A new theoretical calculation of the equilibrium constant and temperature
for the carbon isotope exchange reaction between CH4 and CO2

Abstract
The equilibrium isotope fractionations among C-O-H gases in a variety of geological settings
are commonly used as isotope geothermometers to evaluate the temperatures of geothermal
fluids at depth, subsurface fluid-rock interactions, volcanic-hydrothermal systems and natural
gas pools. However， due to limited experimental data and sophisticated theoretical
calculations, applications of these geothermometers have been restricted. This study uses the
carbon isotope exchange reaction between CH4 and CO2 as a case study to develop theoretical
methods that can improve accuracies in calculating harmonic vibrational frequencies for CH4
and CO2, the equilibrium constants and temperatures for the carbon isotope exchange reaction
between CH4 and CO2. Results suggest that the Bigeleisen-Mayer equation is sufficient to
calculate the equilibrium constants and temperatures associated with the isotope exchange
reaction between CH4 and CO2 with an accurate estimation of molecular harmonic vibrational
frequencies. Calculations of the harmonic frequencies of CH4 and CO2 are achieved using the
B3LYP density functional method with the 6-311+G(d) basis set, and the calculated harmonic
frequencies are highly consistent with experimental values. The frequency correction factor is
taken as 1.022 which puts the calculated fractionation factors in good agreement with
experimental values. The calculated equilibrium constants are comparable to experimental
data and a theoretical data set. They are highly consistent. In order to improve the accuracy
and efficiency for solving equilibrium temperatures using the Bigeleisen-Mayer equation,
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symbol operation and iterative algorithm in the MatLab software have been applied to
compute the temperatures instead of using limited theoretical data sets or empirical fit
equations. Our calculated results suggest that this algorithm can rapidly and conveniently
yield relatively precise equilibrium temperatures. This algorithm can thus provide an
important tool to evaluate whether the carbon isotope exchange reaction for CH4 and CO2 has
attained equilibrium and estimate the formation temperature of CH4 and CO2 in high
temperature geothermal systems.
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1. Introduction

