
1

Non-orthogonal Multiple Access in Hybrid
Heterogeneous Networks

Yuanwei Liu, Zhijin Qin, Maged Elkashlan, Arumugam Nallanathan, and Julie A. McCann

Abstract—In this paper, the application of non-orthogonal
multiple access (NOMA) into K-tier heterogeneous networks
(HetNets) is investigated. A new promising transmission frame-
work is proposed, in which massive multiple-input multiple-
output (MIMO) is employed in macro cells and NOMA is adopted
in small cells. For maximizing the biased average received power
at mobile users, a massive MIMO and NOMA based user
association scheme is developed. In an effort to evaluate the
performance of the proposed framework, analytical expressions
for the spectrum efficiency of each tier are derived using
stochastic geometry. Simulation results are presented to verify
the accuracy of the proposed analytical derivations and confirm
that NOMA is capable of enhancing the spectrum efficiency of
the network compared to the orthogonal multiple access (OMA)
based HetNets.

Index Terms—HetNets, massive MIMO, NOMA, stochastic
geometry

I. INTRODUCTION

Non-orthogonal multiple access (NOMA), as a promising
technology in 5G networks, has attracted much attention in
both industry and academia [1–4] for its potential ability to
enhance spectrum efficiency. The system-level performance of
a two user NOMA system in terms of downlink transmission
was demonstrated in [1]. In [2], the performance of a general
NOMA transmission was evaluated in which one BS is able
to communicate with several spatial randomly deployed users.
By examining appropriate power allocation policies among the
NOMA users, the fairness issue of NOMA was addressed
in [3]. On the standpoint of tackling spectrum efficiency
and energy efficiency, an incentive user cooperation NOMA
protocol was proposed in [4], by regarding near users as energy
harvesting relays for improving reliability of far users.

Heterogeneous networks (HetNets) and massive multiple-
input multiple-output (MIMO), as two of the “big three” tech-
nologies [5], laid the fundamental structure for emerging 5G
communication systems. The massive MIMO regime enables
to equip tens of hundreds/thousands antennas at a BS, and
hence is capable of offering an unprecedented level of freedom
to serve multiple mobile users. The core idea of HetNets is
to establish closer BS-user link by densely overlaying small
cells. By doing so, the promising benefits such as lower power
consumption, higher throughput and enhanced spatial reuse
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of spectrum can be experienced. Aiming to fully take advan-
tages of both massive MIMO and HetNets, several research
contributions have been made [6–9]. In [6], the interference
coordination issue of massive MIMO enabled HetNets was
addressed by utilizing the spatial blanking of macro cells.
In [7], the authors investigated a joint user association and
interference management optimization problem in massive
MIMO HetNets. By applying stochastic geometry model, the
spectrum efficiency of uplink and downlink massive MIMO
aided HetNets were evaluated in [8] and [9], respectively.

Among the recent research contributions towards 5G, NO-
MA based HetNets has not been well investigated yet and
is still in its infancy. We believe that the novel structure
design in this work—by introducing NOMA based small
cells in massive MIMO enabled HetNets—can be a new
highly rewarding candidate, which will contribute to the design
of a more promising 5G system due to the following key
advantages:

• High spectrum efficiency: NOMA improves the spec-
trum efficiency with multiplexing users in power domain
and invoking succussive interference cancelation (SIC)
technique for canceling interference. In NOMA based
HetNets, with employing higher BS densities, BSs are
capable of accessing the served users closer, which can
increase the signal-to-interference-plus-noise ratio (SIN-
R) by intelligently tracking the multi-category interfer-
ence, such as inter/intra-tier interference and intra-BS
interference.

• High compatibility and low complexity: NOMA is re-
garded as a promising “add-on” technology for the exist-
ing multiple access systems due to the gradually mature
of superposition coding (SC) and SIC technologies [10],
and will not bring much implementation complexity.
Additionally, with applying NOMA in the single-antenna
based small cells, the complex precoding/cluster design
for MIMO-NOMA systems can be avoided.

• Fairness/throughput tradeoff: NOMA is capable of deal-
ing with the fairness issue by allocating more power to
weak users, which is of great significance for HetNets
when investigating efficient resource allocation in the
sophisticated multi-tier networks.

and will not bring much implementation complexity or mod-
ification for the existing networks. Additionally, with applying
NOMA in the single-antenna based small cells, the complex
precoding/cluster design for the multi-antenna NOMA can be
avoided.

Motivated by the aforementioned potential benefits, we
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propose a novel hybrid HetNets framework with NOMA based
small cells and massive MIMO aided macro cells to further
enhance the performance of existing HetNets design. In this
framework, we consider a downlink K-tier HetNets, where
macro BSs are equipped with large antenna arrays with linear
zero-forcing beamforming (ZFBF) capability to serve multiple
single-antenna users simultaneously, and small cells BSs are
equipped with single antenna each to serve two single-antenna
users simultaneously with NOMA transmission. A stochastic
geometry approach is adopted to model the considered K-
tier HetNets. Based on the proposed framework, the primary
contributions can be summarized as follows: 1) We consider
the flexible biased association to address the impact of NO-
MA and massive MIMO on the maximum biased received
power; 2) We derive the exact analytical expressions of the
NOMA based small cells in term of spectrum efficiency; and
3) We show that NOMA based small cells are capable of
achieving higher spectrum efficiency compared to conventional
orthogonal multiple access (OMA) based small cells, which
demonstrates the benefits of the proposed framework.

