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We calculate the energetic structure of defect cores and propose controlled methods to imprint
a nontrivially entangled vortex pair that undergoes non-Abelian vortex reconnection in a biaxial
nematic spin-2 condensate. For a singular vortex, we find three superfluid cores in addition to
depletion of the condensate density. These exhibit order parameter symmetries that are different
from the discrete symmetry of the biaxial nematic phase, forming an interface between the defect
and the bulk superfluid. We provide a detailed analysis of phase mixing in the resulting vortex cores
and find an instability dependent upon the orientation of the order parameter. We further show
that the spin-2 condensate is a promising system for observing spontaneous deformation of a point
defect into an “Alice ring” that has so far avoided experimental detection.

Topological defects and textures are ubiquitous across
physical systems that seemingly have little in com-
mon [1], from liquid crystals [2] and superfluids [3] to cos-
mic strings [4]. They arise generically from symmetries
of a ground state that is described by an order parame-
ter [§]—a function parametrizing the set of physically dis-
tinguishable, energetically degenerate states. In the sim-
ple example of a scalar superfluid, the order parameter is
the phase of the macroscopic wave function. More gener-
ally it may be a vector or tensor that is symmetric under
particular transformations. In a uniaxial nematic (UN),
the order parameter is cylindrically symmetric around
a locally defined axis. It also exhibits a twofold discrete
symmetry under reversal of the cylinder axis, which leads
to half-quantum vortices (HQVs) in atomic spinor Bose-
Einstein condensates (BECs) [6-9] and superfluid liquid
3He [10], and to m-disclinations in liquid crystals |1, [2].
In a biaxial nematic (BN), also the cylindrical symmetry
is broken into the fully discrete symmetry of a rectan-
gular brick, with dramatic consequences: the BN is the
simplest order parameter that supports non-Abelian vor-
tices that do not commute |5, [11]. As a result, colliding
non-Abelian vortices cannot reconnect without leaving
traces of the process, but must instead form a connect-
ing rung vortex. Noncommuting defects appear as cosmic
strings in theories of the early Universe |4], and have been
predicted in BN liquid crystals [11].

Despite long-standing experimental efforts, BN phases
in liquid crystals have experimentally proved more elusive
than originally anticipated [12]. In atomic systems, the
topological classification and dynamics of non-Abelian
vortices have theoretically been studied in the cyclic
phase of spin-2 |[13-16] and in spin-3 BECs [17], though
it remains uncertain whether any alkali-metal atoms ex-
hibit the corresponding ground states. Consequently, any
physical system where non-Abelian defects may be reli-
ably studied is still lacking.

Spin-2 BECs exhibit—in addition to the ferromagnetic
(FM) and cyclic phases—both UN and BN phases |18
20], which, however, are degenerate at the mean-field

level. Beyond mean-field theory, the degeneracy may
be lifted by quantum fluctuations through interaction-
dependent “order-by-disorder” processes |18, [19].

Here, we instead break the degeneracy already at the
mean-field level with a Zeeman shift and compute the en-
ergetically (meta)stable defect structures as well as pro-
pose a scheme for experimentally preparing vortices ex-
hibiting non-Abelian reconnection. This shows how BN
spin-2 BECs can provide an experimentally simple path
to study structure and dynamics of non-Abelian defects.
For an energetically stable singular vortex in a rotating
system, we fully characterize the appearance of three su-
perfluid core structures, in addition to the empty core.
As well as one FM and one cyclic order-parameter core,
a third superfluid core appears that exhibits a twofold
symmetry, with cyclic and BN phases appearing offset
inside the core. We provide a parametrization of the vor-
tex wave function that captures the symmetry breaking
and mixing of phases in the core. The structure of the
superfluid cores results from a combination of energet-
ics and topology as an interface forms between the BN
phase of the bulk superfluid and the different symme-
try of the core order parameter. Considering the cyclic
core, we find that the discrete point group symmetry not
only manifests itself in an anisotropic core shape, but
also leads to an orientation-dependent instability, when
the vortex line is sufficiently tilted with respect to the
orientation of the order parameter.

The study of non-Abelian vortex dynamics requires
preparation of a vortex pair with noncommuting topolog-
ical charges. The order-parameter transformations corre-
sponding to each vortex combine nontrivially, leading to
a complicated wave function that is not amenable to con-
ventional imprinting techniques. We propose a two-step
protocol to imprint the vortex pair, based on rotating the
effective magnetic field between the preparation of each
vortex. This allows the imprinting to make use of simple
representations of each vortex in a changing spinor ba-
sis. We numerically demonstrate the non-Abelian vortex
reconnection. The proposed method could be general-



ized to controlled creation of systems of noncommuting
vortices in atomic superfluids.