Stable isotope fractionation refers to mass dependent and/or mass independent effects,
while the former is mainly controlled by kinetic isotope processes or equilibrium isotope
effects, the latter may be associated with a photochemical process (Bigeleisen and Mayer,
1947; Clayton et al., 1973; Thiemens, 1999, 2006; Urey, 1947). The equilibrium isotope
fractionations among C-O-H gases in a variety of geological settings are commonly used as
isotope geothermometers to evaluate the temperatures of geothermal fluids at depth,
subsurface fluid-rock interactions, volcanic-hydrothermal systems and natural gas pools
(Chacko et al., 2001; Fiebig et al., 2004, 2013; Gherardi et al., 2005; Giggenbach, 1982, 1997;
Schauble, 2004; Stolper et al., 2014, 2015; Wolfsberg et al., 2009). For example, the isotope
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geothermometers between the pairs CO2-CH4, H2O-H2, CO2-H2O and H2-CH4 have been used
to evaluate the temperatures at depth in active geothermal systems (Arnason, 1977; Gunter
and Musgrave, 1971; Hulston, 1977; Panichi et al., 1977; Shangguan et al., 2006). However,
there still exists much debate on the relative importance of equilibrium thermodynamic and
kinetic processes in controlling the isotope compositions of geothermal gases even in high
temperature geothermal systems (Fiebig et al., 2013; Gherardi et al., 2005; Giggenbach, 1997;
Horita, 2001). This study uses the CH4-CO2 isotope geothermometer as a case study to further
develop a theoretical calculation of the equilibrium constant and temperature for the carbon
isotope exchange reaction between CH4 and CO2 in geothermal systems. Major reasons
include (1) CH4 and CO2 are most probably in isotope equilibrium when they are formed
together in high temperature geothermal systems (Fiebig et al., 2004, 2013; Panichi et al.,
1977; Shangguan et al., 2006); (2) The CH4-CO2 isotope geothermometer can be used to
estimate whether the isotope equilibrium between CH4 and CO2 has been reached, and if the
equilibrium fractionation is obtained, the temperatures derived from this geothermometer
could reflect the formation temperature of geothermal gases, at least the formation
temperature of CO2 and CH4 (Panichi et al., 1977); (3) Most isotope geothermometers are
based on a theoretical method proposed by Urey (1947) and Bigeleisen and Mayer (1947),
however, the theoretical method is not sufficient to deal with H/D isotope exchange reactions
(Liu et al., 2010; Urey, 1947). In general, the CH4-CO2 isotope geothermometer is a reliable
tool for evaluating the temperatures of geothermal fluids at depth and plays an important role
in geothermal exploration and risk assessment (Fiebig et al., 2013; Shangguan et al., 2006).
Based on harmonic oscillator and rigid rotator models, Urey (1947) and Bigeleisen and
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Mayer (1947) proposed independently a theoretical method (e.g. Bigeleisen-Mayer equation)
to estimate the equilibrium constants or temperatures for isotope exchange reactions. Since
then, researchers have made corrections to the Bigeleisen-Mayer equation to improve
accuracy of the theoretical evaluation of the equilibrium constants (Barone, 2005; Bigeleisen,
1996; Ellingson et al., 2007; Liu et al., 2010; Liu and Liu, 2016; Richet et al., 1977;
Wolfsberg et al., 1970). However, these corrections were mainly effective with respect to
isotope exchange reactions in aqueous solutions or H/D isotope exchange (Wolfsberg et al.,
1970). According to the Bigeleisen-Mayer equation, one of the most interesting
characteristics of equilibrium isotope fractionation is that it only depends on temperature. The
most important application of this characteristic is to determine the temperatures at which
geological formations were laid down (Urey, 1947). However, it has been difficult to directly
calculate the temperatures according the Bigeleisen-Mayer equation or other corrected
equations due to their complexities. Thus researchers usually calculate the corresponding
fractionation factors at different temperature values in the first place, then work out a
relationship table or further apply this data to derive fit equations (such as, 103lnα=a+b/T;
103lnα=a+b/T+c/T2 and 103lnα=a+b/T+c/T2+d/T3, etc., where a, b, c and d are constants, α
and T are the equilibrium constant and temperature, respectively) to estimate the equilibrium
temperatures (Bigeleisen and Mayer, 1947; Chacko et al., 2001; Horita, 2001; Richet et al.,
1977; Stern et al., 1968). However, the calculated relationship data is extremely limited, and
these fit equations cannot be extrapolated. They also significantly underestimate or
overestimate fractionation factors or temperature values on many occasions (Horita, 2001;
Richet et al., 1977).
4

This study uses the carbon isotope exchange reaction between CH4 and CO2 as a case
study. It focuses on developing methods that can improve accuracies and efficiencies in
calculating harmonic vibrational frequencies for CH4 and CO2, the equilibrium constants and
equilibrium temperatures for the isotope exchange reaction between CH4 and CO2. In addition,
implications of the calculated temperature values are discussed.

2. Theoretical method and results

2.1 Theoretical method for equilibrium isotope fractionation between CH4 and CO2

A typical carbon isotope exchange reaction for CH4 and CO2 can be written as
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The equilibrium constant or fractionation factor  CO2  CH 4 for this reaction is given as,
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where q's are the reduced partition functions of these molecules.
For carbon dioxide (linear) molecule,
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and for methane (non-linear) molecule,
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where 3N-5(6) stands for the amount of normal vibration of the N-atomic molecule,
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ui 

hci * hci*
, ui 
, h is the Planck constant, c is the speed of light, i and i* are
kT
kT

the harmonic frequency of normal mode i for light and heavy isotopic molecule respectively,

k is the Boltzmann constant, and T is the temperature (Bigeleisen and Mayer, 1947; Urey,
1947; Wolfsberg et al., 2009).

