RANDOM PERMUTATIONS WITH LOGARITHMIC CYCLE WEIGHTS

NICOLAS ROBLES AND DIRK ZEINDLER

ABSTRACT. We consider random permutations on &,, with logarithmic growing cycles weights
and study the asymptotic behavior as the length n tends to infinity. We show that the cycle count
process converges to a vector of independent Poisson variables and also compute the total varia-
tion distance between both processes. Next, we prove a central limit theorem for the total number
of cycles. Furthermore we establish a shape theorem and a functional central limit theorem for
the Young diagrams associated to random permutations under this measure. We prove these re-
sults using tools from complex analysis and combinatorics. In particular we have to apply the
method of singularity analysis to generating functions of the form exp ((—log(1 — 2))*™!) with
k > 1, which have not yet been studied in the literature.

1. INTRODUCTION

Let G,, be the symmetric group of all permutations on elements 1, ..., n. For any permuta-
tion o € &,, denote by C,,, = C,,,(0) the cycle counts, that is, the number of cycles of length
m = 1,...,n in the cycle decomposition of o; clearly

Cp>0 (m>1), > mCp=n. (1.1)
m=1

Here we study random permutations with respect to the following probability measure.

Definition 1.1. Let © = (0,,,), -, be given, with 8,, > 0 for every m > 1. We define for o € &,
the weighted measures on S,, as

1 n
Po [0] = 7— [T (1.2)
Y m=1

with h,, = h,(0©) a normalization constant and hy := 1.

This measure has received a lot of attention in recent years and has been studied by many
authors. An overview can be found in [[11]. Classical cases of Pg are the uniform measure
(0,, = 1) and the Ewens measure (6,, = 6). The uniform measure is well studied and has a
long history (see e.g. the first chapter of [1] for a detailed account with references). The Ewens
measure originally appeared in population genetics, see [[12], but has also various applications
through its connection with Kingman’s coalescent process, see [[16].

The motivation to study the measure Pg has its origins in mathematical physics. Explicitly,
it occurred in the context of the Feynman-Kac representation of the dilute Bose gas and it has
been proposed in connection with the study of the Bose-Einstein condensation (see e.g. [4/] and
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2 N. ROBLES AND D. ZEINDLER

[11]). An important question in this context, which is also interesting on its own right, is the
possible emergence of cycles with a cycle length with order of magnitude n as n — oo. It
is clear that the asymptotic behaviour of the measure Pg as n — oo strongly depends on the
sequence © = (6,,,), . In the current literature, only the cases 6,, ~ ¢ and 6,,, ~ m" with
v > 0 are well studied. It is known that in the case 6,, ~ o there are cycles of order n in
the limit and that the longest cycles follow a Poisson-Dirichlet distribution, see [17, 21} 11} 4]].
On the other hand, it was shown in [8, [11] that in the case #,, ~ m” most cycles have a cycle

length of order n and thus there are no cycles of order n in the limit. Furthermore, it was
established in [8] that the Young diagrams associated to random permutations converges in this
situation to a limit shape and in [9] an asymptotic shape of the cycle length distribution was
determined. In this paper, we are mainly interested in the cycle weights of the form

0,, = log®m for m € N and some k € N. (1.3)

However, we do not require for our argumentation that 6,, be of the form in (1.3). We only
require that the generating function
00 em .
golt) =) —t (1.4)

m
m=1

to have some analytic properties. We will determine these properties in Lemma [2.4] for the case
0,, = log®m and use them in Section as a basis to specify our working assumptions on
go(t). We will also give some brief comments on which cycle weights fulfill these properties.
Weights of the form have not been studied in the literature and our motivation to consider
these weights is the following question. Are there any cycles of order n in the limit if one
is considering slowly growing cycles weights 6,,, as m — oo? We show in this paper that the
length of typical cycle under this measure has the order of magnitude n/ log® n (see Theorem
and Theorem and thus there are no cycles with lengths of order n. Also, we show the
following. For each b € N fixed, we have as n — oo

(C1,Cs,...,Cy) S (h,....Y3) (1.5)

with Y7, - - - | 'Y, independent Poisson distributed random variables with E [Y,,,] = %, see Theo-
rem 3.1} Further, we compute the total variation distance between both processes and show that
this is tending to 0 for b = o(n®) for some ¢ € (0, 1), see Theorem [5.1] Moreover, we prove a
central limit theorem for the total number of cycles, see Theorem [3.2] and show that a typical

. . . k+1 e . . . . .
permutation consists in average of % disjoint cycles. Finally, we establish in Sectlon
a shape theorem and a functional central limit theorem for the Young diagrams associated to

random permutations.

We prove these results using tools from complex analysis and combinatorics. For this, we
have in particular to compute the asymptotic behaviour of

[2"] [exp ((—log(1 — 2))*™)] asn — o0, (1.6)

where [2"][f(z)] denotes the n’th Taylor coefficient in the expansion of f(z) about z = 0. As
far as we are aware, this has not yet been studied in the literature and we compute with a
modified version of the saddle point method, see Theorem

Notation: We use standard notation Z and N for the sets of integer and natural numbers,
respectively, and also denote Ny := {m € Z : m > 0} = {0} U N. Furthermore, we use
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interchangeably the notion f,, = O(g,) and f, < g, if there exists a constant C' > 0 and
no € N such that | f,,| < C|g,| for all n. > ny.

2. GENERATING FUNCTIONS AND ASYMPTOTIC THEOREMS

We recall in Section some basic facts about G,, and generating functions. This includes
Pélya’s Enumeration Theorem, which is a useful tool to perform averages on the symmetric
group. In Section we determine some analytic properties of the generating functions oc-
curring in this paper and establish a result, see Theorem which enables us to compute the
asymptotic behaviour of the expression in (1.6).

2.1. Generating functions. For a sequence of complex numbers (a,,),>o, its (ordinary) gen-
erating function is defined as the formal power series
g(t) == amt™ 2.1)
m=0
As usual [14] §L.1, p.19], we define the extraction symbol [t™] g(t) = a,,, that is, as the
coefficient of ¢ in the power series expansion (2.1) of ¢(t).

The following simple lemma known as Pringsheim’s Theorem (see, e.g., [14, Theorem IV.6,
p. 240]) is important in asymptotic enumeration where generating functions with non-negative
coefficients are usually involved.

Lemma 2.1. Assume that a,, > 0 for all m > 0, and let the series expansion (2.1) have a finite
radius of convergence R. Then the point t = R is a singularity of the function g(t).

The generating function ge(¢) in (L.4), constructed with the coefficients (6,,),>1, plays a
crucial role in this paper. Indeed, we will see that the asymptotic behaviour of the measure Pg
is determined by the analytic properties of the function gg(z).

Recall that the cycle counts C,,, = C,,(0) are defined as the number of cycles of length
m € N in the cycle decomposition of permutation 0 € &,, (see the Introduction). The next
well-known identity is a special case of the general Pélya’s Enumeration Theorem [20, §16,
p- 17] and the proof can be found for instance in [18, p. 5].

Lemma 2.2. Let (ay,)men be a sequence of (real or complex) numbers. Then one has the
following (formal) power series expansion

exp <Z ar;f”) _ Z{)g Z H GS{”, 2.2)

m=1 c€6, m=1

where C,,, = Cy,,(0) are the cycle counts. If either of the series in (2.2)) is absolutely convergent
then so is the other one.

We get immediately that

Corollary 2.3. Let h,, be the normalisation constant in Definition [I.1jand ge(t) be as in (L.4).
We then have as formal power series in t

Z hnt" = exp (g@(t)). (2.3)

n=0
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2.2. Properties of go(t) in the case 6,, = log®(m). In this section, we study the analytic
properties of the function gg(t) in the case 6,, = log"(m). Inserting ,, = log"(m) into the
definition of go(¢) in (1.4), we obtain

) 1 k
golt) = Y~ 2.4)

m=1

This function has radius of convergence 1. A big part of our argumentation is based on the
saddle-point method. For this we require the asymptotic behavior as ¢ — 1. Note that the
function ge(t) in (2.4) is a special case of the polylogarithm, see [14, §VI.8] and [13] as well
as [10] for uses of the polylog in polynomial partitions. We thus summarize here only the
properties we need and give only a sketch of the proofs. For a detailed proof, we refer to [[14].

