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Abstract

This thesis aims to generalise Busby’s framework for studying extensions of C*-algebras,
to the Banach-algebraic setting, without requiring admissibility assumptions on exten-
sions.

In the case where the canonical embedding ¢; of a faithful Banach algebra J into
its multiplier algebra M ; has closed range, we classify all extensions of an arbitrary
Banach algebra B by J. This is done by presenting two categories, one of extensions
and another of Busby maps, and proving that these categories are equivalent.

We then consider cases where the canonical embedding of J need not have closed
range, and provide some partial results in such cases under the extra assumption of a
bounded linear lift for a given Busby map. These results are then applied to several
examples, where we also compute explicit multiplier norms for M; when J is a maximal
ideal in C*([—1,1]).

To go further, we study the quotient M;/t;(J) not as a seminormed space but
as an object in a suitable derived category. To lay the necessary foundations, the
derived category construction of Grothendieck and Verdier is applied to the category of
Banach spaces and bounded linear maps. Using this framework, we introduce a class
of “Q-Busby maps” from an arbitrary Banach algebra B into M;/i;(.J), and obtain
a restricted version of Busby’s original correspondence, applicable whenever J is a

faithful Banach algebra.
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Chapter 1

Introduction

1.1 Introduction

Let us motivate the problem of classifying extensions by starting with the version
arising in group theory. The following passages can be found in Isaac’s textbook [9,

p.66].

“Given groups N and H, a group G is said to be an extension of H by N
if there exists Nog <9 G such that No = N and G/Ny = H.”

“...If G is an extension of H by N, then the normal subgroup Ny of G

such that No = N and G/Ny = H is not, in general, uniquely determined.”

A consequence of G not being uniquely determined is that non-isomorphic extensions

of H by N are possible.

Example 1.1.1. Fix n € N. Take D,, and C5,, the dihedral and cyclic groups of
order 2n respectively. Both Ds, and (5, contain normal subgroups isomorphic to Z,,
let N1 < Dy, and Ny < Cy,, be these normal subgroups. Since Da, /Ny = Cy,, /Ny = 7o,
we have that both D,, and Cj, are extensions of Zs by 7Z,. However, we know for a

fact that Dy, 2 CY,.
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The definition of a group extension is given more formally below. Note that this

has different notation from IV.3 of [11] but is equivalent.

Definition 1.1.2 (Group extension). Let H and N be groups. An extension of H by N
is a triple (¢, G, q) where G is a group, ¢ : N — G is an injective group homomorphism,

q: G — H is a surjective group homomorphism, and ker(q) = im(¢).

One can formulate similar definitions in other categories. For instance, in the
category of C*-algebras, there is an obvious analogue of the previous definition, with
groups replaced by C*-algebras and group homomorphisms by x-homomorphisms.
Extensive work has been carried out on Toeplitz operators by Coburn and Douglas (see
[5] for example) and they have particular relevance in index theory, with additional
work from Schaeffer and Singer (see [6] and [13, Section 3.5]). An important example
of a C*-algebra extension is that of Toeplitz extension. We provide a brief description

of the extension, the reader can find further details in [13, Section 3.5].

Example 1.1.3. Here, we take the Hardy space H? [13, p.96] and let J be K(H?),
defined below. The Toeplitz algebra T is the algebra generated by the unilateral shift
on H? (see [13, p. 102]). T contains K(H?), the set of compact operators on H?, as a
closed ideal, and the quotient of 7 by K (H?) is isomorphic to C(T), the continuous
functions on the circle. This extension is important in Fredholm theory as it shows
that a Toeplitz operator can be assigned to a continuous function on the circle, modulo
a compact operator. After that, the index of the Toeplitz operator can be evaluated as

the negative of the winding number of the relevant function in C(T).

There is a complete and satisfactory theory for C*-algebra extensions, which is due
to Busby in [2]. Given C*-algebras B and J, the extensions of B by J are classified
up to a natural notion of equivalence, by the various *-homomorphisms from B into

the corona algebra of J. The corona algebra C'; is defined to be the quotient M /¢ (J)
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where M is the multiplier algebra or double centraliser algebra of J and vy : J — M
is a canonical embedding.

A crucial ingredient in Busby’s approach is the fact that J, being a C*-algebra, has
a bounded approximate identity. This ensures that the map ¢; is not only injective
but also has closed range, so that C'; is a C*-algebra and *-homomorphisms B — C;
are automatically continuous.

The primary goal of this thesis is to investigate how far Busby’s approach can be
extended to the setting of Banach algebras and continuous homomorphisms (precise
definitions will be given in section 2.1). We note that in the intermediate setting of
non-self-adjoint operator algebras and completely bounded homomorphisms, there has
been previous work in this direction in the PhD thesis of Royce [14]. However, in
Royce’s framework, she only considers extensions of B by J where J has a contractive
approximate identity. This generalises Busby’s results for C*-algebras, but cannot be
applied to many natural examples of Banach algebras.

The multiplier algebra M; can be defined for any Banach algebra J, not just for
C*-algebras, and so we can consider the corona algebra C; even though it need not be
a Banach algebra itself. In this thesis, we shall see that a modified version of Busby’s
correspondence still holds for extensions of Banach algebras, provided that we only
consider extensions of B by J where J is "faithful". This corresponds to ¢y : J — M,
being injective but also allows cases where ¢; does not have closed range, as in the

following example.

Example 1.1.4. Consider J = ¢*(N) with pointwise product. The multiplier algebra
of Jis M; =¢>*(N) and ¢; : £1(N) — ¢*(N) is the usual inclusion map. Since ¢; does

not have closed range, C; is not a Banach algebra.
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1.2 Overview of the thesis

In Chapter 2, we present M ;, the multiplier algebra of a Banach algebra J, together
with C'y, the corona algebra of .J. We then present two categories, one of Banach algebra
extensions by J and another of Busby maps with target C';. These two categories are
then proved to be equivalent in the sense of Definition A.1.15.

We then provide some partial, motivating results for the case where ¢; does not
have closed range, culminating in the case where the base of the extension B has
finite dimension. In Chapter 3 we apply these results, looking at several examples,
calculating some explicit multiplier norms and algebras.

It remains that we would like a more abstract theory for examples where J is
faithful but the canonical embedding ¢; : J — M; does not have closed range. This
leads us to look at objects of the form A/I where A is a Banach algebra, I is an ideal
in A but [ is not necessarily closed in A. This leads us to take a derived category
approach in the category of Banach spaces and bounded linear maps.

In Chapter 4 we construct a category which is capable of describing and working
with these quotient Banach spaces. The approach we take is to construct the derived
category in Section 4.3. The construction is due to Grothendieck and Verdier but we
use Kashiwara and Schapira as a reference (see [10, chap. 7]). An important choice
which we actively make is to follow through the construction in the category of Banach
spaces, in order to gain an in-depth understanding of the topological properties of the
objects in the category. This is not something easily gained from checking axioms and
applying major theorems.

At the same time however, it is important to understand the derived category
approach and not tackle this purely as a functional analysis problem.

The approach taken in this thesis for constructing a category in which we can study

Banach algebra quotients is to carry out the derived category construction for Banach
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spaces. Objects in this category are monics in the category of Banach spaces, and
morphisms in this category are equivalence classes of spans (see Definition 4.3.2). We
then consider a wider class of "Busby maps" which are generated by this process.

Work at the end of Chapter 2 shows us that we can still run Busby’s machinery
when there is a bounded linear map from the base of the extension to the multiplier
algebra. In Chapter 5, we provide a generalised version of the motivating case in
Section 2.4, using the new derived category results.

We provide a list of the main results in this thesis for the ease of the reader:

e Theorem 2.3.9 - When a Banach algebra J is faithful and ¢, has closed range,
the categories Ext(J) and Bus(.J) are equivalent. This is an analogue for such

J, of Busby’s C*-algebra classification result.

e Theorem 2.4.3 - When ¢; does not necessarily have closed range, but we have
a bounded linear lift of ¢ : B — C'; with target M;, we can equip a specific

pullback with a Banach algebra norm in order to construction an extension.

o Theorem 3.4.2 - We can pin down the multiplier algebra of a maximal ideal of

C*([—1,1]), the continuously k-th differentiable functions on [—1, 1].

o Theorem 5.1.10 - A generalised version of Theorem 2.4.3 which works for Q-Busby
maps. Here, Q-Busby maps are algebra homomorphisms with target C'; which

are also morphisms in the derived category Q(Ban).

o Theorem 5.2.3 - A classification theorem for extensions where we use Q-Busby

maps.
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1.3 Comparisons with previous work in the litera-
ture

Outside of this thesis, there are many texts which investigate some of the concepts we
cover. These range from books such as [11], which includes an account of extensions
and short exact sequences in a categorical setting, to Busby’s original papers which
develop the understanding of double centralisers of C*-algebras and their extensions.
However, we argue that there are significant differences between some of these texts
and the work laid out here.

In this thesis, faithfulness in the sense of Definition 2.1.9 is almost always assumed
to be present. However, it differs from the definition taken by Dales in Definition
1.4.5 [7, p. 52]. Dales first defines left and right faithfulness, and then says an algebra
is faithful if it is both left and right faithful. This is stronger than our definition of
faithful, which in their setting would be left or right faithful. In our setting, it makes
more sense to use the weaker definition, since this is precisely the condition which
makes ¢y injective, as seen in Lemma 2.1.10.

When we consider the multiplier algebra of a Banach algebra J, as in Definition
2.1.4, we only consider left and right multipliers which are bounded. In the literature,
Dales first considers multipliers in the algebraic sense in Definition 1.4.25 [7, p.59-60],
before moving to settings where they are bounded. This is similarly true of Busby’s
approach in Corollary 2.4 [2, p.80], where multipliers are shown to be continuous using
preceding results and properties of C*-algebras. The aim in this thesis is to analyse
extensions and Busby maps in the context of the category Balg, so it is enough to
only consider bounded multipliers.

There has been extensive work on the case where J is nilpotent, meaning that there

exists n € N such that J" = {0}. We will not attempt to give a full survey, since this
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thesis is concerned with the cases where the canonical map ¢; : J — M (see Definition
2.1.5) is injective. See e.g. [1] for further details.

Another interesting and much-studied question is to decide when an extension of B
by J (in the sense of Definition 2.1.3) is algebraically or topologically split. See [1] for
further details. However, to keep the thesis focussed on the main classification problem,
we shall not consider splitting questions, leaving them for possible future work.

There is a notion of equivalence, or more appropriately isomorphism, of extensions
used in this thesis, for example in the proof of Theorem 2.3.9. This differs from the
notions of equivalence found in certain texts. Busby considers two extensions to be
equivalent if they have the same base B and ideal J, with an x-isomorphism between
the C*-algebras in the centre [2, p.88]. Our form of equivalence is weaker than Busby’s
and fulfils a different purpose to his notion of weak-equivalence [2, p.90].

The properties of categories considered, both by this thesis and in the general
literature, are worth noting for comparison. The main results of [3] requires one to
work with a faithful object in a sufficiently algebraic category (Definitions 1.5 and 1.6
[3]). Now Balg is a sufficiently algebraic category (see Example 2(d) in [3, p.48]) but
for a Banach algebra J to be a "faithful object in Balg" in Busby’s sense condition (a)
of [3, Definition 1.5] requires ¢; : J — M to have closed range.

In Section 3 of Chapter 4, [11, p.108], MacLane details a similar question of
constructing extensions, albeit in a different setting. Given a group A and II, he gives
an account of the construction of all group extensions of II by A. This amounts to
using the homomorphisms from II into Aut(A), similar to the way we use Busby maps.
This thesis has the same aim, but is heavily restricted by the added topology in Balg.
Busby solves the same problem for C*-algebras, where certain topological problems
can be circumvented. This is most apparent in the fact that the corona algebra of a

C*-algebra is always a C*-algebra.
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Later in his book, Section 6 of Chapter 12 [11, p.375], MacLane explores a category
of short exact sequences, much like we do. He does this in an abelian category, which
has a much richer structure than the additive setting of Ban, let alone Balg which

fails to be additive.

1.4 Notational conventions

This section will contain some clarification and setup of notation used throughout this

thesis.

Remark 1.4.1. Throughout this thesis, all vector spaces will be over the complex

field.

Remark 1.4.2. In this thesis, when we use the phrase "linear map", it is a synonym

for the phrase 'linear operator".

Remark 1.4.3. In this thesis, the norm on a Banach algebra is always assumed to be

submultiplicative.

Remark 1.4.4. In this thesis, algebra homomorphisms need not be unital, even when
both the domain and codomain are unital (Banach) algebras. It is important that in

this thesis, we allow the zero homomorphism so this convention is required.

Remark 1.4.5. This thesis will make use of concepts and results from category theory.
We have included an appendix on the relevant theory, but we will also point out some
notational conventions in this section.

For a category C, the set of objects of the category will be denoted obj(C). For
objects A, B € obj(C), the set of morphisms from A to B will be denoted hom¢(A, B).
To simplify notation we will shorten A € obj(C) to A € C. We will also simplify
home (A, B) to hom(A, B) when there is no confusion as to what category we are

working in (see Definition A.1.1).
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Remark 1.4.6. In several places during this thesis we have the following situation:
there is an injective function ¢ : X — Y, not necessarily surjective, and we have
elements in ¢(X) that we wish to “pull back” to elements of X. Consistent notation is
required for the (unique) function ¢(X) — X which is defined in this way.

One possibility would be to use the notation ¢!

, it being understood from context
that one would only consider expressions like :~'(y) when y € «(X). However, this
could be misinterpreted as asserting the existence of a function ¥ — X that is left

inverse to ¢.

The most accurate notation would be something like
-1
(L|L(X)) (X)) = X (1.1)

where ¢|*X) 1 X — (X)) is the corestriction of ¢ to its image. However, this would
make various formulas too cumbersome, and the extra precision would greatly reduce
clarity. We therefore adopt the notation «[=! for the function defined in (1.1); we will

only use this notation in settings where ¢ is injective.



Chapter 2

Extensions of Banach algebras

2.1 The multiplier extension

Definition 2.1.1 (Ban and Balg). We define the category Ban as follows: the objects
of Ban are complex Banach spaces; and given F, F' € Ban, define hompa,(F, F') to
be the set of all bounded linear maps from E to F'.

We define the category Balg as follows: the objects of Balg are complex Banach
algebras, not necessarily unital; and given A, B € Balg, define hompag(A, B) to be

the set of all bounded algebra homomorphisms from A to B.

With this in mind, the theme of this thesis will be the study of extensions in Balg
and the exploration of the category theory that will aid us in their classification. We

begin with the definition of an extension in Balg.

Definition 2.1.2 (Short exact sequences in Balg). By a short exact sequence in Balg,

we mean the following data:
« objects J, A, B in Balg

« morphisms, ¢ € hompag(J/, A) and ¢ € hompag(A, B)
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which satisfy the following properties: ¢ is injective, ¢ is surjective and Ran ¢ = kerq.

In particular, ¢(J) is a closed ideal in A.

Definition 2.1.3 (Extensions in Balg). Given B, J € Balg, an extension of B by
J is any triple (¢, A, q) where A € Balg and Diagram 2.1 below forms a short exact

sequence in Balg in the sense of Definition 2.1.2.

0 J—- A5 B 0 (2.1)

The aim of this chapter will be to explore and explain when it is currently possible
to classify extensions. However, before we begin this process, it is evident from the
work in [2] and [3] that it will be important to consider the multiplier and corona
algebras of a Banach algebra J.

There is more than one way to describe the multiplier algebra of a given Banach
algebra J. For the purposes of this thesis, it will be sufficient to consider it to be
the algebra of double centralisers of J as Busby does in [2]. We provide the following
definition for ease and in order to set up the notation which will be used throughout
the thesis. However, the definitions are not new and can be found in standard sources

such as [7, Section 1.4].

Definition 2.1.4 (Multiplier algebra - Double centraliser approach). Let J € Balg.
A multiplier of J is a pair of bounded linear maps from J into J, such that for all
x,y € J, we have that L(zy) = L(x)y, R(zy) = 2R(y) and xL(y) = R(x)y. We will
denote the set of all multipliers of J by M.

There is an algebra structure on M; with scalar multiplication and addition defined
coordinate-wise. Multiplication, however, is defined in the following way for all

(Ll) R1)7 (L27 RQ) S MJ

(L17 Rl)(L27 RQ) - (L1L27 RQRI)‘
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Further to this, the multiplier algebra is a Banach algebra when endowed with the

norm |[(L, R)[| = max{[[ L], [| B[|}-

Definition 2.1.5 (The canonical map ¢y : J — M;). We can define a continuous
homomorphism ¢ : J — M, j — (L;, R;) where L;(x) = jx and R;(z) = zj for all

x € J. Moreover, ¢;(J) is always an ideal of M, we will prove this in Lemma 2.1.6.

Lemma 2.1.6. Let J be a Banach algebra and let vy : J — My be as in Definition

2.1.5. Then v;(J) is an ideal in M.

Proof. We know ¢;(.J) is a subalgebra of M since it is the image of an algebra
homomorphism by definition. To see it is an ideal, let j, j' € J, let (L, R) € M; and
consider (L;L, RR;)(j'). We see that L,L(j") = jL(j') = R(j);j’, and we notice that
R(j)j" = Lrg (")

Similarly RR;(j') = R(j'j) = j'R(j), which can be expressed as Rp(;)(j'). Since
this is true for all j' € J, we see that (L;L, RR;) = (Lg(j), Rry)) € ts(J).

A similar argument will yield that (LL;, R;R) = (L, Ri¢)) € ts(J). We have
that ¢(J) is an ideal in M. O

Definition 2.1.7 (Corona algebra). Let J € Balg and consider its multiplier algebra
M;. By Lemma 2.1.6, ¢;(J) sits inside M as an ideal. We define the corona algebra
to be the quotient M;/v;(J), which we will refer to as C; for ease. In order to have
consistent notation throughout this thesis, we will always pair this with the quotient

map q; : M; — Cy.

Remark 2.1.8. In particular, C'; will be a Banach algebra if and only if ¢; has closed
range, giving us that ker ¢; is closed and hence that ¢; is continuous.

Although this definition could be restricted purely to the case where ¢; has closed
range, the case where ¢; does not have closed range will become central to our study

in later chapters.
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Definition 2.1.9 (Faithful). Let J be an algebra. We say that J is faithful if for all
a € J with a # 0, a does not annihilate J. That is, there exists some b € J, such that

either ab # 0 or ba # 0.

Lemma 2.1.10. Let J be a Banach algebra with multiplier algebra Mjy. Let vy : J —
My be as defined in Definition 2.1.5. Then J is faithful if and only if 1y is injective.

Lemma 2.1.10 is stated without proof in [7, p.60]. We provide a proof for the ease

of the reader.

Proof. We begin by assuming that J is faithful. Take j € J and assume ¢;(j) = (0, 0).
That is, we know that for all x € J, that xj = jx = 0. But since J is faithful, we
therefore have that 7 = 0, making ¢; injective.

