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Abstract
The design of the High-Luminosity Large Hadron Collider (HL-LHC) requires
two pairs of crab cavities to be installed either side of Interaction Points (IPs) 1
(ATLAS) and 5 (CMS) to compensate for the geometric reduction in luminosity
due to the beam crossing angle at the IP. The HL-LHC beam current is a
factor of two larger than the LHC design value. The existing RF system has
insufficient power to use the existing low level RF (LLRF) scheme for HL-LHC
and therefore a new scheme is proposed which results in an irregular bunch
pattern in the ring; here in referred to as a phase modulation. In this paper
we study the effect of this phase modulation on the crab cavity scheme and the
resulting impact on peak luminosity. We have developed an analytical model
to calculate the luminosity and its dependence on the related beam and RF
parameters. We compare this model to tracking simulations in PYTRACK and
show a good agreement between the model and simulations. In the case of
a coherent phase error between the counter-rotating bunch trains, having the
maximum expected time shift of 100 ps (0.25 radians at the RF frequency), the
reduction of analytical peak luminosity is found to be 1.89 % when the crabbing
voltage is 6.8 MV. For incoherent phase errors, the luminosity reduction for a
100 ps phase error is 5.67 %; however the expected incoherent phase error is
significantly less than 100 ps. These reductions are not foreseen as an issue when
the crabbing scheme is used for luminosity levelling during physics experiments.
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1. Introduction
The HL-LHC project due to receive first beams in 2026, aims to increase
the luminosity of the LHC from its current design value of 1×1034 cm−2 s−1
by a factor of five for the nominal scenario [1]. Key features of the luminosity
upgrade are the reduced transverse beam size and the increased crossing angle
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introduced to mitigate long-range beam-beam effects [2]. The design crossing
angle at ATLAS and CMS (IPs 1 and 5 respectively) is 285 µrad and operation
prior to 2018 has typically been close to this value [3]. The HL-LHC has an
increased crossing angle of around 500 µrad [1]. Version 1.3 of the HL-LHC
baseline optical parameters for collisions with β ∗ near 0.15 m [1] are summarized
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in Table 1; where β ∗ is defined as the value of the β-function at the IP.
The overlap density of the colliding bunches is reduced with the presence of a
crossing angle as shown in Figure 1. The resulting luminosity loss is expressed
by the Piwinski reduction factor (R);

Figure 1: Simplified diagram of the collisions at the IP with and without crab cavities. There
is a π phase advance between crab and anti-crab cavities.
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Table 1: List of parameters for the baseline optics (HL-LHCV1.3).

Machine circumference

26659 m

Proton energy at collision

7 TeV

Beam intensity N

2.2×1011 ppb
2748

Number of bunch nb
r.m.s bunch length (σz )

9.0 cm

Bunch spacing

25 ns

Longitudinal emittance

3.03 eVs

Harmonic number

35640

Transition gamma

55.76

Transverse normalized emittance n(x,y) (r.m.s)
Revolution frequency

2.5 µm
11.2455 kHz
23.8 Hz

Synchrotron frequency
RF frequency of main cavity

400.79 MHz

Total RF voltage of main cavity

16 MV

Full crossing angle

480 µrad

Crab cavity voltage

3.4 MV/cavity
400.79 MHz

Crab cavity RF frequency

R (θ) = r
1+

1


σz θ
∗ 2
σx

2 ,

(1)

where σx∗ is the transverse beam size at the IP, σz is the r.m.s bunch length and
25

θ is the full crossing angle.
Crab cavities are RF deflectors, phased so that the nominal bunch centroid
receives no kick, while the head and tail receive transverse kicks in opposite
directions, to rotate the bunch envelope. In order to recover the geometric
overlap at the IPs in the HL-LHC, superconducting crab cavities [4–6] will be
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installed both up- and down-stream of IPs 1 and 5, partially compensating the
geometric luminosity reduction at the IPs (Figure 1). A full compensation is not
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required as this would result in the peak luminosity being too high and excessive
pile up for the experiment. A partial compensation allows for a constant peak
luminosity during physics runs by using a luminosity leveling scheme [7–9]. The
35

crab cavities are being first tested in CERN’s Super Proton Synchrotron (SPS)
prior to installation in the LHC.
The HL-LHC project plans to use a local crabbing scheme [10] to create local
crabbing bumps around the IPs. In this scheme, the crab cavities after the IP
are situated at a betatron phase advance, µ = π, downstream of the first set of
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crab cavities, and the Twiss parameters, α and β are the same, thus cancelling
the effect of the upstream crab cavities; the downstream crab cavities will be
referred to here as anti-crab cavities.
The planned scheme requires two cavities to achieve the required crabbing
voltage V1 before the IP and another two for the required anti-crabbing voltage
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V2 after the IP (for two beams and two IPs sixteen cavities in total are required).
The total crabbing voltage required for full compensation at the IP [11] is given
as
V1 =

