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Abstract

The parabolic algebra A, and the hyperbolic algebra A}, are nonselfadjoint
w*-closed operator algebras which were first considered by A. Katavolos and
S. C. Power. In [KP97] and [KP02] they showed that their invariant subspace
lattices are homeomorphic to compact connected Euclidean manifolds, and
that the parabolic algebra is reflexive in the sense of Halmos.

We give a new proof of the reflexivity of the parabolic algebra through
analysis of Hilbert-Schmidt operators. We also show that there are operators
in Ap with nontrivial kernel.

We then consider some natural “companion algebras” of the parabolic
algebra which leads to a compact subspace lattice known as the Fourier-
Plancherel sphere. We show that the unitary automorphism group of this
lattice is isomorphic to a semidirect product of R? and SLz(R).

A proof that the hyperbolic algebra is reflexive follows by an essentially
identical analysis of Hilbert-Schmidt operators to that which was used to
establish the reflexivity of Ap,. We also present a transparent proof of a
known result concerning a strong operator topology limit of projections.

Both of the Katavolos-Power algebras are generated as w*-closed oper-
ator algebras by the image of a semigroup of a Lie group under a unitary-
valued representation. Following [KP02], we call such operator algebras

Lie semigroup operator algebras. We seek new examples of such algebras by



ii

considering the images of the semigroup SLy(Ry) of the Lie group SL;(R)
under unitary-valued representations of SLy(R). We show that a particular
Lie semigroup operator algebra .4, arising in this way is reflexive and that
it is the operator algebra leaving a double triangle subspace lattice invari-
ant. Surprisingly, A, is generated as a w*-closed algebra by the image of a

proper subsemigroup of SLy(R, ).
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Chapter 1

Introduction

This thesis is concerned with the properties of certain nonselfadjoint non-
commutative weakly closed operator algebras. The original examples of such
algebras were described in the two papers [KP97] and [KP02] of Katavolos
and Power. Since much of this thesis is intimately connected with these
papers, we briefly review their contents here.

In [KP97], the parabolic algebra is analysed. This is the w*-closed algebra
of bounded operators on the Hilbert space L?(R) generated by the Hardy
space H°(R) acting as multiplication operators and the right shifts.

One version of Beurling’s theorem formulated by Lax in [Lax59] asserts
that the closed subspaces K of L?(R) which are invariant under multipli-
cation by functions in H®(R) either take the form K = L%(E) for some
Lebesgue measurable subset E of R, or that there is a unimodular func-
tion u € L®(R) such that K = uH?(R). In [KP97), the authors use this
result, a cocycle argument and the properties of certain inner functions to
determine the invariant subspace lattice Lat A, of the parabolic algebra A,,.
They show that if we give Lat A, the topology induced by the strong oper-

ator topology on the set of orthogonal projections, then Lat A, is homeo-



Introduction 2

morphic to a closed disk. They also find the unitary automorphism group of
this subspace lattice, and show that it is isomorphic to a semidirect product
of the additive groups R? and R.

An operator algebra A is said to be reflezive if each operator leaving
invariant every invariant subspace of A lies inside .A. This terminology is due
to Halmos [Hal70]. One well-known class of reflexive operator algebras is the
class of nest algebras, the algebras consisting of all bounded linear operators
which leave a particular chain of subspaces invariant. By showing that
every Hilbert-Schmidt operator in Ay, is a certain type of pseudo-differential
operator, the parabolic algebra is identified in [KP97] with the intersection
of two nest algebras. It follows immediately that Aj, is reflexive.

In Chapter 3, we revisit the question of the reflexivity of the parabolic
algebra. We give a different characterisation of the Hilbert-Schmidt oper-
ators in Ap and so obtain a new proof of this result. Motivated by the
unresolved question of whether or not Ay is an integral domain, we also
construct non-zero operators in A, with non-trivial kernel.

As remarked in [KP02], the invariant subspace lattice of the parabolic
algebra sits inside a larger subspace lattice, the Fourier-Plancherel sphere.
In Chapter 4, we determine the reflexive binest algebras obtained when we
pick two nests from this lattice. In the non-degenerate cases, these are all
unitarily equivalent to A,. Using arguments from Lang’s book [Lan85}, we
identify a copy of the Lie group SLy(R) inside the unitary automorphism
group of the Fourier-Plancherel sphere. This automorphism group is then
seen to be isomorphic to a semidirect product of R? and SLy(R).

If we replace the right translation semigroup in the definition of A, by a
certain semigroup of unitary dilation operators, then we arrive at the hyper-

bolic algebra Ay, which is the subject of [KP02]. In this paper, Katavolos
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and Power determine the invariant subspace lattice Lat A}, of this nonselfad-
joint weakly closed operator algebra, which turns out to be homeomorphic
to a compact connected subset of R%.

In Chapter 5, we give a proof of the reflexivity of Aj,, published in [LP03].
This is strikingly similar to the reflexivity proof of Chapter 3. We close the
chapter by establishing a certain strong operator topology limit of projec-
tions onto subspaces in Lat Ap. This result is also proven in [KP02], as part
of the proof of the connectedness of Lat A;,. Our proof emphasises the ge-
ometric picture in the spirit of Halmos ([Hal69], [Hal71]) by expressing the
subspaces involved as the graphs of unbounded operators.

It is high time for us to explain the title of this thesis. Following com-
ments made in [KP02], we define a Lie semigroup operator algebra as follows.
Given a Lie group G we will call a subsemigroup G4 of G a Lie semigroup. If
we also select a unitary-valued representation p of G on some Hilbert space,
then the Lie semigroup operator algebra obtained from the triple (G, G+, p)
is defined to be the weakly closed operator algebra generated by p(G4).
Both of the Katavolos-Power algebras discussed above are examples. In
each case the representation p maps a Lie group into the set of bounded
linear operators on the Hilbert space L?(R). For the parabolic algebra, the
Lie group in question is the Heisenberg group of 3 x 3 matrices, and the
“az + b” Lie group gives rise to the hyperbolic algebra.

Given the broad scope of this definition, it seems natural to hope that
the parabolic and hyperbolic algebras are not the only interesting mem-
bers of this class. In Chapter 6 we begin the search for new examples,
focusing on the Lie group SLo(R) of 2 x 2 matrices with real entries and de-
terminant +1 and the Lie semigroup SLy(R+) consisting of those matrices

in SLy(R) with non-negative entries. We first examine some representations
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of SLy(R) on CV. Since there are no irreducible unitary-valued representa-
tions of SLy(R) on a finite-dimensional Hilbert space, we instead examine
the closed algebras generated by p(SLg (R4)) where p is an irreducible rep-
resentation. Such representations are well-known, and it is easily seen that
these algebras are the full matrix algebras My (C). In particular, they are
reflexive.

Having dealt with this somewhat trivial case, we turn to the principal
series representations of SLy(R) on L?(R), restricting our attention to the
non-irreducible representation p in the principal series. Let A, denote the
Lie semigroup operator algebra obtained from (SLy(R), SL2(R4),p). We
show that the invariant subspace lattice Lat.4, of A, has three com-
ponents, being the union of a topological sphere with the two isolated
points {(0), L?(R)}. The key step is the observation that p(SLy(Ry)) fixes
a double triangle subspace lattice; we show that the reflexive closure of this
five-element lattice coincides with Lat. 4. We also show that A, is equal
to an operator algebra which is unitarily equivalent to a superalgebra of Ay,
although it appears at first sight to be a proper subalgebra of A,. This is
done in a similar manner to the reflexivity proof of the previous chapter,

and we obtain the reflexivity of A, as a consequence.



Chapter 2

Preliminaries

This chapter contains a short account of the elementary theory which we

need. Proofs which are readily available elsewhere have been omitted.

2.1 Hardy spaces

The details of this theory may be found in [Hof62], [Gar81] and [Nik02].
Let
T={zeC||z|=1} and D={z€C||z| <1}

denote the unit circle and the open unit disk in C respectively. Further, let
HolS be the set of holomorphic functions on an open subset S of C. For

p > 0, the Hardy spaces of the disk are

2n
HP(D) = {feHol(D)‘ sup / |f(rei9)|p§ <oo}, 0<p< oo,
0

0<r<1
H®(D) = { f € Hol(D) | sup |f(2)] < oo}.
zeD
We write H* and H~ for the open upper and lower half-planes

H*={2€C|Imz>0}, H ={z€C|Imz<0}.
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The Hardy spaces of the upper half-plane are

HP(H') = {f € Hol(H') | 32%/]3 |f(z + ty)Pdz < oo}, 0<p< oo,

H®H") = { £ € Hol(H*)

sup |f(2)| < oo}.
zeH+
We define quasinorms on these spaces in the obvious manner:

21 . do
p = i0y|p P
171wy = sup. | e 5l o<p<oo, feHm),
N e sy = sup | |f(z+iy)|Pdz, 0<p<oo, fe€ HP(HY),
HP(H*) y>0JR

I fll oy = IfllLomy, f € H®(D),

I fllzreo sy = If Lo+, f € HP(HT).

For 1 < p < 00, these quasinorms on HP(D) and HP(H*) are norms.

We now define the Hardy spaces on the circle and the line by

27r.0 " de
H”(T)={f€L”(T)|/O S 5 =0,n =123}, 1<p< o,

wR={rer®| [[La-o:enm} 1<,

1 1
t—z t+1¢

H°°(R)={feL°°(]R)' /Rf(t)( ) dt =0, zeH-}.

These spaces inherit norms from LP(T) and LP(R).
Let f and g be measurable functions T — C. The convolution of f and g

is the function f*¢g:T — C,
i0 o i i(6 dy
(P49 = [ S92, 0so<om
0

whenever this integral exists. Similarly if f and g are measurable functions
R — C, then their convolution f *g : R — C is given by the following

expression whenever the integrand is integrable.

(f + 9)(z) = /R fWe(z—y)dy, zeR
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Theorem 2.1 (Fatou). (i). Let 1 < p < oo and let E be the operator
defined on HP(T) by

Ef(re®) = (P x f)(¢®), 0<r<1,0<0<2r

where P, is the Poisson kernel
e +r
10

P.(¢®) = Re S

0<r<1,0<6<2n.

Then E is an isometric isomorphism of HP(T) onto HP(D). Given a func-

tion f € HP(D), let Bf be the function
Bf(e%) = lim f(z). (2.1)
z—eif

The limit in this expression is the nontangential limit as z — €' with z € D,
and Bf is defined for those €® € T for which this limit ezists. Then Bf
is defined almost everywhere with respect to Lebesque measure in T and
B=E"'. If0<p<1 and f € HP(D) then the function Bf given by (2.1)
is defined almost everywhere.

(ii). Let 1 < p < 0o and let E be the operator defined on HP(R) by
Ef(x+iy) =(Pyxf)(x), z€R, y>0
where P, is the Poisson kernel
1 1
Pyz)=-Im——, z€R, y>0.
T T—1y

Then E is an isometric isomorphism of HP(R) onto HP(H*). Given a

function f € HP(H'), let Bf be the function
Bf(z) = lim f(2). (2.2)

The limit in this expression is the nontangential limit as z — r with z € H*,

and Bf is defined for those £ € R for which this limit ezists. Then Bf is
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defined almost everywhere with respect to Lebesgue measure and B = E™1.
If0<p<1 and f € HP(H') then the function Bf given by (2.2) is defined

almost everywhere.

In light of Theorem 2.1, when 1 < p < 0o we often make the following

identifications.
HP(D) «— HP(T),

f € H?(D) «— Bf € HP(T),
(2.3)
HP(H') «— HP(R),
f € HP(Ht) « Bf € HP(R).
The function Bf is called the boundary value function of f, and the func-
tion Ef is called the Poisson extension of f.

We pause to extract a useful generalisation of Cauchy’s formula and a

density result.
Proposition 2.2. For 1 <p < oo and z € H*, let
1 [ f@)
=— [ —=dt HP(R).
Ce) = g [ L0 sem®)
Then Cf is the Poisson extension of f to HY.

Proof. Let £ € R and y > 0. Then

1 1 1 1 1
Py(x)—;r_lmx—iy_%(x—iy_x-f-iy)'

So writing z = z + iy, the Poisson extension Ef of f € HP(R) is given by

Ef(z) = /R Py(z — )f(t)dt

= 2m R('z‘it+tiz)f(t)dt
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since f € HP(R) and by definition,

f—(t—z_-dt=0, z e H'. O
Rt—Z

For ve C, let b, : C\ {v} — C be the function
bu(s) = ——, z€C\{v)
w(z) = —— 2 v}.

When v € H™, the function b, lies in the Hardy space H2(R) and in accor-
dance with (2.3) we identify b, with its boundary value function Bb, = b,|R.

The last result can then be rewritten in the form
Cf(z) = (f,bz) = Ef(z), z€H", fe HP(R).
Lemma 2.3. The linear spans of the sets
{by |lveH™} and {byby |v,weH}
are both dense in H*(R).

Proof. If f € H?(R) and (f,b,) = 0 for each v € H™, then by Propo-
sition 2.2, the Poisson extension of f to H' is the constant function 0,
so f = 0. So the orthogonal complement in H?(R) of {b, | v € H™} is the
zero subspace and so this set does indeed have dense linear span in H%(R).

Observe that for any distinct complex numbers v and w,

bu(2)bw(2) = W, z€C\ {v,w}.

So if f € H2(R) and (f, byby,) = 0 for every v,w € H™, then when v and w

are distinct in H™,

_ (5~ (fibe) _ f(B) - (@)
v— v

w -w

0 = (f7 bvbw)

So the Poisson extension of f to H has zero derivative, and so is a constant.

However, the only constant function in H2?(H™) is the zero function, so
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f = 0. Hence the orthogonal complement in H2(R) of {byb,, | v,w € H™} is

the zero subspace and so this set has dense linear span in H%(R). O

Let w be the bijection of D\ {1} onto the closed upper half-plane H¥,

w(z):ii-*_z, zeD\{1}={z€C||2z|<1, z#1}

and for 1 < p < oo let Up : LP(T) — LP(R) be the map

1

m)l/pf(w_l(z))’ z€R, fe LP(T), 1< p< oo,

Upf(z) = (
Unf(2) = f(w'(2), z€R, feL(T).
Theorem 2.4. For 1 < p < oo, the map U, is an isometric isomorphism
of HP(T) onto HP(R).

Theorem 2.5 (Szeg6). Let 0 < p < oo and let f € LP(T) be a function
with log |f| € L*(T). Let the function [f] : D — C be given by

e+ 2 i6y, 0
S loglf(e) 5=, z€D.

) = exp [
Then [f] € HP(D) and the boundary value function B[f] satisfies
|Bf(e')| = |f(e)| for almost every 6 € [0,27).

Moreover, for every non-zero function f € HP(T), the function log|f| lies

in LY(T).

Corollary 2.6. Let1 < p < 0o and let f € HP(T). Then f takes the value 0
on a set of strictly positive Lebesgue measure if and only if f = 0. The same

is also true if f € HP(R).
Definition 2.7. A function f € H*(T) is inner if f is unimodular, i.e.

|f(e®)| =1 for almost every 8 € [0, 2r).
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For 0 < p < 00, a function f € HP(D) is outer if there is a constant A with
|A] = 1 such that

f=Alf]
where [f] is the function defined in Theorem 2.5. We call [f] the outer part
of f.

A function f € H*®(H") is inner if f is unimodular, i.e.
|[Bf(z)] =1 for almost every z € R.

For 1 < p < o0, a function f € HP(H") is outer if the function U, 1fis

outer in HP(D).

Using the identifications (2.3) also allows us to define inner and outer
functions in the spaces HP(T) and HP(R) for 1 < p < 0.
The importance of the classes of inner and outer functions lies in the fact

that HP functions have a canonical factorisation into inner and outer parts.

Theorem 2.8 (F. Riesz, V. Smirnov). Let 0 < p < oo. If f € HP(D)
is non-zero, then f has a unique factorisation of the form f = V|f]| where
V € H®(D) is inner and [f] € HP(D) is the outer part of f.

If1 <p< oo and f € HP(H™") is non-zero, then f has a factorisation
of the form f = A\VW where A is a unimodular constant, V. € H*(H") is
inner and W € HP(H') is outer. Moreover, this factorisation is unique up

to constant unimodular factors.

The following sufficient condition for a function to be outer is Corol-

lary 11.4.8 of [Gar81].

Lemma 2.9. Let f € HP(H*) for some p > 0. If either of the following

two conditions is satisfied, f is an outer function.

(i). Re f(z) >0 for z € H*.
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(ii). There is a continuously differentiable arc I' terminating at 0 which

contains more than one point, and f(H*) C C\T.
The next two results are in §A.4.2 of [Nik02].

Theorem 2.10 (V. Smirnov). If a function h : D — C is holomorphic
and Reh(z) > 0 for each z € D, then h € H"(D) for each r € (0,1), and h

is outer.

Proposition 2.11. Let fi and f2 be functions in HP(D) for some p > 0.
Then the product f)fa is outer if and only if fi and fo are both outer. In
particular, if f € HP(D) and 1/f € H¥(D) for some p,q > 0 then f is outer.

Beurling’s theorem characterises the closed subspaces of L?(T) which are

invariant for the shift operator
M, : f(z) = 2f(2), feL*T), z€T

Theorem 2.12 (Beurling’s theorem). Suppose that K is a closed sub-
space of the Hardy space H*(T) and that the set M,K is contained in K.

Then K = uH?(T) for some inner function u € H®(T).

Transferring this result to the line, we arrive at the following result,

formulated by Lax in [Lax59].

Theorem 2.13 (Beurling-Lax theorem). Suppose that K is a closed
subspace of the Hardy space H*(R) and that the set e**K is contained in K
for each A > 0. Then K = uH?*(R) for some inner function u € H®(R).

Given inner functions f and g, we say that g divides f if there is an
inner function h such that f = gh. The greatest common inner divisor of a
family {fi | ¢ € I} of inner functions, if it exists, is an inner function g such

that g divides f; for each ¢ € I and if another inner function ¢’ divides f;



Preliminaries 13

for each i € I then g’ divides g. If 1 < p < 0o and we are given a set
S = {h; | i € I} C HP where H? = HP(T) or H? = HP(R), then by
Theorem 2.8,

S ={NViW; |ie I}
where \; € C, V; is inner and W; is outer for each i € I. The greatest

common inner divisor of S is the greatest common inner divisor of the set

{Vi | i € I}, if it exists. This is defined up to a unimodular constant.

Proposition 2.14. Suppose that 1 < p < 0o and that K is a subset of HP(T)
or HP(R) containing a non-zero function. Then the greatest common inner

divisor of K exists.

Proof. As shown in [Ber88], when K is a subset of H*°(T) this result follows
from Beurling’s theorem. The case K C H*(R) follows immediately using

Theorem 2.4, and by Theorem 2.8 the proof is complete. ]
We use the following result, which is Corollary A.6.5.5 of [Nik02].

Proposition 2.15. Let ¥ be a subset of H2(R) containing a non-zero func-
tion and let k be the greatest common inner divisor of ¥. Then the closed

linear span in L?(R) of Us>0 €7 is kH?(R).

2.2 Fourier transforms

We work on the Hilbert space L?(R). Let F' denote the Fourier-Plancherel

transform on this space, which is given by the continuous extension of

Ff(z) = 7% /m flw)e ¥ dy (2.4)

from L'(R) N L?(R) to L%(R). As is well-known, F is a unitary operator
on L*(R) and F2f(z) = f(~z), F3 = F* and F* = I. Moreover, on the
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intersection L*(R)NL2(R), F coincides with the Fourier transform on L!(R).
The Paley-Wiener theorem explicitly identifies the Hardy space H2(R) using

the Fourier transform; for a proof, see [Hof62] or [Nik02].
Theorem 2.16 (Paley-Wiener theorem). FH2(R) = L%(Ry).

