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Abstract

We consider the theory of stopping bounded processes within the framework of Hudson—
Parthasarathy quantum stochastic calculus, for both identity and vacuum adaptedness. This
provides significant new insight into Coquio’s method of stopping (J. Funct. Anal. 238:149-
180, 2006). Vacuum adaptedness is required to express certain quantum stochastic repres-
entations, and many results, including the proof of the optional-sampling theorem, take a
more natural form.
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1 Introduction

The extension of the notion of stopping time from classical to non-commutative probability is
straightforward, with the earliest definition in the literature due to Hudson [20]. The idea was
developed in the setting of the Clifford probability gauge space by Barnett and Lyons [9], and
for abstract filtered von Neumann algebras by Barnett and Thakrar [I0] [11], and Barnett and
Wilde [12, 13]; see also [31], where Sauvageot initiated a programme to solve a C*-algebraic
version of the Dirichlet problem, and recent work by Luczak [26].

In the more concrete setting of Hudson—Parthasarathy quantum stochastic calculus [23], an
extensive theory was developed by Parthasarathy and Sinha [30]. In particular, they showed
that, given a quantum stopping time .5, the Boson Fock space F = F, (LQ(R+; k)) has the
factorisation Fg)®Fg, where the spaces Fgy and Fg are pre-S and post-S spaces; this provides a
form of the strong Markov property that generalises Hudson’s result [20]. Further contributions
in this setting have been made by Meyer [28], Accardi and Sinha [I], Attal and Sinha [§],
Sinha [32], Attal and Coquio [4], Coquio [19] and Hudson [21], 22]. Quantum stopping times are
applied to the CCR flow and its cocycles in [16] and [I7], building on work of Applebaum [2].
Parthasarathy and his collaborators developed the theory around another quantum-probabilistic
version of the Dirichlet problem: see [6], [18], [7] and [29].

Here, we investigate stopping in parallel for both identity-adapted and vacuum-adapted versions
of quantum stochastic calculus; the latter variant was introduced in [I4] and further developed
in [15]. By developing the two forms of the theory in parallel, we provide insights which illumin-
ate Coquio’s constructions in [19] and allow us to extend her results. Certain integrals, which
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seem somewhat mysterious from the identity-adapted viewpoint, can be seen to be products due
to switching forms of adaptedness. Furthermore, the vacuum-adapted theory is seen to have
superior properties, which correspond more naturally to the classical situation. For simplicity
and clarity of exposition, we restrict our attention to processes composed of bounded operators.

In the Fock-space context, a quantum stopping time S is a projection-valued measure on the
extended half line [0, 00], such that S([0,00]) = I, the identity operator on F, and t — S([0,t])
is an identity-adapted process, i.e., S([0,t]) € B(Fyy) ® Iy for all t > 0. (Here the Boson
Fock space F is identified with Fy) ® F; this is the familiar deterministic version of the
Parthasarathy—Sinha factorisation.) Section[2presents this definition, derives some basic results
from it and sets out some classical and non-commutative examples.

The primary object associated with a quantum stopping time S is its time projection Fg,
and this is introduced in Section B} if S is deterministic, so that S({t}) = I for some ¢,
then FEg is the orthogonal projection Ey = I;) ® P[? onto F; ® £(0), where here £(0) is the
vacuum vector in F;. If F is identified with the L? space of a standard Brownian motion with
filtration A = (A¢)er, and S corresponds to a classical .A-stopping time 7 then Eg becomes the
conditional expectation with respect to the stopping time o-algebra A,. The time projection
Es has a quantum stochastic representation (Theorem [3.6]):

Eg=1+ /OO I ® S((S,OO])ES dA;. (1.1)
0

The integrand is a vacuum-adapted process, which shows that this form of adaptedness appears
naturally when considering quantum stopping times.

If S is a quantum stopping time and X = (X;)icr, is a process (i.e., a family of operators
on F satisfying suitable measurability and adaptedness conditions) then there are three natural
approaches to stopping X at S: these are

S-X = S({O})XO —i—li}rniS((?Tj_l,ﬂj])ij, (left)
j=0

X - S:=XpS({0}) + n;rnZXms((ﬂj_l,wj]) (right)
j=0

and S-X-8:=5({0})XoS({0}) + li7ITn Z S((mj—1,m5]) X, S ((j -1, 75]) (double)
=0

assuming these limits, taken over partitions of R, exist in an appropriate sense. (To establish
convergence is often difficult, or apparently impossible in general.) The time projection Fg is
the result of stopping the vacuum-adapted process (E;);cr, in any of these three senses. Each
of the expressions yields the same orthogonal projection, and convergence holds in the strong
operator topology, since these projections form an decreasing family as the partition is refined:
see Theorem B3] below.



In the vacuum-adapted setting, the value at time ¢ of a martingale M closed by the operator M,
is simply F;My Fy; see Section [ for the definitions of martingales in this context. Thus it is
natural to define Mg, the value of the martingale M stopped in a vacuum-adapted manner at
S, to be EsMy,FEg; it is easy to see that this equals S - M - S, the result of double stopping M
at S. The issue of convergence becomes that of the existence of Eg, which is long established,
and this definition has various good properties: see Sections Ml and [7 below. In particular, the
optional-sampling theorem, Theorem [(.4] holds, and is a immediate consequence of the identity
Es N Er = Egar, which is true for any two quantum stopping times S and T (Theorem [B.1T]).

In [19], Coquio puts forward a method of stopping for identity-adapted processes which is not
obviously one of the forms given above. She begins by working with discrete stopping times, i.e.,
those with finite support: if 7" is a quantum stopping time with support {t; < --- < t,} C R4
and X is a process then

n

Xg =Y Bty T ({63 F (X v, T (G 1) 7 (B v, (1.2)
ij=1

is the result of applying identity-adapted stopping to X at T, where 7 is the projection onto
the space of identity-adapted processes. For example, the operator 7(Es); = I, 5) ® P[S;t) @ I
maps Ji ;) onto the vacuum subspace and acts as the identity on Fy) and Fy;, with F identified
with Fy) ® Fisp) ® F. (This notation is explained further in Section [Bl) In Section [ the
vacuum-adapted version of this definition is introduced and various consequences are derived;
in particular, Lemma[6.9shows that, for a closed martingale, it agrees with the natural definition
of My described above. In particular, Coquio’s method is seen to be a form of double stopping,

at least for a large class of processes.

Working from the definition (L2]), Coquio obtains an integral formula for the stopped process
Mz when M is a closed martingale (see Theorem [6.14]), and uses this to extend the definition
of Mz to arbitrary stopping times. The key step in this result, Theorem below, is to show
that, given any quantum stopping time S and any Z € B(F), the sum

EsZBs + /0 T L@ 5(0, 5))7(EsZEs) S ([0, s]) dA,

extends to a bounded operator Zg; we provide a somewhat shorter version of Coquio’s proof in
Section [ Tt follows that the difference between stopping a closed martingale M at an arbitrary
quantum stopping time S in the identity-adapted and vacuum-adapted senses is given by a
gauge integral:
o0
Mg — My :/ I ® 5([0, 5])7 (Mg)_S([0, s]) dA.;
0

in particular, the integral in Coquio’s definition of Mg can be seen as an artifact produced by
working with identity, rather than vacuum, adaptedness.

In Section 8 vacuum-adapted stopping for FV processes and for semimartingales is extended
from discrete to arbitrary times. An FV process Y is of the form Y; = fg H,ds for some
integrand process H, and a semimartingale is the sum of a martingale and an FV process.



Given sufficient regularity, a semimartingale may be written as the sum of four quantum
stochastic integrals. Such a process is called a regular quantum semimartingale if identity
adapted, and a regular 2-semimartingale if vacuum adapted. The integral formula (I.T]) for Eg
is used in Section [@ to show that the class of regular 2-semimartingales is closed under vacuum-
adapted stopping (Theorem [0.2]); Coquio has obtained the analogous result for regular quantum
semimartingales [19, Proposition 3.16].

In the final Section [I0] it is shown that the projection onto the future space may be stopping in
the three different senses, and that a natural relationship holds between these stopped operators.
Each has a vacuum-adapted quantum stochastic representation.

An appendix, Section [A] is included to gather the necessary results on quantum stochastic
integration.
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1.2 Notation and conventions

The term “increasing” applies in the weak sense. Hilbert spaces have complex scalar fields; inner
products are linear in the second argument. The indicator function of the set A is denoted by 14.
The complement of an orthogonal projection P is denoted by P+. The set of natural numbers
N ={1,2,3,...}, the set of non-negative integers Z; = NU{0} and the set of non-negative real
numbers Ry = [0,00). The von Neumann algebra of bounded operators on a Hilbert space H is
denoted by B(H). Given a real number z, its ceiling [z] is the smallest integer at least as great
as .

2 Quantum stopping times

Notation 2.1. Let F4 = F; (L?(A;k)) denote Boson Fock space over L?(A;k), where A is a
subinterval of Ry and k is a complex Hilbert space. For brevity, let F := Fg,, Fy) 1= Fjgy) for
all t € (0,00) and F; := Fj o) for all t € Ry, with similar abbreviations I, I;) and Ij, for the
identity operators on these spaces.

The set of exponential vectors {(f) : f € L?(R;;k)} is total in F and linearly independent,
with (e(f),e(g)) = exp(f, g) for all f, g € L?>(R;k); we let £ denote the linear span of this set.

Definition 2.2 ([30, Section 3]). A spectral measure on B0, o], the Borel o-algebra on the
extended half-line [0, 00] := R4 U {0}, is a map

S : BJ0,00] — B(H),

where H is a complex Hilbert space, such that



(i) the operator S(A) is an orthogonal projection for all A € B[0, ocol;
(ii) the mapping B[0,00] — C; A — (x,S(A)y) is a complex measure for all z, y € F;
(iii) the total measure S([0,00]) = I.

