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Preface

The main goal of this text is comprehensive study of time homogeneous Markov
chains on the real line whose drift tends to zero at infinity, we call such pro-
cesses Markov chains with asymptotically zero drift. Traditionally this topic is
referred to as Lamperti’s problem.

Time homogeneous Markov chains with asymptotically zero drift may be
viewed as a subclass of perturbed in space random walks. The latter are of ba-
sic importance in the study of various applied stochastic models, among them
branching and risk processes, queueing systems etc. Random walks generated
by sums of independent identically distributed random variables are well stud-
ied, see e.g. classical textbooks by W. Feller [63], V.V. Petrov [132], or F.
Spitzer [143]; for the recent development of the theory of random walks we
refer to A.A. Borovkov and K.A. Borovkov [22]]. There are many monographs
devoted to various applications where random walks play a crucial rdle, let us
just mention books on ruin and queueing processes by S. Asmussen [8 [7]; on
insurance and finance by P. Embrechts, C. Kliippelberg, and T. Mikosch [S7],
and T. Rolski, H. Schmidli, V. Schmidt, and J. Teugels [[137]; and on stochastic
difference equations by D. Buraczewski, E. Damek, and T. Mikosch [31].

In the same applied stochastic models, if one allows the process considered
to be dependent on the current state of the process, we often get a Markov chain
which has asymptotically zero drift, we demonstrate that in the last chapter,
where we particularly discuss branching and risk processes, stochastic differ-
ence equations and ALOHA network.

The study of processes with asymptotically zero drift was initiated by J.
Lamperti in 1960’s in a series of papers. In particular, he classified such Markov
chains in [[111}[113] where conditions for positive recurrence, recurrence, and
transience were derived via martingale technique. In [112f], Lamperti discov-
ered a new class of limit theorems for transient Markov chains, including
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iv Preface

weak convergence of properly normalised square of a Markov chain to a I'-
distribution; the proof is based on the method of moments.

Later the martingale approach for the study of Markov chains with asymp-
totically zero drift was further developed, in each particular problem the main
point is to construct an appropriate test (Lyapunov) function such that being
applied to a Markov chain it produces a sub- or supermartingale. Modern state
of the art of the research in this direction can be found in the recent monograph
by M. Menshikov,. Popov, and A. Wade [[121]], preceded by monographs by G.
Fayolle, V. Malyshev, and M. Menshikov [61], and A.A. Borovkov [23]. We
have been influenced by these books and by further contacts with their authors.

The main advantage of martingale approach is that the test functions con-
sidered are mostly elementary which on one hand simplifies calculations while
on the other hand allows us to derive deep results.

However it is clear that elementary test functions do not allow us to track
subtle asymptotic behaviour of Markov chains when we are interested in pre-
cise asymptotics, say of the tail invariant measure. For that reason, there is a
necessity for a novel approach to such kind of problems. Our approach de-
veloped in this book includes many novel elements and much of the material
presents original research.The main two ingredients are as follows:

(1) To study tails of recurrence times and tails of invariant measures of recur-
rent chains we follow Cramér’s approach based on an appropriate change
of measure. More precisely, we apply a kind of Doob’s A-transform to the
transition kernel of a chain killed at entering an appropriately chosen set.
This approach differs from the method of Lyapunov test functions, where
one considers functions of Markov chains. The main advantage of Cramér’s
approach consists in the fact that it allows us to work with a new Markov
chain whose jumps are stochastically bounded as the original jumps are, in
contrast to the approach based on consideration of a function of a Markov
chain where—in the case of functions growing faster than linear—the jumps
usually are not stochastically bounded, they blow up at infinity.

To perform a Doob h-transform of a substochastic transition kernel one
needs a positive harmonic function for that kernel. By the definition, ev-
ery harmonic function is a solution to a certain equation. Thus, analytical
properties of the solutions are a-priori unclear and have to be studied. This
problem is very hard in general. In order to overcome this difficulty we sug-
gest the following modification of Doob’s transform: instead of using har-
monic functions with unclear properties we perform change of measure with
a superharmonic function which is chosen to be sufficiently close to a har-
monic one while having needed for our analysis analytical properties. The



Preface v

resulting kernel is then substochastic, but the loss of mass can be controlled
effectively.

(i) We develop an approach that allows us to construct superharmonic func-
tions needed for (i)—starting from the ratio of the drift to the second moment
of jumps—such that after change of measure based on that test function we
get a transition kernel which is almost stochastic far away from the origin.
It turns out that the same approach can be used to construct Lyapunov test
functions for the classification of Markov chains. Of course, the test func-
tions constructed in this way are not that elementary as in martingale ap-
proach, however then we can derive better criteria for transience, recurrence
and positive recurrence and derive precise asymptotics for various charac-
teristics of Markov chains, and that is our main contribution.

In Chapter [2] we provide a basic classification of Markov chains, with many
improvements on the results known in the literature. In Chapter 3] we are inter-
ested in down-crossing probabilities for transient Markov chains. Chapters []
and 5 of the present monograph deal comprehensively with limit theorems for
transient Markov chains, including convergence to I" and normal distributions
while Chapter [6] deals with the corresponding renewal measure. Chapter [7) ex-
plains how we can apply Doob’s h-transform to Markov chains. Chapters
and [9]develop technique needed for deriving precise tail asymptotics of power
and Weibullian type respectively. In Chapter [10] we demonstrate how power-
ful this approach is by studying Markov chains with asymptotically constant
negative drift. Finally, Chapter [IT] presents various applied stochastic models
where Markov chains with asymptotically zero drift naturally arise and hence
the above results for Markov chains are applicable to that models that leads to
novel results.

As discussed in Section [I.3]for random walks delayed at zero and further in
[24] for Markov chains, the invariant measure of a Markov chain with negative
drift bounded away from zero far away from the origin is heavy-tailed—all
positive exponential moments are infinite—if and only if the jumps are so. As
we discuss in this book, Markov chains with asymptotically zero drift give rise
to heavy-tailed invariant measure whatever the distribution of jumps, even if
they are bounded random variables. So, stationary Markov chains with asymp-
totically zero drift provide an important example of a stochastic model where
light-tailed input produces heavy-tailed output.

The most part of this research monograph is based on novel results obtained
following the approach described above. This book may be of interest for PhD
students and researchers in the area of Markov chains and their applications.

We are thankful to many colleagues for helpful discussions, contributions,



vi Preface

and bibliographical comments notably to D. Buraczewski, S. Foss, M.V. Men-
shikov, and S. Popov.

The authors had started to work on the topic of this book while participating
in the programme on Stochastic Processes in Communication Sciences hold at
the Isaac Newton Institute for Mathematical Sciences in 2010. Later on this
book was mostly written while the authors worked, together or individually, at
Augsburg, Bielefeld, Lancaster, Ludwig-Maximilian, and Manchester Univer-
sities, and the Sobolev Institute of Mathematics in Novosibirsk; we thank our
home institutions for hospitality.

Manchester Denis Denisov
Lancaster Dmitry Korshunov
Bielefeld Vitali Wachtel
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Notation and conventions

(x,y) is an open, [x,y] a closed interval; half-open intervals are
denoted by (x,y] and [x,y).

J7 is the integral over the interval (x,y].

stand for the real line, the positive real half-line [0,c0), and
d-dimensional Cartesian space.

stand for the set of integers and for the set {0,1,2,...}.

stands for the Borel o-algebra in the space S.

stands for the class of y times continuously differentiable func-
tions.

stands for the indicator function of A, that is I(A) = 1 if A
holds and I(A) = 0 otherwise.

stand for convergence, monotone decreasing convergence, and
monotone increasing convergence.

Let u and v depend on a parameter x which tends, say, to in-
finity. Assuming that v is positive we write

u(x) = 0(v(x)) if liirisl}p [u(x)|/v(x) < oo
u(x) = o(v(x)) if u(x)/v(x) — 0 asx — oo;
u(x) ~v(x) if u(x)/v(x) = 1 asx — oo;

un(x) = o(vy(x)) uniformly for all n
it (¥)

Vn(X)

if sup

n

‘—>Oasx—>oo.

stand for min(a, b) and max(a, b) respectively.

stands for the probability (on some appropriate space) of the
event B.

stands for the conditional probability of B given A.

stands for the mean of the random variable .
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Notation and conventions

stands for the mean of & over the event B, EEI(B).

for any random variable & on R with distribution F, £* =
max(&,0) and F* denotes its distribution.

stands for the convolution of distributions F and G.

The quantity on the left (right) is defined to be equal to the
quantity on the right (left).

The random variable on the left is stochastically not greater
(not less) than the random variable on the right.

the sign of equality in distribution.

the sign of weak convergence of random variables to a random
variable or distribution.

indicates the end of a proof.

stands for a Markov chain.

stands for the transition probabilities of a chain {X,}, that is,
for P{X,11 € B|X, =x}.

stands for the distribution given Xy = x.

stands for the jump of {X,,} from x.

stands for the kth moment of the jump & (x), EEX(x).

stands for the s-truncated kth moment of the jump & (x), that
is, for E{EX(x); |&(¥)| < s}.

stands for the time of the first entry of X, to a Borel set B, that
is, for min{n > 1: X, € B}.

stands for the renewal measure of a Borel set B generated by
Xy, that is, for Y, o P{X, € B}, Yo P+ {X, € B}.

stands for a reference function which describes the asymptotic
behaviour of the ratio —2m[f(x)] (x)/ m[zs @l (x) in the case of a
recurrent chain or 2m{"™) (x) /ms™)(x) in the case of a tran-
sient chain.

stands for the integral of a function r(x), [ r(y)dy.

stands for either [ eR0)dy or [ e~R0)dy depending on whether
recurrent or transient chain is considered.

stands for I'-distribution with shape parameter k and scale pa-

rameter 0, that is, a distribution with probability density func-
1

tion F(k)ekxk’le’x/e, x > 0; the expectation is k6 and the vari-

ance k62,

stands for normal distribution with expectation a and variance
2

o-.

stands for the standard normal cumulative distribution func-
tion.
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log,,) x stands for the mth iteration of the logarithm of x, log,,)x =
loglog,,_1)x.

™) stands for a solution to the equation log () x = 1.
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Introduction

In this chapter we introduce basic notions needed in the sequel. We also discuss
nearest neighbour Markov chains and diffusion processes which represent the
two classes of Markov processes whose either invariant measure in the case
of positive recurrence or Green function in the case of transience are available
in closed form. Closed form makes possible direct analysis of such Markov
processes: classification, tail asymptotics of the invariant probabilities or Green
function. This discussion sheds some light on what we may expect for general
Markov chains.

1.1 Countable Markov chains

Let us start with a simpler process, a countable time-homogeneous Markov
chain X = {X,,n > 0} which is a stochastic process with a countable state
space which can be always reduced to § = Z*. It is determined by an initial
distribution of X and a collection of transition probabilities py, > 0,x,y € S
such that } s pxy = 1 for all x € S and

P{X,Hr] = Xp+1 | Xn = xn,X,,,l =Xp—1y--- ,X() = X()}
= H:D{Xn-',-l = Xn+1 |Xn = xn} = Pxpxyir» (1.1)
whatever time epoch n and a sequence of states x,, 11, X, ..., Xg in S. In words,

the probability of moving from one state to another does not depend on the
trajectory how X appeared in current state. This memoryless property can be
equivalently defined as independence of the future and the past given current
state, that is,

P{BA | X, =x,} =P{B| X, = x,}P{A | X\, = x, },

whatever n > 1 and events B € 6(X+1,Xy+2,...) and A € 6(Xo,...,Xn—1).

4



1.1 Countable Markov chains 5

Definition 1.1. A random variable T taking non-negative integer values, pos-
sibly improper, is called a stopping time if, for all n € Z*, the event {T < n}
belongs to the 6 (Xp, X1, ..., Xp)-

The Markov property can be extended to stopping times as follows.
If T is a stopping time, then the process {X7., }n>0 is again a Markov chain
with initial distribution X7. Moreover, for any x € S, this chain is independent
of Xo, X1, ..., Xr—1 given Xy = x. This property is called the strong Markov

property.
For any state x € S, denote by 7, the first hitting time of x,

T :=inf{n > 1:X, =x},
with standard convention inf( = . For all x, 7, is a stopping time.
Definition 1.2. A state x is called positive recurrent if £, T, < oo.

Definition 1.3. A state x is called non-positive if it is not positive recurrent;
more precisely, if either Py {7y = oo} > 0, or P, {7, < 0o} =1 and E, 1, = 0.

Definition 1.4. A state x is called recurrent (persistent) if Py{7, < oo} = 1.

Definition 1.5. A state x is called null recurrent if P, {1, < o} =1 while
E, T, = oo.

Definition 1.6. A state x is called transient if P, {1, < oo} < 1.

By the strong Markov property, the time lengths between consecutive visits
of the chain to a fixed state x are independent identically distributed. Therefore,
a state x is transient if and only if Py {7, < e} < 1, which is equivalent to the
convergence of the following series (Green function)

Z PA{X,=x} = E, Z I{X, =x} < oo.
n=0 n=0

Definition 1.7. The period of state x is defined as
dy:=ged{n>1:P{X, =x}}.
A state x is called aperiodic if d, = 1.

Definition 1.8. A Markov chain X, is called irreducible if, for all x and vy,
P {X, =y} > 0 for some n.

Notice that, for an irreducible countable Markov chain, the following soli-
darity properties hold true: positive recurrence, non-positivity, recurrence, null-
recurrence, transience, or aperiodicity of any state implies the same property
for all other states.
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Definition 1.9. A measure {7, },cs is called invariant (or stationary) for a
countable Markov chain {X,, } if

n(y) = Z 7(x)pyy forallyesS.
jes

Definition 1.10. A probability distribution {7, }cs is called asymprotic (or
limiting) for a countable Markov chain {X, } if

P{X, =y} — m(y) asn— o whateverx € S.

An asymptotic distribution—if exists—is necessarily an invariant probability
measure, however not vice versa.

Theorem 1.11. Any finite irreducible aperiodic Markov chain possesses an
asymptotic distribution.

For a Markov chain with infinitely many states the last result may fail,
in general. For example, a simple random walk with transition probabilities
Prxt1 =p > 1/2 and py,1 =1 —p < 1/2 is irreducible however there is
no convergence to an asymptotic distribution. This Markov chain is transient
which is only possible due to infinite number of states.

Theorem 1.12. Let {X,} be a countable irreducible Markov chain. Fix some
x € 8. If {X,,} is recurrent, then a measure 7 defined by

Tx o
n(y)=E Y X, =y} = Y P{X,=yn<z}, yeS, (12
n=1 n=1

is a o-finite invariant measure for {X,}.
Proof.  Let us firstly check that p(y) < e for all y € S. By the definition,

u(x) = 1. Since {X,} is irreducible, there exists a state y such that p,, > 0.
Then the random variable

Tx
E, Z I{X, =y}
n=1

is stochastically bounded by a geometric distribution with success probability
Pyx > 0, hence 1(y) < co. By solidarity property, then jt(z) < oo for all z # x.
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Now let us show that u is invariant. Indeed, for z = x,

Z.u(y)Pyx =Ppxt Z Z P{Xy =yn< Tx}pyx
yeSs y#xn=1

= Pxxt Z Z Po{Xy =y,n < Tu}pyx
n=1y#x

= Pxx+ ZPX{TX:n+1}
n=1
=P{n <o} =1 = p(x),

because {X,} is recurrent. For any z # x,

Z .u()’)Pyz = Pxz T Z Z P {X, =yn< Tx}pyz
yES n=1y#x

= Pxz T+ Z PAXpt1 =z,n+1 <1}

n=1
= Z PA{X, =z,n < 7}
n=1

= M(Z)7
by the definition of (z) for z # x. O

So, any irreducible recurrent Markov chain possesses a o-finite invariant
distribution. However the existence of a o-finite invariant distribution does not
guarantee recurrence, as the following example demonstrates. For a simple ran-
dom walk on Z, the Haar measure assigning (t(x) = 1 for all x € Z is invariant
whatever the success probability p.

For positive recurrence there is a criteria in terms of an invariant measure as
follows.

Theorem 1.13. For a countable irreducible Markov chain {X,}, the following
is equivalent:

(i) some state is positive recurrent;
(ii) all states are positive recurrent;
(iii) the measure U defined in (1.2) is finite;

(iv) there exists a probability invariant measure T.
Then,

m(y) forally€S.

1
- Eyry
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Proof. The equivalence of (i) or (ii) to (iii) is immediate from the definition

(T.2), because
Z”(y) = ZEX i ]I{Xn :y}

yes yesS  n=1

Tx
:Exz ZH{Xn =y} = Exty,

n=1yeS

which is only finite if {X,,} is positive recurrent.
The most difficult implication is (iv)—(iii). It follows from the observation
that any invariant measure 7 satisfies the equalities

w(y) := w(x)Ey i X, =y} = n(x) i PA{X,=yn<rt}, yeS.
n=1 n=1

For a proof, see e.g. Meyn and Tweedie [[126, Theorem 10.4.9]. O

1.2 Real-valued Markov chains

Now let us proceed with a time homogeneous Markov chain X = {X,,n > 0},
whose state space is a Borel subset S of R, that is, for all x € § and Borel sets
BO’ X anl’ Bn+1 € B(S)’

P{X,+1 € By+1 | Xo € Bo,...,Xn—1 € By_1,X, = x}
= P{Xy+1 € Bpy1 | Xy = x}.
We usually simply say that X,, takes values in R, keeping in mind that the
corresponding transition probabilities may be only defined on some subset S
of the real line.
Denote by P(:,-) : S x B(S) — [0, 1] the transition probabilities of {X,}:
P(x,B) =P{X,+1 € B| X, = x};
this function is measurable in x for each fixed B and is a probability measure

for each fixed x, that is, this is a stochastic transition kernel. Then, for all #» and
B7

P{X,, € B} = /S P(y,B)P{X, € dy}.

LetP{-} =P{ | Xo =x} and E,{-} = E{- | Xo = x}.
Denote by &(x), x € S, a random variable corresponding to the jump of the
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chain at point x € S, that is, a random variable with distribution

P{&(x) € B} =P{X11 — X, € B| X, = x}
—P.{X; €x+B}, BeB(R).

In the sequel we always assume that S is a right unbounded set. Furthermore,
for ease of notation, we assume that P(x, B) is defined for all x € R.
Denote the kth moment of the jump at point x by

mi(x) = EEF(x).

Definition 1.14. We say that a Markov chain {X,} has an asymptotically zero
drift if my(x) = E&(x) — 0 as x — oo,

The study of processes with asymptotically zero drift was initiated by Lam-
perti in a series of papers [[L11}, 112} 113].

The first topic of basic importance is classification of Markov chains which
is discussed in detail in Chapter 2] For any Borel set B C R denote by 7 the
time of the first entry of {X,} to B,

15 :=inf{n > 1:X, € B}.

If B is a singleton, then we can literally repeat the classification of B as in the
previous section. However it does not work well for Markov chains which are
truly real-valued as it could happen that then Pg{tp < oo} = 0. For that reason
we introduce a classification of a general Borel set B with respect to X,, which
reduces to one presented in the last section if B is a singleton.

Definition 1.15. A set B is called positive recurrent if E,tg < oo for all x € B.

Definition 1.16. A set B is called non-positive if it is not positive recurrent;
more precisely, if either Py{7p = oo} > 0, or Py{75 < oo} = 1 and E, 15 = e
for some x € B.

Definition 1.17. A set B is called recurrent if Tg is finite a.s. for all initial
states x € B.

Definition 1.18. A set B is called null recurrent if tg is finite a.s. and E, 7g = o
for all initial states x € B.

Definition 1.19. A set B is called transient if Py{1p < e} < 1 for all initial
states x € B.

Definition 1.20. A measure 7 is called invariant for {X,} if

(B) = /S P(x,B)m(dx) forall B € B(S).
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In [I11] Lamperti has shown that if S = R*, limsupX,, = e and E|& (x)[>+¢
is bounded for some 0 > 0 then

o 2xmy (x) < my(x) + O(x~?) yields that some neighborhood of zero is recur-
rent,

o 2xmy(x) > (1 + €)my(x), for some € > 0 and all sufficiently large x, yields
that any compact set is transient.

In [T13] he has proved that 2xm; (x) +ms(x) < —e& is sufficient for positive
recurrence of any compact set and that 2xm (x) + my(x) > € implies non-
positivity of any compact set (either null-recurrence or transience). These cri-
teria have been improved later by Menshikov, Asymont and Yasnogorodskii
[124]. Instead of the existence of moments of order 2 + § they assume that
EE2(x)log? % (14 |& (x)]) is bounded. Moreover, they have obtained more pre-
cise classification for positive recurrence, null-recurrence and transience which
involves iterated logarithms.

In the next section we discuss classical random walks to show difference
between them and Lamperti’s processes. It is followed by a couple of sections
devoted to two types of specific processes—nearest neighbour Markov chains
and diffusion processes—where many characteristics of interest may be com-
puted in closed form following quite elementary calculations; that provides
basic intuition needed to approach general Markov chains with asymptotically
zero drift.

In Section we describe our approach to general Markov chains with
asymptotically zero drift.

1.3 Random walks

Let us consider a fundamental example of Markov chains, random walks. We
get started by recalling some important asymptotic results which will be ex-
tended to Lamperti’s Markov chains later.

Definition 1.21. A random walk with initial state x is a sequence of partial
sums, Sy = x and

Sp = nfl"‘én :x+§l+~~~+§n7 n>1,
where &,’s are independent identically distributed random variables.
Any random walk is a Markov chain with transition kernel

P(x,B) = P{{, eB—x}, x€R, Be3B(R).
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It is a space homogeneous Markov chain because all its jumps & (x), x € R, are
distributed as &;. Roughly speaking, it is a process with continuous statistics
in the sense that there are no boundary effects in this model.

If E|&;| < oo then the Strong Law of Large Numbers holds, that is,

Sy/n — E& as.asn—oo.

This implies, in particular, that if EE; > 0 then the set (—eo,%] is transient, for
all ¥ € R. If E§; < 0 then the set (—oo,X] is positive recurrent. It is also well
known that in the case EE; = 0 the random walk S, is null recurrent, that is,
any bounded set is null recurrent.

In addition, if Eéf < oo then the Central Limit Theorem holds, that is,

Sn —n]Eél
/nVar&,

The simplest process with discontinuous statistics—with boundary effects—
is a random walk delayed at zero which is defined next.

= Np1 asn—» oo,

Definition 1.22. A random walk delayed at zero (the Lindley recursion) is a
stochastic process W = {W,,,n > 0} such that, for alln > 1,

W, = (Wn—1+§n)+ = max(O,Wn_l‘f‘én)»

where &,’s are independent identically distributed random variables indepen-
dent of Wy > 0.

It is a Markov chain with transition kernel
P(x,B) = P{(x+&)" €B}, xcR", BecB(R),

which is a particular example of asymptotically homogeneous in space Markov
chain defined below, because its jumps satisfy the following weak (and in total
variation distance) convergence

E(x) =¢ (x+&)T—x = & asx— oo

Definition 1.23. We say that a Markov chain {X,,} is asymptotically homoge-
neous in space if

§(x) =& asx—reo, (1.3)
for some random variable £. Equivalently, P(x,x+-) = P{& € -}.
Let Wy = 0. Then

Wy = max(O,én,§n+<§n,],§n+<§n,] +§i172a~--7§n+§n71 +~--+61)7
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hence, for all n, W, is equal in distribution to the maximum

M, :=max(0,81,8 +&,81 + &+ &, . &1+ &+ 4+ &)
= max Sy, where Sy=0.
0<k<n
One of the applications of the Lindley recursion {W,} is the waiting time
process in the single server queue system with & = ¢ — T where o represents
the typical service time and 7 the typical inter-arrival time. Among applications
of the process of maxima M,, is the collective risk process with & = X —c7
where X represents the typical claim size, 7 the typical inter-arrival time, and ¢
is the premium rate; here P{M.. > x} represents the ruin probability given the
initial reserve x > 0.
If EE; > 0 then {W,} is a transient Markov chain (any bounded set is tran-
sient), which satisfies the Central Limit Theorem provided Eélz < oo,

WQ‘*IﬂEé[
y/nVar&,

If E&; = 0 then {W,} is null recurrent (any bounded set is null recurrent),
and, by the functional central limit theorem (Donsker’s theorem),

= AbJ as n — oo,

——2— = supB(t) asn— oo,
/nVar&; <1
where B(t) is a Brownian motion, see, e.g. Billingsley [[16, Section 10].

If EE; < O then {W,} is positive recurrent (any bounded set is positive re-
current), and possesses a unique invariant probability measure, say 7. This
measure is the distribution of M., := max,>0 S, and the distribution of W,, con-
verges to Ty in the total variation metric, that is,

sup |P{W, € B} —mw(B)| — 0 asn —oo.
BeB(R)

The distribution 7y is explicitly known in few cases only. The tail behaviour
of my has been understood very well and it heavily depends on the existence
of positive exponential moments of &;. For that reason the following classes of
distributions are introduced:

Definition 1.24. We say that a distribution F is light-tailed if

/ M F(dx) < e for some A > 0.
R

A random variable & is called light-tailed if its distribution is so.
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Definition 1.25. We say that a distribution F' is heavy-tailed if
/ MF(dx) = forall A > 0.
R

A random variable & is called heavy-tailed if its distribution is so.

Definition 1.26. We say that a function g(x) is long-tailed if, for any fixed y,
g(x+y) ~ g(x) as x — eo. A distribution F with right-unbounded support is
called long-tailed if F(x,o0) is a long-tailed function.

Any long-tailed distribution is necessarily heavy-tailed.
Definition 1.27. A distribution F on R is called subexponential if
(F % F)(x,00) ~2F(x,00) asx — oo,

A distribution F of a random variable & is called subexponential if the distri-
bution of £ is so.

Any subexponential distribution is necessarily long-tailed and hence heavy-
tailed, see e.g. [67, Lemma 3.2].

In order to describe the tail behaviour of 7y, let us introduce @(A) = Ee*%!
and B =sup{A >0:¢(A) <1}.Given P{{; >0} > 0, B < co. It turns out that
the asymptotic behavior of P{M.. > x} heavily depends on the values of § and
¢©(P); the following three different cases are considered:

(i) B > 0and @(B) = 1, the Cramér case;

(ii) B =0, the heavy-tailed case where all positive exponential moments of &,
are infinite;

(iii) B> 0and @(P) < 1, the intermediate case.

In the Cramér case, under the additional assumption @’(f8 —0) < o, for some
ce(0,1),

P{M. > x} ~ ce P¥ asx — oo;

this result goes back to H. Cramér, see e.g. [38] or [63| Chapter XII]. In Chapter
a similar exponential asymptotics of invariant probabilities of this type
is proven for a broad class of asymptotically homogeneous in space Markov
chains on R with asymptotically negative drift.

In the heavy-tailed case, the tail asymptotics for M., is only available under
subexponential type conditions, namely,

1 oo
P{M. > x} ~ m/x P{& > y}dy asx—oo
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if and only if the integrated tail distribution F; on R™ defined by its tail

Fi(x) == min(l,/xw]P’{é] >y}dy>

is subexponential, see e.g. [67, Theorem 5.12].
In the intermediate case, we have EePM> < . In addition, if the function
ePP{E| > x} is long-tailed, then

P{Mo > x} ~ cP{& >x} asx— oo,

for some ¢ € (0,e0) (in the lattice case x must be taken as a multiple of the
lattice step), if and only if the distribution of the random variable éﬁ belongs
to the so-called class 8(f3), see [[14} Theorem 1] and [101] Theorem 2]. In that
case ¢ = EePM= /(1 — ¢@(B)).

So the invariant measure of {W,,} is light-tailed if and only if the distribution
of &; is so. As we will see in the sequel, for Markov chains with asymptoti-
cally zero drift the situation is very different—the invariant measure is always
heavy-tailed apart from degenerate cases.

1.4 Nearest neighbour Markov chains

In this section we discuss nearest neighbour Markov chains which represent
one of the two classes of Markov chains whose either invariant measure in
the case of positive recurrence or Green function in the case of transience is
available in closed form. Closed form makes possible direct analysis of such
Markov chains: classification, tail asymptotics of the invariant probabilities or
Green function. This discussion sheds some light on what we may expect for
general Markov chains. Another class is provided by diffusion processes which
are discussed in the next section.

Definition 1.28. A Markov chain {X,} on Z* is called a nearest neighbour
(skip-free or continuous) Markov chain, if & (x) only takes values —1, 1 or 0,
with probabilities p_(x), p+(x) and po(x) = 1 — p_(x) — p+(x) respectively,
p-(0)=0.

Let
p+(x)=p+ei(x) and p_(x)=p—€_(x), p<1/2,

where all probabilities are assumed to be neither 0 nor 1 in order to get an
irreducible Markov chain.
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Assume that €4 (x) — 0 as x — o which corresponds to the case of asymp-
totically zero drift, m;(x) = €4 (x) + €-(x) — 0 as x — oo. Then the second
moment of jumps is convergent, my(x) — 2p as x — oo

1.4.1 Positive recurrence

To find a sufficient condition for positive recurrence of {X,, }, let us consider a
test function L(y) = y?. Its drift at all states x > 1 equals

EL(x+ &(x)) — L(x) = 2xE& (x) + EE2(x)
=2(er(x) +e-(x))x+2p+e;(x) — (),
so the chain is positive recurrent if

limsup(ey (x) +€_(x))x < —p, (1.4)

X—roo

see, e.g. Lamperti [111]] or Section[2.2] Then let us denote the stationary prob-
abilities of {X, } by 7(x), x € Z*.

Proposition 1.29. Under the condition (1.4)), for some ¢ € R,

TT(x) ~ er Timi(Esve-®)rer oy o, (1.5)
provided
Y €2(k) < oo, (1.6)
k=0

where (k) := max(|e_(k)|, |e+(k)|).

Proof.  1If the chain {X,} is positive recurrent, then its stationary probabilities
m(x), x € ZT, satisfy the equations

(0) = m(0)po(0) +x(1)p—(1),
n(x) =x(x—1)ps(x =)+ x(x)po(x) + T(x+1)p-(x+1), x>1,

which is equivalent to

A
=
_l_
=1
£
+

|
A
=
hS|
JF
=

I
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which yields 7(x)p_(x) = w(x— 1)p4(x— 1) for all x > 1. Hence we obtain
the following solution:

x> 1, (1.7)

where

So X is positive recurrent if and only if
ol k—1
Z H p+( ) < oo:
S p-(k)
see Harris [[77] or Karlin and Taylor [87, pp. 86—87] where these calculations

are carried out for the case where po(k) =0 for all k > 1.
Since €4 (k) — 0,

g P+k—=1)  pi(0) Fr1+er(k)/p
kl;l] p—(k) _P+(X);£[11—8—(k)/p
PO Frlirek)/p o
p kl;[ll—t?—(k)/p o

The logarithm of the product on the right hand side equals

1=

(log(1 + &, (k)/p) — log(1 — &_(K) /p))

k=1

X

:%zx:(s+(k)+£,(k))+z5(k), (1.8)
k=1

k=1
where & (k) = O(g*(k)) as k — oo, for (k) := max(|e_(k)|, |, (k)|). Hence,
for some ¢; € R,

1

”(x) _ TE(O)H p+(k—)l) -~ epzi:l(£+(k)+8,<k))+cl aS.X‘)OO,

provided (T.6). O

Let us consider a couple of examples with specific €’s. Hereinafter we need
the following result on the harmonic and generalised harmonic series.

Proposition 1.30. For the truncated harmonic series,

|
Zleogn—i—y—l—O(l/n) asn—» o, (1.9)
X

x=1
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where Y is the Euler constant.
For the truncated generalised harmonic series, for any a € (0,1),

-«

n

1
Y = Tttt O(1/n%) asn . (1.10)
x=1

The first example of €’s concerns the drift of order — /x.

Example 1.31. If € (x) ~ —p; /x and €_(x) ~ —p_/x as x — oo in such a
way that

Z@@+&@+ﬁ?&<%
x=0

then (T.4) yields positive recurrence of the chain provided pt := py +py_ > p
and (T.3) implies an asymptotic equivalence, for some ¢; € R,

C2
(x) ~ e~ (B/P)logxter ¢

T as x — oo, (1.11)

In Chapter [§] power asymptotics of invariant probabilities of this type are
extended to a broad class of Markov chains on R with asymptotically zero
drift of order —u /x.

The second example concerns the drift of order —pt /x%, o € (0,1).

Example 1.32. If &, (x) ~ —py /x% and €_(x) ~ —p_ /x* as x — oo for some
Ui, u—>0and o € (1/2,1), in such a way that

Y |ec () +e )+ Bt <o
x=0

x@

then the series ¥ €2(x) is convergent again and we observe a Weibullian asymp-
totic behaviour of invariant probabilities,

n(x) ~ cze (R p(1=0) g oo (1.12)

If now « € (1/3,1/2], then the series diverges and quadratic terms in
(1.8) make a significant contribution to the asymptotic behaviour of invariant
probabilities,

Bip g, p2-pd

12« oo
p(l—OC)x 7(206—1)2])2)6 ) as x — oo.

7(x) ~ caexp (f
If o € (1/4,1/3] then we need to keep cubic terms in Taylor’s expansion of
the logarithm which adds a further correction term of order x' ~3% to the expo-
nential function, and so on.
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General Markov chains on R with asymptotically zero drift of order —u /x%,
o € (0,1), are considered in Chapter@] where Weibullian type asymptotics of
invariant probabilities are proven.

1.4.2 Transience

Let a nearest neighbour Markov chain {X,} be irreducible and transient. Then
P {7, < oo} < 1 for all x and hence the renewal measure (Green function)

X):= i’OIP’XO {X, =x}

= E, Z {X, =x}
n=0
is finite for all xg, x € Z*, because

hyy (x) = Py { Xk = x for some k} Z P{X, =x}
n=0
{X) f k} ! <
= =xforsome k}———— < oo
o LTk 1 =P {7, < oo}
Since we consider a Markov chain that jumps up by 1 only, Ay, (x) = h.(x)
for all xo < x. In the next result we find /,(x) in closed form.

Proposition 1.33. Under the condition

u

p-@ (1.13)
u—=17=1 p+(Z)

s
—

the following representations hold true:

H Z

Ty (x
u—x\/xoz x+1 P+ Z

18

Juek
:1

u—x\/xo 7=x P+

Proof.  We first look for a function g(x,z) > 0 such that, for all x, the process
n—1
Zy=g(xX)— Y X, =x}, n>0, (1.14)

is a martingale which happens if g satisfies the following system of equations

g(x,0) = po(0)g(x,0) + p1(0)g(x, 1) —I{x = 0},
g(x,y) = p-(y)glx,y = 1)+ po(y)g(x,y) + p+ (v)glx,y+1) = {y = x},
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fory > 1. Take g(x,0) = g(x,1) = ... = g(x,x) = 0. Then for y = x we get

glrx+1) =gxx+1) —glxx) =

and, fory >x+1,

glxy+1)—glx,y) =

y—1
g(xvy) = Z(g(x7u+1)_g(
u=x u=xz=x+1 P+ Z
,,Z—XZIJCP+

which is increasing in y. This sequence is bounded under the condition (T.13).
Then

1 & 4 r-(2
p+(x) L,Z:;Z:I;Irl p+(2)

The sequence (I.14) is a martingale, so for all n, x, and xo,

g(x,00) = lim g(x,y) = < o0
y—roo

g(x,x0) = EqZy = Ex Z, = Eyyg(x,X,) —Ey, Z I{X; = x}
and hence
T P (X1 =) = a5 ) < l5) <
Finiteness of the Green function implies transience of {X, }, hence X,, — oo a.s.

as n — oo. Thus, we get the following explicit representation for the renewal
measure

~(2)
u ;/onlzlrl P+ Z)

ZH

- u=xVxg z=. xp+

hyy (%) = g(x,0) = g(x,%0) (
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Now let us derive some asymptotics for /i, (x) as x — oo.

Proposition 1.34. Assume that

2m(x) _ 2(er(x) +e (x)

m) - e e T @xre (1.15)

where r(x) is a differentiable decreasing function such that v'(x)/r*(x) has a
limit at infinity. Then
1 1

T ()~ T im0/ 20) 7™

Proof.  'We have

p-(z L. 1—e(z)/p
H _eXp{;clogH&(Z)/p}'

7=x p+(2)
The asymptotic equivalence (I.13)) is equivalent to
1—
o e )/p
I+e.(x)/p
Fix an € > 0. Then for all sufficiently large x we can write

e W/p _
e e/ =

Therefore, for such x, we have the following upper bound

~ —r(x) asx—oo.

—(1+e)rx) < < —(1=¢€)r(x).

due to the decrease of r(z). Putting

Ue(x) = /xwexp{—(l —8)/0u r(z)dz}du

TRy

we observe that
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By L'Hopital’s rule and the equality U/ (x) = —(1 — &)r(x)Ug(x),

fim — Ye@ Ue (%)
xmeo —UL(x)/r(x)  x—eo —UY(x)/r(x) + UL (x)r (x) /r?(x)
1

T I—e+limy . r'(x)/r2(x)’
Therefore,
1 1

li h < - .
1118:1) xo(x)r(x) = p 1 —e—l—limxﬂmr’(x)/rz(x)

Similarly, starting from inequalities

g

we get a lower bound

1 1
liminfh, > - '
iminf /iy, (x)r(x) > pl+e+lim o (x)/r2(x)

Since € > 0 is arbitrary we arrive at the conclusion of theorem. O

Example 1.35. Assume that £, (x) ~ p;/x and €_(x) ~ 4_/x as x — oo. If
W=, +p_ > p, then (T.I3) is valid with r(x) = u/px, ¥ (x) /r?(x) — —p/u,
and we deduce that
X
hyy(x) ~ ——  asx — oo,
(@) p—p
Example 1.36. Assume that £, (x) ~ t; /x* and €_(x) ~ u_/x* as x — oo
If u:=u,+u_ >0and o € (0,1), then (I.13) is valid with r(x) = u/px®,
¥ (x)/r*(x) — 0, and we deduce a Weibullian asymptotics for the renewal mea-
sure at infinity,
xO(
g (X) ~ — ~
(%) u my (x)

The last two examples demonstrate what kind of asymptotic behaviour of
the renewal measure we could expect for general Markov chains, see Chapters
and

We conclude this section by showing that the condition (1.13)) is also neces-
sary for transience of nearest neigbour Markov chains. The transience of {X,, }

as x — oo,
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implies that, for all x, the sequence ZZ;(I)H{X;{ = x} monotonically converges
almost surely and in L; as n — oo. Therefore, the sequence (I.14) satisfies
Emin,, Z,, > —e. This allows us to apply the martingale convergence theorem:
Z, converges almost surely to an integrable random variable Z... Combining
this with convergence of Y_) I{X; = x}, we infer that g(x,X,) converges al-
most surely too. If we assume now that is not valid, then

8(xy) T glx,0) =eo asy—eo,
and irreducibility of {X,,} implies that

limsupg(x,X,) = oo almost surely.
n—yoo

This contradicts the convergence of g(x,X,), so hence is necessary for
transience of {X, }.

An alternative approach to classification of nearest neighbour Markov chains
may be found in Karlin and Taylor [87, Section 3.7].

1.4.3 Harmonic functions and /-transforms

Consider {X,} killed at hitting zero by setting p_(1) = 0. The corresponding
transition kernel is substochastic which means that each row sums to a value
not greater than 1. Let us construct a harmonic function for this kernel, that is,
a non-negative solution V to the system of linear equations

V() =pr(VE+1D)+pox)Vx)+p-()V(x—1), x=>1,  (1.16)
with the initial condition V' (0) = 0.

Lemma 1.37. Forall x> 1,

=

B 'y (k)
V(x) 7\/(1);”(];[1 EROH (1.17)

Proof. Let 7, be the first hitting time of y, that is,

7, :=inf{n >1:X, =y}.
Then the equations with initial condition V (0) = 0 are equivalent to
V() =EfV(X1); 0> 1}, x>1, (1.18)

which defines a harmonic function for the chain {X,} killed at hitting zero.
It is clear that (I.16)) can be rewritten in the form

PV E+1) =V =p- )V (x) = Vx—1)].
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Consequently,

Vix+1)-Vx)=[V Ix_I

=1 P

>1. (1.19)

Recalling that V' (0) = 0, we then obtain the harmonic function V for the chain
{X, } killed at hitting zero in closed form

x—1 x—1

V=Y Vo+1) - vy 12
y=0 g y:0k=11’+k

O

Existence of a positive harmonic function allows us to transform a strictly
substochastic transition kernel for the chain {X,} killed at hitting zero into a
stochastic one. For every x > 1, define

N V(x+1)

Pi(0) = et pe @), o) = pol) and =YD

Vi - (x).
The new transition kernel P is stochastic because, as follows from (1.16)),
P-(x)+po(x)+pr(x)=1 forallx>1.

This transformation is called Doob’s A-transform, for a Markov chain killed at
hitting zero. Let {X,} be a Markov chain on {1,2,...} with transition kernel
P.

Lemma 1.38. The chain {X,} is always transient.

Proof. As shown in the previous subsection, it suffices to show that (1.13)
holds for the transition probabilities P. We first apply the definition of P:

D V(z—1) p_(2)

uz:lzl—[2p+ uZ:lE V(z+1) P+()

i vIve) pr-()
\4

u=1 (” u—|—1)z 2P+(Z)

It follows from (T.19) that
1  Vu+1)-V(u) V(1) ﬁlL z
V) V+1)  V@V@+1) — V@Vt+l) 2 pe(2)

Therefore,

=5 p), o m 1]
u;z:zaz - >V<2)Z<v<u> v<u+1>>
)
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which is equivalent to the transience of the transformed chain {)?n} O

One of the standard applications of Doob’s h-transform is the random walk
conditioned to stay positive. Let {X, } be a simple symmetric random walk on
Z, that is, p_(x) = p+(x) = 1/2 for all x € Z. Then it follows from that
V(x) =xV(1). As a result the transformed chain {X, } has transition probabil-
ities

a1 11 Cx+l 11

5 (x) = - 5 S x>
P-()=—7-=575p W=7 =t x>

It is immediate from this formula, that the transformed chain has an asymptot-
ically zero drift and unit second moment of jumps.

If the original Markov chain {X,} is recurrent then one can use the h-
transform to connect the stationary measure m of {X,} with the Green func-
tion of {)?n} The following representation for the invariant measure 7 via cy-
cle structure (generated by the atom at 0) of the Markov chain {X,} is well
known—see, e.g. [126, Theorem 10.4.9], for x > 1,

oo

n(x) = (0) Z Po{X, =x, T >n}

n=1

= 2(0)p(0) Y P {X, =x. 1> n}.

n=0
Noting that P {X,, = x, 19 > n} = %Pl{fn =x} forall x, n > 1, we obtain
(0 0)V(1)~
7(x) = Whl(x), (1.20)

where

hi(x) == Y Pi{X,=x}, x>1.
n=0
Let us consider a couple of examples, we firstly discuss the drift of order

—u/x.
Example 1.39. Let &, (x) ~ —py/x and €_(x) ~ —_/x as x — oo in such a
way that

o T

Y lert)+e (0 + % <oo

x=0

Let pt := uy + H_ > p, so the chain is positive recurrent. As follows from
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(T19), forall x > 1,

—V(x)= _  p-(k)
S YO

= [V(1) — V(0)]eXi=1(logp-(K)~log p- (k)

— V(1) — V/(0)]eZimr oz~ ()/p) ~log(1+e: ()/p).

As in (T.3), we conclude an asymptotic relation, for some ¢,

V(x+1) = V(x) ~ [V(1) = V(0)]e ™ r Tt (- O rec (k) e

+ n,
~ V) =V(O)e 7 e

~ X P as x — oo

Therefore, as x — oo,

Vix+1) Vx+1)-V(x) u/p+1 o(1/x
Vo) =1+ V) = 1+7x +o(1/x),
and
Vx-1) _ V@)-Vx-1) = p/p+1 o(1/x
Ve V() L==—+oll/x).

Hence, the transition probabilities of the transformed Markov chain satisfy the
relations

pr0 =" = p L o),
50 =) = p= 1),

It follows from Example with I, = u_+pand i = u, + p that
(%) ~ -
Ai+i—p  p+p

which being substitute into (I.20) implies, as x — oo,

7’1\1 (x) -~ C4
V(x) xH/p’
which coincides with the answer in (T.11).

(x) =c3

This relation between the stationary measure of a nearest neighbour Markov
chain and the Green function of the transformed chain may be extended to
general case. We follow this approach in Chapter(8]to derive power asymptotics
of invariant probabilities of this type for a broad class of Markov chains on R
with asymptotically zero drift of order — i /x.
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The second example concerns the drift of order —u /x%, a € (0, 1).

Example 1.40. Let &, (x) ~ —p /x* and €_ (x) ~ —p_ /x* as x — oo for some
Wi, i—>0and a € (1/2,1), in such a way that

Y| +e (v + ”*)C% <o,
x=0

Similarly to the last example, for some cs,

Vit 1) =V () ~ V(1) V() p Tl Bt

Btht 1-a
~ cge P1-®) as x — oo,
Therefore, as x — oo,
V()C+ 1) My + U
Vo = el
and
V(x—1) P+l
_— =] 1/x).
V) @ +o(1/x)

Hence, the transition probabilities of the transformed Markov chain satisfy the
relations

V(ix+1)

Prl) = =y ) = pot g 0(1/2%),
50 =T ) = p- b on e

It follows from Example with i, = u_ and i_ = p that

~ xa

hy(x ~N =<,
W~ T

which being substitute into (T.20) implies a Weibullian asymptotic behaviour
of invariant probabilities, as x — oo,

which coincides with the answer in (I.12).

General Markov chains on R with asymptotically zero drift of order —u /x%,
o € (0,1), are considered in Chapter E] where we again follow the approach
above to derive Weibullian type asymptotics of invariant probabilities.
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1.4.4 Down-crossing probabilities for transient chain

Let {X, } be transient, that is, the probability of hitting the origin, P, {7p < oo},
is less then 1 for all x > 1. The goal of the following calculations is to find this
probability.

The function V(x) computed in (I.17) is increasing and bounded provided
the condition (I.I3) holds. As it has already been noticed in (T.I8), the se-
quence V (X, n/\ro) is a bounded non-negative martingale, so by the optional
stopping theorem,

V(x) = EV(Xo) = EV(Xy,)
=V(0)P{7) < oo} 4+ V(o0)P {79 = oo}

and hence
_(k

"s

V(OO) —V(X) Z)-xnk 1P+

]PX{TQ < 00} = V (o0) —V(O) Z‘ ()Hk 1

":‘»

P+(k)
Owing to the left continuity of the Markov chain, similarly we get, for all
0<x<x,

(k)
Py{T; < oo} = V(e =V _ Tl i (1.21)
x\x V(oo)—V()/C\) Zy ka 12+E:;

Example 1.41. In the case where £, (x) ~ 4 /x and €_(x) ~ f_/x as x — oo,
U:i=puy+pu_ > p,and

then similarly to (I.11)) we derive that

S p-(k)
k=1 p+(k

~esy P asy - oo,
where ¢s > 0. Therefore, (T.2T)) implies that there exists a function c¢(x) — 1
as X — oo such that
Po{Te < o0} ~ ¢(X)(X/x)*/P~1  as x — oo, uniformly for all ¥ < x.
In particular,
P{T; < oo} ~ (X/x)*/P71 asX x -0, x>

Compare to Theorem [3.2] and Corollary [3.3] where a general transient Markov
chain with a drift of order p/x is studied.
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Example 1.42. Assume that &, (x) ~ pty /x* and £_(x) ~ u_ /x* as x — oo. If
wi=pur+p_ >0,ae(1/2,1),and

- K
Er(x)+E-(x)——| <
Llesrew- g <=
then the series Y &2 (x) is convergent and we get that
y

_(k
11 (k)

=1 p+(k)

=

—uyl=e /p(1—
~cge M IP1-0) gy s oo

where ¢ > 0. Therefore, (T.21)) implies a Weibullian asymptotic behaviour of
the down-crossing probability, that is, there exists a function ¢(X) — 1 as X — oo
such that

Yo e Hul = /p(l-a)

]Px{r)? < °°} ~ C(@ Zw Ae_uul—a/p(l_a)

U=Xx
~ c(®) (E) @ HEE 1= /p(1-a)
X
as x — oo uniformly for all X < x. In particular,

o ~l—a —a ~ ~
P{Te < oo} ~ (if) HE TN p(1-0)  gq X, X —> o0, x > X.
x
Compare to Theorem where a general transient Markov chain with a drift
of order u/x%, a € (1/2,1), is studied.

1.5 Heuristics coming from diffusion processes

1.5.1 Diffusions with bounded smooth infinitesimal parameters

Another example where various characteristics are available in closed form is
provided by diffusion processes on R which are continuous-time Markov pro-
cesses with continuous paths. Being sampled at non-random equally spaced
time epochs they give us examples of Markov chains for which some charac-
teristics are explicitly calculable.

Let us start with a result that demonstrates that the existence of an invariant
probability measure for a diffusion process is equivalent to its positive recur-
rence.

Lemma 1.43. For a diffusion process {X (t)} with diffusion coefficient every-
where positive the following is equivalent:

(i) there is a stationary version of the process {X (t)};
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(ii) the process {X(t)} is positive recurrent, that is, E,T, < o for all states x
and 'y, where T, :=inf{r : X (t) = y}.

Proof. Let {X(t)} possess an invariant probability measure 7. Then the same
is true for the slotted Markov chain X, = X(n), n € Z*. Since the diffusion
coefficient is everywhere positive, the jumps of {X,,} are absolutely continuous
with positive density function, so the chain {X,} is y-irreducible, see [126]
Proposition 4.2.2]. Therefore, the existence of invariant probability measure
for {X,,} implies positive recurrence of any compact set B of positive Lebesgue
measure in the sense that [E,7p < o for all x. Hence, B is positive recurrent for
{X(¢)} too which implies positive recurrence of the diffusion process due to
the continuity of its paths.

Vice versa, let {X ()} be positive recurrent. Then, for any two fixed distinct
states x and y, the stopping time

T:=min{t: X(t) =xand X (s) = y for some s < t},

is finite on average given X(0) = x, E,T < . In addition, T > 0. For that
reasons a measure

u(B) —E, /0 "X (1) € BYdr
= /OW]P’X{X(I) €B, T>t}dt

is non-zero and finite, ;t(R) = E,7 € (0,0). Let us show it is invariant for
{X(t)}, that is, for any s > 0 and any bounded continuous function ¢ : R — R,

[ e@r) = [ E{p(x(s)) | X(0) =}u(d).
JR JR
Indeed, the difference between the right and left hand side integrals equals to

LE{0(X(:) = () [ X(0) = Ju(dz)

- / E{@(X(+5)) — 9(X(1)) | X(t) = 2} /mpx{xa) €dz, ©> t}dt

R 0

= [ Edo(X(t+5) - o(X()). t> 1},

because {7 >t} = {7 <t} € o(X,, u <t). Since
/w]Ex{(p(X(t+s)), T>t}dt=Ex/T(p(X(t+s))dt
0 0

=E [ oo,
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we get
| Edox+5) - p(x (). ©> r)a
= ]E/ dt—E/
_ Ex/ (p(X(t))dthx/ (X (1))dr
T 0
=0
by the Markov property, due to X (7) = x. O

Consider a diffusion process X = {X(#)} on R with smooth drift pt(x) and
diffusion coefficient 6%(x) > 0. In the case of stationary diffusion process,
the invariant density function p(x) solves the stationary Kolmogorov forward
equation

which has the following solution:

c f‘

p(x) = oy ) "20) c>0. (1.22)

It follows that a diffusion process possesses a probabilistic invariant distribu-
tion—is positive recurrent—if and only if

j‘l 2p.

o2(x)°
It is also known that the half-line (—eo, 0] is recurrent for a diffusion process
in the sense that P,{X(¢) < 0 for some ¢t} = 1 for all x > 0, if

the function is integrable at = oo. (1.23)

x 20(y) d
the function e *° 20 is not integrable at co; (1.24)

see, e.g. [88, Ch. 15, Theorem 7.3] or [34, Section 4.1]; and the other way
around, it is transient in the sense that P,{X(¢) > 0 forallz > 0} > 0 for all
x>0, if
. -l 2;;7(.»-)‘1}, ..
the function e ~ 9“0 is integrable at oo, (1.25)

see, e.g. [88, Ch. 15, Lemma 6.1].

As one can see, the classification of diffusion processes heavily relies on the
asymptotic behaviour of the ratio 21 (x) /o> (x) at infinity. In particular, if

p(x) ~ —u/x and 6%(x) = 6> >0 asx — oo (1.26)
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for some i € R and 62 > 0, then

e integrability at infinity in (T.23) holds for 2u > o?;
e non-integrability at infinity in (T.24) holds for 2u > —o?;
e integrability at infinity in (T.23)) holds for 2u < —o2.
The knowledge of the invariant probability density function in closed form

(T.22) allows us to analyse its asymptotic behaviour under various regularity
conditions of the drift and diffusion coefficients at infinity.

Example 1.44. Let {X(r)} possess a probabilistic invariant measure and let
(T:26) hold with 2u > 2. If

| M(x)
/1 ‘52(,0

then (1.22) yields the following asymptotic equivalence, for some ¢ > 0,

—l—Lz dx < oo,
o2x

cl
p(x) xzu/GZ

as x — oo,

Example 1.45. Let {X(¢)} possesses a probabilistic invariant measure. If 1 (x) ~
—u/x* and 62(x) — 6% > 0 as x — oo for some 4 > 0 and & € (0, 1), in such
a way that

M) u
/1 ‘Gz(x)+62xa dx < e,

then

_ l—o ) s201_
p(x) ~ cpe 2 /07 1=0) a5 x5 oo,

Let {X ()} be a diffusion process satisfying the condition (I.23), so the neg-
ative half-line (—eo,0] is transient. A harmonic function 4(x) for such a diffu-
sion process with transition kernel P(z,x,dy), that is, a solution to the equation

2(x) d> d
(62( )ﬁ RO

is computable in a closed form as follows

)h(x) —0, (1.27)

ooz 2U0) 4

h(x) = / e D20%;, xeRr. (1.28)
X

It is a positive decreasing function. By It6’s formula, the process {h(X(¢))}

is a martingale, hence we can apply Doob’s h-transform which returns a new

stochastic transition kernel

ﬁ(t,)@dy) = Zg%P(r,x,dy).
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Let us consider a diffusion process X = {X ()} with this transition kernel. The
drift coefficient of X equals

i) =ty [ 632 PCay)
W)

:liml (y—x)(1—|— n)

t—0 1t
h(x
= B+ 550, (1.29)

(=) +0((y—=x)) ) P(t,x,d)

and since h'(x) < 0, (x) < w(x). The diffusion coefficient does not change,
6% (x) = o2(x).
If, for some ¢ > 3,

’ ~
H(x) > ¢ ultimately in x,
X

o2 (x)
then under some mild additional condition,
—h (x) > cah(x)/x  for some ¢ > 0,

and the set (—eo, 0] is positive recurrent for the transformed chain {X(¢)}. In-
deed, in this case

h(x)ﬁ/ ST, — cax! ¢,
X

hence the function

x 20() 5 x 2000) 5o pxa O)
0 520 P _ N0 Gz I Zagy

R2(x) fg240) gy R(x) 1

= el = —
h%(0) ' (x) h2(0)
th(x) < cqxx! “/ea
)

is integrable at infinity because ¢ > 3 and the condition (T:23) for positive
recurrence is met.
If, for some ¢ € (1,3] and an absolutely integrable at infinity function p(x),

2u(x) ¢
o2(x) «x (x),

then the diffusion process {X(¢)} is transient by the criterion (I.23)) and the
transformed process {X (r)} is null recurrent because in this case

H(x) ~ —eS 5% = _eesxCand h(x) = —/ W (z)dz ~ cex' ¢,
X
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so, the function

X zﬁ(}')d, 2 ~
e-() 320,) Yy :_h (x) ~ c7x27€

is not integrable at infinity because ¢ € (1,3] and hence {X(¢)} is not positive
recurrent by (T.23)) but is still recurrent by (1.24) because the function
X 2#( 280) g, 14 (x)

082" = _ ~ X2
720 X eq

is not integrable at infinity too.

The other way around, let us consider a recurrent diffusion process {X(¢)},
when T = 7(_., o) = min{t > 0: X(¢) <0} is finite with probability 1. Consider
the process Y (z) := X (¢ A T) which is the original process stopped at time of
leaving the positive half line. Its harmonic function solves (I.27) with 2(0) =1,

—1+/ E 6%) x> 0. (1.30)

It is an increasing function tending to infinity as x — oo, due to the recurrence
condition (T:24). By 1to’s formula, the process {A(Y (¢))} is a martingale, hence
we can apply Doob’s A-transform which returns a new stochastic transition
kernel

5 h(y)
t,x,dy) == —<Py(t,x,dy).
Py(t,x,dy) h(x)PY( X, dy)
Let us consider a diffusion process {¥ ()} with this transition kernel. The drift
coefficient of {¥(¢)} is calculated in (I.29). Since the function h(x) increases,
H(x) > p(x). The increase of the drift is so strong that the process {Y ()} is
transient. Indeed, the function

BBy _ I B “”dy
1 /X 2#
GO
AC)

—1
COR2(x) (h(x))
is integrable at infinity because h(x) — o and, therefore, the condition (T-23))
for transience is met,

CER Xzﬁ()’)d,
/ e 10520 )dxzi < oo
Z

h(z)

We follow the idea of these calculations related to harmonic functions and
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change of measure for diffusion processes in our tail analysis of invariant mea-
sures of Markov chains in Chapters[§]and [0

1.5.2 Green function for transient diffusion
Let {X ()} be a transient diffusion on R (or R™) with the following generator

d o*x) d?
A= — —
PR
We consider a regular diffusion, in the sense of properties (i)-(iii) of [135]
Chapter VIIL.3]. For the transience it is sufficient to assume that the following

function
oo %)
U(x) ::/X exp{—/o G’;g;dy}dv (1.31)

is finite for all x, see (T.23); this function solves the homogeneous equation

AU = 0. (1.32)

In this case X () — o a.s. and we are interested in the continuous time analogue
of the renewal (Green) function,

Hy(x,x+h] = / Py {X (1) € (x,x+h)}dt, h>0.
0
By Proposition 1.6 in Revuz and Yor [135, Ch. VII.1], the process

FX@) = FXO) = [ ArX(s)ds

is a local martingale for a wide class of functions f. This suggests the following
idea of computation of the renewal measure of X (¢). Fix x and h. Suppose we
can find a bounded function f(z) = f, «(z) such that f(z) — 0 as z — e and

Af(z) = -I{z € (x,x+h]}. (1.33)

Then the optional stopping theorem and a.s. convergence X (f) — oo as t — oo
give us an equality

70) =B, FX(0) = B, | [710X00) € x| = o,

which allows us to analyse H,.
So, we need to solve the ordinary differential equation (I.33). To this end,
consider

- [y [ ool [ 2
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and then
Gi(z) = {U(Z)m(Z)JerXU(v)m(dv), 1< x,
U()m(x), > X
We have
oo = {pamen e
& U'm(), o> x,
and
&2 U"(z)m(z) —2/0%(z), z<x,
T5Gi2) = {Uizimg) /0(2) <

where we consider the left second derivative at z = x, which together with
(1.32) implies that

-1, z<ux,
AGX(Z){O 7> x

and hence the function
f(z) = Gnx(2) = Grin(z) — Gx(2) (1.34)
solves (T.33).