Lemma 2.4. Let 0,, be as in (1.3)). Then go(t) is given by [2.4) and go(t) can be analytically
continued to C \ [1,00]. Further, there exists a polynomial P with

rht1 k ‘
P(r) =47+ ; e (2.5)

with c; € R for 0 < j < k such that
ge(e™™) = P(—log(w)) + O(w) (2.6)
for w — 0 with arg(w) < m — e and € > 0 arbitrary.
Equation (2.6) is related to (1.6) by inserting w = — log(z) and then expanding. Indeed, we
have as z — 1 with |z| < 1 that
—log(—logz) = —log (— (2 — 1)) + O(z — 1). 2.7
Combining this with gives

go(z) = P(—log(—logz)) + O(z — 1) = P< —log(—(2—1)) +0(z — 1)> +0(z—-1)
=P(—log(l1—2)) +0((z = 1)) foré > 0.
Inserting this computation into the generating function of h,, in (2.3), we indeed get (1.6).

However, we will work with the expression ge(e~") instead ge(2) as this is more convenient in
our computations.

Sketch of proof. The function gg(t) has clearly radius of convergence 1 and is thus analytic
for |t| < 1. For the analytic continuation, one uses Lindelofs integral representation of the
polylogarithm, see for instance [[14, IV.8, Page 237], namely

-1 1/24i00 lo k s B
go(—t) = —/ g (s) ds. (2.8)
1

 2mi J2—ico s sin(ms)

It is now easy to see that this integral is absolutely convergent for ¢ € C \ [0, o] and that it
defines in C \ [0, co] an analytic function. Combining this with the fact that g (¢) has radius of
convergence 1 proves the first part of the lemma.

To compute the asymptotic behaviour of gg(e~") as w — 0, we use the Mellin transform,
see for instance [[14], §B.7]. Applying some elementary properties of the Mellin transform, we
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get immediately
95(s) == / go(e ™ w* ™ dw = (—=1)F¢W (s 4+ 1)I'(s), (2.9)
0

where (%) (s) is the k’th derivative of the Riemann zeta function and I" is the Gamma function.
Using the inverse Mellin transform, we obtain

1/2+4i00
gole ™) = / (—D)F¢® (s + DI (s)w* ds. (2.10)
1/2—ic0

We now shift the contour of integration to Re(s) = —3/2. By doing this, we pick up poles at

s =0and at s = —1 so that

—3/2+ic0
go(e™) :/ (=1)*¢® (s + DI(s)w™* ds (2.11)
—3/2—ioc0

+ ress—g ((—1)k((k)(3 + DI(s)w™®) + res,— 4 ((—1)’“(””(8 + DI(s)w™®) .

We consider the Laurent expansion of (—1)*¢*)(s 4- 1)I'(s) around s = 0 and get

k
(=)W (s + DT(s) = ks +> " dys™ 7+ 0(1), (2.12)
j=0
for some d; € R, 0 < j < k. Note that this Laurent expansion is independent of w. Using the
Taylor expansion of w™* = e~*1°8% around s = 0 then gives

1 k J
res.—o ((_1)k<(k)<5 + 1)F(S)wis) _ (_1)k+1w + Zdj<_1)j10gj'(w) (213)

kE+1 —
= P(—log(w)) (2.14)
with P(r) = k%lrk“ + Z?:o dj%. Thus the residue at s = 0 has the form we are looking for.
Since I'(s) has a simple pole with residue —1 at s = —1, we get that
rese——1 ((—1)F¢™ (s + DI (s)w™*) = (=1)"'¢(0)w. (2.15)

The integral in (2.11)) is well defined for all w with arg(w) < 7/2 — € since |I'(o + it)| =
O(t%e3") for |t| — oo and ¢ > —2. A direct estimate then shows that this integral is of order
O(w?/?). This shows that the above expansion in (2.6)) is valid for arg(w) < 7/2 —e. To
complete the proof, it remains to show that this expansion is also valid for | arg(w)| < m — €.
We omit this proof as it follows the same lines as in the proof of [13, Lemma 3]. U

Remark. One can easily relate the coefficients ¢; in Lemma to the Laurent expansion of
['(s) around s = 0. However, for our purpose it is enough to know that the ¢; are real num-
bers. Further, one can obtain with the above argumentation a complete asymptotic expansion
of go(e~") and this asymptotic expansion is valid for | arg(w)| < m — . However, we do not
need it here and thus will not prove it. Details can be found for instance in [14, §B.7] and [13].

2.3. Working assumptions on the cycle weights 6,,. As mentioned in the Introduction, we
are mainly interested in the cycle weights of the form 6,, = log® m. However, we require for
our argumentation only some analytic properties of go(¢). This allows us to work with more
general cycle weights than 6,, = log" m. In view of Lemma 2.4/ and the proof of Theorem
in Section[2.4] we will work with the following assumptions:



6 N. ROBLES AND D. ZEINDLER

0,, > 0forallm > 1,

go(t) is holomorphic for [¢| < 1,

go(t) is continuous in the punctured disc {|t| < 1,¢ # 1} and
we have as w — 0 with Re(w) > 0

go(e™) = P(—log(w)) + O(w), (2.16)
where P(r) is a polynomial of degree k + 1 with

Tk+1

P =4

k
+) e withe; € Rfor0 < j < k. (2.17)
=0

A natural question at this point is: which cycle weights 6, fulfill these assumptions? We
know from Lemma [2.4| that this is the case for #,,, = log" m, but there are of course more. If
a function gg(t) fulfills the above assumptions then one can apply the method of singularity
analysis to determine the asymptotic behaviour 6,,, see [14][Page 387, (27)]. This then shows
that the cycle weights 6,, must have the form

k-1
O, = log®(m) + Z a; log? (m) + o(1) (2.18)
j=0

for some a; € R. We note that (2.18) is not equivalent to the above assumptions on gg(t).
Indeed, we chose 6,, = log®(m) 4 log™'(m) then it is straight forward to see that is
not fulfilled. However, if the o(1) in is replaced by O(m~°) for some ¢ > 0 then our
assumptions on ge(t) are fulfilled. Another natural question is if one can generalise the above
assumptions. For instance if one can add a slowly varying function in the definition of the cycle
weights as in [9]. However, this the topic of future research and will not be studied in this paper.

2.4. Asymptotic theorems. In this section, we develop complex-analytic tools for computing
the asymptotics of the coefficient h,, in the power series expansion of exp(ge(t)) (see (2.3)) for
the cycle weights 6,,, fulfilling the assumptions in Section More generally, it is useful to
consider expansions of the function exp (v g@(t)) , with some parameter v > 0. We will see that
the case v = 1 is of primary importance, but we will need for instance in Theorem [3.2] also the
behavior for v ~ 1 to deduce some limit theorems.

Theorem 2.5. Suppose go(t) fulfills the working assumptions in Section Further, let f(t)
be a holomorphic function with radius of convergence strictly bigger than 1 and f(1) # 0. We
then have for v > 0

" f(1)exp (vP(r) +mne™") k)2
= 1 2.1
(/) exp(vge(t))) er\/2mvP"(r) + 2mne=" <1 +Ollog (n))) ’ 19
where 1 is a solution of the equation
vP'(r) = ne™". (2.20)

Furthermore, the error term in (2.19)) is uniform in v for v € [vy, v2|, where vy, vy are arbitrary,
but fixed constants with 1 < v; < vy < 0Q.

We have P'(r) ~ r* as r — oo and thus (2.20) has a solution for n large. Note that the
solution r is unique if ¢; > 0 for all j. This does not have to be the case if some of the ¢;
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are negative. However, a straight forward computation shows that all solutions fulfill the same
asymptotic expansion

r = log(n/v) — kloglog(n/v) + O (%) asn — 00. (2.21)
From this, we immediately get
. logkﬂ(n) -1 1t _ k—1 -1
P(r) = k—+1(1 + O(log™(n))), P"(r) = klog" '(n)(1+ O(log " (n))) (2.22)
vP'(r) =ne " =vlogh(n)(1+ O(log™'(n))). (2.23)

For the proof of Theorem 2.5 we will use the saddle point method. Unfortunately, the function
go(t) is in this situation not (log-)Hayman admissible (see [8] and [14}, §VIIL.5.]). We thus can-
not use the standardized saddle point method, which is described for instance in [[14, §VIIL5.].
We therefore use a slightly modified version. Also, we need an auxiliary result.

