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The dynamics of multiple scalar fields on a flat FLRW spacetime can be described
entirely as a relational system in terms of the matter alone. The matter dynamics
is an autonomous system from which the geometrical dynamics can be inferred, and
this autonomous system remains deterministic at the point corresponding to the
singularity of the cosmology. We show the continuation of this system corresponds
to a parity inversion at the singularity, and that the singularity itself is a surface on
which the space-time manifold becomes non-orientable.

I.

INTRODUCTION

Gravitational fields are not measured directly, but rather inferred from observations of
matter that evolves under their effects. This is illustrated clearly by a gedankenexperiment in
which two test particles are allowed to fall freely. In this the presence of a gravitational field
is felt through the reduction of their relative separation. In cosmology we find ourselves
in a similar situation; the expansion of the universe is not directly observed. It is found
through the interaction between gravity and matter which causes the redshift of photons.
The recent successes of the LIGO mission [1] in observing gravitational waves arise as a result
of interferometry wherein the photons experience a changing geometry and when brought
together interfere either constructively or destructively as a result of the differences in the
spacetime that they experienced. What is key to this is the relational measurement of the
photons; are they in or out of phase?
This relational behaviour informs our work. Here we will show how given simple matter
fields in a cosmological setup, the dynamics of the system can be described entirely in
relational terms. We see that this relational behaviour, being more directly related to
physical observations, can be described without some of the structure of space-time. As
such we treat general relativity as an operational theory; a means to the end of describing
the relational dynamics of matter. This changes the ontological status of space-time. We do
not treat the idea of scale in a four-dimensional pseudo-Riemannian geometry as absolutely
fundamental to the description of physics, but rather as a tool through which dynamics can
be calculated. This change of status is common to many approaches to fundamental physics;
string theory [2–5] often posits the existence of very small compact extra dimensions. In Loop
Quantum Gravity [6, 7] the fundamental object is a spin network to which regular geometry
is an approximation at low curvatures, and in the cosmological sector this is responsible for
removing the initial singularity [8, 9]. A minimalist approach is taken in Causal Set theory
[10, 11] where the idea of geometry is rebuilt from causal relations between points, and a
geometry is overlaid on top of these relations, and in Group Field Theory [12] condensate
states are interpreted as macroscopic geometries.
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In this approach we will differ in one key way from the aforementioned approaches to
fundamental theories of gravity. Rather than positing the existence of a more fundamental
object on which our theory is based, we instead simply note that we do not have empirical
access to the volume of the universe, and instead consider the relational evolution of observables. Aspects of this are captured in the Shape Dynamics [13–16] program. At the heart of
this is the idea that certain necessary factors in forming a space-time, such as the idea of an
overall notion of scale, are not empirically measurable. As such, any choice of how dynamics
is described in terms of these non-measurable quantities should not affect the evolution of
measurable quantities. In previous work [17] we have shown that this leads to a unique
continuation of Bianchi cosmologies (homogeneous, anisotropic solutions to Einstein’s equations) through the initial singularity, and this has recently been extended by Mercati to
include inflationary potentials for the matter [18]. There are two principal reasons why
this is possible; the first is that the system exhibits “Dynamical Similarity” [19] and thus
solutions can be evolved in terms of a smaller set of variables than are required to describe
the full phase-space. The second is that the equations of motion for these variables are Lipschitz continuous even at the initial singularity. By the Picard-Lindelöf theorem, they can
be uniquely continued beyond this point and reveal that there is a qualitatively similar, but
quantitatively distinct, solution on the other side. In this paper we will show that the same
results hold when working with scalar fields in a flat Friedmann-Lemaı̂tre-Roberston-Walker
(FLRW) cosmology.
This paper is laid out as follows. In section II we recap the dynamics of flat FLRW
cosmologies in the presence of scalar fields, and express the dynamics as a flow on the usual
phase space. Then in section III we show the role of dynamical similarity in these spacetimes,
establishing a vector field on phase-space whose integral curves take solutions to those which
are indistinguishable. This allows us to formulate the more compact description of the system
which is well-defined at and beyond the singularity. We then show some general features of
such systems. In section IV we show how massless noninteracting scalar fields provide this
continuation, and in section V we show the fully intrinsic form of the equations of motion
when interactions are reintroduced. We examine how one can reconstruct a geometrical
interpretation on the other side of the singularity in section VI and show that this would
appear to be an orientation flip when viewed in this way. Finally in section VII we show
how the results we have obtained extend beyond the isotropic case and make contact with
prior results, and give some concluding thoughts in section VIII.
II.

FLRW COSMOLOGY WITH SCALAR FIELDS

We will examine the dynamics of scalar fields in a flat FLRW cosmology. We will focus
on scalar fields since massless scalar fields have an energy density which increases with the
square of the inverse of the spatial volume. As such they are the dominant contribution
to the energy density in the neighborhood of singularities. To quote Wheeler, in such a
situation ”Matter doesn’t matter” with the exception of scalar fields. Therefore we note
that although other physical fields, such as cold dark matter, radiation and dark energy can
be present, close to the singularity their dynamics are determined entirely by the dynamics
of the geometry.
To retain the homogeneity and isotropy of our solutions, we will assume the same holds
for our scalar fields, and thus each field has only temporal variation. The metric takes the
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form:
ds2 = −dt2 + a(t)2 dx2 + dy 2 + dz 2



(2.1)