II. NETWORK MODEL

A. Network Description

In this paper, we focus on the downlink transmission sce-
narios. We consider a K-tier HetNets model, where the first
tier represents the macro cells and the other tiers represent the
small cells such as pico cells and femto cells. The positions
of macro BSs and all the k-th tier (k ∈ {1, · · · ,K}) BSs are
modeled as homogeneous poisson point processes (HPPPs) Φk

and with density λk, respectively. αk is the path loss exponent
of the k-th tier cells. All channel are assumed to undergo
quasi-static Rayleigh fading, where the channel coefficients are
constant for each transmission block but independent between
different blocks.

Motivated by the fact that it is common to overlay a high-
power macro cell with successively denser and lower power
small cell, we consider to apply massive MIMO technologies
to macro cells and NOMA transmission to small cells in this
work. As shown in Fig. 1, in macro cells, macro BSs are
considered to be equipped with M antennas, each macro BS
transmit signals to N users over the same resource block (e.g.,
time/frequency/code)1. We assume M ≫ N > 1 and the linear
ZFBF technique is applied at each macro BS with assigning
equal power to N data streams [11]. In small cells, each small
cell BS is considered to be equipped with single antenna. In
other words, in this scenario, macro cells are OMA based and
small cells are NOMA based. All users are considered to be
equipped with single antenna each as well. We consider to
adopt user pairing in each tier of small cells to implement
NOMA for lowering the system complexity [4]. It is worth
pointing out that in Long term evolution advanced (LTE-A),
NOMA is also in a form of two-user case [12]. All users are
considered to be equipped with single antenna each.

1The aim is to avoid sophisticated MIMO-NOMA design in macro cells.
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Fig. 1. Illustration of NOMA and massive MIMO based hybrid HetNets.

B. NOMA and Massive MIMO Based User Association

We assume that each tier of BS has already served one user
in a random distance within a ring, the radius of rings for the
k-th tier BSs is set as Rk. Then we squeeze one more user to
each BS, and each BS is supposed to be able to communicate
with its connected two users by applying NOMA protocol. As
a result, in this work, we only focus on how to associate one
more user to each BS. A user is allowed to access any tier BS,
which can provide the best coverage [13]. We consider that
the flexible user association is based on the maximum average
received power of each tier.

1) Average received power in massive MIMO aided macro
cells: In macro cells, since the macro BS is equipped with
multiple antennas, users in macro cells can experience large
array gains. Adopting ZFBF transmission scheme, the array
gain obtained at macro users is given by GM =M−N+1 [11,
14]. As a result, the average received power that users connect
with macro BS ℓ (where ℓ ∈ ΦM ) is given by

Pr,M = GMPML (dℓ,1) /N, (1)

where PM is the transmit power of the massive MIMO aided
macro BSs, L (dℓ,1) = ηd−α1

ℓ,1 is large-scale path loss, dℓ,1 is
the distance between users and macro BSs, η is the frequency
dependent factor, Bi is the identical bias factor. It is noted
that the biasing factor Bi is useful for offloading data traffic
in HetNets [13].

2) Average received power in NOMA based small cells:
Different from the convectional user association of OMA
based small cells, NOMA exploits the power sparsity for
multiple access by allocating different power to different users.
Due to the random spatial topology of our stochastic geometry
model, the space information of users are not pre-determined.
Our user association policy for the NOMA based small cells is
based on assuming the typical user as far user first. As such,
in the i-th tier small cell, the averaged received power that
users connect with the i-th tier BS j (where j ∈ Φi) is given
by

Pr,i = an,iPiL (dj,i)Bi, (2)

where Pi is the transmit power of i-th tier BS, L (dj,i) =
ηd−αi

j,i is large-scale path loss, dj,i is the distance between the
user and the i-th tier BS, αi is the path loss exponent of the
i-th tier small cells.
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C. Channel Model

1) Massive MIMO aided macro cell transmission: Without
loss of generality, we assume a typical user is located at the
origin of an infinite two-dimension plane. Based on (1) and
(2), the received SINR that a typical user connects with a
macro BS at a random distance do,1 can be expressed as

γr,1 =
P1

N ho,1L (do,1)

IM,1 + IS,1 + σ2
, (3)

where IM,1 =
∑

ℓ∈Φ1\Bo,1

P1

N hℓ,1L (dℓ,1) is the interference
from macro cells, IS,1 =

∑K
i=2

∑
j∈Φi

Pihj,iL (dj,i) is the
interference from small cells, σ2 is the additive white Gaussian
noise (AWGN) power, ho,1 is the small-scale fading coefficient
between the typical user and the connected macro BS, hℓ,1
and dℓ,1 are the small-scale fading coefficients and distance
between a typical user and connected macro BS ℓ except
the serving macro BS Bo,1, respectively, hj,i and dj,i are
the small-scale fading coefficients and distance between a
typical user and connected i-th tier small cell BS j, respec-
tively. Here, ho,1 follows Gamma distribution with parameters
(M −N + 1, 1), hℓ,1 follows Gamma distribution with pa-
rameters (N, 1), and hj,i follows exponential distribution with
unit mean.