Now assume that ¢; is injective and let j € J such that for all x € J, both x5 =0
and jxr = 0. It is clear that ¢;(j) = (0,0) so by the injectivity of ¢;, we have that j =0

as required. Therefore J is faithful. n

Corollary 2.1.11. Let J be a Banach algebra with multiplier algebra M; and let
ty:J — My be as defined in Definition 2.1.5. If J is faithful and vy has closed range,

then (vy, My, qy) is an extension of Cy by J.

Proof. Since ¢ is a quotient map, it is surjective and by construction ker g; = Ran ;.
Further to this, ker ¢ is closed by assumption so ¢; must be continuous. Now since J is
faithful, Lemma 2.1.10 gives us that ¢, is injective. We therefore have that (¢, My, qy)

is an extension of C'; by J. [

Definition 2.1.12 (The multiplier extension). Let J be a faithful Banach algebra for
which the canonical map ¢y : J — M, (as defined in Definition 2.1.5) has closed range.
The extension (v;, My, q;) described in Corollary 2.1.11 will be called the multiplier

extension.
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Definition 2.1.13 (Approximate and bounded approximate identity). Let A be a
Banach algebra. An approximate identity for A is a net (ey)rea such that for all
e >0 and z € A, there exists Ay € A such that for all A\ > A, ||z — e z|| < € and
|z — xey| <e.

We say (ey) is a bounded approximate identity if sup ||e,|| < oco.
A

Lemma 2.1.14. Let J be a Banach algebra with a bounded approximate identity
(ex)ren, then vy(J) is closed in My and J is faithful.

Proof. Let x € J, let K =sup ||le)| and consider L,(ey). We have that
A
lzexlls < ILalllexlls < Kl Le]l

Taking limits, we have that ||z||; < K||L,| and similarly that ||z|; < K||R.||. We

therefore have that ¢; is bounded below and hence is injective with closed range. [

Remark 2.1.15. We note here that all C*-algebras have bounded approximate identi-
ties (see Theorem 3.1.1 [13, p.78]). Hence we have that when J is a C*-algebra, J is

faithful and ¢; has closed range.

2.2 A category of extensions and a category of Busby
maps

In this section, we will set up two categories related to the study of extensions in Balg.
The first category makes sense for any faithful J, but for the second, we will need to
also assume that ¢; has closed range.

As mentioned in Section 1.3, these categories closely resemble known constructions

in the literature, for groups or for modules or for C*-algebras. We have chosen to give
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a self-contained presentation for the reader’s benefit, since the extra details that we

include will be useful for the later work in Chapter 5.

Remark 2.2.1 (Important convention). Since we would always require that ¢; be an
injective map, it will now be assumed that whenever we refer to an extension of a

Banach algebra by a fixed J that J is faithful.

Our first category will be one whose objects are extensions. Before introducing it,
we will first define what a morphism of two extensions by a fixed Banach algebra J
is. Both objects and morphisms are similar in setup the the category of extensions

described in [11, p.375], with an obvious exception being that we are fixing J.

Definition 2.2.2 (Extension morphism). Let By, By, J € Balg and for ¢ € {1,2}
consider the extensions (t;, A;,¢;) of B; by J. A morphism from the first extension to
the second will be a pair (6, ¢) where 6 € hompalg(A1, As) and ¢ € hompaie(B1, B2),

such that Diagram 2.2 commutes.

J L1 Al q1 Bl

N 2

AQLBQ

With this in mind, we will show that the set of all extensions of Banach algebras

by J, varying the base, forms a category with these morphisms.

Proposition 2.2.3. Fiz a faithful Banach algebra J. There is a category Ext(J),

whose objects are extensions in Balg of the form

0 J—++A-—-"25B 0 (2.3)

as in Definition 2.1.3, and whose morphisms are the extension morphisms from Defini-

tion 2.2.2.
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Proof. We will check the axioms for a category as defined in Definition A.1.1.
Firstly, let (v;, A;,q;) be extensions of B; by J for i € {1,2,3}, let (6,¢) be a
morphism from (¢1, Ay, q1) to (t2, Az, g2) and let (¢, ¢') be a morphism from (cq, As, go)
to (3, As,q3). We need to check that (0’0, ¢'¢) is a morphism from (i1, A1, ¢q1) to
(t3, A3, q3). We have that both 6’0 and ¢’ are continuous homomorphisms as they are
compositions of continuous homomorphisms so all that remains is to check that the

Diagram 2.4 commutes.

J "2 A 2, B

\3) Je/e lap’g@ (2-4)

Az —2 By
This is true as 0’011 = 0'15 = 13 and ' g, = P g0 = ¢30'0.
Secondly we note for any given extension (¢, A, q) of B € Balg by J, there exists
an identity morphism, this being (id4,idp).
Lastly we need to check associativity of our morphism composition. This is true

since the composition of continuous homomorphisms is associative. O

Now that Ext(.J) has been defined, we can explore a useful property which highlights
the importance of the multiplier extension. For the next lemma, we remind the reader

of the notational convention from remark 1.4.6.

Lemma 2.2.4. Let J, B € Balg with J faithful, and let (1, A, q) be an extension of B

by J in the sense of Definition 2.1.3. For each a € A define LA, R2 - J — J by

Ly(G) = " au(y),  RIG) = 7))

Then:

1. (LfaRaA) S MJ
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2. The function 4 : A — M defined by 04(a) = (L2, R2) belongs to hompay(A, M)
3. O0aL =1y
4. There exists a unique algebra homomorphism ¢4 : B — C; such that paq = q;604.

5. If, moreover, vy : J — J has closed range, then C; € Balg and ps €
hOHlBalg(B, CJ)

Proof. 1. First we need to check that (L2, R%) is a bounded multiplier of J. It is
easy to see that both LA and R4 are linear maps from J into itself since ¢ is
linear. We will only show that L7 is continuous, as the proof for RZ is almost
identical. To this end, let (j,) € J with limit j € J, since ¢+ and multiplication
in A is continuous we have that ac(j,) has limit ac(j). Now since ¢ has closed
range and is injective, (.= : 4(J) — J is a bounded linear map (by the Open
Mapping Theorem) and hence L is bounded linear as required. Similarly, R4 is

also bounded linear.

Next we show that the multiplier axioms from Definition 2.1.4 hold. We compute
for j1, o € J, that LA(j1j2) = " (aw(f172)) = T (ae(51)e(h2)) = T (aw(51)) 52
as required. The right-hand property holds in the same way for R and j; L2 (jo) =
hl M an(z2)) = UGG anGR)) = T eGa)j: = Ri(1)jz as required for
(L, R?) to be in M.

2. Now we can check whether 6, is a continuous homomorphism. The fact that 64
is a homomorphism follows easily from the algebra structure on A together with
the linearity of ¢. For continuity, take ||LA(5)|| = ||c.7"(ac(5))| and note that ¢ is
bounded below since ¢ is injective with closed range. Therefore ||¢I=1(ac(5))|| <
(L/O)||e|lll7]l/la|| where ¢ is the bounded below constant. Now it is clear that
104(a)ll = (L3, Ra)|l = max{||LZ]], || ||} which is less than (1/c)|e[|]|all giving

us that 64 is bounded.
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3. Next we can check that 640 = t;. We have that for any j € J, that 64.(j) =
(L), Ruj)). We check that for j° € J, that Lf%j)(j’) = [0G)) = 49 =
LA(5") where L; is the left-hand component of ¢;(j). This similarly holds for the

J J

right hand components so we have that 6,4t = ¢; as required.

4. Since ker g = «(J) and 04¢(J) = 1;(J) = ker g, it is clear that ker g C ker ¢;04.
Let b € B, and as q is surjective, there exists a € A such that ¢(a) = b. Define
wa(b) = qs04(a), this is well defined since ker ¢ C ker g 04 and can easily be
checked to be an algebra homomorphism. Clearly, ¢ 4q = q;04 by construction,
and uniqueness of ¢4 follows from the surjectivity of g. We illustrate this with

Diagram 2.5
J——A—"1-B

N JQA s (2.5)

MJL)CJ

5. If v; has closed range, then ker ¢; = Rant; is closed and hence C; is a Banach
algebra. To see that ¢4 is now continuous, let b € B and note that in the
construction of ¢4, using Corollary A.2.5, we can choose a € A with [ja]la <
K||b|| g for some K > 0. We therefore have that ||o4(b)||c, < K||gs|10all]0] 5,

and hence that ¢4 is continuous as required.

]

The second category we wish to define will be the category of Busby maps which
have target C;. It is important to note that our results now begin to hinge on the
corona algebra being a Banach algebra, as C'; did in Lemma 2.2.4. The situation where

¢ty does not have closed range will become the focus of later chapters.

Definition 2.2.5 (Busby maps and Busby map morphisms). Let B, J € Balg where
J is faithful and ¢; has closed range. We define the Busby maps to be the continuous

homomorphisms from B into C}.
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Let ¢; € hompaig(B;, Cy) for i € {1,2}. A Busby map morphism from ¢; to ¢

will be a continuous homomorphism u : By — Bs such that Diagram 2.6 commutes.

B,

N

u o (2.6)

V

B
We will now provide a reference to show the Busby maps form a category.
Proposition 2.2.6. Fix a faithful Banach algebra J such that v has closed range. The

collection of all Busby maps for J, together with the morphisms defined in Definition

2.2.5, forms a category.

Proof. This is a slice category in Balg over the object C;. This can be found in [12,
p.45-46]. We will refer to this category as Bus(J). O

2.3 Functors and categorical equivalence

This section aims to define a functor Bus from Ext(J) to Bus(/J), and another functor
Pull in the reverse direction. These two functors will show that Bus(.J) and Ext(.J)
are equivalent as categories. This equivalence is more precise than the statements in
2] and [3], which do not consider the set of Busby maps as a category. Throughout

this section, we assume ¢; has closed range and that J is faithful.

Definition 2.3.1. Given an extension in Balg

such that ¢y : J — M is injective with closed range, defined Bus(((¢, A, q)) to be the

map @4 € hompae(B, Cy) that is given by Lemma 2.2.4 (5).
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Now that we have a way of taking extensions to Busby maps, we need a way
of taking morphisms between extensions to morphisms between the corresponding
Busby maps. To this end, let (¢;, A;, ¢;) € Ext(J) be extensions of B; for i € {1,2}, let
& = Bus((4, Ai, ¢;)) and suppose there exists (0, p) € homgxe(.s)((¢1, A1, ¢1), (12, Az, ¢2)).
Set Bus((6,¢)) = .

Proposition 2.3.2. Fix a faithful Banach algebra J such that vj; has closed range.
Bus is a functor from Ext(J) to Bus(J).

Proof. Let (11, A1,q1) € Ext(J) be an extension of B; by J and suppose that & =
Bus((¢1, A1,q1)). By construction Bus((ida,,idp,)) = idp, and idp, is the identity
morphism for & in Bus(J).

Now suppose also that (12, Az, q2) € Ext(J) is an extension of By by J, that
& = Bus((t2, A2, ¢2)), and that (0, ¢) € homgxe ) ((¢1, A1, q1), (L2, A2, ¢2)). We wish to
check that Bus((,¢)) = ¢ € homgpus(s)(&1,&2), which amounts to checking whether
&1 = &p. Since ¢ is surjective, we can check whether &g = €1g1. Let 6; 0 A; — M,
for i € {1,2} be the continuous homomorphisms associated with the extensions
(i, As, q;) as constructed in Lemma 2.2.4. Now &pqp = €2q00 and £2q20 = q,020. Now
q020 = q;01 if Ran(020 — 61) € 1;(J), so let a € Ay and consider 6,0(a) — 01(a). This
is the multiplier (g, — L', Ryé) — Ri) € M. Next, letting j € J and taking the
left-hand multiplier, L(?(Z) (5) — LM () = wo7(0(a)ia(5)) — e174(aei(5)), which in turn
is equal to tol"1(0(a)0e1(5)) — 117" (at1(5)). Applying the homomorphism property of
0 we get that 11 "1(0(a)0u1(5)) — " (an (7)) = 12 7(0(an (7)) — 7 (aea(5))). From
the fact that 01, = 15, we have that 1,(0(ar1(5)) — 174 (ari(5))) = 0. A similar
property holds for the right-hand side, giving us that ¢;0:0 = q;60; = £&1¢1. Therefore

Eap = & as required.



2.3 Functors and categorical equivalence 23

Lastly, suppose also that (i3, A3, q3) € Ext(J) is an extension of Bs, let
Bus((t3, A3, q3)) = &3 and let (0, ¢') € homgxe(.s)((t2, A2, ¢2), (t3, A3, q3)). We have that
Bus((6'0, ¢'p)) = ¢'v = Bus((#', ¢’)) Bus((0, ¢)). Therefore Bus is a functor. O

We now aim to construct a functor from Bus(.J) to Ext(.J).

Definition 2.3.3 ((t, P¢,mp)). Let £ € hompag(B,C)), hence we have that £ €
Bus(J). We shall take the pullback in Balg of ¢ and ¢; and aim to construct an

extension. The pullback, which we will call P, will be the following set.

Pe = {(m,b) € My x B : qs(m) = £(b)}.

This is an algebra with the usual scalar multiplication and coordinate-wise multi-
plication. Moreover, P is a Banach algebra when equipped with the max norm.

Note that there exists an injective, continuous homomorphism ¢ : J — P: given
by j + (ts(j),0). Where 7p is the surjective continuous homomorphism given by

(m, b) — b, we have that (¢, Pe,mp) € Ext(J).

Set Pull(§) = (i, Pe, 7).

Next suppose we have two Busby maps & € hompag(B;, Cy) for i = {1,2} and
u € hompyg() (&1,&). We aim to show there exists a continuous homomorphism
6 : P, — P, such that when paired with u, forms a morphism in Ext(J) from Pull(&)
to Pull(&;).

Let my, and myy, be the projections from P, and F, respectively to M;, and
similarly let mp, and 7p, be the projections from P, and P, to B, and B, respectively.

Since & = &u, we have that Diagram 2.7 commutes.
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ump,

h ’\

P, B2 B, (2.7)

71']\41
TMy P!

M J T> C J
Therefore by the pullback property, there exists a unique continuous homomorphism
6 € hompaig(F,, Pe,) such that 7p,0 = urp, and mp,0 = .

We claim that (6, u) is a morphism from Pull(&;) to Pull(£2). Checking this amounts

to verifying that Diagram 2.8 commutes.

JLP&&Bl

2 lf’ l“ (2.8)

P, 2, B,

Firstly, let 7 € J and check

Oie, (7) = 0((Lj, R;),0) = (ma, (L, R;),0),0) = ((Lj, R;),0) = 1,(5)-

The fact that urg, = mpg,0 is evident from the construction of . Now set Pull(u) =

(0,u).

Proposition 2.3.4. Fiz a faithful Banach algebra J. Pull is a functor from Bus(J)
to Ext(J).

Proof. 1t is easy to verify that if { € Balg(B, C), we have that Pull(idp) = (idp,,idp),
which is the identity morphism for (i, Pe, 75).

Now suppose that & € Balg(B;, C;) for i = {1,2,3} with v € Balg(By, B,) and
v € Balg(B,, Bs) as morphisms from &; to & and & to & respectively. Take Pull(u) =
(0,u) and Pull(u') = (¢',4'), we need to check that Pull(v'u) = Pull(v) Pull(u). We
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have that Pull(v/u) = (¢, u) where 9 is the unique continuous homomorphism that

makes Diagram 2.9 commute.

M,
TM3 &3

MJTCJ

However, #'6 also makes this diagram commute, so we must have that ¢ = 6’6
because ¢ was unique. Therefore Pull(u'u) = Pull(u) Pull(u) as required and we have

that Pull is a functor. O

Remark 2.3.5. The constructions involved in Propositions 2.3.2 and 2.3.4 are known

ones. However, the proof that they are functorial is new work.

We will show that Bus and Pull provide an equivalence between the categories
Ext(J) and Bus(J). However, before we prove this claim, we require a technical
lemma.

This is a special case of the short five lemma in the category of vector spaces,

applied within Balg. We will provide a proof for the ease of the reader.

Lemma 2.3.6. Let B and J be in Balg such that J is faithful. Let (v;, A;, q;) € Ext(J)
be extensions of B by J fori € {1,2}. If (0,idg) is a morphism from (11, A1, q1) to

(12, Ag, qo), then 0 is an isomorphism in Balg.

Proof. Let x € 11(J) Nkerd. We have that x = ¢;(j) for some unique j € J and
that t5(j) = 0(x) = 0, but 1o was injective so j = 0 which implies z = 0. Therefore
ker @ Ny (J) = {0}.
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Now let z € kerf. Then x € ker g0 = kerq; = ¢1(J). Therefore kerf C 1(J)
which we can combine with the fact that ker 8¢y (J) = {0} to give us that ker § = {0}
and therefore that 6 is injective.

Now we show that # is surjective. To this end, let ay € Ay. Since ¢ is surjective,
there exists a; € A; such that ga(a2) = ¢1(a1) = ¢26(a;). We therefore have that
¢2(az — 0(ay)) = 0 which implies that ay — 6(a;) € ta(J). There then exists j € J such
that ay = 12(j) + 0(a1) = 0i1(j) + 0(a1) so we have that ay € Ran 6 as required and so
6 is surjective.

From this, 6 is bijective and by the Banach Isomorphism Theorem (Theorem A.2.4),
0 has continuous inverse. In summary, we have that # is an isomorphism of the

extensions (1, A1, q1) and (i2, Az, ¢2). =

Lemma 2.3.7. Let J, B € Balg with J faithful, and suppose further that vy has closed
range. Let & € hompg,(B,Cy) be a Busby map and let ¢ : Pe — M be the function

given by applying Lemma 2.2.4 to the extension (i, Pe,mp). Then O = my;.

Proof. Let A = P for ease of notation and let (m,b) € A. We have to show that

(L(‘m,byR?m,b)) =m. Let j € J. Then

L (5) = te7((m, b)ee(5))
= 1 71((m, b)(15(4),0))
= 1 7((mes(5),0))

= 1,7 (mey(5))

and similarly R(Am’b)(j) = 1;7U(2;(j)m). Now if m = (L, R), then by the proof of
Lemma 2.1.6

muy(j) = (L, R)(Lj, Rj) = (L1, Rr)) = ta(L(5))
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and similarly ¢;(j)m = ¢;(R(j)). Hence qum,b)(j) = L(j) and Rén,b)(j) = R(j) as
required. O]

Corollary 2.3.8. Let J € Balg be faithful and suppose that v; has closed range. Then

Bus Pull is the identity functor.

Proof. We will first check BusPull is the identity on objects. If £ € Bus(J), then
Pull(§) = (148, Pe, mp) and by Lemma 2.3.7, 6 = mp;. Now by the uniqueness part of
Lemma 2.2.4 4), we see that Bus Pull(§) = ¢ (see Diagram 2.5).