It is important to note that there are two tetrad representations of this system which are
compatible with the geometry corresponding to left-handed and right-handed orientations
g = η(e, e), with the choices eL = (dt, adx, ady, adz) and eR = (dt, −adx, −ady, −adz). In
fact, since the form η is bilinear, we could have chosen to distribute the - signs with any
of these components, however since we will be primarily interested in the behaviour of the
spatial parts across the initial singularity, we choose to keep a time direction fixed and will
only be interested in the relative signs of the one-forms across t = 0.
Dynamics are derived from the Einstein-Hilbert action for gravity minimally coupled to
matter, which has the usual scalar field Lagrangian. Our spacetime is topologically R × Σ
where the spatial slice Σ can be R3 or T3 . In the case of R3 we choose a fiducial cell to
capture the entire system since homogeneity means that the dynamics of the entire space
can be determined by the dynamics of any chosen subregion, and thus we avoid infinities.
!
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In order to simplify the algebra, in the following we make the choice to work with the volume
instead of the scale factor, v = a3 . The momentum conjugate to v is proportional to the
Hubble parameter, h = pv = 4vv̇ and that to φ is pi = v φ̇i , where we choose to denote
this conjugate momentum h to avoid notation clashes. The Hamiltonian and symplectic
structure are given:


3h2
p~2
~
~
H=v −
+ 2 + V (φ)
ω = dh ∧ dv + d~p ∧ dφ
(2.3)
8
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The Hamiltonian vector field, XH describes the evolution of a solution in phase-space. It is
determined uniquely through the global invertibility of the symplectic form (summing over
repeated indices of the scalar field and its momentum):
dH = ιXH ω → XH =

3vh ∂
p2 ∂
pi ∂
∂V ∂
− i2
+
−v
4 ∂v v ∂h
v ∂φi
∂φi ∂pi

(2.4)

The dynamics of the matter present is given by the Klein-Gordon equation, which corresponds to the usual Hamiltonian dynamics of the scalar fields given the above:
φ̈i +

3h
∂V
φ̇i +
=0
4
∂φi

and the dynamics of the geometry is given by the Friedmann equation:
!
2
8
φ̇
+ V (φ)
h2 =
3 2

(2.5)

(2.6)

In the case where there is no potential for the scalar field, we can solve these analytically to
see v = v0 t, φi = Ai log t + Bi , wherein Ai , Bi and v0 are constants.
The singularity of this system corresponds to the fact that along its orbit on phase space,
XH reaches a point at which it is no longer integrable. From the Picard-Lindelöf theorem,
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this arises because uniqueness of solutions to the equations of motion fails when coefficients
∂
of the basis vectors ( ∂h
etc) are not Lipschitz continuous. We see that this can occur in two
ways; the first is that some of the phase space variables will tend to infinity. We will show
that this can be solved through a compactification which is brought about by considering
only relational variables. The second point at which Lipschitz continuity can fail is when
v = 0. However, it turns out that this system can be expressed in such a way that v is not
strictly required for evolution. This happens because the Hamiltonian has solutions which
are dynamically similar, and thus the evolution can be described on a contact manifold in
terms of relational variables.
III.

DYNAMICAL SIMILARITY IN FLRW COSMOLOGY

Since the total Hamiltonian H = 0 is a constraint, we can use this to replace h in equation
(2.5) and express the dynamics of the matter fields purely in a closed form.
q
~˙ 2 + ∂V = 0
(3.1)
φ̈i + φ̇i 24V (φ) + 12φ
∂φi
On first glance this may appear surprising; we began with a 2n + 2 dimensional phase-space
subject to a single constraint, and have arrived at a set of n coupled differential equations
which are second order in the fields alone. However, the reason for this reduction is that
there is a somewhat hidden symmetry of this system; it exhibits dynamical similarity [19]
under rescaling both the momenta of the matter fields and the volume (measured through
to an appropriately chosen fiducial cell) of the spatial slice. The dynamical similarity that
arises is an exact consequence of the fact that the dynamics of the system chosen should not
be affected by the choice of a cell by which it is measured.
In this system we have universal coordinates on phase space and thus we can define a
non standard canonical transformation through the vector field
V=v

∂
∂
+ p~φ
∂v
∂ p~φ

(3.2)

Following the procedure laid out in [19], we see that this system has an autonomous subsystem of dynamics of the invariants of V, given by the contact Hamiltonian H c and contact
form η
~˙ 2
3h2 φ
c
~
~˙ φ
~
H =−
+
+ V (φ)
η = −dh + φd
(3.3)
8
2
It is thus clear that this is a system of 2n + 1 invariants of V subject to a single constraint,
and thus the fact that we can describe the relational motion in terms of just the matter
fields themselves is no longer surprising. The dynamics of contact systems is an interesting
and active area of study [20, 21]. The contact space is odd-dimensional, and thus differs
from symplectic dynamics. There is one particular difference which is important in the
cosmological case: contact systems are ‘frictional’. It is clear from the contact form that one
of the variables is distinct from the rest, as it appears as a coordinate without a corresponding
momentum. Thus there exists a vector field ν such that ν(η) = 1, ν(dη) = 0. This is called
∂
the ‘Reeb vector field’, which in our case is ν = ∂h
, through which friction becomes apparent.
The contact Hamiltonian vector field XHc is determined uniquely through
ιXHc dη + η(XHc )η = dHc − (ν(Hc ) + Hc )η

(3.4)
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Thus our system has a contact Hamiltonian vector field given by
!
∂
∂
∂V
3h
φ̇
∂
i
XHc = −φ̇2i
+ φ̇i
−
+
∂h
∂φi
∂φi
4
∂ φ̇i

(3.5)

