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Abstract

This thesis focusses on simulation of weak solutions to nonlinear differential equa-
tions. Methods employed include reformulation into stochastic differential equa-
tions, and transport of measures via pushforward maps and an action principle.
The common thread to approaches discussed is to consider an ensemble of solu-
tions and more generally the distribution that this ensemble will take, rather than
specific solutions themselves. A second focus of the work is to restrict solutions
to the surface of the sphere S?, simplifying the use of Fourier series but posing
difficulties for the long term stability of numerical algorithms. Numerical simula-
tions of random solutions to the nonlinear Schrédinger equation (NLSE) and the
isentropic Euler equations of fluid motion are carried out. For the NLSE, in the
case of § = 0, the empirical distribution is compared with the theoretic distribu-
tion of solutions (the Gibbs measure) statistically. Formulating the problem on
the sphere involves a Lax pair, one of which is the Frenet-Serret matrix and the
second a result of the Hasimoto transform applied to the NLSE. In the case of the
Euler equations, the numerical simulation is compared with evolution of a known
closed form solution in the one dimensional dam break problem. The proposed
algorithm uses optimal transport theory and convexity over a space of absolutely
continuous measures in order to allow weak solutions to the differential equations
that are distributions in the sense of Schwartz. The simulation is found to closely

follow the well established Ritter solutions to the dam break problem.
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List of notation

The following is a list of notation used throughout the thesis.

k Curvature defined in Definition [[.2.21
7 Torsion defined in Section [[.2]
kn, kg The normal and geodesic curvatures, defined in Definition [2.1.2]

(0, ) The first coordinate € denotes the longitude, the angle from the positive = axis.
The second coordinate ¢ is the colatitude, the angle from the positive z axis. This

is a convention for spherical polar coordinates, see Section [2.2.1]
C9(A, B) Continuous functions f : A — B that are ¢ times differentiable.
Ad The adjoint map, defined in Definition [2.3.10]
ad The adjoint representation defined in Definition [2.3.15]
M, (R) The set of square n x n matrices which have entries within R.
GL,(R) The General Linear group of invertible matrices on R.
SO(n) The Special Orthogonal group of dimension n, see Definition
s0(n) The Lie algebra of the Lie group SO(n), see Definition [2.3.9]

D4(B) The derivative of the matriz exponential map at A in the direction of B, where
A, B are matrices in the Lie algebra, see Equation (2.23)).

E4(B) The inverse to D4(B), as given in Lemma [2.3.22
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M(R™) The set of probability measures on R", see above Definition [3.1.6]

My (R™) The set of probability measures on R™ which have finite second moments, see
Definition B.1.6

Mo (R™) The set of probability measures on R™ which have second moments bounded by
K, see Definition [3.1.8

P2(R™) The subset of My(R™) which are absolutely continuous with respect to Lebesgue

measure, see Definition [3.1.7]

P2k (R™) A bounded subset of Po(R™), with measures having smaller second moments than
K, see Definition |3.1.9]

PY(R™) A set of probability measures which are within L7(R"), see Definition [3.1.10

PrL(R™) A bounded subset of P7(R"), in which their LY norm does not exceed L, see
Equation (|3.5)).

Py “(R™) The intersection P¥E(R™) N Py (R™), in which the notation allows for more
combinations, see Definition [3.1.11]

PY(R") A bounded subset of P) F(R™), in which G(p) does not exceed L, see Definition
12.3.4

W,(p,v) The Wasserstein distance between measures p and v as defined in Equation (4.4))

W,(F,G) The Wasserstein distance between one dimensional measures with cumulative
distribution functions F' and G as discussed in Remark .16l

o The integral of 7 over space, simplifying the Hasimoto transform, see Equation

(5.11)).
U(p) The internal energy of a fluid as a function of the fluid density p.

U(p) The internal energy density, related to the internal energy as shown in Equation
(12.1) and often referred to as the internal energy itself. An explicit definition in

the case of Isentropic Euler is given by Definition [6.1.2]
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P(p) The pressure of a fluid as a function of fluid density p, defined in terms of internal

energy density by Equation (6.4)).
W Wiener loop measure, defined in Proposition [8.2.5]

vgx The Gibbs measure, see Definition [8.3.1]
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Introduction

This thesis is an exploration of contemporary methods for numerical simulation of
nonlinear differential equations. Specifically, it focusses on two well known dynamic
systems, the nonlinear Schrodinger equation (NLSE) and the Euler equations of fluid
motion.

Smooth solutions to systems of partial differential equations (PDEs), particularly
linear PDEs are well dealt with by standard Runge Kutta methods and finite element
analysis. Nonlinear PDEs can have solutions which involve shocks — solutions which
are discontinuous on sets of zero measure. The isentropic Euler equations are known
to form discontinuities even for smooth initial conditions |16} §5] and as such different
approaches are required to deal with them.

This work is differentiated from the larger canon of methods for numerical integra-
tion of PDEs in two main ways. One is geometric, the space of interest in this work is
the sphere S?. When searching for solutions to a dynamic system on the surface of the
sphere numerical methods designed for an embedding into Euclidean space will produce
compounding errors unless they are adapted to the geometry. Instead, employing the
theory of Lie algebra’s to move from tangent space to base manifold while respecting
the geometry of the the space provides substantial benefits to long term stability of the
methods [32] [55].

The second way the methods developed here are differentiated is by allowing so-
lutions from a broader space of functions than the continuous and twice differentiable
ones required for well known existence theorems. Examples include solutions in the
Sobolev space H! or stochastic processes for the NLSE, and measures which are abso-
lutely continuous with respect to Lebesgue measure for the isentropic Euler equations.
The weak interpretation of the PDEs that extends solutions to these spaces can allow

recasting the problem as governing the flow of a probability distribution over time.
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This is done via stochastic processes when the dynamical system can be reformulated
into something resembling a stochastic differential equation (SDE). Another direction
taken is inspired by Hamiltonian dynamics, instead of employing calculus of variations
and being left with a set of PDEs, the system is reformulated as a convex optimisation
problem with the use of optimal transportation. Solutions to the system are actually

pushforward maps between measures describing the evolution of the initial distribution.

Chapters 1 and 2 cover the geometric ideas needed in this thesis, from the Frenet-
Serret frame to geodesic and normal curvature. Lie group theory for the sphere is
developed and the construction of exponential based solutions to ordinary differential
equations (ODEs) in this context is discussed by the Magnus expansion. Chapter 3
introduces the background needed on measure theory, as well as the weak compactness
criteria needed for transport of measures in later chapters, and Chapter 4 describes
the basics of optimal transport theory, the Monge-Kantorovich problem and Brenier’s
theorem for quadratic cost. Chapter 5 constructs a matrix Lax pair for the NLSE
thanks to the Hasimoto transform. Attention then turns to the Euler equations and
exact solutions on the sphere and in the case of a dam break are discussed in Chapters
6-7. Bourgain[10] asserts the measure of the function space of solutions to the periodic
NLSE is the Gibbs measure, and this is constructed in Chapter 8. Chapters 9 then
gives further details relating to Bourgain’s assertion, and shows weak solutions to the

Lax pair formulation of the NLSE exist.

Chapter 10 outlines the first numerical method, employing a stochastic differential
equation based on the Lax pair developed in Chapter 5. The numerical method devel-
oped for this SDE on the sphere is implemented in MATLAB and the distribution of
results is compared empirically with the theory. This is done statistically using a large

number (10°) of sample paths of the process.

Chapters 12 and 13 explore optimal transport theory in the case of Wasserstein
distance W5 and then construct a convex structure on a space of measures to allow the
theory to be applied in the context of the Euler equations on Euclidean space. Chapter
14 concludes the discussion of the optimal transport based method first developed by
Gangbo [27] by applying the method to the dam break problem and evaluating the

results.

Overall three numerical methods are built,

14



e Periodic solutions to the NLSE in three dimensions with initial data on the sphere
are simulated via stochastic process, for 5 = 0, the distribution of solutions

(sample paths) is found to coincide with surface area measure on the sphere.

e A numerical method for simulation of the dynamics of the Fourier modes of a
solution to the NLSE is conceived of, and with more computing power could be

compared with the Gibbs measure.

e A transport based method for simulating the isentropic Euler equations using
discontinuous densities is shown to exhibit realistic behaviour, matching the Ritter

solutions for the dam break problem under suitable initial conditions.
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Chapter 1
The Frenet-Serret frame

The Frenet-Serret frame is a triplet of orthogonal vectors, and a first order differential
equation which governs the motion of this frame thanks to its curvature and torsion.
This is one approach to describing the motion of a curve in R?, where the position of
the curve is at (0,0,0) with respect to the Frenet-Serret frame. This chapter presents
the background needed to formulate the frame and its motion. This formulation will
be used in later chapters for both the isentropic Euler equations and the nonlinear
Schrodinger equation. The mathematics developed in this section is bookwork which

can be found in sources such as Pressley [61].

1.1 Arc length reparametrisation

A curve v is a smooth function, parameterised by time ¢,

v [0,7] = R,
t— ().
Unless defined otherwise it will be assumed it is twice differentiable.

Definition 1.1.1. A regular curve is defined as a curve with nowhere zero speed.

Symbolically,
9@ # 0, vt elo,7].

The derivative of the curve, known as the velocity, is a vector quantity pointing

17



tangentially to (in the direction of) the curve at each point, with magnitude equal to

the speed of the curve.

Definition 1.1.2. A unit-speed curve is a curve with speed 1 everywhere. |[|¥(t)| =
1, vt € [0,7].

Definition 1.1.3. The arc-length of a curve 7(t) is the distance an observer will have
travelled if following the curve from ¢ = 0 up to the present time, ¢. It is given by the

function s(t),
smzlnwwm. (L1)

The derivative of the arc length with respect to time gives the speed of the curve

=5 | mwla= 150l (12)

Proposition 1.1.4 (Pressley). (60, Cor 1.3.7] Every regular curve ~(t) will have a
unit-speed parametrisation (f(t)) and the reparametrisation f will be equal to s(t) up

to a constant.

One can express the velocity of a curve with respect to its unit speed parameterisa-

tion like so,
7(5) = A6(0) = 7 0) = () (13

This gives a unit vector pointing in the tangential direction to the curve, and acts as

the starting point for the Frenet-Serret frame.

1.2 The Tangent, Normal and Binormal vectors

In this section, the curve 7(t) is assumed to be unit speed.

Definition 1.2.1. The tangent to the curve, denoted t is the unit length vector pointing

tangentially to the curve at each point. As such it can be defined in terms of v as t = 4.

A unit speed curve «(¢) has no acceleration in the tangent direction (otherwise it
would speed up!), this can be verified by taking the derivative of the relation (¥,5) = 1
with respect to ¢. This gives the relation (¥, ) = 0 and therefore the curves acceleration,

7 lies in the plane perpendicular to t.

18



Definition 1.2.2. The direction of the acceleration of the unit speed curve ~(t) is
called the normal to the curve, denoted n. The magnitude of this vector is known as
the curvature, and is denoted . To enforce the unit length requirement, n = 5/||4/|,

and the magnitude x = ||9/|.

Definition 1.2.3. The orthonormal vectors t and n can be extended to a co-moving
basis of R?® with use of the cross product. A choice of orientation is all that is left to

define the binormal vector b,

b=t Xxn,
or in terms of the unit speed curve
S
b=_"1
ol

Due to the fact both ||t|| = 1 and ||n|| = 1, b is also unit length and {t,n, b} form an

orthonormal basis of R3.

By the definition, it is clear that the normal is related to the derivative of the tangent

via the expression

n=-—, (1.4)

and the derivative of n can be calculated using its definition in terms of the unit speed

curve.

4 HAIR = 43.3)

—n= - )
dt [11%
= (—,t)t + (——, b)b,
TETRARET
g
= —kt + (——,b)b, (1.5)
[oll
where the last line follows from taking derivatives of (¥,5) = 0.
d
oy
(7 =0,
F,9) + 151 =0,
Yo .
() = =14l
15l

19



The final relation needed to build the Frenet-Serret equations for the motion of the

t,n, b frame is the derivative of b.

ib—itxn+txin
dt — dt dt
=t X n.

This shows that b is orthogonal to t, and the fact b is a unit vector implies b is

orthogonal to b. Thus b points in the direction of n, and the magnitude can be defined

as the torsion b = —7n. This can also be calculated explicitly, using Equation (I1.5))
_ gl
=t X (—Iit + <—,b>b> s
ol
fy
= —<f, b>n
1l

Thus the torsion can be given by the inner product,

_ (3 axd,
117 11l

Combining the results of this section gives the Frenet-Serret frame.

Proposition 1.2.4. Any reqular curve v € C3(R,R3) or smoother can be described by

the evolution of a frame,

p t 0 0] |t
sl Y Bl i 0 7| |n|, (1.6)
b 0 —7 0] |b

where k(s) > 0 and 7(s) are in C3(R,R). The converse is also true, for any r,T €
C3(R3) there exists a unique (up to isometries of R3) curve v which is specified by its
frame [t,n,b].

Proof. The forward direction is an application of the definitions specified in this section.
Provided 7 is regular and three times differentiable t,n, b, x, 7 are all well defined. The
converse direction is an application of classical ODE existence theorems, for example

Birkhoff [4]. Provided x and 7 are differentiable, then with sufficient initial conditions

20



the ODE has a unique solution. The details of the isometry needed on R3 can be found
in [60, Thm 2.3.6], and amount to translating between initial points of the two potential

solutions, and then rotating their frames to match. O]
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Chapter 2
Spherical geometry

Following on from the previous chapter on Frenet-Serret frames, there are directions
that discussion can be developed further for curves which are constrained to stay on
the unit sphere. Any two dimensional surface embedded in R3 has a vector normal
to the surface within the ambient space, this offers an alternate choice of normal to
the one given in the Frenet-Serret frame. The first section of this chapter discusses
this idea. Also included in the chapter is background material on Lie groups and
algebras which is used to construct solutions to differential equations constrained to
the sphere. The Magnus expansion is the prototypical example, and this is mentioned
subsequently. However to understand what is meant by the Magnus expansion, the
directional derivative of the exponential map within the Lie algebra is carefully defined.
Finally, the chapter covers the Rodriguez formula, a closed form expression for the
exponential of a three dimensional skew symmetric matrix. Many of the proofs given
in this chapter are basic Lie group theory and can be found in sources such as Stillwell

68).

2.1 Geometry of the sphere

For any two dimensional surface (or smooth Riemannian manifold) embedded in R3
there exists an alternative co-moving frame for curves travelling along this surface.
This comes from the fact that the velocity vector always lies in the tangent space of the

surface, and there exists a unique (up to sign) unit normal to this plane in R3. Thus

23



the old tangent vector of a unit speed curve (as defined in Definition and the
normal to the surface are always orthogonal and one can construct a frame from these
vectors. In this case, no longer does the acceleration of a unit speed curve point in the
direction of the ‘normal’ vector, instead it lies in the plane orthogonal to the tangent.
The component of the acceleration in the direction of the ‘normal’ vector is related to

the curvature of the surface as will be discussed directly.

Definition 2.1.1. The unit sphere S*~! is the boundary of the unit ball, 9B in R,
which is defined
0B(a,r) ={x € R" | ||z —a| =r}. (2.1)

The unit sphere is 9B(0, 1), and unless specified, it is assumed n = 3.

For the unit sphere, S?, the normal to the surface is given everywhere by the radial
vector, denoted 7. Thus if the curve 7(¢) is unit speed and constrained to the unit
sphere, then the vectors {4, 7,7 x #} form an orthogonal basis for R* which moves with

the curve.

Definition 2.1.2. The acceleration of a unit speed curve constrained to the surface of

the unit sphere can be expressed as,
N = Knf + Ky X T, (2.2)
where &, is defined as the normal curvature and kg is the geodesic curvature.

This relation holds for other surfaces too and at its simplest is just expressing v with
respect to the frame {¥,7,% x 7}. The acceleration has no component tangentially as
it is unit speed ((¥,%) = 0). The property that makes the sphere unique is the simple

expression for 7, a generic normal vector, as 7 —the radial unit vector.

Lemma 2.1.3. Consider any unit speed curve v(t) which lies on the sphere. Its normal

curvature 1s k,, = —1.

Proof. Any curve on the sphere has (v,4) = 0 otherwise it would move off the sphere.
The derivative of this relation is (¥,v) = —||¥||?, and in the case of the unit sphere,

y(t) = 7. Then &, = (¥,7) = (¥,7) = —||¥]|*, and recall that + is unit speed. O

24



2.2 Frenet-Serret on the sphere

Proposition 2.2.1. For a unit speed curve (t) which is on the unit sphere, its curva-

ture and torsion satisfy the relation

d K

= dinr

(2.3)

T
K

and the converse is also true.

Proof. As (t) is in R? it can be decomposed into its coordinates with respect to the
basis {t,n, b}, v(t) = a(t)t+b(t)n+c(t)b. Now as ~(¢) is on the unit sphere, (y,t) =0,

and so a(t) = 0. Then the derivative of this expression is

<’7(t)7{"> + <t7t> =0,

making use of the relation 4(t) = t because 7 is unit speed

((t), wm) = ],
(4(t),m) = —~.

K

This implies that b(t) = —1/k. A further derivative will allow ¢(¢) to be calculated,

oW =5

ik
(6. — (3(0), 58) + (3(0), 7} = 5,
K
t),b) = —.
(1), b) = -
With reference back to the generic expression for v(t), c(t) = £/k*r and thus y(t) =
—(1/k)n + (f/K*7)b. To finish the proof, take the derivative a final time,

d d k
—{~(t =
dt<,y( )7 > dt /{:27—7
1d &
t),n) =—-———
(u(t),m) = —— 2
1 B 1d &
Kk Tdt kAT
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The converse can be seen from reversing the steps in the proof. O]

2.2.1 Local coordinates

One can study the geometry of the sphere as a Riemannian manifold without a general
theory of differential geometry thanks to spherical polar coordinates. The sphere is
embedded into R? and covered with the two natural surface patches with respect to lat-
itude and longitude. The curvature of the manifold is then dealt with using curvatures

already mentioned in this work.

The spherical polar coordinates of R? are given by (r,0, ) where 6 denotes co-
latitude - angle from the z axis - and ¢ denotes longitude - angle from the z axis and
r is the radial distance. Any point on the surface of the unit sphere has » = 1 and
so a local set of coordinates (6,¢) € (0,7) x [0,27) maps the majority of the sphere
(a second chart is needed to complete the atlas, which can simply be a translation
of this surface patch around the sphere). The embedding map which maps the local

coordinates to points in R? in which the manifold has been embedded is given by

sin(6) cos(p)
7= | sin(f)sin(p) | . (2.4)
cos(0)

As is natural in differential geometry of a smooth Riemannian manifold, the basis of the
tangent space will be dy and J,, in which the meaning of both are the partial derivative

operators at a point mapping curves passing through that point into the tangent space.

. cos(f) cos(p) . —sin(yp)
0 — & — 0) si 5 1 ﬁ =
=55~ cos() sin(yp) |, $= (@) dp cos(p)
— sin(0) 0

And the collection (7, 0, $) form an orthogonal basis of R3. For future ease, the partial
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derivatives of the vectors (6, p) and ¢(6, ):

. — cos(p) .
92 = —( = | —sin(p) 90 = —7
Do ’ 00 ’
0
90 . 0y
% = cos(0)g, 90 0.

The ¢ component can be decomposed into its constituent parts by:

(¢, ®) =0,
(¢,6) = cos(d),
making the relation % — —sin(6)7 — cos(9). Thus, when taking the time derivatives

of the vectors (é, ©»,7) the resulting vectors are,
d SO
d—@ = —07 + ¢ cos(h),

= —¢sin(0)F — ¢ cos(0)0,

A hypothetical smooth curve on the surface of the sphere can be parameterised in
intrinsic coordinates (6(t), ¢(t)), embedding the sphere in R3. With use of 7 one can

express the curve in Cartesian coordinates by

(t) = 7(0(1), ¢(t)) = (sin(6(t)) cos(p(t)), sin(0(t)) sin((t)), cos(6(t)))-

Taking the derivative twice with respect to time and expressing the result with respect
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to the basis (7, 0, $) equals

(1) = 00 + ¢sin(0)p, (2.5)
& (t)—éé+éié+“ in 0@ + 0 cos p + ¢ in(Q)iA
2\ = g0 T osmip+0pcostp+ s g

2 e A . . .
?v(t) = 00 — 0*F + 0 cos 0P + Psin 0P + O cos O

d
+ ¢ sin(0) (—gb sin(@)r — ¢ cos(@)é) :
Collecting terms,

j—;’Y(t> _ <9 — ¢ sin(8) COS(&)) 0 — (92 + ¢ sin2(9)) 7

+ (29’<p cosf + (sin 9) 3. (2.6)

The component of the acceleration in the direction normal to the surface is —02 —
¢?sin?(0(t)) = —||%||>. This is necessary for the curve to stay on the sphere. The
velocity of a curve on a surface must lie in the tangent space to the surface. The
tangent space to the sphere at the point given by (6,¢) in local coordinates is the
plane perpendicular to the vector #(6, ¢) as viewed extrinsically in R3. In other words,
for any curve X(t), using the Euclidean inner product on R3 (v,4) = 0. Taking
the derivative of said relation implies that (y,%) = —||§||>. This is a special case
of the covariant derivative, the derivative of a vector field on a manifold is given by
the covariant derivative of the vector field along curves on the manifold. As such
d?/dt*y = V¥ = % — (4, N)N, where N is the normal vector to the surface of the
manifold when the manifold is embedded in a higher dimensional Euclidean space (and
the inner product is with respect to that space). In the case of the sphere the normal
vector is simply 7, and the normal component of 4 becomes an additional constraint

for the curve to stay on the sphere.

2.2.2 Geodesic and normal curvature

Returning to the frame outlined in Section [2.1], the normal and geodesic curvatures of

a general curve y(t) = 7(0(t), ¢(t)) can now be calculated explicitly.
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Proposition 2.2.2. In the case of a unit sphere, any unit speed curve along S* has

normal curvature k, = —1 and geodesic curvature,
kg = (0 — 0) sin(0) + 2629 cos(0) + ¢° sin(6) cos () (2.7)

where y(t) = 7(0(t), p(t)) is the unit speed curve expressed in local coordinates on the

sphere.

Proof. Consider the curve constructed in the previous section, v(¢) = 7(6(t), p(t)), with
its acceleration given in Equation (2.6). Assuming now that this curve is in fact unit
speed, then ||7]|2 = 6% + ¢?sin®(A(t)) = 1, and so from the # component of Equation

~

(2.6) we can deduce that x, = —1. The vector 4 can be expressed in terms of (6, )
as in Equation (2.8), ¥ = 60 + ¢ sin(0)¢. Taking the cross product with # will define

7 X 7, noting that 7 x 0= ¢ allows us to calculate
P x4 =60p— ¢sin(0)6.
Thus all that is left is to calculate k, = (¥,7 x ) and verify that (y,7) = 0.

(.7 x 4) = (7, 8) — @sin(0)(7,60)
= (29@ cos 0 + ¢ sin 0) — ¢sin(0) (9 — ¢?sin(6) cos(@))
= (p0 — 6¢) sin() + 262¢? cos(0) + ¢° sin(0) cos(6).

This gives the proposition. To verify that our curve remains unit speed and thus all
acceleration inside of the tangent space to the sphere is purely perpendicular to the

motion we must check that (§,%) = 0.

(5,7} = 003, 0) + ¢ sin(0)(3, &)
=0 <9 — ¢?sin(6) cos(@)) + ¢ sin(6) (29@ cos 0 + ¢ sin 9)
= 06 + 0¢? sin(f) cos(0) + p sin®(0)
1d

= 5 (0% + ¢ sin?(0(1) )

=0.
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2.3 Lie group theory for the Magnus expansion

In this section an algebraic analysis of the derivative of the exponential of a matrix
is carried out. The Magnus expansion gives the impetus behind this formalism, to
discuss solutions to matrix differential equations which are given by an exponential of

a function. The context of interest in this section is that of the differential equation

%X(t) = A(t) X (t), (2.8)
for A(t) € so(n) or more generally A(t) € M,(R) and X (t) : [0,t] — M where M could
be R, or a bounded subspace such as the unit sphere S*'. In the case of so(n) the
solution can be given by a vector on S*~! and in turn this can be represented by an
initial vector and a rotation in SO(n). This rotation matrix can then be expressed as
the exponential of an element of so(n) and the details and validity of this statement
are discussed, as well as worked out explicitly for n = 3. First the subject is motivated

by the method of Picard iteration.

Motivating examples

For an intuition of where the Magnus expansion has been developed from consider the

following examples.

Example 2.3.1. Consider the initial value problem,

%X@) —AX(H),  X(0)= X, (2.9)

where X € C([0,t],R") and A is a constant matrix A € M,(R). As an illustrative
exercise we will solve this using successive approximations. In integral form the initial

value problem becomes
t
X(t) = X —1—/ AX(s)ds =TX(t). (2.10)
0
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which can be represented as the operator T. The solution X is the function such that

X =TX, and the approximation can be started with X

TXO - (I + tA)XO = Xl,

t2
TX1 = (I + tA + EAQ)XO = XQ,
From which a clear pattern emerges,

A
TX, =) TXO, (2.11)

J=0

and hence lim,,_,., TX,, = exp(tA)Xj.

The problem becomes more complex if the matrix A is no longer constant.
Example 2.3.2. Consider the initial value problem,

% X(t) = ABX(),  X(0) = X,

where X € C([0,t],R™) and A(t) € C([0,¢], M,(R). Also assume that A(¢) commutes
with B(t) = [} A(s)ds for all t.

Again using the idea of successive approximations, it is clear that TX, = (I +
B(t))Xy. Applying the operator to X,

TX, =Xo+ /OtA(u)duXo + /OtA(u) (/OtA(s)d:s) duXj.

This equation can be reduced with use of the assumption that A(t) and B(t) commute,

the third term is simplified using integration by parts,

t t
/ A(u)B(w)du = B(#)B(t) — / Bu)A(u)du,
0 1 0
/ A(u)B(u)du = EB(t)B(t).
0
This reduces the expression for Xs to X» = (I 4+ B(t) + 3B(t)?) X, and the method of
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integration by parts can be applied again for subsequent terms using the assumption
that A(t) and B(t) commute. This suggests the limit

nll_{ilo TX, =exp(B(t))Xo. (2.12)
The assumption on A(t) and its integral commuting for all ¢ is not realistic. If it
doesn’t hold, then the infinite series will become more complicated, involving nested
commutator brackets. This offers a motivation for the Magnus expansion, the exam-
ples have suggested the form X (t) = exp(€2(¢))X(0) for solutions to the initial value
problems posed, for this function to solve a general ODE on SO(3), what differential
equation will 2 have to satisfy.
These examples also motivate the classical theorems on existence of solutions to
ODEs, the operator T' defined in Equation (2.10]) is the iterator in Picard’s iteration
theorem [66].

Theorem 2.3.3 (Picard iteration theorem). Consider A(t) : [0, 7] — M,(R) continu-
ous and Lipschitz in the sense that for all t € [0,7], ||A(t)X — AQ@)Y || < K| X =Y
for X, Y € R C R" and R a closed and bounded subset. Then there exists a solution
X(t) : [0, 7] = R to the differential equation

d
X (1) = A(X (@), (2.13)

on an interval t € [0, h] where h < 7.

Proof. First constrain our problem to the interval [0, h] where h € [0,t] is chosen so
that K'h < 1. Using the functional 7" given in equation ([2.10]), iteratively define

h
X1 = T(X()) = X() +/ A(S)XOdS,
0

h
XQ = T(Xl) = XO +/ A(S)des,
0



By defining A(t) as a bounded linear function of X on R in the assumptions of the
theorem it is clear that [|[A(1)X]| < K| X| < K, for all X € R. Thus || X; —
Xoll = || thA(S)XodSH < hK5, which in turn implies a smaller limit for || X, — X;|| =
I foh A(t) (X1 — Xo)ds|| < hK|| X1 — Xo|| < hKhK,. Seeing the pattern, the distance
1 X, — Xp1]] < (RK)""'hK,. Next consider the convergence of the series

X =Xo+ Y (Xp—Xp1),

n=1

in the Euclidean norm on R". By applying the triangle inequality, the norm of X is
bounded above by

IXT < 11 Xoll + D 1 X0 — Xl < 1 Xoll + 2K Y (REK)™,
n=1 n=0

so the series X converges. Furthermore the series X = X (¢) will converge by the same
estimate for any ¢ € [0, h] hence the convergence is uniform. Lastly, the series X is a

solution to the differential equation because

0=X, —T(Xn_1),
X-TX)=X-T(X) =X, + T(Xn_1),
[ X =TX)[ <X = Xal| + [ T(X) = T(Xn-1)],

X =TI < [ X = Xall + H/O A(s)(X = Xpa)ds|,

X =TX) < [[X = Xall + RE[X = Xo o]

As X, — X as n — oo it is clear that || X — T'(X)|| tends to zero hence X is a

solution. O

2.3.1 Lie theory

Define M to be a differentiable manifold. That is a Hausdorff space which is second
countable, and has a smooth differentiable atlas. Any function on this space is dif-

ferentiable thanks to the atlas, and thus the tangent space to the manifold can be
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defined.

Definition 2.3.4. A Tangent space to the manifold M at the point p € M is denoted
T,M. Let v(t) : R — M denote all smooth curves on M such that v(0) = p. The
Tangent space is the set of derivatives of the curves 4(0). For each vector a € T, M there
are many curves such that 4(0) = a therefore the definition can be reduced to the set
of equivalence classes of derivatives of curves. Consider P = {7y : R — M :~(0) = p}
then an equivalence relation 41 ~ 45 if 41 (0) = 42(0) will produce the equivalence classes

and the quotient vector space P/ ~=T,M.
With these concepts the Lie group and Lie algebra can be defined.

Definition 2.3.5. A Lie group, G, is a differentiable manifold M which is also a group

and the group operation and inversion are smooth.

Definition 2.3.6. A Lie algebra is a vector space g with a Lie bracket [-,-] : gx g — g

which is linear in both arguments, antisymmetric and satisfies the Jacobi identity,
[A,[B,C]] + [B,[C,A]| + [C,[A,B]] =0, VA,B,C€g.

For this project only Lie groups which can be represented as matrices (so considered
as subgroups of GL,(R) are needed, which simplifies the definitions). The Lie algebra

of a matrix Lie group can be defined as follows

Definition 2.3.7. The Lie algebra of a matrix Lie group, GG, consists of the matrices
X such that exp(tX) € G for all ¢.

The tangent space of a Lie group is a Lie algebra. We will only consider matrix Lie

groups and matrix Lie algebras, for which the exponential map
exp:g— G,

which maps the algebra to the group, coincides with the matrix exponential,

exp(A) = Z R
=0

n
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The Lie groups which are discussed most in this thesis are the special orthogonal
groups SO(n), and specifically SO(3).

Definition 2.3.8. One can define SO(n) via its matrix representation
SO(n) ={A € GL,(R) : AAT = I det(A) = 1}. (2.14)

This set, with the binary operation of matrix multiplication, forms a Lie group.

Definition 2.3.9. The Lie group SO(n) has accompanying Lie algebra so(n), with

matrix representation
so(n) ={X €GL,(R) : X + X" =0}. (2.15)

Definition 2.3.10. The adjoint map of a Lie group, if GG is a Lie group and g is it’s
algebra, then for all A € G there is a linear automorphism of g, Ad : g — g given by

Ady(X)=AXA (2.16)

Recall that g is an algebra over a vector space, so linear maps g — g themselves form

a group GL(g). Thus the map Ad : A +— Ad, is a group homomorphism G — GL(g).

Remark 2.3.11. For a relevant example, consider the Lie group SO(3). If A € SO(3)
and X € s0(3) then Ads(X) = AXAT = —AXTAT = —(AXA")T hence AXAT is in
50(3) too.

Lemma 2.3.12. Any matriz A € SO(3) can be decomposed into a triplet A = BCyB™*
in which B € SO(3), and Cy € SO(3) is of the specific form which rotates the z axis
by an angle 0,

cos(f) —sin(d) 0
Cyp= | sin(d) cos(d) O0]. (2.17)
0 0 1

Proof. One can prove the statement concerning the rotation around a fixed axis, and the
specific decomposition of any matrix A € SO(3) by studying its characteristic equation.
The equation ps(z) = det(zl — A) is a cubic monic polynomial and thus must have at

least one real root by the intermediate value theorem. What is more, the intercept of
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the graph, pa(0) = det(—A) = —1. As the polynomial is monic,p4(z) — 0o as x — o0,
and so the intermediate value theorem again establishes that p4(x) should have at least
one positive real root. For any eigenvalue X and for v its eigenvector, (Av)TAv = v v,
but (Av)"Av = |M\?v'v, so || = 1. Together these statements imply that A = 1 must
be an eigenvalue of A, and its accompanying (unit) eigenvector v is the Euler axis of
the rotation for Cy. The rest of the argument resembles diagonalising or the Jordan
normal form. The matrix B can be seen as the change of coordinates from (z,y, z) to
(W1, Wa, v) where orthonormal w; and wy span the plane orthogonal to v. With this
definition alone B € SO(3) and so by the closure property of the group, Cp must be in

SO(3) too. Hence, from the currently known information, Cp must be of the form

Co = 0

By the condition that CyC, = I, the smaller U € My(R) must satisfy UU " = I. The
determinant relation det(Cy) = 1 directly implies det(U) = 1 and thus U € SO(2).
A generic element of SO(2) can be expressed via one parameter § by the top right
elements of Cy in Equation (2.17]). O]

Lemma 2.3.13. The action of SO(3) on itself is by conjugation, or the adjoint map
Ad. This action is isomorphic to the space of rotations SO(2)

Proof. Consider the group action Ady for some matrix U € SO(3). For A € SO(3) the
action of Ady forms an orbit, the orbit of A is the set {Ady(A) : U € SO(3)}. For
cach A there is a representative member of the set equal to Cy by Lemma [2.3.12] The
set {Cy : 0 € (0,2x]} is isomorphic to SO(2). O

Lemma 2.3.14. The ezponential map exp : s0(3) — SO(3) is surjective.

Proof. To prove the surjectivity of the exponential map, consider the following relation.

For any value of 6 € [0, 27],

0 -0 0 cos(f) —sin(d) 0
exp[# O Of=|sin(@) cos(d) O0]. (2.18)
0 0 O 0 0 1
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If Dy is the matrix specified, so that exp(Dy) = Cp then note that exp(BDyB™!) =
Bexp(Dy)B~t. This follows from the fact that BBT = I, which follows from the
construction of B where each row is an orthonormal vector. Finally, Dy € s0(3) and
as explained in Remark 2.3.11] so is Adg(Dg). So exp is surjective, for all A € SO(3)
there exists Adg(Dy) € s0(3) such that exp(Adg(Dyp)) = A. O

Definition 2.3.15. The adjoint representation of a Lie algebra is the linear map ady :

g — g which, for each Y € g is given by
ady (X) = [V, X]. (2.19)

In the same way as the adjoint map of the group can also be seen as a group homomor-
phism G — GL(g), the adjoint representation of the algebra can be viewed as a map

Y — ady which maps elements of g to linear operators on g.

Theorem 2.3.16. /35, Thm 3.18] For any given Lie group homomorphism ¢ : G — H
between matrix Lie groups, there exists a unique real linear map between their algebras
(5 : g — b such that,

P(eX) = e?X), (2.20)

This map has the following property,

P(X) = - d(exp(tX))]i=o- (2.21)

The Adjoint map Ad is a group homomorphism G — G L(g) and the adjoint repre-
sentation, ad, is its corresponding map between the algebras, Ad = ad. This is shown
by, for all Y € g,

2Adef,x )| = (260() Ye ™| 4y (getx)

Z% t=0 at t=0 at t=0
=XY -YX
= adX (Y)
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and therefore by Theorem [2.3.16]

Ad x = e*x, (2.22)

2.3.2 The derivative of the exponential map

Let g be the Lie algebra to the Lie group G, the derivative of a smooth function lying
in the group (at the identity) lies in the algebra. The Lie algebra is its own tangent
space, therefore the differential of the exponential function at a point X € g will be an
endomorphism,

Dy (Y) = (dexp)|x(Y) 1 g = g. (2.23)

The function,
it exp(—X)exp(X +tY) (2.24)

is a map from R to G if X,Y € g, and satisfies f(0) = I, therefore f(t) € g. The
function f : Y — f(0) can be identified with (dexp)|x(Y), they are both functions
g — g, and this identification

(dexp)|x(Y) = (% exp(—X) exp(X + tY)) ) (2.25)

is used in Thm 2.14.3, by Varadarajan to establish the definition,

(=D
Dx(Y) = d% (Y). 2.26
x(Y) ;<k+l)!ax( ) (2.26)

The expression in Equation (2.26)) can be proven using the method given by Tuyn-
man [72]. Though said reference does not expand on the subtleties of the convergence

properties of a certain power series, which are only true thanks to Weierstrass’ Double

Series theorem for complex analytic functions 38| p.35].