The spectral measure S is a quantum stopping time if H = F and S is identity adapted in the
following sense:

(iv) the operator S({0}) € CI and S([0,t]) € B(Fy)) ® I, for all t € (0, 00).

Remark 2.3 (Cf. [9, Definitions 3.1]). A spectral measure on 5[0, co] may also be defined to
be an increasing family of orthogonal projections (S¢)g(o,) in B(H) such that Sy = I. The
equivalence of these definitions is ensured by the spectral theorem for unbounded self-adjoint
operators.

Proposition 2.4. Let S be a spectral measure on B[0, 00|, and let A and B be arbitrary elements
of B[O, c0].
(i) The operator S(0) = 0.
(ii) If AC B then S(A)S(B) = S(A) = S(B)S(A).
) If A and B are disjoint then S(AU B) = S(A) + S(B) and S(A)S(B) = 0.
(iv) In general, S(A)S(B) = S(ANB) = S(B)S(A).

(ii

Proof. This is a simple exercise. O

Lemma 2.5. If S : B[0,00] — B(H) is a spectral measure then t — S([0,t])x is right continuous
on Ry, so strongly measurable, for all x € H.

Proof. Let x € H and note that if s, t € Ry with s <t then
180, 1) — (0, 5)) 1> = 15 (s, )| = (. S((s1]))-
Thus if ¢, — s+ then, since Ny (s, ] = 0, so S([0,t,])z — S([0, s])z. Hence setting
St Ry = Hy b= 11, () S ([0, 277 [27¢]] )2 for all n e N

gives a sequence of simple functions converging pointwise to t +— S ([O, t])x U

The following result will be applied without comment.
Corollary 2.6. Let S : B[0,00] — B(H) be a spectral measure.

(i) If f : Ry — H is strongly measurable then so is t — S([0,1]) f(t).

(ii) If F : Ry — B(H) is pointwise strongly measurable, so that t — F(t)x is strongly
measurable for all x € H, then so is t — F(t)S([0,1]).



Proof. For all n > 1, let

S({0}) if t =0,
Sn(t) =11, ()S([0,27"[2"¢]]) = 1 S([0,527"]) ifte ((j—127",527"] (j=1,...,n2"),
0 if t € (n,00).

(i) If N C Ry is a Lebesgue-null set and (fy,)n,>1 is a sequence of simple functions such that
| fn(t) — f()]| = 0 for all t € Ry \ N then ¢t — S, (t) fn(t) is a simple function and

180 (&) fn () = S([0,2]) FON < 1 £n(t) = FON + 11(Sn(®) = S((0,4)) F )] = 0
ifte Ry \ N.

(ii) Let z € H and note that ¢t — F(t)S,(t)z is the sum of finitely many strongly measurable
functions, so is thus itself strongly measurable. Since F(t)S,(t)z — F(t)S([0,t])x for all t € Ry,
the claim follows. d

Example 2.7. For any ¢ € [0, c0], setting

0 iftdA,

t:B[0,00] = B(F); A
I ifteA

defines a quantum stopping time which corresponds to the deterministic time t.

Example 2.8. Let B = (By)er . be a standard Brownian motion and use the Wiener—It6—
Segal transform to identify the Fock space F, where k = C, with the space L(Q, A,P). If T is
a classical stopping time for B then

S B[O, OO] — B(]:), A 1{7—€A}

is a quantum stopping time, where the function 1¢;¢c 4y acts by multiplication on L?(, A, P).
The same applies with B replaced by any classical process with the chaotic representation
property, e.g., the classical or monotone Poisson processes, or Azéma’s martingale: see [3,
Section II.1].

Example 2.9 ([4, pp.508-510]). Let v = (14)er, be a standard Poisson process with intensity 1
and unit jumps on the probability space (2, .4,P), where A is complete and generated by v; for
all n € Zy, let

o i=1inf{t e Ry 11y =n}

be the nth jump time. The fact that

/ ¢s(w) dvg(w Z Dr () for all w € €,

where ¢ is any process, together with the identity {v; > n} = {7, < t}, implies that

t

t
/0(1{Tn_1<s}(W)—1{Tn<s}(W)) st(W):/O L1 (@) (@) (8) Avs(w) = 17, <y (w)
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for all w € Q, n € Nand t € R;. Since (14 — t)t€R+ is a normal martingale and 7, has the
gamma distribution with mean and variance m, it holds that

E[(/Ot L —ey d(vs — s)ﬂ = E[/Ot sy ds| = /OtP(Tm — 5)ds =0

and therefore, as elements of L?(£2, A, P),

t
1{7_”@5} = /0 (1{Tn_1<s} - 1{Tn<s}) dvg for all ¢ € R;. (21)

With k = C, let Ny = Ay + A + AI + tI for all t € R, so that N is the usual quantum
stochastic representation of the Poisson process v: there exists an isometric isomorphism Up :
L*(9, A,P) — F such that UpN:Up is essentially self adjoint, with closure corresponding to
multiplication by v, for all ¢ € Ry, and Upl = ¢(0) [23, Theorems 6.1-2]. It follows from
Lemma [A_10] that

/Ot T, ([0, s]) AN, = Up /Ot 1<y dvsUp  on & (2.2)
for all t € R, where the quantum stopping time 7,, is defined by setting
Tw(A) == Uplfr,enUp for all n € Z4 and A € B|0, o0},
as in Example 2.8 and the stochastic integral on the right-hand side of ([2.2]) acts by multiplic-
ation on L?(2, A,P). In particular, T, satisfies the quantum stochastic differential equation

7,([0,4]) = /t (Tn,l([o, s]) — T ([0, 5])) dN, foralltcR, andneN.  (2.3)
0

Definition 2.10 ([9, Definitions 3.1}, [30, Section 3]). A partial order is defined on quantum
stopping times in the following manner: if S and T are quantum stopping times then S < T
if and only if S([0,t]) > T'([0,t]) for all ¢ € [0,00]. The definition agrees with the classical
ordering in Examples 2.8 and 20 in the latter, T,, < T}, for all m, n € Z, such that m < n.

Theorem 2.11. If S is a quantum stopping time and s € [0,00] then S A's is a quantum
stopping time, where

S(0,t]) ift<s,
1 ift>s

(SAs)([0,t]) = {
for all t € [0,00]. Furthermore, if s, t € [0,00] with s <t then

SAs<SAELS, SAs<s and (SAt)As=S8As.

Proof. This is a straightforward exercise. O



Remark 2.12 (Cf. [10, Lemma 2.3],[30, Proposition 3.1]). Quantum stopping times S A T
and S VT are defined for any pair of quantum stopping times S and 7" by setting

(5 AT)(0.1) = 5(0.8) v T (0.4
and (SVT)([0,t]) = 5([0,¢]) AT([0,t]) for all t € [0, o0].

It is straightforward to verify that ¢t — (S A T)([0,¢]) and ¢ — (S Vv T)([0,¢]) are increasing.
Furthermore, SAT < S<SVT and SAT LT <LSVT.

If S([0,]) commutes with 7'([0,]) then
(SAT)([0,8]) = S([0,8]) +T([0,2]) — S([0,¢])T([0,])
and (SVT)([0,¢]) = S([0,¢])T([0,¢]),

for all t € [0, o0].

3 Time projections

Definition 3.1. Let Ey € B(F) be the orthogonal projection onto Ce(0), let E; € B(F) be
the orthogonal projection onto Fy ® (0] ), considered as a subspace of F, for all t € (0, 00)
and let E := I. Then

Eie(f) =l f) for all t € [0,00] and f € L*(Ry;k).
Given a quantum stopping time .S, the time projection
ES :/ S(dS)ES+ :/ Es+5(d5),
[0,00] [0,00]

where these integrals are strongly convergent limits of Riemann sums: see Theorem 3.3l Note
that left, right and double stopping E' = (E})ic[0,o0) at S produce the same result, as observed
in the Introduction.

Definition 3.2. A strictly increasing sequence m = (7;) ez, with 7o = 0 and lim 7; = oo is
Jj—00
said to be a partition of Ry. A partition 7’ is a refinement of 7 if 7 is a subsequence of 7’
The following theorem dates back at least as far as [11, Theorem 2.3].
Theorem 3.3. Let S be a quantum stopping time and let m be a partition of Ry. The series
oo
E§ := S({0}) Eo+ Y S((mj—1,m5]) Bn; + S({o0}) (3.1)
j=1

converges in the strong operator topology to an orthogonal projection. If 7' is a refinement of ™
then Eg’ < EG, so Eg = st.lim EG exists and is an orthogonal projection such that Es < Eg
s

for all w. Furthermore, it holds that ESS([O,t]) = S([O,t])ES for all t € [0, 0].
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Proof. Note first that if s, ¢ € Ry are such that s < t then
S((s,t]) = S([0,1]) = S([0,5]) € B(Fpy) @I,  and  E; € I;y ® B(Fp).

Hence if m, n € Z4 are such that m < n then

| 3 st m ] = 3 15(0mson ) el

j=m+1

n

= 3 B, S (1))l

j=m+1

n

< Y IS(Grmrs )l

j=m-+1

< IS ((mm, 00))

for all z € F, which gives the first claim; that EY is an orthogonal projection is immediately
verified. For the second, note first that if s, t € Ry are such that 0 < s <t then

(Ey — Es)* = Ef + EZ —2E, = Ey — E, € I ® B(Fj,).
For all j € Z4, let kj > j be such that 7'(';%_ = 7; and let I; > 1 be such that W,;jﬂj = 7;4+1. Then

J

L:

)

<.%', (Eg - Eg )1’> = Z <1’, S((ﬂ.;chtlfl? ﬂ-;sthl])(Ew;chj - Ew;cj+l)x> =0
=0 I=1

for all z € F, as required. The final claim is readily verified. O

Remark 3.4. If the quantum stopping time S corresponds to the deterministic time t € [0, oo,
so that S({t}) = I, then Eg = E.