We see immediately that we have overcome one of the failures of Lipschitz continuity; since
this system does not refer to v at any point, its vanishing does not impede the integration of
the contact Hamiltonian vector field. Thus the points at which we may encounter problems
are where one or more of φ, φ̇, h become infinite. However as we have previously noted, this
is solved by the compactification induced in choosing relational variables.
Since the volume v is not a part of the relational system itself, and is never needed to find
the equations of motion of our contact system, we will not consider it to be fundamental
to the description of our system. Rather we will note that we can completely integrate our
equations of motion to find the behaviour of h for all times. We then create a geometrical
model which corresponds to our system by choosing a value for v at any given time and
finding its time evolution by quadrature. In doing so we can reconstruct a space-time
geometry which exactly reproduces the dynamics of the FLRW system. However since v
is not fundamental to our description, neither is its role as volume in this system; the
singularity at v = 0 is thus not a problem; we have simply reached the boundary of the
set of solutions that can be reproduced using our chosen space-time geometry. As we will
see this is still a regular point in the relational description, and thus we can create another
space-time geometry beyond v = 0 corresponding to the evolution of the relational system
past this point. The singularity of GR is thus a failure of the description of physics in terms
of an orientable manifold.
The frictional nature of a contact system is manifested in two ways; the first is that the
contact Hamiltonian, Hc is not necessarily preserved along its integral curves:
∂Hc
dHc
= −Hc
dt
∂h

(3.6)

however, we note that as this is a constraint in cosmology, Hc = 0, and thus the system is
conserved. The second is that Liouville’s theorem is modified for the system [22]. As the
space is odd dimensional, we cannot make a volume form in the usual way by taking exterior
products of the symplectic form. Instead, the canonical volume form on a contact space is
given
Vol = η ∧ dη n
(3.7)
By evaluating the time derivative of this form, we see that the Hamiltonian flow on contact
space has a divergence, and thus
c

˙ = −(n + 1) ∂H Vol
Vol
∂h

(3.8)

which gives rise to attractors on the space of invariants. Since the Reeb vector field in our
cosmological systems is along the direction of the Hubble parameter, its dual in the original
symplectic system is the expansion volume; ι ∂ ω = dv. Thereby we see that the friction
∂h
present in the matter systems arises as a consequence of the expansion of the universe.
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IV.

FREE FIELDS

~ = (φ1 , φ2 ), though the
For clarity we will focus on a system with two fields present φ
procedure described is entirely general. A theorem due to Foster [23] shows that on approach
to a singularity in such a spacetime for a broad class of potentials the scalar fields asymptote
to their massless (V = 0) behaviour. Therefore I shall first work in the case of free fields.
As such the dynamics are easy to express:
dh
3h2
4
=−
→h=
dt
4
3t

dφ̇i
3hφ̇
Ai
=
→ φ̇i =
dt
4
t

(4.1)

Thus we see solutions in parameter time given by
φ1 = A1 log t + B1

φ2 = A2 log t + B2

(4.2)

If t is not a direct observable then we have our complete motion in the (φ1 , φ2 ) plane
2
2 B2
determined along the line φ2 = A
φ + A1 B2A−A
. This is simply the equation of a straight
A1 1
1
line. Note that there the solution is degenerate in choices of Ai and Bi since these four
variables determine a single straight line in R2 . This is unsurprising as the physics of the
underlying system is unchanged under a shift of B1 and B2 – these leave φ̇i unchanged, and
similarly we could reparametrize the time direction changing A1 and A2 but retaining their
proportion.
We can express the system on shape space by making the compactification of the system
on a sphere:
 


φ1
cos α
= | tan β|
(4.3)
φ2
sin α
This compactification can be visualized by considering taking a unit sphere tangent to the
(φ1 − φ2 ) plane touching at the north pole. The mapping takes a point P on the plane onto
the sphere by passing a line from the center of the sphere to P and identifying this with the
point of intersection with the sphere.
Thus we have kinematical equation for α and β:


β̇ = cos2 β φ˙1 cos α + φ˙2 sin α
(4.4)


α̇ = cot β φ˙2 cos α − φ˙1 sin α
(4.5)
Therefore we can find the relational equation on a solution to the equations of motion:
dα
1
A2 B1 − A1 B2
=
2
dβ
sin β A1 cos α + A2 sin α

(4.6)

This equation appears singular at the point where tan α = −A1 /A2 , however note that this
is simply the point of closest approach of the line to the origin in the (φ1 , φ2 ) plane, and
therefore would be a stationary point of β on a solution. Which we can integrate to find:
A1 sin α − A2 cos α = (A1 B2 − A2 B1 ) cot β

(4.7)

which is the equation of a geodesic on the sphere. The constant of integration is set to zero
to match the solution we are representing here with the representation of the scalar fields
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in terms of time. The equator of the sphere is at β = π/2 which represents the singularity
in the FLRW system, but is again a regular point in the relational shape system. We can
thus recover the space that is covered by our solutions in the (φ1 , φ2 ) plane by noting that
our solutions are parametrized by α, which is monotonic in time. Hence
 


A1 B2 − A2 B1
φ1
cos α
=
(4.8)
φ2
sin α
A1 sin α − A2 cos α
It is obvious that this solution is periodic in α with period 2π. We thus see that the complete
solution when carried beyond the initial singularity of the FLRW spacetime continues in
the (φ1 , φ2 ) plane along a line parallel to the original solution but with opposite impact
parameter, and travelling in the opposite direction in parameter time. Thus the extended
system is given φi = (Ai log |t| + sign(t)Bi ), valid wherever t 6= 0.
It is interesting to note here that it is only when we introduce potentials that the functional form of the gravitational action comes into play; if we had replaced the h2 term with
1
f (h) in the contact Hamiltonian, Hc then dφ
would be unaffected, and we’d still have the
dφ2
space of straight lines, and so the shape space compactification would have been the same.
This is broken by interactions between the fields, as we will see in section V.
Let us now consider a set of n scalar fields. Each of these will have have its dynamics
given in terms of time t by
φi = Ai log t + Bi
(4.9)
for constants Ai and Bi . Following the same procedure as above, we expect that there will
be a well defined relational motion in terms of the compactified shape space. We begin by
using coordinates on the n-sphere:




cos α1
φ1


 φ2 
 = | tan β|  sin α1 cos α2 

(4.10)