Alternatively, one can notice that U (x) is the scale function and m(x) corre-
sponds to the speed measure and that (see [135, Chapter VII, Theorem 3.12])

_d dG,(2)
AG(z) = dm(z) (—dU(z)) '

Thus, if follows from (T.34) that for y < x,

xth th U (v)dv
i) = [ vomian = [ 2008
}(XX—F ] f(y) o (V)m( V) . —U/(V)GZ(V)

More formally one can obtain the last equality from Corollary 3.8 and Exercise
3.20 in [135, Ch. VIL3].

If the function W (v) := U (v) /U’ (v)62(v) is long-tailed at infinity, see Def-
inition[1.26] then we get the following local renewal theorem for X (r) starting
aty,

2U (x)
Hy(x7x+h] ~ W”l as x —» oo,
Assume that
2u(x)/02(x) ~ r(x) asx— oo, (1.35)

for some differentiable function r(x) such that the quotient /(x)/r?(x) has a
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limit at infinity. Hence, we can apply L’ Hopital’s rule and the equality U” =
—rU’ to obtain

L GO U'x)
SO0/ e =0T ) + U G /)
1
L limy e (x) /72 (x)

Therefore, for any fixed & > 0,

2 1

0 (x)r(x) 1+limyﬁwr/(y)/r2(y)h as x — oo.

H}’(xax+h] ~

Example 1.46. If p(x) ~ p/x and 62(x) — 62 > 0 as x — oo with 2u > 62,
then (T.39) is satisfied with r(x) = 2u/c2x, 7 (x)/r*(x) — —c%/2u, and we
get

Hy(x,x+h] ~ X asx— oo

2
2u — o2
Example 1.47. If p(x) ~ p/x* pu >0, a € (0,1), and 62(x) — 6> > 0 as
x — oo, then ([.33) is satisfied with r(x) = 2u/0o?x%, r'(x) /r*(x) — 0, and we
get

h h
Hy(x,x+h] ~ —x% ~ —— asx— oo,
u 1 (x)
Note that this asymptotic behaviour of the renewal function does not depend
on the diffusion coefficient, as if it was a process with constant positive drift.

1.5.3 Bessel processes

A Bessel process is an important example of diffusion processes with asymp-
totically zero drift whose various probabilistic characteristics can be calculated
in closed form, which provides some intuition for what can be expected for
Markov chains. The simplest version of a Bessel process is defined as the Eu-
clidean norm ||B)(¢)]| of a d-dimensional Brownian motion B%) (¢) and solves
a stochastic differential equation

d—1 dt 2v+1 dt

(1.36)
where the process Y (¢) is a one-dimensional Brownian motion. The parameter
v = (d —2)/2 is called the index of X. By the same stochastic differential
equation we define a Bessel process with an arbitrary index v € R. A Bessel
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process with a non-integer dimension naturally appears as the norm of a multi-
dimensional Brownian motion in a cone and the dimension is determined by
the cone geometry, see Corollary 3 in [54]] and its proof.

In other words, X is a diffusion with drift (2v + 1)/2x and diffusion coeffi-
cient 1. The intrinsic property of a Bessel process is that its drift is singular at
the origin which makes it impossible to apply the results of the last subsection.

The drift of the squared Bessel process X 2(t) at any state equals 2v 42
which gives rise to the following classification, see e.g. [21, Appendix 1.21].

e If v > 0 then the process {X(z)} is transient and there is a unique strong
solution to the equation (1.36)). The case of index v = 0 corresponds to the

process ,/B% +B% which is null recurrent but the origin is never visited,
hence there is again a unique strong solution to the equation (I.36).

o If —1 < v < 0 then the hitting time of the origin from any state x > 0 is
finite with probability 1 and has infinite mean. In the case —1 < v <0,
the origin is a repelling (instantaneously reflecting) state for X, so there is
a weak solution to the equation which is not unique. In the case of
index —1 the origin is an absorbing state.

e If v < —1 then the hitting time of the origin from any state x > 0 has finite
mean x?/[2v + 2| and the origin is an absorbing state for {X(¢)}, so there is
no weak solution to the equation (T.36).

In the first case where v > 0 the transition density of {X ()} is well known,
see e.g. [21, Appendix 1.21], and given by the equality

v+1

1 )
Piy) = 23 L ey ), (1.37)
2v+1
y —2/2
0.v) = Vo /2t
pl‘( 7y> 2vtv+11—~(v+l)e 9

where I, (z) is a modified Bessel function. The same formula is still valid for
v € (—1,0) if we reflect the process {X (¢)} each time it reaches the origin.

In the positive recurrent case v < —1 or in the null recurrent case v €
(—1,0), if we kill the process at 0, the transition probability density function
of {X(¢)} equals

v+1

ly (242
Pz(xay):;xTe oy )/2t1|v|(XY/f)'

If v>0orve (—1,0) and the process {X(r)} is reflected each time it
reaches the origin, the probability density function of X (¢) given X(0) = 0
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equals

e, (1.38)

pi(x) = pi(0,x) = m v+l

In both cases the probability density function of X2(t)/t equals

1 v _—x/2
v+ ¢
which is a Gamma density function with mean 2(v + 1) and variance 4(v +1).

In the transient case v > 0 we can write down the Green function Ay of
{X(#)} in closed form by integration of (T.38):

2V+1 o 1 —y2/2t y
/ Pi(0.3)d 2"F(V+1)/0 € =0

which indicates what asymptotic behaviour of the renewal measure we can ex-
pect for transient Markov chains with drift of order ¢/x at infinity, see Section
for results in this direction.

It follows from the representation of the a-potential density G4 of X in [21}
Appendix 1.21] that, for all x > 0,

1 y2v+1
x
/ pilx.y)d vmax(x max (x,y)2V’

which implies that the first hitting time 7|, for the compact set [0,y] is finite
with probability

P{1o, < oo} =P {X(t) =y for some ¢}
o hy) o\ _
0~ (x) for x > y: (1.39)

such kind of results for transient Markov chains are discussed in Chapter 3]
For any Vv, the function /(x) = x~2¥ is harmonic for {X(¢)} as it solves the
equation

1d> 2v+1ld
(Gaw* 2 @)t =0
By 1td’s formula, the process {h(X(¢))} is a local martingale. Let y > 0. If
v > 0, then A(x) is bounded on [y, ) and if v < 0 then it is bounded on [0, y]. So
in either case we can apply the optional stopping time theorem for martingales
and to conclude that, for v > 0 and x >y,

h(x) = h(y)P{X (t) =y for some ¢} + h(o0)P,{X (¢) # y for all 7}
= h(y)P:{ T, < =},
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which agrees with (T.39).
If v < —1 which corresponds to the origin is an absorbing state, then, for
x <Yy,

h(x) = h(y)P{X(¢) =y for some ¢} + h(0)P{X (¢) # y for all }
= h(y)P{supX (1) >y},

t>0

which implies that

]P’x{supX(t) Zy} _ h(x) _ (g)ZM.

20 h(y)

For recurrent Markov chains, the tail distribution of the trajectory supremum
until the time of the first entry to a neighborhood of the origin is described in
Theorem 826

In conclusion, let us establish a link to Markov chains by sampling the pro-
cess {X(¢)} at integer time epochs and getting a Markov chain X, := X (n) in
this way; in null recurrent case we assume reflecting boundary condition. This
Markov chain is of Lamperti’s type with the mean drift 7, (x) and the second
moment of jumps m;(x) satisfying the relations

v+1/2
. =
Indeed, it follows from (1.37) that

my(x) ~ and mp(x) - 1 asx—oo.  (1.40)

o V+
BX(1) = [ Ime 00, (y)ay
_ 2/2
e 2
- /0 ¥ e 2L, (xy)dy

2
e PT(V+3/2) /a2 2
= e ¢ 2 M 2),
where M. () is the Whittaker function, see [74, Formula 6.643(2)]. As x — oo,
Tv+1)
r(v+3/ 2)

2v+1
2x2

Moyoiv2(2/2) = S22 (14 2 +0(1/x),

which gives

2v+1
E.X(1) = <l+ 2 +0(1/x4)) as x — oo,
which in its turn yields the first relation in (1.40). In a similar way we conclude
the asymptotic behaviour of higher moments of jumps, for any fixed j > 1,

EXY(1) = 2 42j(v+ ) 2402 asx e, (141



40 Introduction

Choosing here j = 1 and using the formula for the fist moment of X (1) one
gets the second convergence in (T.40).

If the Bessel process {X (¢)} is transient or null recurrent, that is, if v > —1,
then it follows from the distribution property of the Bessel process {X ()}
discussed above that, for all n, X2 /n has a T-distribution with mean 2(v + 1)
and variance 4(v+1). In Sectionsandwe discuss convergence of X?/n
to a ['-distribution for a general transient or null-recurrent Markov chain with
asymptotic drift of order ¢/x.

1.6 General approach to Markov chains with asymptotically
zero drift and plan of the book

One of the most popular examples of Markov chains with asymptotically zero
drift is a driftless random walk conditioned to stay positive. This process is
an h-transform of a random walk killed at leaving R™. If the second moment
of the original random walk is finite then the transformed process has drift of
order 1/x, that is, xm (x) — ¢; > 0. But the second moment of the transformed
process is finite if and only if the third moment of the original walk is so, see
calculations in Section m Therefore, Lamperti’s criterion for transience is
not always applicable to this chain.

This observation motivated us to look for appropriate conditions for tran-
sience, null-recurrence and positive recurrence in terms of truncated moments
and tail probabilities of jumps & (x). For any s > 0 we denote s-truncation of
the kth moment of jump at state x by

m (x) 1= E{&*(x); |E(x)| < s}

Another reason for considering truncated moments comes from the case where
the drift function decays slower than 1/x, say as 1 /xﬁ with 3 between 0 and 1.
In that case it is not practical to assume boundedness or even existence of full
second moment of jumps whereas an appropriate restriction on the growth of
a truncated second moment is rational, see e.g. Section@

In Chapter 2] we introduce a classification of Markov chains with asymptoti-
cally zero drift, which relies on relations between m[ls(x)] and mgy(x)]. Additional
assumptions are expressed in terms of truncated moments of higher orders
and tail probabilities of jumps. Another, more important, contrast to previous
results on recurrence/transience is the fact that we do not use concrete Lya-
punov test functions (like x%, log? x or x*logxloglogx). Instead, we construct
an abstract Lyapunov function which is motivated by the harmonic function of
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diffusion process with drift m, (x) and diffusion coefficient m;(x), see Section
[[3above.

Asymptotic behaviour of transient Markov chains and tail analysis of re-
current ones is discussed in Chapters and respectively. In Chapter|[7]
motivated by exponential change of measure approach suggested by Cramér in
1920’s for study of large deviations of sums of independent random variables
in the context of risk processes, we suggest the following general strategy for
study of positive recurrent Markov chains with asymptotically zero drift:

e Firstly, apply an appropriate Doob’s h-transform to {X,} killed at time of
entry to the half-line (—oo,%] for some X € R in order to change the sign
of the drift from negative to positive one so that we get a transition kernel
that generates a transient embedded Markov chain; with necessity an appro-
priate change of measure is generated by a subexponential function, either
regularly varying or Weibullian-type at infinity;

e Secondly, apply limit results to a transient Markov chain obtained;

e Thirdly, apply the inverse change of measure which makes it possible to
identify tail and local asymptotics of both stationary and pre-stationary dis-
tributions of the original positive recurrent Markov chain.

In Chapter[I0]we show that our approach also works for Markov chains with
asymptotically negative drift bounded away from zero. We consider asymptoti-
cally homogeneous in space Markov chains, that is, Markov chains with jumps
satisfying & (x) = & as x — oo. This means that far away from the origin one
can approximate {X,} by a random walk which makes it natural to apply an
exponential change of measure similarly to how it is done for sums of indepen-
dent random variables. We study the tail asymptotic behaviour of the stationary
and pre-stationary distributions of {X, } in the case where the limiting random
variable & has negative mean and satisfies the Cramér condition. It turns out
that the tail behaviour of these distributions depends on the rate of convergence
of E(x) to &.

In the last chapter we consider some important applications of our results.
Processes with asymptotically zero drift naturally appear in various stochastic
models like random billiards, see Menshikov et al. [125], and random poly-
mers, see Alexander [5], Alexander and Zygouras [6], De Coninck et al. [41]]).

Such chains appear when we study critical and near-critical branching pro-
cesses. In critical branching processes one typically observes a linearly grow-
ing second moment of jumps, but considering the square root of the process
one gets bounded second moments and decreasing to zero drift. Then we can
apply our theorems to this transformation. As a result we get limit theorems for
population size-dependent processes with migration of particles. To the best of
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our knowledge, there are no papers in the literature, where a combination of
size dependence and migration has been considered.

We have also found out that processes with asymptotically zero drift can
be used in the study of risk processes with reserve-dependent premium rate.
More precisely, we have derived upper and lower bounds for ruin probabilities
in the case when the premium rate approaches from above—as the risk reserve
growths—the critical value for the model with constant rate.

Besides these two main examples we consider also random walk conditioned
to stay positive and reflected random walk.



2

Lyapunov functions and classification of
Markov chains

As one can see from results for diffusion processes in Section their classi-
fication heavily relies on the asymptotic behaviour of the ratio 2m; (x)/m(x)
at infinity. Roughly speaking,

o If 2m;(x)/my(x) < —(1+ ¢€)/x for all sufficiently large x, then some neigh-
borhood of zero is positive recurrent;

o If 2m;(x)/my(x) < (1 — €)/x for all sufficiently large x, then some neigh-
borhood of zero is recurrent;

o If 2m; (x)/ma(x) > (1 + €)/x for all sufficiently large x, then any compact
set is transient.

For diffusion processes, the necessary and sufficient conditions for positive
recurrence/recurrence/transience involving the ratio 2m (x)/my(x) are avail-
able, see (TI.23)—(1.25). For Markov chains, similar necessary and sufficient
conditions in terms of the ratio 2m; (x)/my(x) are not available as it is for dif-
fusion processes.

In this chapter we introduce criteria for transience, recurrence and positive
recurrence of discrete time Markov chains by constructing Lyapunov functions
which depend on the ratio of truncated moments of the chain which are mo-
tivated by functions (T.23)-(T.25). Let us recall standard sufficient conditions
for positive recurrence, recurrence, and transience in terms of test functions.

Theorem 2.1 ([126, Theorem 11.0.1]). Let L(x) be a non-negative test func-
tion such that, for some x, and € > 0,

E{L(X;)—L(x) | Xo =x} < —€ forall x > x,, 2.1
and let

E{L(X)) | Xo =x} <oo forall x <x,. (2.2)

43
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Then the set (—eo, x,] is positive recurrent.
Theorem 2.2 ([126, Theorem 8.0.2]). Let L(x) be a non-negative unbounded
at infinity test function such that, for some x,

E{L(X1)—L(x) | Xo=x} <0 forall x> x,. (2.3)
Then the set (—oo, x,] is recurrent.
Theorem 2.3 ([126, Theorem 8.0.2]). Let L(x) be a non-negative bounded test
function such that, for some x,,

E{L(X1)—L(x) | Xo=x} <0 forall x> x,. (2.4)
Then the set (—o, x| is transient.

Here we refer to the book by Meyn and Tweedie [[126]], for some bibliogra-
phy notes see comments to this chapter.

2.1 Reference drift function

In this chapter, r(x) > 0 is a reference drift function. It is always assumed to
be a decreasing continuous function which is non-integrable at infinity, that is,
for x >0,

R(x) = /Ox r(y)dy — oo asx— oo (2.5)

hereinafter we define R(x) = 0 for x < 0. The function R(x) is concave on
the positive half-line because r(x) is assumed decreasing. Therefore, for all
h > —xr(x),

R(x+h/r(x)) < R(x)+R (x)h/r(x)
=R(x)+h. (2.6)

If, in addition, r(x) is differentiable and, for some ¢ > 0,
0 > //(x)>—cr*(x) forallx>0, 2.7)
then, forall x >0 and & > 0,

L B ; _ X+h/r(x) r/(y)
r®) ot h/r) ‘/x 2

x+h/r(x)
> fc/ dy = fci.




2.2 Positive recurrence 45

Therefore,
r(x)
h > h . 2.

r(x+h/r(x)) > Tron’ >0 (2.8)

Similarly, for & € (0,1/c) and x such that x —/r(x) > 0,

r(x)

—h < —. 29
e hfr() < @9)

The lower bound (2.8) implies that, for all 2 > 0,

x+h/r(x)
R(x+h/r(x)) =R(x) +/ r(y)dy

X

2M@+%%%H%ﬁ@»
h

>R(x)+

. 2.1
1+ch (2.10)

Together with the upper bound (2.6) it gives a two-sided bound

R(x)+ 1 —fch <R(x+h/r(x)) < R(x)+h forallh>0. (2.11)
Similarly,
R(x) — —eh <R(x—h/r(x)) < R(x)—h, (2.12)

where the first inequality is valid for A € (0,1/c), while the second one for
h e (0,xr(x)).

So, 1/r(x) is a natural x-step responsible for the constant increase of the
function R(x). Moreover, (2.11) and (2.12)) imply that, for any increasing func-
tion s(x) of order o(1/r(x)),

R(x£s(x)) =R(x)+o0(1) asx—oo. (2.13)
Notice also that (2.8)) and (2.9) yield a similar relation for r(x),

r(x£s(x)) ~r(x) asx— oo, (2.14)

2.2 Positive recurrence

2.2.1 Positive recurrence criteria motivated by diffusion processes

In this section we are interested in sufficient conditions under which the set
(—o0,x,] is positive recurrent for some x,, that is, ExT( oo x,] <ooforallx <ux,.
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Conditions below are formulated in terms of truncated moments of jumps,

m)(x) == E{EF (x): E()| < 5}
Let xp be such that

2my” (x)

ms) (x)

For r(x) decreasing not too fast—roughly speaking, if r(x) > 1 /x—this means
that the drift towards the origin dominates the diffusion and the corresponding

< —r(x) forall x > xo. (2.15)

Markov chain X is positive recurrent.
In the theorem below it is shown that—similarly to diffusion processes—the
chain {X,,} is positive recurrent provided

1 1 x
the function me’”") = me*fo rdy g integrable, (2.16)
where b(x) > 0 is a differentiable function such that
[x]
limint”2 % o, 2.17)
R0

For Markov chains, we also need to impose some technical conditions on r(x)
and on the function

< ]
Wx::ww/ Ry,
(x) 5 y

which is a well defined function due to (2.16).
In the next theorem sufficient conditions are given that guarantee that the
test function

L(x):= /OXW(y)dy, x>0, (2.18)

and L(x) = 0 on R, is appropriate for application of Theorem In par-
ticular, it agrees with the case r(x) = € > 0 where the most natural choice of
the test function is a linear one; and with the case r(x) = ¢/x where the most

effective test function is x2.

Theorem 2.4. Let the drift condition 2.13)) hold with some decreasing func-
tion r(x) > 0 such that the conditions 2.16) and @.17) are satisfied and

E{Ex)W(&E(x)); E(x) >0} <o forall x. (2.19)
Let the following integrability conditions on positive jumps hold,
E{&*(x): £(x) € (0.4} = o(x®/W (x)), (2.20)

E{&(x)W(E(x)); E(x) >x} =0 asx—»oo. (2.21)
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Assume that the function W (x) is increasing and convex, and satisfies the fol-
lowing conditions, for some constants ci, ¢y,

W(2x) <ciW(x) forallx >0, (2.22)
W(x)

¥2

W (x+y) =W (x)| < [y| forallx>0,ye[—x/2,x]. (2.23)
Then there exists an x,. such that the set (—eoo, x,] is positive recurrent.

The conditions (2.20) and (2.21) are fulfilled if, for example, the function
x? /W (x) increases and

the family {&* (x)W(£7 (x)), x>0} is uniformly integrable; (2.24)
justification follows from Lemmas[2.24] and 2.26
Corollary 2.5. Let, for some € > 0 and xy > 0,
2 [x]
m;" (x) - l+e¢

ml )

for all x > xg,

and let B{E*(x); € (x) > 0} < oo for all x. Let the truncated second moments of
jumps B{E?(x);|E (x)| < x} be bounded away from zero,

E{&*(x), £(x) € [0.4]} = o(x), (2.25)
E{E2(x), E(x) >x} =0 asx — oo. (2.26)

Then there exists an x,. such that the set (—eo, x,] is positive recurrent.

Notice that both (2.25) and (2.26)) hold provided the family of random vari-
ables {(7(x))?, x > 0} is uniformly integrable.

Proof of Corollary2.3] 1t follows from Theorem [2.4|if we take r(x) = %
forx > 0 and b(x) = 1, then

R(x) = (1+¢)log(1+x),
KW Z1/(14 )1,
W(x)=(1+x)/e.

This leads to the test function L(x) = ((1 +x)? —1)/2¢ for x > 0. Notice in
passing that then L(x) = x?I{x > 0} is also an appropriate test function. ~ []

Notice that the last corollary relates to a quadratic Lyapunov function and its
assumptions on jumps are too restrictive compared to the classical Lamperti’s
criterion that guarantees positive recurrence of the set (—oo,xp] under the con-
dition 2xm; (x) +mgy(x) < —¢ for x > xp only. On the other hand, Corollary
imposes no conditions on the left tail distribution of & (x) below the level —x.
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Let log,,) x denote the mth iteration of the logarithm of x,

log(,yx = loglog,,_p)x.

Corollary 2.6. Let, for some m € N and € > 0,

omi'() _ 11 i I +e
m[z)d(x) = x xlogx 7 xlogx-...-logy,_jyx  xlogx-...-log(,, x

for all sufficiently large x, and let

E{E2(x)log&(x)- .. - log ) & (x); log(,,) §(x) > 0} <o forall x.

Let the truncated second moment B{E?(x);|& (x)| < x} be bounded away from
zero, let

B S0 el = o —). @)

and let
E{E?(x)log&(x)-... -log () §(x); &(x) >x} — 0. (2.28)
Then there exists an x,. such that the set (—eoo, x,] is positive recurrent.

Notice that both (2:27) and (2:28) hold provided the family
{&%(x)1og& (x) - ... 10g () & (x)I{log ) & (x) > 0}, x > 0}
is uniformly integrable.

Proof of Corollary[2.6) Let x = (") be a solution to the equation log(,)x=1.
Consider

r(x) = (1 !

-+
y ylogy

1 1+¢
: : ]
ylogy-...- log(mfl)y ylogy-... -log(m)y y=elm) +x

and b(x) = 1; then

R(x) = (logy+loglogy+ . tlogyy+(1+ 8)log(m+])y) ’y:e(m)ﬂ

—(e<m71) +em 44 1),
—R(x) _ eMelm=1). .1 ’
y-logy-.. .~10g(m71>y-loggr‘n")£y y=elm x

e
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1
W(x) = cylogy-...-log(,_1)y-1og(y

1
L(x) ~ Exz logx-... 'log(m—l)x' log(m)x.

y:e(’”) +x7

O

The next corollary deals with the case when the second moment of jumps is
vanishing at infinity.

Corollary 2.7. Let, for some a > 0, ¢y, ¢ > 0, and xo > 0,
m[lx] (x) < —c1 /x* for all x > xo,
m[zx](x) ~ ey /x* asx — oo,
E{<§2+a(x); E(x) >0} <o forallx.
Let
E{&°(x); £(x) € [0,4]} = o(x' %), (229)
E{E>T%(x); E(x) >x} =0 asx— oo, (2.30)

If 2c1/cy > 1+ @, then there exists an x, such that the set (—oo,x,] is positive
recurrent.

In the case a € (0, 1), both (2:29) and (2.30) hold provided the family of
random variables {(&*(x))>T%, x > 0} is uniformly integrable.

Proof of Corollary[2.7} Tt follows if we take ¢ € (14 a,2¢1/c2), r(x) = 155
for x > 0 and b(x) = 1/(14x)%, then R(x) = clog(1+x), e R = 1/(1 +x)°,

*(1+y)? (14+x)%+!
” = 1 ¢ d = -
() = ( +x>/x (1+y)e Y a—c+1’
and
(1+x)** -1

Lix) = (a—c+1)(2+a)

O

The advantage of Theorem [2.4]is that it covers all functions considered in
the corollaries above in a unified way; the main condition (2:16)) is motivated
by the existence condition (T.23) for stationary density of a diffusion process.
But at the same time this link to diffusion processes results in necessity of
finite second moments which is natural in Corollaries and while there
are other examples where the existence of second moments of jumps is clearly
excessive. In the next subsection we discuss amended moment conditions for
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drifts like —1/x%, 0 < a < 1, that may be characterised by the convergence
xmy (x) — o as x — oo,

Proof of Theorem We consider the test function (2.18)) for which we need
to show (2.1) and (2.2). Since W (x) is assumed increasing,

L(x) <xW(x) forallx>0, (2.31)

hence (2.2)) follows from the condition (2:19), and it remains to show (Z.I). By
the construction, L' (x) = W(x) and

L'(x) =W'(x) = r(x)W(x) —1/b(x). (2.32)

Let us prove that the mean drift of L(x) is negative and bounded away from
zero for all sufficiently large x. First we analyse Taylor’s expansion for the
function L, with the Lagrange form of the remainder, here x, x+y > 0:

L(x+y) —L(x) = L'(x)y+L"(x+ 6y)y* /2
=W (x)y+W'(x+ 6y)y*/2, (2.33)

where 0 < 6 = 0(x,y) < 1. Since W(x) is assumed convex, W’ is increasing,
hence, for all y € [—x,0],

L(x+y) = L(x) < W(x)y+ W (x)y*/2

S &
W WS - s 3
as follows from (2:32). Next, by the condition (2:23), for y € [0, x],
w
W (x+6y) <W'(x)+c2 x(zx) y. (2.35)

Substituting this into (2.33)) we get, for all y € [0,x],

2 2 X
L(x+y)—L(x) < W(x)y+r(x)W(x)yE - ZZ(x) +c3 “;(2 )y3. (2.36)

Using the fact that L is increasing and the inequalities (2.3T) and (2.22), we
deduce that

L(x+y) < L(2y) <2yW(2y) < 2ciyW(y) forally>x. (2.37)

Now we are ready to bound the mean drift of {L(X,,)}. We start with the
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following upper bound
EL(x+¢(x)) —L(x) < E{L(x+&(x)) —L(x): &
SE{L(x+¢(x)) —L(x); &
FE{L(x+&(x)) — L(x);

+E{L(x+&(x)); &(x) > x}. (2.38)

It follows from (2:34) that
E{L(x+&(x)) = L(x); &(x) € [-x,0]}
SWEE{S(x); &(x) € [-x, 0} + %F(X)W(X)E{iz(x); §(x) € [-x,0}

1
_T(X)E{éz(x); E(x) € [-x,0]}.  (2.39)

It follows from (2:36) that
E{L(r+ & (x)) — L(x); &) € [0,4]}
< WB(E(0): E(x) € 0,1} + 5r(oW(
w

2b1(x)E{§2(x); E(x) e [O,x]}+C37x)E{§3(x); E(x) € [0.4]}
< WWELE(): §00) € [0} + 3 W (WELE (o) £(x) € 0.}

(2.40)

X)E{E(x): & (x) € [0,4]}

1
2b(x)IE{éz()c); E(x) €10,x]}+0(1) asx— oo,
due to the condition (2:20). Finally, it follows from (2.37) by the condition

(2:21) that
E{L(x+&(x)); &(x) > x} < 21 E{E ()W (S (x)); &(x) > x}

—0 asx—> oo,

Substituting the upper bounds (2:39)—(2.41) into (2.38) we deduce that

E{L(x+&(x)) - L(x)}
SWEE{S(x); [§(x)] <x}+ %V(X)W(X)]E{iz(@; §(x0)| <x}

L R £ @) <} +olh)

(2.41)

2b(x)
w0 2mP (x .
W) 3”(29(&)) 09) = ) ot
L

————m5 (x)+o(l) asx— oo,
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owing to 2.I5). Then @2.I7) implies 2.1 for all sufficiently large x and the
proof is complete. O

2.2.2 Non-diffusive positive recurrence criteria in the case
xmy(x) — —oo

If the drift approaches zero value at rate slower than 1/x, say 1/x* with o €
(0,1), then it is possible to relax positive recurrence conditions inspired by
diffusion processes.

Let, for some decreasing function r(x) and xo > 0,

mtH(x) < —r(x) forall x > xo. (2.42)

Define

W(x):= /Oxmin<1, ﬁ)dy, x>0.

Let xr(x) be increasing to infinity, then W is concave and
|
W(x) > — ultimately in x. (2.43)
r(x)

Consider a test function L defined as L(x) = 0 for all x <0 and

L(x):= /OXW(y)dy forx > 0.

Since the second moment of jumps is not assumed finite, there is no diffusion
motivated intuition behind the last test function.

Theorem 2.8. Let the drift condition (2.42) hold with some decreasing func-

tion r(x) > 0 such that xr(x) is increasing to infinity. Assume that the jumps
satisfy the following integrability conditions:

E{E(x)W(E(x)): &(x) >x/2} =0, (2.44)

E{E2(x); |E(x)| <x/2} = o(xr(x)) asx— oo, (2.45)

Let
E{&x)W(E(x)); E(x) >0} <o forallx. (2.46)
Then there exists an x, such that the set (—oo, x,] is positive recurrent.
Due to (2.43), the conditions (2.44) and (2.45) are fulfilled if, for example,
the family {|& (x)|W (|€(x)|), x > 0} is uniformly integrable; (2.47)
justification follows from Lemmas and[2.26]
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Corollary 2.9. Let, for some o € (0,1), € > 0 and xo > 0,
E{&(x); |E(x)] <x/2} < —g/x*  forall x > xo.

Let also, as x — oo,

E{&'"%(x); &(x) >x/2} =0, (2.48)
E{&*(x); [§(x) <x/2} = o(x'"%), (2.49)

and
E{E%(x); £(x) >0} < oo forallx. (2.50)

Then there exists an x, such that the set (—oo, x| is positive recurrent.

Notice that both (2.49) and (2:48) hold provided the family of random vari-
ables {|&(x)|'** x > 0} is uniformly integrable.

Proof of Corollary2.9) It follows if we take r(x) = £/(1+x)% for x > 0, then
W (x) ~ c1x* and L(x) ~ cpx! %, O

Proof of Theorem[2.8] By the construction, L' (x) = W (x) and

L'(x) = W(x)= min(l, > 0 is decreasing; (2.51)

1
o)
in particular, W (x) is a concave function.

Since W is increasing, L(x) < xW (x) for x > 0, hence (2.2)) follows from the
concavity of W and the condition (2:46), and it remains to show that the mean
drift of L(x) is negative and bounded away from zero for all sufficiently large
x. We start with the following upper bound

EL(x+&(x)) = L(x) < E{L(x+¢(x)) - L(x); §(x) > —x/2}
(x)) = L(x)

)
< E{L(x+&(x)) —L(x); [6(x)| <x/2}
TE{L(x+¢(x)); §(x) >x/2}
=:E(x) 4+ E>(x). (2.52)

Let us estimate the first term on the right hand side via Taylor’s expansion:
Eq(x)
1
= L(0E{E(x); [§(x)] <x/2}+ SE{L" (x+ 08 (x))6(x); [§(x)| <x/2}

=W@)E{(x): [E(x)] <x/2} + %E{W'(xﬂL 08 ()& (x); [E(x)] <x/2},

where 0 < 0 = 0(x,&(x)) < 1. Since W' decreases and

W)= o S
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we deduce
Ei(x) S W@E{E(x); [§(x)] < x/2} + %W’(x/Z)E{éz(X); 1E(x)| <x/2}
< WBLEW: 809] < 5/2)+ s BEW: [209] < 5/2),

The condition (2:43)) allows us to conclude that
Ev() < WELE(): £ <x/2) to(l) asx—e (253

In order to estimate the second expectation on the right hand side of (2.52)
first notice that, since the function min(1,1/yr(y)) is decreasing, we get

W(3x) < 3W(x),
and therefore

L(3x) < 9xW(x),
because L(x) < xW(x). Hence,

Ex(x) < E{L(3§(x)); & (x) > x/2}
<OE{Ex)W(E(x)); E(x) >x/2} — 0 asx— oo, (2.54)

owing to the condition (2:44). Substituting (2:53) and (2.34) into (2:52) we get

EL(x+&(x)) = L(x) < W(x)E{E (x); [§(x)] <x/2} +0(1)
< —W(x)r(x)+o(l) asx— oo,

by (2:42). The inequality (2:43) implies that the drift of {L(X,)} is negative
and bounded away from zero for all sufficiently large x. O

2.3 Non-positivity

In this section we are interested in conditions that provide a kind of non-
positivity of a Markov chain {X,}, that is, conditions for existence of x, such
that EXT(,(X,’X*] = oo for some x < x,. Below we show even stronger result that
]Eyr(,m’x*] =oo for all y > x,.

As follows from the condition (T.23) for positive recurrence of a diffusion
process, the condition for non-positivity of a diffusion process just negates

(T:23), so it happens when

I 2my (.V)) dy

the function ———¢’° ™m0

no(x

is not integrable at infinity.  (2.55)
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One could expect that, in terms of test functions, the existence of a non-
negative function L such that, for some x, and € > 0, E{L(X;) — L(Xo) | Xo =
x} > € for all x > x, would imply non-positivity of {X, }; however just negation
of does not imply that as follows from the following counterexample. Let
{X,} be a Markov chain on Z" with transition probabilities

[ 1)2 ify=2(x+1),
p(x’y)‘_{ 1/2 ify=0.

Then m;(x) = 1 whatever x, while this chain is geometrically ergodic, since
the returning time to zero is geometrically distributed with success probability
1/2. This simple counterexample of Doeblin type shows that to conclude non-
positivity we need to ensure some compactness conditions on the jumps, see
below.

Fix an increasing function s(x) < x/2. Let

[s(x)]
Zm[:T(x) > —r(x) forall x> xo, (2.56)
my 7 (x)

for a decreasing function r(x) > 0. In the next theorem we show that the chain
{X, } is not positive recurrent provided

the function e R0 = ¢~ 0704 g pot integrable at infinity, (2.57)

which is motivated by the condition (2.55) for non-positivity of diffusion pro-
cesses. It turns out to be very close to guarantee non-positivity of {X,,} but we
still need some additional technical conditions on r(x) and on the function

W(x):= eR(x)/ e R0)gy,
0

which grows as x at least. Proving non-positivity seems to be the hardest prob-
lem we consider in this chapter.

Theorem 2.10. Let the drift condition 2.56) hold with some differentiable
decreasing function r(x) = O(1/x) such that the condition is satisfied.
Assume that the twice differentiable function W (x) is convex and satisfies the
conditions 2.22) and 2.23)). Let negative jumps satisfy the following integra-
bility conditions:

E{|E(0)P, &(x) € [~s(x),0]} = o(x*/W (x)), (2.58)
P{E(x) < —s(x)} =0(1/xW(x)) asx— oo,  (2.59)

and, additionaly,

my(x) > —c3/x, c¢3€(0,00), forall x> xo, (2.60)
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¢4 1= supmy(x) < eo, (2.61)
x>0
liminfms ™ (x) > 0. (2.62)
X—ro0

Then there is an x, such that E,t =ooforall x >y > x,.

—o0,y]

We require the bounds (2.60) and (2:61) on the full moments of jumps to
derive a square integrable martingale from {X,, }, which is needed for our proof.

The conditions (2:38)) and (2.59) are fulfilled for some s(x) = o(x) if, for ex-
ample, the function W (x) is regularly varying at infinity and the family of ran-
dom variables {&~(x)W (&~ (x)), x > 0} is uniformly integrable, sufficiency
follows from Lemmas and

Corollary 2.11. Let, for some € > 0 and xo > 0,

[s(x)]
) _
ada} (x)Z_lx&‘ Sfor all x > xg.

s )
Let the conditions @—@ hold,
E{&(x), &(x) € [~s(x), 0]} = o(x), (2.63)
P{E(x) < —s(x)} =o(1/x*) asx — oo, (2.64)

Then there is an x such that Exr(,wy] =ooforall x >y > x,.

Notice that both (2:63) and (2.:64) hold for some s(x) = o(x) provided the
family of random variables {(£ ~(x))?, x > 0} is uniformly integrable.

Proof of Corollary 211} 1t follows from Theoremthat if we take r(x) =
11+i for x > 0, then

(1—¢) log(l +x),

1/(1+x)"
(X) = (I+x)/e,
which implies the test function L(x) = ((14x)? — 1)/2¢, see the proof of The-
orem 2,10/ below. O

Corollary 2.12. Let, for some m € N and € > 0,

2l (x)

1 1 1 1—¢

x xlogx 7 xlogx-... “log(,_1)x ~ xlogx- oo log,, x
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for all sufficiently large x. Let the conditions (2.60)—2.62)) hold, let
E{&(x)%; E(x) € [—s(x),0]} = o(x/logx- ... -10g ) X), (2.65)
and let
P{&(x) < —s(x)} = o(1/x*logx-...- log () X). (2.66)
Then there is an x, such that EXT(,(,Q,},] =ooforall x >y > x,.

Notice that both (2.63) and (2.66) hold provided the family of random vari-
ables

{(§(x))*1og& ™ (x) ... log(y) &~ (x)[{log(,) &~ (x) > 0O}, x > 0}
is uniformly integrable.

Proof of Corollary2.12]  Consider

11
o) = (§  Jlogy

1 1—-¢
R . )
ylogy-...-logg,_1)y ylogy-...-log<m>y y=elm +x
where log,,,) el = 1. Then

R(x) = (10gy+loglogy+ - Flogg,yy+(1 —e)log<m+1)y) ’ ,

):e(m>+x
—elm=) _elm=2) 1,
e*R()C) _ e(m).e(m71>..“.1 ‘
y-logy-...-logg, 1)y loggr;fy y=e("+x
1
W(x) = Gylogy-...-logg, 1)y log(m)y‘y:e(m)+xa
1
L(x) ~ %xz logx- ... log(,_1)x-log,, x.
O

Proof of Theorem[2.10] ~ Consider a non-negative test function L(x) defined
zero on the negative half-line and

L(x) ::/ W(y)dy forallx>D0.
0

First let us prove that the mean drift of L(x) is positive and bounded away from
zero for all sufficiently large x, more precisely, let us prove that, for some x,
and € > 0,

E{L(x+&(x)) —L(x); E(x) <s(x)} >¢e forallx>x..  (2.67)
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Having this in mind, we analyse Taylor’s expansion for the function L with the
Lagrange form of the remainder, here x, x+y > 0:

L(x+y) = L(x) = L'(x)y+L" (x+ 6y)y* /2
=W(x)y+W (x4 0y)y?/2, (2.68)

where 0 < 0 = 0(x,y) < 1. Since W (x) is assumed to be convex, W’ is increas-
ing, hence

L(x+y) —L(x) > W(x)y+ W' (x)y*/2
y: oy
=W(x)y+r(x)W(x)= +

) forall y > 0.

(2.69)
We deduce from (2.23)) that

W (x+0y) > W (x)—caW(x)|y|/x*> forye [—x/2,0],
hence it follows from (2.68)) that

L(x+y)—L(x)

2 2 x
s + o

ly|* forally € [—x/2,0]. (2.70)

Now we are ready to estimate the mean drift of L(X). Since L is non-negative
and non-decreasing, the following lower bound holds

EL(x+&(x)) — L(x) > —L(x)P{&(x) < —s(x)}
+E{L(x+&(x)) — L(x
(

) = L(x)
+E{L(x+&(x)) —L(x); &{(x) € [0,s(x)]}.  (2.71)

It follows from (2:69) that
E{L(x+&(x)) = L(x); &(x) € [0,5(x)]}
> WEE{S(x); §(x) €[0,5(x)]} + %V(X)W(X)]E{iz(x); §(x) € [0,5(x)]}

FIE(E20): EW e 05} 27
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It follows from (2.70) that
E{L(x+¢(x)) —L(x); 5 (x) € [=s(x),0]}

> WOOBLE(): £ € [-5(00),0]} + 5 rloW (ELE(0): £ € [-5(0),0])
FIE(E00: E0) € [0} — 2 " SE(E (0]: £(v) € [-5(2).0])

> WEE{E(x); §(x) € [=s(x),01} + %r(X)W(X)E{éz(X); §(x) € [=s(x), 00}

+%E{§2(x); E(x) € [=5(x),0]} +0(1) asx— o, (273)

due to the condition (2.58). Finally, it follows from (2.59) and inequality L(x) <
xW (x) that the first term on the right of (2.71) tends to zero as x — 0. Together

with the lower bounds (2.72)) and (2.73)) it implies that
E{L(x+¢&(x)) — L(x); §(x) < s(x)}

S{X 1 S(X 1 S(X
> Wy ) 4 S W (s )+ Zms ™ (x) +0(1)

> m[zs(x)](x)/Z—i—o(l) as x — oo,
owing to (2:36). Then (2.62)) implies (2.67) for all sufficiently large x, say for
x> Xy

Let xo > x. and let x; > xo + s(xo). Consider an auxiliary Markov chain {Y, }
living on (—e0,x] + s(x1 )] whose jumps 1 (x) satisfy

x+77(x) = min{x'i_g(x)’xl +s(x1)}7

so the trajectories of {X,} and {Y,} coincide until the first time when {X,}
leaves the set (—eo, x1]. By the construction of {¥, } and because s(x) increases,
we also have

E{L(x+n(x)) —L(x); n(x) <s(x)} > eforallx € (x.,x1]. (2.74)
Consider the following stopping time:
0:=min{fn>1:Y,<x.orY,>x}
=min{n>1: X, <x.orX, >x},

and define one more auxiliary Markov chain Z, which equals ¥, for all n < 6
and Z, =Y, for all n > 0 as follows from (2:74), the process L(Z,) — €(0 An)
is a submartingale. It follows from the optional stopping time theorem that

L(x; +s(x1)) — L(xo) -
)

E{e | Yo Z)C()} <
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Then, since the submartingale {L(Z,)} is bounded,
E{L(Ze) ‘ Yo Z)C()} > E{L(Zo) | Yo Z)Co} = L()Co).
On the other hand,
E{L(Zg) | Yo =x0}
< L(x)P{Zp <xu | Yo =x0} +L(x1 +5(x1))P{Zg >x1 | Yo =20}
< L(xy) +L(x; —l—S(xl))]P{Zg > X1 ‘ Yo Z)C()}.
Therefore,

B L(xo) — L(xy)
P{Zy >x1 | Yo =x0} > m

The condition (2:22)) implies that

22X X
L) = [“ Wy = 2 [ Wiy
< 26‘1/ W(y)dy = 2¢;L(x) forallx >0, (2.75)
0

hence

L(xo) — L(xy)

P{Z Yo = >
{Zog >x1 | Yo=x0} > 2L(n)

So, for all x; > xo +s(xo),

L(X()) — L(X*) X

P{X Xy =xo} >
{Xo >x1 [ Xo=x0} > L)

(2.76)

in words, starting at point xo, the chain {X,} exceeds the level x| before touch-
ing the set (—oo,x,| with probability not less than the ratio on the right hand

side of (2.76).

Consider now a starting state x| > 2x,, a stopping time
T=Toop /2] = min{n: X, <x;/2},
and a stopped Markov chain X, =X, At With initial state )?0 =x1 and with jumps

& (x) defined as &(x) = &(x) for all x > x;/2 and &(x) = 0 for all x < x;/2.

<

Denote i (x) := E& (x); by the condition (2.60) we have
my(x) > —2c3/x; forallx € R. 2.77)

Given X = x1, the process

n—1
M, ::X\n — X1 — Z ﬁ1()/(\/<) = Z(é (Xk) _’/r\ll(Xk))
k=0
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is a square integrable—by ([2.61)—martingale, My = 0. Then, by 2.77),

n—1
X, =x1+M,+ Z l’/r\ll(Xk) > x1+M, —2C3n/x1,
k=0

which implies, for n < x% /8c3,

P{X, <x1/2|Xo=x1} = P{M, < —x1/2+2¢3n/x}
S P{Mn S —x1/4}

EM?

n
S 16 2n S 16C47,
X1 X1

61

owing to Chebyshev’s inequality and the upper bound for the second moment

of square integrable martingale, EM? < c4n, which follows from (Z.61). Hence,

for n < x}/32cq,

P{X, >x1 /2| Xo=x1} >1/2.

Since {X,} is {X,} stopped when it enters (—oo,x; /2], the event X, > x1/2

yields T > n, so

P{T(—W,Xl/z] > X%/3264 [ Xo=x1}>1/2.

So, starting at point xo, with probability estimated from below in 2.76), {X,}
reaches level x| before it enters (—eo, x|, and then does not drop below level
x1/2 within time interval of length [x}/32c4] with probability at least 1/2.

Therefore,

L _xO —L -x*
Pl 2 05 T 2 M)

Thus, due to @)

. L(x0) — L(x)

> — > ——

Pt 2 1 Xo =20} 2 30550
L(x0) — L(x:)

265W7

Ce < o0,

It remains to prove that the function 1/L(1/x) is not integrable. Indeed, since

L(y) <yW(y),

=] 1 g1 y = 1
7dx:2/ 2 gy > 2/ — _dy.
/1 L(v/x) 1 L(y) 1 W(y)
Taking into account that
1 _ eiR(y)
W(y) fge*R@dz

;
= 4 og / R gy,
dy 0
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we conclude non-integrability of 1/L(+/x) from (2.57). Therefore

Y P{t ] > Xo=x0} =,
=1

hence Ky, 7(_., ,,] cannot be finite. O

2.4 Recurrence and null recurrence
2.4.1 Recurrence

Assume that, for some decreasing function r(x) | O,

2m [lx] (%)

ms(x)

<r(x) forall x> xo. (2.78)

The main condition for recurrence is that the function
e RO = o= lor0)dy g non-integrable at infinity, (2.79)

it is motivated by the recurrence condition (T.24) for diffusion processes and
turns out to be very close to guarantee recurrence of {X, }. Similarly to positive
recurrence, proving recurrence of a Markov chain is more difficult than for a
diffusion process and it requires some additional regularity conditions on r(x)
and moment-like conditions on jumps.

In the next theorem we formulate conditions for recurrence in terms of a
decreasing function 7(x) dominating r(x), 7(x) > r(x), such that the function

—R(x)

e is also non-integrable where

Rix) = /0 F)dy. (2.80)

Consider the function L(x) which is zero for negative x and

X ~
L(x):= / e R0)dy  forall x > 0,
0

which is an unboundedly increasing function because ¢ ®(®) is assumed non-
integrable at infinity. When we apply the next general theorem to particular
regular function r in Corollaries and below, we need to choose 7 suf-
ficiently greater than r in order to increase the difference 7 — r and to satisfy the
conditions (2:82)) and (2:83); on the other hand a larger function 7(x) produces
smaller values of e’Rm, so the choice of a suitable 7 is a rather delicate task in

each particular case.
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Theorem 2.13. Let the drift condition 2.78)) hold. Let
F(x) =0(1/x%) asx— oo (2.81)
Let positive jumps satisfy the following integrability conditions: as x — oo,
E{E*(x); E(x) € (0,2} = o (¥ (F(x) — r(x))m5 (x)) (2.82)
E{L(E(0)): £x) = x} = o (F(x) = r(x)e RIml (). 2.83)

If the function Z(x) — o0 as x — oo, then there exists an x, such that the set
(—o0,x4] is recurrent.

Corollary 2.14. Let, for some € > 0 and xo > 0,

£
—  forall x > xyp.
X

Let, as x — oo,

E{&(x); E(x) € [0,2]} = o) (x)), (2.84)
E{E/2(x); E(x) > x} = o(m) (x) /x> €/2). (2.85)

Then there exists an x,. such that the set (—eo, x,] is recurrent.

As follows from Lemmas [2.24] and 2.26] both (2:84) and (2:85) hold pro-

vided the family of random variables {(£*(x))?, x > 0} is uniformly inte-
grable. As far as it concerns applications, we apply this result to show recur-
rence of state-dependent near-critical branching processes with migration in
Theorem [TT.41

1-¢/2
1+x

Proof of Corollary2.14) 1t follows if we take 7(x) =
dominates r(x) = (1 — €)/x, then

for x > 0 which

R(x) = (1—¢€/2)log(1+x),
=1

e—]?(x) /(1+x)1—£/27

which implies the test function L(x) = 2((1 +x)&/2 —1)/e. O

Corollary 2.15. Let, for some m € N and € > 0,

) 11 1 1—¢
[x] S)c xlogx '”+x10 x-...-lo x+xlo x-...-log/, \x
m;" (x) g 8X ... 108 (1) gx-... 108y,
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for all sufficiently large x. Let, as x — oo,

[+]
E{E(x)*; E(x) € [0,x]} = o(m), (2.86)
and
Eflog?> & (x); &(x) > x} = 0( m[zx] (x) )
e ’ x%-logx- ... -log<m71>x~logb;)£/2x
(2.87)

Then there exists an x,. such that the set (—eo, x,] is recurrent.

Notice that both (2.86) and hold provided the family of random vari-
ables

{82(0)log& (x) ... -log(,y & (x)I{log(,y & (x) > 0}, x> 0}
is uniformly integrable, see Lemmas [2.24]and [2:26| for justification.

Proof of Corollary2.13]  Consider

(x):= (1+ !
- \y ylogy

1 1—¢/2
+ + )
ylogy-...-log,_yy = ylogy-...-logg,y

y:g(m) +x’

where log,,, ¢ = 1. Then

R(x) = (10gy+loglogy+ - t+loggy y+(1-¢€/2) log(m+1)y) ‘)7:e<’")+x

—emD _elm=2) _ 1,

~ 1
r(x) = 7(x) = O(xlogx- e log(m)x)7

—ﬁ(x) _ e(m>.e<m_1)..”.1

e =
1—¢/2 ‘,, w1
y-logy~...~10g(m_1)y-log(m)8/ y ly=e(mtx

~ 2
L(x)= c (logfrﬁ(e('") +x)— 1).
O

Proof of Theorem[2.13]  Following Theorem[2.2] we construct a non-negative
increasing unbounded test function whose mean drift is non-positive outside
the set (—eo, x,], for some x.
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Let us prove that the increasing Lyapunov function Z(x) constructed above
is appropriate. Since L(x) is increasing, for x > 0,

BL(x+ (1)~ L)

<L+ £(9) - L0): 600 2 —x)

<B{L(+ () ~ L) 1§00 < 2} +BAEG+E00): §00) > )

< T () + 3T (mb) () + CE(E (0L (x+ 08 (); 1) < )
+E{L(2E(x)); E(x) >x},  (2.88)

where 0 < 0 = 0(x, & (x)) < 1, by Taylor’s expansion with the remainder in the
Lagrange form. N

The derivative L’ (x) = ¢ R is decreasing, so Z(x) is concave on R™. Thus
L(2x) < 2L(x) and hence the fourth term on the right hand side of (Z.88) may
be bounded above as follows:

E{L(2E(0)): E() > x} = o(r(x) ~F)e FIml()),  (2:89)

owing to the condition 2:83). -
By the construction, L' (x) = e ®®) and L (x) = —7(x)e ®(™), so the sum of
the first and second terms on the right hand side of (2.88) equals

_ m (x -
%eime[zx] (x) (zm[;] (i)) —7(x)) < —%eiR(x) (7(x) —r(x))m[zx] (x), (2.90)

owing to (2.78). Again by the construction of L,
L"(x) = (—F/(x) + 7 (x))e "),
hence L’ (x) > 0 for all x due to 7 < 0 and, for all x and y > 0,

< (74 y) + P ()e
< (Cl/x + 7 (x))e
W/,
due to (2:8T)), which particularly implies 7(x) = O(1/x). Hence,
BT (x-+ 0E ()2 (0): [EC0)] < ) < B(L"(x-+ BE (0)E(x): £(3) € [0.])
e,k'(x)
E{&(x)% &(x) € [0,4]}
= o(e R F(x) — r(x)m’ (), @91)

Z///(x+y)
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by the condition (2:82)). Substituting 2.89)-(2.91) into (2:88) we finally get

EL(x+ &(x)) —L(x) < _1—&-70(1)6715()() (F(x) - r(x))m[zx} (x) asx— oo,

where the right hand side is negative for all sufficiently large x, say for x > x..
Hence, Theorem [2.3]applies, as required. O

2.4.2 Null recurrence

Combining Corollaries [2.14] and [2.TT| we get the following conditions for null
recurrence.

Corollary 2.16. Let, for some € > 0 and xo > 0,

1—¢

X

Sfor all x > xy.

’ 2m ES(X) ] (x)
mg"(x)] (x)
Let the conditions (2.60) and (2.62) hold, and let the family of random vari-

ables {(&2(x)), x > 0} be uniformly integrable. Then there is an x, such that
]P’X{T(_oo,x*] < oo} but ExT(—cox,] = oo for all initial states x > x..

Combining Corollaries 2.15] and 2.12] we get another set of conditions for
null recurrence. As far as it concerns applications, we apply this result to show
null recurrence of state-dependent near-critical branching processes with mi-
gration in Theorem [IT.5] null recurrence of stochastic difference equations in
Theorem [T1.17] and null recurrence of ALOHA network in Theorem [TT.18}

Corollary 2.17. Let, for some m € N and € > 0,

1 1 1 1—¢
<

‘ 2my" (x)

s (x)
for all sufficiently large x. Let the conditions (2.60) and (2.62)) hold, and let the
family

< et +
x  xlogx xlogx-...-log,_j)x  xlogx-...-log(,x

{E%(x)log & (x) -... - log(,,) §(x), x>0} be uniformly integrable.

Then there is an x. such that Po{T(_e, ,,) < oo} is finite a.s. but EyT(_ ) = o0
for all initial states x > x.

2.5 Transience
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2.5.1 Condition motivated by diffusions

Fix an increasing function s(x) — e as x — oo such that s(x) = o(x). Assume
that, for some decreasing function r(x) > 0,

2m[ls(x)] (x)

e >r(x) forx > xp; (2.92)
mg‘( ) (x)

in general, this means that the drift to the right dominates the diffusion and
then the Markov chain {X,} is transient provided r(x) decreases sufficiently
slow—roughly speaking, if r(x) > 1/x.

The main condition in the next theorem is that the function

e RO — o= forOdy g integrable, (2.93)

it is motivated by the transience condition (I.23) for a diffusion process and
turns out to be very close to guarantee the transience of {X,}. Similarly to
positive recurrence, proving transience of a Markov chain is more complicated
than for a diffusion process and it requires some additional regularity condi-
tions on r(x) together with moment-like conditions on jumps.

Theorem 2.18. Let the drift condition (2.92) hold with a decreasing function
r(x) > 0, r(x) = O(1/x), such that the condition 2.93) is satisfied. Let a de-
creasing differentiable function ¥(x) < r(x) be such that

7 (x) = 0(1/x%), (2.94)

R(x) := /x7(y)dy — o0 asx —> oo, (2.95)
0

e~ Re—s(0) = O(eiﬁ(x)) as x — oo, (2.96)

and let the function e R pe integrable. Let negative jumps satisfy the follow-

ing conditions: as x — oo,
E{E@); E) € [-5(x),0]} = o(¥(r(x) —Fx)my Y (x), 297
P{E(x) < —s(x)} = 0((r(x) () ) R ) (x)). (2.98)
Then, for all x € R,
Py{X, > xforalln>0} =1 asy— oo. (2.99)
If, in addition, for some xg € R,

IP’XO{IimsupX,, - oo} —1, (2.100)

n—oo
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then
IP’XO{limX,,:oo} — 1. (2.101)
n—soo

The condition (2.100) (which was first proposed in this framework by Lam-
perti [111]) can be equivalently restated as follows: for any N the exit time
from the set (—oo,N] is finite with probability 1. In this way it is clear that,
for a countable Markov chain, the irreducibility implies (2.100). For a Markov
chain on general state space, the related topic is y-irreducibility, see [126,
Sections 4 and 8].

If, for instance, r(x) = 1/x% for some & € (0, 1), then e~ ") = e */(1-a)
and the condition (2.96) fails for s(x) growing faster than x*. Hence (2.96)
allows us to consider an arbitrary s(x) of order o(x) in the only case where
the drift is of order O(1/x), see corollaries below. In the next subsection we
present conditions that are more appropriate for a drift characterised by the
convergence xm (x) — o0 as x — oo,

R(x)

Corollary 2.19. Let, for some € > 0,

2m[ls<x)] (%) < l+¢

)

for all sufficiently large x. Let the truncated second moments m[zs @l (x) be
bounded away from zero and infinity, let

E{|§(x)*; & (x) € [-5(x),0]} =o0(x) asx— o, (2.102)
and let
P{&(x) < —s(x)} = o(1/x*log' € x) as x — co. (2.103)
Then [@:99) holds and the condition @.100) implies (Z.101).

As follows from Lemmal[2.24] both (2.102)) and (2.103)) hold for some s(x) =
o(x) provided

supE{E?(x)log" ¥ [E (x)[: §(x) < —1} <.

x>0
As far as it concerns applications, we apply this result to show transience of
ALOHA network in Theorem [I1.18l
Proof of Corollary[2.19, Tt follows if we take
I+¢ 1 I+¢

= d r(x) := ;
) = T = S T T ee(1 4
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then
R(x) = log(1+x) + (1 + &) loglog(1 +x)
e RO = 1/(1 +-x)log! "¢ (1 +x),
while r(x) —7(x) = O(1/x). O

Corollary 2.20. Let, for some m € N and € > 0,

[s(x)]
2m; 7 (x) S 1 1 1 1+¢

[s(x)] ~x xlo x+"'+xlo x-...-lo x+x10 x-...-log, \x
my 7 (x) g gx ... 10g(,_1) gx ... 108y

for all sufficiently large x. Let the truncated second moments mgv(x)] (x) be
bounded away from zero and infinity, let, as x — oo,

E{|E(x)]*; &(x) € [-s(x),0]} = O(W)’ (2.104)
and let
PLE() < —s()} = of 1
N B x2-logzx-...~10g%m)x-log%':il)x'

(2.105)

Then 2.99) holds and the condition 2.100) implies (2.10T).