We now check that we have the identity on morphisms. If

B,

N

u c, (2.10)

V

By
is a morphism in Bus(J). Then applying Pull gives us

(]LP&&BI

& Je Ju (2.11)

P&&BQ

and Bus Pull(u) = Bus((#,u)) = u as required. Hence Bus Pull = idgys().
[l

Theorem 2.3.9. Fiz a faithful Banach algebra J. The categories, Ext(J) and Bus(J)

are equivalent in the sense of Definition A.1.15.

Proof. By Corollary 2.3.8 Bus Pull = idpys(s). There is therefore no need to look for a
natural isomorphism here since the functors are equal.
We now look for a natural isomorphism between Pull Bus and idgy¢(s). Let B €

Balg, let (¢, A, q) be an extension of B by J and let £ : B — C; be a Busby map.
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We shall construct ¢ : A — P such that (¢,idg) is an isomorphism in Ext(.J) from
(1, A, q) to (te, Pe,mp).

We have that Diagram 2.12 commutes.

A /\
P "~ B (2.12)

NI

My —— Cy

By the pullback property, there exists a unique continuous homomorphism ¢ : A — F
such that mgy = q and 7y = f.

From this, we can verify that Diagram 2.13 commutes.

PN
J ¥ B (2.13)
Py
The fact that ¢ = ¥mg is evident from the construction of ¢. Let j € J, and
take Yu(j) = (fu(7),qe(j)) = (¢s(4),0) = te(j). Therefore, ¥ = 1 and the diagram
commutes. This makes (¢,idg) into a morphism from (¢, A, q) to (i, Pe,mp) so by
Lemma 2.3.6, (1, idp) is an isomorphism of our extensions.
Let By, B, € Balg and let (¢, 4;, ¢;) be extensions of B; by J fori € {1,2}. Together
with a morphism (6, ¢) from (¢1, A1, 1) to (12, As, ¢2). Explicitely, 8 € hompaig(A1, As),
¢ € hompaig(Bi, B2) and g = ¢20.

Then Pull Bus((6, ¢)) is given by the commuting square.
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P& i>_Bl

o s (2.14)
P, —25 B,
where 6'((m, b)) = (m, ¢(b)). We also have isomorphims v; : A; — P, in Balg for
i € {1,2} which make the analogues of Diagram 2.13 commute. To prove naturality, it
suffices to show that 6"ty = 190.

Let a; € Ay, we compute that 011 (ay) = 0'((61(a1),q1(a1))) = (b1(a1), pqr(ar)) =
(01(a1),q20(a1)). Now (020(aq),q20(ar)) = 1¥e6(ay) as required. Therefore Pull Bus is

naturally isomorphic to idgxt(s) and we have that Ext(.J) and Bus(.J) are equivalent

as categories. ]

In particular this equivalence means that extensions by J, up to isomorphism, are
in one-to-one correspondence with Busby maps up to isomorphism. This reduces their
study and classification to the study of continuous homomorphisms into the corona
algebra of J. However, this feels unsatisfying as this correspondence is established
subject to ¢y being injective with closed range. It is important to note that +; can be
injective with non-closed range even in some relatively simple cases. We will cover

some of these in Chapter 3.

2.4 Partial results when :; has non-closed range

Although we will still require J to be faithful in this section, we shall not assume that
¢y has closed range. This causes some parts of the general theory to fail, stemming from
the possibility that the "multiplier extension" (see Definition 2.1.12) is not an extension
of Banach algebras since the corona algebra is not necessarily a Banach algebra. Lemma
2.2.4 shows us that even when C; is not a Banach algebra, an extension of Banach

algebras still gives rise to an algebra homomorphism from the base of the extension to
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C;. In this section we begin the investigation of certain algebra homomorphisms from
a Banach algebra B into C, which still give rise to extensions of B by J. A fuller

investigation will be carried out in Chapter 5.

Proposition 2.4.1. Let B, J € Balg such that J is faithful and let ¢ be an algebra
homomorphism from B to the corona algebra, C;. If there exists a bounded linear map

g: B — My such that ¢ = q;g, then P, is a Banach space with norm

1, 0)p, = llmllar, + 1Bl]5 + et (m = g(®))]s-

Proof. We will first show that || - ||p, is a norm for the underlying vector space of P,.

Let (m,b) € P, and let A € C. Then

A, 0), = [Amllag, + [1A0]5 + [les ™ A — g(A0)) s
= [Ixmllaz, + [IN0]|5 + e (Aim = Ag(0)]5
= [Ixmllar, + [ABl]5 + A= (m = g (b)) 1
= [lllmllaz, + MBIz + M ][les ™ (m = (b))

= [Alll(m, b) |,

Now suppose |[(m,b)||p, = 0. Then |[m|lar, + [|bll5 + ||esT (m — g(b))||; = 0, and so
in particular ||m||a, = ||b]|z = 0. Therefore m = 0j, and b = 0p, so we have that

(m,b) = (0ar,0p).
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Lastly let (my,b1), (me,b2) € P,. We check

[(ma + ma, by + b)ll B, =llma + mallar, + 11b1 + balls + [les'™ " (my +may — g(by + b2)) |15
=[m1 +malla, + [1b1 + b2l
+ e my = g(b1)) + 05 (my — g (b))l
<llmallag, + 1b1ll5 + lles™ma = g(b))1
Hlimallag, + b2l + lles 1 (ma — g(b2)) 15

=1, b)), + [1(m2, b2) |, -

So indeed, | - ||p, is a norm on the underlying vector space of P,. Next we check if P,
is complete with respect to || - ||p,.

Let (my, b,) € P, be a Cauchy sequence. We have that (m,,), (b,) and (¢, (m,, —
g(b,))) are Cauchy sequences in M;, B and J respectively. We therefore have that
(my,) and (b,) converge to limits m € M; and b € B respectively, and moreover, if
limy, o0 t77 Y (my, —g(by)) = y € J, we have that ¢;(y) = lim, s My —g(by,) = m—g(b).
So ([ (m—g(b)) € J and hence our Cauchy sequence (m,,, b,) converges to (m,b) € P,.

We therefore have that P, is a Banach space. O]

Proposition 2.4.2. Let B and J be Banach algebras such that J is faithful. Let
p:B—=Cjyandg: B — Mj be as in Proposition 2.4.1. There exists a constant K

such that for all (my,by), (ma,be) € P,,

[ (mima, bibo)||p, < K|(ma,b1)p,||(m2, b2)||p, -

Proof. We have that |[(mima,biba)||p, = |[mimalla, + [[biballs + [|es1 (mame —
g(b1bs))|s. Tt is clear that since B and M are Banach algebras in their own right that

lmamallar, < |mallar, ||mella, and ||biba||s < ||b1]|5]|b2|| 5, hence we need only focus on
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e, (mymy — g(bybs))|| ;. This can be rewritten as ||o; 7 ((m1 — g(b1))(mg — g(by)) +
mag(be) + g(b1)ma — g(b1)g(b2) — g(b1b2))||s. Since m; — g(b;) € v;(J) for i € {1,2},

this is in turn less than or equal to

les T ((ma =g (b1)) (ma—g(02))) |+ |1 (mag (b2) +g (b1 )ma — g (b1) g (b2) — g (bab2)) | -

Since ¢y is a homomorphism and the norm on J is submultiplicative, we have that

les = ((ma—g(b1)) (ma—g(b2))) | < lles'™ (m1 =g (00)) [l lles™ (ma—g(b2))[lr (2.15)
Now [[es17 (mig(by) + g(by)ma — g(b1)g(ba) — g(b1b))]|; can be expressed as

57 (1 = g(b1)g(B2) + g(B1)ma — g(Brb2)) s
= [le/ 7 ((ma = g(01))g (b2) + g(br)ma — g(babz) + g(br)g(b2) — 9(br)g (b))l

= [|es 1 ((m1 = g(01))g(b2) + g(b1)(ma — g(b2)) — g(biba) + g(ba)g(b2)) -

Note here that applying ¢, to g(bib2) — g(b1)g(b2) gives @ (bib2) — @(b1)p(bz) = 0.
Since (my — g(b1))g(ba), g(b1)(ma — g(b2)), g(b1)g(b2) — g(b1ba) € t;(J), we know this

is less than or equal to

les 0 ((ma—g(b1)) g (b)) s+l (g (b1) (ma—g(b2)) Ls+]es (g(51) g(b2) =g (b1b2)) .-

Initially we focus on ||¢;U((m1 —g(b1))g(b2))||;. Note that since m;—g(by) € 15(J),
we can express my — ¢(by) as (L;, R;) for some j € J. Now let (L, R) = g(bs) and
note that (L;, R;)(L,R) = (L,L, RR;). We can compute that for j' € J, RR;(j') =

R(j'j) = J'R(j) = Rr;)(j') and similarly L; L(j') = jL(j') = R(j)j" = Lr(J'). So
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(ml - g(bl>>g(b2) = (LR(]'), RR(j)) and hence

les = ((ma = g(01)g(B2))llr = IRG) s < RGN < Ngllllbz]lslles™ (ma = g(0u))]ls
(2.16)

A similar argument gives us that

les = (g (b1) (m2 — g (b))l < llgllBallslle5* (m2 — g(b2)) .- (2.17)

Lastly we tackle [|¢;0(g(b1)g(ba) — g(biby))||s. Define the map G : B x B —
My, (b1, by) = g(biby) — g(b1)g(by). Tt is easily checked that ;711G is well defined
and bilinear since ¢; is injective and RanG C Rant;. We aim to show that ¢ SHa
is bounded in the sense that ||LB_1}G(b1, bo)|ls < M||by||B||b2]| 5 for some fixed M > 0.
If we show «;I71G is continuous in each variable, then Banach-Steinhaus gives us
the desired result. To this end, fix a € B and take a sequence b, € B converging to
0 € B. Now assume ¢;/"1G(a, b,) converges to j € J. Since ¢; is continuous, G(a, b,,)
converges to ¢t;(j), but since G is continuous in the second variable, G(a, b,) converges
to 0 and hence j = 0. The Closed Graph Theorem now gives us that :~*G is continuous
in the second variable. A similar argument gives us continuity in the first variable and

Banach-Steinhaus gives us the existence of a M > 0 such that

les™ g (b1)g(b2) = g(b1b2)) s = [|es G (b, bo) |y < M |bal|5][b2]] 5. (2.18)

We now see that for all (mq,b1), (mg, b2) € P,, that

[(mama, biba)l[p, < (14 gl + M)||(ma, b)l[p, || (m2, b2)]|p,

Setting K = 1+ [|g|| + M we have our result as required. O
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Theorem 2.4.3. Let B and J be Banach algebras such that J is faithful. Let ¢ : B —
C; be an algebra homomorphism. If there exists a bounded linear map g : B — M
such that ¢ = qg, then there exists a norm which makes the pullback P, into a Banach

algebra.

Proof. We know from Propositions 2.4.1 and 2.4.2 that there is a norm || - || p, which
makes P, into a Banach space and that this norm is submultiplicative up to a constant.
We can now use Proposition 2.1.9 in [7, p. 156] to renorm P, in such a way that it is a

Banach algebra. O]

Remark 2.4.4. The fact that we can make the pullback into a Banach algebra with
our choice of norm is not a method explored in the literature. In Chapter 5 we use

Theorem 2.4.3 as a motivating case for a more general theory.

Before we move on to a case which motivates the rest of the thesis, we wish to show
why this norming process is important. In particular, it will allow us to have a similar

situation to the categorical equivalence described in Theorem 2.3.9.

Remark 2.4.5. Note that even when ¢; does not have closed range, we can use

the Bus functor to construct an algebra homorphism ¢ : B — C'; for any extension

(1, A, q) € Ext(J).

Theorem 2.4.6. Let J and B be Banach algebras such that J is faithful. Let (v, A, q) €
Ext(J) and let ¢ = Bus((¢, A, q)) in the sense of Remark 2.4.5. If there exists a bounded
linear map g : B — M such that h = q;g, then there exists a continuous isomorphism
6 : A — P, such that Diagram 2.19 commutes and hence (1, A, q) is isomorphic to

(LPWP@,'/TB)-
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A

SN

J 0 B (2.19)

\P«j y’
P,

Proof. We have by the construction of ¢ that Diagram 2.19 commutes in the category

of algebras with algebra homomorphisms.

A /\
P, "~ B (2.20)

(%
A 7TMJJ( J{SO

MJTCJ

Though C'; fails to be a Banach algebra in general, all the above objects are
still algebras, and P, is still a pullback in the category of algebras, so there exists
a homomorphism 6 : A — P, such that ¢ = 76 and 04 = m,0. With reference
to Diagram 2.19, it is clear by construction that ¢ = wgf. We check the left-hand
triangle, letting j € J and taking .(j) = (04¢(5),qu(j)) = (¢5(5),0) = tp,(j). Now
6 is a bijective linear homomorphism due to the short five lemma in the category of
algebras and algebra homomorphisms, we need only check 6 is continuous.

Our aim will be to use the Closed Graph Theorem, so we let (a,,) € A be a sequence
with limit a € A such that 6(a,) has limit (m,b) € P,. However, since the norms of
My and B are dominated by the norm of P,, we have that 71113010 04(a,) =m in M; and
lim g(an) =bin B. So 0(a) = (m,b) as required and hence 6 is continuous. Hence we

have that the extensions (¢, A, q) and (¢p,, P,, mp) are isomorphic.
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Theorem 2.4.6 shows that we can recover A, up to topological isomorphism, from
the Busby map ¢, and its lift g. This is useful for a specific class of extensions that
always have a lift map g, allowing us to classify all extensions by J even when ¢; does

not have closed range.

Corollary 2.4.7. Let J be a faithful Banach algebra, let B be a finite-dimensional
Banach algebra, and let (1, A, q) be an extension of B by J. There ezists an algebra
homomorphism ¢ : B — C;, from which we can construct an extension (tp,, Py, 7p)

of B by J such that (v, A, q) is isomorphic to (vp,, Py, mp).

Proof. We can construct an algebra homomorphism from B into C'; by applying Bus
in the sense of Remark 2.4.5. Let ¢ = Bus((¢, 4, q)).

Since B is finite dimensional, say with dim(B) = n, it has a basis {e; € B : 1 <
i < mn}. We can now use the fact that ¢, is surjective to choose m; € M, such that
qs(m;) = p(e;). This prescription can be extended to a linear map g : B — M and
since B is finite dimensional, g is bounded. Now we can apply Theorem 2.4.3 and
construct an extension (tp,, Py, mg) of B by J.

Now we can apply Theorem 2.4.6 to show that the pullback extension constructed

from this homomorphism is isomorphic to (¢, A, ¢) as required. ]

Notably, we see in the proof of Corollary 2.4.7 that when B is finite dimensional, we
can construct an extension of B by J from any algebra homomorphism ¢ : B — C.

In this case, although C'; is not assumed to be a Banach algebra, the finite-
dimensionality of B allows us to construct a Banach algebra extension of B by J. This
is motivation for exploring Banach algebra extensions even when the corona algebra
is not a Banach algebra. As such, Chapter 4 will focus on constructing a category
which can generalise this setup. However, before moving onto this, we will discuss

some examples.



Chapter 3

Examples of multiplier algebras,

Busby maps and extensions

Where Chapter 2 focussed on the abstract theory of extensions of Banach algebras,
here we will look at some specific examples. These will highlight some of the concepts
discussed in previous sections. We will highlight some cases where +; does not have
closed range, look at some extensions where the base has finite dimension and show
that we can pin down some Busby maps and extensions using our theory. In all of
these cases, J will be a function algebra. In this setting, we will have an alternative

definition of the multiplier algebra.

3.1 An equivalent description for multiplier alge-
bras of function algebras

It is well known that there are multiple ways to describe multiplier algebras. In this
thesis, we focus on the double centraliser approach taken by Busby in [2]. However, in

the case where J is a function algebra with certain easily satisfied properties, M} is
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also a function algebra. In this section, we will show that under certain conditions, the
double centraliser approach is equivalent to M; being a function algebra. We will then
provide a result of Wang from [18] concerning these function algebras which we will

use in the next section to analyse some specific examples.

Definition 3.1.1 (Notation for sets of functions). In this thesis, we will use the

notation YX to describe the functions from X to Y.
The next result is well known but we provide a proof.

Theorem 3.1.2. Let J C CX be an algebra of functions where X is a set. If for all
x € X, there exists f € J with f(z) # 0, then for all (L, R) € M there exists h € C*
such that L(g) = R(g) = hg.

Proof. Let (L,R) € My, let z € X and let fi,f, € J such that fi(z) # 0 and
fa(z) # 0. Consider L(f1f2) evaluated at x. Since L is a left multiplier, we have that
L(fif2)(z) = L(f1)(z) f2(x). However, since J is commutative, we also have that this

is equal to L(f2)(z)fi(z) and hence that

The quotient L(f)(x)/f(x) is well defined since we can always choose an f which is not
0 at = and since the quotient is independent of our choice of f. Let h(x) = L(f)(z)/f(z)
for each € X, we now aim to show that h(z) = R(f)(z)/f ().

To see this, fix z € X and choose an f € J such that f(z) # 0. Now L(ff)(z) =
L(f)(x)f(x) and hence L(f)(z)f(x) = f(2)L(f)(x) = R(f)() (). Dividing through
by f() gives us that L(f)(x)/f(x) = R(f)(x)/f(x) = h(x) as required. 0

Therefore, when J is an algebra of functions on a set X such that the conditions

in Theorem 3.1.2 are satisfied, we can work with a function algebra definition of the
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multiplier algebra. This is useful, since it allows us to narrow down exactly what the

multipliers are, as the Theorem 3.1.3 and the next section will illustrate.

Theorem 3.1.3 ([18] Theorem 3.1). Let X and J be as in Theorem 2.1.2, and suppose

in addition that:
e X is a topological space and J C C(X);
e J is a Banach algebra for some norm satisfying |f(x)| < || f]| for all x € X.

Then for all (L, R) € My, the corresponding function h € C¥* is continuous and

bounded, with ||h| . < |(L,R)|.

Remark 3.1.4. It is noted that Wang states this result for semisimple Banach algebras
[18, Theorem 3.1] but upon inspection, his proof holds in the generality stated here in
Theorem 3.1.3.

In particular, this is the first instance we see in this thesis of the multiplier algebra
being narrowed down, in this case to Cy(X).

In the rest of this chapter we will go through some examples of J where we can
describe the multiplier algebra explicitly. In these cases, we will also look at extensions
where B is C. Since Busby maps are algebra homomorphisms, they must take 1 € C to
an idempotent in C';, whether C; is a Banach algebra or not. Describing Busby maps
is therefore equivalent to identifying idempotents in the corona. It is then possible to

run these examples through Corollary 2.4.7 to construct extensions.

3.2 A (C*-algebra case

The first example will be a C*-algebra, in this case take the C*-algebra C'(|—1,1]) and
consider the maximal ideal J = {f € C(|—1,1]) : f(0) = 0}. We will provide this as

an example for ease and reference. Here we shall determine the multiplier algebra of J
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and show that there are exactly four idempotents in C';. This is not a new result, but
we provide full details in order to motivate our approach in examples which are more

in line with the theme of this thesis.