Lemma 2.6. Let C > 0 be given. Let further Q(x) = aqgx® + ...+ ag be a real polynomial with
aq > 0and d > 2. We then have as r — o0

r 1 1
[ @) dy:Q,—mexp@(r))w(wexp(@(r»). (224

Proof. We define § := loglog(r). It is easy to see that we have for r large enough
4
Q) < Qr ) < Q) — SQ/(r).
We then split the integral in (2.24) into the integrals over [C, r — 0] and [r — ¢, 7]. For r large

enough, ()(y) attains its maximum in the interval [C, r — 0] at the point » — §. We thus use for
the integral over [C, r — J] the trivial estimate and get

[ @ ] < rew (@ -0) < oo (@0 + st - 300)) . @29

C

By assumption, we have ¢ - Q’(r)/ log(r) — oo and thus log(r) — 2Q'(r) < —K log(r) for r
large enough, where K can be chosen arbitrary large. This implies that

/ " exp Q) = 0 (exp (QE) ) K). (226)

C

For the integral over [r — ¢, 7|, we use partial integration and a similar estimate as above to
obtain

" 1 1 " 1
« dy = Qly) _ Qly) QW) duy + O (R )y—K
o0 @)y = e = e+ | e e+ 020
_ ! ew.p < 1 Q(y)>
o TU\@mr )
This completes the proof. U

Proof of Theorem We begin with the case f(¢) = 1. Cauchy’s integral formula gives

I, == [t"] (exp(vgo(t))) = L j[exp(vg@(t))tn—il dt, (2.27)

211 .
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where 7 is the circle v := {t = e '/2¢'¥, o € [—m,7]}. Applying the variable substitution
t=e"", we get

1
I, = o ; exp(vg@(e_w))e”w dw (2.28)

with v := {t = 1/2 + is, s € [—m, ]}. Note that the integrand in (2.28) is 27i periodic. We
thus can shift the contour 7/ to the contour v = ~{ U 74 U ~4 (see Figure|l)) with

v i={w= (-7 +2x)i,z €[0,7 —e ]},
% ={w=eTe? p€[-n/2,7/2},
vy ={w=iz,x € e, 7|},

where 7 is the solution of the equation (2.20). We thus can write [,, = I, + I,,» + I, 3, where

v

FIGURE 1. The contours +' and ~”.

I, j is the integral over 7.
We begin by computing I, ; with the saddle point method. We thus first take a look at the
behaviour of the integrand in [, » for ¢ around 0. We use (2.16) and get
go (e‘eﬂew> =P(r —ip) + O(e"e"). (2.29)
Expanding P(r — ip) around ¢ = 0 gives

P(r —ip) =P(r) —i@P'(r) — %P"(rw + 0 ($*rF?) asp — 0. (2.30)

We now split the integral ,, » into the regions [—J, ] and [—7/2,7/2] \ [—J, 6] for some 6 > 0
small, which we determine below. We first take a look at the integral over [—4, §]. With (2.16)
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we get

—r 1) ) '
Inos = / exp (Ug (e_e_rew) +ne e + igp) dy
2 J_s

I : :
=3 / exp(vP(r — ip) +ne "€ + ip + O(ve "e'?)) dp
me" J_s

- o)

x exp (ne "€ +ip+ O(e™")) de.

Expanding ne "e’? around ¢ = 0 and using that we have vP'(r) = ne™" by the definition of r

in (2.20), we obtain
exp(vP(r) + ne™")

2mer

% /_5 exp (_%(UP”(r) + ne’")gpz) exp (ip + O (P (r* ? +ne™)) + O(e™")) de.

]n,2,(5 -

We know from (2.21)), (2.22)) and (2.23)) that
r ~log(n), P"(r) ~ klog"'(n) and ne™" ~ vlog®(n) asn — co. (2.31)

Thus ne™" is dominating in the coefficients of »? and ¢ in the above expression for I, 5 5. We
now define 6 := &(n,v) = (ne™")~%/'2. Thus § — 0 and

§2(vP"(r) +ne™) = oo and §3(r*? +ne™") — 0. (2.32)
We therefore get

exp (vP(r) +ne™")
[n,2,5 =

0
/ e 2P e (1 o 4 O (92 4 ¢Pne " +e")) dep.
2me” -8

For notational convince, we write b := vP"(r) + ne~". The function ¢ ¢~2¢" is odd and thus
we can remove the 7y in the last equation. Using the variable substitution 22 = bp?, we get

5
/5 e3¢ (1+0(*)+0 (ne"¢*) + 0 (e7")) dop
1

=2 (1+ 0(og™2(n))) . (2.33)

We thus obtain

_exp(vP(r) +ne") oo
fnas = er\/2m(vP"(r) + ne=") (1 + Oflog™( ))> ' (2.34)
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We now show that remaining parts of I,, » and I, 1, I,, 3 are all of lower order. We denote by I7 ,
the remaining part of the [, o, 1.e. I}, , = I, 2 — Iy, 2,5. For this, we use the inequalities

cos(p) <1 —?/12 for || < 7 and (2.35)
Re (P(r — i) < P(r) (1 - k(“i/;)z) for r large and |¢| < . (2.36)
We thus get
1ol =2 ‘27re’” /; exp(vP(r —ip) +ne e +ip+ O(ve—rew)) dgp‘

™

<e™ | exp (vRe (P(r —ip)) +ne™" cos(p)) dy
1)

T P -2 -r
<exp (vP(r) + ne") e_r/ exp (— koP(r)r™ + ne @2) dep. (2.37)
5

12

We now have kvP(r)r—2 = O(log" ' n) = o(ne™") and thus

T e
|15 o] < exp (vP(r) + ne™") e’”/ exp (_n 902) dy
5

exp (vP(r) + ne™") /0" ( x2>
< exp| —— | dz
ervne "’ 5vVmne—" P

< &P (vP(r) + ne” )eféx/nei—r' (2.38)

erovner

Inserting the definition of 0 and the asymptotic behaviour of ne™" shows that I} , is of lower
order. It remains to show that the integrals over I,,; and I, 3 are also of lower order. The
computations for both are almost the same and we thus only take a look at /,, 5. We have

1
1,3 < —
| ’3| - 27 T )

/ exp(vge(e™™) + niz) dx

1 (7 ,
< Py / exp(Re(vge(e™™))) dx.
We first consider the asymptotic behaviour of ge(e~*) as x — 0. Equation (2.16)) gives
ge(e™) = P(=log(x) —im/2) + O(x).

Using the Taylor expansion, we get for x — 0

Re(ge(e ™)) = P(~log(x)) — P"(~log(x))7*/8 + O (P (~log())) + O(a).
Since — log(z) > 0 for z < 1, there exists a constant 0 < ¢ < 1 such that

- 9
Re(go(e™™) < P(—log(x)) — gP"(— log(z)) forall z €]0,¢]. (2.39)

We now split the integral into the integral over the regions [e~", ¢| and [¢, 7]. By assumption,
ge(t) is continuous in the punctured disc {|¢t| < 1, ¢ # 1}. We thus clearly have

% / Tr exp(Re(vge(e™))) dz = O(1).
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Furthermore, we get with the above estimates and the variable substitution y = — log(z)
¢ . 1 [ 9
— exp(Re(vge(e ™)) dz < —/ exp | vP(—log(x)) — =vP"(—log(x)) | dx
2T Jo—r 2T Jo—r 8
1 s

9
=5 exp (vP(y) - gvP"(y)>e_y dy.
T J —log(c)

Thus we can apply Lemmawith Q(y) = vP(y) — 3vP"(y) — y and get

exp (vP(r) — 20P"(r) — r)
P'(r)— guP"(r) =1

We now have to show that this is of lower order. Recall that the main term in the theorem is
_exp (vP(r) +ne”" —7)
\/2muP" (1) + 2mne"