Lemma 2.3.17. For a complex matriz X € M, (C), the following limit holds uniformly

on compact sets as n — 00,

exp(X) —1 exp(X) —1
n(exp(X) — 1) - X ’

(2.27)
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where the fraction represents a compact notation for a power series, not division with

respect to a matrix.
Proof. The partial geometric sum gives a starting point, for x € C,
" —1 1 &
n(z—1 n Zx '
The association of xn = exp(z) implies the following,
-1
exp(z) -1 1 Z
n(exp(Z) — 1) n
lemn 1 2k’
S (z) |
k=0 j=0

In the case of matrices X € M, (C) the power series is

exp(X) —1 _1"1001 ‘
TSR RP IO B () (2:2%)

The convergence of this series is not taken for granted, and will be established via Weier-

strass’ double series theorem. First the complex variable case, exchange of summands

leaves the power series,
00 1 n—1 1 L j
F.(2) = S G g 2.29
D-GER())- e

Express F,, = > 2 u;(z), then each u;(2) is analytic on the disc {z € C : 2| < R} as

on said disc, and for all n,

n—1 1 n—1 ; . .
1 kN’ 27 1 kN’ J R
- Z L <|- Z - = < —. (2.30)
ne=\n/ j ne=\n ! J!

where the term in brackets is the mean of % and each % < 1. Hence, thanks to
Weierstrass” M-test, F,, is absolutely convergent on {z € C : |z| < R} with the
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estimate,

n—1 i n—1 ;
kN7 2 RI

Analogously, each term of F,(X) = > 72 u;(X) is analytic on the disc {X € M, (C)[[| X|| <
R} because the operator norm is submultiplicative, and hence || X7|| < || X | < R. This
makes F,(X) absolutely convergent on {X € M, (C)|||X| < R} with the estimate,

n—1 j ; n—1 ;
kN7 X7 J

As F), is absolutely convergent on the disc for each n, the sequence (F,),en converges
to an analytic function denoted F. An analytic function can be represented by its
Maclaurin series, and Weierstrass’ double series theorem says that one can calculate
the derivatives of a function ) 7% u;(2) term by term provided each term is analytic

on the same disc, as just established.

o F(l)(O)
FAX)=) — X,
1=0 )
n—1 n—1 1
1 k 11 k
FY0) == = FO0)==-= - .
(0) nZ n)’ (0) nl n

k=0

Finally, let n — oo and notice the resemblance between F'()(0) and a Riemann integral,

as (%)Zig_l are the left limits of the n'" partition of the interval [0, 1].

1= (kN 1
im =S (2) = dr = ——. 9.
i3 (5) = [ 239

Substituting into the Maclaurin series for F), and taking the limit as n — oo,

= 2 exp(X) —1
F,(X)— = 2.34
(X) ; I+ 1)! X ( )
where the last equals sign gives a closed form expression for the power series. O
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Theorem 2.3.18 (Tuynman [72]). For matrices X,Y € g the directional derivative,

= (ﬂ) ¥). (2.35)

d X4ty
—e
adx

dt

Where the expression within the brackets is a formal power series.

Proof. Let us use the expression given in Equation to express the derivative of

X J
L)
= exp(X) gexp <%> N (Cx/n) (%) exp (%)j ,

= exp(X) 3 Ady (con (%))

exp(% + t%)” The product rule implies,

d <X+tY)n_"_1 X\ /d RS
dteXpn n’ Oexp n dteXpn n

=

and is a derivative, therefore linear in Y.
t=0

where Cx(Y) = e ¥ L exp(X + tY)

d X Y., e,
—exp(= =) == Adl 0 ((Cxn) (V)

J=0

I — Adesp(—
:ex( exp(~X) ) Co) (V).
(I — Adexp(—x/m)) (( xm) >)

the expression within the brackets is an operator on so0(3), the geometric sum of the
series Ad up to the n'® term. The relationship Ada«(B) = Ad%(B) is also exploited.

The limit of this expression as n — o0,

< I — Adexp(—x) ) R exp(ad_x) — 1 _ I — exp(—ady)
n(] — Adexp(—X/n)) ad_X adX ’

The identification of linear automorphisms given in Equation (2.22) relates the adjoint
map (Ad) to the adjoint representation (ad). Consider the complexification V' of s0(3),
and the space of bounded linear operators on V', the operator ad_x can be extended

to a linear operator on V' by expressing X with respect to a basis of complex matrices.
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Lemma [2.3.17| applies to bounded linear operators on M, (C) in the same way as it
does for complex matrices. Finally, the limiting argument is applied to the original

approximation for the exponential,

lim 4 exp(X + tz)” = exp(X) lim ( ([ ~ Adep(-x)) ))> (Cg (Y)) ;

n—oo dt n n—oo \ n(f — Adexp(—X/n

— expx) (T2 ) ),

adX

The phrase ‘formal power series’ is used in the theorem to refer to the linear operator

(%};ad")). This is because the operator is used as a succinct representation of the

power series

I —exp(—ady) ~= ad y > adl
=Dx(Y). 2.36
adx ; [+1)! ; x(¥) (2.36)

Corollary 2.3.19. In addition, as outlined by Hall |35, Thm 5.4], an application of
the chain rule on exp and X (t),

d I — exp(—ady)

L exp(X(1) 2o = exp(X (1)1cg ( L ) (X (D], (2.37)

Or as a power series rather than a ambiguous operator,

 exp(X (1)) = exp(X (1) Dy (X (1)) (2.38)

Lemma 2.3.20. An alternate form for Equation (2.38)) is,

d .

@ exp(X(1)) = Do (X(0) exp(X(1). (2.39)
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Proof. Take the derivative of I = exp(—X(¢)) exp(X(t)) to give,

0= 2 exp(~X (1)) exp(X (1)) + exp(—X (1)) & exp(X (1)
0 = exp(— X ()Dx (0 (~X (1) exp(X (1)) + exp(~X (1)) o exp(X (1)

d

p exp(X(t)) = D_xq) (X<t>) exp(X(1)),

where the linearity of Dx(Y) in Y is used. If this product rule based proof does not
convince, then consider the proof of Theorem [2.3.18, the terms of the product rule
expansion in the proof can be chosen alternatively as,
n—1 1 —1—7
d X Y X\’ [d X Y X\
il 2oy = = il T S =
dteXp<n+ n) Zexp<n> <dteXp<n+ n)) t:Oexp<n> :

e <> (2)en(z)

Where Cx(Y) = (Lexp(X +¢Y))| exp(—X) is an alternate valid definition, which

t=0
is again linear in Y. Following the proof of the theorem through with this equation and

the operator adx, Equation (2.39)) will be recovered. m

Definition 2.3.21. Derived from the reciprocal of the exponential power series, for

|z| > 0, the series,

et —1

o x”
=> By (2.40)
n=0

where By, represents the k£ Bernoulli number.

Using this series and the power series of the exponential we obtain a relation for the
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coefficients c¢,, defined below,

1_6I—1 T
oz er—1
- ;(n—i—l)!) <; " l)’
:icnx”,
n=0

where ¢, is given by

iL‘l Bk
o= Y et (2.41)
L,k :n=l+k (l + 1>' k!

n

Bo 1
:Z(n—l)!(l+1)!’

=

This calculation implies that ¢, = 0 for all n > 1.

Lemma 2.3.22. The inverse mapping to Dx is given by

o0

Ex = Z(—1)”%ad§. (2.42)

n=0

Proof. Recall that ad is linear, for all Y € g,

E) =Y (,i‘j)n!ad’;((DX(Y»,

(k; (i _.ad] )> ’
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where ¢, is defined as in Equation (2.41). As ¢, = 0 for all n > 1, the sum reduces to

the first term. The linearity of the adjoint operator implies the converse is also true. [J

2.3.3 Magnus Expansion

Let us return to the question of existence of solutions to matrix valued differential
equations on SO(n) from the beginning of this section,

X
=== AMX@D), X(0) = Xo.

For solutions over a bounded interval ¢ € [0,¢] there are classical theorems for the

existence and uniqueness of solutions which require the matrix A(t) to be Lipschitz,
See Theorem 2.3.3

Under the assumption that there exists a unique solution X to the initial value prob-
lem the question becomes where can that solution be expressed as X (t) = exp(£2(t)) Xy
for some unique €2(¢). This is similar to the idea of a monodromy factor, and Birkhoff
factorisation[61), §8.2] gives a condition under which a complex analogue of Equation

([2.8) can be reduced to dX =t 'RX. Consider the complex problem

d

o = A(=)(2),

for v : C — C", and matrix valued function A € M, (C) which is holomorphic in a
neighbourhood around the origin in C\ {0} and has a simple pole there too. Provided
A(0) has no pair of eigenvalues such that A\; — Ay = 2miZ the differential equation can

be reduced to

dv R

1 ;U(ZL
where R is a constant matrix equal to the residue of A(z) at the simple pole 0 [61, §8.2].
This problem has unique solution up to a monodromy factor, and this solution can be

described by an exponential function. The reparameterisation z = e! coupled with the
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chain rule implies,

d 1d
e (2) ot dt (€"),
d t tR t
av(e )=e€ gv(e ),

If the matrix M = exp(2miR) then the solution v(e!™™) = v(e')M when travelling
once around the origin, and M is the monodromy factor. Equally, the function can
then be expressed as v(z) = 22, with ¢ = log(z). The monodromy factor arises here

due to function log : C — C not being injective.

When one returns to the differential equation at the start of the section, Equation
(2.8]), if the matrix A(t) is Lipschitz with A(0) having no pair of eigenvalues such that
A1 — Ao = 2miZ, then there exists a local solution to Equation (2.8) on some interval

t € [0, 7]. This solution can be extended to t € R thanks to a monodromy factor.

Proposition 2.3.23 (Magnus). (49, Thm 5] Consider the initial value problem given
in Equation (2.8|), where the matriz A(t) is Lipschitz with A(0) having no pair of eigen-
values such that \y — Ay = 2miZ. The solution X (t) is equal to exp(€2(t))Xo on the
bounded interval t € [0, 7], and () satisfies the ODE,

(1) = E_aw (A1), (2.43)

where the inverse of the exponential is given by the power series,

o0

E_au(A(t) = Z _!adﬂ(t)(A<t>>‘ (2.44)

n=0

To see the relationship between the differential equations, note that if (¢) is a
solution to Equation (2.43) then by applying the operator D_qq to both sides,

D (1)) = A(). (2.45)



The derivative of the exponential map is given in lemma [2.3.20],

X(t) = D Q1)) exp(Q(t) Xo (2.46)
= Do (U)X (1), (2.47)

substitution of Equation ([2.45]) into this expression leaves us with Equation ([2.8))
= A(t)X (t). (2.48)

The direct analogy of the monodromy factor in this case results from the fact the
exponential map is surjective by Lemma but it is only injective on a neighbour-
hood of the origin. For example on SO(3), exp(t2) = exp((2ra + t)Q2) for Q € s0(3)
where « is a constant that depends on €2 and can be seen from Rodriguez’ formula in

the next section.

2.4 Rodriguez’ rotation formula

2.4.1 Rotation along geodesic through vector

By employing the relationship between the Lie algebra so(3) and the cross product, as
well as Rodriguez’ rotation formula we show how to specify the element of SO(3) which

corresponds to the rotation along the velocity vector V' of a distance hl|V||.

Definition 2.4.1. Take a vector a € R? and specify it by a = (a1, as, az). Let us denote
by M, the element of s0(3) which acts by left multiplication such that, for all z € R?

M,x=ax x.

This matrix is specified by,

0 —as a9
Ma == as 0 —a y
—as aq 0

and defines an isomorphism between the two spaces.
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Proposition 2.4.2 (Rodriguez’ formula). The exponential of an element of s0(3) can

be given in closed form by

sin(bllal) ,, 1= cos(h]al)

hM,) =1
ep(hMa) =1+ =0 TalP

M?. (2.49)

Proof. This follows from the power series expression for the exponential map,

exp(hM,)
n=0
The matrix M, multiplies with itself such that M? = —||a||*M,, and thus the power

series reduces to
h3 h?
exp(hM,) = I+ (h — —Ha”2 Ha||4 — ) M,

h? h*
(= Sllal? + ol + ) 2

The resultant power series are of sin(h||al|) and lcﬁs—(lf;”au) respectively. O

Proposition 2.4.3. Let x denote a unit vector in R® orthogonal to the aforementioned
vector a. The rotation matriz exp(hM,) applied to x causes a rotation about the axis a

of an angle hla||.

Proof. Due to the orthogonality of z and a, a x (a X z) = —|a|]*z.
sin(hla])) 1 — cos(hllall) , o
hM, ——M, —M,
e R TR
: 1
sinihlal), 1= eosthlal)
el el
h
= Wa x x + cos(hl|a||)z.
a

Observe that exp(hM,)z is in the plane perpendicular to a as it lies in the plane spanned
by z and a X . O]

Proposition 2.4.4. If the geodesic curve (t) passes through the point X € S* ((0) =
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X ) with a velocity V € R3 (4(0) = V') then the point v(h) is given by
+(h) = exp(EM ) X. (2.50)

Proof. Expand out the exponential and compare with the geodesic map given by Absil
[1]. As X is unit length and orthogonal to V, || X x V|| = ||V,

in(h
exp(hMx )X = % (X x V) x X + cos(h||[V])X. (2.51)

Then by properties of the cross product,

(X x V) x X = (X, X)V = (V, X)X,
= | X|*V.

49



50



Chapter 3
Relevant measure theory

Ideas from measure theory in the context of optimal transport are important to un-
derstand later chapters, therefore this chapter outlines these concepts. This includes
establishing notation. The reason for the numerous definitions is that generally optimal
transport deals with probability measures with finite variance. However, for the fluid
problem tackled in this thesis it is not physically realistic for mass to pile onto sets of
measure zero. Therefore an additional constraint on the sets of measures under discus-
sion must be added. Furthermore, in order to establish the existence and uniqueness
of a minimising measure within a prescribed set of measures, the set is required to be
compact. Compact subsets of the sets of measures are thus defined and, in the third
section of the chapter, it is proven that they are compact with respect to the weak
topology specified. The fundamentals explained in this section are developed in more

detail in books on measure theory [41] [3].

3.1 Spaces of measures

To define a measure space, first a o-algebra is required. As the scope of this work
requires working with Borel o-algebras, those will be the focus. To this end, the base
space €2 will always be a complete and separable metric space, and for most intents and

purposes, either R™ or S2.

Definition 3.1.1 (o-algebra). Consider a total space €2, a g-algebra on € is a collection

of subsets of €2, denoted F, satisfying:
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(i) Qe F.
(ii) If A € F then A° € F.

(iii) F is closed under countable intersections (and unions by de Morgan’s law [41]
p.1]).

Definition 3.1.2 (Borel o-algebra). Consider a Euclidean space {2 = R" or a compact
subset. The topology of €2 is defined by the Euclidean metric, and the smallest o-algebra
that contains all of the open sets on (2 is called the Borel o-algebra and denoted B(M).

Definition 3.1.3. A measure is a set function p : F — Ry N {oo}, which is countably
additive on any collection of disjoint elements of the o-algebra and assigns zero value

to the empty set. The triplet (M, F, 1) is a measure space.
Definition 3.1.4. The set of all bounded measures on € is denoted M,(£2).

Definition 3.1.5. Consider two measure spaces, (M, Fi,p1) and (Ms, Fo, pa). A
F1/Fo-measurable function is a function f : M; — M, such that the preimage of
any measurable set is measurable, f~!(F,) = F| where F| € F; and Fy € F>.

If both o-algebras are Borel then any continuous function f : M; — M, is measur-
able (though the class of measurable functions includes non-continuous ones too). If
My = R"™ then it is common to omit this term from the -measurable nomenclature.

From the idea of a measurable function, a general definition of integration with
respect to a measure can be developed [3]. Consider the measure space (2, Fy, p), for
any JF;/B(R)-measurable, bounded function f : Q — R. The integral

/Af(x)p(dx), VAe FH

is a well defined object taking a value between (—oo, 00). Details of the construction
are common in books on measure theory [3], as is the construction of Lebesgue measure,
. Lebesgue measure makes (€2, B(€2), 1) a measure space, when € is R or a compact
subset.

A probability measure is a measure which assigns the measure 1 to the total space
2, and non-negative values to every element of F. The set of all Borel probability

measures on (2 is denoted M ().
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Definition 3.1.6. The set My(R"™) is the set of Borel probability measures on R”"
which have finite variance. In which case p € My(R") if and only if

/Rn |z|2dp(x) < oo. (3.1)

Definition 3.1.7. The set P(R™) denotes the set of probability measures which are
absolutely continuous with respect to Lebesgue measure. Thus, Py(R™) denotes the

measures belonging to P(R™) with finite variance.

In the case of p € P(R™), the measure p has a probability density, which is a positive

function in L' which we can also denote p without ambiguity as

[ stis) = [ plain(as),

in which the former use of p is as a measure, and the latter as a density. u is Lebesgue

measure unless defined otherwise.

Definition 3.1.8. A subset of M3(R") in which each probability measure has a smaller

variance than some K > 0 is denoted,

Mo g (R™) = {p € My(R") ) lz|?p(z)dz < K. (3.2)

|
R
Definition 3.1.9. A subset of P,(R"™) in which each probability measure has a smaller

variance than some K > 0 is denoted,
Pox(®R") ={peP(R")| | l|a|*p(z)dz < K}. (3.3)
Rn”

Definition 3.1.10. For v € (1,2] the set P?(R") is defined as the set of probabilities
in P(R™) which also satisfy

/ () < oo, (3.4)

In other words they have finite L7 norm, where LP spaces will be defined in the following
section. Analogously to Py i (R"), the subset P7F(R™) is defined

’P’Y’L(Rn) ={pe P'(R") | p"(z)dx < L}. (3.5)

R
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Definition 3.1.11. The set P;}?(R”) is defined as the intersection Py ;¢ (R™)NPTE(R™).

3.2 Function spaces

First, general function spaces used within the thesis are defined, then special attention
is given to the spaces H' and L?(T), which have particular relevance to Chapter [§] on

constructing the Gibbs measure.

Definition 3.2.1. The LP(R™, u) spaces are Banach spaces for p € [1,00), and also
measure spaces with the Borel o-algebra. For a function f : R® — R to belong to

LP(R™, ),
111 = ([ 1rPutan))” < oo
Note that this definition easily extends to LP(R™, p) where p € Py(R™) by replacing

Lebesgue measure with the new measure p: p(dx) = p(z)p(dzx).

It is well known that the L? spaces are Hilbert spaces, the principle example dis-
cussed in this work is L?(T) — the space of functions f : [0,27) — R which have
finite LP-norm. In addition, the L? spaces can be combined very naturally, so a ‘vector’
function f : R™ — R" can lie in the function space LP(R™;R™, p) if each component f;
lies in LP(R™, p), and the norm on LP(R™;R™, p) is defined

1= (/. |rf||zu<dx>)’l’ , (56)

where ||f]|, = (37 f7)» denotes the p-norm on R".

Definition 3.2.2. The set of bounded continuous functions f : M — R from a

Riemannian manifold (usually R") is denoted Cy(M).

Definition 3.2.3. The set of smooth (infinitely differentiable) continuous functions
f: M — Ris defined C(R).

3.2.1 [L? and Fourier series

The Gibbs measure will be constructed using primarily the space L*(T,C) = L*(T) x

L*(T), this section first defines L*(T, C) and why Fourier series are useful on this space.
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The Sobolev space H' and its dual are then defined, followed by a discussion of the
way each of these spaces can be embedded continuously within each other. Solutions

to the NLS exist in H! but the Gibbs measure is defined on a larger space.

Definition 3.2.4. L*(T, C) will denote the Hilbert space of square, Lebesgue integrable
functions f : T — C, with finite L? norm,

1 2m
913 = 5 | 1o < o0,
0

This norm is defined from the inner product on L*(T, C),

1 2

(f(z),9(z)) L2 Fla)g(x)dz.

It is worth noting the distinction, L*(T, C) is the set of complex valued functions with
finite L? norm. The real functions L?(T) C L*(T,C) and the constructions in this

section are done on L*(T,C) and the structure is inherited by the subset.
Lemma 3.2.5. The sequence (exp(inz))nen is orthonormal in L*(T,C).

Proof. Consider two integers n,m € N,

1 2

o, e x

<ein:p’ eimx> 12

If n = m then the integrand is equal to 1, implying each vector exp(inx) is unit length.
If n # m then exp(i(n — m)x is a holomorphic function for z € R. Furthermore,
the function is periodic and traces out a closed loop in the complex plane as x ranges

between [0, 27], as for any n — m € N, exp(i(n — m)27) = 1. As a result, the integral

2
% ez(nfm)xdm _ O,
0

and the sequence is orthogonal. O

Let (2 refer to the space of square summable sequences — (an)nen € £2 if and

only if Y ;7 |a,|*> < co. To establish a representation of a function f € L*(T,C) as
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components with respect to the orthonormal functions (exp(inz)),en introduce the

truncation function,
N

Snf(z) = Z ane™.

n=—N

Then one can employ the Riesz-Fischer theorem.

Theorem 3.2.1 (Riesz-Fischer). The function f lies in L*(T,C) if and only if there

exists (ay)nen € 2 such that Sy f converges to f in L*-norm as N — oo.

Note that a, is the Fourier transform of f, f (n) = ay,

27
ap = / f(z)e ™ dz.
0

The Reisz-Fischer theorem can be used to prove Parseval’s identity,

o0
1 2

[f@)fPds = Y Janl. (3.7)

n=—oo

27 Jo

Two copies of L?(T) mean a function on L*(T,C) = L*(T) x L*(T) can be represented
by v = P+iQ = Y>>0 _ (a, + ib,)e™ for P,Q € L*(T). More importantly, this
then allows (@, )neny and (by,)nen to be real, which is not the case for a general function

f € L*(T) — it may have complex Fourier coefficients.

3.2.2 The Sobolev space H'

Definition 3.2.6. [26] Recall T = R \ 27Z, meaning a complex funtion g : T — C
may be identified with a 27-periodic function from R. Let f € L'(T,C); then f is said
to have weak derivative h € L*(T,C) if

/T F@)g @) + /T h(z)g(@) = 0 (3.9)

holds for all g € C*°(T,C). Thus the function h behaves as the derivative of f would

on any Lebesgue measurable set, when integrated against a test function.
For any function in L*(T,C) N L*(T,C) its weak derivative is defined accordingly.
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Also note the definition of a weak derivative implies a way to describe weak solutions

to certain simple differential equations.

Definition 3.2.7. H' will denote the Sobolev space of functions f € L*(T,C) which
have weak derivatives, and the weak derivatives are also in L*(T,C). As such, the norm
is defined:

11 = IANZ2 + 112 (3.9)

So H' consists of functions with finite H' norm.

Lemma 3.2.8. One can define the space H' in terms of Fourier series by,

H' ={f(x) = ) a,e™ € L*(T,C): Y (1+n%)a,|” < oo}.
Proof. Denote f € L*(T,C)N LY(T,C) by Fourier series, f =Y 2 a,e™" and under

the assumption that its weak derivative is also in L?, let h =Y > ¢,e™*. The test

functions g € C°°(T, C) are in L*(T,C) as T is compact, and thus can be expressed by
Fourier series as well, g = >_.°2 ___b,e™®. The derivative of g, ¢ = > 7 inb,e™ and

n=——oo n=—oo

its complex conjugate is ¢/ = >.°0 ___inb,e™®. Thusif f € H' and has weak derivative

n=—oo

f" = h then by Equation (3.8)),

o0

Z by — i inayby, = 0.

n=—oo n=—oo

As this holds for any choice of g, the equation implies that ¢, = ina,. So the weak
ina,e™. Then h € L*(T,C) if and only if

> n?la,|?* converges. Hence, f € L? N L' has weak derivative in L? if and only if

n=—oo

derivative of f is given by h = > .7

n=—oo

the Fourier coefficients of f have

o
D (1 +n?)an < oo,
n=—o0
and this sum is equivalent to the norm on H', || f||%.. O

H~! will denote the continuous dual space of H!, i.e. Continuous linear functionals

F : H' — C. Riesz’s representation theorem on L?*(T,C) says that for each linear

o7



functional F' : L?(T,C) — C, there exists g € L*(T,C) such that F(f) = (f,g) for
all f € L*(T,C). Treating H! as a subset of L*(T,C), the same conditions hold for
F : H' — C. However, for f € H' the inner product (f, g) is finite for any function with

(possibly divergent) Fourier series g = > > b,e™* such that 7 < 00. Each

n=—00 n=-—00 n2+1

of these functions g has an associated element of H~! therefore H~! can be represented
by the set

o

1 2
H™ n_z_oob e :Z_OO gl < o0}, (3.10)
Thus H~! will have the dual norm defined,
[ F||g-1 = sup {[{g, /)| : [lgller <1} (3.11)

geH?!

3.2.3 A chain of continuous embeddings

Definition 3.2.9. A continuous embedding between two normed vector spaces, X <
Y, exists iff the inclusion map 7 : X — Y;x + x is continuous, that is if 3C' > 0 such
that [|lz]ly < Cflz||x.

Lemma 3.2.10. H' — C([0, 27]).

Proof. Take the Fourier series representation P(s) = > >° _ a,e™ € H', the zero-th
Fourier term is finite because the definition of H' implies |ag|?> < co. For the non-zero

Fourier terms, P is absolutely convergent by Cauchy-Schwartz:

£ (5 o £ ),

n=—oo n=—oo

< (Z n21+1> (Z (n2+1)\an\2> oo (312)

n=—oo

=

Then note that ||P|ls = sup,(|P(s)]) < >0~ las|, and so equation (3.12) implies
that

N

> 1
(= (Z n2+1> | P|| 1. (3.13)
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Lemma 3.2.11. C([0,27]) — L?
Proof. For any f € C,

27 2 27
113 = | |f|2d:v§(§[1011§]\f(x)\> | e =2l

[
Lemma 3.2.12. H'! — L?
Proof. For any P € H' with Fourier series P(z) =Y 7 _ a,e™,
1PI7 = Y lanl* < D (L4 nd)anl® = |Plin
n=—o0 n=—o0
[

Lemma 3.2.13. C — H!

Proof. Let F' € H™!, and recall the definition of the norm of H~!, and the function f
both given in Equation (3.10). With use of Cauchy-Schwartz, and both Lemma [3.2.11
and Lemma [3.2.12

[EN = < g, DI < llglle2llfllee < Cligha 1]l oo- (3.14)

Thus [|Fl[z-1 < C|[f]lse- =

Hence, By Lemma [3.2.10] and Lemma [3.2.13| there are continuous linear inclusions
H'— C— H.

3.2.4 Clarkson’s inequality

An inequality used in later sections known as Clarkson’s inequality is proven in this

section.

Definition 3.2.14 (Holder Conjugates). The pair (p, p’) of real numbers are said to be

Holder conjugates of each other if



In the case of 0 < p < 1, p’ will be negative. In light of this, note that the space
1 (R™, i), while no longer a Banach space, can be defined as the set of Lebesgue
measurable functions, f, which do not equal zero except on sets of measure zero. As

such,
p—1

1 P
£l == ( L ﬂlppu(dx)) < oo,

though || ]|,y is symbolic, rather than a norm.

Lemma 3.2.15. If p denotes the index of an LP space, and 0 < p < 1, then Holder’s

inequality is reversed.

Proof. This proof is based on the proof of Equation 2.8.4 of Ref. [34]. If p is defined
as above, let / = % then 1 < ¢ < oo, and the Holder inequality says

Zujvj < (Z uﬁ)i (Z vf/>[1/ (3.15)

If uj = (a;b;)? and v; = b; ", then Holder’s equation is now

NP1 P

() X< (Xan)

(o) (Xw)" <

Proving that for 0 < p < 1 we get a reverse Holder’s inequality. O

Lemma 3.2.16. For LP spaces of index 0 < p < 1, the triangle inequality is reversed.

Proof. Let s; = a; + b;, and consider the sum,

—1 -1
Doasi = qasi ) abis]
1 1 1 1
= qraj(qrs;)"+ D qlbi(qls;)!
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Apply the reverse Holder’s inequality to each term,

Sutz(Sad) (S ) + (Sus) (Sidore)

- {(Z Qjaﬁ?); + <qub§-’> ;} (Z qjs§>’” ,
(Sa) > (Sum) + (Do)

.
Y

=

And the identity % =1- 7% finishes the proof. m
Lemma 3.2.17 (Clarkson’s inequality). For 1 <y < 2,
fg|” L |lf=gl" _ (1 &
152+ |55 = G o) (3.10)
gl gl

Proof. First note a property of the L7 and L?~! norms for Holder conjugate indices

i = ()’
= (/|f|w’(w—1))711

/
= 117" -

(v, ):

Starting with the left hand side of Clarkson’s inequality, apply this property and then,

as v — 1 < 1, the reverse triangle inequality can be applied.

Frg|" 1 f=g|” _ || L)) (| L ze
2 2 2 2
v v y—1 y—1
+ ,Yl . ,y/
g‘i?g +F32 (3.17)
v—1

The following step relies on a pointwise inequality for a convex function. The function
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x +— |z|7 is convex for 1 < v < 2, and thus

(' -1)
=Gl

2

Therefore,

P (1 l(g,)
212 212
v -1
s (5174 W)
< (3l + |g|”)

Apply this pointwise inequality to Equation (3.17)), and manipulate the norm relation

discussed at the start of the proof using (y—1)(7'—1) = 1 to get Clarkson’s inequality.

H’Hg !

f—
+55

1 1 i
(31414 3191)

3.3 Weak compactness

1 1 V-1
< - Y - Y
< H<2|f| + 519l )
-1 ~—

1 kS
= ([l + gl i)

(3.18)

(3.19)
(3.20)

O

Further into the thesis the compactness of certain spaces of probability measures will

be required to achieve convergence of our numerical methods. Ideally we would sim-

ply show the compactness of Py(R™) and P(S?), but these spaces are not themselves

compact without extra conditions.

The definition of a Borel probability measure implies that any bounded continuous

function can be integrated with respect to this probability measure and the integral

is bounded. This fact, along with Riesz’ representation theorem on L?, suggests there
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could be a relationship between the dual space of C(§2) and M(S2).

Definition 3.3.1. The dual space of C,(£2) is the space of Bounded Linear operators,
F: Cy(Q2) — R. It is equipped with the operator norm,

[Ellop = sup{|F(F)] = [[fllec <1}, (3.21)

where || - || is the supremum norm.

Theorem 3.3.1 (Riesz’ representation of a measure). (7, Thm 1.1.3] Consider the
dual of Cy(2) for some compact metric space ), that is, the set of linear functionals
G : Cy(Q2) = R. Then every G € Cyo(2)* has a corresponding unique real valued

measure, v on ), such that there exists an isomorphism between the spaces,

_ /Q f(x)v(de

Weak convergence of a sequence of measures in My(£2) is defined by this correspon-

dence, v, — v as n — oo weakly if,
[ foatan) > [svian. vrec,

The weak topology on M(RQ) is induced by the map v — [, f(z)v(dz). It can

be generated by a sub basic collection of open sets defined, for 0 < b as Cy, = {v €
. Jo f(z)v(dr) < b} then the collection {Cy, : b € R, f e Cy(Q)} generates

the topology through finite intersections and arbitrary unions. The standard topology
on R has a base formed by the open intervals (with rational endpoints). Analogously,
the base for the weak topology on M () is the collection of sets, for a, b, € (0, 1] defined
by {v e M(Q) :a < [, fi(x)v(dr) <b, j=1,...,n}. As a base, any open set in the

topology is a union of (pos&bly infinite) sets of this form.
Lemma 3.3.2. IfQ) is compact, then M(2) is compact with respect to the weak topology.

Proof. Let B denote the closed unit ball in Cy(Q), B = {f € Co(Q) : [[fllec <
1}, and [—1,1]® denote an uncountably infinite product space. Consider the map
M(Q) = [-1,1]5v — (fQ (d:ﬂ))feB, and the pre-image under this map of the
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space [—1,1]8. The space M() is compact with respect to its weak topology by the
compactness of [—1,1]5 as demonstrated by Tychonoff [67]. This construction is due
to Blower [7]. O

As a result of this Lemma, the set M (S?) is compact. For spaces such as R" which
are only locally compact, the concept of tightness is needed to define a metric with

respect to which sets can be considered compact.

Definition 3.3.3 (Tightness). A collection of probability measures A is tight in 2 if
for all € > 0 there exists a compact subset K. C ) such that for all p € A,

p(Q\ K.) < e. (3.22)

Lemma 3.3.4. The collection My ,(R™) is tight for L > 0.

Proof. By the assumptions of My ;,(R") given in Definition [3.1.8| the second moment
of all p are bounded. If this bound is L > 0 then for all ¢ > 0 define K. = {xr € R" :
|z||* < k(e)}. Then the estimate

L> / e lPotdr) > / o ollo(d) > wie)o®\ Ko).

Hence, if k(e) = L/e then p(R™\ K.) < € and the collection is tight. O

Theorem 3.3.2 (Prokhorov). (3, Thm. 5.1] On a separable metric space §2, a collection
A C M(Q) is tight if and only if it is sequentially compact with respect to the weak
topology on M(L2).

By Prokhorov’s theorem and Lemma it follows that Mo (R") is sequentially
compact with respect to the weak topology. Thus, having established that My (R™) and
M, (S?) are sequentially compact, the question remains as to what extra conditions are
required for Py(R™) and Py(S?) to be compact as well. Under the weak topology, Ps(R™)
is not compact due to the existence of Dirac delta measures. These measures are not
themselves in Py(R™), but are limits of sequences of measures in Py(R").

Let ca(R) denote the set of countably additive probability measures defined on the
Borel sets of R.
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Theorem 3.3.5 (Sequential precompactness). (22, p. IV.9.2] A subset P C ca(R) is
weakly sequentially precompact if and only if it is bounded, tight, and there exists some
p € ca(R) such that

lim p(E,) =0, (3.23)

W(En)—0

and this limit is uniform with respect to p in P.

Definition 3.3.6. Let P;LK(R”) denote the set of measures p € Py 1 (R") N PVE(R"),

in other words
(1) fRn pldr < K,
(i) fy llel2p(e)da < L.

Some properties of P;LK(]R") For any p € P;f(]R”), and any M > 0 the

estimate,

Aﬂ/ p@MxS/ lelp(x)dz < L, (3.24)
||lz]|>M ||| >M

shows that the measure of the set {||z|| < M} is at least L/M?.

Secondly, we have the estimate, for any R > 0
Pﬂ_l/ p(z)dr < / p(z)dx < K, (3.25)
p(z)>R p(z)>R

which implies that p(x) is bounded above almost everywhere. If coupled with the

absolute continuity of p with respect to Lebesgue measure, this fact asserts p is bounded.
Lemma 3.3.7. The set P;f(R”) is sequentially precompact.

Proof. The set P, F(R") € My (R™) and is therefore tight by the argument of Lemma

3.3.4 On sets of non-zero Lebesgue measure, elements of P, f(]R") are bounded as

demonstrated by Equation (3.25)). Sets of zero Lebesgue measure are evaluated using
the condition in Theorem [3.3.5| Let p denote Lebesgue measure, p € ca(R). Then for
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any p € P;’I{{(R”), any set £ € B(R™), and any R > 0,

/p(az)da::/ p(x)d:v—l—/ p(x)dz, (3.26)
E En{p(x)<L} En{p(x)>R}

K

which follows from the fact that 7' p(z) < p(x)" on the set {p(z) > R} and Equation
. The inequality holds for any R > 0 thus, taking R = \/m will bound the
integral of p by a function of u(E). Therefore, if u(E) — 0, then [, p(x)dz — 0 for
all p uniformly, and thus the conditions for Theorem m hold, and so P; (R is

sequentially precompact.

O

3.4 Weak solutions to PDEs

Having introduced the concept of a weak derivative and discussed dual spaces to spaces
of measures, the tools are available now to introduce the general idea of a weak solution
to a differential equation, additional detail on this topic is given in Evans [26]. Let L
denote an operator and Lu = 0 represent a partial differential equation searching for a
solution u : €2 — C where 2 is compact. Then the function v is a weak solution to the

PDE if
/ (Lv)gdx = 0, Vo € C(Q,C).
Q

This integral is not necessarily well defined, as a solution v may not be regular enough
to have a second derivative for example. However, as with the definition of a weak
derivative, compactness of €2 implies that any f is zero on the boundary and integration

by parts can be used to define the integral. Furthermore, if L is simple enough to express

/Q (Lo)gds = — /Q vTadz,

for example if v € L*(Q, C) then L, would be the adjoint of L. Then one can see how

the integral in the form

the integral condition could be well defined on a space of v such that the integral is

finite. In addition, the integral could be satified by a measure with density v(x) and
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so the concepts of weak solution and measure valued solution to a PDE are in this
sense the same. In general, a weak solution means a solution that is less regular than
the PDE requires — for example a C! function could be a weak solution to a second
order PDE. But the integral formulation allows for the potential of discontinuous and
nondifferentiable solutions and that is the type of weak solution considered in this piece

of work.
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Chapter 4

Optimal transport

In this chapter, the topic of optimal transport will be introduced. In the subsequent
chapter it will be applied to find weak solutions to PDEs, but this chapter focusses
on the theory. Here, the setting of optimal transport is the space M3(R"), and its

subspace of absolutely continuous measures Po(R"™).