2) NOMA based small cell transmission: In small cells,
without loss of generality, we consider that each small cell BS
has already associated one user in the previous round of user
association process. With applying NOMA protocol, we aim
to squeeze a typical user into the same small cell to improve
the spectral efficiency, which is one key feature of NOMA
[10]. For simplicity, we assume that the distances between the
existing users and the connected small cell BSs are the same
as Rk, the distance between the typical user and the connected
small cell BS is a random value (denoted as x). Since it is not
pre-determined that the typical user is a near user n or a far
user m. We denote do,km and do,kn are the distance between
the k-th tier small cell BS and user m and user n, respectively.
As such, two possible cases can happen in the following.

Near user case: In the first case, we consider that the typical
user is a near user n (x ≤ Rk), then we have do,km = Rk.
User n will first decode the information of User m with the
SINR γkn→m =

am,kPkgo,knL(do,kn )
an,kPkgo,knL(do,kn )+IK+σ2 . If this procedure

is successful, User n then decode its own message. As such,
the interference from the existing user can be canceled. As
such, the received SINR that a typical user n connects with
the k-th tier small cell can be expressed as

γkn =
an,kPkgo,kL (do,kn)

IM,k + IS,k + σ2
, (4)

where L (do,kn) = ηd−αi

o,kn
, IM,k =

∑
ℓ∈Φ1

P1

N gℓ,1L (dℓ,1)
is the interference from macro cells, IS,k =∑K

i=2

∑
j∈Φi\Bo,k

Pigj,iL (dj,i) is the interference from
small cells, go,k and do,kn is the small-scale fading
coefficients and distance between the typical user and the
connected k-th tier BS, gℓ,1 and dℓ,1 are the small-scale
fading coefficients and distance between a typical user and
connected macro BS ℓ, respectively, gj,i and dj,i are the

small-scale fading coefficients and distance between a typical
user and connected i-th tier small cell BS j except the serving
BS Bo,k, respectively. Here, go,k and gj,i follow exponential
distributions with unit mean. gℓ,1 follows Gamma distribution
with parameters (N, 1).

For the existing far user m∗, it will directly decode its own
message by treating the message of user n as interference.
Therefore, the received SINR that for the existing user m∗ in
the k-th tier small cell can be expressed as

γkm∗ =
am,kPkgo,kL (Rk)

Ik,n + IM,k + IS,k + σ2
, (5)

where Ik,n = an,kPkgo,kL (Rk) is the intra-BS interference
from the connected k-th tier BS with superposition information
of user n, and L (Rk) = ηRk

−αk .
Far user case: In the second case, we consider that the

typical user is a far user m (x > Rk), then we have do,kn =
Rk. As such, received SINR that user m connects with the
k-th tier small cell can be expressed as

γkm =
am,kPkgo,kL (do,km)

Ik,n∗ + IM,k + IS,k + σ2
, (6)

where Ik,n∗ = an,kPkgo,kL (do,km) is the interference from
the BS with superposition the information of existing user n∗

of the k-th tier small cell with L (do,km) = ηd−αk

o,km
, do,kn is

the distance between the typical user m and the connected
k-th tier BS.

Regarding the existing near user n∗, it is capable of can-
celling interference from the typical user m by applying SIC
technique. Therefore, the received SINR of user n∗ is given
by

γkn∗ =
an,kPkgo,kL (Rk)

IM,k + IS,k + σ2
. (7)

III. COVERAGE PROBABILITY OF NON-ORTHOGONAL
MULTIPLE ACCESS AIDED SMALL CELLS

A. New Statistics
As described in Section II-B, the user association of this

proposed framework is based on maximizing the biased aver-
age received power at users. As such, based on (1) and (2),
the user association of macro cells and small cells are given
in the following.