cEs tan θ/2
√
,
eω β ∗ βc.c sin µ

(2)

where c is the speed of light, Es is the energy of the synchronous particle, e is
the charge of the proton, ω is the angular frequency of the crab cavity RF, µ is
50

the betatron phase advance between the upstream crab cavity and the IP, β ∗
and βc.c are the β functions at the IP and crab cavity locations respectively.
The crab cavities are to be installed at locations where βc.c is large to reduce
the required cavity voltages as determined by Eq. 2. The phase advance from
the crab cavity to the IP and the IP to the anti-crab cavity are set as µ = π/2.
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The required total anti-crab voltage after the IP is given by
V2 = −R22 V1 ,

(3)

where, assuming a deflection in the x-direction, R22 is the (2,2) element of the
6×6 transfer matrix describing the transformation of particle trajectory from
4

Figure 2: LHC bunch filling pattern from 2016. Bunch spacing ~25 ns. 2748 buckets out of
the 3564 available are filled. Several different filling schemes are used for the LHC and are
being considered for HL-LHC.

one crab cavity to the corresponding anti-crab cavity. Neglecting the transverse
coupling and dispersion, the transfer matrix can be considered as a 2×2 matrix,
60

where R22 describes how an angular deflection at the first cavity transforms into
an angular deflection at the second cavity. Because of the π phase advance and
similar values of beta functions at crab and anti-crab cavities, R22 is close to -1
for the HL-LHC.
There are various gaps in the LHC bunch train arising from the rise times
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of the injection and extraction kickers for the proton synchrotron (PS), the SPS
and the beam dump kicker of the LHC (abort gap). A representative bunch
structure of the LHC bunch train is shown in Figure 2. Consequently there is
strong transient beam loading in the accelerating RF cavities (as opposed to
the crab cavities) as there is full beam loading during a PS batch of 72 bunches
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(shown in blue) and zero beam loading during the gaps (shown in white).
To keep the accelerating cavity amplitude and phase constant over a full train
of bunches making a whole turn of the LHC in the presence of transient beam

5

loading, the klystron forward power takes an amplitude and phase modulation
as dictated by the Low Level RF controls (LLRF) that responds to the gaps.
75

Charged bunches passing through a cavity change its amplitude and phase. Acceleration cavities are detuned in the presence of high beam currents acting in
quadrature to the RF current in order to reduce the power demanded from the
amplifiers (klystrons at the LHC for the accelerating cavities). Because the cavities are detuned, the power demanded then peaks during each gap in the bunch
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train. The LHC’s detuning scheme was optimized at the outset so that the demand for klystron power during gaps does not exceed 300 kW. This is achieved
by detuning the cavity for half the peak beam current, hence the name "half
detuning" [12, 13]. The half-detuning scheme requires 200 kW average klystron
power for the nominal LHC beam current (2808 bunches, 1.15×1011 particles per
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bunch). After optimization of the coupling between klystron and the cavity, the
power requirement scales linearly with the beam current. The beam current for
HL-LHC is almost double the nominal LHC current (2748 bunches, 2.2×1011
particles per bunch [1]), hence using the half detuning scheme, the required
klystron average power will be near 400 kW and the peak power will be near to
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600 kW. This level exceeds the klystron saturation power of 300 kW installed
prior to 2008. All the accelerating RF systems installed at this time were designed for a maximum of 300 kW continuous wave (CW) operation. Increasing
the RF power available for acceleration would require a significant modification
of the RF power chain, including high voltage power supplies, klystrons, cir-
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culators, loads and input couplers [14]. To overcome the issue without major
upgrades of the RF system, a new detuning scheme was proposed, tested in the
LHC during 2016, and has been operationally available since 2017 [13, 15]. This
scheme modulates the klystron phase but not its amplitude. The cavity amplitude is kept constant during the turn. As a consequence, bunch timing can no
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longer be perfectly maintained. The phase of bunches with respect to the RF
clock progressively slip during the bunch train but then are finally recovered
during the abort gap. With this scheme the klystron power is constant for the
whole turn. The required klystron power is minimized by full detuning of the
6

acceleration cavity for the average beam current. The full detuning scheme was
105

