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Abstract
Cosmic inflation, the accelerated expansion of the early Universe, is
an accepted pillar in the foundations of modern cosmology. This is
due mainly to its success at explaining several anomalies between
observations and the existing Hot Big Bang model of the Universe,
but a specific model is not agreed upon in the literature. The Universe
has also recently been observed to enter another phase of accelerating
expansion, driven by an unexplained mechanism called ‘dark energy’.
The research presented in this thesis grows organically; starting with
an investigation into novel inflationary models and developing into
quintessential inflation models. The latter explain both the primordial
inflation and dark energy observations using one minimal framework.
A new family of inflation models is presented, which excellently match
observations for natural parameter values, and a derivation from supergravity is demonstrated. A period of thermal inflation allows the
supergravity realisation of hybrid inflation to be realigned with observations. A new approach to inflection-point inflation is developed,
which is considerably less fine-tuned and exotic than previous models.
Two novel quintessential inflation models are introduced, the first
embedded in α-attractors - a compelling framework of inflationary
model building and the second in Gauss-Bonnet gravity - an extension
to General Relativity.
Detailed investigations of reheating after inflation are undertaken, focusing on gravitational reheating and instant preheating, analysing
the necessary constraints including those from supergravity. Along
the way, there is a brief diversion into primordial black holes, investigating how a slow reheating period affects their formation rates.

Acknowledgements
There are many people I owe thanks to for their support and encouragement during my PhD, but the following deserve a special mention.
My first and foremost thanks go to my supervisor, Kostas, whose
belief in my ability and unwavering championing has been a steadfast
pillar of my PhD studies. His influence has made me a better physicist
as well as a better person and his impact cannot be over-emphasised.
To my Mum, whom I love dearly, a huge thanks for too many things
to list. I cannot find the words to do you justice, except to say thank
you for being ever-present, constantly and unreservedly there. Also to
my brother, Alex, who keeps me on my toes but always has my back.
To my flatmates, Jim and Miguel, who have made my time in Lancaster very special, and have made more of an impact on my life than
I think they realise. To Adam and Ben, with whom I started this
journey, Lancaster wouldn’t have been the same without you, even
when we were separated by continents.
To Grace, a big thanks for distracting me from my PhD with numerous
adventures, I hope we never stop travelling the world together. To
the girls in London, patiently awaiting my return, and my friends
elsewhere who remind me that life is bigger than the research bubble
in Lancaster, thank you.
To the cosmology group at Lancaster for engaging discussions and
continued support. In particular James, who brought the group to
life and Leonora, whose passion for physics continues to inspire me.
Finally, I wish to thank all of my collaborators that have patiently
shared their enthusiasm and expertise with me: Mindaugas Karciauskas, Bernard Carr, Tommi Tenkanen, Antonio Racioppi and Chris
Longden, who have all been a pleasure to work with, but especially
Carsten van de Bruck, who made my first collaborative project such
a positive experience.

Declaration

This thesis is my own work and no portion of the work referred to in
this thesis has been submitted in support of an application for another
degree or qualification at this or any other institute of learning.

Contents
List of Figures

viii

List of Tables

xv

1 Introduction
1.1

1

Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 Background Theory
2.1

2.2

2.3

2.4

3
5

Brief History of the Universe . . . . . . . . . . . . . . . . . . . . .

5

2.1.1

The Very Beginning

. . . . . . . . . . . . . . . . . . . . .

7

2.1.2

The Electro-weak Scale Onwards . . . . . . . . . . . . . .

9

2.1.3

The CMB as an Observational Probe . . . . . . . . . . . .

12

Describing the Dynamics of the Universe . . . . . . . . . . . . . .

14

2.2.1

Einstein Field Equations . . . . . . . . . . . . . . . . . . .

15

2.2.2

F(L)RW Metric Solutions to the EFE . . . . . . . . . . . .

17

2.2.3

The Evolution of the Universe . . . . . . . . . . . . . . . .

19

Problems with the HBB . . . . . . . . . . . . . . . . . . . . . . .

22

2.3.1

Flatness Problem . . . . . . . . . . . . . . . . . . . . . . .

22

2.3.2

Horizon Problem . . . . . . . . . . . . . . . . . . . . . . .

24

2.3.3

The Origin of Structure . . . . . . . . . . . . . . . . . . .

26

2.3.4

Additional Considerations for the HBB . . . . . . . . . . .

28

Introducing Inflation . . . . . . . . . . . . . . . . . . . . . . . . .

28

2.4.1

Solving the Problems of the HBB . . . . . . . . . . . . . .

29

2.4.2

Accelerated Expansion with a Scalar Field . . . . . . . . .

31

iii

CONTENTS

2.5

2.6

2.7

2.8

2.4.3

Slow-roll Inflation . . . . . . . . . . . . . . . . . . . . . . .

33

2.4.4

How Much Slow-roll Inflation? . . . . . . . . . . . . . . . .

36

2.4.5

Inflationary Observables . . . . . . . . . . . . . . . . . . .

40

Inflationary Model Building . . . . . . . . . . . . . . . . . . . . .

50

2.5.1

Global and Local Supersymmetry . . . . . . . . . . . . . .

51

2.5.2

The η Problem of Supergravity . . . . . . . . . . . . . . .

52

Models of Inflation . . . . . . . . . . . . . . . . . . . . . . . . . .

53

2.6.1

Large Field vs Small Field Inflation . . . . . . . . . . . . .

54

2.6.2

The Lyth Bound . . . . . . . . . . . . . . . . . . . . . . .

56

2.6.3

Super-Planckian Field Variations . . . . . . . . . . . . . .

57

2.6.4

Hybrid Inflation . . . . . . . . . . . . . . . . . . . . . . . .

58

2.6.5

Thermal Inflation . . . . . . . . . . . . . . . . . . . . . . .

60

2.6.6

Eternal Inflation . . . . . . . . . . . . . . . . . . . . . . .

63

2.6.7

f (R) Theories . . . . . . . . . . . . . . . . . . . . . . . . .

64

Reheating the Universe after Inflation . . . . . . . . . . . . . . . .

64

2.7.1

Perturbative Reheating . . . . . . . . . . . . . . . . . . . .

66

2.7.2

Preheating . . . . . . . . . . . . . . . . . . . . . . . . . . .

70

2.7.3

Instant Preheating . . . . . . . . . . . . . . . . . . . . . .

73

2.7.4

Gravitational Reheating . . . . . . . . . . . . . . . . . . .

76

2.7.5

Constraints on Reheating . . . . . . . . . . . . . . . . . .

78

Dark Energy and Quintessential Inflation . . . . . . . . . . . . . .

79

2.8.1

ΛCDM . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

80

2.8.1.1

The Cosmological Constant Problem . . . . . . .

81

2.8.1.2

Future Horizons Problem of ΛCDM . . . . . . . .

82

2.8.2

Quintessence . . . . . . . . . . . . . . . . . . . . . . . . .

82

2.8.3

Quintessential Inflation . . . . . . . . . . . . . . . . . . . .

84

2.8.4

Early-time Kinematics of Quintessential Inflation . . . . .

85

2.8.4.1

Gravitational Waves During Kination . . . . . . .

87

Late-time Kinematics of Quintessential Inflation . . . . . .

89

2.8.5

iv

CONTENTS

3 Power-law Plateau Inflation:
A New Family of Inflationary Models

94

3.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

94

3.2

Power-law Plateau Inflation . . . . . . . . . . . . . . . . . . . . .

96

3.3

A Low e-folding Number . . . . . . . . . . . . . . . . . . . . . . .

99

3.3.1

The Reheating Temperature . . . . . . . . . . . . . . . . .

99

3.3.2

Thermal Inflation . . . . . . . . . . . . . . . . . . . . . . . 101

3.4

A Single Mass Scale . . . . . . . . . . . . . . . . . . . . . . . . . . 103

3.5

Large-field Power-law Plateau Inflation . . . . . . . . . . . . . . . 104

3.6

Supersymmetric Power-law Plateau Inflation . . . . . . . . . . . . 105

3.7

3.6.1

Global Supersymmetry . . . . . . . . . . . . . . . . . . . . 106

3.6.2

Local Supersymmetry

. . . . . . . . . . . . . . . . . . . . 107

Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4 How Thermal Inflation Can Save
Minimal Hybrid Inflation in Supergravity

114

4.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.2

Minimal Hybrid Inflation in Supergravity . . . . . . . . . . . . . . 116

4.3

Thermal Inflation to Reduce N∗ . . . . . . . . . . . . . . . . . . . 119

4.4

Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.5

Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5 Loop Inflection-Point Inflation

125

5.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.2

Loop Inflection-point Inflation . . . . . . . . . . . . . . . . . . . . 126

5.3

Computing N∗ and ξ . . . . . . . . . . . . . . . . . . . . . . . . . 130

5.4

Inflationary Observables . . . . . . . . . . . . . . . . . . . . . . . 133

5.5

Higher-order Non-renormalisable Terms . . . . . . . . . . . . . . . 133

5.6

The Inflationary Energy Scale and
Reheating Temperature . . . . . . . . . . . . . . . . . . . . . . . . 136

5.7

Additional Considerations . . . . . . . . . . . . . . . . . . . . . . 140
5.7.1

Negative δ Values . . . . . . . . . . . . . . . . . . . . . . . 140

5.7.2

A Diffusion Zone Around φf . . . . . . . . . . . . . . . . . 141

v

CONTENTS

5.7.3
5.8

Ultra Slow-roll Inflation . . . . . . . . . . . . . . . . . . . 143

Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6 Primordial Black Hole Formation
During Slow Reheating After Inflation

147

6.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

6.2

PBH Production . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

6.3

The Effect of a Slow Reheating Period . . . . . . . . . . . . . . . 152

6.4

Primordial Black Hole Mass Function . . . . . . . . . . . . . . . . 156

6.5

Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

7 Quintessential Inflation with α-attractors

164

7.1

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

7.2

The Potential and its Embedding
in α-Attractors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
7.2.1

7.3

Initial Conditions . . . . . . . . . . . . . . . . . . . . . . . 169

Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
7.3.1

Inflationary Energy Scale and e-folding Number . . . . . . 171

7.3.2

Parameter Space from Observational Constraints . . . . . 174

7.4

Freezing of the Scalar Field . . . . . . . . . . . . . . . . . . . . . 176

7.5

Quintessence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
7.5.1

Observational Constraints on Quintessence . . . . . . . . . 181
7.5.1.1

Transient Accelerated Expansion . . . . . . . . . 181

7.5.1.2

Eternal Accelerated Expansion . . . . . . . . . . 183

7.6

Gravitational Reheating . . . . . . . . . . . . . . . . . . . . . . . 185

7.7

Considerations for Gravitational Reheating . . . . . . . . . . . . . 189
7.7.1

Overproduction of Gravitinos . . . . . . . . . . . . . . . . 189

7.7.2

Overproduction of Gravitational Waves . . . . . . . . . . . 190

7.8

Instant Preheating . . . . . . . . . . . . . . . . . . . . . . . . . . 191

7.9

Considerations for Instant Preheating . . . . . . . . . . . . . . . . 195
7.9.1

Radiation Domination . . . . . . . . . . . . . . . . . . . . 197

7.9.2

Backreaction . . . . . . . . . . . . . . . . . . . . . . . . . 197

7.9.3

Overproduction of Gravitinos . . . . . . . . . . . . . . . . 199

vi

CONTENTS

7.9.4

Overproduction of Gravitational Waves . . . . . . . . . . . 200

7.10 Additional Considerations . . . . . . . . . . . . . . . . . . . . . . 201
7.10.1 Suppressed Interactions . . . . . . . . . . . . . . . . . . . 201
7.11 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204
7.12 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
8 Gauss-Bonnet Quintessential Inflation
213
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213
8.2

Gauss-Bonnet Gravity and the Model . . . . . . . . . . . . . . . . 214

8.3

Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217

8.4

After Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219
8.4.1 Kinetic Regime . . . . . . . . . . . . . . . . . . . . . . . . 221
8.4.2

Gauss-Bonnet Regime . . . . . . . . . . . . . . . . . . . . 222

8.4.3

Stitching and Boundary Condition . . . . . . . . . . . . . 222

8.5
8.6

Reheating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
Dark Energy Today . . . . . . . . . . . . . . . . . . . . . . . . . . 227

8.7

Constraints and Results . . . . . . . . . . . . . . . . . . . . . . . 230
8.7.1

8.8

Gravitational Waves in Gauss-Bonnet

Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

9 Conclusion

235

References

242

vii

List of Figures
2.1

Depicts how two different physical wavelength scales grow with the
scale factor, and the corresponding behaviour of the horizon in the
radiation dominated and matter dominated eras. . . . . . . . . . .

2.2

27

Constraints in the r vs ns plane using Planck 2018 data, reproduced from [1]. 2σ (1σ) constraints are indicated by dashed (solid)
lines respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . .

2.3

A sketch of the potential in hybrid inflation using arbitrary units,
shown from two different perspectives. . . . . . . . . . . . . . . .

2.4

49

59

A sketch of the thermal inflation flaton potential using arbitrary
units. As the temperature drops the potential opens up, allowing
the flaton to move towards its VEV. The black (solid) line indicates
the highest temperature, with the red (dashed), blue (dot-dashed)
and green (dotted) lines at respectively lower temperatures. . . . .

2.5

Mathieu instability bands (blue regions) which are interpreted as
exponential particle production. . . . . . . . . . . . . . . . . . . .

2.6

61

74

A spike in gravitational waves appears at high frequencies when
there is a period of kination, the reheating temperature determines
the length of kination and therefore the magnitude of the spike.
N.B. This is an example sketch to show the behaviour and should
not be used as a representative reference for particular values etc... 88

viii

LIST OF FIGURES

2.7

Log-log plot depicting the evolution of the energy density of the
scalar field, ρφ (solid line), compared the energy density of the
background, ρb (dashed line), which initially evolves as radiation
(ρ ∝ a−4 ) and then matter (ρ ∝ a−3 ). The scalar field is kinetically dominated (ρ ∝ a−6 ) until it freezes, when its energy density

becomes constant. The red dotted line indicates the present time,
when the scalar field has recently become the dominant energy
density of the Universe again. This plot shows the scalar field
following the dominant attractor solution. . . . . . . . . . . . . .

90

3.1

ns and r for maximum a values for each n and q combination. . .

98

3.2

ns and r for q = 1 and the maximum allowed a value from Eq. (3.18)
for 1 ≤ n ≤ 4 and 33 ≤ N∗ ≤ 50. N∗ is shown on the colour map.

3.3

102

Values for ns and r in the case of a single mass scale. Using the a
value from Eq. (3.28) for 1 ≤ n ≤ 4, q = 1 and 33 ≤ N∗ ≤ 50. N∗

is shown on the colour map. . . . . . . . . . . . . . . . . . . . . . 104

3.4

Values for ns and r with q = 1, 1 ≤ n ≤ 4 when super-Planckian

field displacements are allowed. E-folding number varies between
33 ≤ N∗ ≤ 60, as shown on the colour map.
3.5

. . . . . . . . . . . . 105

A comparison of the scalar field potentials for the power-law plateau
inflation model with n = 2, q = 1, and the SUGRA potential
Eq. (3.42) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

3.6

A comparison of the r predictions for the typical power-law plateau
inflation potential (Eq. (3.4), dotted line) and the potential derived
in SUGRA (Eq. (3.42), solid line), for varying a values. . . . . . . 111

4.1

ns and rmax in hybrid inflation as a function of hθi and therefore

N∗ . The solid, black line depicts the values of ns . The dashed, red
line depicts the maximum allowed value for r, which corresponds
to κ = 1. The Planck 2018 1σ and 2σ bounds are indicated by the
horizontal shaded regions. . . . . . . . . . . . . . . . . . . . . . . 122

ix

LIST OF FIGURES

5.1

The scalar field potential with n = 1. VCW and Vhigher refer to the
first and second terms in Eq. (5.8) respectively. This example is
plotted for δ = 10−5.95 , defined in Eq. (5.13), with ξ calculated via
the iteration process detailed in Section 5.3. . . . . . . . . . . . . 129

5.2

 − 1 and N for varying φ. In the iteration process we first find
 = 1, denoted by the dotted vertical lines, the smaller of which
allows us to find φe . Using φe as the lower integration limit and
φ for the higher, N is then plotted from Eq. (2.85). The point
at which N = N∗ then allows φ∗ to be determined. The dashed
vertical line indicates the inflection point. . . . . . . . . . . . . . . 132

5.3

Values of δ for which ns (solid black line) and r (dashed red line)
fall within the Planck bounds for ns depicted with the shaded
horizontal bands (light: 2σ and dark: 1σ). . . . . . . . . . . . . . 134

5.4

A comparison of the ns predictions for varying orders of the nonrenormalisable term, n, focusing on the δ values for which ns falls
within the Planck bounds depicted by the shaded horizontal bands
(light: 2σ and dark: 1σ). . . . . . . . . . . . . . . . . . . . . . . . 136

5.5

Predictions of ns for δ = 10−5.9 with varying n in the potential in
Eq. (5.6). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.6

The scalar field potential when δ takes negative values, showing
the appearance of a local maximum and minimum. In this example
δ = −10−7 . Due to the scales involved we define V (φ) = V0 + ε
where V0 = 2.507017 × 1057 GeV4 . . . . . . . . . . . . . . . . . . . 139

5.7

The Lambert W function . . . . . . . . . . . . . . . . . . . . . . . 142

x

LIST OF FIGURES

6.1

The fraction of the total energy density collapsing into PBHs, β,
as a function of σ(M ). During radiation domination and matter
domination different considerations control β. The green dotted
line shows β in a radiation dominated Universe, given by Eq. (6.2)
with δc = wr . The red line shows β in a matter dominated Universe
when the limiting factor controlling β is the fraction of overdensities which are sufficiently spherically symmetric, Eq. (6.3), valid
for 0.005 < σ < 0.2. The black line shows β in a matter dominated
Universe when the limiting factor controlling β is the angular momentum of the region and Eq. (6.4) is appropriate, when σ < 0.005.
When the red (black) line is solid rather than dashed, this indicates the red (black) line is the limiting factor controlling β in the
matter dominated regime. . . . . . . . . . . . . . . . . . . . . . . 151

6.2

Solutions to Eq. (6.9); the solid red line uses β(M ) defined in
Eq. (6.3) for the complete range of σ values, the dashed red line
uses β(M ) defined in Eq. (6.4) in the region σ < 0.005. The dotted
horizontal line denotes Γ/H = 1.

6.3

. . . . . . . . . . . . . . . . . . 153

The fraction of overdensities able to collapse from Eq. (6.2) in red
and Eq. (6.3) in blue. For Γ/H  1, when weff ' 0, the fraction of
overdensities with δ > δc is almost unity but the fraction which are

sufficiently spherical is much lower, hindering the PBH formation
rate. As Γ/H increases the fraction with δ > δc drops drastically
as weff → 1/3 and limits the PBH formation rate. The solid line

indicates the limiting factor affecting formation rate at any time.
Two example values of σ are shown via the dashed and dotted lines. 154
6.4

The duration of effective MD when Γ ' H signifies an immediate

transition to RD (dotted, black line) and calculated Γ/H from

Eq. (6.9), taking into account the growing thermal bath (dashed,
black line). The red line shows the difference between the two
calculations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

xi

LIST OF FIGURES

6.5

The PBH mass function for three example σ values (all below σc ).
The solid lines represent the new cut-off taking into account the
sub-dominant radiation bath, the dashed lines show the standard
result in the literature where the mass cut-off occurs at Hreh . The
minimum mass used here is Mevap ' 2 × 10−19 GeV, the mass of

PBHs evaporating today [2]. . . . . . . . . . . . . . . . . . . . . . 161
6.6

The mass function for σ = 10−3.5 with (solid, red line) and without
(dashed, blue line) taking spin effects into consideration. . . . . . 162

7.1

The potential in Eq. (7.7). It features two flat regions for |φ| 

√

6α mPl ;

the inflationary plateau and the quintessential tail, with a steep dip
between them. An example freezing value for the field is indicated
by φF , defined in Eq. (7.33). . . . . . . . . . . . . . . . . . . . . . 168
7.2

The tensor-to-scalar ratio, r, versus the spectral index, ns for our
model is displayed overlaying the Planck 2018 results. α varies
from 0 to 28 according to the colour map on the right, stars represent N = 55 and circles represent N = 65. The slope of the
line for large values of α is understood as ns → 0 when α  1 (cf.
Eq. (7.17)). Note that the line corresponding to the values of ns

and r curves back on itself for small α (values of α . 0.1 or so) so
that the spectral index becomes insensitive to α when it is small.

7.3

7.4

This region is shown in more detail in Fig. 7.7. . . . . . . . . . . . 175
√
Transient accelerated expansion for λ = 2. We find w < −1/3,

but the minimum value of w is well outside of the Planck bounds. 182
√
Eternal accelerated expansion for λ = 0.4. The scalar field has
unfrozen, but is yet to settle on the attractor solution. . . . . . . 183

7.5

Time dependence of wφ as modelled by the Taylor expansion in
Eq. (7.40). The allowed parameter space depicted lies well within
the 1σ Planck contour for λ2 < 0.46 ⇔ α > 1.45. . . . . . . . . . . 184

xii

LIST OF FIGURES

7.6

Possible range of values for α and λ2 , from the Planck constraints
on w. It is shown that the 2σ upper bound on wDE is satisfied
only for λ2 < 0.46 or equivalently α = 2/3λ2 > 1.45. The allowed
ranges of w and wφ reflect the observed range in ΩDE /Ωm . Values
in the text are quoted to 2 s.f. . . . . . . . . . . . . . . . . . . . . 185

7.7

The tensor-to-scalar ratio, r, versus the spectral index, ns for α
varying from 1.5 to 4.2 according to the colour map on the right.
All of these results are well within the Planck 1σ range. Values of
r are potentially observable in the near future. . . . . . . . . . . . 189

7.8
7.9

ϕ̇ is maximised very close to ϕ ' 0 ' φ. . . . . . . . . . . . . . . 194
The interaction strength, G, for the range of allowed g values and

allowed α values between 1.5 and 4.2. The bounds arising from
backreaction and gravitino constraints are indicated. . . . . . . . 203
7.10 Final parameter spaces for n, for the range of allowed g values and
allowed α values between 1.5 and 4.2. The bounds arising from
backreaction and gravitino constraints are indicated. . . . . . . . 204
7.11 Final parameter spaces for κ, for the range of allowed g values and
allowed α values between 1.5 and 4.2. The bounds arising from
backreaction and gravitino constraints are indicated. . . . . . . . 205
7.12 Final parameter spaces for N∗ , for the range of allowed g values
and allowed α values between 1.5 and 4.2. The bounds arising
from backreaction and gravitino constraints are indicated. . . . . 206
7.13 Final parameter spaces for Treh , for the range of allowed g values
and allowed α values between 1.5 and 4.2. The bounds arising
from backreaction and gravitino constraints are indicated. . . . . 207
7.14 Final parameter spaces for the spectral index, ns and the tensorto-scalar ratio, r, for the range of allowed g values and allowed α
values between 1.5 and 4.2. The bounds arising from backreaction
and gravitino constraints are indicated. . . . . . . . . . . . . . . . 208
7.15 Final parameter spaces for the inflationary energy scale, M , for the
range of allowed g values and allowed α values between 1.5 and 4.2.
The bounds arising from backreaction and gravitino constraints are
indicated. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

xiii

LIST OF FIGURES

1/4

7.16 Final parameter spaces for V0 for the range of allowed g values
and allowed α values between 1.5 and 4.2. The bounds arising
from backreaction and gravitino constraints are indicated. . . . . 210
7.17 Final parameter spaces for Λ1/4 for the range of allowed g values
and allowed α values between 1.5 and 4.2. The bounds arising
from backreaction and gravitino constraints are indicated. . . . . 211
8.1

Constraints for a model with q = 4p, G0 m2Pl = 1 and g = 0.8. The
left window shows the value of φDE for a range of p values and
the red shaded region represents the parameter space where φDE
is super-Planckian. The right window shows the energy densities
involved in the instant preheating conditions of Eq. (8.47). The
black solid line represents ρχ , while the blue dashed line and green
dot-dashed line respectively represent the lower and upper bounds
that ρχ must lie between. The shaded region on the right encloses
the p values for which these inequalities are violated. . . . . . . . 231

xiv

List of Tables
1.1

Reference values for cosmological parameters as quoted in Ref. [3].

3.1

Maximum a values with q = 1, N∗ = 50, whilst φ remains subPlanckian and the corresponding values of ns , r and

3.2

dns
.
d ln k

. . . . .

4

99

The maximum values of r, for which ns is within the Planck
1σ bounds, and the corresponding maximum a (obtained using
Eq. (3.18)) and minimum N∗ values for the n values shown in
Fig. 3.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.1

hθi, N∗ , ns and rmax (using κ = 1) values. . . . . . . . . . . . . . . 121

5.1

δ values producing ns within the Planck 2σ bounds. . . . . . . . . 133

5.2

Values of (φf /mPl )2n for n ≥ 1. . . . . . . . . . . . . . . . . . . . 135

5.3

Results for φ8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.4

Results for φ10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.5

Results for φ12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

7.1

Values of M calculated from Eq. (7.24) for various α values. . . . 173

7.2

Allowed n and κ values for specific choices of g, within the allowed α range, before consideration of backreaction and gravitino
constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

7.3

Parameter values for the allowed range of n, prior to consideration
of backreaction and gravitino constraints. . . . . . . . . . . . . . . 198

7.4

Final values for the parameters when considering the tightest constraints on g, from the backreaction bound. . . . . . . . . . . . . . 199

xv

LIST OF TABLES

8.1

Table showing limits on p in the theory for various cases of the
size of G0 , q and g, due to constraints coming from sub-Planckian
field displacements and instant preheating’s efficacy. In each case,
the lower bound on p occurs as, below this threshold, φDE would
have to undergo a super-Planckian displacement to serve as dark
energy today. Similarly, the upper limits on p arise as, above these
limits, the inequality in Eq. (8.47) is violated. . . . . . . . . . . . 232

xvi

Relevant Publications by the Author
• “Modelling Inflation with a Power-law Approach to the Inflationary Plateau”
K. Dimopoulos & C. Owen, Physical Review D, 94 (2016) no.6, 063518,
arXiv:1607.02469
• “How Thermal Inflation Can Save Minimal Hybrid Inflation in
Supergravity”

K. Dimopoulos & C. Owen, JCAP, 1610 (2016) no.10, 020, arXiv:1606.06677
• “Loop Inflection-point Inflation”
K. Dimopoulos, C. Owen & A. Racioppi, Astropartical Physics, 103 (2018)
16-20, arXiv:1706.09735
• “Primordial Black Hole Formation During Slow Reheating After
Inflation”

B. Carr, K. Dimopoulos, C. Owen & T. Tenkanen, Physical Review D, 97
(2018) no.12, 123535, arXiv:1804.08639
• “Quintessential Inflation with α-attractors”
K. Dimopoulos & C. Owen, JCAP, 1706 (2017) no.06, 027, arXiv:1703.00305
• “Instant Preheating in Quintessential Inflation with α-attractors”
K. Dimopoulos, L. Donaldson Wood & C. Owen, Physical Review D, 97
(2018) no.6, 063525, arXiv:1712.01760
• “Gauss-Bonnet-coupled Quintessential Inflation”
C. van de Bruck, K. Dimopoulos, C. Longden & C. Owen, arXiv:1707.06839
Withdrawn from submission to Physical Review D (2017)

Chapter 1
Introduction
“Through our eyes, the Universe is perceiving
itself. Through our ears, the Universe is
listening to its harmonies. We are the
witnesses through which the Universe becomes
conscious of its glory, of its magnificence.”
Alan Wilson Watts

Cosmology, as a field of study in its current form, emerged relatively recently
in human history. The heavens have fascinated mankind for centuries; delighting
and confounding in equal measures, but for most of human history the Universe,
as we now understand it, was unknown and unexplored. Set in this context, the
amount we are now able to explain becomes astounding, rivalling the greatest
epic ever written: a description of 13.7 billion years of cosmological history which
culminates in all the beautiful structure of the Universe, including the presence
of a nondescript star, orbited by a nondescript rock, inhabited by a nondescript
life-form. A life-form which harbours an innate desire to understand the inner
workings of the Universe around them.
This thesis examines the very beginning of this history, a time period almost
unfathomable without mathematics. We then travel approximately 9 billion years
towards the present day, to the beginning of the current epoch of Universe history,
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where the mysterious dark energy begins to control the dynamics of the Universe.
Chapter 2 provides an introduction to the cosmology used throughout this
thesis, starting with an overview of the history of the Universe, detailing the
shortcomings of the Hot Big Bang model and introducing inflation as a means
to overcome them. Moving chronologically through the reheating epoch to the
modern day with dark energy domination of the Universe, the topics covered in
the following research chapters are introduced.
Chapters 3 to 8 present the original research of the author, in collaboration
with Konstantinos Dimopoulos and in some cases additional collaborators. Full
details and links to the research articles are given in the list of publications
preceding this introduction.
The first three chapters of this thesis focus on the very beginning of the Universe, and detailed models of inflation. Chapter 3 introduces a family of inflation
models, motivated by the recent Planck [1, 4] results, that excellently reproduce the observables without fine-tuning of mass scales. A toy model derived
in the context of global and local supersymmetry is examined and the chapter
introduces the idea of a low reheating temperature and a subsequent period of
thermal inflation. Chapter 4 develops these ideas and utilises them to resurrect
the model of minimal hybrid inflation in supergravity. The mechanisms are general but have a profound effect in this model, which had previously been ruled
out by the 2015 Planck results but is once again viable with the modifications
presented here. Continuing the theme of inflationary models, Chapter 5 introduces loop inflection-point inflation. Again motivated by Planck’s preference for
a ‘plateau’ model of inflation, this research generates a plateau in the model
via loop-corrections to the potential. This research improves previous work on
inflection-point inflation because it negates the need for an elaborate set-up in a
theoretical extension to the Standard Model of particle physics.
Chapter 6 is a brief interlude between the investigations into periods of accelerated expansion studied in the rest of the chapters of this thesis, instead investigating primordial black holes. We study the effect on primordial black hole
formation of a period of slow reheating after inflation. We present constraints
on the maximum cut-off for primordial black hole mass which is particularly
pertinent after the recent LIGO observations of black hole mergers.
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1.1 Conventions

Chapters 7 and 8 return the focus to accelerated expansion of the Universe,
incorporating not only primordial inflation which is the focus of the earlier chapters of this thesis but also late-time accelerated expansion of the Universe, the
epoch in which we currently exist. Chapter 7 introduces quintessential inflation
for the first time and the exciting embedding of such a model in the α-attractor
theories of inflation. An in-depth analysis of reheating and detailed discussion of
the constraints arising in different extensions to the Standard Model of particle
physics are presented. Chapter 8 investigates a model of quintessential inflation
embedded in a modified gravity theory, which utilises additional couplings between the inflaton and gravity to sidestep some of the issues normally associated
with quintessential inflation models.
We conclude, in Chapter 9, with a discussion of the body of work as a whole,
the current state of the research field, including open questions and look to further
work.

1.1

Conventions

Throughout this thesis we set ~ = kb = c = 1 so that the reduced Planck mass is
m2Pl =

1
,
8πG

(1.1)

where G is the gravitational constant. When using tensor notation, for 4-dimensional
indices we use Greek letters: µ, ν, ρ, σ, for purely spatial indices we use Roman
letters: i, j, k. The Einstein summation convention is assumed. Throughout this
thesis, a subscript ‘0’ means a quantity is defined at the present time. Unless
otherwise stated, over-dots denote derivatives with respect to cosmic time and
primes denote derivatives with respect to the scalar field.
As is typical in cosmology we work in electron-volts rather than Joules, where
the conversion is 1J = 6.242 × 1018 eV and due to the large energy scales required

in most of the discussions throughout, we mainly work in units of giga-electronvolts (GeV) which are equivalent to 109 eV. We use the mainly positive convention
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1.1 Conventions

Parameter Value in standard units
t0
13.7 Gyr
H0
70 km s−1 Mpc−1
Teq
6200 K
teq
61,000 yr
M
1.99 × 1033 g

Value in energy units
6.52 × 1041 GeV−1
1.51 × 10−42 GeV
5.34 × 10−10 GeV
3.11 × 1035 GeV−1
1.12 × 1057 GeV

Table 1.1: Reference values for cosmological parameters as quoted in Ref. [3].

for the metric signature: (−, +, +, +) and reference values for commonly used
cosmological parameters are shown in Table 1.1.
In Chapters 3 to 8, care is taken to avoid repeating notation unnecessarily
but in some instances it is unavoidable. Please note that unless explicitly stated,
repeated parameters in separate chapters are unrelated and should be treated as
distinct.
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Chapter 2
Background Theory
2.1

Brief History of the Universe

It is generally accepted that the Universe evolved from an initially hot and dense
state into the cooler, less dense Universe full of interesting objects we see around
us today. This model of the Universe is called the ‘Hot Big Bang’ (HBB) model
and includes the fascinating discovery that the Universe is expanding, and has
been for its entire history that we are aware of.
The Hot Big Bang model of the Universe has grown from observations of
galactic redshift. In 1929, Edwin Hubble [5] constructed his famous velocitydistance relation for nearby galaxies
v = H0 r ,

(2.1)

where v is the (recessional) velocity of the galaxy, r is its distance from the
observer and H0 is a constant of proportionality. Hubble’s law, as it came to
be called, describes the motion of distant galaxies away from one another. The
linearity of Hubble’s law means it is valid for any observer in any galaxy, who
will see all other galaxies receding. This means all galaxies are moving away from
all other galaxies, as long as they are separated by some minimum distance. We
can define the scale factor of the Universe, a(t), to parametrise the expansion,

5

2.1 Brief History of the Universe

and the Hubble parameter, H, to quantify the rate of expansion, both of which
depend only on cosmic time, t:
H(t) =

ȧ(t)
.
a(t)

(2.2)

The proportionality constant in Eq. (2.1) is the Hubble parameter at the present
time, the Hubble constant, H0 ≡ H(t0 ). From Hubble’s law we can infer that at
a distant time in the past everything was much closer together and extrapolating

even further, we reach a ‘time zero’, where everything was infinitely dense, the
singularity called the Big Bang. A singularity in this sense refers to a point in
spacetime where the Einstein equations (introduced in Section 2.2.1) break down
and are no longer predictive differential equations [6].
Hubble’s law only holds above a certain length scale, taken to be approximately 100 Mpc. On such large scales, the Universe is isotropic and homogeneous,
meaning it looks the same in every direction we look in, and this is true from
whichever point we choose to observe. This is the ‘Cosmological Principle’, which
will be used as a simplifying assumption throughout sections of this thesis. We
also have the ‘Copernican Principle’, which states that we as observers hold no
special place in the Universe. Below these length scales however, the Universe appears to be the exact opposite of isotropic and homogeneous. Descriptions of the
Universe are therefore generally separated into two regimes, the ‘non-perturbed’
at large length scales where the cosmological principle holds and the ‘perturbed’
at small length scales where it breaks down.
In the non-perturbed regime everything is homogeneous, isotropic and it is
relatively simple to describe the entire Universe as a whole using a few equations,
as long as quantities are averaged and statistical methods are used. However,
in the perturbed regime the Universe is not homogeneous and cannot be treated
as a whole. It is necessary to treat different scales individually and assess the
behaviour of Universe components on a local, rather than a global, scale. The
perturbed regime concerns objects on the scale of galaxy clusters and below.
We discuss the primordial origins of these structures in Section 2.4.5 but the
majority of this thesis is concerned with the non-perturbed description of the
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Universe, following its evolution from the very beginning through to the present
day. We start with an overview of what we think we understand about the early
Universe.

2.1.1

The Very Beginning

Looking back in time towards the beginning of the Universe, we reach a limit of
our understanding. As far back as we can sensibly think about we conjecture that
the four fundamental forces; electromagnetism, the weak nuclear force, the strong
nuclear force and gravity, will be unified in a ‘Theory of Everything’ (ToE).
Going backwards in time from the present day, the electromagnetic and weak
forces are successfully unified at the electroweak (EW) scale, at energies of approximately 1 TeV, for which Glashow [7], Salam [8] and Weinberg [9] won the
1979 Nobel Prize. Current particle accelerators are able to probe physics around
the EW scale and have confirmed several predictions of the Standard Model of
particle physics (SM), cementing its position as the currently accepted theoretical
model of physics up to the EW scale.
At earlier times, corresponding to higher energies1 , we expect the EW and
strong nuclear force to unite as well. Theories to describe this are called Grand
Unified Theories (GUTs) and the GUT energy scale is around 1016 GeV, thirteen
orders of magnitude higher than the EW scale which is approximately the limit
of our experimental capacity. The main two competing GUT models are the
SO(10) [10] and the Pati-Salam [11] models. The Georgi-Glashow SU(5) [12]
model is also very popular for its simplicity but the most minimal version of the
theory has been ruled out by observations of proton decay, meaning the model
now needs to be realised in supersymmetry2 (SUSY), which itself is an unverified
extension of the SM. GUT models predict new particles with masses of the order
of the GUT scale. Experiments have not yet detected any of these new particles
to verify any predictions, so there is currently no generally accepted GUT model.
Going back in time further, we expect to reach an energy scale where gravity
can be combined with the other forces as well and a ToE would be able to de1
2

The Universe becomes hotter as we go back in time, T ∝ 1/a .
An extension to the standard model, introduced in Section 2.5.1.
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scribe the four forces united. Gravity is described by general relativity (GR) and
the various GUT models use quantum field theory (QFT) descriptions for the
electromagnetic, weak and strong nuclear forces. Describing gravity using QFT
is referred to as a quantum gravity model. Quantum gravity becomes important
at the Planck scale, where the Planck mass, equivalent to the Planck energy in
the units of this thesis, is
MP = 1.22 × 1019 GeV ,

(2.3)

and defines the scale where general relativity breaks down. Though as noted in
Section 1.1, throughout this thesis we use the reduced Planck mass for convenience, defined as

MP
mPl = √ .
8π

(2.4)

String theory [13–15], supergravity [16] and loop quantum gravity [17–19] are
all models of quantum gravity, but there is no accepted model of quantum gravity
and they are not complete theories. Loop quantum gravity is not considered in
this thesis but the applications and limitations of string theory are touched upon
in Section 2.8.1.2 and supergravity is introduced in Section 2.5.1 and utilised in
Chapters 3, 4 and 7. When our classical description breaks down at such high
energies we cannot accurately describe spacetime any more and it is often referred
to as spacetime foam [20]. What happens before this point becomes a nonsensical
question because time itself is non-linear; the arrow of time is not well defined.
As such, the notion of the Universe starting with the Big Bang singularity
becomes less sensible and instead we should view the emergence of the Universe
from the spacetime foam into our classical understanding, at approximately the
Planck time, tP l , as ‘time zero’, at tP l ≈ 10−43 s.

Hence, we reach an important distinction in terminology. The original use of

‘Big Bang’ for the origin of the Universe refers to the singularity which cannot be
described sensibly in our theories. We define the Hot Big Bang (HBB) starting
at a later time when the Universe contains particles of the SM and starts to
resemble a form of the Universe we might recognise. This occurs after a period
of cosmological inflation, the overarching topic of this thesis which is introduced
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fully in Section 2.4. For now, let us move on with the knowledge that the HBB
is distinct from the singularity whose name it closely resembles.
Going forwards in time now from the era of spacetime foam, when the four
fundamental forces decouple from each other there are phase transitions due to the
breaking of symmetries. As mentioned, the first two phase transitions (expected
to be at the Planck scale and the GUT scale respectively) are not well understood
because of the uncertainty of beyond SM physics.
When the electromagnetic and the weak nuclear forces decouple, SM particles
with mass proportional to the Higgs field expectation value become massive via
the Higgs mechanism. The Higgs boson has been observed at particle accelerators [21, 22] and we enter the realm of SM physics which we are able to describe
using accepted physics. However, how the earlier phase transitions proceed might
have implications for cosmology in the form of dangerous relics and baryogenesis
which are addressed in Section 2.3.1. There is also another phase transition in the
early Universe called the quantum chromodynamic (QCD) phase transition, below which quarks become bound together into baryons and mesons, which occurs
at energy scales of around 150 MeV.

2.1.2

The Electro-weak Scale Onwards

From the EW symmetry breaking scale onwards, the Universe is reasonably well
understood and described by known physics. These epochs are most often examined from a thermodynamical point of view. The Universe is in a state of high
temperature and pressure, with relativistic electrons and high energy photons in
thermal equilibrium; the number density of electrons, ne , is very high1 and the
interaction rates of different particle species are much higher than the expansion
rate of the Universe:
ΓH,

(2.5)

where Γ is the interaction rate of a particle species with the thermal bath of the
HBB. This means different particle species interact very frequently and local thermal equilibrium is reached before any effects from the expansion of the Universe
1

After the QCD phase transition.
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are felt. The interaction rates for different species depend on the temperature,
which as mentioned, is cooling as the Universe expands:
1

T ∝ t− 2 .

(2.6)

At different times, different particle species leave thermal equilibrium, as their
interaction rates slow and they ‘decouple’ from the thermal bath of particles.
The first known species to decouple are the neutrinos at around 1 MeV, approximately 1 second after the Universe emerges from spacetime foam, which then
travel freely through the Universe. Shortly after, when the temperature is lower
than the mass of electrons, electron-positron annihilation takes place, which halts
some time later due to the baryon asymmetry1 .
Big bang nucleosynthesis (BBN) describes the initial production of light chemical elements and is generally accepted to begin at around 100 keV, which corresponds to the binding energy of light nuclei. The Universe reaches this temperature about 3 minutes after it emerges from spacetime foam. Before this time,
photons in the thermal bath had enough energy for photon-nucleon collisions to
photo-disintegrate any nuclei that formed but now, with the subsequent expansion of the Universe, they no longer do. BBN is an inherently interesting but
complicated aspect of the early Universe; controlled by many coupled Boltzmann
equations. Predicting the final ratios of light elements is a study in numerical
cosmology which depends on the relative masses of those elements, the strength
of the fundamental forces, the number of relativistic degrees of freedom and most
importantly the baryonic density. We will not go into it here except to point out
that it is a strong test of fundamental physics in the early Universe. The most
relevant aspect for this thesis is the timescale; the photons, electrons, protons
and neutrons (and previously positrons and neutrinos) have to exist in thermal
equilibrium before T ≈ 100 keV, ready for BBN to commence.

Throughout this first part of the Universe history, relativistic particles domi-

nate the energy budget of the Universe and the Universe is in a state of radiation
domination. Gradually, non-relativistic matter particles become more and more
1

A mechanism for generating the observed baryon asymmetry, baryogenesis, is an open
research question discussed briefly in Section 2.3.1.
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numerous, primarily because radiation dilutes more quickly with the expansion
of the Universe than matter does, meaning matter eventually comes to dominate.
Matter-radiation equality is reached approximately 60,000 years after BBN.
Around 320,000 years after matter-radiation equality, electrons and photons
remain coupled together via Thomson scattering. The Universe is almost completely ionised because the photons are very energetic: the ionisation energy of
Hydrogen is 13.6eV, and the average photon energy at this time is approximately
60eV, meaning any neutral Hydrogen that does form is quickly ionised again. As
the energy of the photons drops with the expansion of the Universe, the Hydrogen nuclei and free electrons begin to combine into neutral Hydrogen without the
threat of being re-ionised by the photons.
The physics of this recombination is rather involved (see [23, 24] for the details), but at a certain point the Universe is equally full of ionised and neutral
Hydrogen. The time at which this occurs is determined to be recombination, trec .
The number density of free electrons has now dropped dramatically, meaning the
interaction rate of photons and electrons is greatly reduced (in addition to the
dilution from the expansion of the Universe) and so, soon after recombination,
we reach ‘decoupling’, tdec , when Γ < H for the photons and electrons.
The photons are now able to escape the electrons and travel freely through
space, and so tdec is also described as the time when the Universe becomes transparent. Even though the photons are no longer coupled to the electrons, they
still scatter off free electrons if they encounter them, therefore we have another
time defined as the ‘time of last scattering’. Photon diffusion means not all the
photons underwent their last scattering at the same time, so their point of last
contact occurs at slightly different times resulting in a temporal ‘surface’ of last
scattering. The photons travel on geodesics towards the observer and this stream
of photons is the Cosmic Microwave Background (CMB), often described as an
‘afterglow’ of the HBB; we will never be able to observe beyond this limit using
electromagnetic radiation.
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2.1.3

The CMB as an Observational Probe

Since the discovery of the CMB in 1964 [25] (predicted by Alpher & Herman
in 1948 [26], extending the work of Gamow [27] and recognised by Dicke [28]),
different observational experiments have mapped and analysed it. Observations
show the CMB spectrum is an almost perfect blackbody with a temperature of
2.73K. The wavelengths of the CMB photons have been redshifted since they
were emitted, shifting the peak of the blackbody, and the CMB was released in
the early Universe, when temperatures were much hotter than they are today,
meaning the photon temperature has been cooling ever since.
The CMB is found to be almost perfectly isotropic, but on angular scales
smaller than approximately one degree, anisotropies are present. These anisotropies
are an encoding of the density perturbations in the early Universe that go on to
form all of the structure in the Universe today and their discovery won John
Mather and George Smoot the Nobel Prize in 2006.
Spatial variations in the baryonic density mean photons originating from different regions have slightly different temperatures. The motion of the photons
through space is affected by growing inhomogeneities in the gravitational field
which also affects their energies. As such, it is possible to correlate temperature
fluctuations in the CMB to cosmological perturbations. The intricacies of the
CMB are many and varied. We direct the reader to Ref. [29] for the subtleties
and only give a brief overview of the relevant aspects here.
Cold dark matter particles do not interact with photons and so in the early
Universe they are free to gravitationally cluster and grow. Baryons and photons then fall into these density wells. However, before decoupling, baryons and
photons are tightly coupled via the Thomson scattering of electrons. When the
baryons fall into a density well and encounter a large number of photons, there is
a restorative pressure due to the Thomson scattering of the photons which pushes
the baryonic matter back out of the density well. There is a tug of war between
the gravitational attraction of the CDM and the photon pressure which means
the baryons oscillate in and out of the density well. These oscillations (known
as baryonic acoustic oscillations (BAO)) manifest themselves in the CMB and
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there is a finite distance the soundwave could have travelled before recombination, which is known as the sound horizon, rs .
The soundwave can be decomposed into its Fourier components and different
wavelengths will have had time to oscillate a different number of times. The
frequency of an oscillation is ωs = kcs where k is a wavenumber in the Fourier
expansion and cs is the sound speed which quantifies the relationship between
pressure fluctuations and density fluctuations. Larger scales complete fewer oscillations than smaller scales. Scales which are at the extremum of a compression
or rarefaction when the CMB is released appear in the power spectrum of temperature fluctuations as peaks, often referred to as acoustic peaks.
Modelling the evolution of the density perturbations of the early Universe forwards in time allows the power spectrum of temperature fluctuations in the CMB
to be recreated. The subtleties of the locations, widths and heights of the peaks
depend on the specifics of the Universe model being used. As such, the CMB,
as an imprint of the evolution of Large Scale Structure (LSS) in the Universe, is
a powerful test of both structure formation and the component densities of the
Universe including its curvature. To reproduce the CMB primordial anisotropy,
even though a detailed knowledge of the evolution of perturbations is needed,
only five cosmological parameters are required. However, the parameters in question are degenerate, meaning the CMB cannot be used to constrain individual
cosmological parameters, only combinations of them.
Observations of the CMB provide valuable evidence to support a recent development in the history of the Universe, that of a late-time accelerated expansion.
Two separate groups in the 1990s discovered that the Universe expansion is currently accelerating. They were studying distant supernovae and comparing their
redshifts at different distances. Their results unequivocally point to a current
period of accelerating expansion of the Universe, for which Adam Riess, Brian
Schmidt and Saul Perlmutter won the Nobel prize in 2011 [30, 31].
Subsequent detailed analysis of the CMB has allowed the energy content of
the Universe to be tightly constrained, and remarkably these observations leave
approximately 70% of the energy content of the Universe unaccounted for. It is
now generally accepted that the ‘missing’ energy component is responsible for the
late-time accelerated expansion of the Universe. Primarily because it must be a
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non-luminous substance (to account for the fact we have not observed it) and as
a nod to its elusive nature it has been named ‘Dark Energy’, and has recently
(relatively speaking) come to dominate the energy content of the Universe and
drive the accelerated expansion. Just what this dark energy might be is a hotly
debated topic and motivates a large portion of the original research in this thesis
in Chapters 7 and 8, it is discussed further in Section 2.8.
First and foremost, analysis of the CMB allows a ‘concordance model of cosmology’ to be formulated; ΛCDM. The acronym combines the cosmological constant, Λ, with Cold Dark Matter, CDM, both of which attempt to shed light on
the ‘dark’ aspects of our Universe; dark energy and dark matter respectively. Neither constituent interacts with electromagnetic radiation but it is fair to say their
nomenclature arises equally from the fact that little is understood about them.
That being said, the ΛCDM concordance model provides a very good description
of the Universe we observe around us.
The CMB provides a host of information about the perturbed Universe but
also encodes important information on the non-perturbed Universe and its primordial origins. The observational constraints are detailed in Section 2.4.5 and
we make use of them continually in the original research presented in this thesis,
to analyse and constrain models of the Universe. This thesis is predominantly
focused on the non-perturbed regime and the Universe as a whole. It is concerned
with the parts of the evolution history which are less well understood than the
epoch after the EW symmetry breaking; the time before the HBB, the transition
between inflation and radiation domination, and the modern day when the expansion of the Universe again begins to accelerate. To be able to discuss these epochs
of the Universe we need a formalism to describe the dynamics of the Universe.