Using the similar method as Lemma 1 of [13], the user
association probability that a typical user connects with macro
BSs can be calculated as

A1 = 2πλ1

∫ ∞

0

r exp

[
−π

K∑
i=2

λi

(
an,iPiBiN

P1GMr−α1

)δi

− πλ1r
2

]
dr,

(8)

where δi = 2
αi

. The user association probability that a typical
user connects with small cell BSs in the k-th tier can be
calculated as

Ak =2πλk

∫ ∞

0

r exp

[
−π

K∑
i=2

λi

(
PiBir

αk

PkBk

)δi

−πλ1
(
P1GMr

αk

Nan,kPkBk

)δ1
]
dr, (9)
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where δ1 = 2
α1

. We consider the probability density function
(PDF) of the distance between a typical user and the connected
macro BS. Based on (8), we obtain

fdo,1 (x) =
2πλ1x

A1
exp

−π K∑
i=2

λi

(
an,iPiBiN

P1GMx−α1

)δi

− πλ1x
2

 .
(10)

We then calculate the PDF of the distance between a typical
user and the connected k-th tier small cell BS. Based on (9),
we obtain

fdo,k
(x) =

2πλkx

Ak
exp

[
−π

K∑
i=2

λi

(
PiBix

αk

PkBk

) δi

−πλ1
(
P1GMx

αk

Nan,kPkBk

)δ1
]
. (11)

We first derive the Laplace transform of a typical user.

Lemma 1. The Laplace transform of interference to a typical
user can be expressed as

LIK ,t (s) = exp

{
−s

K∑
i=1

λi2πPiη(ωi,k (x0))
2−αi

αi (1− δi)
×

2F1

(
1, 1− δi; 2− δi;−sPiη(ωi,k (x0))

−αi

)}
.

(12)

Proof:

LIK ,t (s) = EIK ,t

[
e−sIK ,t

]
(a)
= EΦi

∑K

i=1

∏
j∈Φi\Bo,k

Egj,i

[
e−sPigj,iηd

−αi
j,i

]
(b)
= exp

(
−

K∑
i=1

λi2π

∫ ∞

ωi,k(x0)

(
1− Egj,i

[
e−

gj,isPiη

rαi

])
rdr

)

= exp

(
−

K∑
i=1

λi2π

∫ ∞

ωi,k(x0)

(
1− Lgj,i

(
sPiηr

−αi
))
rdr

)
(c)
= exp

(
−

K∑
i=1

λi2π

∫ ∞

ωi,k(x0)

(
1−

(
1 + sPiηr

−αi
)−1
)
rdr

)
,

(13)

where ωi,k (x0) =
(
P̃ikB̃ik

) 1
αi
x

1
α̃ik
0 , (a) is resulted from ....

(b) is obtained by using the generating functional of PPP, (c)
is obtained by gj,i follows exponential distribution with unit
mean. Then applying [15, Eq. (3.194.2)], we can obtain the
laplace transform in an more elegant form in (12). The proof
is completed.

Then we turn our attention to calculate the laplace transform
of interference for the connected user, which is given by

B. Coverage Probability

The successful probability is defined as the selected typical
pair of users can successfully transmit with targeted data

rate Rt and Rc, for the typical user and existing connected
user, respectively. According to the distances, two cases are
considered in the following.

Near user case: For the near user case x0 < rk, the success
decoding will happen on the condition that the following two
events are both satisfied. The first one is that the typical user
can decode the message of the connected user. The second
one is that after the SIC process, the typical user can decode
the message of its own message. The successful probability
of the typical user on the condition of the distance x0 in the
k-th tier is:

Pt (τc, τt, x0)|x0≤rk
= Pr {γkn→m > τc, γkn > τt} , (14)

where τt = 2Rt − 1 and τc = 2Rc − 1.

Lemma 2. Conditioned on x0 ≤ rk, the successful probability
of a typical user for the near user case is expressed as

Pt (τc, τt, x0)|x0≤rk
= exp

{
−ε

∗ (τc, τt)x
αk
0 σ2

Pkη

−
K∑
i=1

λiδiπ
(
B̃ik

) 2
αi

−1(
P̃ik

) 2
αi
x

2
α̃ik
0

1− δi
Qn

i,t (τc, τt)

 , (15)

where Qn
i,t (τc, τt) = ε∗ (τc, τt) 2F1

(
1, 1− δi; 2− δi;− ε∗(τc,τt)

B̃ik

)
,

εfc = τc
am,k−τcan,k

, εnt = τt
an,k

, and ε∗ (τc, τt) = max
{
εfc , ε

n
t

}
.

Proof: Based on (??) and (14), assuming the condition
am,k − τcan,k ≥ 0 [2] holds, we obtain

Pt (τc, τt, x0)|x0≤rk
= Pr

{
go,knPkη

xαi
0 (IK + σ2)

> ε∗ (τc, τt)

}
= e

− ε∗(τc,τt)x
αk
0 σ2

Pkη EIK

{
e
− ε∗(τc,τt)x

αk
0 y

Pkη

}
= e

− ε∗(τc,τt)x
αk
0 σ2

Pkη LIK ,t

(
ε∗ (τc, τt)

Pkη
xαk
0

)
= e

− ε∗(τc,τt)x
αk
0 σ2

Pkη

K∏
i=1

LIi,t

(
ε∗ (τc, τt)

Pkη
xαk
0

)
. (16)

Substituting (12) into (16), we obtain the successful probability
for the near user case on the condition of the distance x0 in
the k-th tier. The proof is completed.

