ON MEAN VALUES OF MOLLIFIERS AND L-FUNCTIONS
ASSOCIATED TO PRIMITIVE CUSP FORMS

PATRICK KUHN, NICOLAS ROBLES, AND DIRK ZEINDLER

ABSTRACT. We study the second moment of the L-function associated to a holomorphic primitive
cusp form of even weight perturbed by a new family of mollifiers. This family is a natural extension
of the mollifers considered by Conrey and by Bui, Conrey and Young. As an application, we improve
the current lower bound on critical zeros of holomorphic primitive cusp forms.

1. INTRODUCTION

1.1. Cusp forms and associated L-function. Let H = {z +iy,x € R, y > 0}. A modular form
of weight k for the congruence subgroup of a square-free integer IV,

To(N) = {< o’ ) € SL(2,7)

is a complex valued function f:H — C such that:

c=0 modN},

e f is holomorphic;

o (flk7)(2) := (cz +d)"* f(vz) = f(2) for each v € To(N);
e f is holomorphic at all cusps of I'g(/V) (meaning that the Fourier series at those cusps is a
Taylor series in ¢ := €2™%*). The cusps are given by v(c0) = % where

_f(a b
T=\e d
is an element of I'o(N) \ SL(2,Z).

Additionally, f is a cusp form if it is a modular form and if it vanishes at all cusps of I'o(NV).

Let f denote a primitive cusp form of even weight k. The Fourier expansion of f at the cusp oo
is given by

(11) Z)‘f (k 1) /2 27rznz

n>1

for every complex number z in the upper half-plane H. The arithmetic normalization is A¢(1) = 1.
The Fourier coefficients Af(n) satisfy the multiplicative relations

(1.2)  Ap(n) = > /\f<d2> and Ap(mn) = M(d))\f<7§>)‘f<g>,

d|(m, n d|(m,n)
(d,N)= (d,N)=1
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for all positive integers m and n. Here p(n) is the Mobius function. For o := Re(s) > 1, we consider
(1.3)

Mﬂ@zi}ﬂ? II@—A£®+M@%L>1:H<wam>1@_@@»1’

S S
n>1 P » p p

which is an absolutely convergent and non-vanishing Dirichlet series. In the Euler product xo
denotes the trivial character modulo N. Here a¢(p), B¢(p) are the complex roots of the equation
— A¢(p)X + xo(p) = 0 and they are called Satake parameters. The function

M = () (54550 00) = bl 9019

is called the completed L-function of L(f,s). It can be extended to a holomorphic function on C
and it satisfies the functional equation

A(f,s) =e(fIA(f,1—s),
where e(f) = %1 is the sign of the L-function. The sign is real because the L-function is self-dual.

We also use in the following pages the following function

R TR

so that x¢(s)L(f,1—s) = L(f,s). The duplication formula of I'(s) allows us to write

0= (5) (5 G ),

It is well-known, following analogies of the Riemann zeta-function, that the non-trivial zeros py =
Bf +ivs of L(f,s) are located inside the critical strip 0 < 8 < 1.

1.2. Rankin-Selberg convolution. The Rankin-Selberg convolution of two L-functions coming
from primitive cusp forms f and g is the L-function defined by

~1
L(f@g,s):L(X,zngf HHH( Off%a@) _

n=1 p 1=1j5=1

This is an L-function of degree 4. For each prime p, af1(p), ara(p) and ag1(p), ag2(p) are the
roots of the quadratic equations

—At(P)X + xq(p) =0, and X% — \;(p)X + xn(p) =0.

We may also write

L(xo, s H(

p

so that

(1.4) L(f® f,s) =N (2s)

for Re(s) > 1. For an L-function of degree 2 we have the unconditional bound
(1.5) IAf(n)| < 7(n)n?, where @ =T7/64,

where 7(n) is the divisor function, which satisfies 7(n) < n® for each £ > 0. This bound, which
currently holds the record, is due to Kim and Sarnak [2I]. However, we work primarily with
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primitive cusp forms and for those we have a much stronger bound. Indeed, it was proven by
Deligne [12] that

(1.6) (Ar(n)] < 7(n).

The Ramanujan hypothesis states that (1.6) is also true for all L-functions of degree 2, but it is
proven only for a few cases.

1.3. The zeros of the L-function. If Ny(7T') denotes the number of critical (or non-trivial) zeros
of L(f,s) up to height 0 < vy < T, then one can show by the argument principle that [20, §5]

d
Ny (T) = T log (;VT)

for T' > 1 and where d denotes the degree of L. Here q denotes the analytic conductor

+ O(logq(f,iT)),

d
a(f.5) = Ngoo(s H (Is + 55 +3),
where N > 1 is the conductor or level of L(f, s), see [20, pp. 93-95].

Lastly, we will need to know a zero-free region [20, Theorem 5.10]. Specifically, we know that
provided the Rankin-Selberg convolutions L(f ® f,s) and L(f ® f,s) exist with the latter having
a simple pole at s = 1 and the former being entire if f # f, then there exists an absolute constant
¢ > 0 such that L(f, s) has no zeros in the region

c
1.7 oc>1-— ,
(17) - d*log(N(|t] + 3))

except possibly for one simple real zero Sy < 1, in which case f is self-dual.

1.4. Mollifiers. Let @ be a polynomial with complex coefficients satisfying Q(0) = 1 and Q(z) +
Q(1 — x) = constant. Set

(1) V) = Q( = g gt JEE),

where, for large T', we set L = logT. Moreover, let P(z) = . a;x’ be a polynomial satisfying
P(0) =0 and P(1) =1, and let M; =T~ where
1. —_—
(9) O<V1<4+207
with 0 as in (1.5). For convenience we adopt the notation
log M /n
Pn]|=P ———
2 ( log M >

for 1 <n < M. By convention, we set Plx] =0 for z > M. A mollifier ¢ is a Dirichlet polynomial
that approximates the function (L(f, s))~! on the critical line. One of the first mollifiers, introduced
by Levinson [23] and Conrey [8, 9] is (in the context of L-functions)

ho’o 1/2

(1.10) == ugWI p,
h<M;
with P;(0) =0 and P;(1) =1 and here p¢(h) is given by
o~ up(h) 1
hs L(fs)

h=1
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for Re(s) > 1 and 0p = 1/2 — R/L. Here R is a bounded positive number to be chosen later and
M, is the length of the mollifier. It is well-known that the main idea behind the choice of 11 (s) in
(1.10]) is to replicate the behavior of 1/L(f,s) in the mean value integral

T
(1.11) [:/ \Vab(og + it)|?dt,
1

and to minimize the integral in this way. In [7], Bui, Conrey and Young attached a second piece
to this mollifier, i.e. they worked with

¥(s) = 1(s) + Ya(s),
where 11 (s) is the same as in ([1.10) and 2 (s) has the shape

pa(s) = xp(s+1/2—00) > ff,2

hk<M>

(h)h00—1/2k1/2—00
hskl—s

Py[hk],

with My = T%2 where 0 < vo < v;. In this case P» is some other polynomial such that P»(0) =
Pj(0) = PyJ(0) = 0. The terms pyso(h) are given by the Dirichlet convolution (pf * pur)(h). By
convention fiy1 = py. The reasoning behind this choice comes from the formal calculation

prah) _ xs(s)L(f,1-s) 1
hskl—s L2(f,s) L(f,s)

X (s)
h,k=1
This indicates that, up some extent, the second piece 12 (s) also replicates the behavior of 1/L(f, s).
Set )\*}2(14:) = (Af x Ap)(k) and pr3(h) = (g * pp * pop)(R). With this in mind, we can also claim
that
b s (AP (k) o121/ 20

vs(s) = xF(s+1/2—00) Y Ps[hk],

hsk.l—s
hk<Mj
for an appropriate P, is a suitable mollifier since (formally)
sy S AN GOPG=0)
. pR T D(fs) L)

h,k=1

Naturally, this welcomes a higher order generalization. Suppose that ¢ € N. This idea may be
extended by taking

luf,z(h))\}[—l(k,)haofl/Zkl/Zfao

(1.12) Ye(s) =X s+ 3 —00) > oS Py[hk],
hk<M,
where ji70(n) is given by
1 — re(n)
1.13 = : fi R 1
( ) L[(f7 S) ; ns or e(s) > ’

and )\}k stands for convolving Ay with itself exactly &k times; in other words )\}k (n) = (Ap*--*Ap)(n).
The conditions on Py are

Py(0)=0 and PFP(1)=1, when (=1,
(1.14) Py(0) = P(0) = P/ (0) = --- = P (0) =0, when ¢>1,

where P(™) denotes the m-th derivative of P. Moreover My = T", where 0 < vp < v1. Another
formal calculation shows that indeed one has
NI R XN LN (1 - s 1
hekt=s LA(f, s) L(f,s)

k=1
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Clearly, when ¢ =1 (by the use of (4.9) below) and ¢ = 2, the pieces of Conrey and Levinson and
of Bui, Conrey and Young follow as special cases, respectively. Consequently, the mollifier we will
be working with is given by

L
(1.16) v(s) =D uls),
/=1

where £ € N is of our choice. The reason behind this choice is due that one may think of ¢ (s) as
the main term of the mollifier and of {t;(s)}¢>2 as the perturbations to the main piece.

1.5. Proportions of zeros on the critical line. In this paper we revise the techniques of [7]
for a mollifier consisting of several pieces. This approach is extremely general. As an application,
we modestly increase the current proportion of critical zeros of L(f,s) and clarify the situation of
simple critical zeros. Our technique is based on developments by Conrey and Snaith [I1] on ratios
conjectures, and by Conrey, Farmer and Zirnbauer [10] on autocorrelation of ratios of L-functions.

Let us define Nyo(T') to be the number of non-trivial zeros of L(f,s) up to height 7" > 0 such
that Re(s) = 5 and N¢(T) the number of zeros inside the rectangle 0 < Re(s) < 1 also up to height
T. We moreover set

.. . Nso(T)
=1 f
oy =l inf S

In 2015, Bernard [4] revisited Young’s paper [30] and adapted it to modular forms (see [4,
Proposition 5] as well as [15, [16, [I7, 26]). In particular, if one applies Littlewood’s lemma, and
then the arithmetic and geometric mean inequalities, one arrives at

. 1 e .
(1.17) kf > limsup (1 - ﬁlog (T/l V(oo + zt)|2dt>>,

T—o0

where 09 = 1/2 — R/L with R a bounded positive number of our choice.

For holomorphic primitive cusp forms of even weight, square-free level and trivial character,
Bernard’s results [4, p. 203] are that x¢ > 6.93%. For this result, Bernard requires the Ramanujan
hypothesis (6 = 0 in ), which is proven in this case. If one were to use instead the weaker
bound proven by Kim and Sarnak (6 = 7/64), one would get only x5 > 2.97%. Unfortunately, as
mentioned on [4, p. 203], the size of the mollifier, even under the Ramanujan hypothesis, is too
small to establish results for simple zeros on the critical line. Further details can be found in §5.

Because of ((1.12) and (1.15]), it is clear that the same mechanism that makes 15 be a useful
mollifier will also make 13,1y, - - - useful. Moreover, from [7, p. 38] and [28, p. 310] we know that

My\? M3\°
ol < Vi(2) 22 ol <o)
and so on. Therefore, log 1 (s), where 1 (s) is given by (1.16)), is analytic and a valid mollifier that
replicates the behavior of 1/L(f, s) in a certain region of the complex plane. See [28], §10] for further
details.

Unfortunately, the presence of the powers of x in decreases the usefulness of the addi-
tional pieces as the exponential decay of the pre-factor x overwhelms the Dirichlet polynomial.
Communications with K. Sono [29], who has computed the effect of the additional v, pieces for the
Riemann zeta-function, seem to indicate that the contribution of 13 will be smaller than 10~%.
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Moreover, we have full control over the additional pieces v, via the coefficients of the polynomial
inside the Dirichlet series. We may thus turn them off or finely calibrate them to suit our needs.
Therefore, these additional pieces cannot be harmful.

Furthermore, adding just another perturbation (of a different nature) to 11 and handling the
errors produced by the off-diagonal terms carefully has produced an increment of 0.421% for the
case of the Riemann zeta-function, see [24].

Finally, it is worth mentioning a situation in which these perturbations are very helpful. Following
[15, p. 215], if we place ourselves in the context of the Riemann zeta-function and conjecturally
take 14 — 1 (currently vy < 1 is the best one can do, [9]), then one obtains that at least 58.65% of
non-trivial zeros of ((s) are on the critical line. If we were to add 12(s) and work with ¢ (s)+(2),
in other words with £ = 2, and conjecturally take v, — 1 (19 < % is currently the best as proved
in [7]), then we show in §5 that this figure increases to 60.586%.

1.6. Numerical evaluations. We will improve Bernard’s proportions a little bit by taking £ = 2
in (1.16). As a consequence of our results we can now establish the following.

Theorem 1.1. One has

S 2.97607%, wunconditionally,
K
f= 6.93872%, wunder the Ramanujan conjecture.

The underlying polynomials and optimized value of R can be found in §5.