As follows from Lemma[2:24] both conditions (2:104) and (2.103)) hold for
some s(x) = o(x) if

sgglE§2(X) log? [E (%)
log2, 1€ (x) 1ol 22 £ x)|{log s 1) (—E()) > 0} < .

Proof of Corollary Consider

1 1 I+e¢
r(x)::(—+ +...+ )‘
y ylogy ylogy~...~log(m)y y=elm) 4-x
and
~ 1 1
r(x) = (f +
) y  ylogy

1 1+¢
. . )
ylogy-...-logg)y ~ ylogy-...-10g(, 1)y/ ly=elm+x
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where log,,, ¢ = 1. Then

N 1
r(‘x) - r('x> B 0<x10gX' cee 'log(m)X>7

R(x) = (logy+10glogy+ oo 10g () ¥+ (1+€) 10g 10 y) ‘y:e(m)ﬂ

—elmD _elm=2) _

)

and

m . om-1).  .q

—R(x) _ e
1+¢

e = ‘ .
y-logy-...-log(,,y-log, ¢ ) yly=etx

O

Proof of Theorem[2.18]  We follow Theorem [2.3] to prove transience, so we
construct a nonnegative bounded test function L, (x) J. 0 such that {L.(X,)} is
a supermartingale.

Consider a decreasing function

L(x) ::/ e_k(y)dy forall x > 0,
X
L(x) :=L(0) forallx <0,

which is well-defined due to the assumption that e %) is integrable; this func-
tion is bounded, L(x) < L(0) < oo.

Let us prove that the mean drift of Z(x) is negative for all sufficiently large
x. Since L(x) is decreasing, we have

EL(x+&(x)) — L(x)
< F{Z(Hé(x)) —L(x); é(x)NS s(x)} N
<LO)P{E(x) < —s(x)} + E{L(x+&(x)) — L(x); [ (x)] < s(x)}

—s(x)
= LO)P{E (x) < —s(x)} + L (x)m[ls(x)] (x) + %Z’/(x)m[;(ﬂ] (x)

+B{E (x4 06(0)8(0): £ ()] < 500},

where 0 < 8 = 6(x, £ (x)) < 1, by Taylor’s expansion with the remainder in the
Lagrange form. By the construction, L' (x) = —e ®®) < 0, L (x) = 7(x)e k) >
0, and

L (x+y) = (F(x+y) = Plx+y)e R0 < 0 (2.106)
due to ¥ <0, and

Z”’()H—y) _ O(e’ﬁ(x)/xz) (2.107)
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as x — oo uniformly for all |y| < s(x) = o(x), due to 2.94), 7(x) < r(x) =

O(1/x), and (2.96). Hence,

E{L"(x+6& (36))*53()6); E(0)] <s(x)}
< B{L"(x+ 68 ())& (x):§ (x) € [-s(x), 0]}

—R(x)
2 E{|€(x)[*; & (x) € [-s(x),0]}
= 0(e RO (r(x) = 7(x))mk ™ (x)),

e
< ¢

by the condition (2.97)), and therefore,

EL(x+ & (x)) —L(x)

~ m[l"(x)] (x)

<LO)PLE(x) < —s(x)} —e ¥ == (L4 o(1) (r(x) = 7(x)),

by 2.92) and r(x) —7(x) > 0. Applying now the condition (2.98) we conclude
that the right hand side is negative for all sufficiently large x, so there exists a
sufficiently large x, such that

EL(x+&(x))—L(x) <0 forall x > x,.

Now take L, (x) := min(L(x),L(x.)). Then

EL.(x+&(x) = Le(x) <EL(x+&(x)) = L(x) <0
for all x > x, and
EL,(x+&(x) ~ Lu(x) = E{L(x + &(x) ~ L(x.):x + E(x) > 3.} <O

for all x < x,. Therefore, {L.(X,)} constitutes a positive bounded supermartin-
gale. Thus Doob’s inequality for nonnegative supermartingales (see, e.g. [63,
Chap. VIL9]) implies (2:.99).

For (2.101)), we apply Doob’s convergence theorem, by which L, (X,,) has an
a.s. limit as n — oo. Due to the condition (2.100), this limit equals L (c0) = 0,
and the proof is complete. O

2.5.2 An alternative approach to transience

Again let us fix some increasing function s(x) = o(x).
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Theorem 2.21. Let, for some € > 0 and xo > 0, the drift satisfy

Zm[ls(x)] (x) S I+e

® > for all x > x, (2.108)
mg »)] (x) X
and negative jumps be such that

P{&(x) < —s(x)} < p()m™ (x), (2.109)

where a decreasing function p(x) > 0 is integrable. Then [2.99) follows. If, in
addition, the irreducibily condition 2.100) holds, then 2.101)) is valid.

Clearly the condition (Z.109) is weaker than (2.103). As far as it concerns
applications, we apply this result to show transience of a random walk con-
ditioned to stay positive in Section [I[T.1} transience of state-dependent near-
critical branching processes with migration in Theorem [T1.3} transience of
level-dependent collective risk processes in Theorem

Corollary 2.22. Let, for some o € (0,1), € > 0 and xp > 0,

E{&(x);

Let also, as x — o,

EX)|<s(x)}> xe—a Sfor all x > xg.

P{&(x) < —s(x)} = o(p(x)/x%), (2.110)
E{&%(x), |E ()] < s(x)} =o(x'"%), Q2.111)

where a decreasing function p(x) > 0 is integrable. Then (2.99) follows. If, in
addition, the irreducibily condition 2.100) holds, then 2.101)) is valid.

Notice that both (Z.110) and (Z.1T1) hold for some s(x) = o(x) provided
the family of random variables {|&(x)|'*%, x > 0} possesses an integrable

majorant, see Lemmas [2.33]and [2.26]

Proof of Theorem[2.21} By Lemmal[2.28] there exists a slower decreasing func-
tion p;(x) which is still integrable and p;(x)/p(x) — oo, so we can strengthen
the condition (2.109) to the following one

P{E(x) < —s(x)} = o(p(x)m[ls(x)] (x)) asx—s oo (2.112)

Since p(x) is decreasing and integrable at infinity, by Lemma[2.29)] there exists
a continuous decreasing integrable regularly varying at infinity with index —1
function V; (x) such that p(x) < V;(x). Take

Vi(y)

V(x):= /xoo Va(y)dy, where V,(x):= /xoo Tdy.
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By Theorem 1(a) from [63, Ch VIII, Sec 9] we know that V, is regularly vary-
ing at infinity with index —1 and V5 (x) ~ V; (x) as x — oo. Since V] is integrable,
the nonnegative decreasing function V(x) is bounded, V(0) < oo, and V(x) is
slowly varying by the same reference.

Let us prove that the mean drift of V (x) is negative for all sufficiently large
x. Since V (x) is decreasing, we have

EV(x+&(x) = V(x) < E{V(x+E(x)) = V(x);:§(x) <s(x)}

SV(O)P{E(x) < —s(x)} +E{V(x+ & (x)) =V (x);

=V(0)P{E(x) < —s(x)} + V' ()E{E (x): |E(x)| < s(x)}
+%E{V”(X+ 0E(x)E>(x):1E ()] < s(x)},

where 0 < 8 = 6(x, £ (x)) < 1, by Taylor’s expansion with the remainder in the
Lagrange form. By the construction, V'(x) = —V;(x) and

Vi (x )

Vi(x+y)
X+

V() = = (1+0(1))

as x — oo uniformly for |y| < s(x). Hence,

EV(x+&E(x))—V(x)

<V(OP{EW) < —s(0)} — Va(e)ml ™ () + (1 +0(1)) V‘z(;) 5™ ).

The first term on the right hand side is of order o(V) (x)m[ls(x)] (x)) by 2:112)
and the inequality p(x) < Vj(x). The third term is not greater than

g

(1+o(Vi0 ™

because of the condition (2:108). Then

This yields that there exists a sufficiently large x, such that

3 S(x
EVx+&x)—V(x) <-— 1 +28m[1< )](x)Vl(x) for all x > x,.

Then the rest of the proof is the same as of the proof of Theorem[2.18] O
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2.6 Auxiliary lemmas on dominating functions and random
variables

We repeatedly need to construct some majorants for functions or random vari-
ables that satisfy certain properties. In this section we collect all results in this
direction required in our calculations.

Definition 2.23. A family {&g, 8 € O} of positive random variables is called
uniformly integrable if

supE{&p; Eg > A} — 0 asA — oo,
0c®

Equivalently, {&g, 6 € @} is called uniformly integrable if
supEEy < oo
CEC)

and, for any € > 0 there exists a 6 > 0 such that

supE{&p; B} < & whenever P{B} <§.
6cO

Lemma 2.24. Let Eg > 0, be a family of positive random variables indexed by
0 € ©. Then the following statements are equivalent:

(i) the family {&g, 6 € O} is uniformly integrable;

(ii) there exists an increasing non-negative function g(x) — oo such that

sup EEgg(8p) < o.
60cO®

Proof. (1)=-(i1). Uniform integrability implies existence of an increasing se-
quence ny; — oo, k > 0, such that nyp = 0 and

E{p; Eg >m} < 1/k* forall@ e @and k> 1.

Define an increasing unbounded function g(x) as g(0) = 0 and

oo

glx) = Z(k—l—l)ﬂ{xe (ng,mg41]}, x>0. (2.113)
k=0

The expectation of Egg(&y) may be bounded as follows:

=

E&og(8e) = Y (k+1)E{E6; &0 € (nx,mii1]}

k=0
= iE{ée; Eo >m} < E&p+ i 1/k2,
=0 k=1

where the right hand side is uniformly bounded for all 8 € ® which completes
the proof of the direct implication.
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The implication (ii)=-(i) is immediate. O

Lemma 2.25. Let Jg , be a filtration indexed by 6 € ©. Let Yg ,, n > 0, be a
family of increasing processes, Yg 11 > Yo » for all n and 0, while Yg o = 0. Let
the family of conditional distributions of Yg ,+1— Y, given Fg ,, be uniformly
integrable a.s. for alln > 0, 6 € O. Let tg be a family of stopping times with
respect to Fg ,. Then the following holds true:
(i) If
the family {tg, 0 € O} is uniformly integrable, (2.114)
then the family of random variables Yy r,, 0 € O, is uniformly integrable

too.
(ii) If, for some Eg,

the family {t9 /Eq, 0 € @} is uniformly integrable, (2.115)

then the family of random variables Yy v,/ Eg, 6 € ©, is uniformly integrable
too.

Proof.  Firstly let us show that
EYp 1, < CE7g, (2.116)
where

C .= sup E{Yg,n+1 —Y(.)’n | 979’,,} < oo,

n,0,m

Indeed,

EYo.z, =E Y (Yous1—You)I{k <o}
k=0

=E Y E{(Yosr1 — Yo, )l{k < To} | Fou}
k=0

=E) {k<to}E{Yori1—Your|TFor}
=0

because {k < 79} = {k > 19} € Fp 4. Hence,

EYp , <CE Z I{k <19} = CE1p,
k=0

and (2.116) follows. Similarly, for any natural N,

E{YQJQ —YQ_VN; To >N} < CE{‘L'Q —N; 19 >N}, 2.117)
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because

E{Yo,q, —Yon: To >N} =E ) (Your1 —Yor)[{k < 7o}
k=N

=E Y E{(Yoir1—Yor)l{k <To}|Fox}
k=N

=E Y Kk < }E{Yo 11 —You | Fou}
=N

<CY P{k<tg} = CE{t9—N; 79 > N}.
k=N

Under the uniform integrability condition (2.114), it follows from (2.116)
that EYg 7, is bounded. Further, for any natural N and event B,

E{Yg r,: B} =E{Yq,: ¢ <N, B} +E{Yy n; 79 > N, B}
+E{Y9’T9 7Y97N; T > N, B}
< 2E{Y97N; B} +E{Y9779 —Y97N; Top > N}, (2.118)

by the increase of the process Yy. For any fixed N, the first expected value on
the right hand side tends to zero as P{B} — 0 due to the uniform integrability
of the jumps of Yg, because

supEYg y <CN < oo,
)

due to (2.116) with T =N, and

N-1
E{Yon: B} = Y E{Yoir1 —Yos B}.
k=0
The second expected value on the right hand side of (Z.118) tends to zero as
N — oo uniformly for all 8 due to (Z.117) and the uniform integrability of {7p }.
Under the condition (2.113), (2.116) implies that EYy 1, /Eg is bounded.
Further, for any natural N and event B,

Y, Y, Yo ¢ — Y,
R %%, gl <opd 2ONEe. gl g ) 105 " TONEy . 1 NE Y (2.119)
Eeo Eo Eo

by the increase of the process Yg. For any fixed N, the first expected value on
the right hand side tends to zero as P{B} — 0 due to the uniform integrability
of the jumps of Yy, because

supEYp ye, /Eg <CN < oo,
)
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due to (2.116) with T = NEy, and
E{ b.NEy B} _y ]E{ ot~ Yok, B}.
Eg = Eq

The second expected value on the right hand side of 2.119) tends to zero as
N — oo uniformly for all 6 due to and the uniform integrability of

{t6/Ee} O

Lemma 2.26. Let p > 0 and V(x) < xP be a function such that both functions
V(x) and x? /V (x) are increasing and unbounded. If the family of random vari-
ables {V(|€g|), 6 € O} is uniformly integrable then

p.

ol Sx}t)(xp) as x — oo,

sep 1% Ve

Proof. Fix an A < x. Then, for all 6 € @,

E{|Gol”; |80 < x} < AP +E{|Go"; A <[Eo| < x}

:AP+E{V59§'9”DV<»:Q|>; A < || gx}
<4+ BV (&): |E] > A},

V(x)

due to the increase of the function y? /V (y). Since xP /V (x) — oo, for any fixed
As

. Vix
timsup ) sup £ |7 Za] <} < sup BV (E]): 16| > A,
x—oo X 9c@ 0cO

and the conclusion follows by letting A — oo, owing to the uniform integrability
of the family {V(|&g|), 8 € ®} and the convergence V (y) 1 . O

Lemma 2.27. Let a € (0,1] and v > a. Let a family of positive random vari-
ables {&g, 0 € ®} possess a majorant E with Y+ 1 — o0 moment finite, that is,
EZ"H =% < o and

g <4 E forall6 € 0.
Then there exists a decreasing integrable at infinity function p(x) such that

sup E{E] s &9 <x} = o(x*¥p(x)) asx— o,
60cO
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Proof. Fubini’s theorem yields that
E(E" G0 <xh= [ P& e du) [ (r+ DTy
= (1) [ VP € G}y
<(r+1) [ 3P >3}
by the majorisation condition. Therefore, by the Markov inequality,
(& & <9 < (r+ 1) [ yUEE % 2550y

= (y+1)x"%p(x),

where
1 T Y=o, =
p(x) = W/o YYE{E"%; E > y}dy.
The finiteness of EZ?"!~% implies integrability at infinity of p(x). Indeed,
°° < dx [*
ar= [ [yE(E 2> )
| ptoar= [ 2 [yeEq y)dy
oo o _ o dx
:/0 YE{EY % & >y}dy/
y

ylta
1 oo
= —/ E{E""% E > y}dy
o Jo

Ezy-s—l—oc

< oo,
(04

by the moment condition on E. In addition, the function p(x) is decreasing
because

d 1 /X ORLETY E >y}
dx x1ta Jo yEss s 2 ydy
l+o [~ R l o ya. =
=~ /0 YYE{E" % E > y}dy+ ;IE{:." % E>x}
I+ o — X | .
< ~2ra E{E"% a>x}/o y“dy—i—;E{:y % E>x}
= 0.
The proof is complete due to the next Lemma[2.28 O

Lemma 2.28. Let p(x) > 0 be a decreasing function which is integrable at
infinity. Then there exists a decreasing integrable at infinity function py(x) >0
such that p1(x)/p(x) — oo as x — oo,
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Proof. Without loss of generality we assume that p is a left-continuous func-
tion. Since p(x) is integrable at infinity, there exists an increasing sequence
X — oo, k > 0, such that xo = 0 and

/ p(y)dy < 1/k> forallk > 1.
Xge

Since p(x) decreases, a sequence x; may be chosen in such a way that
(k4+2)p(xpy1) < (k+1)p(xg) forallk > 1,

Due to this condition the following sequence y; such that x; < y; < x4 for
all k is well-defined:

we = sup{x = it (k- 1)p(x) = (k+2)p(ee )}
Define a function p; (x) as follows:

. (k+ l)p('x) forx € [xkayk]v
Pix) = { (k+2)p(xps2)  for x € (yi, yit1],

which is decreasing by construction. Since
pi(x) > (k+1)p(x) forall x € [xg,x11],

the function p; (x) satisfies the condition p;(x)/p(x) — oo as x — co. Lastly, its
integral may be bounded as follows:

el 2 (Xl
/ p1(x)dx = Z/ p1(x)dx
X1 k=1 Xk

(k+1) /}vkp(x)dx—i- i (k4 2)p(xps1) (k1 — yi)
1 X% k=1

|
ngk

k=
> Xg+1

<Y (k+2) [ plas
k=1 X
o k2

L <

where the last bound is due to the choice of x;, which completes the proof. [

Lemma 2.29 (Denisov [46])). Let p(x) > 0 be a decreasing function which
is integrable at infinity. Then there exists a decreasing integrable at infinity
Sunction py(x) > 0 which dominates p(x) and is regularly varying at infinity
with index —1.
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Lemma 2.30. Ler p(x) > 0 be a decreasing function which is integrable at
infinity. Then, for any k > 1, there exists a decreasing integrable at infinity
Sunction py(x) > p(x) such that it is k times differentiable and, for all j <k,

d’ m
Epk( x) = O(1/x'T7)  asx — oo,

Proof. Consider a decreasing function py (x) defined by the equality
Jx/2 . yk/2 3/2 y2/2 )’1

Firstly, since the function p(x)/x* decreases,

il V2 1
p(ykl)dyl > p(ykl)dy1 > ygp(yl{z) pﬁ{zl)’
w2 ¥ w2 M 2y 2y,

so repetition of this lower bound eventually leads to the inequalities

* 1 p(y) X 1 p(x)
>2"/ — dy, > 2k _— 0 )
pr(x) > = e px)

Secondly, py(x) is integrable at infinity because

/ym p(y1 )dyl <p(y2/2)/m ikdyl _ 0(17();2_/12)>7

2/2 )’1 »/2 Y] Y

and hence after k — 1 steps we arrive at upper bound

= ply/281)

pr(x) <c
x/2 Yk

dyk7 ¢ < oo,

where the integral on the right hand side is integrable with respect to x, since

2k 1 2k 1 2y
/ i “p y/y / p y/ d .
2

_2/ /Zkldy<oo

Thirdly,

d* A - = pO)
— k(X)) = —=—— dyi— / d d
dxkpk() ) dxk*'/x/4 Yk—1 52 Y2 )2 y]f Y1
28 p(x/29
24,2k (x/20)

= (-1t = O(p(x/25)/x*) as x — oo,

Since p(x) is decreasing and integrable at infinity, p(x) = O(1/x) as x — oo, s0
p,(ck) (x) = O(1/x'*k). Integrating the kth derivative k — j times we get that the
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jth derivative of py(x) is not greater than (k — j)th integral of ¢/x'** which is
of order O(1/x'*/). This completes the proof. O

Lemma 2.31. Let r(x) > 0 be a decreasing function such that xr(x) — co as
x — oo, Then there exists a decreasing function ¥(x) < r(x) such that xr(x) — oo
and

%7()6) > —cF(x)/x  for some ¢ < 0. (2.120)

Proof.  Since xr(x) — oo, there exists a function a(x) — oo as x — oo such that
a(x) increases, while a(x) /x decreases, and

xr(x) > a(x) forallx > 0. (2.121)

Consider the following function

d > a(y) a(x)
il [ Y, B
dxr(x) MRS YT
ca) oL a)
x Jx ¥ x2

due to the decrease of a(y)/y. On the other hand, due to the increase of a(y),

. =1 a(x)
> dy =
) 2 wale) [ sy = G,
50,
d a(x) 7(x)
e (LA /) SA G2
dxr(x) - x2 = x’
hence (2:120) follows. O

Lemma 2.32. Let & > 0 be a random variable and let V (x) > 0 be an increas-
ing function such that EV (&) < eo. Let U(x) > 0 be a function such that the
Sfunction f(x) :=V(x)/xU(x) increases and satisfies the condition

£(2x)
o F()

< oo (2.122)
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Then there exists an increasing function s(x) — oo of order o(x) such that
E{U(&): & > s(x)} = o(p(x)xU (x)/V(x))  asx — o,

where p(x) is a decreasing integrable at infinity function which is only deter-
mined by & and V (x).

Proof.  Since EV (£) < o, the decreasing function
pi(x) = E{V()/¢: & >x}
is integrable at infinity. Then by Lemmas [2.28|and [2.29]
E{V(£)/&: & >x} = o(p(x)) asx— oo,

where a decreasing function p(x) is integrable and regularly varying at infinity
with index —1. Hence, due to the increase of V (x)/xU (x),

BU(E): & > =B{ [V & £ > )
_EVE)/E &>
- V(x)/xU(x)

=o(p(x)xU(x)/V(x)) asx— co.

Therefore, for any n € N,
E{U(£); & >x/n} = o(p(x)xU(x)/V(x)) asx— oo

because the function p(x) is regularly varying at infinity and owing to (2.122).
Hence, there exists an increasing sequence x,, — oo such that

E{U(&); & >x/n} < p(x)xU(x)/nV(x) forall x> x,.

Then the level function s(x) = 21{x € (x,,X,41]} is of order o(x) and delivers
the stated result. O

Lemma 2.33. Let £ > 0 be a random variable with finite yth moment for
some Yy € [1,00). Let a € [1/v,1]. Then, for all B € [0,y—1/0], there exists an
increasing function s(x) — oo of order o(x%*) such that

E{&P; & > s(x)} = o(p(x)/x* T P)71)  asx — o,

where p(x) is a decreasing integrable at infinity function which is only deter-
mined by &, v, and a.

Proof. Put n = EY/% and V(x) = x*?. As follows from Lemma with
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U(x) =x%B since EEY =V (n) < oo, there exists a regularly varying at infin-
ity with index —1 function p(x) which is integrable at infinity and a function
s(x) = o(x) such that

E{n®%; 0 > s(x)} = o(p(x)aU (x)/V (x))
= o(p() (x*7 PNy asx s
which can be rewritten as
E{&F; &> 5% (x)} = o(p(x)/x*TP)71) asx - oo,
and the proof is complete. O

We also need a generalisation of the last result onto levels s(x) of more
general form. To this end we prove the following result.

Lemma 2.34. Let & > 0 be a random variable and let V(x) > 0, V(x) — oo,
be a strictly increasing function such that EV (£) < oo and

cy = supV(2x)/V(x) < oo. (2.123)

x>1

Let g(x) > 0, g(x) — oo, be an increasing function such that

supg(2x)/g(x) < oo. (2.124)
x>1

Then there exists an increasing function s(x) — oo of order o(V ' (xg(x))) such
that

PLE > s(x)} = o(p(x)/g(x)) asx— e
where p(x) is a decreasing integrable at infinity function.

Proof.  Since V is strictly increasing and g is increasing, the function f(x) :=
V~1(xg(x)) is strictly increasing too and, owing to the condition (2.123)),

fofev) _ Vi sb/ev)/ev) VIs@/er) 1 o 0q

f(x) Vi) T Vi) T2

Let us define a random variable 1 such that f(n) = £. Then the probability
under question may be represented as

P{E > f(x)} =P{f(n) > f(x)} = P{n>x}.
Since V(&) =V (f(n)) =ng(n) and EV (&) < =, ENg(n) < o too. Hence,

pi(x) == E{g(n); n >x}
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is integrable at infinity. Then by Lemmas [2.28and [2:29]

E{g(n); n >x} = o(p(x)) asx— oo,

where a decreasing function p(x) is integrable and regularly varying at infinity
with index —1. Therefore,

E{g(n); n > x}

_— = 0 X X
<) (p(x)/g(x))

This implies that, for any n € N,

P{n >x/n} = o(p(x/n)/g(x/n)) = o(p(x)/g(x)), asx— e

because the function p(x) is regularly varying at infinity and due to the condi-
tion (2.124). Equivalently, for any n € N,

P& > fx/n)} = o(p(x)/g(x)) asx— oo

Together with (2:123)) this implies existence of a level s(x) = o(f(x)) which
completes the proof. O

P{n >x} < as x — oo,

Taking V (x) = x> we get the following corollary.

Corollary 2.35. Let & > 0 be a random variable with finite second moment.
Let g(x) > 0, g(x) — oo, be an increasing function satisfying the condition
(2:124). Then there exists an increasing function s(x) — oo of order o(+/xg(x))
such that

P{E > s(x)} =o(p(x)/g(x)) asx— oo,
where p(x) is a decreasing integrable at infinity function.

Lemma 2.36. Let & > 0 be a random variable and let V (x) be a non-negative
function such that EV (§)log(14 &) < eo. Then there exists an increasing func-
tion s(x) — oo of order o(x) such that,

E{V(E); & >s(x)} =o(p(x)x) asx— oo,
where p(x) is a decreasing integrable at infinity function.

Proof. It follows almost immediately because

/]E{V(é &> / /v (y)P{E € dy}

1
= [vopgen [ £

= /1 V() (logy)P{E € dy} < oo.



2.6 Auxiliary lemmas 85

Hence, by Lemmas [2.28]and 2.29]
E{V(E); & > x} =o(p(x)x) asx— o,

where a decreasing function p(x) is integrable and regularly varying at infinity
with index —1. Then concluding arguments as in Lemma [2.32] complete the
proof. O

Lemma 2.37. Let &y, ..., &, be independent random variables with zero mean
and finite variance. Denote S,, .= &1 + ...+ &,. Then, forall x, y > 0,

A
P{S,,n}gg/y(vj‘c;ys) Y P& > ), (2.126)
i=1

and, for all x > max(y,2+/Var$,),
E{S2; S, > x}

VarS, \*/» U n
< x/y (T On 2 2. ¢ ' . |
<e ( Xy ) X +;E{§z 0 &> y}—i—VarSni:Zi]P’{é, >y} (2.127)

Proof.  The inequality (2.126) is due to Fuk and Nagaev, see e.g. Corollary
1.11 in [129]], Theorem 4 in [[70].

This inequality (2:126)) allows us to get a bound similar to Z:127) as follows.
For any x > y, the function z' =2/ is integrable at infinity with respect to z, so

E{S%; S, > x} = X*P{S, > x} +2 / ZP{S, > z}dz
X

<ex/y(VarSn)X/y[< xLy )X/f s /:’Z( ﬁ )x/ydz}

+ Zl [ﬁp{gi >y} +2/x°°z19>{§,- > zi}dz}

2

R G N e TR R VR

Let us now prove (2.127) following the idea of the proof of (2:126) from
[70, Theorem 4]. We start with the following upper bounds

E{S2; S, > x}

<E{S$2 S, >x, & <yfor allign}—i—Z]E{Sﬁ; Sp>x, &>y}
i=1

n
<E{T}; T, >x}+ Y E{S3; Su > x, & >y}, (2.128)
i=1

where T, =Ny +...+ My, and n; = ET{&; <y}, so En; < 0. Since 7, is bounded
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by ny, all its positive exponential moments are finite, hence for all A > 0,

e?L Th

elTn/THZ ;
Ee T
- elx/XZ

E{T2; T, > x} = IE{ T, > x}

forallx>2/A,

because the function e** /x2 is increasing in the range x > 2/A. Further,

Ee* =1+ AEn, + E(e* —1—Any)
AY_1-2
< 1+AEn;+ eyizy]En,?,

2

since 1; < y and the function (e* — 1 — z)/z* is increasing in z € R. Thus,

AY_1-2
IEeM" <1+ %Viﬂ‘é[
y

Ay _1-Ay Ay_q
eyiz-‘VarEi ey—ZVaré,-

<e <e )

and then

Take

1 Xy
A= -1 ( 1),
y o8 VarsS, +

so that x > 2/A because it is equivalent to

Xy
Vars,

+1 > ¥/,

which is satisfied due to x > max(y,2/VarS,). Then EetTn < &Y 50

]EEAT;I

ex

< ex/ye—'}l, log(xy/(VarSy,)+1)

< ex/y(W;yS"))x/y. (2.129)

By the independence of &;’s,
E{Sy: Su>x, & >y} SE{(Si-1+X)% & >}

=RB{E{(Su_1+&)* | &}; & >y}
=E{VarS,_1 +&5; & >y}
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Therefore,
E{S2; S, > x, & >y} < VarS, 1P{&, >y} +E{E2; & >y},

which implies that
n n n
Y E{S7; Su>x, &>y} < VarS, Y. P{& >y} + Y E{&% & >y} (2.130)
i=1 i=1 i=1
Substituting (2.129) and (2.130) into (2.128) we conclude the proof of the

upper bound for the tail second moment of S,,. [

Lemma 2.38. Let &y, ..., &, be independent random variables with zero mean
and finite absolute moments of order p > 2. Denote S, := & + ...+ &,. Then,
for some C, which only depends on p,

n
E|Sy|P < Con?/* ' Y E[&|P. (2.131)

i=1

IfVar&; < oo for all i, then for all p <2,
4 p/2
E[S,|? < (ZVaxé,-) . (2.132)
i=1
In particular, if &’s are independent identically distributed random variables
with finite moment of order p\V 2, then
E[S,|? < CnP/?  foralln>1and p >0, (2.133)

where

C,EEP ifp>2,
C = C(Pyél):{ (\’}aré)pﬂ ifp<2.

Proof. For p > 2, it goes back to Dharmadhikari and Jogdeo [48, Theorem
2].
For p < 2, the function xP/? is concave, SO

Bls,|" < (B5})” = (Y vargy)””
i=1

by the independence of &;’s. O

2.7 Comments to Chapter 2|

The Lyapunov function approach for proving positive recurrence, recurrence,
or transience of countable Markov chains goes back to Foster [68], and was
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also re-discovered by Moustafa in [127]]. A state-dependent variation is given
by Malyshev and Menshikov in [119]].

First classification of nearest-neighbour Markov chains with drift of order
¢/x goes back to Harris [77] and to Hodges and Rosenblatt [[79].

A regular study of processes with asymptotically zero drift on R™ was initi-
ated by Lamperti in a series of papers [[L11, 112} [113]. In [L11, Theorem 2.2]
he showed that if lim sup X,, = oo and E|& (x)|>*? are bounded for some positive
0 then

o 2xmy (x) < my(x) + O(x?) yields recurrence of X,
o 2xmy(x) > (1 + €)my(x) yields transience of X;,.

In [[113] Theorem 2.1] he proved that 2xm; (x) +m2 (x) < —¢ is sufficient for the
positive recurrence of {X; }. It was shown in [111}, Theorem 3.1] that 2xm (x) +
my(x) > € implies that {X,} is non-positive (either null-recurrent or transient)
provided xm; (x) and m;(x) are bounded and my (x) = o(x?).

These criteria were improved later by Menshikov, Asymont and Yasno-
gorodskii [124]. Instead of the existence of 2 4+ § bounded moment they as-
sume that EE2(x)log> (1 + |€(x)|) is bounded. Moreover, they established
more precise classification for positive recurrence, null-recurrence and tran-
sience based on iterated logarithms which are improved further in Corollaries
2.6l 212|215 and 220

Corollary[2.7)on positive recurrence in the absence of second moments goes
back to Korshunov [[104, Theorem 5]. Corollary 2.19 on transience in the ab-
sence of the second moments is due to Menshikov and Wade [123] Theorem
2.1]; we prove it under minimal moment conditions. Sandri¢ [139, Theorem
1.3] has managed to suggest some sufficient condition for recurrence of a chain
with drift of order ¢ /xB where jumps have moment of order 1 + f3 infinite, so
results like Corollary [2.9) do not work; it is only done under the assumption
that the tails of jumps are regularly varying.

We are aware of two different approaches to proving non-positivity, one is
due to Lamperti [[113] and another one goes back to Asymont et al. [124]. In
Theorem we follow the first approach significantly improving the non-
positivity results from both [[113] and [124].
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Down-crossing probabilities
for transient Markov chain

In this chapter we consider a (right) transient Markov chain {X,,} taking values
in R, that is, for any fixed x € R,

P{tp <o} =0 asx— oo,

where 7 := min{n > 1 : X,, € B}, B := (—oo,X]. We are interested in the rate
of convergence to zero of this probability as x — oo. It clearly depends on the
asymptotic properties of the drift of {X,,} at infinity.

Standard approach to the understanding of the rate of decay of down-crossing
probabilities for transient chains is via construction of a bounded decreasing
function U such that {U(X,)} is a supermartingale outside B. Then there is an
upper bound on the down-crossing probability:

P {15 < oo} < ggg X3

Therefore, the results available in the literature (see, e.g. [61] or [121]]) where
one finds a Lyapunov function that proves transience, automatically provide
some upper bounds on the down-crossing probabilities, while they are not ex-
plicitly stated there. However the upper bounds obtained this way would be
quite rough.

The down-crossing probability, as a function of x, is a harmonic function
for the chain {X,} killed at hitting the set B. So, the aim of this chapter is
to find functions Uy such that {U(X,)} is a bounded submartingale while
{U_(Xy)} is a bounded supermartingale and such that both U, and U_ are as
close to the function P,{7p < =} as possible, hence both are asymptotically
harmonic. That allows us to derive upper and lower bounds for down-crossing
probabilities which are precise up to a constant factor, see Theorem 3.2]for the
case mj (x) ~ ¢/x and Theorems 3.7]and [3.10] for the case m; (x)x — oo below.

&9
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3.1 Markov chains with asymptotically zero drift: slow
decay of down-crossing probability

We start with the following result which states that, for almost any Markov
chain with asymptotically zero drift, the down-crossing probability decays
slower than any exponential function.

Theorem 3.1. Let a Markov chain {X,,} on R be such that

limsup E{&(x); £E(x) > —x} <0 3.1
and, in addition,
lim inf E{E?(x); E(x) € (—x,0)} > 0. (3.2)

Then there exists an X such that, for B := (—eo,x] and all A > 0,
P {15 < oo} — 00 asx— oo,
Proof.  Let A > 0. Consider a bounded decreasing function
Uy (x) := min(e ™ 1).
For all x > 0,

E(Up (x+&(x) = Up(x) > Bfe 040 — o2 x4 £(x) > 0}
— e ME{e W —1; x4+ E(x) > 0.

Since e >1—yforallyande™ > 1—y+y?/2forall y <0,
Ef{e %0 —1; x+&(x) > 0}
)LZ
> —AB{E (x): x+&(x) > 0}+7E{§2(X): ¢(x) € (—x,0)}.

Then, due to the conditions (3.I) and (3.2), there exists a sufficiently large
X3 > 0 such that

E(Up(x+&(x))—Uyp(x)) >0 forall x> Xy.

Therefore, the process {U) (X, ATh, )} is a bounded submartingale, where B :=
(—o0,X)]. Hence by the optional stopping theorem, for z > x and x € (X, ,z),

EXUA(XTBZ/\T(ZM)) > EU, (XO) = U, (x>
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Letting z — o we conclude that

E{U, (X‘L'Bl ): B < oo}

= ZIHE,EX{U)L (XTBA ); 1B < T(z,w)}

= ZlLrgExUl <XTBA /\T(z,m)) — ZILIE:EX{U}' (XT(Z,N) ); B, > T(z,oo)}
2Up(x) =0 = Up(x).

On the other hand, since U), is bounded by 1,
EAUp (X, ): 18, <o} <Pif{1p, <eo}.
This allows us to deduce the lower bound
P, <o} >U,(x) = e forall x > %y,

and hence the theorem conclusion follows with ¥ = X} and B := (—e0,X]], be-
cause by the Markov property, for all A < 1 and x > X,

]PX{TBl < °°} > PX{TB)L < °°} inA ]Py{TBl < °°}7
ye(x1,%,]

and

Py{tp, <o} 2 Ui(y) = ¢
>e ¥ >0 forallye (x,5]

O

Let us show by example that the condition (3.2) which is a kind of non-
degeneracy of jumps is essential for the conclusion to hold. Consider a skip-
free Markov chain {X,} on Z" described in Section that is, &(x) takes
values —1, 1 or 0 only, with probabilities p_ (x), p+(x) and po(x) respectively,
p—(0) = 0. The hitting zero probability is computed in (T:21)),

for all x > 0.

Consider the case where p, (x) :==1/(x+1) and p_(x) := 1/2(x+1). In this
case the drift is asymptotically zero while the probability of hitting zero is
exponentially decreasing, 1/2*. Clearly, the condition (3.2) fails here.
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3.2 Drift of order 1/x

In this section r(x) > 0 is a bounded decreasing differentiable function satisfy-
ing (2.7) with ¢ = 1, that is,

0 > r(x) > —r*(x) forallx>0, (3.3)

which yields

r(x) >

where ¢; = 1/r(0). Then, in particular,

for all x > 0,
c1+x

R(x) := /Oxr(y)dy%oo as x — oo} (3.4

hereinafter we define R(x) = 0 for x < 0. The increasing function R(x) is con-
cave on the positive half line because r(x) is decreasing. As shown in Z.11)

and (2.12),

h
—— <R <R .
Ton S (x+h/r(x)) < R(x)+h, (3.5)

h
R(x)— T <R(x—h/r(x)) < R(x)—h. (3.6)
Then, as already discussed in Section 1/r(x) is a natural x-step responsible

for constant increase of the function R(x) and, for any increasing function s(x)
of order o(1/r(x)),

R(x)+

R(x+s(x)) =R(x)+o(1), (3.7
r(x£s(x)) ~r(x) asx— oo, (3.8)

Fix an increasing function s(x) — oo as x — oo such that x — s(x) increases
and s(x) = o(x).

Specifically, in this section we consider a transient Markov chain {X, } whose
jumps are such that

m[zswl (x) - b>0 and m[f(xﬂ (x) ~ p/x asx—roo (3.9)

where yt > b/2.If u > b/2 then {X,,} is transient, under some minor additional
conditions, see Theorem[2.21] If 4t = b/2 then {X,,} can still be transient, pro-
vided there exists an appropriate logarithmic expansion of the first two trun-
cated moments of jumps, see Corollary[2.20]for details. In addition, we assume
that

2m[ls(x)} ()C)

=r(x)+o(p(x)) asx— o (3.10)
m[zs(x)] (x)
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for some decreasing positive function r(x) — 0 satisfying r(x)x — 2u/b > 1
as x — oo and some decreasing integrable function p(x) > 0. Since p(x) is
decreasing and integrable, p(x)x — 0 as x — oo. We also assume that

Y (x) ~ —r(x)/x ~ —(b/2u)r*(x) and p'(x) = O(*(x)). (3.11)

It follows from Lemma that the condition on p’(x) is always satisfied for
a properly chosen function p. Since xr(x) ~2u/b > 1,

x 2
R(x) = /0 r(Y)dyfV?“logx as x — oo.

Assume that the function e =R is integrable at infinity, which automatically

holds if 2u/b > 1. It allows us to define the following bounded decreasing
function which plays the most important rdle in our analysis of the down-
crossing probability for a transient Markov chain:

U(x) ::/ e R0)dy  forx > 0; (3.12)

and U(x) = U(0) for x < 0. As follows from the sequel, U(X,) is almost a
martingale, see Corollary [3.6]below.
We have U (x) — 0 as x — co. According to our assumptions,
2ul  elx)
=yt e
where £(x) — 0 as x — . In view of the representation theorem for slowly
varying functions, there exists a slowly varying at infinity function ¢(x) such
that e R = x=P=1¢(x) and U (x) ~ xP(x)/p where p :=2u/b—1>0.
The main result in this subsection is the following theorem that provides
lower and upper bounds for the down-crossing probability of transient Markov
chains with asymptotically zero drift described above.

Theorem 3.2. Let the drift conditions (3.9) and (3-10) be valid with 1 > b/2
and r(x) satisfying the regularity condition (3.11)). Let the function e %) be
integrable at infinity and {X,} be a transient Markov chain. Let, for some
increasing s(x) = o(x), the following integrability condition hold

E{IE)1%; [E0)] <s(x)} =0(p(x)/r*(x)) asx—oe.  (3.13)
If the right jump tails satisfy an upper bound

P{E(x) > s(x)} = o(p(x)e R /U (x)) asx — o, (3.14)

then there exist a constant ¢; > 0 and a level X such that
Ux)
U (xo)

P {X, < xo for some n} > c forallx > xy > X
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and, uniformly for all x > xy,

P {X, < xo for somen} > (1+o0(1))

If the negative jumps satisfy the following condition
E{U(x+&(x)); &(x) < =s(x)} = o(p(x)e *W) as x — oo,

then there exist a constant ¢, < o and a level X such that

forallx>x9 >x

PAX, < <
A X < xo for somen} < CZU(X())

and, uniformly for all x > xy,

Ux)

P{X, <xforsomen} < (14+0(1))——= asxg— co.

U (xo0)

(3.15)

Compare to results on down-crossing probabilities for Bessel processes, see

(T39); or for nearest-neighbour Markov chains, see Section [I.4.4]

As far as it concerns applications, we apply the last result to derive bounds
for the ruin probability of level-dependent collective risk processes in Theorem

L. 10

In the case p =2u /b — 1 > 0 the last asymptotic results may be specified as

follows.

Corollary 3.3. Ler {X,} be a transient Markov chain. Let the drift conditions
(3.9) and (3.10) be valid with u > b/2 and r(x) satisfying the regularity con-
dition (3.T1). Let, for some increasing s(x) = o(x), the following integrability

condition hold
E{JEWI: [EM] < 5(0)} = o(p(0)?) asx— .
If the right jump tails satisfy an upper bound
P{E(x) > s(x)} = o(p(x)/x) asx— oo,
and the negative jumps satisfy the condition
IE{U(x—!— E(x)); E(x) < —s(x)} = o(p(x)eme) as x — oo,
then, for any € > 0,
PA{X, < yxfor somen} — ¥* asx— oo

uniformly for all y € (g,1).
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To specify the asymptotics in the case p =2 /b—1 =0, we need to consider
the logarithmic expansions of the first two truncated moments of jumps. We
assume that, for some m € N and € > 0,

(x) (1 1
rix) = *—f— +
y ylogy

1 1+¢
+ +
ylogy-...-log,_y = ylogy-...-logg,y

(3.16)

y=. X+g(m)
Then

R(x) = (logy +loglogy ... +10g,) y+ (1 +€)10g (1) ¥) |y=x+e('")
—(emD 4 elm=2 4 41),
and
emelm=1)

Corollary 3.4. Let the drift conditions (3.9) and (3.10) be valid with u = b/2
and r(x) satisfying (3-16) and the regularity condition (311). Let {X,} be a
transient Markov chain. Let, for some increasing s(x) = o(x), the following
integrability condition hold

E{IE@)P: [E0)] <s(0)} =o0(p(x)x®)  asx— .

If the right jump tails satisfy an upper bound
P{&(x) > s(x)} = o(p(x)/xlogx-...-log(, x) asx— o,

and the negative jumps satisfy the condition

E{1/log},, (x+£(x)): £(x) < —s(x)} = o(p(x) /xlogax-... log}, ¢ x)

as x — oo, then, uniformly for all x > xo,
log,,,) xo
log,,,) x
To prove Theorem [3.2] first let us prove some auxiliary results. We start by
defining decreasing Lyapunov functions needed. Without loss of generality we

assume that p(x) < r(x) for all x. Consider the functions ry (x) := r(x) + p(x)
and r_(x) := r(x) — p(x) and let

P{X, < xo for some n} ~ ( ) as xo — oo.

= ri dya
0

oo

= e—Ri dy, x>0, (3.17)
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and U (x) = U4 (0) forx <0. We have 0 < r_(x) <r(x) <ry(x),0<R_(x) <
R(x) <Ry(x)and U_(x) > U(x) > Uy (x) > 0. Since

Cp:= /Omp(y)dy is finite,
we have
Ri(x) =R(x)+Cp+o0(l) asx— oo, (3.18)
Therefore,
Us(x) ~eTPU(x) = 0 asx — oo, (3.19)

Lemma 3.5. If the integrability conditions (3.13) and (3.14) hold, then, as

X — oo,
E{U4 (x4 E(x) = U+ () E(x) = —s(x)} = p(x) (1 +o(1))e R+,
(3.20)
If the integrability conditions (3:13) and (313)) hold, then, as x — oo,
EU_(x+&(x)) —U_(x) < —p(x)(1+0(1))e R0, (3.21)

Since the function U, is decreasing, the lower bound (3.20) yields that
EU (x+&(x)) = Us(x) = p(x)(1+o(1))e 9,

which is symmetric to (3.21). However it is stated as in (3.20) because we
apply it to truncated Markov chains, see the proof of Theorem [3.2]in its part
concerning the lower bound.

Proof of Lemma[3.5]  We start with the following decomposition:

EU- (x4 & (¥)) — Us (x) = E{Us (x+ £() — Us (0): £(x) < —s(x)}
FE{U- (x4 E(x) — Us () [E()] < ()}
) -

+E{UL(x+&E(x)) —Ux(x); E(x) > s(x)}. (3.22)

=

Here the third term on the right hand side is negative because U decreases
and it may be bounded below as follows:

E{Us(x+&(x)) = Us(x); E(x) > s(x)} > —Ux(x)P{E(x) > s(x)}
= o(p(x)e R=W), (3.23)

provided the condition (3.14) holds and due to the relations (3:18) and (3.19).
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Further, the first term on the right hand side of (3:22) is positive and possesses
the following upper bound:

E{Us(x+&(x)) = Us(x); §(x) < —s(x)}
< E{Us(x +5( ))s §(x) < —s(x)}
= o(p(x)e =), (3.24)

provided the condition (3:13) holds and due to the relations (3:18) and (3:19).
To estimate the second term on the right hand side of (3.22)), we make use of
Taylor’s expansion:

E{U+(x+&§(x)) = Us(x); [S(x)] < s(x)}
= UL(0)E{E(x):[E(x)] < s(x)} + %Ul (V)E{E?(x): 8 (x)] < s(x)}

1
+B{UL (x+ 08 ()67 (x); [ ()] < s(x)}, (3.25)
where 0 < 6 = 0(x,£(x)) < 1. By the construction of Uy,
UL (x) = —e ™0 U (x) = re(x)e ™0 = (r(x) £ p(x))e *=W. (3.26)

Then it follows that
1

UL Gm ™ (0) + SUL (omy ™

e
= eiRi(x)(—m[ls(x)](x)—i—(r(x)ip(x)) 2 2( ))

[s(x)] [s(x)]
m X) _Ri(x 2m X
= 2( et )(_ [s](x)](i) +r( )ip(x))
[s(x)]
= 2 Wm0y, G29)

by (B:10). Finally, let us estimate the last term in (3.23). Notice that by the
condition (3:11)) on the derivative of r(x) and p(x),

UL(6) = () 2.5/ (3) — () = p() )R
= 0(P(x)e -,
hence, due to (3.7) and (3:8),
U (5+3) = O(P(0)e =)
as x — oo uniformly for |y| < s(x) which implies
[B{UY (x+ 08 ())& () £ ()] < 5(0)}
< et (E{|E}@)]; ()] < slx) e =0,
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Then, in view of (3.13),
[E{UY (x+0&(x)E% (x); |E(x)] < s(x) }] = o(p(x)e ®=W). (3.28)
Substituting (3.27) and (3.28) into (3.23)), we obtain that
E{U+ (x+&(x)) — U (x); [§(x)| < s(x)}
= +m ) p)(1+0(1)e *W. (329

Substituting (3.23)—or (3.24)—and (3.29) into (3.22), we finally come to the

desired conclusions. O

Lemma [3.3]implies the following result.

Corollary 3.6. Under the conditions of Lemma there exists an X such that,
for all x > X,

EU-(x+&(x)) —U-(x) <0,
E{U+ (x+&(x)) = U4 (x); §(x) > —s(x)} > 0.

Proof of Theorem[3.2] ~ The process U_(X,) is bounded above by U_(0). Let
X be any level guaranteed by the last corollary, xo > X, B = (—0,x0| and 75 =
min{n > 1:X, € B}.

By Corollary U_(Xungp) is a bounded supermartingale. Hence by the
optional stopping theorem, for z > X and x € (X, z),

E,.U_ (XTBM(M) < EU_(Xo) = U-_(x).
Letting z — o we conclude that
E{U-(Xg,); T8 < oo}
= gglgoEx{U_ (Xzg); T8 < T(Z,m)}
= Zh_{?o EU_ (X, M(Z,m)) — Zh_)n; E{U- (X%m)); T8 > T(zo0) )
<U_(x)—0 = U_(x).
On the other hand, since U_ is decreasing,
EA{U_(Xg,); w8 < oo} > U_(x0)P {75 < oo}.

Therefore,

U_(x)

P{1p < o} < U (x0)’

(3.30)

which implies both upper bounds of the theorem, by (3:19).
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On the other hand, let

_f Up(xo—s(x0)) if x <xo—s(x0);
Urolx) == { Us(x) if x > xp — s(x0).

Due to the increase of x — s(x),
E{Uso(x+8(x)); 6(x) = =s(x)} = E{U(x+E(x)); §(x) = —s(x)}

for all x > xp. Therefore the process {U,o(X,rz;)} is a bounded submartingale
due to the lower bound provided by Corollary Hence again by the optional
stopping theorem, for x > x,

Ex{U+O(XTB); T < °°} > EXU+O(XO) = Ut (x)
On the other hand, since Uy is bounded by U (xp — s(xp)),
E{Uso0(Xzy); 8 < oo} < Uy(xo—s(x0))Py{t8 < 00}.

This allows us to deduce a lower bound

Uy (x)
Uy (x0 = s(x0))”
which completes the proof of both lower bounds, due to (3.7) and (3.19). O

Pi{tp < oo} >

3.3 The case where xm (x) — o but m;(x) = o(1/+/x)

In this section we consider a transient Markov chain {X,} whose jumps are
such that

mg(xﬂ(x) — b>0 and xm[l‘y<x)](x) 0 asx — oo, (3.31)

for some increasing function s(x) = o(x), which implies transience subject to
some minor additional conditions, see Theorem In addition, we assume
that
Zm[f(x)] (x)
s )
for a decreasing positive differentiable function r(x) — 0 satisfying r(x)x —

oo as x — oo and some decreasing differentiable function p(x) > 0 which is
assumed to be integrable,

=r(x)+o(p(x)) asx— e (3.32)

Cp = /0 " p(x)dx < oo, (3.33)

Since p(x) is decreasing and integrable, p(x)x — 0 as x — oo.
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In this subsection we consider the case where r(x) = o(1/4/x), more pre-
cisely,

r(x) = o(p(x)) asx — oo, (3.34)
We also assume that
p'(x) = o(r*(x)) and /' (x) = o(r*(x)) asx— oo. (3.35)
In view of (3:31), the condition (3:32) is equivalent to
[s(x)]
—m[ls(x)] (x)+ %@)r(x) =o0(p(x)) asx— co. (3.36)

Define the increasing function R(x) as in (3.4). Since xr(x) — oo, the function
e RO jg integrable at infinity. It allows us to define the decreasing function
U (x) as in (3.12) which plays a key role in the next result.

Theorem 3.7. Let {X,} be a transient Markov chain whose first two moments

of jumps truncated at some level s(x) = o(1/r(x)) satisfy (3:31) and (3:32)
while r(x) satisfies (3.34). Assume the regularity condition (3:33). Let the fol-

lowing integrability condition on jumps hold,
E{JE@%; [E@)| < s(x)} = o(p()/P2(x) asx—oo.  (3.37)

If the right jump tails satisfy an upper bound
P{S(x) > s(x)} = o(p(x)r(x)) asx— oo, (3.38)

then there exist a constant ¢; > 0 and a level X such that

U(x)
PAX, < >
A Xy < xo for somen} > clU(xo)

and, uniformly for all x > xy,

forallx>x9 >x

U(x)
(xo0
If the negative jumps satisfy the following condition

E{U(x+&(x)); &(x) < —s(x)} = o(p(x)efR(x)) asx— o, (3.39)

P {X, <xofor somen} > (1+o0(1))

as xo — .

i~

then there exist a constant ¢y < oo and a level X such that

U(x)
U(xo)

P {X, < xo for somen} < c;

forallx > xy > X%

and, uniformly for all x > xy,

P {X, < xo for somen} < (14+0(1))
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Notice that the right hand side of (3:37) may be bounded away from 0 in the
only case where p(x)/r?(x) — o, which is equivalent to the condition (3:34).

To prove the last theorem, we consider the same functions ry (x), R+ (x) and
U. (x) as in the previous subsection. The only difference is that, due to @,

U'tx) —e kW)
(ge *Y (= @)/r(x) —1)e k0

so L’Hopital’s rule yields

— 1 asx—> oo,

1
U(x) ~ —e ®&  agx — oo, (3.40)

Then similarly to Lemma [3.3] the following result holds.

Lemma 3.8. If the integrability conditions (3.37) and (338) hold, then, as
X —> o,

b+0()

E{U+(x +&(x) = Us (x); E(x) = =s(x)} = ——-p(x)e . 3.41)

If the integrability conditions (3:37) and (339) hold, then

EU_(x+&(x) —U_ () < — 22

< 5 px)e B gsx . (342

Proof.  The calculations are the same as in Lemma [3.5]apart from the estima-
tion of the third derivative of Uy. By the condition (3:33)) on the derivatives of

r(x) and p(x),
UL (x) = (' (x) £ p(x) + (r(x) £ p(x))?) e R+
— 0(P()e ).
As is shown in (3.7), R(x+ s(x)) = R(x) + o(1) for any s(x) = o(1/r(x)).
Therefore,
‘E{U”’x+9§(x))§3(x @) <s@}|
< er( ]E{|§ )5 1E()] < s(x) e R
= o(p(x)e 1), (3.43)

owing to the condition (3.37) on the third absolute moment.
This upper bound makes it possible to conclude the desired results in the
same way as it is done in Lemma[3.3] O

Lemma [3.8]implies the following result.
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Corollary 3.9. There exists an X such that, for all x > X,
EU_(x+ ()~ U_(x) <0,
E{U;(x+&(x)) = Uy (x); &(x) > —s(x)} > 0.

The last corollary allows us to conclude the proof of Theorem in the
same way as that of Theorem

3.4 General case where xm (x) — oo

If r(x) decreases slower than 1/./x, then the function r*(x) is not integrable
and, since U}’ (x) is of order r2(x)e "™, it does not possess a bound like
0 ( p(x)e R ®) ) So, the last term in Taylor’s expansion (3.23)) is not negligible
and instead it makes a significant contribution to the drift of Uy.. If r(x) is sand-
wiched between 1/4/x and 1/+/x, then we need to consider Taylor’s expansion
that includes the forth derivative of U, and, consequently, the forth moment
of jumps. More slower decreasing r(x) is, the higher moments of jumps are
required.

So, in this subsection we consider the same setting as in the last one but now
we consider a general case and do not assume that r(x) = o(1/4/x). Instead,
we assume that, for some y € {2,3,4,...},

r’(x) =o(p(x)) asx— oo (3.44)

and

Y m; .
- )+ Y (1) T ) = o(p) asx e, (349)
where p(x) is a decreasing integrable function. We further assume that the
function r(x) is y times differentiable and, forall 1 <k <y—1,

) (x) = o(r¥(x)), p®) (x) =o0(r'(x)) asx—»oo. (3.46)

If r(x) ~ ¢/x* where ya < 2, then it follows from Lemma 2.30| that the condi-
tion on the derivatives of p(x) is always satisfied for a properly chosen function
p, so the condition (3.46) on the derivatives of p does not restrict generality un-
der this specific choice of r(x).

In the next result, we consider the same functions R(x) and U (x) as in the
previous subsection.

Theorem 3.10. Let {X,} be a transient Markov chain whose first ¥ moments
of jumps truncated at some level s(x) = o(1/r(x)) satisfy the conditions (3.31)
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and (3:43) where v is defined in (3.44). Assume the regularity condition (3.46)
and the integrability condition

E{E@ M [E@) < s()} =o(p(x)/r'(x)) asx—eo. (347

If the right jump tails satisfy an upper bound
P{E(x) > s(x)} = o(p(x)r(x)) asx— oo, (3.48)

then there exist a constant ¢; > 0 and a level X such that

U
PAX, < >
A X < xo for some n} > ClU(xo)

forall x> xo>Xx

and, uniformly for all x > xy,

U(x)

P {X, < xofor somen} > (1 +0(1))U(x0)

as xo — .

If the negative jumps satisfy the following condition
E{U(x+&(x)); &(x) < —s(x)} = O(p(x)efR@)) asx— o, (3.49)
then there exist a constant ¢y < oo and a level X such that

U(x)
U(xo)

P{X, < xo for somen} < ¢ forallx>x9 >x

and, uniformly for all x > xy,

U(x)

P X, <xforsomen} < (140(1))——= asxg— .
U (x0)

Notice that the right hand side of (3:47) may be bounded away from O in the
only case where p(x)/rY(x) — oo which is equivalent to the condition (3.44).

As far as it concerns applications, we apply the last result to derive bounds
for the ruin probability in level-dependent collective risk processes in Theorem
11.12] We consider there the case where r(x) ~ 6 /x*Ipha for some o € (0, 1)
and assume asymptotic expansions for the first Y moments of jumps with re-
spect to the powers of 1/x% and show that then U (x) is a product of Weibull-
type functions.

We consider the same functions ry (x), Ry (x) and UL (x) as in the previous
subsection and similarly to Lemma[3.8|we get the following result.