To establish the context for later chapters, the PDE under consideration will be
Euler’s equations of fluid motion. The absolutely continuous measures are the class of
distributions inside which solutions to the PDE will be sought, where their densities will
represent the distribution of mass of the fluid. The Wasserstein distance will represent a
metric for the kinetic energy needed to move between states. The Wasserstein distance

and optimal transport give structure to the space.

The basic problem of optimal transport is the Kantorovich mass transportation
problem. Optimal transport maps are discussed, and the conditions under which they
are monotone and invertible. The most important result stated in this chapter is
Brenier’s theorem, which establishes the existence of a convex function whose gradient is
the optimal map between two measures in Py(R™). The chapter ends with a discussion
of the basics of convex functions, which will be extended in the next chapter to convexity

on spaces of probability measures.
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4.1 Wasserstein distance

The natural metric for My(R™) is the quadratic Wasserstein distance, this is a standard
example of a cost function used to search for an optimal plan to transport between two
measures. This section covers the basic concepts of optimal transport theory. The
‘principle of least action’ guides us to minimise the change in energy of the system, and
for that we need a measure of the distance between states.

The broadest problem in optimal transportation is the following.

Definition 4.1.1 (The Kantorovich mass transportation problem). Let (X, ) and
(Y,v) denote probability spaces, and c(x,y) a cost function between them. The set
of probability measures on the product set X x Y with marginals p € My(X) and
v € My(Y) is denoted II(u, v) and the Kantorovich mass transportation problem is to

find the infimum,
inf {/ c(x,y)dn(x,y) : e I(k, V)} . (4.1)
XxY
The product measure, 7 which minimises this integral is known as the transport plan.

The set [1(p, v) is defined equivalently as the set of probability measures 7 on X x Y
such that for all test functions (p, ¢) € L'(du) x L*(dv),

/X ola) + (y) dr(a,y) = /X o(@)dpu() + /Y H(y)dv(y).

If X,Y are locally compact Polish spaces (such as R™), then the space of test func-
tions L'(du) x L'(dv) can be reduced to Cy(X) x Cy(Y'), bounded functions on the

original spaces.

Definition 4.1.2. The pushforward of a measure is a measurable map 1 between two

measures p1, pa € Ms(R™) often denoted py = ¥#p;. The map 1 must satisfy

[ sty = [ gto@pp(os 4.2

for any measurable map g € L(R, p).

This definition invites a slight reformulation of Kantorovich’s problem which is

known as Monge’s formulation.
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Definition 4.1.3. Let (X, x) and (Y, v) denote probability spaces, and ¢(x,y) a cost
function between them. Let T : X — Y denote any transport map which pushes
forward u to v, then the Monge problem is to find the transport map which realises the

infimum,

in { /X oz, T(x))du(x)} | (4.3)

THup=v
Monge’s problem is related to the Kantorovich problem, let S(z) = (z,7(x)) and
then Kantorovich’s joint measure 7 is defined by the pushforward = = S#pu. This
formulation has a limitation — in the general setting in which Kantorovich’s problem

has a minimiser, Monge’s problem may not.

Definition 4.1.4 (Wasserstein distance). The Kantorovich problem on a compact and
seperable metric space, in which the cost function is the metric on that space is known

as the Wasserstein distance between the two measures considered.

In this work the Wasserstein distance W, (u, v) is defined on My(R™) with the metric
given by the g-norm ||z, = (3, |=:]9) "9,

Wytn =int [ eyl dntog) |7 € 1)} (4.4

The distance W5 is the metric usually considered, thanks to the conclusions of Brenier’s
theorem in the next section. The Euclidean norm ||z||> has the subscript surpressed

due to its frequency of use.

Proposition 4.1.5. Let u,v € Mo(R™), there exists a transport plan m € I1(u, v) which

minimises the Wasserstein distance Wa(j, v).

Proof. As discussed in Villani 74, p.51], let M, denote the bound on the variance of
the measure € My(R"), and likewise define M, for p € My(R"™). By the triangle

inequality,

/ e — yll2dn(z,y) < / |2z, ) + / lylPdn(z, ),
R? xR" R™ R™

- / |2y + / lylPdv,

< M, + M,.
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The properties of TI(x, v) impose the condition that the marginals of 7 are p and v and
hence the above calculation. Then the measure p satisfies the conditions of tightness
in M5(R"™) on the set K* := {z € R" | ||z]]*? < %} as shown in the proof of Lemma
3.3.4] Define K in the same way and then,

Rl(R" x B\ (KF x KY)) < 7[(®"\ K¥) x R"] + 7[R" x (R"\ K¥)]
< u[R™\ K¥] 4 v[R"\ K] < 2c.

Hence the set I1(1u, v) is tight, and by Prokhorov’s theorem (Theorem [3.3.2)) it is com-
pact. ]

Remark 4.1.6. In one dimension, any Borel measurable probability distribution can
be defined according to its cumulative distibution function, often denoted by a capital
letter. The Wasserstein distance can be expressed in terms of the probability mea-
sure’s cumulative distribution function, and if capital letters are used as arguments of a
Wasserstien distance, W, (F, G), then the two measures under consideration are defined
by their cumulative distribution functions F' and G. Further details are discussed in
the Kantorovich-Rubenstein theorem [21, Thm. 11.8.2]

4.1.1 The dual problem

The Kantorovich problem can be reformulated into a dual problem.

Definition 4.1.7 (Kantorovich Duality). [74, p.19] As in the Kantorovich problem, let
(X, p) and (Y, v) denote probability spaces, and ¢(z,y) a cost function between them.
Introduce the set ®. as the set of all measurable pairs (¢, ¢) € L'(du) x L'(dv) such
that o(z) + ¢(y) < c(z,y) for p-almost all x and v-almost all y. Then

Lt [ cteintean ) - s {[ o)+ [oman}. s

This introduces the dual problem. In the specific case in which we are working, the
cost function is quadratic and the pairs (¢, ¢) turn out to be convex conjugates of each

other in the sense of the Legendre dual.

Definition 4.1.8. The Legendre dual of a function ¢(z) is the convex function denoted
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©* which is defined as
¢*(y) = sup ({z,y) — p(x)), (4.6)

xT

and will be referred to as the convex conjugate of .

Lemma 4.1.9. For the Kantorovich dual problem with quadratic cost (c(z,y) = ||z —
y||?), Equation (4.5)) can be expressed alternatively by

. [ wninea}= it { [ o+ [swamf,  an

where ©, is defined as the set of all measurable pairs (9,0) € L*(du) x L*(dv) such that
W x) 4+ 0(y) > (z,y) for u-almost all x and v-almost all y.

Proof. Considering the standard Kantorovich problem for quadratic cost, the set &,
includes all measurable pairs (p, ¢) € L'(du) x L*(dv) such that o(z) +é(y) < ||z —y|?
for p-almost all z and v-almost all y. This condition is developed by expanding out the

norm,

2(z,y) < (Il = (@) + (Il* - o)) -

Then defining ¥(z) = (||z]|> — ¢(x))/2 and likewise 0(y) = (||y||* — ¢(y))/2, and for
any choice of (¢, ¢) € L'(du) x L'(dv), the pair (¢9,60) belong to L*(du) x L*(dv) too
because i, v € My(R™) have finite variance. Explicitly, there exists a K € R such that

[ NalFauta) + [ olPavty

The right hand side of Equation (4.5)) is expanded in this context to

inf {/XXY ||x_y||2dﬂ(x7y)} _inf { Jx llzlPdua) + [y lyldv(y )}

mell(p,v) mell(p,v) -2 [y (@, y)dn(z,y)

—K—2 sup {/Xxy(x,mdw(x,y)}. (4.8)

mell(p,v)
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And the left side of Equation (4.5) is also expanded similarly,

s { [ et + [ ot} -

K—2 inf { / 9(z)dp(z) + / Q(y)du(y)}. (4.9)

(9,0)€0.
Equating these two expressions provides the desired result. O
Lemma 4.1.10 (Double convexification). Assume there exists a pair (9,60) € ©, which
realise the infimum in Equation (4.7). Then it can also be realised by the pair of convex

conjugate functions (9**,9%) € L'(du) x L'(dv) defined in terms of the original ¥ which

also live in O,.

Proof. All that is required is to establish the inequality,

w**,iéif)eec{ /X I(x)*du(z) + /Y ﬁ*(y)dv@)} < w,ie?ef@c{ /X O(a)dp(z) + /Y G(y)du(y)}.

(4.10)
The definition of ©, implies that ¥(z) +6(y) > (x,y) on sets of non-negligible measure.
The definition of the Legendre dual is for all x [74, Rem. 2.2]. Thus the inequality
0(y) > sup,({(z,y) — ¥(z)) = ¥*(y) holds for v-almost all y, implying

/19 )dp(x /19* )du(y /19 Ydpu(x /9 )dv(y (4.11)

Now, purely from the definition of the Legendre dual, ¥(z) + 9*(y) < (z,y), and by
the taking the dual of the dual, J**(z) = sup,({z,y) — ¥*(y)). Thus, 9**(z) < J(x) for
p—almost all x, thus Equation (4.11]) can be extended,

/X 0" (@)du(z) + / 0 (y)dv(y) < /X O(a)du(z) + /Y 6(y)dv(y). (4.12)
and Equation holds. O

Theorem 4.1.11. (74, Thm. 2.9] If u,v € Mo(R"™) then the infimum in Equation
(4.7) is realised by a pair of conjugate convex functions (Y**,9*).
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Theorem 4.1.12 (Brenier’s theorem). (74, Thm 2.12] Let p1, ps € Mo(R™), and con-
sider the Monge-Kantorovich problem for a distance between these two measures using

the quadratic cost function ||z — y||4n.

1. Knott-Smith optimality criterion As in the formulation of the dual problem
m Deﬁmtion 7 € (p1, p2) is optimal if and only if there exists 1 a convex

function which minimises,

(w,$9>fe@c{ /Xw(:‘”)d/)l(ff)ﬂL /Y ¢*(y)dpz(y)}.

where O, is defined as in Lemmal[f.1.9 In addition, 1) must have subdifferential
0Y(x) in which y is an element of OY(x) for each point (z,y) € R™ x R™ of the
support of .

2. Brenier’s theorem Under the additional assumption that py is absolutely contin-
uous with respect to Lebesque measure, m 1s the unique optimal probability measure

in I(p1, p2) if
m = (Id x V)#p1, (4.13)

where V1 is the uniquely determined p; almost everywhere gradient of a convex
function, and V#p1 = ps.

3. Following the assumptions of part (2), Vi is the unique solution to the Monge

problem.

4. 1If pa is also absolutely continuous with respect to Lebesgue, then V1 is invertible

almost everywhere.

4.1.2 Convexity

The idea of convex optimisation is used extensively in many areas of applied mathemat-
ics, including machine learning. In general, convexity is an important property when
trying to determine the minimisers of a function. Hamilton’s principle of least action
for example illustrates the importance of extremals when searching for solutions to a

dynamic system. Convexity is also important in the present context of transport maps
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on spaces of probability functions [2]. Here the basic properties of convex functions are

outlined, in a later section convexity in the context of Py(R") is discussed too.

Definition 4.1.13. A convex function is a function f : R — R which has a graph that
is convex. In other words, for any two points on the graph, a straight line between

them will be above the curve. For all 21,25 € R and t € [0, 1],
ftrr+ (1= t)wg) <tf(z) + (1= 1) f(z2). (4.14)
The definition can be extended simply to functions f : R" — R.

Definition 4.1.14. A convex function on R”, f : R" — R has equivalent definitions

below.

(i) For each z € R™ at which f(z) is differentiable, for all y € R,
fy) =z f(x) +(Vf(z),y — ).

(ii) For z,y € R at which f is differentiable, (Vf(z) — Vf(y),z —y) > 0. In other

words, if its gradient is monotone then it is convex.

Lemma 4.1.15. (30, p.4] If f : R — R is twice differentiable, then f is convex iff
f"(x) >0 for all x € R.

Proof. Take the second definition of convexity in one dimension and define a new func-
tion, g(y) = f(y) + f'(z)(z — y). The function g(y) is convex because a straight line
is both convex and concave (just not strictly). Take the derivative of g(y), ¢'(y) =
f'(y) — f'(x). Hence z is an extremal of g(y), this makes it a minimiser because g is
convex. A minimiser of a function has positive second derivative, hence ¢”(x) > 0, but
by the definition of g, ¢"(z) = f"(x). O

Lemma 4.1.16. For a twice differentiable function f : R"™ — R, f is convex if and

only if Hess f = 0, in other words, Hess [ is positive semi-definite.

The proof follows from Lemma [4.1.15| and can be found in books on convex optimi-
sation |11, Ex 3.8].
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4.1.3 Jacobian change of variables

This section follows on from the discussion of convexity and is important to mention

for application in later chapters.

Definition 4.1.17 (Monotone function). A function f : R™ — R™ is monotone if and
only if, for all z,y € R™,

(f(z) = f(y),r —y) > 0. (4.15)

It is strictly monotone if also not equal to zero.
The Jacobian change of variables formula can be extended to measures in Py(R™).

Lemma 4.1.18. For measures py, pa € Po(R™), implying they are both absolutely con-
tinuous with respect to Lebesque measure and ¢ a pushforward map, V#p1 = ps which

15 invertible and monotone increasing, the change of variables formula is

p2(¥())]Jy(2)] = p1(). (4.16)
where J is the Jacobian of ¥ = (Y1, vs, ..., 1y),

O O

o1 Oz
Jplx)= | 52 92 .. (4.17)
and | | denotes the determinant.
In 1D this is,
dy(x
pu(0a) | 02| = (o), (419

Proof. The definition of a pushforward measure means, for any f € L;(R, p;)

. f(y)p2(y)dy = . f@b(x))pr(x)da. (4.19)

Then the Jacobian change of variables formula for the change of variables y = ¢ (z)
applied to the left hand side

. fW)p2(y)dy = . f((x))| Ty ()| p2(¥(2))dz, (4.20)
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and therefore, this implies

pa(P(2))| Sy ()] = pr().

4.2 Otto’s interpretation

Otto made the first steps in linking optimal transport to Riemannian geometry in the
context of partial differential equations. He was describing weak solutions to the porous
medium equation and conceptualised the problem geometrically. In fluid dynamics the
system is commonly described by a density p : R" — R, and an accompanying velocity
field v : R™ — R".

This construction works for any smooth Riemannian manifold but R" is the ap-
plication in mind. A Riemannian metric can be defined in terms of geodesics. Let

v :[0,1] — R™ represent a smooth curve on the manifold, then the infimum,

d(, ) = inf { [ s 14(0) = (1) = y} , (1.21)

defines the Riemannian metric. The Wasserstein metric can be defined on this manifold
[57] by

Walprope =int { [ dw? depup) |7 € Monp) | (422
R™ xRR"

The present context for p is as a weak solution to a PDE coupled with a velocity field
v which describes the flow of p over time, as such they must satisfy the continuity

equation
dp
ot
Geometrically, v should lie in the tangent space to My(R™). Thus the tangent space

-V - (pv).

at p should include probability densities of the form —V - (pv) where v € L?(R", p),
implying the fluid has finite kinetic energy. Otto defines the norm

ap
ot

2
= inf {/ |v||pd | % +V-(pv)=0,v€ LQ(R”,p)} (4.23)
P

ensuring that the velocity chosen to represent the gradient of the curve satisfies the
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continuity equation and minimises the kinetic energy. With a choice of element in the
tangent space at each point defined, take a curve in Ms(R™) given by p; that is defined
for 1 <t < 2. One can return to the definition of the geodesic distance to measure the

distance between measures as the Wasserstein distance

2
Wa(p1, p2)? = inf {/
1

The Euler equations of fluid dynamics is another system of PDEs where this con-

Ipt

ot

th | p € MQ(R")} . (4.24)

struction is relevant. These PDEs are dicsussed in Chapter [13|and an adaptation of his
approach is used to solve the Euler equations in Chapter
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Chapter 5

The Lax pair for NLSE via the

Hasimoto transform

In this chapter the nonlinear Schrodinger equation (NLSE) is discussed, one of the
two integrable systems of interest in this thesis. In the first section the Hasimoto
transform is used to show the equivalence between periodic solutions to the NLSE, and
the curvature and torsion of a smooth curve in R®. From this relation, a Lax pair is
formulated for the dynamics of the Frenet-Serret frame of the previously mentioned
curve. The concept of a Lax pair is a powerful tool in recasting a PDE as a coupled
set of ODEs along with a consistency condition. Geometrically it can be understood as

producing a curvature free connection on the solution manifold for the problem.

5.1 The Hamiltonian system of the NLSE

Definition 5.1.1. The nonlinear Schrédinger equation|26] is the nonlinear extension

of Schrodingers well known wave equation. In this work it is defined as,

Lo _

Sn = S Bl (1)

Where g < 0 and 8 > 0 give the focussing and defocussing versions respectively.

Definition 5.1.2. If P, Q are real functions of period 27 on the space H'(T) x H'(T),
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the Hamiltonian

H(P,Q) = g /T(P2 + Q*)?*dx + % /T(P’)de + % /(Q’)de, (5.2)

T

gives rise to the nonlinear Schrédinger equation for v = P + @), through its canonical

equations of motion.

The canonical equations of motion for this Hamiltonian are

oP 92
BrTE 8_;22 + B8P+ Q*)Q,
oQ _o*p

ot = gz TOTH QP

They can be combined into a PDE in terms of 1,

19y 0%

ot o2 +/8|¢|2¢7

which is the nonlinear Schrodinger equation as given in Equation (5.1)).

5.1.1 Hasimoto’s curve

It has been shown by Hasimoto [35] that the curvature and torsion of an isolated thin
vortex filament in a ideal fluid can be described by the focussing nonlinear Schrodinger
(with = —1/2). The relation given by Hasimoto is referred to as the Hasimoto

transform.

Definition 5.1.3. Define the Hasimoto transform,

W@, t) = r(z,t) exp (z /0 " () du) .

Hasimoto states that a solution ¥ € C?*(T) of the NLS is associated with a curve
v and the curvature and torsion of its Frenet-Serret frame {t,n,b} via the Hasimoto
transform. This statement is established later in Proposition but the approach

taken by Hasimoto starts with the curve defined below.

82



Introduce a twice differentiable vector valued function v : R x R — R3 where

v = v(x,t), which satisfies the differential equation:
¥ = kb, (5.3)

where a dot denotes % and a prime will denote a% throughout. ~ is defined to be unit
speed with respect to the variable z, and as discussed in Section the derivative with

respect to x can therefore be described by the Frenet-Serret equations,

t 0 k 0 t
20
B nl =|—« n
b 0O —7 0| |b

The frame [t,n, b] is defined with respect to the curve y(x,t) where the ¢ coordinate
has been fixed. The curvature x(z,t) and torsion 7(x,t) vary smoothly due to the
assumptions on « as shown in Proposition . From Equation and the Frenet-
Serret frame, the evolution of the frame with respect to time can be expressed in terms

of the curvature and torsion.

Proposition 5.1.4. The time derivatives of the tangent, normal and binormal of ~y

are,

5 t 0 —7k K t

— = — 4

5 |1 v 0 pl |n (5.4)
b -k 0 b

Proof. The second order partial derivatives of a function are equal, hence

0 0
—t=—xb
ot 8x/€
t = k'b + Kb’
t = x'b — kTn (5.5)

The vectors t, n and b are orthonormal and so the vectors n and b can be expressed
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as a linear combination of them:

n= ot + fn+nb, b = At 4 pun + vb. (5.6)

These coefficients will be found below.

Find ;o and n The vectors n and b are orthogonal, hence n - b = 0. This means the

derivative:

0
—n-b=0
ot ’
b-n+n-b=0,
M-n+un-n+ovb-n+at-b+pn-b+nb-b=0,

w+mn=0.
So the constraints on p and 7 is just that n = —p.

Find § and v Both n and b are unit length, therefore the same process applies to

each. Unit length implies n - n = 1, hence the derivative:

0
an-n:O,
2n-n =0,

at-n+pfn-n+nb-n=0,
g =0.

The same calculation holds for b and shows that v = 0.

Find a Equation (5.5)) gives t, this can be used with the fact n and t are orthogonal,

to derive «.

0
—mn-t=20
ot ’
n-t+t-n=0,
n-t=—«xb-n+kmm-n
n-t=xkr.
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Hence oo = k7.

Find A\ Analogously to finding a:

0
—b-t=0
ot ’
b-t+t-b=0,
b-t=—-xb-b+krn-b
b-t=—x.

Hence \ = —+/

O
5.1.2 The Lax pair condition
Denote the matrix derived in the last section and the Frenet-Serret Matrix,
t 0 =k t t 0 -7k K t
0 = 0 0 = 0 (5.7)
prl R el Rl 7| [n]|, pri ) B —ul| |nf,
b 0 —7 0] |b b -k 0 b

by 9, X = QX and 0,X = ;X respectively.

Proposition 5.1.5 (Consistency condition). The equations 0,X = X and 0,X =

1 X are coupled differential equations. To be consistent they must satisfy:

00, 00
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Proof. As second order mixed partial derivatives must agree:

@C@X == 8t8xX,
8IQQX - @QlX,

0 0X 0 0X

— X+ Q—=—X+ O —

ox i Ox ot o ot’

%X + Q0 X = %X + Q00X

ox ot

Therefore,

oKy Oy
S o = Skl (5.9)

]

When the full matrices are substituted into this relation it will return some con-

straints on x and 7, and will allow the elimination of pu.

0 —7x & 0
% T 0  —pul| - % —r 0 7| =[Q,Q],
-k 0 0 —7 0]
0 —7'k—7K — K k"]
'k + 7K + K 0 —p =7 =10, Q).
—K" W+ T 0 |

0 x O 0 -7k K 0 —-7x + 0 x 0
[, Q)=|-x 0 7 TR 0 —u|— |7k 0 —u|l =~ O
| 0 —7 0] |-+ 0 -k 0 0O —7 0
[ k2 0 — K TK? —7K/ 72K
= |- TR:+TH —kK'|—1| 0 TRZ4+pur 0
|72k 0 T —Kkp —K'K T
[ 0 LA T
= —7K/ 0 — kK
| —7%k + kp kK 0
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This leads to

0 7'k —TK — & K 0 K —kp+ TR
Tk + 7K + & 0 —p =7 = —7K/ 0 —KK'
—K" WA T 0 | —72Kk + kp kK 0
0 —7'k — 21K — ik K"+ kp — 72K
7'k + 27K + K 0 wW+7+rr | =0 (5.10)
—K"+ 7%k — k. —p — T — kK 0

5.1.3 Equivalent representations

In this section the equivalence between the Lax pair representation and the nonlinear
Schrodinger equation will be derived. The function ¢ will be used to denote the integral

of the torsion 7(x,t) with respect to x:
o(x,t) := / 7(u, t) du. (5.11)
0

Lemma 5.1.6. The matriz given in Equation (5.10), which represents the consistency

condition of the Lax pair, is equivalent to a pair of coupled differential equations
. 2 w13
KO =—T°Kk+ K — 3 + A(t)k,
k= —(7'k + 27K'),
where A is a real function of t.

Proof. Let k, 7 and p satisfy Equation (5.10). Take the differential equation p’ + 7 +

kk! = 0 given in Equation (5.10) and integrate with respect to s.

/,u'ds:—/i'—i-/i/{’ds,

1
p=—— 5/@2 + A(t), (5.12)

Where A(t) is a constant of integration with respect to s so can be a real function of ¢.

This equation can be combined with the second term in the matrix ” + kp — 725 = 0
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to give:

1
ko = =Tk + K — 5/{3 + A(t)k. (5.13)

In addition, this equation is coupled with the third differential equation from the matrix
given in Equation (|5.10))
k=—(T'rk+27K), (5.14)

giving the desired coupled equations.

The converse is also true, let k, 7 and A satisfy Equation (5.13) and Equation (5.14))
then Equation (5.13) can be rearranged

K/// 9 ) 1 9
—— =—0— = A(t).
p +7 0= 5K + A(t)
A new function can be defined p := —’%/ + 72, which will be well defined as x > 0, and

coincides with one differential equation in Equation (5.10). With the new function g,

Equation (5.13]) becomes
1
b= —0— 5/12 + A(t).

Then the partial derivative of p with respect to s must satisfy
W=7+ kK.
This forms the 3 differential equations given by Equation ([5.10)). O

Proposition 5.1.7. The Laz pair satisfies the consistency condition given in Proposi-
tion if and only if the Hasimoto transform 1 satisfies a variant of the nonlinear

Schrodinger equation,

1oy o 1,
;g—@—glwl — A,

where A is a real valued function given in Equation (5.12)).

Proof. First note that by Lemma [5.1.6] the Lax pair satisfies the consistency condition
if and only if the functions x and 7 satisfy the coupled differential equations given in
Equation ([5.13)) and Equation (5.14]). To prove the forward implication, take the partial
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derivative of the Hasimoto transform ¢ with respect to ¢,

199 1 .~ . ,
Pl —(k + ko) exp(io).

Substitute in the consistency conditions for x and 7 given in Equation (/5.14] - and -

respectively,
10 1 1
;f - (—(r’n +27K") +i(—72k + K" — 5,@3 + A(t)ff> exp(io),
i i

= (i(n + 27") + (" — 7°R) explio) — ([f* — A)o

Lastly, note that the second order partial derivative of ¢ is equal to the first term,
9% 1

=9z (§\¢!2 — A

This is the required equation.

The converse implication can be proven simply by running the above calculation
backwards. Let the Hasimoto transform satisfy the Schrodinger equation and expand

in terms of x and T,
1oy Py 1
Pl R O > — A,
(k +ikG)e" = (i(T//i +27K") + (K" — 725)) e — (%W’Z — A

S | S|

1 1 ,
k4 ike)e? = = [ —(T'k+ 216 + i(—T?k + K — =K%+ A(t)k | €°.
2
i

Separate into real and imaginary parts,

1
Ko = —T2k + K" — §R3 + A(t)k,

k= —(T"k + 27K'),

these are Equation (5.13)) and Equation (5.14)) respectively. O

Proposition 5.1.8. If© is a solution to the standard defocussing nonlinear Schrodinger
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equation,
100 0%©
-— = — — =|0|0,
i Ot Ox? ‘ i
then ¢ = Oexp(i [ A dt) is a solution to the form of the nonlinear Schridinger

equation given in Proposition

5.2 Hasimoto transform

To summarise the reformulation of the NLSE into the evolution of a frame this section is
taken from an earlier work [§]. We recall the Hasimoto [35] transform, which associates
with a solution 1) € C? of the nonlinear Schrodinger equation (Equation a space
curve in R® with moving frame {t,n,b}; Hasimoto considered the case § = —1/2. In

the present context, 1 is associated with the space derivative of a tangent vector t to a

unit speed space curve, so the curvature is £ = || 2. We have a polar decomposition
Y = ke where o(x,t) fo t)dy and 7 is the torsion. Then the Serret—Frenet
formula is
9 t 0 w 0] |¢
ar |2 = | 0 7| |n|, (5.15)
b 0 —7 0] |b

so the frame develops along the space curve. Let X = [t;n;b] € SO(3), and Q4(x,t)
the matrix in Equation (5.15). When Q(-,¢) € C(T;s0(3)), the solution X(-,t) €
C(]0,27]; SO(3)) to Equation is 27 periodic up to a multiplicative monodromy
factor U(t) € SO(3) such that X (z + 27,t) = X (z,t)U(t).

The frame also evolves with respect to time, so that with u = _E — K2, we have
5 t 0 -7k %
o |2 = |7 0 —pl| |nf. (5.16)
b -2 u 0] b

Let €2 denote the matrix in Equation ((5.16)). For a pair of coupled ODE dX/dz—§; X =
0 and dX/dt — Q3 X = 0, the corresponding Lax pair is

o of
o " on T]=0
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Lemma 5.2.1. (Hasimoto) Ifv is a C* function that satisfies the nonlinear Schrédinger
equation, then the coupled pair of differential equations is consistent in the sense that
there exists a local solution of the pair of ODE, and there exists a local solution of Lax

pair.

Thus the frame X € SO(3) evolves along the solution P + i) € Bk of NLS, and
we can regard d/dz — Qy and d/dt — Qs as connections for this evolution. Both of the
coefficient matrices are real and skew symmetric. One can check that a solution of the

integral equation

X(z,t) = Xo(z) +t02(0,0) X,(0) + /oz/o <% + 1 (y, 5)Qa(y, s))X(y, s)dsdy
(5.17)

satisfies
0X(z,0)

X(z,0) = Xo(z), g

= Qy(z,0)Xo(x),

0*X (z,1) 0 (z,t)
— o (2R 40y (a, 1) :c,t)X:c,t,
Ox0ot ( ot () (, 1) ) X (@, 1)
so smooth solutions are given in terms of an integral equation.
From the Serret—Frenet formulas the components of the acceleration along the space

curve satisfy

0%t |2 0K\ 2 9 9 00\ 2 0OP\?2
e 5 = (5) +7 = (G0) + (5)
0%t 2
(t . @) = l€4 == (P2 + QQ)Z. (518)
The total curvature of the space curve is
/R(I)le’ = /(P2 + Q% dr = H (P, Q), (5.19)
T T

which is an invariant under the flow associated with the NLS.
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Chapter 6
The Euler equations

This chapter focusses on the isentropic Euler equations of fluid motion, which govern
the motion of an compressible inviscid fluid. The dynamics of this motion are governed
by pressure forces as a result of the varying density throughout the fluid. Some of the
assumptions made in deriving these equations, and justifications for their relevance to
fluid motion are outlined in the first section. Following this, an alternative form of
the Euler equations which depend on the internal energy of the fluid instead of the
pressure is derived. Then the coordinate frame for the problem is shifted to Lagrangian
coordinates, and the differential equation for the evolution of the Lagrangian velocity

is defined.

In the second section a standard existence and uniqueness theorem for smooth solu-
tions on a bounded interval is given. This is then applied in the third section to discuss
solutions constrained to the sphere. Some necessary conditions on the potential are
derived so that solutions may exist on the sphere, and the co-moving frame attached to
a given solution curve is discussed in detail. Lastly, solutions to the Lagrangian ODE
are found to be consistent with the linear transport equation (or continuity equation)

and an interval for which this consistency remains is estimated.

The Euler equations are further discussed in Chapter [7], in which they are compared
to the Saint-Venant equations. Then later in Chapter [13| transport-based methods for
numerical solutions to the Euler equations are discussed. This method is capable of
modelling densities of measures absolutely continuous with respect to Lebesgue mea-

sure, which can be non-continuous functions.
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6.1 The Euler equations

The isentropic Euler equations describe the motion of a compressible inviscid fluid due
to the variations in density throughout the fluid. How the variations of the density
produce pressure forces is approximated using the thermodynamic potential . The
word ‘Isentropic’ refers to the system being modelled as a reversible, adiabatic process.
An adiabatic process is one in which no heat or mass is transferred from the system to
its surroundings, and to be adiabatic and reversible is to maintain a constant entropy.
The term ‘Euler equation’ is used for a wide variety of different equations from many
fields of mathematics, in this thesis however we reserve the term specifically for the

isentropic Euler equations presented here.

Definition 6.1.1. Let p(z,t) : M x [0,7] — R, denote a density and u(z,t) : M X
[0,7] = T'M denote a velocity field on the Riemannian manifold M and its tangent
space T'M. The Euler equations are

Op+ V- (pu) =0, (6.1)
O(pu) + V- (pu®@u)+ VP(p) =0. (6.2)

The function P(p) denotes the pressure of the fluid and is related to the internal energy.
The explicit form the internal energy takes differs depending on the fluid modelled, and

the thermodynamic assumptions made, and in this work is given in Definition [6.1.2]

Definition 6.1.2. The internal energy for an adiabatic ideal gas is given by

(6.3)

where k is a generic constant and v denotes the adiabatic index which is equal to the
ratio of the heat capacities, or degrees of freedom. The pressure is related to the internal

energy by [74, p.156],
P(p) =U'(p)p— Ul(p), (6.4)

and so the pressure forces within an ideal gas undergoing adiabatic dynamics is given
by P(p) = rp”.

Definition 6.1.3. The adiabatic index, 7, which is also known as the ratio of specific
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heats [45, p.20] is
B Cp B f+2

f)/io_vi f )

where Cp is the heat capacity of the gas at constant pressure, and Cy, the equivalent

(6.5)

at constant volume, and f simply denotes the degrees of freedom of the gas.

A monatomic gas has 3 degrees of freedom f = 3 corresponding to the 3 translations
in R3, it has no rotational degrees of freedom on account of its spherical symmetry. A
diatomic gas is visualised as two spheres linked together, as such it has one axis of
rotation in which the shape remains invariant, the symmetry along this axis of rotation
removes one possible rotational degree of freedom, leaving two out of the possible three
rotations in R? (think Euler angles) and the original three translations. A monatomic

gas has v = 5/3 and a diatomic gas has v = 7/5.

Remark 6.1.4. The Euler equations are constructed to describe the motion of a fluid
and to retain this useful symmetry with an observable physical system, the system must
not deviate outside realistic values. For example, Equation is simply derived from
a continuum hypothesis, that is, the fluid - a collection of randomly moving particles
of random velocities distributed according to a Maxwell-Boltzmann distribution - acts
locally like a continuous deformable volume under the collective motion of a phase
velocity u. This is a well founded assumption under which the field of fluid dynamics
is separated from statistical mechanics. But it is only an approximation, and the
approximation only remains valid when the length scale of the problem (L) is large
compared to the molecular mean free path of the fluid in question (I). The molecular
mean free path of a fluid is the average distance a particle travels before it collides with
another. It is a microscopic quality of the gas but it relates to the macroscopically
observed phenomena of momentum diffusion, heat capacity and species (type of gas).
The ratio of mean free path to length scale is known as the Knudsen’s number K,, = L/I,
and the continuum hypothesis is empirically observed to be valid for K,, << 1. For a
gas such as air at room temperature and pressure the mean free path is [ = 1 x 107%m,
but for rarefied gases in the upper atmosphere the mean free path is much larger and

this could pose an issue [45] p.6].
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6.1.1 Equivalent definitions of Euler System

Consider the Euler equations as given in Definition [6.1.1l Assume the manifold in
question is R? or embedded in R3, the highest dimensional space we will be working

within this chapter.

Proposition 6.1.5. The pair of functions (p,u) as in Definition are solutions to

the Fuler equations if and only if they are solutions to the following,

Op+ V- (pu) =0, (6.6)
du+ (u-Viu+ VU (p) = 0. (6.7)

Proof. The continuity equation is unchanged. Equation (6.7) is equivalent to Equation
(6.2) thanks to the following identities. First,

V- (pu®u)=pu-Vjut+uV-(pu)

is a vector algebraic identity for a higher order tensor. And secondly, the gradient of

the thermodynamic equation of pressure given in Equation (6.4)) is,

VP(p) = pVU (p) + U (p)Vp —U'(p)Vp (6.8)
= VU (p). (6.9)

Therefore,

O(pu) + V- (pu®@u) + VP(p) =0 =
poyu+udip + p(u- Viu+uV - (pu) + pVU'(p) = 0 =
u(Op+V-(pu))+p O+ (u-V)u+ VU (p)) =0,

the first parenthesis of this equation will be zero by the continuity equation, and leaving
aside the trivial edge case of both p and u being everywhere zero, the final if and only

if statement is,
du+ (u-V)u+VU'(p) = 0.
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6.1.2 The Euler equations in Lagrangian form

The Euler equations expressed in Equation are in Eulerian coordinates, a coor-
dinate system which is fixed to the domain of the problem. Sometimes a differential
equation can be simplified by transforming the problem into a new frame of reference .
Lagrangian coordinates are co-moving frames of reference for the particles of the fluid
under motion. Let R, denote the Eulerian coordinate system, and R, denote a isomor-
phic space just referred to by the variable x. The function X (z,t) : R, x [0,00) = R,
maps the particle located at x at time ¢ = 0 to the position in the Eulerian frame
at which it is located at time ¢. In this case we consider the initial density p(z,0) to
be the initial positions of the particles, in other words p(X(a,0)0) = p(z,0), and so
X(a,0) = z.