 ... 
...
φn
sin α1 ... sin αn−1
The geometric idea here is the same as above – considering the hyperplane in the φi and
mapping onto an n-sphere by placing the sphere tangential to the plane at the north pole,
and associating points on each via a line from the center of the sphere to the plane.
The radial component of our motion is contained in tan β. We know that for free fields
this radius will tend to infinity as we approach the singularity at t → 0, which in these terms
is the equator of the n-sphere, β = π/2.Hhence we again parametrize our motion in terms
of β and examine the dynamics as we approach this point. From the equations of motion
for the scalar fields we can make the relation between β and t explicit:
X
X
tan2 β =
φ2i =
A2i (log t)2 + Ai Bi log t + Bi2
(4.11)
and hence to leading order | tan β| approaches infinity as log t. From this we see that the
leading order contribution to β̇ is given by 1/t(log t)2 .
For the αi we can perform a similar analysis of their asymptotic structures. We first note
that
p 2
φi+1 + ... + φ2n
αi =
(4.12)
φi
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and we find its velocity to be
α̇i =



cos2 αi
2
2
p
φ
(φ
φ̇
+
...
+
φ
φ̇
)
−
φ̇
(φ
+
...
+
φ
)
i
i+1 i+1
n n
i
i+1
n
φ2i φ2i+1 + ... + φ2n

(4.13)

Here we note that the bracketed term on the right hand side appears to have a term that
grows as log(t)2 /t2 . However this term is exactly zero, and hence the leading order contribution is in fact
!
Y
Y
cos3 αi
log(t)
α̇i =
(Ai
+ o(t−1 )
(4.14)
Aj Bj − Bi
A2j )
t
sin3 α1 ... sin3 αi−1 tan3 β sin αi
j>i
j>i
and therefore to leading order α̇ approaches the singularity as 1/(t log t)2 . Hence at the
i
tends to a constant and the system can be continued beyond
singularity we find that dα
dβ
this point. It is a (long) exercise to show that the solutions of this system correspond to
geodesic motion on the n-sphere.
V.

FULL SHAPE DYNAMICAL SYSTEM

Since we know what the asymptotic behaviour will look like for most well-behaved potentials,1 we can set up our q
complete shape system. Initially it might appear that a good

choice would be to pick p = φ̇21 + φ̇22 and tan θ = φ̇φ̇2 . However, as the system asymptotes
1
to the motion of a free field, the velocity of the field will become parallel to the field (θ → α),
therefore we cannot simply break the velocity into polar coordinates. Likewise asymptotically the velocity of the field will outgrow the field values (p  tan β). It turns out that a
good set of variables are
λ=

sin(α − θ)
cos β

χ = pe−

√
3
| tan β|
2

(5.1)

which are asymptotically distinct from α and β and thus contain solution determining data,
and are Lipschitz continuous at β → π2 . The complete dynamics of our system can now be
expressed completely in these terms. Denoting a derivative with respect to β with a prime,
λ
p
sin β 1 − λ2 cos2 β


λ
1
V2 cos(θ) − V1 sin(θ)
0
√
λ =
sin β −
+
cos β
sin β
χ2 e 3| tan β| cos2 β
s
!
√
p
√
3χ
2V
p
χ0 =
1+
e− 3| tan β| − 1 − λ2 cos2 β
2
2
2
χ
2 cos β 1 − λ cos β
cos(θ)V1 + sin(θ)V2
√
−
p
3 3
cos2 β 1 − λ2 cos β 2 χ3 e 2 | tan β|

α0 =

1

(5.2)

√3 2 2
√3 2 2
∂V
These will turn out to be potentials V where e− 4 (φ1 +φ2 ) V and its derivatives e− 4 (φ1 +φ2 ) ∂φ
are finite.
i
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Thus
our system is asymptotically (assuming that V is well behaved) α0 = λ, λ0 = 0, χ0 =
√ 2
− 3λ4 χ . The equations of motion (5.2) are Lipschitz continuous and thus we satisfy the
conditions of the Picard-Lindelöf theorem. This holds even at β = π/2, which corresponds
to the initial singularity of the cosmological system. Therefore there is a unique continuation
of any given solution through β = π/2.
As we have shown that the system of equations described in equations (5.2) is well defined
at the initial singularity, it is logical to then ask if there are places at which this description
breaks down. It is clear from the evolution of α that the equations are singular when
λ cos β = ±1. From the definition of λ we see that this is a point at which the velocity of
the scalar fields is orthogonal to their position. Since tan β represents the distance from the
origin in the (φ1 , φ2 ) plane, this is unsurprising. At this point the motion of the fields has
no radial component, and hence β is unchanging while the other variables are, and hence
derivatives of these with respect to β will become infinite. The motion remains well defined
when expressed in terms of the fields and their velocities alone, however, and thus this is
simply a poor choice of representation of the system at this point. It is entirely analogous
dr
to the singularity in dθ
in the polar coordinate description of a straight line; there at the
point of closest approach to the origin r is it a minimum whilst θ changes, and thus in these
variables the system appears singular. However, the equation y = mx + c remains well
defined at this point. The question then arises as to whether this could be the asymptotic
behaviour as β → π/2. The answer is that if V obeys the conditions of regularity then it
cannot, as the motion asymptotes to that of a free field.
Recovering the free field in these circumstances amounts to setting V and its derivatives to
zero. Upon doing so we note two interesting features; the first is that χ becomes unimporant
in dynamics, as it only enters the equations of motion for α and λ through terms proportional
to derivatives of the potential. Hence we can integrate the equation of motion for λ directly
in this case to obtain
λ0
λfree =
(5.3)
sin β
wherein λ0 is a constant. Reintroducing this into the equation of motion for α gives the
equation for a straight line in the (φ1 , φ2 ) plane. Second, we see that this feature only
relied upon there being non-zero derivatives of V . Had we introduced a pure cosmological
constant term (corresponding to V being constant) the equations of motion would have been
unaffected. From equation 5.3 we see that
λ cos β =