Example 3.5 ([9, Remark 3.6]). Let M be a normal martingale with the chaotic-representation
property, such as a standard Brownian motion, and identity the Fock space F with L?(Q2, A, P),
as in Examples 2.8 and 2.9l If 7 is a classical stopping time for M then

Eré =E[¢|A,]  forall € € L*(Q, A, P), (3.2)

where T is the quantum stopping time corresponding to 7, as in Example 2.8 and A, is the o-
algebra at the stopping time 7. To see that (3.2)) holds, note first that, in this interpretation of
Fock space, the exponential vector (f) is a stochastic exponential and satisfies the stochastic
differential equation [27), Section II.2]

() =1+ /0 T H0e(on ) dM; for all f € LX(Ro;k), (3.3)



therefore
t
Ele(f)]Ad =1 +/0 f(8)e(lo,0)f) AMs = (1o f) = Ere(f) (3.4)

for all ¢ € [0, 00]. Hence if 7 takes values in the set {t; < --- < ¢,} then
E[§]A;] Zl{T 1} E[E[Ar] Zl{T i1 Ené = BT

for all ¢ € L*(Q, A,P). The general case now follows by approximation: let & := E[¢|.A;] for
all ¢t € [0,00] and note that, given classical stopping times (7,,)nen such that 7, — 7 almost
surely as n — oo,

E[¢| A, =&, — & =E[¢JA;]  asn— oo,
by optional sampling, almost surely and in L?(Q2, A, P).

The following theorem has its origins in work of Meyer [28, equation (12) on p.74]; see also
[8, Proposition 6], [4, Theorem 6.2] and [19, Theorem 2.5]. This representation shows that
(Esas)ser, is a regular Q-martingale closed by Eg; this is a very fruitful observation when
combined with the quantum It6 product formula. For the requisite details in regard to quantum
stochastic integration, see the appendix, Section [Al

Theorem 3.6. Let S be a quantum stopping time. Then
Es=1- / Ik ® S([0, s]) Es dAs = Ep + / I ® S((s,00]) Eg dAs. (3.5)
0 0

Proof. Note first that

SO

o0
Et:I—/ I, @ EydA,
t

[e%s} t t
:I—/ Ik®EsdAs+/ Ik®EsdAs:E0+/ I ® EydAg. (3.6)
0 0 0
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If S({0}) = I then Eg = Ey and the identities hold as claimed. Now suppose that S({0}) =0
and let 7 = (ﬂj)?io be a partition of Ry. If f, g € L?(R,;k) and g has support in [0, 7,] then

((f), (I = Eg)e(g))

0

<€(f)7 S((ﬂ'j—la 7Tj]) (I - Eﬂ'j)g(g)>

<
Il
—

1
(), S((mj1,m5]) (Brmpsy — By )2(9))

J

(=0 5(0.m) [

Tk

i
L

n

Il
<
i
I
i

i
L

Tk+1

I E, dAss(f)>

i
I

Il
S

e(f), (/OOO L@ S(0, 5]) EgdA, — Ry )(g) ),
by Lemma [A.6] where

:/0 ZMWH Vi @ S (ks 5]) Ea dA,.

Finally, if h € L?>(R; k) then

[ Rre(h)]* < /O Hzlw,w S((mx, s]) Ese (W) *[h(s)]* ds

-l Zlm,w IS (7, s) Bue(B) [ (s) |2 ds = 0

as m is refined, by the dominated-convergence theorem. To see this, note that if s € (mg, 1]
then

1S (i, s1) Bse (M)|I* = 118 (7, s) (M exp(—|[1fs,00)2%)
< IS (e, s))e(B)]*
= [15([0, sDem)I* = 1S ([0, mx])e(m)]|* — 0

as s — g, as long as 7y is not a point of discontinuity of s S([O, s])s(h); furthermore,

D e ) (OIS ((mxs 51) Ese ()| 1a(s)I* < [ Ese(h) 1 |2 (s)]1>
k=0
for all s € Ry. The first identity is now established, and the second may be obtained by writing

I - Ey :/ Ik®ESdAS:/ Ik®S([O,S])E8dAS+/ Ik®S(($,OO])E5dA5. ]
0 0 0
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Remark 3.7. Let S be a quantum stopping time. It follows from (3.5) and Theorem [A.2] that
oo
|Esz||* = || Eoz|? +/ (I ® S((s,oo]))szH2 ds for all x € F,
0

where
D:F — L*(Ry;k® F); (De(f))(t) = Die(f) == f(t)e(lionf)

is the adapted gradient [5l, Section 2.2]. When S is deterministic, this identity [5, Proposition 2.3]
is a key tool for establishing the existence of quantum stochastic integrals, particularly in the
vacuum-adapted setting [14].

Remark 3.8. Let S and T be quantum stopping times. Theorem and (B3] imply that
o
|(Es — Er)z|? = / (I ® (S([0,s]) = T([0,5]))) Dsz||*ds  for all x € F.
0

It follows that the map S — FEg is continuous when the set of time projections is equipped
with the strong operator topology and a net of quantum stopping times (S)) is defined to
converge to a spectral measure S (which must then be a quantum stopping time) if and only
if Sy ([0, t]) — S([O, t]) in the strong operator topology for all but a Lebesgue-null set of points ¢
in [0, co]; this situation will be denoted by “Sy) = S”.

Any quantum stopping time S is the limit, in this sense, of a decreasing sequence of discrete
quantum stopping times (Sy, )nen [30, Proposition 3.3], [12], Proposition 2.3]; a quantum stopping
time S is discrete if there exists a finite set A C [0, 00], the support of S, such that S(A) =T
and S(B) # I if B is any proper subset of A. Note that S As = S as s — 00, so Egrs — Eg
in the strong operator topology.

In [30], Parthasarathy and Sinha employ a weaker notion of discreteness (allowing the support
of S to be countably infinite) and a stronger notion of convergence (requiring that Sy ([0,¢]) —
5([0,¢]) in the strong operator topology for all ¢ € [0, oc] such that S({t}) = 0).

Example 3.9. [4, pp.507-508], [30, pp.323-324] Recall that the Boson Fock space F, (H) has
a chaos decomposition, so that

[e'¢) & 1
FeH)=PH*" and  e(f) =D —=f" forall feH,
n=0 n=0 V"

where H is any complex Hilbert space and ®, denotes the symmetric tensor product.

Fix n € Z4 and, for all t € (0,00), let P,; € B(F) be the orthogonal projection onto the
subspace

P L2([0,1); k) © F, € Fpy © Fy = F
=0

let P,o =1, let P, = 0 and let P, be the orthogonal projection onto @?:0 L2(Ry; k)®s7,
Note that P, s > P, for all s, ¢t € [0, 00] such that s < t, so setting

Sn([0,4) =Py, =1—-P,;  forallte 0,00 (3.7)

12



defines a stopping time. Furthermore, if t € R, and f € L?(R,;k) then

Sn((t7 OO])EtE(f) - Pn,tg(l[o,t)f) - PnEtg(f)a

SO

= (e(f), Prt1e(9)) (3.8)
for all f, g € L?>(Ry;k). Thus Eg, = Ppy1.
Finally, note that P, ; < P41, for all t € [0,00], s0 S, < Sy41 for all n € Z.

Definition 3.10 ([30} Section 5]). If S is a quantum stopping time S then the pre-S space Fg)
is the range of the time projection Eg; thus Fgy := Eg(F).

Theorem 3.11 (Cf. [10, Theorem 3.7],[12, Theorem 3.5]). Let S and T be quantum stopping
times.

(i) If S < T then Eg < Er and Fsy C Fry.
(i)
(iii) If S([0,t]) and T'([0,t]) commute for all t € Ry then so do Eg and Ep.
(iv) If s € Ry then EgEs = Egps = EgFg.

The time projections Esar = Fs A Er and Egyr = Es V Er.

Proof. Some of these claims may be established by working from the definitions, but The-
orem [3.6] and the quantum Ito6 product formula, Theorem [A.2] provide a slicker means of ob-
taining them in the Fock-space context.

(i) As 5([0,s])T([0,5]) = T([0, s]) for all s € [0, 00], it follows that
EsEr = (I - /OOO L S((0,8]) By A, ) (T - /OOO L@ T([0, 5]) E, dA, )

- /0°° I (510, s]) Es + T(10, s]) Bs — 5([0, s]) T([0, s]) E) dAs

- /°° I ® S(0,8]) E, dA,
0

— Fs.

13



(ii) By the quantum It6 product formula and von Neumann’s method of alternating projections,

(E$E+) = /OOO I® ((S([o, s))T ([0, s]))nEs dA,

5 / L ® (S AT)([0, 5)) Ex dAs = By
0

as n — o0, so Egyr = (E§ A E%)L = FEgV E7.

For the second identity, note first that Es — Ey and Ep — Ej are orthogonal projections, by (i),
and, as n — 00,

o0

((Es — Eo)(Er — Eo)" = /

1@ (S((s,00) T ((s,00]) ) " Eq A
0

— / Ik @ (SAT)((s,00]) Eg dAs

0

= Esnr — Eo.

However, as EsEy = EgyEs = Ey = EgEr = EpEy, we also have that
((Es — Eo)(Er — Eo))" = (EsEr — Eo)" = (EsEr)" — Ey — Es A By — Ey,
which gives the result.
(iii) As S([0,s])T'([0,s]) = T([0,s])S([0, s]) for all s € Ry, it follows that
EsEp =1 — / I ® (S([o, s]) +T([0, s]) = S([0,s]) T ([0, s]))Es dA; = ErFEs.
0

(iv) By (ii) and (iii), as S and s commute as required, so Fg A E; = EgEs;. O
Proposition 3.12. For all s € [0, 00], it holds that

Esns = 5([0,s]) Es + S((s,00]) Es.