Lemma 3.11. If the integrability conditions and (3.48) hold, then, as
X — oo,

b+o(1)

5 p(x)e B+ (3.50)

E{U; (x+&(x) = Uy (x); §(x) = —s(x)} =
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If the integrability conditions (3.47) and (349) hold, then
b 1

EU_(x+&(x)—U_(x) < —+TO<) (x)e R0 g5 x — 0. (3.51)

Proof.  We start with the decomposition (3:22)), where the first and third terms

on the right hand side possess the same bounds as in the proof of Lemma 3.8}

To estimate the second term on the right hand side of (3:22)), we make use
of Taylor’s expansion with Y+ 1 terms:
E{U+(x+&(x)) = Ux(x); [§(x)] < s(x)}
r yo (x) U(Y'H)( 0
v U [s(v) L (06 iy
= Y S+ B S e s ] <50

(3.52)
where 0 < 6 = 0(x,&(x)) < 1. By the construction of Uy,
Ul (x) = —e 0 U (x) = ra(0)e ®0 = (r(x) £ p(x))e *+0, (3.53)
and, fork=3, ..., y+1,
v )

— (e Ry (k=1

= (=D (A @) +o(p()e W asx e,

where the remainder terms in the parentheses on the right are of order o(p(x))
by the conditions (3.46) and (3:44). By the definition of r (x),
A0 = (r() £ p) T =) +o(p(x)  forallk >3,

which implies the relation

UP () = (~1F(F 1 (x) +o(p(x)))e REW asx — oo,

(3.54)
It follows from the equalities (3.33) and (3:534) that
(k

YU )x s(x
];1 ik!( )m][(HJ(X)

[s(x)]
(x)
k=1 e () +o(plx) iP(x)22>
s
= e*Ri(x) <o(p(x)) :I:p(x)zz()> ’

(3.55)
by the condition (3:43). Owing to the condition (3.46) on the derivatives of
r(x) and @),

U 0) = (=) (7 () - o(r7 () e .
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Then, similarly to (3:43)), the last term in (3.52) possesses the following bound:

e SR g 200 )

< O (x)e F=ONE{E (0 [E ()] < s(x)}
=o(p(x)e W),
by the condition (3.47). Therefore, it follows from (3:52)) and (3:33)) that

B{U+(x+&(x)) = U= (x); [E(x)| < s(x)}
My W) —Re(x) +o(p(x)e k=),

Together with (3.23), (3.24), and (3.22)) this completes the proof. O

Lemma [3.11] implies an analogue of Corollary [3.9] which allows us to con-
clude the proof of Theorem [3.10]in the same way as of Theorem[3.2]

3.5 Upper bound for down-crossing probability

Now we produce some upper bounds for the down-crossing probability for
a transient Markov chain which are rough versions of more precise bounds
derived in the previous sections. The main goal is to have upper bounds under
weaker moment conditions than above.

Assume that there exists an X such that

2m[15(x)] (x)
my ()

where a decreasing differentiable function r(x) satisfies the condition

1
>r(x) > — forallx >Xx, (3.56)
X

P(x)>—(1—¢e)r*(x), €>0, forallx>x. (3.57)

Then the drift to the right dominates the diffusion and the corresponding Markov
chain X is typically transient, see Theorem [2.21]

Theorem 3.12. Assume that the drift of {X, } possesses the lower bound (3.56),
with some r(x) satisfying the condition (3.57), and s(x) = o(1/r(x)). Let, for
some 0 < €,

E{e RO, £(x) < —s(x)} = o(rz(x)ef‘m(x)mg(x)] (x)) asx —oo. (3.58)
Then there exists an x, such that, for all y > x > x,,

Py{X, < x for some n > 1} < S RO=RW),
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In particular, due to (3:6), for any fixed h > 0,
P{X, < x—h/r(x) for somen > 1} < e "2 ultimately in x.

The condition (3.57) is satisfied for r(x) = (1 +2¢)/(1 +x), hence the fol-
lowing corollary.

Corollary 3.13. Assume that the drift of {X,} possesses the lower bound
(3:36) with r(x) = (1+2€)/x for some € € (0,1/2], and s(x) = o(x). Let, for
some 8 € (0,¢€),

E{(x+&(x) % E(x) < —s(x)} = 0(mbV (x) /x29) as x — 00 (3.59)

Then there exists an x, such that, for all y > x > x,,

x?o some n .
y n = - = 1 y

The condition (3.57) is also satisfied for r(x) = ¢/(1+x)B, ¢ >0, B € (0,1),
with any € € (0, 1). Thus the following corollary holds true.

Corollary 3.14. Assume that the drift of {X,} possesses the lower bound
(B36) with r(x) = c/(1+x)B for some ¢ >0, B € (0,1), and s(x) = o(xP).
Let, for some & > 0,

E{g—‘s(“'é("))lfﬁ; E(x) < —s(x)} = o(m[zs(xﬂ (x)e_axliﬁ) as x — oo, (3.60)

Then there exists an x, such that, for all y > x > x,,

Py {X, < x for somen>1} < eg(xlfﬁ ,},17;3).

Proof of Theorem[3.12)  Consider a decreasing test function W (x) := e 9k,
which is bounded by 1. Let us prove that the mean drift of W (x) is negative for
all sufficiently large x. Indeed, since the function W (x) decreases,

EW(x+¢(x)) —=W(x) < E{W(x+E§(x)) —W(x); §(x) <s(x)}
S E{Wx+E(x)); §(x) < —sx)}

W (E{E(): [EW)] < s@)}
W (x4 0 ()ELE(0): [E00)] < 5())
— B\ + Es + Es, 3.61)

where 0 < 6 = 0(x, & (x)) < 1, by Taylor’s expansion. By the condition (3:38),
the first term on the right hand side is of order

Ei=o(r* (x)W(x)mg(x)] (x)) asx—oo. (3.62)
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The second term on the right hand side of (3:61)) equals
Ey = —8r(x)W (x)mt"™ (x)
< - 2PWE)m ) forx>=w (3.63)

due to (3:536). In order to bound the third term on the right hand side of (3.61),
we first notice that, due to (3:37),

W (x) = 5(5r2(x) - r'(x))W(x)
<8(5+1—€)rP(x)W(x) forx>0.

By (3.8) and (3.7).
W (x+y) <8(8+1—¢€)(1+0(1))r?(x)W(x)
as x — oo uniformly for all |y| < s(x) = o(1/r(x)). Thus
E3< g(5+ 1—&)(1+0(1)P@WE)mSY (x) as x 0. (3.64)

Substituting (3.62)—(3.64) into (3.61)) we deduce that

EW (x+ & (x)) — W(x) < g(a —e+0(1)) ()W (x)ms™ (x) as x — oo.

Then there exists a sufficiently large x, such that
EW(x+&(x))—W(x) <0 forall x> x..

Now take W, (x) := min(W (x), W (x.)) so that {W.(X,)} constitutes a positive
bounded supermartingale with respect to the filtration {F,} = {o(X,k <n)}.
Hence we may apply Doob’s inequality for nonnegative supermartingales and
deduce that, for all y > x > 0 (so that W, (y) < W,(x)),

E,W, (X
P{SupW*(Xn) > W*(x)‘Xo :y} < >7(0) — SR -R0))
n>1 Wi (x)
which is equivalent to the first conclusion of the theorem. O

Notice that the condition fails for functions r(x) asymptotically equiv-
alent to 1/x which arise when we consider the case of iterated logarithms, see
e.g. Corollary @ To cope with such functions, we introduce a decreasing
twice differentiable function 7(x) > 0 such that 7 < r, and, for some € > 0,

7 (x) > —7(x) (@ - s) for x > %, (3.65)

r(x)
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which, in particular, implies 7 (x) > —7(x)r(x). Notice that, for 7(x) = r(x), the
condition (3.63) reduces to (3.57). We also assume that

7 (x) = O(F(x)r*(x)) asx— oo, (3.66)
Denote

X
R(x) = / y)dy forall x>0,
0

and R(x) := 0 for all x < 0.

Theorem 3.15. Assume that the drift of {X, } possesses the lower bound (3.56))
with function r(x) satisfying (3.3), 7(x) satisfies (3.65)~(3.66), and s(x) = o(F(x) /r*(x)).

Let, for some 6 < &,
Efe 2R0H0); £(x) < —5(x)} = o (P (x)e K Imi V(1)) asx — . (3.67)
Then there exists an x, such that, for all y > x > x,,

Py{X, < x for somen>1} < SR@)-R())

The condition (3:63) is satisfied for

1 1 1+¢
+...+ + )‘ ,
y ylogy-...-logg,_1)y  ylogy-...-10g(,y/ ly=elm+x

for some € >0, m > 1, and

) = 1

legy et 10g<m)y y=e(m)+x'

In this case
R(x) = 10g(m+1)(€(m> +x),
and hence the following corollary holds true.

Corollary 3.16. Assume that the drift of {X,} possesses the lower bound
(3.56) with r(x) defined above, and s(x) = o(x/logx- ... log,,x). Let, for
some 8 € (0,€), as x — oo,

E{log,)(x+£(0): £() < ~s(1)) = o(m; ' (x) . logx-..-log], ).
(3.68)

Then there exists an x, such that, for all y > x > x,,

log ) (el™) 4 x) > i

<
Py{X, <xfor somen>1} < <10g(m) @ 1)
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Proof of Theorem[3.15]  Let us consider a decreasing test function W(x) :=
¢~k which is bounded by 1 and let us prove that the mean drift of W(x) is
negative for all sufficiently large x. Indeed, since the function W (x) decreases,

EW (x+&(x) - W) < E{“;’(X+§( x)) = W(x); §(x) < s(x)}
< B{W(x+&(x)); §(x) < —s(x)}
N’( JE{S(x); [§(x)] <s(x)}

W”( JE{E>(x): ()] < s(x)}

+5E{Wm(x+ 6&(x)E%(x); [§(x)] < s(x)}
= E1+Ey+E3;+Ey, (3.69)

where 0 < 6 = 0(x,£(x)) < 1, by Taylor’s expansion. By the same arguments
as in the last proof, as x — oo,

E| = 0(72(x)ﬁ/(x)m[2s( )| (x), (3.70)
E> < —%?(x)r(x)w ()ms(), (3.71)
= 2(572@) — 7 )W (x)m5 ). (3.72)

Next, owing to (3.63), (3.66), and the inequality 7 < r,
(W (x)| = 8| —8%7 (x) + 38F(x)F (x) — 7' (x) [W (x)

S cr(x )"z(x)ﬁ/(x) for some ¢ < oo.

By B3). r(x+y) ~ r(x), and by :66), F(x +) ~ 7(x), R(x+y) ~ R(x), and
W(x+y) ~W(x) asx%oounlformly for all |y| < s(x) = o(7(x)/r*(x)), which
implies

W (x+)| < c1F(x)r ()W (x)
as x — oo uniformly for all |y| < s(x). Then

|Ea] < cr7(x) P ()W (0E{|E3 ()5 [E(x)] < s(x)}
< e1s()7(x) 2 (W (x)ms ™ (x)

= o(P @)W (x)ms ™ () asx — oo, (3.73)

since s(x) = o(7(x)/r*(x)). Substituting (3.70)-(3.73) into (3.69) we deduce
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that

EW (x+ & (x)) — W(x)

< 2 (=r()F(x) + 87 () = 7 (x) + 0 (P (x)) )W (x)ms ™) (x)

o
2
= g((5 — &) (x) +0(72(x)))‘x’(x)m[2s(x)] (x) asx—oo.

due to the condition (3.63)). Then there exists a sufficiently large x, such that
EW(x+&(x))—W(x) <0 forall x> x,,
which concludes the proof in the same way as in Theorem O

3.6 Comments to Chapter 3|

The only asymptotic result on down-crossing probabilities for transient Markov
chains with asymptotically zero drift we are aware of was obtained by Vatutin
[144] in the context of critical branching processes with immigration. He de-
rived asymptotics for the probability of hitting zero for such processes, which
agrees with our lower and upper bounds presented in Theorem [3.2]for general
Markov chains. A reduction of a critical branching process with immigration to
a Markov chain with drift of order ¢/x and bounded second moment of jumps
via y/x-transform is discussed in Section



4

Limit theorems for transient and null-recurrent
Markov chains with drift proportional to 1/x

Assume that the first two moments of jumps of a Markov chain {X, } demon-
strate regular behaviour at infinity, namely

my(x) ~w/x, mp(x) =b>0 asx— oo,

Then, as follows from Corollaries 2.16] and 2.19] under additional technical
conditions,

o if p € (—b/2,b/2) then {X,} is null recurrent and X,, — oo in probability as
n — oo, say if X is countable;
e if 4 > b/2 then {X,} is transient and X,, — o with probability 1 as n — eo.

It turns out that in both cases X,, increases at rate \/n, more precisely, the
following weak convergence is observed:

2

n
— =T as n — oo,
b 1/241/b2

This is the main topic we discuss in this chapter, including results concerning
the renewal function, which is well defined in the transient case.

4.1 Truncation of jumps

In the sequel, we repeatedly make use of the truncation technique for proving
various limit theorems. The idea behind this is that if we truncate jumps at
sufficiently high level, then we get a new Markov chain whose trajectories
agree to that of the original chain with high probability.

Let {B(x) C R, x € R} be a collection of Borel sets. Given a Markov chain
{X,,} with jumps & (x), consider a modified Markov chain {X,} whose jumps

111
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E (x) are defined as

oy &) if &(x) € B(x);
) = { any value if &(x) € B(x)

In the sequel our standard choice is either B(x) = [—s(x),s(x)] or [—s(x),o0)
and ‘any value’ is 0 which corresponds to the truncation of the original jumps
E(x) at levels —s(x) or s(x).

In this section, we prove a coupling that allows us to compare two Markov
chains which have asymptotically equal jumps. The following result is repeat-
edly used each time we want to simplify our calculations related to the charac-
teristics of {X, }. We formulate this result in a more general setting as follows.

LetY ={Y,} and Z = {Z, } be two Markov chains with jumps 1(x) and {(x)
respectively. Denote by H‘,Z the renewal measure generated by the chain Z with
initial state Zy =y, that is',

HY(A) = i P, {Z, €A}, A€ B(R).
n=0

Lemma 4.1. Assume that the random variables 1 (x) and {(x) can be con-
structed on the same probability space in such a way that

P{n(x) # E(x)} < p(x)v(x) forallx, 4.1)

where v(x) > 0 and p(x) > 0 are decreasing functions and p(x) is integrable
at infinity. Let also, for all z € R,

P{Z,>z foralln>0|Zy=y} =1 asy— oo, 4.2)

and, for some ¢ < o and an increasing function [(x) > 0 satisfying l(x+1(x)) <
c1l(x) for all x,

HyZ (x,x+1(x)] < c@ forally and x. 4.3)

v(x)
Then, for any € > O there exists an x¢ such that the chains {Y,} and {Z,} can
be constructed on the same probability space in such a way that

P{Y,=Z, foralln >0} > 1—¢ provided Yy =Zy > x¢. 4.4

Proof. Let us construct a probability space and sequences of independent
random fields {1, (x),x € R},>0 and {,(x),x € R},>¢ on this space such that

P{n.(x) # §.(x)} < p(x)v(x) forallx € Randn >0, 4.5)

which is possible due to (.T). Then let us define Markov chains {Y, } and {Z,}
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as follows: Yy = Zp,
Yn+1 =Y + Mn+1 (Yn)a Zn+1 =Zy+ Cn+1 (Zn)7 n=>0.
Fix an € > 0. For any z,
P{Y, # Z, for some n | Zy = y}
< P{Z, <z+I(z) for some n | Zy = y}
+P{Y, # Z, for some n,Z, > z+1(z) forall n | Zyp = y}.
Owing to (4.2), there exists an y; (z) such that
P{Z, <z+I(z) forsomen|Zy =y} <g/2 forally>y(z).

Given Yy = Zy > Z+Z(Z>,

P{Y, # Z, for some n, Z, > z+1(z) forall n | Zy = y}
< P{Nnt1(Yn) # us1(Zn), Yo = Z, for some n,
Zy > z+1(z) forall n | Zg = y}.

The probability on the right hand side does not exceed the following sum

Zp{nnJrl ) # Cui1(Zn), Yo =2, > 2+1(2) | Zo =y}
= [ P(n) # S0 @)
7+(z)
“ z
< AH&#K@V&ﬂ@(dw7

by the condition (@.I). The last integral tends to 0 as z — co. Indeed, both
functions p(z) and v(x) are decreasing, hence

X)v dx < xl,x,
[y POV () < X Al

where xo := z and x;;1 := x; +[(x;) for i > 0. Then, by the condition #3) on
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HY and the property [(x+1(x)) < c1/(x),

s

[ povrA@) < ¢ ¥ plien)
+(z)

1

|
™

I
-

¢ Y pxi)l(xi1 +1(xi-1))

oo

cer Y, poa)l(xi-1)

i=1

=ccy Zp(x,-)(xi —Xi_1)-

i=1

IN

The function p(x) is decreasing, therefore

Y )i —xi-1) < [ pludu 0 asz e
i=1 z

because p(x) is integrable. Hence,
/ ( )p(x)v(x)HyZ(dx) — 0 as z— oo uniformly for all y, (4.6)
z+I(z

which implies convergence to 0 of the integral from z to co. Then the integral
from z to oo is less than €/2 for a sufficiently large z = z(€) which concludes
the proof with x, = y1(z(€)). O

Assume that

P@mmmn:w}:l 4.7)

n—soo

and, for any distribution of Zy,

Zy oo asn— oo, (4.8)
Then, under the conditions of Lemmalzf;fl>

Y, oo asn— oo, (4.9)

Indeed, given any € € (0,1), by Lemma 4.1 there exists a level x, such that
(@) holds. By the condition (@.7), the stopping time

Te:=min{n >0: Y, > x¢} (4.10)

is finite with probability 1. Set Zy = Yz,. Since then Zy > xg, it follows from
(@4) that, for all A,

IP’{limianTSJrn >A} > P{limian,, >A} —e,
n—soo

n—oo
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which due to (4.8) implies that, for all A,
P{limianTsH > A} >1—¢.
n—soo
Therefore, due to the finiteness of 7,
P{limian,, > A} >1—¢,
n—soo

for all € > 0 and A < . Due to the arbitrary choice of € > 0,

P{limian,, >A} —1 forall A < oo,

00
hence (4.9) follows.
If, instead of @, for any distribution of Z,
Zy Do asn—s oo, “4.11)
then
Y, B oo asn— o (4.12)

To show this convergence, we again consider the stopping time @.10) and
define the same Zj = Yz,. Since 7 is finite, there exists an N such that

P{t, >N} <e.
Then, forn > N,
P{Y,>A} > 1-P{te >N} —P{1: <N, Y, <A}

N
>1—e— Y P{te=k Z,« <A} —¢,
k=0
owing to #4). Therefore,

N
P{Y,>A} >1-2e— ) P{Z, <A},
k=0
where each of the probabilities P{Z,_; < A} tends to zero as n — oo uniformly
for all kK < N. Thus,

liminfP{Y, > A} >1—2¢
n—soo

and @:12) follows because of the arbitrary choice of € > 0.
In particular, if for some function V (x), a centring sequence a,, and a nor-
malising sequence ¢,
V(Z,)—a

n
converges as n — oo a.s. or weakly,
Cn
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then
V(Y,)—a

n
converges as n — oo a.s. or weakly.
Cn

4.2 Upper bound for average up-crossing time for transient
chain

Let us define
n—1
L(x,n) ==Y I{X; >x}. (4.13)
k=0
The next theorem is devoted to the properties of L(x,T(¢)), where T'(¢) is the
first up-crossing time
T(t):=min{n>1:X, >t}

Let v(z) | 0 be a decreasing function. Denote

u ]
V(u) .:/O @dz foru >0, 4.14)

and V() = 0 for u < 0. Since the function 1/v(z) increases, V is convex.

Theorem 4.2. Let, for some increasing function s(x) > 0 and for some x > 0,

E{&(x); E(x) <s(x)} >v(x) forallx>X. 4.15)
Then, forallt >y > X,
t+s(r)
BL(ET(0)) < V(+50) V) = | le)dz. 4.16)

Further, the family of random variables
1
V(t+s(t)) =V (x)

is uniformly integrable.

L(x,T(t)), t>y>x>X, Xo=), (4.17)

Proof. Let us consider the following continuous test function

o v - { 18 053

This function is convex as V is, so

EAV(X1) =V () X1 —u < s(w)} > V' ()E{& (w); &(u) < s(u)},
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where the right derivative of V equals

S 0 if u<x,
V(“)_{ Uv(w) if u>%

Therefore,

~ ~ 1 if u>x,
EAVX)—=V(u); X1 —u< > . -
AV T x—usswy={ g i 12T
by the condition (4.13)). Since the function u + s(u) is increasing,

1 if uex1,

4.1
0 if u<na, (4.18)

E V(X)) V() Xi <1 45(1)} > {

Therefore, the process Y;, := V (X, A (t +s(1))) satisfies the following inequality

T(r)—1
EyYr@) = V(y)+Ey kZ {X, >x}, ye[r1, (4.19)
=0

due to the following adapted version of the proof of Dynkin’s formula (see,
e.g. [126| Theorem 11.3.1]):

E}’YT(I) = EyY() +Ey iﬂ{n < T(t)}(yn —Y,-1)
V) 4By Y E{Ln < ()8~ Y1) | Tt}
n=1

S V) +E, Y HT() = n)E{Yy— Yooy | Fas ),

n=1

because {n < T(t)} ={T(t) <n—1} € F,_,. Hence, @.18) implies that

EyYre) > V() +Ey i KT () >n,Xy—1 >x}
o
=VO)+E, 1T >,
and the inequality #.19) follows.
On the other hand, Y7(;) <V (t +5()), by the construction of {¥, }. Hence,
EyYr() < V(t+s(t)) = V(t+s(1)), (4.20)
because ¢ > x, which together with @D yields
E,L(xT () <V(t+s(t) =V(y),
and the upper bound {.16)) follows.
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Now let us proceed with the proof of the uniform integrability in (@.17)
which is equivalent to the following convergence

{ L T(@)  LxTE)
V(+s@)—V(x) V(i+s@)—V(x)

as A — oo. For N € N, define Oy to be the following stopping time

sup I, >A}—>0 4.21)

¥<x<y<t

n—1
Oy = On(x) := inf{n:L(x,n) =Y KX >x} :N} -1
k=0

Similarly to @.19),
T(r)—-1

EyYT(t) 2 ]E)'YQN/\T(I) + Ey GZ H{Xn 2 x}
n=0y+1

=E\ Yo nr(r) T E\{L(x,T(t)) —=N; L(x,T(t)) > N}. (4.22)
Therefore,
Ey{L(x,T(t)) —N; L(x,T(t)) >N}
< Ey(Yr() — Yoynr(r)
= Ey{Yr() —Yey; T(t) > On}
< BofV(Xr(y) = V(Xgy)); T(1) > 6y},

by the definition of {Y,}. Taking into account that X7(,) < ¢+ s(¢) and Xg, >
x > x, we deduce that

B {L(T(0)); Lx, T(1) > N}

< (V(t+s(t)) = V(x))Py{L(x,T(t)) > N}. (4.23)
Taking

N:=[AV(t+s() VX)),
we get from (@.23)) that the mean in @21)) is not greater than

Py{L(x,T(t)) > N},
which in its turn is not greater than
E,L(x,T(t))
N+1

by the Markov inequality. Due to the upper bound {.16) already proven, for
y=x,

EL(rT() _ Vit+st)=V()
N+1  —AWV(@E+s(t)—V(x)

<

b

| =
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and the proof of the uniform integrability is complete. O

4.3 Transient chain: integro-local upper bound for renewal
function

A transient Markov chain {X,,} visits any bounded set finitely many times only.
As noticed in Section [1.4.2] then for countable Markov chains the renewal
functions

Hy(x,x+h]:=E, ) H{x<X,<x+h} = Y P{x<X, <x+h},
n=0 n=0

H(xx+h) =Y P{x <X, <x+h} = /0 Hy(x,x+ HP{X, € dy},
n=0

are well-defined for all x € R and /& > 0. For general Markov chains, they are

also well-defined under some minor technical conditions. In the next result

we derive upper bounds for these renewal functions. As shown in the sequel,

under some regularity conditions, the upper bounds derived are asymptotically

correct up to a constant multiplier.

Theorem 4.3. Let the drift of {X,,} possess the lower bound with some
r(x) satisfying (3.57) and increasing function s(x) = o(1/r(x)). Assume @.13)

Sor some decreasing v(x) satisfying
v(x)
Cyi=Sup ——F—— < oo, 4.24
G 1) @

Assume also an upper bound for the left tail
P{E(x) < —s(x)} < p(x)v(x) forall x > X, (4.25)

where a decreasing function p(x) > 0 is integrable at infinity. Then the family
of random variables

v(x)r(x) Z H{x <X, <x+1/r(x)}, x>x Xo=y,
n=0
is uniformly integrable.
In particular, there exists a ci < o such that
1

Hy(x,x+1/r(x)] < vOROk

for all x > X and y, and further,

x+1/r(x)
Hy(x,x] < cl/ ﬁ

% v(z2)
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These upper bounds are rather accurate for y < x. In the opposite case y > x
sharper bounds can be obtained by combining the upper bounds for the renewal
function in Theorem 4.3 with estimates for down-crossing probabilities, that is
either with Theorem [3.12] or exact asymptotic results in Chapter 3]

Proof.  Considering the first entry of {X,} into the segment (x,x+ 1/r(x)] we
see that the first conclusion is equivalent to the uniform integrability of the
family

oo

v(x)r(x) Z Hx <X, <x+1/r(x)},x>x,Xo=y,y € (x,x+1/r(x)]. (4.26)
n=0

First let us consider a Markov chain {Y,,} with jumps
N (x) == max(§(x), —s(x))-

This Markov chain satisfies the conditions (3.38)), because 1(x) > —s(x), and
(3:36). So Theorem applies to the chain {¥,} with § < € where € is de-
fined in(3:37)), hence

P{Y, <xforsomen>1|Yy=y} < S RE=R)) for all y>x>x., (4.27)

where x, is delivered by Theorem [3.12} Without loss of generality we assume
that x, > x. Consider a stopping time

TV(t) =min{n > 1:Y, > 1},

where
f x+2/r(x)  forx>x,,
Tl ke +2/r(x)  forx € [xXx.].

Forany Yo =y € (x,x+1/r(x)],

TV (1)—1 7Y (1)1
v(x)r(x) Z{) H{x <Y, <x+1/r(x)} <v(x)r(x) ;) I{Y, > x}. (4.28)

It follows from the convexity of the function V (x) defined in (#.14) that

V(t+s(t))—V(x) <V (t+s(t))(t+s(t) —x)

o tts(t)—x
vt +s@)
Thus,
1 - v(t+s(t))
V(e+s(t)—V(x) ~ t+s()—x
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For all sufficiently large x, s(x) < 1/r(x) and hence s(¢) < 1/r(¢). In addition,
t <x+2/r(x) for x > x,. Therefore, for all sufficiently large x,

v v v+ 1/r(x) (@)
v(t+s(t))  vix+1/r(x)) v(t) v(t+s(t))
vx)  vlx+1/r(x) ()
v+ 1/r(x) vix+2/r(x)) vt +1/r(1))
< (4.29)

v

by (#24). Further,
r(x)(t+s(t) —x) =r(x)(2/r(x) +s(t)) > 2 asx — oo, (4.30)

Therefore, there exists a ¥ > 0 such that

Vs =V = W) forallx= %,

which being applied to (#.28)) yields that

TY (1)1

v(x)r(x) Z {x <Y, <x+1/r(x)}

n=0
1 1 T”(z)—l]I
S i v & e

Finally, the family with respect to x > X, Yo =y, y € (x,x+ 1/r(x)] of random
variables on the right hand side is uniformly integrable, due to Theorem [.2]
applied to the chain {Y,}. So, the family of random variables

7Y (1)-1
v(x)r(x) (ZZ. H{x<Y, <x+1/r(x)}, x>7%,
n=0
is uniformly integrable too.
Further, after the stopping time T (¢) the chain {Y,} falls down below the
level
- { x+1/r(x)  forx>x,,
' Xe+1/r(x.)  forx € [X,x,]

with probability ¢®R(1)=R(®) at the most, see @#27) which is applicable be-
cause #; > x,. Since the function R(x) is concave,

eS(R(x—‘rl/r(x))—R(x+2/r(x))) Se—5R’(x+2/r(x))/r(x) _ e—5r(x+2/r(x))/r(x).

As is shown in (2.8), r(x+2/r(x))/r(x) > 1/(1+ 2c) for all x > 0, hence we
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conclude that
sup S REF1/7(0)—RO+2/r(0)) < (=8/(142¢) 1,
x>0

Therefore, for all y > ¢,
P{Y, <1 forsomen > 1Yy =y} <e ¥/0+2) < 1,

Hence, we obtain by the Markov property that the family

v(x)r(x) Z Kx<¥, <x+1/r(x)}
n=0

is dominated by a geometric number at the most of summands taken from a
uniformly integrable family of random variables, which yields the first con-
clusion of theorem for the chain {Y,}, by Lemma i) with o-algebra J,
generated by the history of the chain up to nth falling down below the level 7.
In particular, for some ¢3 < oo,

3
v(x)r(x)

Further, in order to pass from {Y¥,} to {X,} we first notice that these two
chains may be constructed on the same probability space as described in the
beginning of the proof of Lemma 4.1} This makes possible the following cal-
culations: for all x <y,

HyY (x,x+1/r(x)] < for all x > X and y. (4.31)

P{X, <xforsomen>1|Xy =Yy =y}
<P{Y,<xforsomen>1|Y =y}
+P{X, #Y, forsomen>1, Yy >xforallk > 1|Xg =Yy =y}
<P{Y,<xforsomen>1|Y =y}
+P{X, #Y, forsomen > 1| Xy =Yy =y}.
The second probability on the right hand side tends to 0 as y — oo, by Lemma
which is applicable due to {#.23)) and because the upper bound im-

plies (.2) and @.31)) implies (4.3) with /(x) = 1/r(x), due to (2.8). Together
with it yields that

P{X, <xforsomen>1|Xo=y} < PRI-ROD Lo(1)  (432)

as x — oo uniformly for all y > x. In particular, there exists a sufficiently large
X0 > X4 such that, for some g < 1,

P{X, <x+1/r(x) forsomen>1|Xp =y} <gq (4.33)

for all x > xp and y > x+2/r(x).
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In the same way as it was done for {¥,}, we now consider a stopping time
T(¢t)=min{n>1:X, >1t},

where
f x+2/r(x) for x > xo,
| x0+2/r(x) forx € [X,xo].

Similarly to the chain {Y,}, the family with respect tox >x, Xo =y, y € (x,x+
1/r(x)] of random variables

T(r)—1
vx)r(x) Y, Hx <X, <x+1/r(x)}
n=0
is uniformly integrable too, due to Theorem [4.2|applied to {X,,}.
Further, after the stopping time T'(¢) the chain {X,} falls down below the
level
[ x+1/r(x)  forx>xo,
N { xo+1/r(xp) forx € [x,x0]

with probability ¢ < 1 at the most, see (#.33)) which is applicable because #; >
Xo. By the same reasons as for the Markov chain {Y, },

v(x)r(x) Z Hx <X, <x+1/r(x)}
n=0
is majorised by a geometric number at the most of summands taken from a
uniformly integrable family of random variables, which yields the first theorem
conclusion for the chain {X,}, by Lemma i) with o-algebra ), generated
by the history of the chain up to nth falling down below the level ¢#;.
The second conclusion of the theorem follows if we consider the points
X0 *=X, Xp+1 := X, + 1/r(x,) and then, by the first result,

N—1 N—1 1
Hy(x,x] < ) Hy(xp,%41] < €1 ) ———,
o ngb yom ] ,,;) V(%) (xn)

where N :=min{n > 1 : x, > x}, so xy < x+ 1/r(x). Since 1/v(z) increases,

we finally get
N-1 N=1 rxy+1/r(x)
y I . y / dz.
V() r(xn) = 1= S v(z)

n=0 n=0 %
X x+1/r(x
:/Nﬁ</+/“£
 viz) T S v(2)
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Now consider the case where the iterated logarithms play a role. Assume
that there exist € > 0, m > 1, and X such that, for all x > ¥,

zm[ls(x)] (x)

b ()

1 1 I+¢
= s+t + )| . (4.34)
y ylogy-...-log,_yy  ylogy-...-log;, y/ ly=el"tx

> r(x)

Theorem 4.4. Let the drift of {X,} possess the lower bound @34) with some
increasing function s(x) = o(x/logx- ... -log,, x). Assume @.I3) holds for
v(x) = v/x, v> 0. Assume also an upper bound for the left tail, for some d < €,

P{E(x) < —s(x)} = o(ms ™/ log?x- .. log?7 0 x) forall x> %. (4.35)

(m
Then the family of random variables

1 oo
KE<X,<x}, x>% Xo=y,
x210gx.m.10g(m>xr;] {x W <x}, x>X Xo=y

is uniformly integrable. In particular, there exists a ¢ < oo such that

Hy(%,x] < c1x*logx- ... log(,yx forallx>Xandy.
Proof. By the same arguments as in the last proof, we see that the first con-
clusion is equivalent to the uniform integrability of the family

1 (=]

Hx <X, <2 %, Xp = 2. (436
x210gx.“"10g(m)x”;0 {x< n > x},x>x, 0 y,ye(x7 x] ( )

The Markov chain {X,} satisfies the conditions (3.68) due to (@33). So
Corollary [3:16|applies, hence

log,, (e™ +x)\
P{X, < xforsomen>1|Xy=y} < (g()(ex)) (4.37)
10g ) (™ +y)

for all y > x > x,, where x, is delivered by Corollary 3.16] Without loss of
generality we assume that x, > X. Similarly to how it was introduced for the
Markov chain {Y, } in the last proof, let us consider the stopping time

TX(t) = min{n > 1: X, > 1},

where

- 3x  forx > x,
| 3x. forx € [x,x.].
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As concluded in the last proof for {Y,}, the family of random variables

1 TX (1)1
- Z I{x <X, <2x}, x>X,
X n=0

is uniformly integrable.
Further, after the stopping time 7% (¢) the chain {X,,} falls down below the
level
. { 2x  forx > x,,
2x,  for x € [X,x,]

with probability (4.27) at the most, which is applicable because | > x,. Ob-
serve that, for x > x,,

log(m)(e(m)—i—Zx) 5< B s
logx-..

f > 0.
log(m) (el 4 3x) . ~10g(m) X or some €2

Therefore, for all y > ¢,
(6]

P{X, <t forsomen>1|Xp=y} <1 - —————.
logx-...-log,,x

Hence, we obtain by the Markov property that the family
=
2 Zb]l{x <X, <2x}

is dominated by a geometric number—with success probability ¢;/logx- ... -
log,,,) x—at the most of summands taken from a uniformly integrable family
of random variables, which yields the first conclusion of theorem, by Lemma
@ii) with Ex =logx-...-log, x. In particular, for some ¢3 < co,

Hj‘ (x,2x] < c3x’logx ... -log(,yx forallx>Xxandy.

4.4 Factorisation result for renewal function with weights

In this section, either n(x) = oo or n(x) — o as x — 0. Let A(x) C R be a family
of Borel sets.

For a function g(z) > 0 on R, we look at the impact of g(z) on the asymptotic
behaviour of the partial renewal measure with weights

n(x)
y E{e Tic01X); X, € Ax)}, (4.38)
n=0
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compared to that of

n(x)
Z{JIP’{X,, cA(x)}.

Lemma 4.5. Let a(x) > 0 be a function on R™. Let the family of random
variables

n(x)
a(x) Y {X, €A(x)}, x>0, X =z, (4.39)
n=0

be uniformly integrable and let there exist a ¢ > 0 such that, for all N € Z*
andz € R,

n(x)
a(x) Y PAX, €A(x)} — ¢ asx— oo (4.40)
n=N

Ifq(z) > 0, then

n(x) . N
a(x) Z IE{eiZk:é 1% x, € Alx)} — cEe o1 g x — oo,
n=0

Proof.  The conditions #.39) and (4.40) imply that
n(x)
a(x) Z P{X, €A(x)} - ¢ asx—oo
n=N
for any distribution of X and for all N. Therefore, for any fixed N € N,
N-1
a(x) Y P{X, €A(x)} 0 asx— oo,
n=0

Then

n(x) . )
a(x) Z ]E{e*Zk:(I)Q(Xk); X, EA(x)} _ R~ Eio09(X)
n=0

n(x) .
=a(x) (Z E{e_zk:(l)q(xk); Xn € A(x)}
n=0
o
—Ee Yi-04™) Y P{X, € A(x)}) +o(1)
n=0

(e—Zﬁ;éq(Xk) iEe_Z;o:O‘I(Xk))]I{Xn eA(x)}) +o(1).
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In its turn, the mean on the right hand side equals the sum of the mean values
of the following random variables:

n(x)
Y = 606N + G(0N) + G (xN),

n=N

where

=
—~

=
Na

Gi(

31
=2
Ii
™

(efzﬁ;(} aX) _ g~ Xis Q(Xk))H{Xn e A(x)},

= S
=
= =

&

=
2
i

(E*ZZ;(I)Q(XU _e ci(Xk)) I{X, € A(x)},

i
=z

=

G(x,N) == Z (Ee*ZkN;o' a(Xe) _Ee*):/c::Oq(Xk))I[{Xn cA(x)}.
n=N

By the condition (4.39), both families of random variables {a(x)& (x,N), x >
0, N> 1} and {a(x)83(x,N), x > 0, N > 1} are uniformly integrable. Then,
taking into account that ¢(z) > 0 implies the convergence

¢~ Tit0 40 9% o= 04%0) g5 N — oo, (4.41)
we conclude that both sup, a(x)|E (x,N)| and sup, a(x)|E&3(x,N)| go to 0 as
N — oo, This proves the required result when we show in addition that, for any
fixed N,

a(x)ES (x,N) -0 asx—oo. (4.42)

Indeed, conditioning on Xj, ..., Xy_1 leads to the equality

E& (x,N)

- E{ (e_ZkN:_Ol 9% _ e X0 q(XU)E{:(Z)ZH{Xn € A(x)}’Xo, Xy }}
- E{ (e—zk”;o‘ 9% _ eI ‘](Xk))EXN_l (Z) I{X, € A(x)}},
n=N

by the Markov property. By the uniform integrability (4.39)), the family of ran-
dom variables

~X0 4% _ e Eilo 4(X0) S
a(x)(e k=0 9\) — [Re™ Zi=0 9\ Mk )]EX,\Fl Z]I{XHEA(X)}, x>0,
n=N
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is uniformly integrable too. By the condition (4.40),

n(x)
a(x)Ex,_, Z X, €A(x)} ¢ asx— oo,
n=N

This allows us to conclude that
a(x)Eg; (x,N) — cE (e_):}kvz_ol 9% _ Ee~ Lo q(Xk)> =0 asx— oo,
and #.42)) follows which completes the proof. O

Lemma 4.6. Let g, : R — R be a sequence of uniformly bounded functions
and let E € R be a number such that, for all N € N and zy, ..., z,

E{g.(Xo,..-,Xu) | Xo =20,-- -, Xn =2y} = E asn—oc. (443)
If q(2) > 0, then

Ee~Xi-o X g (Xo,...,Xy) — E-Ee Ti-09X)  ggp — oo,
Proof. Fix any N € N. Then

‘Eeﬂ;éq(xk) 80 (X0, .. Xn) — Egn(Xo, ..., X, )Ee~ Ti0d(X0)

IN

’E (e‘ ico 1%) _ Fe~Tico q(X")>gn(X0, s Xn)

+lgn Hw]E’e*m;é a(X) _ =X alX)

gl [EeH5 000 — oS0

=: |E{(N,n)|+ E>(N,n)+E3(N).

We have E»(N,n) — 0 and E3(N) — 0 as n, N — o by the dominated conver-
gence in (@4T)) because g(z) > 0. Further, conditioning on Xp, ..., Xy—; leads
to the equality and the convergence

E] (N,I/l)
= ]E{ (E_Z;CV;OI q(Xi) —Ee_ZkN;OIq(Xk))]E{gn(XO, e ,Xn) | X()v ce aXNfl}}

S E. E(e—zﬁgg aX) _ gL q<xk>> as n — oo,
by the condition (4.43)), which allows us to conclude that, for any fixed N,
Ei(N,n) >0 asn—» oo,

and the proof is complete. O
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Lemma 4.7. Let p be a number between 0 and 1 and A,, C R be a sequence of
Borel sets such that, for all z,

PA{X, €Ay} —p asn— oo (4.44)
Ifq(z) >0, then
Ee~Lio IX{X, € Ap} — pEe Zi-01®0)  gsp — oo,

Proof. Take g,(Xo,...,X,) = I{X, € Ay} which is a bounded function satis-
fying the condition (4.43) with E = p because

P{X, €A |Xy,...,. Xy} =P{X, €A | Xn},
by the Markov property and because
P{X, cA| Xy} p asn— oo,
by the condition (@.44). O

4.5 Convergence to I'-distribution for transient chain

In this section we are interested in the growth rate of a Markov chain {X,} on
R that tends to infinity with probability 1 as n — o which happens when the
chain is transient.

Theorem 4.8. Suppose there exist b > 0 and [ > b/2 such that, for some
increasing function s(x) = o(x),

i)~ pfx and @) b asxe  (449)

and there exists an X such that, for all x > X,

P{IG ()] > s(x)} < p(x)/x, (4.46)
E{IE(x)|; (x) < —s(x)} < p(x), (4.47)
where a decreasing function p(x) > 0 is integrable at infinity. If
limsupX,, = oo with probability 1, (4.48)
n—roo

then X?/nb converges weakly to a T’ 244 /b,1/2-distribution with mean 1+
2u /b and variance 2(1 421 /b) whose probability density function is

1
u/b—1/2 ,—x/2
F(1/2+u/b)21/2+u/hx e, x>0.
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As far as it concerns applications, we apply this result to show convergence
to I distribution for a random walk conditioned to stay positive in Section|[TT.1]
and convergence to I" distribution for state-dependent branching processes with
migration in Theorem[T1.6]

Let us give a sufficient condition for (#.46) and to hold. If the family
{I€(x)|, x > 0}, possesses a majorant E, that is, |€ (x)| <, E for all x, which is
square integrable, EE? < oo, then there exists an increasing function s(x) = o(x)
such that (#.46) and hold, see Lemma2.33|with y=2, ¢ =1,and § =0,

1. Hence the following result.

Corollary 4.9. Assume that, for some b > 0 and U > —b/2, mi(x) ~ u/x
and my(x) — b as x — . Assume that the family {|& (x)|, x € R} possesses a
square integrable majorant E, that is, EZ? < o and E?(x) <y E for all x. If the
condition [#A48)) holds, then X2 /nb converges weakly to a T-distribution with
mean 1424 /b and variance 2(1 +2u /D).

Proof of Theorem The proof is based on the method of moments, see e.g.
Durrett [56, Theorem 3.3.26].

Consider a modified Markov chain {)?,,} on the same probability space as
X with jumps g(x) = E(X)I{|E (x)] < s(x)}. If {X,,} does not satisfy the weak
irreducibility condition (#48), then we can increase the value of s(x) on some
set bounded above in such a way that then {)’(v,,} does satisfy (#.48). Indeed,
it follows from the condition (#43)) that there exist a sufficiently high level
xo and an € > 0 such that P{& (x) > €} > 0 for all x > x¢. Then it suffices to
increase s(x) on the set (—oo, xo] to ensure the condition @48} for {X, }.

Since @43) holds with u > b/2, {X,} satisfies the condition -108) for
any € € (0,2u/b—1). Moreover, (.46) implies (2.109) with a possibly slower
decreasing p(x) which is still integrable. Therefore, Theoremis applicable
to {)?n}, so we conclude the transience and the convergence, for all z,

P{X, >zforalln>0|Xo=y} =1 asy— co.
By Theorem [4.3] there exist ¢ and x, such that
Hy)? (x,2x) < cx®  forall x > x,.

So, all the conditions of Lemma [4.1] are satisfied for the chains ¥ = X and
Z=X. By Theorem the chain Z = X tends to infinity as n — oo, s0 it
suffices to prove weak convergence to the same I'-distribution for the process
{Z,} with jumps §(x) = &(x)I{|€(x)| < s(x)}, see the discussion at the end of
Section@ That is, it is sufficient to show that

2

i = F<2u+b)/2b,2 as n —r oo, (4.49)
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For all x,
EL(x) =mPW(x) and EC(x) = mbW(x). (4.50)
In addition, the inequality |{ (x)| < s(x) = o(x) implies that, for all j > 3,
IES (x)] < m[zs(x)] (x)s2(x) = 0(x)72) asx— oo. 4.51)
Let us compute the mean of the increment of Z2. For i = 1 we have

E{Zyy1 — 2y | Zn = x} = E(2x{ (x) + (*(x))
=2u+b+o(l) asx— oo,

by (@#350) and #.43)). Applying now the convergence of Z, to infinity we get
E(Z2, —Z}) —2u+b asn— oo
Hence,
EZ2 ~ (2u+b)n  asn— oo. (4.52)
For i > 2, we have

B{ZZ,, ~ 22| Z, =)

2i i
=FE <2i}c2"_1 Cx)+i(2i— Dx¥ 282 (x) + szi_lcl(x) (21 ))
=3

2i :
; ; 2
=il2u+ (2i—1)b+o(1)* 2+ Y 2 'E¢! (x) ( l’) (4.53)
=3
as x — oo, by @350). Owing to @3T),
2i . 2i 2i . .
sz’_lIECl(x) ( > = sz’_lo(xl_z) =o(x*%) asx— oo
=3 ! =3
Substituting this into @.33) with x = Z, and taking into account convergence
Z, — oo, we deduce that
E{Z2 - Z¥} =i2u+ (2i— 1)b+0o(1)]EZ2 2 asn—oco. (4.54)
In particular, for i = 2 we get

E{Z),1 —Z,} =2(2p+3b+0(1))EZ;
~22u+3b)(2u+b)n  asn— oo,

due to (4.52). This implies that

EZ} ~ (2u+3b)(2u+b)n® asn — oo,
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By induction, we deduce from (@.34) that, for all i > 1,
i
EZy ~ (nb) T](21/b+2k—1) asn— oo,
k=1

which yields convergence of all moments of Z2 /nb to that of Gamma distribu-
tion with mean 1+ 2u /b and variance 2(1 +2u/b), as any Gamma distribu-
tion is uniquely determined by all its moments. Hence {.49) is proven and the
proof is complete. O

4.6 Convergence to Gamma distribution for non-positive
chain

The next result is on the convergence to a I'-distribution covers both transient
and null-recurrent chains.

Theorem 4.10. Assume that, for some b >0 and u > —b/2,
my(x) ~ pu/x and my(x) —>b asx— e (4.55)

and that the family {E?(x), x € R} possesses an integrable majorant Z, that
is, EE < oo and

EX(x) <4 E forallx. (4.56)

If X, — oo in probability as n — oo, then X?/nb converges weakly to a T-
distribution with mean 1+ 2 /b and variance 2(1+2u/b).

The main difference between this result and Theorem [4.§] is that here we
impose conditions on the asymptotic behaviour of the first two full moments
of jumps, m; (x) and my (x). Further, as we have commented after Theorem 4.8}
(@.56) implies ([@.40). The rationale behind these more restrictive assumptions
is that the renewal function of any null-recurrent chain is infinite, hence we
cannot use time homogeneous truncations as it has been done in the proof of
Theorem4.8] In order to prove Theorem#. 10| we introduce truncation of jumps
which depends not only on the spatial coordinate x but also on time 7.

As far as it concerns applications, we apply this result to show convergence
to I'-distribution for state-dependent branching processes with migration in
null-recurrent case in Theorem convergence to I'-distribution for null-
recurrent stochastic difference equations in Theorem and convergence
to I-distribution for ALOHA network in Theorem [11.18]
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Proof. For any n € N, consider a new Markov chain Y;(n), k=0, 1,2, ...,
with transition probabilities depending on the parameter n, whose jump 1 (n, x)
is just the original jump & (x) truncated at levels &(xV 1/n) depending on both
point x and time #, that is,

iy = £ I Bl <

0 else.

Given Yy(n) = Xo, the probability of discrepancy between the trajectories of
{Yk(n)} and {X;} by time n is at the most
n—1
P{Yi(n) # X; for some k <n} < Y P{[X;1 — Xi| > V/n}
k=0
<nP{E >n}
<E{E;E>n}—0 asn—oo.  (4.57)
Since X, — o in probability, @.57) implies that, for every c,

inf  P{¥(n)>c}—1 asng—oo. (4.58)

n>ng,ke o)
By the choice of the truncation level,
) (9] < E@IHEW)] > ).
Therefore, by the condition [#.356),
En(n,x) =E&(x)+o(1/x) asx— couniformly foralln  (4.59)
and
En?(n,x) = EE%(x) +0(1) as x — oo uniformly for all n.  (4.60)

In addition, the inequality |1 (n,x)| < xV /n and the condition (#36) imply
that, for all j > 3,

En’(n,x) = o(x’ 2 +nU=2/2)  as x — oo uniformly for all n. (4.61)
Let us evaluate the mean of the increment of ij (n). For j =2 we have
E{YZ, 1 (n) = Y2 (n)|Ye(n) = x} = E(2x1 (n,x) +1°(n,x))
=2u+b+o(l)
as x — oo uniformly for all n, by @.39) and (#.60). Applying now @38) we get
E(Y2,(n) —Y2(n) = 2u+b askn— oo, k<n.
Hence,

EY2(n) ~ (21 +b)n  asn — oo (4.62)
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Let now j =2i,i > 2. We have
E{YZ | (n) — Y (n)|Yi(n) = x}
2i ;
=K <2ix2i_1n(n,x) +i(2i — D)x* 2% (n,x) + ZXZi_lnl(n,x) <le>>

A 2. 2i
=21+ (2i— )b+o(1)x* 2+ Y x*'En' (n,x) ( l’) (4.63)
=3
as x — oo uniformly for all n, by (#39) and (@.60). Owing to (@.61),

ZXZI IETI nx( > 221 12/2)
72)+Zx2i710(n(172)/2)
=3

as x — oo uniformly for all n. Substituting this into (#.63) with x = ¥(n) and
taking into account (4.38)), we deduce that

E{YZ,(n) — Y& (n)} = i2u+ (2i — 1)b+o(1)|EYZ % (n)

2i
+ Y ErZ ! (n)o(n!=2/2). (4.64)

In particular, for j = 2i =4 we get

E{Y,fH (n) — Y,f(n)} =2Qu+ 3b)IEYk2(n) +EY(n)o(v/n) +o(n)
2(2u+3b)(2u + b)n,

due to (#.62). It implies that
EY?(n) ~ (21 +3b)(2u +b)n*>  asn — oo.

By induction, we deduce from (@.64) that

EY(n) ~ (nb) [](2u/b+2k—1) asn— oo,
k=1

which yields—by the method of moments—that Y,>(n)/nb converges weakly
to a [-distribution with mean 1+ 2u /b and variance 2(1 + 21 /b). Together
with (@.37) this completes the proof. 0O
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4.7 Functional convergence to Bessel process for
non-positive chain

Once the weak convergence of X2 /n to a I'-distribution is proven, it is natural
to guess diffusion approximation to X2 /n by a Bessel process. This question
was originally positively answered by Lamperti in [112]. In the next theorem
the result of Lamperti is given under minimal moment conditions; our proof
is based on the method of moments as the proof of the weak convergence to a
I'-distribution.

Introduce a family of piece-wise constant processes

s0 X" (¢) € D[0, 1] where D0, 1] is the space of real-valued functions on [0, 1]
which are right continuous with left limits.

Theorem 4.11. Suppose that either L > b/2 and the conditions of Theorem
hold or L > —b/2 and the conditions of Theorem hold. Then the process
{X" (1)} converges weakly in D[0,1] to a Bessel process Bes(t) starting at
zero, with reflecting boundary condition in null-recurrent case, with drift [t /bx
and diffusion coefficient 1, that is, f(X"(-)) = f(Bes(-)) as n — oo for all
bounded functionals f : D|0,1] — R continuous in the Skorokhod topology.

Notice that since the limiting process is continuous, the last result is equiv-
alent to the weak convergence in the space C[0, 1] if we define {X(")(r)} as
a continuous piece-wise linear process whose trajectory connects the points
(k/n,Xi/\/bn) by segments, for justification see, e.g. Ethier and Kurtz [60,
Proposition 10.4].

All the arguments in the proof below are still valid if we consider a triangular
array setting where the initial distribution of the chain depends on 7 in such a
way that, for some xg € R,

X(g")/\/bnixo as n — oo,

Then the process {X ") (r)} converges weakly in D[0,1] to a Bessel process
Bes(t) with starting point xo, drift i /bx and diffusion coefficient 1. In its turn,
this implies that, if

Xé")/ bn=vVv asn— oo

for some probability distribution v on R, then the process {X(¢)} con-
verges weakly in D[0, 1] to a Bessel process Bes() with initial distribution v.
As far as it concerns applications, we apply this result to show convergence
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to Bessel process for a random walk conditioned to stay positive in Section
[IT.1] convergence to Bessel process for state-dependent branching processes
with migration in Theorems and[T1.7] convergence to Bessel process for
null-recurrent stochastic difference equations in Theorem and conver-
gence to Bessel process for ALOHA network in Theorem

Proof. Let the conditions of Theorem @] hold, then as in the proof of that
theorem it is sufficient to prove weak convergence to a Bessel process of the
sequence of D[0, 1]-processes {Z(")(r)} which are defined as

2l
Vbn’

where the process {Z} is defined in Section 4.1]
By Prokhorov’s Theorem, we need to prove weak convergence of finite di-

ZW (1) =

t€10,1],

mensional distributions and tightness in D[0,1]. We start with finite-dimen-
sional distributions. By the method of moments, it suffices to prove that, for
any sequence of time epochs #; < 1, < ... < f; and natural numbers iy, iy, ...,
ix, the mixed moment

EZ" (1)1 ... Z0) (1) (4.65)
converges to that of the Bessel process Bes, that is, to
EBes? (11)...Bes™(1,). (4.66)
Indeed, conditioning on Z( (1), ..., Z" (1)) yields an equality
E{ZM (11)%0 .. Z) (1 ) 2k

< [Z) ()% — Z0) (1) P+ Z (6 1)?5] | Z0 (1), .., 20 (11) }

_ Z(n) (tl )2i1 B Z(n) (tk—l)ykfl +2iy
Zoy = P
/ / nt, nty_
+ﬂWm%qumlﬁ“E{@@%“lzmu}
The conditional expectation in the second term on the right hand side equals
_ 2 2
["U«X]: 1 E ijl —Z; k
(nb)i

j=[nti—1]

Z[ntk,l] (I’l) }7

where the jth term in the sum, by @.54)), may be evaluated as follows

Zingy_y) }7

2i 2i
Zih =72
(nb)*

722

Z[ntk1]<">} = (i, +o(1))ﬂ«:{w
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where ¢; = i(2u + (2i — 1)b). In the case i, = 1 we get

2 2
E{Zm —Z

1
Zip ) } = citoll) as n — oo uniformly for all j,

nb nb
SO
7 . —72
] ~ “nn ) c1t —t-1)
o |, |} el ,,
and hence
EZ" (1)1 ... 2" ()41 20 (1)
— (n) 2iy (n) 20142
EZ (t1) A (tkfl)
erlle — k1) . W) 700 (1 i 20 (1)1 o).
In the case iy = 2 we get, as in the proof of Theorem [4.8]
4
Zjn =7 p
(nb)2 [nty—1]
72
~(c+oE{ s | 2,
Z} —Zpy Ziy |
_ J nti—1 nti—1
- (02+o(1))E{ ) ’Z[mkl]}—i—(cz +o(1)) (1)’
2
00 +o(1) . Z["’k—l]
- (nb)z (] [ntkfl])—’—(cz—i_o(l)) (nb)z )

SO, as n — oo,

4 4
gl Zm) =G |,
(nb)z [nt—1]

2
(tx —tr_1)? e — -1 Z[”fk—l]
- 1))k 1)) Kkt e 4.
(erer +o() B (0 o Bt Tl )
and hence
lim EZ (1)1 . Z0) (1) 2120 (1)*
el
= lgn EZ<”)(t1)2i1 ...Z<n)(l‘k,1)2ik’l+4
ty —tr— . .
o gim BZO) ()20 L Z0) (g ) k12
b n—soo
(tk—te1)? . () (4 \2i (n) 20
+erci————5—— Um EZ" (t;)" ... Z" (ty_1)"*%".

2b? n—yoo
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Similar relations hold for all i; € N, with clear pattern; for instance, for i = 3,

lim EZ" (1)20 .20 (1) ¥e1 200 (1,)0

n—o0
_ JL‘T‘LEZ(”)(II)%I B .Z(n)(lk,1 )Zik,1+6
ty —tr— . .
+C3%JEEEZ(H)(,I)ZH o Z) (1) B4
eyer “1)’ (11)%1 .. Z) (g )21 H2
€325 m )7 k-1
(ki —t1)° . () (s N2 (n) 2,
+ezeac) ———=—— Um EZVY (¢ )" ... Z\" (t_y )"0,

3163 noe

Now let us show how to approximate the mixed even moments (@.66) via
slotting the Bessel process Bes(t), for any pt > —b/2. Consider a Markov chain
Bes defined as a skeleton of Bes(t), Bes; := Bes(j). On the one hand, by the
self-similarity and continuity of a Bessel process,

(Bes([nt1]),...,Bes([nt])

NG =g (Bes([nt1]/n),...,Bes(|nty]/n))

= (Bes(t1),...,Bes(ty)) asn— oo,

which implies convergence of mixed even moments

. <Bes[ml} )2" N (Bes[mk] >2”‘ s EBes?i(11)... Bes (1)
vn vn

as n — oo. On the other hand, the mean drift of the chain Bes, is of order u /bx

and the second moment of jumps converges to 1 as x — oo, see (I.40); in the

null recurrent case is applicable because we assume reflecting boundary

condition for X(¢). In addition, holds. Therefore, a relation similar to

(4.54) follows, for alli > 1,
E{Bes,, —Bes,'} = i[2u+ (2i — 1)b+o(1)|EBes; >

So, all the calculations carried out for evaluation of mixed even moments of
Z" (1) are applicable to that of Bes,. Therefore, the mixed even moments
@83) of {Z" (1)} converge to the corresponding mixed even moments (#.66)
of the Bessel process Bes(t), hence the weak convergence of finite dimensional
distributions of {Z")(¢)} follows by the method of moments.