(2.40)

Using that
r ~ log(n/v), vP'(r) = ne™" ~wvlogf(n) and P"(r) ~ klog"*(n) (2.41)

immediately completes the proof for the case f(¢) = 1. The proof for f(t) as in the theorem
is almost the same as for f(¢) = 1. We thus describe only the necessary adjustments. In the
integral I, » 5, one has to use the Taylor expansion of f(¢) around one. It is straight forward to
see that only the term f(1) gives a relevant contribution. In the remaining integrals, we use the
estimate f(¢) = O(1). This completes the proof. O

We will see that we need in the Sections [3] [] and [5] also some slight generalizations of
Theorem 2.3

Corollary 2.7. Let go(t) and P(r) be as in Theorem Let further f(t) be a function such
that such that

e f(t) is holomorphic for |t| < 1,
e f(t) is continuous in the punctured disc {|t| < 1, t # 1} and
o thereisa j > 0andacy € C such that

fle™) = wa +0 <( — log(w))ji ) as w — 0, Re(w) > 0.

w’ w’
We then have

[#7] £ (t) exp(go(t)) = cf rFelm —<2 (P(r) +ne™")

/27 P"(r) + 27ne"

(1 + O(log™*/? n)) :

where r is the solution of the equation

P'(r) =ne™". (2.42)

Proof. We use the same notation as in the proof of Theorem[2.5]and describe only the necessary
adjustments. We have

I, 27rz/f exp Uge(t))twrl 27rz/ fle ) exp(vge(e™))e™ dw.  (2.43)
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We use that 75 = {w = e "e"?, p € [—7, 7]} and obtain
1
2me”

6 ; . .
Los = / f (e_eﬂ'ew> exp(vP(r —ip) +ne "€ +ip 4+ O(ve "e?)) dep.
-5

As f(t) has a singularity at ¢ = 1, one has to check if f has a relevant influence to the saddle
point equation. However, it is not difficult to see that we can use the same r as in Theorem [2.5]
Thus we immediately obtain that

exp (P(r) +ne™")

Inos= (6_67T>
26 =1 /21 P"(r) + 27ne"

exp (P(r) + ne™") ~1/2
e (1+000s 2 n))

The remaining parts of /5 are of lower order. This completes the proof. U

<1 + O(log™1/? n))

Tkejr

3. ASYMPTOTIC STATISTICS OF CYCLES

We apply in this section Theorem [2.5] to determine the asymptotic behaviour of various
random variables on &,,.

3.1. Normalisation constant /,. Recall that we have seen in Corollary [2.3]that

Z ht" = exp (g@(t)), (3.1
n=0
where h,, is the normalisation constant of the measure Pg in Definition We thus immedi-
ately get with Theorem [2.5]that
exp (P(r) +ne™")

h, = 1+ O(log™*/? , 3.2
er\/27TP”(r)+27me—’”< +Olog (n))) -2)

where P is as in Section2.3]and r is the solution of the equation P'(r) = ne™".

3.2. Cycle counts. Our first result deals with the asymptotics of the cycle counts C),’s (i.e.,
the numbers of cycles of length m € N, respectively, in a random permutation o € G,,).

Theorem 3.1. Suppose that © = (0.,,)men fulfils the assumptions in Section and that S,, is
endowed with Pg. We then have for each b € N as n — oo
(Ch, Coyeve,Cy) = (i, V) (3.3)

with Y1, - | Y, independent Poisson distributed random variables with E [Y,,] = %’”.

Theorem3.1]shows that the asymptotic behaviour of cycles counts follows the typical pattern
of random permutations with cycle weights. The more interesting question is of course the
behaviour in the case when we replace the fixed b in Theorem[3.1]by a b = b(n) with b(n) — oo
as n — oo. We study this question in Section 3]

Proof. Using Lemma [2.2]it is forthright to see that we have

00 b b
Z h.Ee |exp (z Z smC’m> t" = exp (Z %(e“m — 1)tm> exp (g@(t)) (3.4)
n=0 m=1

m=1




RANDOM PERMUTATIONS WITH LOGARITHMIC CYCLE WEIGHTS 13

as formal power series in . The details of this computation can be found for instance in [19|
Theorem 3.1]. Theorem with v = 1 and Lévy’s continuity theorem immediately complete
the proof. U

3.3. Total number of cycles. We denote by Ky, the total number of cycles in the cycle de-
composition of 0 € G, i.e.

Ko, = i Chn. (3.5)
m=1

Theorem 3.2. Suppose that © = (0,,)men fulfils the assumptions in Section and that G, is
endowed with Pg. We then have
Ko, — E Ky,
Kon — B [Kon) 4, N(0,1) (3.6)
log" ! (n)
k41

log**t(n)

where N'(0, 1) is the standard normal distribution and E [Ko,] ~ =%

Theorem shows that the behavior of Ky, is very similar to the behaviour under uniform
and Ewens measure. Indeed, if we insert (formally) & = 0 into (3.6), we recover the behaviour
of Ky, under the uniform measure. We have on the other hand in the case #,, = m” that
E [Kon] ~ Cn™ for some C' > 0, see [I11]. We thus see that the studied model is (at least in
many points) closer to the uniform and Ewens measure than the case 6,, = m”.

Proof. We have for each s € C as formal power series in ¢

exp (s Z C’m>
m=1

This equation follows immediately from Lemma[2.2] The exact details of this computation can

be found for instance in [19, Lemma 4.1]. Although the expressions in (3.7]) holds for general

s € C, we will calculate the asymptotic behaviour of the moment generating function of Ky,

only on the positive half-line s > 0. Theorem 2.2 in [7] shows that this is enough to prove
statement of the theorem. Let  be the solution of ¢*P'(r) = ne™". Theorem [2.5|then gives

"lexple’ge(t) = 2 3{;5())125(13)()

Eeo [exp(sKOn)} = Eg

= hi[t”] exp(e®ge(t)). (3.7)

(1 + 0(1og—’f/2(n))) . (38

We now define

— Ko, — E[Kq,
Ko = Kon = E[Kon] (3.9)
log" ! (n)
k1
As (3.8) hold uniformly of s bounded, we can replace s by § = ++() We thus get with a
log 1(n
loghtl (n)
direct computation that
— 1 5
E [0 | = —[t"]exp(ego(t) — SE[Kon) = ¢/ (1+ O(log™(n))) . (3.10)

n

This completes the proof of the theorem. U
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3.4. Lexicographic ordering of cycles. Often cycles in the cycle decomposition of a permu-
tation are ordered by length. Another convenient way is to list the cycles (and their lengths) via
the lexicographic ordering, that is, by tagging them with a suitable increasing subsequence of
elements starting from 1.

Definition 3.3. For permutation o € &,, decomposed as a product of cycles, let Ly = Li(c) be
the length of the cycle containing element 1, Ly = Ly(0) the length of the cycle containing the
smallest element not in the previous cycle, etc. The sequence (L;) is said to be lexicographically
ordered.

Our next aim is to determine the asymptotic behaviour of the lexicographically ordered
cycles lengths. For this we have to extend the assumptions in Section [2.3]a little bit. We assume
in addition that we have forall j > 1

@) =G -1 (S (~togtu)* +0 ((;) (- 1og<w>>’“‘l> SNERD

where gg )(t) is the j’th derivative of gg. If the function gg(t) fulfills the assumptions in Sec-
tion and can be analytically extended beyond the punctured disc {|t| < 1, ¢t # 1} then
the assumption (3.17)) is automatically fulfilled. For concreteness, let us define the following
region.

Definition 3.4. Let 1 < Rand 0 < ¢ < 7 be given. We then define the domain A as
Ao =A¢(R,0) ={t €C;|t| < R,z # 1,|arg(z — 1)| > ¢}. (3.12)

An illustration of Ag(R, ¢) can be found in Figure 2| We then have

FIGURE 2. Illustration of A,

Lemma 3.5. Suppose that © = (0,,,)men fulfills the assumptions in Section|2.3|and that ge(t)
can be analytically extended to some domain Ao(R, @), with No(R, ¢) as in (3.12). Then the

assumption (3.11)) is fulfilled.

