk
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As pointed out in Ravikumar et al. [2011], this equation may be written as an or-

dinary linear equation by vectorising the matrices, for instance vec{(@ék))_lA(k) (@ék))_l} =
{(@ék))*l ® (@ék))*l}vec(A(k)) = Tgvec(A). Utilising the fact Ay = 0 we

can split the optimality conditions into two blocks of linear equations

ng/)\AMvec(Asa)) + vec(GgZ) (X5A1,2)Mm) =0 (32)
T 0 pevec(AR)) + vee(GEP (X3 At Ao)pqs) =0, (33)

where
Y (XM, 20) == V) — £(AW) 4\ RP 4 i g (RY — RTV)

Solving (32) for vec(AE\]ft)) we find vec(A(k)) (F(k) M) Vec{G (X ALy A2)amte
Substituting this into (33) and re-arranging for Rl, ML gives

vee(GW (XA, A2)age) = T)

k k
0; MJ-M(F(() /)vtM) IVGC{G%J(X; AL, A2)m) s

and thus, letting H® := =7k

o MLM(I‘(()]fj)v”vl)’1 we obtain

= A2 (+ # B (k
R S Ovec(RS* ) — B )aa) + HOvec( R,

1 . ~
e = - H P vee{ V) — Ep(A®)y +

1

1 7 )\ T 1 Ky
= el Vit = S (AN} = Hovee{ (RS = RV ) e}

1 A1

Taking the ¢, norm of both sides gives
B (k 1 = (k B (k
1B A lloo < IOV oo + 1Em(AO)loo) + [ vee R

1
Afwvwnm+waMmA%hmg

)\2 Th—1 T Th—1 T
a5 VNGRS e + IRS ) + IR e + IRTR e } -
Claim 2. The error in the model-space dominates that outside such that
= (k = (k
IV oo < 1V o (34)
1Ers (AW oo < 1EMAM) o - (35)

Furthermore, the maximum size of the sub-gradient in the model subspace is
bounded ||R§k/)v1||Oo <1

A similar claim in made in Ravikumar et al. [2011], and thus via the results
above, we obtain ||H(k)vec( )HOO <1-—o«and

k
IR, oo < ATHE2 = ) { IV oo + 1M (A®) o
" 7, k
+ iy RS oo + IR o)} + 1 H P vee(RE))loo -

The condition (26) stated in the lemma now ensures || R <1 O

® i llos
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C.3 Control of Estimation Error (Proof of Lemma 6)

Note that @%L = @ékML 0 and thus |[A®)| = HA ||OO We follow

Lemma 6 from Ravikumar et al. [2011] in the spirit of our proof. The first step
is to characterise the solution © in terms of its zero-gradient condition (of
the restricted oracle problem). Define a function to represent the block-wise
optimality conditions (akin to Eq. 75 Ravikumar et al. [2011])

Tr—1
Q(@(k)) (@(’f)) +A;1 Z S(t) +\; R(k)+)\2A_l(Rng_l)ngTk)) —0.

t=T1r—1

Now construct a map F' : Ayil) — F (Agﬁl)) such that its fixed points are equiv-

alent to the zeros of the gradient expression in terms of Ayf[). To simplify the
analysis, let us work with the vectorised form and define the map

F(vec(A%))) = *(FO;MM)flVeC{Q(GS\IZ))} + VeC(As\Z)) )

such that F{vec(A\])} = vec(AL)) iff Q0§ + AR)) = Q(Of)) = 0. Now,
to ensure all solutions that satisfy the zero gradient expression may have their
error bounded within the ball we demonstrate that F' maps a {, ball B(r) :=

{@5&)\ ||@5\]fl)||OO < r} onto itself. Expanding F(Vec(As\Z))), we find

F(vee(AL))) = —(Conia) “vee{Q(O5), + AR} + vee(Al))
= Tl - T2 )

where

Tl = (FO;MM)ilveC[{(@(k) + A(k))71 - (G(k))il} + VeC(A.(/\k/:l))
Ty = (Conand) " vee [V + M RE, + i (R — REY))

The rest of the proof follows from Ravikumar et al. [2011], where via Lemma 5,
one can show

3

3
SAi Kr |AM2, < SRz, Krr?,

ITile < 5

under the assumptions of the lemma we obtain ||T1] < r/2. Combined with
the stated form of r, we also find ||T2||cc < /2 and thus ||F(vec(AS\’il)))||oo <r.
Through the construction of F, we have ||A§Z)Hoo < riff Q(@ék/)vl + AS\IZ)) =
Q%)) = 0 and since Q(OF)) = 0 for any O we obtain [|AY) ||, < r where
AS\IZ) =0k — ng). Finally, the existence of a solution @sﬁ[) corresponding to
vec(Aga)) € B(r) is guaranteed by Brouwer’s fixed point theorem.
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D Further Results