first proposed by D. Boussard in 1991 [16]. Power coupling from the waveguide
into the cavity must still be adjusted for the peak klystron power. The level of
coupling is specified by the external quality factor Qe .
Perfect operation of the crab cavities (as opposed to the acceleration cavities)
requires the RF field to be zero when the centroid of a bunch is at the centre
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of a cavity. If the arrival times of the bunches are varying with respect to the
RF clock then each crab cavity needs to have its RF phase adjusted during the
bunch train. Without this adjustment rotation of the bunch envelope is not
about its centre. The power requirements of a crab cavity is next to zero for
a bunch that is on axis. The cavity power requirement increases with bunch
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offset and phase and the beam can take power out of the cavity or put it in.
The cavity power requirement stays relatively small for worst case, anticipated,
beam offsets. The amplifier power requirement depends on the coupling of the
cavity to the waveguide and is set for perfect transmission at the cavity when the
cavity power requirement is maximum. As the power requirement for the crab
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cavities is modest the external quality factor Qe is quite large (small coupling).
The crab cavities for the HL-LHC are superconducting and consequentially
have very large intrinsic quality factors Q0 . The loaded quality factor QL , is
related to Q0 and Qe by the relation
1
1
1
=
+
,
QL
Q0
Qe

(4)

which is large as both Q0 and Qe are large. The time it takes to alter the phase
125

of a cavity by one radian without the application of vast amounts of power is
approximately equal to QL \ω. As the QL ~ 106 the crab cavity cannot be made
to follow the 100 ps peak-to-peak phase modulation of the bunches arising from
the full detuning LLRF control algorithm. Therefore the bunch centre arrives
at the cavity early or late, and the transverse momentum kick is not zero at
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the bunch centre, resulting in an asymmetric kick. The kick received by the
bunch centre results in a displacement as it passes the collision point. This is

7

Figure 3: Schematic diagram of the collisions at the IP with coherent phase shifts in both
colliding bunches.

illustrated in Figure 3. When the crab cavities are synchronized and for identical
bunch phase shifts φ on the two beams then the bunch centres have a transverse
displacement when they meet at the IP determined by
∆x =
135

cθ
φ.
ω2

(5)

Bunch phase shifts (phase modulation) on the two beams are identical when
they have identical filling patterns and the acceleration cavities run the same
control and detuning algorithms [15]. Therefore it will just displace the horizontal vertex. However, because HL-LHC bunches are very long with respect
to the RF period (about 170 degrees for 4σz ), this results in the crabbing kicks
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gaining a significant sinusoidal distortion (Figure 3). This distortion reduces
peak luminosity. This paper analyses the luminosity reduction caused by phase
modulation in the accelerating cavities [10].
Section 2 derives formulae for integrated peak luminosity with Gaussian
bunch distributions including RF curvature. In section 3 particle tracking sim-
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ulations are performed for comparison with the analytical results of section 2.
8

2. Analytical model of peak luminosity with RF phase modulation
2.1. Bunch distribution in the moving frame
The horizontal transverse phase-space coordinate around the IP is defined
by (x, x0 ). The focus is on horizontal momentum kicks from crab cavities. The
150

hourglass effect is not considered in this study as the estimated luminosity
reduction due to this effect is small [17].
Consideration is made of the transfer matrix between an initial position
along the beam line, S0 , to a final position, S1 , which transforms the phase
space coordinate (x, x0 ) as
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x1
x01





q

β1
β0

√

(cos µ + α0 sin µ)

β1 β0 sin µ



x0



 
q
=
(6)

 α1 −α0
β0
√ 0 α1 sin µ
−√
cos µ − 1+α
(cos
µ
−
α
sin
µ)
x00
1
β1
β0 β1

β0 β1

dβ
, where S is the longitudinal position
where β is the Twiss β function, α = − 21 dS
R S dS
along the beam line and µ is the betatron phase advance given as µ = 0 β(S)
.

The betatron phase advance between the crab cavities and the IP is π/2 and
as the beam size is minimized transversely, αIP = 0, using the notation from
Eq. 2 in Eq. 6, one obtains
q ∗
 

β
α
c.c
xIP
βc.c
=


−√ 1 ∗
x0IP
β β

√

c.c
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β ∗ βc.c 
xc.c


0
x0c.c + δx0 c.c

(7)

1
where a transverse kick from the crab cavity has been included, δx0 c.c = − eV
Es sin (kzc.c + φ)

where k =

ω
c

is the wave number from the crab cavity and z is the longitudinal

position from the witness particle. As we assume a thin kick, we neglect δxc.c .
Hence one can express the phase space coordinates at the IP in terms of the
phase space at the crab cavities as
s

p
p
β∗
eV1
xc.c + β ∗ βc.c x0c.c − β ∗ βc.c
sin (kzc.c + φ)
βc.c
Es
xc.c
=− √ ∗
β βc.c

xIP =αc.c
0

x IP

9

(8)
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In the following analytical solutions, the particle density of a bunch in both
coordinates at the crab cavity is defined to be Gaussian using

ρc.c (xc.c , x0c.c , zc.c ) =

 2 
i
h 
z
γ x2 +2αc.c xc.c x0c.c +βc.c x0c.c 2
exp − 2σc.c2 · exp − c.c c.c
2εg
z