Proposition 6.1.6. If there exists u : Rx[0, 7] — R such that X — w(X,t) is Lipschitz,
then for x € R™ the differential equation

0
gX(a’t) = U<X(a7t)’t)> (610)

where u is the Eulerian velocity, has unique solution. We will now define V(a,t) to be

the Lagrangian velocity which is just the composition V (a,t) = (uo X)(a,t).

This proposition is fundamental to the concept of a Lagrangian velocity, it will be

proven in conjunction with the rest of the Lagrangian frame in Section [6.2]

Material derivative

Consider the scalar and vector valued functions, f : R3x[0,7) — Rand F : R®x[0,7) —
R3. The ‘derivative’ of these functions along the trajectory specified by X (a, t), recalling

that a is just a label, is given by the multivariable chain rule

d ) 0X
(X (a,0),6) =5 J(X,0) + S V(. t), (6.11)
%F(X(a, £),t) :%F(X, t) + (aa—f : v) F(z,1). (6.12)
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Then both equations can written in terms of the Lagrangian velocity ;X = V.

Definition 6.1.7. The Euler equations in Lagrangian form are a pair of ordinary
differential equations for X (a,t) : R* x [0,7) — R? and V(a,t) : R® x [0,7) — R? given

by,
d (X 1%
dt (v) N (—VU’(p(X, t))) ’ (6:13)

where a, the labelling of the space at time zero is seen as an initial condition and thus

fixed with respect to time.

A simplifying assumption is made in many of the examples discussed in that the
density p(X,t) = p(X) produces an autonomous differential equation for X, V. In other

words, the density has no explicit time dependence.

Lemma 6.1.8. Consider the pair (p,u), which is a solution to the Euler equations as
outlined in Proposition . Then, the pair (X, V') solve the Lagrangian form of the

Fuler equations as given in Definition [6.1.7.

Proof. The first row of Equation , 0; X =V is simply Equation , the defi-
nition of the Lagrangian velocity. The second row is due to Equation . Consider
the material derivative of a smooth vector function F'(X(a,t),t) with respect to time,
as given in equation Equation (6.12)). When this relation is applied to the function
u(X(a,t),t) then the total derivative is,

du(X (a, 1), 1) + (u(X(a, 1), 1) - V)u(X(a,b),t) + VU (p(X (a,1),1)) = 0,

(X (a.1),1) = VU (p(X(a.1). 1)),

SV (a1) = ~VU (X (a,1),1)).

O

Remark 6.1.9. The differential equations for X and V (Equation (6.13))) are a refram-
ing of Equation , but have decoupled this equation from the continuity equation
(Equation (6.6)). Thus it must be established if the density discussed in the following
sections is a solution to the continuity equation as well. This subject will be discussed
in Section
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Remark 6.1.10. The differential equations (Equation (6.13))) do not describe how the
the density changes over time. For the following section we make the assumption that

the densities are invariant with respect to time.

6.2 Existence theory for solutions on S?

With suitable initial conditions, one can establish the existence and uniqueness of con-
tinuous solutions to the Euler equations via classical theorems based on Picard iteration

in a closed and bounded subset of Euclidean space.

Theorem 6.2.1 (Birkhoff-Rota). [/, p. 113] If g(y,t) : R3x [0,T] — R? is a continu-
ous function on a region R x [0, T] where R = {y € R® | ||y — yo|| < 7} and is Lipschitz
in the y variable, ||g(y2,t) — g(y1,t)|| < Kllya — yi|| for all t € [0,7] and y1,y2 € R.
Then the differential equation, .

Y

with initial condition y(0) = yo has a unique solution on the interval [0, 7] where T =

min (T, r/ SUP R [0,7] l9(y, t)’)

Proposition 6.2.2. Let p(z) € CZ(R3,R,) be a density which is invariant over time
and consider only p(x) which have a minimum density py = inf,egs {p(x)} > 0. Con-
sider a region, Q0 contained within a cuboid R C R® such that fQ plx)de = 1. If
U(p) = p", then VU'(p(X)) is continuous and Lipschitz on 2. Thus the map,

X
v

V

(6.15)
VU (p(X))

is also Lipschitz. Therefore, the system of ODEs given in Lemma[0.1.8 has a solution

on the interval t € [0, 7] where T =1/ sup,cp |VU'(p(2))|, and the solution is unique.

Proof. By Theorem the ODE has a unique solution provided —VU’(p(X)) Lips-
chitz continuous. First note U’'(p) = vp?~ !, and thus VU'(p) = v(y—1)p"2Vp. Under
the assumption that p € CZ, then Vp € Cj.

The function f(x) = 2772 is differentiable on R, provided the exponent is larger

than 1. For v € (1,2] however, the exponent will be smaller than 1, meaning f(x) =

99



27~2 will not be differentiable at 0. By specifying a positive minimum density, the point
of non-differentiability of f(p) = p?~2 is avoided. Hence the additional assumption of
a minimum density py = inf,cps {p(z)} > 0 implies that f o p € C} and therefore
VU'(p(z)) € C}. Finally, a differentiable function is Lipschitz by the intermediate
value theorem, with a Lipschitz constant equal to the maximum of the derivative, thus
the ODE 42X = VU’(p(z)) is Lipschitz and has a unique solution. With existence and
uniqueness of V' proven, its continuity on a bounded set imply the existence of a solution

to & =V by Peano’s existence theorem [4]. O

6.3 On the sphere

Consider the ODE for X (z,t) : R* x [0,7) — R3 and V(z,t) : R® x [0,7) — R3 given in
Definition [6.1.7l To adapt this differential equation so that solutions lie on the sphere

one must introduce the lagrange multiplier \.

o (x v
ot (V) B (AX - VU’(p).> (6.16)

Constraining the solution to the sphere implies that [ ||z|/*p(2z)dz = 1, hence by the

method of Lagrange multipliers one can add a term to the Hamiltonian for the problem,

i) =5 [19aPpin s [Urs e (5 [lalPote-1). @)

The Euler equations on the sphere should be the canonical equations of this Hamilto-

nian.

oH _OH _ oH
dqg  0Oq ovyq’
==V -(Vqgp),

dp
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Giving the continuity equation, and then the velocity update is

o = IVal? + U 0) + el
00 Sl + U o) + Sl
VoL~ 9l ~ VU (p) ~ A,
2l ~ VU (o) ~

Thus the Lagrangian velocity equation becomes

d 8u

%wa, = —§vuu||2 VU (p(X)) = AX + (. Vi,

= —VU'(p(X)) — AX.

And so the coupled equations in the Lagrangian frame are as expressed in Equation
(6.16), where the sign of A is not important.

Proposition 6.3.1. Consider the ODE with A = 1 and initial conditions || Xo|| = 1,
(X0, Vo) = 0. If the density is constant (and thus the gradient of the internal energy is

zero), then the problem reduces to a geodesic on the sphere.

Proof. The ODE can be reframed as the equation

#(0)-(50)0)
()= () )

is evident. The skew symmetric nature of this constant matrix and its inclusion into

for which the solution

su(2) allow for its exponential to be calculated explicitly. As the second Pauli matrix,
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let us represent the matrix by the symbol oy. Note that 0 = —1I, and thus

0 1 =, t"o?
exp (t <_1 0)) - Z n'Q’

_ i t2n<_1)n]+ i t2n+1(_1)n027

2n! —~ (2n+1)

n=—oo

= cos(t)I + sin(t)oo,
_ ( cos(t) sin(t)) '
—sin(t) cos(t)

This matrix is recognisable as a rotation of ¢ radians around a fixed axis, it will clearly

translate the frame [Xo, Vo, Xo x V| along a geodesic on S2. O

Proposition 6.3.2. Consider the ODE given in Equation (6.16)), with a density given
by p(r,0) = C' — A?sin Bsin(0)r and v = 2 and A = 0. The problem has solution

sin(B) cos(At)
X(t) =7(B, At) = | sin(B) sin(At)
cos(B)

and this solution corresponds to motion around the parallel at co-latitude 0 = B at
constant angular velocity A. Provided that A* < C, the density p(r,0) is positive out
to a radius larger than 1 and the problem has a unique solution. For each valid A € R
there are a family of densities {pg(r,0) = C' — A?sin Bsin(0)r | B € (0,7)} each with

their own unique solution curve Xp(t).

Before proving the proposition, the intuition behind the choice of density can

be explained. For v = 2 the acceleration term VU'(p) = 2Vp. In spherical po-

lar coordinates the gradient operator is V = (%,%%, rsilnﬁ%

), and so the density
p(r,0) = A?sin Bsin(f)r gives a gradient

Vp = —A%sin Bsinf # — A%sin Bcos0 0 + 0 . (6.18)

Here we can already note that —sinf 7 — cos 6 6 is a unit vector pointing inwards

along the radius of the parallel at 6 (the word radius being used in light of the parallel
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being a circle embedded in R3, not to be confused with the radial coordinate in spherical
polar coordinates), calling this unit vector Ry, Vp = (A?sin B) Ry. Circular motion
is defined as motion in which the acceleration of the body is pointing inwards radially
with magnitude w?r where w is the angular velocity of the body, and r the radius of
the orbit. The parallel at # = B has radius sin B and thus this ODE appears set up for

circular motion along the parallel at # = B with angular velocity A.

Proof. To prove the curve X (t) is a solution to Equation (6.16|) the second derivative

is calculated.

p — sin(B) sin(At)
y —X(t) =A| sin(B)cos(At) |, (6.19)
! 0
» i sin(B) cos(At)
@X(t) =—-A sm(B);m(At)

To compare this vector with the gradient of p which we expressed in spherical polar

coordinates we must decompose it into its (7,6, $) components at the point (B, At)

sin(B) cos( At) (sin®(B) + sin(B) cos?(B)) cos( At)
—A? | sin(B)sin(At) | = —A | (sin®(B) + sm(B) os?(B))sin(At) | ,
0 sin?(B) cos(B) — sin?(B) cos(B)
sin(B cos(At
= —A%sin®*(B) | sin(B) sin( At

cos(B) cos(At)
— A%sin(B) cos(B) | cos(B)sin(At) |,
—sin(B)
— —A?sin®(B)#(B, At) — A% sin(B) cos(B)0(B, At).  (6.20)

Comparing this with Vp as given in Equation (6.18)) evaluated at coordinates (B, At)
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shows that,

2

and (X(t),V(t)) where V (t) := £ X (t) is the solution to the ODE. O

Remark 6.3.3. It is worth noting that plugging (0(t), ¢(t)) = (B, At) into Equation
(2.6) gives Equation (6.20) directly, illustrating the usefulness of the frames based

approach.

Remark 6.3.4. The above proposition is expressed with respect to a local coordinate
system. The base of this coordinate system can be rotated through any element of
SO(3) and thus a curve, Xp(t) tracing out any circle on the unit sphere will be a
unique solution to the ODE (Equation (6.16)) with density pp(f) in some coordinate

system.

6.4 General solutions on the sphere

First to caveat, the method used to evaluate the ODE here have been unable to specify a
general set of simple conditions on p such that there exists a unique solution constrained
to the sphere. The most general set of smooth solutions on the sphere are given by
a unit speed parameterisation that satisfies VU'(p) = k,7 x 7, where k,, the geodesic
curvature of the curve, may vary.

The culmination of this avenue of thought is to express what properties the potential
term must possess to constrain the solution to a general curve on the sphere. The
question of whether a density could produce such a potential term is also discussed.
The representation of a general curve on the sphere has been discussed in Section

and Section [2.1] depending on whether the Frenet-Serret frame is used or not.

6.4.1 Spherical geometric frame

Using the notation of Equation (2.2]), let us consider a curve ~y(¢) which satisfies the
Euler equations in Lagrangian form, Equation (6.16). This curve thus satisfies the
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differential equation,
d t Y(t
4[] _[ 50 62
dt [4(t) AP — VU’

Ideally this pair of ODEs could be expanded into a frame, [y,,v x 4]T. The best

approach for a orthonormal frame of a general curve in R? is to use the Serret-Frenet
vectors [v,¥"/|IV"Il, v < "/l x 4”||]", but this requires another derivative of the
curve to be calculated. Provided the curve is on the surface of a sphere, one can exploit
the fact that the vector (¢) will always be orthogonal to the velocity 4 and therefore
the frame [y,4,7 x 4] can be orthogonal. Consequently, the following arguments are
slightly contrived — the only way the matrix differential equations actually define the
evolution of a frame is if the curve lies on the sphere. Nevertheless, the first step in
constructing a matrix version of the differential equations is through the construction
of orthonormal vectors to express VU’ with respect to, and this can be done by the

Gram-Schmidt process.

Lemma 6.4.1. The following vectors form an orthonormal basis for R3,

_7 _ Xy
e1 =—r, €r = T,
I v x A
. ) R O TS
e3= |7 - 7)Y = ol
( 1[I Iells
Where the notation o = ||§ — mﬁgvﬂ will be used in future applications.
Proof. Apply the Gram-Schmidt process to orthogonal v and v x 4. O]

Let us expand the differential equations in to an equation for the evolution of the

frame [v,7,7 x 4]

Proposition 6.4.2. The pair of ordinary differential equations in Equation (6.21)) can

be extended to the evolution of a non-orthogonal frame as

p v 0 1 0 v
= 7= = T Al 4 (6.22)
v XA =AMy, ) AP T [y x
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Where

Ao VU Yy <)

[y x [
—_ A (VU (VUL () (VU ) ()
Ikl 7112 o [ o yl*
S L B )

o o |?

Proof. Express the vector field VU’ with respect to the basis e, es, e3 and then using
Equation (6.21]) and vector identities express the resulting mess of inner products in
terms of 7,7,y X 4. O

Now if [v,7,7 X 4] was a frame, and the matrix in Proposition was skew
symmetric then the curve would stay on the surface of the sphere. Of course, neither
seem likely. Nevertheless, making the matrix more skew symmetric might illuminate

things, and one way to do that is to make T = 0.

If our curve 7(t) is regular — if ||§(¢)|| # 0 for all ¢ — then there exists a second curve
A(s) which is parametrised by arc length (Definition [1.1.3)). It agrees with (¢) at all
points ¢, ¥(s(t)) = v(t), but is unit speed [60, Cor.1.3.7]. The derivative of 4(s) can be

expressed in terms of (1),

716) = 360 = g 70 = i) (6.23)

And the second derivative can be calculated similarly.

Lemma 6.4.3. The second deriwative of 4(s) with respect to s can be expressed in terms

of the second derivative of y(t) with respect to t by,

S Y= <;7./7'3/>5/
o7/

Where ' denotes differentiation with respect to s and = denotes differentiation with

(6.24)

respect to t.
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Proof. Apply the quotient rule to the differentiation,

d , _1d 5

ds'  adt|(1)]
B W o e 7
i el

The derivative of the norm can be dealt with using the standard inner product on R3

and its compatibility with the product rule, along with the chain rule,

d . . .o

d. d
@ oy
SR = 2130 1
d, . gkl

D = 230
AT

In conclusion, with use of the identity 7" = ﬁ, the second derivative can be expressed

as in Equation (6.23]). O
Proposition 6.4.4. The frame in Proposition can be replaced with another one

along the same curve, only reparametrised to be unit speed. The new frame obeys the

differential equation,

P . 0 o2/ gt
| 7| TREEl G 0 Al A (6.25)
7 X —AM7,A) AIFIP 0 ] A xd
Where
]\: <VU/77X’V>
[l
=_ A (VULA) (VUL (35 (VUL (W,%)Q
el 17112 o |7l o’ 17112

Proposition 6.4.5. The following are equivalent,

(i) There exists a unique solution, ~(t), to Euler’s equations (Equation (6.16)) for a

given p(x) which lies on the unit sphere.
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(ii) This curve y(t) has a unit speed reparametrisation, 5(s), which evolves according

to the matriz ODE,

p y ) 0 leals
e A T A+ (VU %) 0 (VU 4 x7)
5% 5 0 (VUL xF)

and this matriz is skew symmetric.

Corollary 6.4.6. The unit speed parametrisation above has

A=V )
" o7 S
(VU', v x7')
fig = TN E—
[1]]

In the case of a sphere, Kk, = —1.

N
X 20

(6.27)

(6.28)

For a curve parametrised by (6(t), ¢(t)) on the sphere, its geodesic curvature is given

explicitly by Equation (2.7)).

6.4.2 Using Frenet-Serret frame

If instead the general frame for a curve in R3 is used, then to calculate the curvature

and torsion of this curve a further derivative is required. Under the assumption of this

section that the density p(z) is time invariant, the impulse of the curve is given by

7 =J(VU (p))t,

where J represents the Jacobian matrix.

(6.29)

Proposition 6.4.7. The curvature and torsion of the frame which flows along the

solution to the Euler equations (Equation (6.16))) is given by

k= ||A\F — (VU , n)yn — (VU', b)b||,
7= (J(VU)L, b).
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6.4.3 Integral conditions on the solution

In this section, necessary conditions for curves which both solve the Euler equations
(Equation (6.21])), and are constrained to the sphere are determined. These restrict
the form that VU’ can take. The hairy ball theorem says that there does not exist any
smooth vector field lying in the tangent space of S? which is non-zero at each point
[13, Thm 2.2.2]. Thus for the following analysis, the surface S which is a region of the
surface of the sphere is assumed not to contain any point for which VU’ vanishes. In
addition, a curve v with velocity VU’ will not be regular if it passes through a point at
which VU’ vanishes.

The Gauss’-Bonnet Theorem relates the integral of the Gaussian curvature of a

surface to the geodesic curvature of its boundary.

Theorem 6.4.8 (Gauss-Bonnet Theorem). If K denotes the Gaussian curvature of

the surface S which has boundary equal to the curve vy with geodesic curvature k4 then

/K as +//~€g dy —2m x(S) =0, (6.30)
S 0l
where x(S) denotes the Euler characteristic of the surface in question, which is calcu-

lated using x =V — E+F, where V, E and F are vertices, edges and faces respectively.

Example 6.4.9. For the class of solutions outlined in Proposition [6.3.2 in which
solutions follow parallels, these values can be calculated explicitly. Equation (|6.20))
shows that (¥,4) = 0, and therefore the unit speed parametrisation " = 5/||¥||*. Note
that ||¥]|*> = A%sin® B by Equation (6.19)), then with reference to Equation for the
definition of x4, and Equation for the explicit value of 4,

A?sinBcos B cosB
A2sin? B sinB’

(6.31)

/ig:

The integral of this quantity around the parallel at co-latitude 6 = B is

27
cos B
dvy = inBd
/fg’y /0 sinp oA

= 21w cos B.
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On the unit sphere, the Gaussian curvature is 1, making the integral of the Gaussian
curvature simply equal to the area of the surface. The surface area of the polar cap

with a boundary equal to the parallel at colatitude B is

27 B
/ / sin@ df dy = 27(1 — cos B).
o Jo

Finally the Euler characteristic of a polar cap is equal to y = 1, so each term in the

Gauss’-Bonnet equation has been calculated and

2m(1 — cos B) + 2w cos B — 27 = 0.

This theorem can be employed in the present context, in combination with Stokes’
theorem. Embedding the unit sphere in Euclidean space R? allows Stokes’ Theorem to

be stated using just the language of vector calculus.

Definition 6.4.10 (Stokes’ Theorem). The integral of the divergence of a smooth
vector field over a surface is equal to the flux of that vector field through the boundary
of the surface. Consider a smooth vector field F' defined on a compact subset of R3
enclosing the simply connected surface S on the unit sphere, where the boundary of S

is the path of a unit speed curve v(s),
/f’-(VXF)dS:%F-tdS. (6.32)
S ol

The vector 7 is everywhere normal to S and t denotes the tangent to the curve v as

employed in the Frenet-Serret frame.

Direct application of this theorem to F' = VU’ is not enlightening, as V x Vp is
zero for any density p. However, as it applies to any vector field F', one can consider
F =7 x VU, then (& x VU') -t = VU’ - (t x 7). As v is on the sphere, v = 7 and so

110



t x 7 =9’ x 7, thus by Equation (6.32),

/f-(Vx(foU’))dS:%(foU’)-tds,
S

~

:%VU'~(7’ X 7y) ds.
y

The cross product V x (7 x VU’) is equal to
Vx (FxVU)=(V-VU)F = (V-7)VU + (VU - V)i — (- V)VU".

Where the use of the inner product is a small abuse of notation, as neither of V-7 or -V
are scalar quantities, they are instead a vector and a differential operator respectively.

The inner product with 7 is

P (V x (Fx VU)) = (V-VU) = (V-#)F- VU ) + 7 (VU - V)7
— (P V)VU.

The first and last terms together are equal to the projection onto the tangent space of
the gradient of the field, they remove any radial component of the gradient, and shall

be denoted Vg: F' = V- F — (f . %—f) 7. If we denote the spherical components of VU’ by

(U, Uy, U,), then (VU - V)i = Y24 4 %g& so it has no radial component. In addition,

T

the divergence of the radial unit vector is V - # = 2/r and thus,

i
Fo(V % (7 x VU')) = Ve VU — 2(7“70&.
Therefore Stokes theorem implies that,
/ Ve VU — 2@ ds = ]{VU’ (Y % 4) ds. (6.33)
S 8!

Proposition 6.4.11. Consider the coupled differential equations given in Equation|6.21]

for a unit speed v, and the class I' of curves which,

(i) Lie on the surface of the sphere,
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(ii) Form the boundary of a simply connected surface patch S.

Then if v € I' is a solution to Equation (6.21)), the potential VU' — X\ must satisfy,
/ Ve VU — 2\ — 1dS = 2r. (6.34)
s
The region S is the patch enclosed by .
Proof. From Stokes theorem, and specifically Equation ((6.33)), a necessary condition on

the existence of certain solutions to Equation can be constructed. Consider a
curve which solves Equation ([6.21)) and belongs to I'. By Proposition the curve
has a unit speed reparametrisation, v, which satisfies Equation (6.26). The integral
along v of its geodesic curvature, k4 can be calculated by the Gauss’ Bonnet theorem.
But in addition, by Equation ,

VU/ . /
ff;g ds — 7{ M ds. (6.35)
5 Y e

Assuming the solution was originally unit speed, making ||¥||* = 1, then
/ Ve VU’ — 2(7 - VU') dS = 27 — / ds.
S S

As a result, the vector field VU’ will only lead to a solution of Equation (6.16)) on the
sphere (of unit speed) if

/VSNU' —2(7 - VU') + 1dS = 2r.
S

Which can be further reduced by using k, = 1 and Equation (6.27)), which imply
r-VU =14+ A\

/VSQVU/ — 2\ —1dS =2~7.
s
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6.5 Solutions of a specific case

Having considered conditions on potential internal energies and initial densities which
lead to solutions of the Euler equations which lie on the sphere, let us explore a specific
problem in detail. Here we postulate a simple model of air pressure on earth, mostly
uniform in density, with the cooler poles having denser air and the warmer equator
less dense. Real weather data gives realistic values for atmospheric pressure of around
1010hPa (hectoPascals), with reasonable deviations for high and low pressure fronts of
roughly +20hPa [56]. The Legendre polynomials P and PJ can be used to produce
a density of this form. Let the positive constant A be two orders of magnitude larger

than the constant B, then the density may be well approximated by
B 2
p(0) = A+ 5(3 cos”(0) — 1). (6.36)

This density leads to a gradient of the internal energy of
B [
— VU (p(0)) = —v(y — 1)3B cos(6) sin(6) (A + 5(3 cos?(0) — 1)) 6.  (6.37)

With v = 2, it reduces to VU'(p(0)) = 3Bsin() cos(d)d. Thus the acceleration of
the curve is given by the vector space (—\, —3Bsin(6) cos(#),0). This vector field is
differentiable and thus Lipshitz on an open subset of R? containing the unit sphere, and
so the system has a unique solution. What is more, if A = ||V5]|? and (Vy, VU’) = 0 then
the only solution to the system of equations which stays on the sphere is a constant
speed curve with |V[|? = — (7, VU') = \.

Splitting the differential equation (Equation (6.16))) into orthogonal components
7,6, ] using Equation (2.6)),

A= (9’2 b sin2(9)> (6.38)
—3Bsin(f) cos(f) = 6 — p*sin(f) cos(h) (6.39)
0 = 20¢ cosf + @sin b (6.40)

And solutions, X(z,t) = 7(0(t),¢(t)) in local coordinates must satisfy these three

equations. This can be solved by direct integration in some cases, and in those cases it
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is likely that elliptic integrals will arise.

Definition 6.5.1. An incomplete elliptic integral of the first kind [53, p.57] with com-

plimentary modulus £ is denoted,

¥ 1
F(x|k) = /0 N k2y2)dy'

The substitution of x = siny and y = sinf gives the variation in trigonometric

form,
sin ¢

F(sin(p)|k) =

(6.41)

0 1 — k2sin®(0)

Definition 6.5.2. The Weierstrass p-function defined in the theory of elliptic curves
[53, p.87], it inverts the incomplete elliptic integral,

(6.42)

1y :l ’ dy
v 2/00 NE )

Case 1

The simplest case is in which ¢ is the trivial solution to Equation (6.40)), that is ¢ =0
and so ¢ = a € [0,27] a constant and the curve oscillates along one line of longitude.

In this case Equation (6.39) reduces to a rescaled simple harmonic oscillator,
" 3
6 = _§B sin(26),

where 6 would represent the angle of the pendulum. The equation can be solved by an

elliptic integral using separation of variables,

00 = —3B6 sin(f) cos(h),

1. 3
502 = —§B Sin2(9) + E,

/\/2E—§i3sin2(9) - /dt’

1 /3B
—F |6 — | =t+G.
V2oE ( | 2E>
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Where F(x| k) denotes the incomplete elliptic integral of the first kind with modulus
k.

Case 2

Equation ([6.40) has a solution when ¢(t) is wholly dependent on 6(t), when ¢(t) =

% for some constant C' € R. In this case, Equation ([6.39)) would reduce to the

one variable problem,

C? cos(6) _ :
) OBsmeO. (6.43)

6=

Consider the case of B = 0 first. This corresponds to a uniform density, and so

should give solutions which simply flow along geodesics. When B = 0 Equation

can be approached by separation of variables, multiply the equation by 6 and integrate
to get

L. C?

=—————+D 6.44
2 2sm2(0)+ ’ (6.44)

where D is a constant of integration. Rearrange, square root and separate,

1 Cc?

592 sin?(f) = —5 + D sin?(6),
1 %sin®(0) .
2 Dsin®(9) — 2C2
1 sin(#) b1

V2 \/D sin®(f) — 1C?
—du B
/\/Du2+(D— 107) ﬂ/dt’

—/
\/D 1o \/Df’f@ +1

where the substitution u = cos(f) used. This is a rescaled standard integral, if D >
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12

2
D

i [

ﬁv——\/_t%—E

cos(0) =

C?/2 then the substitution is u = sin(v),

1
% sin(—v2Dt + E). (6.45)

By solving the system of ODEs knowing the initial position and velocity, valid values
of each of the constants can be derived from the initial condition. The constant C' can
be determined by an initial condition (C = ¢(0)sin*(6(0))) the other constants should
then be expressed as functions of C. From Equation , and Equation ,

D) = S + —& (6.46)
2 2sin*(6(0))’ '
- D 0
E(D,C) =sin D_—%CQCOS( 0)) |- (6.47)
Case 3
The final case to consider is a non-zero B. If p(t) = W then Equation (6.40) is
satisfied and Equation ([6.39)) reduces to
. 2 cos(f
0= C-#S() — 3Bsin(f) cos(0). (6.48)
sin”(0)

This equation can be integrated (though the method will depend on the values the
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constants take) so that separation of variables gives

1., 1 C? 3B
© 2sin®(f) 2

2
N T
\/ =S — 3Bsin®(0) + 2F

B sin(6)do
/ "= / v/—C? + 2D sin?(0) — 3Bsin*(6)’

sin?(0) + F,

/ g / —dw
V2D — C? =3B + (6B + 2D)w? — 3Bw*

(6.49)

The substitution w = cos(f) was taken. The denominator resembles a quadratic for

w? and thus the quadratic formula will yield the roots. In the case in which the

constants combine to make the denominator a perfect square (repeated roots require

the discriminant to be zero) the constants satisfy 4D? — 12BC? = 0, and the integral

can be solved via a trigonometric substitution,

—dw
dt = 2 . 6B12D’
w* + —63
it — /
6B+2D GB+2D’
/ 6B tan —|—

/dt —dw
6B + 2D sec2(v)’

J = szran | -
6B + 2D
HG__\/6B+2D

where the substitution tan(v) = 4/ 636?D w was used leaving

B+2D B+2D
tan (—(t%—G)\/%) = 66%008(9).

(6.50)

This equation will only be valid for a small duration depending on the value of the
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constants.
The general case of Equation (6.49)) in which the constants do not imply a perfect
quartic leads to a elliptic integral of the third kind. The denominator can be reduced

in order using a birational substitution [64] of Legendre [53} §2.2].

Theorem 6.5.3. Birational Substitution is a method of manipulating the degree of a
rational polynomial integrand using the substitution (z,y) — (u,v), it converts a quartic

polynomial in x into a cubic polynomial of u,

/ \/%d:c = —/ \/%du.

This is done via the substitutions (x — o) = % where a is a root of f, and ( Y

T—a)? =v

where y* = f(x). The expression for v allows for a function purely of u and v? = fi(u)

completes the substitution.

Proof. Let o denote a root of f(z) and let f(z) = g(x)(x — «). The function g(x) is
a cubic polynomial and therefore has roots oy, as, a3. Factorise g(x) with respect to
these roots and divide by (z — )3, for A € R,

A (E) () (58)
T—a+o—og T—Oo+a— o r—a+a—as
:A< r—« )( r—« )( r—« )7

=A(1l+ (o —a)u)(1 + (@ — a2)u)(1 + (o — az)u)

= fi(w).
This cubic polynomial in u is defined as fi(u) because fi(u) = v* = (wfi)4 = (mg_(z))g, =
(szz))4. Lastly the change of variables is given by dz = —u—gdu, and so the integral,

:—/mdu.

118



Returning to the problem at hand, the roots of the polynomial in Equation ((6.49)

can be found using the quadratic formula,

, 6B—2D N VAD? —12BC?
6B —6B N

This means f(z) = =3B(z + /o) (z — /ay)(r +/a")(x — \/a"), from which we can

use the first root /a; and the birational substitution to rewrite the integral as

w Q4.

du
V=3B + 2 /aru)(1 + (og + ao)u)(1 — (yJog + Jas)u)’

(6.51)

foru = This integral takes the form of the inverted incomplete elliptic integral

1
cosO—,/ay "
of Weierstrass’ p function with some scaling involved.

6.6 Consistent solutions on the sphere

From here on, the assumption is made that the density U satisfies the conditions neces-
sary for the existence of solutions to the ODE, given in Proposition [6.2.2] Furthermore,
U is also assumed to to be constrained to the sphere.

The discussion turns to whether the solution of the Lagrangian form of the Euler
equations determines a pushforward for the initial density which satisfies the continuity
equation. Then the solution is considered under a different light — for what duration
of time can one be sure that this pushforward map produces Lebesgue measurable

probability distributions. This question is explored in Section [6.6.2]

6.6.1 Consistency with the continuity equation

Chapter [4] introduces optimal transport as an approach to solve ODEs such as the
Euler system without requiring as strict assumptions on the smoothness of the density
as have been made in this chapter. The analysis in this section can be done without
much measure theoretic analysis, aside from the definition of the pushforward of a

measure.

Lemma 6.6.1. Consider the divergence operator on the surface of the sphere. For
€ Cy(S?), p € Pa(S?) and V taken as the vector field solving Equation (6.16)) in which
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the solution is constrained to the sphere,

g V- (Vp)uldr) = — . V- (Vp)uldz), (6.52)

where p is area measure on the sphere.

Proof. This is a specific statement of a wider dual relationship between the gradient and
divergence operators. In this case, the statement follows from Stokes’ theorem. First
note the product rule for the divergence operator, V- (fVp) =V f-(Vp)+ fV-(Vp).

Stokes’ theorem states that if dn is an exact 2-form, then on an orientable manifold €2

/an:/mn. (6.53)

The sphere is a compact 2 dimensional manifold, area measure is given by u(df dy) =
sin(f)dfdy on the charts specified by longitude and latitude (0,¢). Thus, if V -
(fVp)sin(0)dfdy is an exact 2-form, then it satisfies Stokes’ theorem on the sphere,

and the sphere has no boundary. Let V' = (V,V,,) in (0, ) coordinates and then the

divergence operator is

O(Vpsinf) oV,| 1
V= , .54
VeV [ 00 * dp | sind (6.54)
If n = fV,pdd — fVypdp then it’s differential dn = [8(f V%’;Sine) + 8(13‘/;@] dfdy is exact
and so
. Ve - (fVp)u(do dp) = /S2 dn = 0. (6.55)

Therefore, the expansion of the divergence operator using the product rule implies,

. Ve f - (Vp)u(de) = — g fVs2 - (Vp)pu(dz). (6.56)
0

Proposition 6.6.2. Consider the triplet (X,V,p) being a valid solution to the Fuler
system in Lagrangian form (Equation (6.16))). Then the probability measure defined by
the pushforward, o(x,t) = X (z,t)#p(-,0), is the unique solution to the linear transport

120



equation,

aa(X(x,t), t)+ Vs - (V(z,t)o(x,t)) =0 (6.57)

with initial condition o(x,0) = p(x,0).

Proof. Let p(dx) denote Lebesgue measure on the surface of the sphere S%. By Defini-
tion 4.1.2] of a pushforward measure,

SQf(X(ﬁmf)) pla,0)p(dr) = f( Jo(y, t)p(dy).

Taking the derivatve of this equation with respect to time, the derivative commutes

with the integral due to the definition of p as a bounded Lebesgue measurable function.

/ngf(X(:c,t))~V(x t)p(x,0)u(dx) /f Yu(dy),

Recall the definition of the Lagrangian velocity V = u o X and thus one can take the
pushforward of the left hand side of the equation,

/V82 y,t) - uly, t)o(y, t)u(dy) = /f )(dy).

Lemma then implies that,

— [ 166 Voo (aly 000 ) = [ 1) 50t D)

This holds for any f € Cp(R™) and therefore, the following ODE is satisfied weakly by
o(y,t)

_%U( ,t) + Vsz - (u(y, t)o(y,t)) = 0.

6.6.2 Estimates for the interval of validity

Theorem [6.2.1] establishes the existence of solutions solving the Lagrangian form of

the ODE for time invariant p(z,t), and so there exists a unique pair X(z,t),V (z,1)
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for which o = X#p(x,0) gives a weak solution to the continuity equation. The ques-
tion remaining is, for how long is X invertible? When X is no longer invertible the

assumption that the pushforward measure is in Py(R") is in jeopardy.

Lemma 6.6.3. [35/ A square matric A € M, (R") defines an invertible linear map
A : R" — R" if and only if Ker(A) = 0.

Proof. For the contrapositive, consider b # 0 a solution to Az = 0. Then the equation
Ax = ¢ will not have a unique solution for each ¢ € R", as if Ad = ¢ for some d € R",
then A(d + b) = ¢ as well, and this implies the inverse map A~'(c) of ¢ is not well
defined, thus A isn’t invertible.

An invertible map is injective and surjective. By the first Isomorphism theorem
(dimR"™ = Ker(A) + Im(A)), for the linear map to be surjective the kernel must have
dimension 0, so it must be a singular point, and zero is never not inside the kernel of a

linear map. [

Remark 6.6.4. Consider the sequence y ° (A — )z where A € M, (R) and z € R™.
This sequence converges if ||A — I||,, < 1. Furthermore the sequence is the geometric
sum of (I — (A —1))"' = A~!, implying that where the series converges the inverse to
A exists [37, Thm. 2.6.2]. Hence A is invertible if [|A — I||,, < 1.

Lemma 6.6.5. If the Jacobian J,(X) is invertible, and p € Py then X#p € Ps.

Proof. By the inverse function theorem, an invertible Jacobian implies that X is bi-
jective in a neighbourhood. We can specify the measure using the definition of a
pushforward, as if X is invertible then the preimage X '(A4) = {X'(x) : z € A}
Then as p € P it can be represented by its density p(A) = [, p(x)dz and so can

X#tp(A4) = [ (X~ (@))da. 0
Proposition 6.6.6. An estimate for the length of time for which X (z,t) is invertible
18,
e (6.58)
2L '

where L is the Lipschitz constant for u(X,t).
Proof. By definition,

X(x,t) = /OtV(x, s)ds + X (x,0),
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where we take X (z,0) = x without loss of generality. Consider now the Jacobian matrix
of X, recalling that z € R3.