D.1 Strict Convexity of GFGL (Proof of Lemma 7)

Proof. The negative log-det barrier —logdet(0") is strictly convex on ©() ¢
Si,. While the frobenius norm is strictly convex on a given matrix ||A||p for

A € 81 it is not strictly convex when considering the mixed norm Zthz |[e® —

0=V for 01 ¢ Sf;) However, due to Lagrangian duality, we can re-write
the GFGL problem as an explicitly constrained problem

min {Z 0, 5y _log det(@(t))}} such that
ores{?)

T
Sk + 2 Z 180 — et < C(A) .
t=1

We can alternatively write

min {Z ot M) logdet(@(t))}}

ores™) iz

T T
such that Y 10U} ]11 < Coparse(Ar, A2) and [0 =01V 2 < Cumporn (M1, Ao) -

—11
t=1

A similar argument to that used in Ravikumar et al. [2011] now holds. Specif-
ically, we note that even the rank one estimate S® will have positive diagonal
entries S’l(f )'> 0 for all i = 1,...,p. The off-diagonal entries in the precision
matrix are restricted through the ¢; term. Unlike in the standard static case,
the size of this norm is not related to just a single precision matrix, rather
it counts the size of the off-diagonals over the whole set {©®}]_,. Thus,
to obtain strict convexity, one also needs to include appropriate smoothing.
To borrow the same argument as used in Ravikumar et al. [2011], we need
to demonstrate that for any time-point ¢ we can construct a problem of the
form min@<t>e$ﬁ {01, S®) —logdet(©®")} such that 109111 < Ci(Ar, o).

—1
The constraint due to smoothing allows exactly this, for instance, one may
obtain a bound [O)]1 < Cuparse(A1, A2) = Xy, 0] ]1. Writing ©¢) =

o 2222(@)@) — 6((1*1)) for s > 2 we obtain

YoOW < @M +> Y el —el |,

s#t s#t g=1
< PCsmooth (A1, X2) + [[0W]1

where we note |- ||1 < pl||-||r. Converting to the bound for the ¢; norm at time
t we find
H@,unl < Oaparae()\la /\2) pCsmooth(/\la )\2) - ||@(1)H1 = Ct(/\h /\2) )
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and thus an effective bound on the time-specific £1 norm can be obtained. [

D.2 Consistency when K > K (Proof Sketch for Proposi-
tion 1)

Proof. The below constitutes a sketch of the proof for Proposition 1. Let us
start by recalling the assumption K < K < Kmax. We can split the bound into
two, one corresponding to the correctly identified number of changes and one
for those which exceed this number:

Kmax
p [{h(”kaTK) >Tor}N{K <K < Kmax}] < P[(Tx||Tk) = Tor]+ Y Plh(Tol|Tk) > Tor] .
L>K

—0 via Thm.1

Focusing on the second bound, Harchaoui and Lévy-Leduc [2010] demonstrates
this can be broken down in terms of three events:

Komax Komax K
Z PIL(TL|Tk) = Tér] < Z ZP[FT,k-,ﬂ + P[Fr k3] + P[Fr 3]
L>K L>K k=1

where

Frepi={71—m| >Térand 7 <7, V1 <I<L}
Fryo={|f — 7| >Térand > 7, V1 <1< L}
Frps={31<I<L||7—7| > Tor, |Ti41 — 7| > Top, and 7} < 73, < Ty41} -

The probability of these events can all be bounded in a similar way to the that
of Eq. 14, i.e. by considering specific start and end-points in the optimality
conditions given by Lemma 1. In the interests of space, we refer the reader to
Harchaoui and Lévy-Leduc [2010] for technical details of this procedure.
Finally, in the statement of the above proposition, we asserted that there
was some K. which upper bounded the number of estimated changepoints.
By considering the bias of the GFGL estimator as a function of specific A1, Ag
which scale as discussed in the main paper one should be able to demonstrate
that the estimated number of changepoints is indeed bounded from above. In
the seminal paper of Harchaoui and Lévy-Leduc [2010], this is achieved via
Lemma 2 of Meinshausen and Yu [2009]. In the case of GFGL, with the log-
determinant constrained likelihood and the additional regulariser, a new result
would be needed to upper bound K. One possible pathway to achieving this
would be via the analysis provided in Rothman et al. [2008], and extending this
to the non-stationary setting. Proof of such a specific result is left as future

work.
O
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