Proof. Without loss of generality, let s € Ry and let m be a partition of Ry with s = =, for
some n € Z,. Then

E5Es = S({0}) Eo + > S((mjm1mi]) Exy + Y S((mj-1,7)) Es

j=1 j=n+1
+5({o0}) E;
= 5([0,s]) E§ + S((s, 00]) Es.
The claim now follows by refining , since EgEs = Egpas by Theorem BITiii). O

14



4 The stopping algebras

Definition 4.1. Given Z € B(F) and a quantum stopping time S, let
Z§ = FKEgZFEg € B(./—")

Note that FsZzEs = ZgEg, and so Zg maps Fg) to itself. Remark 3.8 implies that the
mapping (Z, S) — Zg is jointly continuous on the product of any bounded subset of B(F) with
the collection of all quantum stopping times, when B(F) is equipped with the strong operator

topology and a net (S)) of quantum stopping times converges to the quantum stopping time S
if and only if S) = S, as defined in Remark 3.8

Proposition 4.2. The map Z — Zg is a conditional expectation from B (F) onto the norm-
closed *-subalgebra By := {EsZEs : Z € B(F)} that preserves the vacuum state

Eq: B(F) — C; Z — (¢(0), Ze(0)). (4.1)

Proof. This is a straightforward exercise. O
Remark 4.3. The collection of stopped algebras

{Bg: S is a quantum stopping time}
has the following properties.

(i) If S is a quantum stopping time and Z € By then EsZEg = ZEg, so Z preserves
the pre-S space Fg).

(ii) If the quantum stopping times S and T satisfy S < T then By C By, by The-
orem B.TT(i).

(iii) For deterministic stopping times,

B;=imPg,  By=DB(F))®Py and  Bg = B(F)

for all t € (0, 00), where P[il € B(Fs) is the orthogonal projection onto the vacuum
subspace Ce (05 o)) for all s € R.

As noted by Coquio, this is impossible if we work instead in the identity-adapted setting with
the natural analogue of (iii): see [19, Proposition 2.2].

5 Processes and martingales

Definition 5.1. A process is a family X = (X;)ier, € B(F). (We have no need to impose
any measurability or adaptedness conditions at this point.) Two processes X and Y are equal
if and only if X; = Y; for all t € Ry. The set of processes is a complex associative x-algebra,
where addition, multiplication and the adjoint are defined pointwise.
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Given Z € B(F), let #(Z) and 7(Z) be the processes with initial values
7(Z)o =EalZ] By  and  7(Z)o =EqlZ]1,
and such that
7(Z) = By ZE, and  W(2): = EZ|F, @ I for all ¢ € (0, 00).

Note that ¢t — 7(Z); and t — 7(Z); are uniformly bounded and continuous on [0, 00| in the
strong operator topology, where 7(Z)s = 7(Z)x 1= Z, for any Z € B(F). Note also that the
maps Z +— 7(Z) and Z — 7(Z) are *-algebra homomorphisms. We extend these definitions
from operators to processes by setting

%(X)t = %(Xt)t and %(X)t = %\(Xt)t for all ¢ S [0, OO],
where X is an arbitrary process; if not otherwise defined, we let X, := 0. For convenience, we
will also consider processes indexed by [0, 0o].
A process X is adapted if X;Fy = Ey X, for all t € R,

A process X is vacuum adapted if X = 7(X); this is equivalent to the requirement that X;E; =
X = E X, for all t € Ry. Note that 7(Z) is a vacuum-adapted process for any Z € B(F).

A process X is identity adapted if X = 7w(X). Note that 7(Z) is an identity-adapted process
for any Z € B(F).

Vacuum-adapted and identity-adapted processes are adapted, and the sets of adapted processes,
vacuum-adapted processes and identity-adapted processes are x-subalgebras of the x-algebra of
processes.

The process M is a martingale if it is adapted and E;MyEs = M FE; for all s, t € Ry with s < t.

The martingale M is closed if stt.lim M, = My, for some My, € B(F), where “st.lim” denotes
—00
the limit in the strong operator topology.

The sets of martingales and closed martingales are subspaces of the algebra of adapted processes.

Proposition 5.2. A process X is a vacuum-adapted martingale closed by X if and only
if X =71(Xoo)-

Proof. Suppose X = 7(X). Then X is vacuum adapted, and if s, ¢ € R, are such that s <t
then
E X FEy = EsEi X o BBy = Es X oEs = X = XsEs,

so X is a martingale. Furthermore, X; = (X )t = T(X0)oo = Xoo in the strong operator
topology as t — oo, so X is closed by Xo.

Conversely, if X is a vacuum-adapted martingale and X, = s;c.lim X; then, for all s € Ry,
— 00

T(Xoo)s = EsXooEs = st.lim B, X Es = st.lim X Es = X Fy = X;. O
t—o00 t—o00
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Proposition 5.3. A process X is an identity-adapted martingale closed by Xo if and only
if X =71(Xoo)-

Proof. Suppose X = T(Xy). Then X is identity adapted, and if s, ¢t € R, are such that s < ¢
then
EthEs - Es%(Xoo)tEs = EonoEs = %(Xoo)sEm

so X is a martingale. Furthermore, X; = 7(Xo)t = T(Xoo)oo = Xoo in the strong operator
topology as t — oo, so X is closed by X.

Conversely, if X is an identity-adapted martingale and X, = s;c.lim X then, for all s € Ry,
— 00
T(Xoo)sFs = EsXooEs = stlim Es Xy Fy = X E,
t—o0

and
T(Xoo)s = T(TM( Xo)sEs)s = T(XsEs)s = T(Xs)s = Xs. O

Proposition 5.4. If Z € B(F) and S is a quantum stopping time then the process 75 =

(ZSTA/t)teR+ is a vacuum-adapted martingale closed by Zy.

Proof. 1f t € Ry then Theorem [B.11](ii) implies that

~

E,Z3Ey = ByEsZEsE;, = EsnZEsn = Zp
so the result follows from Proposition O
Remark 5.5. The process 75 remains a vacuum-adapted martingale if (E;);er, is replaced

by (Esat)ier, in Definition 5.} as the analogue of Proposition holds.

6 Stopping processes at discrete times

Definition 6.1. A quantum stopping time T is said to be discrete if there exists a finite set of
times {t; < ... <t,} C [0,00], called the support of T, such that T({tl}) #0fori=1,...,n
and T ({t1,...,t,}) = I. Note that

0 if t < ty,
T([0,8])) =¢ T({t1,... tm}) it € [tm,tmp) (m=1,...,n—1),
I if t > t,

for all t € [0, 00]. In particular, t; < T < t,.
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Definition 6.2. If X is a process and T is a discrete quantum stopping time with support
{t1,...,t,} then Coquio [19, Definition 3.2(2)] stops X at T" by setting

n

Xf = Z %(Eti)tivtjﬂ%(X)tivthjﬁ(Etj)tivtj
i,j=1
n

= Z %(EtiTiXtivtj TiEy, )ti\/tj )
ij=1

where T; := T'({t;}) for i = 1, ... n. Recall that X, := 0 if it is not otherwise defined.
Note that if ¢ € [0,00] then X7 = 7(X);. Furthermore, E5 = I and, considering I as a constant
process, I = 1I.

Remark 6.3. Coquio only considers identity-adapted processes, for which her definition agrees
with Definition above. She prefers the notation M7 (Z) when stopping an operator; as we
do not require processes to be adapted, so may identify operators with constant processes, our
choice of notation seems more convenient.

Definition 6.4. Let X be a process and let T be a discrete quantum stopping time with support
{t1 <...<t,}. The result of applying vacuum-adapted stopping to X at T is

n n
X’f" = Z EtiﬂXtinjj—vjEtj = Z j—‘iEtiXti\/tjEtjj—jja
i,j=1 i,j=1

where T; := T({tl}) for e = 1, ..., n; again, let X, := 0 if necessary. This is analogous to
Coquio’s definition for the identity-adapted case.

Note that if t € [0, 00] then Xy = 7(X);. Furthermore, if the process X has the constant value Z
then Xy = EpZEr = Zx in the sense of Definition BT} in particular, Iz = Erp. It also follows
from the definition that Ey = Er.

Proposition 6.5. If X is a process and T is a discrete quantum stopping time then

(X5)5 = X5, (X7)5 = X, (X

T T)T\ = Xf and (XA)f = va

T

where X7 and X5 are stopped by regarding them as constant processes.

Proof. This follows because E,7(E,)s = E, = 7(E,)sE, for all r, s € [0,00] such that r < s,
and E,7T(X,vs)rvsEs = Er XpvsEs for all r; s € [0, 00]. O

Proposition 6.6. If T is a discrete quantum stopping time and X is a process then

T([0,2]) X5T([0,1]) = T([0,t]) X, T([0,1]),

whereas
X3Br = BErXs =Xz and T([0,1]) XzT((0,4]) = T([0,t]) X7T([0,1]),

for all t € [0, 00].
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Proof. Without loss of generality, suppose that ¢ € [tg,txr1), where ¢ty := 0 and ;41 = o0.
Since T([0,t]) (T At)({t}) = T({t}) and the support of T'A ¢ has maximum element ¢, it follows
that

k
T([0,4]) XzT([0,8]) = Y B, TiXeove, Tj By, = T([0,]) X, T([0,1]).

ij=1
The other identities are contained in [19, Properties 3.3(1-2)]. O

Proposition 6.7. If T is a discrete quantum stopping time and X is a process then

7(X

th)t = X775, and T( X)) = X

Y T for all t € [0, ],

so the processes xT = (X775 )ter, and xT = (Xﬂ)teR+ are vacuum adapted and identity
adapted, respectively.

Proof. Since T' At is discrete and T' A t < t, by Theorem Z11] it follows from the first part of
Proposition and Theorem BI1[(i) that

E X5, B = EErn X, ErnBe = ErpXgr, Bra = X

The second claim is contained in [19, Properties 3.3(2)]. O

Remark 6.8. The definitions of X7 and Z° in Propositions and [5.4] are consistent: they
agree when when S = T is discrete and Z is regarded as a constant process X, by the penultimate
remark in Definition

Lemma 6.9. If M is a martingale and T is a discrete quantum stopping time with support
{t1 <--- <t} then Mz = ErM;Er for allt € [t,,00).