λ0
tan β

(5.4)

and so is decreasing (to zero) at the singularity. Thus when the fall-off conditions for the
potential are obeyed, the system is always integrable through the singularity.
A question that now arises is to the fate of other types of matter such as dark energy or
cold dark matter. If these are non-interacting with the scalar fields their evolution is simple
to work out. To accommodate dark energy one can add a constant Λ to the potential V
which has equation of motion Λ0 = 0, and hence is integrable through the singularity, and
appears unchanged on the other side. Similarly, cold dark matter has an energy density
ρ = κv −1 , for which the equation of motion is κ0 = 0 and the same occurs. Introducing a
coupling between, for example, the cold dark matter and the scalar fields can affect both
the dynamics of the cold dark matter and the scalar fields. However, in the neighborhood
of a singularity we find that unless there is a non-physical (second law violating) coupling
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this contribution becomes infinitesimal in the case of the scalar field dynamics and thus can
be neglected.
Extending our system to n scalar fields is a simple exercise; first we note that at any point
in the evolution of the system we can choose coordinates for the scalar fields such that the
position and velocity of the fields are in the plane spanned by φ1 and φ2 . If we describe the
positions and velocities of our fields in terms of spherical coordinates, with positions given
by equation 4.10 and velocities given by




φ1
cos θ1
 φ2 



 = p  sin θ1 cos θ2 
(5.5)
 ... 


...
φn
sin θ1 ... sin θn−1
then this amounts to setting α2 , ..., αn−1 and θ2 , ..., θn to zero locally. Thus the equations of
motion for the position and velocity in the plane remain as in equations 5.2 locally, defining
1 −θ1 )
λ = sin(α
;
cos β
λ
p
sin β 1 − λ2 cos2 β


λ
1
V2 cos(θ1 ) − V1 sin(θ1 )
0
√
λ =
sin β −
+
cos β
sin β
χ2 e 3| tan β| cos2 β

α10 =

(5.6)
The presence of the potentials causes the motion to accelerate from the plane
θj0 =

Vj+1
p
χ2 e 3| tan β| cos2 β 1 − λ2 cos2 β
√

(5.7)

and hence again we see that for potentials which are well behaved (in the sense that both the
potential and its derivatives fall off sufficiently) the motion becomes asymptotically planar
and again describes a geodesic on the (n − 1)-sphere. Similarly, we see that if the potentials
are well behaved then the equations remain Lipschitz continuous, and hence the PicardLindelöf theorem guarantees that there is a unique trajectory which continues the solution
through β = π/2.
VI.

CONSERVED QUANTITIES ON NON-ORIENTABLE MANIFOLDS

The singularity of FLRW cosmology is a point at which the spacetime geometry endows (any chosen fiducial cell embedded in) the spatial slice with zero volume. The volume form, induced by the space-time volume form pulled back to a t = constant slice,
is VolΣ = vdxdydz. The existence of a volume form is equivalent to orientability of the
manifold itself; non-orientable manifolds of dimension d do not have any nowhere-vanishing
d-forms. In extensions of our system beyond a point at which the volume form vanishes,
it is therefore natural to ask whether this might be an indication that the manifold is not
globally orientable. The volume form is directly linked to the conserved quantities of any
Lagrangian system through Noether’s theorem; it is almost universally assumed that any
manifold providing a basis for physics must be orientable. Here we will relax this somewhat.
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To provide an example of such a system, let us consider a Mobius strip formed by taking
a section of R2 and placing the usual twist on the boundaries. Specifically we will take
M=

(0, 1) × [0, 1]
∼

(0, y) ∼ (1, 1 − y)

(6.1)

and we will endow this space with a metric ds2 = dx2 + dy 2 everywhere except the points
of identification x = 0, 1. This metric admits two diads up to a choice of overall sign;
e1 = dx, dy and e2 = dx, −dy. Hence our choices of volume form are Vol = ±dx ∧ dy.
Let us consider the motion of a free particle on this manifold. The Lagrangian for such a
particle (again, defined away from the edges) is
L=

ẋ2 ẏ 2
+
2
2

(6.2)

And we find from this that the two momenta Px = ẋ, Py = ẏ are conserved quantities.
This is, of course, the statement that free particles follow the geodesics of the manifold. In
the Hamiltonian language we know that the system is determined by a Hamiltonian and
symplectic structure
H=

Px2 Py2
+
2
2

ω = dPx ∧ dx + dPy ∧ dy

(6.3)