(2π)3/2 σz εg

,
(9)

where γ = (1 + α )/β and εg is the r.m.s geometrical transverse emittance.
2

It should be noted that the Twiss parameters β, α and γ are not mutually
independent, this is a consequence of Liouville’s Theorem and the conservation
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of emittance. By rearranging Eq. 8, one can obtain the phase space coordinate
at the crab cavity in terms of the coordinate at the IP as

xc.c = −
x0c.c

p
β ∗ βc,c x0IP

xIP
=√ ∗
+ αc.c
β βc.c

s

β∗ 0
eV1
x +
sin (kzc.c + φ)
βc.c IP
Es

(10)

zc.c =zIP
and substituting this into Eq. 9, the particle distribution at the IP can be
expressed as

ρIP (xIP , x0IP , zIP ) =

 

 2 
x2 +β ∗ 2 x0 2 +C
z
exp − 2σIP2 · exp − IP 2σ∗ 2IP
z

x

,

(11)



p
eV1
eV1
β ∗ βc.c
sin (kzIP + φ) + 2 β ∗ βc.c xIP
sin (kzIP + φ).
Es
Es

(12)

(2π)3/2 σz εg

where σx∗ is the horizontal beam size at the IP and

C=
175

Now we integrate ρIP (xIP , x0IP , zIP ) over x0IP to obtain the particle distri-
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bution in xIP and zIP as

ρIP (xIP , zIP ) =

 
 2 

z
x2 +C
Z
exp − 2σIP2 · exp − IP
∗
2
2σ
z

x

(2π)3/2 σz εg


2
−β ∗ 2 x0IP
dx0IP
exp
∗2
2σ
−∞
x
∞

.


=

z2

exp − 2σIP2
z



 

x2IP +C
· exp − 2σ∗ 2
x

2πσz σx∗
(13)

2.2. Rotating the coordinate system at the IP
The coordinate system of the bunch at the IP is rotated by half the crossing
angle θ/2 into a new coordinate system, (x̃IP , z̃IP ); the counter-rotating bunch
180

is rotated by half the crossing angle in the opposite direction. (x̃IP , z̃IP ) can
be expressed in terms of (xIP , zIP ) as


 
xIP
cos θ2

=
zIP
sin θ2

− sin θ2
cos θ2


 

x̃IP
x̃IP cos θ2 − z̃IP sin θ2

=
.
z̃IP
x̃IP sin θ2 + z̃IP cos θ2

(14)

Substituting this into Eq. 13, one obtains

(1)

ρIP (x̃IP , z̃IP ) =





2
2
(x̃IP cos θ2 −z̃IP sin θ2 ) +C1
(x̃IP sin θ2 +z̃IP cos θ2 )
·
exp
−
exp −
2σ 2
2σ ∗ 2
z

x

2πσz σx∗

,
(15)

where



 


eV1
θ
θ
C1 = β βc.c
sin k x̃IP sin + z̃IP cos
+ φ1
Es
2
2


 


p
θ
θ
eV1
θ
θ
∗
+2 β βc.c x̃IP cos − z̃IP sin
sin k x̃IP sin + z̃IP cos
+ φ1 .
2
2
Es
2
2
∗

(16)
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For the counter-rotating bunches, the distribution becomes

(2)

ρIP (x̃IP , z̃IP ) =
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2
2
(−x̃IP sin θ2 +z̃IP cos θ2 )
(x̃IP cos θ2 +z̃IP sin θ2 ) +C2
exp −
·
exp
−
2
∗
2
2σ
2σ
z

x

,

2πσz σx∗

(17)

where


 


eV1
θ
θ
C2 = β ∗ βc.c
sin k −x̃IP sin + z̃IP cos
− φ2
Es
2
2




 
p
θ
eV
θ
θ
θ
1
− φ2 .
−2 β ∗ βc.c x̃IP cos + z̃IP sin
sin k −x̃IP sin + z̃IP cos
2
2
Es
2
2
(18)
2.3. Bunch distribution in the non-deflecting transverse direction
In the non-deflecting transverse direction, taken to be y, the particle distribution is not correlated to the longitudinal beam, thus the distribution at the
IP can be expressed as
ρIP (ỹIP ) = √



ỹ 2
1
exp − IP∗ .
2σy2
2πσy∗

(19)

The nominal beam parameters of HL-LHC optics version 1.2 (HL-LHCV1.2) [18]
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are summarized in Table 2, which is used in the following calculations. The fullcrossing angle in the HL-LHCV1.2 optics is 510 µrad.
Table 2: Twiss parameter of HL-LHC baseline optics version 1.2 (HL-LHCV1.2) [18]. These
Twiss parameters at the crab cavities are calculated by MADX [19].