1.7. Proof techniques. The argumentation used in this paper is based on the techniques intro-
duced in [7, B0] for the Riemann zeta-function which in turn are borrowed from [10, IT]. For this,
we split the occurring expressions into the diagonal and off-diagonal contributions. The diagonal
contributions can handled by generalizing the results of [7]. However, the estimation of the off-
diagonal contributions is much more challenging and it cannot be done in the same way as for the
zeta-function. For this we use the pioneering work of Blomer on shifted convolution sums on aver-
age in [6], and its extension by Bernard in [4, pp. 208-217], see also [5]. The specific details are in §3.

An important difference with the Riemann zeta-function is that the lengths M, of the mollifiers
are in our setting much shorter. For Riemann zeta-function one can use T? with 9 < 4/7 for M;.
This was an accomplishment of Conrey [9] who used the work of Deshouillers and Iwaniec [13], [14],
see also [3]. For primitive cups forms, we can use only

(1.18) My =T and M, =T66 ¢ for £>2

and € > 0 small. As the Ramanujan hypothesis is proven in our situation, we have 8 = 0 and we
can use

(1.19) My=Ti¢ for £>1.

We thus see that the lengths of the mollifiers are much shorter than for the zeta-function and this
results in much smaller lower bounds for ¢, see §4 for further details.

Lastly, as remarked by Farmer [I5, p. 216|, our improvements above are consistent with his
observations that it is substantially harder to work with L-functions of higher degrees. Indeed, the
efficiency of the mollifier is severely limited by the range of its length as the degree increases.
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2. RESULTS

The method sketched in [7, 28] to deal with multiple piece mollifiers in the mean value integral
(1.11)) carries through and our main results are as follows.

Theorem 2.1. Suppose that v, = Z—gg —cand vy = }L;—%g —¢ for 0> 2 and e > 0 small. Then

1 [T ,
7 Vot + il = (P R AL + 001,
where )
drtnerify= X (70 ) T e
ker ko4 tk =2

and the different ¢; j are given by (2.1) and (2.2).

Remark 2.1. The following two points ought to be noted.

a) We need in our computations of the cross-term Ij¢;; in Theorem the condition vy +
V41 < 1. We also need in our computations of the cross-term Iy, ; in Theorem with
J > 2 the condition vy + vy ; < 2(j—1). As @ > 0, we get v < 1/4 and thus both conditions
are automatically fulfilled. However, the mollifiers in this paper can be adapted to the
study of the Riemann zeta-function and other L-functions. For those other functions, one
has to check carefully if these conditions are fulfilled.

b) There is no need to explicitly compute cy¢4; where j = 2,3,--- since the contribution of
the associated integral is O(TL~1%¢), see Theorem [2.5| below.

2.1. The smoothing argument. The idea of smoothing the mean value integrals was worked
out in [4 [7, B0] and it makes the following computations more convenient. Let w(t) be a smooth
function satisfying the following properties:

(a) 0 <w(t) <1forallteR,

(b) w has compact support in [1'/4, 277,

(c) w(t) < A~J, for each j = 0,1,2,--- and where A = T/L.
Note that for the Fourier transform of w, we have w(0) = T/2+O(T'/L). This allows us to re-write
Theorem 2.1] as follows.

Theorem 2.2. Let vy for £ > 1 be as in Theorem [2.1] For any w satisfying conditions (a), (b)
and (c) and op =1/2 - R/L,

/OO w(t)[Vip(oo +it)*dt = c({ Pey iy, Q. R, {ve} i) (0) + O(T/L),

—0o0

uniformly for R < 1, where

drtnermiy = X (0 ) TT e,

kithotthe=2 1=<L
where the different ¢; ; given by (2.1) and (2.2).

The technique of a multi-piece mollifier was developed in [7, [19]. In [28] a 4-piece mollifier was
handled. The idea is to open the square in the integrand

Jwoe= [wap+ [vPeis+ [ W s+ [ o

= > oo+ oo+ Terne+ Toery + Terje}s
1<e<L

for j = 2,3,4,---. We will compute these integrals in the next sections. The integral Iy, ; is
asymptotically real, thus Iy;q follows from Iy 1, ie. Tppp1 ~ Lpp1.
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2.2. The main terms. The main terms coming from integrals Iy, Ip¢41 and Ipei; where j =
2,3,4,--- are now stated as theorems.

Theorem 2.3. Let £ € N. Let vy for € > 1 be as in Theorem 2.1 Then we have for £ > 1
/ w(t)|Vipe(oog + it)’th ~ Cg,g(Pg, Q, R,v)w(0) + O(TLilJrg)
uniformly for R < 1, where
1 22(([—1) d2¢

e = [2(0—1) (2 4 (€ —1)% — 1)! datdy”
[LLLL Gorer s mucoro
Rlz+y—v(y+r)—u(z+r)] 2Rt[1+ 2L (z4y—v(y+r)—u(z+r))]
. Q(gf(—a:ﬂ(ym) (14 ety oty +n) -t ) )
<Q(Furute ) +e(1+ Kty - vyt - uz+) )
% (.’E +T)Z—1(y+,r_)é—1u€—2vf—2
(2.1) x P (1 = w) (@ + ) P (1= o) (y + r))dtdrdudv] 0
rT=y=

Remark 2.2. The case £ = 1 has to be handled with a certain amount of care as it superficially
seems divergent due to the presence of u‘~2 and v*~2 in the integrands. This is taken care of by
% in the denominator of the first line. By the use of (4.13]) below, the term m cancels

out the integrals with respect to u and with respect to v, leaving us with

aa(P.QRn) =1+ - / / [ (e Qo + >P<x+u>>|w:o]2dudv,

which is precisely the term recovered by Conrey [9] and Bernard [4], see also (4.8)) and [30, p. 544].
Theorem 2.4. Let £ € N and vy be as in Theorem 2.1 Then

/ w(t)Vepptgi1 (o0 +it)dt ~ coov1(Pry Pry1, Q, Ry vp, vp41)@(0) + O(TL™F)

uniformly for R < 1, where
(2 /+1
Coo+1 = (y + ) ! )e [// / - 252—1 Rl (y—2)+u=5L (a-b)]
2 _ Tt A
(2€ DI\ vy dxtdyt +bb><01
—xvg + auvpy yvg — buvg
XQ ————— Q1+ ————
2 2
(2.2) x pe1) <:c fy+1—(1- u)””l> PEFI(1 — a — b)u)(ab)* " dudadb
Ve z=y=0

Theorem 2.5. Let £ €N, j > 2 and vy and vgyj be as in Theorem 2.1 Then

/ w(t)V ooy j(o0 + it)dt < TL™'H

—00

uniformly for o, B < L™1.
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The smoothing argument is helpful because we can easily deduce Theorem from Theorem
and so on. By having chosen w(t) to satisfy conditions (a), (b) and (c¢) and in addition to
being an upper bound for the characteristic function of the interval [T'/2,T], and with support
[T/2— AT+ Al], we get

T
/ V(oo + i) 2dt < c(Pr, P, Q, 2R, v1 /2, v2/2)@(0) + O(T/L).
T/2

Note that w(0) = T/2+ O(T/L). We similarly get a lower bound. Summing over dyadic segments
gives the full result.

2.3. The shift parameters o and (. Rather than working directly with V(s), we shall instead
consider the following three general shifted integrals

Lo, B) = /OO wt)L(f, 5 +a+it)L(f, 5 + B — it)he(og + it)dt,

Iesr(a, B) = / WL, 5+ a+it)L(f, L + B — ity debus (o0 + it)dt,
Ipgyj(e, B) = / wt)L(f, 5+ a+it)L(f, 5 + B — it) ey (o0 + it)dt,
for j =2,3,4,---. The computation is now reduced to proving the following three lemmas.

Lemma 2.1. We have
Ioe = cop(a, B)w(0) + O(T/L),
uniformly for a, B < L™, where
1 926(6-1) g2
T2(0—1) (2 + (0 — 1)2 )l dacfdyf

[ e

o« Te(Ba—v(y+r))+aly— U(w+r)))(T2+w(m+y—v(y+r)—U(w+r)))—t(a+l3)

CZ,K(aa B) =

X (fe +(@+y—v(y+r)—ulz+ r))) (z + T)e—1(y n r)‘—l

< P~ w) @+ )BT (L= )y + 1) dtdrdudo
z=y=0

Lemma 2.2. We have
Lot = corr(e, B)w(0) + O(T/L),
uniformly for o, 3 < L™, where

9202 Veit ee+1) g2
cre(a, B) = 20— 1)1 ( v ) dxgdye[

2z -1 - B
/%Urbq/ - (M " M) (MPMNT?)

a,b>0

x P <$ Gyl (1 uﬂﬂ) PEI (1 = a — b)u)(ab)* " dudadb
Uy z=y=0

Lemma 2.3. For j =2,3,4,---, we have

/ w(t)Vipghpg (o0 + it)dt < TL™H

—00
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uniformly for a, 3 < L™1.

To get Theorems [2.3 and 2.4 we use the following technique. Let I, denote either of the integrals
in questions, and note that

1 d 1 d
I, = — — — — I
~=0Q < 2logTda) @ < 210gTd5> «(e B)
Since I, («, 5) and ¢, («, 8) are holomorphic with respect to «, 8 small, the derivatives appearing
in the equation above can be obtained as integrals of radii < L~! around the points —R/L, using
Cauchy’s integral formula. Since the error terms hold uniformly on these contours, the same error

terms that hold for I,(a, ) also hold for I,. That the above differential operator on c,(«, 3) does
indeed give ¢, follows from

Q —1 i X~ — Q IOgX Xfa/2.
2logT da 2logT
Note that from the above equation we get
-1 d -1 d
Q<2logTda>Q<2logTd5)( o MED)T 1)’
log M, " Mg, log MyMé T I b
- < 2log T > < 2log T >(M€ ) (MY M, 5 T)

= Q(—zv/2 + auver1 /2)Q(L + vey/2 — buvgs /2) (M M) =2 (MY M T) P72,

a:ﬁ:R/L.

as well as
-1 d -1 d
el ) preBa—v(y+r))taly—u(z+r))) (p2+ve(z+y—v(y+r) —u(z+r))y—t(a+h)
Q(QlogTda)Q<2logTdﬁ> ( )
=Que/2(—x +v(y+71)) +t2+ve/2(x +y —v(y +7) —u(z+71))))
X Qe/2(—y +u(x +7)) +t(2+ve/2(x +y —v(y +7) —u(z +7))))
w Tve/2B(z—v(y+r))+aly—u(z+r))) (T2+Ve/2(ﬂf+y*v(y+7")*U(IH‘)))*t(aJrB).

Hence using the differential operators Q((—1/2logT)d/da) and Q((—1/2logT)d/dB) on the last
line of ¢s¢11(a, B) we get in the integrand

2R Hlvely=a) /24 ure (=02 (_ 11 /2 + auwgy1/2)Q(1 + yrg/2 — buves1/2),

by setting & = f = —R/L and using T#/L = 7%/108T — ¢z Hence Theorem follows. Simi-
larly, when we use the differential operators Q((—1/2logT)d/da) and Q((—1/2logT)d/dS) on the
integrand of ¢y ¢(a, ) it becomes

e VQ—Z Rlz+y—v(y+r)—u(z+r)] eZRt[l-l-%Z (z+y—v(y+r)—u(z+r))]

X Qu(—z+v(y+7r)/2+t(A+v /2 +y—vly+7)—ulxz+r))))
x Qe(—y+u(z+7))/2+t(1 +ve/2(x +y —v(y +7) —ulx +71)))),

by the same substitutions. This proves Theorem [2.3]

3. PRELIMINARY TOOLS

The following results are needed throughout the paper. The first lemma is used to compute the
"square” terms Iy . We start by quoting a result from Bernard’s paper [4, Lemma 1], who in turn
quoted it with small modifications from [20, Theorem 5.3].
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Lemma 3.1. Let G be any entire function which decays exponentially fast in vertical stm’ps s even
and normalised by G(0) = 1. Then for any a, B € C such that 0 < |Re(a),|Re(B)| < 3, one has

. m —it
L(f A +a+inL(fh+p—i =3 S A - /2+an1 /M (f) V,5(mn, t)

m>1n>1
m\ —it
+Xag(t Z Z 1/2 ,Bnl/Q o (g) V_g,—a(mn, ),
m>1n>1
where
(5.0) = Loo(f 3 +a+s+it)Loo(f, 5+ B+ s—it)
JoBA5 Loo(f, 3+ a+it)Loo(f, 3 + B —it)
and
1 G(s) _
Voz 7t = 5 _- « ,t *d )
5@t = 5z [ F sl s
as well as

Loo(fs 3+ a+it)Loo(f, 2 + 8 —it)

Lemma 3.2. Suppose that w satisfies the three conditions (a), (b), (c), and suppose that h, k are
positive integers with h,k <T". Then one has

Xaﬂ,t(t) =

00 —it A A %S
/ w(t) (Z) L(f, 3 +a+it)L(f, 5+ B —it)dt = Z m /_ w(t)Vy,g(mn,t)dt

oo hm=Fkn

) o0
+ > = /2 Bnl /2 - w(t)V_p,_o(mn, t) X 54dt
hm=kn —0o0

+ OE((hk)(1+0)/2T1/2+0+6),
for a,B < L1,

Proof. This is proved by applying Lemma [3.1] to the right-hand side above
oo h —it
/ w(t) <k> L(f,5 +a+it)L(f, 1+ B —it)dt
00 hm —it
- Z Z 1/2+an1/2+6 / <kn) w(t)Va,g(mn, t)dt

m>1n>1
+ % / - <hm> _itw(t)Xa 51 (OV_p_a(mn, t)dt.
m>1n>1 m1/2 6n1/2 ¢ oo kn o 7

Clearly the main terms appearing in the statement of the lemma are given by the diagonal case
hm = kn. Let us now look at the off-diagonal terms. Following [4] we set

ND: Ap(m)Ap(n) [ (hm\ ™"
Ipp'(a,8) = Z — ez o w(t)Vy g(mn, t)dt,
hm=#£kn %
and

A )\ oo h —it
1}1252(04,5) = Z WW/_OO <m> w(t) X ot (t)Va,g(mn, t)dt.

hm#kn kn
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By [4, Lemma 3], we have that for any ¢ > 0, 0 < v < 1 and for any real A > 0

Ar(m)Ap(n) [ hm\ " _
ND f f A
Iy (o, B) = Z ml/zﬂynl/wg/ w(t) T Va,g(mn,t)dt + O(T™),
km#hn —o°
mn<T2te
Am |-

provided that h,k < T" and o, < L~!'. Now fix an arbitrary smooth function p :]0, co[ R,
compactly supported in [1,2] and with

o0

Z p(27122) = 1.

l=—00

For each integer [, we define
pi(x) = p(x/A;) with Ay =2/277.