Lemma 3. Conditioned on x0 ≤ rk, the successful probability
of a connect user for the near user case is expressed as

Pt (τc, τt, x0)|x0≤rk
= exp

{
−ε

∗ (τc, τt)x
αk
0 σ2

Pkη

−
K∑
i=1

λiδiπ
(
B̃ik

) 2
αi

−1(
P̃ik

) 2
αi
x

2
α̃ik
0

1− δi
Qn

i,t (τc, τt)

 , (17)

Proof:

Far user case: For the far user case x0 > rk, the success
decoding will happen on the condition that the typical user can
decode the message of itself by treating the connected user as
noise.
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Lemma 4. Conditioned on x0 > rk, the successful probability
of a typical user for the far user case is expressed as

Pt (τt, x0)|x0>rk
= exp

{
−ε

f
t x

αk
0 σ2

Pkη

−
K∑
i=1

λiδiπ
(
B̃ik

) 2
αi

−1(
P̃ik

) 2
αi
x

2
α̃ik
0

1− δi
Qf

i,t (τt)

 , (18)

where εft = τt
am,k−τtan,k

and Qf
i,t (τt) =

εft 2F1

(
1, 1− δi; 2− δi;− εft

B̃ik

)
.

Proof: Based on (??) and assuming the condition am,k−
τtan,k ≥ 0 holds, we have

Pt (τt, x0)|x0>rk
= Pr

{
go,km

>
εft x

αi
0

(
IK + σ2

)
Pkη

}
. (19)

Following the similar procedure to obtain (15), with inter-
changing ε∗ (τc, τt) with εft , we obtain the desired results in
(18). The proof is completed.

Then we calculate the successful probability of the typical
user, which is given by

Theorem 1.

Pt (τc, τt) =

∫ rk

0

Pt (τc, τt, x0)|x0≤rk
f cdo,k

(x0) dx0

+

∫ ∞

rk

Pt (τt, x0)|x0>rk
f cdo,k

(x0) dx0, (20)

where Pt (τc, τt, x0)|x0≤rk
is given in (15) and

Pt (τt, x0)|x0>rk
is given in (18). Here, f cdo,k

(x0) can
be obtained by following the similar approach of [13].

f cdo,k
(x0) = 2πλkx0

Ac
k

exp

[
−π

K∑
i=1

λi

(
P̃ikB̃ik

)δi
x

2
α̃ik
0

]
with

Ac
k = 2πλk

∫∞
0
r exp

[
−π

K∑
i=1

λi

(
P̃ikB̃ik

)δi
r

2
α̃ik

]
dr.

Proof:

IV. SPECTRUM EFFICIENCY

In an effort to evaluate the spectrum efficiency of the pro-
posed NOMA and massive MIMO based HetNets framework,
we calculate the achievable ergodic rate of each tier in the
following subsections.

A. Achievable Ergodic Rate of Small Cells

The aim of this work is to apply NOMA transmission in
small cells to further improve the spectrum efficiency. Recall
that the distance order between the connected BS and the two
users are not predetermined (as aforementioned in Section II),
as such, in this subsection, we calculate the achievable ergodic
rate of small cells both for the near user case and far user case
in Lemma 5 and Lemma 6 in the following respectively.

Lemma 5. Conditioned on the HPPPs, the achievable ergodic
rate of the k-th tier small cell for the near user case can be
expressed as follows:

τnk =
1

ln 2

∫ am,k
an,k

0

1− Fkm∗ (z)

1 + z
dz +

1

ln 2

∫ ∞

0

1− Fkn (z)

1 + z
dz,

(21)

where Fkn (z) and Fkm∗ (z) are given in the following equa-
tions:

Fkn (z) = 1− 2πλk
Ak

×∫ Rk

0

x exp

[
Λ (x)− σ2zxαk

an,kPkη
−Θ

(
zxαk

an,kPkη

)]
dx, (22)

and

Fkm∗ (z) =1− 2πλk
Ak

∫ Rk

0

x exp

[
− σ2zRk

αk

(am,k − an,kz)Pkη

−Θ

(
zRk

αk

(am,k − an,kz)Pkη

)
+ Λ(x)

]
dx. (23)

Here Λ (x) = −π
K∑
i=2

λi

(
PiBix

αk

PkBk

)δi
− πλ1

(
P1GMxαk

Nan,kPkBk

)δ1
and Θ(s) in (22) and (23) is given by

Θ(s) = λ1πδ1

N∑
p=1

(
N

p

)(
s
P1

N
η

)p(
−sP1

N
η

)δ1−p

×B

(
−sP1

N
η[ω1,k (x)]

−α1 ; p− δ1, 1−N

)
+ s

K∑
i=2

λi2πPiη(ωi,k (x))
2−αi

αi (1− δi)

× 2F1

(
1, 1− δi; 2− δi;−sPiη(ωi,k (x))

−αi

)]
, (24)

where ω1,k (x) =
(

P1GM

an,kPkBkN

) δ1
2

x
αk
α1 and ωi,k (x) =(

PiBi

PkBk

) δi
2

x
αk
αi are the nearest distance allowed between the

typical user associated to the k-th tier small cell and the
macro cell BS, and between the typical user and the i-th tier
small cell BS, respectively. B (·; ·, ·) and 2F1 (·, ·; ·; ·) are the
the incomplete Beta function [15, Eq. (8.319)] and Gauss
hypergeometric function [15, Eq. (9.142)], respectively.