Now it only remains to prove tightness. For that it is enough to show that
there exists a ¢ < oo such that, forall 0 < <t <3 <1

E(Z)(12)° = 2 (0 P20 () - 20 (0P < etz ), (@468)

see, e.g. Billingsley [16, Theorem 15.6]. Let us bound this expectation. Since
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we can always modify the chain {Z, } below any specific level, there is no loss
of generality if we assume that, for all x,

RB{Z? - 73| Zy=x} >0, (4.69)
E{Z} -Z3 | Zy=x} > 0. (4.70)

Conditioning on Z" (;) and Z\") (1,) yields the following expression for the
left hand side of (#.68)

E(Z" (12)* =2 (10)*PE{(2") (15)* = 2" (22)*)? | 2 (1), 2 (12)}
= E(Z"(02)* = 2" (0 *E{(Z" (13) = 2 (22))* | 2" (12) ).
In its turn, the conditional expectation may be bounded as follows:
E{(z"t ) —Z )) |z ( 2)}
= E{z"(1;)* - 2" () \Z /(12)}
" (02) BAZ" (13) = 2 (12)* | 2 (12)}
< E{Z"(5)* - 2" ()\Z”()L
owing to ([@.69). The calculations leading to also imply that, for some
c] < oo,
E{Z" (13)* = 2" (22)* | 2" (12)} < e1(t3 — 1) 2" (12)*.
Therefore,
E{(Z")(13)2 = 2" (12)2)? | 2" (1)} < €1 (13 — 12) 2 (1), 4.71)
Further,
E(Z"(12)* = 2" (0)*)Z" (12)?
=E(Z" (1)° — 2" (t )°) — ( ”(t2)4—Z(”>(t1)4)2(”)(t1)2
—E((2"(n)? =2 (01?2 (1) ~E(Z" (22)* = 20 (1)) 2" ()"
<E(Z"(1)° - (t1)6) E(Z" (n)* =2 (1)")2" (0 )?
—E(Z" (12)* =2 (0)1)2" (11)*
<SEZ"(0)° -2 (1)°),

because the second and third terms on the right hand side of the first inequality
are negative due to the assumptions (@.70) and [#.69). Hence,

E(Z"(12)* = 2" (1)) 2" (12)* < e2 (2 —11),

which together with implies (#.68). Hence diffusion approximation fol-
lows under the conditions of Theorem [4.8]
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Under the conditions of Theorem [A.10| the proof is the same but starts with
time-dependent truncation of jumps. O

4.8 Integral renewal theorem for transient chain with
Gamma limit

The next result determines the asymptotic behaviour of the renewal functions
Hy(x) and H(x) in the case of convergence to a I'-distribution in the transient
case. The proof is based on preliminary upper bound delivered in Theorem 4.3

Theorem 4.12. Under the conditions of Theorem[4.8] for any initial distribu-
tion of the chain {X,},

8]
;)P{Xn € (Bx]} = (I(B) +o(1))x

as x — oo uniformly for all B > 0, where

p—>b’
X is defined in Theorem and T(t) and y(t) denote the cumulative dis-
tribution function and the probability density function respectively of the I'-
distribution with mean 2{L + b and variance (2L + b)2b. In particular,

I(B) := /OBF(l/z)dz = BF(l/B)+/1:oBi}/(z)dz, I(e0) = 3 !

N 1
H(x,x] ~ o bx2 as x — oo, (4.72)

As far as it concerns applications, we apply this result to derive asymptotics
of the renewal measure for a random walk conditioned to stay positive in Sec-
tion[IT.1} transience of state-dependent branching processes with migration in
Theorem [I1.3} transience of level-dependent collective risk processes in The-
orem

Proof. By Theorem[4.8] for every fixed B > 0,

B2 (B2
ZOIP’{Xn € (xx]} = ;}(F(xz/n) +o(1))
(B2

= Z L(x*/n) +o(x?) asx— oco.
n=0
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Due to

[B%] B
Z F(xz/n)wxz/ ['(1/z)dz as x — oo,
n=0 0

we conclude that, for any fixed B > 0,

(B+?]
Y P{X, € (X.x]} ~ I(B)x* asx — co. (4.73)
n=0
Since the sum is increasing in B, it remains to prove that (#.72) holds. Firstly,
since

B
I'(l1/z)dz — B — oo,
/0 (1/z)dz b as
we conclude a lower bound
H(x, 1
timint L5 S (4.74)

x—e  x2 T 2u—b’
Secondly, for an arbitrary y, let us now prove the matching upper bound,

. Hy(X,x] 1
1 AN )
P T S

4.75)

For any A > 1, T(Ax) is the first up-crossing time of the level Ax. By the
Markov property,

T(Ax)—1

HEDSE, Y 1K€ ()

+P{X, <x for some n | Xo > Ax} sup H (X, x|

z<x
T(Ax)-1
<E, Y IX,e@a)
n=0
+(PEWRA) 1 o(1)) sup H, (%] (4.76)
7<x

as x — oo uniformly for all A > 1, due to (#32) where R(x) is determined by
r(x) = y/x with y € (0,211/b), hence

(S RW-RA) _ 1 /57
Thus, applying the upper bound proven in Theorem 4.3 on the right hand side
of we deduce that, for some ¢ < oo,

T(Ax)—1
HyZx] <E, Y I{X,€@x}+ (c/A% +o(1))* (477
n=0
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as x — oo uniformly for all A > 1. The expectation of the sum on the right hand
side of (#.77) may be estimated as follows: for C > 1,

T(Ax)—1 [cA%¥)
E, Y X,c@A}<E, ) I{X,e (X}
n=0 n=0
T(Ax)—1
—|—Ey{ Y I{X, >3} T(Ax) > CAzxz}.
n=0

The second term on the right hand side is not greater than
Ey{L()?, T(Ax)); X, < X for some n > A2x2}
+Ey{L(£ T(Ax)); X, > Zfor all n € [A%3, T(Ax) — 1], T(Ax) > CA2x2}
< E),{L()?, T(Ax)); X, < x for some n > A2x2}
—|—Ey{L()?, T(Ax)): L(%,T(Ax)) > (C— 1)A2x2}.

Since conditions of Theorem [4.2|are met with v(x) = p/2x, the family of ran-

dom variables
L(%T(A))
(Ax)?

is uniformly integrable, so, for any fixed A > 1,

sup 5B, {L(ET(A0): LET(A0) > (€~ DA%} < y(©),

x>%, y X
where y(C) — 0 as C — oo. Since X,, — oo with probability 1,
P{X, <X for some n > A2x2} —0 asx—>oo.

Therefore, again by the uniform integrability,

1 ~ ~
—ZIE),{L(X, T (Ax)); X, < x for some n > A2x2} —0 asx—»oo.
x

Altogether yields
1 T(Ax)—1
limsup sup —Z]Ey{ Y, X, >3hT(Ax) > CA2x2} < y(0),
x—oo y X =0

hence, uniformly for all y,

| TAx-1 [CA%x%]
limsup —TE, Y KX.e@®@A}<E, ) IX,e@x}+y(0),
X—roo n=0 n=0
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which being substituted into (4.77) gives

Hy (%3] S
limsup =5 <limsup =K, Y KX, € (x,x]}+w(C)+ /A%,
X—ro0 X x—oo X =0

As has already been shown,

1 [CA%x%]
= Y Py{X, € (®a]} 2 1(CA*) asx— oo,
A

which implies the following upper bound, for each fixed A, C > 1,

~

H,
limsup ﬂ < I(CA?) +y(C) +c/A%.
X

X—$o0
Letting now first C — o and then A — oo, we get the required upper bound

#.75). The lower and upper bounds yield the equivalence, for
every fixed y,

- 1
Hy(x,x] ~ x> as x — oo,

2u—>b
Together with the uniform in y bound of Theorem [4.3|this completes the proof
of (4.72) and hence the result follows. O

The next result will be used later to find tail asymptotics for the stationary
measure when {X,} is recurrent.

Theorem 4.13. Let the conditions of Theorem{.8 hold. Then, for q(z) > 0 and
any distribution of Xy,
(Bx’]

Y. Efe Hhot: x, € (£} = (1(8) +o(1))x* Ee™ Trat)
n=0

as x — oo uniformly for all B € [0,0], where I(B) is defined in Theoremd.12]

Proof. 'We may apply Lemma [4.5] because its condition {#.39) is guaranteed
by Theorem [.3] while the condition (#.40) by Theorem[4.12] O

4.9 Local renewal theorem for transient chain on Z with
Gamma limit

In this section we discuss a local version of the renewal theorem in the case of
convergence to a I'-distribution. In this section we do this for a lattice Markov
chain. Without loss of generality, let the minimal lattice where {X,,} is living
on be Z. It is unclear whether the local renewal theorem would be valid if we
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only assumed a regular asymptotic behaviour of moments of jumps. It is very
likely that it can be only proven for an asymptotically homogeneous in space
Markov chain as it is defined in Definition that is, if we assume weak
convergence of jumps & (x) to some random variable & on Z, that is,

E(x)=& asx—voo. (4.78)

Theorem 4.14. Let there exist b > 0 and y > b/2 such that
my(x) ~ w/x and my(x) = b asx— oo, 4.79)

and

limsupX,, =0 with probability 1.

n—soo

Furthermore we assume the convergence [@.78). Let 7 be the minimal lattice
for &, and let the limit & satisfy

EE =0, EE>=0b. (4.80)

In addition, let the jumps & (x) be bounded below and above by J uniformly for
all x € Z™, that is,

E(x)| < J forallxe T+ (4.81)
Then
h(x) :=H{x} ~ g —,r asx e (4.82)
Moreover,
S _ _ @)WV
]P{n;oﬂ{x" =x}> N} = cl(x)<1 2= ) : (4.83)

where c1(x) = 1 and ca(x) = U —b/2 > 0 as x — oo, s0 the family of random
variables

| =
=Y X, =x}, xe{1,2,3,...}, (4.84)
xn:O

is uniformly integrable.

More general results are derived in Chapter [0] via different technique based
on the martingale approach.

Proof. Consider a stopping time

T(x):=inf{n > 1:X, <x}.
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Since {X,} is transient, P, {7(x) = e} > 0 for all k > 1. First let us under-
stand the asymptotic behaviour of this probability as x grows. To this end, let
us fix a & € (0,211/b — 1) and define two decreasing functions

1
Us(x) = (Z‘u/b—l:tﬁ)xzﬂ/b*]i‘v x> 1.

By the mean value theorem, for all x and j € Z there is a 6 € (0, 1) such that

. _ J J
Us(x+j)—Ux(x) = TGy T as x — oo,
which implies
Ui(x)

Us(x+j) = Us(x) ~ —j(2u/b—1£6)——.
Then, since & (x) are bounded below, we get for all fixed k > 1 that

Ex {Us (Xe(r) = Us(x+K); T(x) < oo}

Uy (x+k)
x

~ (2u/b—1+8) oy fx+k— X5 7(x) < oo},

(4.85)

Let us compute the drift of Uy (X,). Since the jumps are bounded, by Tay-
lor’s expansion,

(U (x4 () ~ U (1)
= UL0m () + gma (UL (xm () + O(UL ()

= —x T (x) + (/b £ 8 /2)x /P IF 0y (x) + O(x /P 2T0)
+£(8b/2+0(1))x /71T a5 x — oo,

Therefore, the sequence U— (X,r¢(y)) is a supermartingale for all sufficiently
large x. Then, by the optional stopping theorem,

Byt (U= (): 7x) < oo} < U_(x-+K)
This is equivalent to

B {U- (X)) — U (x4 K); 7(x) < o0} S U_ (x4 k)P 2(x) = en}.
Using now #.83)), we get, for all sufficiently large x,

2u/b—1-28

Px+k{r(x) = oo} > X

Ex+k{x+ k— Xr(x); T(x) < 00} (4.86)
Since {U; (Xupz(x))} is @ submartingale for all sufficiently large x,

ExetdUs (Xe): T(x) < o0} > Uy (x+ ).
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This implies that, for all sufficiently large x,

2u/b—1+28

Pepr{t(x) = oo} < e Eeri{x+k =Xz (5 T(x) <o}

Combining this lower bound with (#.86) and due to the arbitrary choice of
6 > 0, we conclude that, as x — oo,

Eot{x+k—Xg(: T(x) < oo}, (4.87)

Now let us determine the limit of E, ;{x +k — X;(); T(x) < eo}. Let &,
k > 1, be independent copies of the random variable &. Define Sy = 0, Sy :=
Sk—1+ & fork > 1, and

0; :=min{k > 1: S5 < —j}, y;=—Ss,.

Assumption (@.78)) implies that, for every n > 1, (X; — Xo,X2 — Xo, - . . X» — Xo)
converges weakly, as Xo — o, to (51,52, ..,Sy). In particular,

Bep{x+k—Xepo: 7(x) <np — E{yi—1: 6 <n}, n>1
Noting that both x +k — X7 (,) and Y are bounded, we conclude that
lim By {x+k — X3 7(x) <o} = By
X—$o0

Plugging this into (4.87), we get for all k > 1

2w —b
Py {T(x) = oo} ~ “bT]quk,l as X — oo, (4.88)

We now use these asymptotics to study asymptotic behaviour of the renewal
mass function /(x). Choose any jo € [1,J] such that

P{¢ =jo}>0 (4.89)
and consider the following upcrossing stopping times:

o(x):=min{n>1:X,_; <x, X, > x},
y(x):=min{n>1: X, <x, X, =x+ jo},

and let us evaluate the probabilities
pi(x) = Pryi{y(x) = oo}

fori=1,...,J, and large values of x. For all i < J, the Markov property leads
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to the equation
Prii{y(x) = o}

J
= x+i{6(x) = °°} + Z ]P)eri{o-(x) < °°aX0'(x) = )C+j}]P)x+j{'}/(x) = oo}
J=1 Jj#jo

J
=Pui{r(r) =} + ) Pei{t(x) < oo, Xg) = x+ j}Pus  {¥(x) = o},
J=1, j#jo
because the transience of {X, } implies
Prti{7(x) < o0,0(x) =} = 0.
Hence, the (J — 1)-dimensional vector

px) = (p1(x),. .-, Pjo—1(x), Pjipr1(x), ... pa(x))

satisfies the equation
p(x) = q(x) +A(x)p(x),
where
4i(x) = Prri{o(x) = oo} = Pryi{T(x) = oo}

and A(x) is a matrix with entries A;;(x), i, j € {1,...,jo—1,jo+1,...,J},
where

A,’j(x) = Hi{c(x) < °°,Xg<x) :x+j}.
Therefore, provided the matrix / — A(x) is invertible,
p(x) = (I-A(x) ' q(x). (4.90)

In view of P{§ = jo} > 0—see ([#-.89)—and because Z is the minimal lattice
for &, it follows that there exists an € > 0 such that

Ajj, = P{So=jo|So=i} > 2¢ foralli<J,
where o :=inf{n>1: S,_; <0, S, > 0} is finite a.s. By the condition [#.78),
P{X5 () = x+Jjo,0(x) < oo | Xo =x+i} = P{Se = jo | So = i}
as x — oo, hence there is an x( such that, for all x > x,
Aijo (%) = P{X5() = x+ jo,0(x) < oo | Xo=x+i} > € foralli<J.

Then each row of the matrix A(x) sums to a number less than 1 — €, hence the
matrix / — A(x) is invertible and

(I-A(x)™"' = I-A)"" asx— oo,
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where
Ajj = P{Ss =j|So =i},

and it follows from (#.90) and (@.88) that, as x — oo,

2u—>b _
p(x)w be (I*A) I(EWI’...,El’/j0717ijO+l7...,ElI/J)T
:Z*(Ch...,Cj0_17Cj0+1,...7C])T.
x
Thus,
Pjo (x) = ]P)erjo{Y(x) = oo} 4.91)
J
=Pejpf{t(x) =} + Y Ajy;(x)p;(x)
=1, j#ijo
1/2u—b J
Nf(”Tijo,lJr Y Ajge) asxore (492)

J=1, j#jo
Denote by N(x) the number of visits of {X,} to the state x. We have

v(x) -1
h(x) =E Y I{X,=x}+E.jyN(x)P{y(x) < eco}. (4.93)

n=1

Since the random variable

Y(x) -1
Z {X, = x}
n=1

is stochastically dominated by a geometric random variable with parameter
1 —P{&(x) = jo} and P{&(x) = jo} = P{& = jo} > 0 as x — oo, there exists
a sufficiently large x; € Z™ such that the first term on the right hand side of
(@.93) is bounded above for all x > xy,

Y(x)-1
supE ) I{X, =x} <oo. (4.94)
X2X| n=1
In addition, since all p;(x) — 0,
P{y(x) <o} =1 asx—>oo. (4.95)
Further, by the Markov property,

Y1
Ex+j0N(x) = EX-‘rjo Z H{Xn = x} +Px+jo{y<x> < oo}Ex+j0N<x>7
n=1
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which yields, by @.91),

1 y(x)—1
EptjyN(x) = ——Eyy; KX, =x
+Jo Pio (x) +Jo y; { }
Y(x)-1
~ cxEyy g, Z {X, =x}.
n=1

Taking into account that

y(x) -1 y—1
Extjy Z {X,=x}—>E) I{S,=0]|So=jo} asx— oo,
n=1 n=1

where
y:=inf{k: S;_1 <0, Sy = jo},
we conclude
EcyjyN(x) ~cx  asx — co.

Substituting this together with (#.94) and (#.93) into (#93) we deduce that
h(x) ~ ¢x as x — co. Then it follows from the integral renewal Theorem [{4.12]
that necessarily ¢ = 2/(2u — b) and (-82) is proven.
To prove ([@383), let us first notice that the Markov property implies
P{Y 1{X, =x} >N}
n=1

= P{X,, = x for some n > 0}PY{X, = x for some n > 1 | Xy = x}.

We take

c1(x) := P{X,, = x for some n > 0};

it tends to 1 as x — o because, by the boundedness of jumps from above—see

(@37)), for Xy < x,

1 =P{X, € [x,x+J] for some n}
= P{X,, = x for some n}
+ P{X, € [x+ 1,x+J] for some n, X, # x for all n},

and because the second probability on the right hand side tends to zero as
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x — oo, Indeed, it is not greater than

7
Y P{X, = x+i for some n, X, # x for all n}
i=1

g

< ) P{X, #xforalln|Xo=x+i}

1

and the ith probability on the right hand side converges as x — oo to
P{S, #O0foralln|Sy=i}=0,
due to E§ = 0. Then #-83) holds with
cr(x) = xP{X, #xforalln>1]| Xy =x}

because

— c1(x) 2x
E) I{X,=x}= ~
n;l X =} 1 —P{X,, = x for some n > 1 | Xp = x} 2u—>b

as x — oo, by [#.82). O

Theorem 4.15. Let the conditions of Theorem hold. Then, for q(z) > 0
and any distribution of Xy,

y E{e—ZZ;é 1) X, = x} ~ Ee Lico?™t) g x — oo,
n=0

2u—>b
Proof.  'We may apply Lemma [.5] whose all conditions are satisfied by The-
orem [£.14] O

We now turn to the case when #.79) holds with g = b/2. In this case we
prove the following result.

Theorem 4.16. Let there exists an 'y > O such that
2my(x) 1 | 1 Y+1+40(1)

my(x)  x  xlogx ”'+xlogx-...~log(m71>x xlogx-...-10g,,)x
(4.96)

as x — o and

limsupX,, = oo with probability 1.

n—oo

Furthermore we assume the convergence [@.78)) and that the limit & satisfies
(@30) In addition, let the jumps & (x) are bounded below and above by J uni-
formly for all x € 7%, that is,

|E(x)| < J forallxe Z*.
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Then there exists a positive constant ¢ such that

h(x) := H{x} ~ cxlogx-...-log(,)x asx—»co. (4.97)
Moreover,
- c2(x) N
IP’{ (X, = N} - (17 ) , 4.98
ngo { x> c1(x) xlogx-...-log,x (4.98)
where c1(x) — 1 and cy(x) — 1/c as x — oo, hence the family of random vari-
ables
1 (=]
X, =x}, xe{1,2,3,..}, 4.99
xlogx-...~10g(m)x,;) X =x}, xed } ( )

is uniformly integrable.

Proof.  'We first derive an asymptotic formula for the probability P, {7(x) =
oo}. We define functions Uy by the relations

1
Us(x) = .
(y£ 8)(log,, x)7+°
It is easy to see that
1
UL (x)=— 4.100
i(X) )Clng .t log(m—l) X- (log(m) X)erH:S ( )
and
Ul(x) 1 1 1
Ul(x)  x xlogx " xlogx-...-log,, 1 x
- (y+149) (4.101)
xlogx-...-log,_1)x-10g(, x

Let us compute the drift of Uy (X,,). Since the jumps are bounded, by Taylor’s
expansion,

B(U (x-+£(x)) ~ Us (x)) = Us(x)mi () + 3ma (U ()max) + O(U ()

Ul (x)my(x) [2 U (x 1

_ U@t [2m() | U2W] (1)
2 my(x)  Ul(x)

Taking into account (4.96)), (4.100) and (4.101), we infer that

bé 1
EU U ~t— .
(Us(x+&(x)) +(x)) 2 (xlogx-...- 10g ) x)z(log(m) X)12ES

In particular, the sequences {U—(X,xz(y))} and {U (X, 1¢(x))} are super- and
submartingale respectively for all sufficiently large x.
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Furthermore, it follows from the definition of Uy and from {.100) that

Us(x)
xlogx-...-log(,, x’

Us(x+j) = Us(x) ~ —jUL(x) ~ —j(y£9)

Using this relation and repeating the arguments from the derivation of {#.88),
we obtain, for every k > 1,

Pea{ () = o} ~ !

xlogx-...-log,x

Eyi_; asx— oo, (4.102)

The remaining part of the proof coincides with that of Theorem .14 O

4.10 Comments to Chapter {4

First time a limit theorem for Markov chains with asymptotically zero drift was
produced by Lamperti in [112], where the convergence to a I'-distribution was
proven for null-recurrent and transient Markov chains with jumps whose all
moments are finite. His proof was based on the method of moments. He also
claimed that his proof combined with truncation argument for jumps continues
to work for chains if we only assume that sup, EE#(x) < oo, but no proof was
provided.

This result was also proven later by Klebaner [99]] for a more general ran-
dom sequences of martingale type with jumps satisfying the following condi-
tion: for all k > 3, E|& (x)|F = o(x*~2) as x — . The corresponding result is
restricted to transient sequences.

Later the convergence to a I'-distribution was extended by Kersting [94] to
martingale-type transient random sequences with jumps having moments of
order 2 + & bounded for some § > 0 and under some additional smoothness
conditions on the drift.

Diffusion approximation by a Bessel process was originally proven by Lam-
perti in [[112]] again under the condition that absolute moments of jumps of any
order are bounded. His proof is based on the method of moments as the proof
of weak convergence to a I'-distribution.

Convergence to the three-dimensional Bessel process for a simple sym-
metric random walk conditioned to stay non-negative has been known for a
long time from the classic paper by Pitman [133]]. Bryn-Jones and Doney [30]
proved this convergence to the three-dimensional Bessel process for a general
random walk on the lattice conditioned to stay non-negative under minimal
moment conditions; see also Caravenna and Chaumont [32] for general results
in this area. In our text application of functional results to random walk condi-
tioned to stay non-negative is discussed in Section[IT.1]
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For a general lattice Markov chain with drift proportional to ¢/x and the
2 + 6 moment of jumps bounded, the weak convergence to a Bessel process
was only proven by Bertoin and Kortchemski [15] for a high level initial state,
Xo = +/n.

Csaki et al. [39] proved a strong approximation of certain nearest neighbour
random walk by a transient Bessel process that was constructed from the latter
by using stopping times.

Rosenkrantz [138]] considered the following nearest neighbour Markov chain
with special transition probabilities: p(0,1) =1,

plex—1) = %(1 - xil)’ plext1)=1—ple,x—1), x>1, 4.103)
where A > —1/2. This Markov chain was introduced by Karlin and McGre-
gor [86] who managed to compute the n-step transition probabilities using the
theory of orthogonal polynomials. Using orthogonal polynomials Rosenkrantz
proved a local version of Lamperti’s result on convergence to a I'-distribution
and estimated large deviation probabilities P{X2/nb > x} in the range x =
o(y/n) where T'-tail approximation still works.

In [27]], Brézis, Rosenkrantz and Singer again considered a nearest neigh-
bour Markov chain with transition probabilities similar to (.103)), for which
they have got a large deviation result in the range where x> — (logn) /2 — —oco
by a different techniques based on estimation of how close are expected val-
ues of a smooth function of the original scaled process and that of the limiting
diffusion. This result allowed them to prove the law of the iterated logarithm,
that is,

2

X
Po{limsupi’l < 1} — 1.
n—e 2nloglogn

Guivarc’h et al. [76, Theorems 42 and 43] obtained the weak convergence to
a I'-distribution in the transient case and the local renewal theorem in that case,
for the nearest neighbour chain with transition probabilities (#.103). They used
the orthogonal polynomials technique, as Rosenkrantz [138§]].

The orthogonal Laguerre polynomials technique was used by Voit in [149]
for proving convergence to a I'-distribution for critical branching processes
with immigration.

A local version of Lamperti’s I'-convergence [[112] was proven by Alexander
in [5) Theorem 2.4] for a nearest neighbour null-recurrent Markov chain with
transition probabilities

plx,x—1)=1/2—A/x+0(1/x), pl,x+1)=1—px,x—1),x>1.

An integral (elementary) renewal theorem for a transient Markov chain with
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drift m; (x) asymptotically proportional to 1/x at infinity was proved in [42]; it
was shown there that then the renewal function behaves as cx? for large values

of x.



5

Limit theorems for transient Markov chains with
drift decreasing slower than 1/x

As in the last chapter we again assume that the first two moments of jumps
of a Markov chain {X,,} demonstrate regular behaviour at infinity but now we
consider the case where the drift decreases at a rate slower than 1 /x, that is,

XE&E(x) — o0 asx — oo.
A particular example is if, for some ¢, b > 0 and 8 € (0,1),
mi(x) ~c/xP, my(x) 5 b >0 asx— oo

Then clearly {X,} escapes to infinity at a faster rate than it happens in the
case of drift of order 1/x, and, in contrast to the case of convergence to a I'-
distribution, the law of large numbers holds,

X1+ﬁ

n

Boc(14+B) asn— oo

The asymptotic behaviour of the renewal measure is as follows

148

c(1+B)

Z]P’{Xngx}w as x — oo,
n=0

In addition, the following weak convergence to a normal distribution holds

X, — (c(1+ B)m)/01+P)

1+B
b@n

= N1/2+”/b’2 as n — oo,

In this chapter, we study such kind of results.

155
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5.1 Law of Large Numbers

As seen from the results discussed in the last chapter, in the case of a drift of
order 1/x there is no law of large numbers for X, with a positive limit. In this
section we show that a drift approaching zero slower than 1/x gives rise to a
law of large numbers for Xj,.

Let v(x) > 0 be a decreasing differentiable function such that

xv(x) — oo as x — oo, (5.1)
which is equivalent to 1/v(x) = o(x) and thus
V(x) <x/v(x) = o(x?) asx — oo, (5.2)
where a convex function V is defined as

"X 1

Vix :z/ ——dy forx>0;
A )

V(x) = 0 for x < 0. In this chapter, the function v(x) is responsible for the

drift of the chain, it describes the asymptotic behaviour of the truncated drift

function, that is,

m[ls<x)] (x) ~v(x) asx— oo. (5.3)

In the previous chapter we have considered the case where the second trun-
cated moment m[2‘ ) (x) is convergent to a positive constant, so the drift func-
tion m%y(x)] (x) and the quotient 2m[1s(x>] (x)/ m[zb 1 (x) are asymptotically propor-
tional to each other which means that v(x) is typically asymptotically propor-
tional to the reference function r(x) describing the latter quotient.

In this chapter we do not assume convergence of the second moment, it is
allowed to grow unboundedly as x tends to infinity in which case the quotient

2m[13(x)] (x)/ m[zs @l (x) decays faster than the drift. We only assume that

me[ls(xﬂ (%)

el —» 00 aSX —> oo, 5.4
my " (x)

Throughout this chapter we assume some regular behaviour of v(x). We as-
sume that the function v(x) is differentiable and
V(x) = O(v(x)/x) asx— oo (5.5)
Then the function v(x) is o(x)-insensitive, that is,

v(xto(x)) ~v(x) asx— oo, (5.6)



5.1 Law of Large Numbers 157

and hence, for any function s(x) of order o(x) and n > 1,

1 ns(x) - oms@)
V() Z/H‘«x) v(y)dy = vir—ns(x) - vix)

and

xts(x) s(x o
vuﬂwﬁww+Liv&@:vwi<&&“D

which yield, respectively,
V(x)v(x)/s(x) = o0 asx— oo (5.7
and

V(x£s(x)) ~V(x) asx— co. (5.8)

Theorem 5.1. Let, for some increasing function s(x) of order o(x) as x — oo,
the drift conditions (5.3) and (5.4) hold. Let the following conditions hold

E{|E(x)

» () < —s(x)} = o(v(x)), (5.9)
P{IE ()] > s(x)} < p(x)v(x), (5.10)

where p(x) is a decreasing integrable at infinity function. Assume also that

limsupX,, =0 with probability 1. (5.11)

n—yoo

Then

—1 asn— oo, (5.12)

Let us give a sufficient condition for (5.9) and (5.10). If the family {|€(x)],
x > 0} possesses a majorant & satisfying EV (E) < oo, that is, | (x)| <y E for
all x, then there exists a function s(x) of order o(x) such that (3.9) and (3.10)
hold, the second one follows from Lemma with U(x) = 1. Here Lemma
applies because V (x)/x is increasing due to the inequality V (x) < x/v(x)
which implies positive derivative of V (x) /x.
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Proof. By the condition (5.4), there exists a decreasing function r(x) > 0 such
that xr(x) — oo and, for all sufficiently large x,

Zm[f(xﬂ (x)
m[zs(x)] (x)

and s(x) = o(1/r(x)). Due to Lemma[2.31| we can assume that

> r(x), (5.13)

¥ (x) = 0(r(x)/x) = o(rz(x)) as x — oo, (5.14)

As in the proof of Theorem f.8] we consider a modified Markov_chain
{X,} on the same probability space as {X,} with truncated jumps & (x) =
E(X)I{|€(x)| < s(x)}, and, as explained there, we can assume that {X,} sat-
isfies the unboundedness of trajectories condition (3.11).

Due to (5.13) and the convergence xr(x) — oo,

2m [ls ()] (x)

>
m[zs(x)] (x)

=1

for all sufficiently large x,

so the condition (Z:108) is satisfied and Theorem 2.2T]implies a.s. convergence
X, —ocasn — oo,
The chain {X,} satisfies all the conditions of Theorem 4.3| hence

H;,?(x,x—i— 1/r(x)] < v(x)cr(x)

Therefore, Lemmais applicable to the chains ¥ = X and Z = X with [(x) =
1/r(x) and then it suffices to prove that

for some ¢ < os.

V(Z) L1 asn— . (5.15)

n

Let us evaluate the expectation of the increment of V!¥%(Z,), a > 0: for all
sufficiently large x,

E{VHH(Zy41) = VTH(Z,) | Zy = x}
— B{V (x4 E () =V (0); [E(0)] < 5(x)}
= (VY m ™ (2) + E{(VIF9) (x4 08 (x)E2(x) /25 |E (x)] < s(x)}

=(1+ oc)V“(x)%m[ls(x” (x)

+(+ a)IE{ (ocvfx-lvi2 fv“:f;) (x+ 08 (x))E2(x) /2

E(W)| < s}
(5.16)
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Owing to the condition (5.3), the first term on the right hand side equals

(1+ a)va(x)ﬁmﬁ“xﬂ () = (1+a+o(1)V*(x) asx— e,
By (3.3) and (3.7) with s = 1/r,

Vel(x+y)

v (x+y)
R o r(x+y)
=V <x+y)(V(x+y)v2(x+y) 0(1>v(x+y)>
= o(VH(x+y)r(x+y)/v(x+y))
= o(V*(x)r(x)/v(x)) (5.17)
as x — oo uniformly on the set |y| < s(x) = o(1/r(x)), due to the insensitivity

conditions (3.6) and (5.8). Since the drift condition (5.13) may be rearranged
as

e

2m[ls<x)] (x) N 2v(x)
r(x) r(x)
the relation (5.17) implies that the second term on the right hand side of (5.16)

is of order o(V%(x)) as x — cc. Substituting altogether into (5.16) we finally
deduce that, as x — oo,

(5.18)

E{V 4 (Zyi1) =VI(Z) | Zy = x} = (1 + o+ 0(1)V*(x).  (5.19)
Setting now o = 0 we get
E{V(Zus1)—V(Z,) | Zy=x} =1 asx—>oo. (5.20)
Applying here the a.s. convergence Z,, — oo, we conclude that
EV(Z,) ~n asn— co. (5.21)
Next take & = 1 in (3.19). Then
E{V}(Zys1) = V*(Z))} = 2+ 0(1))EV(Z,) ~ 2n  asn — .

Therefore,
V(Z,)\2
]E(M> —1 asn— oo,
n

Together with (3.21)) it yields convergence of variances

ViZ)

Var —0 asn—o

which in its turn implies the desired convergence (5.13). 0O
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5.2 Strong Law of Large Numbers

As usual, the strong law of large numbers requires stronger assumptions than
the law of large numbers. Below we assume a stronger condition on mg(x)] (%)

than the drift condition (5.4) which can be seen as an upper bound on m[2‘ &l (x),
see (5.18).
Theorem 5.2. Let the conditions of Theorem[5.1| hold. In addition, let
s xv(x)
m5 7 (x) :o< ) as x — oo, (5.22)
? fV(x))

for some increasing function f: R*Y — R™ such that both functions f(x) and
x/f(x) are concave and
|

n; nf(n)

< oo, (5.23)

Then

V(Xn) as.
( ") =1 asn— oo,

n

As for Theorem [5.1] this convergence, due to the concavity of the inverse
V—!, implies

2
Q

1 asn— oo
V=1(n) '

Corollary 5.3. Let the condition (S.11) hold. Let EE (x) ~ c/xP, where ¢ > 0
and B €10,1), and
sup E|E(x)]'"Plog! "8 (14 |E(x)|) < oo for some § > 0.
X

Then

X1+ﬁ
T e(14+B) asn— oo (5.24)
n

Proof of Corollary[5.3} Here v(x) = ¢/xP and V(x) = x'*P /c(1 + B). Ob-
serve that

mbW(x) = B{E2 (x); |E(x)] < 5(x)}

sl’ﬁ X
sbngbmam”ﬁ%“%kwawu

Consider a truncation level s(x) = x/log®/* x and a function f(x) = log'*®(1+
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x), then the conditions (5.22) and (5.23) are satisfied. The conditions (5.3)),

(3-13), (3.9) and (B.10) are satisfied too because

1
E ) EX)| >s) < —-———E 0P 1log (1 + |E(x
{I8@)I: 18X > s(0)} < P () og P s() 1§ logm (145 (x)])
10gﬁ8/4x B
c—————— = o(1/x") = o(v(x
< ey = o) = obia)
and
1
P{lE(x)| >s(x)} < E|E (x)|"*P1og! 0 (14 & (x
{IS@) >s(x0)} < 7B () log 0 5(1) [E@)[ P log™ (146 (x)1)
log(l+ﬁ)5/4x 1
_Cx1+ﬁlogl+5x - xlog!+9/2x’
where the quotient on the right hand side is integrable at infinity. O

Corollary 5.4. Let EE (x) ~ c(logx)'t8 /x, B > 0, and

sup EE2(x) < oo.
X

Then
X2

n

—n__ — 00
(]oan)lJrﬁn Cc dasn )

which is equivalent to the following convergence

X:

—p W2 B gsn— oo
nlog ™ n

Proof of Corollary[5.4,  Under this drift condition, v(x) = c¢(logx)'*# /x for
sufficiently large x and then V (x) ~ x2/2clog! P x. Observe that the value of
m[zs @l (x) is bounded here regardless of the choice of the truncation level s(x).
Consider a truncation level s(x) = x/logP/* x and a function f(x) =log' *A/2(1+

x). Then the conditions (5.22) and (5.23)) are satisfied. The conditions (3.3)),

(3-13), (53.9) and (5.10) are satisfied too because

E{EW)]: [E()] > s()} < ——EE(x)

s(x)
logB/4x

< B = o((log0)P /) = o(v(w)

)
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and
1
P > < EE?
181> 509} < 7 BE’)
logB 2% B 1
c _xz = o\vix x10g1+ﬁ/3x’
where the quotient on the right hand side is integrable at infinity. O

Notice that drift like v(x) = (logx)/x or more speedy decreasing is excluded
from consideration in Theorem|[5.2|because then xv(x) =logx and f (x) cannot
be chosen growing faster than logx to satisfy (5.22)), thus the condition (5.23))
fails. The law of large numbers, Theorem 5.1] is still applicable.

The proof of Theorem is based on the following generalisation of the
strong law of large numbers to martingales, see e.g. [[80, Theorem 2.2].

Theorem 5.5. Let {F,} be a filtration and {X,} be a martingale with respect
to {F,} which is square integrable. If

.- E(Xn—H _Xn)2
Y7 <
n=1 n

then X, /n — 0 a.s. as n — oo.

Proof of Theorem[5.2] ~ As in Theorem[5.1] it suffices to show that
V(Zn)
n

We introduce r(x) and s(x) = o(1/r(x)) as in the proof of Theorem In
addition, we can guarantee that the following version of the condition (5.22)
holds true

— 1 as.asn—> oo, (5.25)

W () — O(r(x)V(x ) asxoe, (5.26)

F(V(x))
Denote
ml"l/ = E{V(Zn+1) - V(Zn)|?n}a

where ¥, = 6(Zy,...,Z,). By the Markov property, as it was calculated in the
proof of Theorem[5.1] with & = 0, on the event Z, — oo,

m, — 1 asn— oo (5.27)
Put

Dy =V (Zui1) —V(Z,) —m)

no
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so that
n—1 n—1
V(Z)=Y m{+Y Dy
k=0 k=0

By (3.27) and the convergence Z, — o= we have
n—1
- m,‘g—>1 a.s.asn — oo,
=0
and consequently the required convergence (3.25) would follow once it is
proven that
n—1
— ) Dy —0 as.asn—>oo. (5.28)
=
The process ZZ;(I) Dy constitutes a martingale with respect to the filtration
{Fu—1}, hence the a.s. convergence (5.28) would follow by Theorem [5.5]if
we have managed to prove that the increments of this martingale satisfy the
condition
= ED?
Y < (5.29)
n=1 1

By the construction of Dy and due to the insensitivity condition (3.6), for x > X,
E{D? | Z = x} = VarDy
SE{[V(r+E@) - V@P: S @)
< a1 (V/(0))E{E* (x): [E(x)] < s(x)}
. 1 v(x) V(x)
=2 ’
v2(x) r(x)f(V (x)) SV (x)

owing to (5.26) and (3.7). Since the function y/f(y) is concave, by Jensen’s
inequality

IN

s(x)}

<

EV(Z) . 2k
>~ (3 )
S(EV(Zy)) f(k/2)
for sufficiently large , as follows from (5.21)). For x < X,

ED? < c3

E{Dj | Zx=x} SVX(E+3s(3) =t cu.
Then it follows from concavity of f(y) that ED7 < 2c3k/ f(k) which yields
nd ED]% > /203 cq
-5 = ( + —) <
e =tlgw e
by the condition (3.23), hence (5.29) holds and the proof is complete. 0O
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5.3 Integral renewal theorem for transient chain satisfying
law of large numbers

In this section we discuss asymptotics of the renewal measure for {X,} satis-
fying the conditions of the law of large numbers, Theorem [5.1] Notice that, in
particular, we do not assume convergence of the second moment at infinity.

Theorem 5.6. Under the conditions of the law of large numbers, Theorem
there exists an X such that, given any distribution of X,

HEA V) = [

Proof.  We split the proof of the asymptotics for H into two parts, upper and
lower bounds. First let us prove a proper upper bound. Let r(x) be defined in
Theorem The chain {X,} satisfies all the conditions of Theorem For
any A > 1, by the Markov property and (#.32)),

dy asx— oo,

T(x-&-%)—l
Hxx<E Y Kr<X,<x}
n=0
—HP’{X,, < x for some n‘Xo >x+ i} sup H, (%, x]
r(x)J)
<EL(X,T(x+A/r(x)))
+ (P ROREFAII D)) 4 (1)) sup Hy (%, 4] (5.30)
Z

as x — oo uniformly for all A > 1, where a stopping time 7T'(¢) is defined as
T(t):=min{n > 1:X, > 1},
and L is defined in (4.13]). We have

S(R()=R(+A/r(x)) — =8 [/ r(y)dy

< 675Ar(x+A/r(x))/r(x) < 675A/2’

e

for all sufficiently large x, owing to the lower bound (2.8)) which is applicable
due to (5.14). Applying the upper bound of Theorem[4.3]to the right hand side
of (3.30) we deduce that, for some ¢ < oo,

1

H()/C\,X] < EL(J/C: T(x+A/r(x))) —+ (€5A/2_|_0(1))c/fx+l/r(x) @dz

as x — oo uniformly for all A > 1. Applying now Theorem [4.2] we deduce that
X+A/r(x)+s(x+A/r(x)

EL(ET(v+4/r(x) < | el
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and therefore,

x+(A+1)/r(x)
H(x,x] < (1+ce*5A/2+0(1))/ Ldz
® v(z)
~ (14ce P2 4 o(1))V(x) asx — oo, (5.31)

for any fixed A, owing to (5.8). Letting now A — oo, we get the required upper
bound for H(0,x].
The lower bound is simpler. Indeed,

H(x,x] = Z P{x < X, <x}
n=0

> Y PV@ <V <VE)
10V (x)<n<(1—¢)V(x)
VX)) 1
> . — < —
- P{01< n _1—8}7

for any fixed € > 0. Therefore, by the law of large numbers for X,,, V (X,,)/n —
1, hence

H(x,x] > (1—e+0(1))V(x) asx—»oo.

This concludes the proof due to the arbitrary choice of € > 0. O

5.4 Central limit theorem

In this section we study the case where xm (x) — oo as x — oo and the strong
law of large numbers holds true,

X
"Y1 asn— oo (5.32)
V=1(n)

given any distribution of Xy, for sufficient conditions see Theorem Then
the next natural step is to study the fluctuations around the mean value. In the
next result we specify additional conditions that guarantee a normal approxi-
mation to that.

In addition to the condition (5.1)), let the function v(x) be regularly varying
at infinity with index —f8 € [—1,0]. Then, by Karamata’s theorem,

* o1 1 X

In this section we consider the case where the second truncated moment of

[s(x)]

jumps has a positive limit at infinity, so the drift function m| " (x) and the
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[s()]

quotient 2m; " (x) /m[zs(xﬂ (x) are asymptotically proportional to each other.
For that reason any function r(x) of order o(v(x)) delivers a lower bound for
the quotient, that is, satisfies the drift condition (5.13).
Notice that the function r(x) = 1/v(x)/x is asymptotically sandwiched be-
tween 1/x and v(x), more precisely,
v(x)/x

Vv)/x and +———— — 0 asx— oo (5.34)

— ©o
1/x v(x)
Theorem 5.7. Let, for some increasing function s(x) = o(1/x/v(x)),

i () = v(x) +o(\v(x)/x) and my @) = b>0  (5.39)

as x — oo, and the following conditions hold

E{IE(@)|; §(x) < —s(x)} =o(v(x)) asx— oo, (5.36)
P{IE () > s(x)} < plx)v(x), (5.37)
where p(x) is a decreasing function integrable at infinity. Then
X, —V~1(n)
——— =Ny asn—>oco.
p B '

1+3ﬁn

The proof is based on the following generalisation of the central limit the-
orem to martingales which goes back to [29] Theorem 2]. Let {F,,n > 1} be
a filtration and {X,,n > 1} be a square integrable martingale with respect to

{Fa}.
Theorem 5.8. Let {X,} be a martingale such that

Yr o E{(Xer1 — Xe)? | Fit 2
X2

asn — oo

and the conditioned Lindeberg condition holds: for all € > 0,

1

n
Eixnz ;E{(Xk+1 —Xk)Z]I{|Xk+1 —Xk| > € EX,%} | ffk} ﬁ) 0 asn— oo

k=
Then X,/ \/EX? converges weakly to a standard normal distribution as n — .

Proof of Theorem[5.7]  As in the proof of Theorem [4.8] we consider a mod-
ified Markov chain {X,} on the same probability space as {X,} with jumps
E (x) = E(X)I{|€ (x)| < s(x)}, and, as explained there, we can assume that {X,}
satisfies the unboundedness of trajectories condition (5.11).

Notice that the chain {X,} satisfies the conditions and with
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r(x) = y/v(x)/x, for a sufficiently large X. The relation s(x) = o(y/x/v(x)) is

equivalent to s(x) = o(1/r(x)). Since v(x) is regularly varying at infinity, it

satisfies the condition (4.24). Therefore, Theorem |4.3|applies to {X,}, hence
Cl

v(x)r(x)’

which in its turn allows us to apply Lemma [4.1] to a pair of the chains ¥ = X

and Z = X. Hence it suffices to prove the statement of the theorem for the

process {Z,}, that is, it is sufficient to prove that

Hy)?(x,x—&— 1/r(x)] <

Z,—V~!
ni(n) = No.1 asn — oo, (5.38)
bBn '
1+3B
The analogue of (3.32)) for Z, reads as
Zn a.s.
V() =1 asn—>oo. (5.39)

Denote
my =BE{V (Zy1) =V (Z) | T},
where F, := 0(Zy,...,Z,). We have m!, =m" (Z,) where
m" (x) :=B{V (Zys1) =V (Zy) | Zy = x}
= E{V(x+&(x)) —V(x); [E(x)] < s(x)}
= V() 4 SEV (x4 08 () €20

_ fo)mﬁ“)“”(x);E{f;uwé(x»é%x);

Then it follows from the conditions (5.33) and (5.3)) that

m" (x) = 1+0(1//xv(x)) + O(V (x) /V* ()
=14o0(1//xv(x)) asx— co. (5.40)

EW)] < s)
E(0)| < 5(x) }.

Further, define
On :=E{(V(Zy+1) - V(Zn))2|3rn}~
We observe that Q,, = Q(Z,) where

0(x) :=E{(V(x+&(x) =V (x))% §(x)] < s(x)}
= B{(V/(x+ 0 (x)&(x))*s [ (x)] < s(x)}
~ b/vz(x) as x — oo, (5.41)

because V'(x+y) = 1/v(x+y) ~ 1/v(x) as x — oo uniformly for |y| < s(x).
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Let us center V(Z,), that is, let us consider
n—1 v
= V(Z)) =V (Zy1)—m)_ | +Zn 1,

50 {Z,} constitutes a martingale with respect to the filtration {F,}. It follows
from the strong law of large numbers (5.39) and from (3.47) that

V(V- E{( 1 —Z)7 155}
:#< IM( ﬁn wawfwﬂ?}
= []E{ 1+1 |3'-} ]
= DE?{< >|9}+0 )]

b asjooo,

which implies the convergence

1 n—1 . .
S LE{(Z=2)" 1531 asne, (5.42)
n =0
where
) n—1 1
62:=bYy
" j;ovz(V‘l(J))
1
> p2 " for some ¢ > 0. (5.43)

22V (= 1)/2) ~ AV T)
Since |Z; — Zy| < s(x) given Zy = x,
V(Z1) = V(Zo)| = V' (x+ 68 ())& (%) |I{|& (x)] < s(x)}
s(x)
T ov(xts(x)
By the choice of s(x) = o(1/x/v(x)), given Zy = x+y,
V(Z1) =V (Zo)[* < y(x)x/v*(x)  forall [y| < x/2,
where y(x) — 0 as x — 0. Hence, on the event |Z, — V! (n)| <V~1(n/2),

vz =V (z)] < V(Vl(n)>v3vv—$(;)a))

con
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because z/v(z) < 2V (z) for some ¢ < oo, by (5.33). Then, on the same event,

by (5.43),

V(Zuia) =V (@) <y ) o

By the strong law of large numbers (5.39),
P{|Z, — V' (n)| < V~'(n/2) for all sufficiently large n} = 1.
This allows us to conclude that, for any fixed 6 > 0,
E{(Zjs1-2))% 1Zjs1—Zj| > 80, | F;} 450 as j—soo, j<n—1,

hence
1 s SN2 15 = as.
EZE{(ZJ'JA*ZJ‘) ) |Zj+1*Zj|256n|9:j}‘>0 as n — oo,
n j=0
So, the martingale {Zn} satisfies the conditions of the central limit theorem for
martingales—see Theorem [5.8— and we conclude that

jad -1V

Z, V(Z)-YiZym]

gn:—aj ]:>N0"1 as n — oo,
n n

Further, as follows from the decomposition (5.40) for the mean drift of V(Z,),
Vi

n—1
mv —n )
Jg’o ! (v(V=1(j)/2)

where y; — 0 as j — oo. The first sum on the right hand side is bounded by

n—1 n—l
<3 ];)H{Zj < V*I(j)/2}+j§) \/V*I

Cimes YTz <V(j)/2),

j=0
which is a proper random variable, due to the strong law of large numbers
(5.32), whereas the second one is of order

n—1 1 n
0(1)/;) V_l(j)V(V_l(j))o< V_l(n)v(V—l(n))) asn e

Since V(z) < z/v(z),

V=l(n) 1)) = n
V(Vﬁl(fl)) >V(V ( ))*
and hence
n Vn
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Combining altogether including the lower bound (5.43)) for o, we get

n—1

Z;)m}/—n <o(o,)+& asn—oo.
=

Thus,
V(Z,) —
M = No1 as n — oo,
o ’

To conclude convergence to a normal distribution for Z, itself, we make use of

the mean-value theorem as follows
Z,—V'(n) _V'(V(Z,)-V'(n)

On

where 6, is sandwiched between n and V (Z,,). Therefore, owing to the equality

Vi=1/v,
Z,—V~=Y(n)
On
By the strong law of large numbers (5.39), 6,/n — 1 with probability 1 as
n — oo, Therefore, v(V~'(8,))/v(V~!(n)) — 1 and hence

where
Gy =0 (V7! (n))
I RV )
L2 (V)

2
The sequence v>(V~!(})) is regularly varying with index 1_5[3 hence

5N 145 asn— oo, (5.44)

n_lm Nn7T 7 1+ ~ n
,-govz(vfl(m [N 1+3p
O

and the proof is complete.
Theorem 5.9. Let the conditions of Theorem[5.7|hold. Let
V71

————> 00 asn— oo,

logn
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Then
maxy<, X; — V' (n)

I+
b

= No,1 asn—oo.

Since the function v(V~!(n)) is regularly varying at infinity with index
—B/(1+B) > —1/2 provided B € [0,1), the condition (5.43) automatically
holds for B € [0,1).

Proof. 1Itis again sufficient to prove the same result for the process {Z,}, that
is, it is sufficient to show that, for M, := max;<, Z,

M, —V~'(n)

4B
b3 1+3ﬁ

= NO,I as n — oo, (5.46)

Since M,, > Z,,, it suffices to show that, for all € > 0,
P{M, <Z,+e/n} =1 asn— oo
Indeed,

P{M, > Z,+e/n} <P{M, & [V~ (n)/2,2V "} (n)]}
+P{Z, < My —ev/n, My € [V (n)/2,2V " (n)]}.

Firstly, by the strong law of large numbers for Z,, M,,/V ! (n) — 1 with prob-
ability 1, so

P{M, & [V~ (n)/2,2V" (n)]} =0 asn— oo.
Secondly,

P{Z, < M, —&\/n, M, € [V~ (n)/2,2V"" (n)]}
n—1

<Z]P>{Mn_zk,z <Zr—evn, Z e[V (n)/2,2v " ()]}

n—1

<Z]P>{Z <Zy—evn, Zy e [V (n)/2,2v" (n)]}.

Therefore,

P{Z, < M, —sfMe[ Y(n)/2,2v=1(n)]}
2v—1(n

<Z/ ]P’{Zkedy}IP’{Z <y—evn|Z =y}

<nx sup P{Z, <y—¢ey/nforsomem>1|Zy=y}.
yelv=1(n)/2,2v=1(n)]
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The process {Z,} satisfies all the conditions of Theorem with r(x) =
v(x)/b, thus, for all y € [V~1(n)/2,2V ! (n)]

— y v
P{Zm < y—e\/ﬁ | Zo :y} <e ‘sfy,s\/ﬁ (2)dz
< e 9EVly)
< e devm (Vi) (5.47)

)

because the function v(z) is decreasing. Therefore, by the regular variation of
v and the condition (5.43)),

sup P{Z,<y—¢evn|Zy=y}=0(1/n) asn— oo,
yeV=tm)/2.2v =1 (m)]

which yields
P{Z, <M, —e\/n, M, € V"1 (n)/2,2V" ()]} =0 asn— oo.
The proof is complete. O
Recall that 7' (x) = min{n : X, > x}.

Corollary 5.10. Under the conditions of Theorem|[5.7/and (5.43),

= No,1 asx— oo.

Proof.  Since {T (x) < n} = {sup;, Xi > x},

IP’{;)I() < u} = ]P’{ig:Xk > x},

mm
<
=

where

1+8 «x

n:=V(x)+u b1+3ﬁv37(x)'

Since (V=1(z)) = 1/V/ (V1)) =v(V~(z)) and n ~ V (x), (V"' (n)) ~ v(x).
Therefore,

N = 1+ﬁ S o(v/x/v(x
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Hence,
sup;<, Xe =Vl (n —y-!
P{iupXk >x} _IP{ Pesn k1+ﬁ (n) > 1+;3(n)
<n L L
= V bizgn bign
X, —v!
— IP{ SUP<n kl - () > u+0(1)},
+
bmn
and reference to Theorem [5.9]completes the proof. [

5.5 Functional central limit theorem

In the last section we have proved the central limit theorem for a transient
Markov chain and the key idea of the proof is extraction of a martingale for
which the central limit theorem is known from Brown [29], see Theorem [5.8]
Since this reference also contains a functional version of this result, it allows
us to state and prove the following weak convergence to a Gaussian process
for {X,}.

Theorem 5.11. Under the conditions of Theorem the process
X[m] —y-1 (nt)

148
bmn

, t€1]0,1],

converges weakly in D[0, 1] as n — oo to the process
__B 1438
t HﬁB(l‘ 1+ ))
where B(t) is a standard Brownian motion. The limiting process is Gaussian
B
with zero mean and covariance function t(t/s) P for s > t.
Proof.  As in the proof of Theorem4.11] it suffices to prove the same conver-
gence for the process Z,). The weak convergence in the space DI[0,1] to the
limiting process is equivalent to the following two statements: for any fixed
Z‘0 e (O? 1),
Zi) =V~ (nt)

bﬁn
1+3p (5.48)

_B
=t HﬁB(t L+ ) as n — oo in the space Dro, 1],
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and
Z[m] —y-! (nt)
sup | ———=|=0 asn— oo, 1o — 0. (5.49)

The calculations of the last section leading to the central limit theorem for
V(Z,) allow us to apply the functional limit theorem for martingales by Brown
[29] Theorem 3] to the process in D[0,1] defined as (V(Z;) —k)/0, on the
interval [67 /0,7, 07, ,/07) where

) n-l 1 N 1+p n
% =0 L Fvgy ~ YT R )

asn — oo, (5.50)

owing to (5.44). The process defined in this way converges weakly in the space
DJ[0, 1] to the Brownian motion, that is,
" V(Zy) —k
Z iﬂ{ckz/o,f <t<of, /or} = B(t) inthe space D[0,1].
= o (5.51)

The regular variation of 6> implies that

2
O] 1438 .
— — t % asn— couniformly for all 7 € [fo, 1].

O,

Hence

V(Z[m]) —nt

1438 B
. = B(t 1+p ) = P B(t) in the space Dlry, 1].
Then we need to explain how to proceed from V(Z[m]) to Zj,). By the mean-
value theorem,

Zp) =V () VT (V(Zy)) =V ()

b 1+8 b 1+B

38" 35"
V(Zy1) —nt
=B vy A
bmn n

where 6 lies between ns and V (Zj,) ). Therefore, by the equality V' = 1/v,

Zi =Vl (nt) o, _
" 18 - 11[5 vv=H(6)) o,
bipn bimagn "

(5.52)
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It follows from the strong law of large numbers for V (Z,)—see Theorem
that

V(Z[nt])

n

— ¢ in the space D|0, 1],

s0 0/n — t in D[0, 1] too. Then, since v is assumed regularly varying at infinity
and v(V = (nt)) /v(V=1(n)) ~ 1/tB/0HB) a5 — oo,

(V1)
V)

— 1 in the space D[to, 1].

__B_
Hence we may replace v(V~1(8)) in (5.52) byt ™Fv(V~!(n)) on the interval
t € [to, 1]. Taking into account (5.50), we deduce the first required statement,

G.43).
Further, the second statement, (5.49), may be reformulated as follows: for
all y> 0 and 6 > 0 there exist fo > 0 and ny € N such that

]P’{ sup
t<tqy

Indeed, first choose ¢y such that

Z[m] —v-! (nt)

1+B
b@n

> Y} <6 forall n> ng. (5.53)

P{sup|B(t)| > y} <35/2.

<ty

Then it follows from (3.5T)) that there exists an ng € N such that

V(Z,)—k
Pl s |YE oot <o <oty jod)| v} <o
k:67 /62<to n
for all n > ng. Equivalently,
V(Zy)—k
IP{ sup (k)‘>}/}§5 for all n > ny.
k:62 /02 <ty On
1438

If we take k < nt), where 1;, = tOITB /2, then G,? /62 <ty for all sufficiently large
n. Therefore,

V(Z[m]) —nt

n

IP’{sup > }/} <6 foralln > nop.
1<t}

Then we apply the same calculations as in (3.52) and conclude (3.53). 0O
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5.6 Normal approximation at high level

In this section a version of the central limit theorem is deduced for a Markov
chain starting from a high level. Such kind of normal approximation is more
appropriate for the purpose of proving asymptotics for renewal measure.

As in the last two sections we consider the case where the second truncated
moment of jumps has a positive limit at infinity, so again the drift function
m[ls(x)] (x) and the quotient 2m [ls(x)] (x)/ mg(x)] (x) are asymptotically proportional
to each other. This allows us to choose a sufficiently small y > 0 such that

makes the condition (3.36)) fulfilled for the chain {X,}, for a sufficiently large
X. Notice that r(x) defined above satisfies the condition (3.57) due to (5.3)
which now reads

V(x) = 0(1?(x)) asx — oo, (5.54)

which, in particular, specifies the insensitivity condition (5.6) as follows, for
any fixed ¢ < oo,

vixtc/v(x)) ~v(x) asx— oo, (5.55)

In the previous sections we apply a convex function V to X, in order to get a
chain with an asymptotically (positive) constant drift which helps us to prove
the law of large numbers and the central limit theorem. For the purposes of this
section—normal approximation at high level x—it is more convenient to make
calculations for {X, } itself because the drift of {X,,} does not change much on
time scale O(1/v?(x)), due to (5.53)), provided the drift is proportional to v(x).