By [4, Lemma 4] one has

ND )
Iyt (o, B) = Z Z Z Ap (M)A () gy 1, (kmy hn) + O(T 4y,
Ay Ay <hKT?+e 0<|h|<T =7 /Ay, Ay, km—hn=q
A <A
A11f11412>;2TW

where h, k < TV are positive integers and  is as above. Here

k1/2+ah1/2+6 0 g\ it Ty
Fonp(@,y) = Wﬂh@)% (y)/ w(t)<1 + E) Vas (%,t) dt.

—00

As mentioned in the introduction, the key aspect of the proof of this lemma relies on a strong
result about shifted convolution sums on average due to Blomer, [0, Theorem 2|. Fortunately, the
tool needed from [6] can be quoted almost verbatim (a straightforward adaption is needed and it
is supplied by Bernard in [4, Theorem 3]). The statement is as follows.

Lemma 3.3 (Bernard, 2015). Let l1, la, H and hy be positive integers. Let My, Ma, Py and Py be
real numbers greater than 1. Let {g,} be a family of smooth functions supported in [My,2M;] X

[Ms, 2Ms] with Hg,(jj)Hoo <ij (P/My)Y(P2/Ms)? for all i,j > 0. Let {a(h)} be a sequence of
complex numbers such that

alh)#0 = h<H, hilh and (hi,h/h1)=1.
If 1M =< [oMs =< A and if there exists € > 0 such that

1

H
< HlaX{Pl, PQ} (l1l2M1M2P1P2)57

then one has

H
D alh) > Ap(ma)Ap(ma)gn(ma, ms)

h=1 mi1,m2>1

A 0 (hl lllg)H
AL/2p0 P P2 /P P _— 1 e
< hillal|2(Py + Ps) 1+ 52 max{Py, P} * hilyls

X (lllngMgplng)E,

for all € > 0.
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The required bounds for the test function were established in [4, Lemma 5]. Specifically, let
a,B < L' be complex numbers and let o be any positive real number. For all non-negative
integers ¢ and j, we have

it a 1/2+Re(a)+o b 1/2+Re(B)+o Lio A
3.1 ‘) ————F,. i | — — T 7og’ T
( ) Yy Bxlayj q;l1,l2 (m,y) <i,j (Ah) <A12> og 4,

where the implicit constant does not depend on ¢g. The trivial bound for shifted convolution sums
would have yielded

Z )\f(ml))\f(mg)gh(ml, TTlQ) < min{Ml, MQ}(MlMQ)E,

limi1—fomo=A

so that when we combine this with (3.1]) we get
I (@, f) < min{h, k)T,
which is clearly not useful. As explained by Bernard, using [27, Theorem 6.3] would give
I}:{?l(a’ 5) <. min(hk)3/4+0/2T3/2+s+a_
If instead of the trivial bound we now use [5, Theorem 1.3] along with (3.1, then
Iiljlk)l (a’ ﬁ) <. min(hk)3/4+9/2T1/2+€+€,

see [4, pp. 215-217] for further details. It is only by using Lemma with H = T77\ /A, A,

hl =1 and
1, ifh<H
ahy =4 "0 =70
0, otherwise,
as well as the previous results on F, ;, that we get
(3.2) I,If],gl(a,ﬂ) <. (hk)(1+0)/21/2464
Similarly, one has
I}j?z (a,ﬂ) <. (hk)(1+6)/2T1/2+0+5’
and this can be shown by a similar argument. O
Remark 3.1. Specifically we shall use the pole annihilator
(@ +B)* — (29)*
(a +p)?

The function G(s) can be chosen from a wide class of functions. This choice is taken from [7]. All
that is needed is that G should have rapid decay and that it vanishes at s = :l:o‘Tw.

2

G(s) =e"p(s) and p(s) =

The following lemma, which is an adaption of the approximate functional equation, is needed
for the computation of the term ”crossterms” Iy .

Lemma 3.4. Let 0, _(f,1) =Yy @ VP Ap(a)Ap(b). For L? < |t| < 2T we have

. . = O-Oé,— (f7€) — — €
L(f,%—ka—kzt)L(f,%—B—Ht):ZWe UT® L O(T 1)
=1

uniformly for o, 3 < L™1.

Proof. See Lemma 4.1 of [7] and [20] for the appropriate bounds. O
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Lemma 3.5. Let {f(m)}men be a sequence of complex numbers and suppose that

(3.3) > f(m) =cM + O(M?/®)
m<M
as M — oo for some ¢ € C. We then have for k € N
log"~! M
(3.4) > () m) = FM=E= 4 O(M logh 2 M)
m<M ’

as M — oco. Furthermore, we have

(f*)m) _ ilog" M

(3.5) m - k\k

+ O(logh~1 M)

m<M
as M — oo. Let n > 1 and M’ > 1 with log M’ < log M be given. We then have uniformly in ~y
for all |y| <1/2

1 M'\n M Y kA7 1ook M 1

3 () Lo (M) M hog M |t ogar /a) ar
m k' 0

m<M

(3.6) + O((log M)**n=1),

as M — oo, and the expression in (3.6) has order of magnitude (log M)**™ if ¢ # 0.

Proof. We first prove (3.4). We do this by induction over k. For k = 1, this is trivial. We thus
assume (3.4)) is true for k — 1. To simplify the notation, we write g(m) := (f**~1)(m) and get

ST Mm) =D (gxHm)= > D gdf(m/d) =" gla)f(b)

m

m<M m<M m<M dn ab<M
(3.7) = a;wg(a) KZM/af(b) = ag/[g(a) (Ci‘f + o<<J\a4>3/5>>.

We first consider the main term. We use partial summation and get

> g(a)cy =cM 2g(a) :cM(l/M O <Zg(a)> (mil_ 7711>>

a<M a<M a<M m<M—-1 “a<lm
logk_2 m

= O(M logk_Q M) + CM Z (Ck_lm(k—l)'

1
+ O(mlogh=3 m)) _
m<M—1 (

m(m + 1)

M logh~2m < og" 3 m
= 08 Mo Mlogh2 M + M )
2 E I

logk‘—l
k!

It remains to show that the error term in (3.7) is of lower order. We have

S 9(a)0 <Aj)3/5 _ 0<M3/5 3 a;ﬁg(a))

a<M a<M

- M3/5O<M13/5 > 9= Y ( 2 g(a)) <(m +11)3/5 - mi’/f’))

a<M m<M-1 “alm

=M + O(M logh=2 M).

m6/5> = O(M log"=2 M).
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This completes the proof of (3.4). The proof of (3.5)) is almost the same as (3.6)) and we thus prove
only (3.6). We first consider the case v = 0 and get

(3.8)
log 2y o () (10O + 1))\ (log” (M fm)
PR mXMj(Zmu ) (LA (L),
Note that
log"(M'/(m + 1)) _ (log(M') —log(m + 1))" 1
m+1 m 1+1/m
_ (log(M') —log(m) —log(1 + 1/m))" (1 1.0 <1>>
m m m?2
 (log(M"/m) — 1/m + O(1/m?))" (1= o (1))
N m m m2
o "/m))" n og" L M’

Inserting this and (3.4)) in (3.8)) gives

1 k—1
Z (ckmng'm + O(mlogh— m)>

m<M-1

X <7:L2(10g(M'/m))n + %(log(M'/m))”*1 +0 (w» .

m3
Applying Euler-Maclaurin summation to the leading term yields

ck e

M

Y Gogm) log(h'/m)) = 55 [ (logy)* log(M'/9))"dy + O(log" ™1 a1
" m<M—1 Y
o 1
= y(log M)* /0 (logy)* ' (log(M'/M™))"dr 4+ O(logFt"~! M).
Using the variable substitution y = M" supplies the main term in . Applying Euler-Maclaurin
summation to the remaining terms, one sees immediately that they are O(log"™™~!M). This

completes the proof of . The argumentation for « # 0 is almost identical and requires that

1 1 1 1 1
(m+ 11 mi 1+ 1 m) 7 ml <1 —(l=7)—+ 0(1/m2)>,

with O(1/m?) uniform in ~ for |y| < 1/2. This completes the proof of the lemma. O

This lemma can be upgraded to read like Lemma 3.3 of [28] and Lemma 4.4 of [7] by incorporating
smooth functions F' and H. Our choice of ¢ will be

_ Ress—1 L(f ® f,s)

3.9
(39 ™E)
as per the asymptotic behavior
Ress=1 L(f ® f, s)
2 _ 1 3/5
(3.10) E Af(n) =z (™) + O(z°?),

n<x

as * — 00, found by Rankin [25].
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4. EVALUATION OF THE SHIFTED MEAN VALUE INTEGRALS I, (a, )

4.1. The mean value integral I, (o, §). The strategy is to insert the definition of 1, into the
mean value integral Iy, and then compute this integral by using the tools we have developed. One
key aspect will be the evaluation of a certain arithmetical sum into a ratio of L-functions. This has
the effect of transforming the problem from an arithmetical one to an analytic counterpart. Using

on Iy¢, we obtain
Ipo(a, B) = / w(t)L(f, 5 +a+it)L(f, 5 + B — it)Ygbe(oo + it)dt

—0o0

- / TN = X G LG S o OIS, S+ B — it)

—0o0

pre(h) Ny (k) pre(ha) XNy (ko)
Z 1/2—it; 1/2+4t dhlkl] Z 1/24it; 1/2—it f[h2k2]dt
hik1 <M, hl k hoko <M, h k?
*£—1 *f—1
toe(h) g e(ho) Ny (k) AT (k2)
= Z Z ! 1/2 ! Pylhik1]Pylhoksa]Js. ¢,
hik1 <M, haoka<M, (hihokiks)
where '
00 hgkl —1it . ‘ ) ‘
Jo g = w(t) Tk L(f, 5 +a+it)L(f, 5+ B —it)dt
—0 1k
since x (1 4+ it)x (3 —it) = 1 for all values of t. We now use Lemma 3.2 and rewrite J5 s as
Ap(m)As(n) — [*
(4.1) hi= Y LM /_ 1)V )

hokim=hikan

Ar(m)As(n) [
+ D e /_ _WVop—a(mn, ) Xa st
hokim=hikaon

+ 05((thlhle)(1+e)/2T1/2+0+5)’
with Vi, 3, V_g o and X, g; as in Lemma This means that we can write Ié,z(oz, 8 — [é’z(a’ 5

I} (e, B) + E(h1, ha, k1, k2), where E is the error term above. Note that I;,(«, §) can be obtained
from I; ,(at, B) by switching a by —f and multiplying by

(4.2)
Xaps = <“ﬁ) e <1 + Z(O‘Qt_ﬁ?) - 0(t2)), (t\ﬁ> e = 77248 L 0(1/L),

2 2

which implies that if wy(t) = w(t)(@)ﬂ(a*ﬁ), then @y (0) = T-2+A)G(0) + O(T/L), see [4,
Lemma 2 and p. 229]. We are left with Ij,(a,8) =T~ Ho+B) I (=B, —a) + O(T'/L).