Proof: See Appendix A.

Lemma 6. Conditioned on the HPPPs, the achievable ergodic
rate of the k-th tier small cell for the far user case can be
expressed as follows:

τfk =
1

ln 2

∫ ∞

0

1− Fkn∗ (z)

1 + z
dz +

1

ln 2

∫ am,k
an,k

0

1− Fkm (z)

1 + z
dz,

(25)

where Fkn (z) and Fkm∗ (z) are given in the following equa-
tions:

Fkm
(z) =1− 2πλk

Ak

∫ ∞

Rk

x exp

[
− σ2zxαk

Pkη (am,k − an,kz)

−Θ

(
zxαk

Pkη (am,k − an,kz)

)
+ Λ(x)

]
dx, (26)
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and

Fkn∗ (z) =1− 2πλk
Ak

∫ ∞

Rk

×

x exp

[
Λ (x)− σ2zRk

αk

Pkηan,k
−Θ

(
zRk

αk

Pkηan,k

)]
dx.

(27)

Proof: The proof procedure is similar to the approach of
obtaining (21), which is detailed introduced in Appendix A.

Combining (21) and (25), we obtain a general case for the
achievable ergodic rate of the k-th tier small cell as

τk = τnk + τfk . (28)

B. Achievable Ergodic Rate of Macro cells

In massive MIMO aided macro cells, the achievable ergodic
rate can be significantly improved due to multiple-antenna ar-
ray gains, but with undertaking more power consumption and
high complexity. In order to evaluate the spectrum efficiency
of the whole system, we provide a tractable and tight lower
bound of throughput of macro cell derived in as follows:

Theorem 2. where fdo,1 (x) is given in (10) and ωi,1 (x) =(
an,iPiBiN

P1GM

) δi
2

x
α1
αi Here ωi,1 (x) is denoted as the nearest

distance allowed between i-th tier small cell BS and the typical
user associated to the macro cell.

Proof: With the aid of Jensen’s inequality, we can obtain
a tight lower bound of the achievable ergodic rate of the macro
cell as

E {log2 (1 + γr,1)} ≥ τ1,L

=log2

1 + exp

E {ln (ho,1L (do,1)P1/N)}︸ ︷︷ ︸
Q1

+ E
{
ln
(
IM,1 + IS,1 + σ2

)−1
}

︸ ︷︷ ︸
Q2


 , (30)

We first calculate the first part Q1 as

Q1 = ln
ηP1

N
+ E

{
ln
(
d−α1
o,1

)}
+ E {lnho,1} . (31)

Then we turn our attention to calculate the last two expectation
terms. E

{
ln
(
d−α1
o,1

)}
is given by

E
{
ln
(
d−α1
o,1

)}
= −α1

∫ ∞

0

fdo,1 (x) lnxdx, (32)

where fdo,1 (x) is given by (10).
Recall that ho,1 follows Gamma distribution with parame-

ters (GM , 1), E {lnho,1} can be expressed as

E {lnho,1} =

∫ ∞

0

fho,1 (x) lnxdx, (33)

where fho,1 (x) =
1

Γ(GM )x
GM−1e−x is the PDF of ho,1. Then

with the aid of [15, Eq. (4.352.1)], we can obtain

E {lnho,1} = ψ (GM ) , (34)

where ψ (·) is the digamma function.
We then calculate the second part Q2. With invoking

Jensen’s inequality again, we have

Q2 ≥ ln
(
E {IM,1}+ E {IS,1}+ σ2

)−1
, (35)

where

E {IM,1} =

∫ ∞

0

E {IM,1| do,1 = x}fdo,1 (x) dx

(a)
=

∫ ∞

0

P1

N
ηE {hℓ,1}λ1

∫
R2

r−α1drfdo,1 (x) dx

(b)
= 2πP1ηλ1

∫ ∞

0

∫ ∞

x

r1−α1drfdo,1 (x) dx

=
2πP1ηλ1
α1 − 2

∫ ∞

0

x2−α1fdo,1 (x) dx. (36)

Here step (a) is obtained by applying Campbell’s theorem,
step (b) is obtained since the expectation of hℓ,1 is N .

Then we turn to our attention to the expectation, denote
Q1 (x) = E {IM,1 + IS,1}, with the aid of Campbell’s Theo-
rem, we obtain

E {IS,1} =

K∑
i=2

(
2πλiPiη

αi − 2

)∫ ∞

0

[ωi,1 (x)]
2−αifdo,1 (x) dx,

(37)

The proof is complete. Substituting Q1 and Q2 into (30), we
can obtain the desired result.

Proposition 1. When α1 = αk = α, the lower bound of
achievable ergordic rate of the macro cell is given by in closed-
form as (38).