For K a subset of L?(R), let us write K for the set of complex conju-

gates f of functions f € K. From (2.4), it is easy to see that for f € L%(R),

Ff=Ff, so f=F‘F*].

Since F? = (F*)? satisfies F2L?(R4) = L%(R<), by Theorem 2.16,

H2(R) = F*F*H%(R) = F*F2L2(R,) = F*L*(R_)

* * 1
= F*(LY(Ry)1Y) = (FL*(Ry)) = HA(R)..
The next two results are both proven in [Kat76).

Proposition 2.17. A function f € L'(R) has zero Fourier transform if and

only if f=0.

Given a function f € L!(T) and n € Z, the nth Fourier coefficient of f
is the complex number
2m

() = [ penee 2

Proposition 2.18. A function f € L'(T) satisfies ca(f) =0 for eachn € Z
if and only if f = 0. Consequently, if f € L(T) satisfies co(f) = 0 for
n=+1,42 +3,..., then f(e¥) = co(f) for almost every 8 € T.

Corollary 2.19. Suppose that u € L>®(R) is a unimodular function such
that uH?(R) = H?(R). Then there is a constant A € C such that u(z) = X

for almost every z € R.
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Proof. We use the notation of Theorem 2.4. The inverse of the isomor-
phism Us : H%(T) — H?(R) is

Uy 'g(2) = w2 (w(2) + 9)g(w(2))

=22 (1 - 2)71g(w(2)), z€T\ {1}, g€ HX(R).
Thus
HYT) = U; ' (H*(R)) = Uy ' (uH(R)) = (u 0 w) H*(T).

In particular, since the constant function 1 lies in H%(T), the unimodular

function u o w lies in H%(T) N L®(T) = H®(T). Moreover, since T = 1/u,
H*(R) = wuH?*R) = TH?(R),

so the unimodular functions u and u enter the argument symmetrically.

Thus % o w must also lie in H°(T) and so

2m ) ) d()
/ e (uow)(e?) — =0, n==1,+2,43,....
0 2

By Proposition 2.18, u o w must be equal to cp(u o w) almost everywhere
on T. Since w has finite derivative on T\ {1}, it maps null subsets of T\ {1}
to null subsets of R. Moreover, w maps T \ {1} onto R, so u(z) = cp(uow)

for almost every z € R. O

2.3 Hilbert-Schmidt operators

Given a separable infinite-dimensional Hilbert space H, we write L(H) for
the set of bounded linear operators on H. Let {en}neN be an orthonormal
basis for H. The set C2(H) of Hilbert-Schmidt operators on ¥ is defined by

Co(H) = {K € L(H)| 3 IKen]? < oo}.

neN
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This definition and the quantity

IKllears = (X 1Keal?) ™, K € Ca2)
neN
are both independent of the choice of orthonormal basis {e,}neN, and the
map K + ||K]||¢c,(7) is a Banach space norm on C2(H), called the Hilbert-
Schmidt norm.

Let us write Co for the set of Hilbert-Schmidt operators on L?(R). As

shown in [Rin71], these operators can be explicitly identified as
Co = {Intk | k € L*(R?)}

where
(Int k) f(z) = /R k(o) f(v)dy, feLX(R), z€R.

The Hilbert-Schmidt operators form a two-sided ideal of compact operators

in £(L?(R)) and the Hilbert-Schmidt norm || ||, satisfies
I Int kllc, = |IkllL2mz), K € L*(R?), (2:5)

so the bijection C; — L%(R), Intk — k is isometric with respect to this
norm. Moreover, the Hilbert-Schmidt norm dominates the operator norm

on CQ.

2.4 Weak operator topologies

Let M be an infinite-dimensional separable Hilbert space, let T € L(H) and

let z,y € H. Set

W(T,z,y) = {A € L(H) | (T — A)z,y)| <1},

S(T,z) ={Ae LH)| (T - Azl <1},
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The weak operator topology and strong operator topology are the topologies
on L(H) with bases
n
{(W(Ti,zi,3) | n €N, T; € L(H), zi,3 € H} and
i=1

{n S(Ti,z;i) |Ine€N, T; € L(H), zi € H} respectively.

i=1
Let K € L(H). Then K is trace class if the operator |K|/2 is a Hilbert-
Schmidt operator. Let {e,}nen be an orthonormal basis for H. If K is trace

class then the sum

TrK =Y (Ken,en)
neN

converges absolutely and is independent of the choice of orthonormal basis
{en}nen. We call Tr K the trace of K. The set C;(H) of trace class operators
is a two-sided ideal of compact operators in £(H) and the dual space of C; (H)

is seen to be L(H) when we identify T € L£L(H) with the linear functional
Yr:C(H) - C, K+~ Tr(TK).

The w*-topology on L(H) is the weak-star topology arising from this duality.
Parts (i)-(iii) of the next result may be found in [Dav96] and parts (iii)

and (iv) are proven in [Con91].

Proposition 2.20. (i). The norm topology on L(H) is stronger than the
strong operator topology, which is stronger than the weak operator topology.
The w*-topology is stronger than the weak operator topology and it is weaker
than the norm topology.

(i). Multiplication on the left by a fired bounded linear operator is con-
tinuous in the strong and weak operator topologies, as is multiplication on
the right. Moreover, multiplication is jointly strong operator topology con-

tinuous on bounded sets; that is, if So — S and T, — T are strong operator
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topology convergent bounded nets, then SoTo — ST in the strong operator
topology.

(15i). The closures of a convez subset of L(H) in the strong and weak
operator topologies coincide.

(). The weak operator topology and the w*-topology agree on bounded
subsets of L(H).

A strong operator topology continuous one-parameter semigroup of op-
erators on a Hilbert space H is aset S = {S; | t € Ry} C L(H) such
that the mapping S of the additive semigroup R+ = {z € R | z > 0} into
L(H) given by S(t) = S; is a strong operator topology continuous homo-
morphism. A strong operator topology continuous one-parameter group is a
set S = {S; |t € R} C L(H) such that Sy = {S; | t € R4} is a strong
operator topology continuous one-parameter semigroup, and S_; = S, ! for
teR.

We will use the notation
T = soT-lim T,

to indicate that T is the strong operator topology limit of the net 7.

2.5 Subspace lattices

We adopt the convention that a subspace of a normed vector space is a closed

linear manifold. Given a set £ of subspaces of a Hilbert space H, we write
AlgL={A€ L(H)| AK C K for every K € L}.
Dually, given a set of operators A C L(H), we define the set Lat A by

Lat A = {K a subspace of H | AK C K for every A € A}.
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We give the set of subspaces of H the following natural lattice operations.
Given two subspaces K and L, K V L is their closed linear span and K A L
is their intersection. It is easy to see that Lat A is always closed under these
operations, so it is a lattice. We call Lat.A the invariant subspace lattice
of A.

A subspace lattice is a sublattice of the lattice of subspaces of H. When
present, the top element of a subspace lattice is H and the bottom element
is the zero subspace (0). A proper subspace of H is a subspace which does
not lie in the trivial lattice {(0), L>(R)}. Plainly, {(0), L?(R)} is always
contained in Lat A.

An operator algebra A is a norm-closed subspace of L£L(H) such that
whenever A; and A, are elements of A, their product A; A, also lies in A.
For any subspace lattice £, Alg £ is a weak operator topology closed operator
algebra. For Alg L is closed under taking products, since if A; and A lie
in Alg £, then for K € £,

A1A2K C ALK C K.

To see that Alg L is weak operator topology closed, let K € L, k € K,
j € K and let A, be a net in AlgL converging in the weak operator
topology to a bounded linear operator A. Then

so (Ak,j) =0and so A € AlgL.
We will frequently adopt the convention of identifying a subspace K

with [K], the orthogonal projection onto K, and a subspace lattice £ with
(L] ={[K]| K € L},

the set of orthogonal projections onto subspaces in £. Using this identi-

fication, £ becomes a set of projections which we endow with the strong
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operator topology. An invariant subspace lattice Lat .4 is always closed in
this topology; for let [K,] be a net of projections in Lat.A converging in
the strong operator topology. Since the set of projections in £(H) is closed
in the strong operator topology, [K,] — [K] strongly for some subspace K
of H. A subspace J lies in Lat A if and only if [J]A[J] = A[J] for every
A € A. Fix A € A; then the nets [K,] and A[K,] are bounded and so by
Proposition 2.20(ii), [Ka]A[Ka] — [K]A[K] and A[K,] — A[K] strongly.
So [K]A[K] = A[K] and K € Lat A.

Following Halmos [Hal70], we say that an operator algebra A is reflexive
if it takes the form A = Alg £ for some subspace lattice £. Equivalently, A
is reflexive if 4 = AlgLat A. Similarly, a subspace lattice £ is reflexive when
L = Lat Alg £ which happens precisely when £ = Lat .4 for some operator
algebra A. The equivalence of these characterisations of reflexivity follows
from the following assertions, which hold for arbitrary collections of bounded
linear operators A and A’ and arbitrary sets of subspaces £ and £’. Their

proof is elementary.
If A CA then LatA’ D LatA;
if £/CL then Algl D AlgL;
A C AlgLat A; L CLatAlgL.

The reflexive closure of a set A of bounded linear operators is the reflexive
operator algebra AlgLat A. The reflezive closure of a set L of subspaces

of H is the reflexive subspace lattice Lat Alg L.
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2.6 Tensor products

Let X and Y be o-finite measure spaces. Given a subspace S of L2(X) and

a subspace T of L%(Y), we write
ST =\/{s®t: (z,y) — s(z)t(y) | s€ S, t € T}

where \/ denotes the closed linear span in the function space L2(X xY'). The
function space S®T is the tensor product of S and T, and it is a Hilbert space
in its own right under the inner product given by the continuous sesquilinear
extension of

(51 ® t1, 52 ® ta) sgT = (S1,82)s - (t1,t2)T
toallof S®T.
Lemma 2.21. Let S and T be subspaces ofL2(R). Suppose that f € LZ(IRZ)
satisfies the following conditions:

for almost everyy e R, z — f(z,y) € S and (2.6a)

for almost everyx € R, y— f(z,y) € T. (2.6b)

Then f € SQT. Conversely, every f € S® T satisfies conditions (2.6).

Remark. Elements of L?(X) are, strictly speaking, equivalence classes of
functions which agree almost everywhere on X. To make explicit the cor-
rect interpretation of this lemma, let us temporarily write {(f))2(x) for the
equivalence class in L2(X) containing the function f. The desired meaning

of (2.6a) is
for each g € ((f))L2(g2), for almost every y € R, (z — g(z,y)) 2(r) € S.

The rest of the statement and proof of this lemma must be similarly inter-

preted.
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Proof. Let (s;)icr and (t;)jes be orthonormal bases for S and T respectively.
Extend them to orthonormal bases (s;)ic; and (tj)jes for L2(R) where I’

and J' are index sets containing I and J respectively. A basis for S® T is
{si®tj|iel,te J},
and a basis for L2(R?) = L?(R) ® L%(R) is
{si®tj|liel',teJ}.
Let K be the index set
K=I"xJ)\{IxJ).

Suppose f € L?(R?) and that f satisfies (2.6). If f ¢ S ® T then there is
a pair (4o, jo) € K such that (f,s;, ® tj,) # 0. Without loss of generality,

suppose ig € I' \ I. By Fubini’s theorem,
(fy i ®tjo) = /B{Af(m,y)sio(z)tjo(y) drdy

- [( [ 1@ vse @) G,

and since {S; | i € I’ \ I} C S*, this is zero by hypothesis. So f € S® T as
desired.

Conversely, suppose f € S®T. For s€ S,t € T and (3,j) € K,
(s®t,5:®t;) = (s,8:)(t, t;) =0.
Since S ® T is the closed linear span of such simple tensors s ® t,
(f,si®t;) =0 forall (3,j) € K. (2.7)

For y € R, let f, : R — C be the function f,(z) = f(z,y). Suppose that the

set

N={yeR|f, ¢S5}
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has strictly positive measure. For each y € N, we can find i(y) € I' \ I
such that (fy, si(y)) # 0. Since N has positive measure and I’ is countable,
without loss of generality we may assume that i(y) = ¢ for every y € N, for

some i € I'\ I. By (2.7), for any g € L%(R),

0= (f,s:®9) = / Sy 50200 dy.

Let g € L%(R) be a function vanishing on a null set. By multiplying g by a
suitable unimodular function we may ensure that (fy, si)g9(y) = |(fy, si)9(y)|

for almost every y. Then

0= / (fyp 503 dy = /N 1y 5i)la(w) dy > 0.

This contradiction shows that f must satisfy (2.6a), and by symmetry it
must also satisfy (2.6b). O



Chapter 3

The parabolic algebra

The parabolic algebra A, was introduced by Katavolos and Power in [KP97]
as a binest algebra, the intersection of two nest algebras. In order to em-
phasise the parallels between A, and the hyperbolic algebra Ay, we give a
different proof of its reflexivity to that found in [KP97]. We will do this
by characterising the Hilbert-Schmidt operators in Ap. Although their exis-
tence is not immediately apparent, we also construct examples of non-zero
operators in Ap with non-trivial kernel.

We consider two strong operator topology continuous one-parameter
groups {M) | A € R} and {D, | p € R} of unitary operators on L%(R),
where for f € L%(R),

Myf(z) = e f(z), AeR and

Duf(z) = f(z—p), peR.
We write xs for the indicator function of the Borel subset S of R™. Let
supp f denote the essential support of the function f : R® — C; that is,

supp f is the smallest closed subset K of R" such that f(z) = f(z)xk(z)

for almost every x € R™. The existence of such a set K follows from Exer-

24
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cise 2.11 of [Rud66]. For 1 < p < oo, we write LP(S) for the subspace of
functions f € LP(R™) with supp f contained in S. We define two subspace
lattices N, and N, by

Ny = {D,L*(Ry) | p € RYU{(0), L*(R)},

No = {M\H?(R) | X € R} U {(0), L*(R)}.
By the Paley-Wiener theorem,
FH?(R) = L*(R4). (3.1)
Moreover, for f € L}(R) N L%(R), by (2.4),
— L iAy —izy
FMyf(e) = o= [ fe v ay

-1 —iy(z—\)
= D\Ff(z).

Since L!(R) N L2(R) is dense in L*(R), we have FM) = D,F and so
FM\F*=D,, MeR (3.2)
Thus by (3.1),
FM\H*(R) = FM\F*FH*[R) = DyL*(R,). (3.3)

In particular, FN, = N,.

The lattices A, and AN, are totally ordered by inclusion and are closed
under the lattice operations of taking intersections and closed linear spans.
Such lattices are called nests, and the operator algebras that leave them
invariant are called nest algebras. These algebras have a well-developed
theory; see [Dav88] for a comprehensive treatment. Terminology from this

theory gives rise to the name the Volterra nest for N,. We call N, the
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analytic nest. We also write A, = Alg N, and A, = AlgN, for the Volterra
nest algebra and the analytic nest algebra respectively.

Given a set S of bounded operators on a Hilbert space, let
w*-algS

denote the w*-closed operator algebra generated by S; this is the closure in

the w*-topology of the algebra generated by S.

Definition 3.1. The parabolic algebra A, is the w*-closed operator algebra
Ay = w*-alg{M,,D, | A, n > 0}.
The Fourier binest algebra Agg is the operator algebra
App = Alg(Na UNL).
Plainly Az = Aa N Ay.

We call A, parabolic since the generators D, of A, are implemented
by a parabolic action, translation, on the upper half-plane. The remaining
generators M) are also parabolic in the sense that the Fourier transform
implements a unitary equivalence between M) and D) by (3.2).

Given g € L*(R), let M, denote the multiplication operator

Myf(z) = 9(2)f(z), f e L*R).

Then M, is a bounded linear operator on L%(R). Moreover, A, contains
every operator M}, for h € H*°(R) since the w*-closed linear span of the set
{My | XA >0} is equal to {M, | h € H*(R)}.

A binest is the union of two nests. Since FA, = N, we call the binest

Na UN, the Fourier binest and Agp the Fourier binest algebra.
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The Fourier binest A, UN, is not commutative. Indeed, any two of the

subspaces
L*(Ry), L*Ry)'=L*R-), H*R), H*R)" =H(R)
intersect in the zero subspace by Corollary 2.6. So if f € L?(R) satisfies
[HXR)|[L*(R4)]f = [L*(R4)|[H?(R)]f (3.4)

then [H2(R)][L2(R4+)]f € L?(Ry) N HX(R) = so [L?(R4)]f lies in the
intersection H2(R) N L2(R,) = (0), so f € L2(R-). By symmetry, f must
also lie in H2(R), so f € L2(R_) N H2(R) = (0). So (3.4) is not satisfied
for any non-zero f € L?(R) and so the Fourier binest is not commutative.
Thus the Fourier binest and any lattice containing it cannot be treated using
the powerful methods developed for commutative subspace lattices such as

those found in [Arv74].

3.1 Reflexivity

As in [KP97], our first task is to show that A, = Ags. Our treatment is

different to that in [KP97]. We first observe that the inclusion
Ap g AFB (35)

is trivial since each of the generators of A, leaves each subspace in the
Fourier binest M, U N, invariant. Therefore every operator in the weak
operator topology closed algebra A generated by {M), Dy | A\, » > 0} leaves
every subspace in the Fourier binest invariant. The w*-topology is stronger

than the weak operator topology, so

Ay CAC A
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To show that A, = Arg, we will explicitly describe the sets of Hilbert-
Schmidt operators Ap NCy and Agg NC;y in each algebra and show that they

are w*-dense in A, and Agp respectively.

Given k € L%(R?), let ©,(k) : R?2 — C be the function
Op(k)(z,t) = k(z,z —1t), =z,teR.
Lemma 3.2. The mapping ©p : L(R?) — L?(R?%), k — Op(k) is unitary.

Proof. The map Oy, is plainly linear L2(R2) — L2(R2). It is easy to see that

the inverse mapping ©;! is given by
0, ()(z,y) =jlz,z-y), =zyeR, (36)

so ©,, is bijective. Moreover,

105 ey = [ [ Ih(aa~ )P dode

= [ [P dsay

= ||k||%,2(1k2)-

Hence the mapping ©, is a bijective isometry, so ©, is indeed unitary

L?(R?) — L?(R?). m)

Let Hg, denote the countable set of points in H™ with rational real and

imaginary parts.
Lemma 3.3. For each t € R, the countable set
At = {vatbw I v, w € Ha}

has dense linear span in H?(R).
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Proof. By Lemma 2.3, the set B = {b,by, | v,w € H™} has dense linear span
in H%(R). Observe that for t € R,

1

Dibule) = =5

= bw+t(.’E), Tz €R.