2.2 Calculated results

2.2.1 Harmonic frequencies

Based on equations (1)-(3), fractionation factors can be calculated for given temperature
values if the molecular harmonic frequencies are known. In this study, the harmonic
frequency calculations for CH4 and CO2 were performed using Gaussian 09 and GaussView 5
software (Frisch et al., 2009). Gaussian 09 is based on fundamental laws of quantum
mechanics and can be used to predict molecular structures, vibrational frequencies and
energies. GaussView 5 is a graphical interface used in conjunction with Gaussian 09. It helps
the creation of Gaussian input files and the interpretation of Gaussian output. Several variants
of density functional theory (DFT) (such as B-LYP, B3-LYP, B3-P86, and B3-PW91) with the
3-21G, 6-31+G(d), 6-311G(d, p), and 6-311G(df, p) basis sets are widely used to calculate
harmonic vibrational frequencies in the Gaussian software (Frisch et al., 2009; Scott and
Radom, 1996). Of various hybrid DFT methods, the B3LYP functional has been widely used
(Andersson and Uvdal, 2005; Scott and Radom, 1996). Therefore, this study used the B3LYP
method combined with the 6-311+G(d) basis set for the calculations of geometry
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optimizations and harmonic vibrational frequencies.
The theoretical harmonic frequencies calculated for CH4 and CO2 molecules, such as
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CH4, 13CH4, 12CO2 and 13CO2, are given in Table 1. These values are compared with the

experimental data from previous studies (Gray and Robiette, 1979; Lee et al., 1995; Pariseau
et al., 1965) to check the accuracy of the calculation. In Table 1, the Δω (ω2-ω3) values for
CH4 are between -4.75 cm-1 and 21.79 cm-1, the Δω (ω1-ω3) values for CO2 are between -23.94
cm-1 and 4.54 cm-1. Fig .1 shows that the calculated and experimental values plot along a line
with the slope of ~1.00 and intercept of ~0.00. This reflects that the calculated harmonic
vibrational frequencies are in close agreement with experimental values for these molecules
(12CH4, 13CH4, 12CO2 and 13CO2), although minor differences still exist (Table 1, Fig. 1).

Table 1
Calculated theoretical harmonic frequencies, experimental values and multiplicity of degenerate
frequencies.
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Fig. 1. Theoretical harmonic vibrational frequencies versus experimental frequencies of methane and
carbon dioxide. The experimental frequencies of methane are harmonic, while the frequencies of
carbon dioxide are from a direct experimental observation (the frequency data are all from Table 1).

2.2.2 Equilibrium constants

In this study the calculated harmonic vibrational frequencies for CH4 and CO2 have been
corrected and the correction factor is taken to be 1.022 which makes the calculated
equilibrium constants close to the experimental values provided by Horita (2001). Table 2
lists the calculated equilibrium constants, experiment values and errors. The results show that
the error range of β1-β2 is between -0.3223 and 0.4948. Fig. 2 compares the calculated
equilibrium constants with the experimental values by Horita (2001). Table 3 and Fig. 3
compare the equilibrium constants calculated in this study with the data sets calculated by
Richet et al. (1977). Table 3 shows the error range of γ1-γ2 is from -0.0022 to -0.0002. We
find that the equilibrium constants calculated in this study using the correction factor are in
good agreement with experimental and calculated results from previous studies.

Table 2
Calculated fractionation factors (expressed in 103lnαCO2-CH4) between 200.6°C and 550.0°C in this study
and experimental values from Horita (2001).

Table 3
Isotope fractionation factors (expressed as lnαCO2-CH4) calculated in this study (γ2) between 0°C and
1300°C and calculated by Richet et al. (1977) (γ1).
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Fig. 2. Plot of the calculated equilibrium constants in this study (expressed as 10 3lnαCO2-CH4) between
200°C and 600°C versus experimental values by Horita (2001).