We also show how a BN spin-2 BEC is a promising sys-
tem to observe spontaneous deformation of a point defect
into a HQV ring, called an “Alice ring” ﬂﬂ], whose detec-
tion has been beyond experimental resolution in spin-1
BECs despite considerable efforts ﬂﬁ, @} Alice rings are
originally known from high-energy physics |24, @% and
represent a direct consequence of the topological “hairy-
ball theorem.”

Experimental interest in topological defects and tex-
tures in spinor BECs is currently accelerating. Recent
efforts in spin-1 BECs have led to the in situ observa-
tion of a singly quantized vortex splitting into a pair
of HQVs E], confirming theoretical prediction E], and
to controlled preparation of coreless-vortex textures
24], the analogs of Dirac [22] and ’t Hooft—Polyakov [29]
monopoles, and particlelike solitons ]. Our results
for spin-2 reveal a defect-structure phenomenology con-
siderably richer than that in the spin-1 BECs g, 31
@] Preparation of spin-2 BECs has been achieved using
8"Rb m, @—Iﬁ], which, like 23Na, is predicted to ex-
hibit the nematic phases m, @] The BN phase can
then be realized by controlling the quadratic level shift,
¢.g., by microwave dressing [39] or laser fields [40]. Both
87Rb and 23Na are commonly used in spinor-BEC exper-
iments, making the BN phase the most likely candidate
for realization of a ground-state manifold supporting non-
Abelian defects.

We write the mean-field-theoretical spin-2 con-
densate wave function in terms of the den-
sity n(r) and a normahzed spmor ) as

U(r) = /n(r)(a(r), Calr @C )T~

The Hamiltonian density then reads

H = hot-5n*+ S |(B) P+
where hg = (h2/2m) |V¥|* + (mw?r2/2)n, for atomic
mass m and an isotropic trap with frequency w. The spin
operator F is given by a vector of spin-2 Pauli matrices.
In addition to the spin-independent and |(F) [>-dependent
interaction energies, a third interaction term arises pro-
portional to |A20(I‘)|2 = % |2<+2C_2 — 2C+1C_1 + Cg|2,
where Asg is the amplitude of spin-singlet pair forma-
tion M] The interaction strengths are given by the
s-wave scattering lengths a; in the spin-f channels of
colliding spin-2 atoms as cg = 4wh?(3ay + 4az)/7Tm, ca =
4mth%(ay — a)/7m, and ¢y = 47h?(3as — 10as + Tag) /Tm.
Finally, Hz((F)) = pn(F.) + qn{F2) represents linear
and quadratic Zeeman shifts of strengths p and ¢, re-
spectively.

When the Zeeman shifts are small, the spin-2 BEC
exhibits three distinct, interaction-dependent ground-
state phases m, @, @] These may be character-
ized in terms of |(F)| and |Ag|: a spin-2 FM phase
with [(F)| = 2 and |Ay| = 0, a cyclic phase with

“n? | Ago|*+H 2 ((F)), (1)
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FIG. 1. Top: Ground-state phase diagram for ¢ < 0 with
cores of (1/2, o) vortex indicated (left) and detailed core phase
diagram (right): [(0), plus] empty, [(«), dot] FM, [(8), trian-
gle] cyclic, [(v), square] coexistence of and cyclic and phase-
mixing cores; (cross) single vortex unstable. Bottom: |Asg|
(top surface) and |Asp| (bottom surface) in the phase-mixing
(left) and cyclic (right) cores.

[(F)| = |Ag| = 0, and the polar phase with |[(F)] = 0
and |Ag|? = 1/5. A polar spinor can be written as both
¢UN = (0,0,1,0,0)" and ¢BN = (1/v/2,0,0,0,1/v/2)7,
representing the UN and BN phases, respectively. These
are energetically degenerate for p=¢ =10 ﬂE, ]. They
may be distinguished by the amplitude of spin-singlet
trio formation [41] Asy = (3v6/2) (¢31¢2 + 3 1¢h2) +
Co (¢§ — 3¢41¢-1 — 6C42C_2), taking values [Aso]* = 0, 1,
and 2 in BN, UN, and cyclic phases, respectively.