We now estimate the error terms. We begin with the case £ = 1. With pus(h) < 1 we get

pup ()N (k1) () N0 (2)
Z Z f d (h17h27k1)k2)

1/2
h1k1 <My hoko<M; (hlkthkQ) /

Z Z /-‘Lf, hl ,u‘ff(h@) (hl h2 1 1)

1/2
h1<Mp ho<M; (h1hs)

< >y

h1 <My ho<M;

Mfe h1 Yre(ho)
)1/2

T1/2+0+6(h1h2)(1+9)/2
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< T1/2+0+s Z Z (h1h2)0/2 < T1/2+9+5 (M10/2+1)2
h1<Mjy ho<M;
(4.3) < T1/2+0+e+11(6+2)

where we have used M; = T%'. This now has to be O(T'~¢) and thus we require
1/2—60 1-26

2460 4+20
Next, we estimate the error terms for £ > 2. We know that

pp(h) <1 and |Ap(k)| < 7(k)K® < K9+
with 8 = 0 if we use and @ = 7/64 if we use . Induction over ¢ then gives for all £ > 2
(4.5) pre(h) < he, and X3V (k) < KO
Using these bounds yields
DS pr (RN (kg e(ho) N (ko)
hiki<Mj hoko <M, (h1k1h2k2)1/2
c Y ¥ pra(h)AF ™ 1<k1>ufe(f;2>A*‘ (k)
h k1 <My haka< M, (h1k1h2k2)
=TS Y ‘Mfe (AT (k) g e(h2)NF (’f2)‘ (hakihaks)®/?

hiki <M, hoka<M,

_T1/2+9+£< Z ’uf,g(h)/\}f‘l(k)(hk)"/zl)2

(4.4) v <

E(h1, ho, k1, k2)

T1/2+0+E(h1k1 h2k2)(1+9)/2

hk<M,
2 2
<y T1/2+0+5< Z h9/2+5k39/2+25> <y T1/2+0+a( Z h39/2+2ak39/2+25>
hk<M, hk<M,

2
_ 1/246+< (T(Mg)M50/2+1+2€> < T1/2+9+6(M§’9/2+1+35)2 _ /2O 20(30/2+1432)

In order that this error be O(T'~¢), we need
1/2-6 1-20
2+30  4+660°

(4.6) vy <

where we have used M, = T"*.

By employing the Mellin representation of the polynomial P, i.e.

(4.7) Ph k:]—d%?[ Ui (log Myfhaky) = 3 24" 1/ (M£>d5
. L1l — s lOgng g A 1h1) — : IOgng oi (1) hlkl Si+17

we see that

i
)= [ ZZ?ﬁ;ﬁﬁjjz >
2R1

n=hikom

<2m) / / / <h1k1> (hjﬁfg) <2w;n>2Giz)dzsffluﬁldt,

Now comes the part where we evaluate the arithmetic sum » 7, » 0y 200

pge(ha) g e(ho) N5 (k)X (k)
h}/Qhé/Qk%/Qk;/le/%FO‘nlﬂ"'ﬂ
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Lemma 4.1. Let Q, 5 be the set of vectors u,v,s € C® satisfying
Re(s) + Re(u) > —1/2,
Re(z) > —1/4 — Re()/2 — Re(f)/2,
Re(s) + Re(z) > —1/2 — Re(w),
Re(u) + Re(z) > —1/2 — Re().

z

Then one has

D

hokin=hikam

pre(ha) g e(h) N (k)X (k) Ap(m)A s (n)
h1/2+$h1/2+uk1/2+8k1/2+u 1/2+a+zpn1/2+p+2

L EV (R f14 s+ w)L(f @ f, 14+ a+ B4 22)
a WD (f@ f,1+28) LD (f @ f,1+ 2u)
L‘ffl(f®f,1+a+s+z)L‘f*1(f®f,1+5+u+z)
LNf@ f1+B+s+2)Lf@fl+a+u+z)

where Ay 5(s,u,2) is given by an absolutely convergent Euler product on Qg 3.

Aa,,@(sv u, Z)a

Proof. Let us set
ppe(ha) g (h2) Ny (R)AF ! (ko)A (m) A ()

See= Y. .
? 1/2+S 1/2+U 1/2+8 1/2+u 1/2 1/2
hokin=hi1kam hl h’2 kl k2 m / +Oé+Zn / +h+z

We now write this as an Euler product over primes so that

e ()N PN 0 A () A (p0)

See=]1 >
i 1/2+ 1/2+ 1/2+ 1/2+ 1/24a+ 1/24B4+z2"
o ottt res (D) () P (s RS () VR (s ) 1Rk 2 () /2402

where we have employed the substitutions h; = p“, ho = p®, k1 = p®, ke = p™ and m = p,n =
p‘s. Using the fact pei1(p) = —(€ + 1)As(p) and )\;‘cefl(p) = (¢ —1)A¢(p) we have

s@,e—HQHf(P)Q“”(f1>2>_Af<p>2wl> M2 Ap(p)P(— 1)t

p1+s+u p1+2s pl—i-,B—i-s—i—z p1+2u

p

CMEPE-T) NP A=) M) O(p_2+5(s,u,z,a,m)>

p1+5+u+z p1+a+u+z p1+a+s+z p1+a+ﬂ+2z

LV F R fl4 s+ u)L(f @ f1+at B+ 22)
LD (f @ f,1 4 28) LD (f @ f,1 4 2u)

LY fofl+at+s+2) LN (fofi1+B+u+2)
LNf@ f1+B+s+2)Lf@fl+a+u+z)

where 0(s,u, z, a, B) € Qq 5 and

p,1,0
ACYB(S u, Z H <1+Z r-‘,—Xrl[(Su,Z,aﬁ))

rlp

X

Aa,ﬁ(sv u, Z)v

Here |ap; | < €% and X, 0(s,u, z,a, 3) are linear forms in s,u,z,«,3 and the sum over r,[ is
absolutely convergent in €, g. ]

Note that when ¢ = 1, the above reduces to
3 trp(ha) g (ho)Ap(m)Ay(n)

1/2+S 1/2+u 1/2 1/2
hzn:hlmhl ha ml/2+atznl/2+p+2
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 L(fefil+s+u)l(f® f,1+a+B+2s)
(4.8) N L(f@f,1+ﬁ+s+z)L(f®f,1+a+u+z)A""5(S’u’Z)’

since

1 ifk=1
4.9 lim A5 (k) =< ’
(4.9) tzlé;i ! (k) = {O, otherwise.

Consequently, we arrive at

lag i (1> t \ G(2)
I / agiilay,j <> / / / Ms+u<>
rel ZzlogZ”Me 2ri) JoyJoyJoy "t \2m) 2

L82+(£—1)2(f®f,1+8+U)L(f®f,1+a—|—5—|—22)
LAED(f@ f,1 4+ 28) LD (f @ f,1 4 2u)
L@ fltats+2)l (fRf1+6+u+t2) ds__du
Lé(f®f,1+ﬁ+8+Z)L€(f®f,1+a+u+z) Aaﬁ(SuZ)dz— dt.

g1 g i+1
Now that we have transformed the arithmetic part of the problem into its analytic counterpart, we
can proceed to compute these integrals. To do so, we move the s-, u- and z-contours of integration
to 0 > 0 small. This is then followed by deforming the z-contour to —¢& + &, thereby crossing the
simple pole of 1/z at z = 0. Recall that G(z) vanishes at the pole of (1 4+ a + 5 + 2z). The new
contour of integration yields a contribution of size

[T o oo ()
lOgH_JMé 2mi Re(s)=0 JRe(u)=6 /Re(z)=—0+e ‘ 2m *

ey (f®f,1+s+u) (f®f,1+a+8+22)
=D (f @ f,1428) LD (f @ f, 14 2u)
Lé*l(f®f,1+a+s+z)Lf*1(f®f,1+6+u+z) ds du
Aaﬁ(s,u,z)dz.—l,ildt
LAfefl+B+s+2)Lfef,1+a+u+tz) JEES s
< / w(t)|deTH 01 N2 « T1-(@-2w0)04e o pl-e

—0o0

for sufficiently small e. Let us now write I, ,(c, 8) as I} (o, 8) = I}, o(cx, ) + O(T*¢), where
Ié’w(a, ) corresponds to the residue at z = 0, i.e.

ag;ilag ;j! t\"G()
I/ J Ms+u
teola, / ZZ log 9 M, <2m> /5) /5 Heg Mo <27T> “

2

L (f®f,1+s+u) (f@f,il1+a+B+22)
D (f @ f,1425) LACD(f @ f,1+ 2u)

L“(f@f,l+a+s+z)Lf—1(f®f,1+ﬁ+u+z) ds du

X

LAf@ fi14+B8+s+2)Lf@ fil+a+u+2) Acp(8,1,2) 7 sitl J‘Hdt
agiilag ;7!
BO)L(f @ f,1+a + ) ZZlﬁgwfij 0
where
Ky, - <1>2/ /M;Jru ] L52+(5—1)2(f®f,i+s+u)
271 ©) J (8 LA 1)(f®f71+25)Le(e 1)(f®f,1+2u)
L‘H(f®f,1+a+s)L@*1(f®f,1+ﬁ+u)A wols0,0) ds du

Le(f@f71+6+8)LZ(f®f71+a+u) Z+1u]+1
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Before we compute Ky, we need to sort out the situation with A, g. One can see that

3 pre(h) g e(ha) Ny~ (RDXT T (ko) Ap (m) A f(n)

Apo(s,s,s) = -
hokin=h1kom (hlh@kl"1‘277171)1/%r
=5 (X e n ) (X A s ()
j=1 haokin=j hi1kam=j

00 2
Z - 28( Mﬁe*)\”}e—l*)\f)(j)) :

It now follows by the definition of Ay and pf, see and (| - that
Ao,o(s,s,s) =1,

for all values of s. We next use the Rankin-Selberg convolution L-function given by (1.4]) and
reverse the order of summation

-1 24 (0-1)2

() M (21 + 5 + )}
Kz,gzz m 2i Lff1 1 1 9g) [L(e-1) 1+9
n<M, d f®f + 2s) (f® f,1+2u)
. M, s+uLe—1(f®f,1+a+s)Lf—1(f®f,1+ﬁ+u)A (5.u,0)-% ds du
m L(fafi+B+a)l(f®filtatu) St i+l
To simplify the calculations that will follow shortly, we will set the integrand to be
2 12
ree(a, By, 7, 8,u) = (Me/m)ﬁ_u {C(N)(Q(l +3+“))}Z e
0\C0 052, ], S, o gitlqy i+l [ e(e-1) (f ® f} 14+ 28)[/(5—1) (f ® f, 1+ 2@6)
L1 1 Lt 1
(fofil+a+s) (f®f, +f6+u)Aa75(s,u,O).

LAfef,1+B+s)L(f @ f1+a+u)

We are going to follow a reasoning analogous to [7] and [22] by using the zero-free region of
L(f ® f,s), see [20, Theorem 5.10]. More precisely, by taking (|1.7) into account, we consider the
contour v = y; U2 U3 given by

n ={ir:|r| =Y},

vo={o0£iY : —c/logY <o <0},

v3 ={—c/logY +ir:|7| <Y},
with ¢ > 0 and Y > 1 large, where ¢ is chosen so that there are no zeros between the curve v and

Re = 4. Since L(f ® f, s) does not vanish, we replace the double integrals of Re(u) = Re(v) = ¢ by
the contour of integration v so that by the Cauchy residue theorem we have

(2m> / / ree(a B, j, s, u)dsdu

= Res ree(o, B,1, J, 5, u)du + < ) / / Tu(a By, 7,8, u)dsdu
5= 27” Re(u)=6 2mi s€y JRe(u)=

1
= Res Tf@( y 851,75 8, u) +R687 TKZ(aaB7i7j7svu)du
s=u=0 " =0 21 ey

1 12
(4.10) + Res — ree(a, 8,14, 4,8, u)ds + (> / / ree(a, By, J, s, u)dsdu.
u=0 271 sEy 211 sey Juey
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The first estimation will be that of Resszg%m fse7 ree(e, B,1, J,5,u)ds. To estimate this, we will
first write the residue as a contour integral over a small circle of radius 1/L centered at 0, i.e.

2 url—1
Resi, ool By, j, s, u)du = L / (Mg/m)"L*=(f® f, 1+ +u)
5=0 271 Jyey 2mi ) Juey LAED(f @ f,1 4 20)LA(f @ f,1+ a +u)
M S 2 _1)2
X% <€>meu+»um#“ﬁ”&m@wm
D(0,L—1) \ ™M
LY fef,l+a+s) ds du

X - —.
Lé(ﬂ—l)(f ® f,1+ QS)LZ(f Qf,1+p+ S) gtt1l i+l
We also have the bound [4] 20]

(4.11) < log|7].

1
L(f® f,0+ i)
Next we use the fact that
(ML + 5+ 1) Aa (s, 1,0) < 1

in this contour of integration, as well as the bound

1 L1 1 : ¢ :
LI (fef, é+ a+s) < (2s)lEN=i=1 B+ 53_1 < [t
sSH LD (F fL14+28)LAf® f,L1+ B+ s) (a+ s)
since s < 1/L. Using the fact that the arclength of the curve is < 1/L, we obtain
1 .
];{:68277” e Tg7g(0é,5,’b,],8,u)du
< L1401 / (Mo/m)* ML (F @ £,1+ B+ w) du
uey LTV(f @ f14 20)LA(f @ f, 1+ a +u) [ul+!
i logT)w_l)M e -~ 0 do
< L’L 1—-2(¢ 1) / ( ‘ dT + L’L 1-£(¢4-1) logY £(e 1)+f/ : ‘
oy P S S
) M —c/logY dr
[i—1=4e-1) e log Y £(£—1)+£/ ‘
* m (log ) irj<y |7 —ic/log Yt

' —c/logY ]
< szlfé(ffl) (log Y)€(£*1)+£ (}}] + (M> (log Y)J) .
m

Consequently, we get

1

es —
s=0 271

. 1 M, —c/logY
ree(a, By, J, 8, u)du < LD (jpg y)HE-D+E <YJ + (logY)’ (m) >

uey
For reasons of symmetry, i.e. r(«, 8,1, J,s,u) = r(B, «, j,i,u, s), we also get
—c/logY
1 - —1-£(¢-1) -1y L (Mo~
Ezeg % ser TZ,@(O[) Bv ,7,5, u)du < LJ (]'Og Y) W + (log Y)Z E .