As v — vp in H™, the functions b, tend to by, pointwise and so in L(R), by
dominated convergence with dominating function (2b,,—; 1m v, /2)2; similarly,
b2 — b2, in L2(R). Since (v — w)byby = by — by, it follows that A, is dense

in B and so A; also has dense linear span in H%(R). O
Proposition 3.4. Let k € L%(R?).
(i). If Intk € A,, then Op(k) € H*(R) ® L%(R).
(ii). If Intk € Ay, then ©p(k) € L%(R) ® L?(R4).
In particular,
Aps NCa C {Intk | ©,(k) € H*(R) ® L*(R4)}. (3.7)

Proof. (i). By Lemma 3.2, ©,(k) € L%(R?), so t — O,(k)(z,t) € L*(R) for

almost every = € R. Let k € L?(R?) with Intk € A, NC,. For every A € R,
(Int k)MyH?*(R) € M)H*(R) = (M\H?(R))".
So if f and g are functions in H2(R), then
0 = ((Int k)M, f, M»3)
= [ [ He e swe gtz dyds
RJR
= [ [ euthita, 05z - 0g(a) doat
RJ/R
- / / 0, (k)(x, £) 9(z) Dy f (z) da e~ dt. (3.8)
RJR
Let & : R — C be the function

(1) = /R 0,(k)(z, ) 9(z)Duf(z) dz, teR.
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Since Int |k| € C; and |f], |9 € L(R),

[owids [ [ 100 o@D @) ds
= [ [ @) @) dzdy
RJR
= ((Iat kD)1, lgl) < o,

so the function ® is integrable. By (3.8),
/ ®(t)e Mdt =0 for every A in R,
R

so ® has zero Fourier transform. Since ® is in L!(R), it follows by Proposi-

tion 2.17 that & = 0; that is, for almost every ¢,

| ©o(b)@.1)9(a)Def () dz = 0. (3.9)

Thus for every pair (f, g) with f,g € H?(R), there is a conull set T(f,g) C R
such that (3.9) holds for t € T(f,g). Let T be the set of pairs of H?(R)

functions
[ = {(bw,by) | v,w € Hg}.

The set I" is countable, so

T= () T(f9)

(f.9)er

is conull and (3.9) holds for every t € T and every (f,g) € . Fixt e T;

then

Av={gD:f | (f.9) €T}

has dense linear span in H?(R) by Lemma 3.3. Moreover,
/ Op(k)(z,t)h(z)dz =0 for every h € A;.
R
Thus for every t € T,

z — Op(k)(, 1) € (HX(R))" = H(R).
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By Lemma 2.21 we must have O,(k) € H%(R) ® L*(R).

(ii). It is routine to show that the condition Intk € A, is equivalent
to the essential support of k£ being contained in the closed lower half-plane
bounded by the line y = z. Hence the essential support of ©,(k) must be
contained in the upper half-plane {(z,t) | ¢ > 0}, and Lemma 3.2 shows
that ©,(k) € L2(R?). Since

{j € L*(R?) | suppj C {(z,t) | t > 0} } = L*(R) ® L*(R,),

this completes the proof of (ii).
Finally, since Agg N C2 = (Aa NC2) N (Ay NCo), (i) and (ii) together
establish (3.7). a

We will show that the inclusion (3.7) is in fact equality. With the density
of the Hilbert-Schmidt operators in each algebra, this will suffice to show
that A, = Apz. We start with an approximation lemma with we will call

upon repeatedly.

Lemma 3.5. Let {S; | t € R} be a set of contractions on L%(R) such that
the map t — S; from R to L(H) is strong operator topology continuous and
let o € LY(R). Let

oo(frg) = /}R /R oS f(2)g@ dzdt, f,ge LAR)Y)-

Then o, is a bounded sesquilinear form and there is a unique bounded linear
operator T on L*(R) such that (Tf,g) = o,(f,g) for every f,g € L*(R).
Moreover, ||| < llollL)

Suppose further that ¢ has compact essential support contained in [a, b]

for real numbers a < b. Then

T € w*-alg{S; | t € [a,b]}.
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Proof. The sesquilinear form o, is bounded, since for f and g in L?(R),

oolf,9) = /R o(t) /R 8./ (2)9(@) da dt = /R o(8)(Sef, 9) dt,

SO
l%(f,g)l_<_/Rl<p(t)(5:f,y)|dts loll Ly 71 Hlgl-

So o, defines a unique bounded linear operator T' with ||T'|| < ||¢||L1(r) such
that o, (f, 9) = (Tf,g) for every f and g in L?(R).

Suppose now that ¢ has compact essential support contained in [a, b] for
real numbers a < b. For integers n and m withn > 1 and 0 < m < n, let
T(m,n) = a+ m(b—a)/n,

T(m+1,n) n-l
mp = / p(s)ds and T, = Z am,nSr(m,n)-
T(m.n) m=0
We claim that the sequence (T5,)n>; is norm-bounded and converges in the

weak operator topology to T'. Let

b—a [(t—a)n

pn(t)=a+ b—a J’ tG[a,b)

so that pn(t) is the lower end of the interval [r(m,n), 7(m + 1,n)) in which

t lies. For f and g in L%(R),
n—-1
(T-T)10) = [ 3@ ( [ o0sisaa- ﬂgam,nsﬂmmf(x)) dz

__ n=1 r(m41,n)
- /IR @y / 0(8)(5e/ () = Srimm (z)) dt dz

m=0 Y T(m,n)

- / [ o) (e () - Sy f(2)) 9(@) dt dz
RJR

- / o(t) / (Sf(z) = S0 ())9(@) da dt
R R

- /R o®)((Sef,9) = (Spuie o 9)) dt.

For any t € R, [(S:f,9) < ISefll llgll < [Iflllgll, and Sp, ¢y — St in the

strong operator topology (and so also in the weak operator topology) as
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n — oo. Since y is integrable and each S; is a contraction, it follows by
dominated convergence with dominating function 2|| f|| ||gl|¢(¢) that T, — T

in the weak operator topology as n — oo. For every n,

1Tl < llollrmy < o0,

50 (Tn)n>1 is a norm-bounded sequence.

Let Spop = w*-alg{S; | t € [a,b]}. The w*-topology and the weak
operator topology agree on bounded sets, so T, — T in the w*-topology as
well. Since T, is a finite sum of elements of S, ), we have T, € Sp,p) for

every n. Hence T € Sjq ). O

Remark. Lemma 3.5 is a variant of a classical result (see Proposition 7.1.4
of [Ped79]) which gives a correspondence between strong operator topology
continuous unitary-valued representations of R and certain representations
of L'(R).

The map t — D is plainly strongly continuous, so applying Lemma 3.5
to the unitary group {D; | t € R} and the semigroup {D; |t € R1} C A,

we may define operators A, as follows.

Proposition 3.6. Let ¢ € L}(R;). Then the sesquilinear form

ro(f,9) = /R /}R o(t)Def (2)g@) dzdt, f,9€ LX(R)

is bounded, and there is a unique bounded linear operator A, such that

(Ao f,9) = To(f, g) for every f and g in L*(R). Moreover, |Ay|| < |lol|L1(w)-
If ¢ has compact essential support then A, € Ap. O

Proposition 3.7. Let h € H*(R) and ¢ € L*(Ry). Let h® ¢ denote the
function (z,t) — h(z)p(t) and let k = e;l(h ® ). Then Intk € A, NC,.
Moreover, if h is also in H®(R) and ¢ is also in L'(R), then Intk = MpA,,.
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Proof. By (2.5) and Lemma 3.2,

| Intkllc, = IkllL2me) = Ik ® @llL2m2) = 1Rl L2w)llellL2 ()

s0 if hp — h in LY(R), ¢n — ¢ in LX(R) and kn = 6, (hn ® n), then by
Lemma 3.2 the operators Int k, converge to Int k in Hilbert-Schmidt norm
and so in operator norm. Since H2(R)N H*(R) is dense in H%(R) and A, is
norm-closed, we may therefore assume that h € H2(R) N H*(R). Moreover,
we may assume that ¢ has compact support, since the sequence pn = @x[on)
converges to ¢ in L2(R) and each ¢, is compactly supported. Since the
Cauchy-Schwarz inequality implies that every compactly supported function
in L2(R) lies in L'(Ry), the function ¢ lies in L'(R,).
If f and g are in L2(R), then by (3.6) and Proposition 3.6,
(@er)f.0) = [ [ (O5'h® 0) @) fw dya) s
= [ [ edete - ) )3 dy da
= [ [ m@ye)Duf (@@ dt de
RJR

= (MprA,f, g).

So Int k = MpA,. Moreover, as remarked earlier,

w*-alg{M) | A > 0}

contains each operator My for h € H*®(R), so certainly M, € A,. By
Proposition 3.6, A, € Ap so we also have Intk = MpA, € A,,. O

Proposition 3.8. If v € H*(R) ® L*(R;) then Int ©71(v) € A, NC;. So
{Intk | ©p(k) € H*(R) ® L3 (R+)} € Ap N Ca.

Proof. If v is a simple tensor of the form v = h ® ¢ for some h € H?(R)

and ¢ € L%*(R;), then Proposition 3.7 shows that Int o, v) € ApNCo.
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Any v € H*(R) ® L*(R,) may be approximated in L?(R?) by finite sums
of the form 3 A\sh, ® p, where A\, € C, h, € H?(R) and ¢, € L%(Ry).
Thus by (2.5) and Lemma 3.2, Int ©,!(v) may be approximated in Hilbert-

Schmidt norm by the corresponding sums
Int O, (3 Anhn ® 9n) = 3 Aa Int O (hn ® 9n).

By Proposition 3.7, each summand is in Ap, the Hilbert-Schmidt norm dom-
inates the operator norm and Ap is norm-closed, so Int ©5 L) € Ap.

Since O, is a bijection by Lemma 3.2, the final assertion follows. a

Corollary 3.9. The parabolic and Fourier binest algebras contain the same

Hilbert-Schmidt operators. Explicitly,
ApNCy = A NC2 = {Intk | Op(k) € H*(R) ® L*(R4)}.

Proof. As seen in (3.5), the inclusion A, C Agp is clear. So by Proposi-

tion 3.4 and Proposition 3.8,
A,NCy C A NC2 C {Intk | Op(k) € H*(R) ® L*(R4)} € ApNCe. O

Proposition 3.10. The parabolic algebra contains a bounded approrimate
identity of Hilbert-Schmidt operators. In other words, there is a norm-
bounded sequence (Xpn)n>1 of operators in Ap N Cy such that X,, — I in

the strong operator topology.

Proof. For n € N, let

nt
hn(z) = pererd @n(t) = nx(on-1)(t)-

Then h, € H®(R)NH?(R) and g, lies in L?(R4+) N L!(R) and has compact
support. Let kn, = G;I(hn ® ¢n) and let X, = Intk,. By Proposition 3.7,

Xn = Mp, Ay, € A, NC, for every n. Moreover,

I Xnll < IMR Qg Il < llBnllLoom) lonllLrm) < 1,
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80 (Xpn)n>1 is a bounded sequence in £(L2(]R)). Since hyp(z) — 1 uniformly
on compact subsets of the real line, M}, — I in the strong operator topology.

If we pick a continuous compactly supported function f, then the integral

I(z) = /R on(t)Def () dt

converges for every z to define a continuous compactly supported func-

tion I, which by Proposition 3.6 coincides with A, f. Now

1/n 2
18¢.f =12 = [| [ nDes(@) = f(@)| an
and
1/n 2
| [ D) dt = @) < dl1Exs(o)

where S is the compact set
S={z+7|zesuppf, T€[0,1]}.

So by dominated convergence, A, f — f. Since such functions f are dense
in L2(R), it follows that A, — I boundedly in the strong operator topology.
Multiplication is jointly strong operator topology continuous on bounded
sets of operators, so X, = My, Ay, — I in the strong operator topology as

well. |

Corollary 3.11. The Fourier binest algebra and the parabolic algebra are

equal.

Proof. Since by Corollary 3.9 the Hilbert-Schmidt operators in the Fourier
binest algebra and the parabolic algebra coincide, the bounded approximate
identity of Hilbert-Schmidt operators (X,)n>1 of Proposition 3.10 is com-
mon to Ap and Aps. So if T € Ay, then T = SOT-lim(TX,) € Agp since
TX, € A,NC2 = ApsNC; and Apgg is closed in the strong operator topology.
Thus Az C Ap and since we already have the reverse inclusion (3.5) the

proof is complete. 0
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Recall that an operator algebra A is reflexive precisely if it has the form
A = Lat £ for some subspace lattice £. In particular, Agy is reflexive so we

have also proven:
Theorem 3.12. The parabolic algebra is reflexive. a

We will henceforth write Ap in preference to Agp.

3.2 Non-injective operators in A,

We end this chapter with some examples of operators in A, with non-trivial
kernel. Our motivation lies in the algebraic question of whether or not A, is
an integral domain; that is, whether ST = 0 with S and T in A, necessarily

implies that S=0o0or T = 0.
Conjecture 3.13. The parabolic algebra A is an integral domain.

An easy sufficient condition for an operator algebra A to be an integral
domain is for every non-zero operator in A to have trivial kernel. Finite rank
operators are plentiful in nest algebras and they are clearly not injective,
but as observed in [KP97], the parabolic algebra contains no finite-rank op-
erators. Nevertheless, the following constructions show that A does indeed
contain non-injective operators, and we must look elsewhere to resolve the

conjecture.

Proposition 3.14. There is a non-zero operator T € A, and a non-zero

function f € H*(R) such that Tf = 0.
Proof. Let T be the circle

T={zeC|lz| =1}
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and let g be the piecewise constant function T — C given by

; 1/2 0<f<m
i0 )

For z in the open unit disk D, let [g] be the function

eia + 2z i0 d0
5)(2) = exp [ 5T logl(e)| 5

Since log|g| € L(T), by Theorem 2.5 there is no problem making this
definition, and [g] is an outer function in H*°(D). Moreover, |[g]| = |g|
almost everywhere on T.

We now transfer this function to the upper half-plane. Let

= [q] (H:), Imz > 0.

By Theorem 2.4, the boundary value function of h, which we also call A, lies

in H°(R). Observe that

o= G 23e

Define f € L?(R) as follows. For z € [0,1), set f(z) = 1 and for
neN={1,23,...}, let

flz+m)= Hh($+3)l flz—n)= Hh(z— , z€[01).

]_.

Then f € L?(R), since

2 _ 77.2 T 2 T
/le(xl dz = 1+Z/ fz+n)d +Z/ \f@ - n)l2d

neN neN
=1+ (2/3)"+ ) (1/2*") < 0.
neN neN

Since h € H®(R), the operator T = M, — D; € Ap. Moreover, the

definition of the non-zero function f ensures that it is in kerT. For if



The parabolic algebra 39

z € [0,1) and n € N, then

Tf(z) = h(z)f(z) - f(z — 1) = h(z).1 — h(z) = 0;

Tf(z+n)=h(z+n)f(z+n)- flz+n-1)

n n—1
= h(z + n) H h(z +j)"! - H h(z +j)~! =0; and
i=1 j=1

Tf(:c—n)=h(:c—n)f(:c—n)—f(:c—(n+1))

n—1 n
=h(z—n) [[ r(=z-3) - [[ M= -35) =0.
=0 =0
So M}, — D; does indeed have non-trivial kernel. O

For every invariant subspace K € Lgg, consider the set
Ap|K = {S|K | S € Ap}

of operators in A}, restricted to K. This is an operator algebra and it is of

interest to exhibit non-injective operators in these algebras.

Proposition 3.15. For each non-trivial subspace K in N, UN,, there is a
non-zero operator T € A, NCy and a non-zero function f € K such that

Tf =0.

Proof. We first treat the case K = L?(R;.). Let x : R — C be the indicator
function of the unit interval [0, 1] and let
hi(z)=(x+49)7%  ho(z) = —zhi(2)/2,
p1(z) = zx(z), w2=x and f=x.

Then hy,hy € H*(R) and f,¢1,02 € L}(R4). Let j : R2 — C be the
function

Ii=h1®p1+h2® 2
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and let k = 6;1(_]'). By Corollary 3.9, Intk € A, NCa.
Let T = Int k; we claim that Tf = 0. Let

I) = [0, N e~ L,a] = {y € [0,1] | = — y € [0, 1]}

[0) -T] T € [0’ 1]1
= [113— 1)1] T € [172]1
0 x<0orz>2.
Then
Tf() = [ ke w)x()dy
R
= / k(z,y)dy
[0,1]
- / ha(@)e1(z — v) + ha(z)a(z — v) dy
[0,1]
=(z+ i)_2/ (z - y)x(z —y) — zx(z — y)/2dy
(0,1]
= Lz +i)? /[0 WX
=3z +9)7? /I(I)w - 2ydy
= %(w + i)—2 [y(:c - y)] al(z)
Hence
3@+ Y-y =0 z € [0,1],
Tfx)=S 3@+ yz-y)i, =0 =z€[1,2], (3.10)
0 r<0orzx>2

If K is any nontrivial subspace in A, then K = D,L%[R) for some
p € R, and (D,TD_,)D,f = D,Tf = 0. Since D, leaves N, UN, invariant
and A, = Alg(Na UN,), the operator D,TD_, lies in A, N Cz and plainly
D,f is a non-zero function in K.

For the case K = H%(R), consider the algebra

A= Alg(N, UNG) = Alg F(N,UN,) = FALF*.
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A parallel argument to that of §3.1 shows that
ANCy = {Intk | ©,(k) € H2(R) ® L*(R4)}.
Let
hi(z) = (z — )72, ho(z) = —zhi(z)/2,
p1(z) = zx(z), p2=x and f=x.
Then hy,hy € H2(R) and f, 1,02 € L2(Ry). Let j : R2 — C be the

function

J=h1®p1+ hy ® g2,

let k‘=9;1(j) and let T =Intk # 0. Then T € ANC; and

Tf(z)= %(.’L’ - i)_2 [y(x - y)]é)[(x) =0

just as in (3.10). Let T be the non-zero operator T = F*TF ¢ Ap,NCy and
f=F*f Then Tf = F*Tf =0 and f is a non-zero function in H*(R).
Finally, if K is any nontrivial subspace in N, then K = M,H?(R) for
some A € R and MyA,M_) C Ap. Since (M,\TM_,\)(M,\f) = M,Tf =0,
we see that Myf € K is non-zero and lies in the kernel of the operator

M,TM_j, which lies in A, N Co. O



Chapter 4

The Fourier-Plancherel

sphere

In [KP97], the invariant subspace lattice of the parabolic algebra was shown
to be a union of nests, any pair of which have trivial intersection. We
can extend Lat A, in a natural way to give a larger union of nests, the
Fourier-Plancherel sphere. Since the parabolic algebra is a binest algebra,
it is natural to ask which operator algebras leave other binests invariant. In
this chapter we answer this question for all binests taken from the Fourier-
Plancherel sphere. We show that in the non-degenerate cases, the algebra of
operators leaving such a binest invariant is unitarily equivalent to A,. We
also tackle the related problem of finding the unitary automorphism group
of the Fourier-Plancherel sphere, and show that this group is isomorphic to

a semidirect product of R? and SLy(R).

4.1 Other binest algebras

We begin with some facts proven in Theorems 3.2 and 4.6 of [KP97].

42
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Theorem 4.1. Let Lgg = Lat A, be the reflezive closure of the Fourier
binest Ny UN,,.. Then

(1). Lrp decomposes as the union of nests

Les =NaUNL U N,

>0
where N is the nest My N, and ¢q(z) = e~#%%/2, Any pair of distinct

nests in this union intersect in {(0), L*(R)} only.

(ii). The supremum and infimum of any two proper subspaces in distinct

nests contained in Lep are L?(R) and the zero subspace respectively.
(11). Lgp is a reflexive subspace lattice.

(). If we view Lrg as a set of projections with the strong operator topology,
then Lpg is homeomorphic to the closed unit disk. In particular, it is
compact. The topological boundary of Lp is the Fourier binest NyUN,,.

Moreover, the map 0 : [0,1] — Lgg,

_ [¢— lo tHz(]R)] te (0’ 1]’
"= {[L?(Rgm t=0

is a homeomorphism onto its range.

