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Abstract—In this paper, we consider a power allocation scheme
that maximizes the sum spectral efficiency of the licensee in a
dynamic Licensed Shared Access (LSA) system. In particular,
our focus is on the time intervals in which the incumbent system
is active in the spectrum. We derive an expression for the
interference distribution of the licensee, e.g., a mobile network
operator, utilizing a spectrum belonging to an airport incumbent
under the LSA spectrum sharing. Formulating an optimization
problem to maximize the sum spectrum efficiency subject to the
interference threshold constraint at the licensee, we then show its
convexity, and obtain its optimal solutions. We further investigate
the impact of sum rate maximization on the fairness of network
resource allocations. Simulation results show a significant gain in
the achievable spectrum efficiency, especially during the intervals
in which the incumbent system is active in the LSA band. This
paper provides quantitative insights on the maximum achievable
sum rate in an LSA system in which both the licensee and the
incumbent systems are active at the same time.

Index Terms—Airport Traffic Control; Dynamic Spectrum
Sharing;Licensed Shared Access; Sum rate.

I. INTRODUCTION

Licensed Shared Access (LSA) is a dynamic spectrum
sharing (DSS) scheme proposed to address the challenges
posed by the exponential growth in bandwidth demand [1].
A fundamental feature of the original LSA scheme is a static
exclusion zone, which could cover a wide geographical area,
up to 25 km radius, if the incumbent is an airport [2]. Having
a static exclusion zone results in a significantly large swath
of spatial spectrum hole. Spectrum usage can be enhanced by
introducing a dynamic exclusion zone.

Addressing this issue, the dynamic form of LSA is pro-
posed by the European Union (EU) regulatory framework in
[3]. Algorithms for spectrum allocation in dynamic LSA are
developed in [4]–[6]. In [7] spectrum resource allocation in the
cellular band between a cellular network and an LSA system is
investigated, and a system model based on homogenous queues
is used to analyse the performance. Queueing theory is also
used in [8] to model the LSA operation. The authors of [9]
presented experimental evaluations of dynamic LSA operation
in an LTE testbed. Furthermore, the impact of dynamic nature
of the incumbent (airport) telemetry traffic together with the
primary cellular network traffic is modelled in [10] using non-
homogeneous queues.

The performance of primary cellular network is also directly
affected by the aircrafts’ flight path as it is investigated in

[11]. To analyse this effect, [11] employs two different path-
loss models including two-ray ground reflection and free space
path loss to represent the communication behavior of the two
system sharing the spectrum. In [12], the horizontal form
of the LSA spectrum sharing between a macro and a micro
cellular networks owned by two operators is presented. In this
scenario the licensee is the micro cellular network and the
macro cellular network is the incumbent.

At a given time instant, telemetry communication between
the airport traffic control (ATC) and the flying airplane only
affects the cellular users and/or being affected by the cellular
user within a small portion of the exclusion zone. Furthermore,
above a certain altitude the path-loss experienced by the
licensee system’s transmitted signal only results in a negligible
level of interference at the aircraft. In cases where the aircraft
is interfered by the licensee system, the power transmission by
the licensee nodes can be accordingly adjusted to sufficiently
reduce the interference level.

On the basis of this, the authors in [2] modelled and demon-
strated the feasibility of a highly dynamic LSA under three
possible transmit power regimes. The performance evaluation
in [2] is solely based on simulations and they fail to provide
analytical insights on the important aspects of the system
design. The authors of [13] obtained the experienced reduction
of the achieved data rate in the licensee system as a result of
reducing the transmit power in the licensee system.

As it is seen, most of the previous works on the LSA are
either focused on modeling the spectrum utilisation for a given
setting, see, e.g., [8], [10], [13], or evaluate performance met-
rics such as the interruption probability, blocking probability,
average number of connected users, service failure, mean bit
rate, etc [7], [8], [10], [13]. In contrast with the previous
works, here our main objective is to explore techniques for
optimizing the system spectrum efficiency, especially during
the time intervals in which the LSA band is not available while
ensuring the allowable interference threshold is not exceeded.

II. SYSTEM MODEL

We consider a circular area with radius of D (km) within
the vicinity of an airport. The LSA system includes the
ATC centre and aircraft(s) (as the incumbent), and an MNO
cellular network (as the licensee), see Fig. 1. The incumbent
system uses the spectrum specifically when the ATC system



Fig. 1. The system model.

is communicating with the aircraft(s) during and shortly after
take-off as well as before and during landing. When the
incumbent system is active the spectrum can be said to be
busy, occupied, or unavailable. At other times, the spectrum
is free and available for the MNO unrestricted access. During
the non availability of the spectrum, the licensee transmit
power, and by implication the system’s capacity [14], becomes
constrained by the allowable interference power that the in-
cumbents system can tolerate, i.e., the system’s interference
threshold. In other words, for a fixed transmit power, the total
interference must be kept below a certain value.