QX(Q:,t) :/t ou(X (z,s),s) 8X(x,s)d$+[

Ox 0X Ox
0 [T ou(X(x,s),s) (0X(x,s)
9 oy 1 [ B0 (3Kl
Pou(X (x,s),s) 0X (x,s)
+ /0 oX o 08

The Lipschitz constant for u(X (z,t),t) is L,

P ou(X(z,s),s) 0X(z,s)
<
/0 X o dsH < Lt

oX(@t) _ g H then by Gronwall’s inequality and the above estimate,

and if f(t) = sup, || =5

ft) < Lt—i—/Oth(s)ds

f(t) < Lt—l—/OtLeXp </0tLds> Lsds

¢
:Lt+/ L?se*ds
0

[LseLs}g —/LeLSds

Then, the Jacobian J,(X) = % is invertible if f(t) = ||J.(X)—1||,p < 1 by Remark

[6.6.4l This condition is satisfied when,

Lt+ (Lt —1e"+1<1
<
11—t = °

which computationally comes out as 0 < Lt < 0.659 to three significant figures, which

is larger than one half. O
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Chapter 7
The dam break problem

The dam break problem is a fluid mechanics problem in which the initial data is rem-
iniscent of a dam on a river. The Saint-Venant equations model the leading edge of
a reservoir of still water on a flat surface under the effect of gravity, when the barrier
holding the water in is removed. Closed form solutions to this problem are known,

making this a useful example to explore numerically.

7.1 One dimensional Euler equations
The Euler equations in one dimension are given by

Op + Ox(pu) =0, (7.1)
Ou(pu) + Du(pu?) + 0, P(p) = 0. (7.2)

As derived in Section [6.1.1) the second Euler equation can be expressed in terms of
internal energy by,
Ou + udyu + 9, U (p) = 0.

As discussed in n dimensions in Equation (6.7). In one dimension, the Euler equations

form the canonical equations of motion for the Hamiltonian

H(p,q) = %/p (%)de+ ﬁ/p”dm, (7.3)
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in which the potential energy has the form U(p) = ey

Lemma 7.1.1. The Euler equations (Equations (7.1) and (7.2)) are the extremals of
the Hamiltonian functional given in Equation ([7.3)), also known as Hamilton’s canonical

equations of motion.

Proof. The canonical equations of motion govern the dynamics of the Hamiltonian

system, therefore recall the canonical equations of motion are:

OH  Jp

oH _Op 0H __dq
dg  Ot’

and o o (7.4)

The integrand of a variation is the functional derivative, take the variation of H around

¢ using a perturbation dgq,

!
0H = lim = (H(p, q + hdq) — H(p,q))
=0 h

The pertubation f is assumed to be zero at the boundary conditions, hence the first

term of the integration by parts is zero. Hence,

OH 10 dq

dqg 20z Por )
By the canonical equation of motion, and u = 0,¢ this establishes Equation ([7.1)). More
simply than the first Equation, the functional derivative with respect to p is,

0H 1 (dq 2 K
a—p—é(%) Ty
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Let u = 0,q and take the partial derivative of the above with respect to x,

000 50
ox 0t  Oxdx  ~O0x
—0yu = udyu + 0, U’ (p).

~v—1
P

This establishes Equation ((7.2)) by its alternate form. O]

7.2 The dam break problem

The dam break problem is a well known fluid mechanics problem in one dimension.
The problem envisions a motionless lake of water behind a dam. The dam is assumed
to have symmetry in the lateral direction to the original flow of the water, allowing
that dimension to be ignored. The vertical height of the water is modelled not as a
dimension but as a graph, of which the solution (z, h(z,t)) maps, the function h(x,t)
being the height of the water relative to = 0 the position of the dam. The dynamics
of the problem are as follows, at ¢ = 0 the dam is removed, the water then flows under
the effect of its internal gravitational potential energy. The motion of the fluid is given

by the Saint-Venant equations [20].

Definition 7.2.1 (Dressler’s form). The Saint Venant equations as given by Dressler

are,

ou ou Oc
o + Ua + 20% =0, (7.5)

c— 4+ 2= 4+ 2u— = 0. (7.6)
X

where ¢ = v/gh and g is the gravitational constant, while A is the height of the water.

It is convenient to work with two forms of the Saint—Venant equations, one -taken
from fluid mechanics- which illuminates the relationship with the Euler equations more

clearly, and Dressler’s form, which better produces the Riemann invariants.

Lemma 7.2.2. The fluid mechanic’s formulation of the Saint-Venant equations, given
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by Ref [15],

Oth + 0, (hu) = 0, (7.7)
owu + udyu + goh = 0. (7.8)

are equivalent to Dressler’s form in Definition [7.2.1]

Proof. Using the change of variables ¢ = hg one can verify,

Oth + 0, (hu) = 0,

Oic* + 0,(c*u) = 0,

2¢0,¢ + 2cudyc + 0yu = 0,
20,c + 2udyc + cOyu = 0.

And

owu + ud,u + go.h =0,
Oy + u0u + 2¢oc = 0.

]

The Euler equations in one dimension can describe the motion of the fluid in the
dam break problem, with an internal energy of U(p) = %gpQ. In one dimension, the
density of the fluid is the “mass of water within a unit interval of length”. For a fixed
density of fluid, the idea of the “mass of fluid within a unit interval” can be described by
an equivalent variable, the height of the fluid in that interval. Hence the relation p = h
allows the 1 dimensional Euler equations to describe the motion of a 2 dimensional

incompressible fluid in the same way that the Saint-Venant equations do.

Lemma 7.2.3. The Fuler equations are equivalent to the Saint- Venant equations when

v =2 and the constant k = g.

Proof. As mentioned previously the change of variable p = h is justified, with that
change of variables the momentum conservation (Equation ([7.1) and Equation (7.7]))
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are the same for Saint Venant and one dimensional Euler. Substituting U(p) = %gp2

into the second Euler equation,

Ou + udyu + 9, U (p) = 0,
oyu + ud,u + gop =0,

gives the second Saint-Venant equation (Equation (7.8))) again with p = h. ]

The Euler equations are also equivalent to the alternate form of the Saint Venant

equations due to Dressler via the substitution ¢ = /gp.

Proof. To show equivalency between the two continuity equations substitute ¢ = |/gp
into Equation ([7.1)) and apply the product rule,

10, 10,, .,
g@tc +g@x<cu)_’
200 10 10
gcat gucam gcax e ’
Jdc dc  Ou
2— 4+ 2u— + —=0.
ot "o T o

Which is Equation ((7.5)).
To prove the equivalency of the momentum conservation equations the same ap-
proach is applied to Equation ([7.2)), in which Equation (7.5] is used to cancel some

terms,
10, , 10,45, 0
= —__ _p -0
o)+ () + S P(p) =
2cud;c + O + 2c*udu + 2cud,c + go, P(p) = 0,
1
cu (udyc + cOyu + 2ud,c) + O + udu + §axc4 =0,

oyu + ud,u + 2¢0,c = 0.

with the assumption that we want solutions on the support of c. O
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Euler equations Saint Venant equations

for compressible gas | for water in a reservoir

p - pressure of the gas h - height of the water
(p,u) (h,u)
Op + 0z (pu) =0 Oth + Oy (hu) =0
Ou + u0u + gozp =0 owu + udyu + go,h =0

7.3 Characteristic curves, Riemann Invariants and
the Ritter solution

Further examination of the Saint-Venant equations (and by extension the Euler equa-
tions) can be done by looking at the characteristic curves of the systems of PDEs, and
using this formulation to find the Riemann Invariants. The Riemann Invariants are
functions which are constant along the characteristic curves of the system. If y(z(t),t)
is a characteristic curve (a parameterised curve which is a solution to the system) then

it has derivative,

Cowlt). 1) = 2 ((t), ) + 5 Lo () 1) (7.9

Translating the Saint-Venant equations into this form gives
0 [h(z(t),t R\ 8 (h(z(t),t
o (a0, (v 1) o (M) _, 710,
0t \u(x(t),1) g u) 0x \u(x(t),t)

and thus for v(z(t),t) to be a characteristic curve of this system it must satisfy,

D(2(1), £) + N0, (x(t), 1) = 0, (7.11)

where \ is an eigenvalue of the matrix given in Equation (7.10). In addition to this

constraint, v must also be an eigenvector. The eigenvalues are A = u £ v/gh = u £ c.

e
) o
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and due to the fact these are not constant, finding the Riemann invariants is more
difficult. It may be possible to express the equations in a simpler form, namely in

terms of exclusively ¢ not h.

This new form of the equation has the same eigenvalues but the eigenvectors are
now [+1,2]". To find the Riemann invariants in this case, the search is for a function
R(z(t),t) such that ;R + A0, R = 0. When A = u + ¢ the functions R(z(t),t) = u =+ 2c
satisfy the equation, simply add Equation (7.5) and Equation (7.6) or subtract them

depending on the eigenvalue. Thus the Riemann invariants are (u £ 2¢), and

d%:w +2¢) = 0. (7.13)

7.3.1 The Ritter solution

The Ritter solution to the Saint Venant equations is

w= % (% + co) , (7.14)
h= % (200 - %)2 (7.15)

The constant ¢ is defined to be ¢y = \/ghg where hg is the initial height of the reservoir,

and again ¢ is the gravitational constant.
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7.3.2 The characteristic curves

The system of PDEs known as the Saint—Venant equations has been reduced to the
ODEs

%(u 1 9) =0, () =ute, (7.16)

—x
dt
for the Riemann invariants and eigenvalues respectively.

Lemma 7.3.1. The characteristic curves of the system are,
Yy i x =mit, v =2t — 3at'/?. (7.17)

Proof. The first characteristic curve v, is known from the form of the equations, it can
also be seen from the Ritter solution. If u = 2(x/t+1)/3 and ¢ = (2 — x/t)/3 then the

Riemann invariants are

4 2
20 =2 d —2c= —— — —. 7.18
u+ 2c , an U c 37 3 ( )

the latter of which can only be constant if there exists a constant m such that =/t =
m. The second characteristic curve, 7_, is deduced from the first curve, v,, and the

Riemann invariant condition in Equation ([7.16)).

dx

a T
d t—4 lx
dt 3 3t
dm 4 2m
a3 37
1
dm = dt,
/ (3—3m) t
3 2 4
—3 log <§m — 5) = log(t) + log(a),
2m — 4 = 3at3s,
3 1
=2t 4+ —1t3
x + 5 3
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Chapter 8
Gibbs measure

In the following three chapters, the periodic nonlinear Schrodinger equation is discussed
from the viewpoint of statistical mechanics. Instead discussing classical solutions for
certain types of initial condition, the theory in this field is interested in weak solutions,

or the distribution of typical solutions.

Why is this important? For nonlinear PDE, existence theorems for classical solutions
to initial value problems may introduce hypothesis on the initial data that are very
stringent or unrealistic. Further, even when the intial data is smooth, the solution to
the intial value problem may not be smooth. Systems such as the Euler equations can
form shocks (nondifferentiable, discontinuous solutions) in finite time [26]. To allow for
functions which are discontinuous and nondifferentiable to solve the PDE one needs to

deal with weak solutions.

One philosophy for understanding weak solutions is to instead conceptualise them
as a random process. If a Cauchy problem is well posed on a set of initial data, then
instead of working on classes of initial data and accompanying closed form solutions, one
can discuss a typical solution. The set of all initial data forms a probability space, and
at each time the random process documents how the distribution of the solutions (at
said time) changes. This is especially useful in real systems where the intial conditions
observed will not be exact. A density measurement of the atmosphere will return a
range of values specified by the precision of the instrument. In a paper on the evolution
of a measure on L?*(T) under the dynamics of the NLSE, Lebowitz, Rose and Speer

outline the philosophy. “Instead of trying to solve the initial value problem for a system
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containing a very large (say 10?%) number of particles, which is clearly an impossible
task even in principle, we obtain information about values of macroscopic observables by
taking averages over Gibbs probability distributions containing only a few parameters
(particle density, temperature, etc.). While the rigorous justification of the theory is
still not fully understood, its success leaves no doubt about its utility. In fact, the
results obtained from a suitable probability measure, which includes information about
both typical behavior and fluctuations, are generally more relevant than the solution

of a specific initial value problem for understanding the behavior of real systems.”
— Lebowitz, Rose or Speer [4§]

In the case of the the nonlinear Schrodinger equation, the Cauchy problem,

Loy 0% 9
;E—W‘f‘ﬁwf‘ (0

o = ¢(z) € H'(T,C),

is well posed [9, Thm. 1] for any initial data in H'. Any solution is continuous in ¢
and at each ¢ is a function of z in H'(R,C). To discuss typical solutions a measure
is needed and there exists a measure describing this system which is invariant with
respect to time. Within statistical mechanics the Hamiltonian describes the energy of
a system. Louiville’s theorem then says that on the phase space, L*(T) x L*(T), there
exists a measure which is invariant under the Hamiltonian flow. The Gibbs measure is
this measure in the context of infinite dimensional phase space, and this chapter centres

on defining the Gibbs measure.

8.1 Gaussian measure on the cylinder sets

Consider L?(T), and a finite dimensional linear subspace C' C L*(T), where C' is spanned
by the collection {(exp(in;x) :n; € N C Z\ {0}} and N is ordered and contains m
elements. The subspace C' can be identified with the orthogonal projection onto R™
by the function 9. If (exp(in;x)j-, is an orthonormal basis for C' then ¢ : L*(T) —
R™; f — ((f,en)r2(1))}j2; is a projection of f onto R™.

Definition 8.1.1. For ¢c as defined above, let A = X7, A; C R™ be a Borel set in
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R™, (so A; € B(R),Vj). A cylinder set of L*(T) is the pre-image of A by ¢, [46],

Vo' (A) ={f € L*(T) : ¢c(f) € A}

Lemma 8.1.2. The collection of cylinder sets form an algebra.

Proof. L*(T) is a cylinder set For any C of dimension m, take A = R™. ;' (A) =
L*(T).

Compliments of cylinder sets are cylinder sets Consider the cylinder v;'(A), it
has a compliment (5" (A))¢ = L*(T) \ vz'(A).

LA(T) \ve'(A) = {f € L(T) : vo(f) ¢ A},
={f € LX(T) : vc(f) € A%},

And as A € B(R)™, so is A¢ and therefore (5" (A))¢ is a cylinder set.

Closed under finite intersections Take (', (5 to be n and m dimensional subspaces
with basis (f;), and (l;)™, respectively. And likewise A;, Ay are rectangles in
R™ and R™.

e, (A) Ng, (A2) = {f € LX(T) « ((f, fu), oo (s fuds (Fo Do ooy (filin)) € Ar X As}

This looks like a cylinder, however, unless C; and C5 have only intersect at 0, this
formula can be reduced. Let (e;)7_; be a basis of C; N Cy, (g;)5_, of C; N Cy and
(hi)l_, of C{ N Cy and then n+m = 2r + p + ¢. Then span{f;} = span{e;, g :
j=1,.,r k=1 ..,p} and span{l;} = span{e;, hy : j=1,...,r. k =1,..,¢.},
therefore A; and A, can be expressed in coordinates with respect to bases {e;, g :
j=1,.,rk=1,..p}and {e;,hy:j=1,...,m k=1, .. ¢.} respectively. One
can consider them to be subspaces of R™™% and let B be their intersection. The

intersection of two rectangles is a rectangle and thus,

Ve (A1) Ng (Az) =
{f € L2(T) : (<f7 61>7 RS <f7 6r>7 <f7 gl>7 ) <fa gp>7 <f7 h1>7 RS <f7 hQ>> € B}7
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is a cylinder set.
O

Before defining a cylindrical measure, the domain of the function ¢ can be defined
as the quotient space L?(T)/C}, where the equivalence class is given by f ~ y <=
(f,ei) = (g,€:)Vi. Then, for n = dim(C}) < dim(Cs) = m the projection,

TCy,Cp - L2/02 — Lz/Cl, (81)
: Z(f, €i>€i — Z(f, €i>62‘. (82)
=1 =1

Now note that, if A is again Borel and defined as A = x7_; A; C R", then 7, . (¢ (A)) =
e, (XA, x R,

Definition 8.1.3 (|63] p.172 ). A cylindrical measure is a finitely additive measure v
on the cylinders S of a Hilbert space H, formed by a family of measures p¢, on the
subspaces spanned by finitely many basis vectors. Let S; denote a cylinder S; = 1/)51_1(/4)
for some A € B(R™), assume m = dim(C}) < dim(Cy). The cylindrical measure is then
defined v(5)) = pc, (¥e, (A)), and the projection map ¢, ¢, must compose with ¢,
so that juc, (g, ¢ (Vg (A))) = pe, (g, (A)) implying that the measure of a cylinder
v(S;) = ¥¢;(A) does not depend on the choice of base A or generator subset C; (as

there are many base and generator set combinations which produce the same cylinder).

Definition 8.1.4. Gaussian measure on R™ is a well known probability measure on
the Borel sets A € B(R™) given by,

w"(A) = \/21_7rm /Al .../mexp <—%§lx?> f[lda:j. (8.3)

Proposition 8.1.5. The cylindrical measure V on L*(T) is defined by the family of
Gaussian measures pc on the cylinder sets. Let C' be m dimensional and spanned by
the basis {e™* em2* .. e™m*} g subset of {€™* : n € N} which is a basis of L*(T). The
function f =30 a,e™ is in the cylinder set Y5 (A) if an, € Ay fork=1,...,m.
The pushforward of the measure of this cylinder set by the map Yo is simply Gaussian
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measure on R™,

el ) = el () = (W) = o [ [ e (—% Z) [

(8.4)
Proof. Let C; be a linear subspace of L?(T) spanned by a collection of Fourier modes
(ex)?_, where k is a subindex of j € Z \ {0} and e; = e€”+*. One can expand the
collection of basis vectors (ex)i_; so that the new collection (ex)}™, spans the second
linear subspace Cy of dimension m > n. Next consider a base space A = X7_;A; CR"
where each A; € B(R). Now consider ¢¢, as functions from the quotient space L?/C;
and the projection map m¢, ¢, as defined in Equation . To prove p¢ is cylindrical,
it must be established that pc, (g, (A)) = pey(ma,) o, (10, (A))), to this end,

1 (g, 0, (e, (A) = pe, (e, (X A)L, x R™™"7H)
= p"(xAi)iy x R™
= n"(A),
= pey (Vg (A))

Remark 8.1.6. The cylindrical measure is only finitely additive.

Proof. The cylinder sets form an algebra but not a g-algebra. Assume that the cylin-

drical measure is o-additive and consider the set [46] p.55],

Bui={f € LAT) : |(f,é%) <m, j=1,.,a,}. (8.5)

The countable union U, B,, is equal to L?(T). The measure of V(L*(T)) = uc(vg'(R)) =
p!(R) = 1 where (| is the span of any basis vector exp(ijz), j € Z\ {0}. However, the

measure of B,, is

V(B

eXp (——ix ) ﬁdxj,
j=1

(r/ o (‘_) )
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Each integral is smaller than 1 and so the value of a,, can be chosen so that the value
of V(B,) < zazr. Choose this a, to be the sequence in the definition of B, for each n

as n — 0o. Then the sequence

Y

N | —

io:V(Bn) <

thus, on the non-disjoint sequence of cylinders B, if V was o-additive then it would be

subadditive. Instead, on this sequence the measure is superadditive in the sense that,

i V(B,) <V (UX,B,).

8.2 Radonification and Wiener loop measure

Having established the Gaussian measure as a finitely additive measure on the cylinder

sets of L?(T), we can look to apply Radonification by the following theorem of Sazonov.

Definition 8.2.1 (Hilbert Schmidt operator). The operator 7' : H — H is Hilbert-
Schmidt if and only if

D T(en)]? < oo
n=1

Theorem 8.2.1 (Sazonov). (63, p.215] Let H be a Hilbert space, T : H — H be a
Hilbert-Schmidt operator, and i be a cylindrical measure concentrated on the balls of

H. Then the pushforward of p by T is a Radon measure on H.
Lemma 8.2.2. The linear operator u : L*(T) — L*(T); €™ — e is Hilbert-Schmidt.

Proof. The norm,

o n2 n2’

nx 1 27T1 nx 1
lu(e™)|P = / L jemepar = L

Then the series,

o) oS 1
5 e = 35 <o
n=1 n=1
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]

Definition 8.2.3. A cylindrical measure puc on the Hilbert space H is scalarly concen-
trated up to § on the subsets B C H if, given a § € [0, 1], for every one dimensional
linear subspace C' of H puc({vc(f)|f € B}) > 1—6.

Proposition 8.2.4. The Cylindrical measure puc given in Equation (8.4) is scalarly
concentrated on the balls of L*(T).

Proof. The ball of radius r in L*(T) which is centred at zero is denoted B,(0). The
preimage of the projection of this ball on to the 1 dimensional subspace spanned by e;
gives {f € L*(T) : |{f,e;)| <r}. The measure of this ball is

el (B(0) = o= [

for any one dimensional subspace C. This is just one dimensional Gaussian measure.
If we take the definition of erf(r) := \/%7 I, e~ dz then note that the function is
monotone increasing with codomain [0, 1]. For any ¢ € (0, 1), there exists a R € R such
that erf(R) = 1 — § and then for all » > R, uc (5 (B,(0)) > 1 — 6 and so the measure
is scalarly concentrated on the balls of L*(T). O

Proposition 8.2.5. The pushforward of the cylindrical measure puc by the Hilbert-
Schmidt operator u is the measure W = ugpuc on L*(T) is a Radon measure, which is
denoted W for Wiener loop.

Proof. This follows from an application of Theorem [8.2.1] The definition of the new
measure is best explained by looking at the Fourier series of the relevant functions

f=>3"_a,e™. Let us consider the projection to a one dimensional linear subspace

C, = span(e™®), the pushforward measure on the cylinder set wai(A)

ugpic, (W (A)) = pc, (W ({f € LX(T) : (f, ™) =a, € A}))
= pe, ({f € (T = (u(f),e™) = = € A}).
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For the measure pc on the cylinder sets, a, is distributed like a standard normal dis-
tribution N (0, 1), therefore when it is scaled by 1 the new distibution will be N(0, %2)

The measure is given by,

2,.2
U#/ﬁcn(wéi(/l)) = \/%_W /Aexp (—n; > ndzx.

]

This concludes the method of constructing the Gibbs measure developed by Schwartz.
This example is somewhat of a canonical measure on a periodic function space, and
as such was informative in developing the wider theory of translation invariant Radon

measures on infinite dimensional Hilbert spaces (See the Cameron-Martin Theorem[14]).

The construction by Weiner

This specific example was discovered earlier thanks to Wiener, hence the name Wiener
loop measure. It can be enlightening to follow his construction. His development of
the measure made use of an abstract space €2 of infinitely many independent standard
normal distributions N (0, 1).

Consider a measurable function ¢ : Q — L?(T), denote each independent standard
normal distribution by 7, (w), then the measurable functionis ¢ : w +— Y 7 7, (w)e™™.

The pushforward of the measure on 2 by ¢ gives the cylindrical measure uc from
Proposition [8.1.5] For a cylinder set 15" (A) in L2(T) spanned by {e™7, ..., "7} the
preimage of that set ¢~ 1(v5'(A4)) = {w : Y, (w) € Ay, k = 1,...,m}. The measure of
this set is that of Gaussian measure of A in R™.

Radonification can be applied by composing ¢ with u to get uog : w +— > 7"7(:") eine,
The pushforward of the measure on §2 by u o ¢ gives the Wiener loop measure V. For
a cylinder set 1;'(A) in L*(T) spanned by {e™?, ..., e"*} the preimage of that set

under v is

u (Y (A)) :{ > ™ Y ‘: et e ygt(A) C L2(T)}.

The preimage of this set under ¢ is ¢~ (v~ (' (A))) = {w : 7"’“ Ve Ay k=1,...m}.

140



Each random variable v, (w)/n is distributed as N(0,1/n?), and so the probability

’Ym( ) 1 / / RS 2,2 -
PH{w €A, k=1,. = —F0 exp | —= nx; ndzx,,.
({ n g \/% Aq Am 2 nZ; T]ll

This is the pushforward of the cylindrical measure pc by v and is therefore the Wiener
loop measure W.

Finally consider this measure on the subspace H' C L*(T) as defined in Definition

B.2.7 So here ¢! (A) = {f € H' : yo(f) € A}.

1 1 m m
AW = —m/ / exp | —= ) j%? jdx;, (8.6)
/wm) vem Ja Jan 2; ! E ’

C
Now moving the expression back into the function space using the definition of the
pushforward 1, one can write down a expression for the measure on subsets of H'. The

expression only derives any meaning from its equality to the line above however.

1
= /1;_1(14) exp (——Wc HL2) de%, (8.7)

= e (5 /O%(wc(f’(fc)))2dw>lf[ljd%- 89

Thanks to Sazonov’s theorem, after radonification the measure now countably ad-
ditive so Equation can extend to limits as dim(C') — oo. Note however that
although the measure is built on the compact subsets of L? in H;, the measure is zero
on any of these subsets, (for example {f € H* : ||f|lm < K}).

8.3 Defining the Gibbs measure

Definition 8.3.1. If P,Q € L*(T) then the modified canonical ensemble of the Gibbs
measure on L*(T) x L*(T) is defined as,

vasc(AP.dQ) = T exp (~H(P,Q)) [ dPd@. (8.9)
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where Zg is a normalisation constant, Bx = {f € L*(T) : || f| z2r) < K} and H(P, Q)
is the Hamiltonian for the NLS given in Equation (5.2)).

To interpret Equation , note that the second and third terms of the Hamilto-
nian resemble the density terms for Wiener loop measure given in Equation (8.8). In
addition, the preimage of the ball Bg under the map ¢ defined in the last section is

the set Qg ={weQ:> 7 7iw)?/i* < K}.

Thus the measure vg ;¢ on L*(T) x L?*(T) can be defined with two copies of Wiener
loop measure W, a density exp(g J(P? + @Q?)%ds), and a cutoff on the set By by

va. i (dP,dQ) = ZLK]IBK exp ( /O ’ Z(P2 + Q2)2ds) W(dPYW(dQ). (8.10)

However, exp (2 [(P? + Q?)%ds) may not be integrable with respect to W(dP)W(dQ).

Lemma 8.3.2 (Leborowitz, Rose and Speer). (48, Thm 2.2] The modified canonical
ensemble of the Gibbs measure is finite, and so normalizable, for any 8 € R and N > 0.

In other words,

27
/ I3, exp (g / (P? + Q2)2dx) W(dP)W(dQ) < oo (8.11)
L2(T)x L2(T) 0

for all B > 0. This integral is denoted Z.

Remark 8.3.3. The focussing case, in which 5 < 0, poses less of a problem. The expo-
nential exp (g O%(P2 + Q2)2dx> will always be finite because the integral is positive.

8.3.1 Finite dimensional subspaces

The specific construction of the Gibbs measure using Fourier modes of functions in
H' lead conveniently to a family of finite dimensional subspaces, M ™ and their ac-
companying Gibbs measures l/gf) . The following is taken from earlier work in Ref.
8]

Let D,, be the Dirichlet projection taking > 77 _ (ax+iby)e™ to Y7 (ag+ibg)e'?.

Following [10], we truncate the random Fourier series of u = P +1iQ = > > _ (ax +
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ibr)e™ to u, = P, +iQn = >, (ar + iby)e™ and correspondingly modify the

Hamiltonian to

H ((az) Z k2 (a? 4+ b7) + B/‘Z (ay, + iby)e™ da (8.12)

k*—n k=—n

for the real canonical variables ((ax,bx))}__,,. Then the canonical equations become a
coupled system of ordinary differential differential equations in the Fourier coefficients.
We introduce the polar decomposition P, 4+ i@, = Iin e and observe that in terms of

these noncanonical variables, the Hamiltonians H fT k2df and

i = [((G) () ) o 1 L 813

are invariants under the flow.

The corresponding Gibbs measure is
(n) 1 4d9
dvy e = Z(K, B,n)" Ip,(un) eXP ’ U ( ’ W (du,) (8.14)

in which W (du,,) is the finite dimensional projection of Wiener loop measure and is

defined in terms of the Fourier modes as

n

2 -2
7 7°da;db;
W(du,) =[] exp(—E(ai—l—b?))#. (8.15)

2
Jj=—n;j7#0

Consider the map u(x,t) — u(x + h,t) of translation in the space variable. This
commutes with D,,, and the Gibbs measures Vg% are all invariant under this translation.

In terms of Fourier components, we have M., = Bg and

M, = {(aj, b ap by € RS (a2 +02) < K} (8.16)

j=-n

with the canonical inclusions of metric spaces (M, %) C (My,(?) C -+ C (My, £?)
defined by adding zeros at the start and end of the sequences, which gives a sequence
of isometric embeddings for the £* metric on sequences. When we identify (a;,b;)7_ _,

with ijfn(aj +ib;)e¥?, then we have a corresponding embedding for the L? metric.
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Here (M, L?, l/én[)() is a finite-dimensional manifold and a metric probability space.

We now show that these spaces converge to (M, L?, jix.5) as n — oo.

Definition 8.3.4. (Convergence of metric measure spaces)

(i) For M a nonempty set, a pseudometric is a function § : M — [0, co] such that
0(z,y) =6(y,x), d(z,2)=0, d(z,2) <d(z,y)+6d(y.2) (z,y,2€ M); (8.17)

then (M, ) is a pseudometric space.
(ii) Given pseudo metric spaces (M, d1) and (M, d3), a coupling is a pseudo metric
d: M — [0,00] where M = M LI My such that § | My x My = §; and § | My X My = 6.
(iii) Suppose that M, = (M, 61, 11) and M, = (Ms, b2, 1o) are complete separable
metric spaces endowed with probability measures. Consider a coupling (M, d) and a
probability measure = on M; x M, with marginals 7 = u; and 7, = ji. Then the L?
distance between Ml and Mg is

A 1/2
D 12(My, M) = inf( / 5(x,y)27r(dxdy)) (8.18)
o™ NJ MxM

Lemma 8.3.5. (i) Suppose that 0 < —BK < 3/(14n?). Then M, = (M,, L?, I/éni)() has

D2 (M, My) -0 (n— o0). (8.19)

(i1) The measures yénl)( converge in total variation norm to vk g as n — oo.

Proof. (i) This is proved in Theorem 3.2 of Ref. [6]; see also Example 3.8 of Ref. [69)].
Let WQ(V(n), v) be the Wasserstein transportation distance between free Brownian loop
measure £ and the pushforward of p under the Dirichlet projection, »™ = D, fv, for
the cost function ||u — v||3..

The key point is

Walu, 07 < [ |Dsu = ulfntau)

“E Y %'2—0(1) (n— o0). (8.20)

n
k:|k|>n
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(ii) The measures l/én})( converge in total variation norm to pg, by an observation

of McKean[51] in his step 7. By M. Riesz’s theorem, there exists ¢, > 0 such that
Jp | Dpul*do < ¢4 [ |u|*df, and by [48] the integral

/ exp (e / u(6) "4 W () (8.21)
Bx T
is finite, so we can use the integrand as a dominating function to show

/B ‘exp(A /Ir |Dnu(9)|4d9) —eXp</\ /T |u(¢9)|4d9>’W(du) 50 (n—oo0). (822)

]
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Chapter 9

Weak convergence of solutions to
the NLSE

This chapter is Section IV of [§] in collaboration with G. Blower. It discusses the Lax
pair for the NLSE as derived in Chapter |5, and uses facts about Lie algebra’s from
Section [2.3.1] The main impetus of the chapter is to deduce under what conditions
weak solutions to the Lax pair formulation exist. As discussed when introducing the
previous chapter, weak solutions allow for discussion of the evolution of an ensemble of
typical solutions given typical initial conditions — for example in Chapter [10|this takes

the form of a stochastic process.

In the case of the the nonlinear Schrodinger equation, consider the Cauchy problem,

181#_8%/} 9
ga—@‘"ﬁwf‘ (0

Yo = ¢(x) € H'(T,C).

Bourgain proves that this problem is well posed [9, Thm. 1], and Lebowitz, Rose and
Speer [48] prove the Gibbs measure is invariant under the flow of the NLSE, as discussed
in Chapter [8] This means the distribution of the random process at each time point is

given by the Gibbs measure.

As discussed in Chapter [5| if 1 = P 4 iQ = ke according to the Hasimoto trans-

form, then the partial differential equation for the NLS is transformed into the Lax pair
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of equations (5.15)) and (5.16)),

5 t 0 k0] |t
_ — | 1
5 |0 k 0 7| |nf, (9.1)
b | 0 —7 0] |b
9 [t ] [0 —7k g—; t
— |In| = | 7k 0 —ul| n|. (9.2)
ot o
_b_ |~ oz 1% 0 b

and this chapter discusses whether weak solutions to this pair of ODEs exist given
initial data as in the above Cauchy problem. Later a stochastic differential equation is

constructed for the same pair of ODEs.

9.1 Gibbs measure transported to the frames

The compact Lie group SO(3) of real orthogonal matrices with determinant one is a
subset of Msy3(IR), which has the scalar product (X,Y) = trace(XY ") and associated
metric d(X,Y) = (X — Y, X — Y)¥2 such that (XU, YU) = (X,Y) and d(XU,YU) =
d(X,Y) for all U € SO(3) and X,Y € Ms.3(R). The Lie group SO(3) has tangent
space at the identity element give by the skew symmetric matrices so(3), so the tangent
space Tx SO(3) at X € SO(3) consists of {Q2X : Q € so(3)}, where so(3) is a Lie algebra
for [z,y] = 2y —yx, x,y € so(3), and the exponential map is surjective so(3) — SO(3).
Consider the differential equation

dX
— = 2X; X(0) =X (9:3)

where t € [0,1] is the evolving time, and X € SO(3). We consider a column vector
z € R?, satisfying % = Quz which gives a velocity, and ||z| = 1 because Q € so(3).
Following Otto’s interpretation[74] of optimal transport in the setting of partial differ-
ential equations, one constructs a weakly continuous family of probability measures, 7

on S? for t € [0, 1], which satisfy the weak continuity equation,

% + V. (Qm) —0. (9.4)
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Likewise the differential equation (9.3)) gives a weakly continuous family of probability

measures, v, on SO(3). If the integral

1
ALmeQH&MWMMXM“Un (9.5)

and QX is locally bounded, then QX is locally Lipschitz and v, is the unique solution
to the weak continuity equation by Thm 5.34 of Ref.|74]. Recall that for the operator
norm on M3.3(R), ||A|| = sup{||Ay|| : y € R*}, where || X|| = 1 for all X € SO(3) so
x| < .

The weak continuity equation is equivalent to

/ FXOm(dX) = / £ (X)) ro(dXo) (9.6)
50(3) S0(3)

for all f € C(SO(3);R), where Xy — X;(Xy) gives the dependence of the solution of
(9.3) on the initial condition. The velocity field QX is associated with a transportation

plan taking 14, to v, which is possibly not optimal, but does give an upper bound on
the Wasserstein distance for the cost d(X,Y)? on SO(3) of

Wa(
it < [ [ M eaX)a <t <m<. o)
-t SO(3

Then by Theorem 23.9 of Ref. 73], the path (1) of probability measures is absolutely
continuous, so there exists £ € L'[0, 1] such that Wy (v, v, ) < ft t)dt and 1/2-Holder
continuous, so there exists C' > 0 such that Wy (v, 1,) < Cltg — t1|1/2.

Example 9.1.1. (i) If Q; € M3,3(R) is skew, and X, Y; give solutions of the differential
equation

dX dy
— =X X(0) =Xo —

then d(X;,Y;) = d(Xo,Yy). We deduce that if X, is distributed according to Haar

measure on SO(3), then X; is also distributed according to Haar measure since the

=Y Y(0) =Y, (9-8)

measure, the metric and solutions are all preserved via X — XU. Haar measure on
SO(3) was derived by Hurwitz [18, §3.2] and can be expressed explicitly in terms of
Euler angles as p = 23 sin(¢)dfdody where 0 < 0 < 7, 0 < ¢, < 27 are the Euler

angles and the measure is invariant up to a multiplicative constant.
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(ii) As an alternative, we can consider X to have first column [0;0; 1] and observe
the evolution of the first column 7" of X under the (9.3]) where T evolves on S2.

We now consider the case in which Q as in (9.2) is a so(3)-valued random variable
over (M, pir g, L?).

Proposition 9.1.2. Suppose that Q@ = Q(u(-,t)) where u(z,t) is a solution of NLS and
that

/B 1200, 0)) 21y 1151 (9.9)

converges. Then for almost all u with respect to ug g, there exists a flow (1(dX;w)) of

probability measures on SO(3).