With a nonzero quadratic Zeeman shift along the z
direction, (BN acquires an energy Hy = 4qn, while the
energy of (YN is unchanged, breaking the degeneracy and
energetically favoring the BN phase whenever ¢ < 0. By
controlling the quadratic level shift @, @]7 the BN phase
could be realized by experimentally simple means. The
ground-state phase diagram is shown in Fig.[Il The BN
phase is the ground state for co > ¢4/20 and ¢4 < 10|¢|/n,
bordering the FM phase and two phases that continu-
ously become cyclic for |g] — 0~ m, @]

Axisymmetric vortices in the polar interaction regime
were studied in Ref. ] With the energetic degeneracy
between UN and BN phases lifted, we now separately
consider their defects. While the UN phase shares com-
mon features with the spin-1 polar phase, the spin-2 BN
phase represents a more drastic departure from the fa-
miliar defect families.

Mathematically, topologically distinguishable vortices
correspond to the conjugacy classes of the first homotopy
group 71 (M) of the order-parameter space M, and are
determined by the group of transformations that keep
the order parameter invariant ﬂﬂ] Any BN spinor can



be found by applying a condensate phase 7 € U(1)
and a spin rotation R € SO(3) to ¢(BN. The fourfold
discrete symmetry means that (BN is left invariant by
transformations in the eight-element group Dy that com-
bines the dihedral-4 subgroup of SO(3) with elements of
U(1) and factorizes U(1) x SO(3) to form M. By lift-
ing SO(3) to SU(2) to form a simply connected cover-
ing group, the conjugacy classes of m (M) are obtained
using standard techniques [43]: {(n,1)}, {(n,—1)},
{(n, xioy), (n, £ioy), (n,xic.)}, {(n + 1/2,0),(n +
1/2,—io,0)}, {(n+1/2,—0),(n+1/2,i0,0)}, and {(n+
1/2,+io,0),(n+1/2,+ioyo)}, where the Pauli matrices
0sy.~and o0 = (1+i0,) /\/2 represent the SU(2) part of
the 71 (M) elements, and n in the U(1) part is an inte-
ger. For n = 0, we then identify: (7) the vortex-free state,
(9) integer spin vortex, (i) spin HQV, (iv) HQV with
/2 spin rotation, (v) HQV with 37/2 spin rotation, and
(vi) HQV with 7 spin rotation.

We now show that a rich phenomenology of core states,
resulting from the proliferation of spin-2 phases, appears
in the BN defects. We consider the (1/2,0) vortex [case
(iv)], which is the simplest BN vortex that carries a
mass circulation, and fully characterize its interaction-
dependent core structures. A prototype wave function
for the vortex can be constructed by applying the corre-
sponding condensate-phase winding and spin rotation to
CBN: 41/2,0 _ eiﬁb/Qe*ind)/‘LCBN _ (1,0,070,6i¢)T/ﬁ,
where ¢ is the azimuthal coordinate. The energetically
stable core structure is determined by numerically min-
imizing the energy in the frame rotating with frequency
Q, corresponding to rotation of the system, e.g., from
a stirring potential. This is done by propagating the
Gross-Pitaevskii equations [47] derived from Eq. () in
imaginary time, taking (/2 as the initial state, includ-
ing a global spin rotation to ensure nonzero population
in all spinor components. We take the system-rotation
axis to coincide with the effective magnetic field, but will
later relax this assumption. We choose N¢y = 5000/wf>
(where ¢ = \/h/mw), keep ¢ < 0 fixed, and vary ¢y and
cy. For 8"Rb, measurements for ¢y [48], c2 and c4 [3§]
predict a polar ground state with cs/co ~ 0.0103 and
cq/co ~ —0.0055. Measurement uncertainties, however,
cross over into the cyclic regime. Also ?3Na is predicted
to exhibit polar interactions |20].