We remark only that the identification of Lyz uses the Beurling-Lax
theorem and a cocycle argument; the topological assertions follow through
careful examination of various strong operator topology limits. Figure 4.1
illustrates the identification of Lgs with a closed disk.

For S an invertible operator in £L(L?(R)), let us define the mapping
AdS : L(L*(R)) — L(L*(R)) by

(AdS)T = STS™!, T e L(L*(R)).
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L*(R)

Figure 4.1: The lattice L. The parameters A and p corresponding to the
marked subspaces are both positive.

If U is unitary, then AdU is an automorphism of £L(L?(R)). Moreover, it is

easy to see that for any subspace lattice £ and any operator algebra A,
(AdU) Alg L = Alg(UL) and (4.1)
ULat A = Lat ((AdU)A). (4.2)
We now show how Ly is embedded in a larger subspace lattice which
was introduced in [KP02] as the Fourier-Plancherel sphere Les.
One way in which EFB arises is by considering some “companion algebras”
obtained from Ap by a change of coordinates. Given a set L of subspaces,

let £ = {K* | K € L}. Since Ap = Alg(NaUN,), it is natural to examine

the algebras
A= AlgN UNS), A2 = Alg(NG UNG), Az = Alg(N UNG).
We also write Ag = Ap. By (3.3), the Fourier transform F' maps

Na—= Ny = NE = N = N, (4.3)



The Fourier-Plancherel sphere 45

SO
Aj = Alg(FF (N, UNL)), 5=0,1,2,3.
By (4.1),
Aj=FIAF7, j=0,1,2,3
and by (4.2),

Lj=LatA; = F'Lat A,, j=0,1,23.

We now define the Fourier-Plancherel sphere EFB by

3 3
EFB= U£J= UF]LatAp.

7=0 =0

The next result is stated in [KP02].

Proposition 4.2. With the strong operator topology, the Fourier-Plancherel
sphere is homeomorphic to a sphere in R3. Moreover, the Fourier transform

acts on Lpg in the following manner. For s >0 and A € R,

My My, HA(R) > M_y/sM,_,  HZ(R) — M_yM,, H2(R)

— MysM,_,, H*(R) — MM, H*(R),

“1/s
and for A € R,
MyH*(R) — D\L*(Ry) — M_\H*(R) — D_,L*(R-) —» My\H*(R).
Thus N+ = F2N, and N}* = F2N, for s € R, and
Les = No UNF U N UN). (4.4)

s€R

Finally, for s > 0, the Fourier transform F acts on the nests N, as follows:

Ny s N& g o0 NiE oo Ny o N
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Figure 4.2: The lattice EFB

Proof. Since F and F* are certainly continuous in the strong operator topol-

ogy, F restricts to give homeomorphisms
Lo— Ly Lo L3 Lo

so these lattices are all homeomorphic to a closed disk by Theorem 4.1(iv).
From (4.3) it follows that £; and FL; have one boundary nest in common
and that the union Lgp has the topology of a sphere in R3.

The remaining assertions follow rapidly from a routine calculation us-

ing (3.2) and Lemma 4.2 of [KP97], which states that for s > 0,
FMy,H*R) = My_, ,H?[R) and FM, H*(R)= M, H*R). O

Remark. From (4.3) and Proposition 4.2, we see that F' acts as a rotation
on the set of nests in EFB.

We now identify all binest algebras obtained from binests in the lat-
tice EFB. We say that a binest which is the union of two distinct nests A/ &
and N@ is degenerate if N® = (W)L, and that it is non-degenerate

otherwise.
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Lemma 4.3. Suppose that A € L(L%*(R)) commutes with every projec-
tion [L%([u,0))] for p € R. Then A commutes with M, for g € L*°(R).
Proof. Recall that the Banach space dual of L'(R) is L>°(R), where we
identify g € L°(R) with the functional ¢, € (L*(R))",

() = [ f@a@ds, feL'®)

We claim that the weak operator topology on {M, | g € L*°(R)} coincides
with the weak-star topology on L*°(R) with respect to this duality, where
we identify g € L*(R) with M,. For a net g, in L*°(R) converges weak-star
to g € L*°(R) if and only if

Yga (f) = wg(f) for every f € L'(R). (4.5)

Since
L'(R) = {fif2] fi. f2 € L*(R)},

condition (4.5) is equivalent to

(9af1, f2) = (gf1, fo) for fu, f2 € L*(R),

that is, the convergence of the net My, to M, in the weak operator topology.
Let S be the linear span of the functions x[, ) for p € R. Since S is a
convex linear manifold, by the bipolar theorem (Corollary V.1.9 of [Con85)),

the weak-star closure of S is the set
{h € L®(R) | (f € L'(R) and %(f) = 0 for g € S) = vu(f) = 0}.
If f € LY(R) and ¢,4(f) =0 for g € S, then in particular,
./1 f(z)dz =0 for any bounded interval I C R.

By the Lebesgue differentiation theorem (Corollary 3.14 of [SWT71]), the

function f is almost everywhere zero, so the weak-star closure of S is all
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of L®(R). Since [L?([u,0))] = M, for 4 € R, this shows that the

[1,00)
linear span of the set {[L?([u,00))] | 0 € R} is weak operator topology
dense in {My | g € L*(R)}.

Suppose that A commutes with [L?([u, 00))] = M, for p € R. Then

[1,00)
A commutes with My for f € S. Let g, be a net in S converging in the weak-
star topology to g € L*°(R). By Proposition 2.20(ii), the net AMy, = My A
converges in the weak operator topology to AMy = MyA. Thus A commutes

with M, for g € L™(R). O

Theorem 4.4. Let N and N(® be distinct nests in EFB. Then the inter-
section of N and N @ is trivial. If the binest NV UN? is degenerate,

then Alg(ND) UN®) is unitarily equivalent to
Ao ={My | g € L*(R)};

in particular, Alg(Ny UNL) = Aw. If the binest NV U N? is non-

degenerate then Alg(N' (D UN?) is unitarily equivalent to Ap.

Proof. We first show that Alg(NV, UNG) = Ax. If A € Alg(N, UN),
then A commutes with each of the orthogonal projections [L?([u, 00))] for
u € R, so by Lemma 4.3, A commutes with M, for g € L*(R). So A € Al;
but by Lemma XI.3 of [Lan85], AL, = Ax. Hence Alg(N, UNG) C Ay.
The inclusion Ax C Alg(Ny UN) is trivial, so we have equality. Plainly,
Ny NG = {(0), LA(R)}-

For any s € R, since Ny = N, and My, N; = Ny,

Alg (Ns Ujvsl) = Alg(M¢, (Na UNal)) = Alg (MdbaF(Nv UN\;L))y
so Alg(N; UN;) = Ad(My, F) A and

N, NN} = My, FIN, NN} = {(0), L*(R)}.
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The non-degenerate cases run as follows. Let s and t be real numbers

with s > t. Then
Alg (N,, U/\/s) = Alg (M¢, (Ny UN;)) = Ad(My,)Ap;

Alg (M, UNG) = Alg (M, (N UNG))
= Alg (M, FINa UNL))

= Ad(My, F) Ap;

Alg (N5 UN;) = Alg (Mg, (Ny—t UNG))
= Alg (M, F* (FNe-t UML)
= Alg (M, F*(N2y(5_y UN))

= Ad(My, F*My_,,(,_,, F)Ap;

Alg (V5" UNGY) = Alg (FA(N, UM))
= Ad(F?My, F*My_, ., F)Ap

= Ad(M¢tFM¢—1/(a—t)F)AP;

Alg (N UNGH) = Alg (My, (Na UNL,))
= Alg (M, F*(N, UFNL,))
= Alg (Mg, F*(Ny UN? )
= Ad(My,F*My_, ,,_,, F)Ap;
Alg (N;F UN) = Alg (F2(N; UNH))
= Ad(F*My,F*My_, ., F)Ap
= Ad(My,FMy_, ,,_, F)Ap;
Alg (NF UN,) = Alg (F3(NL UNGD) = Ad(F*My, F) A,

= Ad(My, F*) Ap;
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Alg (N UNG) = Alg (F3(N, UNG)) = Ad(F2M,,) Ap.

Finally, to show that AU N N ® is trivial when N1 # (N@)L it
suffices to show that N, NN is trivial for s € R, since the calculations above
are easily adapted to show that there is a unitary mapping N'() NN onto
N, N N;. However, every function in a proper subspace in N, has proper
support and every non-zero function in a proper subspace in N has full

support, so their intersection is indeed trivial. O

Remark. The reflexive closures
Lat Alg(NV() u N2y

of binests which are contained in L can be computed from Theorem 4.1(i),
equation (4.2) and the proof of Theorem 4.4. Since the degenerate binests are
commutative subspace lattices, they are reflexive as shown in [Arv74], §1.6.
The reflexive closures of the non-degenerate lattices may be described as
follows. Let B be a bijection from the set of nests in EFB onto the circle T

such that
(i). the maps s — B(N;) and s — B(N;) are continuous R — T;

(ii). B(N't) = —B(N) for every nest N' C Lpg;

(iii). B(Ns) — B(Ny) and B(N_,) — B(Ni) as s — +oo.

Then any non-degenerate binest N'(J) U N’ ) is of the form
B7(e®)uB!(e")

for some real numbers 8 and ¥ with 0 < 8 — ¢ < 7. Performing the

computations described above reveals the reflexive closure of this binest to

be
Lat Alg (B~!(e"®) U B! (e"¥)) = {B™!(e') | v € [4, 6]}
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4.2 Unitary automorphism groups
We define the unitary automorphism group U(Lss) of Lrs as

U(Les) ={U € C(Lz(]R)) | U is unitary and ULgp = Lys}.
Since A, is reflexive, if U € U(Lgs) then by (4.1),

(AdU)Ap = (AdU) Alg Lrp = Alg(ULrs) = Alg Les = Ap.
Conversely, if U is unitary and (AdU).Ap = A, then by (4.2),

ULz = Lat (AdU)Ap) = Lrp.
Thus U(Lps) has an alternative description as
U(Lep) = {U € L(L*(R)) | U is unitary and (AdU)A, = Ay}, (4.6)

In [KP97|, U(Ls) is identified by finding the group isomorphism p be-

tween the matrix group
e A 0
{m(A,u,t): 01 0 ‘)\,p,telR}
0 pu et

Ad (U(Ap)) = {AdU | U € U(Le)}

and the group

given by
p:m() u,t) — MyD,V,

where My, = Ad(M)), D, = Ad(Dy,), V: = Ad(\;) and V; is the unitary

operator on L?(R) given by

Vif(z) = et/*f(e'z), f e L*(R), z,t €R.
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We call V; a dilation operator. For any pair Uy, U; of unitary operators,
AdU; = Ad U, if and only if Ut U, lies in the centre of £(L?(R)), or equiv-
alently U; = U, for some 1 € R. Hence we have the following generator
description of U(Lrs):

u(ﬁFB) = (Mz\7Dl.n ‘/t’ eW»’I | ’\7“1 t,’l/l € R) (47)

We define the unitary automorphism group of Les by
U(Les) = {U € L(L*(R)) | U is unitary and ULgg = Lrs}-

We seek generators for this group and show how U(Lgg) sits inside it.

Lemma 4.5. Fort € R, the dilation operator V; lies in the operator algebra

generated by {My,, F,e¥I | s, € R}. In fact,

‘/t = e—iW/4M¢— F‘M‘»— cxp(—t)F*M¢— F*

exp(t) exp(t)

i /4
= e”r/ M¢exp(!) FM¢exp(——t) FMd’cxp(t) F'

Proof. Let us write Sy for the operation of convolution with a function

g € L®(R), defined on the Schwartz space S(R); that is,

S,f(z) = /R gz —t)f(t)dt, feSR), z€eR.

For ¢ a non-negative complex number, let '/ denote the square root of ¢
with non-negative real part. For b € R\ {0}, let h; and hs be the bounded

functions
1

hy = omp, By = Wh-l/b'

Let F be the alternate Fourier transform defined on S(R) by
Fi@)= [ fwevdy, feS®), cer,
R .
Observe that F' = Vigg2x F|S(R). In §XI.1 of [Lan85] it is shown that

FSp,=M; F, beR\{0}. (4.8)
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Now
h—1/b($/27r) = ¢—1/21rb(-"3),
S0
1
V-togan My, Viog2r = 773 Mo 12
So (4.8) gives
1
=——  __F* F .
S¢af (’iS/27r)1/2F M¢_1/, f, f € S(R)? s € R\ {0}

Observe that for z,s,t € R,
¢s(z —t) = eimt¢s($)¢8(t)-
Hence for s,z € R and f € S(R),
Sof(@) = [ otz -1 dt
R
= ¢, isxt s ) d
4.@) [ ea0r o
= (2m)'/2¢4(z)(F* My, f)(sz).
When s > 0, this yields

Ss.f = (21/8) /2 My, Vieg s F* My, f,  f € S(R).

53

(4.9)

(4.10)

(4.11)

Since S(R) has dense linear span in L2(R), equations (4.9) and (4.11) imply

that
e A My, F = My, Viegs F*My,, 5> 0;

SO

Vlogs = e—iﬁ/4M¢_’F"‘M¢_l/‘FM¢_‘F, §>0.

Let R = F? be the operator Rf(z) = f(—z). Then R commutes with V; for

t € R, and since ¢, is even, R also commutes with M, for each t € R. In

particular, for any o € R,

F*M,,F* = F*My RF = F*RMy F = FM, F.

(4.12)
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Thus
Viegs = €™"/4My_ F*My_ F*My_,F*, 5>0. (4.13)
For s < 0 and f € S(R), (4.10) yields
Ssf = (21/(~5)) > My, Viog(— ) F My, f.
Thus by (4.9),
Viog(—s) = €7/ My_,F*My_,, ,FMy_,F*
=e"/*My_,FMy_, FM,_F, s<0. (4.14)
Setting t = log s in (4.13) and t = log(—s) in (4.14) completes the proof. O

Lemma 4.6. (i). Let m denote Lebesgue measure on the interval [0, 1] and

let N be the nest of subspaces of L?([0,1]) given by
N = {L3(0,4) | ¢ € 0,1])

If U is a unitary operator on L%([0,1]) and UN = N, then there is a uni-
modular function p € L*([0,1]) and an almost everywhere differentiable
order-preserving bijection g : [0,1] — [0,1] such that the operator Cy defined

by
Cof(z) = (¢'(@)Y%(fog)(z), feL*[0,1]), z€[0,1] (4.15)

is unitary on L2([0,1]) and U = M,C,.

(i). Let U be a unitary operator on L%(R) satisfying UN, = N,. Then
there is a unimodular function ¢ € L®(R) and an almost everywhere dif-
ferentiable order-preserving bijection g : R — R such that the operator C,
defined by

= (¢'(@)*(fog)(z), feL’R), z€R (4.16)

is unitary on L2(R) and U = M,C,.
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Proof. (i). For t € [0,1], let P, be the projection P, = [L?([0,t])] and let
h(t) be the unique element of [0, 1] satisfying (AdU)P;, = Py(;). Then the
function h : [0,1] — [0,1] is 1-1 and strictly increasing. Let 1 denote
the constant function on [0, 1] taking the value 1 and let g = h~!. Then
Pyyy = (AdU*)P; for t € [0, 1], so

t
g(t) = (Pyp1,1) = (RUL,U1) = /0 |U1(2)|?dm(z), te[0,1]. (4.17)

Consider the measure m o g defined by (m o g)(E) = m(g(E)) for E a

measurable subset of [0,1]. By (4.17), when E is an interval,

(mog)(E) = /E U1 ()| dm(z) (4.18)

It follows that (4.18) holds for each measurable subset E C [0,1]. Hence
mo g < m and by the Lebesgue differentiation theorem (in the form of

Theorem 8.17 of [Rud66]), g is differentiable almost everywhere with

d(x) = £i(%:i)(:l:) = |U1(z)|® for almost every = € [0, 1].

For f € L%([0,1]),

1 o 1
IC1? = [ 17 o9 W5 @) dmiz) = [ 15 dmiz) = 1117

so Cy is an isometry in L(L2([O, 1])). By symmetry, h is also differentiable al-
most everywhere and we may define an isometry Cy, € £(L?([0,1])) by (4.15)

with A in place of g. By the chain rule,
¢'(h(z)) K'(z) =1 for almost every x € [0, 1].

It follows that Cp = Cg"l and (AdCy)P; = Pyy)- Hence Cy is unitary.

Let V be the unitary operator V = UCjy. Since

(AdV)P, = (AdU)(AdCh)P; = (AdU)Py = P,
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the operator V reduces each subspace in A, and so V lies in Alg(NV UN?).
Theorem 4.4 shows that Alg(N, UN}) = {M; | f € L®(R)}, and an
identical argument shows that Alg(N UN?L) = {M, | ¢ € L®([0,1])}.
Since V is unitary, V = M,, for ¢ a unimodular function in L°°([0, 1]).

(ii). Let Z : L2(R) — L?([0,1]) be an operator of the form
Zf(z) = |o/ (@) f(e(x)), feL*R), z€(0,1]

where « : (0,1) — R is a smooth order-reversing bijection. It is easily verified
that Z is a unitary map of L?(R) onto L2([0,1]) and that [ZN,] = [N].

Hence ZU Z~! satisfies the hypotheses of part (i), so
U=(Z2"'M;2)(Z27'C;2)

where ¢ is a unimodular function in L*°([0,1]) and § : [0,1] — [0,1] is an
almost everywhere differentiable order-preserving bijection which defines a
unitary operator Cz € L£(L%([0,1])) of the form (4.15). It is simple to see
that

Z7'M3Z = Mpoq-1;

plainly ¢ = $oa~! is a unimodular function in L®(R). Moreover, the func-

-1

tion g = aogoa™' is an almost everywhere differentiable order-preserving

bijection R — R and the unitary operator Z~1C;Z is equal to the opera-
tor Cy defined by (4.16), so U = M,C,. a

Remark. Another proof of Lemma 4.6 may be obtained from Proposition 3

of [AK95).
Theorem 4.7. The unitary automorphism group of E,.-B is

U(Lrs) = (My,, Mx, F eI | s,\, ¢ €R).
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Proof. Let Ga, Gy and G; denote the “great circles”
gazNaU-A/aJ_, gv_—‘NvU./vvJ', Gs =./V3U./VSJ' for s € R.

Let U be a unitary automorphism of EFB. If UG, = Gy, then FU fixes G,;
if UG, = G, for some s € R, then My_,U fixes G;. So we may assume that
UGa = Ga.

If UGy # Gy, then UG, = G, for some s # 0. If s > 0 then by Propo-
sition 4.2, FGs = G_y/, and FG, = Gy, so the operator U = F‘M¢1/’FU
satisfies U'G, = Ga and U'Gy = G,. So we may assume that UG, = G, and
UGa = Ga.

We now have four cases to consider:

1. UN, =N, UN, =Ny, 2. UN, = NE, UN, = N+
3. UNa = N UN, = Ny; 4. UN, = Na, UN, = N

Substituting the operator F2U in place of U interchanges cases 1 and 2 and
also interchanges cases 3 and 4, so it is sufficient to consider cases 1 and 3
only.

Suppose that case 3 holds, so that UN, = N} and UN, = N,. We

claim that UN); = N2, for some s > 0. To see this, let 91 be the set
N = {Ny, Ni:} U{N,, Nt | s € R}).