Parameter

x

y

0.20a

0.20a

0

0

β at C.C before IP5 [m]

2453

2160

α at C.C before IP5

-14.0

-36.7

β ∗ at IP5 [m]
α∗ at IP5

a

For the baseline HL-LHCV1.3 optics [1], β ∗ will be squeezed from 0.64 m to 0.15 m in the leveling scheme.
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Figure 4: Bunch distributions of beam 1 and beam 2 at the IP without crab cavities (Top left),
the baseline crabbing voltage of 6.8 MV (Top right) and 9.6 MV required for full compensation
(Bottom left). In these plots, no phase modulation has been applied.

The total available crab voltage before the IP is planned to be at 6.8 MV, which
is less than the total required crab voltage (V1 ) of 9.6 MV for full correction of
195

the crossing angle as given by Eq. 2. Full correction of the crossing angle gives
too much luminosity for the current detectors and so installation of 9.6 MV
is unnecessary at this stage. Figure 4 shows the distributions of two counterrotating bunches at the IP with the crab cavities operating with no crab voltage
(Top left), at the nominal crab voltage of 6.8 MV (Top right) and an unavail-
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able crab voltage of 9.6 MV as required for full correction (Bottom left). The
figure shows improved overlap densities of colliding bunches with crabbing. The
partial compensation of the crossing angle with 6.8 MV as shown in Figure 4 [1]
provides sufficient luminosity for physics measurements by preventing pile-up
when applying a β ∗ leveling scheme [7, 8].
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Bunch distributions at the IP for colliding bunches with identical phase
shifts of 0.13, 0.25, 0.38 and 0.50 radians at 400.79 MHz are plotted with the
nominal 6.8 MV crab voltage in Figure 5. The phase shifts are identical when the
counter rotating beams have identical filling schemes and the RF system runs an
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Figure 5: Bunch distributions of beam 1 and beam 2 at the IP with coherent phase modulations
for the colliding pairs with total crab voltage at 6.8 MV. In these plots, the phase shifts are
specified as a timing error.

identical full detuning algorithm. The transverse center of both counter-rotating
210

bunches are displaced coherently from the IP with phase shifts as mentioned in
Eq. 5. Furthermore, the sinusoidal distortion of bunches becomes stronger with
the phase modulations.
2.4. Luminosity calculation with phase modulations
A peak luminosity [17] is obtained by the overlap integral of bunch densities
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with the longitudinal bunch positions. The bunches are translated longitudinally
along the beam line (zIP ) from the IP (where we define the time, t = 0) to
somewhere around the IP. The integral peak luminosity is then given by
Z Z Z Z ∞
θ
(1)
(1)
ρIP (x̃IP , z̃IP , −ct) · ρIP (ỹIP )·
L = 2 · cos2 N1 N2 frev nb
2
−∞
(2)
ρIP

(x̃IP , z̃IP , ct) ·

(2)
ρIP

(20)

(ỹIP ) dx̃IP dỹIP dz̃IP d(ct).

In this equation, N1 , N2 are the numbers of particles in the two counter-rotating
bunches, frev is the revolution frequency and nb is the number of bunches in a
14
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beam. The term 2 · cos2

θ
2

is the kinetic factor [20]. The longitudinal position of

the translated bunch in the zIP coordinate can be written as zIP ±ct. Assuming
identical transverse bunch size and bunch length for two colliding bunches, the
peak luminosity can be written as


Z Z Z Z ∞
2
cos2 θ2 N1 N2 frev nb
ỹIP
exp − ∗ 2 ·
L=
4π 3 σz2 σx∗ 2 σy∗ 2
σy
−∞


θ
θ 2
(x̃IP cos 2 − z̃IP sin 2 ) + (x̃IP cos θ2 + z̃IP sin θ2 )2 + C˜1 + C˜2
exp −
·
2σx∗ 2


(x̃IP sin θ2 + z̃IP cos θ2 − ct)2 + (−x̃IP sin θ2 + z̃IP cos θ2 + ct)2
exp −
dx̃IP dỹIP dz̃IP d(ct),
2σz2
(21)
where C˜1 and C˜2 are given as



 

θ
θ
eV1
∗
˜
C1 = β βc.c
sin k x̃IP sin + z̃IP cos − ct + φ1
Es
2
2

 



p
eV
θ
θ
θ
θ
1
∗
sin k x̃IP sin + z̃IP cos − ct + φ1
+2 β βc.c x̃IP cos − z̃IP sin
2
2
Es
2
2



 