Proof: When α1 = αk = α, (8) can be rewritten as

Ã1 =
λ1
b1
, (39)

where b1 =
K∑
i=2

λi

(
an,iPiBiN

P1GM

)δ
+ λ1. Then we have

f̃do,1 (x) = 2πb1x exp
(
−πb1x2

)
. (40)

Substituting the (40) into (29), we can obtain the desired
closed-form expression as (1). The proof is completed.

Remark 1.

C. Spectrum Efficiency

Based on the analysis of last two subsections, a tractable
lower bound of spectrum efficiency is given by

τSE,L = A1Nτ1,L +
∑K

k=2
Akτk, (41)

where Nτ1 and Akτk are the low bound spectrum efficiency
of macro cells and exact spectrum efficiency of the k-th tier
small cells, respectively.
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τ1,L =N log2

{
1 + exp

[
ln
ηP1

N
− α1

∫ ∞

0

fdo,1 (x) lnxdx+ ψ (GM )

− ln

(
2πP1ηλ1
α1 − 2

∫ ∞

0

x2−α1fdo,1 (x) dx+

K∑
i=2

(
2πλiPiη

αi − 2

)∫ ∞

0

[ωi,1 (x)]
2−αifdo,1 (x) dx+ σ2

)]}
. (29)

τ̃1,L = N log2

{
1 + exp

[
1 + ln

ηP1

N
− α

2
(ψ (1)− ln (πb1)) + ψ (GM )

− ln

(
2πP1ηλ1
α1 − 2

Γ
(
2− α

2

)
(πb1)

α
2 +1

+

K∑
i=2

(
2πλiPiη

αi − 2

)(
an,iPiBiN

P1GM

)δ−1

Γ
(
2− α

2

)
(πb1)

α
2 +1

+ σ2

)]}
. (38)

D. Energy Efficiency

V. NUMERICAL RESULTS

In this section, numerical results are presented to facilitate
the performance evaluations of NOMA in the considered
massive MIMO aided K-tier HetNets. The BS density of
macro cells is set to be λ1 =

(
5002 × π

)−1
. The considered

network is assumed to operate at a carrier frequency of 1 GHz.
The noise power is set as σ2 = −90 dBm. The path loss
exponent for macro cells and k-th tier small cells are α1 = 3.5
and αk = 4, respectively. The power allocation coefficients of
NOMA are am,k = 0.6 and an,k = 0.4. The distance between
small cells and a existing user is Rk = 50 m. Monte Carlo
simulations are provided to verify the accuracy of our analysis.

Fig. 2 shows the effect of M and bias factor on user
association probability, where the tiers of HetNets are set to
be K = 3, including macro cells and two tiers small cells.
The curves representing macro cells and small cells are from
(8) and (9), respectively. One can observe that as the number
of antennas at macro BSs increases, more users are likely
to associate to macro cells. This is because that the massive
MIMO aided macro cells are capable of providing larger array
gain, which in turns enhance the average received power for
the connected users. Another observation is that increasing
the bias factor can encourage more users to connect to the
small cells, which is an efficient method to extend the coverage
of small cells or control loading balance among each tier of
HetNets.

Fig. 3 plots the spectrum efficiency of NOMA based and
OMA based small cells versus bias factor with different
transmit power of small cell BSs, respectively. The solid curves
representing the performance of NOMA based small cells are
from (28). We can observe that the spectrum efficiency of
small cells decreases as the bias factor increases. This behavior
can be explained as follows: larger bias factor makes more
macro users with low SINR are associated to small cells,
which in turn degrades the spectrum efficiency of small cells.
It is also worth noting that the performance of NOMA based
small cells outperforms the conventional OMA based small
cells, which in turn can enhance the spectrum efficiency of the
whole HetNets. What is worth pointing out is that optimizing
the power allocation between two NOMA users can further
enlarge the performance gap over the OMA based scheme [3],

M
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Fig. 2. User association probability of the considered network, with K = 3,
N = 15, P1 = 40 dBm, P2 = 30 dBm and P3 = 20 dBm, λ2 = λ3 =
20× λ1, and B3 = 20B2.
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Fig. 3. Comparison of NOMA based and OMA based small cells in terms
of spectrum efficiency, with K = 2, M = 200, N = 15, λ2 = 20 × λ1,
and P1 = 40 dBm.

which is out of the scope of this paper.
Fig. 4 illustrates the spectrum efficiency versus bias factor

with different transmit power of small cell BSs. The curves
representing the spectrum efficiency of small cells, macro cells
and HetNets are from (28), (??) and (41), respectively. We
can observe that macro cells can achieve higher spectrum
efficiency compared to small cells. This is attributed to the fact
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Fig. 4. Spectrum efficiency of the proposed framework, with K = 2, M =
50, N = 5, P2 = 20 dBm, λ2 = 100× λ1.

that macro BSs are able to serve multiple users simultaneously
with offering promising array gains to each user. It is also
noted that the spectrum efficiency of macro cells improves as
bias factor increases. The reason is again that more low SINR
macro cell users are associated to small cells, which in turn
makes the spectrum efficiency of macro cells enhance.