Keeping this bound in mind, we can bound the double integrals over v as

1 2
<> / / T‘gj(a,ﬁ,i,j,s,u)deU
2mi sey Juey

< / (My/m)* LN (f @ fi1+a+s)  ds
sery LEED(F @ f1428)LE(f @ f,1+ B+ s) | 5]
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y / (My/m)" LN f @ f, 1+ B +u) du
wey LAV @ f,1 4 20)LA(f @ f,1 + a +u) [up+!

1 M —c/logY 1 M —c/logY
2(5(( 1)+€) ¢ - 1 Y l
< (105 ) (geroery(3) ) (55 + oy (5) )

1 M —c/logY
< (10g Y)Q(E(Z_l)—i_z) <Y,Z+] + (lOg Y)ZJFJ <7TL€) > .

Let us now set
#24(0—1)3 —¢/logY
(A\3(n)) 1 M, o8
= g — log V)4 — .

n<M,

Using (3.10) and Lemma we can bound (¢, q) by
1 —cC/ 10 c/ lo _
Q,q) < W(log M€)£2+(€*1)2 + M, /1 gY(log Y)qM/l gy(log Mz)€2+(£ 1)2
loe T 024(0-1)2
(4.12) « ot )Yq + (log Y)4(log T)** +(¢= 17,

since logT" = log M;. Choosing Y = logT', we obtain (¢, q) <, (log T)ZQJF(Z_DQ“. When we sum
over m, we see that

*24(0—1)2
(AF(m)) -
Keg= > ! - Res reea, 8,4, 5,5, u)
<, s=u=

+ O(Li—l—é(f—l)ﬂ(e, j)(log Y)f(ﬁ—l)—i-ﬂ + Lj—l—é(ﬁ—l)Q(& i)(log Y)E(K—l)—i-ﬂ
+ Q6,1+ j)(log V)2 D+0)

)\2( )>*Z +(£-1)2
— Z BGEOTE,K(Q767i7j7Sau)

m<Me
+ O((log T)€2+(€—1)2+e(Li—l—ﬁ(f—l) + Lj—l—E(Z—l) + 1))’
Recall that we have i,j > ¢> — £ + 1. Therefore,

()\Q(m))*fz+(€71)2 o
KZ,@ = Z ! m 55‘5207,5,@(&757%‘7787”) +O(10ng+jil+€)’

m<Mp

Let us now move on to the main term. We first notice that
2 _1)2

(™A +s+u)}y TV Ap(s,u0) LIRS+ at LN @ f 1+ B+ u)

LD (f@ f,1+28) LD (f@ f,142u) LAf® f,14+ 84 s)LAf @ f,14+a+u)

24 (6-1)2 _ _

M@ T 2 V0 Y (@t w8+ s)
(Ress—1 L(f @ f,9)) FEDHE (at9) T (B + )
since Ag(0,0,0) = 1. We now get the product of two neatly separated integrals

O(l/L%(Z—l)-i-?:)7

(N) (9 £ (0-1)? 1
20(6—1) ¢M(2)
SRue_s ree(en B4, 5, 8,u) =2 (ResszlL(f@)f, s)> Ress—1 L(f ® f, )

L M\°* (B+s)"  ds
271 D(O,Lil) m (Oé"‘S)z_l Si—l—l—é(f—l)
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L L M\ (o + u)’ du
2711 D(O,L-1) m (B + U)671 uj+17£(€71) :

Let us remark that the second integral is the same as the first integral except that ¢ has to be
replaced by j and « has to be replaced by 3. Consequently, it is enough to compute any of these
two integrals. The first integral is computed below.

Lemma 4.2. One has that
RS M\ (B+9) s 1 L A M
2mi Jpo,L-1) \ m (a + S)Z_l gitl=e(e=1) (0 —2)! (i —£(¢ — 1)) da* & m
1 —ou
5 / u€—2(1 B u)ifé(éfl)ex(ﬁ—au) (M> du
0

m

M, ) O—14i—0(0—1)

)

=0

fori> L0 —1)+1.

Proof. The first observation is that

¢
(B+s) = ie(ﬁ+s)x
dz*

=0
for all integer values of ¢. Next, set

1 M \* (B +s) ds
T = —_— — B
1(0(,/8,5) 27TZ f;((]’[/—l) < m ) (Oé + S)K—l S’L+1—e(£—1)
so that
d* 1 M\ * 1 ds
(B8 = e @le=o - where: Yualw) = 573 7&”—1) < m> (at5) TS HIHED!

Now taking a power series of the exponential inside Y11 yields
1 M 1 r—i—1+£0({—1)
Tll(l') = Z *' <.f[] + log Z) - % Sie_lds
>0 m ) 2w Jpo,.L-1) (o +s)

The poles of the integrand are s = —« and when r —i — 1+ ¢(£—1) < —1, thus the easiest approach
is the one put forward in [7], namely that of computing the residue at infinity. By making the
change of variables s — 1/s we get

1 MAT 1 i—r—024+20—2
=0 7 m ™ D(0,L—1) (1 —+ as)

We take a power series of (1 + as)!~¢ by the use of the binomial theorem with fractional powers

I)H g =3 (1 st

(1+as >0

Here

1-/ _(1—6)(1—E—l)(1—£—2)---(1—€—k‘—|—1)
k k!
When we insert this into Y11 we have

1 Mg\" 1-0\ 1 ki1 —2420—2
T = - log — — e ds.
11() Z rl <x+ 0g m > Z ( k )a 27 ﬁ)(O,Ll) 5 5

r>0 k>0
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This integral picks out r = k + i — 2 +2¢ — 1, thus

2

/A 1—¢ ok M\*

T11(:1:):<:C—i_10gm> kZ k) (k+i—02+20-1)! :c—i—logm ‘
>0

To end this calculation we invoke the confluent hypergeometric function of the first kind ; F}, see
e.g. [I]. This allows us to write

; 2
Tii(z) = <x+1°gm> (i — 2 +20—1)
x 1y <€—1,i+2£—€2,—a <m+logw>)
m
(o 10p Me =401 1 (i + 20 — 2)
- & m G—C+20— D)ITG+l— 2+ DI —1)

! —a(z+log @)u (-2 i+20—02—¢
x [ e m My 4 (1 — u) du
0

)2
Mg i—0<+20—1 1 1 B MZ —au o o
— l auxr 1 _ 7 d
<“ °8 m> (¢+z—e2)!r(e—1)/0 ¢ m) v U

provided ¢ > 1. Moreover, we remark that

1 ! —au, £—2 i+0—02
(4.13) %EF(Z—l)/ e “utH(1 — u) du =1
provided ¢ > —1. Putting these results together we see that
dt M, i—024+20—1 1
T () = — e log —
o B.6) = gze (“ ©8 m) (i+(— ) —2)!

1 —au
M, .
X/ e auT <5> u£—2(1 _ u)H-K—KQdu :
0 m

=0

as it was to be shown. This ends the proof. O

We can now insert this result in the residue at s = u = 0 to obtain

2 _1)\2
Koy 22[@_1)( ¢ (2) >e +(£-1) 1
’ ResszlL(f®f, S) Res; 1L<f®f7 S)
1 1 1

Xr2(e_1)(z‘_g(e D) G — (1))

*02+(0— 1) 1i—l(f— i p(f—
Z 2( )) o % L—14+i—£(£—1) o % £—14+5—4(6—1)
dmedyg & m 4 & m

m<M,

—au—pv
/ / =2, 0~ 2 )i*f(ffl)(l . ,U)jfﬁ(ffl)6x(ﬂ—au)ey(a—ﬁv) <M> dudv

m

z=y=0
+O iti— 2+5)

Let us perform the sums over ¢ and j in the expression for I, ,. For the first sum we have

£—14i—£(¢—1)
M ) (1 o u)i—f(f—l)

Z ar,il L <x+lo -t
— log' M, (i — £(( = 1))! & m
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-1
= (log M)~ <x + log M)
m

z o M, i—£(0—1)
x Zae,iz‘(z‘ -D@E—-2)---(i—L(l—-1)+1) ((1 - u)W)

M\ B (z + log M)
_ —0(e—1) g (£(e-1)) AN TS m
(log M) (w + log = > by <(1 u) log M, )

Similarly, for the second sum we get

(—145—0(¢—1)
M, ) / (1 — )/

a&jj! 1 < 14
/ . + log —
ZlOgJMe G-ee—)\Y "%

J

A 3 (y +1lo %)
_ —6(-1) ¢ (=) (4 _ YT 10875,
(log My) (y + log - ) P, ((1 u) log M, .

Therefore, the expression for I, , , becomes

920(0~1) 55 (N) (9 e(e-1)?
I} oola, B) = 40) ( s )
‘ a1 B  \RewL(f®71.9)
1 dgg 1 1
" {eay_mx/ / u£—2vé—26—aux—ﬁvy
((€ — 2))? dxtdy’ o Jo
w024 (0—1)2 /—1 -1 —au—Bv
oy )" @+ tog )" (y +-log M) b\
m<M,
_ +1log )N e (y +log %t
ple=) (1 _ (wim ple=D) 1 _ N TS m /) pa
X Ly (1—-u) log M, ¢ 1-v) log M, o 9c:y=07
(4.14) +O(TL™1F),
where we have used the Laurent expansion
R S= L )
Lif®gl+a+p) = =1 (f®g$)+0(1)'

a+ S

We shall write the main in a more convenient way as

2%(671){0\(0) C(N)(2) 24(e-1)2
a+ 3 (Ress=1L(f ® f, 8))

ST dx[dye[/o /0 =22 B =eu) vl o)

-1 /-1
Q(m)>*f2+(f*1)2 ( 10g(M4/m)) 10g(Mz/m))

% Z ()‘f + log M, (y + log M, <J\4ﬁ) au—pu
<M, m log%“_l)MglogQMg m

log Me log Mz
(6(e-1)) g T >> <e<el>>< < 8 m >> ]
x P, 1—u)lz+ P 1—wv + dudv
¢ <( )< logM; ) )" A=\ gy —_

+0(T ).

By the Euler-Maclaurin result of Lemma with k = 2+ ({ —1)%, s = —au — fv, x = 2 = My,
F(r) = (x4 r) P (1 = u) (2 + 1)) as well as H(r) = (y+ ) P (1 =) (y + 1)), we

Ié,é,()(a’ ﬁ) =
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obtain

A2 ()T -1 -1
Z (f( ) (w+logMg/n> <y+logMZ/n>

m<M, ml- o=y log M, log M,
(@e=n) (1 _ log Me/n\\ 1) (4 _ log My/n
x P, ((1 w) <x + log M, >> P, ((1 v) <y + og 1,
B <ResS:1L(f ® f, S)>€2+(€—1)2 (log M£)£2+(z—1)2
¢(M(2) (2 4 (0 — 1)? — 1), >

1
% / (1 o r)£2+(£71)271(x + T)f*l(y + T)f*l
0

x P (1 = u)(@ + ) P (1= o)y + )My TP 4 o(LE D),
Consequently, we are left with
2261 5(0) 1 1
(a+ B) log My T2(0 — 1) (¢2 + (¢ — 1) — 1)

Bla—v(y+r))+aly—u(z+r))
M,
dx”dy [/ / /

w2t 2 e2+(£ 1)2 _1(x+r) (y—i—r)

Ié,f(a7 5) -

x P;W—”)(a —w)(@+ )P (1 = v)(y + ) drdudy +O(TL ).
z=y=0

As we discussed earlier, to form the full I, ¢(a, 8) we need to add Ij ,(a, ) and Ij,(«, 3), where
Izz(a,,ﬁ) is formed by taking Iéx(a,ﬂ), then we switch @ and —f, and finally we multiply by
T-2+8)  To accomplish this, we first let

Meﬁ(%v(yﬂ))Jra(y*U(HT)) _ T—2(a+ﬁ)M[a(x*v(yﬂ"))*ﬁ(y*U(:HT))

Ua.B) = i

This implies that
2260y 1 1
log My T2(0—1) (24 (£ —1)* —1)!

d* Lttt =2 0—2 024+(0—1)%2-1 —1 -1
Xdﬂdyﬁ{/o /0 /OU<a,/3>uv<1—r> DT @ ) )

X Pe(w_l))((l —u)(r+ r))PL,(g(e—l))((l —v)(y + r))drdudv +O(TL™17%).

z=y=0

If,f(av /6) =

However, we can also write

— _ —a—p
_ _ 1 T2M$+y v(y+r)—u(z+r)
U(Oz, /B) — ]\446(3j v(y+r))+o(y—u(z+r)) ( ) )

a+p

Finally, the identity

— yma—p 1
o+ ,B 0
combined with the fact that M, = T"¢ yields
1 926(£—1) d2t

C&Z(O‘,ﬁ) = FQ(E _ 1) (KQ + (g _ 1)2 _ 1)! dxgdyg
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([ foorer

TW (z—v(y+r))+a(y—u(z+r))) (T2+1/g(a:+yfv(y+r)7u(x+r)))7t(a+ﬁ)
2
X (1/ +r4+y—v(y+r)—ulr+ 7“)) (z+r) "y + )t
14

x P (1 = wy(z + ) P (1 = o) (y + 7)) dtdrdudve
r=y=0

This proves Lemma [2.I] Theorem [2.3] follows by using

-1 d -1 d
e =Q <2logTda> Q <2logTdB> cee(, )
1 926(£—1) d2t

[2(0—1) (2 + (¢ - 1)* — 1) dz‘dy*

[/ / / / ( (x+y—v(y+r) —u(m+r))>(1 _r)f2+(6—1)271

F Rlzty—v(y+r)—u(e+r)] 2RI+ (z+y—v(y+r) —u(z+r))]

a=pf=—R/L

. Q(f(—wv(yw)m(w”;<x+y—v<y+r> ~ute+n)))

x Q<V2€(—y+u(a:+7’))+t<1+ %(az+y—v(y+r} —u(m—l—r))))

x (4 1)y 4 ) L2t

Pg(f(f—l))((l _ U)(l’ + T))Pg(é(f—l))((l _ U)(y + r))dtdrdudv}
z=y=0

This ends the computation of the Iy, term.