θ
eV1
θ
C˜2 = β ∗ βc.c
sin k −x̃IP sin + z̃IP cos + ct − φ2
Es
2
2


 


p
eV1
θ
θ
θ
θ
−2 β ∗ βc.c x̃IP cos + z̃IP sin
sin k −x̃IP sin + z̃IP cos + ct − φ2
2
2
Es
2
2
(22)
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Furthermore, we assume N = N1 = N2 and integrate over ỹIP , the integrated
peak luminosity becomes
#
"
Z Z Z ∞
cos2 θ2 N 2 frev nb
(x̃IP cos θ2 − z̃IP sin θ2 )2 + (x̃IP cos θ2 + z̃IP sin θ2 )2 + C˜1 + C˜2
L=
exp −
·
4π 5/2 σx∗ 2 σy∗ σz2
2σx∗ 2
−∞
"
#
(x̃IP sin θ2 + z̃IP cos θ2 − ct)2 + (−x̃IP sin θ2 + z̃IP cos θ2 + ct)2
exp −
dx̃IP dz̃IP d(ct).
2σz2
(23)
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For the case of unequal horizontal and vertical bunch size and bunch length of
colliding pairs, the peak luminosity can be written as

L=

Z Z Z ∞
cos2 θ2 N 2 frev nb
q
dx̃IP dz̃IP d(ct)
∗ σ∗ σ σ
∗ 2 + σ∗ 2 )
−∞
π 5/2 σx1
8(σy1
x2 z1 z2
y2
( "
#)
(x̃IP cos θ2 − z̃IP sin θ2 )2 + C˜1
(x̃IP cos θ2 + z̃IP sin θ2 )2 + C˜2
exp −
+
·
∗ 2
∗ 2
2σx1
2σx2
( "
#)
(x̃IP sin θ2 + z̃IP cos θ2 − ct)2
(−x̃IP sin θ2 + z̃IP cos θ2 + ct)2
exp −
+
.
2
2
2σz1
2σz2
(24)

3. Comparison of peak luminosity
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Particle tracking simulations have been made using PYTRACK [21]. Twiss
parameters and first-order transfer maps (sector maps) of the HL-LHC optics
have been calculated using MADX [19]. Using the linear maps, we track a single
bunch with PYTRACK to compute a bunch distribution at the IP. Finally we
numerically compute overlap peak luminosity and compare to the analytical
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model.
3.1. Twiss parameters and sector-map from MADX
The ring optics of the HL-LHC round optics version 1.2 [18] (βx∗ = βy∗ at
the IP1 and IP5) have been used for this simulation. The optics minimizes
transverse beam size at these two IPs (minimal beta).
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Sector maps have been created for IP1, two accelerating RF cavities per
beam, 8 MV/cav (the LHC accelerating RF is 16 MV/beam during physics data
taking) and IP5 with one pair of crab cavities, which gives rise to a horizontal
momentum kick on colliding beams. Transfer matrices of each section are then
calculated by MADX.
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3.2. PYTRACK simulation
PYTRACK is a fast tracking code using first order transfer maps and special
thin elements like crab cavities and beam-beam interactions. It is implemented
16

in pure PYTHON programing code. The code tracks particles in a six dimensional phase space with coordinates: (x, x0 , y, y 0 , z, ∆pz /pz ) where x0 = px /pz
250

and y 0 = py /pz , where px,y,z are the horizontal, vertical and longitudinal momenta, ∆pz /pz is the fractional momentum deviation, and z = c∆t the longitudinal position offsets with respect to the reference particle.
The colliding beams receive a transverse and longitudinal momentum kick at
the crab cavities every turn (depending on their transverse position and phase
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relative to the cavity RF of the beam centroids), which can be expressed as
follows:
eV1
sin (φs − kz)
pz
∆pz
eV1
= −k · x ·
cos (φs − kz)
pz
pz
∆x0 =

(25)

where φs is the synchronous phase. In order to keep quasi-static synchrotron
motion, the crab voltage is linearly ramped up over 1000 turns which corresponds to about two synchrotron periods (synchrotron frequency: fs =23.8 Hz).
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Furthermore, in this simulation, the crabbing and anti-crabbing RF voltages at
the crab cavities are set to be equal to the nominal crab voltage (6.8 MV).
Both colliding bunches are injected at IP1 where the Twiss parameter α
equals zero and bunch distributions are observed at the IP5. The initial bunch
consists of 105 macroparticles which are generated with a Gaussian distribution
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in transverse phase space. The initial bunch size and angle are calculated by
Twiss parameters at IP1 for both colliding bunches. As for the longitudinal
bunch profile, two distributions are considered: Gaussian and q-Gaussian [1]
as shown in Figure 6, generated by Beam Longitudinal Dynamics (BLonD) [22]
code. The longitudinal bunch profile in the current LHC is close to a q-Gaussian
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distribution. The two longitudinal profiles on Figure 6 have the same full width
at half maximum (FWHM). A Gaussian with that FWHM will have a σz =
9 cm (Table 1). Both longitudinal distributions are matched to a stationary RF
bucket. Figure 7 shows the bunch distributions at IP5 for the case of Gaussian
and q-Gaussian longitudinal bunch distributions, respectively.
17

Figure 6: The initial bunch distributions: Gaussian and q-Gaussian, in longitudinal phase
space. The red curves are the separatrix.