Fig. 3. Plot of calculated equilibrium constants in this study (expressed as 10 3lnαCO2-CH4) from 0°C to
1300°C versus calculated values by Richet et al. (1977).

2.2.3 Equilibrium temperatures
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Equilibrium temperatures are calculated directly according to equation (1) instead of using
limited data sets or empirical fit equations. The symbol operation and iterative algorithm in
the MatLab software are applied for calculations (Supplementary Information). The algorithm
(source program) is easy to operate. The only input data is the fractionation factor αCO2-CH4,
and then the corresponding equilibrium temperature can be calculated within one minute.
Table 4 shows an exact set of temperature values, the corresponding fractionation factors, and
the calculated temperature values. The results show that absolute errors associated with
temperature values are less than 2°C.

Table 4
Comparison of calculated temperatures and exact values for different fractionation factors .

3. Discussion

In the Bigeleisen-Mayer equation, molecular vibrational frequencies should be pure
harmonic frequencies, and they can be obtained either theoretically or via experiments. In
general, it is not easy to obtain pure harmonic frequencies from experimental spectroscopic
data, particularly for polyatomic molecules and isotopically substituted molecules (Liu et al.,
2010). However, the DFT methods can be used easily to calculate pure harmonic frequencies
(Andersson and Uvdal, 2005; Scott and Radom, 1996). In this study, we use the B3LYP
functional method with the 6-311+G(d) basis set to calculate vibrational frequencies for CH4
and CO2. The calculated frequencies are comparable to the experimental observed and
harmonic ones (Table 1, Fig. 1). Our calculated results are highly consistent with
10

experimental values, especially for 12CH4 and 13CH4. This agreement suggests that the B3LYP
method with the 6-311+G(d) basis set is very reliable and can be used to precisely estimate
the harmonic frequencies for some molecules and their isotopocules.
Our calculated equilibrium constants (Table 2, Table 3, Fig. 2 and Fig. 3) are in good
agreement with experimental and calculated values from previous studies (Horita, 2001;
Richet et al., 1977), suggesting that applying the Bigeleisen-Mayer equation can achieve
relatively precise equilibrium constants if molecular harmonic frequencies are estimated with
high accuracy. Table 2 and Fig. 2 compare the calculated equilibrium constants with the
experimental results (Horita, 2001), the results indicate that our calculated equilibrium
constants are very accurate. Table 3 and Fig. 3 compare the equilibrium constants calculated
in this study with the presumably more accurate data sets (Richet et al., 1977) which were
attained from a complicated corrected Bigeleisen-Mayer equation, the results suggest that two
different methods can yield highly consistent fractionation factors and the higher the
temperature, the better consistency it can achieve. Therefore, under the condition that
fractionation factor αCO2-CH4 is given, the relatively simple equation (1) can be used to compute
the equilibrium temperature precisely.
To improve the accuracy and efficiency of solving equations to obtain equilibrium
temperatures using equation (1), the symbol operation and iterative algorithm in the MatLab
software are applied to compute the temperature values instead of using limited data sets or
empirical fit equations. This algorithm can be used to calculate the corresponding equilibrium
temperature if the input fractionation factor is between 1.08309 and 1.00086 (Table 4). In
other words, the equilibrium temperatures should be in the range between 0°C and 3000°C for
11