The lemma follows immediately with Cauchy’s integral formula for higher order derivatives.
Lemma 2.4{and 3.5/immediately imply that ge (#) fulfils the assumption (3.11)) if 6,,, = log"(m).
We now can show
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Theorem 3.6. Suppose that © = (0,,)men fulfils the assumptions in Section [2.3| and the as-
sumption (B3.11). If S, is endowed with Pg, we then have for each b € N

(Ll- ogn(n)jLZ.%T(n)wwLb,ogT(n)) (B, By, ), (B3

where (E,,)?._, are iid exponential distributed random variables with parameter 1.

Proof. We prove first the case b = 1. We have

em hnfm
P(L=m] =" (3.14)

The proof of (3.14) can be found for instance in [L1, Proposition 2.1]. We now claim that we
have for each j € N

1 .
Eo [(Ly — 1)) = —["1#g8" " (t) exp (g0 (1)), (3.15)
where (z); = z(x — 1) --- (x — j + 1) denotes the falling factorial. Indeed, using (3.14) gives
1 < 1 O
Ee [(L1 —1);] = h_”m:1(m —1); - PlLy=m] = e ;(m —1)j - Omhn—m

n

- ot <Z<m 1), emtm) exp(get) = ") 1198 (1) exp (g0 (1)

m=1

We now can use Corollary [2.7|together with assumption (3.11)) to compute Eg [(L; — 1);]. We
obtain

Ba (£ = 1)) = L1 4 o) = 0+ o)
— j! (Tﬁk)j (1+0(1)) = j! (logk(n)) (1+o(1),

where we have used on the last line that ne™" = P'(r) ~ r* and r ~ log(n), see (Z.21). This
immediately implies with a simple induction that

(%gk(”))j] — ! (@)J (1+ o(1)). (3.16)

Since (3.16) holds for each j € N, we get that L - logk% converges in distribution to exponential
distributed random variables with parameter 1. This completes the case b = 1. The proof of the
case b > 1 is similarly and we thus omit it. However, the interested reader can find more details
for instance in [6, Lemma 5.7] or in [22]. O

Ee

4. LIMIT SHAPE

We consider in this section the shape of Young diagrams associated to random permutations
and study the typical behavior as n — oo with respect to the measure Pg under the assumptions
in Section [2.3] We show that this shape converges to a limit shape and that fluctuations near a
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point of this limit shape behave like a normal random variable. In this section we shall mainly
follow the techniques from [8]]. We first define

wy(z) =Y Ch. (4.1

k>x

The function w,,(z) = w,(x, ) is as a function in = piecewise constant and right continuous.
Further w,, (z, o) can be interpreted as the upper boundary of the Young diagram corresponding
the cycle type of the permutation o. A detailed illustration of this can be found in [, Section 1].

The limit shape of the process w, (x) as n — oo with of the respect to probability measures
Pg on G,, (and sequences of positive real numbers 77 and n* with - n* = n) is understood as a
function ws, : R™ — R such that for each €,6 > 0

lim Po |{o € &, : sup|(M) "w,(zn*) — weo(z)] < €}| = 1. 4.2)
n—400 x>8
The assumption 1 - n* = n ensures that the area under the rescaled Young diagram is 1. One
of the most frequent choices is @ = n* = n'/2, however this is often not the optimal choice.
The computations in Section [3|suggest that the length of a typical cycle has order of magnitude
n/r*. It is thus natural to choose
n
n*=— and n="r" (4.3)
r
with 7 the solution (2.20). In order to avoid confusion, we write r* from now instead 7.
The next natural question is then whether fluctuations satisfy a central limit theorem, namely
whether
r R w, (N 1) — we ()
converges for a given x (after centering and applying normalization) to a normal distribution.
Also it is natural to ask if the process converges in distribution to a Gaussian process on the
space of cadlag functions. Of course the role of the probability measure on &,, is important for
that.

We first consider the behavior for a given x > (0. We have

Theorem 4.1. Let k > 3 and suppose that Pg fulfills the assumptions in Section We then
have the following results.

(1) The limit shape exists for the process w,(z) as n — oo with the scaling n* as in (¢.3)
and 7w = r*. Further the limit shape is given by

Weo () = /OO u e " du. (4.4)

(2) The fluctuations at a point x of the limit shape behave like

() = LnlT) = rk;;’j’;"(x) @) £y v (0,02 (@) 4.5)

with
02 () = e + W ()
and z, = O(1/logn).
Remark. The condition £ > 3 is required in the estimates used for the error terms. However,

we believe that this condition could be relaxed to £ > 1 by a more detailed investigation of the
corresponding error terms.
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We prove this theorem by computing the Laplace transform of w,, (). We have

Lemma 4.2. Let k > 3. We have for bounded s > 0 and with respect to Pg as n — 0o
2
Eo [exp(—swy,(z))] = ago(x)% + O(r’k/253).

We will give the proof of Lemma [.2]in Section 4.1 However, we show immediately that
Lemma .2 implies Theorem [4.1] The structure of the proof is similar to the one appearing in
[8]], and we give the proof for the convenience of the reader.

Proof of Theoremd.1} Theorem 2.2 in [7] shows that it is sufficient to compute the Laplace
transform for s > 0 to establish the CLT. Therefore Lemma[.2)immediately implies the second
point of Theorem 4.1 Thus it remains to show that that w.(z) is the limit shape. Let € > 0 be
arbitrary and choose 0 = 2y < 1 < --- < z, such that

Weo(Tjt1) — Woo(;) < €/2for1 < j < ¢ —1and we(ze) < €/2.
We now claim that we have for each x € R
[r R, (zn*) — weo(z)| > € = 5 with |[rFw, (z;n*) — weo ()] > €/2. (4.6)

Indeed, let us for consider first the case 7w, (2*) — we (z) > €. Clearly, there exists a j such

that z; < x < z,4,. Since w,(z) is a monotone decreasing function, we get immediately

k

R, (1n*) — weo (1) > € = 1w, (1m*) — weo(z) > €

— r_kwn(xjn*) — Woo () > € + Woo(T) — Woo ()

k

= 1 "wy,(T;n") — weo(z5) > €/2.

The computation in the second case is similar. Using (4.6]), we obtain

x>0

¢
Peo |sup |r*w, (z*) — weo(x)| > e} < Z]P’@ [[r*w, (23) — woo (25)] > €/2] . 4.7)
j=1

It now follows from (4.5)) that each summand in (4.7) tends to 0 as n — oo. This completes the
proof. U

We are also interested in the joint behaviour at different points of the limit shape. For this,
letxy > xpq > -+ > x; > 0 be given. From computational point of view, it is easier to study
the increments. We thus consider

Wi (X) = (wn(20), Wn(e—1) — Wal0), - ., We(T1) — We(22)). (4.8)
We now have
Theorem 4.3. For{ > 2and x; > x4_1 > --- > x1 > 0, let
Wi (x) = (Wn (), Wn(2e—1) — Wnlze), - .., Wlz1) — Wy(22)) (4.9)
with w,, as in Theorem Set xy1 = 400. We then have for 1 < j <i </
Weo (T4, ) 1= ngrfoo Cov (W () — Wn(Tjt1), Wn(T;) — Wn(xit1)) (4.10)

— (e*fﬂj _ e*%‘ﬂ)(e*wi _ €*$i+1)_
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The proof of this theorem is given in Section 4.2

We have seen in Theorem [3.1] that the cycle counts Ci,..., C}, converge to independent
Poisson random variables Yj,. .., Y,. For the uniform and Ewens measure, this remains true as
long as b = o(n), see [2]. However, Theorem now shows that the increments in (4.9) are
not independent in the limit. Thus a similar result can hold in the considered model at most for
b = o(n/log¥(n)). This will be the topic of Section

Theorem can be extended to a functional CLT.

Theorem 4.4. The process w, : Rt — R (see Theorem converges weakly with respect
to Pg as n — oo to a continuous Gaussian process Wy, : RT — R. Explicitly, we have
Woo(z) ~ N (0, (00o(z))? ) and covariance structure is given in Theorem In particular, the
increments are not independent.