A. The Interference

We focus on the interference that could impair the ATC
transmission to the flying aircraft during the take-off or
landing. Premised on the assumption that the eNodeB or base
station antenna height is sufficiently low relative to the ATC
tower with a directional pattern (directed downwards to the
mobile stations), the omni-directional transmissions of the
mobile stations (MSs) become the main components of the
interfering signal [2].

The spatial distribution of the MSs in the cell is represented
by a Poisson point process,

ϕ = {k1, k2, ......kN} . (1)

The interference to a given aircraft located at a point in the
vicinity of the cellular network is∑

k∈ϕ

Pkhkl(‖y − k‖), (2)

where, l(k) = ‖k‖−α, α is the path loss exponent, hk the
fading coefficient which is an exponential random variable,
i.i.d for k ∈ ϕ with E[h] = 1, Pk is the MS transmission
power, l is the distance related power loss, and k denotes
individual nodes or MSs randomly located in licensee’s cells.

We then define distance ‖y − k‖, (k ∈ ϕ), as ‖r‖ ≤ D and
the intervening area between them can then be represented as
a ball b(y,D), centred at y and of radius D. Therefore, we can
define an interference point process ϕI = ϕ∩b(y,D), (similar

to the inner city model of the Cox process), where ϕI , and
ϕ are Poisson processes with density λI , and λ, respectively,
and λI = λcddr

d−1, where, cd = ‖b(0, 1)‖ is the volume of
d-dimensional unit hyper ball.

The total interference power measured at the origin, i.e. the
location of the aircraft from MSs located within distance D
can then be characterized as

ID =
∑
r∈ϕI

l(r), (3)

For brevity we assume that l(r) is monotonically decreasing,
limr→0 l(r) = ∞ and limr→∞ l(r) = 0. Similar to the
approach in [15], here we need to obtain the cumulative
distribution function (CDF) of the interference power, ID.

FID(ω) = E(expjωID ), (4)

where F(.) and E(.) are the Fourier transform, and expectation
operators, respectively. Considering that there are expected K
nodes within ball b(y,D), we write

FID(ω) = E(E(expjωID |k))

=

∞∑
k=0

exp−λIπD
2

(λIπD
2)k

k!
E(expjωID |k). (5)

We further note that the nodes are independent and identically
distributed (i.i.d) within ball b(y,D), with radial density of

fR(r) =

{
2r
D2 , 0 ≤ r ≤ D,
0, otherwise. (6)

The interference, ID, is the summation of independent random
variables, then E(expjωID |k) can be expressed as;

E(expjωID |k) = [E(expjωl(r))]k,

=

(∫ D

0

2r

D2
expjωl(r) dr

)k
.

(7)

Combining (5) and (7), setting D → ∞, r(x) = l−1(x), and
applying the standard path loss model l(r) = r−α, we have:

FI(ω) = exp

(
jλIπω

∫ ∞
0

x−
2
α expjωx dx

)
. (8)

In practice, α ≥ 2, then (8), is further simplified as

FI(ω) = exp

(
− λIπΓ(1− β) exp−

πβ
2 ωβ

)
, ω ≥ 0, (9)

where β = 2
α , Γ(.) is the gamma function and we note

FI∗(−ω) = FI(ω). Using the approach in [15], the proba-
bility density function (PDF) of (9) is then estimated as an
infinite series. Taking its inverse Fourier transform, we have,

fI(i;β) =
1

πi

∞∑
k=1

Γ(βk + 1)

k!

(
λIπΓ(1− β)

iβ

)k
sin kπ(1−β),

(10)
and the CDF is

FI(i;β) =
1

π

∞∑
k=1

Γ(βk)

k!

(
ρ

iβ

)k
sin kπ(1− β), (11)

where ρ = λIπΓ(1− β).



B. Achievable Sum Rate

In cases where the incumbent system is not utilizing its
spectrum, the licensee eNodeB is able to transmit at maximum
power to guarantee the desired signal to noise and interference
ratio (SINR) for each MS according to its QoS requirement.
The achievable bit rate for each channel is C = 1

2 log2(1+γ),
where γ is the SINR.