VI. CONCLUSIONS

In this paper, a novel hybrid massive MIMO and NO-
MA based HetNets framework has been designed. A flexible
massive MIMO and NONA based user association scheme
was considered. Stochastic geometry was employed to model
the networks and evaluate the corresponding performance.
Analytical expressions for spectrum efficiency of the netowrks
were derived. It has been demonstrated that NOMA based
small cells were able to well-coexist with the current HetNets
structure and were capable of achieving higher spectrum
efficiency. A promising future direction is to optimize the
power allocation among NOMA users to further enhance the
spectrum efficiency of the proposed framework.

APPENDIX A: PROOF OF LEMMA 6

For small cells, the achievable ergodic rate of near user case
for the k-th tier can be expressed as

τnk = E {log2 (1 + γkm∗ ) + log2 (1 + γkn)}

=
1

ln 2

∫ ∞

0

1− Fkm∗ (z)

1 + z
dz +

1

ln 2

∫ ∞

0

1− Fkn (z)

1 + z
dz.

(A.1)

We first need to obtain the expressions for Fkn (z). Based on
(4), we can obtain

Fkn (z) =

∫ Rk

0

Pr

[
an,kPkgo,kηx

−αk

IM,k + IS,k + σ2
≤ z

]
fdo,k

(x) dx

=1−
∫ Rk

0

exp

(
− σ2zxαk

an,kPkη

)
LIk∗

(
zxαk

an,kPkη

)
fdo,k

(x) dx,

(A.2)

where we denote Ik∗ = IM,k + IS,k. Then we turn to our
attention to the laplace transform of Ik∗ with utilizing it as

LIk∗ (s) = LIM,k
(s)LIS,k

(s). We then derive these two parts
in the following:

LIM,k
(s) = EIM,k

[
exp

(
−s
∑
ℓ∈Φ1

P1

N
gℓ,1L (dℓ,1)

)]

= EΦ1

[∏
ℓ∈Φ1

Egℓ,1

[
exp

(
−sP1

N
gℓ,1ηd

−α1

ℓ,1

)]]
(a)
= exp

(
−λ12π

∫ ∞

ωi,1(x)

(
1− Egℓ,1

[
e−

sP1gℓ,1η

Nrα1

])
rdr

)
,

(A.3)

where (a) is obtained with the aid of invoking generating
functional of poisson point process (PPP). Recall that the
gℓ,1 follows Gamma distribution with parameter (N, 1). With
the aid of Laplace transform for the Gamma distribution, we
obtain Egℓ,1

[
exp

(
−sP1

N gℓ,1ηr
−α1

)]
= Lgℓ,1

(
sP1

N ηr−α1
)
=(

1 + sP1

N ηr−α1
)−N

. As such, we can rewrite (A.3) as

LIM,k
(s) =

exp

(
−λ12π

∫ ∞

ω1,k(x)

(
1−

(
1 +

sP1η

Nrα1

)−N
)
rdr

)
.

(A.4)

Applying binomial expression and after some mathematical
manipulations, we obtain the Laplace transform of IM,k as

LIM,k
(s) = exp

[
−λ1πδ1

N∑
p=1

(
N

p

)(
s
P1

N
η

)p(
−sP1

N
η

)δ1−p

×B
(
−sP1

N
η[ωi,1 (x)]

−α1 ; p− δ1, 1−N

)]
, (A.5)

where B (·; ·, ·) is the is the incomplete Beta function. Follow-
ing the similar procedure to obtain (A.5), with the aid of [15,
Eq. (3.194). 2], we can express Is,k as

LIS,k
(s) = exp

[
−s

K∑
i=2

λi2πPiη(ωi,k (x))
2−αi

αi (1− δi)

× 2F1

(
1, 1− δi; 2− δi;−sPiη(ωi,k (x))

−αi

)]
(A.6)

where 2F1 (·, ·; ·; ·) is the is the Gauss hypergeometric func-
tion. Then combining (A.5) and (A.6), we can obtain the
Laplace transform of Ik∗ as LIk∗ (s) = exp (−Θ(s)), where
Θ(s) is given in (24). Then plugging (11) and LIk∗ (s) into
(A.2), we obtain the CDF of Fkn (z) in (22). Then we turn
to our attention to derive the CDF of Fkm∗ (z). Based on (5),
we can obtain Fkm∗ (z) as

Fkm∗ (z) =

∫ Rk

0

fdo,k
(x)×

Pr

[
(am,k − an,kz) go,k ≤

(
IM,k + IS,k + σ2

)
z

PkηRk
−αk

]
dx.

(A.7)

Note that for the case z ≥ am,k

an,k
, it is easy to observe that

Fkm∗ (z) = 1. For the case z ≤ am,k

an,k
, following the similar

procedure of deriving (22), we can obtain the ergodic rate of
the existing user for the near user case as (23). The proof is
complete.
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