4.2. The mean value integral Iy, 1(a, 3). We shall follow a similar strategy to that of the case
Ip¢+1, except that now we will have the factor x(1/2 4 it) inside the integral J y below. This
fact will account for the presence of the arithmetic term o, _g(f,!) in the p-adic sum. We start by
plugging in the definitions of v, and 11 into the mean value integral I o1 so that

o)

Tppia (o, B) = / w(t)L(f, 5 + o+ it)L(f, 5 + B — it)hebes1 (o0 + it)dt

— 00

:/OO w(t)x’jf (3 —it)x (3 +it)L(f, 3 +a+it)L(f, 5 + B —it)

— 00

Py [hoks)dt

ppe ()X () puge1(h2) N5t (kz)
Z 1/2—it, 1/2+it Fy[hnk] Z ! 1/2+it 1/];—it
h kl haoka<Mj 1 h kQ
pre(ha) g een (ha) Ny (k)N (ka)

(h1h2/€1k2)1/2

h1k1 <M,

> 2

hik1<Mp haka<Mj 1

Pylh1k1]Pyy1[hakalJ1 y,

where

Jip = /_Oo w(t)<2f:;> Xf(5 +it)L(f, 5 +a+it)L(f, 5 + B —it)dt
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since x f( +it) = xf(3 — it) ! for all values of ¢. At this point we employ the functional equation
of L(f,1 5 + B —it) as well as the Stirling approximation [4, Lemma 2]

—28
s+ =) a+ou,
to write
00 —it -2B
ny= [T () (NE) andrarinn - g o)

Now that we have opposite signs in front of @ and 8 we apply Lemma to get
00 —i -2p
o p(fi1) 7o /°° hokil\ " [t/ N
= —_— t dt Te).

When we plug this back into Iy 1 we see that
pre(ha) g esn () Xy (k)N (k2)oa,—p(f,1) T

Iy (o Z Z Z (h1hokikal) 1/2

haky <My hoka <My, I=1

1 hok1l
X Pg[hlkl]Pg+1[h2k)2]w0 ( 1 h2 kl >
172

where wy(t) := w(@(%)—?ﬁ

4.3. Bounding the off-diagonal terms. Let Cy /i1 denote the contribution to Iy,y; from the
off-diagonal terms, so that

5 pre(ha) g e (h) XY (k)N (ko) oo, —p(f,1)

1/2
ha ks <M, (hlhgk‘lk‘gl)
hoko <My q
I>1
hikaZhokil

T < 1 o hgkll)
& ks
Given that My = T% and M,y = T"+1, we have to estimate the above term. Since we define
wo(x) = w(x)(%)_w, we have [* wo(z)dz < T. Furthermore, it was shown in [7] that

Crer1(a, B) = e T° Py[hy k] Poga [hoks)

(4.15) < = 1 > < L
. wo | — logx —_—
o\2r 8 & (14 Llogz)B
for any B > 0. Let us split Cy 41 into
(4.16) Crey1 = Cé,eﬂ + CZ@H with CIIZ,€+1 = Z and Cy L+l = Z :
1<I<TS8 1>T8

For the second term, we get the bound

h )N )N (ko) o (1 00
s < Z Z [pe(h) g (ho) Ny (k) AT (k2)oq, ﬁ()|€_l/Te/ wola) dr

IST8 hiki<M, (hihokikal)'/?
hoko <My
hikaAhokil
(hahol)* (k1k2)*t® ) e
T
<e Z Z (hlhgklkgl)l/Q €

1>T8 hiki1<M,
hoka<Mjy1q
hikaZhokil
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< T( > 1—1/2+€6—l/T6> < 3 (h1k1)9—1/2+s> < 3 (h2k2)9—1/2+5)

1>T8 hi1ki1 <M, hoko<M,
<< TSefTT(9+1/2)(I/g+V[+1)+36 << T72017,

where we have used (4.5). We now come to Cé,é +1- We choose vy and vpyq so that vy +vepq < 1

hokil
and thus we have for 7271 7 1 that

~ hokil
hiko

1 S 1
~ hike T MMy

(4.17) ‘1 >

Therefore

w < 1 og h2k1l> < T T
0 B =
27 hike (1+ Flog(528))B (14 Tlog(1+ (Bt —1)))B

<B

< T17¢B,
(1 + %T—l-‘re)B

Using this as well as the bounds from (4.5) yields

g (hy) g e (o) N5 (R )N (R2) oo, (D] e
Clop < Z Z ! ! e T

o (L g2
0\ 27 "8 ks

1<I<T® hiki <M, (hihokikal)'/?
o h2k2§M2+1
hika2hokil
<, T8 Z Z (h1h21)€(k1k23/0:5 U
I<T8 hiki<M, (hihokikal)
T hoka<My,
hika£hokil
< Tl—eB( Z le—1/2e—l/T6> ( Z (hlk1)0—1/2+6> ( Z (h2k2)0—1/2+5>
I<T8 h1k1<M, hoko <M,

< TQ—EBT(9+1/2)(Vg+Vg+1)+3€ < T—2017

by choosing B large enough and using 15-1/2¢=UT® < 1. This shows that for vy + vp41 < 1 the
off-diagonal terms get absorbed in the error term and do not contribute to our final results. Note
that the condition vy + vy < 1 is needed only for bound of wy.

4.4. The diagonal terms hiky = hokil and their reduction to a contour integral. By
employing the Mellin identities

deg Pg

Qg i apgi! 1 / ( My >s ds
pthE%’lthkz — T i+17
k] i=0 loglMg( g Me/Huka) Zz:loglMé 2mi Jy \hakr) st
and
deg Pyi1

B g4, i agr1g! 1 / Mo\ du
P, = —(log M, = _— :
141 haks)] jgo lOf_y)JM”l( og Myt1/hoks) EJ: log/ Mysy 27t Joy \uaks ) w1

as well as the Cahen-Mellin integral

e Y= 1

= — [(z)y *dz, ¢>0, Re(y) >0,
211 (c)
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we arrive at

. . 3
agiilapi ;7! ( 1 ) / / / 32 —
I =Wy E E Al = —_ T*T(2YM; M

_ Nf!(hl)ﬂf,ul(hQ)/\}Z_l(kl))\}é(kf?)ga,fﬁ(fa D ds du
1/2+541/24u; 1/2+5; 1/2+u P i+1 4,5+1
hokil=hakz T T Ty A VS st

+O(T'7).

We must now evaluate the arithmetic sum », , ;_; ., and turn into a ratio of L-functions.

Lemma 4.3. Let Y, g be the set of vectors u, s,z € C3 satisfying

Re(s) > —1/4,

Re(u) > —1/4,
Re(z) + Re(u) > —1/2 — Re(a),
Re(z) + Re(u) > —1/2 4+ Re(B),
Re(s) + Re(z) > —1/2 — Re(a),
Re(s) + Re(z) > —1/2 4+ Re(B).

Then one has

3 ppe(ha) g (h)XF ™ (k)N (ko) oa,—g(f,1)
h}/2+sh;/2+uk’%/2+sk‘%/2+ul1/2+Z

hokil=h1ko

B L(fofl+s+u)ll(fofiltatut2)l(fef,l—F+u+tz)

S LEN(fe fl+ 2L (f o fl 4 2u)L(f @ fltats+2)L(f@f,1-B+s+2)
X Bq (s, u, 2),

where By g(s,u,2) is given by an absolutely convergent Euler product on Y, g.

Proof. Let us set

3 pr o) g e (ha) N (k)N (k2) o, (1)

Spo41 = pL/2Hs /2 /24 1 24w o
1 2 1 2

hokil=h1k2
The definition of oq,—g(f,1) = s Ar(@)Af(b)a=b? allows us to write

pre(ha) g e () XE ™ (k) AT (k2)Ap (@) A5 (D)
Seer1 = Z

1/2+S 1/2+u 1/2+s 1/2+u 1/2 1/9— .
hokiab=h1kso h’l h’2 kl k2 a / +Oé+2’b / BJ"Z

We now translate this into an Euler product over primes so that

10 pre(P) g et (P2)NF T (P )NE () A (p) Ar ()
0 )1/2+s(p@2)1/2+u (p€3)1/2+s (pe4)1/2+U(pf5)1/2+a+Z (p£6)1/2*5+z )

S 41 =

P lot+Ll3+Lls+lg=~L14+L4 (p

where we have used the substitutions h; = p®, ho = p®, k1 = p3,ky = p™ and a = p’,b = p's.

Note that we can consider only first order terms in p since they are enough to determine the
expression in the lemma. Using the facts that pf,(p) = —¢A¢(p) and /\;‘/(p) = ()A¢(p) we have

St =] <1 LD PP =D M) () () (DA ()

. p1+s+u p1+2s p1+a+s+z pl—ﬁ+s+z p1+2u

+ (‘6 — 1)6 Af(p)Q f)\f(p)2 g)‘f(p)Q 1) 72+5(s,u,z,oz,,8))
p1+s+u p1+a+u+z pl—ﬁ—‘ru-i—z (p
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B LPP(fofl+s+u)l{(fof,1+a+ut)L(f@f,1—B+utz)
S LEN(f@ [l 2s) LN (f @ [+ 20) LA(f @ f1+ ot s+ 2)LA(f © f,1 = B+ 5+ 2)
X Bq (s, u, 2),

where (s, u, z, o, 3) € Ty g and

p,L,E
Baﬁ(su'z H<1+Z r—i—Ylgsuzoz,B))

rlp

with |by0(p)| < €% and Y, 4(u, s, z,a, B) are linear forms in s,u,z, @, 3 and the sum over r,l is
absolutely convergent in T, 5. O

This means that we are left with
. . 3
agiilagy jj! 1 3
Ig7g+1( —wo . . — T ZF(Z)MSMU
Z Z lOg’MglOg]Mz_H 271 m Jay Jay £ 0+1

LD (f@ f14+20) LA (f @ fl+a+s+2)(f@f,1—B+s+2)

LAfofl+tat+ut2)(fOf,l—B+u+2)
LD (f @ f, 1+ 2u)

x L*(f@ f1+s+ uw)Bog(s,u, z)dz

ds du

1—
SZ?W + O(T 5).

The next step is to move the s- and wu- contours of integration to Re(s) = Re(u) = 4, and then
move the z-contour to —2§/3, where § > 0 is some fixed constant such that the arithmetical factor
converges absolutely. This has the effect of crossing a simple pole at z = 0. Also, on the new
paths the integral can be bounded in a straightforward way by using absolute values. Thus, the
contribution to Iy ¢4 is

D ol i G Y Y R S
—00 i ; loglMZIOngé—l-l 2mi Re(s)=6 JRe(u)=8 JRe(z)=—25/3 e

L%Q(f@f,l+s+u)Lf(f®f,1+a+u+z)Lf(f®f,1—ﬁ+u+z)
* e D(f@f,14+28) LD (f@ fL14+20)L(f @ f,l+a+s+2)L(f® f,1—B+s+2)

d du o0 MM
X Baﬁ(s, u, Z)d Z—fl Wt —dt K / ”w(t)|dt(€tr2£+1) < f]ﬂl*&7
00

since vy + vp4+1 < 2. This implies that

agiilapi ;! < ) / / 3
I, —w = — ReST ZP MSMu
e+1(c, 0(0 E E log Mlogi Myy \27i) )5y oo e My

LW“Nf®L1+%uUU®fJ+a+s+@(f®ﬁ1—ﬁ+s+d

Lfefilta+ru+2)(f@fl1-B+utz)
LA (f @ f,1 4 2u)

X L2°(f ® f,14 5+ u)Bag(s,u,2)——

ds du
H—l

_ agiilapiy ;7! . 1-e
= 0 - = K o, B,1,5) +O(T ,
) Z Z log Mylog/ Myr, ver1(, By, 5) + O( )

O(Tlfs)
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where

s 1 ? s ru
Kf,fﬁ-l(a’ 67 Zv]) = <> /(5) /(6) ME M€+1L2£2 (f & f7 1+s+ U)BOQ,B(S? u, O)

21
1

LD (f@ 14+ 20)Lf @ f,1+a+s) (f@f,1-B+s)