We find four different energetically stable core struc-
tures for the (1/2,0) vortex, which depend on the in-
teraction parameters cg 2 4 as indicated in Fig. [Il When
the interaction strengths are comparable in magnitude,
the superfluid density is depleted on the vortex line sin-
gularity [the (o) core]. However, usually |c24] < co
and the core may remain superfluid. This can be un-
derstood from the density, spin, and singlet healing
lengths—¢, = h/\/2mlco|n, & = h/+/2m|caln, and
&a = h/y/2m|cy|n—which determine the size of defect
cores that take the wave function out of the ground state
of a uniform superfluid. By expanding to the largest heal-

ing length, the core can lower its gradient energy. When
co is small, such that £4 < &p, the vortex develops a FM
core [(v) in Fig. [I] as energy relaxes. As cp increases,
maintaining a FM core becomes increasingly costly, and
it eventually gives way to a cyclic core (8) as £4 2 &Ep.
However, for sufficiently large co, a third superfluid core
() approaching the UN phase on the singular line be-
comes approximately energetically degenerate, and coex-
ists, with the (8) core. The relaxed structure is sensitive
to the initial state.

The measured [38, 48] interaction strengths for 8"Rb
predict an («) core, close to the («)-(8) boundary. For
23Na, the interactions [20] similarly predict a (3) core
close to the transition to bistability with the () core.
The (f) and (v) cores are especially intriguing, exhibit-
ing a complex mixing of phases that breaks the axial
symmetry (Fig. ). The cyclic (8) core exhibits a tri-
angular cross section shown in Fig. [l The deformation
arises due to the mismatch between the rectangular-brick
BN symmetry and the tetrahedral symmetry of the cyclic
phase |49]. In Fig. [ the system-rotation axis is taken
to coincide with the direction of the effective field corre-
sponding to the Zeeman shift, which fixes the orientation
of the order parameter. Tilting the vortex line relative
to the order parameter, we find an orientation-dependent
instability. As the angle approaches /2, the smooth con-
nection of the BN and cyclic point-group symmetries is
no longer possible, and the (1/2,0) vortex becomes un-
stable, giving way to a singly quantized vortex [43].

In the (y) core, the condensate approaches the UN
phase on the line singularity, but exhibits a nonzero | (F)|
as a result of the Zeeman energy. The core exhibits
twofold symmetry, with cyclic and BN phases appear-
ing offset on either side of the singular line as indicated
by |Aso| and |Azo|) in Fig. [0l (bottom left). This complex

phase mixing is captured by the parametrization () =

T
(\/ 1- 9(2) - 92—27 0, go(p)v 0, 9—2(p)ei¢) ) with OIlly three

nonempty spinor components. The functions gg and g_o
satisfy go(p — o0) = 0, g_a(p — o0) = 1/4/2, and
g—2(p — 0) = 0. Then |A3|?> = —12cos(¢)f(p) + h(p),
where f and h are functions of gg,_2, and the cosine term
explains the local extrema. The value of gy on the vortex
line is determined by energy minimization.

A striking consequence of the discrete BN symmetry
is that the elements of m (M), representing topological
charges of line defects, do not all commute. Colliding
vortices with commuting charges may pass through each
other or reconnect without leaving traces of the process.
For noncommuting vortices, these processes are forbid-
den by topology |4, [L1]. They must instead reconnect by
forming a rung vortex connecting the resulting defects.
Non-Abelian defects have been proposed in BN liquid
crystals [11] and theoretically classified in cyclic spin-2
BECs [13-16, 150] and in certain spin-3 phases [17].

We propose a controlled method of preparing a non-



FIG. 2. Reconnection of (a—) two (1/2,0) vortices, and (d—
f) non-Abelian (1/2,0) and (1/2,i0,0) vortices. Red |(F)]
isosurfaces indicate FM vortex cores. Green |Aso| isosurface
indicates the appearance of a rung vortex with uniaxial ne-

matic core. Here Ncg = 1000hw?, co/c2 =100, co/ca = —10,
and ¢ = —0.05hAw.

Abelian vortex pair and numerically demonstrate how it
could realize a non-Abelian vortex reconnection in a BN
spin-2 BEC. A nonoverlapping perpendicular vortex pair
could be imprinted by a two-photon transition via an
intermediate atomic level, with the singular phase pro-
file of the driving electromagnetic field of each transition
representing one vortex [51]. In a non-Abelian pair, how-
ever, the vortices are, in general, entangled in a complex
way, making it challenging to imprint them, as the wave
function no longer can be expressed as a combination of
simple quantized vortex lines in individual spinor compo-
nents. This is because the transformations of the BN or-
der parameter corresponding to the SU(2) charges of each
vortex line combine nontrivially. We therefore propose a
two-step protocol where the magnetic field is rotated be-
tween the imprinting of the two vortices, making use of
simple expressions of the vortex lines in different spinor
basis representations ] We consider a 7/2 rotation
that allows simple representations for both (1/2,0) and
(1/2,i040) vortices [corresponding to the different HQV
classes (iv) and (v7)] that do not commute. Moreover, im-
printing the orientation of the vortex lines always along
the z axis of the changing spinor basis prepares the vor-
tex lines perpendicular to each other, providing an ideal
starting point for reconnection dynamics. The method
can utilize the existing techniques of phase imprinting in
spinor BECs by Raman transitions @], and can also be
applied, e.g., in the cyclic phase.