The proof of this theorem is given in Section[4.3]

4.1. Proof of Lemma We begin with some preparations. We have
Lemma 4.5 ([8, Lemma 4.1]). We have for x > 0 and s € C
1 n —s - 9m m
Eo [exp(—sw,(z))] = h—[t ] lexp | go(t) + (e7° —1) Z —t . (4.11)

m
m=|z]

Furthermore, we need

Lemma 4.6. Let 1 be as in 220), n* be as in @3), v = O(r~%/2), ¢ > 0, j € Z and x > 0.
We then define r' :== r + v and get

Z 0, exp(—mge™ ) = rk(e’")j“/ w exp(—qu) du + O(r*12(en) ™). (4.12)

m>xn*

Proof. We know from (2.18)) that 6,,, has the form
k—1
O, = log®(m) + Z a;log? (m) + o(1) for some a; € R. (4.13)
j=0

Thus is is sufficient to study the case 6,, = log®(m) and to show that

S tog(mpmexpl(-mae™") = H€) [T we s Oy, @14)

We apply Euler’s summation formula to the sum on the LHS in #.12) with 6,, = log"(m) and
f(y) = log"(y)y? exp(—yge™"). This gives

> logt(m)m? exp(—mge ™) = / log"(y)y’ exp(—yge™") dy

n*

+ [ = ) @ dy = fant)an ~ lon)
k (4.15)
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with |y] = max{m € N; m < y}. We first look at the integral

/ log®(y)y’ exp(—yge™) dy. (4.16)

n*
We now use the variable substitution © = ye™" and get

/ logk (y)y exp(—yge™ ) dy = (e )"+ / log" (ue™)u’ exp(—qu) du

= (e )y / (log(u) + T’)kuj exp(—qu) du.
Using that n* = n/r* and that P'(r) = ne™", we immediately obtain that
/ log"(y)y’ exp(—ye™") dy = r*(e")’*! /uj exp(—qu) du + O(r*=1/2(en)™*).

This gives the desired asymptotic behaviour. We thus have to show that the remaining terms in
(4.15)) are of lower order. We have

f'(y) = (14 jlog(y) — yge " log(y)) log" ! (y)y’ " exp(—yqe ™).

Thus we can use the same computation as for the main term for the integral over f’(y) in
(4.13) and immediately get that it is of lower order. Further, inserting the definition of n* into
f(zn*)(zn* — [zn*]) also shows that it is of lower order. O

We are now able to prove Lemma

Proof of Lemma We use the definition of w, (x) in (4.5)) and obtain
Ee [exp(—st,(7))] = exp(s7"*(woo(2) + 24(2)))Ee [exp(—s w,(zn*))] (4.17)

with w,(z) as in @), n* as in @#@3) and s* := sr~*/2. Thus it is enough to compute the
asymptotic behaviour of Eg [exp(—s*w,(zn*))]. We now use Lemma 4.5/ and replace z by
xzn* and s by s* in (@.T1). This then gives

* * n —s* - em m
hiEe [exp(—s*w,(an*))] = [t"] |exp | go(t) + (¢ — 1) Z —t . (4.18)
m=|an* | m
The natural approach would be now to use Theorem [2.5|to compute the asymptotic behaviour
of the last expression. Unfortunately, the additional term

. " O
My(t) == (e =1) > 7 (4.19)
m=|an* |
in (4.18) has a relevant influence to the saddle point. We thus cannot directly use Theorem [2.5]

but we can adjust the proof of Theorem We will focus here only on the necessary adjust-
ments.
As in the proof of Theorem [2.5] we can rewrite (4.20) as
1
I, = — [ exp(go(e ™)+ My(e™™)) ™ dw (4.20)
211 A

where ~” is the same contour as in Figure (1} but we replace in 4 the r with a r/, see below.
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We now use the same splitting of 7, as in the proof of Theorem 2.5 and write
Ly =Thos+ 1o+ Ing + Ins.

The remaining proof is now structured as follows: We first determine r’ so that we can apply
the saddle point method, then we evaluate I, > s and finally we show that the remaining parts
are of lower order.

We now insert the definition of 74 into of I, 55, see Figure 8, and use that gg(e ™) =
P(—log(w)) + O(w) to obtain

1 5
Loy = ’ %)) d
26 =7 /_JeXp(f(sO) +ip+0(ee?)) dy
with f() :=P(r' —ip) +ne™" e + M, <e_eir/ew> : (4.21)

We now write f(p) = f(0) + ia(r")p — b(r’ %2 +

) r’). In order to be able to apply the
saddle point method, we have to find 7’ = r’'(n, x)

By (
and 6 = §(n,x) with
b(r')0? = 00, § = 0, a(r’) = o (Vb(r’)) and R, (p,7") = o(©?57%).

We now claim that we can choose

r=r+wv with v:= and § = (ne ") "%/12, (4.22)

where 7 is the solution of the equation P’(r) = ne~". We now have
a(r'y = =P'(r') +ne™™ — e e M <e’e_T/) (4.23)
Since s* = sr*/2 and r ~ log(n), see (Z.21)), we obtain v ~ e %sr=¥/2 = O(r~*/2). By
assumption, P(r) has degree k + 1 and P'(r) = ne™". We thus have
—P'(rY+ne” = —=P'(r+v)+ne" " = —P'(r)+ne" +one”" + O

=one " + O(rF/?71).
On the other hand, we get with Lemma [4.6| that
e e M' ( _€7T/> = (e Z Oe~me "

m=|an* |

= (e — 1)7”’“/ e tdu+ O(r ) = (e7%" — Derk + O(r*/?71).
Combining these two equations with the definition of v, we get that a(r') = O(r*/?>71). In a
similar way, we get b( ’) = P"(r) + ne™" 4+ O(r*/?) ~ r¥ and that R,,(, ') = O(r*¢?). This
implies b(r') ~ ¥, a(r') = o (\/ ) b(r')6? — oo and R, (¢, 7") = 0(63p?). We thus can

apply the saddle point method with 7" and use the same computation as in (2.33). We obtain

with f asin that
Lnos = —;(p G0) (1 +0 (—a(rl) )) _ e (vt /(0) (1+0(r ).

27b(r") b(r') er\/2m(P"(r) + ne=)

We now have to determine f(0).
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We first look at v. We use ne™" = P'(r) and s* = sr—*/2 and get
(e7*" — 1)rke== . S 52 3
v = e —amtort O(s*r**2) ) (1 + O(1/r)). (4.24)

ne-" 2r

Inserting this into P(r’) and using 7’ = r + v gives

P(r"y =P(r+v) = P(r)+ P'(r)v+ %P”(T’)UQ + O(v*logh 2 n)

2
= P(r) —e (1 +O01/r)r *2s + (1 + 0(1/7"))% + O(sgr_k/2). (4.25)
Furthermore, we have
ne”” =ne eV = ne " (1 —v+v*/2 4+ O(v?))
2
—ne”" + e (1 4+ 01 )r)r*?s + (7% — ™) (1 + O(l/r))% +O0(s*r7*?%) (4.26)
and get with (4.19) and Lemma [4.6|
M, (e—efr/> = (7% —1) <rk/ ute ™ du + O(rk_l)) (1+0(1/r))
= weo(x) (=125 + 8% /2 + O(s*r*/2)) (1 + O(1/r)) (4.27)
with we () as in (.4). Combining (4.23)), (4.26) and (4.27), we obtain

~exp (P(r) +ne™) 1
20 eT\/Qﬂ(P”(r) + ne=") (1 O ( ))

X exp (—(woo(a:) + 2, ()5 + (67 + weo(2)) (1 + O(l/?ﬂ)%2 + O(sgrk/Q))

with z,(z) = O(1/r) = O(1/logn). Using Theorem 2.5 we immediately get that
s

h_;z - exp (woo(x)(l + O(l/r))rk/zs) — exp ((e_% + woo(x)) E) )

Comparing this with (4.17)), we immediately see that I}f—n‘s has the predicted behaviour of
Eo [exp(—sﬁn (ac))] Thus the proof is complete if we can show that the remaining integrals
are of lower order.