Figure 7: Bunch distributions at IP5 without phase offsets for both colliding beams. Left
one indicates Gaussian and right one is q-Gaussian distributions with total crab voltage at
6.8 MV.
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Figure 8 shows the bunch distributions at IP5 with coherent and incoherent
phase modulations for the Gaussian and q-Gaussian longitudinal bunch profiles.
We define a coherent phase error as a phase error that affects both counterrotating bunches equally. Given the identical filling pattern for both beams,

18

the phase modulation should match for colliding pairs. For an incoherent phase
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modulation, a phase error is applied to beam 2 only and zero phase offset to
beam 1. The incoherent case provides an estimate of the effect of uncorrelated
timing jitter between the counter-rotating bunches.
For the case of identical phase shifts of 0.25 rad at 400.79 MHz in both
longitudinal distributions, bunch shapes are distorted further compared to the
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case of zero phase offsets. The centers of bunches are equally displaced for
both distributions. On the other hand, for the case of incoherent phase offsets
(0.25 rad at 400.79 MHz in beam 2 only), the transverse displacements of both
bunches are unequal. Therefore the overlap densities will be further decreased
than for the case of identical phase shifts in colliding bunches.
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3.3. Peak luminosity calculation
The analytical peak luminosity is computed by numerical integration of
Eq. 24 using Python [23] Scipy package. The integration range is taken between ± 10σx∗ transversely and ± 5σz longitudinally. For the simulation, both
bunches are translated through IP5 in the longitudinal direction from −5σz to
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5σz . The overlapping densities are computed at each longitudinal position. Finally the overlapping densities are summed for all longitudinal positions and the
peak luminosity computed after multiplication by the scaling factor in Eq. 24.
Figure 9 shows the dependence of the peak luminosity on the crab cavity
phase errors. Lines show results from analytical calculations and markers give
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simulation results. The pink dashed line is the case of head-on collisions (i.e.
zero crossing angle and zero crab voltage), the purple dashed line shows the case
of coherent phase modulations with the crab voltage of 9.6 MV required for head
collisions (i.e. full compensation from the crab cavities), the green dashed line
is the case of incoherent phase modulations with 9.6 MV (modeled by applying
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a phase error to beam 2 but not beam 1), the red solid line shows the case of
coherent phase modulations with the nominal crab voltage of 6.8 MV, the blue
dashed line shows the case of incoherent phase modulations with 6.8 MV and
the black dashed line shows the luminosity without crab cavities. The reduction
19

Figure 8: Bunch distributions at IP5 with coherent (Top) and incoherent (Bottom) phase
offsets. Left plots are Gaussian and right ones are q-Gaussian longitudinal bunch profiles. In
this figure, the total crab voltage is 6.8 MV.

factor (Rp ) is about 0.34 between the full crabbing compensation with no phase
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error and the no crabbing compensation, which is consistent with Eq. 1. The red
square dots and circles show the case of coherent phase modulations for Gaussian
and q-Gaussian longitudinal bunch distribution respectively. The blue triangles
and crosses show the case of incoherent phase modulations for Gaussian and
q-Gaussian longitudinal bunch profiles.
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For the case of coherent phase error, the simulation for the Gaussian longitudinal bunch profile predicts a smaller luminosity than the analytical model.
This is due to the initial energy spread, which introduces a spread in betatron
phase advance between the crab and anti-crab cavities; thus off-momentum par20
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Figure 9: Peak luminosity vs crab cavity phase error.

ticles will experience a residual crabbing, reducing peak luminosity. To verify
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this, simulations have been run for the Gaussian longitudinal bunch profile with
and without energy spread. Very good agreement has been seen between the
simulation and the analytical model in the absence of an energy spread (Table 3). In addition, the analytical model does not consider the effect of the
main accelerating RF cavities as this would also introduce an energy spread,
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it only considers a transverse momentum kick introduced by the crab cavities
(Eq. 25).
Table 3: Simulation and analytical results for the reduction of peak luminosity rate with
coherent phase errors for q-Gaussian and Gaussian longitudinal bunch distributions. The
percentage drop in luminosity is given in parenthesis below each luminosity value.