2.2

Describing the Dynamics of the Universe

Einstein’s theories of special [32] and general [33] relativity transformed cosmology and the way we think about the Universe. Linking the geometry of spacetime
with the motion of mass in the spacetime opened up a world of possibilities with
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regards to tracing the evolution of the Universe from its inception to the modern
day.
To describe spacetime we use a Lorentzian manifold, which is a topological
spacetime that locally resembles Minkowski spacetime. In Minkowski spacetime
the reference frame of an inertial observer does not affect the observation and the
spacetime interval between events is preserved. A metric, gµν , describes the path
of geodesics on the manifold, and an object called the energy momentum tensor,
Tµν , describes the dynamics of a test mass on the manifold; the two are related
via the Einstein Field Equations (EFE).

2.2.1

Einstein Field Equations

The derivation of the EFE follows the least-action principle of classical mechanics,
in which an action describing the dynamics of the system is minimised to find the
equations of motion (EoM). The Einstein-Hilbert (EH) action yields the Einstein
equations:
SEH

m2
= Pl
2

Z

√
d4 x −g R ,

(2.7)

where g is the determinant of the metric, gµν , mPl is the reduced Planck mass
and R is the Ricci curvature scalar. At this point, it would produce the Einstein
equation in a vacuum, but to model the real Universe we must include the action
for matter:
Smat =

Z

√
d4 x −g Lmat ,

(2.8)

where Lmat is the Lagrangian density for matter. Varying Eqs. (2.7) and (2.8) with
respect to the metric tensor, according to the least-action principle, δS/δgµν = 0,
yields the EFE:
Gµν = m−2
Pl Tµν ,

(2.9)

where we have defined the Einstein tensor
1
Gµν = Rµν − R gµν ,
2
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and Tµν is the energy momentum tensor. The Einstein tensor includes the Ricci
tensor and scalar, Rµν and R respectively, which are related via a tensor contraction
R = g µν Rµν .

(2.11)

The Einstein, energy momentum and Ricci tensors are all symmetric, meaning
they have ten independent components rather than sixteen. The Ricci tensor is
equal to the Riemann curvature tensor with contracted first and third indices;
Rµν = Rα µαν , which can be expressed in terms of the connection Γµνρ , which in
turn can be represented in terms of the metric and its derivatives:
Rµ νρσ = Γµνσ,ρ − Γµνρ,σ + Γµρα Γασν − Γµσα Γαµν ,
Γµνρ =

g µσ
(gνσ,ρ + gρσ,ν − gνρ,σ ) ,
2

where commas denote partial derivatives, i.e. X,µ =

∂X
∂xµ

(2.12)
(2.13)

with respect to the

µ

co-ordinates x . Hence, to find solutions to the Einstein equations one must
specify not only an energy momentum tensor but also a metric. For derivations
of Eqs. (2.9), (2.12) and (2.13), we refer the reader to Ref. [34].
The energy-momentum tensor is given by [3]
Tµν = gµν Lmat − 2

∂Lmat
,
∂g µν

(2.14)

and acts as the source of space-time curvature. It is generally valid to treat the
source as a collection of perfect fluids, allowing us to treat the vast collection
of particles in the Universe in terms of their bulk quantities. Perfect fluids by
definition have no viscosity or heat conduction and the energy momentum tensor
is written as [34]
T µν = (ρ + p)U µ U ν + pg µν ,

(2.15)

where U µ is the fluid 4-velocity and ρ and p are the energy density and pressure
defined in the rest frame. In the local rest frame of the fluid (if we are in comoving co-ordinates where the expansion of the Universe is factored out, defined
formally in Eq. (2.42)) the 4-velocity is U µ = (1, 0, 0, 0)T and we can represent
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the components of the stress-energy tensor in matrix notation as

(T µν )µ,ν=0,1,2,3



ρ
0
=
0
0

0
p
0
0

0
0
p
0


0
0
.
0
p

(2.16)

The cosmological constant, Λ, can also appear in the EFE as
Gµν − Λgµν = m−2
Pl Tµν .

(2.17)

As mentioned in the previous section, the cosmological constant is a possible
explanation of the observations that the expansion of the Universe is currently
accelerating. This is addressed in detail in Section 2.8, as this observation forms
a motivation for a large part of this thesis. It appears in the Lagrangian from an
extra term in the action
SΛ =

2.2.2

−m2Pl

Z

√
d4 x −g Λ .

(2.18)

F(L)RW Metric Solutions to the EFE

As noted above different solutions to the EFE exist for different metrics and
energy momentum tensors, for example solutions describing a vacuum or different
types of black holes. For our purposes we need a solution to describe the entire
Universe on the largest scales. At face value, solutions to the EFE for particular
localised portions of the Universe, such as a black hole, may seem easier to achieve.
Describing the entire Universe with one (set of 10) equation sounds very unlikely,
but observations of the Universe on the largest scales provide some simplifying
assumptions to help.
As introduced in Section 2.1, on the largest scales the Universe is isotropic
and homogeneous, and the most general spacetime metric consistent with this is
the Friedmann-Lemâitre-Robertson-Walker (FLRW) metric which produces the
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line element

dr2
2
2
2
2
2
ds = −dt + a (t)
+ r dθ + r sin θdφ ,
1 − kr2
2

2

2



(2.19)

where we use co-moving spherical co-ordinates which remain unchanged with any
expansion or contraction of space, a is the scale factor of the Universe and k
is the spatial curvature parameter. The line element shows how the spacetime
separation varies with changes in 4-dimensional spacetime.
Specific solutions to the Einstein equations exist for the FLRW metric and
the perfect fluid energy momentum tensor (Eq. (2.16)). The temporal-temporal
component gives us the first Friedmann equation
 2
ȧ
Λ
ρ
k
=
− 2+ ,
2
a
3mPl a
3

(2.20)

where a is the scale factor of the Universe, ρ is the total energy density in the
Universe, k is the spatial curvature parameter and Λ is the cosmological constant.
The left hand side of this equation is often rewritten as H 2 , the Hubble parameter
introduced in Eq. (2.2).
Any one of the three temporal-spatial components of the Einstein equations
produce the same equation
ä 1
+
a 2

 2
ȧ
p
Λ
k
=− 2 + − 2,
a
2mPl
2
2a

(2.21)

which when combined with Eq. (2.20) produces the second Friedmann equation,
often called the acceleration equation:
ä
1
Λ
= − 2 (ρ + 3p) + .
a
6mPl
3

(2.22)

The two Friedmann equations describe the evolution of a homogeneous, isotropic
Universe, with components which can be described as perfect fluids, meaning
they can be represented by the energy-momentum tensor in Eq. (2.16).
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Local conservation of energy implies the covariant divergences of the energy
momentum tensor must be zero, i.e. ∇µ T µν = 0 which enables us to derive

an evolution equation for the energy density of the perfect fluid, defined as the
continuity equation
ρ̇ + 3H(ρ + p) = 0 .

(2.23)

The three equations, Eqs. (2.20), (2.22) and (2.23) are not independent, in fact
Eq. (2.23) can be obtained by taking the time derivative of Eq. (2.20) and substituting in Eqs. (2.20) and (2.22). As such we have two independent equations
(generally taken to be Eq. (2.20) and Eq. (2.23)) comprised of three unknowns:
the scale factor, the energy density and the pressure. To be able to solve them for
the evolution of the Universe it is necessary to eliminate an unknown. Fortunately,
perfect fluids have a simple equation of state which describes the relationship between the energy density and pressure
p = wρ ,

(2.24)

where w is a dimensionless number restricted to the values1 −1 ≤ w ≤ 1, called
the barotropic equation of state parameter.

2.2.3

The Evolution of the Universe

Introducing a relationship between the energy density and the pressure allows us
to replace p in Eq. (2.23) to see how the energy density of the Universe scales
with the cosmic scale factor:
ρ(a) ∝ a−3(1+w) ,
1

(2.25)

The upper limitarises
in a gas
 from the sound speed, which for adiabatic perturbations
√
dp
is given by c2s = c2 dρ
. For a substance with w > 0 this becomes cs = wc and hence
w ≤ 1 to ensure causality is not violated. The lower limit arises because a substance with
negative pressure is ill-defined as a perfect fluid which obeys the null energy condition, if the
null energy condition is violated w < −1 is not a problem, as in phantom dark energy [35]; in
fact, observations may support w < −1.
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for constant w. Non-relativistic (matter) and relativistic (radiation) particles
in the Universe can both be approximated as a perfect fluid, with w = 0 and
w = 1/3 respectively. Hence, their energy densities scale as
ρm ∝ a−3 ,

(2.26)

ρr ∝ a−4 .

(2.27)

The cosmological constant can also be modelled as a perfect fluid which is time
invariant as
ρΛ = m2Pl Λ ,

(2.28)

because (as the name implies), Λ is a constant.
It is often convenient to write the Friedmann equation in a dimensionless form.
We define the critical density of the Universe, defined as the density a flat Universe
would have for a particular value of the Hubble parameter, as ρcrit = 3m2Pl H 2 . If
we divide the Friedmann equation, Eq. (2.20), by H 2 , we can express it in terms
of dimensionless density parameters, Ωi :
1 = Ω m + Ωr + ΩK + ΩΛ ,

(2.29)

where
Ωm =

ρm
,
ρcrit

Ωr =

ρr
,
ρcrit

ΩK = −

k
a2 H 2

and

ΩΛ =

Λ
.
3H 2

(2.30)

If we define the dimensionless quantities at the present time, with the subscript
‘0’, we can use the scaling relationships defined in Eq. (2.25) to express the
Friedmann equation as a time-dependent function:
H2
= Ωm,0
H02



a
a0

−3

+ Ωr,0



a
a0

−4

+ ΩK,0



a
a0

−2

+

Λ
,
3H02

(2.31)

where the third term in Eq. (2.30) demonstrates the scaling behaviour of Ωk .
The eventual fate of the Universe depends on the behaviour of the cosmic
scale factor. Presuming for a moment that Λ = 0 and the final term in Eq. (2.31)
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is omitted, we see that the terms proportional to the energy density of matter
and radiation decrease proportionally faster than the curvature term which scales
as a−2 . As such, throughout the evolution of the Universe the curvature term
becomes increasingly important until it dominates the Friedmann equation and
controls the fate of the Universe. Rewriting Eq. (2.29) as
1−Ω=−

k
,
(aH)2

(2.32)

where Ω contains all contributions to the energy density except curvature, we can
see that the curvature of the Universe controls the final value of Ω. The critical
density, ρcrit = 3m2Pl H 2 , introduced above is defined to be the energy density of
the Universe if it is perfectly flat; energy density above or below this value will
result in a ‘closed’ or ‘open’ Universe:
• k > 0:

Ω > 1,

Closed Universe ,

• k = 0:

Ω = 1,

Flat Universe ,

• k < 0:

Ω < 1,

Open Universe .

A closed Universe is one which contains more energy density than that required
for a perfectly flat Universe. The excess energy density acts to positively curve
the geometry of the Universe. An open Universe is one containing less energy
density than a perfectly flat Universe, acting to negatively curve the geometry of
the Universe and allowing it to expand forever as H > 0 always. A flat Universe
is the intermediary case, where Ht→∞ → 0, but as the ultimate t is assumed to

be infinite this also results in an ever expanding Universe.

In a flat Universe with no cosmological constant, Eq. (2.20) simplifies to
P
= ρi where i represents the individual components of the Universe and

3m2Pl H 2

i

we can find how the scale factor evolves with time if we substitute in Eq. (2.25)
and integrate the result:
2

a ∝ t 3(1+w) ,

(2.33)

where w is the barotropic equation of state parameter of the dominant fluid
the Universe and so depends on the relative energy densities of the different

21

2.3 Problems with the HBB

components of the Universe and which is dominant. This equation is only valid
for w > −1. From this we can also see the Hubble parameter evolves as
H=

2
.
3(1 + w)t

(2.34)

We are now equipped with the tools to describe the dynamics of our Universe
and we return to the HBB to critically assess a few shortcomings of the model
which motivate the introduction of ‘inflation’, the main topic of this thesis which
has so far only been alluded to.

2.3

Problems with the HBB

The HBB model explains many of the observations about our Universe, from
the expansion itself to the presence of the CMB and the intricacies of BBN.
However, there are aspects which it does not explain. The three main issues left
unanswered by the HBB are the flatness problem, the horizon problem and the
origin of structure in the Universe.

2.3.1

Flatness Problem

The crux of the flatness problem is that we live in a Universe which is very, very
close to being exactly flat. However, throughout the history of our Universe, as
the HBB model accounts for it, the curvature of the Universe evolves away from
being exactly flat. Hence, for the initial curvature of the Universe to have been
even closer to being exactly flat to start with, it appears to have been incredibly
fine-tuned. The 2018 Planck satellite data release found ΩK = −0.056+0.044
−0.050

and, upon combining CMB measurements with BAO data, is consistent with
ΩK = 0.0007+0.0037
−0.0037 , both at the 95% confidence level [4].
Using
ΩK ≡ −

k
,
a2 H 2

(2.35)

we can see how ΩK changes over time. From Eqs. (2.33) and (2.34) we know
a ∝ t1/2 (t2/3 ) during radiation (matter) domination and H ∝ 1/t in both. As
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such we find ΩK ∝ t(t2/3 ) during radiation (matter) domination; growing in both.
If ΩK has been growing through radiation and matter domination, but is observed
to be less than 0.001 today, it must have been extremely small at early times.
We can calculate an approximate value for how small by equating the spatial
curvature of the Universe at previous times with today, and writing the evolution
of the normalised density parameter as
1 − Ω(t) =



a0 H0
aH

2

(1 − Ω0 ) .

(2.36)

In periods of the Universe history where radiation and/or matter dominate we
know from Eq. (2.31):
 a 4
 a 3
H2
0
0
=
Ω
+
Ω
,
r,0
m,0
H02
a
a

(2.37)

meaning we can rewrite Eq. (2.36) as

−1
a
a2
1 − Ω(t) = 2 (1 − Ω0 ) Ωr,0 + Ωm,0
.
a0
a0

(2.38)

At the Planck time, as far back as we can sensibly go without accounting for
quantum gravity, we have

aP l
a0

'

T0
TP l

'

10−13 GeV
MP

' 10−32 . Substituting this into

Eq. (2.38) gives
|ΩK (tP l )| = |1 − Ω(tP l )| ' 10−62 .

(2.39)

Hence, because the density parameter grows as a power law during the radiation
and matter dominated eras since the HBB, using ΩK,0 ' 10−4 , the Universe
was originally at least 1058 times flatter than we observe today. The standard
HBB model offers no explanation for this level of fine-tuning, which is called the
Flatness Problem.
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2.3.2

Horizon Problem

The horizon problem stems from the fact that light travels at a finite speed and so
particles travelling at light speed can only travel a finite distance in a particular
length of time. Observations of the CMB cannot be explained by extrapolating
the distances travelled by photons backwards using the standard HBB.
Light rays follow null geodesics, meaning the line element ds2 = 0. The flat
FLRW metric in Cartesian co-ordinates thus rearranges to
dt2 = a2 (dx2 + dy 2 + dz 2 ) .

(2.40)

If the light ray is only travelling spatially in the x-direction, then between time
t1 and t2 it will travel a distance of
x=

Z

t2

t1

dt
,
a(t)

(2.41)

where x is the co-moving distance, related to the physical distance1 , r, by
r = a(t)x .

(2.42)

At a particular time, this distance defines the observable Universe and it is called
the (co-moving) cosmological horizon, DH (t). Depending on the limits taken for
the integration this can be either a particle horizon or an event horizon. A particle
horizon defines the distance light could have travelled until today and an event
horizon defines the distance light may ultimately travel in the future. To be able
to find DH (t) we need to know the dependence of a on t, which is different for
different epochs of the Universe evolution, as per Eq. (2.33). We can define the
limits in two ways:
Particle Horizon :

DH (t0 ) = a(t0 )

Z

t0

ti

1

dt
a(t)

ti  t0 ,

(2.43)

Note this is not the co-moving distance ‘r’ in spherical co-ordinates from Eq. (2.19).
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Event Horizon :

DH (t0 ) = a(t0 )

Z

tf

t0

dt
a(t)

t0  tf .

(2.44)

The cosmological horizon can only ever be a particle horizon or an event horizon,
never both. As an example, consider the Universe in the matter-dominated era
with w = 0. Using Eq. (2.33), the particle horizon is then
DH (t0 ) =

2/3
Ct0

Z

t0

C −1 t−2/3 dt = 3t0 ,

(2.45)

0
2

where C is a constant of proportionality arising from the a = Ct 3(1+w) substitution
which cancels out in the following calculations. In contrast, the event horizon is
undefined as
DH (t0 ) =

2/3
t0

Z

tf

t−2/3 dt

t0

−−−→
tf →∞

∞.

(2.46)

Conversely, for an era of the Universe with w < −1/3, we see the opposite is true.
If we use w = −1/2 the particle horizon is
DH (t0 ) =

4/3
t0

Z

t0

t−4/3 dt

ti

−−−→
ti →0

∞,

(2.47)

but the event horizon is now defined as
DH (t0 ) =

4/3
t0

Z

∞

t−4/3 dt = 3t0 .

(2.48)

t0

For a region of the CMB to be in thermal equilibrium, the photons must
have been in causal contact at some point in their history. Observations of the
CMB show an almost perfectly uniform temperature across the entire sky, an
homogeneity we use to great advantage when we use the FLRW metric to describe
the Universe. The observations are obtained via experiments such as COBE [36],
WMAP [37] and Planck [38] and are independent of the cosmological theory,
meaning a cosmological explanation is required.
In the standard HBB cosmology the Universe is dominated by radiation in the
era preceding CMB emission. When the CMB is produced the particle horizon
has a finite value of 2tLSS , where tLSS is the time of last scattering for the photons
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of the CMB. This means the CMB photons have only been able to travel this
finite distance in the history of the Universe. Regions of the CMB separated by
more than this distance at the time of last scattering could never have interacted
with each other. The standard HBB cosmology cannot explain why the CMB
is almost perfectly homogeneous over distances much greater than this, which is
the Horizon Problem.

2.3.3

The Origin of Structure

The Universe today contains complex structure and detailed inhomogeneities on
sub-galactic scales. Inhomogeneities grow from density perturbations in the early
Universe and we can define a density contrast by
δ(x) =

ρ(x) − ρ̄
.
ρ̄

(2.49)

Taking a Fourier decomposition of the density perturbation field gives
δ(x) =

Z

δ(k)e−ik·x d3 k ,

(2.50)

where k = |k| is the co-moving wavenumber1 , which is related to the physical
wavelength of a perturbation via

λphys =

2πa
,
k

(2.51)

so we see the physical wavelength grows proportional to the scale factor of the
Universe. The horizon is always proportional to t, which grows as a3/2 during
matter domination and a2 during radiation domination. As shown in Fig. 2.1,
scales we observe within the horizon today originated from outside of the horizon.
This presents us with a second horizon problem because, as discussed in the last
section, super-horizon means outside of causal contact but the COBE satellite
1

Note this is not the spatial curvature parameter used in the previous section.
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Figure 2.1: Depicts how two different physical wavelength scales grow with the
scale factor, and the corresponding behaviour of the horizon in the radiation dominated and matter dominated eras.

[36] observed a spectrum of density perturbations which is scale invariant, with
Fourier amplitudes of O(10−5 ) across all scales.
For scales which have not been in causal contact, we would expect δ(k) to have
a random distribution of values, with no correlation over different scales. The
HBB model therefore provides no explanation for this scale invariance. Secondly,
the HBB model has no explanation for the origin of the perturbations, so not
only are they being generated with a scale invariant spectrum, but there is no
explanation for why they exist at all, which amounts to a severe fine-tuning
problem within the HBB.

27

2.4 Introducing Inflation

2.3.4

Additional Considerations for the HBB

The problem of the origin of structure in the Universe is closely followed by the
problem of the observed baryon asymmetry in the Universe. We expect matter
and antimatter to be produced equally in the early Universe but the Universe
we observe contains an imbalance of matter. Mechanisms to explain this are
theories of baryogenesis which is an open research area in its own right. We
do not investigate it in detail in this thesis but the main point to note is that
baryogenesis requires a period of Universe evolution which is outside of thermal
equilibrium. In the HBB model, the only candidate is the EW phase transition,
but baryogenesis at the EW phase transition is very constrained and generally
points to extensions to the SM being required [3].
Historically, another concern was the monopole problem. A magnetic monopole
is a theoretical particle that consists of only one pole of a magnet. It is a form
of topological defect that can be formed during symmetry breaking in the early
Universe. Topological defects are boundaries, in a sense, which occur when a
symmetry is broken and a field has different values in neighbouring regions of
space. This can occur suddenly and violently if it is a first-order phase transition
or relatively smoothly if it is a second-order phase transition. If monopoles exist
they pose a problem because their energy density would act to overclose the Universe. However, the creation of monopoles is dependent on the symmetry group
of the GUT, which is unknown so we do not know that monopoles (and other
dangerous relics) are necessarily a problem. They are generally not viewed as a
major shortcoming of the HBB model any more.

2.4

Introducing Inflation

The problems with the HBB detailed in the last section are neatly remedied by
a disarmingly simple idea, a period of accelerating expansion in the very early
Universe. We have been alluding to this phenomenon since the beginning of the
thesis; it is called ‘cosmic inflation’ and we now introduce it fully. When referring
to a period of cosmic inflation occurring before the traditional HBB, as opposed
to a period of late-time accelerated expansion which we explore in Section 2.8, or

28

2.4 Introducing Inflation

a second period of accelerated expansion after reheating, explored in Section 2.7,
it is called primordial cosmic inflation.
When talking about the acceleration of the expansion, it is useful to think
about the behaviour of the scale factor of the Universe. When ä > 0 (introduced
in far greater detail momentarily in Section 2.4.2) the expansion is accelerating.
Accelerating expansion may take many forms, a simple example is power-law
inflation [39] where a ∝ tp for p > 1, but this is now ruled out by observations of

the scale invariance of perturbations generated during inflation (see Section 2.4.5).
The type of inflation most supported by observations is quasi de-Sitter inflation, where a ∝ eHt . Perfectly exponential accelerated expansion is called a
‘de-Sitter’ spacetime, a vacuum solution of the Einstein equations with a negative

pressure substance as its dominant component. A real de-Sitter Universe would
be exponentially accelerating forever, without any matter or radiation present.
The inflation posited to have occurred in our Universe is hence ‘quasi’ de-Sitter
because it comes to an end and the Universe is not empty.

2.4.1

Solving the Problems of the HBB

We address the problems of the HBB model from Section 2.3 in order; first,
the flatness problem. During quasi de-Sitter expansion the scale factor of the
Universe grows as
a ∝ eHt ,

(2.52)

and H ≈ constant. Therefore from Eq. (2.35):
ΩK ≡ −

k
∝ e−2Ht .
2
2
aH

(2.53)

Throughout inflation ΩK is exponentially suppressed. This explains very naturally why ΩK is so small today and also means the Universe can start with
arbitrary curvature before inflation.
Secondly, the horizon problem is solved because the history of the Universe
before the LSS now contains a period of quasi de-Sitter expansion with a ∝ eHt .
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The horizon is expressed as

DH (t0 ) = a(t0 )x = a(t0 )

Z

tf

−Ht

Ce

Ht0

dt = e

ti



−e−Ht
H

=

tf

ti
Ht0

−e
(e−Htf − e−Hti ) . (2.54)
H

The particle horizon (ti = −∞, tf = t0 )1 is therefore undefined because
DH (t0 ) =

−eHt0 −Ht0
− e−Hti )
(e
H

−−−−→
ti →−∞

∞,

(2.55)

but the event horizon (t1 = t0 , t2 = ∞) is now well defined:
DH (t0 ) =

−eHt0 −H∞
1
(e
− e−Ht0 ) =
≈ const .
H
H

(2.56)

When inflation occurs, it takes causally connected regions and increases their
separation exponentially, meaning the entire CMB we observe originated from a
region of space that was once in causal contact, thereby explaining the temperature isotropy.
In a similar way, the physical wavelengths proportional to a stretch to large
length scales and perturbations which are initially inside the horizon become
super-horizon during inflation. Furthermore, the mechanism for the accelerated
expansion, as we will see in the next section, is thought to be a quantum scalar
field. Quantum fluctuations of the field during inflation, a product of the Heisenberg uncertainty principle, very naturally explain the presence of fluctuations in
the quantum field driving inflation. Within the horizon, quantum fluctuations of
the field oscillate but if they pass outside of the causal horizon they are ‘frozen in’
to the field, at which point we treat it as a classical perturbation whose amplitude
is preserved until it re-enters the horizon.
As we saw in Section 2.3.2, during radiation domination (RD) and matter
domination (MD) the horizon grows again meaning perturbations will re-enter
the horizon and begin to evolve again, going on to form the structure we see
1

At the Big Bang a → 0 which requires t → −∞ in a ∝ eHt .
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in the Universe. As mentioned in Section 2.1.3, the temperature fluctuations of
the CMB are a tracer of density perturbations in the early Universe, allowing us
to constrain aspects of the Universe evolution and primordial inflation, they are
addressed in more detail in Section 2.4.5.
Before inflation was postulated, the origin of density perturbations in the
Universe was essentially put in by hand, a necessary initial condition as it were.
One of the most remarkable things about inflation is that it not only explains
the origin of the perturbations, but it predicts the spectrum. This allows us to
distinguish between different inflationary models by contrasting predictions about
the spectrum with observations.
Finally, inflation solves the monopole problem in a reasonably simplistic way,
if inflation occurs at an energy scale lower than that of GUT symmetry breaking.
Monopoles formed during the phase transition are inflated away. Monopoles are
expected to be separated by approximately the distance of H −1 at the time of
their creation, which is much more than the observable Universe. As such, one
monopole within the particle horizon then is now, at most, one monopole within
the observable Universe, which does not threaten to overclose the Universe. As
such, monopoles should perhaps more accurately be viewed as a constraint on
the symmetry group of the GUT if the symmetry breaking scale is lower than the
inflationary energy scale, or unimportant for cosmology if not.

2.4.2

Accelerated Expansion with a Scalar Field

Examining the equations controlling the dynamics of the Universe we see that for
increasing acceleration we need ä to be positive. From Eq. (2.22) (setting Λ = 0),
because a is always positive we see the sum of the energy densities and pressure
in the Universe must be negative. If we do not want to have negative energy
density1 , we require the dominant contribution to the pressure in the Universe
to be negative enough. Extending this, we can rewrite Eq. (2.22) in terms of
the equation of state parameter and see 1 + 3w < 0 and hence for accelerated
1

Though it is possible for the vacuum energy density to be negative if Λ < 0, see e.g.
[40, 41].
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expansion:
w < −1/3 .

(2.57)

A component which is able to satisfy this condition is a scalar field, which has
a Lagrangian of the form
1
L=
2



∂φ
∂t

2

1
− (∇φ)2 − V (φ) ,
2

(2.58)

where the first term represents the kinetic energy density, the second the gradient
energy density, with ∇ representing the physical spatial derivatives, and the third
term is the potential energy density.
We presume1 that the Universe is almost homogeneous and so we set the
spatial dependencies of Eq. (2.58) to zero. The pressure and energy density of a
homogeneous scalar field are defined as
1
p = φ̇2 − V (φ) ,
2

(2.59)

1
ρ = φ̇2 + V (φ) .
2

(2.60)

Requiring the pressure of the scalar field to be negative means requiring V (φ) > 12 φ̇2 .
For accelerated expansion we therefore require the energy density of a scalar field
to dominate the energy budget of the Universe, whilst its potential energy density
is greater than its kinetic energy density. The scalar field in an inflationary model
is referred to as the ‘inflaton’ and controls the dynamics of inflation.

1

The initial conditions before inflation are not known, indeed presuming homogeneous initial conditions may be a fine-tuning problem in itself, undermining the fine-tuning of initial
conditions (of the HBB) that inflation purports to solve. The initial conditions of inflation are
an active area of research, a recent computational investigation is conducted in Ref. [42].
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2.4.3

Slow-roll Inflation

For a scalar field, the action is
1
Sφ = −
2

Z

√
d4 x −g [∂µ φ∂ µ φ + 2V (φ)] ,

(2.61)

which we can minimise to find the equation of motion (EoM)
φ̈ + 3H φ̇ + V 0 (φ) = 0 ,

(2.62)

which is the Klein-Gordon (KG) equation. This can also be derived from the
conservation of the energy momentum tensor in Eq. (2.23). The Klein-Gordon
equation resembles the EoM for a ball rolling down a slope in classical mechanics,
so the motion of the scalar field along its potential in field space is often likened
to a ball slowly rolling along a gradual slope. It is then called ‘slow-roll inflation’.
Options other than a slowly-rolling scalar field driving a period of accelerating expansion exist (the ekpyrotic universe [43], string gas cosmology [44] and bouncing
cosmologies [45] to name a few) but the slowly-rolling scalar field is the simplest
and most compelling which is able to explain observations.
The time variation of the scalar field depends on the slope of the potential
and the rate of expansion of the Universe, which oppose each other in the EoM.
Similarly to the radiation and matter components of the Universe, a homogeneous
scalar field can also be described as a perfect fluid. This means we can model a
scalar field in the Friedmann equations using the definition of its energy density
given in Eq. (2.60). The Friedmann equation for the Universe at this time is
dominated by the energy density of the inflaton, and as such is simply
3m2Pl H 2

φ̇2
=
+ V (φ) .
2

(2.63)

We can quantify the length of time inflation lasts for in a few different ways.
Firstly, we can define
H = −

Ḣ
d ln H
=
,
2
H
dN
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which is a direct test of inflation arising from the requirement ä > 0. In the
second equality1 we have introduced the quantity ‘N ’ which is the number of
e-folds of inflation, defined as
a(t)
' e−N (t) ,
a(tend )

(2.65)

where the subscript ‘end’ refers to the end of inflation; it is conventional to count
e-folding numbers backwards so that at the end of inflation N = 0 and ‘N ’
encodes the number of e-folds left until the end of inflation. Secondly, we can
define a parameter
ηH = −

d ln H
˙H
=
,
dN
HH

(2.66)

which is a check that inflation lasts for a sufficiently long time. Finally, we can
define the acceleration per Hubble time
δH = −

φ̈
.
H φ̇

(2.67)

Assuming nothing about slow-roll so far, we can express ηH in terms of the other
two parameters as
ηH = 2(H − δH ) ,
where we have used
Ḣ = −

φ̇2
,
2m2Pl

(2.68)

(2.69)

obtained by differentiating Eq. (2.63) with respect to time and using
˙H =

φ̇φ̈
φ̇2 Ḣ
−
,
m2Pl H 2 m2Pl H 3

(2.70)

obtained by differentiating Eq. (2.64) with respect to time.
1

The Hubble parameter, H is not dimensionless so there is an implicit normalisation omitted
from this equation, which formally should be written as the logarithm of H/H0 where H0 is
some constant value (not the Hubble constant).
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From Eq. (2.69) we can write Eq. (2.64) in the form
H =

φ̇2
,
2m2Pl H 2

(2.71)

which makes it clear that H < 1 corresponds to φ̇2 < V . In this way {, |δ|}  1

characterises a period of slow-roll inflation, during which we can make two simplifying assumptions
φ̈  3H φ̇ ,

(2.72)

1 2
φ̇  V (φ) ,
2

(2.73)

which are known as the slow-roll assumptions. These then simplify the Friedmann
equation to
3m2Pl H 2 ' V (φ) ,

(2.74)

and the KG equation (Eq. (2.62)) for the evolution of the scalar field to
φ̇ ' −

V 0 (φ)
.
3H

(2.75)

The slow-roll simplifications to the Friedmann and KG equations allow us to
re-express the Hubble parameters for successful inflation in terms of the scalar
field potential and its derivatives as
m2
H ' Pl
2



V0
V

δH + H ' m2Pl

2

≡ V ,

(2.76)

V 00
≡ ηV ,
V

(2.77)

where we write approximately equal to because the equalities only hold in the
regime of slow-roll. In this way, if the Hubble (subscript ‘H’) and potential
(subscript ‘V ’) definitions are equivalent, the slow-roll inflation assumptions are
valid. For slow-roll inflation we hence also require:
V  1

|ηV |  1 .
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Using Eqs. (2.59) and (2.60) we express the equation of state parameter for a
scalar field as
w+1=

p
φ̇2
,
+1= 1
ρ
φ̇2 + V
2

(2.79)

which allows us to recast H from Eq. (2.71) as
3
H = (w + 1) .
2

(2.80)

Additionally, the second derivative of a scalar field potential describes the mass
squared of the scalar field. Rewriting Eq. (2.77) with V ' 3m2Pl H 2 shows us that

slow-roll inflation requires a light scalar field compared to the Hubble scale:
V 00 ≡ m2φ  3H 2 .

2.4.4

(2.81)

How Much Slow-roll Inflation?

From the definitions of the slow-roll parameters in the previous section, it is
clear the slope of the potential has great bearing on the dynamics of slow-roll
inflation. In general, the flatter the potential the longer inflation lasts. To solve
the flatness and horizon problems introduced in Section 2.3 requires inflation to
last a minimum of 50-60 e-foldings. Inflation could have lasted for any length
of time greater than this but we have no way of observing it yet because the
observable scales re-entering the horizon today only left about 60 e-folds ago.
To investigate the duration of inflation we rewrite the e-folding number in
Eq. (2.65) as
Ntot =

Z

tbeg

H dt .

(2.82)

tend

The times in this integration are unknown and so we change the variable ‘t’ to
one we can more easily describe, the field value of the inflaton, for which we have
an evolution equation (the KG equation):
Ntot =

Z

φbeg

φend
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H
dφ ,
φ̇

(2.83)
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and from the relationship between Ḣ and φ̇ in Eq. (2.69) we can write this as
Ntot

1
=√
2mPl

Z

φbeg

φend

1
√ dφ ,
H

(2.84)

which defines the total number of inflationary e-folds.
If the Universe is in a period of slow-roll inflation, we can use the relationship
between the Hubble slow-roll parameters and the potential slow-roll parameters
to see:
Ntot

1
= 2
mPl

Z

φbeg

φend

V (φ)
dφ ,
V 0 (φ)

(2.85)

where ‘beg’ and ‘end’ now refer to the beginning and end of the slow-roll period
of inflation.
The end of inflation is identified with the end of the slow-roll regime; when
the constraints in Eq. (2.78) no longer hold. Unsurprisingly, from the definitions
in the previous section, inflation ends when the potential is no longer flat enough
for the potential energy density to dominate over the kinetic energy.
At this point the Universe is very flat, with all entropy and pre-existing fields
diluted away, and very cold1 . The Universe needs to ‘reheat’ itself - transfer
its energy from the scalar field driving inflation to the particles of the standard
model to produce the HBB scenario and allow the Universe evolution to continue
to the present day. Reheating is addressed in detail in Section 2.7.
When the evolution of the Universe after inflation is specified, there exists a
way to extrapolate the number of e-folds of inflation, via the relationship
k
a∗ H∗
=
=
a0 H0
a0 H0



a∗
aend



aend
areh



areh
aeq



aeq
a0



H∗
,
H0

(2.86)

where ‘end’ refers to the end of inflation, ‘reh’ the moment reheating completes
which is the onset of radiation domination, ‘eq’ the epoch of radiation-matter
equality and ‘0’ today. We denote a particular co-moving scale, as introduced in
Eq. (2.51) by ‘k’. As mentioned there, during inflation scales leave the horizon
1

Temperature is defined in terms of the thermal bath, which here does not exist.
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when k = aH and re-enter later in the Universe evolution. For scales re-entering
at the pivot scale1 , we define the moment they first left by the subscript ‘∗’.
The first term on the right hand side of Eq. (2.86) can be expressed in terms
of the e-folding number. Using the definition of the Hubble parameter, Eq. (2.82)
can be expressed as
Ntot =

Z

tbeg

a−1 da ,

(2.87)

tend

which becomes
eNtot =

aend
,
abeg

(2.88)

and so the first term on the right hand side of Eq. (2.86) is e−N∗ . We hence find
e

N∗

a0 H0
=
k



aend
areh



areh
aeq



aeq
a0



H∗
.
H0

(2.89)

The terms within the brackets each correspond to an epoch of the Universe; the
time in between the end of inflation and the beginning of radiation domination,
radiation domination and matter domination respectively. For these epochs we
know how the scale factor grows with either the energy density of the Universe,
cosmic time or the temperature, and so we rewrite as

e

N∗

a0 H0
=
k



ρreh
ρend

1
 3(1+w)


Teq
Treh



teq
t0

 23

H∗
,
H0

(2.90)

where w is the equation of state parameter of the Universe between the end of
inflation and the beginning of radiation domination. If we focus on scales which
re-enter our horizon today, we know these scales left the horizon during slow-roll
and we can equate
H∗ '
1

s

Discussed after Eq. (2.129).
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where V∗ = V (φ(t∗ )). We see
eN∗

a0 H0
=
k



ρreh
ρend

1
 3(1+w)


Teq
Treh



teq
t0

 23 √
V 3t0
√ ∗
,
3mPl 2

(2.92)

where we have used H = 2/3t (Eq. (2.34)) during matter domination and neglect
the small contribution of dark energy at the present day. The second term on the
right hand side describes the epoch between the end of inflation and the onset of
radiation domination, controlled by the reheating mechanism and its efficiency.
At the end of inflation, the potential energy of the scalar field no longer dominates
and by definition, we have
1 2
φ̇ ' V (φend )
2 end

→

ρend = 2V (φend ) ,

(2.93)

where we have used Eq. (2.60), and the energy density of a thermalised fluid can
be related to its temperature via
ρreh =

4
g∗ π 2 Treh
,
30

(2.94)

where g∗ are the number of relativistic degrees of freedom, so that the second
term in Eq. (2.92) transforms as

e

N∗

a0 H0
=
k∗



4
g∗ π 2 Treh
45Vend

1
 3(1+w)


Teq
Treh



teq
t0

 23 √
V 3t0
√ ∗
.
3mPl 2

(2.95)

Reorganising terms and taking the logarithm allows us to find N∗ :
√ !
 
3
2
teq
N∗ = ln
+ ln
+ ln(t0 Teq ) + ln
2
3
t0
!
!


1/4
1/4
1
g∗ π 2
V∗
4
V∗
+
ln
+ ln
+ ln
+
ln
3(1 + w)
60
mPl
Treh
3(1 + w)


a0 H0
k∗



Treh

!

,
1/4
Vend
(2.96)

where only the terms on the second line depend on the inflationary model. Terms
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on the first line can all be evaluated using the values given in Table 1.1 and we
find
!


1/4
1
g∗ π 2
V∗
N∗ = 59.7 +
ln
+ ln
3(1 + w)
60
mPl
!
!
1/4
4
Treh
V∗
+
ln
+ ln
,
1/4
Treh
3(1 + w)
Vend

(2.97)

where we have used a pivot scale1 of k∗ = 0.05 Mpc−1 .
Depending on the reheating mechanism, w can vary from w = 0 for perturbative reheating, to w = 1 if the Universe is dominated by the kinetic energy of
the inflaton for a period of time, these are addressed in detail in Section 2.7. The
value of w introduces a correction of approximately 0.4 (w = 0) to 0.2 (w = 1)
from the second term in Eq. (2.97), where we have used g∗ = 106.75. The final
three terms have more of an influence on the value of N∗ and depend on the
energy scale of inflation and the duration of reheating. Typically the energy scale
of inflation is expected to be of the order of 1015 GeV and Treh can vary from the
energy scale of inflation, if reheating is prompt, down to the energy scale of BBN,
at approximately 1MeV; constraints on Treh are detailed in Section 2.7.5.
Now that we have considered the dynamics of slow-roll inflation and how to
quantify its duration we can introduce the observational constraints on models
of inflation.

2.4.5

Inflationary Observables

As touched upon in Section 2.3.3, the density perturbations which will go on
to form the large scale structure in the Universe are generated naturally from
quantum fluctuations in the inflaton field [46–52]. Our observations of the early
Universe are based upon these density perturbations which manifest as temperature changes in the CMB, thereby providing a window into when they were
seeded during inflation. At a given moment in time we can characterise the small
1

Discussed after Eq. (2.129).
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inhomogeneities in the inflaton field by their spatial distribution, which is a random distribution and therefore well approximated by the statistics of a Gaussian
random field.
For a Universe assumed to be isotropic and homogeneous the spatial twopoint correlation function is only a function of the magnitude of the separation
between two points, not the absolute position or orientation, which simplifies the
calculations. Working in Fourier space, as in Eq. (2.50), the power spectrum, PR ,
is the Fourier transform of the two-point correlation function, which provides a
measure of the amplitude of the perturbations in Fourier space. It is defined as
Pδk (k) =

Pδk (k) = |δk |2 ,

k3
|δk |2 ,
2
2π

(2.98)

where Pδk (k) simplifies subsequent equations involving the power spectrum, which
we will use from now on.
To calculate the perturbations it is convenient to work in conformal time, η,
where
dt = adη ,

(2.99)

and the KG equation for a generic, massless quantum field is expressed as
a0
φ00 + 2 φ0 − O2 φ = 0 ,
a

(2.100)

where a prime in this instance denotes a derivative with respect to η. To solve
for φ it is useful to define ν = aφ which leaves
ν 00 −

a00
ν − O2 ν = 0 .
a

(2.101)

If we perturb this background equation as ν → ν + δν then the perturbed quantities obey the same KG equation. Decomposing into Fourier modes we see
δk00



a00
+ k −
a
2



δk = 0 ,

(2.102)

where the term dependent on the co-moving wavenumber arises from the gradient
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term and we have suppressed the field notation so that δνk = δk . When H is
approximately constant we can use the substitution a = −1/Hη to simplify and

we arrive at


η 2 δk00 + η 2 k 2 − 2 δk = 0 ,

(2.103)

which has a general solution in terms of the Hankel functions of
√ h
i
η
+
−
(A − iB)H3/2
(kη) + (A + iB)H3/2
(kη) ,
δk =
2

(2.104)

±
where H3/2
= J3/2 ± iY3/2 where Jn and Yn are Bessel functions of the first and

second kind respectively and the 3/2 arises because we have a massless field. To

solve this equation for δk it is necessary to determine the constants A and B.
To do this we impose the boundary condition that when kη → −∞, deep inside
the horizon, curvature is negligible and the solution should correspond to the
Bunch-Davies vacuum

1
δk = √ e−ikη .
2k

(2.105)

In this limit the Hankel functions asymptote to
±
H3/2

'

r

2
exp ±i (kη − π) ,
πkη

(2.106)

which allows us to determine the solution
δk =

√

πη −iπ −
e H3/2 (kη) ,
2

(2.107)

−
which using the general form of H3/2
becomes

e−ikη
δk = √
(kη − i) .
2k 3 η

(2.108)

On super-horizon scales, when kη  1 this simplifies to
aH
δk ' √
,
2k 3
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where we have used −1/η ' aH. Remembering the initial field redefinition of
ν = aφ this becomes

H
δφk ' √
,
2k 3

(2.110)

leading to the power spectrum
Pφk (k) =



H
2π

2

,

(2.111)

which is constant for constant H.
During inflation, any light field (see Eq. (2.81)) develops super Horizon fluctuations with a mean amplitude of H/2π and an almost scale invariant power
spectrum [3], varying only for small changes in H(t) arising from the fact inflation is not a perfect de-Sitter spacetime as we have assumed in Eq. (2.111).
This analysis is for a generic quantum field during inflation, which could be
the inflaton. However, to model the real Universe we need to think about what
fluctuations are present. From the quantum uncertainty principle we know there
are small spatial variations in the inflaton field which can be modelled via linear
perturbation theory as
φ = φ̄(t) + δφ(x, t) ,

(2.112)

where φ̄ is the homogeneous background value of the inflaton field and δφ is
a small perturbation to it, taken to be |δφ|  φ̄. However, because of the

presence of φ in the energy-momentum tensor and subsequently the Einstein
tensor (Eqs. (2.9) and (2.10)), any perturbations to φ will be reflected in the
space-time metric as well. We model this perturbation in a similar fashion to the
inflaton perturbation as
gµν (t, x) = ḡµν (t) + δgµν (t, x) ,

(2.113)

where again ḡµν is the homogeneous background value of the metric and δgµν is
a small perturbation to it, presumed to be |δgµν |  ḡµν .