Example 3.2.1. We see that J = kergy where g¢(f) = f(0). This gives us that
C(]—1,1]) is an extension of C by J. Our aim will be to show there are exactly four
Busby maps from C into C';. This is equivalent to identifying idempotents in C'; as
discussed at the end of Section 2.1.

We can use Theorem 3.1.3 to see that the multiplier algebra M is Cy,(X) where
X =[-1,0) U (0,1]. It is still unknown what Cj is, but we can show it has at least
four idempotents. Two of these are clearly ¢;(1) and ¢;(0) where 1 and 0 are the usual

constant functions. However, consider the following two functions

1 <0 0 <0
fi(z) = fa(x) =
0 >0 1 >0
It is easy to see that f2— f; € J for i € {1,2}, so q;(f;) is an idempotent for i € {1,2}.
Moreover, f; — fo ¢ J so these idempotents are distinct and neither 1 — f; nor 0 — f; is
in J, there are at least four idempotents in C';.

However, we can go further and say there are exactly four idempotents in C}.
Suppose there is h € M; such that ¢ = h? — h € J. Then for any € > 0, there exists
§ > 0 such that |g(x)| < €% whenever |z| < §. This means that on this interval, either
|h(x)| < e or |h(z) — 1] < e. Suppose that there existed x1, s € (—0,0) with 21 < 9
such that |h(z1)| < € and |h(z2) — 1| < ¢, the latter implying |h(z2)] > 1 —e. Now by
the Intermediate Value Theorem, there exists an zg € (21, x2) such that |h(zg)| = 1/2.
Choosing 0 < €% < 1/4 yields a contradiction, since we found an o € (§,0) such that
|g(x)| > 1/4. Therefore we have that either h(z) — 0 or h(z) — 1 as x 0. A similar

argument gives us that h(z) — 0 or h(z) — 1 as x \, 0.
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We can now split this into four cases. If h(z) — 1 as @ — 0 then ¢;(h) = ¢,(1) and
if h(z) — 0 as x — 0, then ¢;(h) = ¢;(0). Now if h(z) - 1 asz 0 and h(z) — 0
as x \( 0, then h — fi € J so q;(h) = qs(f1). Similarly if h(z) — 0 as z 0 and

h(z) — 1 as x \( 0, then g;(h) = q;(f2).

Since J is a C*-algebra, it has a bounded approximate identity and hence by Lemma
2.1.14, we know it is closed in M, so this leaves us with a very clear picture of the
multiplier extension. We can now look at extensions when the base is C. We will start
by stating all the Busby maps from C into C'; and then stating all the extensions of C
by J.

Example 3.2.2. We know that C; has four idempotents from Example 3.2.1. The
Busby maps from C into C'; are precisely those that send 1 to one of the four idempotents
in C';. This follows trivially from the fact that Busby maps are homomorphisms. The
four Busby maps are therefore the trivial homomorphism ¢gg, ©11, @10 and @g;. These
are given by 1+ [q;(0)], 1= [g,(1)], 1 = [gs(f1)] and 1 = [g,(f2)] respectively.

It is easy to see that Pull(¢g) = (t00,J ® C,qoo) from the pullback construc-
tion. Similarly, Pull(¢11) = (111,C([—1,1]),q11), the extension we started with.
Lastly, Pull(¢o1) = (201, Co([—1,0)) & C([0,1]), go1) and Pull(p10) = (t10, C([~1,0])
Co((0,1]), q10)- It is interesting to note that while Cy([—1, 0))®C(]0, 1]) and C([—1,0])®
Co((0, 1]) are isomorphic as Banach algebras, the extensions are not isomorphic in the

category Ext(.J).

In the next two examples, we shall see what happens when we change the base.

Initially we will consider C2.

Example 3.2.3. As we had with Example 3.2.2, the Busby maps will be characterised
by where they send the generators of C?, namely e¢; = (1,0) and e; = (0,1). Not only

are both e; and ey idempotents, but their product is (0,0). This prevents us from
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using combinations such as e; — [1] and ey — [1]. Moreover, there is one, non-trivial

automorphism of C2, namely

0 : (C2 — (CQ, ()\161, )\262) — ()\261, )\162). (31)

We can use this to identify isomorphic Busby maps, and hence isomorphic extensions.

In total, there are five Busby maps up to isomorphism, together with their extensions.
We will go through each in turn. First we have the trivial Busby map given by
p1(e1) = p1(es) = [q7(0)]. This corresponds to (¢1,J & C?, q;). We next have the map
given by pa(e1) = [¢s(1)] and pa(e2) = [¢s(0)], which corresponds to the extension
(12,C([—1,1]) & C, q2). The automorphism 6 gives us that s is isomorphic to the
Busby map given by ¢ (e1) = [¢s(0)] and @5 (e2) = [gs(1)] since @ = ©»0.

Now we have the map given by ¢s(e1) = [gs(f1)] and @s3(ea) = [gs(0)]. Its
extension is (i3, C([—1,0]) ® Co((0,1]) ® C,q3). Then we have the map given by
wa(er) = [qs(f2)] and @4(e2) = [¢s(0)]. Similarly, its corresponding extension is
(4, Co([—1,0)) ® C([0,1]) ® C, q4). Although these extensions have isomorphic Banach
algebras, they are not isomorphic as extensions since there is no automorphism of C?

which makes ¢3 and ¢, isomorphic in Bus(J). Lastly, we have the Busby map given

by ps(e1) = [qs(f1)] and @s(e2) = [qs(f2)]-

Before moving on to objects which are not C*-algebras, we wish to introduce a

third base which we will refer back to.

Example 3.2.4. Consider
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For all z € B, x = Ay + pz where A\, u € C and

z= (3.3)

It is clear that I; and z generate B. In the same vein as Examples 3.2.2 and 3.2.3,
we must have that I is mapped to an idempotent. However, z is nilpotent and must
therefore be mapped to a nilpotent element of C;. Since there is no h € Cy(X)\J such
that h? € J, all Busby maps must send z to [¢;(0)]. We therefore have a situation

similar to Example 3.2.2 where there are four Busby maps and hence four extensions.

3.3 Introducing differentiability

After looking at continuous functions on [—1, 1], it is natural to consider differentiable
functions. Consider C'([—1,1]) = {f € C([-1,1]) : f" € C([-1,1])}. This is a Banach
algebra with norm ||f||cr = || flleo + || f'[lcc- Once again, we shall take the maximal
ideal kereg and in this case provide some new results. It should be noted that the
multiplier algebras of the Banach algebras in the remainder of this section are not
explored in the literature. This is perhaps due to the fact that the Banach algebras
are not closed in their multiplier algebras and therefore do not fit into the current
machinery. Since this thesis is interested in the cases where J is not closed in M, we
have explored them in detail.

For these new results, a version of Taylor’s theorem will be required, specifically

the Peano remainder version. We state and reference this here for ease.

Theorem 3.3.1 (Taylor’s theorem with Peano remainder). /8, Sec. 151, p. 509] Let

n € N, let a € R, and let f be a function which is n times differentiable on some
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neighbourhood of a. Then there exists a function g, such that

["(a)

n!

f"(a)
2!

f(@) = f(a) + f'(a)(z —a) + (x—a)’+...+ (r —a)" + gu()(z — a)"

where lim gn(z) = 0.

Proposition 3.3.2. Let J, = {f € CY([-1,1]) : f(0) =0} and let X = [-1,0)U(0,1].
The multiplier algebra of Jy is {h € C([-1,1]) : h € CY(X)& hi% xzh/(z) = 0}.

Proof. We will show that these conditions are necessary, and then that those conditions
are sufficient. Suppose h € M,,. Observe that J; is contained in the set of continuous
functions vanishing at 0, so we know from Theorem 3.1.3 that h € C,(X). Let n € N

and consider the following family of functions.

1 I/n<z<1
falx) =19 Y(—cos(nmz) +1) —1/n<z<1/n (3.4)
1 —1<xz<-1/n

For all n € N, f,, € J; and hence hf, € J;. However, for all x € X, there exists n, € N
such that f, (z) =1 so we have that h is differentiable away from 0.

Now take u(z) = x, clearly u € J;. Since uh € Jy, it must be differentiable at least
once. Applying Theorem 3.3.1 with a = 0 we see that zh(z) = (uh)(0) + x(uh)'(0) +
xgn(x) where lim gn(z) = 0. Dividing through by x gives us that h(x) = (uh) (0)+g,(x).
However, since glclgl’(l) gn(z) = 0, we have that glclir(l) h(z) = (uh)'(0) so we can extend h
continuously from X to [—1,1].

Now observe that for all x € X, we can say that (uh)(z) = zh'(x) + h(x). Taking

limits as  — 0 we see that lin% xzh/(x) = 0. Therefore, all our conditions are necessary.
—
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Now suppose that h € C([—1,1]), h € C'(X) and that }ciir(l)xh’(x) =0. Let f € J;
Since h is differentiable away from 0, it is clear that Af is also differentiable away from
0. It is also clear that hf(0) = 0 since h € C([—1,1]), so we need only check that hf is
differentiable at 0 and that (hf)'(x) — (hf)'(0) as © — 0.

Now for any z € X, (hf)'(z) = h(x)f' (x)+h (x)f(x). We have that il;r(l) h(z)f'(x) =
}:i{% h(x)f'(x) leaving us with h'(x)f(z). Using the mean value theorem, we see that
|f(x)] < |z|||f']l« and hence that |W'(x)f(x)| < |h'(z)]|x]||f']|c- Lastly, we see that
ii}r(l) h(x)f(z) < gljl;r(l] B (z)|z|||f'll« = 0 and similarly il{rtl) R (x)f(xz) = 0. Therefore
(hf)(z) = lim(hf)'(z) = h(0)f'(0) as required.

Now we compute the difference quotient for hf at x = 0. Observe that

lim
z 0

(hf) () = (BF)O) _ W@)f () _ o Fla) = £(0)

This has limit A(0)f’(0) as x — 0 as required. The conditions are therefore sufficient.

O

The description of M, in Proposition 3.3.2 is in line with that of M; in Example
3.2.1. Here we allow for the derivative of a multiplier to be discontinuous at 0 which
we can compare to the multiplier itself having this property in M ;. However, we will
find that this is where the similarities end. We begin by proving a result concerning

the number of idempotents in C,.

Proposition 3.3.3. Let J; be as in Proposition 3.3.2. There are exactly two idempo-

tents in C'y,.

Proof. 1t is clear that ¢y, (0) and gy, (1) are distinct idempotents in C;, where 0 and 1
represent constant functions taking these values. We therefore need to show that only

two idempotents exist to complete the proof.
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To this end, let h € M}, such that g = h?—h € J;. We have that the ¢, (h) must be
an idempotent in C,. Moreover, since both ¢g and h are continuous at 0, h(0) is either
0 or 1. Now we differentiate to give us ¢'(z) = 2h/(z)h(z) — h(z) = h'(z)(2h(x) — 1)
for all z € X. Taking limits as x — 0 we see that QICILI(I) h'(z) is +£¢'(0) and that h is
differentiable at 0.

Finally, we check both cases. If h(0) = 1, then h — 1 € J; and therefore ¢ , (h) =
qs,(1). If R(0) = 0, then h € J; and gy, (h) = 0 as required. O

It is interesting to note that it is the addition of differentiability that restricts our

available Busby maps and hence our available extensions when the base is C.

Example 3.3.4. Consider the case where the base is C. In contrast with Example 3.2.2,
we now only have two Busby maps from C into C,. These are given by ¢1(1) = [g (1)]
and ¢2(1) = [g4,(0)] and yield the extensions (¢1,J; & C,q;) and (12, C'([—1,1]), q2)

respectively.
We now turn our attention to the case where the base is C2.

Example 3.3.5. Let e; = (1,0) and e3 = (0,1) as in Example 3.2.3. We now have
that there are only two idempotents to map these generators to. There are now only
two Busby maps up to isomorphism. The first is given by ¢1(e1) = ¢1(e2) = [q,(0)],
yielding the extension (1, J; @ C?,q;). The second is given by ¢s(e;) = [gs,(1)] and

wa(ea) = [q,(0)], yielding the extension (i, C'([—1,1]) & C, g2).

However, we will see that if the base is the B described in Equation 3.2, that our

Busby maps are not as restricted as they have been so far.

Example 3.3.6. Consider the following function

W—x <0
f(z) = (3.5)
Ve x>0
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Clearly, f ¢ J;. We have that f € M}, since it is continuous on [—1,1] and z f'(x) — 0
as * — 0. However, f? = u € J; where u(x) = z. Therefore [g,, (f)] is nilpotent in C,.
We therefore have at least four Busby maps.

Recall that z is the matrix in Equation 3.3. The first is given by ¢1(l3) = ¢1(2) =
[q,(0)]. The second is given by a(ly) = [q5,(1)] and @o(2) = [gs,(0)]. The third is
given by 5(l2) = [q., (0)] and 3(2) = [g,, (f)]- The fourth is given by ¢a(l3) = [¢,(1)]
and p4(z) = g, (f)]-

At this point, it is not known whether this is all the Busby maps since there may

be other nilpotent elements in C,.

However, J; is even further removed from the C* case. In this case, J; is not closed
in M, despite retaining a similar feel to a well known C*-algebra. Before showing this,
we will show that the multiplier norm is equivalent to a norm which is easier to work

with.

Proposition 3.3.7. Let Jy and My, be as in Proposition 3.3.2 and let u(x) = x. The

norms ||h|ar,, = sup{||aflls  |fll, =1} and [[hllm = ||l + |ul||o are equivalent.

Proof. Take [|h|la,, = sup{[|hflls, : If]l, = 1}. Since [[Aflloc < [hllscllflloc < [172]|oo;
we can see that |[hl[a, < ||hlle + sup{[[(Rf)'|le ¢ [[fll;, = 1}. We then apply the
same technique, showing |[(hf)[|cc = ||hf + 1 flloo < [|A|loo + |7 ]l The mean value
theorem then gives us that [|A'f|lee < [[ul/]|ool|t™ flloe < Jul |lsollf oo < ||l ||oo-
Therefore we have that ||A[|ar,, < 2[|R|lm.

For the second inequality, we spot that ||A||s + |l = 2||h]loc + [|uh/]|cc — ||| -
This is in turn less than or equal to 2[|h|w + [|uh' — hlloo = 2||A|ee + [[(wh)]|o. We
have from Theorem 3.1.3 that ||All« < [[A[la,, and [[(uh)|le < [[ublls, < 2[[A]|a,, -

Therefore ||h]|ar < 4[|h]|lx,, and the norms are therefore equivalent.
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Proposition 3.3.8. If J; and My, are as in Proposition 3.3.2, then Jy is not closed

m A{h'
Proof. Showing that J; is not closed with respect to || - ||, is equivalent to showing
that it is not closed with respect to || - ||»4. Consider the sequence of functions

0 <0

n+1

zn x>0

where n € N. It is easily checked that f, € J; for each n € N, however we claim that

(fn) has limit

0 <0
fla) =

z x>0

which is not differentiable at 0. To this end take || f— fullam = [|f — falloo + [ (f — f1) [ oo

As n — oo, we have that sup|z — 2™+ | = 0. Now (z — 2" ) = (1 — ”T“J:%) Slo)
x>0

sup [z(z — 2"+ )'| = sup |z — 2™+ | which we have shown tends to 0 as n — co. We

>0 >0

therefore have that J; is not closed in M, as required. O

It is therefore evident that the addition of differentiability has removed us from the

C* case described in Example 3.2.1.

3.4 Higher levels of differentiability

A natural question to consider here is whether we can say something similar about

higher differentiable functions. However, we must first prove a technical lemma.
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Lemma 3.4.1. Let m € N and let f € C™ *([-1,1]). Define
1 t
Ft) = - 0/ F(s)ds (3.6)

fort #0. Ift™™f(t) — 0, then t— ™ IF®O(t) — 0 for all i € {0,...,m}.

Proof. We seek to prove this by induction on i. For our basis of induction, let ¢ = 0.
Since x™™ f(x) — 0 as  — 0, we have that for ¢ > 0, there exists ¢ > 0 such that
for all t € [=6,0) U (0,0], that [t~ f(t)] < e. Now for all ¢t € [—4,0) U (0, 4], it follows

that

t

t
()| - < e [ 11 < gy [ el < e

1 t
et [ F()ds
0

Hence we have that ™" F(t) — 0.

Now assume this is true for i = n and consider ¢t~(m=(+D) p(»+1) = Note that
since f € C™ 1([-1,1]), that FF € C™(X) and observe that f = (uF') = uF’ + F.
Differentiating this n times gives us that f = wF"*) + (n 4+ 1)F™. Now we have

that
t*(mf(nﬂ))p(nﬂ)(t) — t*(mfn)tp(nﬂ)(t) — ¢~ m=n) f() (t) — (n+ 1)t*(m*”)F(n) (t)
which has limit 0 as t — 0. We therefore have that the statement is true by induction.

[]

Theorem 3.4.2. Leth € Cy([—1,1]), let X = [—1,0)U(0, 1], let J, = {f € C*([—1,1]) :

f(0) =0}, and let u be the function given by u(x) = x. The following are equivalent:
1. he My,

2. uh € J,
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3. he CHX), he C*([-1,1]) and uh™(x) — 0 as x — 0.

Proof. (1 = 2) holds trivially for all .

We aim to show (2 = 3). First note that repeated use of the quotient rule on
h = uh/u gives us that h € C*(X). Now take g = (uh) where u(z) = x as usual.
Since uh € Ji, we must have that g € C*~V([—1,1]). Applying Theorem 3.3.1 to g its

derivatives with a = 0 we have that

1 (g(k,g) _ (g(k—2)(0) + g(kfl)(())x)) — 0
g(k_l)(l’) _ g(k—l)(o) — 0

as x — 0. Let r(x) be the Peano remainder for the first equation so that

'kal

9(2) = 9(0) + g O +... + "y

+ r(z).

By definition, z=*~Yr(z) — 0 as 2 — 0. Moreover, differentiating r and substituting
into the above identities gives us that 2=r*=1=9 0 asx — 0 fori € {0,...,k —1}.

By construction, we have that

h(t) = 1/g(s)ds.

Substituting the Taylor expansion of g for g in this gives

tk_l

(t) = 9(0) + g/ (0) o + .+ g™ D(0) -

e + R(t) (3.7)
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where

R() =

/tr(s)ds.