LUefltotw)(fofl1-f+u) ds du
Le(€+1)(f ® f, 1+ 2u) gl g1

Before we proceed we note that

3 pr o) g e (ha) N (kDA (k2) o, —(f, 1)

B, (s, s,5) = -
haklmh ks (hyhakikol) /2
-y pre(ha)pngesn () X3 (k)N (k2)oa,—g(f,1)
- 1+2s
hakI—h ko (h1ks)
pre(ha) N (ko) v
- Z < Z (h k )1];23 Z aOZ,*ﬁ(f? l)/j/f,eJrl(hQ))\fg 1(k1) = 1,
hiko=j hokil=j

because the first bracket is 0 if j # 1 and 1 if j = 1 and since
Z oa,-p(f, Z)Mf,é+1(h2))\}g_l(k1) =
hokil=j

when j = 1 by the definition of o, _g(f,1). This means that B, g(s,s,s) = 1 for all values of s.
Let us recall that the Rankin-Selberg convolution L-function is given

L(f ©9.5) = L{x.26) 3 Al

n=1

I

from which we obtain (since vy < 1y) that

Keera(o, B ) = 3 (/\2(n*% <2m> / / (MR +s+u))"

n<Mgy1

Lf(4+1>(f®f,1+2u)Lf(f®f,1+a+s) (f@f,1—B8+s)
LAfofl+a+uw)(f@f,1—B+u)
Lf(4+1)(f®f,1+2u)

My \*® ([ Mgy ds du
(Y (e e 2
The double integral Ky ¢41 can be computed by similar methods to those employed in the calculation
of K;¢. We define the integrand to be

{21+ s+ u))}%2
LA (f@ 1420 (f@ f,1+a+9)(fof,1—B+s)

L(fefltatw) (fofil—B8+u) (M (Mg \" 1 1
L€(€+1)(f®f,1—|—2u) n n gl i+l

T€,€+1(a7 ﬁv /ivjv S, U) =

B, s(s,u,0).
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Let us follow the strategy of Iy, and that of Lemma 5.7 of [7] by using the zero-free region
L(f® f,s), see [20]. Since L(f ® f,s) does not vanish, we replace the double integrals of Re(u)
Re(v) = 60 by the contour of integration v on page We get by the Cauchy residue theorem

2
<21> / / TZ,€+1<a757i7j737u)deu
m (6) J(8)

1 1)?
= Res — Tﬂ,f+1(avﬁai7j757u)du+ <> / / TZ,E-FI(O[?Bvi)j)SaU)deu
s=0 271 Re(u)=§ 271 s€vy JRe(u)=4

. 1 .
= Res T&Z—l—l(aaﬁ’lvjvsvu) +RGS./ TK,Z—Fl(aaB)Z?j?Svu)du
s=u=0 s=0 271 uEy

+R

1 2
€S — Tf,€+1<a767i7j757u)d8+ (> / / r€,€+l(a757i7j787u)d8du'
u=0 271 sEv 2mi sevy Juey

Again, the first estimation will be that of Res;—o5= fse7

the residue as a contour integral over a small circle of radius 1/L centered at 0, i.e.

1 .
Res N r@,@+1(a757’57]787u)du
s=0 271 uey

_ <1>2/ <Mz+1)“Lf<f®f,1+a+u>L4<f®f,1—ﬁ+u>
uey

271 n LX) (f @ f,1 4 2u)
X 7{ M\*® {¢™M(2(1 +5+ u))}%QBa,ﬂ(Sa u,0) ds du
pory\ 1) LAV f142)L(f @ f,1+a+s)L(f @ f,1—+s) s ultl’

Next we use the fact that (V) (2(1 4 s + u)) B, g(s,u,0) < 1 in this contour of integration and
1

0(e—1) 0 ¢
LD (o fl s 2L @ flrat 9Ll e il prs) © 2 latsl(=0+s)

< LU,
since s < 1/L, to write

1
Res — TK,E-&-l(avﬁaiaja&u)du

s=0 271 uey
< Li-UEHD) / Me \® W Lf @ f1+a+u)LA(f & f,1— B+ u)
wey \ 7 LA (f @ f,1 4 2u)

The novelty is that in addition to the bound (4.11)), we shall also use |20, Chapter 5]
(4.18) L(f® f,o +ir) <ne [7[M@F)) o/ = max{i(1 - 0),0},
for all € > 0 and where N is the level of the L-function. This enables us to obtain

/ M\ L(f @ fl+a+uwli(f@ f,1-B+u)| du
wey \ N LAY (f @ f, 1+ 2u) Juld+1

log"“Y]7| oe 0 do
< 8 a4 (log Y (+1)/ |
/|T>Y ’T|J+1—5 T ( 0og ) —e/log Y ’0. + Z’Y’j+1—4CZ/IOgY—€

—c/logY
+ (]wf;_l> (log Y)E(K‘H)

du
’u‘j-‘rl :

dr
X —I—/ > ; -
</c/logY§T|§Y 0<|r|<c/logy / |T —ic/log Y |[i+1—det/log ¥ —e

ree41(e, 8,1, 4, 5,u)ds. We start by writing
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£(4+1) —c/logY
& log¥) 777 ?j + (log V)i HU(E+1)+e (Mf;l > .

This means that

1 ‘ 1 My —c/logY
Res — roes1(e, 8,1, 4,8, u)du < LZ_W‘H)(log Y)WH)‘F‘E — + (logY)’ + )
s=0 271 €y ’ Y n
By using a similar technique, one gets
1 —(0—1) 2(04+1)+ 1 [ Me “e/losY
. . — — 7
Res omi Joos reev1(a, B,4, 4,8, u)ds < L7 (log V)" te+ e <Yi + (logY") <n> )

Now we bound the double integral over s € v and u € 7, i.e.

1 2
<2) / / ré,é-ﬁ-l(a)Bvi’j’s’u)d‘Sdu
™ sey Juey
1 ds

Re(s)
¢
< /s@ <n> LD (F@ f,1425)LAf @ f, 14+ a+s)LAf @ f,1— B+ s) sitl

x / My \"“MIL(f@ fl+a+w)I'(f® f,1—B+u) du
uey \ M LAY (f @ f,1 4 2u) (Che

—c/ 1
< <10g€(€f1)y + (log Y)j+€(€+1)<Me+1) /Ogy>

Y n

£(0+1 —c/logY
y <log (yz Y + (log V) D) (Mé> ¢ )
n

1 M —c/logY
20(6+1) i+j ¢
< (logY) (Y”j + (logY) ( - ) ),
since max(My, My1) = My. Let us recall that

o= 5 O (L () )

n<Mpyyq

We use Lemma regarding the convolution )\? (n)**, to write

)= Y W(;]Hlogy)q(]\f)cmogy)

n<Myq
1 ()\2 (n))*2€2 ()\2 (n))*2£2 M, —c/logY
n<Mgiq n<Mpy
log™ (My1)

2
v T (logY)?(log My1)*".

The choice of Y has to be such that Y = o(T), specifically we take Y = logT = L. Thus we get
Q(q) < L***¢. Using that i > ((+1)2— ((+ 1)+ 1 and j > 2 — / + 1 and putting all pieces
together, we obtain

*202
- (A3 (n) -
KK,Z-{-l(aaﬁa’La]) - Z T85520T€,€+1(aaﬁ’27]783u)

n<Mjgq1

+ 0L log Y + LI~ DQ(i) log Y + Q(i + j)log?Y)
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= 2

n<Mgq1

35
A2(n %202 N
(f(n)) Eefo oo, Byd, 4, s,u) + O(L7I7h),

In order to get the main term of the lemma we need to compute the residue at s = u = 0 of 7/ ¢41.

This is accomplished by expressing the residue as two contour integrals over small circles of radii
1/L centered at 0. In other words,

1 2 M, s M, u
Res TZ,(+1(OZ,B,i,j,S,U) = <> f f (K) <€+1>
s=u=0 211 D(0,L-1) JD(0,L-1) n n

{C(N)(2(1+S+u))}2£2
LD (f @ fl+20)LAf @ f,1+a+9) (f@ f,1—B+5)
Lé(f®f71+a+u)z(f®f,1—ﬁ—i—u) ds du
X LD (f o f,1 + 2u) Ba,ﬁ(s,u,O)FW.

Now we must separate the complex variables s and u to decouple these two integrals. To do this,
we recall that s < u < 1/L and hence

<(N)(2(1 + s+ U))2 — C(N)<2)2 + O(l/L)7
Ba,g(s,u,0) = Boo(0,0,0) + O(1/L),
1 a—+s
L@ fitats)  ResmL(f o f,s) T OWL):

Resy—1L(f ® f,
L(f® fil+atu) = U]
a+u
and we recall that we had shown that By (0,0,0) = 1. Thus

(1+0(1/L)),

@ + 5+ W)Y LA @ f,1+a+uw)L{f @ £,1 — B+ u)Ba (s, 1,0)
LAED(f @ f,14+28) LD (f @ f,14+20)LA(f @ f,1+a+s)LAf @ f,1— B +3)
M@ (@) (B )
(Resem1 L(f @ £,9))* (a+uw)' (=B +u)

Indeed, we now get the product of two cleanly separated integrals

(23)6@—1) (QU)E(K—H) + O(L_Qﬁ_l).

- M 2))*
R b Y b Y = 2
Besgreenilen i ds ) = e fa)®

24(t=1) M, s ¢ ¢ ds
X < o f;(o?[ll) (n) (Oé—f—S) (_6+5) Si+1£(£1)>

» 2€(£+1)f Mg+1 u 1 du
2ri Jpor-y\ m ) (a+u) (=B +u)f WU

+ O(L"7h,

We shall compute these integrals by the use of Cauchy’s integral theorem. We will proceed in more
generality than strictly needed. First, we have

1 Mo\ °® d dr+a ar—PBy M *d
5 < g) (a+s)"(=p+s) ks1 = <6 7{ (ﬁezﬂ/) i )
2mi Jpo,L-1 \ n skt dxPdyd D(0,L-1)

2mi n sk+1

r=y=0
1 dp+q

Mo F
- — az—PBy el
k! dxpdyt <e (x Ty +log n > >

z=y=0
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Our case of interest naturally follows by taking p = ¢ = /¢ and k = i — £({ — 1). For the u-integral
we proceed in a slightly different way. We will use the equality

1 1 (—1)"7! g e
(4.19) / r* T ogTrdr = i 1P (u,a,logq),
1/q (a4 u)" (a4 u)"
which is valid for all complex numbers «, u, positive ¢ and 7 =0,1,2,---. Here P is a polynomial
in log ¢ of degree 7 — 1. We temporarily set ¢ = Myy1/n so that
1 u 1 du
21 Jpo,i-1y (@t w)™ (=B + w)" ukFl
G

1 1 du
- 7 - w_ - a+u—11 m—1 d E
(m — 1)! 27 72(0@1)(1 (—B+u)" /l/q’” og"rdr iy + Ela),

where E(q) is the term arising from the second part of (4.19), i.e.
(=)™t _alf P(u,a,logq) du
m—1" 27 f (a+w)™ (=B +u)" uFt

It can be seen, by taking the contour to be arbitrarily large, that this term vanishes. Reversing the
order of integration in the main term yields

1 1 du

- U

271 D(O,L*I)q (Oé + U)m(—ﬁ + U)n Uk+1

(" ' /1 —1 1 % u 1 du
= T og™  r — d
(m — 1)' 1/q " o8 T27Ti D(O,L_l) (qr> (_B + U)n Uk+1 "

Applying again (4.19) but with the lower boundary of integration at 1/(qr) and seeing that the
second term of (4.19) will also vanish by the same reason as the previous second term (4.20)), we

then obtain
(m - 1)‘ 1/qr 21 D(0, Lfl) (q'l") (_5 + u)m uj_k“‘l og rar
m+n
1/q J1/qr

—1)ymtn M-
— ( ) / / ro‘_lt_ﬂ_llogm_lrlog"_lt<10g7“t2> dtdr.
Km = D1 = D1 g Jujar n

b

(4.20) E(q) = -

The last step is to make the change of variables r = ¢~ and ¢ = ¢~” so that the above becomes

1 k+n+m —aa+bl
// (1—a—b)" < ) a™ 1" Y dadb.
kl(m (n—1)! a+b<1

a,b>0

Our case of interest in this setting follows by taking m =n = ¢ and k = j — (£ + 1). The end
result of this reasoning is that

{cM @)y
(Ress—1 L(f ® f,5))%*

ol(e—1) J2¢ 5 M\ D
az—Py e
G aE—1) datdy’ < (“y“"g n) )

2Z(Z+1)logjf£(€+1)+22(MeJrl/n)
(J—L+ 1)

RGS Tf,f+l(a7 57 i?j? S, U) =
s=u=0

z=y=0
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o M, —aa+bs o
o A ) I
a+b6< n

a,b>0

When we go back to Ky 1 with this new information we get

Koo, 8,4, 7,8, u) <2m> / / reer1(a, B,1, 4, s, u)dsdu

B {g(N)(Q)} 2@(@*1) dZE 2£(£+1)10gj7€(”1)+2£(Mg+1/n)

(Ress—1 L(f @ f, 5))2¢ (i = £(€ — 1)) datdy* (= L+1)