δgµν (t, x) is a symmetric 4×4 tensor with ten degrees of freedom, grouped into

scalars, vectors and tensors. Performing a scalar-vector-tensor (SVT) decomposi-
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tion results in four scalar degrees of freedom, describing Newtonian gravity, four
vector degrees of freedom, describing gravito-magnetism, and two tensor degrees
of freedom, describing gravitational waves. At first order perturbation theory
none of these are coupled together; they all have separate equations governing
their evolution. However, the scalar metric perturbations couple with the scalar
field perturbation δφ from the previous section. The vector perturbations of the
metric have decaying solutions and will not be mentioned further but the tensor
perturbations have non-decaying solutions (to their equation of motion) and will
be examined at the end of this section.
When we move from a background spacetime to a perturbed spacetime we
associate points in the background spacetime with points in the perturbed spacetime via a particular coordinate system. Any coordinate system could be chosen,
but we choose one which ensures the perturbations are small. There are still
multiple coordinate system choices though and a gauge transformation describes
a coordinate transformation between such coordinate systems in the perturbed
spacetime. It turns out that a gauge transformation sometimes causes perturbations to vanish, meaning the perturbed spacetime differed from the background
spacetime only by having a perturbed coordinate system and the perturbation in
question was a gauge artefact.
To avoid the pitfalls of fictitious perturbations, we need to define perturbations
in a coordinate-invariant way. We define new variables which are special combinations of the scalar metric perturbations and do not transform under a change
of coordinates, the Bardeen variables, Ψ and Φ [53]. The tensor perturbation
remains unchanged as tensors are unaffected by gauge transformations. These
gauge-invariant variables can be considered as the ‘real’ spacetime perturbations.
We are motivated to consider the metric perturbations because they are coupled to the scalar field perturbations via the Einstein equation. We can define
the co-moving curvature perturbation, R, which in single-field inflation encodes
both
R=Φ+H
where H =

a0
a

δφ
δφ
=Φ+H 0 ,
φ
φ̇

(2.114)

and a prime indicates differentiation with respect to the conformal

time, η.
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The quadratic action for the perturbation R is
S

(2)

=

Z



a3 φ̇2
1
2
2
dt d x
Ṙ − 2 (OR) + · · ·
2H 2
a
3

(2.115)

To canonically normalise this equation we switch variables to
u = zR ,

(2.116)

aφ̇
.
H

(2.117)

where
z=

Moving to conformal time the action becomes
S

(2)

1
=
2

Z




z 00 2
dη d x (u ) − (Ou) + u ,
z
3

0 2

2

(2.118)

which conveniently produces the same KG evolution equation as the generic quantum field from the previous section, with a → z:
u00k



z 00
+ k −
z
2



uk = 0 .

(2.119)

During slow-roll φ̇ and H evolve much more slowly than a and so we assume
z 00
z

≈

a00
a

and obtain the same solution as before; R is frozen on super-horizon

scales and the power spectrum is
k 3 |uk |2
PR (k) = 2 2 =
2π z



H2
φ̇2



H
2π

2

k=aH

.

(2.120)

As mentioned after Eq. (2.111), H is a function of time in a quasi de-Sitter
spacetime, so we expect the power spectrum may now deviate from scale-invariance.
However, H changes only slightly during slow-roll inflation and so we approximate
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the power spectrum as a power law
PR (k) ∝ k (ns −1) ,

(2.121)

where ns is the scalar spectral tilt, referencing the fact that the co-moving curvature perturbation traces the primordial scalar perturbations. The tilt represents
the variation with scale; a red-tilt (ns < 1) represents a power excess at large
scales and a blue-tilt (ns > 1) represents a power excess at small scales. We can
rearrange Eq. (2.121) to find the scalar spectral tilt as
ns − 1 ≡

d ln PR (k)
,
d ln k

(2.122)

where it is necessary to take the derivative to remove the constant of proportionality. Rewriting this slightly as
ns − 1 ≡

d ln PR dφ dt
d ln PR
=
,
d ln k
dφ dt d ln k

(2.123)

allows us to express ns in terms of the slow-roll parameters. As noted, R is frozen
as soon as it leaves the horizon and so we evaluate at the point of horizon exit,
k = aH, which allows us to write
d ln k
d ln a d ln H
=
+
= H(1 − H ) ,
dt
dt
dt

(2.124)

which in turn reduces Eq. (2.123) to
ns − 1 =

φ̇
d ln PR
.
H(1 − H ) dφ

(2.125)

Utilising the slow-roll assumptions (Eqs. (2.72) and (2.73)) allows us to express
the spectral index in terms of the potential slow-roll parameters
ns = 1 + 2ηV − 6V ,
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and we compute the running of this quantity via
n0s =

dns
.
d ln k

(2.127)

A similar calculation can be followed for the tensor perturbations of the metric,
which produces
PT (k) =

2H 2
π 2 m2Pl

k=aH

.

(2.128)

Rather than looking at the scale dependence of the tensor spectrum directly,
it is more common to look at the ratio of the tensor-to-scalar perturbations:
r=

PT (k)
8φ̇2
= 2 2 = 16H ,
PR (k)
mPl H

(2.129)

where we see r  1; the amplitude of the scalar perturbations is much greater

than the amplitude of the tensor perturbations.

As is evident from the descriptions of the power spectrum, the spectral index
and tensor-to-scalar ratio are functions of k. To best evaluate the predictions
from different models of inflation we compare their values for a given k, termed
the ‘pivot scale’. If we parametrise the scalar power spectrum as
PR (k) = As



k
k∗

ns −1

,

(2.130)

where As is the amplitude, then k∗ corresponds to the pivot scale. As mentioned
in Section 2.1.3, when scales re-enter the horizon they oscillate, buoyed by the
radiation pressure, with decreasing amplitude. The pivot scale is chosen to correspond to a scale which has recently re-entered the horizon, so it is not too
damped, and a scale for which the uncertainties in the amplitude of the spectrum
are not too large, the pivot scale most commonly used at the time of writing is
k = 0.05 Mpc−1 . A mode becomes super-Horizon when its physical wavelength is
larger than the horizon size, at a time, t∗ , when
k = a(t∗ )H(t∗ ) ,
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and so observables involving k are evaluated at this time to ensure they are frozen
in.
For the pivot scale k = 0.05 Mpc−1 , the Planck 2018 (68% confidence level)
paper gives
ns = 0.965 ± 0.004 ,

(2.132)

which assumes a constant value for ns and a standard ΛCDM cosmology. For
the tensor-to-scalar ratio Planck 2018 uses k = 0.002 Mpc−1 and gives (95%
confidence level)
r0.002 < 0.1 ,

(2.133)

for its analysis alone with the base model. This constraint is tightened when
combined with other data sources but becomes slightly more model dependent,
for example combining the Planck 2018 data with the BICEP-Keck Array data
gives a 95% CL constraint of
r0.002 < 0.064 .

(2.134)

The Planck 2018 results for the r − ns contour are shown in Fig. 2.2 and we
henceforth use the bound r < 0.07.

A final parameter which our observations of the CMB constrain is the energy scale of inflation, via the COBE constraint on the amplitude of the scalar
perturbation [1], namely
−9
As = (2.101+0.031
.
−0.034 ) × 10

(2.135)

Rewriting Eq. (2.120) in light of the slow-roll assumptions in Eqs. (2.72) and (2.73)
it becomes

p

V 3/2
As = √
,
2 3πm3Pl V 0

(2.136)

meaning for a particular scalar field potential, we are able to constrain the inflationary energy scale. This is sometimes presented in terms of the tensor-to-scalar
ratio as
V =

3As π 2 m4Pl r
,
2
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Figure 2.2: Constraints in the r vs ns plane using Planck 2018 data, reproduced
from [1]. 2σ (1σ) constraints are indicated by dashed (solid) lines respectively.

and using the limit of r . 0.07 this imposes a limit of
V . 7.6 × 1064 GeV4 .

(2.138)

Throughout this section we have presumed the perturbation fields are well
represented by Gaussian random fields and treated them as a statistical ensemble. It is also possible to constrain the primordial non-Gaussianities. That is, the
measured deviance from a Gaussian distribution of the temperature anisotropies
in the CMB. We have only introduced slow-roll, single-field models which predict a vanishing amount of non-Gaussianity, fN L , but more complex inflationary
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models such as multi-field models generally predict higher levels of fN L . In this
way, measurements of fN L allow us to distinguish between different families of
inflationary models. The constraints on fN L vary depending on the cosmological
model in question but generally accept non-Gaussianities to be minimal. Ref. [1]
considers fN L constraints in a few common extensions to cold, single-field inflation.
We have about exhausted the CMB of observational constraints for models of
inflation. There are a few technical extensions to those presented here, such as
polarisation of the CMB but we do not utilise them here and so direct the reader
to [3] for an overview. Instead, we move now to consider building an inflationary
model.

2.5

Inflationary Model Building

Section 2.4 outlined the requirements for a scalar field to drive an accelerated
expansion of the Universe and laid out the slow-roll assumptions and the observables that allow us to distinguish between inflationary models. There are
three main cosmological observations that models of inflation need to satisfy; the
amplitude of the power spectrum of scalar curvature perturbations, the scalar
spectral index and the tensor-to-scalar ratio, which we define in Section 2.4.5.
As discussed in Section 2.4.5, the observables are compared at the pivot
scale. The power spectrum is only well constrained for scales close to k∗ , because Eq. (2.130) is an expansion in k. The power spectrum may look very
different at smaller scales, something which is often assumed in primordial black
hole research, which is mentioned further in Chapter 6.
Ref. [54] conducted a Bayesian analysis of a plethora of existing slow-roll,
single-field inflation models after the publication of the Planck 2013 results [55]
to place constraints on the shape of the inflationary potential and found strong
Bayesian preference for a plateau inflationary potential. This interpretation of the
Planck results is widely accepted and shapes the inflationary models described in
the original research in this thesis. We also point out the special mention Ref. [54]
gives to the α-attractor models of inflation, developed from Ref. [56], which we
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utilise to develop a novel model of quintessential inflation (see Section 2.8.2) in
the original research in Chapter 7.
In addition to the observational constraints detailed in Section 2.4.5, theoretical considerations also exist and the two most relevant for the research presented
here are the η problem in supergravity and the question of super-Planckian field
excursions.

2.5.1

Global and Local Supersymmetry

As we favour a scalar field for the driving mechanism of inflation, global supersymmetry (SUSY) is an attractive theory in which to embed an inflationary
model because it provides a host of additional scalar fields to the standard model
with many flat directions, ideal for inflation [57]. SUSY posits that fermions
and bosons are different states of a single object, known as a supermultiplet.
It provides an answer to the hierarchy problem of particle physics by stabilising
against radiative corrections, improves the unification of the coupling constants of
the electromagnetic, weak and strong interactions and provides a host of particle
candidates for CDM [58].
The observed particles of the standard model are not supermultiplets of one
another and so the theory predicts new particles, known as ‘superpartners’.
The particles arise from symmetries generated by quantum mechanical operators
which exchange the fermionic and bosonic states, hence the name supersymmetry. If these symmetries were unbroken, we would observe the new particles with
exactly the same mass as their partners. Particle physics experiments have found
no trace of the superpartners so we believe the symmetry is broken, allowing
superpartners to have different masses.
Lagrangians which are invariant under supersymmetric transformations include two auxiliary fields, termed ‘F’ and ‘D’ which respectively represent the
chiral and vectorial sectors of the supersymmetric theory [3]. If SUSY is unbroken
the potential vanishes in the vacuum [59]. It is most common to spontaneously
break the symmetry via the F-term which provides the scalar potential with the
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following term
VF =

X ∂W
∂φi
i

2

,

(2.139)

where W is the superpotential, a function of the superfields present in the theory.
We could also invoke a soft SUSY-breaking term, with the form
Vsoft = ±m2soft |φ|2 ,

(2.140)

which is added to the scalar field potential by hand. Solving the hierarchy problem
requires msoft ' O(1TeV).
Supergravity (SUGRA) is supersymmetry including gravity. Extending SUSY
to depend on spacetime co-ordinates effectively makes it a local symmetry, which
is why it is often referred to as local SUSY. In SUGRA the F-term also depends
on the Kähler potential, K, and has a more complicated form [60, 60–62]

VF = e

K
m2
Pl

"


∗
X  ∂ 2 K −1  ∂W
W ∂K
W ∂K
3|W |2
∂W
+
+
−
∂φ∗i ∂φj
∂φi
m2Pl ∂φi
∂φi
m2Pl ∂φi
m2Pl
i,j

#

.

(2.141)

The Kähler potential is equivalent to a metric in field space and is dimensionless.
SUSY (and SUGRA) may also be broken via the D-term but this is less
common. It is more often assumed to be a flat direction which is negligible
during inflation. If D-terms are present in the scalar field potential they are
quartic, an example is used in the research in Chapter 3.

2.5.2

The η Problem of Supergravity

The kinetic term in the Lagrangian depends on the Kähler potential as
Lkin =

∂ 2K
∂µ φi ∂ µ φ∗j ,
∂φi ∂φ∗j
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where µ is a spacetime index. Canonically normalised fields therefore require
Kähler potentials of the form
K=

X
i

|φi |2 + · · · ,

(2.143)

which is called a minimal Kähler potential.
As we saw in Eq. (2.77) the second slow-roll parameter, η, depends on the
second derivative of the scalar potential with respect to the field, which from the
exponential in Eq. (2.141) will always be proportional to
η ∝ K 00 + · · · .

(2.144)

For the minimal Kähler potential1 , K 00 = 1, meaning η > 1. This seemingly
prohibits successful slow-roll inflation which, as discussed in Section 2.4.3, requires
|η| < 1. This is the η problem of supergravity. If a more complicated form of the

Kähler potential is used this can be avoided but this is often highly non-trivial.

2.6

Models of Inflation

The easiest inflationary models to formulate are cold, meaning there is no source
of radiation present, and minimally coupled to gravity, as per the EH action
(Eq. (2.7)). They are single and small-field, meaning the model only consists of
one scalar field and it does not extend to super-Planckian distances in field space.
However there are many ways to extend these simple approaches, each with
their own motivations, merits and potential drawbacks. One notable example
relevant to this thesis is discussed in Section 2.6.5 but first we introduce the
difference between large and small field models, which are of historical relevance,
and hybrid inflation, which bridges the gap between the two and forms the basis
of the research in Chapter 4.
1

Pre-factors disappear with suitable redefinitions in configuration space to represent the
superfields in terms of their component scalar fields.
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2.6.1

Large Field vs Small Field Inflation

The first inflation model to be formulated1 was that of Guth in 1981 [65], which
relied on a scalar field being trapped in a local minimum of its potential to provide
an effective cosmological constant description for inflation. Guth suggested that
the field would eventually quantum tunnel to its global minimum, thereby ending
inflation. However, the first order phase-transition that is required to terminate
inflation in this manner generates ‘bubbles’ of true vacuum which are unable to
coalesce because of the rapid expansion of the regions outside of the bubbles.
This is the ‘graceful exit’ problem of ‘old inflation’.
The inflationary theory was developed by Linde [66] and Albrecht & Steinhardt [67] to involve the field slowly rolling from an unstable maximum to the
minimum of its potential, which was able to generate promising density perturbations. Without the violent first-order phase transition the models produced viable
Universes and were termed ‘new inflation’. However, both old and new inflation
rely upon cosmological phase transitions which depend on thermal equilibrium.
Linde was the first to drop the assumption of thermal equilibrium with his
proposal of ‘chaotic inflation’ [68]. Chaotic inflation removes the restrictions on
the initial conditions of the scalar field, instead allowing any initial condition
which may incorporate an inflationary regime. The simplest example of chaotic
inflation has the potential

1
V (φ) = m2 φ2 ,
2

(2.145)

where m is a mass scale. If the field finds itself initially at large field values
then the Friedmann equation, Eq. (2.63), tells us H is also large. As we saw in
Section 2.2 the Klein-Gordon equation for the evolution of a scalar field features a
‘friction’ term due to the expansion of the Universe, 3H φ̇. For large H the scalar
field is moving very slowly in field space and all of the slow-roll assumptions
detailed in Section 2.4.3 hold.
1

Starobinsky [63, 64] provides an earlier example of an inflationary model but without the
cosmological motivations of Guth.
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Chaotic inflation models with generic potentials of the form
V (φ) = M

4



φ
mPl

n

,

(2.146)

are referred to as large-field models, due to the displacement of the field from the
stable minimum of its potential in field space:
Large field :

∆φ  mPl ,

(2.147)

Small field :

∆φ < mPl .

(2.148)

As Linde himself emphasises [69], chaotic inflation marks a departure from an
assumption about initial conditions for inflation, rather than aligning itself with
any one inflationary model.
Small-field models which feature an unstable maximum in the potential, as
per new inflation but without the assumption of a thermal phase transition to
give rise to inflation, can also support slow-roll inflation, as long as the potential
is sufficiently flat. Slow-roll inflation takes place in the small vicinity of the
maximum and so we can express the potential generically via a Taylor expansion
about this maximum point as
V (φ) = M

4



 n 
φ
1−
+ ··· .
µ

(2.149)

where ‘· · · ’ represent stabilising terms. The shape of the potential away from
the origin is unimportant for the dynamics of inflation and potentials of this form
arise naturally in spontaneous symmetry breaking models. The key observational
difference between large and small field models lies in their predictions for the
tensor-to-scalar ratio.

55

2.6 Models of Inflation

2.6.2

The Lyth Bound

It was first noticed by Lyth [70] that the field-excursion of the inflaton could be
√
√
related to the tensor-to-scalar ratio via Eq. (2.84), by replacing H with r/4:
∆φ ≈

r

r
mPl |∆N | ,
8

(2.150)

where ∆φ corresponds to the inflaton variation and Eq. (2.150) is valid for approximately constant . We cannot assume that  is constant during the entire
duration of slow-roll inflation, but we can be confident that the assumption holds
around the pivot scale.
Ref. [70] estimates that approximately 4.6 e-folds pass between the pivot scale
and scales corresponding to the first peak on the CMB map leaving the horizon.
Using this as a heavily conservative minimum (of course, we expect inflation to
last at least 30 e-folds, even if subsequent periods of thermal inflation take place,
see Section 2.6.5) we can find a lower limit on the inflaton’s variation of:
∆φ ≥

√

2r mPl .

(2.151)

Sizeable tensor predictions thus require sizeable inflaton field variations. The
current bound of r < 0.07 [1] means that chaotic inflation models are largely
ruled out because of their high r predictions, a necessary by-product of large field
models. A detection of the order of r ≈ 0.01 would mean
∆φ & 0.1mPl ,

(2.152)

where we stress again this is only modelled using ∆N ' 5 around the pivot scale,

increasing this to ∆N ' 30 the bound becomes
∆φ & mPl ,

(2.153)

which is still a conservative estimate for most inflationary models. Looking at
a maximum constraint, with the current bound of r ≤ 0.07, using a maximum
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e-folding number of ∆N = 60, we see
∆φ . 6mPl ,

(2.154)

which shows the best way to view the Lyth bound is not as a constraint on either
r or ∆φ, but an inescapable relationship between the two. If a tensor signal is
found of the order of r ' 0.01, field displacements during inflation will have to

be approximately Planckian to accommodate the observation. Conversely, if the
upper bound on r is reduced below r ' 0.01 then models with super-Planckian
field displacements will be ruled out.

2.6.3

Super-Planckian Field Variations

If a significant tensor perturbation is detected, requiring a super-Planckian field
variation, extra considerations for the scalar potential are introduced. Higher
order terms in the effective potential, arising from couplings between the inflaton and other fields (necessary, even in minimal models, for most reheating
mechanisms) are expected to be suppressed for ∆φ  mPl . For field excursions

∆φ ≈ mPl this cannot be assumed and the effective potential will be different.

Often, higher order non-renormalisable terms act to lift the potential, jeopar-

dising its flatness and suitability for generating a period of accelerating inflation.
If negative terms are introduced the potential may even be unbounded from below, as is the case for fermionic couplings such as the Coleman-Weinberg loop
correction - discussed in detail as part of the research in Chapter 5 which utilises
an effective potential with self-interacting higher order terms to develop a step
in the potential suitable for inflation. Maintaining sub-Planckian field excursions is not a major concern for the inflationary models presented in Chapters 3
and 4 but it motivates the work in Chapters 7 and 8 where the super-Planckian
field-excursions must be controlled in quintessential inflation models.
Recently, a new conjecture in string theory prompted a flurry of activity into
the constraints imposed upon scalar field potentials if they are embedded in string
theory, distinguishing a ‘swampland’ outside of the string theory landscape where
seemingly robust effective field theories may not actually be compatible with
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quantum gravity [71]. The new conjecture imposes a minimum on the derivative
of the scalar field potential:
|OV | ≥

cV
,
mPl

(2.155)

where c > 0 is a constant O(1). This has very interesting consequences for ΛCDM
which we address in more detail in Section 2.8.2, because it appears to forbid deSitter minimum and indicate a preference within string theory for quintessence
models of dark energy.
The conjecture also prompted a re-emergence of the swampland distance conjecture [72] which states an effective field theory is only valid for a finite scalar
field variation, beyond a certain distance an infinite tower of states becomes light,
a distance thought to be of the order of the Planck mass. Ref [73] gives a review
of recent developments in the field. We do not discuss it further here except to
say it is a conjecture within string theory, which may or may not be the correct
‘theory of everything’.

2.6.4

Hybrid Inflation

The original manifestation of hybrid inflation [74], coined the name as a ‘hybrid’
theory between chaotic inflation and new inflation. In hybrid inflation the inflaton
field slowly evolves along a flat direction, but it is also coupled to a secondary
field, σ, called the waterfall field, initially held at σ = 0. The inflaton field evolves
in slow-roll along the σ = 0 plateau and inflation ensues until a critical value, φc ,
when the symmetry is broken. The σ field evolves from an unstable maximum at
zero to its true minimum, thereby ending inflation. A diagram of this behaviour
is shown in Fig. 2.3.
The symmetry breaking which ends inflation in this model may lead to the
formation of topological defects, with interesting repercussions. As mentioned
in Section 2.3.4, the energy density of topological defects is heavily constrained,
however their existence depends on the symmetry group of the GUT in which
the model is embedded. If the GUT is semi-simple then the defects formed are
cosmic strings, upon which there are stringent constraints. These constraints arise
because cosmic strings affect structure formation and produce different observable
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Figure 2.3: A sketch of the potential in hybrid inflation using arbitrary units,
shown from two different perspectives.

signals in the CMB. The greater the influence of the cosmic strings, the more
the acoustic peaks are suppressed. The higher the energy scale of the symmetry
breaking, the greater the effect of cosmic strings on structure formation. As such,
cosmic string constraints impose an upper limit on the energy scale of symmetry
breaking, which corresponds to a reduction in the e-folds of inflation. This effect
should be considered if one is presuming the symmetry group of the GUT is semisimple. If it is not, the situation is more complicated. Either there are no defects
formed, in which case there are no constraints, or monopoles or domain walls are
formed which are very heavily constrained [75], as discussed in Section 2.3.4. We
refer the interested reader to Refs. [76–78] for further details.
The original theory predicted a blue-tilted spectrum for the primordial scalar
perturbations at odds with recent observations. The model was later revived in
supergravity, a version of the model which predicts a red spectrum. It is a very
successful example of a scalar field model embedded in SUGRA managing to avoid
the η problem, described in Section 2.5.2, without resorting to a complex Kähler
potential. An accidental cancellation from the higher order terms allows η  1

and saves the model. Unfortunately, the most recent Planck observations [1] rule

out the minimal SUGRA version of hybrid inflation, as it predicts ns ≥ 0.980,
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but the original research in Chapter 4 presents a way to save minimal hybrid
inflation in SUGRA.

2.6.5

Thermal Inflation

Thermal inflation is a short period of inflation following primordial inflation,
driven by a second scalar field called the flaton field [79]. A flaton field has an
almost flat potential and a large VEV and they naturally arise in many particle
field theories. Thermal inflation occurs at lower energies than primordial inflation
to avoid spoiling the primordial density perturbation spectrum. Thermal inflation
was originally investigated with the intention of solving the problem of moduli
generated after primordial inflation.
A flaton field is strongly coupled to the thermal bath and has a potential of
the form

1
λ
θ2(n+2) 1 2 2 2
V = V0 − m2 θ2 +
+ g T θ ,
2
[2(n + 2)]! m2n
2
Pl

(2.156)

where n > 0, θ is the flaton field1 , g is the coupling to the thermal bath and T
is the temperature of the thermal bath. Directly after primordial inflation the
flaton potential is dominated by the final term, controlled by the temperature of
the thermal bath, and the flaton field is trapped in a quadratic potential at the
origin. This is possible because the quartic self-interaction term is negligible for
flaton fields [79], allowing the potential to be flattened.
At θ = 0 the potential energy density is V0 and when V0 > ρr (the energy
density of radiation, the dominant component of the Universe after inflation) another period of inflation occurs. Thus, from the relationship between the density
of the thermal bath and its temperature in Eq. (2.94), the temperature at the
onset of thermal inflation is
T1 =



30
π 2 g∗

1/4

1/4

V0

1/4

' V0

.

(2.157)

As thermal inflation ensues, the temperature of the thermal bath drops expo1

In the literature the flaton field is most commonly denoted by φ but we use θ here in an
effort to distinguish it from the many scalar fields denoted by φ in this thesis.

60

V (θ)

2.6 Models of Inflation

θ

Figure 2.4: A sketch of the thermal inflation flaton potential using arbitrary
units. As the temperature drops the potential opens up, allowing the flaton to
move towards its VEV. The black (solid) line indicates the highest temperature,
with the red (dashed), blue (dot-dashed) and green (dotted) lines at respectively
lower temperatures.

nentially and so very quickly the dominant term in the potential is no longer the
thermal interaction term. A phase transition occurs and the flaton is released
towards its VEV, terminating thermal inflation. This occurs at the temperature
T2 =

m
,
g

(2.158)

where m is the mass of the flaton field and this behaviour is demonstrated in
Fig. 2.4.
It is the third term in Eq. (2.156) which controls the magnitude of the flaton
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VEV, hθi, and we see that a larger VEV requires a larger1 n


λ
hθi =
(2n + 3)!

1
− 2(n+1)

1

(mnPl m) n+1 ,

(2.159)

and as n → ∞, hθi → mPl . We have defined the minimum to be the vacuum and
so from V (hθi) = 0 we find
m2 hθi2 (n + 1)
,
2 (n + 2)

V0 =

(2.160)

meaning the energy scale for thermal inflation is
1/4

V0

'

p
mhθi .

(2.161)

From the definition of the e-folding number in Eq. (2.88) and the fact that
the scale factor is inversely proportional to the temperature of the thermal bath,
a ∝ T −1 , we can see the e-folds of thermal inflation correspond to
NT = ln



T1
T2



1
' ln
2



g 2 hθi
m



.

(2.162)

Thermal inflation is interesting because it allows the number of e-folds of primordial inflation to vary, which is a feature of the original research in Chapters 3
and 4. For a perturbative coupling constant g ≤ 1, maximum VEV corresponding
to hθi ≤ mPl and m ≥ 1TeV (because flaton particles have not been observed in
any particle accelerators) we obtain a maximum of
NT ' 17 ,
possible e-folds of thermal inflation.
1

Which presumes the preceding terms are suppressed and λ is not equal for all n.
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2.6.6

Eternal Inflation

The discussion of inflation so far, especially in Section 2.4.5, has focused on the
e-folds of inflation during which observable scales left the horizon, because those
are the e-folds of inflation which have an impact on the observational signatures
of inflation. However, there is theoretically no maximum limit on the duration of
inflation before this point. The slow-roll description of inflation has an unspoken
caveat, in that we are assuming the classical dynamics of the scalar field dominate
over the quantum fluctuations. Section 2.4.5 demonstrates how quantum fluctuations modify the classical slow-roll dynamics slightly to generate the density
perturbations in the late Universe, but if they dominate the Universe undergoes
what is known as eternal inflation.
During slow-roll the classical variation of the field is
|φ̇| '

V0
mPl V 0
' √
,
3H
3V

(2.164)

and the amplitude of the quantum fluctuations, as introduced in Section 2.4.5, is
given by

H2
V
δφ
'
'
.
δt
2π
6πm2Pl

(2.165)

V3
> 1,
12π 2 m6Pl V 02

(2.166)

We therefore see that when

eternal inflation ensues.
This description of eternal inflation appears intuitive for very flat parts of the
potential, such as on a hilltop in large-field models [80, 81]. Whereas classically
we expect the field to roll down to the minimum, there is a vanishing quantum
probability that it remains on the hilltop. Eternal inflation is also present in
chaotic inflation models [82] leading to the idea of the ‘multiverse’, whereby
pockets of the Universe inflate forever, causally distinct from one another, which
supports the string landscape hypothesis, because it provides a mechanism to
populate the landscape of string vacua, Ref. [83] provides an overview.
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2.6.7

f (R) Theories

If a field is non-minimally coupled to gravity there is an extra coupling term in
the Lagrangian which alters the dynamics of inflation. They are not expressly
examined in this thesis but it is worth mentioning that a conformal transformation shows that a non-minimally coupled scalar field in GR can be dynamically
equivalent to an f (R) theory of gravity. f (R) theories of gravity swap the Ricci
scalar in the Einstein-Hilbert action for a function of the Ricci scalar, f (R)
m2Pl
S=
2

Z

√
d4 x −g f (R) ,

(2.167)

An example of this degeneracy is Starobinsky inflation and R+R2 gravity [64], and
the framework of Gauss-Bonnet gravity used in the original research in Chapter 8
is related to f (R) gravity.

2.7

Reheating the Universe after Inflation

During inflation anything present in the Universe such as radiation and matter
is diluted away by the expansion1 . However, we know the Universe today is hot
and filled with matter so we need a mechanism to (re)create this scenario. This
process is called reheating, whereby the inflaton passes its energy density into
other particle species of the SM via decay processes. For this to happen, the
inflaton has to be coupled to other fields of the standard model and interaction
terms are introduced to the Lagrangian of the theory. Interaction terms are
additional terms in the Lagrangian, which are derived from particle physics and
take forms similar to
1
Lint = −σνφχ2 − hφψ̄ψ − g 2 φ2 χ2 ,
2

(2.168)

where χ is a generic scalar field and ψ is a generic fermionic field, both assumed
to be decay products of the inflaton, φ. ν is a mass scale, σ is the VEV of φ and
1

Except in the case of Warm Inflation [84].
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g and h are dimensionless coupling constants.
We define the reheating temperature of the Universe, Treh , to be the temperature when this process has completed and radiation domination begins; temperature only has meaning when there is a particle species to be described by it. The
longer reheating takes the more the reheating temperature decreases because of
the continued expansion of the Universe.
Prompt reheating means almost immediate radiation domination and barely
any time passes to dilute the energy. We know the energy scale at the end of
simple, single-field inflation is approximately the GUT scale, Treh ' 1016 GeV.
The reheating temperature is a parameter in Eq. (2.97) for the number of e-folds

of inflation remaining when observable scales left the horizon. As such, it strongly
affects observables and hence should be thoroughly understood.
Before addressing the decay of the inflaton to other species, we first investigate the behaviour of the inflaton itself at this time. It is most common in
inflationary models for the inflaton to oscillate in a minimum of its potential after inflation ends. Taylor expanding around the minimum, the potential can be
well approximated by a quadratic
1
V (φ) ≈ m2φ φ2 ,
2

(2.169)

where mφ is the mass of the inflaton, meaning the KG equation becomes
φ̈ + 3H φ̇ + m2φ φ = 0 ,

(2.170)

which is the equation of a damped harmonic oscillator, with solutions resembling
R

φ∝e

λ(t) dt

.

(2.171)

Substituting solutions of this form into Eq. (2.170) we find

λ(t) '

−3H(t) ±

q
9H(t)2 − 4m2φ
2

65

,

(2.172)

2.7 Reheating the Universe after Inflation

where the motion of the oscillator has three behaviours, depending on the level
of damping. The behaviour of interest to us for reheating is when the oscillator is
under-damped, meaning it approaches zero very quickly and then oscillates about
it. This occurs when 9H 2 − 4m2φ < 0 which translates to
mφ >

3H
.
2

(2.173)

Using this, the form of the damped oscillator can be approximated by an exponentially decaying sinusoid
φ ≈ Φ(t) sin(mφ t) ,

(2.174)

where
1

Φ ∝ e− 2

R

3H dt

.

(2.175)

At this point the energy density of the inflaton (and hence its oscillation amplitude) is decaying due to only the expansion of the Universe.
The simplest description of reheating is perturbative reheating, whereby the
inflaton transfers its energy to the standard model via single-body decays. If
quantum enhancements are taken into account, due to the coherent nature of
the inflaton field, preheating (or instant preheating if the decay particle decays
quickly enough) also occurs. If the inflaton is not directly coupled to the SM
particles, then reheating will proceed via gravitational reheating. These are addressed in detail in the following sections.

2.7.1

Perturbative Reheating

Perturbative reheating is in many respects the simplest description of reheating
and has a classical description. It is often superceded by other reheating mechanisms, described in subsequent sections, which take into account the quantum
effects of the decay, such as resonance. However, if these are incomplete or ineffective for some reason, the classical description of reheating persists.
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A homogeneous scalar field oscillating about the minimum of its potential
can be thought of as a collection of particles with zero momenta. If the inflaton
is coupled to other fields, as it oscillates about the minimum of its potential it
decays into the other fields, governed by the interactions in the Lagrangian. In
perturbative reheating, individual inflaton particles are treated independently,
with each having a finite probability of decaying.
When the inflaton field is coupled to other fields, the interaction terms in the
Lagrangian (Eq. (2.168)) introduce corrections to the inflaton mass, so that the
KG equation now looks like
φ̈ + (3H + Γ)φ̇ + V 0 (φ) = 0 ,

(2.176)

where Γ is the decay rate of the inflaton to other species. The solution for φ
becomes
1

φ = φ0 e− 2

R

(3H+Γ) dt

sin(mφ t) ,

(2.177)

and we can see that when Γ > 3H the decrease in inflaton energy due to particle
decay dominates over the decrease due to the expansion of the Universe. This
can also be seen from the continuity equation, taking the derivative of the energy
density of the scalar field we see
ρ̇ = φ̇φ̈ + V 0 (φ)φ̇ = φ̇(φ̈ + V 0 ) = −φ̇2 (3H + Γ) ,

(2.178)

where in the last equality we have substituted in a rearranged form of Eq. (2.176),
leading to
ρ̇ + (3H + Γ)ρ = 0 ,

(2.179)

where we have used the fact that the average kinetic energy is equal to the average
potential energy for the oscillating field, hence ρ = φ̇2 . This also explains why p
no longer features in the continuity equation here, because p = 0 for the oscillating
field and it behaves as matter. We have replicated the continuity equation from
Eq. (2.23) for pressureless matter but now with an extra term accounting for the
decays of the particles.
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The decay rates for the interactions in Eq. (2.168) are [3]:
σ2ν 2
,
8πmφ
h2 mφ
Γφ→ψ̄ψ =
,
8π
g 2 φ2
.
Γφφ→χχ =
8πmφ
Γφ→χχ =

(2.180)
(2.181)
(2.182)

When Γ ≈ H the decay products accumulate faster than they can be diluted away

by the expansion of the Universe. Different decay channels occur over different
timescales, for example the last decay process in the above is proportional to
t−2 whereas H ∝ t−1 , as such it never reaches Γ ≈ H and is not a dominant
contribution to perturbative reheating1 .

After inflation we know mφ  H (see Eq. (2.81)) and so the inflaton is

completing many oscillations in one Hubble time. It is because the oscillating
inflaton behaves as matter with w = 0 that the length of reheating and hence the
value of Treh has such an effect on the observables, because the expansion rate
of the Universe is altered. As we saw in Section 2.2.3, when w = 0, a ∝ t2/3 , in

contrast with radiation domination, when w = 1/3, which behaves as a ∝ t1/2 .

This explains why a lower value for Treh translates to a lower N∗ , because the
Universe has been able to expand more within a given time.
The evolution equation for the energy density of the decay products follows
from energy conservation and is given by
ρ̇r + 4Hρr − Γφ ρφ = 0 ,

(2.183)

where we use the subscript ‘r’ because the decay products are relativistic and will
decay to the standard model radiation bath. The final term is a source term from
the decay of the inflaton. Whilst the inflaton is oscillating and ρr is subdominant,
1

Also the first process is only present if there is a symmetry breaking present, so σ 6= 0.
Hence, without symmetry breaking the 2nd decay is the dominant one.
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an approximate solution to Eq. (2.183) is [85]
"

−5/3 #
m2Pl Γ
t
ρr '
1−
,
10πt
tend

(2.184)

where ‘end’ refers to the end of inflation. During matter domination t ∝ a3/2 so

ρr ∝ a−3/2 and relating the radiation energy density to the temperature, ρr ∝ T 4

(via Eq. (2.94)) we see that during the oscillations the temperature behaves as
1/4

T ∝ ρr

∝ a−3/8 .

This means the reheating temperature, defined at the point radiation domination begins, is not the maximum temperature attained during this period, which
instead occurs at the onset of the oscillations. It is important not to discount
the presence of the subdominant radiation bath during the oscillatory phase. For
example, the original research presented in Chapter 6 considers the impact on
black hole formation rates during this primordial epoch. When the Universe is
radiation dominated we can estimate the temperature of the radiation via
ρr ≈

π 2 g∗ T 4
,
30

(2.185)

where g∗ are the number of relativistic degrees of freedom.
As mentioned, the Universe is continuing to expand during this process, so
the quicker reheating completes, whereby radiation comes to dominate the energy
density budget of the Universe, the higher the reheating temperature, denoted
by Treh is. At the end of the oscillatory period, the decay products accumulate
more quickly than the expansion dilutes them and the reheating temperature
can be calculating by substituting the Friedmann equation, which by definition
is 3m2Pl H 2 = ρr at reheating, into 3H = Γ:
Treh =



10
π 2 g∗

 14 p
p
mPl Γ ≈ mPl Γ .
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2.7.2

Preheating

In the previous description we considered the inflaton particles decaying individually through single particle decay processes. However, if the inflaton field is
treated as a condensate composed of many inflaton quanta all oscillating with the
same phase, rather than individual particles, there is an effect called parametric
resonance which must be considered, which enhances particle production.
We consider that the inflaton is again coupled to a scalar field, but we now use
a quantum treatment and express the coupled field, χ̂, as a sum of its creation
and annihilation operators
1
χ̂ =
(2π)3

Z

[â(k)χk (t) + â† (−k)χ∗k (t)]eik·x d3 k ,

(2.187)

and the Fourier modes in this expansion obey the wave equation
χ̈k + 3H χ̇k +




k2
2
+ mχ,eff χk = 0 ,
a2

(2.188)

where
mχ,eff = mχ,0 + mχ,int ,

(2.189)

represents the bare mass of the χ field plus the correction to its mass arising from
00
(φ) and
the interaction term. mχ,eff has a dependence on φ through m2χ,int ≡ Vint

hence the frequency of this quantum harmonic oscillator is now time dependent:
ω 2 (t) =

k2
+ m2χ,eff (t) .
a2 (t)

(2.190)

One will notice the frequency also depends on the scale factor of the Universe, but
after inflation we know mφ  H (see Eq. (2.81)) and so the inflaton is completing

many oscillations in one Hubble time. As such, we can normalise a = 1 and the
frequency is simply
ω 2 (t) = k 2 + m2χ,eff (t) .

(2.191)

The dominant decay channel for parametric resonance effects is the third one in
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Eq. (2.168), which gives m2χ,int = g 2 φ2 and presuming mχ,0  mχ,int (which we

will see is valid momentarily) we use this now to demonstrate:

χ̈k + k 2 + g 2 φ2 χk = 0 .

(2.192)

In the previous section (Eq. (2.174)) we found
φ = Φ sin(mφ t) ,

(2.193)

where Φ is the amplitude of the oscillating inflaton field, which allows us to rewrite
the equation of motion as
χ̈k + (k 2 + g 2 Φ2 sin2 (mφ t))χk = 0 .

(2.194)

A change of variables (mφ t = z) allows us to write this in the form
χ00k + (Ak − 2q cos(2z))χk = 0 ,
where
Ak =

k2
+ 2q
m2φ

q=

g 2 Φ2
,
4m2φ

(2.195)

(2.196)

q is the ‘quality factor’ and a prime represents a derivative with respect to z.
The motivation for this representation is that this is the well-known Mathieu
equation, whose solutions can be stable or unstable depending on the parameter
space {Ak , q}. For a given mode an instability corresponds to exponential growth
of the occupation number

(n)

nk ∝ exp(2µk z) ,

(2.197)

where µk is the Floquet exponent, calculated numerically but generally taken
to be approximately 0 < µ . 0.3 [86] and n is the particular resonance band.
This growth of occupation numbers is interpreted as particle production and the
instability bands are shown in Fig. 2.5
The value of q determines the width of instability mode bands, when q < 1 it is
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called narrow resonance and otherwise, broad resonance. The wider the resonance
bands the more efficient the reheating is. During broad resonance the χk field
oscillates much more quickly than the φ field and for most of the oscillation the
effective mass of χk is larger than that of φ and particle production is suppressed
due to the adiabatic nature of the oscillations. However, at points during the
oscillation the adiabaticity constraint is violated, meaning
|ω̇|
 1,
ω2

(2.198)

and bursts of exponential particle production occur. For the coupling here, this
occurs for k values
k 2 < (g 2 φmφ Φ)2/3 − g 2 φ2 ,

(2.199)

where we have used that |φ̇0 | = mφ Φ near the minimum of the effective potential.
Finding the maximum of Eq. (2.199) allows us to find a range of k values which
undergo particle production
0 ≤ 2k ≤

p

gmφ Φ ,

(2.200)

and specifying k > 0 in Eq. (2.199) gives a region in field space where the adiabaticity constraint is violated (Eq. (2.198)):

−

s

mφ Φ
.φ.
g

s

mφ Φ
.
g

(2.201)

The general equation for the occupation number of produced particles is [86]


nk = exp −

π(k 2 + m2χ )
g|φ̇min |



,

(2.202)

where we allow the χ field to be massive and reinstate φ̇ rather than assuming
its value at the minimum, defined by the subscript ‘min’ here. Integrating over
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all values of k gives the total number density of χ particles [87, 88]
1
nχ = 2
2π

Z

0

∞

(g|φ̇min |)3/2
k nk dk =
exp
8π 3
2



−πm2χ

g|φ̇min |



.

(2.203)

As long as m2χ < g|φ̇min | the number density is not exponentially suppressed and

simplifies to

nχ '

(g|φ̇min |)3/2
,
8π 3

(2.204)

with no dependence on mχ . However, if m2χ ' g|φ̇min | for oscillations after the

first, particle production will be exponentially suppressed due to the decrease
occurring in φ̇ for a constant mχ .
As preheating proceeds the amplitude of the φ oscillations decreases and so
the resonance moves from the broad to the narrow regime. However, we have
neglected the possible effect the produced χ particles might have on the dynamics
of φ. The effective mass of φ now receives a contribution from the newly created
particles
m2φ = g 2 hχ2 i ,

(2.205)

where we use the Hartree approximation
2

hχ i =

Z

0

∞

k 2 dk
|χk (t)|2 .
2π 2

(2.206)

The addition of this backreaction term to the KG equation acts to suppress the
resonance and so to ensure it does not spoil the mechanism g 2 hχ2 i < m2 should

be imposed which acts as a constraint on the coupling constant, g. However,
because hχ2 i grows during this process, preheating never fully completes and
energy density remaining in the inflaton is dissipated via perturbative reheating.

2.7.3

Instant Preheating

Instant preheating is another non-perturbative process but uniquely does not
require oscillations about a minimum. Preheating via parametric resonance relies
on multiple crossings of φ = 0 to exponentially increase the energy density of
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χ whereas instant preheating focuses on the first oscillation only [87]. Instant
preheating utilises the same coupling as that in preheating but χ is also coupled
to a fermion, ψ, as:

1
L = − g 2 φ2 χ2 − hψ̄ψχ ,
2

(2.207)
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Figure 2.5: Mathieu instability bands (blue regions) which are interpreted as
exponential particle production.
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where g and h are dimensionless coupling constants.
As φ crosses the origin the number density of produced χ particles suddenly
increases and then remains approximately constant for the duration of the inflaton’s oscillation, as per the broad resonance regime of preheating seen previously.
However, the effective mass of χ is
m2χ = g 2 φ2 ,

(2.208)

which grows as φ moves to larger values. As such, if χ decays to ψ at the point
where its mass is maximised, the energy density of produced particles is enhanced.
The decay rate for the produced χ particles is
Γχ→ψ̄ψ =

h2 mχ
,
8π

(2.209)

presuming the bare mass of the χ particle is negligible to the interaction mass,
given in Eq. (2.208), this equates to
Γχ→ψ̄ψ =

h2 gφ
,
8π

(2.210)

where φ is evaluated at the point of decay. As φ is growing as it moves to the
extremum of its oscillation, the decay rate is also growing, indicating that χ is
predisposed to decay at the maximum amplitude of φ. Depending on the values
of g and h, χ may decay before it reaches φmax but there is a lower limit arising
from the requirement that
mχ = g|φ| ≥ 2mψ ,

(2.211)

whatever the mass of the fermions may be, otherwise the decay is kinematically
forbidden.
If the model in question has a minimum and the χ particles do not decay
before subsequent oscillations of the inflaton, reheating will proceed via parametric resonance. Because instant preheating does not rely on bosonic amplification
to enhance the energy density of the decay particle the inflaton is able to decay
directly to fermions as well as bosons.
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The important distinction of instant preheating, that the theory does not
require any oscillation of the inflaton about a minimum, means it is an excellent
candidate for reheating in theories of quintessential inflation and will feature
heavily in the research in Chapters 7 and 8.
We find the density of the produced χ particles by combining Eq. (2.204) with
the χ particle effective mass [87, 88]
ρIP
χ =

g 5/2 |φ̇IP |3/2 φIP
.
8π 3

(2.212)

The instant preheating efficiency is maximised when φ is near the final edge of the
production window because, even though we expect a continuous contribution to
nχ whilst φ is in this region, the produced χ-particles are diluted by the expansion
of the Universe. Therefore, we expect only the ones produced near the end of the
particle production regime to contribute significantly to ρIP
χ . From Eq. (2.201),
re-instating φ̇ we set
φIP =

s

φ̇IP
,
g

(2.213)

which simplifies Eq. (2.212) to
IP
ρIP
r = ρχ =

g 2 φ̇2IP
,
8π 3

(2.214)

where we have assumed the decay of the χ-particles to radiation is instantaneous.