Suppose we now want to extend this to what happens to a particle that crosses x = 0,
say. In such a case we can extend geodesics across this point by insisting that the path taken
is a minimum of the distance as defined on all points away from x = 0 and that the path is
continuous across the join. Away from the join, the geodesics will be geodesics of the metric
(straight lines in R2 ) and so we need only consider the point of intersection with the join,
and connect the points with straight lines away from it. On doing so we find that geodesics
connecting two points K = (Kx , Ky ) and Q = (Qx , Qy ) are given by minimizing
q
q
∆(K, Q) = ∆(K, (0, yi ))+∆(1, (1−yi ), Q) = Kx2 + (Ky − yi )2 + (Qx − 1)2 + (Qy − (1 − yi ))2
(6.4)
across all choices of the yi , the coordinate of the intersection of the path with x = 0. Upon
doing so we find that the geodesic crossing the join between K and Q is equivalent to taking
a second copy of the space attached at the join but flipped in the y direction, and finding a
geodesic on the combined space with the metric ds2 = dx2 + dY 2 , where Y = y for x > 0
and Y = 1 − y for x < 0. This is equivalent to saying that we match across the join by
swapping e1 for e2 . This is shown in figure 1. One useful way to visualize this is to consider
a physical Möbius strip formed by taking a strip of paper and connecting it with the usual
twist. The double cover amounts to viewing the two sides of the paper, and our geodesic
is a straight line along the paper which starts on one side and ends on the other. A circle
with an arrow pointing clockwise on one side will appear to point anticlockwise when viewed
from the other side, illustrating the choice between e1 and e2 .
If we turn our attention back to the conserved quantities it would appear that across the
join a particle following a geodesic will have preserved Px but Py → −Py . There are several
ways to interpret this. We could first consider that what is actually conserved is not in fact
ẏ but rather sign(det(e))ẏ. In doing so we would see that we have swapped diads across the
join. An equivalent way to see this is to consider that the conserved quantity corresponds to
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Q

yi
y'i

K
Q

K
e2

i

e1

FIG. 1: The geodesic on the Mobius strip shown on the left on a single copy of the space.
We see that the line is discontinuous under the identification and has a sharp corner at the
join. On the right is the same line but represented in a double cover of the space where we
have used the diad e2 on the left and e1 on the right, swapping the orientation between
copies of the space. With this choice we recover what we would expect a geodesic to look
like on the double cover with metric given in terms of x and Y .
the interior product of the Hamiltonian vector field and the symplectic structure applied to
∂
∂
the symmetry s = ∂y
. Upon parallel transporting sy across the join, it is inverted s0y = − ∂y
,
0
and hence the conserved quantity takes the value Py = −Py . However, perhaps the most
intuitive way to understand this is to consider that the Lagrangian is equivalent to defining
on the double cover
ẋ2 Ẏ 2
+
(6.5)
L0 =
2
2
and the conserved quantity really corresponds to PY = Ẏ .
The issue of how chirality is treated in a relational context has been a long-standing issue
in the philosophy of physics, dating back to Kant. The fundamental issue relates to objects
which are counterparts, yet incongruous, with the common example being left and right
hands. In the case we examine here, we find that within our system the descriptions are
intrinsically indistinguishable; one a notion of handedness has been chosen, one can indeed
distinguish between, clockwise and anticlockwise. However, given a single rotating object
the system would not be sufficient to determine whether that object rotated clockwise or
anticlockwise. For an excellent review of such issues see [24] and references therein2 .
Let us now examine what happens in the FLRW case. Since the dynamics is captured in
essence by the case of two massless scalar fields, we will take this as our example, however
the results we obtain are more generic. We noted in section IV that the solution φi =
Ai log(t) + Bi are continued across the singularity by extending to t < 0 through taking
φi = Ai log |t| + sign(t)Bi , and thus φ̇i = sign(t) Ati . Naively we might think that this
inversion had violated a conservation law; the reversal of a velocity would seem to be in
contradiction to the conservation of momentum. However, recall that the momentum that
is conserved in an FLRW cosmology is pφ = v φ̇. Thus, since in our solution v ∝ t we see
that this is indeed a conserved charge if we make the stipulation that v is the signed volume
of the fiducial cell. Equivalently, we should consider the connection across the singularity as
being moving from the description of the spacetime geometry by the right-handed tetrad eR
to the left-handed triad eL . In this case the conservation law still holds; it is simply that in
2

We are grateful to Sean Gryb for making pointing out the extant literature in response to an early draft
of this paper.
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moving from one representation of our system to another it appears that we have undergone
a parity inversion.
Solving the Friedmann equation and interpreting the evolution as being that of a spacetime geometry away from the singularity we see that the metric can be expressed in the usual
FLRW terms appearing as two universes joined back-to-back at the singularity. However,
in order to have the conserved quantities remain conserved across the singularity itself, we
must switch tetrads across this point. This appears, choosing to represent s = sign(t):

1
2
e = (dt, s|t| 3 (dx, dy, dz))
ds2 = −dt2 + |t| 3 dx2 + dy 2 + dz 2
(6.6)
and hence we can uniquely extend our space-time across the singularity in this manner.
At this point the question of the Hawking–Penrose singularity theorems [25] arises. In
particular, how can we know that geodesics are connected across the singularity? One might
expect that since the spatial metric has vanished at the singularity, any path orthogonal to
the time direction will have no length, and thus we could connect any points in space here.
In essence this is the infinite focussing on which the theorems are based. To answer this
we must again engage with a relational description; consider the null geodesic to be the
path taken by a photon on the space-time, ignoring backreaction. In coordinate terms, let
us choose without loss of generality a null geodesic whose spatial component is parallel to
the x axis in the region of space-time covered by t > 0. The equation of motion is then,
2
in coordinate terms, x = x0 + 23 t 3 . If we choose, as we did in the case of the Mobius strip
example, to enforce continuity between points of the space-time manifold covered by different
choices of tetrad, and further to conserve the momentum of the photon as measured in this
way (respecting the signed volume of space), then there is a unique geodesic on the other
2
side of the singularity which connects to this point. This is given by x = x0 + 32 |t| 3 , with
the tetrad given in equation (6.6). We note that the conditions of the Hawking–Penrose
theorem are satisfied, and hence the conclusion that there is infinite focusing of geodesics is
valid. The distance between any two photons as measured using the space-time geometry
will tend to zero as we approach the singularity. However, there is still a unique continuation
of the paths beyond this point, which corresponds to the above trajectory as described in
the geometry in which we swap tetrads. What the singularity theorems require is that we
model physics in terms of a space-time defined by a metric on a globally orientable manifold.
However, if we relax that assumption just on the singular surface itself, we see that there is
a natural physical continuation beyond this point when described in relational terms.
To be clear about this continuation, we note that the Hawking–Penrose theorems show
that there is not a unique continuation through the singularity of the space-time geometry
as determined by the Einstein equations. Our results are completely in agreement with
this. We do not claim that the Einstein equations give such a continuation. However,
the relational system of scalar fields can be continued beyond this point, and at all points
away from the singularity their behaviour is consistent with that described by the Einstein
equations coupled to the matter. Thus we know that on both sides of the singularity there
is a consistent space-time picture. What we have then shown is that if we want to further
identify trajectories of matter across the singularity such that conservation laws, specifically
the conservation of momentum, hold then this in turn makes a unique identification. In this
identification we can connect two FLRW cosmologies back-to-back at the singularity and
continue geodesics from one into the other. This continuation is motivated by our example
of the Möbius strip, and in common with that example we see that orientation is inverted
in the continuation. To relate back to the issue of handedness, given a ”left hand” on one
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side of the singularity we see that it is continued to a hand on the other side. The hands
that are congruous to it on one side remain congruous on the other. Since two incongruous
”hands” that propagate across the singularity can be arbitrarily chosen to be called left or
right, we cannot uniquely say whether a left hand on one side of the singularity remains a
left hand on the other. We are free to choose whether to call this again a left hand or a right
hand as the physical system makes no distinction between the two. However, if we wish to
retain the conserved quantities both in magnitude and sign across this point, we see that
this choice is equivalent to taking a left hand on one side of the singularity and calling the
object that it propagates to on the other a right hand.
VII.