Note that R € C*(X) since h € C*(X) and that

g*=(0)

W) = =

+R*® D) and AW = R®. (3.8)

The claim that 2 = 3 follows if both R*~Y(¢) — 0 and uR® () — 0 as t — 0.
Applying Lemma 3.4.1 to R and r yields that R*~Y(¢) — 0 as t — 0. To see the
second condition holds, note that uR®* = r*=1 — (k) R*~Y which has limit 0 as ¢ — 0
as required.
To see that (3 = 1), suppose that h has the properties in the third statement. Let

f € Jy, and compute (hf)*) (x) away from 0. We have that

k

k
CMIGOEDY P (@) £ ()
m=0 m
Now h*F=m)(0) f™)(0) clearly exists for m € {1,...,k}, leaving us with the last
term h®)(z)f(z). However, since f(0) = 0, the Mean Value Theorem gives us that
|f(x)| < |z|||f'|lc and hence that lim f(@)h® () < li_I)r(l)xh(k)(x)||f’Hoo = 0. Now we

compute the difference quotient for (hf)*~1 at 0. That is

(h)*D (@) = (hf)*D(0)

T

We can expand (hf)*#V(z) and (hf)*~Y(z) to give
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We can add
) (RE1m(0) £ () — RETI(0) 0 ()

from the numerator, noting especially that we do not include h*~Y(0) f(z) in this sum.

This simplifies to A~ (2) /@10 4 g where S is

kil k=1 (h(k—l—m)<0) f(m) ("E) — f(m)(o) 4 f(m) (]3) hi—tmm) (‘T) — h(klm)(0)> '

m=1 m x

Taking limits as  — 0 gives us that the difference quotient has limit
1
RE=D(0)£(0) + 3 (RE=1m(0) £ 0 (0) + hE(0) £ (0))

Hence we have that hf € J; and that h € M, as required. We therefore have that 1,

2 and 3 are equivalent. O

Once again, we see that there are similarities with the C* case, despite C;, not being
a Banach algebra. Interestingly, these Ji diverge even further from being C*-algebras
in a different way. Whereas all C*-algebras have bounded approximate identities, and
are hence closed in their multiplier algebras, J fails to even have an approximate

identity, as the following result shows.
Proposition 3.4.3. If Jy is as in Theorem 3.4.2 then Ji has no approzimate identity.

Proof. Suppose that Ji, has an approximate identity (ey)xea and aim for a contradiction.
Since (ey) is an approximate identity, ||u — exulls, = ||u — extl|oo + [[(u — exu)’||oo +

oo |l (w = exu)® || must go to 0 as A — co. However, we see that |(u — eyu)'(0)] =
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[u/(0) — ex(0)u/(0) 4 €5 (0)u(0)| =1, so ||u — eyul|;, > 1 for all A € A and e, is not an

approximate identity. O

Lemma 3.4.4. Let J;, and My, be as in Theorem 3.4.2 and let ||h||p, = |Plloo + - - - +

[R5Vl + [[uh® || oo There exists an M > 0 such that ||h||ar, < M|k,

Proof. Take |[|h|[a, = sup{[|hf|l; : [Ifll;, = 1}. Similarly to Proposition 3.3.7,

sup{[|Aflloc = [[fll5 = 1} < [[2lloc s0

17llazs, < IBlloc +sup{l|(f) lloo + - + 1) lloc = [1£1]5, = 13-

Next we see that |[(hf) |lcc < [|hllc + [|F|lc and extrapolate to see that for j €

{1,...,k — 1}, that

‘ e
T ne-agol <3|
i =0\ i

HhU*ﬂ

] .
1) Pl = 3 NI

Lastly we use the Mean Value Theorem as we did in proposition 3.3.7 to give us

A8 || < |[uh®]|s. Now it is clear that

IBllary, < Esup{[I(hf)* Voo : [1fll = 13 + uh®™ o

N |
<k A1)+ un®)oc
=0 2 >
e
<k [t pere
=0 )

]

Proposition 3.4.5. Let Ji, and M, be as in Theorem 3.4.2. Then Jj, is not closed in
M;

k*
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Proof. Consider the family of functions

0 <0

_ ntl
x5 x>0

for n € N. Clearly, f,, € Ji for each n but (f,) has limit

0 <0
flz) =
x>0
with respect to || - || v, as n — oco. Hence we have by Lemma 3.4.4 that f,, converges

to fin My, . It is easily seen that f is not k-times differentiable at 0 so J is not closed

in M, as required. O

3.5 Vanishing at infinity

If we were to consider instead the C*-algebra Cy(R) we would see that its multiplier
algebra is Cy(R). The last Banach algebra we will analyse here will be the functions in

Co(R) which also have bounded derivative.

Proposition 3.5.1. Let J, = {f € Co(R) : f" € C4(R)}. The multiplier algebra of
Jso 8 {h c Cb(R) W e Ob(R)}

Proof. Let h € M;_ and take the following family of functions.

1 —n<z<n
s(cos(z+n)+1) —n—w<z<-—n
fulz) = (3.9)
%(cos(w—n)—l—l) n<rx<n+mw
0 r<-—-n—-mxr>n+mw
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We can see that f,, € J foralln € Nso hf, € Jy since h is a multiplier. However, we
now have that for all [—a, a] C R, there exists n, € N such that |h(x)f,, (z)| = |h(x)]|
for all z € [—a,a]. Therefore h € C,(R) and is also differentiable everywhere.

Similarly, we see that for all [—a, a] C R, there exists n, € N such that |(hf,,) (z)| =
\h(z) fr, () + 1 (x) fn, (x)| = |[W/(x)|. Hence we have that b’ € Cy(R) as required.

Now we suppose that h € Cy(R) and that b’ € Cy(R), let f € J. We see
that hf is bounded and differentiable since both h and f are, and that hf € Cy(R)
since f € Cp(R). Lastly, we observe that |(hf)(z)| = |h(z)f (x) + R (x)f(x)| <
12 llso Il £/ lso + [|12/]|co |l f|loo- Therefore hf € Jy and hence h € Mj,__.

[

Once again, we retain a similar feel to the C* case. However, since our vanishing
point is at infinity, and not a fixed point as in Proposition 3.3.2 and Theorem 3.4.2,

we have a different result concerning idempotents.

Proposition 3.5.2. Let J,, and M;_ be as in Proposition 3.5.1. There are at least

four idempotents in Cj_

Proof. We have that ¢;_(0) and ¢;_(1) are both idempotents. Now take the following

two functions.

1 r < —m/2 1 r < —7/2
filz) =1 $(1—sinz) —n/2<a<n/2 fo@)=1 L(sinz+1) —n/2<2<7/2
0 x>7/2 0 xr>7/2
It is easy to see that || fi]lcc = || f2]lcc = 1. We now calculate the derivatives.
0 r < —7/2 0 r < —7/2
(x) = —%cosx —nm/2<x<7/2 fo(z) = %COS:L‘ —r/2<x<7/2

0 x>m/2 0 r>m/2
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Here we have that ||f{]lcc = ||f3llcc = 1/2 and hence fi, fo € M;_. Now we need to

show that g; = f? — f; € Jo for i € {1,2}. We provide g; and gs.

0 r < —m/2 0 r < —m/2

qi(z) = tcos?z —m/2<x<7/2 g2() = —tcos?z —m/2<x<m/2

0 r>m/2 0 x>m/2

Clearly both g; and g are vanishing at infinity. Moreover,

1 :
192]l0c = llg1lloo = sup{|5 coswsinz| : & € [-m/2,7/2]}
which is bounded above by 1 so g1, g2 € J. Finally, fi — fo, fi — 1 and fo — 1 are all

not in Joo so gy (f1), qs.. (f2), qs.. (1) and ¢y (0) are distinct idempotents in C;_. [J

We therefore see in this section that there is still structure in these cases where our

J is not closed in M.



Chapter 4

Building the correct category for

studying extensions in Balg

When studying these extensions of Banach algebras, Busby’s method of analysing them
does not hold when ¢; does not have closed range. This, as we have seen, is because
the corona algebra of J, M;/u;(J) fails to be a Banach algebra.

However, [16] describes a machinery for studying quotients of Banach spaces where
the subspace need not be closed. This is subtler than looking at seminormed spaces,
and it draws its inspiration from the world of derived categories. Further into this
series of papers, in [17], Waelbroeck applies this theory to Banach algebras, where it
would be of particular use to us.

However, the paper [16] occasionally oversteps when trying to simplify the subtle
derived category theory machinery, often making mistakes and omitting details. We
therefore seek corroborating material to back this up. These mistakes are pointed out

in Section 4 of [19].
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4.1 Mon(Ban) and hMon(Ban)

Fortunately [19] also provides the assurance we need and we follow Waelbroeck’s general
setup for constructing a category of formal quotients, which we apply to the category
Ban of Banach spaces and bounded linear maps in this section.

The main benefit of going through this construction with Banach spaces, and not
general objects in an additive category, is that we gain a real understanding for the
morphisms involved. Moreover, Wegner [19] does not explore the algebra structure
which we hope to study, so an in-depth knowledge of the maps will be beneficial. This
will further enhance our ability to classify extensions when the time comes.

The following results will be adaptations of those in [19]. Occasionally, the proofs
will differ from the source material due to the nature of specifying a category. We

begin with the category of monics, where we will base our theory.

Definition 4.1.1 (Mon(Ban)). Define objects in Mon(Ban) to be the monomorphisms
in Ban. To be precise: objects of Mon(Ban) are triples (X', fx, X) where X', X € Ban
and fx : X’ — X is an injective bounded linear map.

Let fx : X' = X, fy : Y =Y € Mon(Ban). A morphism from fy to fy will be a

pair of bounded linear maps (a/, ) which makes diagram 4.1 commute.

J{fx J{fy (4°1)

Remark 4.1.2 (Important notational convention). We frequently use the following
convention. Whenever we refer to fx € Mon(Ban), it is understood that fx has

domain X’ and codomain X.
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Remark 4.1.3. Given (¢/,«) as in Definition 4.1.1, there is a unique linear map

Ty : X/ fx(X') = Y/ fy(Y’') making the following diagram commute.

Xl o Y/

[ |

X —9o Yy (4.2)

e b

X/fx(X') —" Y/ fy(Y")

where qx and ¢y are the natural quotient maps of vector spaces. If we write Z for

—

gx(x) and g for gy (y), then Ty, is defined by the formula T, (Z) = a(x).

Proposition 4.1.4. The collection of objects Mon(Ban), together with the morphisms

described above, forms a category (see Definition A.1.1).

Proof. Clearly, for an fx : X’ — X € Mon(Ban) the pair (idy/,idx) forms an identity
morphism.

For any three fx, fy, fz € Mon(Ban) with morphisms (o, &) € homyionBan)(fx, fv)
and (4, 8) € homyion(Ban)(fy, f2z), we have that fz58'a’ = Bfyo’ = Bafx. Therefore,
(B'd/, far) € homyion(Ban) (fx, [2z) as required. Moreover, this composition is associative

since composition in Ban is associative, so Mon(Ban) forms a category. ]

It is important to note that Mon(Ban) has a zero object (see Definition A.1.7),
namely idg : 0 — 0 where 0 is the zero Banach space. Consequently, for any two
objects fx, fy € Mon(Ban), the morphism (Ox/y/,0xy) € homyonBan)(fx, fy) is a
zero morphism (See Definition A.1.7). With this in mind, we can now describe a group
operation on these hom-sets in order to show Mon(Ban) is an additive category (see

Definition A.1.8).

Proposition 4.1.5. The category Mon(Ban) is an additive category.
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Proof. We will first show that for any two objects in Mon(Ban), a product of these
objects can be formed. Recall that in the category Ban, the product of two Banach
spaces X and Y is the infinity sum X @, Y, the product space with the max norm.
Since this is possible in Ban, we are given a natural candidate for our product. Once

again, let fx, fy € Mon(Ban) and consider diagram 4.3.

Ty’

Y/

Y \ \ (4.3)

X XY ke Y

TX

Here f is the map (2/,y') — (fx(2'), fy(v/)). It is easily checked to be injective
bounded linear and is therefore in Mon(Ban). Moreover, the pairs (7%, 7x) and
(7, my) trivially make their respective squares commute so they are morphisms in
Mon(Ban). Now suppose we had a third object in fz € Mon(Ban) together with a
pair of morphisms (¢, ax) : fz — fx and (a4, ay) : fz — fy. By the universal
property of X’ &, Y’ there exists a unique bounded linear map 0" : 7/ — X' &, Y’
such that oy, = 740 and of, = 7.0, specifically 2 — (a/x(2'), a4 (2")). Similarly,
there exists a unique bounded linear map 0 : Z — X @, Y such that ax = 7x60 and
ay = 7y 0, specifically z — (ax(2),ay(z)). The fact that Diagram 4.4 commutes is

now trivial.

X'/ X! X! Do Y’
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Therefore products exist in Mon(Ban). Now we have to show that for all fx, fy €
Mon(Ban), the hom set homyonBan)(fx, fv) forms an abelian group and that com-
position respects the group operation. To this end, we notice that a canonical binary
operation exists, namely coordinate-wise point-wise addition of bounded linear maps.
We must show it is a closed binary operation.

Let (o/, ), (8', B) € homyion(Ban)(fx, fy) and take (o/+ /', a+/3). Both coordinates
are bounded linear maps, so we check that fy (o’ + ') = fyo' + fy 8 = afx + fx =
(a+ ) fx as required. Associativity follows from the associativity of point-wise addition
of bounded linear maps and (0x/, 0y ) is the identity morphism. We have that the inverse
of (o, a) is (—a/, —«) and the operation is commutative since point-wise addition of
bounded linear maps is commutative. Therefore, hom sets in Mon(Ban) form abelian
groups. Lastly, it is easy to check that composition respects the group operation, since
composition of bounded linear maps respects pointwise addition. Hence Mon(Ban) is

an additive category. O]

In order to generate Mon(Ban) morphisms in later proofs, it will be necessary to

provide the following lemma concerning incomplete squares.

Lemma 4.1.6. Let fx, fy € Mon(Ban) and let « € B(X,Y). If afx(X') C fy(Y'),
then there exists o € B(X',Y') such that (o/,«) makes Diagram 4.1 commute and

hence (o, ) € homion(Ban) (fx: fv)-

Proof. Take x' € X’. We can construct a linear map o' from X’ to Y’ by sending 2’ to
the preimage of afx(z') under fy. We need only check that it is bounded, so we seek

to apply the Closed Graph Theorem to the dotted map in Diagram 4.5.

lfx lfy (4.5)
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To this end let (2,) be a sequence in X’ and suppose that both (/) converges to
an element 2’ € X’ and o/(x],) converges to an element 3y’ € Y’. We aim to show that
o/(x') = y'. Now applying fy to both sides we have that this is the same as showing
afx(x’) = fy(y') since fy is monic. However, since 3/ is the limit of o/(z],), we have

that fy(y') must be the limit of aofx(z],), but this is precisely afx(z’) as required. [

Since our aim is to study quotients, it would be wise to equate certain morphisms to
suitable zero morphisms. These will be the morphisms (o', &) € homyion(Ban) (fx, fv)

in which « factors through fy.

Definition 4.1.7 (The ideal of null-homotopic morphisms). Let fy, fy € Mon(Ban).

We will call the collection of morphisms

I(fX> fY) = {(CY/, CY) € homMon(Ban)(fX7 fY) : Elp € homBan(Xa Yl)a a = pr}

the null-homotopic morphisms from fx to fy and

I= {[<fX7 fy)}fXJYGMon(Ban)

will be the null-homotopic morphisms in Mon(Ban). We illustrate this concept with

Diagram 4.6.

/

X/ &4 Y/

lfx % lfy (4.6)

X ==Y
Formally these are the null-homotopic morphisms in a category of chain complexes.
If we show that Z forms an ideal in Mon(Ban) (see Definition A.1.10), then by Theorem
A.1.12 we can form a new category. This new category would have the same objects as

Mon(Ban), but its morphisms would be equivalence classes of morphisms.
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Theorem 4.1.8. The collection of null-homotopic morphisms, Z in Mon(Ban) forms

an ideal.

Proof. First we check whether for all fx, fy € Mon(Ban), that I(fx, fy) forms an
abelian subgroup of homyionBan) (fx, fy). We have that (0xy+,0xy) € I(fx, fy) since
Oxy = fyOxys. Now let (o, 1), (ady, a0) € I(fx, fy) and let p; and ps be the bounded
linear maps such that a; = fyp; for i = {1,2}. Then oy + as = fy(p1 + p2), giving us
that I(fx, fy) is closed under addition. Moreover, it is clear that if oy = fyp;, then
—a1 = fy(—=p1) so I(fx, fy) is closed under additive inverses and is also therefore a
subgroup of homyiongan)(fx, fy'). The fact that it is abelian follows from it being a
subgroup of an abelian group.

Next we need to check that Z is stable under left and right composition with
morphisms in Mon(Ban). To this end, let (¢/, ) € homyionBan) (fw, fx), (5,8) €
I(fx, fy), (/,7) € homyionBan)(fy, fz) and let p : X — Y’ be the bounded linear
map such that g = fyp.

Since fa = fypa, (8'a’, 8a) € I(fiv, fr). Moreover, as 78 = vfyp = f47'p, we
also have that (v'8',v8) € I(fx, fz). Therefore, Z forms an ideal in Mon(Ban) as

required. ]

Definition 4.1.9 (hMon(Ban)). We can now apply Theorem A.1.12 with Z, the ideal
of null-homotopic maps.

We defined the category hMon(Ban) as follows: the objects of hMon(Ban) are
monics in Ban; and given fx, fy € hMon(Ban), define hompyionBan)(fx, fy) to be
set equivalence classes of morphisms in Mon(Ban).

Two morphisms (o/,a) and (f,3) will be in the same class if the difference
(o«/ — p';a0 — B) € Z. When referring to one of these classes, we will denote it with

square brackets, for example [o, o] € homyyoen(Ban)(fx, fy). However, it may suit us
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to make specific choices of representative when illustrating concepts with commutative

diagrams or proving certain results.

Although hMon(Ban) describes what can be thought of as formal quotients of
Banach spaces quite well, there is one desirable property which fails to hold. To illustrate
this, let fx € hMon(Ban) such that fx(X’) is closed in X, let £ = X/ fx(X') with
q : X — FE being the canonical quotient map and let Opr : 0 — E be the unique
monic from the zero Banach space into the Banach space E. If we want this category
to describe formal quotients sufficiently, it would be desirable for the morphism

[0x0,¢] : fx — Ogp in Diagram 4.7 to be an isomorphism in hMon(Ban).

'l RN 0
J{fx J{OOE (47)
X1, F

However, as the following proposition demonstrates, this is not always the case.

The statement of Proposition 4.1.10 can be found in [16], we have provided a proof for

the benefit of the reader.

Proposition 4.1.10. Let fx € hMon(Ban) such that fx(X') is closed in X. Let
E = X/fx(X') with quotient map q : X — E.
The class of morphisms [0x0,q] is an isomorphism in hMon(Bamn) if and only if

fx(X") is topologically complemented in X .

Proof. Suppose to begin with that fx(X’) is topologically complemented in X with
complementary subspace Y. We know X = fx(X’) @Y and as a consequence £ =Y.
We therefore have a bounded linear map p : F — Y where clearly pOog = fx00x:
and we aim to show that [p,0px] : Ogp — fx is the inverse of [0x, ¢] in hMon(Ban).
Trivially, gp = idg. We note that idx —pq is a bounded linear map whose range is

fx(X’). Since fx is injective with closed range, it is possible to construct a bounded
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linear p: E — X' such that fx(X')p = idx —pq. Therefore [0x/, g| is an isomorphism
in hMon(Ban).