In our model, the users are assumed to be randomly dis-
tributed according to (6) within the cell. We thus represent
the channels for k users as a vector of random variables,
H = [H1......HK ]T , and correspondingly the eNodeB down-
link transmit-signal vector as X = [X1........XK ]. Therefore,
the received signal power for k users, P = [P1........PK ]T , is
P = XH + Z and

γ =
XH + Z

Z
=
P

Z
, (12)

where Z is the additive white Gaussian noise vector, (Z =
[Z1.........ZK ]T ), assuming no additional interference. Further-
more, Hk = G

rαk
(G, is a propagation constant), and achievable

sum rate Csum is:

Csum =

K∑
k=1

1

2
log2

(
1 +

XkHk + Zk
Zk

)
. (13)

III. MAXIMIZING THE ACHIEVABLE SUM RATE

If the LSA spectrum is unavailable, the eNodeB has to limit
its transmit-power to ensure that the total interference power
of the licensee (the MNO) does not exceed the interference
threshold. In other words, the transmit power should be
reduced such that the outage probability, (1 − Ps(θ)), of
the incumbent network does not exceed a given performance
threshold θ, where Ps(θ) = P(SINR > θ) is the transmission
success probability. Thus while maximizing the achievable
sum capacity, the sum transmit power of the eNodeB must
be such that the total interference caused to the incumbent
does not cause outage. Maximization of the sum rate is then
formulated as the following:

C∗sum = max
(P )

K∑
k=1

1

2
log2

(
1 +

XkHk + Zk
Zk

)
, (14)

s.t.

E(P )
1

π

K∑
k=1

Γ(βk)

k!

(
ρ

iβ

)k
sin kπ(1− β) ≤ Ith. (15)

In this optimization problem, (15), is the constraint on the
system’s total interference. On the left-hand side of (15), E(P )
is the expected value of all the MSs received power while the
second term FI(i;β), is the CDF of the system interference
(see, (11), Ith is the maximum allowed interference for in-
cumbents safe operation. The constraint placed on the eNodeB
transmit power by (15) is such that,
K∑
k=1

XkHk + Zk = E(P )
1

π

K∑
k=1

Γ(βk)

k!

(
ρ

ıβ

)k
sin kπ(1− β).

(16)

A. Optimal Power Allocation

Proposition: The optimization in (14) is a convex optimization
problem.
Proof: By substituting (16) into (14) the objective function
becomes:
C∗
sum

= max
(Pk)

K∑
k=1

1

2
log2

(
1 +

Pk
1
π

Γ(βk)
k!

(
ρ
iβ

)k
sin kπ(1− β)

Zk

)
.

(17)

The Hessian of the objective function is:

δ2C∗
sum

δPk2
=

−

(
Γ(βk)
πk!

( ρ
iβ

)k
sin kπ(1− β)

)2

2λ ln(2)(Zk)2

[
1(

1 +
Pk

Γ(βk)
πk!

(
ρ

iβ

)k
sin kπ(1−β)

Zk

)2

]
,

(18)

which is non-positive for all values of Pk, hence the optimiza-
tion objective function is concave. �

In order to solve (14), the sum constraint on the transmit
power must be decoupled. This is done by introducing a
new set of variables [Ith1, . . . ]. Using Lagrangian method, the
corresponding Lagrangian is

L(Pk, λ) =

max
(Pk)

K∑
k=1

1

2
log2

(
1 +

Pk
1
π

Γ(βk)
k!

(
ρ
θβ

)k
sin kπ(1− β)

Zk

)
,

−λ

(
1

π

K∑
k=1

PkΓ(βk)

k!

(
ρ

θβ

)k
sin kπ(1− β)− Ithk

)
.

(19)

Karush Kuhn Tucker conditions are:

δL
δPk

=

{
= 0 if Pk > 0,
≤ 0 if Pk = 0. (20)

Setting δL
δPk

= 0 gives

Φk
2λ ln(2)Zk

[ ∏K
j 6=k

(
1 +

PiΦj
Zj

)
1 + PkΦk

Zk

∏K
j 6=k

(
1 +

PiΦj
Zj

)] (21)

where Φk = Γ(βk)
πk!

(
ρ
iβ

)k
sin kπ(1−β). Therefore, the optimal

allocated power P ∗k is

P ∗k =
1

Φk

[
1

2λ ln(2)
− Zk

]
. (22)

IV. SIMULATION RESULTS AND ANALYSIS

Here, we assume an average maximum transmit power
(Ptmax) of 42dBm (15.85W), noise power (-60dBm), path
loss exponent α = 4, nodes spatially distributed according to
(6) with λ = 1 and a cell radius of 1000m. Fig.2 shows how
our maximized achievable sum rate compares with the non-
optimized sum rate during the unavailability of the LSA band
(i.e., when the incumbent is making use of its spectrum) and
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Fig. 2. C∗
sum, and normal sum rate vs. limit power level.
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Fig. 3. Comparing C∗
sum with the achievable sum rate at max. power.

thus the licensee transmit power has to be reduced to prevent
harmful interference to the incumbents communication.