We consider next the integral I;; ,. We split this integral into the integrals over the intervals
[0,1og™% 7] and [log ™2 r, 7/2]. We begin with the first interval. We get with Lemma [4.6] that

— cos(p)u

= em —r! i - Qm —r!
Re E Zme—me " e # _ E e~ me cos(¢p) Tk / € du O<,rk71/2).
m u
m=|zn*] m=|xn* | T

Splitting the last integral into two integrals over [z, 2klogr] and [2klogr, ool, it is straight
forward to see that

oo —cos(p)u 0o —u 0o —u
/ e—du:/ e—du—i—O(gOQ/ €—> +0(r ).
x u z u T u

Using the definition of M, (¢) in (#.19) and that s* = sr~*/2, we have for |p| < log™*r
Re (Mn(e_(#ew» = —s5r*"?(weo () + 2,(2)) + O (rk/2g02) + O(1). (4.28)
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Using the definition of I, , and f in (4.21)) and the estimates in (2.36)), we obtain as in (2.37)
and (2.38) that
log=2r
[ el e
5

2

! <o / " e (Relf(¢))) dg

2mer

2

log=™*r P —2 —r
<exp (P(r) +ne™" — s/ (woo (1) + zn())) e_r/ exp <—k <T)T24+ ne <,02> dy
s

exp (P(r) + ne™" — sr™?(weo (z) + 2,(2))) 5V

erdvne T

Thus this part of I¢ , is indeed of lower order. For the interval [log™” r, 7/2], we use that

<

n

* 9 —r! i
Re (678 . 1) E Emefme ey _ O(Tk/2+1). (429)
m=|zn*|

Using again the same argument as in (2.37)) and (2.38)), we obtain

1
2mer

™

/1 T en(f() dw' < / s Relfle) 2

0g72 r og72 r

m P —2 —r
<<6Xp (P(T‘) —|—TL6_T +O(Tk/2+1)) e—r/ exp (_k' (T)T + ne @2) dQO

log 24
< p (P(r) +ne G) / exp (—w—> dx
GT\/F \/nei—Tlogf%ﬂ 2
exp (P(r) +ne™" + O(rk/?+1 R
< p( ( ) ( >) e—ne log 47“'
erovne"

We now have ne " log %7 ~ r¥log™*r > r¥/2*1 since k > 3. This implies that this part of
I5 5 is also of lower order. Note that this inequality is the origin of the assumption & > 3 in this
section. It remains to consider the integral /3. Here we use also the bound (#.29) and the fact
that £ > 3. The computations closely parallel those of the proof of Theorem and we may
thus safely omit them. This completes the proof. U

4.2. Proof of Theorem[d.3, The proof of Theorem[4.3|has the same ingredients as the proof of
Theorem [#.1] We thus give only a sketch of the proof and highlight the necessary adjustments.

As for Theorem we compute the Laplace transform of w,,(x). We begin with the gener-
ating function. We have

Lemma 4.7 ([8, Lemma 4.2]). We have for x = (z1,...,x;) € R with xp > 2pq > -+ >
w1 > 0ands = (s1,...,s) € C

1 1 [zj+1—1] 9
Eo [exp(—(s,wn(x)))] = h—[t"] exp | go(t) + Z(e*sf —1) Z ftk . (4.30)
" j=1 k=|z,]

using the convention x4, 1 := 0o and (s, w,(x)) the standard scalar product of w,,(x) and s.
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The first step is again to apply Cauchy’s integral formula to (4.30) and to replace for all ;
with 1 < j < £ the points x; by z;n" and all s; by s} := s;7~*/2. Further, we use the same
curve as in the proof Theorem [4.1] but with a slightly different . Explicitly, we replace 7’ by

V4 —s* k —r .
(e % — 1)r¥(e ™ — e Tt
ry =1+ v, with v, 1= 2 ) _( ) (4.31)
ne—"

and use the same § = (ne™")~%/'2. We then proceed to apply the saddle point method so that
we arrive at

exp ( — U+ fz(o))

Ee [exp(—(s, Wu(x)))] = o /3 (D) £ e ) (1+0(r))
with
/ . v ip : s* S Om me=" ei®
fo(p) = P(r' —ip) +ne e —I—;(e i —1) k:%;m e

To prove the theorem, we have only to determine the coefficients of s? and s;s; in f;(0). To do
this, we first look at vy. We use ne~" = P’(r) and obtain

¢ , 2
v = Z(e_m]- ) (_% + % + O(S?T—:sk/z)) (1 + O(l/r)). (4.32)
j=1

Using the expansion
1
P(r}) = P(r+wv) = P(r) + P'(r)ve + 5 P"(r)v} + O(v log"* n),

and P'(r) ~ r* and P"(r) = O(r*7!), we immediately get

e = o) fori<j<t, (433

[si8;] [P(ry)] = O(1/r)) fori # j. (4.34)

Furthermore, using ne™"t = ne "¢~ = P'(r)(1 — v, + v /2 + O(v})), we obtain

—Tj _ o~ Tj+1)2 _ (p—Tj _ o~ Tjt1
[s2] [neﬂ _ (e ) 5 (e c )(1+O(1/7“)) forl <j<d{, (4.35)

[s:55] [ne’”é} = (e7™ —e "t ) (e — e ") (1 + O(1)7)) fori # j. (4.36)

Finally, applying Lemma[4.6] we get

¢ [zj41n*—1] 0 , ¢ Tjt1
—s; _ 1 m _—me”" _ —s; _ 1 k -1 _—u d k—1 )
g (e ) g o E (e ) (T /x u e du+ O(r ))

j=1 k=|x;n* ] j=1 J
(4.37)
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This implies
_1 ¢ ) L%‘H““Ue -, Tjt1
5T > e = [ e o), @39
| =1 k=|zjn*] Y
. o=t
s |27 =) B0 e = o). (439
j=1 k=|z;n*]

Combining all these equations, we obtain

e — e ®)2 4 [Ty lemt dy(1 4+ O(1/r
1) - - Pl e P00 oy, ay

[si55] [fe(0)] = (7% —em®#) (™ — e+ ) (1 + O(1/7)). (4.41)
This completes the proof Theorem 4.3]

4.3. Proof of Theorem We use a similar method of proof as in [[8, Section 4.3] and as
in [I5]. Theorem [4.3] gives us the convergence of the finite dimensional distributions. It thus
remains to prove the tightness of the process. This means we have to show that the moment
condition in [S} p.128] is fulfilled. We begin with the generating function. We have

Lemma 4.8 ([8, Lemma 4.10]). For 0 < 21 < x < x5 arbitrary and x* = xn*, ] := x1n”
and % = xan*

P B [(@a(0) = Ba(@]) (Tu(a3) — Tla"))’] (4.42)
=[] | (90 = B2)? + g2 0) (622 0) = B2 + g2 (1)) explge(t))|
with

@(z) = Z &zj and E° = Feg [w,(bn*) — w,(an*)] fora < b.

a<j<b 7
We can now prove the tightness of the process w,, (*).
Lemma 4.9. We have for 0 < z1 < x < xo < K with K arbitrary
Eo [(Wn(x*) — Wa(2]))*(Wn(23) — wy(2%))?] = O((z2 — 21)?). (4.43)
Proof. We use Lemma@.8|and apply the proof of Theorem [2.5|to the function

gult) = exp (go(t) +log (921 () — E2,)% + g1 (1)) +log (g2 (1) — BZ 2+ 32(1)) )

We claim that we can use the same curve and the same r and ¢ as in the proof of Theorem
Theorem 4.1{and Lemma imply immediately that £, = O(r*) and g} (e* ") = O(r*).
It is thus immediate to show that we indeed can use the same curve and the same r and 6. We
thus arrive at

B [(@0a") = e (7n(a3) — n(a"))]

= (e ) = B 4 gz (e ) (e ) = B2)? + g ) (1+ 0(1),
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Differentiating (4.30)) with respect to s; and substituting s; = 0 shows that

B2, = o [u(a") — @ (a})] = 5[] [g25(0) explgo(t)| = g7 (e ™ )1+ of1). (44

Itis then clear that g (e™* ") — E, = o(x — x1). Therefore

((ggfg(e‘ﬂ) — E*)? + gig(e_eﬂ)> rF =0 (9%(564)(16) :

Applying Lemmathen shows g:f,lf (e=¢")r~% = O(x — x1). Similar considerations apply for
xo. This completes the proof. U