Observe that every element of 91 is a nest contained in Lrs; by (4.4), Les
is the union of all nests in M. Since U is unitary, it is invertible and order-
preserving. So U maps nests onto nests and induces a bijection of 91 by
U:Nw—UN.

Let 7 be the “equator” of Lrs,

T = {L*(Ry), L} (R_)} U {My, H*(R), My, H2(R) | s € R}.
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The set 7 contains exactly one subspace from each nest in 0N, so the action
U:T —->UT, K~ UK of U on T determines the action of U on N.
Moreover, U is a homeomorphism between 7 and UT considered as sets of
projections with the strong operator topology, and 7 is itself homeomorphic
to the circle T by Theorem 4.1(iv) and Proposition 4.2. Let us give M the
topology induced by the topology on 7. Then the bijective action of U on
N is a homeomorphism.
It follows that the set

[NE,NV] = U.A[s UNV

$>0

must be mapped by U onto one of the sets

W M= N UNFU N U,
$>0 s€R
or

W, N = NG U [ NG

$<0
If U[N,,N,] = [N, M,] then there is some s > 0 such that UN, = N}

Since UN, = N, and U is unitary,
Nt = (UN)E =UNL =N,

However, N;- NN = {(0), L%(R)} since every function in a proper subspace
in V;' has proper support whereas every function f in a proper subspace
in N, has supp f = R by Corollary 2.6. This contradiction shows that
U[Na, Ny] cannot be equal to [Nz, Ny].

Hence U[N,, Ny] = [Ny, Nt} and so UM, = N2, for some s > 0. Since
UN, = N, by Lemma 4.6 there exist a unimodular function ¢ € L*(R)
and an order-preserving almost everywhere differentiable bijectiong : R —» R

such that U = M,Cy where Cj is defined by (4.16). Thus

UMy, H*(R) = M,CyMy, H*(R) = My_, MyH?(R)
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for some A € R. Moreover, UN, = N, so UH?(R) = M,H?(R) for some
p € R. Since CyMy = My,4C, for f € L™(R),

My, 0gM,CoH?(R) = My 0o M, H?(R) = My_, MyH(R).
Taking orthogonal complements, we see that
My, M_\My, oM, H*(R) = H*(R). (4.19)

Let v : R — C be the unimodular function

u(z) = ¢s(2)e ™% (¢1 0 g)(z)e™*, z€ER.
Then u is unimodular, and rewriting (4.19) we obtain

uH%(R) = H*(R).

By Corollary 2.19,

u(z) = expi[—(g(z)® + s2%)/2 + (b — M)z]

must be an almost everywhere constant function of z. But g(z) — oo as
T — 00, so this is impossible.
So we are reduced to case 1: U fixes both the analytic nest and the

Volterra nest. So

(AdU)Ap = (AdU) Alg(Na UNy) = Alg(UNa UN))
= Alg(Na UNy) = Ap;

so U € U(Lgp) by (4.6). Thus by (4.7),
U € (My,D,, Vi, €1 | A, u,t, 9 € R).
Applying (3.2) and Lemma 4.5 now shows that
U(Les) C (My,, My, F,e™1 | 5,\, 9 €R).

The reverse inclusion is clear, so the proof is complete. 0
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We now consider a matrix representation of the group
Ad (u(EFB)) ={Ad(U) |U € u(EFB)}'

Since Ad(e¥I) = AdI, considering this rather than dealing directly with
u (EFB) affords a slight simplification.

We write My, and F for Ad(M,,) and Ad(F) respectively. By Theo-
rem 4.7,

Ad (u(EFB)) = (M¢.UM)\7F | s,AE R)
Given a subset S of a group, let W(S) be a finite word in the elements of
S; that is,
W(S) € {$S2...5,|n=0,1,2,3,..., Sie Sfori=1,2,...,n}.
The relations
MyF=FD_,, D, F=FM,, M,D,=D,M,,
M/\Mdh = M(bsM/\’ D#Md’s = M¢3M#8D#7 (4'20)
MM, = M4y, D,\D, = Dy,

are easily verified, and using them we can put any element of Ad (U (Em))

into the form

W({F,Mj, | s € R})M,D,.. (4.21)

Recall that SLy(R) is the Lie group of 2 x 2 matrices with real entries

and determinant +1. The following theorem is proven in §XI.2 of [Lan85].

Theorem 4.8. The group SLy(R) is isomorphic to the quotient Q of the

free group I' with generators
{u(b),w | b€ R}

by the relations
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(i). @ is an additive homomorphism;

(ii). if 9(a) = wi(a"!)wi(a)wi(a=!) for each non-zero real number a, then

¥ is a multiplicative homomorphism;
(ii3). % = o(-1);
(iv). 9(a)@(b)v(a=?) = u(ba?).

Let ¢ : T' — Q be the quotient map of I' onto Q and let u(b) = @Z)(ﬁ(b)),
v(a) = ¢(9(a)) and w = (@). If . is the mapping

o) =g 1), ww=(2 o).

then . eztends to an isomorphism ¢ : Q — SLa(R) and ¢(v(a)) = (2 2).

0a-!

Let us identify Q and SLy(R) using .. Then every element of SLa(R) is

uniquely ezpressible in one of the two forms
u(a)v(b) or wu(a)v(b)wu(c)
for real numbers a,b,c € R with b # 0.

Remark. The decomposition described in Theorem 4.8 is called the Bruhat
decomposition. In practice, it easy to determine which of the two factorisa-

tions a given matrix in SL2(R) has, since the matrices of the form

t(u(a)v(b)) = ((1) (11> (8 b(‘)‘) - (8 c;’b:ll)

are precisely those matrices in SLy(R) with a zero in the bottom left-hand

corner.

Proposition 4.9. Let G be the group

G= (F,Md,. | s € R).
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Then the mapping m on {( % §), (§1) | s € R} given by

0 1 1 s
"(—1 o)‘F’ ”(0 1)‘M¢=

extends to an isomorphism between SL2(R) and G.

62

Proof. Let w = F and u(b) = My, for b € R. We claim that u(b) and

w satisfy relations (i)-(iv) of Theorem 4.8, so that G is isomorphic to a

quotient of SLy(R).

Since ¢sds = ¢s4t for s,t € R, the map u is an additive homomorphism.

Let

v(a) = wu(a~)wu(a)wu(a™?) for non-zero a € R.

Recall that R = F? is the self-adjoint unitary flip operator Rf(z) = f(—z)

and that R commutes with V; and My, for each s,t € R. Either by

Lemma 4.5 or by direct computation, is easy to see that
FV,F*=V=V_,, teR
Hence for a > 0, by (4.13),

'u(a) = Ad(FM¢1/aFM¢aFM¢l/a)
= Ad ((M¢—l/aF*M¢—aF‘M¢—l/aF*)*)
= Ad ((Vlog l/a)*)

= Ad(Vioga)-
For a < 0, by (4.12) and (4.14),

v(a) = Ad(FM¢1/uFM¢aFM¢1/o,)
= Ad ((M¢—l/aF‘M¢-GF‘M¢-1/(IF‘)')

= Ad(R(M¢_1/aFM¢-aFM¢-1/aF)‘)

(4.22)
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= Ad(R(Vlog(—l/a))*)

= Ad(RVlog]al)'
Thus
o(@) = {AdViga)  @>0,
Ad(RVlog|a|) a<0.
Now

Ad(‘/log :z:y) = Ad(‘/logz) Ad(viogy) T,y > 0,
v(zy) = Ad(vloga:y) = Ad(RVlog[xI) Ad(RVlog Iyl) z,y <0,
Ad(RVloglzyl) = Ad(RVlog |1:|) Ad(Viggy) <0<y,

which is equal in each case to v(z)v(y). So v(zy) = v(z)v(y) for non-zero
real numbers x and y, so v is a multiplicative homomorphism. Moreover,

v(—1) = Ad(R) = w?, and since V;My V_; = My ,,, for s € R, we have
v(a)u(b)v(a') = u(ba®) fora>0,beR.

Since R commutes with My, and V; for s,t € R, for a,b € R with a # 0 it

follows that w? = v(—1) commutes with u(b) and v(a). So for a < 0,
v(@)u(b)o(a™t) = w?u(ja))u®)w?v(la] ") = v(lal)u(b)v(la] ") = u(ba®).

Hence conditions (i)—(iv) of Theorem 4.8 are satisfied, so G is isomorphic to
a quotient of SLy(R).

We claim that G is actually isomorphic to SL»(R) itself. This will follow
from Theorem 4.8 if we show that G has a Bruhat decomposition: we must

show that every element of G can be written uniquely in one of the forms
u(a)v(b) or u(a)v(b)wu(c)

for real numbers a,b,c € R with b # 0. Since G is a homomorphic image
of SLy(R) every element of G can indeed be expressed in such a way by
Theorem 4.8. It remains to demonstrate uniqueness. For the remainder of

this proof, let a,b, c,a’,b’,c denote real numbers with b,b’ # 0.
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If u(a)v(b) = u(a’)v(b") then Ad(R" My, __,Viog|pj—log|rr]) = Ad(]) where

n = 1if b < 0 and n = 0 otherwise, so R"Mj

aat Viogltl-log | = ¢T for
some unimodular constant (. Considering the images under these operators
of indicator functions of intervals in R rapidly leads to the conclusion that
|b] = |b], @ = o’ and n = 0. The signs of b and b’ differ only if n = 1,
sob=1V.

If u(a)v(b)wu(c) = u(a’)v(b)wu(c’), then v(b)wu(c) = u(a’ — a)v(d)w.
So

ViFM, _, =CR"My,_VyF (4.23)

where t = log |b|, t' = log|b/|, n = 1 if bb' < 0 and n = 0 otherwise, and ¢
is a unimodular constant. Let f = F*x(o); then f € H?(R). The image
of f under the right-hand side of (4.23) has support [0,e~*] if n = 0 and
[—e~*,0] if n = 1. By Proposition 4.2, the image of f under the left-hand
side of (4.23) is

Vth,_wc_c,)H2(R) ife>d,
ViFM, _f€ViFMy _ H*R) = ViM,_, ey HAR) ife<d,
ViL2(R4) ifc=¢.

Since ( RV, F f has proper support, we must have ¢ = ¢’ and since V,F f has
support equal to [0,e7?], alsot =t andn=0,s0 b="¥". So (M, =1,
soa=a and (= 1.

Suppose that u(a)v(b)wu(c) = u(a’)v(b’). It follows from relation (iv) of

Theorem 4.8 that
u(d — a)v(b') = v(t)u((a’ — a)/b'?).

Hence

v(b)wu(c) = u(d’ — a)v(V)) = v(t)u((a’ — a)/b'?),

v(b/b')w = u((a’ — a)/b'? - c).
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Let v = (@’ —a)/b'? — c. Then
ViF = (R"My,

for t = log |b/Y|, some integer n and some unimodular complex number (.
The operator V' maps the compactly supported function x|o,1) to a function
with full support whereas the operator (R" My, cannot map a compactly
supported function to a function with full support. So this case cannot
occur.

So G does indeed have the unique decomposition property and so G is
isomorphic to SL2(R). That the map 7 implements this isomorphism follows

from Theorem 4.8. 0

Our description (4.21) of a general element of Ad (U4 (EFB)) now becomes
7(K)M,)D,

where K is an arbitrary element of SLy(R) and A, € R. It is not hard
to see that this “normal form” for elements of Ad (b{ (EFB)) is unique: for
if 7(K')MyD, = n(K")My»Dy», then 7(K) = MD, for A = X' = X,
p=p"—pu and K = K"7'K’. Now n(K) = AdU for U a unitary in the

group (F, My,, eI | s, € R) and such operators U map the equator
T = {L*(Ry), L*(R-)} U {My, H*(R), My, H2(R) | s € R}

onto itself. On the other hand, M\D, = Ad(M,D,,), and scalar multiples
of MyD,, do not preserve 7 unless A = p = 0. So U = €I and also
K =n"'(AdU) = (39).

Let N and H be groups and let a be a homomorphism from H into the
automorphism group of N. We follow the conventions of [AB95] and define

the semidirect product N xo, H of N and H with respect to a as the group
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with elements N x H and group operation
(nl, hl)(ng, h2) = (nla(hl)ng, hlhg) . (424)

Given a matrix or column vector m, we write m' for the transpose of m.

Theorem 4.10. Let 6 : Ad (U(EFB)) — SL3(R) be the map

1lp A
0:m(K)MD,— | 0 .
o= ()

Then 0 is a well defined injective homomorphism which implements an iso-

morphism between Ad (L{(Em)) and

R 1|p A
0(Ad(U(Lrs))) = { 0 Mu€ER, Ke SL (R)}
( )) ( 0 K ) ‘ u 2

This matriz group is isomorphic to the semidirect product R? x, SL2(R)
of the additive group R? and SLy(R), where a : SLa(R) — AutR? is the

homomorphism
a(K)v= (K Y%, veR? K€ SL(R).

Moreover, the restriction of 8 to Ad (U(Lrs)) = {AdU | U € U(Ls)} is an

isomorphism between Ad (U(Lrs)) and

1{p A
0(AdU(Lss))) = {( 0[et 0 ) ’A,p,t € ]R}.
0|0 et

Proof. The discussion preceding the theorem statement shows that 6 is well
defined on Ad (U (Em))- We claim that @ is a homomorphism. In fact, for
A, i, sin R and J, K in SLy(R), we have

1]0 A 1|0 0 1|-)2 0
O(MA)O(F)=<OIIO)(O’O 1):(0’0 1)
0/0 1 0]-10 0|-1 0

= (F)8(D-») = 6(FD_,);
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|
45

1
6(D,,)0(F

0
8(F)8(
1|p 0 1[0 A 1p A
0|1 0 01 0 |=(0]T 0
001 0olo 1 olo 1

6(Dy) = 6(M,D);

1|0 0 1
0|1 s =10
010 1 0

= (Mg, )8(M,) = 6(My,M,);

6(D,)6(M,,) = (

1/0 A 110 p 1[0 A
8(M,)0(M,,) 010 01 0 |=|0]1
001 0(0 1 0]0

= 0(M,)8(M)) = 0(Mx4);

1|,\0 1lp 0 1A+
8(D,)8(D,) = 0’1 0 |]=(0] 1
0|0 1 0| 0

=0(D u)9 D)) = 6(Dat);

0(M»)0(Ms,) =

-G
0(Dy)0(M,) = (

1|u0 10 0 1
Ols 0
01 0

8(M, #3)0( p) = 6(M¢,M#8Dﬂ)3

S =

.
)
!

- O+

=

8(m(K))6(n(J)) = 0(m(KJ));
8(r(K)M,D,,) = 6(n(K))8(M,)8(D,,).

In short, 6 respects equations (4.20) and so the process of “putting into
normal form”. It follows that 6 is indeed a homomorphism. Plainly 6 has

trivial kernel, so @ is injective and so is a group isomorphism onto its range.
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Let us define the map 3 : R? x4 SLy(R) — 6(Ad(U(Lrs))) by

¥: (v, K) - (%P'%) veR?, K € SLy(R).

Then v is plainly injective and since

Y(((K N, K)) = (%P) , veR? K e SLyR)

it follows that v is a bijection. Let v;,v2 € R? and let K, K, € SLy(R).

By (4.24),

¥((v1, K1) (v2, K2)) = ¥((v1 + (K7 ")'v2, K1 K3))

( 'UEKlKQ'{"U;KQ )
(]

1
0 K1 K,y
1
0
Thus 1 is an isomorphism of R? x4 SL2(R) onto 0(Ad(u (EFB))).

v K 1 l’U;Kg
K, 0| K>

(v, K1) % ((v2, K2)).

By (4.7),
Ad (U(Les)) = (M, Dy, Vi | A, t € R).
Moreover, by Lemma 4.5,

7lr_l(\’t) = 7‘._1(M¢exp(t)FM¢exp(—t)FM¢exp(t)F)
(1 N[0 1\[1 et\[(0 1) /1 € 0 1
“\0 1/\-1 0/\0 1 -1 0/\0 1 -1 0
_ (e 0
T\0 et)”
Thus @ restricts to give a group isomorphism between

1{p A
0(Ad(U(£pB)))={(O e 0 )I,\,p,teR}

0[0 et
and Ad (U(Lrs)), as claimed. O



Chapter 5

The hyperbolic algebra

Recall that for ¢ € R, the dilation operator V; is the unitary operator

on L?(R) given by
Vif(z) = *f(e'z), feL*R), z€R.

In this chapter, we consider the algebra obtained when we replace the trans-
lation semigroup {D,, | p > 0} of generators for the parabolic algebra with
the dilation semigroup {V; | t > 0}. This algebra was first studied in [KP02].
We show that it is reflexive and give an alternative proof of a strong operator

topology limit of projections established in [KP02].
Definition 5.1. The hyperbolic algebra Ay, is the w*-closed operator algebra
Ap = wh-alg{My, V; | A\,t > 0}. (5.1)

For s € R, let d; : R — C be the unimodular function ds(z) = |z|**, and

let £ and Lg be the subspace lattices

Ly = {L2([_a” b]) I a,be [03 OO]},

Ls = {d;H*(R) | s € R} U{(0), L*(R+), L*(R-), L*(R)}.

69
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The dilation lattice is the subspace lattice Lpy U Lg. We will also write
Ay = Alg Ly and Ag = Alg Ls. The dilation lattice algebra Ap, is the
operator algebra

o = Alg(Lpy U Lg).
Pla,lnly ADL = .A.M N .A.S.

We use the name “hyperbolic” for Ay, since the generators V; are imple-
mented by dilation, a hyperbolic action on the upper half-plane. Observe
that for s,t € R and a,b € [0,00), the subspaces L%(Ry) and L*(R_) are
reduced by V4,

V.L*([—a,b]) = L*([—ae™',be”"]) and V;(d,H?*(R)) = d,H*(R).

So if t > 0, every subspace in the dilation lattice is invariant for the dilation

operator V;, which explains our nomenclature.

5.1 Reflexivity

We follow the argument of [LP03]. Observe that
An C Ao, (5-2)

since each of the generators of A}, leaves each subspace in the dilation lattice
invariant.

As in Chapter 3, the key to identifying the two algebras will be to show
that they contain the same Hilbert-Schmidt operators and a bounded ap-
proximate identity of Hilbert-Schmidt operators; this will show that the
Hilbert-Schmidt operators are dense in each algebra and so the algebras are
equal.

Let Q be the first and third quadrants of the plane,

Q= {(z,y) eR* | zy > 0}.
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We first show that considering functions supported on @ is a natural thing

for us to do.

Lemma 5.2. Let Intk be a Hilbert-Schmidt operator leaving both of the

subspaces L?(R,.) and L?*(R_) invariant. Then suppk C Q.

Proof. Let (en)n>1 be a basis for L2(R4) and extend it to a basis (en)nez

for L?(R) where Z* is the set of non-zero integers. A basis for L2(R?) is
{em ®en | m,n € Z*}
and a basis for L%(Q) is
{em ® en | m,n € Z* and m,n are either both positive or both negative}.

Thus if the essential support of the non-zero function k € L2(R?) is not
contained in @, there is a pair (m, n) of distinct non-zero integers such that
(k,em ® e,) # 0 and exactly one of m and n is positive and the other is

negative. So
(kyem ® €n) = /R/Rk(x,y)em(z)en(y) dy dz
=/R(/Rk(z,y)a(y) dy)q(x) dz # 0.
So
((Int k)ez, em) # 0.