We also investigate different scenarios of limiting transmit
power as a result of the incumbents ATC transmission. Here,
we look at the cases with limited power, 20% -80% of the
maximum average transmit power. An increase is seen in the
spectrum efficiency when achievable sum rate is optimized.
Furthermore, while the curve of the achievable sum rate with-
out optimization increases linearly with increase in transmit
power (during the limited power regime), the curve of the
optimized sum rate tends to increase exponentially with the
increase rate is reduced by increasing the power.

At the lower limited transmit power, there is not much gain
achieved when the sum rate is optimized. In fact, at 20%
of the average maximum transmit power, the sum capacity
optimized value is almost the same as the non-optimized
value. However, as the power level increases, the marginal
gain with optimization also increases. The rate of increase
differs between successive level reaching its peak at the 40%
mark, from where the slope of the rate of increase gradually
reduces as the limit power tends to average maximum power,
when spectrum becomes available again.

In Fig. 3, we plot the achievable sum rate at maximum
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Fig. 4. SNR of the individual users C∗
sum vs. normal sum rate.
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Fig. 5. SNR distribution for different transmit power limits.

transmit power, i.e., when the spectrum is free of incumbents
transmission and hence licensee can operate without the re-
striction imposed by the allowed interference threshold. A
comparison of this with the proposed maximized sum rate
shows the significance of adopting a sum rate maximization
power allocation during periods of unavailability of the LSA
band. From the 50% mark onwards, the difference between
the sum rates at maximum transmit power and the optimized
limit power becomes significantly smaller and eroded. The
implication of this is that, if the transmit power reduction
during the incumbent occupation of the spectrum is a few
percentages lower than the actual transmit power when the
spectrum is vacant (about 20-30% lower), the licensee network
can still operate at an almost similar aggregate quality of
service (QoS) for its users.

Fig. 4 shows the signal to noise ratio (SNR) of individual
users when optimizing the sum spectral efficiency compared
to the expected situation when sum rate is not optimized. For
the sake of simplicity, we assume the same guaranteed rate,
hence the same SNR, for all users in the non-optimized case.
However, as shown in the figure, fairness is sacrificed at the
expense of maximizing the sum rate. A look at the graph of the
optimized sum rate scenario shows four different SNR values
for five users as compared to the single equal (same) value of
the non-optimized case.



It can be argued that a situation where some of the users
actually suffered outage or low SNR value at the expense of
total network sum rate optimization, while some other users
have very high SNR value is not ideal, or does not reflect
well on the network performance. To the contrary, in the light
of todays and future networks heterogeneity and the possible
coexistence of an LSA system with the primary or main
cellular network, the observed disparity in the SNR values
can be leveraged upon to provide an improved joint spectrum
efficiency of the licensee main cellular band and the LSA band.

Fig. 5, shows the SNR variation at different limit power
(20%, 40%, 60% and 80% of average maximum transmit
power) levels for five users. It is interesting to note that in
each of the graphs, an increase in the power level does not
necessarily lead to increase in the SNR fairness among users,
i.e., to say, the disparity in the committed network resources
did not decrease even at higher power level. Similar trend is
observed for 3 and 4 users. In fact, Fig. 5, for 5 users, indicate
less outage ratio at the 40% and 60% limited power, than at
the lower and higher power level. This is consistent with Fig.
2 and 3 where higher marginal gain in spectrum efficiency
is recorded in the mid-region than at the extreme boundaries
(20% and 80%) of the power limit range.

V. CONCLUSION

We proposed a technique for maximization of the sum
rate of an MNO licensee under the dynamic LSA spectrum
sharing scheme with an airport incumbent during periods of
nonavailability of the LSA band, i.e. when the incumbent is
using the spectrum for its ATC transmissions. Our simulations
results show that maximizing the system spectrum efficiency
comes at a cost to users’ fairness. However, considering
the fact that todays, and to a larger degree, next-generation
network is highly diversified and heterogeneous in nature, the
trade-off between system SE and fairness to individual users
could be an advantage rather than a disadvantage. This is more
so, considering the fact that users close to the MNO cell centre
could be afforded higher SNR while their contribution to the
total interference experienced by the incumbent operation is
minimal compared to the users closer to the cell edge.
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