Now suppose that [0x,¢| is an isomorphism, which implies that there exists
[p,00x/] : Oor — fx and a bounded linear p : X — X’ such that pg — idx = fxp. Note
that for 2’ € fx(X’), applying our map gives fxp(z') = 2’ so this map is a projection

with range fx(X'), which implies fx(X’) is topologically complemented. ]

Since these objects will not necessarily be isomorphic, this indicates that our
category, hMon(Ban), might not have enough morphisms in it. We therefore seek to

enlarge our category, via localisation.

4.2 The subcategory of pulation morphisms

Recall from Definition A.1.2 that a subcategory of a given category C is wide if
it contains all objects of C. In this section, we seek a collection of morphisms in
hMon(Ban) which contains idy, for every fy € hMon(Ban) and which is closed under
composition. We would then localise hMon(Ban) at that wide subcategory. If the
proposed subcategory has certain desirable properties, our localised category may be
surprisingly friendly to work with.

This is the route taken in [19], though it is taken at an abstract level where we will
specifically be focusing on Banach spaces. For a far more in-depth look at localisation
of a category, see [10, chap. 7]. It should be pointed out that this is where Waelbroeck
starts in [16], though he makes an incorrect choice of subcategory to localise at (see
Remark 4.2.5).

To begin with, we define what we mean by a pulation morphism in Mon(Ban).

Definition 4.2.1 (Pulation morphism). Let (o/, @) € homyion(Ban)(fx, fy). We say

(¢/, @) is a pulation morphism if the commuting square in Diagram 4.8 is a pulation
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square. Recall from Definition A.1.9 that a pulation square is one which is both a

pullback and a pushout.
X/ o' Y/
fo ny (4'8)
X 2 Y
In fact, this property is stable up to homotopy, which we will prove in the following

lemma.

Lemma 4.2.2. Let (¢/,a) € homyion(Ban) (fx, fv) be a pulation morphism. If there
exists (', B) € homuion(Ban)(fx, fy) such that (o/,a) — (5, B) is null-homotopic, then

Diagram 4.9 is also a pulation square.

fo ny (4.9)

Proof. Since (f', 8) is homotopic to (¢, ), we must have that there exists a bounded
linear p : X — Y’ such that 8 = a + fyp. We now compute that fy3 = ffx =
afx + fypfx = fy(& + pfx). Since fy is monic, we also have that 5/ = o' + pfx.

Therefore, we first aim to show that our square is a pullback. To this end, let E be
a Banach space with bounded linear maps gy : £ — X and gy: : E — Y’ such that
Bgx = fygy. Substituting o + fyp for g we get that agx + fypgx = fy gy, which we
can rearrange to agx = fy(gy: — pgx). Since (o/, @) is a pullback square, there exists
a unique bounded linear map ¢ : E — X’ such that gx = fxg and gy» — pgx = d/g.
However, we can substitute the first into the second to give gy» = (¢ + pfx)g = 5'g.
So g is also the the unique map that gives us 'g = gy and fxg = gx and hence our
square is a pullback square.

Next we show that our commuting square is a pushout square. Let F' be a

Banach space with bounded linear maps hx : X — F and hys : Y/ — F such that
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hx fx = hy/ . Substituting o/ + pfx for 5" we get that (hx — hy'p)fx = hy:a/. Since
(¢, @) is a pushout square, there exists a unique bounded linear map h : Y — F' such
that hfy = hy and ha = hx — hy+p. Substituting the first into the second, we have
that hx = h(a+ fyp) = hf. So h is also the unique map that gives us h3 = hx and
hfy = hy: and hence our square is also a pushout square. Since it is both a pullback

and a pushout, it is consequently a pulation. O

Thanks to this lemma, we can now work with equivalence classes of morphisms
in hMon(Ban) since it will not matter what morphism we choose as a representative
for our equivalence class. In a slight abuse of terminology, we will refer to a class of
morphisms in hMon(Ban) as a pulation morphism if its representatives are pulation
morphisms in Mon(Ban). As it turns out, these morphisms form the subcategory
of hMon(Ban) that we will localise at. However, before we localise, we will aim to
understand specifically what these morphisms are in the Banach space case, beginning

with a definition of a property we will repeatedly use.

Definition 4.2.3 (Surjective modulo). Let V and W be vector spaces and let U be a
subspace of V. A linear map L : W — V is surjective modulo U if for all v € V, there

exists w € W such that L(w) —v € U.

Theorem 4.2.4. Let [/, o] € hompyion(Ban)(fx, fy). The following are equivalent:
1. [/, a] is a pulation morphism,
2. [o,al has the following two properties:

e Ifa(x) € fy(Y'), then x € fx(X'),

e « is surjective modulo fy(Y'),

—

3. The vector space map Ty, : X/ fx(X') = Y/ fy(Y') which takes T — a(zx) is a

bijection.
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Proof. (1. = 2.) Begin by assuming [¢/, a] is a pulation morphism. Lemma 4.2.2
allows us to work with a specific representative (o/, o) without loss of generality. Take
the pullback of fy and «, which we may recall is the space PB = {(z,y') € X ®, Y":
a(x) = fy(y)} together with projection maps mx and my-. By the pullback property of
X', there exists a morphism 6; : PB — X’ such that 7x = fx#; and 7y = o/6;. Since
PB is also a pullback, 6; is an isomorphism. As fy is monic, the preimage of fy (Y”)
under « is mx(PB). Since mx = fx0;, we have that if a(x) € fy(Y') then z € fx(X').

Next take the pushout of o’ and fx. We recall that this is the space PO = X&Y' /F
where F' = {(d/(2'), — fx(2')) C X &1 Y'} together with maps ¢x and gy+. These maps
are the canonical subspace inclusions ¢y and ¢y, of X and Y’ into X @1 Y” respectively,
followed by g, the quotient by F'. We observe that ¢y is surjective modulo Y’ and that
qr is surjective, so gx will be surjective modulo gr(Y’). By the pushout property of
Y, there exists a unique morphism ¢, : Y — PO such that ¢x = 1 and gy = @1 fy.
Since PO is also a pushout, ¢; is an isomorphism. Finally, let y € Y and take ¢;(y).
There exists x € X and r € gy(Y”) such that gx(x) — ¢1(y) = r. We compute that
a(r) =y + 7' (r) and since r € gy (Y”), we have that ¢;'(r) € fy(Y'). Hence a is
surjective modulo fy (Y”’) as required.

(2. = 1.) Now assume that if a(z) € fy(Y’) then 2 € fx(X'), and that « is
surjective modulo fy (Y') with the aim of showing that (o/, «) is a pulation morphism.
We begin by showing it forms a pullback square. It will suffice to show that X’ is
isomorphic to the pullback of fy- and «. Since fyo' = afx, there is a unique bounded
linear map 6y : X’ — PB and we shall aim to show 6, is a bijection. We observe that
0, is injective because if Oy(2") = (fx(2'),d'(2")) = (0,0) then fx(z') = 0 and hence
' = 0 since fx is monic. Now we check surjectivity. Let (z,4") € PB and notice

that a(z) = fy(v'), which implies that € fx(2’) for an 2’ € X'. Now o/(2') = ¢/
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by construction, so we have that 65(x’) = (z,y’) as required. Hence we have that our
commuting square forms a pullback square.

Next, to check that it forms a pushout square, it will suffice to show that it is
isomorphic to the pushout of fx and /. Since afx = fya’, we have that there is a
unique bounded linear map @, : PO — Y, which takes (Z,y') — a(z) + fy (y). We

~

Z,y') € ker ¢y if and only if a(x) = —fy(y/). Since we seek to show that
(@,y) = (0,0),

Note that since a(x) = — fy (y'), we have that z € fx(X’) and we therefore choose our

note that (Z,

it suffices to find an 2/ € X’ such that fx(z') = z and —a(2’) = ¥/.

2’ to be such that fx(2') = z.

We now only need to show that —d/(z') = ¢/, but fyd/(2') = —fy(¥') = fyr(—v)
so this holds.

Lastly we check that ¢, is surjective. Let y € Y and using the fact that « is surjective
modulo fy(Y”), choose z € X and fy(y') € fy(Y’) such that y = a(z) + fy(y'). Then
we can see that ¢,((Z,7')) = y as required. Therefore our commuting square is a
pushout and hence also a pulation.

(2. = 3.) We wish to show T, is a bijection. Let § € Y/ fy(Y”), there exists
x € X such that a(z) —y € fy(Y’) so we have that T,,(Z) = y. This gives us that
T, is surjective. Further to this, kerT,, = {Z € X/fx(X') : a(x) € fyr(Y')} ={7 €
X/fx(X"):z € fx(X')} = {0}. This gives us that T, is injective and hence bijective.

(3. = 2.) Clearly if T, is surjective, then « is surjective modulo fy (Y”). Lastly,
assume ker T, = 0. If a(z) € fy(Y") then T,(Z) = 0 which implies Z = 0 and hence
z € fx(X') as required.

]

Remark 4.2.5. In Definition 3 [16, p. 554], Waelbroeck defines what he calls pseudo-
isomorphisms. These are similar to what we, in our category theory setting, have

been calling pulation morphisms. However, he places a stronger condition on them,
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this being that he requires full surjectivity, instead of surjectivity modulo the range
of a monic. If the aim is to carry out a derived category construction, then pulation

morphisms are the correct choice.

Our next step will be to show that these pulation morphisms form a wide subcategory

of hMon(Ban). Refer to Definition A.1.2 for the definition of a wide subcategory.

Proposition 4.2.6. Let W be the category whose objects are the objects of hMon(Ban)
and whose morphisms are the pulation morphisms in hMon(Ban), then W is a wide

subcategory of hMon(Ban).

Proof. For any fx € hMon(Ban), take the identity morphism [idy/,idx]. It is trivial
that idy is surjective modulo fx(X’) and idy'(fx(X")) = fx(X') so by Theorem 4.2.4
it must be a pulation morphism.

We need only check that the composition of pulation morphisms is a pulation mor-

phism. To this end, let [, a] € hompnon(Ban)(fx, fv) and [#, 8] € hompyon(Ban) (fy; f2)

be pulation morphisms and take [§'a/, fa]. Observe that

(Be)f2(Z2)] = a1 [B [f2(2)]] = a [ (V)] = fx(X).

Moreover, since 3 is surjective modulo fz(Z’') and « is surjective modulo fy (Y”), we
have that for all z € Z there exists y € Y and 2’ € fz(Z’) such that B(y) = z + fz(2).
However, we also have that there exists x € X and fy(y') € fy(Y”’) such that a(x) =
y+ fy (). Now Ba(z) = Bly+ fy(¥) = 2+ [2(Z)+Bfy (') = 2+ f2(') + f25'(y) so
Ba is surjective modulo fz(Z'). We now have that by Theorem 4.2.4 that [5'¢/, o] is

a pulation morphism and hence the pulation morphisms form a wide subcategory. [

Definition 4.2.7 (Notational convention for pulation morphisms). For the remainder

of this thesis, we shall refer to the wide subcategory of pulation morphisms as W.
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4.3 Localisation

Our next task before we localise hMon(Ban) at W will be to show that the pair
(hMon(Ban), W) admits a calculus of right fractions (see Definition A.1.3). In some
of the literature, including [19], this is referred to as a multiplicative system. However,

we will be adopting the convention used in [10, chap. 7].
Theorem 4.3.1. The pair (hMon(Ban), W) admits a calculus of right fractions.

Proof. We have from Proposition 4.2.6 that ¥ forms a wide subcategory of hMon(Ban).
Next we show that the right Ore condition (Definition A.1.3) holds.

Let fx, fv,fz € hMon(Ban) with morphisms [0y, ax]| € hompnionBan)(fx, f2)
and [0, ay] € hompw(fy, fz). Let W ={(z,y) € X x Y :ax(x) —ay(y) € f2(Z2")},
which is a Banach space when endowed with the norm ||(z,y)|lw = ||z||x + l|ylly +
lax(x) — ay(y)||. Further to this, let W’ = X’ x Y”, which is also a Banach space
with norm ||(z, y')|lw' = ||2'||x' + ||¢/|ly’- Note that we can construct the monic fy :
W= W, (@, y') = (fx(2), fy(y)) since ax fx(2) — ay fy(y) = fz(x(2') — ay (y))
so we have that fy € hMon(Ban). We can also define the canonical coordinate maps
tobenry W = X, 7y : W =Y, nx, : W — X" and myr : W — Y'. Trivially,
we have that fxmx = mx fw and fymyr = 7y fiy so both [rx/, 7x] and [ry,, 7y ]| are

hMon(Ban) morphisms.
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This setup is illustrated in Diagram 4.10 with specific choices of representatives of

classes of morphisms.

W’ 2 X/
N N
W X X
Tyt o/X
(4.10)
Ty f ax
Y/ Yy Z/
~ N
Y i Z

We now need to check whether [rx/, mx| is a pulation morphism, which will be true if
mx is surjective modulo fx(X'), and 7' (fx(X')) = fur(W'). Let z € X, take ax(x),
and observe that since ay is surjective modulo f7(Z’), that there exists y € Y and
fz(#') € fz(Z') such that ay(y) = ax(z) + fz(2'). Now we have that (x,y) € W so
mx is surjective and hence surjective modulo fx(X').

Next let fx(z') € fx(X'). In particular, this means that there exists a y € Y such
that the pair (fx(2'),y) € W exists. We have that aymy ((fx(2'),y)) = axfx(z') =
[z (2') € fz(Z') so since ay' (f2(Z') = fy(Y'), we have that y € fy(Y”). From this,
it is evident that (fx(2),y) € fw (W’) and hence 7y (fx(X")) = fu (W') as required
which implies that [7x/, mx]| is a pulation morphism.

We now check the third and final condition of Definition A.1.3. Let fx, fy, fz €
hMon(Ban), let [}, a1 ], [ah, as] € hompyionBan) (fx, fy) and let [, 8] € homyy(fy, f2)
such that [#'af, Bay] = [B'a, fas]. Taking the difference, we have that
8 (a1 —a3), Blan —az)] = [0,0] and hence (a1 —a2)(X) C fz(Z'). Now f~(f2(Z")) =
fr(Y’") so a3 — ay is a bounded linear map with range contained in fy(Y”’). Using the
Open Mapping Theorem and the fact that fy- is monic, we deduce that oy — as = fyp

where p : X — Y’ is bounded linear. This gives us that [a], a;] = [a), as]. Conse-



4.3 Localisation 73

quently it is now easy to find a pulation morphism since [idy,idy:] € homw(fx, fx)
will suffice. Therefore, the pair (hMon(Ban), W) admits a calculus of right fractions

as required. O

We can now localise hMon(Ban) at W. Informally, this means that we adjoin
the inveses of all morphisms in W to hMon(Ban). As motivation, recall that the
morphisms in W are exactly these [o/, o] for which T}, is a vector space isomorphism,
see Theorem 4.2.4.

Since Theorem 4.3.1 holds and (hMon(Ban), V) admits a calculus of right fractions,
we can construct the localisation at W quite explicitly. Our new category,which we
will denote as Q(Ban) due to its ability to describe quotients in the category Ban,
will have the same objects as hMon(Ban). However, morphisms in Q(Ban) will be
equivalence classes of W-spans in hMon(Ban). Definition 4.3.2 below details what a
Wh-span in hMon(Ban) is, before we describe how to compose two of them. Lastly,
we provide the equivalence relation which makes Q(Ban) into a category. Both the
definition and the proof of the equivalence relation are covered in [10, p. 155]. We
will also provide the proof that we have an equivalence relation in the general case in

Proposition A.1.5 for the ease of the reader.

Definition 4.3.2 (W-span). Let fx, fy € hMon(Ban). A W-span from fx to fy will
be a triple ([w',w], fg, [/, a]) such that fr € hMon(Ban), [, w] € homy(fg, fx) and

[, o] € hompyion(Ban)(fE, fy). We provide Diagram 4.11 to clarify this below with
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specific choices of representatives.

B
fE
X’ Y’
(4.11)
FE
Ix fy
X Y

When we refer to a W-span, and later a Q(Ban) morphism, we may use the notation

(o, a][w,w] L.

With this definition in mind, it is now important to make sense of the claim that all
morphisms in Q(Ban) can be represented by W-spans. In particular, if two WW-spans
are concatenated, there should be a way of expressing this as a W-span in its own
right.

Let fx, fy, fz € hMon(Ban) and let
(W, wEl, fE, [, ag]) and ([Wg, wr|, fr, [0/F, ar]) be W-spans from fx to fy and fy

to fz respectively. We illustrate this situation in Diagram 4.12 with specific choices of
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representatives.
E’ F’
Wi ap W op
e fr
X' Y’ A
(4.12)
E F
Ix Iy Iz
wWg ap Wp ap
X Y A

We can apply the right Ore condition to diagram 4.12; that is there exists a monic
fo € hMon(Ban) together with morphisms [wg, wg| € homw (fq, fr) and [af, ag] €
homyyion(Ban) (fa, fr) such that [apwi, apwe] = [Wrog, wrag]. Our new, composed W-

span will be ([whw, wrwel, fa, [(pa, arag]), which will be the top edge of diagram

4.13.

G/

f

FE’ F’

o

N Q
\ /
&
Q
-

; i (4.13)

X’ Y’ o 7

Ix f fz

wWE ap

€
£
o]
€ £
Q Q™
/ K \
v
Q
b-<
\
]
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Proposition 4.3.3. The following relation on YW-spans is an equivalence relation.
Let ([w, w1], fE,, [o), a1]) and ([wh, wa], fE,, [, ag]) be W-spans from fx to fy. Then
([wh,wil, [y, [, a1]) is related to ([wh,wal, fE,, [, as]) if there exists a monic fg to-
gether with morphisms [}, 1] € homumon(Ban) (fE, fE,) and [B, B2] € homunon(Ban)(fE, fE,)
such that [y B], a1 1] = [abBy, aafs] and WG], w1 1] =

[Whwh, waBa] € homyy ([, fx). We provide Diagram 4.14 for clarity.

x I L x E—1 g vy Ty

(4.14)

Proof. This is a direct application of A.1.5. m

From now on, when we refer to a morphism in Q(Ban), we are really referring an

equivalence class of W-spans in hMon(Ban).

4.4 Standard representatives for Q(Ban) morphisms

Notably, we can always refine our choice of representative span to aid with proofs.

First, however, we need to define what we can refine to.

Definition 4.4.1 (Free Banach space and standard monics). A Banach space is free
if it is isomorphic to ¢;(S) for some indexing set S. A monic fx : X’ — X is standard

if X is free.
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The following Lemma will be used repeatedly in order to simplify proofs involving

monics in Q(Ban).