Theorem 5.12. Let, for some increasing function s(x) = o(1/v(x)) where a

decreasing function v(x) satisfies xv(x) — oo, (5.53) and (5.54),

[1( (x) ~ v(x) and m2 (x) —b>0, (5.56)
E{[E(x)[; §(x) < —=s(x)} = o(v(x)) asx— oo, (5.57)
P{IEx)| > s(x)} < plx)v(x), (5.58)

where a decreasing function p(x) > 0 is integrable at infinity. Then, for any
fixedt > 1 and h e R,

IP’X{X,,—xg \)ZC)}—@(W) 50
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as x, n — oo in such a way that 1/t < m?(x) < t; hereinafter ® stands for the
standard normal distribution function. Moreover,

h h/v(x) —nv(x))‘
sup [P Ix,—x< —<I>< 0.
x<y<x+o(1/v(x)) ){ V(.XI) } Vnb

We start with the following tightness result for {X,, }.

Lemma 5.13. Let, for some increasing function s(x) = o(1/v(x)) where a de-

creasing function v(x) satisfies xv(x) — oo, (3.33) and (5.54),
ov(x) < m[ls(x)] (x) <v(x)/8, (5.59)
for some 8 > 0 and all sufficiently large x. Assume also

supms ™ (x) < oo, (5.60)

and that the conditions (5.58)) and (5.57) hold. Then, for every fixed t > 0 and
€ > 0, there exists an h < oo such that

h h t
Pf - <X, —x< — foralin< 54—} >1-
{ v(x) — x V(x)fora " vz(x)} €

for all sufficiently large x.

Proof.  As in the proof of Theorem[4.8] we consider a modified Markov chain
{X,,} on the same probability space as {X, } with jumps & (x) = & (x)I{|& (x)| <
s(x)}, and, as explained there, we can assume that {X,} satisfies the unbound-
edness of trajectories condition (3.11)).

As discussed at the beginning of the section the chain {X,} satisfies the
condition (3:36) with r(x) := yv(x). Therefore, Theorem [4.3]is applicable to
{X,}, hence

Hf(x,x—i— 1/v(x)] < vzc(lx) ,

which in its turn allows us to apply Lemma 41| to a pair of the chains ¥ =X
and Z = X. Hence it suffices to prove the result of the lemma for {Z, }. That is,
it is sufficient to show that, for a sufficiently large 2 > 0,

h h t
P———<Z,—x< ——~foralln< —— ¢ >1— .61
x{ o S 4 x_v(x) ora n_vz(x)}_ € (5.61)

ultimately in x.
Similarly to (5.47) we deduce that, for some y > 0,

h
]P’x{minZn <x-— —} < e ™50 asx, h— oo (5.62)
n>0 v(x
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Let us center Z,, that is, let us consider the process

n—1
Zy:=2Zy—x— Z m[ls<z'i)] (zj), (5.63)
=0

which constitutes a martingale with respect to F,, := 0(Zy,...,Z,). By the con-
dition (5.39)), we have, for all N > 1,

N-1
[s(Z))] 1 2
0 < Y(Z,) < N—= < N—
ngoml (Zn) N3 _max v() < Ngvix)

on the event min, Z, > x — h/v(x), where the last inequality follows for all
sufficiently large x from (5.53). Hence, for any y > 0,
h ~ 2
. _h 7 < 2 .
Px{mr}nZn > X el max |Z, — x| >y} < Px{r%% |Z,| >y 6Nv(x)}
By Doob’s inequality for martingales,

. 2 E,Z2
_z < TN
Po{max\Zal >y - 5NV | < o= 2Nv(x)/3)?

The second moments of jumps of the martingale {Zn} are bounded by some
¢ < eo—see the condition (5.60); therefore,

Nc
(y—2Nv(x)/8)*

Taking now N = ¢/v*(x) and y = h/v(x), we obtain that

~ 2
PX{E?I§|Z,1| >y— ng(x)} <

tc

~ 2 £
Po{max 2] >y = V() } < —2jer = 2

for all sufficiently large h. Therefore,
IP’X{minZn >x——, max |Z,—x|> L} < E,
n v(x) " n<i /v (x) v(x) 2
which together with (5.62)) completes the proof of (5.61). O
The proof of Theorem [5.12]is based on the following generalisation of the

central limit theorem to a triangular array of martingales which goes back to
[71, Theorem 4].

Theorem 5.14. Let, forall j > 1, {F, j,n > 1} be a filtration and {X, j,n > 1}
be a square integrable martingale with respect to {F), j}. Letnj — o as j — oo,

L B (e =X [ Fus} o
EX;

as j—»oo
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and conditioned Lindeberg condition hold: for all € > 0,

1 ¢ 2 P
e L A (K = X)) T Xieprj =Xy > € /EXZ j} [ b = 0
nj,j k=1
as j — oo. Then Xy, /4 /IEX%_ j converges weakly to a standard normal distri-
bution as j — oo.
Proof of Theorem[5.12] ~ As shown in Lemma [5.13] it suffices to prove the
same result for the chain {Z,}, that is, it is sufficient to prove that
Zy —x—nmv(x)
Vnb
as x, n — oo in such a way that 1/t <m?(x) <t.

Since the chain {Z,} satisfies all the conditions of Lemma [5.13] for any
function A(x) — o, given Zy = x,

=No1. (5.64)

}Px{—@ <Z,—x< @forallng L}—H as x — oo,
v(x) v(x) V() (5.65)

The process {Z,} defined in (5.63) constitutes a martingale—parameterised
by x—whose second moment of jumps converges to b as x — c. Due to the
construction of jumps of {Z,} and s(x) = o(1/v(x)) we get, for any € > 0,

E{E2(x); s(x) > [E(0)] = ev/n} =0 asx, n— oo

in such a way that 1/t < m?(x) < t. Together with (5.62) this implies that, for
the same range of x and n,

E{(Zis1 — Z)%s 1 Zkpr — 2l > €v/n | Zo > x} — 0

uniformly for k < n. These observations guarantee that conditioned Linde-
berg condition of the central limit theorem for martingales in triangular array
setting—see Theorem Mis met for Z, and n satisfying 1/t < m?(x) <.
Then we conclude that, given Zy = x, the random sequence

~ 1 sz

Zn Zn —X— Z’;:(]) m[lr( ])] (Zj)

Vnb Vnb
converges weakly as x, n — oo to a standard normal distribution.
Let us choose /(x) — oo sufficiently slow such that in the spatial range x —
h(x)/v(x) <y <x+h(x)/v(x) we have

V() ~ ()~ () o v(x) as x oo,
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which is possible due to (5.53). Then within the temporal range n < t/v?(x),
we deduce from (5.63)) that

n=1, ).
ZFL(J)*\/n/bv(x)io as x — oo,

Vnb
Therefore,
Zn—x nTbv(x) Zy —x—nmv(x)
_ v(x) =
Vnb Vnb

converges weakly as x — oo to a standard normal distribution and the proof of
the first result is complete.

For the second statement, the same arguments with minor modification ap-
ply to show that, for any sequences x; and y; such that y; > x, yp —xx =
o(1/v(xg)) it holds true that

Pyk{x,,ka < }cp(h/v(x")_m(x")) -0

v(xg) Vnb
as k, n — oo in such a way that 1/7 < m? (x) <t. Then the second statement is
immediate, by contradiction. O

5.7 Integro-local renewal theorem for transient chain with
Normal limit

In this section we discuss asymptotics of partial and full renewal measure for X
with normal limit. We pay special attention to the fact that both are investigated
under truncation at level s(x) = o(1/v(x)).

Theorem 5.15. Under the conditions of Theorem for every fixed h > 0
and B > 0,

B/ ()]
BZ IEJJy{Xn € (x,er %] } ~ f(h,B)

n=0 V2<x)
as x — oo uniformly for all y € [x,x+o0(1/v(x))], where f(h,B) T h as B — oo.

Proof. Due to the normal approximation provided by Theorem we con-
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clude that, for every fixed B,

(B/v> ()]

Z IP),{X,, € (x,x—i— %}}

n=0
1B/ () 2 (x w2 (x
=Y (o) () o)

=0 nbv?(x) nbv2(x

as x — oo uniformly for all y € [x,x+ o(1/v(x))]. Approximating the sum on
the right by the integral we obtain that its value is equal to

B _
Ttx)/o (‘I’(L\/,;Z)“I’(_ﬁ»d”o(%w) asx— oo, (5.66)
The last integral equals
B —
o= | <¢<’;F§>—¢<—ﬁ>>dz

/B dz ;Z)du

Changing the order of integration and making the substitution z = v?/b, we
obtain equalities

u Z /2b7d
\/27r/ /0 ¢
1 2
u/bdu/ L e /2bz/2b gy,
Vbz

u/bdu/\/ﬁeuz/szvz/szdv

:E/e

b\/27r

The limit of the internal integral as B — o is known—see, e.g [74] p. 337,
3.325]—and is nothing else but

/w 67u2/2v27v2/2b2d‘) _ by zneﬁ/h.
0 2
Combining altogether we deduce that
* h—z 2
o(— =) -0(-—=))dz=h.
/0 ( Vbz Vbz
Together with (5.66) this implies the result. O

Now let us turn to the asymptotic behaviour of the renewal measure.
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Theorem 5.16. Under the conditions of Theorem for every fixed h > 0
and distribution of Xy,

H(x,er as x — oo,

h h
w9l ~ 7
Proof.  We consider the same function r(x) as in the proof of Lemma SO
the conditions (3:36) and (3:57) are satisfied for all sufficiently large x.

We split the proof of the integro-local asymptotics for H into two parts, up-
per and lower bounds. First let us prove a proper upper bound. By the Markov
property it is sufficient to show that, uniformly for all y > x,

limsupv? (x)H, (x,x+ (5.67)

] <"

The chain {X,,} satisfies all the conditions of Theorem Then, for any A > h,
by the Markov property and (4.32)),

h
H, (x,er —]
v

<E, ]I{X,, € (x7x+ %}}

h A h
+IP’{X,, <x+4 —— forsomen | Xy > x+ 7} supH, (x,x—l— 7}
v(x) v(x) ) e v(x)

T (4 45) -1 h
<E, ’;) ]I{X,, € (x7x+ M} }
_~_<65(R(x+%)_13("+$)) +o(1)) sup H, (x,x+ %} (5.68)

as x — oo uniformly for all A > h where a stopping time 7 is defined as
T(¢):=min{n >1:X, >t}.

We have

8 (R(v+3t5) ~R(v+3t5)) _ 8 L) rnay

< e—&(A—h)r(x+A/v(x))/v(x) < e—S(Afh)/Z

)

for all sufficiently large x. Applying the upper bound of Theorem 3] to the
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right hand side of (5.68) we deduce that, for some ¢ < oo,
h (et )t h
Hy()C,X"‘ @] <Ey ngo ]I{X € ( Tx):| }
~8(A-h)/2 | c
+(e o) 565 (5.69)

as x — oo, for all A > h. The mean of the sum on the right hand side may be
estimated as follows: for C > A,

T(x+$)—1 N
E, ’;) ]I{Xn € (x,x—i— @}}
[€/v? ()]

<E, Z H{Xn S (x,x+ v(hx)] }

n=0

T(x+ﬁ)—1 4 c
|E, X, > x): Txt ) >
AL el ) )
[C/V2(x)]

=E, L H{ n (x X+ (};)H
y{L x T x—&-—))); T(x—l—%) > vzc(‘x)}
For y > x, the second term on the right hand side is not greater than
]Ey{L(x,T<x+ %x))) X, <x— % for some n > 1}
+Ey{L(x,T(x+ %));
X, zx—v(% forall n < T(%) _1, T(x+ %) > vzfx)}
< E),{L(LT()C-I- %)), X, <x—% for some n > l}

+E (v 0o (4 ) ) L3 i T (w4 o)) > o )

Fix an € > 0. By Theorem {£.2] for any fixed A and D, the family of random
variables

v2(X)L(xfo),T(x+ ‘}?—x))), x<y, Xo=y,
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is uniformly integrable, hence, there is a C = C(A, D) such that

sup vz(x)Ey{L(x— %J(}H— %)),

yyzx

for all sufficiently large x. Since

D
supIP’y{Xn < x— —— for some n > 1} —0 asD — oo,
y>x v(x)

by the uniform integrability that there exists a D = D(A) such that

A D
supvz(x)IEy{L<x,T<x+ —)) X, < x— —— for some n > 1} <eg,
y2x v(x) v(x)

for all sufficiently large x. Combining altogether we conclude that, uniformly
forall y € (x,h/v(x)],

T(x+v<A—X))71

1imsupv2(X)]Ey Z H{X" < (x,x—i— %] }

X—reo n=0
[C/v*(x)]

h
< limsupv? (x)E, Z ]I{Xn € (x,x—|— 7] } +2¢,
x—s00 = v(x)

which being substituted into gives
limsup v? (x)H. (x,x+ —]
xﬁ)wp ( ) y V(X)
(/v ()]

h
< limsupv?(x)Ey ) ]I{X,Z € (x,x—i— 7] } +ce 0AM/2 e
Xreo n=0 v(x)

As already shown in Theorem[5.15]

5 [c/v? ()] h
v (x) r;] IP>y{Xn € (x,x+ @} } —>f(h,C) as x — oo,
which implies the following upper bound, for each fixed A > 1,
h
limsupv?(x)H, (x7x+ —} < f(h,C)+ce 8AM/2 4 7¢.

X—roo v(x)

where C = C(A,D(A)). Letting now A — o, we get the required upper bound
(5.67).
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Now let us proceed with the lower bound. First notice that, by Theorem[5.15}

X—$o0

liminfv? (x)H, (x,x+ v(hT)} > h (5.70)

as x — oo uniformly for all y € [x,x+o(1/v(x))]. It remains to prove that (5.70)
holds for any fixed y. By the Markov property, it suffices to show that the
overshoot over the level x is less than s(x) with high probability, that is,

Py{Xp(yy —x>s(x)} =0 asx— oo (5.71)

Indeed, for any fixed xo > 0,

(X~ > 50} < B ['By (X0 € 4P+ £ > 45(0)

= (/Oxo-f—/x:)ﬂb{z—ké(z) > x+s(x) }Hy(dz).

The first integral on the right hand side is bounded by
X0
/ P{&(z) > s(x)}Hy(dz) =0 asx — oo,
0

due to the dominated convergence theorem. Since x — z+ s(x) > s(z) for all
z < x, it follows from the condition (5.38)) that the second integral is dominated
by

[ BlE@ > @) < [ pEvaH(dz) 0 a0 e

see the calculations leading to ([@6). Altogether yields the convergence (53.71)
for the overshoot. This concludes the proof. O

Theorem [5.15]and the proof of Theorem [5.16]imply the following result.
Theorem 5.17. Under the conditions of Theorem[5.12} for every fixed h > 0,

" oy 1 ) 1

I;)Py{Xk € (x,x—i— Tx)}} = vz—(x)f(h,nv (x)) —l—o(vz—()c))
as x — oo uniformly for all y € [x,x + o(1/v(x))] and for all n > 1, where
f(h,2) Thasz— oo

Theorem 5.18. Under the conditions of Theorems [5.7] and [5.16] given any
distribution of Xy and any fixed h > 0,

n

kgz)]P{Xk e (x,x+ %} } - vzl(lx)q’< ZH‘;(X)X > +0<v271x)) (5.72)

1438 v3(x)

as x — oo uyniformly for all n > 1.
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Proof.  'We have

n

ZP{XkE(xer( ]} E ): {Xke<x,x+v(hx)}}.

k=0

As (5.71) shows, v(x)(X7(y) —x) — 0 in probability. This allows us to apply
Theorem as x — oo,

Eki%f{xk€(LX+R£;}}-%i@Equﬁﬁﬂor—TuD+)+o(viﬂ>.

Further, fix u € R and take

1+B
1+3B v3()

VZ(.X) 1+ﬁ
=\ Vﬁgg“*

B
B v3(x
.
_ e EP (@<u+‘ﬁwT@ﬁ>.
)

n=V(x)+u

Then

1+3 1+
B bl+3% 3

Since xv(x) — o, the last quantity tends to infinity with probability

IP’{V(X)_T(X)>—M} — ®(u) asx—» oo,
PET

1438 v3(x)

and equals zero with probability going to 1 — ®(u), both by Corollary
Taking into account that f(h,z) — h as z — oo, we conclude that

Ef(h, V2 (x)(n— T(x)") = h®(u) asx— oo,

which completes the proof. O

5.8 Local renewal theorem for transient chain on Z with
Normal limit

In this section we formulate and prove a local version of the renewal theorem
in the case of convergence to a normal distribution. Following the technique
developed so far, we can only do this for a lattice Markov chain. Without loss
of generality, let Z be the minimal lattice where X is living on. Similarly to
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the case of convergence to a I'-distribution, it is unlikely that the local renewal
theorem would be valid if we only assumed a regular asymptotic behaviour
of moments of jumps. We believe it can be only proven if we assume weak
convergence of jumps & (x) to some random variable & on Z, that is,

Ex)=& asx—roo. (5.73)
Theorem 5.19. Let v(x) be a decreasing differentiable function satisfying xv(x) —
oo and V' (x) = o(v?(x)) and let
my(x) ~v(x) and my(x) —>b>0 asx— co, (5.74)

and

limsupX, = oo with probability 1.

n—oo

Furthermore we assume the convergence (3.73). Let 7Z be the minimal lattice
Sor &, and let the limit & satisfy

EE =0, EE>=b. (5.75)

In addition, let the jumps & (x) be bounded below and above by J uniformly for
all x € 77T, that is,

|E(x)| < J forallxc ZT. (5.76)
Then
h(x) = H{x} ~ Tlx) as 5 oo. 5.77)
Moreover,
]P’{ i I{X, =x} > N} = c1(x)(1 = 2 (x)w(x)Y, (5.78)

n=0

where c1(x), c2(x) — 1 as x — oo, hence the family of random variables
v(x) Y {X, =x}, xe{1,2,3,...}, (5.79)
n=0

is uniformly integrable.

More general results are derived in Chapter [6} via different technique based
on the martingale approach.

Proof. Let 6 > 0 and define two decreasing functions

Uy (x) ::/ e R0y x>0,

X
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where

_2£8 p

Ri(y) := 5 s v(z)dy.

By the mean value theorem, for all x and j € Z there is a 6 = 6(j,x) € (0,1)
such that

Us(x+j) —Us(x) = —je R0 o _jeRel) a5 x 5 oo,

because, for any fixed u > 0,

2+0

Re(x+u) —Ra(3)] < =

uv(x) — 0 asx— oo,

due to v(x) — 0. By L’Hopital’s rule,

U/
lim 1Ui_<§)(x) = lim — fgf)() ,
X—roo mg + X—ro0 (me 4 (x )
e Re() b

owing to the condition v/(x) = o(v*(x)). Therefore,

2+6
Us(x+j) =Us(x) ~ —j

v(x)Ux (x).
Then, since & (x) are bounded below, we get for all fixed k > 1 that

By {Us(Xe(r) = Us(x+k); T(x) <oof
2406
b

V(X)Ui(x+k)Ex+k{x+k7XT(X); T(X) < °°}, (5.80)
where
T(x) := min{n >1:X, <x}.

Let us compute the drift of Uy (X,,). Since the jumps are bounded, by Taylor’s
expansion,

E(U+(x+&(x)) —Ux(x))

— UL (0)mi(x) + 2ma (UL (Yma(x) + O(U ()

2
= —e *Wm (x) + #v(x)e%i(x)mg(x) +0(V(x)e R=W)

~ £(8/240(1))v(x)e R0 ag x — oo,
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Therefore, the sequence U_ (X, Ar(x)) 18 @ supermartingale for all sufficiently
large x. Then, by the optional stopping theorem,

Eet{U- (Xo): 7(x) <o} < U-(x+K).
This is equivalent to
Exit {U~(Xeg) — U~ (x +5): T(x) < oo} < U_(x+ k)Pysi7(x) = o0},

Using now (5.80), we get
2-28
b

Since Uy (X, 1z (v)) is a submartingale for all sufficiently large x,

Pep{(x) = oo} >

VOB, {x+k— X5 T(x) <o} (5.81)

Ev{Us (Xeg): 7(x) < o0} > Us(x+k).
This implies that

2426
Px+k{T(x) = °°} < b

Combining this lower bound with (5.8T)) and due to the arbitrary choice of
6 > 0, we conclude that

2 1
Pri{t(x) =0} = +Z( )V(X)]Ex+k{x+k*Xr(x); T(x) <eo}.  (5.82)

V() Ep i {x +k— Xy (s T(x) < oo}

The rest of the proof is literally almost the same as that of Theorem O

5.9 Comments to Chapter [5|

The weak law of large numbers in the form of was originally proven by
Lamperti in [[112, Theorem 7.1] under the condition that the fourth moment of
jumps is bounded and the drift is of order 6 /x#, B € (0,1). His proof is based
on the method of moments as everything else in that paper.

The strong law of large numbers in the form of for a nearest neighbour
Markov chain was proven by Voit in [148| Theorem 2.11] via an orthogonal
polynomials technique.

Various laws of large numbers—both weak and strong—and central limit
theorems were proven by Keller, Kersting and Rosler [90] under minimal mo-
ment condition on positive part of jumps—the existence of square integrable
majorant—and under assumption that jumps are bounded below. Strong law
of large numbers under minimal moment condition was proven by Kersting in
(93]
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In [123| Theorem 2.3], Menshikov and Wade have proved the strong law
of large numbers in the form of (5.24) under the assumption that moments of
jumps of order 2+2f + 8, > 0, are bounded. In the same paper, the authors
have proved the central limit theorem like Theorem for drift proportional
to 1 /xB under the assumption that jumps have moments of order

max<2+2ﬁ7l+ﬁ)

bounded.
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Asymptotics for renewal measure for transient
Markov chain via martingale approach

For a transient Markov chain {X,} on R with asymptotically zero drift, the
average time spent by {X,} in the interval (x,x + 1] is roughly speaking the
reciprocal of the drift and tends to infinity as x grows.

In this chapter we present a general approach relying on diffusion approxi-
mation to prove renewal theorems for Markov chains, for that reason we con-
sider Markov chains which may be approximated by diffusion process. Then,
if we have some result of renewal type for diffusion processes as in Section
we should be able to obtain a similar result for a Markov chain having
similar asymptotic behaviour of the first two moments of jumps. In particular,
we will see in the examples below that as soon as we have the Green function
for the diffusion process we should, in principle, be able to construct an ap-
proximation for the Green function of the Markov chain and thus to derive a
renewal theorem.

We apply a martingale type technique and show that the asymptotic be-
haviour of the renewal measure heavily depends on the rate at which the drift
vanishes. As in the last two chapters, the two main cases are distinguished,
either the drift of the chain decreases as 1/x or much slower than that, say as
1/x* for some a € (0,1). In contrast to the case of asymptotically positive
drift considered in Chapter [I0]below, the case of vanishing drift is quite tricky
for the analysis due to the fact that the Markov chain tends to infinity rather
slowly and hence one should take into account diffusion fluctuations.

191
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6.1 Asymptotics for renewal measure on growing intervals

Throughout this chapter we assume that the trajectories of {X,, } are unbounded,
that is,

limsupX,, =0 a.s. (6.1)

n—yoo

This condition holds true for any irreducible Markov chain on 7%, because
such a chain leaves any finite collection of states in finite time, with probability
1.

Theorem 6.1. Let {X,} be such that (6.1) holds and
m[ls(x)] (x) ~ E7 m[2s<x)] (x) > b€ (0,00) asx—oo, (6.2)
X

for some L > b/2 and an increasing level s(x) of order o(x). Assume also that

P{EWI = s(v)} < p(y)/y (6.3)
Sfor some decreasing integrable at infinity function p(x), and
EMIHIEM <50} <w & forally =0, (6.4)
where
EE2 < oo, (6.5)
Then, for every function h(x) 1 o of order o(x), we have
2
H(x,x+ h(x)] ~ o= bxh(x) as x — oo,

Notice that both conditions and are met for some s(x) = o(x) if

~

IED)] <q Efor all y and for some & satisfying (6.3).

In the course of the proof of this and subsequent theorems we construct a
bounded non-negative supermartingale, which shows that X, — oo a.s. This
convergence means transience of any set bounded on the right.

We now turn to the critical case it = b/2 where the properties of the chain—
particularly recurrence and transience—depend on further terms in asymptotic
expansions for the moments of increments. As the next theorem shows this is
also true for the renewal function.

Theorem 6.2. Ler {X,} be such that holds and that there exist m > 1,
Y > 0 and an increasing level s(x) of order o(x) such that

Zm[ls(xﬂ (x) 1 1 1 Y+1+0(1)

= oot
m[ZS(X)] (x) x xlogx xlogx-...-log,_jx  xlogx-...-log(, x
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and m[zs(xﬂ (x) = b > 0 as x — oo. Assume that, for some € > 0,

P{IE(x)| > s(x)} = o(1/xlog* *x), (6.6)

E{IE(0); [E@)] <s(0)} = o(x/ log' "€ x), (6.7)

IEGIHIEW) < s} <a &, (6.8)

where E satisfies (6.3). Then, for every function h(x) 1 e of order o(x), we have
2h(x)

H(x,x+ h(x)] ~ Tyxlogx- .. log,x  asx —eo.

The proof of the integral renewal theorem in the case i > b/2 in Section
is based on the convergence of X2 /n towards a T'-distribution. This approach is
not applicable under the conditions of Theorem[6.2] although the convergence
to a I'-distribution is still valid. The reason is that some chains with u = b/2
are null-recurrent while other are transient, but this difference disappears in the
weak limit. The only statement which can be obtained from weak convergence
here is the following lower bound:

H(0,x]

lim —— =0
X—ro X

In the next theorem we consider the case where the drift decreases slower
than 1/x, that is, m (x)x — .

Theorem 6.3. Let {X,,} be such that (6.1)) holds and that there exist a decreas-
ing v(x) satisfying xv(x) — oo and V' (x) = o(v*(x)) and an increasing level
s(x) = o(1/v(x)) such that

@) ~v@), my ) s be (0.00) asx e
Assume also that

P{EW) > s()} < p(y)v(y), (6.9)
EMI{IEW)| <s()} < & forally>0, (6.10)

where p(x) is a non-increasing, non-negative integrable at infinity function,
and & satisfies (6.3). Then, for every function h(x) 1 oo of order o(1/v(x)), we
have

h(x)
H(x,x+h ~— — oo,
(x,x+ h(x)] o) as x
In the two examples considered in Subsections [.4.2] and [T.5.2}—nearest
neighbour Markov chain and diffusion process—it is possible to construct an

appropriate martingale which allows us to find the renewal measure in a closed
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form. For general Markov chains considered in the last three theorems, this
martingale approach does not work because it is hopeless to construct such a
martingale. However, it is possible to construct almost a martingale that allows
us to derive the asymptotic behaviour of the renewal measure; it is done in
Section[6.2]

6.2 Proof of integro-local renewal theorem on growing
intervals

Let r(x) be a decreasing differentiable function on [0,<0) satisfying the condi-
tion

Y (x) = 0(r*(x)) asx— oo, (6.11)

in the sequel r(x) approximates the quotient 2™ (x) /m5™ (x). We shall
impose assumptions on the truncated moments of Markov chains, and doing
that we always assume that the truncation function s(x) increases and satisfies

s(x)=o(1/r(x)) asx— oo.

Define R(x) =0 for x <0,
X 00
R(x) = / r(y)dy, x>0, Ux) := / e ROdz, xeR, (6.12)
0 X

where U (x) is assumed finite, compare to U defined in (I.31). Clearly,

U// ()C)
U’ (x)

= —r(x).
Due to (6.T1),
r(x+y) ~r(x), R(x+y)—R(x)—0, and e RO Lo RW (6.13)
as x — oo uniformly for |y| < s(x). Also,
U" (x) = (P (x) — 7 (x))e R = 0 (12 (x)e FW) (6.14)
and, consequently,

U" (x+y) = 0(r*(x)e ®™))  as x — oo uniformly for |y < s(x).
6.15)

Let
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We start with a result showing that G(X,,) is almost a martingale provided the

quotient Zm[ls(xﬂ (x)/ mg(x)] (x) is asymptotically proportional to r(x).

Lemma 6.4. Let 0(y) be a non-negative bounded function. Let

E{|E0)1: [E0)] < s0)} = o(m5 ()0 /r(y) asy = . (6.16)

W If
P{E(y) < —s(y)} =0 forally>0, (6.17)
and
[s()]
2m[1<7(x) > (1+6(y)r(y) forall sufficiently large y, (6.18)
mzs )] (y)

then there exists a y* > 0 such that
E{G(y+E(y) —G(y): E(y) <s(y)} 20 forally>y".
(i) If
P{E() >s()} =0 forally=0, (6.19)

and

) _ (

1—0()r(y) forall sufficiently large y, (6.20)
[s()]
m; )

then there exists a y* > 0 such that

E{G(y+&() —G(); E(v) > —s(y)} <O forally>y".

Proof. (i) Since the function G(y) is increasing,

EG(y+&(y) —G(y) 2E{G(y+&(») —G(); [EM)| <s()},

due to the condition (6.17). Since G'(y) = e XY, G"(y) = —r(y)e R0, and
G"(y+z) = 0(r2(y))e R0) as y — oo uniformly for all |z| < s(y) due to the
upper bound (6.13) on U"" and (6.13)), application of Taylor’s expansion up to
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the third derivative yields that, for some ¥ = y(y,&(y)) € [0,1],

E{Gr+E() =GO [EWI < s}
= )G )+ 35 ()6 0)

FEEE0)G" 0+ 7E0)); 10| < ()
=m0 ()R _ %m[zsof)] ()r(y)e k)

+0(PMeFOIR(ED): E0)| <50)}) asy e

The sum of the first two terms on the right hand side equals

1 _ s(y s(y 1 — s(y
Ee R(y) (2m[l(>)] (y) _m[2 )] (y)r(y)) > Ee R()’)m[z )] (y)e(y)r(y),

due to the condition (6.18). The third term on the right hand side of the previous
equation is of order o(m[zs Ol (y)@(y)r(y)e‘R(y)) owing to the condition (6.16).
These observations conclude the proof of (i).

(ii) Since the function G(y) is increasing,

EG(y+&(y) —G() <E{G(y+&(»)) =G(): [cO)] < ()},

due to the condition (6.19). The rest of the proof is very similar to part (i). [J

6.2.1 Upper bound for renewal measure

Our derivation of an upper bound for the renewal measure of {X,} is based on
the Lyapunov function G}* (y) defined below in (6.23).
For any x and 2 > 0, consider a piecewise differentiable function

0, y<x,
s,k 2()1—)6), y S (X,X+h],
G (y) = 6.21)
2h, y € (x+hx+h+s(x+h),

2heRUHIHSOHR)=RY) =y > x b4 s5(x+h),
whose derivative satisfies
gi(y) = 2I{y € [x,x+h]} forally <x+h+s(x+h), y#xx+h. (622)

Its integral—the function which originates from the key function (1.34) for
diffusion processes,

Kk Y Kk
G (y) = /0 g (2)dz, (6.23)
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is an increasing bounded function, G* (e0) < oo, because

g (y) < 2neROFIHEAM)=RO) - for a1 y, (6.24)
and hence,
GZ*X(OO) <2h /oo eR(x+h+s(x+h))—R(y)dy
’ o X
_ 2heR(x+h+s(x+h))U(x)
<2hU (x)eR(x+h)+R’(x+h)s(x+h)
_ 2hU(x)eR(erh)Jrr(/\erh)s(erh)7 (6.25)
because R is concave. As s(x) = o(1/r(x)),

< 2hU(x)eR(x+h)+o(1)

< 20U (x)eR0 () a5 x — oo, (6.26)
for h < s(x), due to (6-13).

The function G;*.(y) is convex for y < x + h. For y > x+ h, the function
G;*.(y) increases in a concave way with slope 2/ at point x + /. Notice that,
fory >x+h+s(x+h) and z > 0,

Ghx()

Gy (y+2) = Gi(y) = 2heR ) (G(y +2) — G(y))
and, due to (6.24), fory > x+h+s(x+h) and z <0,
Gt (v +2) = G () = 2he M Gy 4 2) - G(y)).
Therefore, forally >x+h+s(x+h)andz € R
Gy +2) = Gy (y) = 2heR TN (G(y +2) ~ G(y)). (627)
Further, fory € (x+h,x+ h+s(x+h)],
gy +2) > 2heROROH) for 2 > 0,

and
g (y+z2) < 2h < 2heROITROTD for 2 < 0.

Therefore, fory € (x+h,x+h+s(x+h)],
G0 +2) = Gi(y) = 2he") (G(y+2) - G(y)). (6.28)

Lemma 6.5. Assume that the conditions (6.16)—(6.18)) hold. Then there exists
an x* > 0 such that, for all x > x*, y > 0, h < s(x), and t € (0,h/2),

EGy(y+E() — Gi(y) = mil ()I{y € [x+1,x+h—1]}.  (6.29)
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Proof.  Since the function G,’;*x(y) is zero for y < x and positive for y > x, the
mean drift of G’ is non-negative for all y € [0,x] and the inequality (6.29)
follows for this range of y.

Since Gj (v) is increasing and due to (6.17),

EG (v +8(») = GiL(y) = B{G, . (y+ 8 () = G;.(v); [EG)] < s(»)}
= FE.

Positivity of E for y > x+ h follows from (6:27) and (6-28), by Lemma[6.4]
It only remains to estimate E from below for y € [x,x+ h]. Let us apply
Taylor’s expansion for G;*. with integral remainder term,

, £0)
E =) (y)gin () JrlE{/y+ g (D +E0) —2)dz; [E()] < S(y)}~
’ (6.30)

Since g;*(z) > 0 and g;*/(z) > 0 for all z € [0,x+ /1 +s(x +h)], we obtain for
all sufficiently large x and y € [x,x+ h], t € (0,//2),

+E()
E22{ [ 00+ 80094z 50 <1}

y+E()
> 20y € [x+t,x+h—t]}IE{/
y

—m2 ( {y € [x+t,x+h—1]},

@+¢@%aﬂzﬁ@ﬂg@

because g;*/(z) = 2 for all z € (x,x + A which concludes the proof. O

Proposition 6.6. Assume that conditions of Lemmal6.3| hold. Then there exists
an x* > 0 such that, for all x > x*, h < s(x), and t € (0,h/2),

G** (o) — EG** Xo
H(x+t,x+h—t] < () s (X0)

minye[ert,erhft] m[zt] (y)
Proof. Consider the following decomposition

n—1

Gin(X) = Y (Gi(Xis1) — Gio(Xi)) + G (Xo).
k=0

Since G} (y) is bounded by G} (e0), we obtain
Gi(>) = EGy (X))
n—1

=EG; (X)) + Y E[G}.(Xit1) — Gy (Xi)]
=0

> EGj (Xo) JFZE{m2 (Xk): Xk € (x+1,x+h—1]},
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for x > x,, by Lemma[6.5] Hence, for any n,

n—1 G** (oo) _]EG** (XO)
Y P{X, € (x+t,x+h—1]} < —2 hx T
k=0 MiNye (4 ys cph—r] My (V)
Letting » to infinity we arrive at the conclusion. O

6.2.2 Lower bound for renewal measure

We now turn to an accompanying lower bound for the renewal measure. To
this end we consider a continuous piecewise differentiable function

0, y<x,
gnx(¥) =4 2(y—x), y € (x,x+hl, 6.31)
2heR(x+h)fR(y)’ y> x+h,

whose derivative satisfies
gh(y) < 2I{y € [x,x+h]} forally>0, y#x, x+h. (6.32)

Its integral—which similarly to (6.23)) originates from the key function (1.34))
for diffusion processes,

* Y *
Gi(y) = /0 g (2)dz, 633)

is an increasing bounded function, Gj (e0) < oo, and

Gjy o(00) = h* +2heR U (x + 1)

> 2heROU (x+ h). (6.34)
For h < s(x) = o(1/r(x)), due to (6.11),
Gy () > (24 0(1))heR@U (x)  asx — oo, (6.35)

Also define a concave function

GZ; (y) := W2 + 2heR0t) /x+h

y
e k@ gz, (6.36)

whose derivative is 2heR0+1~R0) and G;<(x+h) = G}, ((x+h). Observe the
inequality

G.(y) >G5 (v) forally <x+h, (6.37)
and the equality

G.(y) =G5 (y) forally>x+h. (6.38)
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Hence, fory > x+hand z > 0,
Gr.(y—2) =G5 (v—2) <G .(0) - G5(v—2)
=G () -G (y—2)
= 2heRHN(G(y) - G(y—=z)).  (6.39)

Lemma 6.7. Assume that the conditions (6.16)), (6.19) and (6.20) hold. Then
there exists an x* > 0 such that, for all x > x*, y >0, h < s(x), and t € (0,h/2),

EG},,(y+&()) = Gj.(y)

07 ygx*s(x)a
2hE{E(y);E(y) € (x—y,s(y))}, Y€ (x—s(x),x—1],
(14 hr(y))ms® (y), ye (x—t,x+h+1],

3HE{[E () —s(y) <&(y) <x+h—y}, y>x+h+t.

Proof.  Since G}, ,(y) is increasing in y, we obtain

EG . (y+6() = Gj.(y) < E{G, (y+E(1) = G (v): E(v) = —s(»)}

= E{G},.(y+S () = G}..(»); [ < s(3)}
= F,

due to (6.19).
In the case y < x —s(x), we have y + & (y) <x—s(x) +5(y) <x,50 G} (y+
&(y)) = G;, .(y) = 0 and the conclusion of the lemma follows for y < x —s(x).
In the case x — s(x) <y < x —1, it follows from the definition of G , that
Gy, (x+2) < 2hz for all z > 0 which yields G}, ,(y+2z) < 2h(y —x+2) for all
y g x and z > 0. Therefore, ’

E <2hE{E(y);6(y) € (x—y s}, (6.40)

and the conclusion of the lemma follows for x —s(x) <y <x—r.
In the case y € (x —t,x+ h +1], we proceed similarly to Lemma By
Taylor’s expansion (6.30),
E < m ()} () +my® ()
1 x
< 5ms (3)r()gh ) +m5 ()
< my ) (hr(v) + 1),

due to (6.20) where 6(y) > 0, (6.32) and inequality g;, (y) < 24, for all suffi-
ciently large y. Thus the lemma’s conclusion follows for y € (x —¢,x+h+1].



6.2 Proof of integro-local renewal theorem on growing intervals 201
In the case y > x+ h + ¢, since the function G(y) is concave,
G(y)—G(y—z)<zG'(y—z) = 2 R0=9 forall 7> 0.
Therefore, as y — oo,
G(y)—G(y—2z) <ze R0)(1+0(1)) uniformly for all z € [0,s(y)].
Thus it follows from (6.39) that, as y — oo,

Gy =2) = G5 (v —2) < 2hzef RO (14 o(1))
<2hz(1+o0(1)) (6.41)

uniformly for all &, z € [0, 5(y)]. The inequality (6.37) and equality (6-38) allow
us to conclude that, for y > x+h,

E=E{G;(v+E()) - (y) S <sy)}
+E{th(y+<§(y) e HEM) [EW < ()}
=E{G,(v+E(y) - () EMI<s()}

+E{th(y+é(y)) s HED)) EO) € [=s(),x+h—y]}
<E{G},,(y+&() — (y+§( ))s §() € [=s(v),x+h—)]},

by the second statement of Lemma [6.4] Applying here (6.41) we deduce, for
all sufficiently large x and y > x+ h,

E <3hE{IE(Y)|; €(v) € [=s(y),x+h—y]}.

Combining altogether we conclude the result of the lemma for y > x+h +
t. O

Proposition 6.8. Let the assumptions of Lemmal[6.7|hold. Then there exists an
x* > 0 such that, for all x > x*, y >0, h < s(x), and t € (0,h/2),

G}, () ~EG} ,(Xo) — 8(x)
MaXy e x—r x+h+t] (1 -+ hr(y))m[;(y)] (y)

H(x—t,x+h+1] >

where
Zh/ H(dy)E{E(y);x—y < &(y) <s(»)}
430 / H(dy)E{|E(y)]:

Proof. Consider the decomposition

—s(y) <&(y) <x+h—y}.

n—1

Gpx(Xn) = Y (G (Xis1) = G (X)) + G 1(Xo).-
k=0
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Therefore we deduce from Lemmal6.7] that, for some ¢ < o and all x > x,,

EG;’;,X (Xn)

n—1
=EG),(X0) + ) E(Gj«(Xis1) — G (Xx))
k=0

n—1
<EGj,(Xo)+ Y. E {(1 + (X)) mE X (X, ) X € (xv— t,x—l—h—f—t]}
k=0

n—1 ,x—t
$20Y [ P0G € dE(EG)x -y < E0) <500}
k=0 Y X—s(x)

n—1 reo
Y [ PO EIBIENE0) < E0) < ey}

Hence, for any n,

EG;;,X(XH) - EG;x (XO) - 5(X)

maxyepypcinp] (1+hr()ms ) ()

n—1
Y P{Xie(x—t,x+h+i]}>
k=0

Letting n — o we arrive at the conclusion due to the convergence Gj,  (X,) —
Gj; ,(e0) which in its turn follows from Lemmatogether with the martingale
convergence theorem and the assumption (6.1). O

In order to get a lower bound in a closed form, we need to derive conditions
under which the term &(x) in Proposition|6.8}is of order o(Gj, ,(e0)) as x — co.
In the next result we demonstrate how to bound & (x) provided an appropriate
upper bound for the renewal measure is available.

Lemma 6.9. Let, for some h = h(x) < s(x) andt =t(x) < h/2,

sup H(y,y+1] < CltU(x)eR<x) for some Cy < oo, (6.42)
v x/2<y<2x

and, for some random variable & with BE? < o,

E()| < & forally>0. (6.43)
Then 8(x) < chU (x)eRWE{E2; |E| > 1} for some ¢ < o,

Proof. Let us analyse the first term in & (x). The stochastic majorisation con-
dition (6.43) yields that

X—t
X

/:s(rx)H(dY)E{g(Y); x—y<E0) <50} < [ | H@R(E € > x-)

—s(x
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Further, using the upper bound (6.42) we deduce

/xx<t>H(dy)E{€; §>x—y} < Z ~ (kD x—ntBlS; & > ni)

—s(x —

< CotU(x Z E{&; & > nt}
< CotU (x)eRIE{E? J1; & > 1}
= QU (x)RWIE{E? & > 1)

Hence the first term in & (x) is not greater than 2C,hU (x)eRWE{E2; & >t} as
required.
The second term in §(x) can be bounded in the same way, namely

/

x+h+t
x+-h+-s(x)

= [ H@EE W) ) < E0) < h)
X+h+

t

H(dy)E{|E()]; —s(y) <&(y) <x+h—y}

x+h+s(x)
< [ H@DE(ER & <x+h-)
X+h+t

5(x)
= / H(x+h+dy)
t

and, as above,
s5(x)
| e a)E(E]: & <)

s(x)/t
< Z H(x+h+nt,x+h+ (n+ DHE{|§]; § < —nt}
n=1

()/f
< C3tU(x Z E{|&]; & < —nt}

< C3U(x)e E{éz; & < —t},

and we conclude the proof. O

6.2.3 On two Markov chains with asymptotically equal jumps

As in Section let {Y,} and {Z,} be two Markov chains with jumps 1 (x)
and ¢ (x) respectively. Denote by H” and H? their renewal measures.
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Lemma 6.10. Let the conditions of Lemma[.1| hold. If there exists a nonneg-
ative function g(x) such that

H%(x,x+h(x)] ~ g(x) asx— oo (6.44)
for any distribution of Zy and

sup HZ (x,x+h(x)] = O(g(x)) asx — oo, (6.45)
y

then, for any distribution of Yy,
HY (x,x+h(x)] ~ g(x) asx—oo.

If, in addition, the family of random variables
| =
—_ Z I{Z, € (x,x+h(x)]}

g(x) n=0

is uniformly integrable, then

| =
@;H{Yn € (x,x+h(x)]}

is so.

Proof.  Let us consider two sequences of independent random fields {1, (x),
x € R},>0 and {§,(x), x € R},>0 as in (&3) and then the Markov chains {Y, }
and {Z,} as there.

Fix an € > 0 and let x, be delivered by Lemma Let T7:=min{n >0:
Y, > x¢} and consider {Z; } with initial value Zy = Y;. Define

w:=min{k > 1:2Z; # Y1}

By Lemma[4.1] P{u < oo} < €. For x > xe,

T+p—1
supHY (x,x + h(x)] < supBy Y. I{¥, € (xx-+ ()]}
y y n=t

+supE, Z I{Y, € (x,x+h(x)]}.
y n=T+pu

The first expectation on the right hand side is not greater than HyZ (o, x + h(x)]
because Y,, = Z,_; between 7 and 7+ y — 1. The second one possesses the
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following upper bound

E, i I{Y, € (x,x+h(x)]}
n=t+u

5 ¥ 1€t (o]l <o} Plu <o)

n=t+uU
< supHY (x,x+h(x)]e.
z

Therefore,

1
supHyY(x,x+h(x)] < 1
y

- sup HY (x,x + h(x)]. (6.46)
- y

For any distribution of ¥j and x > x¢ we have

HY (x,x + h(x)]

T+u—1 oo
=F Z Y, € (x,x+h(x)]}+E Z {Y, € (x,x+h(x)]}
n=t n=t+u
T+u—1 had
=E Z {Z, € (x,x+h(x)]} +E er I{Y, € (x,x+h(x)]}
n=t n=T+H

= EH}]T (x,x 4+ h(x)]
—EEy, Y K{Z, € (x,x+h(x)]}+E Y, ¥, € (x,x+h(x)]}.
n=u n=t+uU
As we have seen in the first part of the proof, for all x large enough,
E Z Y, € (x,x+h(x)]} < £SupH;(x,x+h(x)]
n=t+p y

<

- sngyZ(x,Hh(x)],

owing to (6.46). Similarly,

Ez, i {Z, € (x,x+h(x)]} <EPy, (1 < o) sup HZ (x,x + h(x)]
n=u y

<e supHyZ(x,x + h(x)].
y

Therefore,

€
—E&

|HY (x,x+h(x)] — EH{. (x,x + h(x)]| < 1 Sl;pHyZ(x,x—i—h(x)].
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Letting € — 0 and using (6.43) we conclude
HY (3, v+ h(x)] — EHZ, (v, v+ h()]| = o(g(x)) a5 x> e

According to (6.44) and (6.43), EHY (x,x+ h(x)] ~ g(x) which completes the
proof. O

6.2.4 Proofs of Theorems 6.1} [6.2], and [6.3]
Proof of Theorem[6.1} ~Consider a modified Markov chain {Xvn} on the same

probability space as {X,} with jumps & (x) defined as follows:

T ) e if [€(x)] < s(x);
&)= { any value if |€(x)| > s(x).

If {)Z,} does not satisfy the unboundedness of trajectories condition (6.1)), then
we can increase the value of s(x) on some set bounded on the right in such a
way that then {X, } does satisfy (6.1). Indeed, it follows from the conditions
(©.2), (6-4) and (6.3) that there exist a sufficiently high level xo and an € > 0
such that P{&(x) > €} > € for all x > xo. Then it suffices to increase s(x) on
the set (—oo, xg] to ensure the condition (6.1) for {X,}.

Without loss of generality we assume that s(x) < s(x). Let us choose a func-
tion #(x) 1 e of order o(h(x)) as x — eo.

Fix some ¢ > 1 and consider r(x) = ¢/(1 +x). Then,

R(x)=clog(l+x) and U(x)=(14x)""¢/(c—1).

Therefore,

_x+1

R(x) _
U(x)e 1

(6.47)

The chain {X, } satisfies the condition (6.17). Fix some ¢** € (1,2u/b) and
define r**(x) = ¢** /(1 +x), which ensures the condition (6.18) with 6(y) =
0 = (2u/bc** —1)/2 > 0. The condition (6.16) is immediate from the upper
bound

E{IEG)P; [E0)] < s0)} < sO)m5 ) (6.48)

and the relation s(y) = o(y). Also,

m[zt(xﬂ (x) > b asx— oo,
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by the conditions (6.4) and (6.5). As a result, by Proposition[6.6} as x — o,

= Gji(=)
H(x+1(x),x+h(x) —t(x)] < bt o(l)
2+40(1)
= mxh(x),
owing to (6:26) and (6.47). Letting ¢™* — 2 /b, we get
ﬁ&+ﬂﬂﬁ+h@%4@ﬂ§iﬁ%?%&)zmwﬁw

Taking into account that #(x) = o(h(x)) we conclude the following upper bound

~ 2 1
H(x,x+h(x)] < l()xh(x) as x — oo, (6.49)
2u—»b
The chain {X, } satisfies the condition (6.19). Fix some ¢* > 21 /b and define
r*(x) = ¢*/(1+x), which ensures the condition (6.20) with 6(y) = 6 = (1 —
24/bc*)/2 > 0. Then it follows from Proposition [6.8]that, as x — oo,

Gja() —EGj (Xo) = (x)

H(x—1t(x),x+h(x) +1(x)] >

- b+o(1)
X)== —0(x
> (+o(1) " IEL 2,

due to (6:33) and (6.47). By the condition (64), the chain {X,} satisfies (6.43)

which together with the upper bound (6.49) for the renewal measure generated
by {X,} yields the upper bound for &(x) delivered by Lemma Therefore,

2+40(1)

ﬁ@—dﬂw+h@%HUH2@;jﬁg

xh(x).

owing to (6.47). Letting here ¢* — 2 /b and since (x) = o(h(x)), we finally
get

~ 2 1

H(x,x+h(x)] > 2_;0_(b)xh(x) as x — oo,
Combining this lower bound with the upper bound (6.49), we conclude that

~ 2
H(x,x+h(x)] ~ b

Together with the condition (6.3)) this allows us to apply Lemma [6.10| to the
two Markov chains, ¥ = X and Z = X, hence the same asymptotics for the
renewal measure generated by {X,}. O

xh(x) asx—» oo.
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Proof of Theorem[6.2] ~ As in the proof of Theorem [6.1} from the very begin-
ning we may assume that | (y)| < s(y) for all y which implies both (6.17) and
(6.19). Without loss of generality we assume that i(x) < s(x).
Fix ¢ > 1 and consider
) = 1 n 1
xtem) (xteum)loglx+em)
C

(x+e(my) log(x+epp) .. 10g () (x+e(m)) ’
where e(,;) > 0 is defined by log,,) ¢(,;) = 1. Therefore,

+...+

R(x) = log(x+e(,) +loglog(x+e(,)
+ . 108 (X +e(m)) + €108 1) (X +€(m)) — Cin

and
eCm l1—c
U()C) = c—1 (log(m) (X+ e(m))) )
which implies from (6:26) that, for ¢** < y+1,
- 2+o(1)
Gh(x),x(oo) =< |
and from (6.33)), for ¢* > y+1,
] 2+o(1)
Gh(x),x(oo) 2 c—1

Repeating the arguments used in the proof of Theorem [6.1} we obtain the de-
sired result. O

h(x)xlogx-...-loggx asx— oo,

h(x)xlogx-...-logg,x asx—oco.

Proof of Theorem[6.3] ~ As in the proof of Theorem [6.1] from the very begin-
ning we may assume that | (y)| < s(y) for all y which implies both (6.17) and
(6:19). Without loss of generality we assume that 4(x) < s(x). Let us choose a
function #(x) 1 e of order o(h(x)) as x — eo.
Fix some ¢ > 0 and consider r(x) = cv(x). Then, by I’'Hospital’s rule,

v 1
U'(x) r(x)
Therefore, as follows from (6.26)

h
Gl () < (2+0(1))r((j3 as x — oo, (6.50)
and from (6.33)
h
Gl () = (2+0(1))r((j3 as x — oo, 6.51)
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Considering ¢** < 2/b and ¢* > 2/b and repeating the arguments used in
the proof of Theorem|[6.1} we conclude the proof. O

6.3 Asymptotics for renewal measure on fixed intervals

While the asymptotic behaviour of the renewal measure on growing intervals is
derived under assumptions on regular behaviour of the first two moments only,
it seems that the local renewal theorem can be only proved for asymptotically
homogeneous in space Markov chain. The next result gives us a tool for deriv-
ing asymptotic behaviour of the renewal measure on intervals from results for
sufficiently slowly growing intervals. It requires weak convergence of jumps at
infinity, that is, we consider an asymptotically homogeneous in space Markov
chain which is defined as a Markov chain such that, for some random variable

g,
E(x) =& asx— oo (6.52)

if there is no asymptotic homogeneity in space then the asymptotic behaviour
of H(x,x+ h] may be very different. For Markov chains on Z* with bounded
jumps, it was studied in Sections [4.9]and [5.8] via careful analysis of the return-
ing probabilities at high level.

Theorem 6.11. Let hold and the family of random variables {|& (x)|, x €
R} admit an integrable majorant E, that is, EE < oo and

|E(x)| < & forallx eR. (6.53)

Assume that there exist a bounded function v(x) > 0, a growing level t(x) 1 o
and a constant Cy < oo such that, for any t(x) 1 oo satisfying t(x) < 1(x),

v(x)H (x,x+1(x)]
t(x)

If the limiting random variable & is non-lattice, then v(x)H (x,x + h] — Cgh
as x — oo, for all fixed h > 0.

If the chain {X,} is integer-valued and 7 is the minimal lattice for the vari-
able &, then v(k)H{k} — Cy as k — oo, and, in addition, the family of random
variables

— Cyg asx—oo. (6.54)

v(k) i X, =k}, k>0, (6.55)
n=0

is uniformly integrable.
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Let us apply the last result to chains considered in Theorems [6.TH6.3] In
addition, under specific assumptions on the drift function we are able to gen-
eralise the uniform integrability conclusion from lattice to general Markov
chains.

Corollary 6.12. Under the conditions of Theorem[6.1} (6.52) and (6.53), we
have, for every h > 0,
2h

H h| ~
(exthl~ 5=

X asx—» oo,

if the limiting random variable & is non-lattice, and

H{k} ~ k ask— oo,

2
2u—>b
if the chain {X,} is integer-valued and 7. is the minimal lattice for the variable

E.

In addition, for some X € R, the family of random variables

Z {X, € (x,x+1]}, x>Xx,

1
X =0

is uniformly integrable.

For lattice Markov chains, the last corollary is an improvement on Theorem
.14 where the same asymptotics were only proven in the case of bounded
jumps. A similar improvement on Theorem £.16]holds true.

As far as it concerns applications, we apply the last result to derive local
asymptotics of the renewal measure for a random walk conditioned to stay
positive in Section[TT.1]

Corollary 6.13. Under the conditions of Theorem [6.2] (6:32) and (6:53), we
have, for every h > 0,

2h
H(x,x+h] ~ E/xlogx- coolog,yx - asx — oo,
if the limiting random variable & is non-lattice, and
2
H{k} ~ E/klogk- oo logyk ask— oo,

if the chain {X,} is integer-valued and Z. is the minimal lattice for the variable
E.
In addition, for some X € R, the family of random variables
1 o

X, € (rx+1]}, x2>X,
xlng-..ulOg(m)xr;) { n (xx+ ]} X X
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is uniformly integrable.

Corollary 6.14. Under the conditions of Theorem[6.3} (6.52) and (6.53), we
have, for every h > 0,

h
H(x,x+h] ~ — asx— oo,

v(x)
if the limiting random variable & is non-lattice, and
H{k} L ask —
v(k) ’

if the chain {X,} is integer-valued and Z is the minimal lattice for the variable

E.

In addition, for some x € R, the family of random variables
v(x) Z X, € (x,x+1]}, x>7%,
n=0
is uniformly integrable.
The last result is an improvement on Theorem [5.19] and it is particularly
useful for the proof of the local asymptotics for a random walk conditioned to

stay positive — which represents one of the classical examples of chains with
asymptotically zero drift, see Proposition [IT.1]

6.4 Key renewal theorem

We now turn to the renewal equation
2(8) = :(B)+ | Z(dy)P(1B), BeB(R),

where z is a finite nonnegative measure on R. This is more than sufficient to
ensure that

Z(B) = /R 2(du)Hy(B), B < B(R),

is a unique locally finite solution to the renewal equation. The analysis of the
preceding subsection of this paper allows us to deduce the asymptotic be-
haviour of the measure Z at infinity. The proof is immediate from the dom-
inated convergence theorem.
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Theorem 6.15. Let B € B(R). Assume that, for some positive function g(x)
and forally € R,

Hy(x+B) ~ g(x) asx— oo,
and, for some ¢ < oo,
Hy(x+B) < cg(x) forallx,yeR.
If 7 is a finite measure, then

Z(x+B) ~ z(R)g(x) asx— co.

6.5 Proof of results of Section

In this section, our first goal is to provide an approach that allows us to reduce
the proof of the asymptotic behaviour of the renewal measure on intervals of
fixed length to that on sufficiently slowly growing intervals, that is, Theorem
6.11]

Lemma 6.16. Assume that there exist monotone functions v(x) > 0 and t(x) 1
oo such that, for any t(x) 1 oo satisfying t(x) < t(x),

v(x)H (x,x+t(x)]

x>1 1(x)
Then,
supv(x)H (x,x + 1] < oo. (6.56)
x>1

Proof.  Suppose that (6.56) fails. Then there exists a sequence x, 1 o such
that

Oy :=v(xp)H (Xp, %y + 1] = 00 asn— oo,

Since both o, and T(xn) tend to infinity, there exists a sequence #,, 1 oo such that
tn <t(x,) and t, = o(,) as n — oo. Let ¢ be defined as follows

H(x) =ty, Xp <X<Xpyl-
Clearly, (x) <f(x) and ¢(x) 1 . Then, eventually in n,

V(o ) H (i, X + 1(x)] S v(xn ) H (X, X, + 1] o,

= o)

t(xn) - 1(xn) 1(xn)

which contradicts the hypothesis. O
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Proof of Theorem[6.11] By Lemmal[6.16]it follows from the assumption (6.54)
that the supremum in (6.56) is finite. In turn, it allows us to apply Helly’s Se-
lection Theorem to the family of measures {v(x)H(x+-), x € R} (see, for
example, Theorem 2 in [63, Section VIIL.6]). Hence, there exists a sequence
of points x,, — oo such that the sequence of measures v(x, )H (x, +-) converges
weakly to some measure A as n — oo. The following two results characterise

A.