Proof. With the notation of Definition [6.4] if ¢ € [t,,, 00) then
n n
My = TiB By, MiEyi, By, Ty = ) TiE My Ey, Ty = ErMi . O
i,j=1 i,j=1

Theorem 6.10. Let X be an adapted process. Then X is a martingale if and only if Eq [XT] =
Eq [Xo] for every discrete quantum stopping time T, where Eq is the vacuum state ([4.1]).

Proof. We follow the proof of [19, Proposition 3.10]. If X is a martingale and the discrete
quantum stopping time 7" has support {t; < --- < t,,} then Lemma 6.9 implies that
Eq[X5] = (€(0), Eo Er Xy, ErEoe(0)) = (€(0), Eo Xy, Eoe(0)) = Eq[Xo);

note that T'A 0 = 0 and EgEp = Ey = EpEy, by Theorem B.I](ii).
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Conversely, let T have support {s < t} C R4, let T({s}) = P and note that
Eq[X7] = Eq[PXP] + Eq[PX,P+] + Eq[P- X, P] + Eq [P+ X, P*]
=Eo[P(Xs — Xi)P + X4,
so if Eq [Xz] = Eq[Xo] = Eq[X;| = Eq[X/] then
(P=(0), (X¢ — X5)Pe(0)) =0

for any orthogonal projection P € B(Fy)) ® Ij,, so for any P € B(Fy)) @ I[,. It follows that
Es(Xy — Xs5)Es = 0, as required. O

Remark 6.11. Since Eq [XT] =Eq [er] for any process X and any discrete quantum stopping
time 7', the identity-adapted version of Theorem [6.10] holds: Coquio’s work contains a similar
result [I9, Proposition 3.10].

The following result expresses the relationship between the vacuum and identity-adapted mar-
tingales closed by the same operator; cf. [19, Lemma 3.6]. It is provides the key to stopping
processes for more general times.

Lemma 6.12. If X is a process and t € [0, 0] then

RO =7+ [ RFEX0.AA =700+ [ R FECO). A
Proof. Applying Theorem [A.8| to the first identity in (3.6]), it follows that

[—E =7 — By = /too Lo (I —7(I — E)s)dA, = /too L @ 7(Ey)s dAs.
Hence, by Lemma [A 6],

RO =70 (Be+ [ RRE)LAN) =R+ [ L@ FERX. A,

Similar working, but using the first identity in ([8.6]) directly, gives the second claim. O

Remark 6.13. It does not follow from Lemma that 7(7(X):)s = 7(7(X)¢)s for almost
all s > t. This is because the integrands are adapted in difference senses, so their difference
is neither identity adapted nor vacuum adapted, in general; thus Remark and Lemma
cannot be applied. The same situation occurs repeatedly below; for example, see Theorem

The following theorem extends Lemma from deterministic to discrete quantum stopping
times. If it is known how to stop a class of processes for one form of adaptedness, this result
provides stopping of that class for the other form. The identity-adapted version for closed
martingales was obtained by Coquio [19, Proof of Theorem 3.5].
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Theorem 6.14. If X is a process and T is a discrete quantum stopping time then
)
Xo = X7+ /0 1o T([0, )7 (X;) T([0. s]) dA. (6.1)
)
= X7+ /0 I, @ T([0, s]) 7 (X5)sT([0, s]) dAs. (6.2)

Proof. If T has support {t; < --- < t,}and T; = T({tl}) fori =1, ..., n then, by Lemmas[.12]
and [A6]

n
X’f = Z Ti%(Eti)ti\/tj%(X)ti\/t]’%(Etj)ti\/tjz}
i,7=1

n
= 3 (TRE ), F X, 7 (B o, T
ij=1

(o.0]
+ / Ik ® E%(Eti)tivtj%(%(X)tinj )Sﬁ(Etj )tinjj—vj dAS>
t

iV

n
= Z <EEtz Xtinj Etjj—j]'
i,7=1

+ / Tk @ L1t .00) (8)1[t;,00) () T (B, )T ( Xty vt )5 (B )5 T dAs)
0

oo
= X7+ / L@ T ([0, s])7(X5)sT ([0, s]) dAs;
0
the penultimate equality holds because 7(E,)s7(Es)y = w(Eq); if r < s < t, and the final
equality holds because

T([0,s])7(X5)sT'([0, s])
= 1[ti,oo)(s)1[tj,oo)(S)E%(TkEththtl EtlTl)sTj

i3k, 1=1

= Lit; 00) (8)L1t;.,00) ($)T (T3 Th) s 7 (B, Xeyovt, Bty ) s (11T ) s

3,5,k =1

n

I
—_

[ti,00) (8)1[tj ,00) (S)TZ%(EH )Sﬁ(Xtinj )S%(Etj )ST] :
ij=1
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Similarly, using the second identity in Lemma G121

n oo
Xp-Xp= Y /t Lo @ TR (Er e, F R, )57 (B v, Ty dAg

i,j=1"tVE

n [e'S)
- Z / Ik X 1[tivtj,oo)(S)ESE%(EtiXtinj Etj )tinjj—ijS dAS
ij=1"0

- / " Reo T(0,s)F(Xp).T(0,5) dA.,

since if s > t; V t; then

n
TH(X7)sTi = Y ETTWR(By Xooun By TT B
k=1
— B, T7(Ey, Xiout, Er, )T Es. 0
Remark 6.15. The integrals on the right-hand sides of (6.) and (62) may be viewed as

artifacts produced by working with identity-adapted processes rather than vacuum-adapted
ones.

7 Stopping martingales at general times

Definition 7.1. If M = (M;)icr, is a martingale closed by My, and T is a discrete quantum
stopping time with support {¢t; < --- < t,,} then Lemma implies that

My = EpM,;, Er = ErMy, By, Ep = ErEy, Moo Ey, Er = ErMooEr.

Hence the result of applying vacuum-adapted stopping to a martingale M closed by M, at a
quantum stopping time S' is defined to be

Mg = EgMyEs.

Note that E' = (E;)ier, is a vacuum-adapted martingale closed by Ew = I and Iy = Eg for
any quantum stopping time S. Furthermore, the map S — Mg is continuous if the collection
of quantum stopping times is equipped with the topology described in Remark B.8 and B(F)
has the strong operator topology.

Theorem 7.2. Let M be a closed martingale and let S be a quantum stopping time.
(i) Mg = EsMgEs.

(i) 7(Mgz, )t = Mgr, for all t € [0, 00].

(iii) The process M® = (Mg/@)teRJr

such that Mf = EsneMgEspe for all t € Ry

is a vacuum-adapted martingale closed by Mg and
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(iv) S([0,¢]) MgS([0,t]) = S([0,t]) Mg, S([0,t]) for all t € [0, 00].

Proof. The first claim is immediate, because Eg is idempotent. Furthermore, if ¢ € R4 then
EtMST/\/tEt = EtES/\tMOOES/\tEt — ES/\tMOOES/\t — M%’

by Theorems B.I1(ii) and 21T} Theorem B.I1I(ii) also implies that

EMgE; = By EsMyEsEy = EgpMooEsn = Mgz, = M7,

so M% is a vacuum-adapted martingale closed by Mg, by Proposition If t € [0, 00] then
EsneMgEgne = EgpEsMooEsEgne = EgntMocEgne = Mgz,
by Theorems 2.11] and BIILi), so (iii) holds. Finally, Proposition implies that
5([0,1]) EsMxEsS([0,1]) = S([0,1]) Esnt Moo EsaeS([0,1]) .
O

Proposition 7.3. If M is a martingale closed by My, then Eq [MT] = Eq[My] for any quantum
stopping time T, where Eq is the vacuum state ([L.1]).

Proof. Note that
Eq[M;z] = (¢(0), Er Moo Ere(0)) = (£(0), Eg Er Moo ErEge(0)) = (€(0), Moe(0)) = Eq[Mo]. O

Theorem 7.4 (Optional Sampling). Let M be a closed martingale and let S and T be quantum
stopping times with S < T. Then

(Mg)y = Mg = (My) -

Proof. Suppose M is closed by M. Theorem B.I1}i) implies that

(M

T)§ = EsErMoErEg = EsMoEg = My

and

(Mg)f = ErEsMoEsEr = EsMooEs = Mg. O

Theorem G T4l motivates the definition in the following theorem, which was established by Coquio
[19] Theorem 3.5]; the proof given here is a shortening of hers.

Theorem 7.5. Let Z € B(F) and let S be a quantum stopping time. Then
oo
Zg=Zs+ /0 I 5((0,5)7(Zg) S([0, ) A, (7.1)
extends to an element of B(F), denoted the same way, with ||Zg|| < ||Z]|.
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Proof. Suppose first that S is discrete and let Y denote the integral on the right-hand side
of (ZI)). From Proposition and the remark at the end of Definition [6.4] it follows that

Zg = E5Z§ = E5Z§ + EgY,

so EgY =0 and
FEo)A(Y ) = 7(Es) /0 I S(10,5))7(Zg)_5(0, ) dA, = 0

for all ¢ € [0,00]. Thus if 6 € & then, as S([0, s]) commutes with 7(Eg)s for all s € [0,00], the
weak form of the quantum It6 product formula for gauge integrals, Theorem [A.4] implies that

1Z5011* — (125011 = |(Zg — Z5)0?
_ /OOO (L@ S([0,5])7(Z5) S ([0, 5]))V.0]2 ds

<121 [k S0, ) (E5) S (0.50) V.01 ds
— 1ZI2(J01 ~ 1B50]2),
where
V& LRk F) (Ve(D)(0) = Viel) = F(O=(f)

is the linear gradient operator; the final identity follows from the first line by taking Z = I.
Hence
1Zg811* < 12112 (1 EsO11 + 1611” — | Es6l1*) = 12111161,

and Z§ extends as claimed.