2.7.4

Gravitational Reheating

If, for some reason, the inflaton is not explicitly coupled to other fields, or the
reheating mechanism is ineffective, the Universe will still progress into radiation
domination (as we know it must) via gravitational reheating [89]. Gravitational
reheating is in most cases sub-dominant to another form of reheating mechanism because it is very inefficient, but it is always present and in the absence
of other mechanisms it reheats the Universe. As discussed in Section 2.4.1, the
cosmological horizon during periods of accelerated expansion is an event horizon.
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Quantum fluctuations of the vacuum can heuristically be thought of as pairs of
virtual particles and anti-particles constantly popping into existence and subsequently annihilating with one another. When there is an event horizon, pairs of
virtual particles are unable to annihilate if they are outside of causal contact,
meaning they become real particles.
Particles produced in this manner during inflation are inflated away but are
being constantly replenished, meaning that at the end of inflation a sub-dominant
thermal1 bath will exist that, given time, may come to dominate the energy
density of the Universe and initiate a radiation dominated epoch [89]. All nonconformally invariant light fields (m < H) produce particles gravitationally because they are coupled to the metric via gravity and the temperature of the
thermal bath generated by gravitational reheating is
T =

H
,
2π

(2.215)

which is the Hawking temperature of de Sitter space. As such, it is an appropriate
choice for quasi-de Sitter inflation but we note the pre-factor changes for other
types of inflation, e.g. power-law inflation. As we first saw in Eq. (2.94), the
energy density of radiation is related to its temperature via
π 2 g∗ 4
T ,
30

(2.216)

qg∗
H4 ,
480π 2

(2.217)

ρr =
which in this case gives
ρr =

where we have introduced an efficiency factor, q ≈ 1, to encapsulate the produced
radiation not necessarily being thermalised.
1

The radiation is not exactly thermal, which is why Eq. (2.217) features an efficiency factor,

q.
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2.7.5

Constraints on Reheating

The main constraints that must be considered for reheating are the timescales
involved. BBN commences at energy levels of approximately 100 keV, when
photons in the thermal bath no longer have enough energy to photo-disintegrate
the nuclei of light elements, meaning they start to form in measurable quantities
for the first time. Reheating quantifies the moment at which the Universe is
dominated by thermalised radiation, so this necessarily must occur at energy
levels higher than 100 keV. As such, an ultimate lower bound on the reheating
temperature of the Universe is
Treh > 1 MeV .

(2.218)

Another possible constraint on the reheating temperature exists if the inflation
model in question is embedded in a supergravity theory (see Section 2.5.1). In
supergravity models the graviton has a ‘super partner’ called the gravitino. If
they exist, gravitinos are expected to have a mass of approximately the TeV
scale which presents a constraint on their abundance if they are a stable particle
contributing to dark matter. Alternatively, if they are unstable and decay to other
particles the decay channels will produce energetic particles capable of disrupting
BBN. Gravitinos only decay via gravitationally suppressed interactions which
means they have a long lifetime and would survive past the time of BBN if they
were produced in the early Universe. As such, the abundance of gravitinos either
needs to be heavily constrained or avoided completely.
Production mechanisms for gravitinos are either thermal (produced via scatterings in the thermal bath) or non-thermal (direct inflaton decay [90–92]). For
thermal production their relative abundance has a strong dependence on the reheating temperature; to avoid an excess of stable gravitinos contributing to dark
matter and over-closing the Universe requires
Treh < O(107 ) GeV .

(2.219)

Alternatively, to avoid an excess of unstable gravitinos’ decay products destabil-
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ising BBN requires
Treh < O(106 − 109 ) GeV .

(2.220)

As is evident from the constraints, thermal production of gravitinos is more important for a higher Treh . However, production via inflaton decay is more effective
with a lower reheating temperature. Therefore, constraining the thermal production naturally enhances the non-thermal production. The non-thermal production of gravitinos is already effective for a reheating temperature satisfying either
Eq. (2.219) or Eq. (2.220) [91], meaning it does not present as a constraint on
Treh but rather the details of the supergravity model. For the purposes of this
thesis we take a bound of [90–92]
Treh < 109 GeV .

(2.221)

After reheating, the Universe is radiation dominated, but as we know the energy density of radiation scales as ρr ∝ a−4 whilst the energy density of matter
scales as ρm ∝ a−3 . This means the Universe reaches a point where they are ap-

proximately equal, the time of matter-radiation equality. From this point on the
Universe is matter dominated. However, as briefly mentioned in Section 2.1.3,
in the 1990s two separate teams of researchers made the discovery that the current expansion of the Universe is actually accelerating [30, 31]. This means the
Universe has transitioned from matter domination into a period now known as
dark energy domination. The late-time (present day) evolution of the Universe
is investigated in detail in the next section.

2.8

Dark Energy and Quintessential Inflation

As we saw in Section 2.4.3, to have accelerated expansion, namely ä > 0, requires a fluid with equation of state w < − 31 to be the dominant component of

the Universe. This unknown fluid which acts to accelerate the expansion of the
Universe in the modern day is given the name ‘Dark Energy’, Ref. [93] provides a
comprehensive review. The nature of dark energy is undetermined but observations of the accelerating expansion have constrained the density parameter and
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the equation of state of dark energy to be1 [4]
ΩDE = 0.685 ± 0.007 ,

(2.222)

wDE = −1.03 ± 0.03 .

(2.223)

Constraining the details of dark energy is an active research area. Whilst
ΛCDM is the foremost theoretical description for dark energy it has its downfalls and discrepancies which competing models are able to alleviate, the most
prominent of which is quintessence. We introduce both of these in the following
sections.

2.8.1

ΛCDM

The simplest explanation for dark energy is the ‘Cosmological Constant’ (CC),
Λ. The CC was first introduced by Einstein to his field equation to enable it
to describe a static, matter-filled Universe, as he believed the Universe to be at
the time. As soon as Hubble observed that our Universe was, in fact, not static,
Einstein retracted the CC as ‘the greatest blunder of his life’2 .
Einstein introduced a carefully balanced form of Λ to result in a static Universe, but a slightly larger value, Λ ≥ m2Pl /2 would produce an accelerated ex-

pansion3 . The cosmological constant can be modelled as a perfect fluid with
ρΛ ≡ m2Pl Λ and an unchanging equation of state parameter, wΛ = −1. For a
positive CC, Λ > 0 ↔ ρΛ > 0 and so we see that the pressure is negative and the
cosmological constant satisfies the criteria to explain dark energy - as long as it
is the dominant contribution to the energy density of the Universe at present.
By definition, explaining dark energy in this way requires a component of
the Universe whose energy density remains constant eternally, regardless of the
expansion. One physical explanation put forth for the CC is vacuum energy,
a quantum effect which could adequately describe our observations. However,
attempts to derive a value for the vacuum energy produce wildly different values
1

In Ref. [4] ΩDE is referred to as ΩΛ but as we discuss quintessence here we reserve ΩΛ for
when we specifically refer to the cosmological constant explanation of dark energy.
2
According to George Gamow in his memoirs [94].
3
A smaller value for Λ leads to collapse.
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to the critical density of the Universe we observe today, a quirk known as the
‘Cosmological Constant Problem’.

2.8.1.1

The Cosmological Constant Problem

The vacuum energy density has not been accurately computed in quantum field
theory, but a natural value would be the cut-off scale of existing theories, the
Planck energy density:
hρivac '

EP l
' m4Pl ' 1072 GeV4 .
3
lP l

(2.224)

The observed critical energy density of the Universe today is ρc ≈ 10−48 GeV4
and ρDE ' 0.7ρc . Hence, comparing the observed with the predicted
ρc
≈ 10−120 ,
m4Pl

(2.225)

we see there is a separation of approximately 120 orders of magnitude between
the vacuum energy density we expect from quantum field theory and the observed
dark energy density.
Clearly something is amiss here and so it is typical to assume the vacuum
energy density is zero, due to an unknown symmetry, and then the cosmological
constant explains the energy density of the dark energy
ρΛ ≡ m2Pl Λ ' 10−12 GeV
Λ ≈ 10−42 GeV

2

,

4

,

(2.226)
(2.227)

and takes a value which is almost, but not exactly, zero, differing at the 84th
decimal place. The cosmological constant problem has hence been described1 as
the ‘worst fine-tuning problem in Physics’.
1

By Laurence Krauss.
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2.8.1.2

Future Horizons Problem of ΛCDM

The question of why Λ should be so small but not exactly zero is sometimes answered using anthropic arguments1 in string theory because the string landscape
provides a plethora of de-Sitter vacua at varying energies [96]. However, ΛCDM
in string theory suffers from the future horizons problem.
In ΛCDM, the Universe transitions into a period of total Λ domination which
never ends, the Universe expansion accelerates forever and in the distant future all
unbound matter will become infinitely diluted, separated outside of causal contact
with anything else - there will be future horizons that prevent the communication
of information. This is incompatible with string theory, which requires future
asymptotic states to be well defined in order for an S-matrix to be formulated [97,
98].
This can either be viewed as a problem of models resulting in eternal cosmic
acceleration, or a problem of string theory as a viable mathematical description
of the Universe. We do not comment too much either way except to point out
the second swampland conjecture, detailed in Section 2.6.3, which brings the very
existence of de-Sitter vacua in string theory into question.
We therefore move on, taking the conservative viewpoint that eternal periods
of cosmic acceleration are best avoided if possible, but remain agnostic as to the
Theory of Everything.

2.8.2

Quintessence

An alternative to ΛCDM is quintessence, so named [99] as a ‘fifth element’ after
baryons, CDM, photons and neutrinos. Quintessence is a dynamic scalar field
which can generate the observed accelerated expansion if it is slowly rolling along
a flat part of its potential and is the dominant component of the energy density budget of the Universe at present [100]. Utilising a scalar field does not
remove the need to explain why the theoretical vacuum energy density does not
1

The anthropic principle considers fine-tuning questions to be unremarkable because fundamental constants (etc...) necessarily take the values required for human life to then evolve and
question them. From a continuum of possible values, we witness the one we do out of nothing
more remarkable than coincidence [95].
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match observations, as it must still be set to zero due to some unknown symmetry. However, it reduces the levels of fine-tuning because we do not have to
arbitrarily assign a tiny, and seemingly unnatural, value to a constant, instead
the quintessence field naturally evolves to provide the correct energy density for
dark energy at the correct time. The dynamical nature of the quintessence field,
with ẇ 6= 0, also means it does not suffer from the future horizons problem if

V → 0 eventually, giving quintessence models two clear advantages over ΛCDM.
However, quintessence models suffer from problems of their own.

Firstly, in many cases a quintessence field features an exponential potential
of the form [101]
V (φ) ∝ e−λφ/mPl ,
for which the mass-squared is m2 ≈

λ2 V (φ)
.
m2Pl

(2.228)

By necessity, we need the potential

energy density to match the dark energy observations, V (φ) = 0.7ρc = 3m2Pl H02 ,
which means m ≈ λH0 and the mass of a quintessence scalar field is approximately

of the order of the present Hubble constant value, H0 ≈ 1.43 × 10−42 GeV. This
means its Compton wavelength, which is 1/m, is of the order of the size of the

horizon and a long-range interaction force might exist, which would violate the
Equivalence Principle and has never been observed. As such, the interaction
terms between the quintessence scalar field and other standard model fields in
the Lagrangian must be suppressed somehow. This is known as the ‘fifth force
problem’.
Secondly, quintessence introduces another source of fine-tuning, that of the
initial conditions. To ensure the energy density of the quintessence field matches
the observations we see today, it is necessary to tune the initial conditions of
the scalar field. Reducing the fine-tuning of ΛCDM is one of the motivations for
quintessence so this must be kept under control. In a similar way, it is important
to ensure quintessence models do not feature scales similar to Λ; introducing
scales of the order of the cosmological constant by hand does not reduce the
fine-tuning.
Finally, quintessence models generally require the scalar field to travel over
Planckian distances in field space. However, as explained in Section 2.6.3, superPlanckian field excursions in field space mean we cannot guarantee the flatness of
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the potential any more, due to radiative corrections. Ref. [102] gives a summary
of the difficulties facing quintessence models with φ  mPl , and finds them
unviable.

2.8.3

Quintessential Inflation

If the mechanism of quintessence is a slowly rolling scalar field, reminiscent of the
inflaton field, the question ‘could the quintessence field be the same scalar field as
drives primordial inflation?’ naturally arises. Combining the two scalar fields into
one in this way is called quintessential inflation (QI) [103] and naturally improves
on quintessence alone in two key ways. Firstly, using a single unified theoretical
framework, as well as seeming economical, keeps the theory more minimal with
fewer degrees of freedom than two separate scalar fields. Secondly, uniting the
two phases of Universe evolution eliminates the initial conditions problem of
quintessence, because the initial conditions are now fixed by the attractor of
inflation.
Forming a successful model of quintessential inflation has its challenges. The
energy density scales in question are staggeringly different, with inflation at the
order of 1064 GeV4 and late-time accelerated expansion approximately 10−48 GeV4 ,
a difference of approximately 112 orders of magnitude, which a successful scalar
field potential will need to bridge. Secondly, both periods of accelerated expansion require a flat potential for the accelerated expansion to be viable in the
minimal versions of the theory1 , two plateaus separated by 112 orders of magnitude is suddenly much more difficult to formulate, running the risk of forming an
artificial potential.
Presuming such a potential is justifiable, there is now a hugely steep drop
between the two plateau regions, regardless of the formulation of the theory. As
the field crosses this point, the Klein-Gordon equation becomes dominated by the
kinetic terms and the field traverses large distances in field space, regardless of the
potential. If the field crosses Planckian distances the flatness of the potential is
thrown into question and radiative corrections must be considered. If the second,
1

Warm inflation [84], as an example, does not require a flat potential but is no longer a
minimal theory.
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late-time, plateau region cannot be guaranteed, then the potential’s suitability
for quintessential inflation is all but negated. However, if the inflaton’s motion is
restricted to sub-Planckian field distances, the potential is likely to be too curved
at early times for inflation to progress in a manner that matches observations,
which is the ‘η-problem of quintessential inflation’ [104].
Quintessential inflation models also still suffer from the fifth force problem
and must somehow suppress their interactions to the other standard model fields
at large distances.
A final obstacle in a model of quintessential inflation is how to successfully
reheat the Universe after inflation, with a scalar field potential which by necessity
does not have a minimum for traditional perturbative reheating to occur at. The
field must also retain some trace of its energy density at late times to explain
dark energy, and so it cannot decay completely.

2.8.4

Early-time Kinematics of Quintessential Inflation

When inflation ends and the field reaches the very steep part of its potential,
its EoM is dominated by the influence of the kinetic terms and the motion of
the field is oblivious to the shape of the potential. The Klein-Gordon equation
(Eq. (2.62)) simplifies to
φ̈ + 3H φ̇ ' 0 ,

(2.229)

and the dynamics of the field during this regime can be treated in a model independent way.
Solutions to Eq. (2.229) take different forms depending on the background
dynamics. If the kinetically dominated inflaton is dominating the energy budget
of the Universe the solutions to Eq. (2.229) are1
φ̇ =

r

2 mPl
,
3 t

1

(2.230)

This analytical treatment presumes immediate kination directly after the end of inflation,
which may introduce slight inaccuracies to the calculation but any intermediate period can only
be traced numerically.
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φ = φend +

r

2
mPl ln
3



t
tend



,

(2.231)

where ‘end’ denotes the end of inflation. If the background is dominated by
radiation energy density, the solutions are
φ̇ =

φ = φreh +

r

r

√
2 mPl treh
,
3 t3/2

2
mPl 1 −
3

r

(2.232)
treh
t

!

,

(2.233)

where ‘reh’ denotes reheating, the onset of radiation domination.
When the dominant energy density in the Universe is the inflaton, driven
purely by its kinetic energy density, the Universe is in a period of ‘kination’.
Typically in QI models, a period of kination will commence at the end of inflation,
with the inflaton obeying Eqs. (2.230) and (2.231), but at some point before BBN
kination has to end to allow the history of the HBB to proceed as normal, with
a radiation dominated Universe. The inflaton is still kinetically dominated and
oblivious of the potential for some time, obeying Eqs. (2.232) and (2.233) until
its variation ceases and the field freezes until late times. We define the point
in field space at which this occurs by φF , at t  treh , when Eq. (2.233) can be
approximated by
φF ' φreh +

r

2
mPl .
3

(2.234)

A period of kination is a non-standard extension to the typical Universe history which progresses from inflation into radiation domination and matter domination to the present day, with possible scope for an effective matter dominated
regime during slow perturbative reheating after inflation. Including a period of
kination changes the dynamics of the expansion of the Universe in such a way
that is reflected in observable quantities.
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2.8.4.1

Gravitational Waves During Kination

During kination the pressure and energy density of the scalar field are also oblivious of the potential and so the equation of state parameter of the Universe is
w = 1. The equation for estimating the e-folds of primordial inflation, Eq. (2.96),
has a dependence on the equation of state parameter of the Universe in the interval between the end of inflation and the completion of reheating. If there is a
period of kination, with w = 1, the number of e-folds of inflation since observable
scales left the horizon is increased.
Whilst N∗ is not an observable quantity in its own right, the spectral index of
scalar curvature perturbations and the tensor-to-scalar ratio are both affected by
a change in N∗ . More drastically however, the spectrum of gravitational waves
may be severely altered in a model with kination compared to one without. As
seen in Section 2.4.5, gravitational waves have constant amplitude whilst their
wavelengths are super-horizon but undergo damped oscillations as they re-enter
the horizon, of the form
h+,x

1
∝ sin
a

 
k
.
a

(2.235)

The energy density of gravitational waves is given by
ρGW =

m2Pl 2
hḣ+,x i ,
4

(2.236)

where hi denotes an average over several wavelengths. For modes which have
re-entered the horizon this gives

ρGW ∝ a−4 .

(2.237)

The density fraction of gravitational waves is
Ωgw =

ρGW
,
ρb

(2.238)

so during a period of kination we see ΩGW ∝ a2 , in contrast to radiation domi-

nation when ΩGW ' const. This behaviour is shown in Fig. 2.6.
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Figure 2.6: A spike in gravitational waves appears at high frequencies when there
is a period of kination, the reheating temperature determines the length of kination
and therefore the magnitude of the spike. N.B. This is an example sketch to show
the behaviour and should not be used as a representative reference for particular
values etc...

The expansion rate at the time of BBN is highly constrained by measurements,
meaning the relative energy densities of the Universe at that point are highly
constrained. Gravitational waves contribute to the radiation energy density and
increase the rate of expansion, meaning gravitational waves at high frequencies
(re-entering the horizon before BBN) are heavily constrained. The upper bound
at the onset of radiation domination is [105]
−2
Ωreh
.
GW ≤ 10

(2.239)

For models with a period of kination, this bound imposes constraints on the
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duration of kination which translates to a bound on the reheating temperature
in each model.

2.8.5

Late-time Kinematics of Quintessential Inflation

For quintessential inflation models, the late time evolution of the scalar field is in
many cases modelled by an exponential potential tail of the form of Eq. (2.228),
for which there exist two attractor solutions to the full KG equation. The steepness of the exponential potential tail determines which attractor solution the
inflaton follows, parametrised by λ in the exponential. After the field has frozen
for a time it unfreezes and briefly oscillates around the attractor before settling
to it. The models are known as thawing quintessence models [106]. An example
of the behaviour of the scalar field is depicted in Fig. 2.7.
For accelerated expansion we need the scalar field to become the dominant
component to the energy density of the Universe at late times. This is not always
the case, depending on which attractor solution the field follows when it unfreezes
and begins to evolve again. The energy density of the quintessence field can be
dominant or sub-dominant to the background. If it is dominant the Universe
moves into a period of eternal accelerated expansion but if it is sub-dominant
there may be a period of transient accelerated expansion, as it oscillates before
settling to the attractor. Copeland et al [101] used a phase-plane analysis and
found for constant values of λ, the dominant quintessence attractor solution is
√
√
√
√
a stable node when λ < 3. For 3 < λ < 6 and λ > 6 the subdominant
quintessence attractor solution is a stable node and a stable spiral respectively.
To find both attractor solutions we start from the KG equation
φ̈ + 3H φ̇ + V 0 (φ) = 0 ,

(2.240)

and remember the following definition from Section 2.2.3:
H=

2
.
3(1 + wdom )t
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We use the unusual notation ‘dom’ to refer to the dominant energy density in
the Universe, the reason for which will become clear when we investigate the two
attractor solutions momentarily. The KG equation then becomes
φ̈ +

2
φ̇
λV
−
= 0,
1 + wdom t
mPl

(2.242)

where we use the exponential potential in Eq. (2.228). We rearrange the equation

1060
1045
1030

ln ρ

1015
100
10−15
10−30

ρφ
ρb

10−45
10

−60

today
10−24

10−20

10−16

10−12
ln a

10−8

10−4

100

Figure 2.7: Log-log plot depicting the evolution of the energy density of the scalar
field, ρφ (solid line), compared the energy density of the background, ρb (dashed
line), which initially evolves as radiation (ρ ∝ a−4 ) and then matter (ρ ∝ a−3 ).
The scalar field is kinetically dominated (ρ ∝ a−6 ) until it freezes, when its energy
density becomes constant. The red dotted line indicates the present time, when
the scalar field has recently become the dominant energy density of the Universe
again. This plot shows the scalar field following the dominant attractor solution.
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of state parameter for the scalar field to see
V =

φ̇2 (1 − wφ )
,
2 (1 + wφ )

(2.243)

which substitutes into Eq. (2.242) to leave
φ̈ +

2
φ̇
λ (1 − wφ ) φ̇2
−
= 0.
1 + wdom t
mPl (1 + wφ ) 2

(2.244)

For both attractor solutions we assume all three terms in the KG equation are
approximately equal in magnitude, which leads to the ansatz φ̇ =
φ̈ =

−C
t2

C
t

and therefore

which leaves the KG equation in the form
−1+

2
λC (1 − wφ )
−
= 0,
(1 + wdom ) 2mPl (1 + wφ )

(2.245)

where we have divided through by C/t2 to simplify.
For the sub-dominant case, the energy density of the scalar field tracks that
of the background [101] and so wφ = wdom . For the dominant case the scalar field
itself is the dominant energy density in the Universe and so again wφ = wdom .
Hence, in both cases we can solve Eq. (2.245) to find C =

2mPl
λ

and φ̇ =

2mPl
.
λt

Eq. (2.243) then leads immediately to the solution:
V =

2m2Pl (1 − wφ )
.
λ2 t2 (1 + wφ )

(2.246)

For the sub-dominant case, this is the final solution because we do not know the
value of λ. We simply take advantage of the relationship wφ = wdom as a final
step:
V =

2m2Pl (1 − wdom )
.
λ2 t2 (1 + wdom )

(2.247)

However, for the dominant attractor we can take the derivation further using
the Friedmann equation. When the scalar field is the dominant component of the
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Universe energy density we can write
1
3m2Pl H 2 = φ̇2 + V ,
2

(2.248)

which, using Eq. (2.243), rearranges to
H=

Equating this with H =
another equation for C:

φ̇
p
.
mPl 3(1 + wφ )

2
3(1+wdom )t

(2.249)

and reusing the ansatz φ̇ = C/t results in

2mPl
C=p
,
3 + 3wφ

(2.250)

where we again set wφ = wdom . We equate Eq. (2.250) with the previous solution
of C =

2mPl
λ

to determine a relationship between λ and wφ in the dominant

attractor:
λ2 = 3(1 + wφ ) .

(2.251)

This allows us to simplify the attractor solution in the dominant case to
V =

2(6 − λ2 )m2Pl
.
λ4 t2

(2.252)

The attractor solutions differ with regard to the evolution of ρφ compared to
ρm , which is fixed at ρm ∝ a−3 . For sub-dominant quintessence, ρφ ∝ a−3 , mean-

ing ρφ /ρm stays constant and for this reason the sub-dominant attractor case is
√
sometimes referred to as a scaling solution. The value of λ = 3 (since wb = 0)

represents the boundary between the two attractor solutions, i.e. as λ increases
√
toward 3, the evolution of ρφ increasingly moves towards that of ρφ ∝ a−3 .
√
For λ < 3, Eq. (2.251) shows w = −1 + λ2 /3 on the dominant attractor, mean√
2
ing ρφ ∝ a−λ and λ < 2 results in w < −1/3, leading to eternal accelerated
expansion.

An analysis of the late-time dynamics of a quintessential inflation model is
presented in Chapter 7, where we analyse the parameter space of wφ which allows
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late-time accelerated expansion. Novel models of quintessential inflation are presented as part of the original research in Chapters 7 and 8, where care is taken
to remain at sub-Planckian field values and an in-depth analysis of reheating in
QI models is detailed.
The first part of Chapter 2 provided a whirlwind tour of the more well understood aspects of the history of the Universe, from the HBB through RD and MD.
Section 2.2 then introduced the mathematical formalisms to describe an expanding Universe such as ours, which describes the Universe we observe exceptionally
well. However, Section 2.3 went on to detail a few shortcomings of the HBB
model, where it is ‘rough around the edges’ so to speak. Section 2.4 then introduced cosmic inflation as a means to overcome the problems, including inflation’s
greatest strength - a description of how inflation seeds the primordial inhomogeneities which grow to become the structure of the Universe we are familiar
with, predicting an almost scale invariant spectrum of perturbations which has
since been confirmed. This contributed to the inflationary paradigm becoming
an accepted description of the early Universe. Inflation is a ‘paradigm’ because
it is a theoretical description without an agreed-upon model; indeed, this thesis
presents five separate models of inflation.
We progress now into original research; introducing two new inflationary models in Chapters 3 and 5, saving an exciting pre-existing inflationary model in
Chapter 4, investigating PBH production rates in Chapter 6 and combining primordial and late-time accelerating expansion in Chapters 7 and 8.
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Chapter 3
Power-law Plateau Inflation:
A New Family of Inflationary
Models
This chapter is based on the original research by the author, in collaboration with
Konstantinos Dimopoulos, published in Physical Review D [107].

3.1

Introduction

The research presented in this chapter is the first of several motivated by the
observations of the Planck satellite [1], namely of the spectral index of curvature
perturbations and the upper bound on the ratio of the power spectra of the
tensor-to-scalar perturbations, which strongly suggest that primordial inflation is
single-field with a concave scalar potential, featuring an inflationary plateau. The
fact that non-Gaussian and isocurvature perturbations have not been observed
only serves to strengthen the evidence for a single-field inflationary model. The
origins of these inflationary observables are detailed in Section 2.4.5 and the
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constraints are repeated here for ease of reference:
ns = 0.965 ± 0.004 ,

(3.1)

r0.002 < 0.07 .

(3.2)

Planck also finds a vanishing running for the spectral index, of
dns
= −0.0045 ± 0.0067 .
d ln k

(3.3)

Different classes of inflationary models produce wildly varying predictions for
these observables and the recent advances in the precision of cosmic microwave
background observations have resulted in some models being ruled out. Most
notably, the minimal versions of chaotic and hybrid inflation (see Section 2.6) are
incompatible with the constraints in Eqs. (3.1) and (3.2) (though the research
in Chapter 4 revives minimal hybrid inflation in supergravity). As such, models
with an inflationary plateau (e.g. Starobinsky R2 Inflation [64], or Higgs Inflation [108]) are now receiving enormous attention. More recent models such as
α-attractors [109, 110] (an important part of the research in Chapter 7 and so
fully introduced there) have developed a wider family of plateau inflation models, but in all of these the approach to the inflationary plateau is exponential,
meaning distinguishing between models is difficult [111, 112].
The research in this chapter introduces a new family of single-field inflationary
models called power-law plateau inflation1 . This research develops the idea of a
power-law approach to the inflationary potential from Refs. [115, 116], which
use a deceptively simple but highly non-perturbative superpotential in global
supersymmetry; here we remove the need for the exotic superpotential.
Power-law plateau inflation has a simple potential which features an inflationary plateau for large inflaton field values but at small field values, after inflation,
reduces to an approximately monomial potential. The family of models have two
mass scales, parametrised by observations.
1

This should not be confused with plateau inflation in Refs. [113, 114].
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3.2

Power-law Plateau Inflation

The potential we propose is the following:
V = V0



φn q
,
φn + mn

(3.4)

where m is a mass scale, n and q are real parameters restricted to integer values
and φ is a canonically normalised, real scalar field. V0 is a constant density scale
and we assume φ ≥ m to avoid replicating monomial inflation with V ∝ φnq ,

which is disfavoured by observations. The potential can be re-expressed in terms
 
of m
as
φ
h
 m n i−q
V = V0 1 +
,
(3.5)
φ

which allows us to represent the slow-roll parameters (introduced in Section 2.4.5)
as

 m n i
m2Pl  V 0 2 n2 q 2  m 2(n+1) h
1
−
2
,
'
2 V
2a2 φ
φ
 V 00 
n(n + 1)q  m n+2 h
(nq + 2n + 1)  m n i
'−
1
−
,
η = m2Pl
V
a2
φ
(n + 1)
φ
=

where

a≡

m
.
mPl

(3.6)
(3.7)

(3.8)

Slow-roll inflation ends when the slow-roll constraints in Eq. (2.78) are violated, from η ' 1 we see this occurs at
1
φe h n(n + 1)q 
(nq + 2n + 1)  m n i n+2
=
1
−
.
m
a2
(n + 1)
φe

(3.9)

The e-folds of slow-roll inflation, defined in Eq. (2.85), are found to be
N∗ '

a2 h 1  φ∗ n+2 1  φ∗ 2
1  φe n+2 1  φe 2 i
+
−
−
,
nq n + 2 m
2 m
n+2 m
2 m

(3.10)

where φ∗ ≡ φ(t∗ ) denotes the time when observable scales left the horizon. This
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rearranges to

φ 
∗

m

where

K=


1
1 −n 
= K n+2 1 − K n+2 ,
2

(3.11)

n(n + 2)q 
n + 1
N
+
,
∗
a2
n+2

(3.12)

and we use the zeroth order simplification of Eq. (3.9), substituting in the zeroth
order solution to Eq. (3.10) during the derivation. This now enables us to find
the following expressions for the tensor-to-scalar ratio and the spectral index of
the curvature perturbation as a function of slow-roll e-folding number:
r = 16 '



−n
8n2 q 2 −2(n+1)
(n+2)
n+2
,
K
1
+
(n
−
1)K
a2


−n
2n(n + 1)q 
n(n − 2q − 1) n+2
,
ns = 1 + 2η − 6 ' 1 −
1+
K
a2 K
2(n + 1)

(3.13)

(3.14)

where the  term in Eq. (3.14) is omitted as negligible. We also find the running
of the spectral index to be
i
−n
dns
(n + 1) 
n + 1 −2 h
n2 − 2nq − n n+2
= −2
N∗ +
1+
K
.
d ln k
(n + 2)
n+2
n+2

(3.15)

From Eq. (3.11) we can see the constraint φ ≥ m can be converted to an

upper limit on a, which to zeroth order in Eq. (3.11) is
a≤
where we define

√
X,


n + 1
,
X ≡ n(n + 2)q N∗ +
n+2

(3.16)

(3.17)

for ease in the following equations. Eq. (3.16) does not invoke a particularly
stringent limit on the values a can take. As an example, with n = 2, q = 1, N = 50
we find a ≤ 20. However, we also initially impose sub-Planckian values of φ to

compare with perturbative models and avoid supergravity (SUGRA) corrections.
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(a) Maximum r values arising from maximum allowed a values for N∗ = 50 (circles)
and N∗ = 60 (crosses). Small variations from
q values are detailed in window (b).

0.97260
ns

0.97262

(b) The n = 4 (N∗ = 60) result from window
(a) is shown in detail. Varying q has little
effect on r or ns , with variations only at the
fifth decimal place.

Figure 3.1: ns and r for maximum a values for each n and q combination.

This translates to a much more stringent bound on a of

(n + 2) 
a ≤ X −1/n 1 +
,
2nX

(3.18)

where the second term in the bracket is the first order correction. Using n = 2,
q = 1, N∗ = 50 again, we find amax ≤ 0.05.

We find changes to the observables, ns and r, are minimal for varying q values

(see Fig. 3.1), but for a given n and N∗ a lower q value increases amax . To this
end we consider q = 1 in the following unless stated otherwise. For n = 1, q = 1
we find amax = 0.007 which gives a spectral index of ns = 0.974 lying well outside
of the Planck bounds, as can be seen in Fig. 3.1. At this stage, the n = 1 form of
power-law plateau inflation is ruled out. Table 3.1 details the limits on a for n > 1
and the associated predictions for the spectral index, tensor-to-scalar ratio and
the running of the spectral index using 50 e-folds of inflation since the observable
scales left the horizon.
From Eq. (3.18) we see raising N∗ reduces the a parameter space which is
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n q amax
ns
r × 104
2 1 0.050 0.970468
1.95
3 1 0.110 0.968504
1.24
4 1 0.169 0.967202
0.86

dns
d ln k

× 104
-5.82
-6.20
-6.45

Table 3.1: Maximum a values with q = 1, N∗ = 50, whilst φ remains subs
Planckian and the corresponding values of ns , r and ddn
ln k .

already limited. Also, to first order Eq. (3.13) shows
−2(n+1)

r ∝ N∗ (n+2) ,

(3.19)

meaning a lower value of N∗ is more likely to produce a sizeable tensor-to-scalar
ratio which could make contact with future observations. This can be seen in
Fig. 3.1 which also highlights lower N∗ seeming to match the Planck ns parameter space more readily. Considering N∗ = 50 e-folds of slow-roll inflation implies a
low reheating temperature, we assess the validity of this in Section 3.3.1. Furthermore, the results could be improved if we had an even lower value for the number
of inflationary e-folds, the possibility of this is investigated in Section 3.3.2.

3.3

A Low e-folding Number

In this section we justify the choice of assuming a low reheating temperature and
N∗ ' 50. We also investigate if a period of thermal inflation (a second period

of inflation which may occur after primordial inflation has ended, introduced in
Section 2.6.5), can lower the e-folds of primordial inflation further to possibly
bring the results into the sweet spot of the Planck results.

3.3.1

The Reheating Temperature

Section 2.4.4 derived Eq. (2.97) which allows a determination of inflationary efolding number, given a value for the reheating temperature and the potential
energy density at the end of inflation, as well as the equation of state parameter
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of the Universe during reheating. To start, we assume that between the end of
inflation and reheating the Universe is dominated by the inflaton condensate coherently oscillating in a quadratic potential around its vacuum expectation value
(VEV), meaning w = 0. For simplicity we also take the number of relativistic
degrees of freedom at reheating to be g∗ = 106.75 and equate V∗ ' Vend which
leaves Eq. (2.97) as

 V 1/4 
1  Treh 
N∗ = 60.6 + ln 1/4 + ln end ,
3
mPl
Vend

(3.20)

where Vend is the potential energy density at the end of inflation and Treh is the
reheating temperature. The potential energy density at the end of inflation can
be found by combining Eq. (3.5) with Eq. (3.9)


Vend = V0 1 +

 m n −q

,

φe

(3.21)

which requires knowledge of the inflationary scale, V0 . V0 , is determined by the
COBE constraint, detailed in Eq. (2.136), which for this model rearranges to
 m n q
3π 2 m4Pl As r 
1+
,
V0 '
2
φ∗

(3.22)

where we substitute V∗ ≡ V (φ∗ ) from Eq. (3.5) and r is given in Eq. (3.13). For all
1/4

n and q combinations considered thus far, we find V0
1/4

' 3 × 1015 GeV, meaning

Vend ' 3 × 1015 GeV. Assuming that Treh is greater than the electroweak scale
(to allow EW-baryogenesis), we have:

N∗ ≥ 45 ,

(3.23)

which validates our choice to use the N∗ = 50 value.
The analytical approach (taking only zeroth order terms in the equations) to
find Vend may have introduced inaccuracies, to determine N∗ accurately a full
1/4

analysis would require iterative techniques. However, from Eq. (2.138), V∗

is

constrained to be V∗ < 1.7 × 1016 GeV. Assuming V∗ ≈ Vend and using this in
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Eq. (3.20) also gives the same result for N∗ .
Alternatively, for higher n values it is not valid to use w = 0 for a field
oscillating in a quadratic potential. For n = 4 the field oscillates in a quartic
potential which gives w = 1/3 instead [117]. Using this the e-folding number
calculation simplifies to
N∗ = 60.4 + ln

 V 1/4 
end

mPl

,

(3.24)

and we see the dependence on the reheating temperature cancels out. As such,
the e-folding number takes a single value of N∗ = 54.

3.3.2

Thermal Inflation

It was shown in Section 2.6.5 that for a flaton field controlling thermal inflation,
the larger the VEV of the flaton field, the more e-folds of thermal inflation occur
due to the relationship:
NT '

1  g 2 hθi 
ln
,
2
m

(3.25)

where θ is the flaton field, which is maximised for maximum hθi (the VEV of the

flaton field) and minimum m (the mass of the flaton field). A flaton field has not
been observed at any particle physics accelerator, which are capable of observing
particles of approximately the EW scale, hence m > mEW which is approximately
1 TeV. The maximum VEV for a flaton field is hθi ' mPl and so we find
1
NT ≤ ln
2



mPl
mEW



' 17 .

(3.26)

Considering that 17 e-folds of thermal inflation occurred, we may lower the value
of N∗ down to 33 or so1 . However, this will affect the combinations of n, q and a
that are still able to maintain sub-Planckian φ.
As mentioned earlier and noted in Fig. 3.1, q has a limited effect on ns and
r and so for simplicity we maintain q = 1. Varying a has limited effect on ns ,
but increasing a increases r, and so we continue to use the maximum allowed a
1

Presuming 50 e-folds of primordial inflation, the average of the N∗ values found in Section 3.3.1.
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Figure 3.2: ns and r for q = 1 and the maximum allowed a value from Eq. (3.18)
for 1 ≤ n ≤ 4 and 33 ≤ N∗ ≤ 50. N∗ is shown on the colour map.

values. We now allow N∗ to vary from 33 to 50 and examine the effects. We are
able to reinstate n = 1 because the lowering of N∗ may bring the ns predictions
back within the Planck parameter space for a limited range of a values. The full
results are shown in Fig. 3.2 and Table 3.2 details the parameter space matching
the Planck results [1]. We find the maximum a value is a ≡

m
mPl

' 0.18, meaning

the mass scale, m, takes a maximum value of mmax ' O(1017 GeV), which could
be associated with the string energy scale. Section 3.4 investigates a more minimal
1/4

version of the model with only one mass scale, assuming m ' V0

and Section 3.6

investigates the model when it is embedded into a super-symmetric theory, which
could feature such energy scales.
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n rmax × 104
1
7.49
2
3.37
3
1.85
4
1.22

amax N∗,min
0.010
34
0.057
38
0.118
41
0.177
42

Table 3.2: The maximum values of r, for which ns is within the Planck 1σ bounds,
and the corresponding maximum a (obtained using Eq. (3.18)) and minimum N∗
values for the n values shown in Fig. 3.2.

3.4

A Single Mass Scale

In Section 3.3 the inflationary energy scale was found to be of the order of the
GUT scale, whereas in Section 3.3.2 the second mass scale in our theory, m, was
found to be an order of magnitude or so higher. In an attempt to make the model
more economic, constrained and predictive, we consider that a single mass scale,
1/4

M , characterises the model, such that M ≡ m ≡ V0 . We rewrite the scalar

potential as


 M n −q
V = M4 1 +
.
φ

(3.27)

Re-using the COBE constraint from Eq. (2.136) we obtain
M 
mP

n+1
h

p
√
n+2
n + 1 i− n+4
n+4
= (2 3πnq As )
n(n + 2)q N∗ +
.
n+2

1/4

Remembering M ≡ V0

1/4

and V0

(3.28)

' 1015 GeV from Section 3.3, we expect our
2n

values for a are now lower. Eq. (3.13) shows r ∝ a n+2 and so we expect the
rmax values to drop by approximately two orders of magnitude (m was previously
found to be of the order of 1017 GeV for the largest r values).
Using Eq. (3.28) for a = M/mPl in the equations for ns and r we find the
results shown in Fig. 3.3. As expected, whilst ns is still within the Planck
bounds, the values for r have dropped considerably due to the reduction in
a = M/mPl  1. Note that we find M ∼ 1015 GeV, which is close to the scale of
grand unification as expected.
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Figure 3.3: Values for ns and r in the case of a single mass scale. Using the a
value from Eq. (3.28) for 1 ≤ n ≤ 4, q = 1 and 33 ≤ N∗ ≤ 50. N∗ is shown on the
colour map.

3.5

Large-field Power-law Plateau Inflation

Combining the two mass scales into one in the previous section had only limited
benefits so we now reinstate both m and V0 and instead investigate the predictions
for the inflationary observables in a large-field inflationary set-up, whereby we
remove the constraint φ < mP and therefore the upper limit on a. Higher a
values produce higher r values but also higher ns values so we must be wary
our ns results do not migrate outside of the Planck bounds. To mitigate this, a
lower N∗ value is again better, so we consider values down to 33. We consider
a = 1.0 and a = 5.0 as two example cases, both of which still satisfy the bound
(φ/m)n > 1 from Eq. (3.16) for all values of n. Fig. 3.4 shows the Planck results
being satisfied for a wide range of our model parameters meaning the model is
successful without any fine tuning, reinforced by the fact both mass scales assume
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Figure 3.4: Values for ns and r with q = 1, 1 ≤ n ≤ 4 when super-Planckian
field displacements are allowed. E-folding number varies between 33 ≤ N∗ ≤ 60,
as shown on the colour map.
1/4

natural values; m ' mPl and V0

is of the scale of grand unification.

The model is successful for sub-Planckian field values, but if potentially ob-

servable r values are appealing, the large-field set-up predicts r values as large
as a few percent. In light of this, in the next section we embed the model in
supersymmetry and develop this to supergravity (SUGRA) in Section 3.6.2 to
examine the effects of SUGRA corrections when the field is super-Planckian.

3.6

Supersymmetric Power-law Plateau Inflation

In this section we present a toy-model of power-law plateau inflation in supersymmetry. We first derive the scalar potential in global supersymmetry (SUSY),
where we require M < m < φ < mPl , where M is the scale of a grand unified
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theory (GUT). Given that log(mPl /M ) ' 2, the available parameter space is not
a lot. However, generalising the derivation into local supersymmetry (SUGRA)
may allow super-Planckian values for the inflaton, while m ' mPl .
We follow the approach of Ref. [118] but only in form, not assuming the
same theoretical framework (hence, we only consider a toy model) and with an
important difference: we consider a minimal Kähler potential so that we can
avoid producing too large ns , but retain the successes of the power-law plateau
inflation model.

3.6.1

Global Supersymmetry

At first, we consider only global supersymmetry (SUSY) and sub-Planckian fields.
We introduce the non-renormalisable superpotential:
W =

S 2 (Φ21 − Φ22 )
,
2m

(3.29)

where S, Φ1 , Φ2 are chiral superfields and m is a large, but sub-Planckian, scale.
Using the definitions in Section 2.5.1 we then find the F-term scalar potential to
be
VF =

i
|S|2 h 2
2 2
2
2
2
|Φ
−
Φ
|
+
|S|
(|Φ
|
+
|Φ
|
)
.
1
2
1
2
m2

(3.30)

The above potential is minimised when Φ1 = Φ2 . Rotating the fields in configuration space (assuming a suitable R-symmetry) we can introduce a canonically
normalised, real scalar field, φ, such that |Φ1 | = |Φ2 | ≡ 21 φ. Then the scalar po-

tential becomes

VF =

|S|4 φ2
.
2m2

(3.31)

We consider that there is also a D-term contribution to the scalar potential.
Mirroring Ref. [118], we take
√
1
VD = (|S|2 − 2M 2 )2 .
2
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Thus, in total, the scalar potential reads
V =

√
|S|4 φ2 1
2
(|S|
−
2M 2 )2 .
+
2m2
2

(3.33)

Minimising the potential in the S direction requires
√
∂V
2M 2
2
= 0 ⇒ h|S| i =
.
∂|S|
1 + φ2 /m2

(3.34)

Inserting the above in Eq. (3.33) we obtain
V =

M 4 φ2
,
m2 + φ2

(3.35)

which is the n = 2, q = 1 power-law plateau inflation model.

3.6.2

Local Supersymmetry

In SUGRA, we continue to consider the superpotential in Eq. (3.29) and we will
also consider a minimal Kähler potential
K = |Φ1 |2 + |Φ2 |2 + |S|2 .

(3.36)

Again, using the definitions from Section 2.5.1, the F-term scalar potential is



|Φ1 |2 + |Φ2 |2 + |S|2
VF = exp
×
m2Pl

 2 2

|S| |Φ1 − Φ22 |2
2|S|2
|S|4
1+ 2 +
+
m2
mPl
4m4Pl



|S|4 (|Φ1 |2 + |Φ2 |2 )
|Φ21 − Φ22 |2
|S|4 |Φ21 − Φ22 |2
1+
−3
.
m2
4m4Pl
4m2 m2Pl
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Considering that |S| is sub-Planckian, since h|S|2 i <
VF ' exp



|Φ1 |2 + |Φ2 |2
m2Pl



√

2M 2 , we have

|S|2 |Φ21 − Φ22 |2 |S|4 (|Φ1 |2 + |Φ2 |2 )
+
m2
m2



|Φ21 − Φ22 |2
.
1+
4m4Pl
(3.38)

Again, the potential is minimised when Φ1 = Φ2 . Writing |Φ1 | = |Φ2 | ≡ 21 φ, we
obtain

VF = e

1 (φ/m )2
2
P

|S|4 φ2
.
2m2

(3.39)

We consider the same D-term contribution to the scalar potential, given in
Eq. (3.32). The total scalar potential is now
V =e

2
1
2 (φ/mP )

√
|S|4 φ2 1
2
+
(|S|
−
2M 2 )2 .
2m2
2

(3.40)

Minimising the above along the S direction, we find
√

2

h|S| i =

2M 2

1 (φ/m )2
P

1 + e2

.

(3.41)

(φ/m)2

Inserting this into Eq. (3.40) we obtain
V =

M 4 φ2
1 (φ/m )2
−2
P

e

.

(3.42)

m2 + φ2

Eq. (3.42) is almost an exact match for power-law plateau inflation but not
exactly because of the exponential in the denominator. First, we point out that
when m < φ < mPl , the exponential goes to unity and we recover the power-law
plateau inflation potential from Eq. (3.4) with n = 2, q = 1, as we found in the
SUSY derivation.
To have an idea of the value of the observables in this toy model, we can
investigate the slow-roll parameters, which are found to be
2
a4
=
x (a2 + e 21 x x)2
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2
1
1+ x ,
2

(3.43)
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 2


1
2a2
a (1 + 2x) − 3x
1
1 2
η=
1+ x − x ,
1
x a2 + e 21 x x
2
2
a2 + e 2 x x

(3.44)

where x ≡ (φ/mPl )2 and we remind the reader that a = m/mPl . At this point

we can check that we recover the power-law plateau inflation predictions in the
small-field limit. As an example, Eq. (3.14) with n = 2, q = 1 is
2a4
= 3
x



a2
2a4
1−
' 3 .
x
x

(3.45)

Taking these limits (m < φ < mPl → a < x, a  1, x  1) in Eq. (3.43), the SUGRA
toy-model replicates this.

Following on from Eqs. (3.43) and (3.44), the spectral index and tensor-toscalar ratio in the SUGRA toy model are therefore

 2 1


a ( 2 x − 2) − 3x
a4
1 2
1
4
1 + x − x , (3.46)
ns − 1 = 2η − 6 =
1
x (a2 + e 21 x x)2
2
2
a2 + e 2 x x
a4
32
r = 16 =
x (a2 + e 12 x x)2



1
1+ x
2

2

,

(3.47)

In the opposite limit of super-Planckian field excursions, with φ > mPl → x  1

and taking a ∼ 1 the slow-roll parameters in Eqs. (3.43) and (3.44) are simplified

considerably to

'

a4
2xex

1

and η ' −a2 e− 2 x .