Proof. Each solution u of NLS determines €2 so that the associated ODE transports
the initial distribution of Xy € SO(3) to a probability measure on SO(3); then we
average over the u with respect to ux(du). This Gibbs measure is invariant under the
NLS flow, so by Fubini’s theorem

/BK/ /SO 1920 D Nagy oy (X ) dtpine (du) (9.10)

converges. Hence the condition (9.5) is satisfied, for almost all u, and we can invoke
Theorem 23.9 of Ref.[73]. O

For the finite-dimensional M,, of | and solutions u, = k,e'"", the modified

Hasimoto differential equations are

5 0 Kn O
a—X(")(:z:,t) ==k, 0 7, XW(x,1), (9.11)
x
0O -7, O
and
0 —Tnkn %ﬂ
a €T
aX<”>(a;,t) = | Tnkin 0 O 1 B2 | X" (2, 1) (9.12)
—aa% 8“” — Br2 0
involves 7, = 88‘;” and (6”") + 12K2 = (88%)2 + (83%)2 which is continuous, so there

exists a solution X ™ (x,t) € SO(3). We can interpret the solutions as elements of a
fibre bundle over (M, u%), L?) with fibres that are isomorphic to SO(3).
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Let P+ iQ = ke be a solution of NLS and let

0 k 0
Ql = | —K 0 T - (913)
0O -7 0

Proposition 9.1.3. (i) Let P + iQ = ke be a solution of NLS with initial data in
P(x,0) +iQ(x,0) € Bx N H'. Then Qy in gives an so(3)-valued vector field in
L?(k?(x,t)dx).

(ii) Let P+ iQ = ke be a solution of NLS with initial data P(z,0) +iQ(x,0) €
H'N By, and let P, 4+1iQ,, = k,e'°" be the corresponding solution of the NLS truncated
in Fourier space, giving matriz an). Let Xt(n) () be a solution of and suppose
that X ™ converges weakly in L* to X,(z). Then X, gives a weak solution of Equation

E1).

Proof. (i) With w = v/k2 + 72, we have

) 1 _
exp(hQy) = I + sin thl . cos hw

w w?

5
where the entries of 22 are bounded by x* + 72, hence
/THQl(J:,t)||?\43X3(R)m(x,t)2dx <0 (9.14)

for u € H'; however, there is no reason to suppose that 7 itself is integrable with respect
to dx.

(i) By (5.18) and (5.19), we have kQ; € L2 for all u € H'. Moreover, Bourgain |9
has shown that for initial data P(z,0) +iQ(z,0) = x(z,0)e”™@ in H' N By, the map

k(x,0)e @0 s gz, ) (2,1) € L? (9.15)
is Lipschitz continuous for 0 < ¢t < ¢ with Lipschitz constant depending upon ¢y, K > 0.
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We have

Kz +h, )X (z+ h,t) — sz, ) X (x,t)]|? 1 [ ok 2
e +hOXlo D) DO (1 [0, 1)

v2(3 [ ol ola) 010

where the right-hand side is integrable with respect to x by the Hardy—Littlewood
maximal inequality and (9.14)). Suppose that X (™ is a solution of Equation (9.11)). We
take 7, to be locally bounded. Then by applying Cauchy—-Schwarz inequality to the

integral

h
X (x4 h,t) — X (z,t) = / O (2 4 5, ) X (2 + 5, t)ds,
0

we deduce that
/ 1XO) (o 4 5,8) — X (o, ]2,y (2, 1)
[0,27]
h
< h/ / 104 (2 + s, )34, 0y in (@, ) *dads (9.17)
0 [0,27]

where the integral is finite by (9.14)). Also

TN
194 (2, 1) || 2de

0

)X O [
= Tj— Zj e

for0<x <a9 < -+ <y <2m. We have

0
< (n)
o (knX™)

Ok,

X

X0 4 g x o) (9.18)
so for Z € C*([0, 27]; M3«3(R)) and the inner product on M3.3(R), we have

(kn(2m)X ) (2m), Z(2)) = (5 (0)X ™ (0), Z(0)) —/0 Wﬁn(ﬁfﬂX(")(fﬂ),Z(:v)Maﬁ

- %Of%x Z(x)) dz + /02W<X<”% ()" ()T Z(2))d (9.19)

where k, — xin H', so with norm convergence, we have %L; — % in L2, and k,0Q0" —
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kQy as n — 0o, and with weak convergence in L?, we have X — X so

(k(2m) X (2m), Z(27)) — (k(0)X(0), Z(0)) —/0 W%(x)(X(:E), Z(x)) dx (9.20)
27 Ok 27 -
= i %<X(x),Z(x)>dx+/o (X, k(2)Q(x) Z(x))dz.
[

The simulation of this differential equation computes X, € S? starting with X, =
[0;0; 1] and produces a frame {X,, Q. X, X, x Q. X, } of orthogonal vectors. Geodesics
on S? are the curves such that the principal normal is parallel to the position vector,
namely the great circles. For a geodesic, X, x €2, X, is perpendicular to the plane that

contains the great circle.
Let P +iQ = ke be a solution of NLS and let

0 —kr o

ox
Oy = | kT 0 0]. (9.21)
90 0

Proposition 9.1.4. (i) Let P + iQ = ke be a solution of NLS with initial data
P(z,0) +iQ(x,0) € Bg. Then x — fox Qo(y, t)dy gives a so(3)-valued stochastic of
finite quadratic variation on [0,27] almost surely with respect to pux(dPdQ).

(ii) Let P +iQ = ke be a solution of NLS with initial data P(x,0) +iQ(z,0) €
H'N By, and let P, +1iQ,, = kne'“" be the corresponding solution of the NLS truncated
in Fourier space, giving matriz Q. Let X™ be a solution of . Then X™

converges in L2 norm to X; as n — oo where X; gives a weak solution of .
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Proof. (i) The essential estimate is

/B D I, 1) = wlas, ) pusc (du)
< Z(/B [u(zjy1,t) —u(z),t)| NK(du)>
: : </B [u(zji1,t) — ulz;, 1) WK(du)>1/2</B (%>2dw>1/2

a0, 1) = ulay, O ()

<O (w1 —xy) < 27C. (9.22)

The function o is a progressively measurable stochastic process adapted with respect
to a suitable filtration, and with differential satisfying an Ito integral equation[24].

Therefore, we can control the k7 term via

dP —QdP + PdQ

o VPEQ

which is a bounded martingale transform of Wiener loop. As dP and d(@ are martingale

/Ox(/{dcr — 27 (do, do)) = /OI kVo - (9.23)

differences, the integral is a martingale transform [12].

(i) By (5.18)) and (5.19)), we have Qy € L2 for all u € H'. Bourgain [9] has shown
that for initial data P(x,0) +iQ(x,0) = x(x,0)e@% in H' N By, the map

k(z,0)e @0 s Qy(z,t) € L2 (9.24)
is Lipschitz continuous for 0 < ¢ < ¢, with Lipschitz constant depending upon ¢q, K > 0.

We have . o ;
| ioa@an <2 [ ((55) + wtarria) + nto)*)

where the final integral is part of the Hamiltonian. With Z € C°°(T; M3.3(R)), we
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have the integral equation for the pairing (-,-) on L?([0, 27|, M3x3(R))
t
(X0,2) = (X, 2) + [ (X000 2 ds (9.25)
0
Consider the variational differential equation in L?([0, 27], M3x3(R))

%<X<m><x, t) — X (@, 1)) = O (2, ) (X (2, 8) — X (x,1))

(5 (2, 8) — Q5 (x, ) X (2, 1) (9.26)

where Qg")(x, t) and ng) (x,t) — Qén) (x,t) are skew.
We introduce a family of matrices U™ (z;t, s) such that U™ (x;¢,7)U™ (z;7,5) =
U™ (z;t,s) for t >r > s and U™ (x;t,t) = I such that

%U(”) (z:t, 5) = QO (2 ) U™ (w31, 5). (9.27)

Then the variational equation has solution
XM (2, 1) — X (z,t) = U™ (2;¢,0)(X ™ (2,0) — X™(z,0))

t
+ / U™ (8, 7) (5 (577) — Q5 (a5 1)) X ) (2, 7) dr
0
Then

d
(X0 (8) = X (1), X (1) = X (1)) 12
= 2R((Q4™ (1) — V() X (1), X (1) = XM (1))
< 5™ (1) — VW)X @))12, + X () — XM (1)]12 (9.28)
so from this differential inequality we have
t
IX () — XM ()2 < e | X (0) — X™(0)]2, + / =8 (s) — Q8 (s) 22 ds.
(9.29)

Now X™(0) — X™(0) — 0 and QY (s) — Q" (s) = 0 in L2 norm as n,m — 00, 50
there exists X (z,t) € L? such that X (z,t) — X™(z,t) — 0 in L? norm as n — oo.
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We deduce that
t
(X(t),Z>L3 = (XO,Z>L3 —1—/ (X, (Qg(u))TZ>L3 du, (9.30)
0

so we have a weak solution of the ODE. O
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Chapter 10

Numerics of the Hasimoto frame

equation

The objective of this chapter is to build on the analysis of the nonlinear Schrodinger
equation carried out in Chapters [f] and [9] Simulating a random numerical approxi-
mation to the solution of the first differential equation of the Lax pair for the NLSE,
Equation (5.15). This equation is the evolution of the Frenet-Serret frame with the
torsion and curvature specified by the NLSE. The evolution of the frame is modelled as
a stochastic process and the stochastic differential equation it satisfies will be discussed
in the following section. Solutions to the NLSE are Gibbs measurable functions [9].
The differential equations discussed provide a way to push this measure forward onto
the sphere. We consider the case where the parameter 3 in is equal to 0. In this
case, the Gibbs measure is reduced to Wiener loop measure and stochastic processes

with the Wiener loop measure as their law are by definition Brownian loop.

After producing the SDE, a numerical method for solving it can be implemented.
The empirical measure of many sample paths of the process is then compared with the

theoretical distribution statistically.

There exists stumbling blocks in applying this methodology more broadly, for ex-
ample in the second differential equation of the Lax pair (Equation (5.16))) the function
p(x,t) includes a term equal to the derivative g—; and if this is interpreted as I have

done in this chapter, then the function y is too rough to construct a SDE.
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10.1 Background on stochastic calculus

Before applying stochastic calculus to the problem, an explanation of the theory behind

the stochastic integral is introduced, starting with the definition of a stochastic process.

Definition 10.1.1. [42] A stochastic process is a collection of random variables, each

on the same probability space, indexed by time.
Xi(w) = X(w, 1) - (2,B(R)) x ([0,T),B([0,T))) = (R, B(R")). (10.1)

We take the state space to be R™ with its Borel sets and the sample space €2 has on it
an unknown measure v. For a fixed event w; in the probability space €2 the measurable
function X;(w;) is known as a sample path. For each given time ¢ the random variable
X, (w) has a distribution or law, which is the pushforward of the measure v to the state
space, P(X;, € A) = v(X, '(A)).

Definition 10.1.2. A continuous stochastic process is a stochastic process in which

the sample paths are continuous functions.

Left and right continuous processes are defined analogously, and the concept of cad-
lag processes (continuous from the left with limits from the right) capture the broadest

class of discontinuous processes considered.

Definition 10.1.3. [42] A filtration, {F; |t € [0,00)}, is a collection of o-algebras
which are increasing: if ¢; < t5 then F;;, C Fi,. A stochastic process can generate a

filtration, simply take F; to be the smallest o-algebra generated by the random variables
{Xs|se€l0,t]}.

Definition 10.1.4. [42] An adapted process (X;, F;) is a stochastic process and a

filtration that the process is measurable with respect to.

A progressively measurable stochastic process is such that (w,t) — Xy(w) : (2 X
0, s], Fs ® B([0,s])) — (R™, B(R™)) is measurable for each 0 < s [42, Def 1.1.11]. This
is equivalent to being right continuous and adapted to the filtration [42, Prop. 1.1.13].

Definition 10.1.5. [42| Def 2.1.1] Brownian motion can be defined as a continuous
stochastic process. The continuous stochastic process and filtration to which it is

adapted, (W, F;), are Brownian motion if they satisfy the following conditions.
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(i) Wy = 0 with probability 1.

(ii) Let 0 < s < t, then the increment W; — W is independent of F and distributed

as N(0,+/t — s).

Let I denote the set of partitions of an interval L, and let (9,).en € I denote a
sequence of partitions, which are refinements (7, has added some subintervals between
the partition defined by 7;). The Riemann integral over L is defined by approximating
a function over any sequence of partitions 7, such that SUPy,en,, |zit1 — x;] — 0 as

n — 00. The same notion is used to calculate the variation of a function. The variation

of f is defined,
sup > |f () = flaia)l:

The Riemann-Stieltjes integral is defined for integrators of bounded variation. If f is a

real valued function on the interval L and g is of bounded variation, then the integral

/L F(@)dg(@) =lim 3 Fme)lgles) — glaia)],

g enn

is the Riemann-Stieltjes integral of f. The limit is taken over any sequence of partitions
Nn which sup, ¢, |zit1 — x5 — 0 as n — oo. This integral is applied to the sample
paths of stochastic processes which are of bounded variation. However, for stochastic
processes which are not of bounded variation such as Brownian motion, this concept
of an integral is not defined. Processes such as Brownian motion do not have bounded

variation however they do have bounded quadratic variation:

sup > | f () = flwia) ] (10.2)

To develop Ito’s concept of a stochastic integral the idea of a martingale and the Doob-
Meyer decomposition need to be introduced. This is a technical subject complicated
enough to warrant a long exposition. Here the basic concepts behind the stochastic

integral will be explained, and details can be found in Shreve [42].

Definition 10.1.6. A martingale is a filtration and an adapted stochastic process
(M, F;) which satisfies E(M;|Fs) = M; for any 0 < s < ¢ in the range of definition of
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M;. A submartingale satisfies E(M,|Fs) > M, instead, and a supermartingale satisfies
E(M|Fs) < M.

The space of continuous martingales, M;, with finite second moments (or quadratic

variation) EM? < oo is denoted L3.

Definition 10.1.7 (Doob-Meyer decomposition). [42, Thm. 1.4.10] If X}, F; is a right
continuous submartingale with left limits, X, = 0 almost everywhere and X; is of
class D (a definition regarding stopping times [42, Def. 1.4.8]). Then X, permits a

decomposition

Xt - At + Mt7 (103)

where A; is a natural [42, Def. 1.4.5] increasing process and M; is a martingale.

By construction, a natural increasing stochastic process A; can act as an integrator

for pathwise Riemann-Stieltjes integrals,
I(X) = / X,dA, (10.4)

for measurable X;. If X; is right continuous with left limits (cadlag) and adapted to
the filtration of Ay, then I(X) is also right continuous with left limits and adapted —
provided it is finite [42, Rem. 1.4.6]

Definition 10.1.8. The quadratic variation of a process X; € L2 is denoted (X);.
Take the Doob-Meyer decomposition of X? and then the natural increasing process A,

from the decomposition is the variation of X;, (X);, = A;.

The function A; is called the quadratic variation because the quadratic variation
(as given in Equation [10.2)) of X; will converge to A; in probability [42, Thm. 5.8].

The stochastic integral of X; € L2 with respect to a continuous martingale M; € L3

I(X) = /0 X, (w)dM, (w) (10.5)

is not defined as a pathwise Riemann-Stieltjes integral because M; does not have

bounded variation. However, it can be defined for simple processes.
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10.1.1 The stochastic integral

This subsection defines the stochastic integral. To start, the integrator is specified by
a martingale Y; € L% and its filtration F;. With respect to this integrator, a measure

is introduced,
T
py (A) = ]E/ La(t, w)d(Y), (10.6)
0

where A € B([0,7]) ® B(€)). This measure is used to construct an L? space of the

appropriate X; using the norm,

Xle = | " X2y, (10.7)

and this norm gives a equivalence relation upon which we build a representative space of
processes. The subtleties of using equivalence classes rather than processes themselves

does not matter in this work.

Definition 10.1.9. The space of valid integrands is denoted £* and includes all cadlag
(right continuous with left limits) JF;-measurable adapted processes, X; such that

[X]T < Q.

Definition 10.1.10. A simple process is a stochastic process made up of a finite number

of random variables, (, and indicator functions,

Se(w) = D Ge(w) Ll () (10.8)
k=1

where 0 < t; < ... < T partition the inteval. The random variables (;, must satisfy the
condition supy, |(x(w)| < C for some constant C' and almost every w. The process is
intentionally defined to stick out into the future |52, p.29].

The simple process can be integrated with respect to Y; provided each (j is Fy, -

measurable. The resulting sum is a martingale transform of Y},

T n
B(S) = [ Sdvi= Y G, ~ %) (10.9
k=1

where for simplicity it is assumed ¢, = T. The sum is a martingale transform, meaning
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the integral itself is a martingale. This is straightforward to prove, for the term in the
sum k = n, B(G(Yiy,, — Vi)l Fn) = G (B(Yiy | Fn) — E(Vi | ) = Ge(Yi, — Vi) = 0.
For earlier terms, note that E(Y,_|F,) = ¥,_1 because the conditioning is on a larger
o-algebra than o(Y,,_1), hence the sum is a martingale.

The collection of simple processes in which each ¢ is F;, -measurable is dense in £
with respect to the [ |r norm [42, Lem. 3.2.7]. Thus the stochastic integral of X € £
with respect to the martingale Y; € L2 is defined.

Definition 10.1.11. [42, Def. 3.2.9] The integral of X; € £* with respect to the square
integrable continuous martingale integrator Y; € L2 is the martingale (I;(X;), F;) which
satisfies lim; o ||1(S?) — I(X;)|| = 0 for any sequence S of simple processes such that
lim, ,oo[S® — Xi]7 = 0.

In this thesis the only martingale considered is Brownian motion, [t0’s Lemma
is defined for any continuous semi-martingale though I restrict the theorem to con-
tinuous submartingales to avoid further definitions. There exists decompositions for

semi-martingales analogous to the Doob-Meyer decomposition [42, Def. 3.3.1].

Lemma 10.1.12 (It6’s Lemma). For any continuous submartingale X; with Doob-
Meyer decomposition X; = M; + A;, and any f € C*([0,T]) with bounded second

derivative, the fundamental theorem of calculus is replaced with Ito’s Lemma:

$060 = 1060+ [ g+ [ reaa; [ redn.

When integrating with respect to a brownian motion W; the quadratic variation of
W, is equal to t, thus (W), = t. Therefore, in the case of Brownian motion X; = W,

and f(z) = 22, It6’s Lemma implies that

t
W7 :/ QW dW, + t. (10.10)
0

10.2 A stochastic differential equation

The differential equation for the evolution of the Frenet-Serret frame discussed in Chap-
ter 5[ can be found in Equation (9.11)).
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Equation (9.11]) is a PDE with respect to the space variable xz, while the parameter
of a stochastic process in a stochastic differential equation (SDE) is colloquially referred
to as ‘time’. To avoid confusion, in this section we refer to x as s; whereas the time
variable t is suppressed. Thus the differential equation (Equation is reinterpreted
stochastically. The rate of change of X, is governed by the stochastic processes P and
Q. Recall the polar decomposition P + i) = ke’ where, k = \/m and o is such
that 7 = a" This implies o = tan™! (Q) and the rate of change of 7 is a function of

P
Wiener loop and therefore will be represented as a drift term in the stochastic differential

equation
0 w O 0 0 O
dXs= |-k 0 0| Xgds+ |0 0 1| Xsodo. (10.11)
0 0 O 0 -1 0

The o denotes the Stratonovich form of stochastic differential equation (SDE). When
passing from ordinary differential equations to stochastic ones there is a choice of inter-
pretation. In the literature |58, Remark 3] it is purported that the interpretation should
be as a Stratonovich type SDE [42]. Numerical methods based of Euler-Maruyama re-

quire Ito type SDEs [50], so a conversion is necessary.

Let F, denote the joint filtration of the independent Brownian processes P and Q).
An existence theorem for solutions to the SDE will be stated later in the section, it
requires all coefficients of the SDE to be adapted to the filtration F,, and then solution
X, will necessarily be adapted to F;,. Lie group based SDE’s are well posed under these

assumptions [65].

Definition 10.2.1. The differential form of 1t6’s Lemma says that for independent
Brownian processes P and Q, if f is bounded, twice differentiable and has continuous

second derivatives:

of of

dP+8Q

df (P, Q) =

Of 82f) ds. (10.12)

1@+ (ﬁ*a—cy

Implicit in the definition is the understanding that f is adapted to the joint filtration

Fs of Py and @) as it only depends on s through P and Q).

Lemma 10.2.2. Define o.(P,Q) := tan_l(P];—f_%) as the reqularised Ito integral of T.
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The Ito differential can be written as
dge = fl(P7 Q)dP + fZ(Pv Q)dQ + fS(Pv Q)dS, (1013>

where

2 p2

WP.Q) = e
2 | p2
f(P,Q) = (& fitem)—;f]ngw
Q) 2PQEL P 2PQ (1 PR PQY)
BRI (@ PR PR (2 1 PR+ PRQ2)
(&~ PYQ(2PQ 1 AP + P))

N (€2 + P2)2 + P2QQ2)?

The stochastic differential equation for X, given in Equation ((10.12)) can be updated

using Lemma [10.2.2]

dX, = DX,ds + BX, 0dP + CX, o dQ. (10.14)
Where,
[ 0 /P?+ Q2 0
D=|-y/P?+Q? 0 f[(P,Q)],
i 0 —f3(P, Q) 0
[0 0 0 0 0 0
B=|0 0 A(P,Q)|. C=]0 0 f(P,Q)] - (10.15)
_0 _fl(P7 Q) 0 0 _fQ(PvQ) 0

This differential equation is in the form of a Stratonovich SDE and not an It6 SDE. To

convert from a Stratonovich SDE to a Ito SDE a correction term is introduced.

Theorem 10.2.1. [/, p.159] If X is a strong solution to the Stratonovich SDE,

dX, = f(X,)ds + g(X,) o dW,
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where g and f are linear in X, and adapted to the filtration of Wy. Then X, is also the
solution to the equivalent Ito SDE,
199(X)

dX, = <f(X) + éa—Xg(X)) ds + g(X)dW.

The requirements for a stochastic differential equation to have a strong solution
are outlined in Theorem . See Ref. [42, Prop. 2.21] for the precise meaning
of equivalent in this case. More generally the functions f and g can be taken to be
Lipschitz and twice bounded differentiable respectively. Applying the theorem one can
convert Equation from a Stranovich SDE into an It6 SDE as follows:

dX, =AX,ds + BX,dP + CX,dQ (10.16)
where,
0 W/ P?+ Q)2 0

A= |—\/P?+@Q* ;fi(PQ)+3f3(P.Q) f3(P,Q) ;

0 —f3(P,Q) 3fH(P.Q) + 3 f5(P.Q)

[0 0 0 0 0 0
B=0 0 fHP.Q)|, C=]0 0 f(PQ)| - (10.17)

_0 _fl(Pa Q) 0 0 _fQ(PaQ) 0

As justified in the discussion about the Gibbs measure, when § = 0 the stochastic
processes P and () are each a Brownian bridge with period T' = 27, thus they can be
expressed in terms of Brownian motions W; and Ws; that is,

s Wy (2m)

P(s) =Wi(s) - o Q(s) = Wa(s) —

s Wa(2m)

10.18
o (10.18)

The differentials can then be expressed as dP = dW; — W1 (2m) /27 ds and equivalently
for ). Equation ([10.16|) is now written as a standard Ito SDE,

2 2
X, :<A MLLECI I WC)X@S + BX,dW, + CX,dW, (10.19)

21 s
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where A, B and C are defined as in Equation (10.17)). This is the SDE of interest in
this chapter.

10.3 The Magnus expansion for SDEs

The genesis of the SDE (Equation (10.19)) was the Frenet-Serret frame, a matrix in
the Lie algebra so(3), and thus if Xy € SO(3), then so did X for all s. This should be
true of the SDE too. In Section we discuss dealing with multivariable differential
equations which have a solution in terms of a Magnus expansion. Section [2.3.2]shows the
difficulty in calculating the derivative of the exponential map between the Lie algebra
and its Lie group. Lemma [2.3.23] gives an expression for conversion of the matrix

differential equation for X, into one for {2, where
X5 = exp(2(s)) Xo,

for some initial condition Xy. The added complexity is product of working with a SDE
rather than an ODE. That said, the problem is significantly more straight forward than
for solutions within a general Lie group, as the exponential map from so(3) — SO(3)
is surjective. This means the consistency problem between the evolution of Brownian
processes on different coordinate charts does not need to be addressed.

The intricacies of Ito calculus are beyond the breadth of this thesis, but a simplified

rule for working with differentials of Brownian motions W;, W is,

deW] - (Sijdt,
dW;dt =0, dtdt = 0.

Using these rules, along with Itos lemma, we can establish the differential equation
2 would have to follow if X satisfied a general SDE in just one dimension.
A standard existence and uniqueness theorem for solutions to a stochastic differential

equation of the form,
dXs = a(s, Xs)ds + b(s, X)dWr, (10.20)

with initial value Xy can be commonly found [43 42]. A weak solution to an SDE

is a process which satisfies the ODE for a specific choice of Wiener process Wi, a
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second solution for a different Wiener process would have the same finite dimensional
probability distributions (they are equivalent) but different sample paths. A strong

solution to an SDE, X is a process which for an equivalent Y,

P( sup |X;—Y; >0)=0.

0<t<T

that is solutions are pathwise unique given a suitable initial condition. The conditions
under which a weak solution exists for Equation ({10.20)) can be found in books on SDEs

[43, Thm. 4.7.1].
Theorem 10.3.1. /3, Thm 4.5.3] A strong solution to Equation (10.20) exists if,

e The functions a(s,x) and b(s, z) are jointly measurable as functions ([0,T], B([0,T])) x
(R, B(R)) = (R, B(R)).

e The functions a(s,x) and b(s,z) are both Lipschitz in x.
e The functions a(s,z) and b(s,x) satisfy a growth inequality, for some K >0

la(s, 2)|I* < K*(1+ [|2[|*)
Ib(s, 2)[I* < K*(1+ [l]*)

for all (s,z) € [0,T] x R.

o The initial value, Xo = Z, is a random variable which is Fo measurable and finite

second moment.

The existence and uniqueness of higher dimensional problems, when = € R” or a
Riemannian manifold hold when the relevant adaptations are made to the norms.
In addition, an SDE of the form,

dX, = a(s, X, WL W2, . W™ds + Y bi(s, X, WL W2, WrMdw!  (10.21)
=1
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can be reduced to a vector valued SDE of the form of Equation ((10.20)), simply let

X =[X5, W}, ...,W™] and then

(10.22)

where e; is a m dimensional unit vector with 1 in the *" position. Redefining new &
and b will give an equation of the form of Equation (10.20)).

Lemma 10.3.1. If the one dimensional function X (s) = exp(£2(s))Xo is a solution to
dXs = g(s)Xsds + h(s) XsdW1 + k(s) XsdWs

for independent Brownian’s Wy and Wa, where g(s), h(s), k(s) are adapted to their joint
filtration. Then ) satisfies the SDE,

dQ, = (g(s) - %(h(s)2 + k(s)2)> ds + h(s)dWy + k(s)dW5 (10.23)

Proof. Consider a function of €2, f(£2) = exp(2(s)), so X5 = f(2s)Xo. Then assume
X satisfies the assumption of the lemma, and let dQ2 = I(s)ds+ h(s)dW; + k(s)dW for
some yet undefined functions I(s), h(s), k(s). The differential of f in the sense of It is,

A () = ()2 + () (0
= ' (I(s)ds + h(s)dW; + k(s)dW>) +

1
+ éf” (h(s)?ds + k(s)?ds) ,
The derivatives with respect to 2 do not change the function f(€),
1
= (l(s) + §(h(s)2 + k:(s)2)> fds + h(s)fdWi + k(s) fdWs.

Finally, matching up coefficients for dX; = df(€)s) one shows that the function [(s)
must be I(s) = g(s) + 3(h(s)? + k(s)?). O
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For matrix valued coefficients the problem is more involved. It is advised to view
the matrix as a multivariable problem. Let X, denote a real matrix valued stochastic
process, which is measurable and adapted to the joint filtration F; of Brownian loops
P and Q). In addition let X, be the solution to

dX, = AXds + BX,dW, + CXdW,

for independent Brownian’s W; and W,. The matrices A, B, C are given in Equation
(10.17)). They have had their dependencies suppressed for visual clarity, but depend on
both P and (), which vary over time.

Lemma 10.3.2. If X, satisfies the assumptions of the previous paragraph, the Magnus
expansion X = exp(§ds)Xo implies the exponent Qg satisfies the SDE,

9, = Lds + MdW,; + NdW, (10.24)

where the matrices L, M, N again have had their dependencies suppressed, but are given

by

M=¢Eo(B) N=EqC)

L=¢g (A — %(B2 + C? + F(M) + F(N))) .

The inverse of the partial derivative of the exponential map is defined explicitly in
terms of its power series in Lemma (2.3.22)). Although £_g is only well defined as an
inverse if the argument is in s0(3), one can still interpret it as a formal power series for
other matrices. The function F'(M) is defined within the proof.

Proof. Consider the function f(2) = exp(€Q(s))X, and assume that the SDE for Q
takes the form dQ2, = Lds + MdW; + NdW5 for some matrices L, M, N. Consider
the differential of f in the sense of Itd by taking the Taylor expansion about each

component.

o« Of 1 o of
df () = 5 Qijdﬁ” +5 2;%: e aQidekldQ”. (10.25)

The derivative of the exponential of a matrix is expressed in Equation (2.26)). Denote
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the matrix of zeros with a unit 4, j component by F;; and note that

dexp(@) _ (69

Q5 aQij) exp(§2) = D_q(Ej;) exp(£2). (10.26)

By the assumption on the form of df2, the components of the SDE are df);; = L;;ds +
M, ;dW; + N;;dW5,. The directional derivative of the exponential D_q(E;;), discussed

explicitly in Section [2.3.2] is linear in its second argument so for any matrix M,
> MijD_o(E;;) = D_o(M). Thus the first term of Equation (10.25) is,

dQ” ZD Eij) (Lijds + M;dWy + Ny;dWs) exp(Q)
= D_Q(L)f ()ds + D_o(M) f()dW1 + D_q(N) f(Q)dWs.

Taking into consideration the rules of Ito calculus, the product d€2;;dQy = (B;;Bu +

Ci;Cr) ds. The second order partial derivatives of the exponential of the matrix 2 are,

o of B}
8le 89” = D_Q(Ekl)D_Q(EU) eXp(Q) + anl

(D_a(Ey) exp(Q).  (10.27)

Details of the derivative of D can be found in the Appendix of [50], and uses the power

series expansion given in Equation (2.26]). The second term of Equation ((10.25)) is given
by,

Z Z agkl 8%]; dQudQ; = [(D_o(M))? + (E_a(N))* + F(M) + F(N)] f(Q)ds.

Where the function F' is given by,
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The stochastic differential equation for f(€2) can now be stated as,

5 ((D_a(M))? + (D_a(N))? + F(M) + F(N))| f(Q)ds
+D_o(M)f(Q)dWi + D_o(N)f(Q)dVa,

dF(Q) = | D_a(L) +

Equating f(Q) = X the coefficients of dX, = AX,ds + BX,dW; + CX,dW; can be

compared with that of df(£2). The expression Dg, has a well defined inverse £q, and so,
M = € o(B),
N =E&_q(C),

L=E8g|A-

N | —

(B*+C*+ F(M) + F(N))) :

7 N

10.4 The proposed numerical algorithm

The numerical method of choice for solving Equation (10.19)) was developed by Pigott,
Solo et al. [58], [50], and will be motivated and justified below. The method is a one
step Euler Maruyama approximation done in the Lie algebra. It uses the derivative of
the exponential map discussed in Section , though the power series for £y (Lemma

2.3.22)) is truncated heavily.

The stochastic differential equation for the first Frenet-Serret matrix with g = 0 is
given in Equation (10.11]). This is converted into an SDE in the Lie algebra by Lemma
10.3.2l As a result, the differential equation simulated in the Lie algebra is,

dQ, = Lds + E_q(B)dP + £_o(C)dQ, (10.28)

Where A, B, C are the matrices as defined in Equation ((10.17)), and L is defined in

terms of those matrices as
1
L=¢&q <A —5(B*+C* + F(E_a(B)) + F(E_Q(C)))) . (10.29)
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Figure 10.1: The figure demonstrates a sample path of the stochastic process X, which
is a solution to Equation (10.19). As X, € SO(3) the path is visualised as the action
of X, applied to a unit vector in R®. The numerical solution shown is for s € [0, 10],
and has a step size of h = 107°.

The one step method takes ng) = 0 the zero matrix at each timestep s, and calcu-
lates QLY by
QW = QO 4 hL 4+ VhdE_q,(B) + VhnE_q,(C), (10.30)

where € and 7 are distributed N(0,1). Therefore P, — P, ~ Vhé and equivalently
for . For any matrix M, Do(M) = M by definition. The same holds for (M) =
% [M, M| = 0 for the first step as €2y := 0. Thus the one step algorithm further reduces
to

1
Q) = hA — S(B* + C?) + VhoB + Vi C, (10.31)
= hD + VhéB + vVhnC, (10.32)

where the matrix D is given in Equation (10.14)) and each matrix D, B, C belong to
50(3) and depend on s. The final stage of the algorithm is to use the update in the Lie
algebra to update the original function X. That is, X, 11 = exp(£21)X,.

Note that in Algorithm it is assumed that 27 < T' < 47 for the construction of

periodic Brownian motion.

The resulting stochastic process X, € SO(3) is then used to rotate the unit vector
Yo = [0,0,1]" on S? to ys = X,yo, the third column of X,. The sample paths of
this process can be described by construction of a frame {ys, y.,ys X y.}. Figure m
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Algorithm 10.1 Algorithm for one sample path

,_.
@

11:

12:
13:
14:
15:
16:

17:
18:

19:

20:
21:

Define h a constant timestep increment, and T" the period to solve for
no_timesteps < 1'/h
Define €, a small regularisation constant.
Xo < I initial condition.
Sample 7; ~ N(0,1) and 4; ~ N(0,1) for i = 1,...,no_timesteps.
/B F’lﬁz, --~77T/hJ
5 — 715725 - VTR
« [Wi(h), Wy(2h), ..., Wy(T))] where Wy (nh) = VR Y7, v;.
— [Wa(h), Wa(2h), ..., Wi (T)] where Wy(nh) = \/ﬁzg;l ;.
P < [Pj(h), P;(2h), ..., P;(3)] where for j = 1,2

n
Pi(nh) = Wi(nh +27(j — 1)) — W
Qj — [Q]<h)7Q]<2h), 7Q](2%)] Where fOI' j — 1’2
Q;(nh) = Wa(nh +2mw(j — 1)) — W

Concatenate P; with P, so the array has T'/h elements. Repeat for Q.
The following operations are vectorised, each object is an array of 7'/h components.

K4/ P2+ Q? >k will be a 1 x T'/h array
fi < fi(P,Q) for i = 1,2,3 and f; given in Eq.

D, B, C defined as in Equation (10.14)) using f; above > They are 3 x 3 x T'/h
arrays

thD—l—\/ﬁéB—i—\/ﬁnC

lwll V5, + h 5 + 25 o
exp(€2) 1+ 3 HHwH 4 el o2
Xi = [[5=; exp(€2); X0 > exp(£2); represents the j’th element of the array.

The [] operator here acts as:

Hexp = exp(2);... exp(2)2 exp(£2);
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demonstrates a sample-path of y, generated via Algorithm [10.I} The code used to
simulate a sample path is available [44].

The sample paths start off on the great circle perpendicular to the y-axis, and so
have constant binormal ys x y.. As a sample path extends past the great circle, the
binormal vector at each point deviates slowly; as a consequence a sample path can be

thought of as a precessing orbit.

10.5 Computational complexity

The purpose of this simulation is to observe the distribution of the stochastic process
which solves the nonlinear Schrédinger equation. Many sample paths are required
to approximate the distribution, hence the choice of a first order numerical scheme is
needed to limit the computational complexity. Even the scheme outlined in Section [10.4]
requires an order of O(7'/h) matrix multiplications. For further insight into the constant
on the T'/h term, each matrix multiplication of M € Mj3(R) involves 3*(3 + 2) = 45
individual operations, not to mention the additional operations involved in calculating
each matrix using Rodriguez’ formula. The algorithm scales with number of sample
paths simulated, N, as O(N). As such, the limits of the computing power on hand
meant, for T' = 10, a timestep of h = 107° and N = 10° sample paths.

The algorithm can be parallelised easily —using a machine equipped with an 8-core
Intel Xeon Gold 6248R CPU with a clock speed of 2993 Mhz; with h = 107 and

N = 10° the run time of the simulation was 1 week.