Ifn > 0, then &, € L?(R,) and e, € L?(R_), so Int k does not leave L?(R, )
invariant, contrary to hypothesis. Similarly, if n < 0, then &, € L?(R_) and
em € L2(R4), so Int k cannot leave L?(R_) invariant. So such a pair (m,n)

does not exist and k must be supported on Q. O

Let p and q be the functions defined on the non-zero real numbers by

- z1/2 >0, (@) = z-1/2 >0,
PO= Va2 z<0, T\ cie 2 z<o.
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Observe that p and g are the restrictions to R\ {0} of branches of the analytic
functions z +— 2%1/2 defined on the cut plane C \ sR_ and that ¢ = p~1.

Given k € L%(Q), let ©Oy(k) : R?2 — C be the function
On(k)(z,t) = p(z)et/*k(z,e'z), x,t€R.
Lemma 5.3. The mapping ©y, : L?(Q) — L?(R?), k — Oy (k) is unitary.
Proof. The map ©)y, is plainly linear L2(Q) — L2(R?). The inverse mapping

O, ! is given by

z,y€R, (5.3)

0;'()(@,y) = {3‘” Viilelostw/)  ifay>0

otherwise,

so Oy, is bijective. Since [p(x)|?> = |z| for x a non-zero real number,
”6h(k)"%2(mz) = / / |5(x)et %k (z, e'z)|? dt dzx
R JR

=//|k(z,e‘m)|2et|z|dtdw
R JR

-/ /Q k() ? dy dz

= |IkllZ2(g)-

Hence the mapping ©y is a bijective isometry, so ©y is indeed unitary

L%(Q) — L?*(R?). O

Recall that for v € H™, b, € H?(R) is the function b,(z) = (z — v)~ L.

For t € R, let ¥; be the countable set of functions
B¢ = {p(z)€e"*"by(x)(Vibw)(z) | s 2 0, s € Q, v,w € Hy}.

It is trivial to verify that functions in ¥, are the boundary value functions

of functions which lie in H2(H"), so £, C H*(R).
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Lemma 5.4. For each t € R, the countable set ¥; has dense linear span

in H?(R). Moreover, the set
Z ={h € H*R) | ph € H®(R)}
is dense in H?(R).
Proof. Let ¥ be the set
% = {p(z)e**®by(x)by(z) | s > 0, v,w € H™}.

Plainly the closure of 3 contains ¥, so the lemma will follow for ¢t = 0 if
we can show that ¥ has dense linear span in H2(R). Let x be the greatest
common inner divisor of the set . By Proposition 2.15, the linear span of
T is dense in kH%(R).

We claim that x is a constant unimodular function. This will follow if
we show that for v,w € H~, the function pb,b,, is outer. Using notation

from §2.1, let Us be the unitary isomorphism U, : H2(T) — H?(R),

1

Usf(z) = mf

(w_l(z)), feHYT), zeR

where w : D\ {1} — HT is the bijection

w(z)=ii+§, 2eB\ {1} ={z€C||z| <1, z £ 1}

with biholomorphic restriction D — H*. Then w™! is given by

zZ—1 —
wl(z)==—, zeHt
zZ+1

and w|T \ {1} is a bijection T \ {1} — R. The inverse of U, is

Ustg(z) = m'/23(w(z) + i)g(w(2))

= 2in/?(1 - z)'lg(w(z)), z€ T\ {1}, g € H*(R).
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By definition, a function g € H%(R) is outer if and only if U;'g € H%(T) is

outer. Fix v,w € H™ and let g = pb,by, and f = Uy 'g. Then
f(z) = 2z'7r1/2(1 - z)_lp(w(z))bv (w(z))bw(w(z)), z€eT.

Since Rep(w(z)) > 0 for each z € D, by Theorem 2.10, pow € H"(T) for

each r € (0,1) and p ow is outer. Moreover, writing A = w™(v),

1 i(1—2)(1= )

bo(w(z)) = w@) —w(N)  2(A—2)

Thus
U;'by(2) = 7‘_1/2;\\_—_1

-z
The function z — A — z is certainly in H%(T). Since b, € H?(R) and U, !
maps H2(R) — H?(T), the function U;'b, is in H*(T). So U;'b, and
1/(U;by) both lie in H*(T). By Proposition 2.11, U; b, is outer.
We now claim that by, o w is also outer; for if 4 = w™!(w), then |u| > 1,
SO

_ 12 —p) e
(by ow)(z) = 20i-7) € H*®(T)

and by Theorem 2.10, the function z — 1 — z is outer. Since Uy 1., is outer
and (b, ow)(2) is a non-zero constant multiple of (1 — z)Us; 'by,(z), it follows
that b,, o w is also outer.

By Lemma 2.11, the product f of these three outer functions is also
outer, so g is outer in H2(R). It follows that & is trivial and ¥ does indeed
have dense linear span in H?(R), as does Z.

For t € R, since

t/2

Vibyw(z) = =e 2,

elr—w
the closed linear span of ¥; contains the closed linear span of ¥, so ¥; also

has dense linear span in H2(R).
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Finally, let Ag C H?(R) be the set
Ao = {bsby | v,w € Hg}.

Each h € Ag satisfies ph € H%(R) N L*°(R) = H?R) N H®(R). By
Lemma 3.3, Ag has dense linear span in H2(R). Since Z contains the linear

span of Ao, the proof is complete. O
Proposition 5.5. Let k € L%(Q).
(i). If Intk € Ag, then Oy(k) € H3(R) ® L%(R).
(ii). If Intk € Ay, then Oy(k) € L%(R) ® L%(Ry).
In particular,
Ap. NCo C {Intk | On(k) € H*(R) ® L%(R,)}. (5.4)

Proof. (i). By Lemma 5.3, ©y(k) € L%(R?), so t — Oy (k)(z,t) € L3(R) for
almost every z € R. Let k € L?(Q) with Intk € Ag N Cy. Then for every
s € R,

(Int k)d, HX(R) C d;H*(R) = (ds H2(R))™.

So if f and g are functions in H?(R),
0= ((Int k)dsfa ds§>
- / / Kz vyl )|zl g(z) dy dz
R JR
- /]R /]R G(x)e?0n (k) (z, 1) f(e'x)g(z) el d dt
= [ [ entb)@ O p@ls(@Vis @) do e . (5.5)
RJR

Note that we have used the condition suppk C @Q to make the change of
variables y = e’z in the third line of this calculation. Let ® : R — C be the

function

B(t) = /R Ou(k)(z, £) p()g(x)Vif (z)dz, teER.
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Since Int |k| € C; and |f|, |g] € L?(R),

/R 1B(t)]dt < /R /R 1On(k)(@, ) p(2)g(2)Vi f (z)] e dt
= [ [ ke ds dy
RJR
= ((1nt [K])|f1,lgl) < oo,

so the function ® is integrable. By (5.5),
/ ®(t)e*'dt =0  for every s in R,
R

so @ has zero Fourier transform. Since ® is in L!(R), it follows by Proposi-

tion 2.17 that ® = 0; that is, for almost every ¢,

/R On(k) (2, £) p(z)g(z)Vif (&) dz = 0. (5.6)

Thus for every pair (£, g) with f, g € H%(R), there is a conull set T'(f,g) C R
such that (5.6) holds for ¢t € T(f,g). Let I' be the set of pairs of H?(R)

functions

T = {(by,e"%b,) | s>0, s€Q, v,we€ Hg}-

The set I' is countable, so

T= () T(9)

(f.9)er

is conull and (5.6) holds for every t € T and every (f,g) € I'. Fixt € T}
then
T ={pgVif | (f,9) €T}

has dense linear span in H2(R) by Lemma 5.4. Moreover,
/ On(k)(z,t)h(x)dz =0  for every h € %;.
R
Thus for every t € T,

z — On(k)(r,t) € (H2(R))" = HX(R).



The hyperbolic algebra 77

By Lemma 2.21 we must have Oy (k) € H%(R) ® L%(R).

(ii). It is routine to show that the condition Intk € Ajs is equivalent
to the essential support of k£ being contained in the cone swept out by the
y-axis and the lines y = vz for v in [1,00). Hence the essential support
of ©y(k) must be contained in the upper half-plane {(z,t) | t > 0}, and
Lemma 5.3 shows that Oy (k) € L?(R?). Since

{§ € L*(R?) [ suppj C {(z,t) | t > 0} } = L*(R) ® LA(Ry),

this completes the proof of (ii).
Finally, since Ap, NCa = (Ap NC2) N (As N Cy), (1) and (ii) together
establish (5.4). O

As in Chapter 3, we will show that the inclusion (5.4) is in fact an
equality. The next two results are analogues of Proposition 3.6 and Propo-
sition 3.7.

First, we apply Lemma 3.5 to the strong operator topology continuous

one-parameter group of unitaries {V; | t € R} and the semigroup
{(Vilt>0} C Ay
to define operators V,, as follows.

Proposition 5.6. Let ¢ € L'(Ry). Then the sesquilinear form

w9 = [ [ oOvis@a@da, f.9e @)
is bounded, and there is a unique bounded linear operator Vi, such that
(Vof,9) = To(f,g) for f and g in L*(R). Moreover, ||Vy| < [l¢llLi()-
If ¢ has compact essential support then V, € Ay. O
Proposition 5.7. Let h € H(R) and ¢ € L?*(Ry). Let h® ¢ denote the
function (z,t) — h(z)p(t) and let k = 6, (R ® ¢). Then Intk € Ap N Co.
Moreover, if also ph is in H®(R) and ¢ € L*(R), then Intk = Mp,V,.
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Proof. By (2.5) and Lemma 5.3,

[ Int Kllc, = [[kllz2we) = Ik ® ¢llL2®2) = bl @) llell L2y

so if hy — h in L?(R) and ¢, — ¢ in L?*(R) then by Lemma 5.3 the
operators Int ©; ! (hn®pn) converge to Int k in Hilbert-Schmidt norm and so
in operator norm. By Lemma 5.4, we may therefore assume that h € H?(R)
with ph € H®(R). Moreover, we may assume that ¢ has compact support,
since the sequence ¢n = pX|o,, converges to ¢ in L?*(R). By the Cauchy-
Schwarz inequality, the function ¢ lies in L}(R,).

If f and g are in L?(R), then by (5.3) and Proposition 5.6,
((Intk)f,g) = /R/R (€71 (h® ) (z,9)f(y)g(z) dy dz
-/ /{ o 6(90)\/;h(x)so(log(y/x))f(y)g(w) dy dz
= [ [ ooV @@ deds
RJR
= <Mphv<pfa g)'

So Intk = MppV,. Since ph € H®(R), My, € A,. By Proposition 5.6,

V, € Ap. So the product Int k = Mp,V,, is also in Ay,. O
Proposition 5.8. If v € H*(R) ® L*(R.) then Int @gl(u) € A, NCa. So
{Intk | On(k) € HX(R) ® L*(R4+)} € Ap N Ca.

Proof. This follows from Lemma 5.3 and Proposition 5.7 exactly as in the

proof of Proposition 3.8. a

Corollary 5.9. The hyperbolic and dilation lattice algebras contain the same

Hilbert-Schmidt operators. Explicitly,

ApNCs = ApNCy = {Intk | Op(k) € H*(R) ® L*(R4)}.
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Proof. The inclusion Ay, C Ap, was established in (5.2). So by Proposi-

tion 5.5 and Proposition 5.8,
AnNCy C A NCy C {Intk | Oy(k) € H2(R) ® L2(Ry)} C AnNCo. O

Proposition 5.10. The hyperbolic algebra contains a bounded approzimate
identity of Hilbert-Schmidt operators. In other words, there is a norm-
bounded sequence (Xp)n>1 of operators in Ay N Cq such that X, — I in

the strong operator topology.

Proof. For n € N, let

—n?p(z)

(@) = G T @+ )

on(t) = nxpn-1(t)

and let gn(z) = p(x)hn(z). Then |gh(z)] < 1 for z € R and gp(z) — 1
uniformly on compact subsets of R \ {0}, so (Mg, )n>1 is a sequence of
contractions whose strong operator topology limit is the identity. Observe
that h, € H%(R) and ¢, € L*(Ry) for each n > 1. By Proposition 5.6,
IVenll < llgnllzimy = 1 for each n > 1, so (V,;,)n>1 is a sequence of con-
tractions. If we pick a continuous compactly supported function f, then the

integral

\ [ fa\NTYr o/ N\ ]
I,
o) = [ enttisay

converges for every z to define a continuous compactly supported func-
tion I, which by Proposition 5.6 coincides with V,,, f. Thus by dominated

convergence,

1/n
||V<,onf"f||2=/’/0 thf(l')dt—f(:E)2d$—>0asn—>oo.

Since such functions f are dense in L?(R), the sequence V,,, — I boundedly

in the strong operator topology.
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Let X,, = ®gl(hn ® ¢op). Then X, = M, V,,. € A, NCy by Propo-
sition 5.8, and || X,| < |[Mg, |l |Vin|l < 1. Multiplication is jointly strong

operator topology continuous on bounded sets of operators, so
Xn = Mg, V,, — 1
in the strong operator topology as well. O

Corollary 5.11. The dilation lattice algebra and the hyperbolic algebra are

equal.

Proof. This follows from (5.2), Corollary 5.9 and Proposition 5.10 by the

same argument used to prove Corollary 3.11. O
Since Ap,, is plainly reflexive, we have also proven:
Theorem 5.12. The hyperbolic algebra is reflexive. O

We will write Ay, in preference to Apy.

5.2 A strong operator topology limit

In [KP02], a cocycle argument is used to show that the invariant subspace

lattice of the hyperbolic algebra is
Lat A}, = {KC,)“# | ¢ e C* Apu>0tULly

where

Kepp = vceA,qu(R)a exu(z) = expi(Az + ,u:c‘l)

and for ¢ € C* = C\ {0}, v : R — C is the two-valued function

ve(z) = {2 z>0

r<0.
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It is also shown that this lattice is compact and connected as a lattice
of projections with the strong operator topology. It is not immediately
apparent from this presentation that Lat.4;, contains Lg, although since
Ay = Alg(La U Ls), we know that this must indeed be the case. This

lemma, whose proof we take from [KP02], gives the explicit correspondence.

Lemma 5.13. For s € R,
ds H*(R) = exp(rs) H(R).
Thus

Ls = {v.H*R) | 0 >0} U{(0), L*(R}), L*(R-), L*(R)}

= (Kool o >0} U{(0), L2(Ry), AR_), LAR)).  (5.7)

Proof. For s € R, let gs : R — C be the bounded function

it x>0,
e ™|z = <0.

95(2) = Vexp(-rs)()ds(z) = {

Then g, is the boundary value function of z — 2%, a bounded holomorphic
function on the upper half-plane, so gs € H*°(R). Moreover, g; is invertible

in H*(R), so g, H*(R) = H%(R). Hence
dsH2(R) = Uexp(ﬂs)gsH2 (R) = vexp(vrs)H2 (R)
The result follows. O

In this section we give an alternative proof of one result needed to es-
tablish the connectivity of Lat Ay. The techniques we use owe much to two
papers of Halmos ([Hal69], [Hal71]) and will resurface in the next chapter.

We recall some standard terminology and notation from the theory of

unbounded operators. We use the terms manifold and submanifold to refer
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to linear subspaces of Hilbert spaces which are not necessarily closed; sub-
space will always mean a closed subspace. An unbounded operator between
Hilbert spaces H and K is a linear map T with domain D(T') and range R(T)
where D(T') and R(T') are submanifolds of H and K respectively. In the re-
mainder of this section, the term operator will typically mean an unbounded

operator unless it is explicitly said to be bounded. The graph of T is the set
graph(T) = {(z,Tz) | z € D(T)};

this is a submanifold of the Hilbert space H @& K. The operator T is said to
be closed if graph(T') is closed in H @ K.

Let T : D(T) — H with D(T) a submanifold of H. Then T is said to be
positive if (T'z,x) > 0 for every z € D(T). If D(T) is dense in H then the

adjoint of T is the unique operator T* : D(T*) — H satisfying
(Tz,y) = (z, T*y) for all z € D(T), y € D(T™)

where D(T™) is the set of vectors y € H such that there exists some y* € H
such that (Tz,y) = (z,y*) for every z € D(T). Note that D(T™*) could be
the zero subspace. If T = T™* then T is said to be self-adjoint.

The aim of this section is to prove Proposition 4.4 of [KP02] in a trans-
parent systematic manner. Although there is a proof in [KP02] which is
considerably shorter than this one, the length of the proof presented here is

largely due to technicalities arising from the use of unbounded operators.

Proposition 5.14 (Proposition 4.4 of [KP02]). The following strong

operator topology limit holds:

soT-lim(ve H*(R)] = [L*(R-)).
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L*R_) vo H?(R) = graph(cT)

oglL2(R_ - ———
LR ! H?*(R) = graph(T)
L2R)h ¢~/ -a

[ S

[L2R)h L*(Ry)

Figure 5.1: The graph picture

We take a moment to explain the intuitive picture behind our proof. Let

T be the unbounded operator
T: [PROEAR) - FR-), [LXRy)h— [LXRO)JA, he HY(R).

By Corollary 2.6, each h € H%(R) is determined by [L?(R4)]h = h - XR,, SO

the operator T is well defined. It is easy to see that for o € C*,
v HA(R) = graph(oT).

We guide our intuition using graphs of functions R — R, which are subsets
of the plane R2. The operator T maps a dense subset of LZ(R. ) onto a dense
subset of L2(R_), so we identify the z-axis with L2(R..) and the y-axis with
L?(R_). Let £ be the graph of the function y(x) = z; we identify £ with
the subspace H2(R). Then T corresponds to the function y(z) = z; for if
we take a point A € £ then [z-axis|h is simply the z-coordinate of ¢ and

[y-axis]h is the y-coordinate of £. Similarly, graph(oT) is identified with the
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graph £, of the function y(z) = oz. This setup is shown in Figure 5.1. In
the limit & — oo, the line ¢, tends to the y-axis in some sense, so we also
expect graph(oT) to approach L2(R_) as ¢ — oo.

Our first lemma concerns some basic properties of certain unbounded

linear operators.

Lemma 5.15. (i). Let H be a Hilbert space and let T be a closed linear
operator T : D(T) — H where D(T) C H. Then graph(T)+ = Agraph(T*),
where A € L(H & H) 1is the unitary operator defined by

A((z,y) = (~y,2), z,y€M.

(ii). If D(T) and R(T) are both dense in H and T has trivial kernel,
then J = (I + T*T)™' : H — H is a self-adjoint contraction in L(H), and
the range of J is D(T*T).

(i4i). If T is also self-adjoint and positive, then T~! is self-adjoint and

positive.

Proof. Statements (i) and (ii) are proven in §XII.1.5 and §XII.7.1 respec-
tively of [DS63]. For (iii), since 7 has trivial kernel, the operator 7! exists,
D(T~1) = R(T) and R(T!) = D(T). Moreover, T is self-adjoint and R(T)
is dense in H, so by Lemma XILIL.6 of [DS63], T-! = (T*)~! = (T71)*,
so T-! is self-adjoint. To see that 7! is positive, observe that for each

S D(T_l) = R(T)a
(T 'z, z) = (T2, TT'z) = (T(T'z),T7'z) > 0
by the positivity of T'. a

Lemma 5.16. Let H be a Hilbert space, let {Rs | s > 0} C L(H) and let Hy

be a dense subset of H. Suppose that there is a number C > 0 such that
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|Rs|| < C for every s > 0 and that Rsx — Rox as s — 0 for every ¢ € Ho.

Then R; — Ry in the strong operator topology as s — 0.