(3.48)

At this point we see the SUGRA version of the model evades the η-problem of
SUGRA inflation (see Section 2.5.2) because |η|  1.
In this limit, it is easy to find
1
N∗ =
4

Z

x

xend

1

a2 + e 2 x x
dx → a2 N∗ ' exp(x/2) ,
a2 (1 + 12 x)

(3.49)

where we have taken x  xend . Then, the observables become
ns ' 1 + 2η ' 1 −

2
N∗

and r = 16 '
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Figure 3.5: A comparison of the scalar field potentials for the power-law plateau
inflation model with n = 2, q = 1, and the SUGRA potential Eq. (3.42)

The prediction for the spectral index of scalar curvature perturbations in
the SUGRA toy-model for x  1 reproduces the result obtained in α−attractor
models [119], which are introduced fully in Chapter 7, where we embed a model of

quintessential inflation in the framework. The α−attractors are a class of models
which always produce the same predictions for the observables, independently of
the details of the scalar field potential. The origin of α−attractors is explained
more fully in Section 7.2 but Fig. 3.5 shows the difference in the scalar field
potential between the original power-law plateau inflation model with n = 2,
q = 1 and the potential derived in SUGRA. The SUGRA potential approaches the
plateau more rapidly in field space and mimics a T-model α−attractor potential
with α  1, as seen in Ref. [120].

We can contrast with the predictions of power-law plateau inflation given by
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Figure 3.6: A comparison of the r predictions for the typical power-law plateau
inflation potential (Eq. (3.4), dotted line) and the potential derived in SUGRA
(Eq. (3.42), solid line), for varying a values.

Eqs. (3.13) and (3.14) (the small-field limit), which for n = 2, q = 1, at lowest
order and taking N∗  1 are
3
ns ' 1 −
2N∗

and r '

√

2a

3/2

N∗

.

(3.51)

We see that the predictions of our SUGRA toy-model in the large-field limit are
more pronounced with respect to N∗ , with both the spectral index and the tensorto-scalar ratio smaller. We also note the dependence of r on a is more prominent
in the original, small-field case.
Realistically, we expect the inflaton field values to lie somewhere between these
two extremes, where φ ∼ mPl ∼ m (i.e. x ∼ 1). This means we would expect ns

111

3.7 Discussion

and r to lie in between the values given by Eqs. (3.50) and (3.51). Note that the
predicted values are well in agreement with the Planck data, in all cases.
In Section 3.5 we saw an enhancement of r in the large-field scenario. This
occurred because relaxing the constraint φ  mPl meant the upper limit on a
2n

Eq. (3.18) was relaxed. As discussed in Section 3.4, r ∝ a n+2 so a higher a means
a higher prediction for r. If the model is rooted in supergravity as we have it

here, we expect the r predictions to be enhanced for mildly super-Planckian field
values before the field feels the full effect of the SUGRA corrections. This is
demonstrated in Fig. 3.6 which plots r in the case of the n = 2, q = 1 powerlaw plateau inflation model and the slightly different SUGRA toy-model. We
can see the r values being boosted for higher a values, which are now allowed in
the large-field set-up. Starting at approximately x ' 1 we then see the SUGRA
corrections begin to damp the r value. We also note that the solutions match

better at small-field values for lower a values, which we assumed in the derivation
of Eq. (3.45), where the two solutions coalesce.

3.7

Discussion

The research in this chapter presents a new family of inflationary models called
power-law plateau inflation, analysed in detail. The models feature an inflationary plateau, which is approached in a power-law manner, in contrast to the
popular Starobinsky/Higgs inflation models (and their variants). We show that
power-law plateau inflation is in excellent agreement with the Planck observations. Predicted values for r and ns fall comfortably within the 1σ bounds of the
Planck observations, for all variations of the family of models, whilst individual
models are clearly distinguishable by future observations (see Figs. 3.2 and 3.4).
In the basic set-up of the model we find unobservably small predictions for r.
This may or may not be a problem but we find the prediction for r is enhanced
for a lower N∗ value, prompting an investigation into a low reheating temperature
and a period of thermal inflation. Utilising N∗ values as low as 33 increases the
prediction to r ' 7 × 10−4 which might be observable in the future (see Table 3.2).
1/4

We find the energy scale of inflation to be V0
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of minimality present the model with a single-mass scale in Section 3.4. Whilst
being economical this further reduces r to unobservable levels and so does not
add much beyond being economical.
We then construct a toy model realisation in supersymmetry, following Ref. [118]
but crucially considering canonically normalised fields (i.e. minimal Kähler potential) which exactly produces the power-law plateau inflation model with n = 2,
q = 1, one of the most preferred for predictions compatible with observations.
If potentially observable r values are required, the model predicts much larger r
values if the field is allowed to travel to Planckian field values. Values as large
as a few percent (up to 5%, see Fig. 3.4) are achieved without fine-tuning for
natural values of the mass scales (Planck and GUT scale). As such, we extend
the toy-model realisation to supergravity and investigate the SUGRA corrections,
which reduce both the ns and the r predictions. For mildly super-Planckian field
values we expect the r predictions to be enhanced before feeling any suppression
effects. The level of success of power-law plateau inflation, and the fact that it
offers distinct and testable predictions makes it a worthy candidate for primordial
inflation.
This first chapter of original research is an exciting foray into the world of
inflationary model building which is extended in the following chapters. The
utilisation of a period of thermal inflation used herein prompts the research presented in the next chapter: utilising a period of thermal inflation to revive hybrid
inflation in the minimal supergravity set-up.
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Chapter 4
How Thermal Inflation Can Save
Minimal Hybrid Inflation in
Supergravity
This chapter is based on the original research by the author in collaboration with
Konstantinos Dimopoulos, published in the Journal of Cosmology and AstroParticle Physics [121].

4.1

Introduction

The latest observational data from the Planck satellite is so precise that it excludes several families of well motivated and thoroughly explored inflationary
models [4]. A prominent example is minimal hybrid inflation.
Hybrid inflation was introduced by Linde [74] to employ sub-Planckian field
values whilst avoiding ‘unnaturally’ tiny couplings. The model is introduced in
Section 2.6.4 and Fig. 2.3 details the scalar field potentials of the inflaton, φ,
and the waterfall field, σ. As introduced in Section 2.6.4, the first embodiment
of the model predicts a blue spectrum of scalar curvature perturbations, ns > 1,
which is now ruled out by observations. When hybrid inflation is realised in

114

4.1 Introduction

supergravity (SUGRA) the predictions move to ns < 1 and more into alignment
with the Planck results. However, with the recent advances in the precision of
CMB observations, the ns predictions of the minimal version of SUGRA hybrid
inflation are now also outside of the Planck bounds.
It is disappointing that the minimal version of SUGRA hybrid inflation is ruled
out because it is able to side-step the η problem of supergravity whilst maintaining its minimality, a feat which is unusual for inflationary models realised in
SUGRA. The η problem is introduced in Section 2.5.2 and revolves around the
fact that in SUGRA η ∝ K 00 where K is the Kähler potential (see Section 2.5.1
for a brief introduction to supergravity), and for canonical fields K 00 = 1 meaning

slow-roll is unachievable. In minimal SUGRA hybrid inflation there is an accidental cancellation in the higher order terms of K 00 which allows η  1 during
inflation without the need for any complex additions to the theoretical set-up or
a symmetry.
Many authors have put forward modifications which are able to save hybrid
inflation, producing observables within the allowed ranges, but at the expense of
the above accidental cancellation, meaning elaborate Kähler constructions have to
be introduced to ensure slow-roll (e.g. see Refs. [122–124] and references therein).
This undermines one of the attractive facets of the theory to start with - its
minimality.
The research in this chapter proposes a mechanism to render the model compatible with observations whilst retaining the neat feature of the accidental cancellation of minimal hybrid inflation in SUGRA. Inspired by the research in Chapter 3, we consider that there is a period of thermal inflation due to some flaton
scalar field. The acts to lower the e-folds of primordial inflation which elapse since
observable scales leave the horizon, a key parameter in the inflationary observables. We first derive the hybrid inflation scalar potential in SUGRA and then we
investigate the effect of a period of thermal inflation, introduced in Section 2.6.5.
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4.2

Minimal Hybrid Inflation in Supergravity

Hybrid inflation in SUGRA is achieved with the superpotential
W = κΦ(S S̄ − M 2 ) + · · ·

(4.1)

where the dots denote Planck-suppressed non-renormalisable operators, Φ is a
gauge singlet superfield which acts as the inflaton and S and S̄ are a pair of superfields, assumed to be oppositely charged under some gauge group. The flatness
of the inflationary trajectory is guaranteed by a U(1) R-symmetry on Φ. The parameters κ and M are made positive with field redefinitions, where M ∼ 1016 GeV

is the scale of a grand unified theory (GUT) and κ ≤ 1 is a dimensionless coupling

constant. The supersymmetric minimum is at hSi = hS̄i = M and hΦi = 0. We

also consider a minimal Kähler potential for the fields:
K = |S|2 + |S̄|2 + |Φ|2 .

(4.2)

Using Eq. (2.141) the F-term scalar potential is then
VF = κ2 |M 2 − S S̄|2 + κ2 |Φ2 |(|S|2 + |S̄|2 ) + · · · ,

(4.3)

where the dots denote Planck-suppressed terms and we assume that the fields are
sub-Planckian.
When |hSi| = |hS̄i|, the D-terms vanish. Since the soft-breaking terms are

negligible near the inflation scale (the GUT scale), the scalar potential is V = VF + ∆V ,
where ∆V is the Coleman-Weinberg (CW) one-loop radiative correction:
∆V '

κ4 M 4 κ2 |Φ|2
ln
,
16π 2
Λ2

(4.4)

where Λ is some renormalisation scale. As we will see, it is the CW term that lifts
the potential for the inflaton field to roll slightly. By suitable rotations in field
√
space [125] we write Φ = φ/ 2 and S = S̄ = σ/2, where φ and σ are canonically
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normalised real scalar fields. Using these variables the scalar field potential is
2

V (φ, σ) = κ



σ2
M −
4
2

2

κ2 φ2 σ 2 κ4 M 4
+
+
ln
4
8π 2



κφ
√
2Λ



,

(4.5)

which is first introduced in Section 2.6.4 and depicted in Fig. 2.3, where we can
see the the inflaton field φ rolls along a valley until at a particular point the field
opens up in the σ direction and inflation ends as the σ field moves to its vacuum
expectation value (VEV). We can find
∂V
= κ2 σ
∂σ



σ 2 φ2
+
− M2
4
2



so the potential is extremised for either σ = 0 or σ =
mass-squared for σ, from m2σ ' ∂ 2 V /∂σ 2 , to be
m2σ

2

=κ



3σ 2 φ2
+
− M2
4
2



,

(4.6)

p
4M 2 − 2φ2 . We find the
.

(4.7)

√
2M and inflation
√
2
4
is driven by the false vacuum density κ M . However, when φ < φc ≡ 2M ,
At σ = 0, we see the potential is a minimum for φ > φc ≡

the waterfall field becomes tachyonic and σ = 0 is no longer a minimum but a

maximum, σ moves to its VEV and inflation ends abruptly. From the second
√
solution to Eq. (4.6), with φ  2M , we find the VEV to be
hσi ' 2M .

(4.8)

During inflation, the potential is
κ4 M 4
V =κ M +
ln
8π 2
2

4



κφ
√
2Λ



,

(4.9)

where the second term is subdominant but provides a slope along the inflationary
valley, necessary for slow-roll.
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The slow-roll parameters are
m2
 = Pl
2
η=



V0
V

2

κ4
=
128π 4

00

κ2
=− 2
V
8π

V
m2Pl





mPl
φ

mPl
φ

2

2

,

,

(4.10)

(4.11)

where the prime denotes derivative with respect to the inflaton φ.
For the spectral index of the density perturbations we have
κ2
ns = 1 + 2η − 6 = 1 − 2
4π



2
3κ2
mPl
1+
,
16π 2
φ

(4.12)

while the tensor-to-scalar ratio is given by the consistency condition, r = 16.
The remaining e-folds of slow-roll inflation when observable scales leave the
horizon, defined in Eq. (2.85), are found to be




κφ
(φ2 − φ2e ) 4π 2 1
1
+ ln √
,
N∗ =
−
m2Pl
κ2
2
4
2Λ

(4.13)

which rearranges to express the field as a function of e-folding number as

where we use φend = φc =

√

φ
mPl

2

=

2M 2 κ2 N∗
+
,
m2Pl
4π 2

(4.14)

2M for the integration limit. This allows us to express

the observational parameters as
κ2 m2Pl
ns = 1 − 2 2
8π M
and



−1
3κ2
κ2 m2Pl N∗
1
1+
1
+
'
1
−
,
16π 2
8π 2 M 2
N∗

κ2 m2Pl
r=
16π 4 M 2


−1
κ2 m2Pl N∗
κ2 1
1+
'
.
8π 2 M 2
2π 2 N∗

(4.15)

(4.16)

Eqs. (4.15) and (4.16) with κ = 0.1 and N∗ = 60 (50) give r = 8 × 10−6 (1 × 10−5 )
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and ns = 0.983 (0.980). Whilst r is well beneath the Planck upper bound, but as
yet unobservable, ns is clearly above the upper 2σ bound of the Planck observations [1]. Therefore, as expected, the model appears to be excluded. However, as
we saw in Chapter 3, a lower value of N∗ can bring ns within the Planck bounds.
Furthermore, it may also increase r to the point of observability.

4.3

Thermal Inflation to Reduce N∗

Thermal inflation is introduced in Section 2.6.5 and the research in Chapter 3
utilises it in a similar manner to the purpose here, to lower the number of e-folds of
primordial inflation since observable scales left the horizon, N∗ . The remaining
number of e-folds of inflation when the cosmological scales exit the horizon is
given in Eq. (2.97), which we reproduce here with an additional term indicating
a reduction in N∗ if there is a subsequent period of thermal inflation:
1
N∗ = 60.6 + ln
3

Treh
1/4

Vend

!

1/4

+ ln

Vend
mPl

!

− NT ,

(4.17)

where we take g∗ = 106.75, equate V∗ ' Vend and NT represents the e-folds of

thermal inflation. We have also assumed that the equation of state parameter
during reheating is w = 0, which is applicable for a field oscillating in a quadratic

minimum.
When there is a period of thermal inflation, reheating from primordial inflation
1/4

completes before the thermal inflation initiates. As such, Treh ≥ V0

where V0 is

the energy scale of thermal inflation. The flaton potential is given in Eq. (2.156)
p
1/4
and the energy scale is calculated in Eq. (2.161) to be V0 ' mhθi where m is
the mass of the flaton field and hθi its vacuum expectation value (VEV). This is

therefore the minimum reheating temperature and inserting this into Eq. (4.17)
we see
1
N∗ = 60.6 + ln
3

!
p
mhθi
1/4

Vend
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+ ln

Vend
mPl

!

− NT ,

(4.18)
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and we substitute NT from Section 2.6.5 to obtain
1
N∗ = 60.6 + ln
3

!
p
mhθi
1/4

Vend

1/4

+ ln

Vend
mPl
!

1/4

' 60.6 + ln

Vend
mPl

!


g 2 hθi
m
!
m2
,
1/4
Vend hθi

1
− ln
2

1
+ ln
3



(4.19)
(4.20)

where in the final equality we presume g ' 1, where g is the coupling between the

flaton field and the thermal bath. We see that a larger flaton VEV will reduce
N∗ more.
The VEV of the flaton field is calculated in Eq. (2.159), which we repeat here:


λn
hθi =
(2n + 3)!

1
− 2(n+1)

1

(mnPl m) n+1 ,

(4.21)

where increasing n corresponds to higher order non-renormalisable terms in the
flaton potential, given in Eq. (2.156), and λn is the coupling constant for a respective value of n. Both λn and n can vary which means the value of the flaton
VEV falls on a continuum. As such, we keep hθi in Eq. (4.20) and investigate it
as a free parameter.

4.4

Results

Table 4.1 shows the results of varying hθi, thereby determining the range of N∗

from Eq. (4.20) which can be used to calculate ns from Eq. (4.15) and r from
Eq. (4.16). The results are plotted in Fig. 4.1, where the Planck [1] constraints
on ns are indicated, namely:
ns = 0.965 ± 0.004 68% CL ,

(4.22)

ns = 0.965 ± 0.009 95% CL .

(4.23)

All results for r are still safely below the upper bound from Planck [1] but
are enhanced and so may be observable in the future. The results for the spec-
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tral index of scalar curvature perturbations are improved with respect to the
Planck bounds for larger values of the flaton VEV. This corresponds to n ≥ 1 in
Eq. (4.21).

The flaton mass-squared is found from V 00 (hθi) where the prime denotes a
derivative with respect to θ (not φ as it denoted earlier) and the flaton potential
is defined in Eq. (2.156). We find the mass-squared to be
m2flaton = 2(n + 1)m2 ,

(4.24)

so for n = 2, assuming m ≥ 1 TeV (typical for a supersymmetric flat direction
lifted by a soft mass), we find

mflaton ≥ 2.4 TeV ,

(4.25)

which is safely above the latest LHC bounds.
We also calculate M using the COBE constraint in Eq. (2.136) and find
3m4Pl κ2 As
M =
16π 2
4



mPl
φ

2

3m4Pl As
=
4N∗



8π 2 M 2
1+ 2 2
mPl κ N∗

−1

'

3m4Pl As
,
4N∗

(4.26)

where we use Eq. (4.14) in the middle equality and the final equality shows the
zeroth-order solution, presuming the second term in the bracket of the middle
equality to be small. For κ = 0.1 we expect this to be true and solving iteratively we see the assumption is valid. For κ = 0.1 and N∗ = 50 we find
hθi (GeV)
1010
1012
1014
1016
1018

N∗
39.7
38.2
36.7
35.2
33.6

ns
rmax × 103
0.975
1.27
0.974
1.33
0.973
1.38
0.972
1.44
0.970
1.51

Table 4.1: hθi, N∗ , ns and rmax (using κ = 1) values.
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Figure 4.1: ns and rmax in hybrid inflation as a function of hθi and therefore
N∗ . The solid, black line depicts the values of ns . The dashed, red line depicts the
maximum allowed value for r, which corresponds to κ = 1. The Planck 2018 1σ
and 2σ bounds are indicated by the horizontal shaded regions.

M ' 6 × 1015 GeV, which is approximately the GUT scale, as expected. This

may lead to the assumption that the symmetry breaking which ends inflation
is the GUT phase transition, allowing us to identify the waterfall field with the
GUT Higgs field. However, if it is the GUT Higgs field this could be a concern
because it is not appropriate to take the lowest possible reheating temperature of
p
Treh ' mhθi. Whether or not the waterfall field is in fact the GUT Higgs field,

it is instructive to consider the effect of a higher reheating temperature, because
a higher reheating temperature increases the e-folds of inflation and so acts in
opposition to the thermal inflation mechanism.
To quantify this, in the analysis so far, when the reheating temperature takes
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its lowest possible value it results in a reduction of between 3.5 to 6.5 e-folds,
depending on the VEV of the flaton field (from the second term in Eq. (4.17)).
In contrast, if we take the reheating temperature to equal the energy scale of
inflation, the second term in Eq. (4.17) simply goes to zero. Without the extra
reduction provided by a low reheating temperature, predictions for ns in agreement with the Planck results require hθi & 1016 GeV, which limits the parameter
space.

However, just as the flaton VEV falls on a continuum, so too does the reheating temperature. As such, hθi & 1016 GeV is the most stringent constraint
on the flaton VEV when prompt reheating (Treh ' M ) is presumed. Alterna-

tively, Table 4.1 and Fig. 4.1 represent the least stringent constraints on hθi from
1/4

Treh ' V0 , resulting in the lowest predictions for N∗ for a given hθi.

4.5

Discussion

The research in this chapter brings the observational predictions of hybrid inflation in minimal SUGRA into alignment with the Planck 2018 constraints on ns
and r. We derive the cosmological observational parameters in minimal SUGRA
hybrid inflation and show they enter the parameter space of the Planck results,
at the 2σ level for lower e-foldings of primordial inflation since observable scales
left the horizon. Following on from the last chapter we obtain a reduction in N∗
by invoking a period of thermal inflation after reheating from primordial inflation
completes.
The value of N∗ is increasingly reduced for larger vacuum expectation values of
the flaton field which drives thermal inflation. For values of the VEV larger than
approximately 1012 GeV the predictions in this model match observations. As
can be seen in Fig. 4.1, the tensor-to-scalar ratio, r, is also significantly increased
for lower N∗ values. We find r ' O(10−3 ) which may be observable in the near
future.

Scalar fields abound in supersymmetric theories, any of which could play
the role of the flaton field, meaning a period of thermal inflation is a natural
thing to consider. The mechanism used herein does not alter the theoretical
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framework in any way so the accidental calculation in the higher order terms of
the Kähler potential which solves the η problem is maintained whilst the model
stays minimal.
Using the lower values of N∗ allowed by a late period of thermal inflation,
successfully improves the minimal hybrid inflation model in the SUGRA scenario.
The fact that r is increased to potentially observable levels also means the model
is predictive, and could be confirmed by the next data release from cosmological
observing experiments.
The research in this chapter differs from the previous in that we do not present
a new model to describe inflation, instead we improve an old model by utilising
a new idea. This theme is continued in the next chapter, which investigates a
realisation of inflection-point inflation with a simpler set-up than that seen in the
literature previously.
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Chapter 5
Loop Inflection-Point Inflation
This chapter is based on research by the author, in collaboration with Konstantinos Dimopoulos and Antonio Racioppi, published in the Journal of AstroParticle
Physics [126].

5.1

Introduction

As stressed in the introduction to Chapter 3, the latest CMB observations suggest
that the scalar potential of the inflaton features an inflationary plateau. Many
of the mechanisms put forward to generate an inflationary plateau involve exotic
constructions in the context of elaborate, beyond-the-standard-model theories.
Simple theoretical set-ups are preferable and with this in mind we introduce the
research presented in this chapter - a model of inflection-point inflation generated
using only the stabilising loop corrections to an unbounded (from below) inflaton
potential.
In inflection-point inflation the inflationary plateau exists due to the interplay
of opposing contributions in the scalar potential, which (almost) cancel each other
out, generating a step on the otherwise steep potential wall. The original model
is called A-term inflation, because it employs the A-term of a supersymmetric
theory [127, 128], or MSSM inflation, because it considered a flat direction in
MSSM [129–132] as the inflaton. However, other models of inflection-point infla-
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tion have also been constructed [133–141]. Most of these also consider an elaborate setup in the context of supersymmetry, string theory or other extensions of
the Standard Model.
In this chapter we introduce a simpler set-up, without any physics more exotic
than simple field theory in curved spacetime, which provides such an impressive
description of the inflationary scenario itself. The research in this chapter is
similar to the work in Refs. [138–141]. However, in Refs. [138–141] the authors
consider a rather complicated running of the inflaton self-coupling, where many
particles are contributing to it, this is not necessary in the model we present here.

5.2

Loop Inflection-point Inflation

To study an inflection point model of inflation we first take a scalar field potential which is unbounded from below and stabilise it with the addition of higher
order terms. In previous works care was taken so that loop corrections do not
spoil the stability of the potential [142–148]. In contrast, we consider the unstable Coleman-Weinberg potential and recover stability by introducing a Plancksuppressed effective operator.
Taking a quartic tree-level potential and the Coleman-Weinberg (CW) oneloop potential we obtain

 2 2 
y φ
Veff (φ) = λ − ξ ln
φ4 ,
µ2

(5.1)

where y is a Yukawa coupling which we presume to be the dominant contribution
to the CW potential, λ is a self-coupling constant, ξ = y 4 /32π 2 and µ is some
renormalisation scale. We can incorporate a running expression for λ which takes
the form

µ
,
λ(µ) = λ(M ) − 2ξ ln
M

(5.2)

where M is the scale at which we impose the boundary condition on the running
of λ.
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Eq. (5.2) has three unknown parameters: ξ, µ and M , but for an appropriately
chosen µ there is a value of M given by
µ = M exp



λ(M )
2ξ



,

(5.3)

which results in another energy scale, M0 , for which1 λ(M0 ) = 0. This allows us
to write the coupling in Eq. (5.2) in the simpler form:
λ(µ) = −2ξ ln

µ
,
M

(5.4)

which is always valid for an appropriate combination of µ and M .
This is a convenient parametrisation, rather than anything physical, for any
)
other choice of λ(M ∗ ) = 0 we would simply have M ∗ = M exp( λ(M
) at which
2ξ

to impose the boundary condition. The physicality of the choice arises when
a choice for any of the parameters is made. We will see momentarily that the
scalar field potential actually loses any dependence on µ, leaving only β and
M . As we discuss, we make a sensible choice for M for this first analysis and
β is constrained from CMB observations. A full analysis would be improved by
considered all possible values of M , but this is beyond the scope of the research
presented here.
Using the simplification λ(M ) = 0 and inserting Eq. (5.2) into Eq. (5.1) we
find
Veff (φ) = −ξ ln



y 2 φ2
M2



φ4 ,

(5.5)

which as expected is unbounded from below. We introduce non-renormalisable
Planck-suppressed effective operators to stabilise it
V = −ξ ln



y 2 φ2
M2



φ4 + λn

φ2n+4
,
m2n
Pl

(5.6)

where the first term is the 1-loop effective potential obtained in Eq. (5.5) and
1

Assuming that ξ is large enough for Eq. (5.3) to be satisfied for a reasonable value of µ,
consistent with the range of validity of the theory.
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the second term is the dominant non-renormalisable operator, with λn  1 and
n ≥ 1.

The values of M and y are not restricted but it is reasonable to expect new

physics to happen around the scale of grand unification (GUT-scale), therefore
we expect M ∼ 1015−16 GeV. The Yukawa coupling should be small enough

(y < 1) to preserve perturbativity but also large enough to give rise to the relevant
corrections, therefore we expect to find y ' 10−2 − 10−3 . Combining these we
obtain that y/M is around 1/mPl , therefore for a first analysis we choose to study
the model where

y2
1
= 2 .
2
M
mPl

(5.7)

For a first analysis we focus on n = 1, we consider higher n values in Section 5.5. Noting that the slow-roll formalism is independent of the potential
normalisation, we hence re-parametrise the potential as


V = ξ − ln



φ2
m2Pl




φ6
φ +α 2 ,
mPl
4

(5.8)

where1 α = λn /ξ. An example plot of the potential is shown in Fig. 5.1 where
the inflection-point can clearly be seen.
A flat inflection point is defined to be the point φf , where V 00 = V 0 = 0 is
satisfied, using Eq. (5.6) we find
0

3



00

2



V = 2ξφ
and
V = 2ξφ

3αφ2
− 2 ln
m2Pl



15αφ2
− 6 ln
m2Pl

φ2
m2Pl





φ2
m2Pl


−1 ,




−7 .

(5.9)

(5.10)

Setting Eqs. (5.9) and (5.10) equal to zero and solving the resulting simultaneous
equations we see the potential has a flat inflection point at
φf = e1/4 mPl .
1

(5.11)

Please note that α in this chapter has no relation to the α of the α-attractors which feature
in Chapter 7, it is a simply a parameter to ease notation.
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Figure 5.1: The scalar field potential with n = 1. VCW and Vhigher refer to
the first and second terms in Eq. (5.8) respectively. This example is plotted for
δ = 10−5.95 , defined in Eq. (5.13), with ξ calculated via the iteration process
detailed in Section 5.3.

Setting either Eq. (5.9) or Eq. (5.10) to zero and re-inserting Eq. (5.11) allows us
to determine the parameter α at the inflection point, which we find to be
2
αf ≡ √ .
3 e

(5.12)

However, we do not need to have a completely flat inflection point for slow-roll
inflation to be viable and so to study the inflationary predictions for values of α
around αf , we parametrise:
α = (1 + δ)αf ,

(5.13)

and use δ as a free parameter. Varying δ allows us to find the range of allowed
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slopes of the plateau around the flat inflection point. Increasing δ increases
the slope of the plateau and decreasing δ to negative values introduces a local
maximum (see Fig. 5.6).
To constrain acceptable δ values for the model, we compute predictions for
the inflationary observables, namely the spectral index of the scalar curvature
perturbations, ns , its running, n0s ≡

dns
d ln k

and the tensor-to-scalar ratio, r, and

contrast them with the Planck constraints, as per the approach of Chapters 3
and 4. However, in the past two chapters we have used the e-folds of inflation
given by Eq. (2.85) to obtain the field value when observable scales left the horizon, using only the end of inflation as a boundary condition. This may not be
appropriate in this chapter.
The inflationary models in Chapters 3 and 4 had infinitely long inflationary
plateaus, as long as φ > φe . The same is not true in this model, which has a
limited plateau to accommodate slow-roll inflation. It cannot be guaranteed that
Ntot > N∗ a priori in this model, where Ntot are the total e-foldings of slowroll inflation along the length of the plateau, so we investigate the relationship
between N∗ and Ntot in the next section.

5.3

Computing N∗ and ξ

We first calculate N∗ for the model and then find Ntot to constrain the parameter
space with the requirement N∗ > Ntot . As in Chapters 3 and 4 we use the
typical equation for the number of e-folds of observable inflation, N∗ , presented
in Eq. (2.97) but there is a crucial difference between this model and the two in
the previous chapters which presumed w ' 0 in the calculation, for the inflaton

oscillating in a quadratic minimum of its potential (see Section 2.7.1). This model,
in contrast, has the inflaton oscillating in a quartic minimum of its potential,
which we can see from Eq. (5.8):


lim −ξ ln

φ→0



φ2
m2Pl
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4

φ



1
= ξφ4 .
2

(5.14)
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The average density of a scalar field coherently oscillating in a quartic potential
scales as ρφ ∝ a−4 [117], just as the density of a radiation dominated Universe.
Therefore, we use w = 1/3 in this model which simplifies Eq. (2.97) to
1
N∗ = 59.7 + ln
4



g∗ π 2
60



1/4

+ ln

V∗
mPl

!

1/4

+ ln

V∗
Treh

!

+ ln



Treh
1/4

V∗



,

(5.15)

where g∗ is the effective number of relativistic degrees of freedom. V∗ ≡ V (φ∗ )
and Vend = V (φend ) and we expect V∗ ' Vend . Equating the two makes N∗

independent of Treh , leaving

1/4

N∗ = 60.4 + ln

Vend
mPl

!

,

(5.16)

where we have taken g∗ = 106.75.
1/4

For a first approximation we take Vend ≈ 1016 GeV in Eq. (5.16) and obtain

N∗ ' 54.9. From this point, we embark upon a numerical iteration of φ∗ , ξ,

Vend and N∗ in turn, to obtain precise values. Inspecting the slow-roll parameters
(defined in Eqs. (2.76) and (2.77)), it is  < 1 which is violated first and so we
calculate the end of inflation from  = 1. Armed with φe we can then invert

Eq. (2.85) to find φ∗ for the estimated value of N∗ .
The equations are unfortunately too complicated to solve analytically, but we
present them graphically in Fig. 5.2 to help with an intuitive understanding of
the iteration process. As soon as φ∗ has been determined we calculate the energy
scale of inflation, ξ, from the COBE constraint in Eq. (2.136), which allows an
accurate determination of Vend to be made from Eq. (5.8) (which features ξ and
φe ). From there, we make a more accurate calculation of N∗ from Eq. (5.16) and
repeat the process until the values converge.
Ntot is easier to find and depends mainly on the initial conditions of the inflaton. We determine the beginning and end of inflation by  = 1 and calculate the
total number of e-folds of slow-roll inflation numerically, by integrating between
the two values of φ that result in  = 1. If N∗ ' Ntot we may need to investigate
the initial conditions of φ to assess whether or not slow-roll does start at  = 1.
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(a) The dashed vertical line denotes the inflection point and the dotted lines either side
indicate the beginning and end of slow-roll
inflation, coinciding with  = 1.
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(b) Zooming into the region in Fig. 5.2a
where N varies, we see there are an approximately even number of e-folds of inflation either side of the inflection point.

Figure 5.2:  − 1 and N for varying φ. In the iteration process we first find
 = 1, denoted by the dotted vertical lines, the smaller of which allows us to find
φe . Using φe as the lower integration limit and φ for the higher, N is then plotted
from Eq. (2.85). The point at which N = N∗ then allows φ∗ to be determined.
The dashed vertical line indicates the inflection point.

This will depend on whether or not the inflaton is kinetically dominated when
it reaches the plateau. Upon inspection of the results we see it is valid to use
N∗ = Ntot as an upper bound for δ because the inflationary observables associated
with these N values are well outside the Planck bounds [1], meaning the range
of δ we will constrain in the following sections will be safe from any questions of
the initial conditions of the inflaton arising from N∗ ' Ntot . The maximum value

for δ with this first constraint is

δ < 10−5.14 .

(5.17)

The true bound is likely to be slightly less tight than Eq. (5.17) but the iteration
method becomes less trustworthy as N∗ ' Ntot is approached because the slow-roll
assumptions are implicit in the calculation of N∗ ; δ = 10−5.14 is the last value for
which the computation converges without devoting any additional computational
resources. The fact that the constraints in the following sections are all tighter
allows us to leave Eq. (5.17) in its current form and not investigate the region
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δ
−5.80

10
10−5.85
10−5.90
10−5.95

N∗
51.38
51.35
51.32
51.29

Ntot
121.0
128.2
135.8
143.8

ns
r/10−9
0.974
7.96
0.967
6.90
0.962
6.10
0.957
5.47

n0s /10−3
-2.86
-2.66
-2.50
-2.36

Table 5.1: δ values producing ns within the Planck 2σ bounds.

N∗ ' Ntot .

5.4

Inflationary Observables

We investigate the spectral index and tensor-to-scalar ratio predictions for this
model for varying positive δ values satisfying the bound in Eq. (5.17). We use
the Planck 2018 2σ constraint of ns = 0.965 ± 0.009 [1], to find limits on δ of:
10−5.96 ≤ δ ≤ 10−5.79 .

(5.18)

The parameter space satisfying the Planck results is presented in Table 5.1. It is
clear that, for the region where the spectral index and tensor-to-scalar ratio values
match observations, δ is within the constraint of Eq. (5.17) such that N∗ < Ntot
and we do not need to worry about initial conditions. The model’s predictions
for the inflationary observables are shown in Fig. 5.3.

5.5

Higher-order Non-renormalisable Terms

We now extend the analysis to higher orders of the the non-renormalisable operator in Eq. (5.6). Keeping n as a free parameter we generalise Eqs. (5.11)
and (5.12) to




2−n
φf = mPl exp
,
4n


2
n−2
αf =
exp
.
n(n + 2)
2
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Figure 5.3: Values of δ for which ns (solid black line) and r (dashed red line) fall
within the Planck bounds for ns depicted with the shaded horizontal bands (light:
2σ and dark: 1σ).

The value of the field at the inflection point, φf , reduces somewhat for larger n,
as shown in Table 5.2 and we find that (φf /mPl )2n . 0.1 for n ≥ 4. When the

cosmological scales exit the horizon at φ∗ the inflaton has already travelled past
the inflection point to smaller field values and so for our analysis of the observables
we expect higher-order non-renormalisable terms (n > 4) to be suppressed. Thus,
it is unlikely that the dominant, stabilising, non-renormalisable operator would
correspond to n > 4.
To constrain the parameter space we follow the process outlined in Section 5.3
and again constrain δ values to align with the Planck results. The range for δ
remains about the same size for all n values but shifts to smaller values for larger
n values. This behaviour can be seen in Fig. 5.4 where we present a comparison
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n
(φf /mPl )2n

1
2
3
4
1.65 1.00 0.61 0.37

Table 5.2: Values of (φf /mPl )2n for n ≥ 1.

δ
−5.90

10
10−5.95
10−6.00

N∗
Ntot
ns
r(×1010 ) n0s (×103 )
50.87 123.60 0.970
9.57
−2.79
50.84 130.93 0.964
8.38
−2.62
50.81 138.70 0.959
7.45
−2.47
Table 5.3: Results for φ8 .

δ
10−5.85
10−5.90
10−5.95
10−6.00

N∗
50.67
50.63
50.60
50.57

Ntot
118.55
125.58
133.03
140.92

ns
r(×1010 ) n0s (×103 )
0.975
4.16
−2.96
0.968
3.60
−2.75
0.962
3.17
−2.58
0.957
2.83
−2.44

Table 5.4: Results for φ10 .

δ
10−5.85
10−5.90
10−5.95
10−6.00

N∗
50.50
50.47
50.44
50.50

Ntot
121.21
128.40
136.01
144.08

ns
r(×1010 ) n0s (×103 )
0.972
2.13
−2.88
0.965
1.86
−2.69
0.960
1.65
−2.53
0.955
1.48
−2.40

Table 5.5: Results for φ12 .

of the ns predictions for n = 1, 2, 3, 4. The results for n = 2, 3, 4 are tabulated in
Tables 5.3 to 5.5 and our findings from the n = 1 case are largely unchanged.
We find r ' 10−10 , with very small differences for varying n, and changes in

ns for varying n are at the 10−3 level. It should not be a surprise that our results
are robust and largely independent of n, as is shown in Fig. 5.4; by the time
the cosmological scales leave the horizon the field has rolled passed the inflection
point and the scalar potential is dominated by the CW-term in Eq. (5.5), which
is n independent.
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log10δ
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Figure 5.4: A comparison of the ns predictions for varying orders of the nonrenormalisable term, n, focusing on the δ values for which ns falls within the
Planck bounds depicted by the shaded horizontal bands (light: 2σ and dark: 1σ).

It is interesting to see that ns appears first to increase for larger n, before
decreasing again. This is not intuitive to explain without a detailed analytical
solution for ns , but from the competing powers of the polynomials in Eqs. (5.9)
and (5.10) it is not unexpected. Fig. 5.5 shows the behaviour of ns for varying n
and we see the same pattern observed in Fig. 5.4.

5.6

The Inflationary Energy Scale and
Reheating Temperature

As discussed in Section 5.3, we determine the inflationary energy scale numerically
via the COBE constraint in Eq. (2.136). For all n and δ values considered we find
V 1/4 ∼ 1014 GeV and ξ ∼ 10−16 GeV. In Section 5.2 we define ξ = y 4 /32π 2 so from

this we find y ' 4 × 10−4 for the Yukawa coupling, obeying the perturbativity
requirement, y  1, as expected. In the minimal setup where the Weyl fermion is
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Figure 5.5: Predictions of ns for δ = 10−5.9 with varying n in the potential in
Eq. (5.6).

only coupled to φ, the running of the coupling y has a beta function βy ≈ y 3 . The
running is negligible for y  1 meaning we are justified to treat y as a constant.
√
Through Eq. (5.7), we then determine M = 2 π(2ξ)1/4 mPl ' 1015 GeV; near the

grand unification scale and sub-Planckian as expected.

The decay rate of the inflaton particles to the Weyl fermions they couple to
is given in Eq. (2.180), which in the variables of this chapter is Γ = y 2 mφ /8π.
As we saw in Section 5.3, oscillations in a quartic potential mimic a radiation
background, with ρ ∝ a−4 [117], so after inflation when the inflaton is oscillating

about its potential minimum, using Eq. (2.34) with a radiation background, we see
H ∝ a−2 . The decay rate, Γ, is proportional to the mass and from m2φ ' V 00 (φ)
we see m ∝ φ meaning Γ ∝ φ. For a field oscillating in a quartic minimum

Φ ∝ 1/a [117]. Therefore, Γ/H ∝ a, increasing with time as we expect, until

Γ ∼ H; the decay becomes efficient, decay products accumulate and reheating
completes.

The temperature and energy density of the produced radiation bath are related via Eq. (2.94). At reheating the energy density of the oscillating condensate
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is transferred to the radiation bath, and so we need to find ρreh . For the density
of the oscillating condensate we have
ρreh = ρend



aend
areh

4

,

(5.21)

and from Γ/H ∝ a we find
Hend
1 8π Hend
areh
∼
'√ 2
,
aend
Γend
ξ y φend
which leaves us with
ρreh = ρend

ξ 2 y 8 φ4end
.
4
84 π 4 Hend

(5.22)

(5.23)

2
Using ρend ∼ Vend ∼ ξφ4end and Hend
= ρend /3m2Pl gives

ρreh

9ξm4Pl y 8
=
,
84 π 4

(5.24)

and equating this with the radiation bath temperature via Eq. (2.94) we see
Treh ∼



270
π 2 g∗

1/4

y 2 ξ 1/4
mPl ∼ 0.03 y 2 ξ 1/4 mPl ,
8π

(5.25)

where we take g∗ = 106.75 in the second approximation. For the parameter values found earlier: y ' 4 × 10−4 and ξ ∼ 10−16 , we get Treh ∼ 106 GeV, which is
comfortably higher than the temperature at BBN (∼ 1 MeV).

We do not rule out the possibility that the scalar potential also contains
a quadratic term, of the form of m2 φ2 but if such a term is present it must be
negligible during inflation meaning m2 < ξφ2 . Using ξ ∼ 10−16 and φ ∼ φf ∼ mPl ,

we find the bound m < 1010 GeV.

In order not to influence reheating, which will have a knock on effect on the
analysis of the rest of this chapter via the e-folding number, the bound on m is
much more stringent. We need the quadratic term in the potential to remain
subdominant until the decay of the inflaton condensate, meaning m2 < ξφ2reh .
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ε (1050 Gev4)

1.1

1.0
0.999

1.000
φ
φf

1.001

Figure 5.6: The scalar field potential when δ takes negative values, showing the
appearance of a local maximum and minimum. In this example δ = −10−7 . Due
to the scales involved we define V (φ) = V0 + ε where V0 = 2.507017 × 1057 GeV4 .

Earlier we saw φ ∝ 1/a, so using Eq. (5.22) we find
φreh

√
y 2 ξ φ2end
'
,
8π Hend

(5.26)

p y2
3ξ
mPl ,
8π

(5.27)

which translates to the bound
m<

2
where we again consider that Hend
' ρend /3m2Pl ' ξφ4end /3m2Pl . Putting the num-

bers in, we obtain m < 300 GeV or so, which does not leave a huge parameter

space but it also means it might be observable in the LHC in the near future.
It also means that if m ∼ 1 TeV, the influence on the value of N∗ would be of
the order ∆N∗ ' 16 ln(m2 − ξφ2reh ) < 1, which would have minimal impact on our
results.
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5.7
5.7.1

Additional Considerations
Negative δ Values

It is possible for δ to take negative values, in which case the potential develops
a local minimum and maximum in place of a flat plateau, an example of which
is shown in Fig. 5.6. The inflaton will oscillate about the local minimum until it
quantum tunnels to the far side of the local maximum. When the inflaton tunnels
through the local maximum, it may be in a position to slow-roll on the other side
of the peak, hopefully for enough e-folds to generate ns and r in accordance with
observations.
From the definition of V 0 given in Eq. (5.9) we can find the stationary points
in the usual way from V 0 = 0 which gives
3αφ2
= 2 ln
m2Pl
We re-write this as
exp
and rearrange to



−3αφ2
exp
2m2Pl



3αφ2
m2Pl


φ2
m2Pl



=

−3αφ2
2m2Pl



+ 1.

(5.28)

φ4 e
,
m4Pl



=

(5.29)

−3α
,
2e1/2

(5.30)

allowing us to use the Lambert W function, which satisfies x = W (x)eW (x) , to
solve and find:



Since φ2 > 0 this implies W

φ
m2Pl

2

−3α
2e1/2

−2
=
W
3α





−3α
2e1/2



.

(5.31)

< 0. The Lambert W function is depicted in

−3α
Fig. 5.7 and we see W (x) < 0 is true for x < 0, meaning we require 2e
<0
1/2

and this imposes a bound of α > 0 and hence δ > −1 (from Eq. (5.13)).
The Lambert W function is only real for x >
α<

2
.
3e1/2
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e

leading to a second bound of
(5.32)
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Remembering the relationship between α and δ given in Eq. (5.13) and combining
both bounds this translates to a constraint on δ of
− 1 ≤ δ ≤ 0.

(5.33)

These do not provide useful bounds for us, but the upper bound, whilst being
trivial, reinforces the idea that we require negative δ values to form the local
minimum and maximum. We find two solutions to Eq. (5.31), corresponding to
the minimum and maximum, from the W0 and W−1 branches of the Lambert W
function in the region

−1
e

< x < 0.

Once the location of the local minimum is known (which will be the larger of
the two solutions to Eq. (5.31)) we are able to find the corresponding point on
the far side of the maximum which the inflaton will quantum tunnel to, using the
fact that V (φentry ) ' V (φexit ).

We then use φexit to calculate the total number of slow-roll e-folds from the

exit point of the quantum tunnelling and find that they satisfy Ntot > N∗ only
for δ ≥ −10−6.6 . For |δ| values larger than this there are not enough e-foldings of

slow-roll available after the quantum tunnelling event. This makes sense because a

larger |δ| value will result in a deeper minimum, meaning after quantum tunnelling
the inflaton will emerge further down the potential, with less of the inflection
point plateau to roll along. For all negative δ values we find N∗ ' 51.05. Even

though this is a similar e-folding number to our result in the positive δ case (see
Section 5.4), the differing δ value means the predictions for the spectral index are
not compatible with the Planck 2018 bounds.

5.7.2

A Diffusion Zone Around φf

Returning to positive δ values, when δ is very small and the potential very flat
around the inflection point, a diffusion zone may exist. A diffusion zone is a
region where the quantum fluctuations of the inflaton dominate over its classical
motion.
During slow-roll inflation we presume the slow-roll assumptions in Eqs. (2.72)
and (2.73) are valid and the KG equation tells us the classical evolution of the
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Figure 5.7: The Lambert W function

V0
|φ̇| '
,
3H

(5.34)

which for δ  1 may be very small. On the other hand, the amplitude of a
quantum fluctuation of the scalar field is given by
δφ
H2
V
'
'
.
δt
2π
6πm2Pl

(5.35)

As introduced in Section 2.6.6, if the quantum fluctuations of the field overwhelm
its classical evolution the field becomes impervious to the potential and eternal
| > |φ̇|, so to avoid a diffusion zone we
inflation ensues. This will happen if | δφ
δt
need

V0
V
<
.
6πm2Pl
3H

(5.36)

Using the definitions in Eqs. (5.8) and (5.9), with φf , which is the flattest part
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of the potential for positive δ values, we obtain a cubic inequality:

 2



ξe3
3π
576π 2
4
432π 2
1
3
2
α −
α +
+
α
+
+
48π 2
2e1/2
ξe2
ξe5/2
2e 8e3/2


192π 2
ξe3/2
+
1+
≥ 0,
ξe3
1536π 2

(5.37)

and we can find the minimum allowed α value by setting the inequality equal to
zero and using ξ ' 10−16 , for which we see
αmin = 0.404354 .

(5.38)

From the definition of α in Eq. (5.13) this translates to
δmin =

3e1/2 amin
− 1 = 5.61 × 10−7 ' 10−6.25 .
2

(5.39)

Eq. (5.39) is the minimum value δ can take in order to avoid a diffusion zone
existing around the inflection point. From the inflationary observable constraints
on δ in Section 5.4 we see a diffusion zone does not exist for our model and we
do not need to concern ourselves with the constrains it would impose. However,
we point out that the existence of a diffusion zone does not invalidate inflation, it
simply imposes that φ∗ exists outside of the diffusion zone, requiring N∗ < NSR
where NSR is the total e-folds of slow-roll inflation that can occur from the edge
of the diffusion zone.