10.6 Error estimation

The following is taken from Piggott [59], and establishes the almost linear convergence

of error in expectation of the L2 norm. The numerical method produces a step function

j=maxp{nh<s}
an(s) =[]  exp()Xowo (10.33)
j=1

The step function g (s) converges to the solution y(s) in the L? space of It6 processes
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as the step size h — 0,

E | sup ||ys — Gsnllzs| = O(R'79), (10.34)
0<s<T

for some small € > 0 (See Piggott [59]). The derivation of this estimate is given in [59,
Thm 3.1], and here the scale of the constants involved are investigated to determine
if they can be controlled for feasible step sizes h. Let ¢ = %, the dominating term
in the O(h'"7) expansion is given in [59, Equation (25)] by (12 + 47)TD,e*T@+T),
Naturally, the size of the interval, T" plays a large role in the estimate. The constant
D, =1+ %L, and the constant C, has the most effect controlling the O(h'~¢) term,

r—1

it is of the form

(10.35)

Take the logarithm of the function and apply Stirling’s approximation |71, p.151] to

approximate the logarithm of the gamma function,

2T (r + L)h'r 1 1 1
log< NG —r10g2—§logﬂ+(1—;) logh+logF<r+§)

1 1
=rlog2 — =logm + (1 — —) log h
2 r
1
+r10gr—r+§log27r+0,

for some constant C'. The derivative of this expression will give the location of a minima,

2T (r — L)hi=+
21og ( (r = 3)

1
o N ) :10g2+ﬁlogh+logr.

Due to computational constraints, a value of h = 107 is the smallest step size feasible
to take (See Section . Therefore, this expression changes sign between 4 and
5. Further the second derivative is —%3 log h + % > 0 for all positive r implying the
stationary point is a minima. Taking r = 4 gives an upper bound on the constant
of C4 < 0.05 showing it is possible to control the constants on the interval under

consideration.
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10.7 Hypothesis testing

The algorithm laid out in Algorithm was run N = 10° times. The resulting
stochastic process X, € SO(3) was then used to rotate the unit vector y, = [0,0,1]" on
S? to ys = X,yp, the third column of X,. For each sample path of the new stochastic
process ys(w;) € S? the position at times s = 0.3,0.6,...,6.0 were recorded by their
spherical coordinates of longitude 65 € [—m,7) and colatitude ¢5 € [0,7]. The data
was collected for the purpose of verifying that the joint distribution of (s, ¢5) becomes
independent and uniform over the sphere, a plausible suggestion from looking at the
histogram in Figure [10.2. To this end the following hypotheses are made, for s =
0.3,0.6,...,6.0.

H§:  The distribution of 04(w;) and ¢s(w;) are statistically independent at timestep s.
H: The distribution of 04(w;) and ¢s(w;) are dependent at time s.

The symbol Hy denotes the null hypothesis, and H; is the alternative hypothesis. We
perform a nonparametric independence test based on the Hilbert Schmidt Independence
criterion (HSIC) measure of dependence [31]. In addition, under the assumption that
the distribution of the marginals are independent at the later time s = 10, we make

the following hypotheses,

HY: The longitude 6, is distributed as a uniform distribution, against H?Y that 6,

follows a different distribution.

Hg’ : The latitude ¢ follows a sine distribution (See Equation (10.40))), against the
alternative HY that ¢, follows a different distribution.

The significance level of a statistical test is denoted « and represents a bound for
the acceptable probability of a type I error. A type I error is if the statistical test was to
reject the null hypothesis out of hand (incorrectly). One can quantify this probability

using simple set theory and an index function,

. 1 if Hy is rejected incorrectly,
I (Ho) - ) ) .
0 if Hy is rejected correctly.
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The probability of a type I error can then be defined as P(/(H§) = 1). For multiple
tests the concept is extended to the probability of a nonzero family error rate. In other
words, the chance that for at least one test a type I error occurred. A family consists
of “obviously related group of observations collected from the same experiment whose
statistical analysis falls into a singe mathematical framework” [54, p.34]. As such the

hypotheses under consideration fall into two families split by the type of null hypothesis.

To evaluate the family-wide probability of a type I error consider the index set
for our problem 9 = {0.3,0.6,...,6} consisting of 20 elements. The probability of a
nonzero family error rate is P ({J,.p(I(Hg) > 0)) and a bound on this probability,

P <U<I<H5> - 1>> < S RO = 1), (10.36)

SEM SEN

follows from Boole’s inequality (subadditivity). This inequality is known as the Bon-
ferroni inequality |54, p.8] and provides a useful bound to ensure a specific acceptable
a. Let a; denote the significance level for each test H® for s € M, P(I(H) = 1) = as.
Then Equation implies that for N tests, setting oy = /N will produce an

overall significance level of a.

To be 99% sure that the statistical tests carried out do not give a false positive
— rejecting the null hypotheses out of hand — the overall significance level is set to
a = 0.01 for each family of tests. To achieve this it is required that each of the 20 tests
for {H5 : s € M} have a significance level of a; = 0.01/20, and so each test has a far
stricter significance level than oy, = 0.01. And for the second family {H¢, HS} the a

values are each 0.005.

10.7.1 Independence of latitude and longitude marginals.

The statistical test chosen to study the interdependence of the two distributions 6, and
¢s over time is based on the Hilbert-Schmidt Independence Criterion [31], a well known
nonparametric independence test. The implementation used is thanks to Jitkittum [40].

The results are displayed in the following chart,
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Figure 10.2: Histograms of the joint distribution of the third column of X, at two
timesteps, s = 1 (left) and s = 10 (right). The distribution lies on the sphere S* and
thus the axes are chosen as the longitude 6, and colatitude ¢,. With respect to these
axes the marginals of the distribution become more independent over time.
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timestep (s) [ 0.3 0.6 09 12 15 18 21 24
rejects H; |T T T T T T T T
timestep (s) [ 2.7 3.0 33 3.6 39 42 45 48
rejects H; | ¥ F F F F F F F
timestep (s) | 5.1 5.4 5.7 6.0
rejects H; | F  F F F

With significance level 0.01 it is observed that from s = 2.7 the test is able to reject
the null hypothesis Hj and support the claim that 6, and ¢4 evolve to be independent.

Although the significance levels for the test were defined stringently apriori, it is
worth noting the relevance of this value after running the experiment. The chance
of incorrectly rejecting the null hypothesis is in other words the chance that the test
identified dependence between the distributions where there is in fact none. Looking at
the result of the test this gives a method of quantifying the chance that before s = 2.7
the distributions were already independent, we can be 99% certain that they were not.
It doesnt give any indication of the chance that no type II error occured in the interval
2.7—6 (that the test failed to identify that the distributions were dependent here). The
HSIC test as implemented has a maximum chance of type II error, 5 depending on the
choice of & made. The probability that each timestep between 2.7 and 6 suffered from
a type II error is !, the HSIC authors estimate [40] a value of 3 = 0.2 which would
make B! around 4 x 107%. This supports the claim that the 8, and ¢, distributions

start off dependent and become independent within the interval 2.7 to 6.

10.7.2 Wasserstein distance between measures

By reference to previous work [§], the Wasserstein distance between two measures
V1, Vs € Po(S?) can be bound by terms involving their cumulative distribution func-
tions.

We start by calculating the Wasserstein distance Wj(vy,1v5) between probability
measures v; and v, on S?, which are absolutely continuous with respect to area and

have disintegrations
dvj = fi(0)g;(¢ | 0) singdpdd (0 € [-m, 7], ¢ € [0,7],j = 1,2)
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where f; (j = 1,2) are probability density functions on [—m, 7] that give the marginal
distributions of v; in the longitude 6 variable, and g; in the colatitude variable. Let
F; be the cumulative distribution function of f;(#)dé and G; be the cumulative distri-
bution function of g;(¢)sin ¢ d¢. We measure Wi (v, 1) in terms of one-dimensional
distributions. Given distributions on R with cumulative distribution functions F; and
Fy, we write W, (F}, F,) for the Wasserstein distance between the distributions for cost

function |z — y|. Let ¢ : [—m, @] — [—m, 7] be an increasing function that induces
f2(0)do from f1(0)df; then

Wi, v) < Wi (Fy, By) + / WGl | £(8)), Ga(- | 8)) f(B)de.

In particular, for f1(0) = 1/(27) and ¢;(¢) = 1/2, we have a product measure v (dfd¢) =
(4m)"tsin @ dpdh giving normalized surface area on the sphere. Then Fy(0) = (0 +
7)/(27) and Fy(¢(0)) = (6 + )/ (27), so (2w (7 — 1/2)) for 7 € [0, 1] gives the inverse
function of F,. We deduce that

™

0+
T

Wi(Fy, Fy) :/

—T

- FQ(H)‘dH (10.37)
and

@
/0 (g2(¢" | ¥(0)) — (1/2)) sin¢'d¢’|dp  (10.38)

WA (Gal- | 9(6)).Gu(- | 8)) = / '

Hence the Wasserstein distance can be bounded in terms of the cumulative distri-

bution functions by

Wl(l/l, I/g) S Wl(FQ, Fl) + W1<G2, Gl) + W1<G2( | 9),G2)dF1(9)

T 9—|—7T T
_/_ﬂ s —FQ(e)‘d9+/0

T / W /0 (Ga(6 | 8) — Ga(6)|dF (6)dob. (10.39)

1 —cos¢

Go(o) — — do

The triangle inequality has been used to obtain a more symmetrical expression in-

volving the Wasserstein distances for the marginal distributions and the G conditional

180



0.25 T T T T T 0.7

+
\
. 06

02+ % |
[} N [0] 1
g N 205 *
© A © '
B o1s . @ s
o L . @
aY \ 0 0.4 ',
c 3 c .
8 \ £ \
201 R 0 03 Y
@ . 9]
0 \ 7] *
% K % 0.2 N
= . = |

0.05 - . 1 Y

‘\ 0.1 \
+ .
Yeal, *-
o ‘ ‘ ‘ S S S o ‘ ‘ Rl ST oY NP S
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Time Time

Figure 10.3: The plots involve the difference between the CDFs of two marginals. For
0,, the predicted CDF Fy () = (6 + 7)/(2n) is compared with the empirical CDF, Fg:.
The Wasserstein distance between Fy(6) and F% is displayed on the left. For ¢, the
predicted CDF G4 (¢) = (1 — cos(¢))/2 is compared with the empirical CDF G%°. The
Wasserstein distance between Gy (¢) and G% is displayed on the right. The empirical
measures considered are created using N = 10° samples and evaluated at each of the
datapoints indicated on the graphs (s = 0.3,0.6, ...,6.0).

distributions, namely the dependence of the colatitude distribution on longitude.

Uniform distribution

As discussed in the previous section, the uniform measure on the sphere S? is given by

v(A) = [,sin¢ dfde, this gives marginal densities p(f) = 1/27 and p(¢) = sin(¢)/2.

For each density there is a cumulative distribution function,
0+m 1 — cos(¢)

F1(9) = o s and Gl(gb) = T,

(10.40)

as shown in Equation (10.39). The empirical cumulative distribution functions for

N € N samples are given by

N N
1 Z 1 Z
i1 i=1

For N = 10° these empirical marginals are generated using the previously mentioned
data at timesteps s = 0.3,0.6,0.9,...,6.0. Using these distributions the Wasserstein
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distances Wy (Fy, F%) and W1 (G4, G%) can be estimated.

For s = 10 the final two hypotheses were tested using a Kolmogorov-Smirnov test
in MATLAB [39, kstest]. The hypothesis of H was that at s = 10 the 6, coordinate
is distributed with CDF F}, and with a significance of 0.005 the Kolmogorov-Smirnov
test was unable to reject the null hypothesis. The final hypothesis test needed was H{,
that at s = 10 the ¢ coordinate is distributed with CDF G, and with a significance

of 0.005 the Kolmogorov-Smirnov test was also unable to reject this null hypothesis.

10.7.3 Concentration inequality

Estimates for the convergence of the empirical measure to its true measure in Wasser-
stein distance are given by Blower [8, Thm IV.3]. As a result of our hypothesis testing,
it is significantly likely (99%) that the distribution of (0s, ¢s) at s = 6 is the uniform
measure on the sphere. With the empirical data of N = 10° points used in the hypoth-
esis testing, the expectation, EW,(Fg*, Fy) and EWl(G}bVS, G1) are close to zero by the

estimates ,

0. I .
EWl(FN,Fl)g\/N/_OO\/F(t)(l F(t))dt, (10.42)

given in Proposition IV.4 of [8] and similarly for G. The Wasserstein distance can
be calculated directly for the N = 10° samples, giving Wl(Fﬁ;,Fl) < 0.010 and
Wl(Wl(G}ﬁ\;‘,Gl) < 0.011. The choice of ¢ = 0.02 and N = 10° and reasonable «
in the estimate [8, Thm IV.3],

P(Wi((Fy, F1)) > €) < 2exp(—Nae?/2) < 0.01, (10.43)

shows that with at least 0.99 probability it holds that Wi ((Fg, Fy)) < 0.02. This in-
equality and the implications equally holds for G. The calculated Wasserstein distances

are well within the predicted range with a significance level of o = 0.01.
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Chapter 11

Numerics of the NLSE by Fourier

series

An alternate construction of the periodic nonlinear Schrodinger equation involves em-
ploying the Fourier coefficients of functions in L?(T). The Hamiltonian for the NLSE
can be recast in terms of Fourier coefficients and then a new ODE can be constructed on
the space truncated at the N** Fourier coefficient. The invariants of the Hamiltonian
system ensure the Fourier coefficients are constrained to a high dimensional sphere,
and the ODE turns out to be of the appropriate form to consider evolution in the Lie
algebra again. A numerical method is constructed to model the evolution of this sys-
tem and its complexity is discussed. The large matrices hampered the ability to run
significant numbers of simulations and perform statistical tests on the empirical distri-
bution. However, this avenue of thought might be possible with access to substantial

computational power.
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11.1 The Schrodinger equation in Fourier space

Once again the focus is to solve the periodic NLSE with initial condition ¢ within the
support of the Gibbs measure. Let u € H(T,C) denote the solution. Truncate the
Fourier series of u = P +iQ € H'(T,C) to the N** term giving:

N

un(0) = > (ar + iby)e™.

k=—N

The finite dimensional Hamiltonian for the NLS can be expressed in terms of canonical

variables (ay, bg)N__ 5 by

HEY ((ar), (b)) :% > K (ap+bp) + g/‘ > (ax + iby)e™ e (11.1)

o
k=N

This truncated Hamiltonian incurs an approximation error between u, a solution
to the Hamiltonian A in Definition and uy a solution to the Hamiltonian system
Hg(,N). If K represents the radius of the ball on which the Gibbs measure is normalised,
and N the number of Fourier modes considered, then the head of the series is bounded

by estimates such as [5, Eq. 2.19],

e 5 3
w(0)? — (w() —un(0)))—=| < Ta(2N +1)2 K2,
@0 = o)~ un(0)) =] < Ta(2n +1)
where « is a constant which can be derived from the Hamiltonian. This is related to
the choice of initial condition, ¢, such that ||¢|;z < K, and the invarance of the L?
norm of the solution to the NLSE integrable system [9, Eq. 1.8].

The tail of the Fourier truncation can be bound in supremum norm using the fact
that w,uy € H'. This follows the same argument as Lemma [3.2.10] and can be found
in the discussion in [6, Prop 3.1]. Let {|n| > N} denote the set of n € Z\ (=N, N),

and invoke Cauchy-Schwartz,
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Ju—unllo < 3 |an|_<z Y ‘an|€me>

! e
o ind
_ € 2 1 inf
(S S e
<n——oo Vit L s

1 3
o0 1 2
§<Z n2+1> > D) al |

n=—o0 {In[>N}

The series 7 n21+1 converges, and the second summation tends to zero as N —
00, therefore ||u — uy|| tends to zero as N — oo. In addition the second summation

is equal to ||u — un||g1.

The distance between H (Definition and Hy can be bound as will be shown.
The first term in the definition is known as the kinetic energy,

i

Y nftyk*(ai +60) = Y K} +07) = o — uyl7e. (11.2)

n=—00 [n|>N

which is bounded by the H! norm. The second term is called the potential energy,
U(u) = [|u|*df/2m = ||ul|7.. By M. Riesz’ theorem there exists a constant Cy > 0 such
that [Jun]||7s < Callul|]s, which implies that U(un) < C4U(u). Note that the potential
energy functional is always positive and by virtue of its place within a Hamiltonian of an
integrable system there exists K such that [Jul|7, < K and by extension ||uy||7. < K.
The functional U is convex, and Blower [6, Eq. 3.10] gives a bound on the distance

between U and its chord between v and uy for 0 <t <1,
0 <tU(u)+ (1 —t)U(uy) — U(tu+ (1 — t)uy) < 28Nt(1 — t)||u’ — uy||32.  (11.3)
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Combining this analysis, one can evaluate the full Hamiltonian,

N 1
[H(w) = B ()] <5

o) N
> K(ap+b) = > K (ap +0})
k=—N

k=—o00

ﬁ/ L6 / ,do

as N — oo.

11.1.1 The differential equations for Fourier modes

Returning to the derivation of the numerical method, the canonical equations of motion
of this Hamiltonian are
SH™ ab;  sHYY  da;

(SCL]' N E, (Sb] dt ’

Recall that the functions e’ are orthogonal polynomials in L*(T), and |z|> = Zzz.

Therefore the canonical equations of motion can be expressed as:

da; ' o
% = —j2bj + g Z (ax, + ibg)(a; + iby)(am, + iby,)
—j+k—l4+m=0
- ? D (ak+ib)(a+ib)(an + ibn), (11.4)
—k+j—l+m=0
and
db;, . I .
d_t] = j2aj + g | Z (ax + ibg)(a; + iby) (@, + iby,)
—j+k—=l4+m=0
* g > (ak + ibe)(a + ibi)(am + ibm). (11.5)
—k+j—l+m=0

If these equations can be expressed as a vector differential equation of the form dX/dt =
M X where M belongs to so(4N +2) then SO(4N +2) based methods for solving ODEs

can be employed. Considering just the linear terms, the canonical equations of motion
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can be written in compact form,

d laj| [0 —5*\ |a;
HeaE

The whole 2N of these coupled equations can be expressed as

ax N2 00 ay

: 0 0 :
d e _ 0 0 (=N jaw| (11.7)
dt | by N? 0 0 bn

: 0 . 0 :

by 0 0 (=N by

So the linear term is definitely skew symmetric, now consider the nonlinear terms in
Equations (11.4)) and (11.5). Define the N x N matrix A by

A= Y (a+ib)(am + iby). (11.8)

I,m, m—Il=j—k

From this definition it is evident that A;; = Ay, and so A = AT making A Hermitian.
In addition A is a Toeplitz matrix. Then the nonlinear term for Equation (11.7) can

be written as

iA—iA —A—A an
_ N 4-N (11.9)

A+ A 1A — 1A by

b_n

and this matrix is skew symmetric. It is skew symmetric not skew-Hermitian — one
can check that it equals its complex conjugate, and hence must be a real matrix. Let
X = (ay,..;a_n,by,...,b_n)T, and denote the linear matrix of Equation by
L and the nonlinear matrix in Equation by N(X). Both matrices are skew
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symmetric and so is their sum, therefore

dd_i( = (L+N (X)X (11.10)

evolves in SO(4N + 2).

11.2 Algorithm employing Trotters product formula

As a result of X evolving in SO(N) which is implied by Equation (11.11)), Zf\i_ n(aZ+
b?) = k where k is constant. As this holds for the interval ¢ € [0,7] for which the
differential equation is being solved, one can restrict the initial conditions so that k =1
and one is left with a problem on the unit sphere S*~!. This means for a numerical
method to be viable it should conform to the geometry of the sphere.

In addition to this constraint, Equation has an exploitable linear term.
The structure of the matrix L as given in Equation means its exponential can
be calculated in terms of trigonometric functions exactly analogous to the derivation
of Rodriguez’ formula. For further motivation to explore approaches which separate
the exponential, the process used by MATLAB to calculate exponentials of general
matrices is by the scaling and squaring method. The matrix is scaled so that for some
[, |IL]]/l < 1. Details are covered in the next section but it suffices to say that a
matrix with a large norm (such as L where ||L|l» = 10°) is particularly ill suited to
this method. Yet, the nonlinear term, which cannot be dealt with using closed form
expressions, has norm [|N(X)| s = max; kel n,n] {2(ay + i) (a; +ib;)} < 1, making it
ideal for the scaling and squaring method.

Splitting methods [32, p.47] are commonly used to split one step of a method into
two ‘parts’ such as motion due to a linear and nonlinear term. When dealing with non-
commuting matrix differential equations, splitting methods will introduce additional
errors. The Baker-Campbell-Hausdorff formula [68] shows that eA*? £ e4el unless
[A, B] = 0. A work around is to use Trotters product formula, and this is the method
used.

Considering the linear and non-linear parts of the differential equation separately,

dX

— = (L+ N (X)X, (11.11)
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Employing a first order Euler method within the Lie algebra [32, Eq.8.10], results in
an update X, 11 = exp(h(L + N (X,))X,. Then the Trotters formula [28, Thm 8.12] is

used to split this exponential into a linear and nonlinear part:

h h\"
exp(hL + hN) ~ (exp(LE) exp(./\/E)) : (11.12)
The exponential of the linear part can be done algebraically with trigonometric expres-

sions. The algorithm follows.

Algorithm 11.1 Trotters product formula algorithm

1: N < number of Fourier modes,

2: h < timestep length,

3: timesteps < number of timesteps,

4: k < approximation constant for trotters algorithm

5: sample 7; and 4; from a N(0,1) distribution.

6: a; < /i

8: X « [an,...a_y,by...b_y] note both ay = 0 and by = 0.
9: X X/[| X,

10: A < diag([—-N : N].?)

—_
—_

I cos(hA/k) —sin(hA/k)
sin(hA/k)  cos(hA/k)
12: for i = 1: timesteps do
13: X + (Lxexp(N(X)h/k))*X > N (X) is given in Algorithm
14: end for

The error incurred in this algorithm will depend on k£ and h. In terms of h the
symplectic Euler algorithm is a first order numerical scheme so the error will be linear
with respect to h. The trotters formula incurs an error of the order \/LE So in total the

method has linear order with respect to step size h and is also proportional to 1/ V.

11.2.1 Computational complexity

The complexity of the algorithm is linearly dependent on the number of steps required

to simulate the solution over the interval required; for a solution on [0,1] it requires
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Algorithm 11.2 Function NV (X)

1: function N (X)

2:
3:

9:

Y « (aj +ib;)}__y where each ay, b; are taken from X.
Let T;(Y') denote the right shift operator i positions, for example

Ti([a,b,c]) = [0,a,b].

fori=1:(2N+1) do

B« YT,(Y)T

end for
A € Myy1(C) is given by Ajj, < By_;. Note B_; = B;. > See Eq. (11.8))
By B;
A= |B-1 By
Define N from combining A with itself, > See Eq. (11.9)
iA—iA —A-A
Nel—45a iA—iA
return N

10: end function
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1/h timesteps. It is also depends additively on the number of sample paths required to

build up an empirical measure.

Casting focus to one step of the algorithm, the number of Fourier modes considered is
the most expensive parameter of the algorithm as it determines the size of the matrices.
A matrix multiplication of two square N dimensional matrices requires N?(N + (N —
1)) &~ N3 operations, which is N multiplications and N — 1 additions for each entry
of the N by N matrix. That said, there is a routine that MATLAB uses called BLAS
[19] which minimizes the time required to calculate vector/matrix multiplications, so
that for large matrices it performs faster than the naive N* approach. In addition the
calculation of a matrix to the power of £ can be done in far fewer operations than k&
multiplications, for instance if k = 27 then the matrix multiplication can be done with
J squarings.

Nevertheless, the number of matrix multiplications is the largest factor in the com-
plexity of the algorithm. The number needed per step depends on the method used
to calculate the exponential of a matrix. The exponential map used in the Algorithm
0] is the MATLAB function expm; this function uses the scaling and squaring method.
For an arbitrary matrix M it aims to use exp(M/I)} = exp(M) so that ||[M/I]] < 1
and then use Padé approximants to find exp(M/l) [36]. The intricacies of the Padé
approximation is discussed in Section In terms of computational complexity, it
is attractive to choose [ = 2° as then the [ matrix multiplications can instead be carried
out by s squarings. Then the approximation of exp(M/l) is done by the Padé approxi-
mation R, (M/l) which is a rational function with both numerator and denominator
having degree m, implying a(a + 1) multiplications. That said, estimates of just m
multiplications are found in the literature |29, p.573]. The choice for s and m depend
on the norm of M. Higham [36] provides values of 6, so that if |27*M|| < §,, then the
error incurred by expm is smaller than 27°3. The dominant term in the computational
complexity is thus

N3 (s+m(m+1)).

As an example, if one was to set a 8 term truncation, #s = 1.5, which implies acceptable

error rates if || M]| < 257, thus the best complexity in this case would be

o (el

log2 +72|.
log 2 + log +7)
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11.2.2 Constrained to the sphere

In Section we mentioned that the method was first order dependent on a suitable
choice of k. In this section we discuss how the algorithm preserves the invariance of
the L? norm of the solution u, which is equivalent to the euclidean norm of X. And

this invariance is preserved despite using an approximation for the exponential function.

The one-step ahead for the first order method proposed is

h h\”

Xn+1 = eXp(LE) eXp(N(Xn)_) X

Recall the initial data u is sampled from the space of Gibbs measurable functions with
L? norm bounded by K, that is u € H' N Bg. Now truncate its Fourier series up to

the N*" mode
N

un(0) = Y (ar + iby)e™

k=—N
and denote Xo = (an,...,a_n,by,....,b_n)T € R¥WN*2 Now || Xy||> < K and the L?
norm of each sample path/solution is invariant because of the skew symmetric form of
the differential equation, hence (X,,),en all lie on the same 4N + 2 dimensional sphere
in R*V*2. Thus each curve can be thought of as the action of the group SO(4N + 2)
on the point X and for convenience we will simply consider X, to be the first column
of a matrix in SO(4N + 2).

A detailed discussion of the spaces involved mapping the space SO(4N +2) to itself
by the numerical algorithm needs to take place.

The map N(X) : SO(4N +2) — G; C s0(4N + 2) has a bound,

[N = ‘%/Iul“ < @N/ lul? < |%NK.

So Gy = 504N +2) N {||M |- < ZINK}.

The exponential map used in the algorithm is the MATLAB function expm, this
function uses the scaling and squaring method. For an arbitrary matrix M it aims to
use exp(M/k)* = exp(M) so that ||M/k|| < 1 and then to use Padé approximants to
find exp(M/k) [36]. For computational efficiency, it is attractive to choose k = 2° as
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then the £ matrix multiplications can instead be carried out by s squarings.

The Padé approximants are rational functions with integer coefficients and are given
by Rup(z) = Pup(x)/Qap(x) where Pyy(z) = Qpo(—2). The diagonal Padé approximants
are the most efficient to calculate as the algorithm requires s + max(a, b) matrix mul-
tiplications [29], in other words setting a = b gives the highest order approximation
for the complexity. Considering this, the diagonal Padé approximants are given by
R.o(v) = Puo(2)/ Pao(—2) where

a

(2a — j)la!

= (2a)!j!(a — j)!

Pra(z) (11.13)

Proposition 11.2.1. The Padé approzimant of a skew symmetric matrix is unitary.

That is, if M € so(N), then R.o(M) € SO(N) for any a € N.

Proof. Ehle and Van Rossun have shown |62, Thm 1.1] that the diagonal Padé approx-
imants have all of their zeros in the set {z € C | R(z) > 0} and therefore their poles
in the set {z € C|R(z) < 0}. A skew symmetric matrix has only purely imaginary

eigenvalues and thus R,,(M) is a function defined on the spectrum of M.

Thus we can discuss the eigenvalues of R,,(M), which, if ic; represent the eigen-
values of M, are given by R, (ic;)[47, Thm 5.3.4]. In addition to this, the eigenvalues

Ruq(icrj) lie on the unit circle, as
|Raa(i0;)|* = Raa(icj) Raa(—icy;) = 1, (11.14)

due to the form R,,(x) takes. Then the spectral theorem says that a normal matrix is
unitary iff all of its eigenvalues are on the unit circle. So, provided R,,(M) is normal,
it is unitary, and a real unitary matrix is orthogonal. R,,(M) is normal because M is

skew, and therefore normal and

Poa(M) Foo(—=M)

Raa(M)Raa(M)T = Raa(M)Raa(_M) - Paa(_M) Paa(M) ’

(11.15)

and polynomials in M commute because M commutes with itself. O]
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11.2.3 Implementation

I was unable to implement the algorithm in a form that permitted the number of
samples required for statistical tests to be carried out on the empirical distribution.
This is a result of how the complexity of the algorithm scales with the dimension of
the problem. The challenge may be surmountable with more computing power, and
if so I think there may be scope to compare the empirical distribution produced by
the algorithm with a distribution created using a Markov Chain Monte Carlo (MCMC)
method for the Gibbs [25]. Statistical methods such as the Kolmogorov-Smirnov test
could then be applied in this setting to deduce if the two collections of samples are

drawn from the same distribution.
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Chapter 12

Numerics of the Euler equations via

Transport

As discussed in Section measures can be weak solutions to PDEs. In this chapter
the intent is to consider the Euler equations in a manner in which measure valued
solutions can be found. Hamiltonian systems provide a template for this. A smooth
solution to a PDE that forms the canonical equations of motion for a Hamiltonian is
an extremal of said Hamiltonian — constructed by calculus of variations. Interpreting
the Hamiltonian of the system instead by an action functional applied to a measure,

an analogous method is developed for measure valued or weak solutions to the system.

The Hamiltonian is a measure of the change in energy when moving between points
in phase space. In the language of optimal transport, it is similar to a cost function.
The evolution of the system between states — probability densities — in a way that
minimises the change in energy — minimises the cost function — is an optimal transport
map. In this case however, the dynamics of a solution to the isentropic Euler equations is

also governed by an internal energy U, which restricts the mass from moving optimally.

This chapter is adapted from the work of Gangbo et al [27]. In an effort to un-
derstand and explain the theory behind his numerical methods we have expanded on
his paper with a discussion of the convexity of the operator under discussion and the
existence and uniqueness of a minimiser of this operator on the appropriate space. In
the next chapter his method is applied to the dam break problem, giving a comparison

within a dynamic system with an exact solution.
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12.1 Setting up the problem

The density function p represents the distribution of the mass of the fluid. Normalising
so that the entire mass is 1, the density can instead be treated as a probability measure
in P(R™). To give some evidence as to why, note that the function p represents
the location of the mass, as no fluid will concentrate mass into areas of zero volume p
should be absolutely continuous with respect to Lebesgue measure. Thus the probability
measure p will have a Radon Nikodym derivative - its density - and this density will be
p(x). Using identical notation for the probability measure and its density could cause
confusion, but in this case reference to the measure or the density should be clear from

context.

Consider the Hamiltonian for the isentropic Euler equations,

Hip.w) =5 [ Pyt + [ U(p)da, (12.1)

where one can denote the integral [ U(p)dz = U(p). The solution to the Euler equations
will be the pair (p,u) which minimise the change in this Hamiltonian over a short
timeframe 7. Instead of taking the variation of the Hamiltonian to be left with a set
of PDEs we leave the Hamiltonian as an energy functional and implement ideas from
the theory of gradient flows [2]. Following the work of Gangbo [27] the problem is

equivalent to searching for the measure, p which, for p; € Po(R"™) minimises

%Wﬂm,pf +U(p). (12.2)

In addition, to control the internal energy, U(p) < oo one must impose that p €
Po(R™) N L7. Finally, note that this construction offers no method to calculate the
update in velocity of the fluid, and so the problem on the manifold Ps(R"™) could be

extended to its tangent space.
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12.2 The tangent space

Understanding how the velocity will update between steps requires a measure on the
tangent bundle, TR" = R"™ x TR".

TR" := {(z,u) |z € R", u € T,R"}. (12.3)

Curves on the manifold can be lifted to a graph on the tangent bundle with use
of the function g : = — (z,u(z));R” — TR". This function can thus also act as a
pushforward for measures from P(R™) to the tangent bundle. The set of measures
which lie on the tangent bundle and have a marginal with respect to the base manifold
(in this case R™) which is in P(R"™) will be denoted by P(TR").

Definition 12.2.1. The set P(TR") is defined by the statement, p € P(TR") if and
only if there exists p € P(R") and u € L*(R™;R"p), such that the measure g#p = p.
Equivalently, for all test functions f € L'(TR", u)

f)p(dy) = . fg(x))p(x)de. (12.4)

TR"™

The measure p € P(TR") has disintegration p = op, in other words, for any
continuous and bounded test function f,

(a0, w)u(de, du) = / ( f(:v,u)aw(du)) pz)da. (12.5)

TR"™ TR™

The simplest example would be when o, (du) allows U, T,R" to be treated as one vector

field on R™, this is when o, (du) = 0,(u), where § denotes the Dirac measure.

12.2.1 Acceleration cost

For the Riemannian manifold on which P(R") live there is a clear metric, the Wasser-
stein distance. For the measures on the tangent bundle we would also like a metric. One
measure of distance between points in phase space would be the minimum acceleration
required to move from point to point, this is known as the average acceleration cost
and is the initial cost function proposed by Gangbo and Westdickenberg. The average

acceleration cost can be calculated from a calculus of variation argument.
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Proposition 12.2.2. Let v, parametrised by time, represent any curve with v(0) = x1,
Y(1) = xg, 4(0) = uy and ¥(7) = ug. The curve with the minimum average acceleration

has an acceleration of
(7. 12
- [ horas =3
7 Jo T

Proof. The proposition is proven by applying calculus of variations to the action

1 [/ .
:—/Www%a
T Jo

in order to find its minima. Consider a variation of the acceleration along the curve ~.

2
To — X1 Uy + U
2

Uz — UL |9

(12.6)

That is a perturbation of the curve v, by a second curve, denoted f, which has zero
initial and final positions and velocities, such that v + f satisfies the same initial and
final conditions as . I will use superscript numbers in parenthesis to denote derivatives

higher than one, so 7?) denotes the acceleration and v the impulse of the curve.

Then the limit gives the variation of the action,

55 =ty S 201 = 501

e—0

—hm——/lv )4 eSO+ 1) (s)|ds,

e—=0 T

~lim 27(2)( )fP(s) + el f2 (5)|%ds,

== /T 27 (5) f@(s)ds. (12.7)

Then by definition, f(0) = 0, f(r) = 0, f(0) = 0 and f(r) = 0. Thus, applying
integration by parts to Equation (12.7]) so that the h(®(s) term is differentiated twice

the functional is simplified:

%/OT 27D (5) f@(s)ds = %/OT 3 (s)f(s)ds — % [7(2)(8”5(5)};7 (12.8)
- % /077(4)(5)16 (s)ds = % [V ()£ (s)], (12.9)



And thus the Euler-Lagrange equation to find the extremal of this functional is

d*~(s
B (s) = d5<4 ) =0, (12.10)

implying that the minimising curve is a cubic polynomial. Next let v(s) = As®+ Bs*+
Cs + D, and calculate the coefficients which minimise S[y] subject to the initial and

final conditions. O

Definition 12.2.3. The expression for average acceleration leads to a definition of a

cost function A, between points in the tangent bundle at time ¢ = 0 and at time t = T,

A, TRy x TR? — [0, 00)

2
To — Us + U 1
(1, w), (w2, u2)) — 3 2 - - = 9 Lo+ 1 |ug _u1’27

which is equal to the minimum acceleration cost up to a scale factor of 1/472.

This cost function A; can be extended to act on the space of measures P(TR"),
treating A, as the cost function for an optimal transport condition between two mea-

sures:
A (i, p2) == inf{// A (x,y)m(dx,dy) : me& (u,pa)}- (12.11)
TR" X TR"

where II(uq, o) is the set of all product measures with marginals p; and ps. Then
the optimal transport map, 7, minimises the acceleration cost for the entire tangent
bundle.

12.2.2 The functional W,

The issue with Equation is that A, is not a well defined metric. This distance
function, A,, fits with our intuition about free motion, if a particle is at position x;
with velocity u; and ends up at position x9 = x1 + 7u; with the same velocity uy = uo,
then the acceleration cost should be zero - the particle hasn’t accelerated. This is
true, A((z1,u1), (x1 + Tug,u1)) = 0. However, as a metric, this makes A, non-positive

definite. In addition to this, it is also not symmetric. A metric must be positive definite
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and symmetric and so A, is not suitable to consider optimal transport problems with
respect to.

The distance function A, can be manipulated so that it measures the distance
between the unaffected trajectory of a point from ¢ = 0 to t = 7 and its perturbed
location under a minimal acceleration. This is achieved by exchanging the space TRy
with the tangent bundle at time ¢ = 7 if there was no acceleration after time ¢ = 0,

denoted ’]fR:L. This space is mapped to from TRy via the map

X, : TR? — TR, (12.12)
(x,u) — (x + Tu,u). (12.13)

Using this map we can define the new distance function, the function W, is defined
in terms of A, by W,(X,(x),y) = A,(x,y) for all x € TRy, y € TR”. Both arguments

of W, are on tangent bundles at time ¢ = 7 and it is given explicitly by

2 2
To — T Uz — Uy

T 2

3 i
We((z1,u1), (22, uz)) = -2 2 1

(12.14)

1
4

T

Mirroring A, this metric can be extended to a distance between measures on

P(TR™) by an optimal transport condition,

W (1, pi2) == inf{// Wi (x,y)m(dx,dy) = m& (u, po)}- (12.15)
TR™ X TR™
where TI(p1, o) is the set of all product measures with marginals p; and ps.