Proof. Fix y € H. For s > 0 pick ys € Hp such that ys — y as s — 0. Then

”(Rs - RO)y” < “Rsy - Rsys” + ”Rsys - Roys" + ”ROys - ROy”

< 2C|ly = ys|l + |(Rs — Ro)ys|l — 0 as s — 0. O

Lemma 5.17. Let H be a Hilbert space and let T be a closed self-adjoint pos-
tive linear operator on 'H with trivial kernel and dense domain and image.

For s a real number, set Ty = sT. Let Js be the operator
Js=I+TH™

Then Js, TsJs and T2Js are bounded operators on H, and the following

strong operator topology limits hold as s — 0.
(). Js— I, (ii). TeJs — 0  and (i) T2J, — 0.

Proof. (i). By Lemma 5.15(ii), Js is a contraction for each s € R. Fix

z € D(T) = D(T?) and y € H. Then
(@,y) = (Js(I + T)z,y) = (Jsz,y) + (ST %z, y),

SO

(I = Jo)z,y) = 5*(JsT?z,y).
If we set y = (I — Js)z, then we see that
(I = Jo)al|? = $*|(Js T2z, (I = Jo)z)| < 282 Tzl |z]| — 0 as s — 0.

Since J, is a contraction for every s € R and D(T') is dense in H, Lemma 5.16

shows that J; — I in the strong operator topology as s — 0.
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(ii). First observe that by Lemma 5.15(ii),
R(Js) = D(TTs) = D(Ts,z) C D(Ts),

so TsJs has domain H. By §XII.1.6 of [DS63], since Js is bounded, (TsJs)* =
JTE = J,T,. Thus (TyJs)*TyJs = J,T2J, also has domain H and

(ToJs)*Tsds = JsT2Js = Js(I + T2)Js — J2 = J,(I — J). (5.8)
Moreover, since J; is a contraction for each s > 0,
I Ts(T = T < T I = Jsll < 2.
Thus for each z € H,
Ty Jsz|? = (To sz, ToJsx) = (Jo(I = Js)e, z)

< N5zl T = Jo)zll < el (T = Js)z]| (5.9)

< 2Jlz>.

So TsJs € L(H) and (5.9) and (i) also show that TsJ; — 0 in the strong
operator topology as s — oo.

(iii). Simply observe that
T2J, = (I +T2)Js—Js=1—-Js.
So part (iii) is equivalent to part (i). g

Lemma 5.18. Using the hypotheses and notation of the previous lemma,

let
I TsJs
Qs_(Tst Tsst), s € R.
Then Qs € L(H ® H) and Qs is the orthogonal projection onto the graph

of Ts. Moreover,

SOT-limQ; =I®0 and SOT-ImQs =06 1.
s—0 §—00
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Proof. The matrix operator @, is defined on all of H ® H since J, is defined
on all of H, and it is bounded since each entry is bounded by Lemma 5.17.

To simplify notation, we first treat the case s = 1. Let Q = Q1 and let
f € D(T). Then

QUf.T)) = ((J+TJIT)f, T(J+TJIT)f) = (f,Tf)
since (J + TJT)f = (I + TJT(I +T2))Jf = (I + T?)Jf = f. Similarly,
QUU=T1),f)) = ((=IT+TJ)f,T(-JT +TJ)f) = (0,0)

since (=JT+TJ)f = J(-T+({I+T?)TJ)f = 0. So Q agrees with [graph(T’)]
on graph(T) and on graph(T)+ by Lemma 5.15(i), so Q@ = [graph(T)].
Adding a liberal sprinkling of subscripts to these calculations shows that

Qs = [graph(Ts)].
By Lemma 5.17, for f,g € H,

Qs((£,9)) = (Jsf + TsJsg, ToJs f + T2 Js9) — (f,0) as s — 0.

So I & 0 is indeed the strong operator topology limit of Qs as s — 0.

Finally, let ® € L(H @& H) be the unitary operator
*:HoH—-HOH, ®((f9)=/(9,f)

Since T has trivial kernel the operator T~! : R(T) — H exists. The operator
T is self-adjoint and positive, so by Lemma 5.15(iii), 77! is self-adjoint and

positive too. Moreover,

graph(T,-1) = {(f,s7'Tf) | f € D(T)}
={(sf,Tf) | f € D(T)}
={(sT7'9,9) |9 D(T7")}

= ® graph(sT™!).
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In particular, 7! is closed. Since T~ is self-adjoint and positive with
trivial kernel and dense domain and image, what we have already proven
shows that

SOT—%)im[graph(sT“l)] =10.
S—

Hence by Proposition 2.20(ii),

soT-lim[graph(T;)] = soT-lim[graph(7},-1)]
5—00 s—0
=0 SOT—%im[graph(sT_l)] !
S—
=o(I®0)0!

=001 g

Recall that a closed operator T on a Hilbert space H with dense domain
can be written uniquely as T = WA where W € L(H) is a partial isometry
with initial domain T*H and A is a positive self-adjoint operator such that

AH = T*H (see §XIL.7.7 of [DS63]). This factorisation is called the polar

decomposition of T.

Corollary 5.19. Let T be a closed linear operator on H with trivial kernel
and dense domain and range. For s > 0 let Ty = sT, Ky = graph(Ty) and
Qs = [Ks). Then

_1i = _li — .
S(())S’l“sll{)n QRs=100 and sogg_gl QRs=001

Proof. Let T = W A be the polar decomposition of T' where W is a partial
isometry and A is self-adjoint and positive. Since T' has dense domain and

range, W must be unitary. By uniqueness, the polar decomposition of sT
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for s > 0 is sT = W(sA). Since D(A4) = D(T),

(Ie WK, ={(f,W*(sT)f) | f € D(T)}

={(f,5Af) | f € D(4)}
= graph(sA),

and A must be closed with dense domain and range. Moreover, A = W*T

has trivial kernel, so the previous lemma shows that

SOT-})im[(I OW*K]=I®0 and soT-lim[(I®&W*)K,]=0@I.
s—

8§—00

Since [(I ® W*)K;] = (I @ W*)Qs(I & W), the result follows. O

Proof of Proposition 5.14. Let o € R and let H be the Hilbert space L?(R.).
Define the linear map T : [L3(R4)]H%(R) — L2(R_) by

T(L2®RM) = ARk, h € H(R).

Then D(T) = [L*(R4+)]H?(R) is a dense subset of L2(Ry). Observe that T
has trivial kernel and is well defined by Corollary 2.6. Moreover, if f is a

function in L2(R_) N R(T)*, then for each h € H%(R),

0= (£, [L*(R-)]h) = (f,h)

so f € HXR) N L*R_) = (0). Hence R(T) = [L*(R_)]H*(R) is dense
in L2(R_). Let us identity (f,g) € L*(Ry4) ® L3 (R_) with f + g € L%(R)
and so identify the spaces L?(R;) @ L?(R_) and L?(R). Then it becomes

apparent that the operator T is closed, since
voH*(R) = graph(oT) C L*(Ry) @ L*(R_) = L*(R)

is closed.
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Let U and V be the unitary operators
U:L*(R-) —»H, Uf(z)=f(-z),

V:L*Ry)-H, Vf=f

The operator W = V & U is a unitary mapping L?(R) onto H @ H and
W(0® L>(R_)) = 0@ H. Let T : H — M be the operator T = UT. Then

T is closed with trivial kernel and dense domain and range, and

W (v, H2(R)) = W (graph(cT))
= W{(f,0Tf) | f € L*(R+)}
= {(Vf,oUTf) | f € L*([Ry)}
= {(f,0UTf) | f € M}

= graph(oT).
We are now poised to apply Corollary 5.19. If
K, = graph(oT) = W (v, H2(R)),
then as o — oo,
(W (vr HA(R))) = [K,] = 0@ H] = [W(0® LA(R_))]
in the strong operator topology. Since W is unitary, it follows that

soT-lim[v, H(R)] = [0 ® L*(R_)] = [L*(R.)]. O

§—00



Chapter 6

Lie semigroup

operator algebras from

SLy(R4)

We begin by recalling some terminology introduced in [KP02]. Let G be a
Lie group and let p be a unitary-valued representation of G on a Hilbert
space H; that is,

p:G—-UMN)CLH)
and p is a »-homomorphism of G into U(H), the group of unitary operators
on ‘H. We will call a semigroup of a Lie group a Lie semigroup. Let G be a
Lie semigroup of G and let S = p(G4). We call w*-alg(S) a Lie semigroup

operator algebra.
The parabolic algebra and the hyperbolic algebra are Lie semigroup op-

erator algebras. Indeed, if we let H be the Heisenberg group of 3 x 3 matrices

a={({ e

91



Lie semigroup operator algebras from SLy(R,) 92

and H, the Lie semigroup

= {(J35) oo )

then the unitary-valued representation

p: H — U(LX(R)), (é 2 ,%) > etD,My, A\ pteR

satisfies w*-alg (p(H)) = Ap. Similarly, if
G={(§})1e>0,0eR}, Gi={(§})la21 b>0},
p:(88) = MpVigga, a>0, beR

then w*-alg (p(G4)) = A
As shown in [KP97], [KP02] and [LP03], the parabolic algebra and the
hyperbolic algebra share several interesting properties. We use the term

Euclidean manifold to refer to a subset of R™ for some n € N.

1. They are doubly nonselfadjoint; that is, there are strong operator
topology continuous one-parameter semigroups S; and Sy of unitary

operators satisfying

A=w*alg(S1USs), SiNnS={I} and A#w*algS;, i=12.

2. They have trivial intersection with their adjoints: 4N .A* = CI.
3. They contain no finite-rank operators.

4. They contain a bounded approximate identity of Hilbert-Schmidt op-

erators, so the Hilbert-Schmidt operators in A are dense.

5. Endowed with the strong operator topology, Lat A is homeomorphic

to a compact connected Euclidean manifold,

6. They are reflexive.
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To the author’s knowledge, these two algebras are the only examples of
Lie semigroup operator algebras studied in the literature. In this chapter
we begin the search for interesting new examples.

We focus on the Lie group SLz(R) of 2 x 2 matrices with real entries and

determinant +1, and its Lie semigroup
SLy(Ry) ={(2%) € SLy(R) | a, B,7,8 > 0}

This choice of Lie semigroup is a natural one; indeed, SL2(R) is a distin-
guished semigroup of SLy(R) as pointed out in [HHL89], §V 4.

Observe that SLy(Ry) is generated as a semigroup by elements of the

() (D (Y

for a > 0 and 3,y > 0. In fact, for arbitrary (ﬁ: ?) € SLy(R4),

a B\ _ [« B _
(v 5)_<7 a‘l(ﬁv+1))—la_l”ua‘3r""

Let j be the matrix j = (% §). Then the full group SLy(R) is generated as

form

a semigroup by SL2(Ry) U {j}.

To get our hands on a Lie semigroup operator algebra we must now se-
lect a unitary-valued representation of SLy(R). We consider representations
on finite-dimensional spaces before looking at some infinite-dimensional rep-

resentations.

6.1 Finite-dimensional representations

Following the standard terminology of [Sal76], we say that a representation p
of a group G on a Hilbert space H is irreducible if Lat (p(G)) = {(0), H}. As
explained in [Don97], there are no unitary-valued irreducible representations

of SLy(R) on a finite-dimensional space, and the irreducible representations
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of SLy(R) on finite-dimensional spaces may be described in the following
manner. For N € N, let Py be the (N + 1)-dimensional space of complex

homogeneous polynomials in two variables of degree N; that is,

’ N
Py = {P : (Zl,ZZ)t — Zanz{’zév-n an € (C}
n=0

Then a finite-dimensional irreducible representation p of SLz2(R) on Py is

(o (& 8 P)enmr=r((* §) cuw)

We compute the images under p of the generators ry, ug and [, defined

given by

in (6.1). Let {e, [n=0,1,..., N} be the natural basis of Py where

en : (21,22)" — zi‘zév_",

N
n=0

and let P be a polynomial in Py so that P = >_."_, ane, for some complex

numbers a,, 0 < n < N. Then

p(ra)P (21, Zz)t = P(a—lzl, azg)t

N

=Y " anen(z1, 22)"
n=0

p(ug)P (21,22)" = P(21 — B22, 22)"

N
=) an(z1 — Bz)"z "
n=0
n n—m t
= > (m> (=B)" "anem(z1, 22)",
o<m<nN

p(ly)P (21,22)" = P(21,22 — va1)'

N
= ez — )N
n=0

= > (N—n)(_’Y)m_nanem(zl,Zg)t.

N-m
0<n<m<N
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Let 6 be the vector space isomorphism
N
0:Py — CNHL Zanen — (ag,ai,...,an)".
=0
Then the representation
7= (Ad6) op: SLy(R) - Mn1(C), K — 0p(K)0™?

maps Tq, ug and I, to the following (V + 1) x (N + 1) matrices.

aN-2n m=n,

m(re) = (am,n)z,n=03 Qmmn = . (6.2a)
0 otherwise,

(=™ m<n,

7(ug) = Bron)my B = 4 ) D) Smo (o)

0 otherwise,
N (N2 =)™ ™ n<m,

77([7) = (7m,n)m,n=0, Ymn = ) (6.2c)

0 otherwise.

Although 7 is not unitary-valued, it nevertheless makes sense to ask what

w*-alg (7(SL2(Ry))) is.

Proposition 6.1. The algebra w*-alg (m(SL2(R+))) is Mn+1(C), the alge-

bra of all (N + 1) x (N + 1) matrices with entries in C.

Proof. Let A = w*-alg (7(SL2(R4))). Since A is contained in a finite di-
mensional set of matrices, it is equal to the norm-closed algebra generated
by 7T(SL2(R+)). For m,n=0,1,..., N, let us write &y, ,, for the matrix unit
Emn = (6,-m6jn)£’j=0. It suffices to show that e, , € Aform,n=0,1,..., N.
We use the following notation for diagonal matrices:
N
diag(ag, a1, ...,an) = Z OnEnn-
n=0

By (6.2a), for a > 0,

4 a—2N+2’

o Nr(ry) = diag(l,a™ 2,07, ., —INy,

(04
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As a — oo, the diagonal matrix a V7 (r,) tends in norm to the matrix

unit €90, 50 €90 € A. Now
o~ (N-2) (m(ra) — aNeo,o) = diag(0,1,a72,...,a7 2N o72N-2)

tends in norm to €11 as @ — 00, so €1,1 € A. Continuing in this manner,
we see that the diagonal matrix units €, , liein A forn=0,1,..., N.

Fix 8,y > 0 and let T = (tmn)y no = w(ug) + 7(ly). By (6.2b)
and (6.2c), t;,pn # 0 for m,n =0,1,...,N. So

t,_n?nsm,mTen,n =emn €A O

6.2 The principal series representations

In this section we consider the representations pj, s of SL2(R) on L%(R) given

by

segn( Bz h Bz s ox
e (3 §) sy = LDV 4220y (o3

v § |8z + 6| Bx+46
where h € {0,1}, s € R and (: g) € SLy(R). This family of representations

is called the principal series. As is well known (see for example [Sal76)), pp s
is a unitary-valued representation on L?(R) for each k € {0,1} and s € R. It
is irreducible—that is, Lat pp s (SL2(R)) is trivial—unless h = 1 and s = 0.

Let us fix values of h € {0,1} and s € R, and write A for the w*-closed

algebra generated by pp s(SL2(R4+)). Then
A, = wralg{pns(Ta), Prs(ly), pPrs(ug) | >0, 8,7 > 0}.
For a > 0 and v € R,
phs(ra)f(z) =a ™ af(a’z) and pns(ly)f(z) = flz+7),

SO

ph,s(ra) = a—i3V2loga and Ph,s(l‘)') = D—’Y- (6'4)
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In contrast, for 3 € R the expression

sgn(Bz + 1)"|Bz + 1[** F(=2)
|8z + 1 Bxr+1

ph,s(ug) f(z) = (6.5)

looks unpleasantly complicated. However, if we recall that j = ( % }) and

observe that ug = jl_gj ™, then by (6.4),

Ph,s(ug) = ph,s(5)Ph,s(1-p)Ph,s(j) "t = Y DgY™* (6.6)

where Y is the unitary operator Y =Y}, s = pp 5(J).

In sections 6.2.1 and 6.2.2, we fix h = 1, s = 0 and write p = p; o and
Y =Y1,0. We will show that, in this exceptional case, A actually belongs
to a known class of reflexive operator algebras ([Lon83], [LL92]). These are
algebras of the form AlgD where D is a double triangle lattice, i.e. D is
isomorphic as a lattice to the 5-element subspace lattice with the following

Hasse diagram.

This analysis also gives the unexpected result that Ay is generated as a
w*-closed algebra by p(S) where S is the strict subsemigroup of SLy(R)
generated by {ra,ly | @ > 0, v > 0}. In contrast, the corresponding norm-

closed algebras generated by p(S) and p(SLy(R4.)) are distinct.

6.2.1 Invariant subspace lattices

We briefly recall the description of Lat A from §5.2. For A\,u € R and

¢ € C*, the functions ey ,,v¢ : R — C are given by

PN AV Ot BN -1 _ 1 T > 0,
6,\,“6/\,“(1,) — ez()a:+u:c ), 'UC(.’I)) = C £ <0



Lie semigroup operator algebras from SLy(Ry) 98

and K¢ ), is the subspace K¢, = vcex,H?(R). The invariant subspace

lattice Lat Ay, is given by
Lat Ap = {Keapu | C€CH A, u>0} ULy (6.7)
Let A; be the “lower triangular” subalgebra of A,
Ay = w*-alg{p(ra), p(ly) | @ > 0, v > 0}.

Armed with equation (6.7), an expression for Lat Ay is fairly easy to come
by. Recall that a double triangle lattice of subspaces of H is a five-element
lattice £ = {(0), K, L,M,H} such that KNL =LNM =MnNK = (0)
and KVL=LVM =MV K =H where V denotes the closed linear span.

Let £ be the set of subspaces
€ = {(0), H*(R), L*(R-), H(R), L*(R)}.
It is easy to see from Corollary 2.6 that £ is a double triangle lattice.
Lemma 6.2. The invariant subspace lattice of Ay is
Lat Ay = {F*(v:H*(R)) | ¢ € C*}U{(0), H*(R), H2(R), L*(R)}. (6.8)

In particular, F Lat Ay O Lg and the double triangle lattice £ is contained
in Lat A,.

Proof. Recall from (6.4) that for a« > 0 and v € R, p(ra) = Valoge and
p(ly) = D_y. Thus

Ap = wr-alg{D_,,V; | A >0, t € R}
By (4.22), FV;F* = V;* = V_,, and by (3.2), FD_yF* = My. So

FAF* = w*alg{V;, M\ | A >0, t € R}. (6.9)
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Comparing this to the generator description (5.1) of the hyperbolic alge-

bra Ay, we see that F.A,F* is a superalgebra of Aj, and that
Lat FAF* = {K € Lat Ay | V,K C K for each ¢ < 0}.

Let ¢ € C* and A, pu,t € R. Then VK¢ zy = K¢etye-ty, and for t < 0

I73)
and A,pu > 0 this is contained in K¢, only if A = p = 0. Similarly,
if a,b € [0,00], then when ¢t < 0, the subspace V;L?([—a,b]) is contained

in L%([—a,b]) only if a,b € {0,00}. Thus
Lat FAF* = {v H*(R) | ¢ € C*} U {(0), L*(R4), L*(R-), L*(R)}.

Since Lat FA,F* = FLat Ay by (4.2), we can apply F* to both sides
of this equation to obtain (6.8). To see that &€ C Lat .4y, observe that

F*(leQ(R)) = F*H?(R) = L*(R_). g
In fact, £ is a sublattice not only of Lat A, but also of the apparently

smaller lattice Lat Ay.