the CH4-CO2 isotope geothermometer. The set absolute errors associated with temperature
calculations are less than 2°C. Although small differences still exist (< 2°C) between the
calculated values and the exact solutions, our results suggest that they are generally in good
agreement (Table 4). If it is necessary, the differences can be reduced by resetting the error
range. In principle, by resetting the range of the temperature values, this algorithm can be
applied to calculate any corresponding equilibrium temperature under any condition that the
fractionation factor is given.
Based on the discussion above, we find that the harmonic frequencies and equilibrium
constants calculated in this study are reliable and accurate by comparison with experimental
and theoretical data from previous studies. This suggests that the relatively simple equation (1)
compared with the theoretical method provided by Richet et al. (1977) is more suitable for
dealing with equilibrium carbon isotope fractionation between CH4 and CO2. Furthermore,
it has been difficult to calculate the equilibrium temperatures by directly applying the
Bigeleisen-Mayer equation or the theoretical method provided by Richet et al. (1977), our
algorithm can solve this problem very well, and can conveniently and rapidly calculate
relatively precise equilibrium temperatures using the Bigeleisen-Mayer equation.

4. Implications

Investigations on the isotope composition of carbon dioxide and methane from geothermal
fluids, hot springs, coal seams and shale rocks have been carried out for many years. However,
there has been an ongoing debate on the relative importance of kinetics and equilibrium in
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controlling their isotope distribution (Fiebig et al., 2004, 2013; Gherardi et al., 2005;
Giggenbach, 1997; Panichi et al., 1977; Stolper et al., 2014, 2015; Tao et al., 2007, 2015).
Our algorithm (source program) is an important tool in evaluating whether the carbon isotope
exchange reaction for CH4 and CO2 has attained equilibrium. Because our algorithm can
conveniently and rapidly calculate relatively precise corresponding equilibrium temperature
under the condition that fractionation factor αCO2-CH4 is known. The “equilibrium” temperature
associated with other geothermal parameters can then be used to estimate whether the isotope
equilibrium between CH4 and CO2 has been reached.
The formation temperatures of CH4 and CO2 are very important in geothermal
exploration and risk assessment. However, they are often poorly constrained in nature (Fiebig
et al., 2013; Panichi et al., 1977; Stolper et al., 2014). Some researchers have assumed that
CH4 and CO2 were most probably in isotope equilibrium when they were formed together in
active high temperature geothermal systems (Fiebig et al., 2013; Gherardi et al., 2005; Panichi
et al., 1977; Shangguan et al., 2006). For example, Panichi et al. (1977) applied the CH4-CO2
isotope geothermometer to study the formation temperature of geothermal gases in the
Larderello geothermal field. They suggested that temperatures derived from the isotope
geothermometer reflected the formation temperature of CO2 and CH4 and that the
temperatures actually existed in the geothermal fields. If this hypothesis on isotope
equilibrium fractionation was correct, and CO2 and/or CH4 from other sources were not added,
the formation temperatures of CO2 and CH4 could be calculated accurately by applying our
algorithm. Furthermore, the depth where they were formed together could be estimated.
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Conclusions

The harmonic frequency calculations for CH4 and CO2 were performed using Gaussian 09
and GaussView 5, and the theoretical method was chosen as the B3LYP density functional
method with the 6-311+G(d) basis set. The calculated frequencies are in close agreement with
experimental values for the molecules 12CH4, 13CH4, 12CO2 and 13CO2. The frequency
correction factor is taken to be 1.022 which makes the calculated fractionation factors closely
approach experimental values provided by Horita (2001). Equilibrium constants are
calculated for the isotope exchange reaction between CH4 and CO2 using equation (1). And
the calculated equilibrium constants are in good agreement with the experimental values
(Horita, 2001) and the theoretically calculated data sets (Richet et al., 1977). The results
suggest that the equation (1) is more suitable for dealing with equilibrium carbon isotope
fractionation between CH4 and CO2. In order to improve the accuracy and efficiency of
solving for equilibrium temperatures using equation (1), a new algorithm (e.g. symbol
operation and iterative algorithm in the MatLab software) is used to compute the temperatures
according to equation (1) instead of using limited experimental and calculated data sets or
empirical fit equations. In this algorithm, the set temperature ranges between 0°C and 3000°C,
and the set absolute error is less than 2°C. The new algorithm (source program) has wide
applications in geothermal exploration and associated risk assessment.
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Tables
Table 1
Calculated theoretical harmonic frequencies, experimental values and multiplicity of degenerate
frequencies.
Experimentala