For a general quantum stopping time S, let S, be a sequence of discrete quantum stopping
times such that S, = S. Then Zz — Zg in the strong operator topology and

/Ooo Ik ® Sn([O, S])%(Zg;)ssn([o, S]) dAS

R /°° 1@ 5(0,5)7(Z5)_5((0. 5]) dA,
0

in the strong operator topology on &, by Lemmal[A.7 Hence || Zz0| < || Z]| ||0]| for all § € £ and
the result follows. O

Remark 7.6. It is readily verified that (Z, S) + Zg is jointly continuous on the product of
any bounded subset of B(F) with the collection of all quantum stopping times, when B(F) is
equipped with the strong operator topology and the collection of all quantum stopping times is
given the topology of Remark [3.8]
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Consequently,
Zo=Zi+ /0 L ® 5(10,8]) 7(Z5),5 (10, s]) dA,

for any Z € B(F) and any quantum stopping time S, since this identity agrees with (6.2])
when S is discrete and extends to the general case by approximation.

Furthermore, as I = I for any discrete quantum stopping time 7', so

I:I§:ES+/OOIk®S([0,s])%(ES)SdAs N
’ — ES:I—/ Iy ® 5([0,8])7(Es)s dAs  (7.2)
0

for any quantum stopping time S. This identity, which is believed to be novel, expresses the
time projection Eg using an identity-adapted gauge integral; it should be compared with the
first identity in (B.5]).

The following result [19, Proposition 3.11] is the identity-adapted counterpart of Theorem

Proposition 7.7. Let S be a quantum stopping time. If t € [0, 00] then
t o]
#(Bs) = I — / I ® (0, s])7(Es)s dA, = Es +/ I ® S([0, 8]) 7(Es)s dA,.
0 t

Proof. The first identity follows from (7.2]) and the fact that the gauge integral of an identity-
adapted process is an identity-adapted martingale. Alternatively, applying Theorem[A.8]to (3.35])
gives that

#(Bs)e — 1 = 7(Bs — I); = - /O Ie® (S(10,8]) + 7(Es — I),) dA,,
T(Es) =1 - /0 L ® (S([0,s])7(Es)s + S((s,00]) (I = F(Eg)s)) dAs.
This gives the first claim, since Theorem B.IT](iv) and Proposition imply that
S((s,00])7(Es)s = S((s,00])T(Egns)s = S((s,00))T(Eg)s = S((s,00]). (7.3)

For the second, note that the first claim with ¢t = co yields the identity
00 t
Es + / I ® S([0,s])7(Es)sdAs =1 — / I ® S([0, s])7(Es)s dAs. O
t 0

Proposition 7.8. If Z € B(F) and S is a quantum stopping time then

(Zv)gng, (ZA)§:Z§, (Zv)§:Z§ and (Zg)

s 5 S =Zg-

5

Furthermore, EsZg = Zy.
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Proof. The first identity is trivial, and the third follows immediately from it. The fifth is true
if S is discrete, as noted in the proof of Theorem [.5], so holds in general by approximation. The
second is now immediate, and the fourth identity follows from the third and the second. O

Remark 7.9. If Z, W € B(F) and S is a quantum stopping time then working as in the proof
of Theorem gives that

(ZeW)g— ZeW5 = /O T 1@ S(10. )7 (Z5)sS (5, 00)) 7 (W) oS ([0, 5]) dA.

(Cf. the formula given in [19, Remark 3.13].) Thus, as noted by Coquio, the map Z +— Zg is
not, in general, a conditional expectation on B(F), in contrast to vacuum-adapted stopping:
see Proposition

Definition 7.10 ([I9] Theorem 3.5]). The result of identity-adapted stopping a martingale M
closed by My, at a quantum stopping time S is
(e o]
Mg = (Ma)g = M§+/ I 8([0,5])7(Mg)_S([0, 5]) dA,.
0

Theorem 7.11. If S is a quantum stopping time and M is a martingale then

T(Mz)e = Mz, and (Mg

s SAt gt = Mg for all t € [0, o0];

SAt
in particular, the processes M § and M5 are martingales closed by M.
Proof. The first identity is an immediate consequence of Theorem B.I1{(iv), that E Es = Egag.

The second was established by Coquio when S is discrete [19, Properties 3.3(3)] and holds
in general by an approximation argument. The final remark follows from Propositions

and (.3l O

The following result is due to Coquio [19, Proposition 3.9].

Theorem 7.12 (Optional Sampling). Let M be a closed martingale and let S and T be quantum
stopping times with S <T. Then

Proof. Note first that, since EgEpr = Eg, so
(Mrf)b: = ESMfES = ESETMfES = ESMTES = Mg’

where the penultimate equality follows from Proposition [Z.8 Hence

(Mz)

W)

_ (Mf)ﬁ/ow L@ 5(10,58)7 ((Mz)3) S (0, 5]) dA,
:M§+/OOOIk®S([0,s])%(M§)SS([0,s])dAs
— M§- ]
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Question 7.13. Suppose S and T are quantum stopping times, with S < 7T If Z € B(F) then

(Z5)y = (Zy)g = Z3 = (Z5)3 (7.4)
by Theorem B.I1] and the proof of Theorem [T.T2] whereas
(Zy)g =25 = (Zp)g (7.5)

by the second identity in (4] and Theorem What are
(Z3)7 (Zg)7  and  (Zg)77?

8 Stopping closed FV processes

Definition 8.1. The process Y = (Y})cr. is said to be an F'V process if there exists an integrand
process H such that s — Hgx is strongly measurable for all z € F and ||H| : s — ||Hs]| is
locally integrable, so that the integral
t
Y, = / H,ds
0

exists pointwise as a Bochner integral for all ¢t € Ry; we write Y = [ H d¢ to denote this. If
|H | is integrable then Yoo := [;° Hy dt exists pointwise and the FV process Y is closed by Y.

The sets of FV processes and closed F'V processes are subalgebras of the algebra of processes.

If the integrand process H is identity adapted or vacuum adapted then Y has the same property.

Definition 8.2. If Y = [ H dt is an FV process which is closed by Y, and the discrete quantum
stopping time 7" has support {t; < --- < t,,} then, letting T; := T({tl}) as usual,

n
Yp= Y TE.Yyu BT
i,j=1
(e}

n
= ErYooEr — Z / T,E, H,E,,T; ds

ij=1 ti\/t]’

co n
= ErYooEr — / > ty00) () TEy Hol o) (8) By, Ty ds
0 ;=1

[e.e]
= ErYoEr — ET/ T([0,s])H,T([0,s]) ds Er.
0
Hence, for any quantum stopping time S we let

Vg i= By (Yoo - /OOO $(10,5)) H,S([0, ) ds ) Es

_ /OO Bs(H, — 5((0,5)) H.5((0.5)) ) Es ds.
0
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Note that EgYy = Yz = YgEg, and that S — Yy is continuous when the collection of quantum
stopping times has the topology described in Remark B.8 and B(F) is equipped with the strong
operator topology.

Remark 8.3. If S corresponds to a classical stopping time 7 and Y = [ H d¢ is a classical FV
process, for any w in the underlying sample space,

/OOO<HS—S([O,s])HsS([O,s]))(w)ds:/Om(S((s,oo])Hs)(w)ds

7(w)
= / H(w)ds

0
— (V;)(w).

Proposition 8.4. If S is a quantum stopping time, Y is an F'V process which is closed by Yo
and t € [0,00] then
5([0,4])Y5S([0,¢]) = S([0,4]) Yr,5([0,1]).

SNt
Proof. Note that, by the definition of Yy and Proposition [3.12]

— Egpn /OOO 5([0,s At])HsS([0,s A t]) ds Ega

= S([O’t])YS/\tS([O’t])a
since S([0,s A t]) = S([0,8]) (S At)([0,s]) for all s € R O

Definition 8.5. A semimartingale is a process of the form X = M +Y, where M is a martingale
closed by Mo, and Y = [Hdt is a FV process closed by Y, with the integrand process H is
identity or vacuum adapted.

(Strictly speaking, this is a closed semimartingale, but no other sort of semimartingale will be
considered.)

For any quantum stopping time .S, the stopped semimartingale
Xgi=Mg+Yy

= Es(My + Yoo )Eg — /OOO EsS([0,s])HsS([0,s]) Eg ds. (8.1)

The following lemma shows that the decomposition X = M + Y is unique; it follows that (8.1])
is a good definition.

Lemma 8.6. Let M be a martingale, let Y = [ H dt be an FV process and suppose the integrand
process H is either identity adapted or vacuum adapted. If M +Y =0 then M =0 and Y = 0.
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Proof. 1t suffices to prove that ¥ = 0. To see this, first recall that M is a martingale if and
only if EsMyEs = MgEs = EsMy for all s, t € Ry such that s < ¢t. Then, for such s and ¢,

t
0= Es(Mt + Y — M — Y;)Es = Es(y;f - Y;)Es = / EH, Esdr;
s

given z € F it follows that 7(H)sx = EsHsEsx = 0 for almost all s € Ry, so s — Hgx =0
almost everywhere and the claim follows. U

The next result was observed by Coquio [19, Proof of Proposition 3.15].
Lemma 8.7. Let the FV process Y = [ H dt be closed by Yoo. Then

%(Y)t = EtYOOEt + / Ik X %(Et}/tSEt)S dAS — / %(EtHsEt)S dS
t t
for all t € [0, 00].
Proof. If f, g € L?>(R,;k) then

(€(f), / " L @ #(BY.Er), A, <(g))

= /too<f(s)7g(s)> <€(1[0,t)f)7 3@8(1[0,15)9» <€(1[s,oo)f)7€(1[s,oo)g)> ds

[e.e]

= (o ) Yee(10)9)) (Lo o) £): (Lo )]
_l’_

/t (e(Mpo,0)f)s Hse(110,69)) (€(Lis,00) ) €(L[s,00)9)) ds

= (e(f), @) — ExYc Er)e(g)) + (e(f), /too T(EtHsEy)s dse(g))- -

Definition 8.8. It follows from Definition and Lemma [R7 that if T is a discrete quantum
stopping time and the FV process Y = [ H dt is closed by Y, then

o0

Yf =FErY oEr + /0 I ® T([O, S])%(ETY;ET)ST([O, S]) dAg

_ /0 T (0, ) R(Er H ) T([0,5]) ds. (8.2)

The identity (82 is used by Coquio [19, Proposition 3.15] to motivate the following definition:
if §' is a quantum stopping time and X = M + Y is a semimartingale then

Xg:=Mg+Yg
= Eg(Muoo + Yoo )Es + / Ik ® S([0, s])7(EsXsEs)sS([0, s]) dAs
0

_ /OOO S([0, s)) 7 (Es H,Es),5([0, s]) ds.
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(Recall that 7(M)s = T(Ms)s for all s € Ry, by the martingale property.)