Lemma 6.3. £ C Lat A,.

Proof. Let A, be the w*-closed operator algebra generated by the one pa-
rameter semigroup {p(ug) | B > 0}. Since Ay = w*-alg(A,U A,), we have
Lat A, = Lat A, NLat A,. Let 8 > 0. By (6.6), p(ug) = Y DgY™. Since

Yf(z) =2 f(=z7), (6.10)
it follows that Y* = —Y. Moreover, (6.10) shows that H?(R) reduces Y
and so H?(R) and H2(R) are invariant under p(ug). Equation (6.10) also
implies that YL?(Ry) = Y*L2(Ry) = L%(Rg), so
p(ug)LA(R_) = YDgY*LA(R_) = YDL*(Ry) C YL*(Ry) = L2(R-).
This shows that £ C Lat A, and we have already seen in Lemma 6.2 that £

is a sublattice of Lat A,. Hence £ C Lat AN Lat 4, = Lat A,. O
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The next theorem shows that £ is not a reflexive lattice, so the inclusion
of Lemma 6.3 is proper. As in §5.2, many of the ideas in the proof come

from [Hal69] and [Hal71].

Theorem 6.4. Let M and N be subspaces of a Hilbert space H. Suppose
that M and N are in generic position; that is, M and N are proper subspaces

of H and the intersections
MNN, MNNY, M*NN and MinNt

are all equal to the zero subspace. Then the lattice D = {(0), M, N, M+, H}

is not reflexive; in fact, Lat Alg D contains the “ball lattice”
B ={Nc|¢eC}u{(0), M, M M},
where the closed subspace N¢ is given by
Ne = ([M]+¢MY)N  for¢eC.

Moreover, the infimum and supremum of any two distinct elements of B are

the zero subspace and H respectively.

Proof. Let P = [M]|N and M’ = PN. If Pn = 0 for some n € N then
n € NNM*L = (0), so P is 1-1. Moreover, if m € M N (M’)* then for any
n€ N, 0= (m,Pn) = (m,n) som € M NN+ =(0); so M’ is dense in M.

We define the unbounded linear operator T': M’ — M+ by
T(Pg)=(I-P)g, geN.

Since P is 1-1, Pg determines g so T is well defined. By symmetry, the same
argument we used to show that M’ is dense in M shows that the image of

T is dense in M1. Now decompose H as

H=M&M*={(f9)|feM, ge M}
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Then N = {(f,Tf) | f € M'} = graph(T). Clearly
AlgD C Alg({M, M*}) = L(M) © L(M");

solet A= B®C € AlgD where B € L(M) and C € L(M™). Since A leaves

N = graph(T) invariant,

BoOY{(f,Tf)| fe M} ={(Bf,CTf)| fe M'} C{(9,Tg) | g€ M'}.
(6.11)

Thus we must have
BM' C M’ and CT = T(B|M'). (6.12)

Conversely, if (6.12) is satisfied for some B € L£L(M) and C € L(M%1)
then (6.11) is too, so B® C € AlgD. Thus

AlgD = {B®C € L(M) & L(M?') | (6.12) holds}. (6.13)

Since graph(T') = N, the operator T is closed, so for any ( € C*, the
operator (T : M’ — MY is also closed. Consider the reflexive closure

Lat Alg D of D. For each ¢ € C*, the linear manifold

Ne={(f,<Tf)| f e M}

is the graph of the closed operator (T and so is a closed subspace. More-
over, N¢ is left invariant by every operator B ® C € AlgD by (6.13), so
N € LatAlgD. If ¢ € C*\ {1} then N; ¢ D, so Lat AlgD 2 D and D is
not reflexive.

Let ¢ € C*. To see that M N N; = (0), suppose that m € M N N;. Then
m = Pn + ((I — P)n for some n € N. So 0 = [M1]m = ((I — P)n. The
operator P : N — H is 1-1, so by symmetry I — P : N — H is also 1-1. So

n=m =0 and M N N¢ = (0). By symmetry, Mt N = (0).
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If ¢; and (2 are distinct points in C* and z € N, N Ng,, then
z=Pni+ G- P)n1 = Png + (2(I — P)ny

for some n1,n2 € N. So [M]z = Pn; = Png; the operator P is 1-1, so
ny = ng = n, say. 30 ({1 — ¢(2)(I — P)n = 0 and since I — P is also 1-1,
n=0. So N, NN, = (0).

By considering D’ = {(0), M, N+, M+, H} in place of D we see that for

¢, (1, ¢ € C* with ¢ # (», the intersections
MENN#&, MONG, NiNNg
are all equal to the zero subspace, so their orthogonal complements
MV N;, M-V N, NgVNg,
are all equal to H. O

Remark. Longstaff gives a nice short proof of the essentials of Theorem 6.4
in [Lon83], where it is presented as a “Folk theorem”. The proof he gives
does not explicitly describe the extra subspaces in the reflexive closure of

the double triangle lattice as graphs of unbounded operators.

Remark. In fact, we always have Lat AlgD = B in Theorem 6.4. This is an
immediate consequence of a result of Lambrou and Longstaff (Corollary 2.1
in [LL92]), which they prove in the greater generality of a Banach space
setting. The corresponding Hilbert space version which applies in our setting
is attributed by them to an earlier result of H. K. Middleton. However,

knowing that Lat Alg D D B will suffice for what follows.

It is natural to write No = M and N, = M. Indeed, if we do so then
when viewed as a set of projections and endowed with the strong operator

topology, it is easy to see that Lat AlgD becomes the disjoint union of a
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topological sphere {N; | { € CU {o0}} with the two points {(0),H}. Let
us henceforth write N, for the subspaces so obtained in the case D = £,
M = H%(R), M+ = H2(R), N = L?(R_) and H = L*(R); that is,

((H*R)] + C([HX(R))L*(R-) ¢ €C,
NC = H2(R) ¢=0,
H*(R) ¢ =oco.

We will also write B for the “ball lattice”
B={N;|¢eCuU{oo}}U{(0), L*(R)}.

By Theorem 6.4,
B C Lat Alg€. (6.14)

Lemma 6.5. For each { € C*, F*(v¢H?*(R)) = N¢. Thus Lat A, = B.
Proof. Let ¢ € C*. Since v¢ = xr, + {X®r_,
veH(R) = ([L*(R4)] + C[LA(R-)]) H*(R).

If U is unitary then U[K|U* = [U K] for any subspace K, so U[K| = [UK]U.
So

FN; = F([H*(R)] + ¢[H2(R)]) L*(R-)
= ([FH*(R)] + ¢([FH*(R)]) FL*(R_)
= ([PP(R4)] + ¢[LA(R-)) HA(R)
= ’U(HQ(R).
So N, = F*(vcH?(R)), and by Lemma 6.2,

Lat A; = {N¢ | ¢ € C*}U{(0), HX(R), H2(R), L*(R)} = B. O

Remark. In [KP02), the subspaces d;H*(R) for s € R are introduced and

are then shown to be invariant under Ay. On the other hand, Theorem 6.4
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and Lemma 6.5 together show that the subspaces v H(R) for ¢ € C* lie in

the reflexive closure Lat Alg F'€ of the double triangle lattice
Fg ={(0), L*(Ry), L*(R-), H*(R), L*(R)}

and by Lemma 5.13, d;H?(R) = Vexp(ns) H?(R) for s € R. It is easy to see
that FE C Lat Ay, so we also have Lat Alg FE€ C Lat A,. Thus we obtain a

transparent argument showing that each subspace dsH?(R) lies in Lat Ay,
Corollary 6.6. Lat Alg€ = Lat AL = Lat Ay = B.

Proof. Since Ay, C A, Lat A, C Lat.4,. By Lemma 6.3, £ C Lat Ay, so
by (6.14) and Lemma 6.5 we have

B C Lat Alg€ C Lat Alg(Lat Ay) = Lat Ay C Lat A, = B. O

6.2.2 Reflexivity

We show that A, is a reflexive operator algebra. Our method is somewhat
surprising: we identify .4 with what appears at first sight to be the proper
subalgebra A;. Let Ag be the reflexive operator algebra Az = Alg B. Since

Lat A, = B, it follows that
Ay C A; C AlgLat Ay = Ap. (6.15)

We will show that these inclusions are actually equalities.

Remark. Observe that by Corollary 6.6,
Ap = AlgLat Alg€ = Alg€,

so Ag is a “double triangle operator algebra”, an operator algebra of the
form Alg D where D is a double triangle subspace lattice. This accounts for

the title of [Lev04].
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Proposition 6.7. Let Int k be a Hilbert-Schmidt operator leaving invariant
L%(R;), L2(R_) and v,H%(R) for a > 0. Then ©y(k) € H*(R) ® L*(R). In

particular,
F(AgNCy)F* C {Intk | Oy(k) € H*(R) ® L%(R)}.

Proof. 1f Int k leaves the subspaces L?(R..), L?(R_) and v, H%(R) invariant
for a > 0, then by (5.7), Intk leaves every subspace in Lg invariant and

so Intk € Ags. Applying Lemma 5.2 and Proposition 5.5(i), we see that
On(k) € H*(R) ® L%(R).

Since F{H?%(R), H2(R)} = {L*(R,), L*(R-)}, (6.8) and Corollary 6.6
show that

FB=FLat Ay D Ls.
Thus by (4.1),
F(AgNCe)F* = F(AlgB)F* NCy

= Alg(FB) N C

C {Intk | On(k) € H*(R) ® L*(R)}. a

The next result follows by applying Lemma 3.5 to the strongly continuous

group of unitary operators {V; | t € R}, since by (6.9),
FAF* D w*-alg{V; | t € R}
Proposition 6.8. Let ¢ be in L'(R). Then the sesquilinear form

ro(f,0) = /R /R POV (@)a@) dzdt, f.g€ LX(R)

is bounded, and there is a unique bounded linear operator V,, such that

(Viof, 9) = 7o(f, ) for every f and g in L*(R). Moreover, ||V |l < fioll 11 (r)-
If ¢ has compact essential support, then V, € FAF*. O
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Proposition 6.9. Let h € H%(R) and ¢ € L?(R). Let h® ¢ denote the
function (x,t) — h(z)p(t) and let k = O (h®y). ThenIntk € FAF*NC;.
Moreover, if also ph is in H®(R) and ¢ € L'(R), then Intk = MpV,.

Proof. Using the generator description (6.9) of F.A,F™*, this follows from

Proposition 6.8 using the argument of Proposition 5.7. O

Proposition 6.10. If v € H*(R) ® L?(R) then Int O} '(v) € F(A,NC)F*.
So
{Intk | On(k) € H*(R) ® L*(R)} C F(A, NCo)F*.

Proof. This follows from Lemma 5.3 and Proposition 6.9 exactly as in the

proof of Proposition 3.8. O

Lemma 6.11. The Hilbert-Schmidt operators in A; are w*-dense in Ay,

and the Hilbert-Schmidt operators in Ag are w*-dense in Ag.

Proof. By (6.9), Ay, C F A F*. Since the Hilbert-Schmidt operators Cs form
an ideal in £(L*(R)) and F is unitary, by (6.15),

AnNCy C(FAF)YNCy = F(ANCo)F* C F(AgNCo)F™.

It follows by Proposition 5.10 that both F(A; NC2)F* and F(Ap N Ce) F*
contain a bounded approximate identity. The argument of Corollary 3.11
now shows that F(A,; NCe)F* and F(Ag NCy)F* are dense in FA,F* and
F AgF* respectively. Since F' is unitary, we can conjugate these dense sets

with F™* to reach the desired conclusion. O

Theorem 6.12. A, = A, = Ag. In particular, Ay is reflezive.

Proof. We know from (6.15) that A, C A, C Apg. Hence by Proposition 6.7

and Proposition 6.10,

AyNCy = (AdF*){Intk | On(k) € H*(R) ® L*(R)} = AgNCa.  (6.16)
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By Lemma 6.11, this set of Hilbert-Schmidt operators in w*-dense in each
of the w*-closed algebras Ay and Ag, so Ay = Ag = A,. Since Ag = AlgB

is plainly reflexive, the proof is complete. a
Remark. As in [KP02], let us write Ly for the subspace lattice
Ly = {vH*(R) | ¢ € C'}U{(0), L*(R+), L*(R-), LA(R)}.

We can use Theorem 6.12 to obtain the following intrinsic expression for

Alg Ly. Since Ay = A+ = Ap, by Lemma 6.2, FB = Ly. Thus by (6.9),
Alg Ly = (Ad F)Ag = w*-alg{V;, M\ | A > 0, t € R}.

Observe that Lg C L. We claim that Ag = Alg Lg is equal to Alg Ly. The

inclusion Ag 2 Alg Ly is immediate, and by Proposition 5.5(i) and (6.16),
AsNCy C (AdF)(Ap N Ca),

SO

AsNCy = (AlgLy) NCs.

As observed in the proof of Lemma 6.11, (Alg Ly/) N C2 contains a bounded
approximate identity, so applying the well-worn argument of Corollary 3.11

one shows that Ag N Cy = (Alg L) NCy is w*-dense in Ag = Alg Ly .

Question 6.13. It is shown in [LL92] that Ap contains operators of every
even rank and their ranges are dense in L%(R). Is there an alternative proof
of Theorem 6.12 in which these finite-rank operators fulfil the role played

by the Hilbert-Schmidt operators above?

Corollary 6.14. Let A, be the “upper triangular” algebra
Ay = w*-alg{p(ra), p(ug) | @ > 0, B = 0}.

Then -A+ = Au.
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Proof. Let U € L(L?(R)) be the unitary operator Uf(z) = z~!f(z™1).
Then U* =U,

Up(ra)U* f(z) = 27 Up(ra) f(z ™)
=z lalUf(o?z™})
=a" fa x)

= p(ro-1)f(2)

and
Up(ug)U* f(z) = ' Up(ug) f(z™")
=z7UfB+27Y)
1 T
- Bz + lf(ﬂx + 1)
= p(lg) f(z).
So

Up(ra)U™ = p(ra-1), Up(ug)U* = p(lg) and Up(ly)U* = p(uy);
so by Theorem 6.12, A, = UAU* =UALU* = A,. O

We are now in a position to give the properties of A, corresponding to

those of A, and Ay, listed on page 92.
1. We have the generator description
Ay =wralg({D_x | A >0} U {V; |t € R});

the generating set is the union of the strong operator topology contin-
uous one-parameter semigroup S; and the strong operator topology

continuous one-parameter group Sz, where

Sy ={D_»|A>0} and S;={V;|teR}
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The translation semigroup S) satisfies S; NS} = {I}, but the dilation
group S» is selfadjoint in the sense that So = S;. Thus A is not

doubly nonselfadjoint.

2. Consequently, A, N A% is not trivial, containing the dilation group

{Vi|teR}
3. A, contains finite-rank operators of every even rank.

4. We again have a bounded approximate identity of Hilbert-Schmidt

operators.

5. Lat A4 is homeomorphic to the disjoint union of a Euclidean manifold

(a sphere) with two points coming from the trivial lattice.
6. A is reflexive.

Let Sy and Sy be the sets of operators

Se = {p(ra),p(ly) |@ >0, v 20} and

St ={p(ra), p(ly), p(up) | >0, B,y = 0}.

Theorem 6.12 says that w*-alg(S;) = w*-alg(S), although at first sight it
is not at all clear why the generators p(ug) should lie in w*-alg(S;). The
algebra generated by S; “fills out” all of Sy when the w*-closure is taken. It
is interesting to ask in which topologies this phenomenon occurs. We show
that the norm-closed algebras generated by Sy and S; are not equal. The

idea behind the proof of this result is due to S. C. Power.

Lemma 6.15. Fiz 3 > 0 and fort > 0 let J; = (—oo0,—t] U [t,00). Then
there is a t > O such that whenever f € L%(R) with supp f C J;, the

intersection J; Nsupp p(ug) f is empty. In fact, t = 36~ will do.
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Proof. For S C R, let us write cl S for the closure of S. By (6.5),

p(ug)f(z) = gp(z) f((B+271)7Y), zeR\{0,-57"}

where gg : R — C is an almost everywhere non-zero function. Hence

supp p(ug)f = cl{(y™ —B)" |y € supp f\ {0, 57"} }.
A calculation reveals that if t = 33~!, then 0,3~! & J; and
Hy ' =B lyeht=1367"367"
and this does indeed have empty intersection with J;. O

Proposition 6.16. Let A} and AL denote the norm-closed operator alge-

bras generated by S; and S, respectively. Then Ay C A%.

Proof. Fix 8 > 0. Intuitively, elements of S; “fix 0o” whereas p(ug) is a
“shift through co”. We exploit this perspective to show that p(ug) & Aj.

Given t > 0, again let J; = (—oo, —t]U[t,00). Let A} denote the algebra
generated by Sy, so that A; is the set of finite sums of finite products of
elements of S;.

We claim that for any ¢t > 0 and for any T € Aj, there is a real num-
ber s = s(T,t) such that whenever g € L?(R) and suppg C Js, we have
suppTg C J;. If a > 0 and T = p(ra), then T = Vaiogq, 50 5 = ta™2
suffices. If vy > 0 and T = p(ly) then T = D_,, so s = t +  suffices. A sim-
ple induction argument establishes the claim for T = p(ajas...a,) where
a; € Sp for i = 1,2,...,n. Another induction shows that the claim holds for
a finite sum of such operators.

Fix t = 367! and T € Aj. Let s = s(T,t) and let g € L%(R) with

llgll = 1 and supp g C Js N Jt = Jmax(s,t)- Lhen

suppTg C J: and J;Nsuppp(ug)g =0
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by Lemma 6.15, so T'g and p(ug)g are orthogonal in L2(R). Moreover, p(ug)

is unitary, so

IT = p(ug)ll* > ITg — p(up)gll* = ITgll* + lle(up)gll® > llo(up)gll® = 1.

Since Aj is norm-dense in A}, this shows that dist(p(ug), A}) > 1 and so

plup) & Aj. .

6.2.3 Questions

Fix (h,s) # (1,0). Let pp, s be the irreducible representation in the principal
series given by (6.3) and let A be the w*-closed operator algebra generated
by pn,s(SLa(R4)). Now Lemma 6.2 still holds for A,.; indeed by (6.4), the

subalgebra

Ag = w*-alg{pn,s(ra), prs(ly) | & > 0, v > 0}

is independent of our choice of h and s. However, the author has been
unable to find an analogue of Lemma 6.3 since Y} s = pp s(j) is no longer
reduced by H?(R) and the only proper subspace obviously invariant for A

is L2(R_). This prompts the following two questions.

Question 6.17. We know that Lat.4, D {(0), L%(R-), L?(R)}. Do we in

fact have equality?
Question 6.18. Is A, reflexive?

If the answer to both of these questions is in the affirmative, then A, is
a somewhat uninteresting nest algebra in the irreducible case.

On a more general theme, we pose the following. Recall that when
(h, s) = (1,0), the lattice Lat A, with the strong operator topology is home-

omorphic to the disjoint union of a Euclidean manifold and the two points
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coming from the trivial lattice {(0), L2(R)}. We call such a lattice a nearly
Euclidean lattice. Of the three Lie semigroup operator algebras Ay, Ay
and A, that we have seen, all are reflexive and all have nearly Euclidean

invariant subspace lattices.

Question 6.19. Which operator algebras do other unitary-valued repre-
sentations of SLy(Ry) lead to? Are they reflexive, and are their invariant

subspace lattices nearly Euclidean?
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