Remark 4.4.2. The notions of a free Banach space and a standard monic are adapted
from Definition 4 [16, p. 554|, where they are used to simplify proofs. Though
Lemmas 4.4.3 and 4.4.5 are analogous to Propositions 1 [16, p. 554] and 2 [16, p.
555], new work has been done since we are working with pulation morphisms and not

pseudo-isomorphisms (see Remark 4.2.5).

Lemma 4.4.3. For every fx € Q(Ban) there ezists a standard monic fy € Q(Ban)

and a pulation morphism [w',w] € homw(fy, fx)-

Proof. Let fx : X’ — X be a monic. We know from [4, p. 9] that for some indexing
set S, there exists a bounded linear surjection w : ¢1(S) — X. By the first isomorphism
theorem, we therefore have that X = ¢;(5)/kerw. Now take the subspace Y’ to be
wfx(X")] C ¢,(S) with monic fy to be subspace inclusion. Applying Lemma 4.1.6

to w gives us our pulation morphism [w’, w] as required. O

Corollary 4.4.4. Let ([w},w1], fx, [a), a1]) be a W-span from fg to fr. We can always

find an equivalent span ([Wh,wsl, fy, [/, a]) where fy is standard.

Proof. By Lemma 4.4.3, there exists a standard monic fy and a pulation morphism

[w',w] € homyy(fy, fx) such that diagram 4.15 commutes.
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Wy

E/ /e E fr F
(4.15)
Moreover, since [w]w’, wiw] is clearly a pulation morphism, the spans
(W, w], fx,[d/, a]) and (Jwjw',wiw], fy, [@)d/, a1a]) are equivalent. O

Lemma 4.4.5. Let fx be a standard monic and let [w',w] € homw(fg, fx) be a

pulation morphism. Then [w',w] is invertible in hMon(Bamn).

Proof. Since fx is standard, we have that fx : X' — ¢;(S) for some indexing set S.
Recall that PO = (X' @1 E)/A where A = {(w'(¢/), —fr(¢')) : € € E'} is the pushout
of " and fr together with inclusion maps vty : X' — X' @& Fand g : E — X' &1 E.
Since wfp = fxw', we know there exists a unique bounded linear map 6 : PO — ¢1(S5)
such that Ogatp = w and Ogatx: = fx where ga is quotienting out by A. Moreover,
is an isomorphism by the argument in Theorem 4.2.4.

Let 05 be the element of ¢;(S) which takes the value 1 on s € S and 0 elsewhere,
we seek to use these indicator elements to construct a Mon(Ban) morphism (o, «).

We will define o by how it acts on these indicator elements and then extend it
linearly to the rest of ¢1(S). Since fqa is surjective, we know by Corollary A.2.5 that
there exists a K > 0 such that for all o5 € ¢,(S), we can find (z),e;) € X' @, E with

2]l x: + |lesllz < K and Oga((2%, es)) = ds. Define a by the prescription a(ds) = e
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and extend this linearly to all of £;(.S). Moreover, we get that the norm of « is bounded
by K by construction.
We now need to show that afx(X’) C fg(E’) in order to apply Lemma 4.1.6. To

this end, let 2/ € X’ and note that since fgatx: = fx, we have that 7! fy(2') =

—

gatx:(z") = (2/,0). Now from the construction of a, there exists (z”,e) € X' &, F
with Oga((z”,€)) = fx(2’) such that afx(z') = e. Since [w',w] is a pulation morphism,
we move to check that w(e) € fx(X’). Since Oga((2”,€)) = Oga((2’,0)) = fx(2')
we know that m = (sc”/,\e) and hence that (w’fx\”, 0) = @. Now w(e) =
Oqaie(e) = 6’((m’fx\”, 0)) = fx(a’ — 2”) which is clearly in the image of fx and hence
e € fg(E') as required. By Lemma 4.1.6, we can construct an w’: X" — E’ such that

[wlv (U] € homhMon(Ban) (fX7 fE)

1

Lastly, we need only check that [o/,a] = [w',w]™'. Since we are working up to

homotopy, this amounts to checking both that Ran(wa — idy,(5)) € fx(X') and that
Ran(aw—idg) C fg(E'). Let x € ¢,(S) and by the construction in o, choose an (2/, ¢) €
X' @1 E with 0ga((2',€)) = z so that a(z) = e. Note that @ = m - m, SO
wa(r) —x = 0(@ — m) —x = fx(—2a') as required.

Now let e € E and take w(aw(e) — e) = wa(w(e)) — idy, (s)(w(e)). But wa(w(e)) —
idg, (s)(w(e)) € fx(X') by the previous argument which implies aw(e) —idg(e) € fg(£)

since w is a pulation. Therefore [/, o] = [w', w] 1. O



Chapter 5

Studying extensions in Balg using

Q(Ban) morphisms

Now that we have this theory of Q(Ban), our immediate goal is to put it to use,
building on our study of Banach algebra extensions from Chapter 2. Let J be a faithful
Banach algebra, and recall from Theorem 2.4.3 that given an algebra homomorphism
¢ from a Banach algebra B into M;/u;(.J), that we could norm the pullback of ¢ and
qs, with the extra assumption that ¢ = g;h for some h € hompa, (B, M;). Note that
we did not require h to be an algebra homomorphism. Moreover, we can choose our
norm so that P, is a Banach algebra.

In this chapter we shall use the framework of Q(Ban) morphisms and W-spans to
establish an analogue of Theorem 2.4.3 which does not require the existence of such a

map h.
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5.1 Using Q(Ban) maps

Before we attempt to look at the case where we wish to norm the pullback, we must
first re-establish some of the theory from Chapter 2. However, for this to work we

must relax our definition of a Busby map to include our new Q(Ban) morphisms.

Definition 5.1.1 (Q-Busby map). Let B and J be Banach algebras where J is faithful
but not necessarily closed in its multiplier algebra. A Q-Busby map will be any algebra
homomorphism ¢ : B — M;/i;(J) that can be written as T, 7! for some Q(Ban)
morphism [, a][0x9,w] ! from Ogp : 0 — B to vy : J — M;. We provide Diagram 5.1

for further clarification.

X/
Oxro o
Ix
0 J
X
OoB Ly (51)
B M,

BJO — T X/ (X — T My Ju,()

v

Before taking this to be our new definition, we must first check that our Busby

maps in Chapter 2 are still Q-Busby maps under our new definition.
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Proposition 5.1.2. Let J and B be Banach algebras, let M; be the multiplier algebra
of J, and suppose that vy : J — M is injective with closed range. Let ¢ : B — C; be

a continuous algebra homomorphism. Then ¢ is a Q)-Busby map.

Proof. Recall from Chapter 2 that we can take the pullback of ¢ and ¢; to form an

extension of B by J. This extension is the top edge of Diagram 5.2.

J L P, "5 B

b 7T]\/[J ¥ (52)

MJLCJ

We note that mp is surjective with ker 1g = Ran ¢tp, so Diagram 5.3 forms a WW-span.

J
070 idy
Lp
0 J
(5.3)

P‘P

OoB Ly

/ XJA
B M

We wish to show that ¢ = Ty, T, ;Bl as linear maps. Postcomposing with the bijection

T,

TR

and take SOTWB([ma b]) = QOWB((m7 b)) Now @ﬂB((mv b)) = qJTrMJ((ma b)) = TMJ([m7 b])

we see that we need to check that ¢T, =T, . To this end, let [m,b] € P,/up(J)

so [idy, m;][00, 78] is a Q(Ban) morphism which makes ¢ into a Q-Busby map. [

Proposition 5.1.3. Let J and B be as in Proposition 5.1.2. Let p : B — Cj be a
Q-Busby map in the sense of Definition 5.1.1. Then @ is continuous as a map between

Banach spaces.
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Proof. Since ¢ is a Q-Busby map, there exists a Q(Ban) morphism [, o][0xg,w] ! :
Oop — ¢ty with o = T, T, (refer to Diagram 5.1). We have that wfy = Ox/p and
since [0xr,w] is a pulation morphism, we can see that kerw = Ran fx. Therefore,
fx is closed and X/ fx(X') is a Banach space. Since T, is a bounded linear bijection
between Banach spaces, we have that 7., is bounded by Theorem A.2.4. Now as
both X/ fx(X') and M;/i;(J) are Banach spaces, T, is also continuous and hence ¢

is continuous. [

From Propositions 5.1.2 and 5.1.3 we know that our new definition for a Q-Busby
map is consistent with Definition 2.2.5. What remains to be shown is that we can

construct Q-Busby maps from extensions and vice versa.

Theorem 5.1.4. Let B and J be Banach algebras and let (v, A, q) be an extension of
B by J. Let ¢ : B — Cj be the algebra homomorphism defined as in Diagram 2.5.

Then ¢ is a Q-Busby map.

Proof. Recall from Chapter 2 that we can map A into M; with the injective continuous
homomorphism #(a) = (L2, R2) where LA(j) = (= (au()) and R2A(5) = J1(u(5)a).

We now need to check that the WW-span in Diagram 5.4 is a Q(Ban) morphism.

050 idJ

(5.4)
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The fact that TpT, ' is an algebra homomorphism follows from the fact that +(.J) is an
ideal in A, so all that remains is to check whether [0 9, ¢] forms a pulation morphism.

This holds since ¢ is surjective and ker ¢ = ¢(J). O

The next step will be to craft an extension from a Q-Busby map. Recall that in
Chapter 2, we did this by constructing the pullback of our Q-Busby map and the
quotient map ¢;. Since this Q(Ban) construction will have to coincide with the original
theory in the case where J is closed in its multiplier algebra, it makes sense to try and
make the algebraic pullback into a Banach algebra. First, however, we will show it is a

Banach space under a suitable norm.

Proposition 5.1.5. Let J be a faithful Banach algebra, let B be a Banach algebra and
let o : B— Mj/u;(J) be a Q-Busby map with representative [/, a][0xr9,w]| ™. Further
to this, let P, = {(m,b) € M; x B : ¢;(m) = ¢(b)}. Then P, is a linear subspace of
M; @ B, and the formula

1(m, b)llp, = inf{[le,"(m — (@)l + 2] x = w(z) = b}
defines a norm on P,.

Proof. We have that P, is a vector space since it is the algebraic pullback of ¢; and ¢.

Note that m — a(x) € v;(J) since g;(m — a(z)) = ¢(b) — ¢(b) = 0. We shall
check each of the three conditions on || - ||, for it to define a norm. To this end,
let (m,b) € P, and suppose |(m,b)||p, = 0. For any € > 0, we can choose an
x € X such that ||t;,77U(m — a(2))||; + ||z||x < e. This gives us that ||z|x < ¢ and
hence|[b]|p = [lw(x)]| < [lwlle. Moreover, [lmlla, — [la(z)]yu, < [m = a(z)|u, <

e/ (m — a(x))||; < &, hence we have that ||m||s, < (||| + 1)e. From here it is

easy to infer that (m,b) = (0,0).
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Now let A € C. We have that inf{||¢;U(Am — a(2))|; + [|z]|x : w(z) = \b} =
inf{[les 7 (Am = Aa(@/N) s + [lz/Alx w(z/A) = b} = (A inf{]|es"(m — a(@)lls +
lellx : (@) = b}, hence [AGm, Ble, = NI, D,

Lastly, let (mq,b1), (me,b2) € P, and take |[(my + mg, b1 + by)||p,. We have that

since my — a(z1) and my — a(xz) are both in ¢;(.J), that
inf{[le,T (my +ma — aler + 22)) |l + Jon + zallx s w(@n + x2) = by + by}
can be rewritten as
inf{]le, "1 (my = a(ar)) + 017 (ma — alw2)) s + |21 + 22| x  w(@n) = br,w(ws) = b}
Now this is less than or equal to
inf{[les i —a(21) )+ e (ma—al@a)) |+l x+Hlzz |l x = wl@) = by, w(zz) = bo}

which is then equal to inf{||¢; 7% (my —a(z)) || s+ |21 x : w(z1) = by p+Hnf{ ||, (mg—
a(x2))|ls + [|z2|lx : a(xz) = by}. We therefore have that |[(my 4+ ma, by + b2)||p, <
|(ma,01)||p, + [|(m2,b2)||p, and hence that || - |[p, forms a norm making P, into a

normed space. O

Lemma 5.1.6. Let B, J and P, be as in Proposition 5.1.5. The normed space P, is

complete with respect to || - HPW

Proof. Since P, is a normed space by Proposition 5.1.5, we need only check that for a

sequence (my, b,) € P, with § || (M, by ) || < 00, that § (M, by) converges.
n=1 n=1
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To this end, take such a sequence (my,b,) € P,. By the definition of an infimum,

for each n € N, we can choose an x,, € X such that
les ™ mn — alza) |y + [l x < 21l (M, ba) 5,

Therefore, we have that

o
> (les ™ mn = alzn))lly + flanllx) < QZ [(man, b)) -
n=1 n=1
[e.°] o0
We can now see that both > [[:7H(m,, — a(z,))|l; < co and ¥ |z |lx < oo. Since X
n=1 n=1
is a Banach space, we have that ioj x, converges to an x € X, and by the continuity
n=1

of w, we have that b, = w(z,) converges to w(x) € B.

Now since ¢y is continuous, we can see that

S lmallag, = llell 32 lzallx < 37 Imn—at@a) b, < 37 es™mn —alzn))lls < oo
n=1

n=1 n=1 n=1

This means that %_ojl m,, converges to m € M. So (my,b,) has limit (m,w(z)) and if
this is in P, then ;Ve have shown P, is a Banach space.

To see that (m,w(x)) € P,, we need g;(m) = pw(x) = gyo(zr), which is true
if and only if m — a(z) € t;(J). Recall that §1 e T (my, — a(zn))|l; < oo so
§1 vy (m,, — a(z,)) has limit z € .J. Continuity of ¢; and uniqueness of limits gives
u; that ¢(z) = m — a(z) as required. O

We notice that in the construction of our norm on P,, we make a choice of
representative for ¢. We would hope that choosing an equivalent YW-span, in the sense

of Proposition A.1.5 would yield an equivalent norm on P,. We show that this is the

case in the following Lemma.
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Lemma 5.1.7. Let B and ¢ be as in Proposition 5.1.5. Different choices of represen-

tative for ¢ yield equivalent norms on P,.

Proof. Consider the following diagram of two W-spans from Ogp to ¢y, which are
equivalent by the equivalence described in Proposition 4.3.3. Recall that [0y, w;3;] is

a pulation morphism.

X L X
\
OXQU “ B \ﬁl all\al
0" > B y — Ly J—2 5 M,
ﬁé e /
OX’O w2 Q/Q a2
2 /
/ /
X} L X,

(5.5)
Let || - ||5§30 for i € {1,2} be the norm constructed by choosing the WW-span
[}, @] [0x70, wi] 7' Our aim is to show that these two norms are equivalent.

However, we note that the W-span [« 3], a1 81] [0y, w1 317! is trivially equivalent

to both W-spans and therefore generates a norm || - ||§)i) on P, shown in equation 5.6.
1m0z, = inf{lle, = m — caaw)lls + Illy - crf(y) =0} (5.6)
We will therefore show that || - HSE;) is equivalent to || - ng and appeal to the

symmetry of Diagram 5.5 to arrive at the required conclusion.
We begin by showing that there exists C' > 0 such that ||- Hﬁij <C|- ||§3;) Since these
are infima, for all € > 0, we can choose y € Y such that |[¢;17" (m—ay 81 () |l7 +lylly <

| (m, b)||g;) + . Now we observe that 5;(y) € X and

les = m = ax B @)y + 181 W)y < L+ 1BaID les™m — @ fr(@)) s + Ilylly)
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We note that the left of the inequality is always greater than or equal to ||(m, b) ng and
that we can form this inequality for any given €. Therefore we have that ||(m, b) ||§31W) <
Y
(L+ 1811, D)2
But this gives us that the identity map from (P,, ||- ||§3?) to (P, |- Hgvlj) is continuous.

Applying the Banach Isomorphism Theorem gives us that its inverse is also continuous

and hence that || - Hg) is equivalent to || - HSJB
Since Diagram 5.5 is symmetrical, we also have that the norms || - ||g;) and || - ||§32

are equivalent. Finally, this shows that || - ||§312 and || - ng are equivalent as required. [J

Lemma 5.1.8. Let 1y € Mon(Ban), suppose that V' is a Banach algebra with its given
norm and suppose that vy (V') is a not necessarily closed subalgebra of V. Define the

map m : V' x V' = V' to be
m(a'y') = ! v (@)ev (v). (5.7)

Then m is an associative bounded bilinear map on V.

Proof. We first check that m is bilinear. Let 2,25,y € V' and let A € C. We have
that m(x} + Axh,y') = ty"(0y (2} + Azh)ey (y')) which, due to the linearity of ¢y, is
equal to vy T (v (@) ey (v') + Ay (2h)ey (v)). Since ¢y s linear from ¢y (V') — V7,
we have that m(x] + \ah, y') = m(x],y') + Am(xh,y'). A similar argument yields that
m is linear in the second variable.

We now show m is associative. Let 2/,1/, 2’ € V'. By definition,

vm(z',m(y',2') = v () eym(y, 2')

= w (') (v (y)ev (2')
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and cym(m(x’,y'), 2') = vym(2', ¢ )y (2') = (e (2)ev (¥'))ev (7). Since multiplication
is associative in V', and ¢y is injective, it follows that m(x’, m(y/, 2’)) = m(m(2',y'), 2')
as required.

Our final step is to show that m is bounded, which will follow from showing it is
separately continuous and applying Banach-Steinhaus. To this end, fix 2’ € V' and
suppose we have a sequence (y,,) € V’ with limit ¢’ € V', together with a 2z’ € V’ such
that m(z’,y)) — 2’ as n — oco. By the definition of m and using the continuity of ¢y,
we have that vy (2') ey (y),) = tv(2') as n — oco. The continuity of ¢y and the continuity
of multiplication in V' gives us that ty(2')ey (y') = tv(2’). Now, since ¢y is injective,
m(x’,y') = 2/, and hence m is continuous in the second variable by the Closed Graph
Theorem. A similar argument gives us that m is continuous in the first variable. Hence
m is separately continuous and so it is bounded by Banach-Steinhaus.

We have shown that m is an associative bounded bilinear map on V”. ]

Proposition 5.1.9. Let B and ¢ be as in Proposition 5.1.5. Then || - || p, is submulti-

plicative up to a constant.

Proof. Take the Banach algebra M; @& B equipped with the norm ||(m, b)|| = ||m||a, +
bl . Define ¢, : P, — M & B to be the inclusion map t,((m,b)) = (m,b). We aim
to show that v, € Mon(Ban), and vy (P,) is a subalgebra of M; @ B. Our claim would
then follow from Lemma 5.1.8.

We know that ¢,(P,) is a subalgebra of M; @ B and that ¢, is injective. We only
need to show ¢, is continuous with respect to the norm || - ||p,.