5.7.3

Ultra Slow-roll Inflation

The slow-roll assumptions (Eqs. (2.72) and (2.73)) may not always be valid in
models of inflection-point inflation, if a period of Ultra Slow Roll (USR) exists
[149]. We use the terminology of Ref. [149] which labels φ̈, 3H φ̇ and V 0 (φ) in the
KG equation as the acceleration, friction and slope terms respectively. The first
slow-roll assumption says
φ̈  3H φ̇ ,
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leaving the friction term coupled to the slope term in the KG equation. However,
in very flat sections of the potential we may see the opposite behaviour, where the
slope becomes negligible and we have the acceleration term locked to the slope
term.
We can intuitively see the behaviour from the Hubble parameters defined in
Section 2.4.3, especially ηH :
ηH = −

˙H
,
HH

(5.41)

where H is the first Hubble slow-roll parameter, defined in Eq. (2.64). Following
Ref. [149], Eq. (5.41) can be written as
ηH =

2φ̈
+ 2H ,
H φ̇

(5.42)

which for traditional slow-roll, with H  1, is very small. However, in USR the

first term in Eq. (5.42) is not negligible, instead approaching a constant value as
the acceleration and friction terms become comparable. Hence, when we are in
the USR regime we find
ηH ' −6 ,

(5.43)

which means that slow-roll is no longer an appropriate assumption. This leads
to very different predictions for the inflationary observables because the field is
rolling much quicker during USR and calculations of N∗ assuming slow-roll will
result in an overestimate for N∗ .
Ref. [149] shows that the danger from USR can be averted as long as the
inflaton’s kinetic energy is capped at
ρkin ≤

(mPl V 0 )2
,
6V

(5.44)

when it approaches the inflection point. For our model this results in a bound of
ρkin . 16m4Pl ξe1/4 δ 2 ,

(5.45)

which for the parameter values found in Section 5.4 gives a maximum kinetic
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energy of
1/4

ρkin,max ' 1012 GeV .

(5.46)

In Section 5.6 we found the energy scale of inflation to be approximately V 1/4 ' 1014 GeV
1/4

and so requiring ρkin be three orders of magnitude smaller is not unreasonable,
we do not consider the initial conditions further.

5.8

Discussion

This chapter presents a model of inflection-point inflation which does not rely
on an embedding in a beyond-the-standard-model theory. We simply stabilise an
unbounded CW potential with loop corrections to form the inflationary plateau
and hence name the model ‘loop inflection-point inflation’. Due to the nature of
inflection-point inflation, whereby terms in the scalar potential almost, but not
quite, cancel each other out, the model necessarily involves an element of tuning.
The level of tuning in the model is of the order of O(10−6 ), which is much
reduced compared to typical realisations in the literature, for example tuning in
A-term inflation is of the order of O(10−20 ) [128] and the merits of relying on
physics no more exotic than the standard model should not be overlooked.
The parameter we constrain in the model is δ, which quantifies the scalar
potential’s deviation from a perfectly flat inflection point. We use the inflationary
observables, ns and r, to constrain its magnitude and find it is necessary to restrict
its values to 10−5.96 ≤ δ ≤ 10−5.79 .

We find the energy scale of inflation to be V 1/4 ' 1014 GeV, and M ' 1015 GeV,

near the GUT scale as expected. The model incorporates a Yukawa coupling in
the CW loop term, which takes a value of y ' 4 × 10−4 , as is typical.

Due to the extremely flat nature of the inflection point, we verify that a diffu-

sion zone does not exist in the model and owing to the shorter than usual plateau
in the model we check that the total e-foldings of inflation support the required
e-foldings of slow-roll inflation. We also have a constraint on the inflaton’s initial
1/4

kinetic density of ρkin . 1012 GeV. A study of reheating in this model finds the
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number of e-folds of inflation after observable scales leave the horizon is independent of the reheating temperature when the inflaton is oscillating in a quartic
minimum. This is also found in Chapter 3.
Due to the complexity of the equations in this model, this chapter demonstrates the first example of a numerical approach for calculating the specifics
of inflation. This is developed in following chapters, where coupled differential
equations require numerical integration techniques. In the next chapter we take a
brief interlude from models of inflation and present research on primordial black
holes.
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Chapter 6
Primordial Black Hole Formation
During Slow Reheating After
Inflation
This chapter is based on research by the author, in collaboration with Bernard
Carr, Konstantinos Dimopoulos and Tommi Tenkanen, published in Physical Review D [150].

6.1

Introduction

Overdensities in the early Universe eventually grow into the rich structure formation we see today. However, it is also possible that an overdensity may collapse
to a black hole instead; black holes forming in the early Universe are called Primordial Black Holes (PBHs) [151]. Black holes emit radiation and eventually
evaporate on a timescale proportional to their size [152], so only PBHs with mass
greater than 1015 g will have survived to the present day. PBHs form with masses
of the order of the particle horizon mass at the time of their formation, meaning
they are able to form with a large range of masses [151, 153]. Black holes which
have not evaporated before the current epoch are a possible CDM candidate,
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but there are stringent constraints on their allowed masses and abundances from
observations, Ref. [154] provides a good overview of the current constraints and
we direct the reader there for further references. There is no direct evidence for
the existence of PBHs but the recent observations by LIGO provide the first direct evidence for non-primordial black holes in the Universe [155] and PBHs are
a robust theoretical prediction. Their formation allows the power spectrum of
inflation to be probed at much smaller scales than can be observed directly. This
presumes the collapse of overdensities which originated as fluctuations during inflation to be the foremost formation mechanism of PBHs. There are several other
notable formation mechanisms for which Refs. [156, 157] give a useful review and
further references.
Provided there are no other forces, a large enough density contrast will gravitationally collapse to form a PBH. However, during radiation dominated eras of the
Universe, the thermal energy of the radiation background provides a restorative
force, opposing gravitational collapse. The Jeans length, RJ , defines the length
scale for which gravitational energy and restorative pressure are balanced. Only
overdensities larger than the Jeans length are unstable to gravitational collapse.
In a matter dominated Universe this is negligible and overdensities of any size
may grow large enough to collapse to a PBH, though only if they are sufficiently
spherically symmetric to avoid disc formation or fragmentation.
During reheating after inflation, an oscillating inflaton behaves as a matter
dominated Universe. Radiation pressure is minimal and this era is generally
taken to be a prime PBH formation era until radiation domination begins and
the increased Jeans length suppresses their formation again. During the reheating
process there is a radiation bath being produced which is quickly diluted away
for most of the oscillating period. However, as we approach the completion of
reheating the radiation bath starts to accumulate. It is still sub-dominant but it
has an effect on the effective equation of state parameter, as the latter grows to
become wr = 1/3 at radiation domination.
This is pertinent to the study of primordial black holes (PBHs) because their
formation rates are calculated assuming either matter domination or radiation
domination. In this chapter, we investigate the intervening transition period and
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how the varying equation of state parameter affects the formation rate and mass
function of PBHs.

6.2

PBH Production

For an overdense region in the early Universe to collapse and form a PBH, there
are three constraints it should satisfy:
(i) It must be larger than the Jeans length at maximum expansion,
(ii) It must be sufficiently spherically symmetric,
(iii) It must be spinning sufficiently slowly.
A density contrast is defined by
δ=

ρ − ρ̄
,
ρ̄

(6.1)

and we assume the fluctuations have a Gaussian distribution with variance σ 2 (k)
at horizon crossing. During RD, overdensities satisfying constraint (i), whereby
δ > δc , where δc is some critical value to be determined, lie on the Gaussian
tail of the density fluctuation distribution. Overdensities on the Gaussian tail
are expected to be spherically symmetric [158, 159], so satisfying (i) during RD
automatically satisfies (ii). Constraint (iii) is also satisfied during RD because
the Jeans length is of the order of the size of the horizon, meaning the overdensity
does not evolve much between entering the horizon and collapsing to a PBH.
Therefore, during RD it is the size of an overdensity which controls whether or
not it collapses to form a PBH. The fraction of the energy density of the Universe
collapsing to form PBHs is found from the probability of an overdensity meeting
constraint (i) [160]:


Z ∞
2
δ2
β(M ) = √
dδ exp −
σ(M )2
2πσ(M ) δc


δc
= Erfc √
,
2σ(M )
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where Erfc is the complementary error function and σ is the rms fluctuation
amplitude. As only density fluctuations on the tail of the distribution are large
enough to form PBHs, we see the production rate is exponentially suppressed.
Alternatively, for a MD Universe the probability of (i) being satisfied is close
to unity because the Jeans length becomes very small. However, now we move
away from the Gaussian tail of the density fluctuation distribution, spherical
symmetry cannot be assumed. Constraint (ii) becomes the limiting factor for
the fraction of the total energy density in the Universe collapsing to form PBHs,
given by [161–163]
β(M ) ' 0.056σ(M )5 .

(6.3)

For smaller density contrasts the effect of any rotation of the collapsing region becomes more apparent, the fraction of overdensities satisfying (iii) becomes
smaller than Eq. (6.3) and the limiting factor on their production is then [164]

β(M ) ' 2 × 10 fq (qc )I σ(M ) exp −0.147
−6

6

2

I4/3
σ(M )2/3



,

(6.4)

where fq is the fraction of masses for which q ≤ qc where q is the dimensionless
√
quadrupole moment and qc = 2 [164]. I is a complicated ratio of integrals which
arises in the calculation of the angular momentum, but it is approximately unity,
as shown in Ref. [165], so we take I = 1. Ref. [164] also states “we assume fq (qc )
is not too small” - decreasing fq (qc ) suppresses the formation rate further, but
does not affect the behaviour we discuss from here onwards so we set fq (qc ) = 1
without loss of generality. For comparison, Eqs. (6.2) to (6.4) are plotted in
Fig. 6.1.
After inflation, the inflaton oscillates about a quadratic minimum of its potential and its equation of state is w = 0, as in a MD era of the Universe (see
Section 2.7). The assumption of Eqs. (6.2) to (6.4) is that there is a discontinuous
transition from MD to RD after reheating completes. However, during a period of
slow reheating after inflation the value of weff transitions smoothly from weff = 0
to weff = 1/3 as the decay products of the inflaton slowly accumulate. Taking
a sharp cut-off between these two regions is not a natural way of modelling the
PBH production and so we trace the behaviour of weff in the intermediary regime.
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Figure 6.1: The fraction of the total energy density collapsing into PBHs, β, as
a function of σ(M ). During radiation domination and matter domination different
considerations control β. The green dotted line shows β in a radiation dominated
Universe, given by Eq. (6.2) with δc = wr . The red line shows β in a matter dominated Universe when the limiting factor controlling β is the fraction of overdensities
which are sufficiently spherically symmetric, Eq. (6.3), valid for 0.005 < σ < 0.2.
The black line shows β in a matter dominated Universe when the limiting factor
controlling β is the angular momentum of the region and Eq. (6.4) is appropriate, when σ < 0.005. When the red (black) line is solid rather than dashed, this
indicates the red (black) line is the limiting factor controlling β in the matter
dominated regime.

We expect that the growing thermal bath will increase the Jeans length to a
size whereby (i) limits the production rate of PBHs even before reheating completes. Put another way, the fraction of overdensities with sufficient spherical
symmetry to collapse is likely to be larger than the fraction of overdensities which
are of sufficient size to collapse, meaning (i) becomes the dominant constraint on
PBH production before radiation domination is achieved.
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Whilst the inflaton is oscillating in the quadratic minimum the produced (subdominant) radiation has an energy density [85]
ρr =

ρφ Γ
,
4 H

(6.5)

where ρr is the energy density of the produced radiation, ρφ is the energy density
of the inflaton and Γ is its decay rate. Using this, the effective equation of state
parameter can be written as
weff

pφ + pr
Γ
=
= wr
ρφ + ρr
4H



Γ
1+
4H

−1

'

wr Γ
,
4 H

(6.6)

where pφ ' 0 is the pressure of the inflaton, pr the pressure of the radiation,

wr = 1/3 is the equation of state parameter of radiation and we take ρr  ρφ in
the last equality.

A precise expression for the critical size required for a density contrast to
collapse against any radiative pressure is derived in [166]:
3(1 + w) 2
δc =
sin
5 + 3w



√ 
π w
,
1 + 3w

(6.7)

which applies in the co-moving gauge; the appropriate choice if we wish to compare to the production fraction in a matter dominated scenario. We simplify
δc ' 6weff which is true for weff  1 and combining Eqs. (6.2), (6.6) and (6.7)
see that the fraction of overdensities large enough to collapse is
β(M ) = Erfc



3w
Γ
√ r
8σ(M ) H



.

(6.8)

8σ(M )
Erfc−1 (β(σ)) .
3wr

(6.9)

We rearrange for Γ/H and find
Γ
'
H

√
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101
Γ/H when βMD = βRD
Γ/H when βMD = βRD including spin corrections
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Γ
H
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10−4

10−3

10−2

10−1

100

σ
Figure 6.2: Solutions to Eq. (6.9); the solid red line uses β(M ) defined in Eq. (6.3)
for the complete range of σ values, the dashed red line uses β(M ) defined in
Eq. (6.4) in the region σ < 0.005. The dotted horizontal line denotes Γ/H = 1.

This allows us to replace β(σ) with Eq. (6.3) or Eq. (6.4) as appropriate to
find the value of Γ/H when the different PBH formation rates coincide. For
smaller Γ/H values we expect the matter-domination considerations to constrain
the fraction more, but as Γ/H increases and we approach radiation domination,
we expect the sub-dominant radiation bath to have an effect on the fraction of
overdensities satisfying δ > δc and for this to become the limiting constraint on
β. Effectively we are using Γ/H as a time co-ordinate; if we assume Γ ' constant

then Γ/H ∝ H −1 and using the relationship in Eq. (2.34) we see Γ/H ∝ t. The

times when the PBH formation rates in MD and RD coincide vary for different σ

values, which can be seen in Fig. 6.2. We immediately see that the sub-dominant
radiation bath has no effect on fluctuations above a threshold size, meaning the
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σ = 10−4
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β
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10−44
10−50
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Γ
H

10−2

10−1

100

Figure 6.3: The fraction of overdensities able to collapse from Eq. (6.2) in red
and Eq. (6.3) in blue. For Γ/H  1, when weff ' 0, the fraction of overdensities
with δ > δc is almost unity but the fraction which are sufficiently spherical is much
lower, hindering the PBH formation rate. As Γ/H increases the fraction with
δ > δc drops drastically as weff → 1/3 and limits the PBH formation rate. The
solid line indicates the limiting factor affecting formation rate at any time. Two
example values of σ are shown via the dashed and dotted lines.

transition between production fractions never occurs during slow-reheating and
Eq. (6.3) applies throughout. We find the threshold value of σc ' 0.05.
We see that the solutions coincide at earlier times for smaller fluctuations.
This makes sense because smaller fluctuations will fall below the (growing) Jeans
length sooner. This can be seen in Fig. 6.3 where we plot the probability of an
overdensity satisfying constraints (i) and (ii), as a function of time (Γ/H). We
see that at a certain time the limiting probability switches from constraint (ii),
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to constraint (i), and (for σ < σc ) this does not coincide with the beginning of
radiation domination (Γ ' H) as previously assumed in the literature.

We can calculate the e-folds of effective MD for PBH formation in the early

Universe to quantify the effect we are discussing. From Eq. (2.88) we find the
e-folds of reheating to be
Nreh = ln



areh
aend



,

(6.10)

where ‘reh’ denotes the moment of reheating and ‘end’ denotes the end of inflation.
During MD a ∝ H −2/3 so we see
Nreh

2
= ln
3



H∗
Γ



,

(6.11)

where we have used Hend ' H(φ∗ ) and Hreh ' Γ.

However, as we have seen, the transition between production mechanisms

(which we denote by subscript ‘x’) occurs before reheating. We can calculate
how many e-folds of effective MD occur before this takes places as
2
Nx = ln
3



H∗ Γ
Γ Hx



2
= ln
3

H∗
Γ

!
√
8σ(M )
Erfc−1 (β(σ)) ,
3wr

(6.12)



(6.13)

which reduces Eq. (6.11) by
2
∆N = Nreh − Nx = ln
3

3wr
√
8σ Erfc−1 (β(σ))



.

The reduction is O(10%), independent of Γ. This makes sense because a change
in Γ changes both when the suppression occurs and when reheating completes.
This behaviour is shown in Fig. 6.4 where we plot the point where the subdominant radiation bath affects the formation rate, Nx , the onset of radiation
domination, Nreh , and the difference between them, ∆N . We see Nx increasing
for larger σ as we would expect because larger overdensities resist the growing
Jeans length for longer - the sub-dominant thermal bath has less of an impact on
larger overdensities.
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Figure 6.4: The duration of effective MD when Γ ' H signifies an immediate
transition to RD (dotted, black line) and calculated Γ/H from Eq. (6.9), taking
into account the growing thermal bath (dashed, black line). The red line shows the
difference between the two calculations.

6.4

Primordial Black Hole Mass Function

Presuming that an overdensity satisfies the spherical symmetry and angular momentum requirements of (ii) and (iii), when it re-enters the horizon during effective matter domination it will eventually collapse to form a PBH, regardless of
its initial amplitude because density contrasts grow linearly with scale factor and
the restorative radiation pressure is negligible.
PBHs are expected to form with roughly the mass of the horizon when they
first entered. The particle horizon during periods of matter domination is calculated in Section 2.3.2 and given by DH (t) = 3t = 2/H, so we find the mass
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contained within the horizon to be
MDH

32πm2Pl
=
,
H

(6.14)

where we use ρtot = 3m2Pl H 2 . Therefore the minimum mass a PBH can have is
given by
Mmin =

32πm2Pl
,
Hend

(6.15)

where ‘end’ denotes the end of inflation, i.e. for the first scales to enter the
horizon in the effective matter dominated era after inflation ends.
An overdensity collapses to a PBH when it reaches δ ' σ ' 1, but this must

happen before it feels the effect of the building radiation bath which will prevent
its collapse. Perturbations inside the horizon grow linearly with the scale factor
during a matter dominated regime, so from σ ∝ a we can write
σcol
acol
=
=
σentry
aentry



Hentry
Hcol

2/3

,

(6.16)

where ‘col’ denotes the moment of overdensity collapse and we use a ∝ H −2/3

in a matter dominated Universe (see Eqs. (2.33) and (2.34)). We set σcol = 1,

so in following equations we suppress the subscript on σentry . We therefore need
to ensure Hcol > Hx where ‘x’ signifies the point at which the thermal bath
has grown enough that constraint (i) is the limiting factor in the collapse of an
overdensity. Therefore the minimum value of H (largest value of a) which satisfies
this for a given σ will be
Hentry,min =

Hx
.
σ 3/2

(6.17)

Rearranging Eq. (6.9) we find
3wr Γ
Hx = √
,
8σErfc−1 (β(σ))

(6.18)

and so combining Eqs. (6.14), (6.17) and (6.18) provides the maximum mass
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possible for a PBH formed with1 σ < σc
Mmax

√
32πm2Pl σ 3/2
64 2πm2Pl σ 5/2
=
=
Erfc−1 (β(σ)) .
Hx
3wr Γ

(6.19)

We define reheating to be at Γ ' H and at reheating 3m2Pl H 2 = ρr so we see
3m2Pl Γ2 =

4
g∗ π 2 Treh
,
30

(6.20)

where we have used the relationship between the temperature and energy density
of the thermal bath given in Eq. (2.94). From here we obtain
√
2
g∗ πTreh
Γ= √
,
3 10mPl

(6.21)

which we use to rewrite Eq. (6.19) as
Mmax

√
128 5m3Pl σ 5/2
=
Erfc−1 (β(σ)) .
√
2
wr g∗ Treh

(6.22)

In PBH research, because of the masses involved it is more typical to use M as
a mass scale, where M ' 4.53 × 1038 mPl is the mass of the Sun. Using wr = 1/3
and g∗ = 106.75, we find a final expression

Mmax
' 20σ 5/2 Erfc−1 (β(σ))
M



Treh
GeV

−2

.

(6.23)

for σ < σc ,
for σ > σc ,

(6.24)

Rewriting Eq. (6.15) in a similar format we see
−18

1



Hend
GeV

−1

Mmin ' 3.52 × 10
(
20σ 5/2 Erfc−1 (β(σ))

Mmax '
Treh −2
0.4σ 3/2 GeV
M

M ,


Treh −2
GeV

M

For σ > σc , Hx ≡ Hreh and the standard result holds.
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where in the third expression overdensities with σ > σc are unaffected by the
sub-dominant radiation bath, meaning Hx = Hreh as is the usual case in the
literature.
The fraction of the dark matter made up of PBHs can be expressed as [167]
fPBH

ΩPBH
1
≡
=
ΩDM
ρDM

Z

ψ(M ) dM ,

(6.25)

where ψ(M ) is the mass function and ρDM is the energy density of dark matter in
the Universe. With appropriate normalisation ρDM can be absorbed into ψ(M )
so that the PBH DM fraction within a particular mass range (M ,M + dM ) can
be expressed as

ρPBH
f=
=
ρDM

Z

ψ(M ) dM .

(6.26)

Inverting this we can find the mass function
df
1
d
ψ(M ) =
=
dM
M d ln M
where we use the substitution

d
dM

≡

β(M ) =

1
d
M d ln M



ρPBH
ρDM



,

(6.27)

because the definition of β(M ) is

1 dρPBH (M )
,
ρtot d ln M

(6.28)

which allows us to simplify Eq. (6.27) to
ψ(M ) =

ρtot β(M )
.
ρDM M

(6.29)

During matter dominated epochs of Universe expansion the ratio ρPBH /ρDM is
constant, because they both evolve as a−3 . This means f today is equal to f
at matter-radiation equality (denoted by ‘eq’). It also means the fraction of the
Universe in PBHs during their formation is equivalent to the fraction at reheating.
However, after reheating the Universe becomes radiation dominated and evolves
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as ρtot ∝ a−4 . This means
ρtot
ρDM

=
reh

ρtot
ρDM

eq

aeq
.
areh

(6.30)

At matter-radiation equality ρtot ' ρDM which means the current PBH dark
matter fraction in the mass range (M ,M + dM ) is

aeq β
dM ,
areh M

1/3
g∗ (Treh )
Treh β(M )
'
dM ,
g∗ (Teq )
Teq M

ψ(M ) dM =

(6.31)

where g∗ (Teq ) = 3.909, g∗ (Treh ) = 106.75 and Teq ' 10−10 GeV. The precise value

of Teq used in this thesis is given in Table 1.1.

We can now use Eq. (6.31) to calculate the mass function of the produced
PBHs in the refined scenario of a continuous transition between the formation
fractions given in Eqs. (6.2) and (6.3), using the boundary masses derived in
Eq. (6.24) for the integration limits.
The resulting mass functions for three σ values are plotted in Fig. 6.5, showing
the predictions when the sub-dominant radiation bath is taken into account and
the previous predictions when it was not. Fig. 6.5 is plotted using Eq. (6.3) for
σ > 0.005 and Eq. (6.4) otherwise. In Fig. 6.6 we plot both for comparison
and demonstrate the effect angular momentum considerations have on the mass
spectrum when σ < 0.005. Ignoring the angular momentum considerations does
not affect the results we present here, culminating in the truncation of the mass
spectrum as demonstrated in Fig. 6.5, but it results in a serious overestimate of
the mass function for σ < 0.005.
The total dark matter fraction in PBHs can be obtained from Eq. (6.26), using
Eq. (6.24) as integration limits. Observational constraints on the PBH abundance
can then be analysed. The research presented here aims to demonstrate how a
sub-dominant radiation bath from a period of slow reheating truncates the PBH
mass function, so we do not analyse the constraints on the PBH abundance, which
are many and varied. Ref. [154] describes the procedure and current constraints.
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Figure 6.5: The PBH mass function for three example σ values (all below σc ). The
solid lines represent the new cut-off taking into account the sub-dominant radiation
bath, the dashed lines show the standard result in the literature where the mass
cut-off occurs at Hreh . The minimum mass used here is Mevap ' 2 × 10−19 GeV,
the mass of PBHs evaporating today [2].

We find a maximum cut-off for the PBH mass at around 100 M , for σ ' σc ,

the maximum σ for which the effect of the sub-dominant radiation bath changes
the analysis from that in the literature. Observations of the CMB constrain

the power spectrum of the primordial curvature fluctuations. Eq. (2.135) gives
the 2018 Planck constraint on the amplitude of the power spectrum, which is
the variance of the field, meaning we find σ ' 10−5 . The power spectrum is
also constrained to be almost exactly scale invariant at the scales observed by

Planck, which uses a pivot scale of k∗ = 0.05 Mpc−1 . The mass spectrum for
σ = 10−5 is heavily suppressed to O(10−145 ) and it is clear that there is not a
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Figure 6.6: The mass function for σ = 10−3.5 with (solid, red line) and without
(dashed, blue line) taking spin effects into consideration.

significant fraction of the CDM made up by PBHs. However, it is not necessary
to assume that the power spectrum of curvature fluctuations follows the pattern
of the CMB at smaller scales. Special features in the power spectrum [154, 168] or
a blue spectrum [169] at smaller scales could increase σ. In fact, PBH formation
necessarily provides constraints on the shape of the power spectrum at smaller
scales and is therefore a predictive theory.
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6.5

Discussion

This chapter presents a detailed analysis of the effect of a sub-dominant radiation
bath, due to slow reheating, on the formation rate of PBHs. We show that the
presence of the sub-dominant radiation bath has an effect on the formation rate
of primordial black holes and so must be taken into account. The influence of the
thermal bath slowly grows throughout the reheating period, resulting in a gradual
transition from effective matter-domination to the HBB radiation domination, in
contrast to the sharp cut-off between the two which is normally assumed in the
literature. The radiation bath affecting the formation rate earlier results in a
truncation of the mass function of the produced PBHs.
This chapter does not consider the specifics of any particular inflationary
model, but simply assumes a quadratic minimum in the scalar field potential,
which is typical. This demonstrates the far-reaching consequences the littleunderstood reheating epoch has on not just models of inflation but cosmological
and astrophysical predictions in general.
Chapters 7 and 8 investigate different reheating mechanisms but it is important to stress that the reheating epoch is poorly constrained and open to
interpretation. The results presented herein are generic for any model with a
period of effective matter domination and a growing sub-dominant thermal bath.
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Chapter 7
Quintessential Inflation with
α-attractors
This chapter is based on the original research by the author, in collaboration with
Konstantinos Dimopoulos, published in the Journal of Cosmology and AstroParticle Physics [170] and Leonora Donaldson Wood, published in Physical Review
D [171].

7.1

Introduction

The research in this chapter is the first example, in this thesis, of a model of
quintessential inflation. As introduced in Section 2.8, the observed dynamics
of the late Universe, namely the current epoch of accelerating expansion, can
only be explained within General Relativity (GR) via the introduction of some
hypothetical substance called dark energy. ΛCDM, the currently accepted concordance model of cosmology, fits the dark energy (DE) observations remarkably
well but suffers from an incredible fine-tuning problem, (see Section 2.8.1) which
motivates the search for other explanations for the mechanism of dark energy.
Quintessential inflation (QI) is introduced in Section 2.8.3 and presents a neat
alternative to ΛCDM which manages to avoid the fine-tuning problem. QI is a
minimal extension to the standard model of particle physics (SM) because it uses
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a single theoretical framework to describe both inflation and dark energy, namely
a dynamical scalar field. However, as mentioned in Section 2.8.3, building QI
models is not easy because of the vast difference in energy densities between
primordial inflation and late-time dark energy. The research presented in this
chapter manages to generate a scalar field potential of the requisite form by
embedding the model in the α-attractors framework of inflationary model building
[56, 109, 110, 119, 120, 172–188]. The use of the α-attractors for a period of latetime accelerated expansion was investigated in Ref. [189] and we extend this idea
to form a model of quintessential inflation.
In Section 7.2 we introduce the α-attractors framework and present the model.
Section 7.3 calculates predictions for the inflationary observables which are in excellent agreement with the Planck 2018 results. As we will see, this is a generic
feature of all α-attractor models. The inflationary observables provide the first
constraints on model parameters. Section 7.4 then analyses the regime of kination - present in all QI models, and the eventual freezing of the scalar field, as
introduced in Section 2.8.4. We see it is heavily dependent on when radiation
domination begins, which is controlled by the reheating mechanism. We proceed to investigate gravitational reheating and instant preheating in Sections 7.6
and 7.8 respectively. Before doing so we remain agnostic as to the reheating mechanism and present an analysis of the late-time quintessence requirements imposed
upon the model which provide the tightest constraints on model parameters.
For natural values of the parameters, the model attains accelerated expansion whilst maintaining a mildly sub-Planckian field displacement such that the
flatness of the quintessential tail is not lifted by radiative corrections (see Section 2.6.3) and violations of the equivalence principle (see Section 2.8.2) are under
control.

7.2

The Potential and its Embedding
in α-Attractors

The α-attractors framework, pioneered by Linde and Kallosh [56, 109, 110, 188,
190–192] involves modifying the kinetic term in an otherwise simple inflation
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model to the form

1
∂µ ϕ ∂ µ ϕ
Lkin =  2
2 ,
ϕ2
1 − 6αm2

(7.1)

Pl

where α is a dimensionless, positive constant. The kinetic term features poles at
√
ϕ = ± 6αmPl , which ϕ cannot traverse in field space [56, 109, 180, 183]. Such a

kinetic term is well motivated in supergravity (SUGRA) [56, 109, 180, 183] where
a non-trivial Kähler manifold corresponds to a non-canonical kinetic term in the
Lagrangian. Returning to canonical variables via a transformation
ϕ=

√

6α mPl tanh



φ
√
6αmPl



,

(7.2)

transposes the poles to infinity and means any scalar field potential present in
the theory now takes the form


V (ϕ) = V tanh



φ
√
6αmPl



,

(7.3)

which generates a plateau in the potential. In effect, the canonical potential V (φ)
is stretched as the non-canonical field, ϕ, approaches the poles [193]. By adding a
simple exponential scalar potential (possibly due to gaugino condensation [194–
196]), which naturally features one plateau already, we are able to construct a
model of quintessential inflation featuring two plateaus, forming the second from
this ‘stretching’ effect of α-attractors.
The full Lagrangian is
1
∂µ ϕ ∂ µ ϕ
−κϕ/mPl
+ Λ,
Lkin =  2
2 − V 0 e
2
ϕ
1 − 6αm2

(7.4)

Pl

where κ is a dimensionless, positive constant. V0 is a constant density scale and
Λ is the cosmological constant. Two plateaus exist in the model, with V → V0 e±n

where we introduce the notation

√
n ≡ κ 6α ,

166

(7.5)

7.2 The Potential and its Embedding
in α-Attractors

for ease in subsequent equations. It is necessary to introduce Λ because we presume the vacuum density in the Universe is zero, due to some unknown symmetry.
However, because of the second pole in the model, ϕ cannot go to infinity in the
vacuum and is instead capped at the energy density of the second plateau in
√
the model, V = V0 e−n as ϕ → 6αmPl . To obtain zero vacuum energy density

hence requires Λ = V0 e−n . Substituting this back into Eq. (7.4), the Lagrangian
becomes
L =

1
(∂ϕ)2
2

1−

It is now evident that as

ϕ2
6αm2Pl
ϕ
mPl

"


n 1− √

−n
e
2 − V 0 e

→

√

ϕ
6αmPl



#

−1 .

(7.6)

6α the potential density disappears. Incor-

porating a Λ scale might, at first glance, seem to undermine the motivations of
quintessence but we will show that our Λ scale is quite natural, motivated by zero
vacuum energy density. Therefore it solves the fine-tuning problem of ΛCDM,
introduced in Section 2.8.1.1. Incorporating Λ in this way means the plateaus in
√
the model are now altered and the stretching at mϕPl → ± 6α now corresponds

to V → V0 e−n (e2n − 1) or V → 0.

In canonical variables, the scalar potential is
V (φ) = e

−2n

M

4





 
φ
−1 ,
exp n 1 − tanh √
6αmPl

(7.7)

where we have defined the inflationary energy scale, M , such that M 4 ≡ en V0 .
Note, therefore, that Λ = e−2n M 4 .

When we switch from ϕ to φ the poles in the kinetic term are transposed to
infinity, meaning φ in the canonical Lagrangian is unbounded: −∞ < φ < +∞.

The effect of the scalar potential, V (φ), becoming “stretched” as ϕ approaches the
poles allows our new canonical field, φ, to take any value whilst our non-canonical
degree of freedom, ϕ, remains sub-Planckian at all times, as long as α . 61 . In
fact, loop corrections and interactions are both suppressed in the region of the
poles in α attractor theories (this is discussed in more detailed in Section 7.10.1)
meaning it is not imperative to maintain ϕ < mPl , but to be conservative and
√
use a natural value for α, we impose a soft bound of 6α < 5.
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Figure
√ 7.1: The potential in Eq. (7.7). It features two flat regions for
|φ|  6α mPl ; the inflationary plateau and the quintessential tail, with a steep
dip between them. An example freezing value for the field is indicated by φF ,
defined in Eq. (7.33).

√
As tanh(φ/ 6αmPl ) approaches a constant value when |φ| is very large, the

potential becomes asymptotically constant, featuring plateaus. At the locations
of these plateaus the field slow rolls and accelerated expansion occurs. At early
√
times (φ → −∞, ϕ → − 6α mPl ), the potential in Eq. (7.7) can be simplified to


√ 2φ
V (φ) ' M exp −2ne 6αmPl ,
4

(7.8)

which gives rise to the inflationary plateau. In the opposite limit, towards late
√
times (φ → +∞, ϕ → + 6α mPl ), the potential in Eq. (7.7) becomes
√
V ' 2ne−2n M 4 exp(−2φ/ 6α mPl ) ,
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which corresponds to the quintessential tail. It is evident that the potential
density asymptotes to zero as φ → +∞. The potential is shown in Fig. 7.1. In

the following sections we examine these two periods and the evolution between
them.

7.2.1

Initial Conditions

To be a successful quintessential inflation model the initial value of ϕ needs to be
√
between the poles in the potential. If ϕ is initially too small (ϕ < − 6α) then
√
the field would roll down to ϕ = − 6α only and the required Λ for zero vacuum
√

density would have been Λ = V0 eκ

6α

. In this case, we have inflation with an

exponential potential, which is power-law and contradicts observations (plus, it
√
never ends). If ϕ is initially too large (ϕ > 6α) then it would roll down to
infinity and the vacuum density would be zero without the introduction of Λ. We
would have inflation near the pole but the exponential tail is not steep enough to
allow for successful quintessence. We refer the interested reader to Ref. [197].
We do not consider either case and because the initial conditions are not
a testable facet of the theory we consider the discussion of them to be largely
academic, as per the no-hair theorem.

7.3

Inflation

√
In the limit φ → −∞ (ϕ → − 6α), the potential Eq. (7.7) simplifies to the
form in Eq. (7.8) and we find the inflationary slow-roll parameters (Eqs. (2.76)
and (2.77)) to be
m2Pl
=
2



V0
V

2

4φ
4n2 √6αm
Pl ,
=
e
3α


00
2φ
√ 2φ∗
4n √6αm
2 V
Pl
η = mPl
=− e
1 − 2ne 6αmPl ,
V
3α
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where a prime denotes derivative with respect to φ. From the usual condition
denoting the end of inflation,  = 1, we find:

φend

√ !
3α
.
2n

√
6α
=
mPl ln
2

(7.12)

The slow roll parameters are better expressed as functions of the number of remaining e-folds of inflation at horizon crossing of cosmological scales, N∗ , defined
in Eq. (2.85), through which we obtain:

φ∗ =



√

6α
3α
mPl ln 
2
4n

N∗ +

√

3α
2

!−1 

,

(7.13)

which can be negative if α is small. Using this, the slow-roll parameters become
3α
=
4

N∗ +

√

3α
2

!−2


√ !−1
3α
1 − 3α
η = − N∗ +
2
2

,

(7.14)


√ !−1
3α
,
N∗ +
2

(7.15)

which are both independent of κ. They only depend on N∗ and α, which is the
recognisable parameter of all α-attractor theories and controls the size of the
region between the poles in non-canonical field space.
We then obtain the tensor-to-scalar ratio and the spectral index of the scalar
curvature perturbation:

r = 16 = 12α N∗ +

ns = 1 + 2η − 6 = 1 − 

2

√

3α
2

!−2

,

3α
2
− 
,
√ 2 ' 1 −
N∗
3α
N∗ + 23α
2 N∗ + 2
√

(7.16)

(7.17)

where the last equality in Eq. (7.17) corresponds to small α. As expected, we

170

7.3 Inflation

see that ns has the same form of all α-attractors inflationary models. In fact,
most plateau inflationary models, like Starobinsky [64, 198] and Higgs [108] inflation, which are favoured by the latest CMB observations [1, 199], make these
predictions, including the SUGRA toy model of power-law plateau inflation in
Chapter 3.
We also calculate the running of the spectral index which is

√ 
3α
+ 3α
2
N
+
∗
2
dns
1
0


ns ≡
=−
√


√ 2
√ 
d ln k
N∗ + 23α N∗ + 3α − 2 N∗ + 3α − 3 α
2
2
2
'−

N∗2

2
,
− 2N∗

(7.18)

where again the last equality corresponds to small α.
As briefly mentioned, α is the parameter which controls the size of the region
between the poles. When α → 0 then the region between the poles is shrinking, so

it becomes increasingly unlikely that ϕ initially finds itself there. In the opposite

limit, α → ∞, the poles are transposed to infinity and ϕ becomes canonically

normalised. In this latter case, there are no plateaus to consider and we end

up with either power-law inflation that never ends, or with no inflation at all
(depending on how big κ is in Eq. (7.6)). Barring the extremes α = 0 or α → ∞,

the natural value of α is close to unity. Also, as demonstrated in Fig. 7.2, when
α . 0.1 or so the value of the spectral index gradually becomes insensitive to α
meaning there is no benefit in considering incredibly small (fine-tuned) α values.

7.3.1

Inflationary Energy Scale and e-folding Number

The number of remaining e-folds of inflation when the cosmological scales exit
the horizon, N∗ , depends on the expansion history of the Universe, as explained
in Section 2.4.4. QI models generally contain a period of kination, where the
kinetic energy density of the inflaton is, for a time, the dominant energy density
in the Universe and controls its evolution. This model is no exception.
Kination is introduced in Section 2.8.4 (and is investigated for this model in
Section 7.4), where we state that the equation of state parameter of the Universe
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during a period of kination is w = 1; this means the Universe expansion rate is
altered compared to a scenario without kination, because the expansion rate in
kination behaves as a ∝ t1/3 ∝ ρ−1/6 . This has the effect of increasing the number
of inflationary e-folds since the observable scales left the horizon via the terms
with pre-factors including w in Eq. (2.97), repeated here for ease of reference:
1
ln
N∗ = 59.7 +
3(1 + w)



g∗ π 2
60



1/4

+ ln

V∗
mPl

+ ln

V∗
Treh

1/4

!

!

4
ln
+
3(1 + w)

Treh
1/4

Vend

!

. (7.19)

For a period of kination with w = 1 Eq. (7.19) becomes
1/4

N∗ = 59.9 + ln

V∗
mPl

!

1/4

+ ln

V∗
Treh

!

2
+ ln
3

Treh
1/4

Vend

!

,

(7.20)

where we have used g∗ = 106.75 and V∗ ≡ V (φ∗ ), Vend ≡ V (φend ) which we find
by combining Eqs. (7.12) and (7.13) with Eq. (7.8) as


V∗ = M 4 exp 

−3α
2

N∗ +

Vend = M 4 e−

√

3α

√

3α
2

.

!−1 

,

(7.21)

(7.22)

The energy scale of inflation can be calculated from the COBE constraint, introduced in Section 2.4.5 as
p
1
V 3/2
As = √
,
2 3π m3Pl |V 0 |

(7.23)

−9
where As = (2.101+0.031
−0.034 ) × 10 , is the amplitude of the scalar curvature pertur-
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bation [1]. Using Eq. (7.8) and Eq. (7.13) we find:


M
mPl

2

p
= 3π 2αAs

N∗ +

√

3α
2

!−1



exp 

3α
4

N∗ +

√

3α
2

!−1 

.

(7.24)

We can hence find N∗ for a particular value of α by solving Eqs. (7.20) and (7.24)
iteratively. This requires knowledge of the reheating temperature, Treh . As mentioned in Section 2.7.5, there are constraints on the reheating temperature arising
from reheating having completed before BBN, from the overproduction of gravitinos (if the model is embedded in supergravity) and from the spike in gravitational
waves produced from a prolonged period of kination. There are also specific constraints such as the size of coupling constants and the effect of backreaction,
depending on the mechanism of reheating. These are addressed in detail in subsequent sections of this chapter.
Initially we use two extremal values of Treh = 104 (1014 ) GeV to obtain N∗ '

63(56) for α = 1. Particular values of M for various α values are shown in

Table 7.1 for N∗ = 55 and N∗ = 65. Final e-folding numbers for each α are solved
iteratively once the reheating temperature has been fully analysed in subsequent
sections. Eq. (7.24) shows that M is independent of n and, as expected, is near
the scale of grand unification ≈ 1016 GeV.
N∗

55

65

α
0.01
0.10
1
10
100
0.01
0.10
1
10
100

M (GeV)
2.56 × 1015
4.55 × 1015
8.09 × 1015
1.50 × 1016
4.29 × 1016
2.35 × 1015
4.18 × 1015
7.44 × 1015
1.37 × 1016
3.68 × 1016

Table 7.1: Values of M calculated from Eq. (7.24) for various α values.
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7.3.2

Parameter Space from Observational Constraints

The constraint on the tensor-to-scalar ratio from observations by the Planck
satellite [1], r < 0.07, allows us to constrain the allowed values of α:

120 α <

N∗ +

√

3α
2

!2

.

(7.25)

Taking N∗ = 65 as an upper bound results in a bound of α ≤ 28. Currently
we have no lower bound on r and hence no lower bound on α, but (as shown

later) it should not get too small. Requiring the mass scale which suppresses the
non-canonical ϕ in the kinetic term not to be too small compared to M , we have
√
6α mPl & M , which results in α & 10−7 . However, as mentioned previously the
spectral index becomes insensitive to α much below 0.1.
The corresponding bounds on ns are
0.9626 . ns ≤ 0.9692 ,

(7.26)

and are well contained within the Planck bounds. Fig. 7.2 shows the parameter
space for ns and r in our model using the range 10−7 ≤ α ≤ 28. However,

because of the field redefinition in Eq. (7.2), to avoid super-Planckian values

of ϕ we impose α ' O(1) which places us firmly within the constraints of the
tensor-to-scalar ratio.

At this point we must highlight a quirk in the behaviour of α. It turns out
that as α goes to small values, the r − ns line curves back on itself, which can be

seen in Fig. 7.2 (and in more detail in Fig. 7.7) and once noticed, is immediately
evident in the form of Eq. (7.17). This means that the maximum value of ns is
not obtained for either of the extremes of the allowed α values. Instead, using
dns
dα

= 0 we find the maximum ns value is obtained for
α=

N∗2
,
3(N∗ − 0.5)2

(7.27)

which for both N∗ = 55 and N∗ = 65 gives α ' 0.34. Using α = 0.34 as the
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α
0.14
0.12

r0.002

0.10

Planck TT, TE, EE + lowE + lensing
+BK14 + BAO
N = 55
N = 65

25
20
15

0.08
0.06

10

0.04
5

0.02
0.00
0.95

0.96

ns

0.97

0.98

Figure 7.2: The tensor-to-scalar ratio, r, versus the spectral index, ns for our
model is displayed overlaying the Planck 2018 results. α varies from 0 to 28 according to the colour map on the right, stars represent N = 55 and circles represent
N = 65. The slope of the line for large values of α is understood as ns → 0 when
α  1 (cf. Eq. (7.17)). Note that the line corresponding to the values of ns and r
curves back on itself for small α (values of α . 0.1 or so) so that the spectral index
becomes insensitive to α when it is small. This region is shown in more detail in
Fig. 7.7.

upper bound and maintaining 10−7 as the lower, for a single value of N∗ , ns is
almost constant, as noted previously. So instead we present the final parameter
space for ns with these initial constraints using the range 55 ≤ N∗ ≤ 65 as
0.9636 . ns ≤ 0.9693 ,
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which corresponds to a line joining the very lowest data points in Fig. 7.2, well
inside the Planck 1σ contour.
Inflation ends when the potential is no longer flat enough for the kinetic energy
of the inflaton to be suppressed compared to its potential energy. This occurs at
the edge of the inflationary plateau when the scalar field potential has a sharp,
steep drop down to the quintessence plateau, shown in Fig. 7.1. For a time the
energy density of the scalar field is dominated by its new-found kinetic energy
but at some point this runs out and the field effectively freezes in field space. We
now investigate this period of evolution.

7.4

Freezing of the Scalar Field

As we know, after inflation there is a period of kination before reheating completes
and radiation domination ensues. This is a non-oscillatory model of inflation, so
reheating must occur without the decay of the inflaton field which is required
to survive until the present and become quintessence. Since the inflaton is not
oscillating after inflation, reheating of the Universe cannot occur through the
perturbative decay of the inflaton field. Alternative options for reheating are
introduced in Section 2.7 and in this chapter we utilise gravitational reheating
and instant preheating.
Soon after inflation ends, the inflaton energy density is completely dominated
by the kinetic part. As introduced in Section 2.8.4, this allows the KG equation,
which governs the evolution of the scalar field, to be simplified by omitting the
potential term. The EoM and its solutions are shown in Eqs. (2.229) to (2.231).
When reheating completes, kination necessarily ends but the field is still dominated by its kinetic energy for some time. Solutions to the EoM in a radiation
background are given in Eqs. (2.232) and (2.233) where φF is introduced, which
is the value of the field when its motion in field space freezes.
The value of φF depends on the efficiency of reheating. We can define the
radiation density parameter as
Ωr ≡ ρr /ρ .
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Gravitational reheating represents the lowest possible value of the radiation density parameter at the end of inflation which can, in principle, approach unity.
Thus, in general we have
end
. 1.
(Ωend
r )gr . Ωr

(7.30)

During kination ρ = ρkin ≡ 21 φ̇2 ∝ a−6 but radiation density scales as ρr ∝ a−4 .

This means that once the thermal bath is created, it will eventually take over,
but furthermore, the density parameter of radiation scales as Ωr ∝ a2 during

kination. Relating this to t (see Section 2.2.3) we find
Ωend
r

=

Ωreh
r



aend
areh

2

=



tend
treh

 23

,

(7.31)

which when inserted into the EoM solution during kination (Eq. (2.231)) provides
the field value at reheating
φreh = φend −

q

3
2

mPl ln Ωend
r .