12CH
4

13CH
4

12CO
2

13CO
2

a Experimental

Theoretical

Differenceb

Degeneracy

Observed ω1

Harmonic ω2

Harmonic ω3

Δω

2916.5

3025.5

3030.25

-4.75

1

1533.3

1582.7

1582.64

0.06

2

3019.2

3156.8

3135.06

21.74

3

1310.8

1367.4

1355.13

12.27

3

2915.4

3025.5

3030.25

-4.75

1

--

1582.7

1582.64

0.06

2

3009.5

3145.6

3123.81

21.79

3

1302.8

1358.9

1346.75

12.15

3

1354.91

--

1373.18

-18.27

1

673.00

--

668.46

4.54

2

2396.49

--

2420.43

-23.94

1

1354.91

--

1373.18

-18.27

1

653.83

--

649.44

4.39

2

2328.22

--

2351.54

-23.32

1

vibrational frequencies for methane are from Lee et al. (1995) and Gray and Robiette (1979); for

carbon dioxide are from Pariseau et al. (1965).
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b The

difference values Δω for methane and carbon dioxide were obtained from ω2-ω3 and ω1-ω3, respectively.

The symbol ‘--’ denotes that the data is not collected.

Table 2
Calculated fractionation factors (expressed in 103lnαCO2-CH4) between 200.6°C and 550.0°C in this study
and experimental values from Horita (2001).
103lnαCO2-CH4

Temperature

Error

(°C)

Experimental values β1

Calculated values β2

β1-β2

200.6000

34.2400

34.5623

-0.3223

251.1000

29.3300

29.3412

-0.0112

301.5000

25.1900

25.2008

-0.0108

348.8000

21.9800

22.0370

-0.0570

401.0000

19.2600

19.1629

0.0971

449.0000

16.9300

16.9664

-0.0364

496.3000

15.2900

15.1341

0.1559

550.0000

13.8700

13.3752

0.4948

Table 3
Isotope fractionation factors (expressed as lnαCO2-CH4) calculated in this study (γ2) between 0°C and
1300°C and calculated by Richet et al. (1977) (γ1).
lnαCO2-CH4

Temperature

Error

(°C)

γ1

γ2

γ1-γ2

0

0.0776

0.0798

-0.0022

10

0.0736

0.0757

-0.0021

20

0.0700

0.0720

-0.0020

30

0.0666

0.0685

-0.0019

40

0.0634

0.0653

-0.0019

50

0.0606

0.0623

-0.0017

75

0.0541

0.0557

-0.0016

100

0.0488

0.0501

-0.0013

150

0.0400

0.0413

-0.0013

200

0.0335

0.0346

-0.0011

250

0.0284

0.0294

-0.0010

300

0.0245

0.0253

-0.0008

350

0.0211

0.0219

-0.0008

400

0.0185

0.0192

-0.0007

450

0.0163

0.0169

-0.0006

500

0.0144

0.0150

-0.0006

600

0.0115

0.0120

-0.0005

700

0.0093

0.0098

-0.0005

800

0.0076

0.0081

-0.0005

1100

0.0046

0.0050

-0.0004
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1300

0.0036

0.0038

-0.0002

Table 4
Comparison of calculated temperatures and exact values for different fractionation factors.

αCO2-CH4

c The

Temperature (°C)
Exact valuesc

Calculated values

1.0831

0

0

1.0573

75.0

75

1.0421

150.6

150

1.0256

300.9

300

1.0151

500.5

500

1.0098

700.7

701

1.0068

900.4

901

1.00298

1500.6

1501

1.001803

2000.8

2001

1.000865

2999.3

2999

exact value is a given value that is used to calculate the corresponding fractionation factor according to

equation (1).
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