Time offset
[ps]

Peak luminosity [1035 cm−2 s−1 ]
Analytical

Gaussian
( δp
p

= 0)

q-Gaussian
( δp
p

6= 0)

( δp
p 6= 0)

0

1.163

1.160±1.1 × 10−3

1.148±1.3 × 10−3

1.211±1.0 × 10−3

100

1.141

1.140±1.1 × 10−3

1.128±9.1 × 10−4

1.189±6.6 × 10−3

(1.89%)

(1.72±0.13%)

(1.74±0.14%)

(1.82±0.10%)

1.080±1.2 × 10

1.068±1.2 × 10

200

1.079
(7.22%)

−3

(6.90±0.14%)

21

−3

(6.97±0.15%)

1.124±1.2 × 10−3
(7.18±0.13%)

On the other hand for the q-Gaussian longitudinal bunch distribution, the
peak luminosity is larger than the analytical one. A q-Gaussian distribution
is more localized at the centre of the RF bucket than a Gaussian distribution,
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resulting in an increased peak luminosity. The analytical model assumes a
Gaussian distribution and therefore does not account for the effect of other
distributions.
It is important to investigate incoherent phase errors as well as coherent
errors to estimate the tolerance on uncorrelated jitter between the crab cavi-
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ties and their dependence on peak luminosity. The results are summarized in
Table. 4 and plotted in Figure 9 by the blue line and markers.
Table 4: Simulation and analytical results for reduction of peak luminosity rate with incoherent
phase errors for q-Gaussian and Gaussian longitudinal bunch distributions. The percentage
drop in luminosity is given in parenthesis below each luminosity value.

Time offset

Peak luminosity [1035 cm−2 s−1 ]

[ps]

Analytical

Gaussian

q-Gaussian

0

1.163

1.148±1.3 × 10−3

1.211±1.0 × 10−3

100

1.097

1.086±1.4 × 10−3

1.146±1.3 × 10−3

(5.67%)

(5.40±0.16%)

(5.37±0.13%)

200

0.939
(19.2%)

0.936±1.4 × 10

−3

(18.5±0.15%)

0.985±7.5 × 10−4
(18.7±0.09%)

A larger reduction in peak luminosity is observed for incoherent phase errors
than for coherent ones. This is because a coherent phase error will allow the
bunches to collide without an offset, but with a distortion to the longitudinal
340

bunch profile. An incoherent phase error will distort the longitudinal bunch
profile, but will also introduce a transverse offset between the bunches at the
IP.
4. Conclusions
The challenging nature of the high luminosity upgrade to the LHC carries
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technical risk. This risk is moderated by detailed analysis of every aspect of the
22

new technologies and operating procedures. Key deliverables are integrated luminosity and levelled luminosity for optimal detector performance. This paper
analyses how a new mode of operation for the RF system will impact luminosity.
The scheme avoids a hugely expensive upgrade to the acceleration system. In
350

this scheme klystron power is kept constant and only klystron phase is varied.
The scheme is operated with the acceleration cavities, fully detuned for average
beam current. The scheme has been tested and it has been operationally available since July 2017. The avoidance of varying klystron power to compensate
for transient beam-loading results in a modulation of bunch phase through the
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bunch train with respect to the RF clock. For this scheme it is expected that
the maximum peak-to-peak phase displacement will be ∼0.25 rad at 400 MHz
(100 ps in time) along a bunch train. The RF phase of the crab cavities cannot
be modulated to follow this phase modulation due to their high loaded quality
factors QL , thus individual bunches see a different crabbing phase, the ideal be-
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ing zero. This phase error enhances bunch distortions at the IP as a result of the
sinusoidal variation of the RF and hence reduces peak luminosity. To evaluate
the luminosity reduction, the analytical model for the peak luminosity including
the effect of phase modulations on the crab cavities has been derived. It has
been validated using particle tracking simulations with MADX and PYTRACK.
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The difference between Gaussian and q-Gaussian longitudinal distributions has
been investigated. The tracking simulations and the analytical model are in
good agreement with each other for both coherent and incoherent phase modulations for the crab cavity scheme. The analytical model assumes a Gaussian
distribution with no longitudinal momentum spread and disparities between the
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model and different simulation conditions are explained.
For the expected maximum coherent phase error of 100 ps, the reduction
in peak luminosity is about 1.89 % for a Gaussian distribution based on the
analytical model. The expected maximum incoherent phase error of 100 ps (not
planned), will cause a luminosity reduction of about 5.67 %.
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The peak luminosity is leveled down to 5×1034 cm−2 ·s−1 [1] in order to
reduce the number of pile up events at the IPs, which can otherwise prevent
23

the ATLAS and CMS detectors from resolving different events. For the leveling
scheme, it is concluded that the impact of the full-detuning RF control scheme is
negligible for both coherent and incoherent phase errors and well within the tol380

erance for baseline HL-LHC operation. Understanding how luminosity depends
on RF parameters is important for machine operation.
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