(7.32)

The EoM solution during radiation domination, Eq. (2.233), takes φreh as an
initial condition, so inputting Eq. (7.32) shows the field eventually freezes (for
t  treh ) at the value
φF = φend +

q

2
m
3 Pl


1 − 23 ln Ωend
.
r

(7.33)

For instant preheating, in contrast to gravitational reheating, the thermal
bath is not produced immediately when inflation ends. Instead it is produced
when the field crosses an enhanced symmetry point, so we cannot define the radiation density parameter, Ωr , until this time. The instant preheating mechanism
is introduced in Section 2.7.3 and is investigated in detail for this model in Section 7.8, but we define the moment of radiation production as tIP , at the field
value φIP ≡ φ(tIP ). Solving the EoM for φF is then the same procedure as for
gravitational reheating with φend → φIP in Eq. (7.33).

It should be stressed here that these results are model independent because
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whilst φ is kinetically dominated it is oblivious of the potential1 . We include the
equations here for ease of reference and to facilitate the discussion of the variation
in the point at which the thermal bath is created in the two reheating mechanisms
and our ability to distinguish it. The physics is the same, independent of the
model parameters and the evolution of ρφ is shown in Fig. 2.7.
From Eq. (7.33), we see that to maximise the value of φF , in order to achieve
a low residual potential density, we have to consider the minimum possible value
of Ωr at tend (tIP ) for gravitational reheating (instant preheating).
As suggested by Eq. (7.30), gravitational reheating can provide a much smaller
value for Ωr (at the instant of its creation) than instant preheating. Gravitational
reheating ensures the field retains enough kinetic density to roll to a low potential
density, to align with observations of dark energy today. It also promotes economy
in the model because it avoids introducing any additional scalar fields which
would be required for other reheating mechanisms. However, the trade-off of
such an economical approach is that the notoriously low reheating temperature of
gravitational reheating (Treh ≈ 106 GeV) produces a spike in gravitational waves
at low frequencies, which could interfere with BBN (see Section 2.8.4.1). For this
reason, we also investigate instant preheating which is much more efficient and
avoids this problem.
However, before investigating reheating we investigate the constraints on α
arising from the quintessence epoch. It is α which controls the steepness of the
quintessential tail and ultimately, whether quintessence is successfully achieved,
therefore there are further constraints on the values α can take than those examined in Section 7.3.2.
1

Of course, just before freezing we have ρkin . V . However, the subsequent variation of φ
is exponentially suppressed, so φ ' φF = constant.
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7.5

Quintessence

As noted in Eq. (7.9) but repeated again here for ease of reference, in the limit
√
φ → +∞ (ϕ → 6αmPl ), the potential simplifies to
V ' 2ne−2n M 4 e

2φ
6αmPl

−√

,

(7.34)

which is a representation of the standard exponential quintessential tail, which is
written as
V = VQ exp (−λφ/mPl ) ,

(7.35)

VQ = 2ne−2n M 4 ,

(7.36)

2
2κ
λ= √ ≡
.
n
6α

(7.37)

where

and

The parameter n controls the energy density of the quintessence plateau.
Enforcing the requirement that the energy density of quintessence, V (φF ), must
be comparable with the energy density of the Universe at present, ρ0 , (coincidence
requirement) gives
ρinf
Vinf
eλφF /mPl
'
'
∼ 10108 ,
ρ0
VF
2ne−2n

(7.38)

where we used Vinf = (1 − e−2n ) M 4 ' M 4 ∼ (1015 GeV)4 (we will find n  1),

ρ0 ∼ 10−48 GeV4 and VF = VQ exp(−λφF /mPl ), where φF is the point in field

space at which the inflaton freezes when it runs out of kinetic energy, defined in
Eq. (7.33). In order to achieve a low residual potential density it is beneficial to
maximise φF but this depends on the particulars of reheating and so we keep φF
as a free parameter for now.
Eq. (7.38) rearranges to
2 φF
2n − ln(2n) ' 108 ln 10 − √
,
6α mPl

(7.39)

√
where we used λ = 2/ 6α. For an allowed range of α values we can now calculate
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the allowed n range for a given φF (after a detailed investigation of reheating).
At late-times the field unfreezes and follows an attractor solution to the KG
equation, detailed in Section 2.8.5. Depending on the slope of the quintessential
tail, controlled by λ the energy density of the field will either be dominant or subdominant to the background. For successful quintessence we require the scalar
field to dominate the energy budget of the Universe whilst slow-rolling, meaning
√
it must follow the dominant attractor solution, Eq. (2.252) meaning λ < 3.
However, as noted in Section 2.8.5, when the field unfreezes it briefly oscillates
about the attractor before settling to it.
This brief oscillation of the field could result in a bout of transient accelerated
expansion for the sub-dominant attractor, if the field oscillates above the background for a time [104, 200–203]. This is an exciting possibility because transient
accelerated expansion has a clear merit over eternal accelerated expansion, as
in ΛCDM. Section 2.8.1.2 introduces the future horizons problem of string theory, which is unavoidable in eternal accelerated expansion. This may be just a
problem of string theory and not a no-go theorem of nature but it is still very
attractive to consider models which avoid eternal acceleration if possible. The
next section investigates the particular late time dynamics of this model to see
if a period of transient accelerated expansion is possible during the oscillation of
ρφ above the background energy density. We also point out that future states
may be well defined in QI models where the eventual value of the vacuum density
is zero, because the future event horizon increases to infinity. Therefore, the future horizon problem is overcome even without a period of transient accelerated
expansion.
To explore the late Universe dynamics of the model we assume the Universe
can be described by an FLRW metric, that the effects of ρr are negligible and that
ρΛ = 0. Therefore, the content of the Universe is modelled as two perfect fluid
components; the scalar field φ, and a non-relativistic background matter fluid,
denoted by subscript ‘m’. We use the evolution equations detailed in Section 2.2.2
with the addition of our scalar field, φ, to numerically explore the cosmological
dynamics of the quintessence model for all cosmological parameters. We use
the Planck 2015 observations to constrain the range of λ for which any current
transient or eternal accelerated expansion is present.
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7.5.1

Observational Constraints on Quintessence

The 2015 Planck observations [204] suggest that the density parameter of dark energy is ΩDE = 1 − ΩK − Ωm , where ΩK = 0.000 ± 0.005, and Ωm = 0.308 ± 0.012.
This results in ΩDE = 0.692 ± 0.017.

As wφ is time-varying, we model a Taylor expansion of wφ to first order


a
wφ = wDE + 1 −
wa ,
a0

(7.40)

where wa = −(dwφ /da)0 , the subscript ‘0’ denotes values today, when a = a0

and wφ (a0 ) = wDE . We use the Planck bounds [204] of wDE = −1.023+0.091
−0.096 at
2σ in our constraint on possible ranges of values for λ.

This translates to

w0 = −0.7112 ± 0.0821, where w0 is the barotropic parameter of the Universe

at present, w0 = (pφ /ρ)0 .

Demanding that our model satisfies these observational requirements, the Universe today has to lie within the range (ρφ /ρm )0 = ΩDE /Ωm = 2.2523 ± 0.1429.

We start with the frozen field, where φ̇F = 0 and (ρφ /ρm )F  1 and investigate
any current eternal or transient accelerated expansion found.

Only a change in the value of λ affects the evolution of our model once the
field is unfrozen. A relative decrease (increase) in the value of ρFφ = V (φF ), for
a given ρFm , only increases (decreases) the evolution time of the model until a0
today, i.e. the model is extended backwards (forwards) to an earlier (later) time
when φ is frozen. Similarly, any change in the value of φF can be expressed as a
change in VQ and so, for a given value of λ, also has no effect on the dynamics.
Conversely, since ΩDE is fixed by observations, changes in φF without a change
in VQ must instead be accompanied with corresponding changes in λ, such that
the contribution of quintessence to the density budget at present remains fixed.

7.5.1.1

Transient Accelerated Expansion

For brief periods of transient accelerated expansion with w < −1/3, we find

a range of numerically valid λ values bridging the dominant and subdominant
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quintessence regimes

√

2≤λ<

√
3.38 .

(7.41)

However, the values for w that we find in this scenario are incompatible with
the Planck constraints for the entire range of λ values above. As the minimum
value of w reached during any period of evolution increases with increasing λ, we
√
only need to look at λ = 2 to illustrate our findings. This is shown in Fig. 7.3,
√
where we use λ = 2. It can be clearly seen that the minimum value of w is not
nearly small enough to match the Planck observational bounds, and so all higher
√
values of λ are also ruled out. Fig. 7.3 also highlights the requirement λ < 2 for
eternal accelerated expansion from Eq. (2.251), as we can clearly see w = −1/3
√
in the attractor limit where λ = 2. We can also see wφ moving toward the same
value because we are in the dominant quintessence regime.

0.0

w
w0 2σ bounds (Planck)
wφ

−0.2

w = −1/3

w

−0.4

−0.6

−0.8

−1.0

−1

0

1

2
ln (a/a0)

3

4

5

√
Figure 7.3: Transient accelerated expansion for λ = 2. We find w < −1/3, but
the minimum value of w is well outside of the Planck bounds.
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7.5.1.2

Eternal Accelerated Expansion

We know theoretically that w < −1/3 for λ <

√

2. Applying the Planck con√
straints we find the cosmologically viable range is reduced to λ < 0.46. We find
that, in all cases, the scalar field at present has unfrozen but is yet to settle on the
√
attractor solution. This is illustrated in Fig. 7.4 for λ = 0.4. It can also clearly
be seen that the present day values at ln(a/a0 ) = 0 are within the Planck bounds.
We find that it is the bound for wDE = −1.023+0.091
−0.096 that constrains our possible
√
range of values to λ < 0.46 (rather than the w0 bound), which can be seen in
Fig. 7.4, where the value of wDE is closer to the upper Planck bound for wDE
compared to the value for w0 , which is further within the upper Planck bound for
w0 . When increasing λ, we find that wDE exits the upper Planck bound for wDE
before w0 exits the upper Planck bound for w0 . If we ignore this constraint and
just demand that w0 = −0.7112 ± 0.0821 today, then our range of possible val√
ues for λ extends to λ < 0.68. Using our Taylor expansion of wφ to first order,
0.0

w
w0 2σ bounds (Planck)
wφ

−0.2

wDE 2σ bounds (Planck)
Present day

w

−0.4

−0.6

−0.8

−1.0

−1

0

1

2
ln(a/a0)

3

4

5

√
Figure 7.4: Eternal accelerated expansion for λ = 0.4. The scalar field has
unfrozen, but is yet to settle on the attractor solution.
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Figure 7.5: Time dependence of wφ as modelled by the Taylor expansion in
Eq. (7.40). The allowed parameter space depicted lies well within the 1σ Planck
contour for λ2 < 0.46 ⇔ α > 1.45.

(cf. Eq. (7.40)), we obtain a range of values for |wa | that are of O(10−2 )−O(10−3 ).

These values easily lie within current Planck bounds [204], but can be potentially
observable in the near future, e.g. by EUCLID. This is illustrated in Figs. 7.5a
and 7.5b.
The results so far only constrain λ, and are therefore valid for any exponential
quintessence model. We now apply our findings to the α-attractors QI model. We
convert from λ to α using α = 2/3λ2 (cf. Eq. (7.9)), and restate all our findings
in terms of α. This upper bound on λ results in only a lower bound on α. We
can obtain an upper bound on α by avoiding super-Planckian values for the noncanonical field, ϕ. The motivation for this is to suppress radiative corrections
and the 5th-force problem, which plague quintessence models, as mentioned in
Sections 2.6.2 and 2.8.2. However, the bound is soft, as both loop corrections
and interactions are suppressed near the poles of α-attractor theories [187, 193]

as we discuss in Section 7.10.1. Still, being conservative, we choose to avoid a
super-Planckian non-canonical inflation field. Therefore, the relevant range for α
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Figure 7.6: Possible range of values for α and λ2 , from the Planck constraints on
w. It is shown that the 2σ upper bound on wDE is satisfied only for λ2 < 0.46 or
equivalently α = 2/3λ2 > 1.45. The allowed ranges of w and wφ reflect the observed
range in ΩDE /Ωm . Values in the text are quoted to 2 s.f.

is the following:
3.

√

6α . 5

⇔

1.5 ≤ α ≤ 4.2 .

(7.42)

These results are plotted in Fig. 7.6, which is labelled in terms of λ2 and α
for comparison. Armed with our allowed α range we can now investigate the
reheating epoch to determine φF and hence (finally) the constraints on the model
parameter, n.

7.6

Gravitational Reheating

In the interests of keeping the model minimal and avoiding the introduction of
extra degrees of freedom we first consider gravitational reheating, detailed in
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Section 2.7.4, for which the radiation density is
ρgr
r =

q g∗
H4 ,
480π 2

(7.43)

where g∗ is the number of effective relativistic degrees of freedom, q ∼ 1 is an
efficiency factor and the produced thermal bath is at the Hawking temperature
of de Sitter space, T = H/2π.
reh
Reheating is defined as the moment radiation domination begins, so ρreh
r = ρφ .

During kination the energy density of the scalar field scales as ρφ ∝ a−6 so we can
6
2


aend
end aend
because
.
From
Eq.
(7.31)
we
see
that
= Ωend
=
ρ
write ρreh
r
φ
φ
areh
areh
Ωreh
r = 1 by definition. This results in

end
end 3
ρreh
r = ρφ (Ωr ) ,

(7.44)

and using this in Eq. (7.43) shows the reheating temperature is

Treh



30
=
(Ωend )3 ρend
φ
qπ 2 g∗reh r

1/4

.

(7.45)

In view of Eq. (7.43), the density parameter of radiation for gravitational reheating at the end of inflation is
(Ωend
r )gr

ρgr
≡ r
ρ

q g∗end
=
1440π 2

end



Hend
mPl

2

.

(7.46)

Vend
,
m3Pl

(7.47)

Combining this with Eqs. (7.30) and (7.45), we find

Treh

√
q
≥ 2
π

15
2g∗reh



g∗end
1080

3 !1/4

where the equality corresponds to gravitational reheating. Taking g∗end = O(105 )
and g∗reh = 106.75, we find Treh &
than the temperature at BBN.

Vend
m3Pl

' 106 GeV, which is safely much higher

Now that we have a value for Ωend
we are able to find φF from Eq. (7.33),
r
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which in turn allows us to find the constraints on n from Eq. (7.39). This is done
iteratively because Ωend
is a function of N∗ via M in Vend , which itself depends
r
on Ωend
through Treh . As a first approximation we equate Vend ' V∗ and see from
r
Eq. (7.20) that

1/4

Vend
mPl

N∗ ' 59.9 + ln

!

1
− ln
3

Treh
1/4

Vend

!

.

(7.48)

It turns out that for gravitational reheating
Treh
1/4

Vend

!1/3

∝

1/4
Vend

mPl

!

,

(7.49)

leaving a constant value for N∗ of 61.5. Reinstating V∗ and iterating fully we find
62.54 ≤ N∗ ≤ 63.23 ,

(7.50)

for the values of α given in Eq. (7.42).
Hence, when gravitational reheating is the mechanism responsible for producing the thermal bath of the hot big bang, for the range 1.5 ≤ α ≤ 4.2 we find a

range of values for φF and n:

φF
≤ 52.3 ,
mPl

45.6 ≤

108 ≤ n ≤ 115 .

(7.51)
(7.52)

These two parameters are inextricably linked in the model. α controls the slope
of the quintessential tail, so different α values allow the field to traverse different
distances in field space. To ensure the energy density of the field matches observations of dark energy, the n parameter which controls the height of the plateau
is constrained.
For comparison, and also for reference in the next section, the corresponding
field values at the end of inflation are
7.1 ≤

φend
≤ 13.4 .
mPl

187

(7.53)

7.6 Gravitational Reheating
√
Using the values in Eq. (7.52), since κ ≡ n/ 6α, we readily obtain
23 . κ ≤ 36 .

(7.54)

Thus, because κ ≈ 30, the non-canonical ϕ in the exponent of the scalar potential
in Eq. (7.1) is suppressed by the mass-scale mPl /κ ' 8 × 1016 GeV ∼ M .
1/4

In view of the above range, we also obtain V0

= e−n/4 M = 103−4 GeV, which

is the electroweak energy scale. We also find that the scale of the cosmological
constant is Λ1/4 = e−n/2 M ∼ 10−5 GeV which is much larger than the value of
' 10−3 eV required in ΛCDM and is discussed in more detail at the end of this
chapter. We will see in the next section that these values are compatible with inefficient instant preheating, in which case gravitational reheating (which is always
present) takes over the reheating process.
As both the tensor-to-scalar ratio and the spectral index are independent of
n, we simply use the constraints on α in Eq. (7.42) to update our results. For
the spectral index we find
0.9677 ≤ ns ≤ 0.9680 .

(7.55)

For the running of the spectral index, we find the value n0s = −5.3 × 10−4 . Finally,
we find the following range of values for the tensor-to-scalar ratio:
4.4 × 10−3 . r ≤ 1.2 × 10−2 ,

(7.56)

which can be potentially observable in the near future. These results are plotted
in Fig. 7.7.
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α

0.014

4.0

r0.002

0.012
0.010

3.5

0.008

3.0

0.006
2.5
0.004
2.0

0.002
0.000
0.9676

1.5
0.9677

0.9678

0.9679
ns

0.9680

0.9681

0.9682

Figure 7.7: The tensor-to-scalar ratio, r, versus the spectral index, ns for α
varying from 1.5 to 4.2 according to the colour map on the right. All of these
results are well within the Planck 1σ range. Values of r are potentially observable
in the near future.

7.7
7.7.1

Considerations for Gravitational Reheating
Overproduction of Gravitinos

The α-attractors framework arises naturally in supergravity. Therefore, one limitation which should be taken into account is the overproduction of gravitinos,
the super-partner of the graviton. Section 2.7.5 outlines the potential problems
arising from the presence of gravitinos and the constraints imposed on their abundance.
In our model the inflaton does not oscillate around its VEV, so we are only
concerned with the thermal production of gravitinos - their creation via scatterings in the thermal bath produced via gravitational reheating. The relative
abundance of produced gravitinos depends strongly on the reheating temperature,
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Treh , and for ease of reference we repeat the constraint from Section 2.7.5:
Treh . 109 GeV .

(7.57)

The reheating temperature for gravitational reheating is derived in Eq. (7.47) and
found to be Treh ' 106 GeV. The reheating temperature we find is thus below

the upper-bound to avoid gravitino overproduction, as expected because of the
inefficiency of gravitational reheating.

7.7.2

Overproduction of Gravitational Waves

As introduced in Section 2.8.4.1, a cosmological model involving a period of kination naturally produces a spike in the spectrum of gravitational waves at high
frequencies. In order to ensure the generated gravitational waves do not destabilise BBN, an upper bound is imposed on their density fraction [105]:

where



ρg
ρr



ρg
ρr

reh



. 10−2 ,

(7.58)

reh

64 2
h
=
3π GW



ρϕ
ρr



.

(7.59)

Vend
,
3m2Pl

(7.60)

end

Using the relations
2
Hend
8m2Pl

h2GW =

2
and Hend
'

we can re-express this as


ρg
ρr



=

reh

8 Vend 1
. 10−2 .
4
end
9π mPl Ωr

(7.61)

This rearranges to a constraint on the density parameter of radiation at the end
of inflation
Ωend
≥
r

800Vend
,
9πm4Pl
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in Eq. (7.45) to obtain a lower bound
and we can use this minimum value of Ωend
r
on the reheating temperature
Treh ≥
√

Using Vend = e−

3α



10240 × 106
243π 5 g∗reh

1/4

Vend
Vend
' 3 .
3
mPl
mPl

(7.63)

M 4 ' 1060 GeV from Eqs. (7.8) and (7.12) gives a lower bound

on the reheating temperature of:

Treh ≥ 106 GeV .

(7.64)

This bound on Treh is of the same magnitude as the values found in the
previous section. Gravitational reheating, by not invoking any additional fields
or couplings is the most minimal reheating mechanism we could use to generate the thermal bath of the HBB, which is aligned with the motivations behind
quintessential inflation theories. However, its minimalistic approach is also its
downfall in this instance. In the absence of inflaton decays to other fields, the
gravitational reheating mechanism is very inefficient and results in a very low reheating temperature for the model. This would not be a problem in many other
theories but because quintessential inflation models contain a period of kination
which generates a spike in the gravitational wave spectrum at high energies, the
reheating temperature is capped from below. This may rule out gravitational reheating as a viable mechanism in this model and in the next section we investigate
instant preheating as an alternative.

7.8

Instant Preheating

To investigate instant preheating we again need to find how far the inflaton rolls
in field space, to be able to constrain n via Eq. (7.39).
This is not as straightforward as it was for gravitational reheating because we
need to determine the point at which instant preheating occurs, φIP , in Eq. (7.33).
To do this we evolve the equations of motion numerically, in order to determine
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exactly when instant preheating occurs and how this affects the variables we need
to constrain. The equations of motion used are:
1 2
φ̇ + V (φ) ,
2
φ̇2
Ḣ = − 2 ,
2mPl

3m2Pl H 2 =

φ̈ = −3H φ̇ − V 0 (φ) ,

(7.65)
(7.66)
(7.67)

where the prime denotes differentiation with respect to φ and dots denote differentiation with respect to time.
For instant preheating we presume the inflaton ϕ is coupled to another scalar
field, χ, as detailed in Section 2.7.3. In particular, we consider an interaction at
an enhanced symmetry point (ESP) at ϕ = ϕ0 . The Lagrangian density near the
ESP is
L = L(ϕ0 ) + Lint ,

(7.68)

where L(ϕ0 ) is determined by Eq. (7.6) evaluated at ϕ0 . We repeat the interaction
Lagrangian density from Eq. (2.207) for clarity as
1
L = − g 2 (ϕ − ϕ0 )2 χ2 − hψ̄ψχ ,
2

(7.69)

where we have introduced a shift symmetry to indicate the presence of the ESP,
which does not necessarily need to be at the origin.
The careful reader may have noticed that the interaction involves ϕ, the original non-canonically normalised field. Hence, we will need to convert from φ in
the simulation to ϕ in the calculations. We can find ϕ using Eq. (7.2) from which
we readily obtain
2

ϕ̇ = sech



φ
√
6αmPl
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φ̇ ,

(7.70)
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where we obtain φ and φ̇ from the computation, but for completeness:
φ=
φ̇ =

√

−1

6αmPl tanh
ϕ̇

1−

ϕ2
6αm2Pl



ϕ
√
6αmPl



,

(7.71)
(7.72)

which are analytically cyclic.
Following the procedure in Section 2.7.3, for the interaction terms used here,
with m2χ = g 2 (ϕ − ϕ0 )2 we find particle production takes place when
|ϕ̇| > g(ϕ − ϕ0 )2 ,

(7.73)

which gives the following range for ϕ

ϕ0 −

s

|ϕ̇|
≤ ϕ ≤ ϕ0 +
g

s

|ϕ̇|
.
g

(7.74)

The above is the window of ϕ in which particle production occurs and is identical
to that obtained from the general treatment in Section 2.7.3, with the additional
freedom of the location of the ESP.
It is clear from Eq. (7.74) that the region where ϕ̇ is maximised and particle
production occurs is very close to ϕ = 0 (we take ϕ0 ' 0), meaning ϕ ' φ

(c.f. Eq. (7.2)) and ϕ is almost canonical. This can be seen clearly in Fig. 7.8.
This is because, when the non-canonical ϕ is near the poles it hardly varies, even
when the canonical φ changes substantially. Thus, it is not possible to violate the
adiabaticity condition as in Eq. (2.198) in this region. Therefore, there may be
many ESPs along the φ direction, but only near ϕ ' φ ' 0 can we have particle
production. Henceforth, we return to the notation of the canonical φ.
We know the energy density of produced χ particles is
ρIP
χ =

g 5/2 |φ̇IP |3/2 φIP
.
8π 3
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ϕ̇
ϕ̇max
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3
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φ
mP l

Figure 7.8: ϕ̇ is maximised very close to ϕ ' 0 ' φ.

The instant preheating efficiency is maximised when φ is near the final edge of
the production window in Eq. (7.74) because, even though we expect a continuous
contribution to nχ whilst φ is in this region, the produced χ-particles are diluted
by the expansion of the Universe. Therefore, we expect only the ones produced
near the end of the particle production regime to contribute significantly to ρIP
χ .
As such, from Eq. (7.74), taking ϕ0 ' 0, we set
φIP =

s

φ̇IP
,
g

(7.76)

which simplifies Eq. (7.75) to
IP
ρIP
r = ρχ =
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g 2 φ̇2IP
,
8π 3

(7.77)
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where we have considered that φ̇ > 0 because the field is rolling towards larger
values and we have assumed that the decay of the χ-particles to radiation is
instantaneous.
For each choice of n, the quintessence requirements stipulate the required
IP
value of φF and hence ΩIP
r . The value of Ωr is

ΩIP
r =

ρIP
ρIP
χ
r
=
,
IP
IP
ρIP
+
ρ
ρ
χ
φ,a
φ,b

(7.78)

IP
where ρIP
χ = ρr is defined in Eq. (7.77) and the subscript ‘a/b’ refers to af-

ter/before instant preheating. Inserting the above into Eq. (7.77), a rearrangement quickly yields:
g=

s

8π 3 IP IP
Ωr ρφ ,
φ̇2IP

(7.79)

where we have omitted the subscript ‘b’ for simplicity. Note that ρφ,a ' ρφ,b when

ΩIP
r  1.

For each choice of n, we calculate φF from Eq. (7.39) and insert this into
Eq. (7.33) to obtain ΩIP
r as a function of n. As the reheating variables are also
functions of n, we now have g in terms of only n. However, as noted previously,
φIP and φ̇IP are themselves dependent on g and so this requires iteration. This is
the procedure to obtain a value of g for a given value of n.
Constraints on the model parameters are addressed in the next section. Very
high reheating efficiency is excluded because of backreaction constraints and a
high reheating temperature, incompatible with gravitino over-production considerations. The spike in gravitational waves constrains too low reheating efficiencies.

7.9

Considerations for Instant Preheating

Before we delve into the various constraints on the efficiency of instant preheating,
an immediate sanity check arises: if φF < φIP then the combination of n and α
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g
Allowed n values
0.001
119 ≤ n ≤ 122
0.01
121 ≤ n ≤ 123
0.1
123 ≤ n ≤ 124
1.0
125 ≤ n ≤ 126

Allowed κ values
24.3 ≤ κ ≤ 39.6
24.5 ≤ κ ≤ 40.3
24.7 ≤ κ ≤ 41.0
25.1 ≤ κ ≤ 41.7

Table 7.2: Allowed n and κ values for specific choices of g, within the allowed α
range, before consideration of backreaction and gravitino constraints

is disallowed. For the complete range of allowed α values, 1.5 ≤ α ≤ 4.2, we find
n ≤ 130 .

(7.80)

The fact that this approach produces an upper limit on n makes sense because
a larger n value makes the potential steeper and means lower V values will be
reached earlier in field space. Hence, to equate V (φF ) with dark energy today
will require a lower value for φF .
The dark energy constraints require that for a particular choice of n in the
scalar field potential, the field rolls to a particular value in field space, φF , to
freeze at late times. The key parameter determining φF is ΩIP which is controlled
by the efficiency of reheating. Therefore, any restrictions on the values g can take
will manifest themselves as constraints on the model parameter, n.
Constraints on g are investigated fully in Sections 7.9.1 to 7.9.4 but we initially
note two extremal bounds on g. First, that of g < 1 for a perturbative coupling
constant, which provides a tight upper bound on n:
α = 1.5 :

n ≤ 124 ,

α = 4.2 :

n ≤ 125 .

(7.81)

Secondly, a constraint on a lower g value arises to ensure that radiation domination occurs before BBN, but this constraint is not a worry for we find Treh  1 MeV
in all cases.
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7.9.1

Radiation Domination

To obtain the correct Universe history, we also need to ensure we have a period
of radiation domination after instant preheating, which might provide a tighter
bound on g. However, in a quintessential inflation model with a period of kination after radiation generation, this is never a problem because the density of
the produced radiation scales as ρr ∝ a−4 whilst the density of the kinetically
dominated field scales as ρφ ∝ a−6 . Hence, all we need to do to ensure radiation
domination is ensure that the scalar field remains kinetically dominated after

instant preheating. Note, the transfer of energy to χ-particles during instant
preheating comes from the kinetic energy density of the inflaton only, therefore
V (φa ) = V (φb ) ≡ V (φIP ). Were there not enough kinetic density left, the inflaton

would become potentially dominated and would embark on a new period of in-

flation. Thus, we need to ensure that the kinetic energy of the inflaton is greater
than the potential energy after instant preheating. This leads to
ρφ,a − V (φIP ) > V (φIP )

⇒

ρχ < ρφ,b − 2V (φIP ) ,

(7.82)

where we have used that ρφ,b = ρφ,a + ρχ . Eq. (7.82) gives us an upper limit on
the allowed energy density of produced χ particles, which translates to an upper
limit on the perturbative coupling g, from the equation for the energy density,
Eq. (7.77). However, it turns out that this constraint is automatically satisfied
for a perturbative coupling with g < 1.
Initial values for the model and inflationary parameters are shown in Tables 7.2
and 7.3 where we have used Eqs. (7.33) and (7.39), keeping g perturbative and
imposing the restrictions on n from Eq. (7.81). In the following sections we
consider more stringent bounds on g (and hence n) from the backreaction of the
produced particles (Section 7.9.2) and additional considerations if the model is
rooted in supergravity (Sections 7.9.3 and 7.9.4).

7.9.2

Backreaction

We must also consider the back reaction of produced χ-particles on φ, which may
further constrain the allowed value of g. The equation of motion for the scalar
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1/4

r/10−3

n0s /10−4

κ

Treh (GeV)

M (GeV)

1.5 118 62.7 0.968

4.42

39.3

1.5 124 59.1 0.966

4.97

−5.25
−5.92

3.84 × 106

41.3 2.22 × 1011

8.50 × 1015

1.31 × 103

4.2 121 63.5 0.968

11.8

24.1

4.2 125 59.4 0.966

13.9

−5.11

2.35 × 105

1.10 × 1016

8.04 × 102

α

n

N∗

ns

−5.86

24.9 6.07 × 1010

8.76 × 1015
1.15 × 1016

V0

(GeV)

3.01 × 102
3.06 × 102

Table 7.3: Parameter values for the allowed range of n, prior to consideration of
backreaction and gravitino constraints.

field, including back reaction, is given by [87, 88, 205]
φ
,
|φ|

(7.83)



πm2χ
(g|φ̇|)3/2
nχ =
exp −
,
8π 3
ṁχ

(7.84)

φ̈ + 3H φ̇ + V 0 (φ) = −gnχ
where

and we consider that, near the ESP, ϕ is canonically normalised (ϕ ' φ), as

discussed.

The exponential is suppressed during particle production and so the right
hand side of Eq. (7.83) becomes
φ̈ + 3H φ̇ + V 0 (φ) = −

g 5/2 φ̇3/2
,
8π 3

(7.85)

where we have also considered φ̇ > 0. As back reaction increases, the magnitude
of the right-hand side of this equation grows to have more and more of an effect
on the dynamics [88]. This is maximised at φ = φIP (i.e. for maximum nχ ). Computing this at that moment, we find that to avoid back-reaction effects requires
roughly
g . 10−3 .

(7.86)

In detail, the above upper bound on g depends on the value of α as depicted in our
results, see Figs. 7.10 to 7.17. Values for the model and inflationary parameters
are shown in Table 7.4 where we have again used Eqs. (7.33) and (7.39), but now
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1/4

r/10−3

n0s /10−4

κ

Treh (GeV)

M (GeV)

V0

1.5 118 62.74 0.968

4.42

-5.25

39.3

1.5 119 62.14 0.968

4.51

-5.35

39.7

3.84 × 106

8.5 × 1015

1.31 × 103

4.2 121 63.54 0.968

11.8

-5.11

24.1

4.2 122 62.53 0.967

12.2

-5.28

24.3

2.35 × 105

1.1 × 1016

8.04 × 102

α

n

N∗

ns

2.39 × 107
5.07 × 106

8.5 × 1015
1.1 × 1016

(GeV)

1.03 × 103
6.31 × 102

Table 7.4: Final values for the parameters when considering the tightest constraints on g, from the backreaction bound.

include the tighter constraints on g from the backreaction constraints.

7.9.3

Overproduction of Gravitinos

As mentioned in relation to gravitational reheating, because this is a model rooted
in supergravity, constraints from over-production of gravitinos have to be taken
into account. The over-production of gravitinos needs to be controlled because
they can either contribute to the mass of dark matter and overclose the Universe
or they can decay and disrupt the production of nuclei during BBN. Gravitino
production is strongly correlated with reheating temperature and avoiding their
overproduction results on a bound on Treh , given in Eq. (7.57).
We can derive Treh for instant preheating in this model by using the relationship between the energy density of radiation and the produced thermal bath,
given in Eq. (2.94), which rearranges to

Treh =



30 reh
ρ
π 2 g∗ r

1/4

.

(7.87)

Following the approach in Section 7.6 we again find
IP
IP 3
ρreh
r = ρφ (Ωr ) ,
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and inserting this into Eq. (7.87) we find

Treh



30
IP 3
= 2 ρIP
φ (Ωr )
π g∗

1/4



30
IP 2
= 2 ρIP
r (Ωr )
π g∗

1/4

,

(7.89)

where we also consider that ρr = Ωr ρφ . We find ΩIP
r as follows
ΩIP
r =

ρIP
g2
g 2 φ̇2IP 2
r
=
=
,
8π 3 φ̇2IP
4π 3
ρIP
φ

(7.90)

1 2
−2 2
IP
where we consider Eq. (7.77) and ρIP
φ = 2 φ̇IP during kination. Thus, Ωr ∼ 10 g ;
IP 1/4
since g < 1, this means ΩIP
r is very small. Given that the dependence of (ρφ )

on g is weak, Eq. (7.89) suggests Treh ∝ g 3/2 . This makes sense because a large

value of g means that more radiation is generated at instant preheating. Consequently, reheating happens earlier and therefore Treh is large. To limit Treh to
small enough values we need to avoid a large g.
In our model, the bound Treh < O(109 ) GeV translates to an upper bound on
g of roughly
g . 10−2 .

(7.91)

As in the previous subsection, in detail, the above upper bound on g depends on
the value of α as depicted in our results, see Figs. 7.10 to 7.17.

7.9.4

Overproduction of Gravitational Waves

The main motivation for studying instant preheating in the first place was the
spike of gravitational waves produced in models with extended periods of kination.
For our model with gravitational reheating, as we saw in Section 7.7.2, Treh was
too low and the spike in the gravitational wave spectrum disturbed BBN. In
a similar way, we may obtain a lower bound on ρIP
χ , and hence g, from the
nucleosynthesis constraint on the energy density of produced gravitational waves
during kination.
We follow the same treatment from Section 7.7.2 to find the lower bound
on g and refer the reader to Eqs. (7.58) to (7.59) for the initial bound and the
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definition of parameters. For instant preheating the bound is expressed as


ρg
ρr



=

reh

8 Vend 1
. 10−2 ,
4
IP
9π mPl Ωr

(7.92)

and substituting ΩIP
r in from Eq. (7.90) we get
g ≥ 20π

r

√

where we again use Vend = e−

1/2

8 Vend
' 10
9 m2Pl
3α



M
mPl

2

∼ 10−4 ,

(7.93)

M 4 from Eqs. (7.8) and (7.12), and for the last

equation we consider M ' 1016 GeV as suggested by Fig. 7.15.

The bounds on g from Sections 7.9.1 to 7.9.4 are summarised in Section 7.11,

and Section 7.12 concludes this chapter with a discussion of the model, drawing together Section 7.3 on inflation, Section 7.5 on quintessence and the two
reheating mechanisms investigated in Sections 7.6 and 7.8. However, before we
conclude, there is one final consideration to address.

7.10

Additional Considerations

7.10.1

Suppressed Interactions

As introduced in Sections 2.6.2 and 2.8.2, quintessence models generally require
an extremely flat potential over super-Planckian distances which can give rise
to two problems: lifting of the potential via radiative corrections and sizeable
violations of the Equivalence Principle via a ‘fifth force’.
However, in the context of α-attractors both the above dangers are averted.
√
Indeed, as discussed in Ref. [187, 193], when near the kinetic poles (ϕ/mPl ≈ ± 6α,
√
equivalently |φ|/mPl  6α), the inflaton interactions are exponentially suppressed and the field becomes “asymptotically free”. The same is true for the
loop corrections to the potential.
We expect the inflaton to have Planck-suppressed interactions with other
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fields, of the generic form
1
δV = h
2



ϕ
mPl

q

ϕ2 σ 2 ,

(7.94)

where σ is a scalar field coupled to the inflaton, where q ≥ 0 and h = O(1).

The strength of the interaction is estimated by G = ∂φ2 ∂σ2 δV . For Eq. (7.94)

this becomes
G = h(q + 1)(q + 2)
From Eq. (7.2) we find
∂ϕ
= sech2
∂φ





ϕ
mPl

q 

φ
√
6αmPl

∂ϕ
∂φ



2

.

(7.95)

,

(7.96)

meaning the interaction strength is
G = h(q + 1)(q + 2)



ϕ
mPl

q

2

sech



φ
√
6αmPl



.

(7.97)

At late times, when we might worry about super-Planckian field excursions on the
√
quintessential tail, the field is near the pole ϕ/mPl = 6α and frozen (φ ' φF ),
the interaction strength is therefore
G=

(q + 1)(q + 2) h (6α)q/2
.
cosh4 √6αφFm

(7.98)

Pl

Taking q ∼ h ∼ α ∼ 1 and φF  mPl we see the strength of the interaction is
suppressed



4φF
.
G ∼ exp − √
6α mPl

(7.99)

We note here that this suppression is not due to assuming a Planck-suppressed
interaction, as can be readily seen by taking q = 0 in Eq. (7.98).
We can take φF from Eq. (7.33) (presuming φIP  φF and using ΩIP from

Eq. (7.90)) to obtain an estimate for G:
φF /mPl '

q 
2
3

1 − 3 ln g/2π 3/2
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.

(7.100)
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Figure 7.9: The interaction strength, G, for the range of allowed g values and
allowed α values between 1.5 and 4.2. The bounds arising from backreaction and
gravitino constraints are indicated.

Inserting the above into Eq. (7.99), we obtain
G∼e

√
−4/3 α

 g 4/√α
,
2π 3/2

(7.101)

which is plotted in Fig. 7.9 for different values of the instant preheating coupling constant, g. Fig. 7.9 identifies the results for the allowed α range between
1.5 and 4.2 and identifies the limits on g depending on whether the backreaction constraints or supergravity constraints are imposed. These are analysed in
more detailed in Section 7.11 but Fig. 7.9 clearly demonstrates that the interaction strength is drastically suppressed for all scenarios considered, overcoming
the 5th force problem and alleviating the problem of loop corrections lifting the
quintessential tail. This argument can also be generalised to non-perturbative
interactions, which are expected to be of the form ∼ exp(−βi ϕ/mPl )Li , where Li
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Figure 7.10: Final parameter spaces for n, for the range of allowed g values and
allowed α values between 1.5 and 4.2. The bounds arising from backreaction and
gravitino constraints are indicated.

is any 4-dimensional
operator.
The interaction strength always
 Lorentz-invariant


2
√
∂ϕ
4φ
F
obtains a factor ∂φ ∼ exp − √6α m
in the limit ϕ/mPl → 6α [187].
Pl

7.11

Results

The constraints on the main α-attractors’ parameter rise from the quintessence
requirements outlined in Section 7.5 and result in
1.5 ≤ α ≤ 4.2 .

(7.102)

The initial analysis, concentrating on gravitational reheating constrained the
model parameters to be
108 ≤ n < 115 ,
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Figure 7.11: Final parameter spaces for κ, for the range of allowed g values and
allowed α values between 1.5 and 4.2. The bounds arising from backreaction and
gravitino constraints are indicated.

23 ≤ κ < 36 .

(7.104)

However, the analysis in Section 7.6 subsequently showed that gravitational reheating is not a viable option for this model because of the excessive amount of
gravitational waves produced.
Regarding the instant preheating analysis, two unavoidable constraints are the
upper bound on n - ensuring g < 1 because of perturbativity, and the lower limit
on g - ensuring a period of kination does not disturb BBN through overproduction
of gravitational waves, the downfall of gravitational reheating. This bound is
g & 10−4 and together these result in the parameter space
α = 1.5 :

118 ≤ n ≤ 124 ,

(7.105)

α = 4.2 :

121 ≤ n ≤ 125 .

(7.106)
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Figure 7.12: Final parameter spaces for N∗ , for the range of allowed g values and
allowed α values between 1.5 and 4.2. The bounds arising from backreaction and
gravitino constraints are indicated.

The upper constraint on g arising from the avoidance of backreaction in the instant preheating mechanism results in a bound of approximately g . 10−3 . However, this bound can be sidestepped if the decay χ → ψ ψ̄ is rapid, as is often

assumed. All that is required is a large enough h value for this coupling.

The upper bound on g arising from gravitino over-production constraints is
important in a model rooted in supergravity and is roughly g . 10−2 . This bound
reduces the parameter space to
α = 1.5 :

118 ≤ n ≤ 122 ,

(7.107)

α = 4.2 :

121 ≤ n ≤ 124 .

(7.108)

If the model is not embedded in supergravity, these constraints can also be neglected.
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Figure 7.13: Final parameter spaces for Treh , for the range of allowed g values
and allowed α values between 1.5 and 4.2. The bounds arising from backreaction
and gravitino constraints are indicated.

Figs. 7.10 to 7.17 document the parameter space, distinguishing between the
inclusion of the backreaction and gravitino bounds.
With a lower value of ΩIR
r , the inflaton rolls to larger distances before it
freezes. To fulfil dark energy requirements, this requires a lower n value. The
results found here for n demonstrate this. The two different α values result in
different n requirements because α controls the slope of the quintessential tail
(c.f. Eq. (7.9)). A smaller/larger α-value means a steeper/gentler quintessential
tail. Thus, for a given value of φF , we require smaller/larger n-values for a
smaller/larger-α value.
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Figure 7.14: Final parameter spaces for the spectral index, ns and the tensorto-scalar ratio, r, for the range of allowed g values and allowed α values between
1.5 and 4.2. The bounds arising from backreaction and gravitino constraints are
indicated.

7.12

Discussion

This chapter presents and analyses a novel model of quintessential inflation incorporating the α-attractors framework of inflationary models, which can easily be embedded in supergravity. We consider a simple exponential potential
V (ϕ) = V0 e−κϕ/mPl and the standard α-attractors kinetic term, which features
√
two poles at ϕ = ± 6α mPl . Switching to a canonically normalised inflaton, the

scalar potential gets “stretched” as the poles are transposed to infinity which
generates the inflationary plateau.
The inflationary parameters are calculated and found to be effectively independent of the scalar potential parameters, as all α-attractor models are. The
predictions for the spectral index and tensor-to-scalar ratio fall right in the middle
of the Planck contours, as expected for α-attractor models. The independence of

208

7.12 Discussion

1.4

M (1016 GeV)

1.3
1.2

√
√

6α = 5

6α = 3
Allowed provided g > gmin
Back-reaction significant
Treh > 109, gravitino overproduction

1.1
1.0
0.9
0.8 −5
10

10−4

10−3

g

10−2

10−1

100

Figure 7.15: Final parameter spaces for the inflationary energy scale, M , for the
range of allowed g values and allowed α values between 1.5 and 4.2. The bounds
arising from backreaction and gravitino constraints are indicated.

the inflationary observables on the model parameter, κ, is perfect for developing
a model of QI because it allows quintessence requirements to shape the model
without restriction.
After inflation, the field becomes kinetically dominated and a period of kination ensues. This necessarily ends when the Universe becomes dominated by
radiation and the HBB begins. The specifics of the inflaton field in this regime
are investigated and show quintessence requirements are heavily dependent on the
final freezing value of the inflaton, which is mainly determined by the intricacies
of reheating.
In an effort to keep the model minimal, we first consider gravitational reheating. However, we find the reheating temperature, Treh ∼ 106 GeV, to be very close

to the stringent constraints on the gravitational wave spike at high frequencies
generated during kination. For this reason we also investigate the mechanism
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Figure 7.16: Final parameter spaces for V0 for the range of allowed g values
and allowed α values between 1.5 and 4.2. The bounds arising from backreaction
and gravitino constraints are indicated.

of instant preheating, which can be much more efficient and considerably reduce
the duration of kination. We take into account backreaction constraints, which
threaten to shut down χ-particle production and gravitino constraints on the reheating temperature, which impose limits on the coupling constant controlling
instant preheating.
Observational constraints on the dark energy density and its equation of state
parameter today impose constraints on the steepness and height of the late-time
plateau in the model, which is the tail of the exponential function. This manifests
as a constraint on both α and κ, depending heavily on the specifics of reheating.
The parameter space is investigated for the model and when all the constraints
are applied we find that our model is successful for natural values of the model
parameters.
In particular, for the coupling we find g ∼ 10−4 − 10−2 , while we also have
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1/4

V0

∼ 1 TeV, which is the electroweak energy scale (Fig. 7.16). The inflation-

ary scale is M ' 1016 GeV, which is at the energy scale of grand unification
(Fig. 7.15).

For the slope of the exponential potential we find κ ' 24 − 40

(Fig. 7.11), i.e. κ ∼ 0.1mPl /M , meaning that in the potential the inflaton is
suppressed by the scale ∼ 1017 GeV, which could be the string scale.

We find that the cosmological scales exit the horizon about N∗ ' 62 − 63 e-

folds before the end of inflation (Fig. 7.12) and that the reheating temperature
is Treh ∼ 105 − 108 GeV (Fig. 7.13), satisfying gravitino constraints as required.

For the inflationary observables we obtain the values ns = 0.968 for the spectral
index and n0s = −(5 − 6) × 10−4 for its running. For the tensor-to-scalar ratio we
obtain r ' 0.004 − 0.012, which may well be observable (Fig. 7.14). These values

are within the 1σ contour of the Planck results [204].

We are conservative in avoiding a super-Planckian non-canonical inflaton field,
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ϕ, even though the suppression of loop corrections and interactions of the inflaton
near the poles in α-attractors means that, even if the canonically normalised
inflaton were super-Planckian, the flatness of the quintessential runaway potential
would be preserved.
The α-attractors setup may also be realised without relying on supergravity
[56, 109, 180, 183], in which case gravitino constraints may not be necessary. Also,
backreaction effects can be dispensed with when the χ-particles decay rapidly into
radiation, such that they don’t backreact and close the resonance. If we remove
these constraints, our parameter space is substantially enlarged. In particular, g
can approach unity, while N∗ can be as low as N∗ ' 59 and the reheating temperature can be as large as Treh ∼ 1011 GeV. Regarding the inflationary observables,
the spectral index can become as low as ns = 0.966, but r is not changed much.

The required cosmological constant is Λ1/4 ∼ 10−10 GeV (Fig. 7.17), which is

somewhat larger that the value ∼ 10−3 eV required in ΛCDM, but the improvement is not much. However, we stress that our required value for Λ is not imposed
ad-hoc to satisfy the observations, instead it is generated by the requirement that
the vacuum energy asymptotes to zero (cf. Eq. (7.6)). In other words, the (unknown) mechanism which demands zero vacuum density is the one which imposes
our value of Λ, thereby making it more natural than the Λ of ΛCDM.
Our model also considers a varying barotropic parameter of dark energy, which
is distinguishable from ΛCDM and the precision of observational probes will
hopefully allow it to be tested in the near future.
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Chapter 8
Gauss-Bonnet Quintessential
Inflation
This chapter is based on the original research of the author, in collaboration with
Konstantinos Dimopoulos, Carsten van de Bruck and Christopher Longden, submitted to Physics Review D for publication but withdrawn after the LIGO results
of 2017 [155]. The research is available on the ArXiv [206].