2 (V<20 i—0(6—1)
) Gy)) <em—5y <:c +y +log M) )
n<Meyy " 2=y=0
s—tern) (Mo \ 7T i+j—202—1
X //H-bgl(l_a_b) < - ) (ab)" " “dadb+ O(L"™ ).
a,b>0

Recall that in the last expression for Iy 11, we have sums over 7 and over j. The sum over ¢ is

: log —*
Zlog’Mz (i—é(f—l))!<x+y+ %8 )
z+y log(Me/n)> 4D

zaw (i—1) (¢—£(£—1)+1)<logM£ + og 11,

_ 1 (-1 ((z+y | log(Mg/n)
 logt® Vg, log M, logM, )’

whereas the sum over j is

log

Z aerigs! log I Mg /n) e
log? M4y (J— L=

log (Me41/n)

1og<Me+1/n>>”<””
log" DMy

ZQHLJ‘] -1 (G—Ll—-1)+1) <(1 —a—b) log My41

J
log? (Mpy1/n) e(e+1)) log(Myy1/n)
o, e (e o)

Plugging these results into Iy 41 we see that

225 (0) M@y N
( )

1 =
te1(a; B) logé(e_l)MglogE(“_l)Mf-&-l Ress—1 L(f® f, s dztdy*

*202
(A% (n))™ oy (z+y  log(M/n)
az—PBy NIV 002 (€(e-1)) Y gliviy
x e B 3 log? (M /) Y1) (0 OEOR ) |
n<M;+1

pleet+) log(Myy1/n) M4 —aa+bp i1
wiv<r Lerr o ((Lma—b)— o - (ab)*~'dadb + O(T/L).
a,b>0 g My

Making the changes x — z/log My and y — y/log My puts this in the more comfortable form

220 7-28.5(0) M@y \*
logg(e_l)J“%Mglogz(Hl)_%MgH Ress=1 L(f ® f, s) dxtdy*

Ipop1(a, B) =
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)\2 n *2@2 2
Y k%(Muﬁmﬂﬂﬁm<x+y+bngm>uyo

v n logZ My log M
—aa+bg
plee+1)) o log(Myy1/n) Myiq —1
//z+bb><01 0+1 ((1 a—0b) log M1 p (ab)""dadb+ O(T/L).

The sum over n is computed by the use of Lemma [3.5| with k = 202, s = —aa + b3, x = My,
z= My, F(u) = Pg(g(é_l))(x +y+u), Hu) = 2EP( ))((1 —a —b)u). The result is

/+1
5 @%MYw<bmeﬁm>”

l1—aa+b,
n< My n +o8 log Mgy
(€(e—1)) log(Me/n)\ ece+1)) log(My1/n)
P =N 74 —q— b=
x P, (x +y+ log M, Py (1—a—>0) log M1
B <Ress:1L(f ® f, s)>%2 1Og2£2Mg+1
{cM)(2)} (202 — 1)IM, %P
! _ log M,
1 — )21 plee=1)) 1-(1— g Me41
o A e R R s
<P = a = )My du O ).

This means that we are left with

Inoyi(a,B) = 22°T-295(0) (log Myyy \ Y d*
RSP e 1\ log M, dzldy’
log M1
Maa; By 232 1P(£(£ 1) 1—(1— +
/Lbb;ol/ rryE =0,
x (ab) P (1 — a = b)) My D0 dudadb O(T/L).
r=y=0
Setting My = T" and My, = T"*+! we obtain Lemma ie.
2252 Vo1 £(¢+1) a2t
coov1(a, B) = 2~ 1)! < ” > CW[
02— au "~ i B
//+b<1/ — ) T (M M) T (MY M T?)

a,b>0

x L) <x Fy+l—(1- U)WH) PEI(1 = a — b)u)(ab)* " dudadb

Vy r=y=0

Therefore, the main term of Theorem is given by
-1 d -1 d
Co+1 =Q (210gTda> Q <210gTdB> cee1(e, )’a:B:—R/L

e f(e+1)
7 - // / )2 LRI ) e (ab)
(252 - D'\ v d:cedy a+b<1

a,b>0

_ s
y Q( i -|—2auyg+1 ) 0 (1 N YU 2uyg+1)
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x 1) (x by+l—(1— U)WH> U (1 = a — b)u)(ab)' " dudadb
Ve

z=y=0
This ends the computation of Iy ¢ .

4.5. The mean value integral Iy, ;(a,3) for j € N\{1}. We must now examine the case
Ingij(o, B) where j = 2,3,4,---. We will show that Iy ;(a, 8) < TL™'¢ and therefore the mean
value integral contribution of these terms to x is zero. As before, we start by inserting

)
hik{™*

e(s) = Xffl(s + % — 0p) Z

h1k1<M,

Pg[hlkl],

and
g (h2)NF 9 (k) g0 2Ry /20

—
Yeri(s) =X s+ 5 —00) > s Pryjlhoks],
haka<My ; 272
into the mean value integral I, i.e.
Topsyj(a, B) = / w(t)L(f, 5+ a4+ it)L(f, 5 + 8 — it)Yebey (o0 + it)dt
*l—1+7
o)X (k) fuerj(ha) Ny (k2)
Z Z 1/2;.1/2 Pylhiki] 1/2,1/2 Fevjlhaka] Js g,
h1k1 <My thQSMngj hl 1 h2 k?
where
J3.f = / wt)L(f, 4 +a+it)L(f, 3+ 8~ t)(h T > X5 (3 + it)dt

oo —28 —it
:/ w(t)(f) L(f, 3 +a+it)L(f,1 - 8+ t)(i??) XF G+ it)dt + O(TF),

by the use of the functional equation of L(f, s).' We remark that so far this is the same procedure
as in the Iy o1 case except for the presence of ngl in the integrand, and in this case j is an integer
strictly greater than one. Inserting the duplication formula for the I' function we obtain

Nz (zn)s T (1—s+51)
N=2(2m)=T (s + £51)
One can show using Stirling’s approximation formula that

(xs(3 +it)) 1 =1 (1 + i: bt ™™ + O(t‘j_l)) with  F(t) = (\/Nt)_w,
=1

2me

xf(s) =

where b,, are complex numbers depending only on j and k, where k was the weight of the cusp form,
see §1.1. Let us handle the error term first. We have E(t) := (%)*2“(3‘*1)0@*7’*1) =0(t?). By
power moment estimates (see e.g. [4, Corollary 2] or [31]) we have

/O; w(t) (“;f) WL(f, 5+ a+it)L(f, 5 — B +it) (ilzz > ﬂ'tE(t)dt

1 2T
< 5 IL(f. 5 +a+it)||L(f, 5 — B +it)|dt
T/4

1 = 1/2 , oT 1/2
§2</ IL(f,§+a+z't)|2dt> (/ IL(f,§—6+z't)|2dt>
T\ J1/a -
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logT
T )
by the Cauchy-Schwarz inequality We next consider the term

00 t k1h —it .
/ " w(t )< f) L(f,A +a+it)L(f, 1 - B+it)| — 2) FI7Y(L +dt)dt.
—00 27 hlkg

We now use Lemma E together with the definition of o, _(f,1) to further rewrite this as

=1

Zo-a -8 f’ 7Z/T6 /Oot n () tf t\/N SR k1h2l 7itdt
N 11/2 or 2me hiks '

— 00

1
< ﬁ(TlogT)1/2(T10gT)1/2 =

The key observatlon comes from noticing that for all 1 < hy, k1 < My and 1 < hg, ky < My as
well as for any [ > 1, one has

2(j-1) - .
<t\/N> I7 Y k1 hol N T2(-1) 1 T2(-1) -

hiky = 220-D) (2me)20-DM,Myy;  (4me)20-DTvetver; =

(4.21)

2me

provided that
(4.22) Vp+ Vo5 < 2(] - 1) —E.

From the conditions of the test function w we have w()(t) < (L/T)". Using this, it is straight
forward to show that we have for each r > 1 and n >0

a (., tVN\ %
Hence, picking up from (4.21)) and 4.23 and using integration by parts, we arrive at
2(j-1) it
o tv N tv N k1 hol 1
(424) / t"w ( ) =2 dt Lreo s
oo om 2me hiko R

for any fixed integer r and uniformly in /. Thus, using (4.24]) we can further bound J3 ; as

1 o= 0g LD 76 _ _
J37f Lreo Tr § a’lf/g)e YT + Osyf(T 1+6) <Le e T e,
=1

The last step is to plug this back into Iy ¢4 ;(a, 3) to see that

’ ] ) E,€0 2
h1k1§M[ ]l2k2<Mg+j (h]_h‘zk]_k;Q) /

—1+2 0—-1/2
Lpeeo T g g (hihokyke)?~1/2Fe
hik1<Mj hoka<M,, ;

| Pplh1k1] Py jhoka]|

by the use of (4.5). Recognizing that the sums can be consolidated by employing the divisor
function we obtain

Inorj(o, B) Kpego T2 > r(n)nf12 N (m)mP-1/2te
n<M, m< My ;

(4.25) <teeo T_1+4€M£0+1/2+€Me94;1/2+6 — - 146et(vetrey ;) (0+1/2)

By our assumptions on vy and vy j, we can choose € so small that Iy, ;(a, ) < T/L. This ends
the proof of Lemma [2.3] and Theorem [2.5
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5. NUMERICAL EVIDENCE AND SITUATION OF SIMPLE ZEROS

In this section we supply the numerical procedure to obtain Theorem and explain the situa-
tion regarding the simple zeros and the v1, 9 — 1 conjecture of Farmer.

As shown in [4, p. 230] and [15, p. 216],

1 T
/ V(oo + it)|?dt
T Jy

produces the constants c; 1,¢1 2 and ¢z 2 with 2R and v1/2,15/2. We use Mathematica to numeri-
cally evaluate ¢11(Pz, Q,2R,v1/2) and ¢12(Pr, @, 2R, v1/2,v5/2) with the following parameters:

0=0, sothat 11 =1y = as well as R = 2.82505,

ot
as well as polynomials
Q(x) = 498939 + 1.53685(1 — 2z) — 2.7925(1 — 2x)> + 2.77524(1 — 2x)% — 1.01853(1 — 2z)",
Pi(z) = 9217562 4 .150879x% — 37191223 + 48886221 — .1895852°,
Py(x) = —.000053702923 + .0000752763z* — .0001425682°.

This leads to ky > .0693872. Note that we have used for this result that the Ramanujan’s hypothesis
is proven for primitive cusp forms (see (|1.5)) and . We therefore could use 8 = 0 in the above
computation. If we work instead with the weaker 0 = 7/64, obtained by Kim and Sarnak, then we
use the following choices of parameters:

0=7" 2

sothat 11 =5 and vy = 2 aswellas R= 3.21,

64> 149>

and for the polynomials we take
Q(x) = 499386 + 1.58992(1 — 2z) — 2.99061(1 — 2z)3 + 3.01825(1 — 2z)° — 1.11694(1 — 2z)",
Py(x) = 93271z + 1477232 — 3557223 + 44420821 — .1689212°,
Py(z) = —.00006655032> — .000164052* + .00007360092°.

This gives Ky > .0297607. We therefore see that the Ramanujan’s hypothesis has a significant
influence to the result obtained by the methods of this paper.

Finally, as described in the introduction, we explain what happens if we are in the context of the
Riemann zeta-function and adapt our results mutatis mutandis with v1,v5 — 1 following Farmer’s
conjecture [I5]. In that case, if we take R = 0.75 and

Q(x) = .521417 + .488276(1 — 2z) — .0155446(1 — 2z)3 4+ .00683032(1 — 2z)° — .0320679(1 — 2z)",
Pi(z) = 7023742 + .00612233x% 4 .2815692° + .2963142* — .2863792°,

Py(z) = 069043923 — 0187972z + 031948527,

then we get k > .60563, where & is the lim inf of No(T')/N(T') as T — oc.

As mentioned earlier, from numerical experiments, one would need a size of about v = 2/5 to get
a proportion of simple critical zeros (recalling that we use /2 in the constants ¢). The following
plots will illustrate this phenomenon. If we take only £ = 1, and for the sake of simplicity P(z) = =
and Q(z) =1 —z (in fact, having Q(x) be a polynomial of degree one is necessary to obtain simple
critical zeros, see [2] and [I§] as well as [7, p. 37] and [19, p. 513]), then

2
c11=1+ / / ( 2Pz +u)Q(v + le)\gCo) dudv
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(5.1) _q_ 34+ 6R —2R3(vy — 3)v1 + 2R*WE + R%(6 + v?) — e2R(3 + R%v?)

' a 12R%1, )
and

1
k>1— Elogcl,l +o(1).
Let us now graph k = K(R, ;) = RHS of (j5.1]) to see the proportion of simple zeros as a function

of R and of vy.

ey
%
X/

'i'
5

0.4

i R
A N N R
r 6 8 10

i
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L

(X
%

)
G
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F1GURE 5.1. Left-hand side: ®K(R,v1) for v = 1/2 (light blue), v; = 1/3 (brown),
v1 = 1/4 (purple), v; = 1/5 (red), v1 = 1/6 (green), v; = 1/8 (orange), v1 = 5/54
(dark blue). Right-hand side: surface plot of K(R,v1) with 1—10 < R < 10 and
5 <0 <1.

100

We note that when vy = %, this was considered in [30] and the optimal value is R ~ 1.3.
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