BEYOND ISOTROPY: THE BIANCHI I SPACETIME

The results we have obtained in the case of the flat FLRW system can be extended
to anisotropic cosmological solutions. These are of particular importance in the study of
cosmological singularities as they are believed to capture the complete behaviour of an inhomogeneous system [26–29]. More precisely, the BKL conjecture states that in the vicinity
of a singularity, the dynamics becomes local, oscillatory and vacuum dominated, with the
only matter of import being massless scalar fields. Thus if we know the behaviour of homogeneous cosmologies with scalar fields, we should capture dynamics in the neighborhood of
generic singularities. The case of a single free field providing the matter content was covered
in [17], where the spacetime in consideration was Bianchi IX, though the results are general.
In this section we will show that the results of this paper are entirely in line with those. Here
we will present the case of a Bianchi I spacetime; the results are in fact more generic, but
since the asymptotic motion of quiescent solutions is parallel to that obtained in the Bianchi
I case this will be sufficient to demonstrate how the result holds. The Bianchi classification
labels geometries by the commutativity classes of the three Killing vector fields that define
homogeneity. These in turn contribute to the Ricci scalar, which in the 3+1 decomposition
of GR acts as a potential for anisotropies [30–32]. This scales as v 4/3 , and hence will differ
from the potentials of scalar fields, so we will need an extension of our relational ideas to
describe the resulting shape systems in full generality [33]. Fortunately in the case where
the Killing vectors all commute the Ricci scalar is exactly zero, and thus we can bypass this
issue. This is the Bianchi I system described with metric:
 q1 q2

√2
q
q
−√
− 1 − √2
ds2 = −dt2 + v 2/3 e 2 6 dx2 + e 2 6 dy 2 + e 3 q2 dz 2
(7.1)
and when written in these terms, the gravitational Lagrangian for the anisotropic space-time
has the same form as that of an isotropic space-time with massless scalar fields:


2 v̇ 2 q̇12 q̇22
+
+ Lm
(7.2)
L=v − 2 +
3v
2
2
Therefore we can continue this system beyond the singularity in exactly the same way as
we did for the case of scalar fields, identifying q1 and q2 with φ1 and φ2 , say, and numbering
the rest of our fields φ3 to φn+2 . In the case of a single additional massless scalar field,
we see that the continuation of geodesic motion on the 3-sphere corresponds exactly to the
continuation that was shown in [17] for the Bianchi I case.
In this paper we have examined homogeneous models exclusively. This has been done for
three reasons: The first is that the FLRW cosmologies are those with which we expect the
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reader to be most familiar, as these are the most common in the cosmological literature. The
second is that following the BKL conjecture, we are lead to consider the homogeneous metrics
classified by Bianchi to be a good description of the physical situation in the neighborhood
of a singularity. Finally, homogeneous metrics are simpler to analyse as they are described
by ordinary differential equations. Introducing inhomogeneities requires us to deal with
partial differential equations which makes the analysis considerably more complex. There
are a wide range of models that extend beyond homogeneity, such as the Lemâitre-TolmanBondi (LTB) [34] space-time which generalises the FLRW system to describe an isotropic
but inhomogeneous cosmology, without introducing the full complexity of GR. Such spacetimes are the subject of future work in which the conditions under which the uniqueness of
a continuation of partial differential equations across a singularity will be examined.
VIII.