8.1

Introduction

This chapter introduces another model of Quintessential Inflation (QI), realised
in a fundamentally different way to Chapter 7. We utilise a modified theory of
gravity in which the scalar field in the theory non-minimally couples to the GaussBonnet combination of quadratic curvature scalars, R2 − 4Rµν Rµν + Rρµσν Rρµσν ,
detailed in the next section.

Previous work [206–208] on fields with such a coupling shows the motion of
the coupled scalar field in field space is impeded when the Gauss-Bonnet coupling
function becomes large. This behaviour would be very helpful in preventing a
scalar field, dominated by its kinetic energy after inflation, from having a superPlanckian displacement in field space, which is necessary to avoid Fifth Force
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constraints (see Section 2.8.2) and radiative corrections lifting the potential (see
Section 2.6.2).
This chapter introduces Gauss-Bonnet (GB) gravity and the specific model
we have chosen to investigate. We stress that this is a prototype model to assess the feasibility of Quintessential Inflation scenarios in the form of a modified
gravity theory. As in all QI models, the Universe cannot reheat perturbatively
after inflation and so considerations of non-perturbative reheating mechanisms
need to be analysed. In this chapter we utilise instant preheating, introduced in
Section 2.7.3 and studied in detail for a QI model in Chapter 7.
Gauss-Bonnet gravity is an excellent example of a cosmological model making
testable predictions which can be verified by observation. Unfortunately, in this
instance the observations successfully managed to rule out the Gauss-Bonnet
theory as a viable description for quintessence in the late Universe. The LIGO
experiment recently confirmed that gravitational waves travel at the speed of light
[155] which is in contrast with the predictions of GB quintessence (along with
many other modified gravity theories affecting late-time dynamics [209, 210]).

8.2

Gauss-Bonnet Gravity and the Model

The simplest extensions to General Relativity (GR) are f (R) theories which have
actions of the form
m2
S = Pl
2

Z

√
d4 x −g f (R) + Smat ,

(8.1)

where Smat is the action for matter, defined in Eq. (2.8). The Einstein-Hilbert
action of GR (Eq. (2.7)) corresponds to f (R) = R, but typical f (R) theories of
gravity include higher orders of the Ricci curvature scalar, R. The most recognisable is R + R2 gravity [64] which is well studied in the literature and mimics the
behaviour of the α-attractor family of inflationary models introduced in Chapter 7, for small α, predicting observables well-aligned with the Planck observations
[1]. As briefly mentioned in Section 2.6, f (R) theories of gravity are equivalent
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to scalar-tensor theories, where an additional scalar field is added to the action,
non-minimally coupled to gravity.
Gauss-Bonnet gravity is an extension of f (R) theories, because it contains
not just higher order terms of the Ricci scalar, but also contractions of the Ricci
tensor, Rµν , and Riemann tensor Rµνρσ , the definitions of which are given in Section 2.2.1. The Gauss-Bonnet (GB) combination of quadratic curvature scalars
is
EGB = R2 − 4Rµν Rµν + Rµνρσ Rµνρσ .

(8.2)

Extensions of f (R) theories typically contain unstable extra degrees of freedom
arising from higher than second order derivatives of the metric [211, 212], but this
combination of the curvature scalars is special because the higher order derivatives
cancel out. However, a theory of more than four dimensions is required for the
GB term to have any non-trivial effect on the equations of motion when it is
simply added to the action as
m2
S = Pl
2

Z

√
d4 x −g (R + CEGB ) + Smat ,

(8.3)

where C is a dimensionful constant, because it is a total derivative.
Alternatively, in four-dimensions the GB term can contribute to the equations
of motion if we couple it to a scalar field via a coupling function, G(φ). The action
is thus
m2
S = Pl
2

Z

4

√

d x −g (R − G(φ)EGB ) −

Z

4

√

d x −g




1
2
(∂φ) + V (φ) ,
2

(8.4)

where G(φ) and V (φ) are as yet unspecified functions of φ. The GB term, as
the simplest curvature scalar which does not add any additional propagating
degrees of freedom to the theory, is a fairly natural object to consider when
building gravity theories from the bottom up [213]. As a subset of Horndeski’s
theory [214–216], it is guaranteed to have second order equations of motion and no
instabilities. It appears in UV theories such as string [208, 217] and braneworldinspired [218–222] models and realisations of bouncing cosmologies have also been
found in Gauss-Bonnet-containing theories [223, 224].
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As a well-motivated extension of GR it is therefore unsurprising that it is
well documented in the literature. However, scalar-tensor theories with such a
Gauss-Bonnet coupling (and to a lesser extent, vector-tensor theories [225]) have
been studied extensively with applications to inflation [206, 207, 226–233] and
dark energy [234, 235] investigated separately, as well as topics such as black hole
formation [236], but not in the combined form we introduce here. This makes the
research in this chapter an exciting crossover combining the fields of quintessential
inflation and modified gravity theories.
Considering the flat FRW metric in Cartesian co-ordinates
ds2 = −dt2 + a2 (t)(dx2 + dy 2 + dz 2 ) ,

(8.5)

where a(t) is the scale factor, the equations of motion derived from the action,
Eq. (8.3) are
1
3m2Pl H 2 = φ̇2 + V (φ) + 12m2Pl H 3 Ġ ,
2
2
2mPl Ḣ = −φ̇2 + 4m2Pl H 2 (G̈ − H Ġ) + 8m2Pl H Ḣ Ġ ,
φ̈ + 3H φ̇ + V 0 + 12m2Pl H 2 G0 (Ḣ + H 2 ) = 0 .

(8.6)
(8.7)
(8.8)

We intend to investigate the ability of a GB term to impede the inflaton’s
motion at late times and facilitate quintessence. Therefore, we choose a prototype
potential which can generate the inflationary plateau, favoured by Planck [1], as
well as a quintessential tail:



V0
φ − φc
V (φ) =
1 + tanh p
,
2
mPl

(8.9)

where V0 is the energy density scale of inflation and p is a positive constant which
controls how steep the drop from the inflationary to quintessential plateau is. We
expect our results to qualitatively hold even if the precise form of the potential
is changed, so long as at late times there is a plateau suitable for quintessential
inflation and at early times inflation may be realised. We hence remain agnostic
as to the origin of Eq. (8.9).
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We need the new GB effects to be significant at late times, without disturbing
inflation at early times. With this aim, we choose a fairly minimalistic coupling
function of the form
G(φ) = G0 e−qφ/mPl ,

(8.10)

where the pre-factor should satisfy G0 m2Pl ≥ 1 in order for GB effects to be im-

portant before the field reaches super-Planckian field values, and q is a positive
constant. For the scalar field potential in Eq. (8.9), large positive φ values corre-

spond to the inflationary plateau and we see that for large positive qφ values the
coupling in Eq. (8.10) will be exponentially suppressed. Conversely, for negative
qφ values it will quickly grow in magnitude. As stressed already, the potential and
coupling detailed here are chosen to demonstrate the effectiveness of the model,
but are not requisite required forms. Also, as detailed in Section 2.8.4 and Section 7.4, after inflation the field becomes kinetically dominated and oblivious of
the potential until it eventually freezes somewhere along the quintessential tail.
The value of the constant φc in Eq. (8.9), under a field redefinition φ → φ+φc ,

can be absorbed into a rescaling of the constant G0 → G0 eqφc , and so we set it
to zero without loss of generality.

8.3

Inflation

The coupling (Eq. (8.10)) between the scalar field and the Gauss-Bonnet term is
negligible during inflation (qφ  mPl ) and so we investigate inflation in the usual

manner, using the slow-roll formalism to determine the inflationary predictions
and ignoring the GB term for now.
We find the slow-roll parameters to be
m2
 ' Pl
2
and



V0
V

2



2
p2
pφ
=
1 − tanh
,
2
mPl

V 00
η'
= −2p2 tanh
V



pφ
mPl
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pφ
1 − tanh
.
mPl

(8.11)

(8.12)

8.3 Inflation

Inflation ends when  = 1, which results in

φend '

mPl
tanh−1
p

√ !
2
1−
.
p

(8.13)

The e-folding number (using Eq. (2.85)) is then found to be
"
#
√ !
φ
1
p
2
1
1 2pφ/mPl
√ + tanh−1 1 −
+
−
−
,
N∗ ' 2 e
4p
2pmPl 2p2
p
2
2

(8.14)

where, during inflation with pφ  mPl , the exponential term is dominant, and

so by inversion we find

φ∗ ≈


mPl
ln 4p2 N∗ .
2p

(8.15)

We then obtain the spectral index of the scalar curvature perturbation and the
tensor-to-scalar ratio:
ns − 1 ' 2η − 6 ' −
r ' 16 '

4p2 (1 + 8p2 N∗ )
2
≈−
,
2
N∗
(1 + 4p2 N∗ )

32p2
2
2 ≈ 2 2 .
2
p N∗
(1 + 4p N∗ )

(8.16)

(8.17)

For N∗ = 60, with the final equalities in Eqs. (8.16) and (8.17) we obtain
ns = 0.967 and r =

0.0006
.
p2

The scalar spectral index falls nicely within the Planck

results [1] as we would expect. The tensor-to-scalar ratio is unobservably small,
even for small p values, and will become increasingly smaller for larger p values,
which we will see are necessary in subsequent sections.
The energy scale of inflation can be calculated from the COBE constraint,
introduced in Section 2.4.5
p
1
V 3/2
As = √
,
2 3π m3P |V 0 |

(8.18)

−9
where As = (2.101+0.031
−0.034 ) × 10 , is the amplitude of the scalar curvature pertur-
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bation [1]. Rearranging this gives the energy scale:
V0 =

12π 2 m4Pl As
6.5 × 10−8 m4Pl
≈
.
N∗ (1 + 4p2 N∗ )
p2 N∗2

(8.19)

To bring the potential energy down to the dark energy scale at late times, a large
suppression of many orders of magnitude is hence necessary. This implies we will
need a rather large value of p.
As a first estimate at this stage, noting that for pφ  0 (deeply post-inflation)

the form of the potential in Eq. (8.9) is approximated by V0 exp (2pφ/mPl ),
we can see that for a maximum field displacement of O(mPl ), we will need
2p ≈ ln(V0 /ρDE ) ≈ O(100) to facilitate this.

We also note here that around this expected value of p ' 100, Eq. (8.19)
1/4

implies V0 ' 10−15 m4Pl , or V0
Unification.

8.4

' 1014 GeV, close to the energy scale of Grand

After Inflation

The motivation of this work is the expectation that the GB coupling will impede
the inflaton’s motion in field space. Therefore, we expect there to be a static
solution to the EoM, where φ ' constant. Taking φ̇ = φ̈ = Ḣ = 0 in Eqs. (8.6)
and (8.8), we find

1
φs /mPl ≈
ln
q − 2p



2qV0 G0
3pm2Pl



.

(8.20)

Numerically, we observe that this solution is approached in the post-inflationary
regime as the Gauss-Bonnet term becomes important at negative field values.
Specifically, we have found a solution at very late times when both the radiation
and matter components of the Universe are negligible. As the field is frozen, this
solution itself is an inflationary expansion with w < −1/3.

However, there is much to explore in the intervening time period, when radi-

ation and matter are not negligible. Between the initial period of inflation and
this late-time accelerating expansion there is an interval when the field is rolling
quickly down the steep decline of the potential, around φ = 0. This is a period of
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kination, which we introduced in Section 2.8.4 and explored for a quintessential
inflation model in Chapter 7. We know that at some point during kination the
thermal bath needs to be generated in order to recover the HBB history that is
confirmed by observation, which must happen before BBN. At reheating the Universe dutifully transitions into the radiation-dominated epoch and subsequently
into the matter-dominated epoch before we reach the modern day where dark
energy is the dominant component of the Universe.
The normal procedure in a model of QI would be to solve the Klein-Gordon
(KG) equation in the kination regime, where the potential can be neglected, so
that it takes the form
φ̈ + 3H φ̇ ' 0 ,

(8.21)

to determine how far the field rolls before it freezes. The solutions to Eq. (8.21)
are demonstrated in Section 2.8.4. However, in our model we have the additional GB terms in the equations of motion. The full non-linear KG equation in
Eq. (8.8) is very difficult, if not impossible, to solve. We evolve the equations of
motion numerically to determine constraints on the model in Section 8.7 but it
is necessary to break the problem down.
We assume that immediately after reheating the Gauss-Bonnet term is still
negligible and we can use the solutions to Eq. (8.21). This is desirable because
if the field were to become GB-dominated, and hence freeze, immediately after
reheating, its density would be too large to act as dark energy. However, we
require that the GB coupling becomes significant at some, as of yet unspecified,
later time, when the field has rolled further down the quintessential tail to reduce
its final energy density. This means that as φ rolls to more negative values the
GB term becomes more and more important in the full KG equation, and so
Eq. (8.21) is only valid for a certain amount of time before the GB term must be
included too. This time can be defined as tGB when
|φ̈| = |12m2Pl H 2 (Ḣ + H 2 )G0 | .

(8.22)

From this point onwards we can assume the second derivative of the field is neg-
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ligible and include the GB term instead so that the equation of motion becomes
3H φ̇ + 12m2Pl H 2 (Ḣ + H 2 )G0 = 0 .

(8.23)

Defining the boundary condition that the solutions to Eqs. (8.21) and (8.23) must
agree at tGB allows us to follow the evolution of φ during the two regimes. Fine
resolution of the evolution of φ around tGB is lost but we are able to determine
the late-time behaviour.

8.4.1

Kinetic Regime

Solving Eq. (8.21) requires knowledge of the initial conditions. We have not yet
detailed the reheating mechanism for the model but we will denote the point
of reheating by φIP ≡ φ(tIP ) because we intend to utilise ‘instant preheating’,
detailed in Section 2.7.3. When the field is dominated by its kinetic energy, we
can use Eq. (8.6) to find
φ̇(tIP ) = φ̇IP = −

p
6ΩIP (k/tIP )mPl ,

(8.24)

where ΩIP ≡ Ωφ (tIP ) is the density parameter of the field at the moment of instant
preheating (immediately after). We assume the field is rolling towards negative
values and we take H = k/t, where k = 1/2(2/3) in RD(MD) respectively, to keep
the analysis general. This reduces to the general equation derived in Eq. (2.232)
when k = 1/2, in the limit ΩIP ' 1. We will require that the produced radiation
density dominates over the remaining field density, to ensure radiation domination

(this is detailed in Section 8.5) which implies ΩIP  1. Solving Eq. (8.21) with
these conditions gives

φ(t) = φIP − mPl

p

6Ωip



k
3k − 1

"

1−



tIP
t

3k−1 #

,

(8.25)

which is valid in the regime of kinetic domination of the inflaton’s motion, whilst
t < tGB .
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8.4.2

Gauss-Bonnet Regime

As the GB-dominated equation of motion, Eq. (8.23), is first order, we only
need the initial condition that at the time when the GB-dominated solution first
becomes relevant, tGB , the field takes the value (which will later be determined)
φGB = φ(tGB ). Using this, we find the solution



1
mPl
1
2 2
−qφGB /mPl
ln 1 + 2G0 q k (1 − k)e
.
φ(t) = φGB +
−
q
t2 t2GB

(8.26)

At very late times (t  tGB ) the field will then tend to a constant value


mPl
2k 2 (1 − k)G0 q 2 e−qφGB /mPl
φ(t  tGB ) = φGB +
ln 1 −
≈ φGB .
q
t2GB

(8.27)

In the second approximate equality, we note that there is very little variation
of the field in this regime as the second term is generally quite small for typical
parameter values. This is expected, as the principle of our model is that a large
GB coupling impedes the evolution of the field so φ freezes almost immediately
when GB becomes important.

8.4.3

Stitching and Boundary Condition

Having determined the evolution of the field for t < tGB in Eq. (8.25), and t > tGB
in Eq. (8.26), we now determine the moment at which these two solutions coalesce,
tGB . As discussed previously, this is when |φ̈| = |12m2Pl H 2 (Ḣ + H 2 )G0 |.
From Eq. (8.25) we find φ̈:

√
 3k+1
3mPl 6ΩIP k 2 tIP
φ̈ =
,
t2IP
t

(8.28)

and we evaluate the GB contribution to be
−qφ

12m2Pl H 2 (Ḣ + H 2 )G0 = 12mPl k 3 (k − 1)qG0 t−4 e mPl .
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Equating the two at tGB we find
√
 √
−3(k−1)
−3k+1 
kq 6ΩIP t3k−1
kq 6ΩIP t3k−1
4q 2 k 2 G0 (k − 1)
IP tGB
IP tGB
exp
=
3k − 1
3k − 1
(3k − 1)
√


−qφIP qk 6ΩIP
× exp
+
,
mPl
3k − 1
(8.30)
where we have substituted φ(t) from Eq. (8.25) and rearranged the terms slightly.
This is to demonstrate that the equation is reminiscent of Eq. (5.30), which we
solved using the Lambert W function, for which x = W (xex ).
To solve for tGB in a similar way we need the powers of tGB in the exponential
and the pre-factor on the left hand side of Eq. (8.30) to be identical. To assist
with this we define
µ = 1 − 3k ,

(8.31)

ν = 3 − 3k ,

(8.32)

which simplifies Eq. (8.30) to
√
√


µ 
ν
−kq 6ΩIP tGB
−4q 2 k 2 G0 (k − 1)
−kq 6ΩIP t−µ
IP tGB
exp
=
µ
µ
tIP
µ
√


−qφIP qk 6ΩIP
× exp
−
,
mPl
µ
(8.33)
and we see we are forced to raise the entire equation to the power of


µ
ν

√
√

 µν

µ  
µ
ν
−kq 6ΩIP t−µ
t
−kq 6ΩIP tGB
−4q 2 k 2 G0 (k − 1) ν
IP GB
exp
=
µ
ν
tIP
µ
√

µ
−qφIP qk 6ΩIP ν
× exp
−
,
mPl
µ
(8.34)

which leaves us with equivalent powers in tGB .
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To solve with the Lambert W function we require the entire pre-factor before
the exponential term containing tGB to match the exponential bracket, so it resembles xex . This requires multiplying the entire equation by a multiple of the
pre-factor, leaving
√
√

µ


µ  
µ
kq 6ΩIP tGB
4kqG0 (k − 1) ν
kq 6ΩIP tGB
exp −
=
−
ν
tIP
ν
tIP
t2IP
√
√

µ
2/ν
−qφIP qk 6ΩIP ν
kq 6ΩIP
exp
−
×
,
ν
mPl
µ

(8.35)

and the equation is in the form we require, where W (y) = W (xex ) = x, and in
our case
x=



√

µ 
kq 6ΩIP tGB
.
−
ν
tIP

(8.36)

Hence, our solution has the form
"
√


µ 
µ √
2/ν
kq 6ΩIP tGB
4kqG0 (k − 1) ν kq 6ΩIP
−
=W
ν
tIP
t2IP
ν
√

 µν #
−qφIP qk 6ΩIP
−
× exp
,
mPl
µ

(8.37)

and we finally find

tGB =

−νtµIP
√
W
kq 6ΩIP

"

×exp

4kqG0 (k − 1)
t2IP


 µν

√

kq

p
2/ν
6ΩIP

−qφIP qk 6ΩIP
−
mPl
µ

 µν #! µ1

.

(8.38)

Defining two final constants
√

6ΩIP t−µ
IP
A=
exp
4k(1 − k)qG0
√
−kq 6ΩIP
B=
,
µtµIP
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qφIP qk 6ΩIP
+
,
mPl
µ

(8.39)
(8.40)
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simplifies Eq. (8.38) considerably to the form:

tGB =

"

  µν #! µ1
ν
Bµ 1
W
.
Bµ
ν
A

(8.41)

In the region −e−1 < x < 0, the Lambert W function has two branches (shown

in Fig. 5.7). This implies there are two times at which the GB and second

derivative contributions to the Klein-Gordon equation are equal, but of course
only the earlier time of the two solutions is valid1 , as Eq. (8.25) is only valid up
until the GB contribution first becomes important.
Typically it is the lower (W−1 ) branch of the function which evaluates to the
relevant value, but in cases such as those where the lower branch yields tGB < tIP ,
we instead use the principal (W0 ) branch solution. The former solution is ruled
out physically because instant preheating must happen before GB-domination in
order to recover a viable late-time universe.
If there is no real solution to Eq. (8.41) this physically corresponds to there
being no time of equality between the kinetic and GB terms in the Klein-Gordon
equation. This implies that either the GB term is already dominant at tIP , or that
the field remains kinetic-dominated forever. Both cases are undesirable as they do
not correspond to late-time dark energy. In the former the field freezes too soon
after inflation and its density is not reduced to that of dark energy. In the second
case, conventional quintessential inflation is recovered, with no contribution from
the GB term and the model is trivial.
The reality of Eq. (8.41) is hence an important check that we are looking at
feasible models. In particular, the argument of the Lambert W function must
satisfy
Bµ
ν

  µν
1
1
≥− ,
A
e

(8.42)

to have at least one real value.
Substituting the value of tGB into Eq. (8.25) allows us to determine φGB , and
in turn this allows us to determine φ(t) for t  tGB by substituting that into
1

Provided it obeys tGB > tIP .
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Eq. (8.27). Doing so, we obtain


mPl B µ
mPl
µB µ
µ
φm = φ(t  tGB ) ≈ φIP +
(tGB − tIP ) +
ln 1 +
t
,
q
q
2 GB

(8.43)

which is the value we expect the field to freeze to in a matter-dominated Universe.
Now that we have the dynamics outlined we assess the period of reheating which
occurs after the end of inflation, before radiation domination.

8.5

Reheating

As is usual in a model of QI, Gauss-Bonnet Quintessential Inflation is unsuitable
for perturbative reheating [86, 206], as no oscillatory behaviour about a potential
minimum exists. Around φ = 0, when the inflaton is kinetically dominated,
we instead implement instant preheating (see Section 2.7.3 and [87, 88, 205]) to
recover a radiation-dominated epoch. We assume the typical coupling between
the inflaton and a matter field χ, detailed in Section 2.7.3, which leads to the
production of χ particles with total energy density (repeated from Eq. (2.212)):
ρIP
χ =

g 5/2 |φ̇IP |3/2 φIP
,
8π 3

(8.44)

which we assume to subsequently decay efficiently into radiation.
In instant preheating, particle production occurs explosively around the time
when the non-adiabaticity condition, |ṁχ | > m2χ , is first satisfied, where (from

Eq. (2.208)) mχ ≈ g|φ|. We hence take this to be the time of instant preheating,
φIP , and determine when this occurs via a numerical integration of Eqs. (8.6)
and (8.8) for a short time after the end of inflation.
For instant preheating to induce radiation domination, it is necessary that

ρχ is greater than ρφ after instant preheating. Denoting the energy density of φ
before and after instant preheating occurs as ρφ,b and ρφ,a , respectively, we hence
impose
ρχ > ρφ,a

⇒
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1
ρχ > ρφ,b ,
2

(8.45)
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where by energy conservation we require ρφ,a = ρφ,b − ρχ .

After instant preheating, we also want the dynamics of the φ field to be

dominated by its kinetic energy density, because a potential-dominated inflaton
field will quickly come to dominate again, thereby terminating the radiationdominated epoch. As a result, we wish for the kinetic energy density of the inflaton after instant preheating to be greater than its potential. Considering that the
potential remains constant1 throughout instant preheating (i.e. V (φIP ) = Va = Vb ),
this means we want
ρφ,a − V (φIP ) > V (φIP )

⇒

ρχ < ρφ,b − 2V (φIP ) ,

(8.46)

where again we consider energy conservation. Combining the inequalities in
Eqs. (8.44) and (8.46), we obtain the range of suitable ρχ values
1
ρφ,b < ρχ < ρφ,b − 2V (φIP ) .
2

(8.47)

This result implies that the implementation of instant preheating will only be
able to succeed when it occurs at a sufficiently kinetic-dominated moment in the
evolution of the inflaton. From Eq. (8.47), we find the constraint
ρkin,b > 3V (φIP ) .

(8.48)

The potential must hence be sufficiently steep that the field rolls fairly quickly
after inflation. Constraints on the model parameters arising from this requirement
are discussed in Section 8.7.

8.6

Dark Energy Today

Having confirmed that the behaviour of the field is sensible in the matter-dominated
epoch and that we can suitably reheat the Universe in between, we proceed to
1

Note that during instant preheating, it is purely kinetic energy density that is converted
to radiation.
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estimate the value it takes today. To recap, we have solutions for the EoM which
are valid independently in the regimes t  tGB (Eq. (8.25)), t  tGB (Eq. (8.43))
and a late-Universe static solution when Ωm  1 (Eq. (8.20)), where tGB is de-

fined to be the time when the equality in Eq. (8.22) is obeyed, calculated in
Eq. (8.41).
However, the Universe is not presently in a state of ΩDE ' 1 or Ωm ' 1,

but somewhere in between. In this picture, the past state of perfect matter
domination assumed in the calculations of Section 8.4.3 is when Ωm = 1 and
ΩDE = 0. The future dark energy domination which is eventually reached by
this model as matter dilutes and it tends to the static solution in Eq. (8.20)
corresponds to ΩDE = 1 and Ωm = 0, while the present day values ΩDE ≈ 0.7 and
Ωm ≈ 0.3 indicate exactly where between these two limits we must presently lie.

We formalise this by noting that the effective equation of state of the Universe

w = p/ρ and the derivative of the Hubble Parameter are related via the second
Friedmann equation in Eq. (8.7) such that
1
3
1
m2Pl Ḣ = − (ρ + p) = − (1 + w)ρ = − (1 + w)H 2 m2Pl .
2
2
2

(8.49)

This can be used to rewrite the Klein-Gordon equation for the Gauss-Bonnet
coupled field given in Eq. (8.8) as
φ̈ + 3H φ̇ + V 0 − 6H 4 (1 + 3w)G0 m2Pl = 0 ,

(8.50)

which, under the slow-roll approximation φ̈ ' 0, is approximated by
φ̇ ≈ 2H 3 (1 + 3w)G0 m2Pl −

V0
.
3H

(8.51)

Substituting this into the Friedman equation in the form
1
3H 2 m2Pl ΩDE = φ̇2 + V + 12m2Pl H 3 G0 φ̇ ,
2

(8.52)

where ΩDE is the dark energy fraction, we obtain the approximate constraint
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equation


V 02
2
0 0
V +
+ 3ΩDE + (7 + 3w)V G m2Pl H 2
18H 2
3
2
+ 2(1 + 3w)(13 + 3w) m2Pl G0 H 6 = 0 .

(8.53)

As a consistency check, upon substituting w = −1, ΩDE = 1 and 3H 2 m2Pl = V ,
representing perfect dark energy domination, solutions of Eq. (8.53) yield φ = φs

as in Eq. (8.20), as expected, and in this limit Eq. (8.51) unsurprisingly reduces
to φ̇ = 0.
Rewriting Eq. (8.53) in terms of the explicit potentials of our model (assuming
pφ  0) in the form
2p2 V02 4pφDE /mPl
e
+ 2q 2 G20 m2Pl H 6 (1 + 3w)(13 + 3w)e−2qφDE /mPl
2
2
9H mPl
4
(8.54)
+ qpG0 V0 H 2 (7 + 3w)e(2p−q)φDE /mPl − 3H 2 m2Pl ΩDE = 0 ,
3

V0 e2pφDE /mPl +

the constraint can be solved for φDE to identify the field value necessary to achieve
a specific equation of state w, dark energy fraction ΩDE and expansion rate H
for a given model, specified by p and q.
Assuming that following matter-domination, the Universe contains only matter and the dark energy field, we have from observations that w = wDE ΩDE ≈

−0.7, and H0 ≈ 10−60 mPl . We use these observational values to solve Eq. (8.54)
numerically and the results are presented in Section 8.7.

Interestingly, we typically find for most parameters that the φm value calculated in Section 8.4.3 is larger in magnitude (more negative) than the φDE value
obtained in the above procedure. It turns out that the time at which the φm solution should be reached, tGB (defined in Eq. (8.41)) is very large - much greater
than the age of the Universe today. We also find that earlier-time solutions of
Eq. (8.54) with ΩDE < 0.7 are typically found to be larger in magnitude than
the φDE value today at ΩDE = 0.7. Furthermore, φs , which is achieved at later
times when ΩDE → 1, is smaller in magnitude (less negative) than φDE today in
the particular cases we have investigated in depth. These observations seem to
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suggest that the field is rolling ‘backwards’ during the transition between matter
and dark energy domination.
We deduce that the field does not typically freeze during matter domination,
instead slowly-rolling towards, but not reaching, φm . It overshoots φDE but then
turns around due to the impeding effects of the GB coupling. At present, the
field is envisaged to be in a state of slowly rolling from φDE to φs .
This may not be true for all models; we do not exclude the possibility that
some parameters may lead to the change in direction only occurring after φm , or
not at all.

8.7

Constraints and Results

Having established the nature of inflation, reheating and dark energy in the framework of our model, we now proceed to constrain the parameter space to realistic
values. We numerically integrate the background equations of motion during inflation for a range of models (specified by their p, q, g and G0 values). Using these
results we compute the energy density resulting from instant preheating, the behaviour of the field in matter domination, the field value today, and the far-future
field value φs . There are two main constraints which control the allowed combinations of the model parameters. Instant preheating should satisfy the conditions
in Eq. (8.47) for a sensible choice of the perturbative coupling to matter g (i.e.
g ≤ 1) and the field value today, φDE , should be sub-Planckian (|φDE | < mPl )
such that unknown UV physics do not strongly influence our results.

Examples of these constraints as a function of the parameter p for the case
q = 4p, G0 m2Pl = 1 and g = 0.8 are shown in Fig. 8.1. The former shows that
we must have p > 86 to avoid super-Planckian field values today, while the latter
shows that instant preheating may not proceed according to the requirements in
Eq. (8.47) unless p < 100. We tabulate the allowed parameter space of 86 < p <
100 for this case, alongside many other models with different q, G0 and g values,
in Table 8.1.
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SuperPlanckian constraints

3.5

Preheating constraints
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Figure 8.1: Constraints for a model with q = 4p, G0 m2Pl = 1 and g = 0.8. The
left window shows the value of φDE for a range of p values and the red shaded
region represents the parameter space where φDE is super-Planckian. The right
window shows the energy densities involved in the instant preheating conditions of
Eq. (8.47). The black solid line represents ρχ , while the blue dashed line and green
dot-dashed line respectively represent the lower and upper bounds that ρχ must
lie between. The shaded region on the right encloses the p values for which these
inequalities are violated.

8.7.1

Gravitational Waves in Gauss-Bonnet
Gravity

As noted in the introduction of this chapter, the recent observation of a multimessenger gravitational wave and gamma ray burst signal [155] observed that the
gravitational waves and electromagnetic waves emitted by a binary neutron star
merger reached detectors on Earth at exactly the same time, confirming to very
high precision that the waves travel at the same speed, meaning cT = 1.
Models with a non-trivial GB-coupling at late-times predict a deviation from
cT = 1, common to all Horndeski theories. The derivation is detailed in Ref. [210]
and produces
c2T =

1 + 4G̈
,
1 + 4H Ġ
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G0 m2Pl

q/p
4

1
8

4
100
8

g
0.8
0.9
1
0.8
0.9
1.0
0.8
0.9
1.0
0.8
0.9
1.0

p limits
86 < p < 100
86 < p < 238
86 < p < 507
51 < p < 100
51 < p < 207
51 < p < 370
85 < p < 100
85 < p < 238
85 < p < 507
51 < p < 72
51 < p < 155
51 < p < 258

Table 8.1: Table showing limits on p in the theory for various cases of the size
of G0 , q and g, due to constraints coming from sub-Planckian field displacements
and instant preheating’s efficacy. In each case, the lower bound on p occurs as,
below this threshold, φDE would have to undergo a super-Planckian displacement
to serve as dark energy today. Similarly, the upper limits on p arise as, above these
limits, the inequality in Eq. (8.47) is violated.

which when calculated for our model gives cT 6= 1 by a significant margin. In

Ref. [210], for a specific late Universe cosmology given in [237], they constrain
the coupling strength of the GB term (G(φ) in our model) to be of the order of
10−15 . In our model with an exponential coupling, this is always violated unless
G0 is unnaturally tiny, in which case the GB term does not have the intended
effect of freezing the field to support a dark energy evolution.
Whilst disappointing, it is unsurprising that we find this result, because we
specifically choose such a coupling to make the effect of the GB term large at
late times, to facilitate a Gauss-Bonnet mediated dark energy. These constraints
require the effect of the GB term to be small at late times, in direct contrast with
the motivations of the model.
Quintessential inflation models which incorporate modified theories of gravity
also need to pass local gravity tests. Constraints on Gauss-Bonnet mediated
dark energy theories in the literature [238–240] rely on assumptions which are
not applicable in the model presented here and as the model is ruled out by the
cT constraint we do not investigate them further. Modifications such as screening
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mechanisms may help to alleviate any tensions with local gravity constraints but
we stress that the local gravity constraints must be considered in any modified
gravity theory.

8.8

Discussion

This chapter studies a model of quintessential inflation where the inflaton field
couples to the Gauss-Bonnet (GB) term. By design, the GB coupling is negligible
at early times so inflation proceeds under standard slow-roll. Hence, we consider
a scalar potential which features an inflationary plateau, as favoured by the latest CMB observations. Indeed, the scalar spectral index found, ns = 0.968, is
close to the sweet spot of Planck observations, and we find a tensor amplitude
considerably below the current upper bounds.
Following on from the last chapter, this model of quintessential inflation is
again non-oscillatory and so we employ the instant preheating mechanism. This
successfully reproduces the HBB evolution of the Universe and afterwards, the
inflaton field freezes at some value with small residual energy density to play
the role of dark energy today. As we have seen previously, because of the huge
difference between the energy density scale of inflation and the current energy
density, the inflaton field typically rolls over super-Planckian distances in field
space, if left unattended.
The research in this chapter overcomes the problems presented by superPlanckian field excursions by making sure the scalar field remains frozen today
even though the quintessential tail is steep. To this end, we couple the field with
the Gauss-Bonnet term, to impede the variation of the field even if the potential
is steep. Thus, in our model the GB coupling becomes important at late times
and makes sure the field freezes with sub-Planckian displacement, such that it
becomes the dark energy today.
Quintessence is motivated only if the required tuning of the model parameters
is less than the extreme fine-tuning of the cosmological constant in ΛCDM. In
our model, we have four model parameters, which account for the requirements
of both inflation and quintessence. For the GB coupling, shown in Eq. (8.10),
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we assume a simple exponential dependence on the inflaton, which ensures the
GB coupling becomes important only at late times. The scale of the coupling
is G0 ≥ m−2
Pl , which agrees with our effort to stay sub-Planckian. For our scalar

potential, shown in Eq. (8.9), the density scale is set by the COBE constraint
1/4

to be V0

∼ 1014 GeV, close to the GUT scale. In the exponent of the GB

coupling and the argument of the tanh in the scalar potential, the inflaton field
is suppressed by a large mass scale mPl /q and mPl /p respectively. We consider
q ∼ p and find that 50 . p . 500 (cf. Table 8.1), which means that, in both the
GB coupling and the scalar potential, the inflaton field is suppressed by the scale

of grand unification ∼ 1016 GeV. Thus, we see that our model parameters avoid
the extreme fine-tuning of the cosmological constant in ΛCDM.
We stress that the model presented in this chapter is a prototype to demonstrate the feasibility of a GB coupling impeding the motion of the inflaton in such
a way as to facilitate quintessence. Unfortunately, whilst the research presented
here was being considered for publication, the LIGO experiment confirmed that
gravitational waves travel at the speed of light. The Gauss-Bonnet coupling predicts the opposite. Disappointingly, this rules out the mechanism presented here
as a viable form of quintessential inflation. However, we hope that our approach
might possibly ignite new ideas for quintessential inflation models of a similar ilk,
utilising modified gravity theories that do not suffer from the same problem.
Finally, we highlight two important points prompted by the exciting observations of LIGO. Frontiers in observational astrophysics and cosmology are still being crossed and explored, making this field a thrilling arm of high energy physics.
An important aspect of science is that ideas are testable and fallible, and this
model of Gauss-Bonnet Quintessential Inflation made a testable prediction. Unfortunately it was found wanting, but the testability of cosmological models is an
often overlooked strength.

234

Chapter 9
Conclusion
Primordial inflation elegantly solves the horizon and flatness problems of the Hot
Big Bang and explains the origin of the structure in the Universe. The inflationary paradigm predicted a scale-invariant spectrum for the scalar curvature
perturbations before it was subsequently detected, which cemented its place as a
foundation of the modern concordance model of cosmology. Whilst the inflationary scenario deftly solves existing problems, predictions in many different model
realisations can be aligned with current observational constraints and there is
no model which rises above the others to be a clear forerunner as the model of
inflation. Chapters 3 to 5 present three models of inflation which are all in excellent agreement with the Planck observations and successfully offer a possible
mechanism for cosmic inflation.
The family of inflationary models in Chapter 3 approach the inflationary
plateau in a power-law manner, in contrast to most models in the literature which
have an exponential approach. We investigate super-Planckian field variations
which leads us to embed the model in supergravity. We find the tensor-to-scalar
ratio is enhanced to potentially observable scales. This, along with the power-law
approach distinguishes the predictions, which could potentially be singled out by
future observations.
In Chapter 4 we utilise a period of thermal inflation, after primordial inflation and reheating, to allow the e-foldings of primordial inflation since observable
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scales left the horizon to be reduced. This brings the predictions of the model inside the constraints of the Planck satellite, reviving a model which was previously
ruled out. This is motivated by the fact that hybrid inflation in minimal supergravity is a theoretically robust model because it is able to naturally evade the η
problem which plagues inflationary models in supergravity. Whilst hybrid inflation utilises two scalar fields, the secondary ‘waterfall’ field is generally expected
to be the GUT Higgs field, therefore the model is still very minimal.
Chapter 5 builds on models of inflection-point inflation in the literature, managing to alleviate the fine-tuning of A-term inflation by approximately fourteen
orders of magnitude. We form a plateau in the potential via the interplay of a
Coleman-Weinberg term and higher order non-renormalisable terms, which generate an inflection point. We constrain the deviation from a flat inflection point
with the 2σ observations of the spectral index of scalar curvature perturbations
from the Planck satellite. The model in this chapter, whilst involving slightly
more fine-tuning than power-law plateau inflation or hybrid inflation in minimal
supergravity, is motivated by the absence of any exotic beyond-the-standardmodel physics.
After inflation ends, the Universe reheats into the Hot Big Bang, a process
during which the energy density of the inflaton field is transferred into the particles of the standard model. This can be a very intricate process and its nuances
are still not fully understood. However, the duration of reheating, described by
the reheating temperature, has a key implication that we do understand, it directly impacts the e-folds of inflation since observable scales left the horizon. This
parameter is important because it features in most model predictions for the inflationary observables; the spectral index of scalar curvature perturbations and
the tensor-to-scalar ratio, which allow us to compare and contrast models with
observations.
The research in Chapter 6 differs from the rest of the thesis in that it does
not specify a particular model of inflation. In fact, the results are completely
independent of any inflation model, as long as inflation is followed by a period
of perturbative reheating. Instead, the implications of a sub-dominant reheating
bath on the formation rate of primordial black holes is investigated. We assume
the reheating temperature is low and before radiation domination begins the
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inflaton oscillates about a quadratic minimum, which is a general prediction for
many reheating mechanisms, resulting in a period of effective matter domination.
This is conducive to the formation of primordial black holes which has been
noticed in the literature previously. However, previous analyses have taken a
sharp cut-off between an effective matter dominated regime during reheating and
the radiation dominated regime that follows it, resulting in a sharp suppression
at the end of reheating for primordial black hole formation. However, we show in
this research that the sub-dominant thermal bath slowly grows during reheating,
resulting in a continuous transition between the two regimes. The restorative
pressure effects of the radiation are felt earlier and therefore the primordial black
hole formation rate is suppressed earlier. We demonstrate that this truncates the
mass spectrum of produced primordial black holes.
The ΛCDM model explains observations throughout the radiation and matter dominated epochs of the Universe very well. For the mechanism generating
the present day accelerated expansion of the Universe, ΛCDM invokes Einstein’s
cosmological constant, an un-diluting source of negative pressure which permeates all space-time. If this is associated with the energy density of the vacuum
then ΛCDM runs into its first fine-tuning problem. The observed value of the
cosmological constant is many orders of magnitude smaller than particle physics
estimates of the vacuum energy density. To resolve this it is commonly assumed
that the vacuum energy density is zero due to some unknown symmetry, leaving
the cosmological constant (or dark energy in any form) free to take any value.
The fact that this value only varies from zero at the 84th decimal place is finetuning to a staggering degree. This is the main motivation behind quintessence
models of dark energy, which strive to explain the dark energy observations with
a dynamical scalar field instead.
However, a quintessence field effectively shifts the fine-tuning problem from
one of magnitude to one of initial conditions. The research in Chapters 7 and 8
therefore opts instead for models of quintessential inflation. Quintessential inflation models use a single theoretical framework to describe the primordial and
late-time accelerated expansion; a single dynamical scalar field. Quintessential
inflation models do not suffer from the same fine-tuning of initial conditions because they follow the inflationary attractor which naturally provides the initial
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conditions. Both quintessential inflation models presented here take pains to
avoid super-Planckian field excursions, which could threaten the flatness of the
potential and give rise to long-range forces which we do not observe.
Chapter 7 extends the α-attractors framework used for inflation models to
include quintessence as well. The model very successfully replicates the Planck
observables, as all α-attractor models do. A simple exponential potential, which
ensures the attractive minimality of quintessential inflation is not lost in the
conception of the model, provides a late-time plateau which supports late-time
accelerated expansion. After inflation, when the field is dominated by its kinetic
energy density, we solve the equations of motion analytically to determine the
point at which it freezes in field space, which is heavily influenced by the details
of reheating. We conduct a detailed investigation into reheating, investigating
two mechanisms; gravitational reheating and instant preheating.
Gravitational reheating is the most minimal approach to reheating because it
requires no additional couplings for the field, but due to its inefficiency it produces a large spike in the amount of gravitational waves produced, which is a
by-product of a prolonged period of kination. This may be at odds with observational constraints so we investigate instant preheating as well. Gravitational
reheating is calculated analytically but instant preheating requires computational
techniques to follow the evolution of the field and determine the point at which
instant preheating occurs. The parameter space is constrained by the dark energy observations, most notably the equation of state parameter of the Universe
and of the scalar field. The parameter space is suitably enlarged if supergravity
constraints can be neglected, which we are careful to compute for both reheating
mechanisms; namely the gravitino production, which depends on the reheating
temperature. We also compute the backreaction constraints which arise, but
these are very model dependent, depending on the subsequent decay channels
and rates of the inflaton decay products.
Chapter 8 takes a very different approach to realise a model of quintessential inflation. The main stumbling block for any model of quintessential inflation
is that super-Planckian field excursions are generally unavoidable if the potential is to be flat enough at late-times for accelerated expansion to proceed. In
this research we utilise the Gauss-Bonnet model of modified gravity to invoke a
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coupling at late times between the scalar field and the Gauss-Bonnet combination of quadratic curvature scalars. This acts to impede the inflaton’s motion at
late times via a lifted effective potential, which stops the field having a superPlanckian variation in field space.
The research in Chapter 7 provides a compelling alternative to ΛCDM and
hopefully developments in observational probes will soon be able to distinguish
once and for all between dynamical dark energy models and the cosmological
constant. Unfortunately, the research in Chapter 8 was recently ruled out after
the spectacular LIGO observation which proved that gravitational waves travel at
the same speed as light waves. This is not predicted by models with a significant
Gauss-Bonnet influence at late-times; which is a necessary requirement of the research presented in Chapter 8, so unfortunately cannot be ameliorated. However,
we hope the ideas presented in Chapter 8 highlight the possibility of successfully
incorporating some form of modified gravity in a quintessential inflation model
to limit the evolution in field space to sub-Planckian values.
The discussion of inflation in this thesis focuses on cold inflation, whereby the
inflaton field does not significantly interact with any other particle species and
any other matter that may have been present before inflation is inflated away. In
contrast, warm inflation supposes that the inflaton field decays substantially to
another field during inflation, the decay products are not diluted away because
they are constantly being replaced and hence a sub-dominant radiation bath is
present during inflation. The inflaton decay introduces an extra friction term
to the Klein-Gordon equation, which impedes the motion of the inflaton in field
space. The extra friction term means that warm inflation allows a greater range
of steep scalar field potentials to facilitate slow-roll inflation.
On-going further work by the author [241] investigates the possibility of utilising warm inflation to develop a quintessential inflation model. Starting with
a potential which naturally features a suitable plateau for late-time accelerated
expansion, incorporating warm inflation couplings allows for primordial inflation
on the section of the potential which would traditionally be too steep to facilitate
it.
As stressed in this thesis, a framework which can describe both early and late
time periods of accelerated expansion without needing to invoke too many extra
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degrees of freedom or elaborate field-theory constructions is appealing. Warm
inflation has been widely investigated in the literature and it is natural to consider
a radiation bath might be present during inflation [84, 242–245]. In light of the
recent swampland conjectures, warm inflation is particularly pertinent because
of its ability to support slow-roll without violating the conjectures [246].
Additional on-going work by the author [247] investigates the trapping mechanism which occurs when the inflaton crosses an enhanced symmetry point (ESP)
[248]. The couplings between the inflaton and the decay particles generate a
pseudo-linear effective potential which the inflaton becomes trapped in. This
mechanism of trapping the inflaton stops its kinetically dominated motion to
large field values, which is otherwise present after inflation ends. At some symmetry breaking scale, the decay field (previously held at the origin) moves to
its vacuum expectation value and provides a large contribution to the inflaton’s
mass, meaning it is still held at the ESP until late times. At late-times the inflaton’s energy density dominates the Universe again, providing the mechanism
for the dark energy. If the decay field is the Pecci-Quinn field then the QCD
phase transition will give rise to the QCD axion which is a CDM candidate. This
would mean the model describes inflation, dark matter and dark energy all in
one, making it a very appealing model.
The breadth of research presented in this thesis also leaves avenues of the
research open for further study. The research into the formation rate of primordial
black holes in Chapter 6, combined with the analysis of QI models, raises another
formation rate question: how does a period of kination affect primordial black
hole production? During kination the pressure is more substantial than radiation
domination, so a suppression in the formation rate compared to both the radiation
dominated era and an effective matter dominated era during reheating would be
expected. However, the formulation of a description of the Jeans length and the
entailing calculation is expected to be very complex, as the scalar field during
kination does not have an obvious particle interpretation. With the swampland
conjectures favouring a late-time quintessence explanation for dark energy and
QI models being the most economical way to describe inflation with the same
mechanism, it is imperative to understand all of the implications of these models.
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