Note that S +— Yy is continuous when B(F) is equipped with the strong operator topology and
the set of quantum stopping times has the topology defined in Remark B.8l

Remark 8.9. Let X = M 4+ Y be a semimartingale. Proposition gives that FgXg =
Xg when S is discrete, and therefore this identity holds in general by approximation. As
EsS([0,s]) = S([0,s]) Es = 5([0, s]) EsEs for all s € [0,00], by Proposition BI2} so

o / S([0, s))F(EsH,Es)sS ([0, ) ds = / S([0, s)) Es H,EsS ([0, 5]) ds.
0 0
Comparing (8J]) with EgXg, it follows that
ES/ I ® S([0,s])7(EsXsEs)sS ([0, s]) dAs = 0, (8.3)
0

and the gauge integral can again be seen as an artifact produced by identity adaptedness.

9 Stopping regular semimartingales

For the terminology used throughout this section, see the appendix, Section [Al

Example 9.1. Recall that, for any f € L?(R;k), the Weyl operator W (f) is the unitary
operator on F such that

W(f)e(g) = exp(—5lIfII> = (f.9)elg+ f)  forall g € L*(Ry;k).

Setting

W(f)e:=W(loyf) =7(W(f)), and V(f):=EW(1onf)=7(W(f)),
produces identity-adapted and vacuum-adapted regular semimartingales, with

W(f) = — /O ()] @ W([)sddy + /0 () @ W(J)sdd,
-3 | P as

t

and V(f); = /0 oVt - [ (1)@ V() da,

0
t 1 t 9
s [ evin.aa - [P,

for all ¢ € [0,00]; the operator (z| € B(k;C) is such that (z|y = (z,y) for all z, y € k, and its
adjoint |x) € B(C;k) is such that |z)\ = Az for all A € C and = € k. (Cf. Theorem [A.g])
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The class of regular 2-semimartingales is closed under vacuum-adapted stopping; the following
result gives this in explicit form. Coquio obtained an analogous result for regular quantum
semimartingales [19, Proposition 3.16].

Theorem 9.2. Let the regular Q)-semimartingale X = M + Y have martingale part M =
[NdA+PdA+ QdA" and FV part Y = [ Rdt. If S is a quantum stopping time then

ng/ §NSdAS+/ §PsdAs+/ 5QsdA1+/ SR, ds,
0 0 0 0

where, for all s € Ry,
SN, = (I ® S((s,00]) )N (I ® S((s,))),
5Py := EsPy(Iy ® S((s, 7))
SQS = (Ik ® S((37 OO]))QSES

and SR, := EsR,Es — S([0,s]) EsR.EsS ([0, 5]).

Proof. If X = [NdA+ PdA+QdA"+ Rdt and X' = [ N’ dA are regular Q-semimartingales
then Theorem implies that

XX = / NN'dA + PN'dA+ QX' dAT + RX' dt
X'X = / N'NdA+ X'PdA+ N'QdAT + X'Rdt

and X'XX' = / N'NN'dA + X'PN'dA + N'QX'dAT + X'RX’ dt,
SO
XXX -X'X - XX'+X
= / (N'NN'— N'N — NN'+ N)dA + (X'PN' — X'P — PN’ + P)dA
+(N'QX' - N'Q - QX'+ Q)dA" + (X'RX' — X'R— RX' + R)dt
_ / (Ier — N')N(Teor — N')dA + (I — X')P(Ior — N') dA
+ (Ikgr — NNQ(I — X')dAT + (I — X")R(I — X')dt.

Taking
t
X;=1—-FEsn = / Iy ® S([O,s])ES dA, for all t € [0, o0]
0
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now gives the result, since
EsXsFEs
= (X'XX' - X'X - XX+ X)oo

_ /Ow(fk 9 5((s,00]))Na(Ix ® S((s,00])) dAs + EsPy(Ic @ S ((s, 00])) d4,

+ (Ik ® S((s,0]))QsEs dAl + EgRsEs ds. O

10 Stopping the future projection

Definition 10.1. Given t € R, let the isometric right shift
0; : L*(Ry k) = L*(Ry5k); (0:f)(5) := Lpo0) (s)f (5 — 1),

and let I'; € B(F) be its second quantisation, so that I'je(f) = e(f(-+1¢)) for all f € L*(R;k).
If F} := I, T'F then
Fe(f) =e(lpoo)f)  forall fe L*(Rik)

and F' is an identity-adapted martingale closed by F,, := Ej.

Given s, t € [0,00] with s < ¢, note that
ESI’t = EO = FtEs and EsFt = E(] = FtEs.
(The operator F; is denoted by R; in [19, Section 4] and by I'(X[¢ ) in [30].)

Remark 10.2. If the discrete quantum stopping time T has {t; < --- < t,} and T; := T ({t;})
for:=1,...,n then

n n
P’j"\ - Z Ti%(EtiFtivtj Etj )tinjj—jj = Z E%(Eo)ti\/tjj—vj = FTF’]*W
i,J i,j=1
where Fp := f[O,oo] T'(ds) Fs; note that Fs; = FsFy for all s, t € [0, 00].

As T is not a semimartingale, it is unclear how to extend this identity to hold for more general
stopping times; Parthasarathy and Sinha introduced a left-stopped form of I in [30, Section 5];
see also [16, Theorem 3.8].

However, similar working shows that

n
1,j=1

The operators Fr and F7 are obtained by left and right stopping the process F' at the quantum
stopping time 7', so it is not surprising that FrFy} corresponds to double stopping F'. The
following results shows that this intuition holds true in general.
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Lemma 10.3. The identity-adapted martingale F is such that
00 t
Ft:EO—i—/ Ik®FsdAs:I—/Ik®FsdAs for all t € [0, c¢].
t 0
Proof. Taking M = Ej in Lemma [6.12] gives the first identity. From this it follows that

o0 t [e8)
I:F0:E0+/ Ik®FSdAS:EQ+/Ik®FSdAS+/ I, ® FydAg,
0 0 t

and rearranging this gives the second. O

Theorem 10.4. Given an arbitrary quantum stopping time S, there exist a contraction Fg €

B(F) such that

Fs = S({0}) +st.lim ) | S((mj-1,7]) Fr, + S({oc}) Eo,
j=1

where the limit is taken over partitions of Ry, ordered by refinement. This operator Fs is such
that

(Fsx, Fgy) = / (z, Fyy) Eq[S(ds)] forallx,y e F
[0,00]

and
Fs = Ey+ / I @ S([0,8]) FsdAg =1 — / Iy ® S((s,00]) Fys dAs.
0 0
Proof. Let F§ := S({0}) + > S((mj—1,m;]) Fr, + S({oo}) Ep and note that
(X @ Iy) Fiz|| = [[Xe(0)[} [ Fex]]

for all t € (0,00), X € B(F;) and x € F, so F§ converges in the strong operator topology
and ||[FZ| < 1. Let ©’ be a refinement of m, let k; and /; have the same meaning as they do in
the proof of Theorem B3l Given f € L%(R,;k),

I(FF = FF)e(HI?

o~

J

o
SIS (s Tl (B, = Fy JeC)IP
=0 1

<.
o~
Il

~
<

o

HSmemHD@HW%H—m%ymw
=1

<.
Il

o

o~

If s, t € Ry are such that s < ¢ then

1(Fr = Fo)e(HIl = lle(flis.ey) = €(Ols) (S lit,00)) (10.1)
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and therefore

1(FF = FF)e(HI” < llelHIP sup{exp (|1, ;0 fII7) = 125 > 0},

which tends to zero as 7 is refined. Hence Fse(f) := lim, FZe(f) exists for all f € L*(R;;k);
as exponential vectors are total in F and each F is a contraction, the operator Fys exists as
claimed.

By (I0.J)), the map s — Fsz is continuous for all x € F and therefore

(Fsz, Fsy) = lim(Fgz, F3y)
= (z, S {0} +hmz 7"'] lawj])6(0)> <x’F7ij>
+ (Epz, S({oo})Eoy>
_ / (z, Fyy) Eq [S(ds)]
[0,00]

for all xz, y € F.