Let (m,b) € P, and recall that

1(m, 0) |, = it {]|es " (m — a(@)]ls + |lllx : w(z) = b}
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Note that [|e,((m,0))|| = ||m||a, + ||b]|5- Let € > 0 and choose = € X such that
les "0 0m — a(@)) |l + llzllx < [[(m.b)]lp, +e

Since b = w(x),

1ol < llwllllzllx < {lwli(lI(m, b)l|p, +€)- (5.8)

The triangle inequality that ||m|s, < [[m — a(z)||a, + [Ja(z)||ar,. Since m — a(z) =

ty(t;7(m — a(z))), we can then see that
Imllag, < llealllles ™ m = a(@))lls+ lelllllx < (el + lal)(Im, b)llp, +¢). (5.9)

We therefore have from Equations (5.8) and (5.9) that |[¢,((m,0))]| < (||es|| + ||ef| +
lw|)][(m,b)||p,, giving us that v, is continuous and hence in Mon(Ban).

Applying Lemma 5.1.8, we deduce that the multiplication on P, is bounded bilinear
as a map P, x P, — P, with respect to || - [|p,. Hence there is some K > 0 such
that [[(mq,b1)(me, b2)||p, < K|(m1,b1)||p,||(m2,b2)||p, for all (my,b) and (mq, by) in

P, 0

Theorem 5.1.10. Let ¢ : B — C; be a Q-Busby map. There is a Banach algebra

norm on the algebraic pullback P,, such that

0 J—“*+>p, 2B 0 (5.10)

is an extension of Banach algebras (see Definition 2.3.3 for the notation).

Proof. We already know that ¢, and mp are algebra homomorphisms, from the calcula-
tions in Section 2.4.
Fix a representative for the Q-Busby map ¢, and equip P, with the norm || - ||p,

defined in Proposition 5.1.5. Note that for all j
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inJ

leg(Dllp, = 1(2s(G), 0L, < llest™Mes ()l = Nl

and so ¢, is continuous. Also note that if (m,b) € P, and we choose z € X such that
w(z) = b, then

Im5(m, 0l = llw(@)lls < lwllllz]lx

and by taking the infimum over all such z, we obtain ||mz((m,0))|s < |lw||||(m,b)]r,.
So mg is also continuous.

Finally, by Lemma 5.1.6 and Proposition 5.1.9, together with Proposition 2.1.9 in
[7, p-156], there is a Banach algebra norm on P, that is equivalent to || - ||p,. When

we equip P, with this new norm, ¢, and 75 remain continuous. O

5.2 Classifying extensions with Q-Busby maps

Having seen how to go from Banach algebra extensions to Q-Busby maps, and back
again, it is natural to hope for a full generalisation of Theorem 2.3.9 to cases where J
is faithful but ¢; need not have closed range.

This runs into several technical details which are unclear. For instance, should an
object of the “Q-Busby category” be a Q-Busby map in the sense of Definition 5.1.1,
or should it be a Q-Busby map together with a particular choice of representative
Wh-span? If we try to define a Pull functor from some "Q-Busby category" to Ext(.J),
this functor must be well-defined on objects. Currently, given a Q-Busby map ¢ we
have only defined the Banach algebra structure on P, up to non-unique isomorphism.

Also, in Theorem 2.3.9 we were allowing the base algebra B to vary, and even when
two extensions share the same base algebra B we allowed an isomorphism between these
two extensions (in the sense of Definition 2.2.2) to induce a non-trivial automorphism

of B. In such situations the two extensions could induce different Q-Busby maps
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B — (', which would be related by this automorphism of B. Hence, we would need
to pin down an appropriate notion of isomorphism between two Q-Busby maps.
Therefore, we limit ourselves to a more restricted form of classification. This is
similar to the choice made in Definition 1.4 of [3, p.42], which is then later used in
Theorem 1.1 of [3, p.45].
Fix B, J € Balg and assume that J is faithful. Consider the proper class S of all

Banach algebra extensions of B by J, in the usual sense of this thesis (Definition 2.1.3).

Definition 5.2.1. Define the following equivalence relation between two such exten-
sions: (11, A1, q1) ~ (12, A, qo) if there is an extension morphism (6,idg) from the first
extension to the second one, in the sense of Definition 2.2.2. Recall that by Lemma

2.3.6, 6 will then be an isomorphism in Balg.

Remark 5.2.2. 1. If two extensions are equivalent in this sense, they are isomorphic

in the category Ext(J) that was introduced in Section 2.2.

2. If two extensions are equivalent in this sense, then when we apply Theorem 5.1.4,
we obtain the same Q-Busby map ¢.

Let Ext(B, J) denote the quotient of the class S by this equivalence relation. By

Theorem 5.1.4 and 5.2.2, the function Bus from Definition 2.3.1 which sends (¢, A, q)

to the homomorphism ¢4 : B — C'; induces a well-defined function

qBus : Ext(B, J) — {Q-Busby maps B — C} (5.11)

Theorem 5.2.3. The function qBus in Equation 5.11 is a bijection. Informally:
Banach algebra extensions of B by J are classified, up to equivalence as defined above,

by @Q-Busby maps from B to C}.

Proof. Surjectivity of qBus follows immediately from Theorem 5.1.10. To prove injec-

tivity, let (4, A;, ¢;) be extensions of B by J for i = 1,2, which both give rise to the
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same homomorphism ¢ : B — C; as in Theorem 5.1.4. Form the extension (¢, P,, 7p)
as given by the Theorem 5.1.10. Then as in the proof of Theorem 2.4.6, we can
show that (¢, A;,qi) ~ (L, Py, mp) for i = 1,2. Since ~ is an equivalence relation, it
follows that (¢1, A1, q1) ~ (L2, Aa, g2), and so both extensions define the same element

of Ext(B, J). O



Appendix A

A.1 Category theory definitions and results

Definition A.1.1 (Category). A category will be a set of objects, denoted obj(C),
and for each A, B € obj(C), a set of morphisms from A to B, denoted by hom¢(A, B),

satisfying the following conditions.

« For any A, B,C € C together with f € hom(A, B) and g € hom(B, C), there is

a composition gf € hom(A, C).

o For every object A € C, there exists an identity morphism id 4 which acts as an

identity with respect to the composition.

» Composition of morphisms is associative.

To simplify notation we will frequently write A € C as shorthand for A € obj(C),
and we will sometimes abbreviate hom¢ (A, B) to hom(A, B) when there is no risk of

confusion.

Definition A.1.2 (Subcategory and wide subcategory). A subcategory S of a category
C will be collection of objects and morphisms, taken from the objects and morphisms

of C, that form a category in their own right.
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A wide subcategory of C will be a subcategory which contains all identity morphisms

in C. Equivalently, a wide subcategory of C is a subcategory W with obj(W) = obj(C).

Definition A.1.3 (Calculus of right fractions). A category C with a subcategory W

admits a calculus of right fractions if the following holds:
o W forms a wide subcategory.

« For B,C, D € C with morphisms w; € homyy(B,C) and f; € hom¢(C, D), there
exists A € C, wy € homy(A,C) and fy € hom¢(A, B) such that diagram A.1

commutes.
A L B
2 w (A.1)

CLD

w

This is known as the right Ore condition.

e Whenever we have a pair of parallel morphisms f,g : hom¢(B,C), and w; €
homyy(C, D) such that w;f = wyg. Then we can find a second morphism

wy € homyy(A, C) such that fws = gw,.

Definition A.1.4 (Spans). Let C be a category and let D be a subcategory. Consider

Diagram A.2, which is a diagram in C.

% X (A.2)

A B
We say the above is a D-span from A to B in C if f € homp(X, A).

Proposition A.1.5. Let C be a category with a wide subcategory W. If W admits
a calculus of right fractions, then the following relation is an equivalence relation on

W-spans.
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Let (w1, X1, f1) and (ws, Xa, fo) be W-spans from A to B. Then (wy, X1, f1) is
related to (wq, Xo, f2) if there exists a X € C together with morphisms g1 € home(X, X7)

and g € home(X, Xy) such that figy = faga and wygy = wegs € homyy (X, A).

Proof. The relation is obviously reflexive. If (w, X, f) is a W-span from A to B, then
we can always choose X together with the morphism idx as our relation requirement.

Now suppose we have two W-spans, (wq, X1, f1) and (wq, Xa, f2) such that (wy, X1, f1)
is related to (wq, Xs, fo) with object and morphisms X, g; and go. Then we have that
(wa, Xa, f2) is related to (wq, X3, f1) with the same object and morphisms. Hence the
relation is symmetric.

Lastly we check transitivity. Suppose we have three W-spans (w1, X1, f1), (w2, Xa, f2)
and (w3, X3, f3) from A to B. Now suppose the first and second spans are related
with monic X and morphisms ¢; € hom(X, X;) and g, € hom(X, X5) and that the
second and third spans are related with object ¥ and morphisms g3 € hom(Y, X5,) and
g4 € hom(Y, X3).

By definition, we have that wy gy, wags, € homyy (X, A) so (wig1, X, wags) is a W-
span from A to A. Similarly, (wygs,Y, f394) is a W-span from A to B and since
these spans are adjacent, we can compose them. That is, there exists an object Z,
together with morphisms w € homy(Z, A) and f € homyy(Z, B) such that diagram

A .3 commutes.
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We now have that w;g;w = wegew since the first and second spans are related and
by the construction of our composition wegow = wagsf. Lastly wogs f = wsgy f since the
second and third spans are related and moreover, both w;g;w, wsgsf € homy(Z, A).

Further to this, we have that f3gsf = f293f since the second and third spans are
related. Referring to our composition above, we note that wygsw = wygsf, but we
also note that ws is a morphism in W so by the third condition in Definition A.1.3,
there exists an object W € C together with a morphism wy € homyy, (W, Z) such that
gowwy = g3 fwy so we now know that fogs fwg = fagswwy. Lastly we use the fact that
the first and second spans are related to deduce that fogowwy = f1g7wwg, which makes

Diagram A.4 commute and hence show that the first and third spans are related.

X1
w1 g wwo bil
A W B (A4)
EONGE fa
X3
Hence we have an equivalence relation on WW-spans. O

Proposition A.1.6. Let C be a category with a wide subcategory W. If W admits a
calculus of right fractions, then composition of YWW-spans using the right Ore condition

is well defined and associative.

Proof. This is stated in [10] but left as a routine exercise for the reader. This is due to

the size of the diagrams which arise in this proof. We too shall omit this proof. O]

Definition A.1.7 (Initial, terminal and zero objects). Let C be a category. An object
I € C is initial if for all A € C, there exists a unique morphism f4 : I — A. Similarly,

an object T € C is terminal if for all A € C, there exists a unique morphism g4 : A — T.
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An object 0 € C is a zero object if it is both initial and terminal. For two objects
A, B € C, we may refer to the zero morphism 045 : A — B as the unique morphism

from A to B factoring through 0.

Definition A.1.8 (Preadditive and additive category). A category C will be preadditive
if for all A, B € C, either hom(A, B) = ) or hom(A, B) forms an abelian group.
Moreover, composition of morphisms has to be bilinear with respect to the group
operation.

A category is additive if it is preadditive and it has all finite products.

It should be noted that a ring is a one object preadditive category. Composition
of morphisms describes the multiplication and the group structure on the single hom
set describes the addition. Since composition is bilinear with respect to the group
operation, we have that multiplication distributes over addition. Because of this, it

makes sense to generalise some ring theory to preadditive categories.

Definition A.1.9 (Pullback, pushout and pulation). Let C be a category and let
A, B,C eC.

Let f4 € hom(A,C) and fp € hom(B,C). The pullback of f4 and fp will be a
fourth object PB € C together with morphisms 74 : PB — A and ng : PB — B
such that famy = fmg. Moreover, if there is a D € C together with morphisms
ga:D — Aand gg: D — B where f4g4 = fpgp, then there exists a unique morphism
gp : D — PB such that g4 = magp and gg = mpgp. We illustrate this concept with

diagram A.5.

(A.5)
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Once again, let A, B,C € C and this time let fg € hom(A, B) and fc € hom(A, C).
The pushout of fg and fo will be a fourth object PO € C together with morphisms
qg : B — PO and q¢ : C — PO such that gz fp = qofc. Moreover, if there exists a
D € C together with morphisms gg : B — D and g¢ : C' — D where gpfs = gc fc,
then there exists a unique morphism gp : PO — D such that gg = gpqp and gc = gpqc.

We illustrate this with diagram A.6.

(A.6)

Lastly, a commuting square is a pulation if it is both a pullback and a pushout.

Definition A.1.10 (Ideals in a preadditive category). Let C be a preadditive category.
A (left) right ideal will be a collection {I(A, B)} 4 pec of abelian subgroups (A, B) C
hom(A, B) which is stable under (left) right composition.

We will refer to such a collection as an ideal if it is both a left and a right ideal.

Lemma A.1.11. Let C be a preadditive category and let T be an ideal in C. The

relation on morphisms in C given by f ~ g if f — g € T is an equivalence relation.

Proof. Let A, B € C such that hom(A, B) is non-empty. We have that I(A, B) contains
the zero morphism of hom(A, B) since it is a subgroup. Now for all f € hom(A, B),
f—f=04p€I(A, B) CZ. Therefore the relation is reflexive.

Now suppose for f,g € hom(A, B), that f — g € I(A, B). Since I(A, B) is an
abelian subgroup, it is closed under inverses and so —(f —¢g) =g — f € [(A,B) CZ.

Therefore the relation is symmetric.
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Lastly, suppose for f,g,h € I(A, B), that f —g,g — h € I(A, B). We have that
I(A, B) is closed under the group operationso f —g+g—h=f—-heI(A,B)CT.

Therefore the relation is transitive and hence an equivalence relation as required. [J

Theorem A.1.12 (Quotienting). Let C be a preadditive category, let T be an ideal
in C and let ~ be the relation described in Lemma A.1.11. We can construct a new
preadditive category C which has the same objects as C and whose morphisms are

equivalence classes of morphisms in C.

Proof. First we check that composition of classes of morphisms is well defined. Let
A,B € Candlet fi, fr € C(A, B) and let g1,92 € C(B,C) such that E = }; and
Gi = 2. We need g1 f1 = gof>. There exists h € I(B,C) such that go = g; + h. Now
afi—gfo=qafi— (1 +h)fo=gq1(fi — f2) — hfs € T as required. As composition is
well defined, the id, is the identity morphism for A in C and associativity of composition
in C follows from associativity in C. Therefore, C is a category.

Note that since homz(A, B) = home¢(A, B)/I(A, B) we have that morphism addition
will be well defined. This is because we have taken the quotient of an abelian group by
an abelian, and hence normal, subgroup. Next we tackle preadditivity. If home(A, B)
is empty, then homz(A, B) is empty. If the original hom-set were not empty, it is now
home (A, B)/I(A, B), which is an abelian group.

Finally, we check composition is bilinear with respect to the group operation in C.
Let k, f € homg(A, B) and let g, h e homg(B, C). First we check (E + f)ﬁ = k/+\f§ =
kﬁg = kg+ fg = kg+ fg. Similarly, we have that f(§+h) = fg+ fh. We conclude

that C is a preadditive category. ]

Definition A.1.13 (Functor). Let C and D be categories. A functor F' : C — D
will be a map which takes an object A € C to an object F'(A) € D. Moreover, F
takes morphisms f € hom¢ (A, B) to morphisms F(f) € homp(F(A), F(B)). Lastly,

F needs to satisfy the following:
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. F(idA) = idF(A) for all A € C.
e F(gf)=F(g)F(f) for all f € hom¢(A, B) and g € home (B, C).

Definition A.1.14 (Natural transformation/isomorphism). Let C and D be categories
with functors F,G : C — D. A natural transformation n : ' — G is a family of
morphisms in D such that for each object A € C, there exists a morphism 74 : F'(A) —
G(A). For all morphisms f : A — B, these morphisms must make Diagram A.7

commute.

JnA - (A.7)

If 4 is an isomorphism for all A € C, then we say n is a natural isomorphism.

Definition A.1.15 (Equivalence of categories). We say two categories, C and D are
equivalent if there exists functors F' : C — D and GG : D — C and natural isomorphisms

n:GF —ide and € : FG — idp.



A.2 Consequences of the Open Mapping Theorem 102

A.2 Consequences of the Open Mapping Theorem

Definition A.2.1 (Open map). A map 7' : X — Y is open if for all open sets U C X,

we have that T'(U) is open in Y.

Theorem A.2.2 (Open Mapping Theorem). Let X and Y be Banach spaces and let

T € B(X;Y). If T is surjective, then it is an open map.

Theorem A.2.3 (Closed Graph Theorem). Let X and Y be Banach spaces, let T :
X =Y be a linear map, and let the graph of T' be the space {(z,y) € X xY : T'(z) = y}.

Then T is continuous if and only if the graph of T is a closed subspace of X X Y.

Theorem A.2.4 (Banach Isomorphism Theorem). Let X and Y be Banach spaces

and let T € B(X;Y). If T is bijective, then it has a bounded inverse.

Proofs of the Open Mapping Theorem and Closed Graph Theorem will not be given
here, see [15, p. 236, p. 238]. The proof of the Banach Isomorphism Theorem is left as

an exercise and so we provide a proof.

Proof. If T is bijective, then the graph of T is the graph of T-!. The fact that T is
continuous implies the graph of T is closed. Hence we have that the graph of 71 is

closed and that 7! must be continuous. O

Corollary A.2.5. Let X and Y be Banach spaces and let T € B(X;Y). If T is
surjective, then there exists K > 0 such that for all y € Y with ||y|| = 1 we can find
x € X with T(x) =y and ||z] < K.

Proof. Let T : X /kerT — Y be the map associated with 7" by the First Isomorphism
Theorem. Since T is bijective, T~ is bounded by the Banach Isomorphism Theorem.
Let y € Y with ||y|| = 1, we have that |7~ (y)|| < |T"|. Now |7 (y)|| = inf{||z||x :
T y) —x € ker T} < ||T~Y|| so there must exist an z € X such that T(z) = y and

]l <27 O
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Proposition A.2.6. Let X be an arbitrary indexing set and consider {,(X). Let Y
be a Banach space with a surjective bounded linear S :Y — ¢1(X). We can construct a

bounded linear T : {1(X) =Y such that ST = id, (x).

Proof. Define 9, to be the element which takes value 1 on x € X and 0 elsewhere. Let

a € (1(X), we can write a = Y. a,0, where Y |a,| < oo. Since S is surjective and
zeX zeX

|0:]| =1 we can find a K > 0 and v, € Y such that ||,|| < K and S(v,) = d,. This
is true for all x € X and the bound K works for all z € X. Set T'(d,) = v, and extend

this linearly, we aim to show 7' is bounded.

Let b = > b6, € (,(X) with ||b]| = X |b,] = 1. We compute ||T'(D)| =
rzeX

zeX

| %:Xbx%cn Sy 16272l Now [|bayz || < [be|[|7zll < [bx[K for all z € X, so |T(b)]] <

K Y |b;| = K. The fact that ST = id,, (x) is obvious by construction. O
zeX
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