Lemma 6.17. Let F denote the distribution of £. A weak limit A of the se-
quence of measures v(x,)H (x, + ) satisfies the identity A = A xF.

Proof. The measure A is positive and o-finite with necessity. Fix any smooth
function f(x) with a bounded support; let A > 0 be such that f(x) = 0 for x ¢
[—A,A]. The weak convergence of measures means convergence of integrals

/ f xn xn+dx / f ) (xn +dX)
—>/ FOA(dx) asn— oo (6.57)

On the other hand, due to the equality H(-) = P{X, € -} + H * P(-) we have the
following representation for the left side of (6.57):

/ F)V () P{Xo € % +dx}
—|—/A fx) / P(xn +y, %, +dx)v(x,)H(x, +dy). (6.58)
Since f and v are bounded,

/f V(06 )P{Xo € xn+dx} < |[fllalV]wP{Xo € [tn — A, x0 +A]}

—0 asn—>oo, (6.59)

The second term in (6.38) is equal to

/:o v(m)H (xn +dy) [ Z S(X)P(xy+y, Xy +dx). (6.60)

The weak convergence P(z,7+-) = F(-) as t — oo implies convergence of the
inner integral in (6.60):

/A F(xX)P(xn + y, %, +dx) —>/ VF(dx—Yy);

—A
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here the rate of convergence can be estimated in the following way:

A
Aln,y) = |/_Af(x)(P(xn+y,xn+dx) —F(dx—y))

= ‘/_/:f/(X)(P{é(xn+y) <x—y}—F(x—y))dx

<170 [ B ) <o - FQa

Thus, the asymptotic homogeneity of the chain yields for every fixed C >0 a
uniform convergence

sup A(n,y) >0 asn—oo. (6.61)
y€[7C,C]

In addition, by the majorisation condition (6.53)), for all x € R,
P{E (xn+y) <x}—F(x)| <2P{E > |x]}.

Hence, for all y,

y
Amy) <20 [ BLE> I}

<4A|f'|=P{E > [y| -A}. (6.62)

We have an upper bound
oo A A
Ayi= ‘ | v+ dy) ( [ f@PGysdn - [ Af(x)F(dxy)> |

< [ Blny)vs)H s+ dy).
For any fixed C > 0, (6.61) and (6.56) imply that

C
| Ayt +dy) < sup Any)-sup(v(s) Hlx, — Cox, -+ C))
-¢ ye[=€.q] n
—0 asn— oo,

The remaining part of the integral can be estimated by (6.62):

limsup A(n,y)v(xn)H (x, +dy)

n—oo  J|y|>C

< 44| f'||limsup / P{E > [y — A}v(x)H (x0 +dy).
n—eo J|y|>C

Since E has finite mean, the property (6.56) of the renewal measure H allows
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us to choose a sufficiently large C in order to make the ‘limsup’ as small as we
please. Therefore, A, — 0 as n — oo. Hence, (6.60) has the same limit as the
sequence of integrals

=

A
/ VCn)H (5 + dy) [ WP (dx=y)

Now the weak convergence to A implies that (6.60) has the limit

| 2@y [ ser@-y = [ 5w [ Fax-ya)
— [ i F0)(F 1) (d). (6.63)
By (6.57)—(6.39) and (6.63), we conclude the identity
| r@aan = [ s raa).

Since the last identity holds for any smooth function f with a bounded support,
the measures A and F * A coincide and the proof is complete. O

=

Further we use the following statement from Choquet and Deny [35]].

Proposition 6.18. Ler F be a distribution not concentrated at 0. Let A be
a nonnegative measure satisfying the equality A = A x F and the property

supAfn,n+1] < oo,
nez
If F is non-lattice, then A is proportional to the Lebesgue measure.

If F is lattice with minimal span 1 and A (R\ Z) = 0, then A is proportional
fo the counting measure.

The concluding part of the proof of Theorem [6.11] will be carried out for the
non-lattice case. Choose any sequence of points x;,, — oo such that the measure
v(xn)H (x, + ) converges weakly to some measure A as n — . It follows from
Lemmal6.17]and Proposition [6.18]that then A (dx) = o - dx with some @, i.e.,

v(xn)H (x, +dx) = o -dx asn — oo,
Then, for any A > 0 and k € {0,1,2,...},
V(xn)H (xn + kA, x, + (k+ 1)A] — 0A.
Then, there exists a sufficiently slowly growing sequence f, T oo such that

V(X ) H (X, X5 + 1]
In

— .

It follows from the assumption (6.54) that & = Cp.
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We complete the proof of the local limit of the renewal measure by contra-
diction argument. Suppose there exists a sequence {x, } such that

v(xn)H (Xp, %, +h] # Cgh asn— oo, (6.64)

However, by Helly’s Selection Theorem and arguments above there exists a
further subsequence x,, for which

V(X )H (X, s X0, +h] — Cyh,

which contradicts (6.64).
Now let us show the uniform integrability in the lattice case, to prove it, let
us first notice that the Markov property implies

P{i]l{xn = x} >N}
n=1
= P{X,, = x for some n > 0}P"{X, = x for some n > 1 | Xy = x}
= P{X, = x for some n > 0} (1 —P{X, #xforalln>1|Xo :x})N. (6.65)
We denote
pi(x) := P{X, = x for some n > 0};

it tends to 1 as x — oo for the following reason. For any fixed € > 0, by the
condition on jumps, there exists a sufficiently large J such that, for all
Xo < x,
1—¢& <P{X, € [x,x+J] for some n}
=P{X, = x for some n}
+ P{X, € [x+ 1,x+J] for some n, X, # x for all n},

and because the second probability on the right hand side tends to zero as
x — oo, Indeed, it is not greater than

7
Y P{X, = x+i for some n, X, # x for all n}
i=1

™=~

< ) P{X, #xforalln|Xo=x+i}

1

and the ith probability on the right hand side converges as x — oo to
P{S, #0foralln|Sy=i}=0,

due to EE = 0. Hence, due to the arbitrary choice of €, py(x) — 1 as x — oo.
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If follows from (6.63)) that

E{i]l{Xn .y ilﬂ{xn —=x} >N}

= Zp{ I{X :x}>k}+NIP{iH{X,,:x}>N}

k=N n=1
= i) (1= p2(0)) (N +1/pa(x)-
where

p2(x) =P{X, #xforalln > 1| Xy = x}.

Taking into account that p;(x) — 1 and

o C
n;l {X, =x} 0 as x ,

v(x v(x
p2(x) ~p1(x)—( ) ~ —( ) as x — oo
Cy H
Thus, for all sufficiently large x,
v(x 2v(x
Y0 o ey < 29,
2Cy Cuy

which yields, for all sufficiently large x,
]E{ Y X, =x}: Y I{X, = x} > N} < (1=v(x)/2Ck)" (N +2Cy /v(x)),
n=1 n=1

hence the required uniform integrability. O

Proof of the uniform integrability of Corollary[6.12] 1t suffices to prove that,
for some & > 0 and x € R, the family of random variables

1&
*ZH{XnG()C,xﬁ*h]}, XZ)?,
X n=0

is uniformly integrable. In its turn, by Lemmal6.10] it is sufficient to prove the
last result for a Markov chain {¥,, } with jumps

N(x) = max(&(x), —s(x)).
This Markov chain satisfies all the conditions of Corollary for all § €
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(0,2u/b—1). By the Markov property,
IP{ Y KY€ (x,x+n]} > N} < P{Y, € (x,x+ h] for some n > 0}
n=1

x sup PV{Y, € (x,x+h] for somen>1|¥ =y}

YE(x,x+h]
< sup PM{¥, € (x,x+h] forsomen>1|Yy=y}.
YE(x,x+h]
Therefore,
IP’{ Y I{Y, € (x,x+h]} > N}
n=1

N
< (1 — inf P{¥, & (x,x-+hforalln>1]|Yp :y}) .
Y€ (x,x+h]
Let us choose i > 0 such that
p = P{§ >3h} >0,
and then X such that

P{n(x) >2h} >P{& >3h} =p>0 forallx>x,

which is possible due to the asymptotic homogeneity (6.52). Under such choice
of hand &, for all x > Xand y € (x,x+ 4],

P{Y, & (x,x+h] foralln > 1| Yy =y}
> P{n(y) > 2h}P{Y, >x+hforalln>1|Yy >x+2h}
> pP{Y, >x+hforalln>1|Yy > x+2h}.

As follows from Theorem [3.12] for all z > x + 24,

P{Y, >x+hforalln>1|Yy =z}
= 1-P{Y, <x+hforsomen>1|Yy=z}

S
-1 x+h
- x+2h

~ Oh/x asx—» oo,

which in its turn implies that, for all sufficiently large x,

inf P{Y, & (x,x+h|foralln>1|Yy=y} > pdh/2x,
YE (x,x+h]

and then

P{iH{Yn € (x,x+h]} >N} <(1—c/x)¥ wherec=p&h/2>0.

n=1



6.6 Comments to Chapter|6] 219
which implies the required uniform integrability. O

Proof of the uniform integrability of Corollaries[6.13|and is the same.

6.6 Comments to Chapter [6]

The renewal theory for a random walk with positive drift — which is the sim-
plest example of a transient Markov chain (spatially and temporally homoge-
neous) — has been intensively studied since 1940s. The integral (elementary)
renewal theorem for a random walk with positive jumps and finite mean goes
back to Feller [62] and states that H(0,x] ~ x/E&; as x — co. A more detailed
information is available via the local renewal theorem, which was proved for
lattice random variables in [58]] and for non-lattice random variables in [18]].
In the finite mean case the local renewal theorem gives the following sharp
asymptotics H(x,x+h] — h/E&; as x — oo, for any fixed i > 0. Later Black-
well extended in [19] the local renewal theorem to the case of i.i.d. random
variables with positive mean that can take values of both signs using the im-
portant concept of what was called by Feller ladder heights and ladder epochs.
Original Blackwell’s proof was considered to be quite complicated and a num-
ber of attempts were made to give an easier proof. A rather simple proof was
given by Feller and Orey [64], see also [63]]. Further studies also considered
behaviour of the remainder in the local renewal theorem, see [136] and refer-
ences therein. In the infinite mean case the asymptotics in Blackwell’s theorem
was not sharp. In 1960-70s a local renewal theorem was proved for regularly
varying increments of index o > 1/2, see Garcia [[72] and Erickson [59]]. Sub-
sequently there have been various improvements on these results, but the com-
plete answer has been obtained very recently, see Caravenna and Doney [33]].

There exists a number of generalisations of the renewal theorem for vari-
ous stochastic processes. A natural extension is one for non-homogeneous (in
time) random walk, that is a random walk with independent, but not necessar-
ily identically distributed increments. Probably the first result in this direction
was Cox and Smith [37]], where the local renewal theorem was derived from
the local central limit theorem for a non-homogeneous random walk. Further
extensions may be found in Smith [142], Williamson [151]], Maejima [118].
Renewal theorems for multidimensional random walks may be found in Doney
[49], Nagaev [128]], Guibourg and Hervé [75]], and recent paper Berger [12],
see also references therein.

The Markov setting has mostly been considered in the literature for the case
of Markov modulated random walks, see, e.g. Kesten [96], Athreya, McDon-
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ald, and Ney [10], Kliippelberg and Pergamenchtchikov [100], and Shurenkov
[141]. In this setting one can usually use the Harris regeneration and split the
process into independent cycles. Then, the traditional setting of Blackwell’s
theorem can be used.

For the results cited above, it is essential that the underlying process pos-
sesses some independence structure. In the present chapter we consider tran-
sient Markov chains where the cycle structure is not available which makes re-
duction to Blackwell’s theorem impossible. Clearly, in order to observe some
regular asymptotics for the renewal process, we need to assume some reg-
ular behaviour of the Markov chain at infinity. In particular, if the drift of
X, my(x), has a positive limit at infinity, say a, then the local renewal result,
H(x,x+h] — h/a,is only known for an asymptotically homogeneous in space
Markov chain, see Korshunov [[102]. The current chapter is based on the paper
by Denisov, Korshunov, and Wachtel [44]].



7

Doob’s h-transform: transition from recurrent to
transient chain and vice versa

This short chapter is the most conceptual part of the book. Our purpose here is
to describe, without superfluous details, a change of measure strategy, which
allows us to transform a recurrent chain into a transient one, and vice versa. It
is motivated by the exponential change of measure technique which goes back
to Cramér [38]] where, in the context of large deviations in the collective risk
theory, it allows one to transform a negatively drifted random walk into one
with positive drift.

We now briefly sketch Cramér’s approach. For any distribution F with fi-
nite y-exponential moment, @(7y) := [e"F(dx) < e, we define a new dis-
tribution F) as F()(dx) = e™F(dx)/@(y) which is the exponential change
of measure F with parameter y. The remarkable fact is that the exponential
change of measure preserves independence, that is, the nth convolution of F,
e F ) (dx) /@™ (), is equal to the nth convolution of the exponentially trans-
formed F, (F(1)(),

The expected value of the transformed distribution F(?) is equal to

g = O
<p(7)/R "F(d) o(7) ax e P 7).

The right hand side function is increasing in y because

dZ
71 =
2 1020(7)

"(y) <¢’(7))2
(v \o()
represents the variance of F(¥) and hence is positive. So, increasing the value
of y we increase the expected value of F(7),
For the collective risk process with initial risk reserve x > 0, the ruin proba-
bility is described by the tail probability
P{M.. > x} = P{supSn > x},

n>0

221
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where the underlying random walk S, has typical jump & = X — ¢ where X
represents the typical claim size, 7 the typical inter-arrival time, and c is the
premium rate. As discussed in Section[I.3]

P{M.. > x} = li_r)n P{W, > x}.
n—oo

Under the net-profit condition ¢ > EX /Ez, {S, } has a negative drift, hence the
Markov chain W, has asymptotically negative drift too. Under the additional
assumption that @(f) = EePS = 1 for some B > 0, Cramér suggested to ap-
ply the B-exponential change of measure to negatively driven random walk S,
which leads to a random walk with positive drift equal to ¢’(f), and eventually
to exponential estimate for the ruin probability, see Section Notice that P
is a harmonic function for the spatially homogeneous process Sy, not for the
chain W,,.

As Markov chains are not spatially homogeneous, we cannot apply exactly
the same approach to them. Instead, historically it is Doob’s transform with
a superharmonic function which leads to a sub-stochastic transition probabil-
ities. In the context of Lamperti’s problem, the most natural substitution for
the exponential change of measure is Doob’s h-transform with asymptotically
harmonic function. Again, similar to convolutions, the remarkable fact is that
Doob’s h-transform applied to the n-step transition kernel equals to the n-step
h-transformed transition kernel, see below.

A very important, in comparison with the classical Doob’s h-transform, nov-
elty of our approach consists in the fact that we introduce weight functions
which are not necessarily harmonic or superharmonic, they are only asymptoti-
cally harmonic at infinity. This leads to potentially excessive transition masses,
that is, the resulting transformed transition kernel is not necessarily substochas-
tic as it is dealt with in the existing literature, see Chung and Walsh [36], Doob
[52] and [53]], Levin and Peres [116l], Popov [134], and Woess [152].

Doob’s h-transforms with asymptotically harmonic function connect natu-
rally previous chapters on asymptotic behaviour of transient chains with sub-
sequent chapters, which are devoted to recurrent chains.

The main challenge in applying Doob’s A-transform to Lamperti chains is to
identify such asymptotically harmonic functions under various drift scenarios,
see Lemmas and the proof of Theorem Then it is applied to
the proof of Theorem dealing with drift proportional to 1/x, Theorem
where xm (x) — oo, and Theorem dealing with asymptotically negative
drift.
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7.1 Doob’s h-transform for transition kernels

7.1.1 General change of measure methodology for transition
kernels

Let S be a measurable space with a o-algebra A(S). Let P(x,A) : S x A(S) —
R™ be a non-negative transition kernel on S, that is, it is measurable in x for all
fixed A and it is a non-negative measure in A for all fixed x. It is not necessarily
stochastic.

Let U(x) > 0 be a positive measurable function such that

/U P(x,dy) <o forallxeS; (7.1)

such a function U is called a weight function. Then it allows us to define a new

transition kernel
Uy
= | —=P(x,dy),
) /A U0 (x,dy)

which is just Doob’s h-transform for P with weight function U. If U is a har-
monic function for P, that is, if

/U P(x,dy) forallxesS,

then Q is a transition probability kernel.
In order to ensure that the powers of Q are well-defined, we need to strengthen
the condition ((7.1) as follows:

= sup/U)yC x,dy) < (1.2)

xeS

Then it is legible to carry out the following standard calculations

Q" (x,A)
::/SQ(x,dyl)..‘/SQ(ynfz,dyH)/AQ(ynq,dyn)

- /li](yl)P(X,dYI)... Z%:;;P(ynz,dyn1)/UUy(:i)l)P(yn1,dyn)

dyl /Pyn Zad))n 1 /P Yn— ldyn)

U(

Uyn)
A U)

P (x,dyy)

which shows that Doob’s A-transform of the nth power of P, P", is equal to the
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nth power of Doob’s A-transform of P, Q". Similarly, for any collection of sets
A, ...,A € .A(S),

/Al Q(x,dyl).../An_1 Q(yn—%dYn—l)/AnQ(yn—l,dyn)

:/AIP(x,dyl).../A v

(¥n)
U(x)
Performing the inverse change of measure we get

P(}’n72,d)’n7])/A P(Yn—1,dyn)-

n—1

P (x.dy) = ZE;?Q"(x,dy) 7.3)

and
/ P(x,dy1).../ P(yn72,dyn71)/‘ P(Yn—1,dyn)
A] Anfl Ap

B U(x)
—/Al Q(x,alyl)---/An_1 Q(yn—z,dyn_l)/An U(yn)Q(yn_1,dyn)- (7.4)

Denote

q(x) := —log O(x,5).
Let us consider the following normalised kernel

Q(x,dy)
0(x,S)

P(x,dy) = = Q(x,dy)e?™

and let {)?,,} be a Markov chain with these transition probabilities. Then
O(x,dy) = P(x,dy)e 9%

and hence, by (7.3), we arrive at the following basic equalities:

U(x) _yn—1 (¢ ~
P (x,dy) = E{e Lo, X e d 75
and
| Pes) [ POw 2y )POL-dv)
1 n—1
U n— v ~ -~ -~
UC) Efe io0®); %, € Ay,..., X, 1 €Ay 1,X, €dy,}. (7.6)
U(yn)

Let g(x) be the jumps of {X,}.
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7.1.2 Application to killed Markov chain

In this subsection we specify how the above transformation works in the case
that we are mostly interested in—the transition kernel corresponding to a Mar-
kov chain killed at entering some fixed set. Namely, let {X,,} be a Markov
chain with transition probabilities P(-,-), let B C S be some fixed set, and let
7p :=min{n > 1: X,, € B}. Consider a substochastic transition kernel

Pp(x,A) := P(x,A\B) = P {X| €A, 15> 1},

which is the transition kernel corresponding to {X,,} killed at entering B.
Given a weight function U (x) > 0 for all x ¢ B, the corresponding change of
measure produces a transition kernel Q which may be rewritten as follows

O(x,dy) := gg;PX{X] edy,tp> 1}

U()
= —P{X| €dy, X ¢ B}. 7.7
U ( )C) { 1 € Y, &1 ¢ } ( )
Consequently, performing the inverse change of measure we arrive at the
following basic equality:

P {X, €dy,tp > n} = ZE;?Q”(x,dy)
- g(’y?Ex{e—ZHq@; X, € dy}, (7.8)
where
— 10e [ YD)
q(x) := —log s (x)P(x, dy) (7.9)

and {X,} is a Markov chain with transition probabilities

5 0(x,A)  JasUG)P(x,dy)
P(x,A) = = . 7.10
A= 008) ~ TraU0PEdD) 710
In other words, for any positive Borel function f(y),
E{f(Xn); T8 >n} =U(x) s l];(g}))Ex{e—ZZéq(fk); X, c dy}
= U(x)Ex{e—ZZé 4(X) f({") } (7.11)
U(X,)
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7.2 How to increase drift via change of measure with weight
function close to harmonic function
7.2.1 Stochastic kernel
Let {X,} be a Markov chain on R with jumps & (x). Let, for some increasing
function s(x) and decreasing function r(x) | 0 as x — oo,
Zm[f(x)] (%)
mg“(x)] (x)
mE ™ (x) b > 0. (7.13)

~ —r(x), (7.12)

If we want to increase the drift—say if we need to pass from a recurrent
Markov chain to a transient one, then clearly an increasing weight should be
applied. So, let U (x) > 0 be an increasing differentiable function such that, for
some ¢y > 0,

Z((;C))Ncl]r(x) as x — oo (7.14)
and
U(x+y) ~ U(x)andU'(x+y) ~ U'(x) (7.15)

as x — oo uniformly for all |y| < s(x).
We assume that U is close to a harmonic function in the following sense:

EU(X)) =EU(x+&(x)) ~U(x) asx— oo. (7.16)

This condition provides the asymptotic stochasticity of Q, that is, Q(x,R) — 1
as x — oo, R

Let Q, P(-,-), {X,}, and & (x) be defined for P(-,-) with weight function U
as described in Section[Z.1.1]

Lemma 7.1. Let conditions (T12)—({7.16) hold. Then

<50} ~ (e — 1/2)br(x), 7.17)
<s(x)}—b (7.18)
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In addition,

B(EW < () < (1 o(1)P{EC) < —s(9) 7.19)
E{|E(x)]; E(x) < —s(x)} < (1+0(1)E{|E(x)]; E(x) < —s(x)}, (7.20)
P{E(x) > s(x)} < (1 +o(1))E{U(x+§(’2)(;)§(x) > 5@} (7.21)

Proof. By the construction of {X,} and the condition (7.16),
£(x): |E _ B{UG+EM))ER); [6()| <s(x)}
E{g(x)’ |é(‘x)|§s(x)}_ EU(X+§(X>)

LB UG+ E())EM); [S()] < s(x)}
U(x) '

By Taylor’s theorem,

E{U(x+&(x)s(x); [S(x)| < s(x)}

= U@E{&(x); [E(0)] < s(x)} +E{U' (x+ 0 (x))%(x); [§(x)] < s(x)},
where 8 = 6(x,&(x)) € (0, 1). The first term on the right hand side is equivalent
to —bU (x)r(x)/2, as follows from and (7.13). By the condition (7.13)),

U'(x+0&(x)) ~ U’ (x) as x — oo uniformly for all | (x)| < s(x) which implies,
as x — oo,
E{U'(x+08(x)&>(): [§(x)] < s(x)} ~ U (0)E{E>(x): [§(x)] < 5(x)}
~U'(x)b ~ cybr(x)U(x),
due to the conditions (7.13) and (7.14). Altogether yields that
E{U(x+E(x))E(x); [E(X)] < s(x)} ~ (cv —1/2)br(x)U(x) as x— o,

and (7.17) follows. The second result, (7.18), follows if we apply (7-13), (7.13).
and (7:16) to the right hand side of
220 |8 E{U (x+E(x)&2(x): [§(x)] < s(x)}
E{E?(x); < = .
{2 1€ < 5(0) e
Using (7.16) and recalling that U is increasing, we also get

PIE() < —s(n)) = L RONER < =)

CEUG+E(0)): () < —s()}
U(x)
<P{E(x) <—s(x)},
and similarly for (7.20). The last assertion, (7.21), follows again by (7.16), and

the proof is complete. O
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7.2.2 Killed Markov chain

Let x € RT be some level. For {X,} killed at entering B := (—o0,X], let us per-
form the change of measure with an increasing weight function U and consider
the corresponding kernel Q,

_E{UGE+EM); x+E(x) €AN (X))}

A 7.22
O(x,A) U ) (7.22)
and the embedded Markov chain {X, } with transition probabilities
Py MUGHEWE e AN @) o

E{UG+E@); x+E@) > 7}

if P{x+&(x) > %} >0 and P(x,A) = I{x € A} otherwise. Let g(x) be the

~

jumps of {X,}.
The following result is almost immediate from Lemma([7.1]

Lemma 7.2. Let the conditions (T12)—(7.16) hold for some s(x) < x/2 and let
P{x+&(x) <x} =0 asx— oo, (7.24)

Then the conclusions (7.17)—(7.21)) hold.
If, in addition, cy > 1/2 and (1.24) holds for any X, then there exists a
sufficiently large X such that

> CU—1/2

E{E(x); |E(x)] < s(x)} > L Lobr(x) forallx > (1.29)

Proof. By the condition (7.24),

E{U(x+&(x)); x+8(x) <x} SURP{x+E(x) <x} — 0

as x — oo, hence
E{U(x+8(x); x+8(x) >3} ~EU(x+&(x)) ~ U(x),

owing to (7.16). Thus (7.17)—(7.21) follow from Lemma due to s(x) <
x/2. O

7.3 How to decrease drift via change of measure with weight
function close to harmonic function
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7.3.1 Stochastic kernel
In this section let {X,,} be a Markov chain on R such that, for some increasing
function s(x) and decreasing function r(x) — 0 as x — oo,
Zm[ls(x)] (x)
my ) (x)

mE™(x) = b> 0. (7.27)

~ r(x), (7.26)

If we want to decrease the drift—say if we need to pass from a transient
Markov chain to a recurrent one, then clearly a decreasing weight should be ap-
plied. So, let U (x) > 0 be a decreasing differentiable function such that (7.14)
for some ¢y < 0 and (7.13)) hold. As in the previous section, we again assume
that U is close to a harmonic function in the sense (7.16).

In the same way as Lemma 7.1} the following result follows.

Lemma 7.3. Let conditions (7.20), (7.27) and (T.14)—({7.16) hold. Then

IEA{E (x); @ ()| <s(x)} ~ (cy +1/2)br(x), (7.28)
E{(§(x))% [6(x)| <s(x)} — b (7.29)
as x — oo, hence
RO
ZA[;(X)} (i)) ~ (2cy +1)r(x). (7.30)
2
In addition,
P{E(x) > s(x)} < (1+0(1)P{E(x) > s(x)}, (7.31)
P{E(x) < —s(x)} < (1 +o(1))E{U(x+§(x2;(f)(x) i/} SRS

7.3.2 Killed Markov chain

Let x € R™ be some level. For {X,} killed at entering B := (—o0,X], let us per-
form the change of measure with a decreasing weight function U and consider
the corresponding kernel Q and the embedded Markov chain {)?n}

Then similarly to Lemma([7.2) we get the following result.

Lemma 7.4. Let the conditions (7.26), (7.27), and (T.14)—(7.16) hold. Then
the conclusions (T28)—(732)) follow.




230 Doob’s h-transform
7.4 Cycle structure of Markov chain and Doob’s transform

Let a Markov chain {X,} on R be recurrent in the sense that, for some ¥ € R,
the set (—eo,X] is recurrent, that is,

Po{T( g <o} =1 forallx>x. (7.33)

Let {X,} possess a sigma-finite non-negative invariant measure 7, that is, a
measure 7 that solves the equation

m(A) = /RP(x,A)ﬂ:(dx) forall A € B(R);

we do not assume that this invariant measure is unique. It follows from (7.33)
that

7(—o0,x] > 0. (7.34)

The case of a finite 7 corresponds to positive recurrence while infinite 7 cor-
responds to null recurrence.
In addition, assume that

T(—e0,x] < oo, (7.35)

The conditions (7.34) and (7.35) allow us to construct an aggregated Markov
chain {X;} on [X, ) with the following transition probabilities: for x > X,

* _ | P(xA) for A C (x, ),
o) = { P(x,(—o0,x]) for A ={x}, (7.36)
and
P(y,A) ~
P (X.A) = ~/(*°°,5C\] ﬂ'(foo7ﬂ ﬂ(dy) for A g (_)c,(x))7
()C, ) P(ya (700555}) d for A = (737)
/(—oo,ﬂ Wﬂ( y) for A= {x}.

Then the measure * which aggregates states from (—oe, ¥] to X, that is, 7*{x} =
7t(—oo,x] and *(A) = m(A) for all A C (X, o), is an invariant measure for {X,'}.
Indeed,

P (y, {x})m (dy) = 7" ()P" (x, {x}) + /( - P*(y,{x})7" (dy)

[¥oe0)
_ /(wﬂ P(y, (—o0,3)m(dy) + /@m) Py, (—oo,5])2(dy)

= (e = 7 {3}.
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as 7 is invariant for P, and, for A C (X, ),

PO () = 7 (OF §A)+ [P A ()

[ o o

=7 )—n(A)

[%0)

We assume that the atom X is non-degenerate, that is,
P (x,{x}) <1; (7.38)
a sufficient condition for that is given next.

Lemma 7.5. Let the conditions (T.33) and (T.33)) hold true and let
(i) either ® be a probability measure and

m(x,00) > 0; (7.39)
(ii) or @ be sigma-finite and, for all initial states,

P{limsupX, >x} = 1. (7.40)

n—soo

Then follows.

Proof. (i) Consider a stationary Markov chain {X,, } having distribution 7 for

all n. If P*(x,{x}) = 1 in (7.37) then
| PO.Ee)PXo €y} =0
(—o0.3]
and hence
PG> 5= [ POLE)P(X € v}
= ]P{X() > X, X > X}.
By induction,
P{X, >x} =P{Xp > *,...,X, > X},

hence recurrence of the set (—eo,X| implies convergence P{X,, > x} — 0 as
n — oo which contradicts the stationarity of {X, } and (7.39).

(i1) The condition @) allows us to consider a Markov chain {X,} with
initial distribution concentrated on (—oo, %],

n(dy)

P{Xo € dy} = (oo q]’

y <X
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If P*(%, {%}) = 1 then

POG<E = [ PO (AP0 € dy)
y7 —oo X
— [ Py
wi] (=00 )?]
=P (x{x}) =
By induction, then P{X,, <Xx} = 1 for all n which contradicts (7.40). O

So, under the conditions (7.33), (7.35) and (738) the aggregated Markov
chain {X,’} on [x,c) is Harris recurrent with a non-degenerate atom at state
x—for definition see [126]—regardless of whether 7 is finite or not. Then the
following representation for the invariant measure 7* via cycle structure (gen-
erated by the atom X) of the Markov chain {X;"} is well known—see, e.g. [126]
Theorem 10.4.9],

*
-1

Tt (dy) = 7" (D)E; Y I{X;} € dy}

n=1

m* (%) Z PAX, €dy; T >n}, y>7%, (7.41)

where 72 = min{n > 1 : X;; = X}. This is equivalent to the following represen-
tation for the invariant measure 7 of {X, }:

n(dy) = /B 7(de) Y PAX, €dy: 13>}, y>E (142)
n=1
where B = (—e0,X]. By the Markov property,
P.{X, €dy, 15 >n} = /):IPZ{Xl €dx}P{X,_1 €dy, 15 >n—1}.
Therefore, for y > X,

x(dy) = /B 7(dz) /A “P{X, € dx} iopx{xn € dy, 15> n}

= /A w(dx) Z PA{X, € dy, tg > n},
X n=0

where
w(dx) := | n(dz)P{X, € dx}

7(dz)P(z,dx) (7.43)

T
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is a measure on (X, oo). Substituting here (7.8), we get
/ w(dx)U ZE {e” e Oq(X") X, € dy}.
Consider the chain {)?n} with initial distribution
P{Xy € dz} = w, 7€ (%,00), (7.44)

where ¢* is a normalising constant,

= /w,u(dx)U x
/ dz/ U(x)P(z,dx).

H9(dy) .
Uy 7

where the weighted renewal measure H for {X } is defined as

Then

n(dy) =

A9 (dy) = Z E{e Ti-0t®); X, € dy}. (7.45)
n=0

The constant ¢* is finite if

sup [ U(x)P(z,dx) <

ZEB JX
Provided the condition (7.2) holds, the constant ¢* possesses the following
upper bound:

& < cs / U(2)n(dz), (7.46)

which is not greater than ¢sU (x)(—o0, ] if the function U (x) is increasing.
The above calculations imply, in particular, that

X ( )

So, the main idea for investigation of the invariant measure is to identify an
increasing test function U (x) which is sufficiently close to a harmonic function
in a sense that its drift is sufficiently small for large x which implies small
values of g(x). We also need to choose U (x) in such a way that the chain {X, }
is transient. Then the factorisation result for the renewal function H@, see
Section and an integro-local renewal theorem for {)?n} allow us to derive
asymptotics for the tail distribution of the invariant measure 7.

(7.47)
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7.5 Last visit decomposition and Doob’s transform

For pre-stationary distribution of X, we follow the last visit decomposition
approach. Let X € R, set B := (—oo,x]. Regardless recurrence or transience of
{X,}, splitting the trajectory of {X,,} by the last visit to B, we get, for y > X,

n
P{X, €dy} =Y P{Xy ; €B Xy ji1,....Xn1 & B,X, € dy}
j=1

n oo
= Z/P{Xn,j € dZ}/A P(z,du)P,{X;— €dy, 3> j—1}.
j:1 B X

Substituting (7.8)), we obtain the following equality

P{X, € dy}

d ° U 2 %N o
= X%A]P{X,hi € dZ}/A P(z,du) UE:; Eu{elei:zq(Xk); Xj 1€ dy},
= %

(7.48)

where ¢(x) and {X, } are defined in and respectively. Equivalently,
forall x > xand h > 0,

P{X, € (x,x+h]}
5 [ty ca) [ Peanvrd S g e
= X, i €dz / P(z,du)U (u M{A;X-le x,x+h },
j=17B ! * UXjor)
(7.49)

The last representation allows us to study the tail distribution of a positive
recurrent {X,} via considering a suitable increasing test function U (x) which
makes the chain {)?n} transient. Then factorisation result for the renewal func-
tion H@ with weights, see Section and an integro-local renewal theorem
for {)?n} and convergence in total variation of X, to 7 allow us to derive asymp-
totics for the tail distribution of X,,.

7.6 Comments to Chapter [7

Doob has introduced such kind of transform in [52]] for Brownian motion, with
a superharmonic function U where the resulting transition kernel is substochas-
tic; this approach was further developed in [53]].

In [[152} Sect. 7.6], Woess uses Doob’s h-processes to exhibit two general
criteria that are useful for recognising the minimal harmonic functions.
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More systematic exposition of Doob’s h-transform generated by a superhar-
monic function can be found in Chung and Walsh [36, Ch. 11].

Doob’s h-transform based on harmonic functions has been briefly discussed
by Levin and Peres [116, Sect. 17.6] in the context of hitting absorbing states.

In the context of simple random walks in one and two dimensions, Doob’s
h-transform was used by Popov in [[134} Sect. 4.1] where it leads to a Lamperti-
type Markov chain with drift of order 1/x, see Section[1.4.3]

Doob’s h-transform with a harmonic function applied to a recurrent ran-
dom walk killed at entering (—eo,0) appears in Bertoin and Doney [13] when
they consider construction of a recurrent random walk conditioned to stay non-
negative.
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Tail analysis for recurrent Markov chains with
drift proportional to 1/x

In this chapter we consider a recurrent Markov chain {X,} possessing an in-
variant measure which is either probabilistic in the case of positive recurrence
or o-finite in the case of null recurrence. We denote this measure by 7.

If we consider an irreducible aperiodic Markov chain on Z, then the ex-
istence of probabilistic invariant measure is equivalent to finiteness of Eq1y
where 7p := min{n > 1 : X;, = 0}. The case of null recurrence corresponds to
almost surely finite 7y with infinite mean, [£7y = . For the state space R, a
standard notion of recurrence is Harris recurrence, see [126] for related defini-
tions. The Harris recurrence guarantees that an invariant measure is unique up
to a constant multiplier.

We consider the case where 7 has right unbounded support, that is, 7 (x,e0) >
0 for all x. Our main aim is to describe the asymptotic behaviour of its tail,
7t(x,00), for a class of Markov chains with asymptotically zero drift.

In this chapter we consider a Markov chain {X,} such that the first two
truncated moments of jumps satisfy the following condition

@) 5b>0 and m x> —peR  asx e,

where a function s(x) = o(x) is increasing and y > —b/2. In this case the tail
of 7 typically decays as a regularly varying function with index —2u/b+ 1,
see Corollary [8.4] below. We have already observed this effect for chains with
jumps +1 and 0 in Examplefor the positive recurrent case u > b/2.

As follows from Example [1.44] a stationary density of a diffusion with the
same drift and diffusion coefficients is asymptotically equivalent to ¢/x**/" as
X — oo,

8.1 Markov chains with asymptotically zero drift:

236
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heavy-tailedness of invariant measure

We start with the following result which states that a typical stationary Markov
chain with asymptotically zero drift generates a heavy-tailed invariant distri-
bution which is very different from the case of Markov chains with asymptoti-
cally negative drift bounded away from zero.

Theorem 8.1. Let a Markov chain {X,} on R have asymptotically zero drift,
i.e. mi(x) = 0 as x — o and, in addition,

lim inf E{&%(x); E(x) >0} > 0. (8.1)
X—>o0
Then any right unbounded invariant distribution T of {X, } is heavy-tailed, that
is,

/ekyn(dy) = o forallA >0.

Proof. Assume on the contrary that an invariant distribution 7 is right un-
bounded with finite exponential moment of some order A > 0. Let {X,,} be
stationary with distribution 7. Then, for any x,

E(V (X)) =V (X)) =0, (8.2)
where V (x) := max(e**,e*%0). Since
E(V(X1) —V(Xo)) > E{V(X1) = V(Xo); Xo >x0}

and since Xy has right unbounded support, it would be a contradiction with
(82) if we proved that, for some xo,

v(x) :=E{V(X1) -V (Xo) | Xo =x} >0 forall x> xp. (8.3)
For all x > x,
v(x) > Eel(x+§(x)) _ e)Lx _ elx(Eelé(x) _ 1)

Since ¢” > 1 +yforall yand ¢ > 1+4y+y*/2 forally > 0,

B0 1> A (5)+ 2 B{E (0 £06) > 0.

Due to Am;j(x) — 0 as x — oo and the condition (8.T)), there exists a sufficiently
large x¢ such that the sum on the right hand side of the last inequality is positive
for all x > x¢ which proves (8.3 and hence the theorem assertion. O

Let us show by example that the condition (8.1)) which is some kind of non-
degeneracy of jumps is essential for the theorem conclusion to hold. Consider
the skip-free Markov chain {X,} on Z* described in Section[1.4] that is, & (x)
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takes values —1, 1 and O only, with probabilities p_(x), p+(x) and po(x) re-
spectively, p_(0) = 0. The invariant probabilities 7(x), x € Z*, are computed

in (L.7),
_  p+(k—1)
Jr(x)—n(O)kI;Il PRI

Consider the case where p(x) :=1/2(x+1) and p_(x) := 1/(x+ 1). In this
case the drift is asymptotically zero but the stationary probabilities are asymp-
totically equivalent to cx/2* so the invariant distribution is light-tailed. Clearly,
here the condition fails.

8.2 Stationary measure of recurrent chains: power-like
asymptotics

This section is devoted to the precise asymptotic behaviour of the invariant
measure in the case where the drift asymptotically behaves like ¢/x.

As discussed in Sections[I.4]and[I.5.1] there are two types of Markov chains
for which the invariant measure is explicitly calculable. Both are related to
skip-free processes, either on lattice Z™ or on continious state space R™.

The first case where the stationary distribution is explicitly known is a Mar-
kov chain on Z* with & (x) taking values —1, 1 and O only, with probabilities
p—(x), p+(x) and po(x) respectively, p_(0) = 0, see Section[L.4} The second
case is diffusion processes on R™ (slotted in time if we wanted just a Markov
chain), see Section [I.5] In both cases we observe power tail behaviour of in-
variant probabilities in the case where the drift is asymptotically proportional
to — UL /x as x — co.

In this chapter we consider a recurrent Markov chain {X,} on R whose
jumps are such that

my @) = b>0 and m{ x> —pER asx -, (84)

where a function s(x) = o(x) is increasing and u > —b/2;

e the case € (—b/2,b/2) usually corresponds to null recurrence of {X,},

see Corollary

e the case i > b/2 corresponds to positive recurrence, see Corollary
e in the case = b/2 either null or positive recurrence can happen, see Corol-

laries
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In addition, we assume that
zm[ls(x)] (x)
s )

for some monotone function r(x) — 0 satisfying r(x)x — 21 /b > —1 as x — oo
and some decreasing integrable at infinity function p(x) > 0. Since p(x) is
decreasing and integrable, p(x)x — 0 as x — oo. We also assume that

= —r(x)—|—0(p(x)) as x — oo (8-5)

Px)=0(1/x*) and p'(x) = O(1/x%). (8.6)

As follows from Lemma [2.30] the second relation can always be satisfied by
choosing a slower decreasing integrable function p(x).
Under (8.4), an equivalent way to state the assumption (8.5) is

m[lf(x)] ()C) + %r(x) = 0(p(x)) as x — oo, (87)

Define a monotone function

X
R(x) ::/ r(y)dy, x>0, (8.8)
0
R(x) =0 for x < 0. Since xr(x) = 2u/b > —1,
R
ﬁ — 2H > —1 asx— oo
logx b

Define the following increasing function which plays the most important
role in our analysis of recurrent Markov chains: U(x) = 0 for x < 0 and, for
x>0,

U(x) ::/ ROy — 0o asx—s oo, 8.9
0

again due to 2p1/b > —1; in what follows we show that the function U (x) is
very close to be a harmonic function for large values of x. Note that the function
U (x) solves the equation U” — rU’ = 0 for x > 0.

According to our assumptions,

r(x)—z—ul—i—@

b
b x X

where €(x) — 0 as x — oo. In view of the representation theorem for slowly
varying functions, see e.g. [17, Theorem 1.3.1], there exists a slowly varying
at infinity function £(x) such that

RO = xP=14(x) and U(x) ~xPU(x)/p where p =2u/b+1>0.

The main result in this section is the following theorem which provides exact
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asymptotics for stationary measure of recurrent Markov chains with asymptot-
ically zero drift described above.

Theorem 8.2. Let {X,} be a recurrent Markov chain and let ©(-) be its sta-
tionary measure. Let TT(—oo,x] < oo for all x and let, for any initial state,

J%mmwn:w}:L (8.10)

n—oo

Let the first two truncated moments of jumps satisfy the conditions (8.4) and
(B3) where r(x) and p(x) satisfy the regularity condition [8.6). Assume that
the following integrability conditions hold

EUE() _

TG < ®1D

and, as x — oo,
P{I€(x)| > s(x)} = o(p(x)/x), (8.12)
E{IE(x)1; [E(x)| < s(x)} =0 p(x)). (8.13)

In addition, let
E{U (& (x)); &(x) > s(x)} = o(p(x)e"™). (8.14)

Then, for some ¢ > 0,

(o) ~e [ d
TT(x1,X2| ~ ¢ TN ay
v U®)

as xi, xp — oo in such a way that liminfx, /x; > 1.

It follows from the condition (8:10) that 7 has right-unbounded support, that
is, m(x,00) > 0 for all x.

As far as it concerns applications, we apply the last result to derive asymp-
totics of the invariant measure for a reflected random walk with zero drift in
Section [IT.2] for a branching process with migration at the end of Section
[IT.3:3] and for a stochastic difference equation in Theorem [TT.17]

Corollary 8.3. If 2u > b, {X,} is positive recurrent, and the conditions of
Theorem[8.2) hold, then

c )C2

Tp—2U()

If2u € (=b,b), {X,} is null recurrent, and the conditions ofTheoremhold,
then

7(x,00) as x — oo,

c )C2

E(foo,X) ~ HWX) as X — oo,



8.2 Stationary measure: power-like asymptotics 241

Corollary 8.4. Let, in addition, r(x) =2u/bx. If 210 > b and {X,} is positive
recurrent, then

cp 1
7I'(X7°°> ~ mm as x —» oo,
If2u € (—=b,b) and {X,,} is null recurrent, then
T(—o0,x) ~ %xl_zu/i’ as x — oo.

In the case 2 = b, we have the following result.

Corollary 8.5. Let, in addition, for some m > 1 and y # 0,

1 1 1 1
r(x) = —+ +y

+...+ .
x  xlogx xlogx-...-log,_;)x = xlogx-...-log(,x

If y > 0 and {X,} is positive recurrent, then

2 1
ﬂ(x,‘x’) ~ <o as x — oo,
7 log”  x
(m)

If y<0and {X,} is null recurrent, then
T(—o0,x) ~ —Clog(:ny)x as x — oo,

Before proving Theorem let us formulate and prove some auxiliary re-
sults. First we construct a Lyapunov function needed. Consider the function
rp(x) :=r(x) — p(x) and define R, (x) = Up,(x) = 0 for x < 0 and

R, (x) ::/(; rpy(y)dy, Up(x) = /0. fr0dy  for x> 0. (8.15)

We have r,(x) < r(x), Rp(x) < R(x), and U,(x) < U(x) for x > 0. Since

Cp:= /pr(y)dy is finite,
we have
Ry(x) =R(x) —Cp+o0(1) asx—co. (8.16)
Therefore,
Up(x) ~ e PU(x) — o0 asx— oo, (8.17)
because U (x) — oo. Further, since xr,(x) = xr(x) —xp(x) — 21 /b,

U,(x) eRr()
= — — oo,
(xeRp(x) ) (1+xr, (x))eRr ) 2u+b asx
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Then L’Hopital’s rule yields

b be €
Up(x) ~ =——xer) ¢’

~ R(x)
2u+b 2u +bxe

as x — oo, (8.18)

In the sequel we need to know the asymptotic behaviour of the drift of
Uy(X,,).

Lemma 8.6. Assume that (8.4)—(8.6) and (8.12)—(8.14) hold. Then

EU,(x+&(x)) —Up(x) ~ _gp(x)eRp(x)

_2u+bplx)
2 X

where the last equivalence is due to (818).

Up(x) asx— e, (8.19)

Proof. We start with the following decomposition:

EU, (r+ & (x)) = Uy (x) = E{U (x+ & ()) = Up(x): £(x) < —s(x)}
FE{U (x4 () ~ Up(x): [E()] < s(x)}
FE{Up (x4 () — Up(x): E(x) > s()}. (8.20)

Here the first term on the right hand side is negative and may be bounded below
as follows:

E{Up(x+&(x)) = Up(x); &(x) < —s(x)} > —Up(x)P{E(x) < —s(x)}
o(p(x)/x)Up(x)
= o(p(x)e®r), (8.21)

X

by the condition (8:12) and the equivalence (8:18). Furthermore, the third term
on the right hand side of (8:20) is positive and may be bounded in the following
way:
E{Up(x+&(x)) = Up(x); 5(x) > s(x)}
< B{Up(x+6(x)); §(x) > s(x)}
< E{Up(2x) +Up(28(x)); §(x) > s(x)}
< c(Up(x)P{E(x) > s(x)} +E{Up(§( ): E(x) > s5(x)}),

owing to the regular variation of U), at infinity. Hence,

E{Up(x+8 () = Up(x); §(x) > 500} = o(p(x)e™1),  (822)
due to the conditions (8:12)) and (8:14). To estimate the second term on the
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right hand side of @), we make use of Taylor’s expansion:
E{Up(x+&(x)) = Up(x); |E(x)] < s(x)}
= U,(0)B{E(x): |E(x)| <s(x)} + %U;’(x)ﬂ*l{éz(x); E()] < s(x)}
+B{UY (0 08(0)8° (0 £ ) < 50}, (3.23)
where 0 < 6 = 0(x,&(x)) < 1. By the construction of U,
Up(x) =e®™ and  U)/(x) = rp(x)efr™ = (r(x) — p(x))efr™.  (8.24)

Then it follows that

Uk () + U7 (b )

~ =5 p(x), (8.25)

by the condition (8:3).
Finally, let us estimate the last term in (8:23). Notice that by the condition
(8:6) on the derivatives of r(x) and p(x),

Uy (x) = (' (x) = p' (%) + (r(x) = p(x))?) ) = O(1 /%)oY
so hence
[E{U, (x+ 6§ (x))&* ( 0| < s(x)}]
< E{Ié )5 1E ()] < s(x) pefr™)

because s(x) = o(x) and the function ®r(¥)

Then, in view of (§.13),
[E{U) (x+ 0&(x)) &3 (x); [E(x)] < 5(x) }| = o(p(x)e®r™).  (8.26)
Then it follows from (8.23)), (8.23) and (8.26)) that

E{U (e + ()~ Uplo): [§00] < s(x)} = 2 p()efrt?) o(p(a)eot).
(8.27)

is regularly varying at infinity.
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Substituting (8:21), (8:22) and (827) into (§.20), we finally get the desired

expression for EU, (x+ & (x)) — U, (x). This completes the proof of the lemma.
O

Fix an X > 0. Define a transition kernel Q on S = (x,c0) via the following
change of measure

Up )
Up (x)

O(x,dy) := P(x,dy), x,y>X.

Since

EU(x+&(x)) < U(2x) EU((2§(x))
1+U(x) ~1+U(x)  1+U(x)

and the function U is regularly varying at infinity, the condition (8.I1)) implies

that
EU (x+&(x))
b 14U(x) (8:28)

Then it follows that the kernel Q satisfies the condition (7.2)) which allows us
to apply the machinery developed in Chapter[7} We have

_E{Up(r+E(x))s x+E(x) >3}
Up(x) '

0(x,R) (8.29)

Lemma 8.6]yields the following result.
Corollary 8.7. Under the conditions of Lemma there exists an X such that

—(2u +b)@Up(x) < EU,(x+&(x)) —Up(x) < 0 forallx>X.
X
Everywhere in what follows X is any level guaranteed by Corollary B=
(—0,x] and 7 := min{n > 1: X,, € B}. Then the definition of the transition
kernel Q may be rewritten as follows

Up(»)

Q(xady) Up()C) x{ 1 6dy7TB> }

Up(y) e

= P{X; € dy, X1 > X}. 8.30
U, X1 € dy, X, >x} (8.30)

It follows from the upper bound in Corollary [8.7] that

_ E{Up(x+8(x)); 18> 1} < EU,(x+¢&(x))
Up(x) B Up(x)

O(x,R) <1 forallx>Xx.
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In other words, Q restricted to (X, o) is a substochastic kernel. It follows from
(812) that
B{Up(x+&(x));t8 = 1} =E{U,(X1); X1 <5}
<U@P{x+E(x) <7}

=o(p(x)/x). (8.31)
Combining this with the lower bound in Corollary [8.7] we obtain that
q(x) = —logQ(x,R) = O(p(x)/x). (8.32)
Let us consider the following normalised kernel
D Q(X, dy)
Plx,dy) = =29
D)= o6 R)

and let {X,} be a Markov chain with this transition probabilities; let E (x) be
its jump from the state x. Consequently, by (7.8)),

Po{X, € dy,tp > n} = Zl’g; E,{e TizodX); X, € dy}. (8.33)
p
Lemma 8.8. Under the conditions of Lemma(8.6} as x — oo,
E(E(); [€00] < s(0) ~ B2, (8349
E{(E@) 50| <50} b, (8.35)
R IP’{}E (x)] > s(x)} = o(p(x)/x), (8.36)
E{IE(x)|; E(x) < —s(x)} = o(p(x)), (8.37)

Sfor some decreasing integrable at infinity function p(x). Moreover, there exists
a sufficiently large x such that

E{E(x); E(x) <s(x)} > “2—;[’ forall x> % (8.38)

Proof. 1t follows from (8.18)) that
Up(x)  eRrl®) 2u+b

Up(x)  Up(x) bx

as x — oo,

So, the function U, satisfies the condition (7.14) with r(x) = 1/x and cy =
1+2p/b. Also U, satisfies (7.13)) for any s(x) = o(x) because

! Ry (x
Uplxty) _ el GREEN) R _ 5z _ 060)/x) _ o)

U () Ko ()
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as x — oo uniformly for all [y| < s(x), and, by (8:I8),

Up(x+y) Xty ekl ty) o RO+ -R()

Up(x) x  eRW
The function U, satisfies (7.T6) by Lemma [8.6] Finally, the condition (7.24)
follows from (8:36). So, all conditions of Lemmal[7.2]are met and (8:34)—(8:38)

follow. O

— 1.

Therefore, the chain {X, } satisfies the conditions #Z3)—~@47) of Theorem
with fi = u+band b =b, so that [i > b/2. Further, the lower bound (B38)
for the drift of {X, } allows us to apply Theorem 4.2|to {X, } and to conclude
that, for T'(t) = min{n > 1: X, > 1},

E,T(t) = E,L(X,T(1)) <eo forallt>y,
so hence, for any initial state }?0 =y,

Py{limsup)?,, = oo} =1
n—soo
In its turn, then it follows from Theorethhat )?n — oo with probability 1.

So, Theorem is applicable to {)?n} which implies weak convergence
of (X,)%/n to a [-distribution with mean 2u + 3b = (2 + p)b and variance
(21 +3b)2b = (24 p)2b> where p = 142 /b, that is, a [-distribution with
probability density function

1
0/2 —u/2b
y(u) = (2b) TP 2T (1 /2)14 e . (8.39)

Furthermore, by Theorem@ there exists a ¢ < oo such that

ﬁy(x) = Z ]P’y{)?,, <x} <c(14x%) forally, y. (8.40)
n=0

Having this estimate proven we now deduce the following result.
Lemma 8.9. Under the conditions of Lemma|8.6}

h(z) = lim E.e~ X04%) > 0 forall z, (8.41)

n—oo
where q is defined in 832). Moreover, h(z) — 1 as z — oo.

Proof. The existence of h(z) is immediate because e~ Li=0 a(%)

in n. Since the function e~ is convex, by Jensen’s inequality

is decreasing

Eze*):z:()q()?k) > o E:Xioa(Xe) (8.42)



8.2 Stationary measure: power-like asymptotics 247

Thus, to show positivity it suffices to prove that
E.) q(Xi) <o, z>7X (8.43)

Note that
> o RINPN = p(y) &
E.Y g(X) < | qOH.(dy) < c [ o H(dy),
=1 X X

because ¢(y) = O(p(y)/y), see (8:32). But it has been already shown in the
proof of Lemma [#.1] that the last integral is finite.

To prove that /1(z) — 1, we note that Theorem implies, for every fixed
N >0,

P.{X, >N foralln>1} —1 asz— oo,

so that
H.(N) =0 asz—oo.

Then, for every fixed N,

limE; ¥ ¢(X;) < sup / q(y)H.(dy).
>xJN

S =
According to (4.6),

lim suE/N q(y)H.(dy) = 0.

N—poo >Xx

Therefore, we infer that

limE. Y g(X;) =0,
k=0

700
so we finally conclude lim;_,., i(z) = 1 again from (8.42). O

For tail asymptotics of recurrence times derived below in Section [8.3] we
need the following two assertions.

Corollary 8.10. Assume that the conditions of Lemmaare valid. Then h(x)
is a harmonic function for the kernel Q, that is,

h(x) = /A h(y)Q(x,dy) forall x > X.
X
Furthermore,

Wy (x) := h(x)Up (x) (8.44)
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is a harmonic function for {X,} killed at the time of the first visit to (—0,X]:
Wy (x) =E AW, (X1); X1 >X} forallx>X.

Proof. By the Markov property,

e Tioot®) — o=a) / " Blx, dy)Eye T 1%,

X

Letting n — oo and using the dominated convergence theorem, we get
) = e ) [P, dy)h().

Recalling now that e 4% P(x,dy) = Q(x,dy), we arrive at the first statement of
the corollary.

Noting also that Q(x,dy) = gﬁgi; P.{X; € dy,X; > X} for all x, y > X, we
conclude that i (x)U,(x) is harmonic for {X,} killed at entering (—eo,x], and
the proof is complete. O

It turns out that being formally defined via the function U, (x), the harmonic
function W), (x) does not essentially depend on the choice of an increasing inte-
grable at infinity function p(x) which only contribute to a constant multiplier.
This observation follows from the following result.

Lemma 8.11. Let V(x) be a positive harmonic function for {X,} killed at the
first visit to B := (—o0,X], that is,

V(x)=E{V(X1); tg>1} forallx>X. (8.45)

If, for some Cy > 0,
V(x) ~CyU(x) asx— oo, (8.46)
then
V(x)=Cy r}gl;Ex{U(Xn) g >n} forallx>X.

Proof. 1t follows from (8.43)) that, for all n > 1,

V(x) =E{V(X,); tg >n} forallx>X. (8.47)
Fix an € > 0. Due to the assumption , there exists an x¢ such that

(1—-e)V(y) < CyU(@) < (14+€)V(y) forally> x.

Therefore,

(1-=8)EA{V(Xy); T8 >n,Xy > xe} (8.48)
< GYEA{U(Xy); 8 > n, X, > xe }
< (1+8)EJV(X,): T3> Xy >xe}.  (8.49)
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On the other hand, by the definition of {X,}, see (7_TT)),

~

n— % V =
Ex{V(Xn);TB >n, Xy st} = Up(x)Ex{eizk:é“Xk) ( /r\z) 3 Xn Sxe}
U(%,)

< Up ()] z‘J/,,((X%)) X, <xe

since g(y) is non-negative. Recalling that the chain {X,} is transient, we con-
clude convergence

Ed{V(Xu); 18> n,Xy <xg} =0 asn—oo. (8.50)
By the same argument,

E{U(Xn); 18 >n,X, <x¢} =0 asn—oo. (8.51)
Combining (8.49), (8:31) and (8.47), we obtain

CVEAUX,); 5 >n} < (1+&)E{V(Xy); t8 > n,Xy > xef+0(1)
<(1+€)V(x)+o(l) asn—oo.
Combining (8.48), (8:50) and (8.47), we obtain
CVEAUX,); t>n} > (1—e)E{V(X,); 15> n,X, > xe}
=(l1—¢g)V(x)+o(l) asn— eco.

Therefore, for any fixed € > 0,

1-¢
—V(x) <liminfE{U(X,); 18 > n}
CV n—o0
. I+¢
<limsupE{U(X,); 18 >n} < —V(x).
n—oo CV

Letting here € — 0 we conclude the existence of a limit of E.{U (X,); 15 > n}
as n — oo which equals V (x)/Cy. O

Set

W(x):= lim EAU(X,); 75 > n}. (8.52)

According to Corollary [8.10, W,(x) = h(x)U,(x) is harmonic and W),(x) ~
e~C»U(x). Then, by Lemma|8.11]

W,(x) = e PW(x). (8.53)

Consider the following weighted renewal measure

A (dx) = ¥ E.{e T0s®); X,  dx}, (8.54)
=)
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and its finite time horizon version,
~ & i—1 o~
A% (dx) = Y E e T0?X); X; € dx}. (8.55)
j=0

Applying Lemma 4.5/and Theorem to X and taking into account Lemma
[B:9] we get the following result.