For the final claim, without loss of generality suppose S({0}) = 0, and let f, g € L*(Ry;k),
with g having support in [0, 7,]. Then Fie(g) = Eoe(g) whenever ¢t > m,, so it follows that

o

(e(f); (F§ — Eo)e(9)) ((f), S((mj-1,m]) (Fr; — Eo)e(9))

7j=1
n—1ln—1

= <€(f),S((7Tj,1,7Tj])(F7rk _Fﬂ'k+1)6(g)>
Jj=1k=j

—_

3

(), / " 1e® S(0, 7)) Fy dAs e(g)),

k

=
ey

where the final equality follows from by Lemma [[0.3] and Lemma The first identity is now
seen to hold, since

:/0 lemﬂ Vi @ S (ks 5]) Fy dAg £(g) — 0

as 7 is refined, by Lemma [A.7] working as in the proof of Theorem The second identity is
now a consequence of Lemma [T0.3] O

Theorem 10.5. Let S be a quantum stopping time. Then

FsF§ = E +/ I, ® S([0, s]) FuS([0,s]) dAs = Fg.
0
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Proof. The second identity is immediate from (.I]) and the fact that F is an identity-adapted
martingale closed by Ey = Fg. For the first, note first that FgEy = Ep and, working as in the
proof of Theorem [I0.4],

t
/ I, @ S([0,s]) FsdAs = S([0,¢])(Fs — F;)  for all t € [0,00].
0
In particular, S([0,¢])(Fs — F;)F; = 0 and therefore

FsF§ — Ey = (Fs — Ey)(Fs — Ep)*

_ /OO I ® S([0, s]) . dA, /OO I ® F,5([0, s]) dA,
0 0

_ /OOO 1@ (S(0.5])(Fs — F)ES(0,5])
+ S(10, ) Fo(Fg = F)S(0.5]) + S([0,5]) F.S([0,5]) ) A,

_ /OO I ® S([0, 1) FuS ([0, 5]) dA.. 0
0

A Quantum stochastic calculus

Definition A.1. Let ki and ky be non-zero subspaces of k. A ki — ko process X is a family of
bounded operators (X;)ier, € B(k; ® F;ko ® F) such that ¢ — X;e(f) is strongly measurable
for all f € L?*(R4;k).

A k; — kg process X is vacuum adapted if (Iy, @ Ey) X (I, ® Ey) = Xy for all t € Ry

Let N, P, @ and R be vacuum adapted k — k, k — C, C — k and C — C processes, respectively,
such that

|N]|oo := ess sup{||N¢]| : t € Ry} < o0 and / (HPst + [|Qs|1* + HRSH) ds < oo.
0
The gauge integral [ N dA = (fot Ny dAy), annihilation integral [ PdA = (fot P, dAs), creation

integral [ QdAT = ( fot Qs dAL) and time integral [ Rdt = ( fot Rsds) are the unique vacuum-
adapted C — C processes such that, for all f, g € L?>(R;k) and ¢ € [0, o],

E, [ Nedtieto) = [ oD Nl B@)ds (A
E0). [ Pedseto) = [ E0Pufols) 2 <o) s (42)
E), [ Quaateto) = [ 176) 9e(0). Quela) s (43)
i {e(f), [ Redselo) = [ () Recta)) ds (A4)
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A vacuum-adapted C—C process X is a regular Q-semimartingale if there exist vacuum-adapted
processes N, P, (), and R as above and such that

t t t t
X = / Ny dA, +/ P, dA, +/ Qs dAJSr +/ R,ds for all t € [0, o0];
0 0 0 0

we write X = [ NdA+ PdA+Q dA" + Rdt to denote this.

The martingale part of X is the vacuum-adapted martingale M = [ NdA+PdA+Q dAT which
is closed by M., where

t t t
Mt:/ NsdAs+/ PsdAs+/ QsdAl  for all t € [0,00],
0 0 0

and the FV part of X is the vacuum-adapted FV process Y = [ Rdt which is closed by

Yoo = / R, ds.
0

Theorem A.2. Given reqular Q-semimartingales X = [ N dA+PdA+Q dAT+Rdt and X' =
J N'"dA+P' dA+Q' dAT+R' dt, the process X X' = (X4 X{)ie[0,00] i a regular Q-semimartingale,
with

XX = / NN'dA + (XP' + PN')dA + (QX' + NQ')dA! + (XR' + RX' + PQ') dt.

Definition A.3. A ki — kg process X is identity adapted if and only if

(e(f), Xie(g)) = (Lo, f)s Xee(Ljo,9)) (€(Lt,00) F)s €(L[t,00)9))

for all f, g € L?(Ry;k) and t € Ry; equivalently, X; = Xy @ Iy, where Xy € B(Fy), for
all ¢ € R+.

Given a quadruple of processes N, P, @Q and R as in Definition [AJl but identity adapted
rather than vacuum adapted, there exist identity-adapted gauge, annihilation, creation and
time integrals which satisfy the same inner-product identities. However, integration may not
preserve boundedness in this case, other than for the time integral: the integrals will exist as
linear operators with domains containing £ such that the identities (ATHA4) hold. If

t t t
Mt:/ NsdAs+/ PsdAs+/ Qs dAl
0 0 0

is a bounded operator for all ¢ € [0, c0] then the identity-adapted C — C process X = M + Y,
where Y = [ Hdt, is a regular quantum semimartingale.

A weak form of It6 product formula holds for quantum semimartingales which are not necessarily
regular. We only need the version for gauge integrals, which is as follows.
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Theorem A.4. Let N and N’ be identity-adapted k — k processes such that |[N|e < o0
and |N'||oo < 00. If X; = [y NsdAs and X| = [ NLdAs then

t
(Xix, X{x') :/ (((Ik ® Xs)Vsz, NIVsa') + (NsVx, (Ix @ X.)Vsz') + (Nsvsx,N;st'» ds
0

for all t € [0,00] and x, 2’ € F, where
V€= LR k@ F); (Ve(f) (1) = Vie(f) = F(D)=(f)

1s the linear gradient operator.

Proof. See [25, Theorem 3.15]. O

Remark A.5. The decomposition X = M+Y is unique for both regular Q2-semimartingales and
regular quantum semimartingales, by Lemma In fact, more may be shown: the quantum
stochastic integrators are independent, in the sense that if

/NSdAS—i—/ PSdAS—ir/ QSdALJr/ R,ds=0
0 0 0 0

then Ny = P, = Qs = Ry = 0 for almost all s € Ry [24].
Lemma A.6. Lett € Ry and Z, W € B(Fy))®1;. If (Ns)ser, s a vacuum or identity-adapted

k —k process such that ||N || < oo then so is (1[t,oo)(s)(fk®Z)NS(Ik®W))SeR+, with the same

type of adaptedness, and

Z/ NsdAsW:/ (Ic ® Z)Ny (I, ® W) dA,.
t t

Proof. The first claim is immediate. For the second, suppose first that Z = W (f), the Weyl
operator corresponding to f € L?(R;k), as in Example Then Z* = W(—f) and, if f has
support in [0, ],

/NdAa

exp (=311 + (f.9)) g — £), / N, dA, (b))

exp (=371 + (F.9)) [ (o = £)(6) @ (g — 1), N () 0 (k) s
= /t oo(g(s) ® Z*¢(g), Ns(h(s) @ e(h))) ds

— (elo). [ (I Z)N.dA<(h)
t
for all g, h € L?(Ry;k). Since such Weyl operators are dense in B(F)) @ I, for the strong

operator topology, the result holds for general Z and W = I; the full version may be obtained
by taking adjoints. O
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Lemma A.7. If N is a vacuum or identity-adapted k — k process such that | N||s < oo then
|| Nean (P <€ [T IN(f6) @) IPds  for all £ € (R,
where Cy :=1 if N is vacuum adapted and Cy := ||f|| + /1 + || f]|? if N is identity adapted.

Proof. See [15, Proof of Theorem 18] and [25, Theorem 3.13], respectively. O

Theorem A.8. If X = [ NdA+PdA+Q dAY 4+ Rdt is a regular Q-semimartingale then 7(X)
1 a reqular quantum semimartingale such that

t t t t
T(X); = / TN — I, @ X)gdA, + / T(P)sdA, + / 7(Q)s dAT + / T(R)sds
0 0 0 0
for all t € [0, c0].

Proof. See [15], Corollaries 31 and 40]; the extension to a non-separable multiplicity space k is
straightforward. O

Notation A.9. Let k = C, let v = (v4);er, be a standard Poisson process on the probability
space (2, A, P) and let Up : L?(Q2, A,P) — F be the isometric isomorphism such that the closure
of Ny i= Ay + Ay + A;r +tI equals Upr U}, for all t € Ry, where 7; acts by multiplication by 1,
and Upl = €(0) [23, Theorems 6.1-2]. Recall that

¢(f) = Upe(f) =1 +/ F(E) (Lo, f) dxe for all f € L*(R,),

where x is the normal martingale such that x; = vy — t for all t € Ry [3] Section II.1].

Lemma A.10. In the setting of Notation[Ad, let ¢ be a bounded process on (Q, A,P) adapted
to the Poisson filtration and let F;, = Up¢tUP € B(F) for all t € Ry, where (bt acts as
multiplication by ¢y. Then

UP/ ¢t dXtU}g = / Ft d(Nt — t) on &. (A5)
0 0

Proof. For all f € L?>(R) and t € R, let

E((f) = ¢(Lj,4f) and  Di((f) == f(t)EC(f)

Recall that the quadratic variation [x]; = x¢ + ¢ for all t € R.
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Thus, if f, g € L?(R,) then

E[@/OOO d¢dx: C(9)

:E[(l—i—/oothdet) /OooqﬁthtC(g)}

:E[(/Ooo¢td><t+/OODtc—/t@dxsdxt
/ /D dXs¢tht+/ Di¢(f)on d(Xt+t)> (1+/Othg(g)dXt)}

= /OOE[Dtm@ + ¢eDi((g) + Dtm/ ¢s dxs DiC(9) +/ D¢ (f)dxs ¢eDiC(9g)
0 0 0

+ DL éDiC(g) + D) /0 Dy((g) dxs] ds

Z/OOOE[DtC( )0 EiC(9) + EiC(f)¢eDiC(g) + +Di( )¢tDtC(9)+Dtm/o s dxsDiC(g)] dt

- /0 BB (FB6 + bra(t) + TE (o1 + /0 b )al0) Eicla)] e

Replacing f, g and ¢ by 1j9.¢f, 1j0,9 and 1jg ¢, respectively, it follows that
gt
o 1= E[{Tpa ) [ e dxaClipg)]

= /O (f(s) +9(s) + f(5)9(5)) E[EC(F)es EsC(9)] + F(s)g(s)as ds,
G (avesn( [ T@Iate)4s)) = (7 -+ 9(0) + Foats) B[]

and

B[ [ aidncta)] = [ (T -+ o(0)+ Fato) ) B[Coc )] v =
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