The corresponding reconnection dynamics is simulated
by propagating the Gross-Pitaevskii equations, including
a weak damping [43]. Figure B shows the reconnection
and emergence of a rung vortex with UN core, character-
istic of non-Abelian dynamics. For comparison we also
show the reconnection of two (1/2, ) vortices, which triv-
ially commute, and reconnect without forming a rung.

A distinguishing feature of UNs is the existence of
topologically stable point defects ﬂ, B, |2_J.|, @}, which
have very recently been observed in spinor BEC experi-
ments HE] Such a defect corresponds to a radial hedge-
hog texture of the nematic axis. In the spin-1 BEC, the
point defect is predicted to relax into a HQV ring—an
Alice ring—as a consequence of the hairy-ball theorem
when the defect develops a superfluid core ﬂ2__‘l.|} Alice
rings are known in special electrodynamics models of

FIG. 3. (a), (c): BN order parameter exhibiting a radial
hedgehog texture [cyan (light gray) lobes align with ¥ asso-
ciated with a singular spin vortex indicated by a vertical line.
(b), (d): Isosurface of |Aso| showing the corresponding UN
cores of spin vortices resulting from energy relaxation. In (c),
a more elaborate construction allows the vortex to terminate
at the point defect [43].

high-energy physics ﬂﬂ, ] Despite considerable exper-
imental efforts, the vortex ring has not been observed in
the spin-1 BEC ﬂﬁ], as on experimental time scales the
size of the ring has remained too small to be detected ﬂﬁ]

In the BN condensate, the discrete order-parameter
symmetry prohibits the formation of an isolated topolog-
ically stable point defect @, B] any such a defect would
be attached to a singular line. This is similar to the
Dirac magnetic monopole, whose analog in the FM spin-
1 BEC ,@] was recently prepared in experiment ﬂﬁ]

The simplest way to construct a point defect associated
with a vortex line in the BN spin-2 BEC is to align one
of the principal axes of the order parameter with T, as
illustrated in Fig. Bl(a) using a spherical-harmonics rep-
resentation ] This creates a singular spin-vortex line
along the z axis, which develops a UN core as energy re-
laxes [Fig. Bi(b)]. Additionally, energy relaxation causes
the point-defect texture in the BN order parameter to
spontaneously deform into a vortex ring, encircling the
line defect. We identify this as a spin HQV [class (4i)].
We simulate the time evolution of the point defect for a
spin-2 8"Rb BEC and find that it provides a promising
system where the intriguing deformation of a point de-
fect into an Alice ring could be experimentally observed.
In spin-1 BEC point-defect experiments |22] the size of
the ring was estimated to be ~ 0.2um ] In the spin-2
BEC, we numerically find characteristically faster expan-
sion resulting in an order of magnitude larger ring size
than in spin-1 22Na or 8"Rb BEC over experimental time
scales, which is already within an achievable measure-
ment resolution [22].

In conclusion, we have characterized the coexisting su-
perfluid core structures of singular defects in a BN spin-2
BEC, and proposed how vortices exhibiting non-Abelian
reconnection dynamics may be prepared in experiment.
The realization of BN defects in the atomic system opens
up several intriguing possibilities: Nucleation dynamics
of non-Abelian defects could be studied in the spinor-
BEC Kibble-Zurek mechanism [@] by cooling through
the BEC transition, or ramping the Zeeman shift into
the BN regime. The connection of defects across a coher-



ent interface between phases with different broken sym-
metry, e.g., mimicking the physics of string-theoretical
branes [56, 57], could be studied using techniques similar
to those proposed for spin-1 BECs [58, 159]. This forms
a particularly intricate problem when one phase sup-
ports non-Abelian defects. The BN spin-2 BEC can also
provide an experimentally simple path to non-Abelian
turbulence scenarios [16]. Preparation of a point defect
could lead to the observation of spontaneous deformation
of a spherically symmetric core to an Alice ring.

The data presented can be found in Ref. [60].
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