Remark 12.2.4. This framing of the problem relies on the assumption that the trans-
port map X, pushes forward an original py € P2(R") to p; which also lies in Po(R").
For this to be the case the velocity field has to satisfy a non-degeneracy condition such
as, for A € B(R"™) if po(A) = 0 then po(X1(A)) = 0 too |27, Eq. 2.5]. This is Brenier’s
polar factorisation theorem [74, p.112].

To see the importance of this condition, consider an initial velocity field u(z) = —Z,
the map X, would collapse the whole measure onto the point x = 0 and a pushforward

via this map would therefore give the Dirac delta dy.
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12.2.3 On the independence of the velocity distribution marginal

A result due to Gangbo and Westdickenberg [27, Prop. 4.5] establishes that, given
w1 € P(TR") with marginal p1|; = p; and a second marginal ps € P(R") then the
minimiser

3

nf{Wo (i, 1)* = p € P(TR"), s = po} = 75 Walpr, p2)’, (12.16)

where Ws(p1, p2) is the Wasserstein distance. This condition is essentially saying that

the minimisation process is independent of the initial velocity distribution.

Lemma 12.2.5. (27, Prop. 4.5] If v is the transport plan which minimises W, (u1, 1),
let v € P(TR xR) be the marginal of the (x1,u1,x2) coordinates. Then ~y has a disinte-
gration v = v'oy and Equation implies that the minimisation has no uy depen-
dence. Thus oy is a Dirac measure and the minimising velocity is us = B(x1,u1, x2),
where

3 X9 — X1

B(x1,ur,m2) = uy + 5 -

(12.17)

Proof. For any test function ¢
/ ¢<.§C1,U1,.’1§'2,'LLQ)"}/(dxl,dUl,de,dUQ) ==
TR™ x TR™

/ ( ¢(x17u17x27u2)0-2(du2|x17u17x2)> vl(d'xhdul?de)
TR™ xR™ TzoR

The fact minimising W, (i1, pt)is independent of uy implies that,

WT(Jfl, Uy, T2, u2)02(du2‘$17 Uy, *1.2) =
TuyR

inf{ Wi (21, ur, 2, us)o(dus) | o € P(R)}. (12.18)

Ty R
Then the map uy — W, (21, us, x2,u2) is convex and thus Jensen’s inequality implies
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that

W (21, uy, T2, us)o(dug) > (12.19)
TyyR

W, (xl,ul,xg,/ ya(dy)) ) (12.20)
Ty, R

2

If the measure o is a Dirac distribution, then the inequality becomes an equality, and in
some sense the Dirac distribution has a variance which is the smallest limit of variances
of any distribution which is absolutely continuous with respect to Lebesgue. (though

Dirac delta itself is not actually abs cont with respect to Lebesgue right)
Therefore a choice of o(dy) = 0,(dy) will minimise the infimum in Equation (12.18)),

and convert the problem of finding o, into finding the location, a, of the delta function.

In other words, simply minimising W, (z1, uy, z2, a) O

12.3 Minimising the functional, existence and unique-

ness.

The intuition behind this method is that of a Hamiltonian action functional, the min-
imiser of the action functional is the solution under the principle of least action. We
have constructed a functional resembling the action of the Euler dynamical system

based on minimising the acceleration cost plus the potential energy within the system.

The minimisation problem is to minimise the functional A, (u, u*)* +U(u*) : p* €
P(TR™), and the solution is given in the Proposition by Gangbo:

Proposition 12.3.1. /27, Prop. 4.5] Consider a measure i € P(TR"™), defined by a
density and velocity field (p,u), p is the density of an absolutely continuous measure
with respect to Lebesque, and u satisfies the non-degeneracy condition of Remark[12.2.4).
As part of the definition p|y = p(x)dx and |y = u#(p(x)dz). If p™ is given by

p” = argmin{ A, (u, ") +U*) : p* € P(TR™)}. (12.21)
"
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Then the pushforward map for the density, p™ € Po(R™), is given implicitly by
272 , 1
prdx = (Id+ ?VU (p7))" o (Id+ Tu) | #pdz, (12.22)

and the velocity is given by u™ € L*(R", p7)

2 2
uw =wuo(ld+Tu)'o (Id + %VU’(pU) —7VU'(p7) (12.23)
Before proving this proposition, the convexity of the functional needs to be evalu-
ated, and the crucial subproblem is discussed in the following section. For consistent
notation, the initial measure p will be referred to as p; with marginals (py, u1#p1)
and then the free transport of this measure is pp with marginals (pa, ug#p2) where

p2 = (Id + Tuy)#p1 and uops = ui#ps.

12.3.1 Existence and uniqueness

In this section we aim to establish the existence and uniqueness of a minimiser of the
functional .
G(p) == 5-Walp, po)” + U(p), (12.24)

on the set Po(R") N LY(R™). Proving these statements generally relies on the functional
being convex over some sort of compact set. In this situation there are a few choices
of structure upon which the set P2(R") can be convex. This idea will be delved into
in the next section. For this section, classical convexity of the functional is all that is
needed.

For any two measures p1,ps € Po(R™) the linear interpolant of the measures is
defined p; 1= tp; + (1 —t)po.

Definition 12.3.2 (Linear Convexity). (i) A set of measures P C Py(R) is convex if
the linear interpolant between any two measures in the set, denoted p;, produces

another measure in the set (for all ¢ € [0, 1]).

(ii) A functional, G, defined on a convex subset of Py(R") is convex if the map t —
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G(pi(z)) is convex for all py, ps € Po(R™). Explicitly,
G(tpr + (1 —1)p2) <tG(p1) + (1 — t)G(p2) (12.25)
As a direct consequence the set Py(R™) N LY(R™) is clearly convex.

Lemma 12.3.3. The functional G(p) given by Equation (12.24)) is convexr on Pa(R™)

according to the definition of linear convexity.

Proof. Consider the internal energy term, U(p;) and express it using the general form

of the internal energy U(p) = p”. Then the internal energy is related to the L7 norm

ol = ([ i) = oy

The coefficient v € (1,2] and so f(x) = 27 is convex, and the L” norm is convex

as,

2=

(12.26)

by Minkowski’s inequality. The composition of these two functions gives U and the
composition of convex functions is convex.

Regarding the Wasserstein distance term, let the optimal map between p and p; be
denoted m; and likewise, the optimal map between p and p, is denoted m,. Then the
density p; can be expressed as a pushforward of p by p; = (tm + (1 —t)me)#p. A simple

application of the triangle inequality gives the convexity of the Wasserstein distance,

1
2

Walpe) < ( [l = tmale) = (1= Ot ) (1227)

< ( . ||tz — tm(x)”%dm) 2 + (/n (1 —=t)z—(1— t)ﬁ2($)||2ﬁdI) ’
(12.28)
= tWa(p1, p) + (1 = £)Wal(p2, p). (12.29)

]

Definition 12.3.4. Define the set P%(R") C ”P;;éo (R™) where 7727’}([(20 (R™) is defined in

Definition [3.1.11] For any p € PY(R"),

204



G(p) < Ko
[ laptais < i,

The set PY(R") is sequentially compact by Lemma |3.3.7, by virtue of being a subset
7, Ko n
of Py (R™).

Lemma 12.3.5 (Fatou’s Lemma). For non-negative functions f, on a measure space

with measure p,

/liminf fudp < liminf/ fudp (12.30)

n—oo

for any measurable set A.

Lemma 12.3.6. There exists a minimiser to the functional G(p) on the set P%(R™).

In other words, the density p such that
G(p) == inf{G(p) : p € P (R™)} (12.31)
ezists and lies within PY(R™).

Proof. The functional is finite so let K denote its upper bound, then 0 < G(p) < K for
all p € PY(R™). All limit points of PY(R") are probability density functions in P(R),
this follows from condition (i) in the definition of the set P¢(R") in combination with
Fatou’s Lemma. Thus there exists a sequence p,(z) € PY(R") such that G(p,) tends

to the infimum,
lim G(p,(x)) = inf{G(p) : p € PY(R™)}. (12.32)

n—oo
By the weak compactness of P¢(R™) the sequence p,, has a subsequence which weakly
converges to the limit p,, € PY(R"). Fatou’s lemma again establishes that U(p,) —
U(poo)- Lastly, if p, — poo weakly and

lim limsup/ |12 pn () dz = 0, (12.33)
l[=>R

R—o0 pnsoo
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then by Villani |74, Thm. 7.12] the Wasserstein distance W(pp,p2) = W{(pso, p2)
weakly for any reference measure p, € P(R™). And the above condition clearly holds
in the case at hand due to the fact that Equation holds for all p € PY(R") and
letting R — oo.

O

Lemma 12.3.7. The minimiser to the functional G(p) on the set PY(R™) is unique.

Proof. Consider two weakly convergent sequences p, — poo and ¢, — ¢, both tend to
minimisers of G(p). Let M denote this minimal value, M := inf{G(p) : p € P¢(R")}.
By the definition of the set PY(R"), for all p € PY(R"), [, p(z)'dz < Ko, and so
PY(R™) is a subset of L7(R™). The Clarkson inequality (Equatlon (3.16))) implies

oo+ Qoo ||”

(Hp a|” |
2

.

Add the terms W (poo, p2)? + 3W (goo, p2)? on both sides. The right hand side is

o

Y\ 7
Poo — (o 1 ,y ’y/
Foo Hoo =P a7 12.34
H > ) < Zlowlly + 5l (12:34)

1 1 1 1
W (poos p2)° + =W (Goo, p2)* = zG(psc) + 5G(a=) = M.

1 roo 1 /
— v _ v

The Wasserstein distance is convex with respect to the linear structure on P(R"),
therefore

Poo T oo 1
— W (peo, p2)° + §W(QO07 p2)’

and because norms are non-negative, then somewhat trivially

W( 7p2)2 S

N | —

N
Hpoo"i_QOO (”poo+QOo Hpoo_QOO 7>W
2 2 LT 2 '
g g
Combining the last two inequalities
a0

+

Poo + Qoo Poo + oo ||
ffoo T 4o ) - 700 T oo
(2= < (=

Y

¥\ A
poo — (o 1 1
HT ) + §W(Po<>7 P2)2 + §W(QO07 P2)2
¥

and applying to Equation ([12.34)) with the Wasserstein terms added implies G (%) <
M. Due to the convexity of P%(R"), % € PY(R"), and so as M is the infimum
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the inequality becomes an equality, and implies that

H Poo — oo K
—7 |~
.
in other words p,, = ¢~ a.e. and the minimiser is unique. O

12.3.2 Minimise the Wasserstein plus potential functional

The previous section established that there exists a minimiser to Equation ((12.24]). This
section aims to provide a pushforward map that makes calculation of the minimising
density possible. For this the idea of a differential of the functional G(p) is required,

and this needs the functional to be convex.

Displacement Convexity

The functional G(p) must be displacement convex to define a subdifferential and at-
tempt to produce a weak Euler-Lagrange equation for the transport map. The term
displacement convex shifts the space under consideration from the density functions
p € P2(R™) themselves to the space of transport maps between them. The linear inter-
polant is replaced with the interpolation function, and before proving the displacement
convexity of G(p) some features of the interpolation function are established.

Let ¥(x) be the pushforward map between measures p;,ps € Po(R"), so that
Y(x)#p1(x)de = po(x)dr. From this, the interpolation function between measures

p1 and ps is defined,

() :[0,1] — {pushforward maps ¢ | g : P2(R") = Po(R™)}
t—= (1 —t)z +t(x).

In addition to this, introduce the probability density p; := ¥;#p; which is the pushfor-
ward of p; by ;.

Lemma 12.3.8. If ¢(x) is the optimal map between two measures in P2(R), then the

function ¥ (x) : R® — R™ is monotone.
Proof. By Brenier’s theorem (Thm [4.1.12), the optimal map between measures in
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P2 (R™) is the gradient of a convex function. Consider said convex function ® : R™ — R",
where V®(x) = ¢(z). Then the function

S (1= D)l + 19 (2)

is also convex. Take its gradient, (1 —¢)z + tV®(z), which is monotone by properties
of convex functions (Definition [4.1.14) and compare it with the definition of ¢y (z) =
(1 —t)x + ty(x). By the condition that V®(x) = ¢(x), it is established that i(x) is

monotone. ]

Lemma 12.3.9. The determinant of the Jacobian of the interpolation function i, s

always positive.

Proof. Recall ® as defined in Lemma , the Jacobian of ¢;(x) can be expressed
as Jy,(x) = (1 —t)I 4 tHess ® where Hess denotes the Hessian matrix of second order
partial derivatives. Then the identity matrix is positive definite, and the Hessian of a
convex function is positive semi-definite, that makes .J, (z) positive definite. A positive

definite matrix has a positive determinant. O

Lemma 12.3.10. Let vy be the interpolation function defined in Lemma and let
A(z,t) = det(Jy,(x)) denote the determinant of the Jacobian of 1. Then for v € (1,2],

the function t — W 1s convex, and specifically

Z,

A A

Proof. This proof is adapted from a preprint by Blower. The second derivative of

W with respect to time is

2 1 y-1[ A A 19,36
A2 Azt A\ A2 T A (12.36)

The aim is to show this is positive, to that goal, the constant (y — 1) is positive, as
is the determinant of a monotone function. The function ?; is monotone by Lemma
12.3.8/so A is positive. All that remains is the term in brackets.

Recall ¥(z) is the gradient of the convex function ®, so the Jacobian of ¢;(z) can

be expressed as Jy,(x) = (1 — t)I + tHess® where Hess denotes the Hessian matrix
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of second order partial derivatives. To take the derivative of A consider the relation

between the trace and determinant of the logarithm of a matrix [23] p.1029],

log det A = log (H /\i) = Z log(\;) = trace(log A)

where A € M, (R) with eigenvalues );. Employing this relation for A = A,

log(A) = tracelog ((1 — t)I + tHess®) ,
A

N trace (((1 —¢)I + tHess®) ™' (Hess® — I)).

One can take the second derivative similarly, where the notation Jy,(z) is again em-

ployed for visual clarity,

— — — = —trace

A A2

2
The relation trace(ABAB) = trace(A2 BABA?) = trace (A%BA%) is predicated on
the postive semidefinite-ness of the matrix A, by Lemma [12.3.9] A is positive definite,

A A 1 iy (T) o y ’
N — trace (Jwt (x) o Jy, () ) :

The term is squared and thus the trace is positive. The relation,

BBy e (8
AT A) T T e T AT A
dJy,(x)

A? PN _
=(y— 1>F + trace (Jwtl(:c)2 —le(x)

N

2
o

establishes the positivity of the term in brackets in ([12.36]) and concludes the proof. [

Definition 12.3.11 (Displacement convex). (i) A set of measures P C P»(R") is
displacement convex if the interpolation function between any two measures in
the set, denoted 1), produces another measure in the set (for all ¢ € [0, 1]) when

acting as a pushforward.
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(ii) A functional, G, defined on a displacement convex subset of Py(R™) is displacement
convex if the map ¢t — G(p(z)) is convex for all pi, p2 € Po(R™). The measure
pi(x) = Uy #p1(x) where 1, interpolates between p; and ps.

Lemma 12.3.12. The set Po(R") is displacement convez.

Proof. The pushforward measure 1;#p; where p; € Py(R"™) is in Py(R"™). Consider
any A € B(R"), then (vy#p1)(A) = p1(v; ' (A)), the preimage of A under 1, is the set
{r €eR: (1—-t)z+ty(z) € A} and this set is a translation of the preimage of A under 1
which is in B(R") by the definition of py € Py(R™). The sigma algebra B(R™) is closed

under translations. O

Lemma 12.3.13. Consider the function U(p) = p¥ with v € (1,2]. If ¥y (x) is the

interpolation function as deﬁned in Lemma and py = Uitpr for po € Po(R™)
then the functional U(p) = [U(p)pu(dz) is dzsplacement convez on Py(R™).

Proof. Establish the displacement convexity of U by showing ¢ — U(p;) is convex, or

% > 0 as discussed in Lemmad.1.15] Consider p € Py(R"™) and let this represent the

initial probability density for ¢, Consider ¢, (z) : R" — R", the interpolation function

between p and p;. Introduce a new function ©, a rescaling of the derivative of U(z),
r0(z) = U(z), making O(x) = 277!, and so © : [0,00) — [0,00) is increasing. This
allows U to be expressed as an integral with respect to the measure p; and therefore

one can apply a pushforward to the measures,

The second step was a Jacobian change of variables which was applied under the caveats
of Lemma |4.1.18 Calculate the first order derivative,

d i)\ pr(@)A(z, )
it )_/_@ (A(x,t)) Az, 1) pr(dz).
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For the second order derivative the arguments are supressed.

Lty for () (52 ) o (2) (25 - 22
G E o @) o (B)5 (550

The rest of the proof is to establish the positivity of this integral. The function ©(e")

is convex with respect to r, as jz@(e’") = (y—1)%e"0=1 > 0. If O(e") is convex, then
j—;@(e ) =0©"(e")e” —0'(e") > 0 and this holds for all 7 in R. Furthermore, as p is a
density function of a probability measure, p : R” — [0,00) and so for all values of p,
©"(p)p—©'(p) 20

The determinant of the Jacobian of a monotone function is positive, see Lemma

12.3.8] Thus, & is positive. The map ¢ W is convex by Lemma [12.3.10, and

A A
TAZ T A? >0,

and so is the term in brackets. This makes each term in the integral positive, implying

this implies

the second order derivative of U(p;) is positive and so U(p;) is displacement convex. [

The variational derivative of G(p)

With the convexity of the functional U(p) now established, under suitable assumptions
the variational derivative of G(p) can be calculated. The Wasserstein distance can be

differentiated by the following theorem.

Theorem 12.3.14 (Differentiability of W?). Villani [74, p268]. Given py € Po(R™)
and the path p; : [0, 1] — Po(R™) which is absolutely continuous and twice differentiable

with respect to t and is a weak solution to

0
91 ) =, (127)

where uy(x) is C* in x and t. Then if py € Po(R"), the variational derivative of the
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functional F(p) = W (p, p2)? is given by

OF (p;u) =2 /(Vgp(m) — xz,u; 0 Vp(z))dps,

=2 /(y — Vo' (y), ui(y))dpo

where V is the optimal map between py and py, and ©* denotes the conjugate ¢ in the

sense of the Legendre transform.

As established in in Section [12.3.1] there exists a minima to G(p). Defining G(p) in
terms of p; € K,

1
G(p) = 5-Walp, p2)* +U(p). (12.38)
Then this minima is denoted p7,
pm =argmin{G(p) : p€ K}. (12.39)
p

If we take a variation around p” of G(p) then we can determine some conditions on the

transportation map.

Proposition 12.3.15. Let Vo denote the optimal transport map between ps and p7.
Take the variation of G(p) along the path p; : [0,1] — Po(R™) as specified in Theorem
12.5.1)| starting at the minimiser, pili—o = p”. The condition that 6G(p) = 0 produces

the Euler—Lagrange equation,
1 *
;(Id -V ) (z)+ V——"=0 (12.40)

where the second term is interpreted weakly.

To explain, notationally, to calculate the variational derivative of & along the path

pt, essentially a variation along p + e% will give you

t
[ oUdp, ol
oU(p) _/ p Ot t:odx_/apv (pew)] _,

dr = /(Vi—z;)l,ut>dpo (12.41)
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So formally,

G = 1 [ Ve W udm+ [V wdm (1242

The Euler Lagrange equations for this functional give conditions for which the value of

p will minimise G(p), and come about by setting G(p,u) = 0. Thus Equation ((12.40)
holds in a weak sense.

Therefore, everywhere except on sets of zero measure, the map, denoted V*, which
pushes p” forward to p, can be defined by Equation (12.40f). Rearranging that equation
gives Vp* = Id + 7VU /dp, an implicit map for this pushforward. Note however that
it is the dual map, the map which pushes the optimal p forward to ps. Therefore the
optimal p is given by:

ou

-1
o = (Vo) = (Idwvg) 40, (12.43)

In the case of interest, we seek to minimise the functional with a scale factor.

Lemma 12.3.16. Let the constant T be rescaled to 27%/3, then consider the new func-
tional 5
—Walp, p2)* +U(p) (12.44)

472
with a potential U(p) = p7 for some power of v € (1,2]. The density which minimises

this functional s

2 —1
p" = (Vo)#ps = (Id + 2%VU’) #p2 (12.45)

The proof of the lemma follows from the discussion of the functional in this and
the preceding section. Rescaling the constant changes none of the analysis, and the

functional derivative is treated in the following lemma.

Lemma 12.3.17. The functional U(p) with the potential U(p) = p7,

Ulp) = / pldz, (12.46)

has a functional derivative, %—Z =U'(p) = vp~ V.
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Proof. The Gateaux derivative of U in the direction of an arbitrary test function h is

U(p+eh) —U(p)

oU = lim
e—0 €
1
N PR Y _
=lim= [ ((p+eh)” —p7) dz

— 1 (=1
lg%/ (v h + o(e)) dx

= /”yp(vl)hdx.

From which the functional derivative is yp0—1 = U’(p). O

12.3.3 The velocity update

Here we will prove proposition [12.3.1] which seeks to minimise the functional:

p” = argmin{A, (u, p*)? +Up*) : p* € P(TR™)}. (12.47)
o

Lemma 12.3.18. Under the assumptions of Proposition (12.3.1)), the density p™ which

is the marginal of

p” = argmin{ A, (u, ") +U*) : p* € P(TR™)}. (12.48)
H*
15 given by
T -1 27-2 1 T 1T
u"=wuo(ld+Tu)" o Id—i—TVU(p ) ) = 7VU(p7). (12.49)

Proof. The first step in the proof is to change the functional A, into W, by use
of the transport map X, given in Equation . Define py = X,#p and then
Wo(Xo# 1), 1*) = Wi(pa, ") = Ar(u, ). By definition, pp has marginal ps|, =
(Id + Tu)#p := pa. An application of Equation allows the minimisation prob-
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lem to be expressed in terms of densities only,

argmln{Q—TQWT(pg,p Y+ U(pY) : pF e PR (12.50)
p*
Note that U(u) has no dependence on a velocity coordinate, so it can be expressed as

U(p) without any loss of generality.

The functional given in Equation has a unique minimiser, p” as established in
Section [12.3.1, and thus the use of an arg min is a defined mathematical operation. An
application of Lemma to this problem gives the pushforward of the measure po
to pr, the measure that minimises Equation ((12.50)),

272 '
o= (Id + %vmm) . (12.51)
The proof of Equation ((13.5)) finishes with a composition of this pushforward with the
pushforward of p to py given earlier in the proof (Id + Tu)#p = ps.

The updated velocity requires Proposition [12.2.5] which shows that the minimising
velocity is a function (8 of the original density and velocity and the new density. Having
now developed an analysis of the pushforward maps (in some cases optimal) to map
between the spaces referred to in Proposition by the coordinates (x1,uy,zs)
the function B(x1,u1,x2) must be expressed as a function of coordinates in the same
measure space. As in said Proposition, assume y(dz1, duy, dzs, dus) is a transport plan
which minimises W, (2, 4*). By Lemma , the first marginal of the minimising p”
is p7. Therefore, W, (i, u7) can be expressed in terms of the transport maps. Consider

W, as in the Proposition,

WT(Mz,MT) :/ Wr(ﬂh,U1,$2,U2)7(d$1,dul,dﬂ?Q,dUz)
TR™ x TR™

Wl = [ Wi @) (w0 T, AV o). (w0 V) o) o)) o)

where V* is the optimal pushforward map V*#p™ = ps. As such, the velocity update
[ needs to be understood in composition with each of the pushforward maps. Further-

more, as the final velocity marginal should be a transport map u”#p” the integral
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should be in terms of p”, and then the optimal pushforward of p” to the x5 coordinate

is given by,
u'(z) = B((Ve*)(x), (u2 0 Ve©)(2), (Id)(2)) (12.52)
= (1,0 V") (@) + o (Id — V")) (12.53)

Thus, the definition of Vy* is applied from Lemma [12.3.16]
272 , 3 272 ,
u = (ugo | Id+ ?VU () )) + Z(Id —(1d+ ?VU (P ) (12.54)
272 , ,
u" = (ugo | Id+ ?VU (p") |)—7VU(p"). (12.55)

The final correction needed is for the initial distribution ps to be recognised as
the free transportation of the original distribution i, in other words moving from the
functional W, to A.. Defined in terms of densities, muy = (Id X uy)#ps whereas
p1 = (Id X up)#p1. Now, up and u; are the exact same function, just acting as
pushforwards on different measures.

The final correction needed is for the velocity us to be defined in terms of the
initial velocity of the original distribution p;, denoted u;. The velocity field remains
unchanged, it is just evaluated at different positions, w;#p; = wus#ps. Therefore,
(ug)#pa = (ug o (Id+ Tuy))#p1 = (u1)#p1, so that ugo (Id+Tuy) = uy or equivalently
uy = uy o (Id + Tuy)~! which holds p; a.e.

O

12.4 Limitations

The largest limitation of the method is in the assumption that the free flow of the fluid
will produce a second measure in Py(R"). See Remark [12.2.4] but this free flow can
allow the fluid to pass through itself in non physical ways without penalty. Whereas
as soon as a trajectory crosses, the transport map between measures can no longer
be invertible. There is an interesting work-around discussed by Westdickenberg and
Wilkening |75] in which the velocity is replaced by a different velocity distribution

which transports the measure to the same locations, only optimally.
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Remark 12.4.1. A limitation of the transport method is around the support of the
measure. A requirement for Brenier’s theorem is that the measures be absolutely con-
tinuous with respect to Lebesgue measure on the same domain, so if the domain expands
or bifurcates this is lost. To get around this problem, and others, a minimum density is
sometimes defined over the whole domain of interest, so while the majority of the fluid is
lying on a smaller subsection of the domain the density is non-zero almost everywhere.
This is not a huge limitation for rarefied gas dynamics, though modelling shock waves

due to explosions for instance there are moments of extremely low densities.

Remark 12.4.2. Another physically realistic problem which cannot be modelled by
this simulation is Cavitation |70]. Cavitation occurs when fluid is moving at sufficiently
high velocities to produce gas pockets of low density, for example when ship propellers
are given too much torque relative to the area of displaced water. In simulation this
implies high velocities may change the nature of the internal energy of the fluid (when
it becomes gas from liquid), and then also changes the support of the measure as in the

previous remark.

Despite the limitations, the method described expands on the class of solution that
can be modelled compared to classical numerical methods, and the approach of min-
imising an energy functional has had much success as an analytic framework to view

the dynamics of systems in Physics.
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Chapter 13

A one dimensional transport

algorithm

In this chapter I describe an implementation I have made of the numerical method
introduced by Gangbo [27] and discussed in the previous chapter. The dam break
problem is chosen for its analytical solutions, as discussed in Chapter [7, and so com-

parison between the numerical solution and a known analytical solution to a system of
PDEs can be made.

13.1 Numerical method to solve Euler equations

One step of the algorithm proposed by Westdickenburg and Wilkening [75] is given
below. The accompanying theory is supplied in the preceding chapter.

(1) Begin with the data from the last step (p™,u") and choose a timestep 7 € [h/2, h]
which allows the update of the density according to the motion induced by the

velocity field,
(Id 4+ Tu™)#(p"dzx) = p"dz, (13.1)

such that p"dx is absolutely continuous with respect to Lebesgue measure.

(2) Update the velocity so that the new velocity, 0" induces an optimal transport map
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(Id + 74™) between p and p. In other words, find 4" € L*(R", p") such that

(Id + 7a™)#(p"dx) = p"dx and (13.2)

ra”[*pdz = W (p", p"). (13.3)
R™
Equation (13.3)) is the condition for which (Id 4+ 7a") is the optimal map between

p" and p". Existence and uniqueness of this map follows from Brenier’s theorem
[74] (Theorem |4.1.12)).

(3) Update the density by solving

.3 n
pr ! = argmin {5 W(p, p")° + U(p)} (13.4)

1

as a convex optimisation problem. p"*! is uniquely determined, and can be ex-

pressed implicitly as a pushforward of p" by,

2 2
Py = <(Id + %VU’(p”H))_l o (Id + m)> 4o dz. (13.5)

(4) The velocity is updated analogously,

2 2
u"t=wo (Id+ru") " o <Id - %VU/(WI)) —TVU'(p"). (13.6)

(5) The previous steps are repeated with p"* and v as initial data.

Step (2) of this proposed algorithm is additional to the theory discussed in the previous
chapter. In the step, the initial velocity field is adapted according to Dafermos’ entropy
rate admissibility criterion [17]. This condition essentially says that the total energy
of the system should be dissipated as quickly as possible. In this step, the velocity
field which produces the fluid density ps is replaced with the velocity field that would
induce the optimal transport of the density p to the new ps. The new velocity field will
minimise the kinetic energy of the fluid, as shown in Equation ((13.3).

This extra condition on the choice of admissible solutions to the problem circum-

vents a theoretical issue with the choice of acceleration cost metric. Namely, that the
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Figure 13.1: The plot shows the height of the water at timesteps 100 to 700 given by the

numerical approximation (Blue) and the predicted height given by the Ritter solution
(Red).

acceleration cost metric does not penalise fluid travelling directly through itself (with no
simulated collision). This is in contrast with the Wasserstein metric with the 2—norm,
in which, provided the two densities in question are absolutely continuous with respect
to Lebesgue measure, the optimal map between them is monotone (Theorem .

Implementation

The implementation of this method in one dimension carried out for this analysis is

described by the following steps.

The first step is to define the probability density function. Let the vector z, =
(x0, 21,9, ...,xy) denote the positions of the edges of each of the intervals. Let the
total mass be normalised and distributed equally over each interval. The number of

intervals is one less than the number of edges of intervals and thus,

%: /xl p(z)dx (13.7)
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over each interval. The density can therefore be approximated by a step function,

1 1
xr)=— — T, 13.8
p( ) N — J;i _ xif]_ ( i—1, 1} ( )
The initial velocities are also approximated as a step function with N + 1 steps and
thus expressed as a vector u,, = (ug, ...ux).

The algorithm is as follows:

(1) Starting with positions 20 = (29,29, ..., %) which define a piecewise constant den-

sity of the fluid p(z), and an initial velocity field u® = (u,u9, ..., u%).

(2) Free transport the density according to the pushforward map (Id+ hu?) by defining
a new set of endpoints to intervals, y; = x; + hu;. Then calculate G as defined in
Equation (13.3)), n one dimension this amounts to sorting the y; into ascending
order; if o(7) is the permutation of indices for which y; is ascending then Z; := y,;
and a; 1= (T; — ;) /h.

3) Next the positions z; (that define p) which minimise the energy functional given in
p gy g
Equation ((13.4) are found via convex optimisation. Given the piecewise constant

nature of p and p in this case, the functional reduces to the function

N N
Bk i 1
F(Z) = W lzl ||Z1 .’EzH + Zzl U(m)(& sz1>. (139)

This equation further reduces when U(p) = p?. The paper advises solving this

equation by a trust region newton method.

(4) Then the minimiser z = (21, 29, ..., 2x) defines the new positions z. and the subse-

quent velocity is also updated by

3
Pt =k 4 ﬁ(:c’f“ — i), (13.10)

and the previous steps are thus repeated with z! and u! to increment the solution.

Details of the implemented algorithm for one dimension with v = 2 can be found in
Algorithm [13.1}
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Algorithm 13.1 One dimensional Transport

1: N < number of intervals to discretise to.
2: h < length of a timestep.
3: T, + number of timesteps.
4: x « (29,29, ...,2%), the initial density.
5. u 4 (ud,ud, ..., ul) the initial velocity field.
6: F.(z) a function of z € R",
3 — A
i=1 i=1
7. for condition £k =1: 7, do
8: Yy < = + h *u as a vector operation.
9: y < sort(y) where the sort function sorts y into ascending order.
10: U 4 %
11: x < min,(F,(z)) using trust region method.
12: u—v+3(z—y).
13: end for

13.2 Comparison with the dam break problem

A useful method to check the accuracy of a numerical method is to compare the method
with some sort of known solution. The dam break problem offers a problem for which
there is a known solution, see Chapter [7]

It is well known that the Ritter solution to the Saint-Venant equations is

w= § (% + co> (13.12)
h= % (2c0 . %)2 (13.13)

with the constant ¢y defined to be ¢y = +/ghy, where hg is the initial height of the
reservoir, and again ¢ is the gravitational constant.

Equation gives the profile of the water in the immediacy of the dam at each
point in time. Our numerical solution to the problem (as outlined in section relies
on a step function which is characterised by the end points of each interval. At ¢t =0
the water is all behind the dam, Equation is only defined for ¢t > 0. As such, to

compare the Ritter solution with our numeric simulation, a minimum number of steps
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Mumerical parabola at timestep 200
Mumerical parabola at timestep 283
Numerical parabola at timestep 340
Mumerical parabola at timestep 381
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Figure 13.2: The plot shows the height of the water over a relevant section of the
domain, with x = 0 being the former location of the dam. The flow profile is given
for a number of timesteps, with a timestep of 1072 this means timesteps have units of
milliseconds (ms).

have to pass the dam before any inferences about the shape of the curve can be made.

One notable attribute of the Ritter solution to the dam break problem is the constant
height of the water at the location of the dam. The height at z = 0 is equal to h = %ho
at all times, which can be seen from Equation . Figure shows how the height
of water at the dam in the numerical simulation compares to the theoretical value. The
resemblance to a sawtooth function comes from the evaluation of a step function at
x = 0 as time increases and the steps get wider; the jumps are when a step passes the
x = 0 mark. The reducing amplitude is a product of the flow profile flattening. The
fact that the numerical data is always close to the theoretical value does suggest that
the numerical value may converge to %ho if one was to increase the number of steps ad

infinitum.

Another attribute of the Ritter solution is how at each fixed time, the profile of
the water is a parabola on the x interval [0, 2cot]. The numerical method used seems
to distort the spacial scale of the problem, but this relationship persists. Figure [13.2
shows the profile of the water at 8 timesteps chosen so that the sawtooth (blue) and
constant (red) line intersect in Figure [13.1]
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Figure 13.3: The graph shows the trajectories of a one dimensional flow, the x axis
being time. The flow starts at uniform density and stationary apart from two equally
sized steps. The velocity of the fluid on these two steps is equal and pointing outwards.

13.2.1 Numerical solutions for varying initial conditions

The figures in this section include lines which are the pathlines of the fluid. Pathlines
show the trajectory of a particle located at the origin of said pathline. The previous sec-
tion established that the algorithm proposed for solving the isentropic Euler equations
behaves correctly on the initial data given by the dam break problem. Therefore an
exploration of other similar initial conditions which do not have closed form solutions
is motivated. I have run the algorithm on initial data resembling a dam break at two
ends of an interval, and explored subintervals of non zero initial velocity.

The figures of this section show that if the timestep is chosen appropriately, then
pathlines of the fluid do not cross even when the free transport of fluid parcels along their
current trajectories would imply they should. Though this is done simply by reallocating
velocities for these fluid parcels so that they end up in same final configuration without
crossing. The internal energy is not used in this step of the algorithm even though it
is precisely the mechanism by which the fluid is restricted from piling up on sets of
measure zero. This is established in Section [12.3.1} the probability measure lives in the

compact space K, but this requires initial velocity fields which are non-degenerate as

in Remark [12.2.4]
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Figure 13.4: The graph shows the trajectories of a one dimensional flow, the x axis
being time. The flow starts at uniform density and stationary apart from two equally
sized steps. The velocity of the fluid on these two steps is equal and pointing inwards.
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Figure 13.5: The graph shows the trajectories of a one dimensional flow, the x axis
being time. The flow starts at uniform density and stationary apart from two equally
sized steps. The velocity of the fluid on these two steps is pointing outwards and the
step starting at higher y values is travelling faster than the lower one.
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If the timestep is not chosen so that (Id 4 Tug)#po is absolutely continuous then the
density will immediately degenerate, to circumvent this a new timestep 7 < 7 can be
chosen so that (Id+7ug)#po is absolutely continuous. This adaptive timestep condition
can lead to the numerical algorithm incrementing by smaller and smaller timesteps each
iteration. A method to circumvent this problem could be attempting to find a 71 > 7
for which the new measure is absolutely continuous. This would imply that between
timesteps the system degenerated, however it is possible to run the numerical algorithm
in this way. Comparison of these two approaches for a dynamic system in which the
physically observed solution is known would make for an interesting direction of further

research.
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