5. TOTAL VARIATION DISTANCE

We have proven in Section [3.2]that for each fix b € N
(C1,Cs, ..., Cy) =5 (Y1, Ya,....Ys),  asn — oo. (5.1)

where (C,,)?,_, denote the cycle counts on &,, up to length b and (V,,)?,_, are independent
Poisson random variables with E [Y;,] = % Unfortunately, the convergence in is of-
ten not strong enough, since many interesting random variables involve all or almost all cycle
counts C),. Thus, one needs estimates where b and n grow simultaneously. The quality of the
approximation can conveniently be described in terms of the total variation distance. For all
1 < b < n denote by d,(n) the total variation distance

db(n) = dTV (‘C(Oh 027 ceey C’b)’ ‘C(}/b }/2a ceey Yb)) (52)

The main result of this section is

Theorem 5.1. Let (b(n)),en be a sequence so that b(n) = o(n°) with 0 < ¢ < (3k + 3)_%+1.
Then one has that

dy(n) = o(1). (5.3)

The computations in the proof of Theorem|5.1)and the similarities with the cases 6,,, ~ ¢ and
0,, ~ m” strongly suggest that Theoremmight not be optimal. We expect that d,(n) = 0(1)
if and only if b(n) = o(n/log"(n)). However, our current estimates for the error terms are too
weak to prove this and a more sophisticated bound would be needed.

5.1. Proof of Theorem The starting point for computing a total variation distance in a
random permutation model is typically the so called conditioning relation. This has been used
in [2] of the uniform measure and also in [22] for the case 8,, ~ m® and in [3] for random
permutations without macroscopic cycles. Before, we can state this conditioning relation (and
prove Theorem @), we have to introduce some notations. We define

Y, = (Y1,Ys,...,Ym) and C,:= (C1,Cs,...,Chm)), (5.4)
where (Y;,),,cn and (Cr,),,. o are as above. Inserting the definition of the total variation distance
in (5.2), we get

dy(n) % S Po[Cy=a]—P[Y,=a]| (5.5)

aer(n)
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Furthermore, we define

Ty = > kYi  for by, by € N with by < by, (5.6)
k=b1+1
The conditioning relation [[1, Equation (1.15)] now states that
P@ [C’b:a] :P[Yb:a|T0n:n}. (57)

It is straight forward to see that (5.7]) indeed holds also for all probability measures Pg. In-
serting (5.7) in (5.5)) and using the same computation as in the proof of [1, Lemma 3.1], one
immediately obtains

> P [Tb(n)n =n — 6]
= P |T: =/l |1— 5.8
Z [ 0b(n) ] ( P [Ty, = n] (5-8)
=0 +
with () = max{z,0}. We immediately get that
P [Thyn =1 — /]
< — .
dy(n) <P [Topmy & J]| + max (1 B [T, =11 ) , (5.9)
where J is an arbitrary subset of N. We now let .J be the interval
J = []E [TOb(n)} — g(n)\/Var(Topm ), E [TOb(n)] +g(n) Var(TOb(n))] (5.10)
for some g(n) with g(n) — oo and g(n) = o logk/2(b(n))). Chebyshev’s inequality gives
P [Thmyn =1 — ] 2
< — - . .
Bl = e (1 Pl =m ) O ™) (510
P[Ty(nyn=n—¢

Thus Theoremis proven if we can show that —- = = 1+o0(1). The random variables
Y, are independent Poisson distributed and thus @ implies that the probability generating
function of T,s, is given by
r S
E |zn%2 | = exp L™ —1) ). (5.12)
[ } <m=zbl:+l m ( )>
Using this observation and Corollary we immediately get

b(n) O b(n)
P [Tb(n)n =n- E] P <Zm:1 m ) n—~¢ em m
T . (2" |exp | go(z m; 2z . (5.13)

Theorem [2.5] gives us the asymptotic behaviour of &,,. Thus it remains to compute

b(n)
O .
I = [2"Y |exp g@(z)—zﬁz . (5.14)
m=1

We accomplish this in similar way as in the proof of Theorem [2.5] Cauchy’s integral formula
and the change of variable z = e™" gives us

b
exp | gole™™) + (n — Hw —

—~

1m

tv

W= e " dw, (5.15)
27

3
Il



RANDOM PERMUTATIONS WITH LOGARITHMIC CYCLE WEIGHTS 27

where 7" is the same contour as in the proof of Theorem [2.5] see Figure

We now split the curve 7" into two parts. Explicitly, we denote by ~"? the part of 7" consist-

ing of all w with w with |w| < m and by 713 the remaining parts of v".

We begin by computing the integral over 7""2. We note that "2 includes 74 as e™" ~ log® ( )

and b(n) = O(n®) with ¢ < 1. Thus 7" contains the part giving the main contribution to 'the
integral. We first show that w( = o(1). It follows from (2.18) that 6,,, ~ log®(m). Since the Y,,
are independent Poisson random variables with parameter %’", we get with (5.06)

b(n) b(n)
E [Tom)] = Y mE[Yi] = > b ~ b(n) logh(b(n)). (5.16)
m=1 m=1

Similarly, we obtain Var(Topm)) ~ b%(n)log® b(n). Thus we get that £ ~ b(n)log"(b(n) and
therefore w¢ = o(1). Further, using |w| < : we get for all w in 7"

b(n) log** (b(n))”
)
> P

b(n) b
m=1

—~
—~

n)

>

%(1+O(mw)) =

\_/

. +o(1). (5.17)

3
I
3
I

Inserting this into the integral over 7”2 in (5.13)), we obtain

exp (— Sbm) o 4 o

I? = , (1>> /”2 exp (go(e™™) + nw) dw.

2mi
The last integral is the same integral as in the proof of Theorem [2.5] Thus we get

b(n)

2 _ O | —k/2
E=ep (=Y 2 h (1 + O(log (n))> . (5.18)

m=1

Inserting (5.18)) into (5.13]), we obtain

b(n
Xp (Z"(L )1 Fm) 1,3

P [Tyon = n — (]
o

P [TOn = n]

=1+0(1)+ (5.19)

where I3 is the integral over 7”3, Clearly, 713

the proof of Theorem 2.5 that

is a part of v{ and 5. Thus we obtain as in

b(n)
2 i 1T em :
1% < o /d( )exp Re(go(e ")) — Re Z Ee’mm dx
n m=1

g 2 exp (an")1 9;:> /dTr exp (Re(g@(efem))) dz,

- 2 (n)

with d(n) := m Using the estimate in (2.39) for go(e "), we get

™

1 e
— | exp (Rt%(ge(e_e ))> de < o— / exp (P(y) - gvP”(y))e‘y dy,
2 d(n) log(m) 8
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where e( ) := (1 + €)log(b(n)) with ¢ > 0 arbitrary. Applying Lemma 2.6l with Q(y) =
P(y) — SvP"(y) — y, we get that the last integral is bounded by

1 exp(P(e(n)) — 2P"(e(n)) — e(n)> exp(P(e(n)))

2
— < — 5.20
27 P'(e(n)) — 2P"(e(n)) -2 P'(e(n)) 20
We now insert this inequality into (5.19) and obtain
P [Tynyn = n — ] exp (2 PO m) 2 CXp (P (6(%)))
=1 1)+ 0 — 5.21
P [Ton = 7 Toll)+ m o Pl ) OFY
Furthermore, we have by assumption b(n) = O(n°). This implies
b(n) 0
Z = =1og""" b(n) + O (log" b(n)) = ' log"™ n + O (log"(n)) . (5.22)
m
m=1

Similarly, we get

P(e(n)) = T ! (c(l + e))kJrl log"*!(n) 4+ O(log*(n))

Since ¢ < (3k +3)~ T and P(r) = 5" 4+ O(r*), we get for € small enough

2 &P (P ) 2k +3 1 k1 ke
exp 22 P Plem) <ex p(k—Hc (14+¢)" log (n)>

<exp((1—¢€)P(r))

for some ¢ > 0. It follows immediately from Theorem [2.5] that exp ((1 — €)P(r)) = o(hy,).
Inserting this into (5.19) completes the proof of Theorem [5.1]
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