DISCUSSION

Let us recapitulate the major results shown in this paper. We have seen that the relational
motion of scalar fields in an FLRW cosmology can be described entirely in terms of the fields
themselves, and without direct reference to the geometry on which their dynamics takes
place. This is due to the dynamical similarity of the space of solutions. We compactified the
space of fields on a sphere, as this most closely matches the way in which Misner variables
were modelled in the anisotropic case. In this description the relational equations of motion
are derived directly from a contact Hamiltonian and thus need never reference the spacetime geometry in the first place. When the potentials for the fields are well-behaved, these
equations satisfy the conditions of the Picard-Lindelöf theorem at the point corresponding
to the singularity of the original space-time, and thus have a unique, deterministic extension
beyond this point, and we have shown how this continuation is manifested in terms of
the fields themselves. We then take these relational obesrvables as being the fundamental
ontological content of our theory. As such we are able to reconstruct a space-time on
the other side of the singularity, and by choosing to enforce the conservation across the
singularity of quantities that are conserved everywhere else, we arrive at a unique description
of the geometry. This description corresponds to having two FLRW cosmologies glued backto-back at their respective singularities with an orientation reversal between them. In terms
of tetrads, we swap a left-handed tetrad, e1 , for a right-handed one, e2 , in crossing.
We must reiterate here that the continuation that we have described is not a direct consequence of Einstein’s equations for the geometrical degrees of freedom. The equations of
motion for quantities such as the Hubble rate become non-deterministic at the singularity,
and therefore Einstein’s equations provide no unique continuation by themselves. However,
the equations of motion for the relational observables that constitute our empirically accessible content do indeed remain deterministic. Therefore we can reconstruct a geometrical
description from this relational content. As the system exhibits both dynamical similarity
and has a choice of orientation of the tetrads that determine the geometry, there is a choice
in how this reconstruction is done. This choice is no different than that which is available to
any observer modelling the evolution of an FLRW cosmology from observations; the value
of the scale factor at any given time is a free choice (typically picked to be unity today for
efficiency of description). Likewise any given metric can be equally described by left and
right-handed tetrads. By exploiting this freedom to choose, at the singularity itself, how we
glue together solutions we are able to find a description in which conserved quantities retain
their values across the singularity. However, this choice is not in itself unique; we could have
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chosen to invert the conservation laws, for example, at the price of geodesics being sharply
‘kinked’ at the singularity itself. The important thing to note is that this choice is a choice
of the geometric framework which we use to describe the system, but does not affect the
underlying relational dynamics. Any such choice would give equivalent results. The choice
we have made is simply the one in which a consistent idea of momentum (for example) can
be made. Physically it holds no more meaning than describing the motion of a particle in a
given frame until a certain time and then switching frames. Consider describing a particle
that falls past a window in terms of its height above the base of the window until it reaches
this base, and thereafter in terms of the height above the ground. The description in terms of
coordinates may be discontinuous between frames, but the underlying physics is unaffected.
It is useful to note that the we can extend geodesics beyond the singularity even though
terms which are usually referred to as being “physical observables” such as the Hubble
parameter and the energy density of the matter become infinite. As can be seen in many
circumstances an observable passing through infinity is not necessarily an impediment to
the continuation of dynamics. A harmonic oscillator can have its dynamics expressed in
terms of a displacement from the origin x = x0 sin t for example, or in terms of the inverse
of this z = x−1 = cosec t. In the latter z description, z is still a physical observable, and
can be continued beyond t = 0 despite becoming infinite at this point. A further subtlety
arises when considering how such physical observables would be measured in a cosmological
system; any measurement of length, for example, must be made against a rod. However,
any physical rod would also have its length reduced to zero at the singularity. Thus if we
restrict ourselves to relational measurements some of these infinities may be avoided.
Throughout this paper we have worked with scalar fields as our matter content. The
motivation for this is twofold; first they are the simplest form of matter to encode in a
Lagrangian framework and thus are simple to translate into the contact geometry in which
we model our system, and second massless scalar fields are the dominant form of matter
on approach to the initial singularity. Further insight into the ways in which we continue
solutions across the singularity may be gained by working with vector fields or pseudo-scalars.
For vector matter it will be necessary to work with anisotropic solutions, as a homogeneous
vector field has by necessity a preferred direction and thus would break the isotropy of the
system.
Thus far our attention has been largely focussed on cosmological solutions and their singularities. There is a natural parallel with black hole interiors, as spherically symmetric
space-times having spatial slices R × S 2 are Kantowski-Sachs cosmological solutions. Therefore it is possible to extend work in the anisotropic case to include these solutions and
investigate the singularities at the centers of black holes. Preliminary work indicates that
there is a unique continuation through these points, however the complete solution is a work
in progress.
The existence of a classical continuation of our system beyond an initial singularity poses
significant questions for quantum gravity. For long it has been assumed that the indeterminacy introduced by GR at singularities is good motivation to treat such points as places
to look for the effects of quantum gravity. Other motivations exist, such as the idea of a
minimal length scale arising from an application of the uncertainty principle or fundamental
discreteness which could bound the system away from the singularity itself. Geometrically
it may be that some objects become of Planck length, or that the Hubble parameter reaches
the Planck curvature. However, in both cases this requires further external input to determine which structures reach these scales. In a homogeneous cosmology, one must break
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homogeneity to form an object with a given length. If curvature is the determining factor, one must provide a reference object by which it is measured. Such objects would also
undergo compression as all physical object eventually become overwhelmed by the Hubble
flow, so the manner in which this curvature could be measured is difficult to assess. These
arguments are of a somewhat different form to that of singularity resolution itself. The
indeterminacy was how, to quote Wheeler, GR predicted its own demise. In this case considered that it was not just somewhere quantum effects could be manifest, but a place at
which they must. As Hawking noted “With the singularity in the past the only way to deal
with this problem seems to be to appeal to quantum gravity”[35]. Thus a strong appeal
of models of quantum gravity has been that they can resolve the initial singularity. In the
FLRW case arguments are made along the lines of dimensional analysis. The energy density
of any matter present in a cosmological system must approach the Planck density, at which
point it is argued that quantum gravity effects should become important. However, in the
case of anisotropic cosmologies there are singularities even in the vacuum solutions. Even in
the presence of matter, on approach to the singularity it is believed that the anisotropic geometric contributions to the evolution are dominant over matter contributions. Since there
exists a classical continuation this motivation is lost; it may be that we have been looking
for quantum gravity in the wrong places.
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