Corollary 8.12. Assume that the conditions of Lemmal[8.6|are valid. Then
AL (% = W@ p (%] + () = h()T(n/x%) + (1))

as x — o uniformly for all n, where Tisa function defined in Theorem
with [l = [t +b and b = b. In particular,

2

AL (%,x] ~ h(2)Ho(%,2] ~ h(z) 2;+ - asxe

Now we are ready to prove the main result of this section.

Proof of Theorem[8.2]  Since the function y/U (y) is regularly varying at in-
finity and liminfx, /x; > 1, it suffices to consider the case where x, = (14 h)xj,
h>0.

Lemma is applicable to the chain {X,}, so it is legible to use the cycle
representation (7.42). As follows from the representation (7.47) applied to U,,,

x(x,(1+ k)] = ¢* / (e HL(: E;l)y)

(1+h)x fr(q)
~ c*elr / H(dy) as x — oo, (8.56)
x U(y)

due to U, (y) ~ e~ U (y), see B-17); H'9) is defined in ([7.43).
Fix ane > 0andn € N. Let x; = (1 + hk/n)x, k=0, ..., n. Then, since the
function U is increasing,

" H (g, x41) < /(”h)x H)(dy) < ”il H (xp,x041)
k=0 U(karl) x U (y ) T i U (xk)
Now, according to Corollary [8:12}

~

HY (X, Xn 1] = /Rﬁz(‘ﬁ (Xk,xk+ﬂp{)?o € dz}
= cy(xt1 —x%) +o(x*) as x — oo uniformly for all k <n— 1,
where ¢, := Eh(Xo)/ (24 + b). Consequently, for all sufficiently large x,

(cq—&)(xp ) —7) < H'D (x,x041] < (cq+€)(xis1 —37)
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for all k < n— 1, which yields

il -2 (+h)x {(9) (dy) ol —x
(Cq_8>k Om_/x o) < (cq—’—g),;)iU(xk) )
hence
o )%"‘lxkﬂﬂk S/(Hh)xﬁ(q)(dy) - (cq+s)%r§xk”+xk
n = Ulxgr) = s U n = Ul

Letting n — o and taking into account that the function y/U(y) is regularly
varying at infinity we derive that

/(Hh)Xﬁ(q)(dy) /(1+h)x y
~ 2bq

dy,
x U(y) U(y)
which together with concludes the proof. O

Corollary 8.13. Assume that the conditions of Theorem are valid. Then
the integrability of the function y/U(y) at infinity is necessary and sufficient
for the Markov chain {X,} on RY to be positive recurrent.

8.3 Local asymptotics of stationary probabilities

In this section we derive sharp local asymptotics for a stationary measure 7
of recurrent irreducible Markov chain with asymptotically zero drift of order
1/x at infinity. Following Section we assume that the jumps & (x) converge
weakly to some random variable & on R, that is, the asymptotic homogeneity

condition (6.52)) holds.

Theorem 8.14. Let a recurrent Markov chain {X,} with invariant measure
7(-) satisfy the conditions of Theorem[8.2} In addition, let & (x) = & as x — o
where EE =0, EE? = b, and

SISO < s} <a & forally>0, (8.57)

where BE2 < oo. Then, in the lattice case,

m(x) ~ C%x) as x — oo, (8.58)
for some ¢ > 0. In the non-lattice case, for any h > 0,
w(x,x+h] = ch——  asx—o. (8.59)

U(x)
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As far as it concerns applications, we apply the last result to derive local
asymptotic behaviour of the invariant measure for a reflected random walk
with zero drift in Section [11.2]

Corollary 8.15. Let, in addition, r(x) = 211 /bx and either 2u/b € (—1,1) or
2u/b > 1, so either null or positive recurrence holds respectively. Then, in the
lattice case,

T(x) ~cpx /P s x —5 oo,

which agrees with the global asymptotics given in Corollary ' p=2u/b+
1 > 0. In the non-lattice case, for any h > 0,

T(x,x+h] ~ chpx */* as x — oo,
In the case 21t /b = 1, we have the following result.

Corollary 8.16. Let, in addition, for some m > 1 and y # 0,

1 1 1 1+
rx) = -+ v

x xlogx+”' xlogx-...-log,_)x = xlogx-...-log,,x

as x — oo, where y < 0 corresponds to null recurrence while y > 0 — to positive
recurrence. Then, in the lattice case,

2c
(x) ~ T as x — oo,
xlogx.. .log<m71>xlog(m)yx

which agrees with the global asymptotics given in Corollary[8.3} In the non-
lattice case, for any h > 0,

2ch
T(x,x+h] ~ . as x — oo,
xlogx... log(mfl)xlog(m)yx

Proof of Theorem|[8.14]  As in the proof of Theorem 8.2] it follows from the
representation (7.47) that

w+h (@) (dy)
w(x,x+h] = c*/ —_—
=< g0

where
H9(dy) := Y P{X, € dy}.
n=0

Since the function U, (y) is regularly varying at infinity (and hence long-tailed
at infinity),
H (x,x+h]

T(x,x+h] ~cF———"——  asx—>oo,
Up(x)
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The Markov chain (X} satisfies all the conditions of Corollarywith o=
t+band b=bh,so 2[ —b =2u+b> 0. Indeed, the conditions (6.2)~(6.3)
are checked in Lemma @ and (6.1) right after that. The weak convergence
(6.32) for &(x), that is &(x) = &, follows from that for the original jumps
E(x) because U »(x+y)/Up(x) — 1 as x — oo, for any fixed y € R. Finally, the
majorisation condition (6.53) holds with a square integrable majorant, since it
follows from (8.32)) and (8.30) that, for all sufficiently large x,

P{EXI{|E (x)| < s(x)[} >y}
_ O, (x+y,x+s(x)])
O(x,R)
HEAUp(r +8(x)); SEOL|S ()] < s(x)[} >y}
U,,(x)

P{S I (x)[ < s(x)[} > ¥}

+2E{Up(2§(x)); EI{[E@)] <s(x)[} >y}
Up(x)

T E{U(E); y <E<s(x)},

U,(2x)
=2 ;p(x)

<c11P>{H>y}+ ( )

owing to the regular variation of the function U,, and the conditions (8:18) and

(837). Since s(x) < x
P{E)I{|E ()] < s()|} >y} < 2¢1P{E >y},

which implies that

EHIE)] < s(x)]} <o E,

where EZ2 < o due to the assumption EZ2 < oo, In addition,

PSS ()| < s(x0)[} < =y}
_ Q(x7 [x_s(x)>x_y))
Q(x,R)
HEAUp(r 8 (x)); SIS ()] < s(x)[} < —y}
Up(x)
S2P{S (|G ()| < s(x)[} < =y}
<2P{E >y},

which implies that E (x) >g —Z, and the proof of existence of a square inte-
grable majorant for the family of & (x)I{|& (x)| < s(x)|} is complete.
Hence, by Corollary and Lemma applied to the Markov chain {X,,},
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we deduce that

h+o(1
——=X aSX — oo,

~

H'D (x, x+h] ~ cq

which concludes the proof because Up,(x) ~ c3U (x) as x — oo, see (8.17). [

8.4 Pre-stationary distribution of positive recurrent chain
with power-like stationary measure

In this section we assume that the distribution of X, converges in total variation
distance to a unique invariant distribution 7 as n — oo, that is,

sup |P{X, €A} —m(A)| =0 asn— oo (8.60)
AeB(R)

for a countable Markov chain {X,, } this condition holds automatically provided
the chain is irreducible, aperiodic, and positive recurrent; for a real-valued
chain it is related to the Harris ergodicity, see e.g. [126].

Theorem 8.17. Assume that all the conditions of Theorem S.2| are valid and
that {X,} is positive recurrent satisfying (8.60). Then

P{X, > x} = (F(n/x*) +o(1))m(x,o)

as x — oo uniformly for all n, where

Fu) = T(io)/ouf(l/z){lg(i)p/zl)}dz

is a continuous distribution function; TandT are functions defined in Theorem
4.12\with i = w+b and b = b.

The last result shows that {X,, } enters the stationary regime at time n of order
x2; that is, if n = o(xz) then

P{X, > x} = o(7(x,)),
if n/x*> — u € (0,0) then
P{X, > x} ~ F(u)7(x,00),
and if n/x> — oo then

P{X,, > x} ~ m(x,0).
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Proof.  Splitting all the paths according to the time of the last visit of {X,} to
B = (—e0,x], see ([7.49), we get, for x > X,

P{X, > x}

3 = e Thpa®)
= Z’I/BP{XWj € dz}/)? P(z,du)U,,(u)Eu{A; X >x}7
J=

Up(Xj-1)
(8.61)

where ¢(x) > 0 and {X,} are defined in (7.9) and (7.10) respectively.
Fix a sequence N, — oo such that N, = o(x?). Then, since ¢ > 0 and U, is
increasing,

Z /P{ d } d )E Zk oq()/(\k) ~
X,_;i€dz / P(z,du)U, {A 0 X >x}
=Nyt g Up(Xj-1) !

L
Uyl )ié‘E Pladu)Up(s)

Ty 251+

= o(x JUp(x)), (8.62)

where the second bound follows from (8:28)). Furthermore, the distribution of
X,,—j converges in total variation to 7 uniformly for all j < n— N,, see (8:60).
Therefore, as x — oo,

n N’C/ IED{ d} d ( ) Zk Oq()?k) —~
e [[ramnon {0 5 )
N UP(Xjfl) !

=N, L%
/ 7(dz) / (z,du)U, (u)IEM{A s X1 >x}. (8.63)
Un(Xjfl)

Similarly to (8:62),

i / d / 4 ) ( )E { ):k oq(??k) ~
Z P(z,du us ———— Xi >x}
Jj=n—Ny+1 UP(Xjfl) !

= o(X*/Uy(x)).  (8.64)
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Combining (8.61)—(8:64), we obtain

P{X, > x}

= (1—I—o(l))jZn:l/Bn(dz)/;P(z,du)Up(u)

. {e—):iﬁqo?k) . } ( 2 )
—— Xj_1>xp+o0
LU, U, (x)

_ (1+0(1))/Bn(dz)/;P(z,du)Up(u)

i/m]E {eziﬁq()?k) < d} < 2 )
T N €dyp ol
“ . Up(y) Up ()

- - =Hfl(dy) | (2
_(1+o(1))/f pldUy 0 [ +0<Up(x)> (8.65)

as x — oo, where
w(du) = /B 7(d2)P(z, du)

is a measure on (X, ), see (7.43), and

is a measure on (X, o°) too.
For any fixed u > X, due to Corollary[8.12]
A9 (®y) ~ h(u)(T(n/y?) +0(1))y* asy — oo uniformly for all n. (8.66)

In addition, due to g > 0,

n
suEH,E?n) (x,y] < SUEZ PAXj—1 € (x,y]} < c1y’> forallyandn, (8.67)

u>x u>x j=1

for some c¢| < oo as follows from the integral renewal theorem for {)?n} Inte-
gration by parts together with (8.66) implies that, for any fixed u > X,

. ’\(q) /\(q) ~ oo
H,% u,n \X, 7 X !
n(dz) _ Hun (%] _/ A% (%,7d
X UP (Z) Up ()C) * |
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as x — oo uniformly for all n. Taking into account that

d 1 Ul O optb 1

T&zU,G U U T b W ST
owing to (8:18), we deduce

= Hif (d2)

v Up(z)

_ I(n/x®)x* 2u+b >1(n/2%)z x?

= hu)| = Up(x) * b /x Up(z) dz —H)(Up(x))

_ 1(n/x?)x> 2/.L+b 5 (2 1(n/x22)z x?

il R S A RG]

Since the function U), is regularly varying at infinity with index p =2u/b+1>
2,U,(x2)/U,(x) — zP as x — oo, Therefore,

2

oo 77(a) 2 o 2.2)
H, (dz) X 1( n/x z x
: =h(u n X —I—p/ ——=dz| 4o
L O Mg, [T (G,m)
PPN x?
=h(u F(n/x*)+o (8.68)
g+ o(g)
as x — oo uniformly for all n, where
B0y e T =1(1/2)
F(t):= —I(t)+p/1 e d
= i)~ P [T
p—2/
— T 2 Tls /2
= I(I)p72+p72 : przdl(t/z ).
Therefore,
SN Fy 2 2pt (% 2
2 ptI*P/Z

3 o3 up/z’lf‘(l/u)du
- - 0

- %/{:f"(l/u) (1 -2 (l;)p/21>du.

Similarly, it follows from (8:67) that

o 77(q) 2
Hyn (dz) X
su : <cp .
e U 0,0
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In addition,

as follows from (8.28)). Hence the dominated convergence theorem is applica-
ble to (8.63)), so plugging (8.68) into (8.63), we obtain

2~
P{X, > x} = EUp o (F(n/x*) +0(1)) (8.69)

as x — oo uniformly for all n. In particular, letting n — oo we get that

2 2

. X A X p—1-
w(x,00) = lim P{X, >x} ~ F(oo) = 2——1(o0),
(‘x ) ng}(}o { n 'x} CUP(X) ( ) CUP(X) p_2 ( )
which concludes the proof. O

8.5 Tail asymptotics for recurrence times of positive and null
recurrent Markov chains

In this section we study the tail behaviour of the stopping time
Te:=inf{n > 1: X, <X},

in the case where 7; is a proper random variable, that is, {X,, } is either positive
or null recurrent with respect to the set (—eo, X].

Theorem 8.18. Let the conditions of Theorem[8.2hold. Let X be chosen as in
Corollary[8.7 and Lemma[8.8| Then there exists a constant ¢ < oo such that

U(x) R
P{te>nt < 1 dx>X. 8.70
{ T n}_cU(\/ﬁ) forallnand x > x ( )
Further, for any fixed x > X,
1 w
Pt >n} ~ 5 asn — oo, (8.71)

(2b)°2T(1+p/2) U(y/n)

where W (x) is the harmonic function defined in (8.52).
In addition, if Xo > X a.s. and EU (Xp) < oo then

EW (Xo) 1
GBPPP(1 + p/2) U(V)

P{t: > n} ~ as n — oo, (8.72)
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Notice that
W) U
U(vn) U(vn)

due to Lemma|[8.9]and the equivalence (8.17).

As far as it concerns applications, we apply the last result to derive down-
crossing probabilities for a reflected random walk with zero drift in Section
1.2

In order to prove the upper bound (8.70) for the tail of 7; we need a couple of
preliminary results. In Theorem[3.12]we have already constructed a function of
a transient Markov chain which is a bounded supermartingale. It turns out that
for the Markov chain {X,} which is specially constructed a similar result is
valid under weaker conditions on the left tail distribution. Recall the definition
of the function U, in (8.13).

asn, x — oo,

Lemma 8.19. Forany € € (0,1) and a > 1/, there exists an x, > X such that

“““(lc]; g >) ll]f<(>)>

is a positive supermartingale.

Proof. By the definition of the chain {)?n} and Jensen’s inequality,

UL (+EW) = UZ0) 0(x,dy)

Uyx+E(x)) Jz Up(y) Q(xR)

U d
Px / x y)

,dy)
< FUOPED) (/WU xdy)) . 873)

Due to Lemma[8.6]and (8:3T), as x — oo,

/ U, (»)P(x,dy) = (x)(l—z”;bpix)ﬂ(p x))) (8.74)

1
fA Up(y)P(
1
)P

and

/ Uap(y)P(x,dy) = (x)(l—azu;bpix)—i-o(p x)))

Then

([ tantoPlrcan))” = Uty (1 -0 222 1 (21
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and it follows from a€ > 1 that
S (/MU 0P(dy)) <
= y)r\x,ay >
U, (»0)P(x,dy) \ Sz Up(x)

for all sufficiently large x, which completes the proof. [

Lemma 8.20. For
T(z):=min{n>0:X,>z}, z>%
there exists a 'y > 0 such that, for all n and z,

supP{T (2) > n} < ce "3
X

Proof. It follows from the definition of the chain {)?,,} that it can only visit
(—eo,x] at time 0. Therefore,

T(z)—-1

T(z) <1+ Y X >3}
k=1

Then, by Theorem With v(x) > ¢ /x,

N 2+s5(z) y
E.F(z) < / Y ay
x C1

1
< T(ZJr 5(z))? < ¢z* uniformly for all xand z.  (8.75)
1

Next, by the Markov property, for all # and s > 0,
~ PN ~
PAT (z) >t +s} = /0 PAT(2) >1,X € du}P,{T(z) > s}

<PAT(2) > t}supP{T(z) > s}

Therefore, a decreasing function g(z) := sup,,, P, {T (z) > 1} satisfies the in-
equality g(r+s) > g(¢)g(s) and g(0) = 1. Then an increasing function go(¢) :=
log(1/g(t)) is convex due to go(t +5) < go(¢) + go(s) and go(0) = 0. By the
bound and Markov’s inequality, there exists a #o such that g(79) < 1 so
that g(f) = e ¥ with ¥ > 0, and go(f9) = v > 0. Then, by go(0) = 0 and by
the convexity of go, go(f) > y(t —to) for t > ty, which implies g(¢) < e~ 1(t=10)
equivalent to the lemma conclusion. [

Lemma 8.21. For any fixed € € (0,p), p =21/b+ 1, there exists a constant
c(€) such that, for all n, x and y € (x,,+/n],

P {X; <y for some k € [n+1,2n]} < c(¢) (7)P*8.
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Proof. For any z >y, the event whose probability we need to bound can only
occur if either the chain {)?n} does not exceed the level z by time n or it does
exceed this level and then falls down below y. Therefore, by the Markov prop-
erty, the corresponding probability is not greater than the sum

P{T(z) > n} +supP,{X; <y for some k > 1}, (8.76)
u>z
where the first term may be bounded above by Lemma For the second

term, by Lemma|8.19} we can apply the Doob inequality for supermartingales
which guarantees that there exists a constant ¢ (€) such that, for all u > z,

U,(y) U (u)
Up(u) gL (y)

Hence the equivalence implies the existence of c,(€) such that

P {X; <y for some k > 1} < ¢;(€) forally € (x,,u].

2 Uy
P, {Xx <y forsome k > 1} SCZ(S)(U(M)) forall y € (x.,u].

Since U is regularly varying at infinity with index p, by Potter’s bounds, see
e.g. [17, Theorem 1.5.6], there exists a constant c3(€) such that

1 (X)p+8/2 < Uk) <cs3(g) (X)p_S/z forall y € (x.,u].

c3(€) \u —Uu u
(@) ) -
Consequently,
~ y p—¢
suplP,{X; <y forsome k> 1} < c4(e) <) . (8.78)
u>z Z

Therefore, the estimates for each term in the upper bound (8.76)) give

- o
P {X; <y forsomek € [n+1,2n]} < cs (e—yn/zz N (%) )

Optimisation of the right hand side with respect to z is not solvable in elemen-
tary functions, so we choose

.7 m
© 7\ Tog((Vafy)p—e)’

which is close to the optimal value. Then

P{X; <y for some k € [n+1,2n]}

<o(G) " () (o)™
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which implies the lemma conclusion if we take €/2 instead of € on the right

hand side.

O

Proof of Theorem|[8.18]  We start with the upper bound (8:70) which is the

most difficult part of the theorem. It follows from (.33) that
Pz > n) = Uy( / (x,d
e nh = Uy [ s 0
1
— _E,{e iz 0% . X, €dy
/ Up(y { }
Since g(x) >0,

1

Pt >n} <U,(x)E =
{1 >n} <Upx) U
1

<cUx)Ey———,
=aVRGR)

due to (8:17). Summing up n successive probabilities we get

Z P>k} <cU(x) / U Hy p(dy)

k=n+1
=cU(x) (/fﬁ-i-/\;l) ﬁﬁx,n(d)’)a

2n
He(A):= Y, P{Xc A}
k=n+1

where

The function U increases, So
/wlﬁ(d)<” for all x and
——H, ,(dy) < ——= forallxandn.
U@y ™" U(y/n)

Further, integrating by parts, we obtain

\/ﬁ 1 -~ _ xn ﬂ \/7U/ xn(x)’]
/,? WHx,n (dY) = / 7‘1)’

)
n Vi R<) xn(x y]
= U(ym) / 02G) P

(8.79)

(8.80)

(8.81)

(8.82)

owing to U’ = ¢R. Combining this with (881), (8:82) and noting that ef) ~

pU(y)/y, we conclude that

22" ]P)X{ch‘ > k} <2c1U(x)

Ry = U(v/n) o)

Vi Hy (%, ]
+cUx/ Hentb ) 40
2 ()f U y

(8.83)
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Next we derive an upper bound for ﬁm. It is clear that

2n

ﬁx,n(ﬁy] =E, Z H{X\k € (x,yl}
k=n+1

< P{X; € (%,y] for some k € [n+1,2n]} sup ) P{X; € (%,y]}
S<Y k=0

< sup Hy(%, y|P{X; € (%, ] for some k € [n+1,2n]}.
s
Applying here Theorem [#.3]and Lemma[8.21] we get

~ A y p—E&
Hx,n(x7y] §C3y2(7> .

v

Therefore,

Vit Hy(v) Vi €
/)? ];Ui(yy)dyéax/f ﬁ(%)p dy.

Substitution y = u\/n leads to the following expression for the last integral:

- /l UWN) ispe gy,
U(vn) Je/yn Uuy/n)
Applying the left hand side inequality from (8.77) we get an upper bound
Vi He o(y) n 1 n
dy<cs / W' Sy = cg—r,
/f yU(y) U(vn) Jo U(vn)
provided € < 1. Substituting this upper bound into (8.83) we get that

2n n
k:’;lPx{@ >k} <CU(x) o0k

Therefore,
U(x)
U(yn)

Since U is regularly varying at infinity, this completes the proof of the upper

bound (§.70).

Now let us prove tail asymptotics for 7¢. Fix an € > 0 and split the integral

into two parts

P{7:>2n} <C

E\/N o 1
(s> nh =yt ([ ) G Q) G

The asymptotic behaviour of the second integral here relatively easy follows
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from the weak convergence to a I'-distribution and dominated convergence
theorem. Indeed,

[ L Up(v)
Jeyn Up(y) Up(Vn) Jeyu Up(y)
Monotonicity of U, implies the following upper bound for the integrand on the
right hand side:

Q" (x,dy) = Q"(x,dy).  (8.85)

U U/
LR U0 ST, (eym)

because U, is regularly varying at infinity which also implies convergence

UG 1
U (i) - asn—re. (8.87)

It follows from Theorem . that )? 2 / n converges weakly to a I'- distribution
with probability density function y(u), see (8:39). Then, by Lemma [4.7} the
substochastic measure 0" (x,/n - du) converges weakly as n — oo to a measure
with density function A(x)2uy(u?). The relations (8.86)) and (8-87) allow us to
apply the dominated convergence theorem and to conclude that, as n — oo,

I o f Q”( i) = ) [ 2y

— h(x) /g - #}/(u)du

—e2/2b
= h(x) —

@by (1 1 p/2)
Hence, (8:83) and (8:44) finally imply

- 1 h(x)U,(x) e /2
) | 5y e 2  Uy @aT e

< oo, (8.86)

 Wy(x) e~€/2%
= U,(va) @01+ p/2)
W (x) e€/2

~ Uy @prr(irp) O

due to (8:33) and (B:18). Letting € | 0 we conclude the following lower bound
o W (x)
= >
llrll‘[LIOI:fU(\/ﬁ)Px{Tx >n} > 201 1 p/2)"

which also follows by Fatou’s lemma; however (8:88) is still needed in the
sequel.

(8.89)
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Fix some & > 0. By the Markov property,

Pt >n} = /fpx{x[(l,g)n] € dy,te> (1— 8)n)Py {1t > dn).
* (8.90)

It follows from the upper bound (8:70) that
evn
/; Pe{Xi(1_sp) € dy, T > (1— 8)n}Py{te > Sn}
< C /Eﬁ Up(0)Pe{X[(1-5)) € dy, Tz > (1 —6)n}
0y/om)

_ CUp(x) 8V sy
T L0 ay)

< CUp(x)
= Up(v/on)
since Q is substochastic. The function U, is regularly varying at infinity with

index p, hence U,(V/8n)/U,(+/n) — 8P/% as n — oo. Together with the weak
convergence of X,% /n to a T-distribution, it implies that, for all § > 0,

P{X|(1-8) < €V},

ey/n
lim lim sup Up(\/ﬁ)/A Po{X|(1-5), € dy, Tz > (1 = 8)n}Py {7z > dn} =0.

=0 e

(8.91)
Further,
/go\;]P)x{X[(175)n] €dy, %z > (1-68)n}Py{z; > on}
S/ P{X(1-6)s € dy, Tz > (1 —8)n}
evn
e 1
—U,(x / —_0l=80 (¢ gy).
" oty
As proven in (8:88),
o0 1 B W(x) efsz/zb(lf&
U / [(1=8)1](x dy) ~ . (892
") s e ) G s @I+ )

Substitution of (8.91) and (8.92)) into (8.90) leads to

. . W(x)U (y/n) 1
timsupU (V% > n} < Hmsup e =S @0 PT (1 +p/2)

Since U(y/n)/U(y/(1—8)n) — (1 —38)"P/? and § > 0 may be chosen as
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small as we please, we obtain an upper bound

| W
IIEIEEPU(\/E)PX{TJ? >n} < (2b)p/21"(1 _|_p/2)’

which together with the lower bound (8:89) completes the proof of the asymp-

totics (8-71).
Conditioning on Xy, we conclude by the dominated convergence the-
orem owing to and (8.70). O

Corollary 8.22. Under the conditions of Theorem[8.2) for any initial distribu-
tion such that EU (Xp) < oo,

E{W(X); X; >x} 1
(2b)P/2T(1+p/2) U(v/n)
As far as it concerns applications, we apply this result to derive asymptotic

estimates for non-extinction probability of branching processes with migration
in Theorem[11.9]

P{t: > n} ~ asn — o,

Proof. We have
P{Tg > n}
— [Bmenpoean+ [ Poed) [ PodPs>n-1)
N E{W(X0);Xo >x} +E{W(X1); Xo <X, X; >x} 1
(26)P12T(1+p/2) U(vn)’
by Theorem [8:18]and the result follows from the harmonicity of W. O

Next let us discuss an implication for a discrete state space where it is pos-
sible to extend the results of the last theorem to the hitting time for any finite
subset D of the state space,

7p := min{n > 1:X, € D}.

Theorem 8.23. Assume that {X,} is a countable Markov chain on a state
space {z0 < z1 < 72 < ...} satisfying the conditions of Theorem Then, for
any finite subset D of the state space, there exists a ¢ = c¢(D) < eo such that

U(x)
P >n} < I dx. 8.93
{TD n}_cU(\/ﬁ) for all n and x (8.93)
In addition, for any fixed initial state x,
C(x,D
P {1p > n} ~ (D) en oo, (8.94)

(/)
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where

C(x,D) = ] Y EAW(Xj1); Xji1 > %10 > j} € (0,00);
=0

1
(2b)P/2T(1+p/2
here X is any level guaranteed by Corollaryand such that D C B := [z9,%].

Proof.  Due to the upper bound provided by Theorem [8.18] and by the
Markov property, it is enough to prove for x < x. To start with, consider
the case where B\ D is a singleton, say z;. Given Xy = z1, the distribution of the
hitting time 7 may be decomposed as the following mixture of distributions,
according to the position of the chain at time 7;:

PZI{TB > n} :PPQ{TI > ”}+ (1 _p)Pm{e > n}a

where p =P, {X;, =21}, 1 — p =P, {Xy, € D}, the distribution of the ran-
dom variable 7 is the conditional distribution of 7 given X, = z; and the
distribution of 8 is the conditional distribution of 7z given X, € D. Since the
chain may visit z; several times before hitting D, we get

P {tp>n}=(1-p) Y p'P{m+...+m+6>n},
k=0

where 1 are independent copies of 1. By Theorem [8.18] the distribution of
Tp is regularly varying, so the tail distributions of both of 1 and 6 possess
regularly varying upper bounds of order ¢/U(y/n) which is known to be of
subexponential type. Thus, Kesten’s bound—see, e.g. [67, Sec. 3.10]—shows
that the random sum possesses the same regularly varying upper bound and the
proof of (8.93) for the case |B\ D| = 1 follows. Since we have only used the
upper bound for the tail of T in our proof of the upper bound for the tail of 7p,
we may apply the same arguments to the case of an arbitrary number of states
in B\ D, by induction on this number.
Now let us prove (8.94). For any N < n/2,

P{tp >n} = P{tp > n,X; <X for some j € [N,n]}
+P{tp >n,X; >Xxforall j € [N,n]}
=P +P. (8.95)

Let us first show that the first probability becomes negligible when N increases.
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Indeed,
P < P{tp >n,X; <Xxforsome j € [N,n/2|}
+ P {wp >n,X; <xforsome j € (n/2,n—N]}
+P{tp >n,X;>Xxforall j € [N,n—NJ,
X; <Xxfor some j € (n—N,n|}
=: P11 +Pi2+Pps.
As proven in Theorem [8.18] the tail of 7 is regularly varying, hence
EPx,{ts =n+k} =0(P{t3 >n}) asn—oo
for any fixed k € Z, so that, for any fixed N,
P13 <EPy,{X; >Xxforall k € [N,n—N],X; <Xxforsome j € (n—N,n|}
=EPx, {78 € (n—2N,n—N]}

=o(P{1p >n}) asn— . (8.96)
By the Markov property,
C1
P <P {p >N}maxP{tp >n/2} < ——— (8.97)
< Bl > NymaxPy{mo > n/2) NS

owing to (8:93) because there is only finite number of states in [0,x] and
2

U(v/n/2)U(VN)

It follows from the inequalities (8.96)—(8.98) and regular variation of U that

P <P{1p > n/Z}milZ(Py{TD >N} < (8.98)
y<x

lim limsup U(y/n)P; = 0. (8.99)
N—=eo 500

Further, decomposing all the trajectories according to the time of the last visit

to [z0,X], we obtain by the Markov property,

N—-1

P=Y Y PAX;=y,m > j}P{m>n—j}
Jj=0yeB\D

1 1
(26)°T(1+p/2) U(v/n)

N—-1
x Y Y PAX; =y, > jIE{W (X)X > %}
j=1yeB\D

~

as n — oo, by Corollary because U (1/n) is regularly varying. Summing up
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over y we get, as n — oo,

1
(2b)P2T(1+p/2) U

P~

1 N—1 N )
(\/ﬁ) Z PX{W(Xj+1)7Xj+1 >X,Tp > ]}7
Jj=0

which being substituted into together with (8.99) gives the required an-
swer if we let N — oo, O

8.6 Limit theorems for positive and null recurrent chains
conditioned to stay above some level

In this section we prove limit theorems for positive and null recurrent Markov
chains {X,} conditioned on the event

{Xi >%,..., X, >}

Theorem 8.24. Let the conditions of Theorem|[8.2hold, in particular, let 211 >
—b. Let EU (Xp) < . Then, for all u > 0,

X2
IP{—” >
nb "

T;>n}—>eﬂ‘/2 asn— o,

As far as it concerns applications, we apply the last result to a reflected
random walk with zero drift in Section and to branching processes in
Section[I1.3]

Proof.  For any fixed initial state x > X, by the change of measure,

X2 -
]P’X{E > u, Ty > n} =Up(x) /men(X»dY)
W(x) efu/2

T U(Vm) 20)PPT(1+p/2)

as shown in (8.88). Combining this with tail asymptotics for 7; given in The-
orem [8.18] we arrive at the required result for x > X. Then we follow the same
arguments as in Corollary [8.22] O

Corollary 8.25. Assume that {X,} is a countable Markov chain on a state
space {z0 < z1 < z2 < ...}. Then, for any finite subset D of the state space and
Sforallu>0,

X2

P{ﬁ>u

42 gsn —s oo,

TD>n}—>e_
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As far as it concerns applications, we apply this result to derive limit be-
haviour of branching processes with migration given it is non-instinct in The-
orem|11.9

Proof.  Fix an N > 1. It follows from (8:99) and asymptotic tail behaviour of
Tp—see Theorem [8.23—that

X2
lim limsupP{—Z > u,X; < xfor some j € [N,n]‘TD > n} =0. (8.100)
n

N—=eo oo
Further, by the Markov property,
2

X ~
IP{—Z >u,tp >n,X; >xforall je [N,n]}
n
X2
= ZP{XN:y,TD>N}P}V{ ”zN >M7T3>n—N}.
n

y>x
Since EU (Xp) < o0 and U is regularly varying, EU (Xy) < o too. Applying
now Theorem [8:24] we get
2

X -
JP’{—Z >u,tp >n,X;>xforall je [NJ;]}
n
~ e Y P{Xy =y,7p > N}P, {15 >n—N}
y>x
= ¢ ?*P{1p >n,X; >Fforall j € [N,n]}
— efu/ZPz’

where P, is defined in (8:93), which in combination with (8:100) yields the
required limit behaviour. O

Theorem 8.26. Let the conditions of Theorem|8.2| hold. Then, for any x > X,

W(x)
W(y)
where W is the harmonic function for {X,} killed at the time of the first visit to

(—o0,x], see Corollary

Proof.  First notice that

Px{maxXn > y} =P {5 >T()}
n<tg

Px{maxXn >y} ~ asy — oo,
n<t;

The harmonicity of W, implies that the sequence Wy, (X,,)I{7; > n} is a mar-
tingale. Applying the optional stopping theorem to this martingale and to the
stopping time 7z A T (y), we obtain

Wy (x) = Ex{Wp(XT(y))§ =>T(y)}
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Since W, (z) ~ U,(z) as z — oo, we have
EAUp(X7(y)); Te>T(y)} = Wp(x) asy— oo (8.101)
Let us split the expectation on the left hand side into two parts:

EX{UP(XT(y)); > T<y)}
= EX{UP(XT()’>); > T(y)vxT(y) < Y+S(y)}
+ EAUp(Xr(y)): > T0), Xr() > y+s()}- (8.102)

Since s(y) = o(y) and U, is a regularly varying function, U, (y +s(y)) ~ U,(»)
asy — o0, SO

EAUp(Xr(); Te>T(), Xy <y+s()}
~ Up(0)Pe{ %> T(y), Xr(y) Sy+s()}. (8.103)

By the change of measure with function U, and the fact that the resulting kernel
Q is substochastic,

Ex{Up(XT(y))7 Ty > T(y)7XT(y) >y+s(y)} < Up(x)Px{}?f(y) >y+s(y)}-
By the formula of total probability,

~ hd y ~ ~ ~
IM%mm%wﬂzgéRHA&JM>%M%WWH®*A

< [[BE@ > st} ulaz).

According to (8:36), ]P’{g (z) > s(z)} = 0(p(z)/z). Then, similar to the integral
estimation in the proof of Lemma[4.1] we conclude that

/A TPLE() > s(2)VAL(dz) < oo.

X

Consequently,

/;P{E(Z) > s(y)}He(dz) = 0 asy — oo.
As a result,
EAUp(Xr(y); T >T(0): Xr() >y +s(0)} >0 asy—e,  (8.104)
and hence

Up(0)Pe{te > T(y),Xp() >y+s(y)} =0 asy—eo.  (8.105)
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Applying (8.103) to (8.103) we get

E{U,(Xr(y)); %> T (), Xr() <y+s()}
= (1+0(1))U,(y)P{1: > T(y)} +o(1).

Combining this with (8.104), we obtain from (8.102)) the following equality, as
Y=o,

EAUp(Xr(y)); Te>T0)} = (1+0(1)Up(y)Px{7 > T(y)} +o(1).
Plugging this into (8:101) gives
Up0Pu{ 7> T ()} = Wplx) asy— e,
which completes the proof due to U, (y) ~ W, (y) = e~ *W(y). O

Now we turn to functional limit theorems for a recurrent chain {X,} condi-
tioned on {7z > n}. Durrett [55] has suggested a method for deriving functional
limit theorems for conditional distributions of null recurrent Markov chains
from the corresponding limit theorems for unconditioned chains. His approach
is applicable in the case u € (—b/2,b/2). It immediately follows from The-
orems and that the conditions of [55, Theorem 3.9] are satisfied.
Therefore, the finite dimensional distributions of {X,;/ V/bn} conditioned on
{7z > n} converge to that of a (time-inhomogeneous) Markov process X * ()
which may be described in terms of the limiting Bessel process Bes(t) in The-
orem {.11}—with drift yt/bx and diffusion coefficient 1—and in terms of its
first hitting time for the origin, Ty = min{¢ : Bes(t) = 0}. The process X " (¢),
0 <t <1, is a Markov process on R™ starting at the origin, with entrance law

Y

e P P{Ty > 1—1| Bes(0) = y)db:

P{X"(t) edy} =
forr € (0, 1], where p = 1+2u /b and with transition kernel, for 7 > s,
P{X*(1) € dy | X*(s) = x}

_ P{To > 1—1|Bes(0) =y}

= P{B — Tt —s|B =Xx}.
P{To > 1—s | Bes(0) =1 {Bes(t —s) € dy,To >t —s | Bes(0) = x}

It is easy to see that X" (¢) converges in probability to zero as ¢ — 0. Then,
using again Theorem 3.9 in [55]], we conclude that the sequence of conditional
distributions is tight in D[0, 1]. Therefore, we get weak convergence in the
space D|0, 1].

We follow a different strategy for positive recurrent Markov chains which
allows us to avoid proving a functional limit theorem for unconditioned pos-
itive recurrent chains {X],} with a starting point of order /n. To the best of
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our knowledge, such a functional limit is only known for chains on Z*, see
[15, Theorem 5].

Below we suggest an alternative approach which is based on the change
of measure technique and uses functional limit theorems for transient chains.
As after Theorem in Section we define {X(r)} as a continuous
piece-wise linear process whose trajectories connect points (k/n, X /v/bn) by
segments. The limiting process X *(z) may be equivalently defined via values
of Eg(X™) for all bounded continuous functionals g on the space C[0,1] as
follows: as above, starting with the Bessel process Bes(t), now with drift (u +
b)/bx and diffusion coefficient 1, we define a Markov process X starting at
the origin and such that

Re(x™) = 2P/2r<1+p/2>E§e(§f(s1)> B Eg(@g;)fis(_l;“)

Theorem 8.27. Let the conditions of Theorem[8.2|hold, in particular, let 21 >
—b. Then the process X") conditioned on {tz > n} converges weakly to X* (t)
in the space C[0,1] as n — oo.

Proof. 1t suffices to prove this weak convergence for the case where Xy > X.
Let g be a bounded continuous functional on the space C[0,1]. We need to
show that, for all x > X,

E{g(X™)| 7 >n} — Eg(XT) asn—s oo, (8.106)

Our strategy is to represent the expectation on the left hand side as a functional
of a transient Markov chain. So we consider the process X (t),t €[0,1], con-
structed as a continuous piece-wise linear process whose trajectories connect
points (k/n,X;/\/bn) by segments where {X;} is a transient Markov chain
constructed in Section[7.T|as Doob’s /-transform with function U, of the orig-
inal Markov chain {X; }. Then it follows from that, for any bounded func-
tional g on the space C[0, 1],

n—1 (v
U, (x) e LicodXe)
E{g(X") | e >n}=—22 Ex{ - Xy L.
() 50 ) = BB e K
By Theorem [8.18]and definitions (8.41)) and (8.44),
Wp(x)
15p/2) Up(v/m)

Up () Ee™ Yo oaXe)
1+p/2) Up(v/n)

P{te>n} ~

(2b)P/2T

~

as n — oo,

| = =< =

(2b)P/2T
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Therefore

p/2 -y () =R
m@m@n@>ﬂ«”%)rﬂ+N”E{U€k° gwwﬁ.
p

Eoe~Tod®) (%) /Up(v/)
(8.107)

Fix a & > 0. Since g is bounded, it follows from Theorem that, for all
6 > 0andn,

[E{g(X "X, < 5V} | 7 > n}| < [gl|P{X, < 8V/nb | e > n}
<Cd. (8.108)
Applying BT07) to g(X")I{X (1) > §} we get
E{g(X")I{X, > 8Vnb} | 7c > n}
(2b)P/21(1 +E/2)]E { e Ticoa(Xe)
B Tiot%) UK Up (/)

Due to the regular variation at infinity of the function U,, we have a conver-
gence

~

gﬂ%MﬂWn>5ﬁ.

-~

Up(%) _ Up(R)(1)v/b)
Up(vn) Up(vn)
uniformly on the event {X( (1) > 8} = {X,,/v/nb > §}. Hence,
E{g(X")I{X, > 8§Vnb} | 7z > n}
PP 4p/2) [ T0M oo
~ E { IO, g(XMI{X™ (1) >6}}. (8.109)

The Bessel approximation proven in Theorem[d.TT]still holds if a certain num-
ber of first values of the Markov chain are fixed, hence we conclude that, for
any bounded continuous functional g on the space C[0, 1],
8 ()? (”)) 2 (
B S ) g1y > § ‘X = Zon Xy =
{awmw{ (1)> 8} [ Xo= 20, Xy =2

— (XM (1))PHP2 asn—s o

E, e Lico a(Xy)

g(Bes)
Eq ————1{Bes(1
B G B > 3,
for all N and zo, ..., zy. This makes it possible to apply Lemma.6| hence
e TisoaX) N
oy =X {XM (1) > 8 }
{ S e @A) > 3)

N EeZif’oq(fk)]E{ufe(sB(els)))p]I{Bes(l) > 5}} asn — oo,
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From this estimate and (8:109) we obtain
E{g(X")I{X, > 8vVnb} | 1c > n}
Bes)
~ 2021 (1 4+ p/2)Ed 4B ety > 5 oo
(1 p/2){ A tipes(t) > 8) ) asn
Combining this with (8.108), an upper bound

E{(Bes(1))"?; Bes(1) < 8} = 0(8)
and letting § — 0, we get
Bes
E{g(X™)| 1z > n} — 2°/°T(1 +p/2)EM, as n — oo,

hence the desired convergence. O

Corollary 8.28. Assume that {X,} is a countable Markov chain on a state
space {zo0 < z1 < zz < ...}. Then, under the conditions of Theorem for any
finite subset D of the state space, the process X" conditioned on {tp > n}
converges weakly to Xt (t) in the space C[0,1] as n — .

Proof.  Fix N > 1. It follows from (8:99) and the asymptotic tail behaviour of
Tp—see Theorem [8.23}—that

lim limsupE{g(X"); X; < % for some j € [N,n]|tp >n} =0. (8.110)

N=oo pyeo

By the Markov property,
E{g(X(”));TD >n,X; >Xxforall j € [N,n]}

- Z P{X1:YIa---7XNZYN}
Vs INED

xE{g(X");t5 > n| X1 =y1,....Xy = yn}.

Applying now Theorem [8:27] which is still valid for the conditional expecta-
tions on the right hand side, we get

E{g(X");tp > n,X; > Zforall j € [N,n]}
~Eg(xt) Y P{Xi=yi,.... Xy =yn}
Vi YNED
X]P){TB >n |X1 =V1,..., XN :yN}

=Eg(X")P{1p >n,X; >xforall j € [N,n]}

=Eg(X )Py,
where P, is defined in (8:93), which in combination with (8:110) yields the
required limit behaviour. O
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8.7 Limit theorem in critical case 2u = b

In the critical case 4 = b/2 we have a different type of limit behaviour which
may be described in terms of the function

G(x):= /; ﬁdy,

which is slowly varying at infinity because U is regularly varying with index
p=2u/b+1=2.

Theorem 8.29. Let {X,} be a Markov chain on a countable set {zo < z1 <22 <
...}. Let the conditions of Theorem[8.2|hold with j = b /2. If G(x) — eo as x —
oo, then G(X,)/G(\/n) converges weakly as n — oo to a uniform distribution
on the interval [0, 1].

As far as it concerns applications, we apply the last result to derive asymp-
totics for a branching process with migration at the end of Section|11.3.3]

Corollary 8.30. In particular case where, for some m > 1 and y > 0,

1 1 1 1-
r(x)=—+ 4

CF + ;
x  xlogx xlogx-...-log,_;x  xlogx-...-logg,x

we have

R(x) =logx+log)x+...+10g ) x+ (1 = 7)10g (1) X,
2

x 1

U(x) ~ Elogmlog(z)» -+ log () x-log

X 2

~

-Y
m) X

U(x) yxlogx-logy)x-...10g(,_pyx- logzn_l)yx’

2
G(x) ~ Zlog! . x asx— oo,
(x) v E(m)

Then the following weak converges holds true

<log(m>Xn )Y ulo,1]
— | = , asn— oo,

Proof of Theorem According to Corollary(8.13] the assumption G(x) —
oo implies null-recurrence of {X, }. Furthermore, by Theorem 8.23)]

U(vn)P{t, >n} — C(x,z0) asn— oo.

Let T; be the time intervals between consequent visits of {X,,} to the state
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zo. All these random variables are independent. Moreover, 7>, T3, ... are iden-
tically distributed and, for every k > 2,

P{Tk>n}~M as n — oo,

U(v/n)

Let 6, denote the corresponding renewal process, that is,
O, :=max{k>1:T1+Th+...+T; <n}.
Let us also introduce the sequence of undershoots:
Op=n—(T1+h+...4+T,), n>1.
It is clear from the definition of 6, that
P{O, = j} =P{X,—j=z2}P{Th > j} for0<j<n—1
and
P{O, =n} =P{T\ > n}.

Then, for every z > zg we have

n

P{X, >z} = Z P{Xy—j = 20} P {X; > 2,75 > j}
=

N

= ) P{Oy = jiP{X; > 2| 7, > j}.
=1

j
According to Theorem|[8.24]

Poo{Xj >zl 7 > j} = e_zz/ij+0(1) as j — oo

uniformly for all z. In addition, for any fixed j,
P {X;j>z| 1, >j}—=0 asz— oo,
Therefore,
N p2/2b)

P {Xj>z|1, > jt=e +o(l) asz—oo

uniformly for all j. Hence,
2

2b0,
which implies the following relation, as n — oo,

p{ SX) - )} =P, > 67 6G()

G(v/n)
:Eexp{—zlb(Gl(\ygi\/ﬁ)))z} Yo(l). (8111

]P’{X,,>z}:IEexp{— }+0(1) as z — oo,
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Since P{T» > n} ~ C(z0)/U(\/n), we get, as x — oo,

/OXP{Tz > y}dy ~ C(z0) /; U(]\mdy

VA oy
=2C(z0) A Wdu
— 2C()G (V).

Let us recall the following result by Erickson [59, Theorem 6].

Theorem 8.31. Let S, = & + ...+ &, be a random walk with positive jumps
such that the distribution F of & has infinite mean and F(t) = L(t)/t, t > 0,
where L is slowly varying at infinity. Let N(t) = max{n : S, <t} be the renewal
process generated by the random walk, Y (t) =t — Sn(1) be the undershoot and
Z(t) = SN(1)+1 —t be the overshoot. Then, for 0 <y <1, z> 0,

P{m(Y(I)) <, mZ@)

m(t)y = m)

< z} — min{y,z} ast— oo,

where
t
m(t) = / F(u)du.
0
Applying this result, we conclude, for all y € [0, 1],
G(VOn)
P{i Sy} —y asn—oo,

G(v/n)

or in other words
P{\/0, <G '(yG(\/n))} =y asn— oo. (8.112)
Since G is a slowly varying function, the inverse function satisfies the relation
G Y tu) =0(G ' (u)) asu— oo,
for any fixed 0 < ¢ < 1, so it follows from (§.112) that

VO
G~'(yG(vn)))

— 0 as n — oo with probability y

and
VO
4—" — oo as n — oo with probability 1 —y.
G~1(yG(vn)))
Therefore,

Eexp{—i (Gl(\yﬁo(n\/ﬁ))

2
) }—>1—y asn — oo,
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which completes the proof, due to §.IT1). O

8.8 Comments to Chapter [§]

In paper [122]], Menshikov and Popov investigated the behaviour of the invari-
ant distribution {7(x),x € Z*} for countable Markov chains with asymptoti-
cally zero drift and with bounded jumps. Some rough theorems for the local
probabilities 7(x) were proven; if the condition (8.4) holds then for every € > 0
there exist constants c_ = c_(€) > 0 and c; = ¢4 (&) < oo such that

cxTHPTE < m(x) < cpxPH/bTE,

The same bounds were obtained by Aspandiiarov and lasnogorodski in [9]];
their results also cover null-recurrent chains with t > 0.

The paper [107] by Korshunov is devoted to the existence and non-existence
of moments of invariant distribution. In particular, it was proven there that if
holds and the families of random variables {(&*(x))>*?,x > 0} for some
y>0and {(£~(x))?,x > 0} are uniformly integrable then the moment of order
v of the invariant distribution 7 is finite if ¥ < 2u/b — 1, and infinite if 7 has
unbounded support and ¥ > 2 /b — 1. This result implies that for every € > 0
there exists a ¢(€) such that

T(x,00) < c(g)x 2H/bHITE, (8.113)

In [42] we have found the asymptotic behaviour of 7(x, o) for positive re-
current chains under more restrictive moment conditions. In particular, it has
been assumed there that the third moments of jumps converge at infinity.

Concerning Theorem Huillet [84] and Dette [47] have obtained exact
formulas for recurrence times for very special chains. They use the orthogonal
polynomials technique, which has been suggested by Karlin and McGregor in
[86].

Alexander [5] has considered recurrence times for Markov chain with steps
+1. Using the standard embedding of such a random walk into the correspond-
ing Bessel process, he has found exact asymptotics for P {7y =n} for all p > 0.
Unfortunately, this method applies only to a skip-free chain.

From the results in Hryniv et al. [83| Theorem 2.4] one gets the bounds

n P2 log ¢ n < Po{19 > n} < n~P/2logPt!+e

for chains satisfying conditions similar to that of Theorem with r(x) =
2u/bx+o0(1/xlogx).
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Theorem[8.26]improves Theorem 2.3 by Hryniv, Menshikov, and Wade [83]]
where lower and upper bounds were given with extra logarithmic term.



9

Tail analysis for positive recurrent Markov
chains with drift going to zero slower than 1/x

In this chapter we consider a Markov chain {X,,} which possesses a station-
ary (invariant) probability distribution 7 and such that the first two truncated
moments of jumps satisfy the following condition

mE () 5b>0 and MY ()x o —e0 asx—e.  (O.0)

In this case the tail of & typically decays faster than any power function, as
may be guessed from Corollary [8.4] it is usually of Weibullian type as seen
below.

We have already observed this effect for chains with jumps £1 and 0 in Ex-
ample Let us consider such chains in more detail. Fix positive numbers
ay >a_, o € (0,1) and consider a chain {X, } on Z* with transition probabil-
ities up and down

1 at 1 a_
p+(x) 2( (x-i—l)a)’ p-(x) 2( +(x—|—l)a>’ xz 1,
po(0)+ p4(0) =1, p+(0) > 0. Then, according to (I.7),

n(x) = =n(0) exp{]g’1 log pjk(;)l)}

From the definition of p1 we get

logpj_k(k)l) zlog(lf%) —log (lJr(k—(il—l)“)'

Setdg :=max{j: ja < 1}. Then, by Taylor’s expansion of the logarithm func-
tion,
lOg p+(k_ 1) - _ % a{r — (_a_)jkfja _‘_O(k*(da‘kl)a) as k — oo
P- (k) j=1 J

281
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Therefore,

de—1 ,J j do dog X
Clal = (ca) |, d (a3
m(x NCexp{— ) — A Y ke |
( ) j=1 ](1*‘](1) da k=1
9.2)

owing to Proposition If dy < 1/ then we get

o al (),
m(x) ~ Cexp{— J’,,xlfa},
,:Zl j(1—ja)
and if dy, = 1/a then
ljo—1 j j )
ﬂ(x) ~ Cxqexp{_ Z Mxlja}7
j=1 J(l—](X)
where g = foc(ai/a — (—a_)"/®). In this example we have
ay+a- ap—a_
= —— d =1- .
i (x) 2(x+1)* and - mz(x) 2(x+ 1)@

As follows from (T.22)), a stationary density of a diffusion with the same
drift and diffusion coefficients is asymptotically equivalent to, as x — co,

con{ -+ [ Gy

do—1 j—1
ay—a_ .
~ Cexp{—(a++a)< Z (Zfirl(l—)joc)xl jo

=
(ay —a_ )%=l px
e /1 y gy t.

Comparing this expression to (9.2), we see that the main term is the same
but all correction terms have different coefficients. Since the correction terms
play a réle in the case o < 1/2 (dg > 2), we conclude that the densities are
asymptotically equivalent for @ > 1/2 only. We also see that if o < 1/2 then
it is not sufficient to know the asymptotic behaviour of the first and second
moments only to conclude the precise asymptotic behaviour of the tail of x;
we will see later on that higher moments also play a role if o < 1/2.
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9.1 Stationary measure of positive recurrent chains:
Weibullian-type asymptotics

Our first result concerns the case where, roughly speaking, m;(x) = o(1/4/x)
as x — oo, More precisely, we assume that

2] (x)

[;(T = —r(x)+o(p(x)) asx— oo, 9.3)

my 7 (x)

where a decreasing differentiable function r(x) > 0 satisfies r(x)x — oo as x —
oo and

r(x) = o(p(x)) asx — oo, 9.4)

where p(x) € [0, r(x)] is a decreasing differentiable function which is assumed
r(x)-insensitive, that is, p(x41/r(x)) ~ p(x), and integrable at infinity,

/Omp(x)dx < oo, 9.5)

An increasing function s(x) is assumed to be of order o(1/r(x)). In view of
(9.1), the condition (9.3) is equivalent to

[s(x)]
m[ls(x)] (x)+ sz(x)r(x) =o(p(x)) asx— oo. (9.6)
We also assume that
1P (x)| < |/ (x)| forallx, |//(x)|=o0(r*(x)) asx — oo. 9.7

Compare the second part of this condition to or (3.3); it is valid for func-
tions r(x) like x B, x Plog®x with B € (0,1), log¥x/x with o > 0, and ex-
cludes the function r(x) = 1/x.

Define

Rx) = [ )y, x>0, ©.8)

R(x) = 0 for x < 0. Since xr(x) — oo, R(x) — oo as x — oo. The function R(x)
is concave because r(x) is decreasing. As shown in Section 1/r(x) is a
natural x-step responsible for the constant increase of the function R(x), see
(Z.11)-@2.12). Under the condition which in stronger than 2.7), we can
derive an asymptotic version of the inequalities (2.8) and (2.9) as follows: for
allh >0,

L B ; B /x+h/r(x) r/(y)
r(x)  r(e+h/r(x)) r(y)

dy = o(1/r(x)) asx— oo,
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which implies equivalence
r(x+h/r(x)) ~r(x) asx— co. 9.9)

Therefore, for any fixed h € R,

h
R(x—!—@) —R(x)+h+o(l) asx—s oo, 9.10)

Consider the following function

Ux) = / K0y, x>0, ©.11)
0

U(x) = 0 for x < 0. Note that the function U solves the equation U” — rU’ = 0.
The function U (x) is convex. Since

Ux) eR)
e g

and |/ (x)| = o(r*(x)) by (0.7), L'Hopital’s rule yields that

[
U ~— () — oo, 9.12
(%) ) e as x (9.12)
The condition (9-4) is aimed at functions r(x) of order o(1/,/x) where the
tail asymptotics of the invariant measure is determined by the functions r and
U which are defined via the asymptotic behaviour of the first two truncated
moments of jumps.

Theorem 9.1. Let {X,} be a positive recurrent Markov chain on R and let
7t(+) be its invariant probability measure. Let T have right unbounded support,
that is, (x,o) > 0 for all x.

Let the first two moments of jumps truncated at some increasing level s(x) =
o(1/r(x)) satisfy the conditions (9-1) and (9.3) where the functions r(x) and
p(x) satisfy (9.4) and (.7). Let the following integrability conditions hold

EU (x+&(x)) -

WU < o1
and, as x — oo,
P{IS(x)| > s(x)} = o(r(x) p(x)), (9.14)
E{U(E()); E() > 5(x)} = o(p(x)), 9.15)
supE{ & (05 [§(0)] < ()} <= 9.16)
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Then there exists a ¢ > 0 such that, for any fixed h > 0,

Rt ] ~ et = s
X, X+ ——| ~ c5———= asx—oo.
T r(x) r?(x)U (x)
In particular,
7T(x,00) S —
X,00) ~ as x — oo,
’ r?(x)U (x)

Notice that the condition excludes any function r(x) which decreases
like 1/4/x or slower. In case where the absolute value of the first moment
decreases slower than 1/4/x, the conclusion of Theorem fails, in general.
In this case the answer heavily depends on asymptotic properties of higher
moments of the chain jumps.

In order to present the tail asymptotics for the invariant measure in general
case we need the following set of conditions.

Fix some y € {2,3,4,...} and a decreasing integrable at infinity function
p(x) € CY"1(R*). Assume that there exists a decreasing function r(x) satisfy-
ing

r(x) = o(p(x)) asx— oo, 9.17)
and such that
[s(x)]
2
m[S]T](x) ~ —r(x) asx— oo,
my " (x)

We further assume that the following condition — which involves all truncated
moments of order up to Y — holds:

m&*(x)] (x)

i rj_l(x) =o(p(x)) asx—>oo. (9.18)

Y
m[ls(x)] (x) + Z
=

We also assume that the conditions and (9.7)) hold, and that, as x — oo,
K x)=o(px)), pP(x)=o(p(x)) foral2 <k <y—1. (9.19)

As follows from Lemma [2.30} the second relation can be always satisfied by
choosing a slower decreasing integrable function p(x).

Define R(x) as in (9.8)) and U (x) as in (9.11).

Theorem 9.2. Let {X,} be a positive recurrent Markov chain on R and n(-)
be its invariant probability measure. Let T have right unbounded support, that
is, TT(x,o0) > 0 for all x.

Let v € {2,3,...}. Let the first Y moments of jumps truncated at some in-
creasing level s(x) = o(1/r(x)) satisfy the conditions and with
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functions r(x) and p(x) satisfying O.17), 0.7) and (©19). Let the following

integrability conditions hold

EU (x+&(x))
and, as x — oo,
P{IE(x)| > s(x)} = o(r(x)p(x)), 9.21)
E{U(E(x)); E(x) > s(x) } = o(p(x)), (9.22)
supE{|E ()7 1€ ()] < s()} < e 9.23)

Then there exists a ¢ > 0 such that, for any fixed h > 0,

_eh
ﬂ(x,x-l—%} ~ cm as x — oo.

In particular,

7(x,00) ~ EIETIIE) as x — oo,

Let us demonstrate how the function r(x) may be constructed under some

regularity conditions. Assume that m[ls(x)] (x) possesses the following decom-

position with respect to some nonnegative decreasing function (x) € CY(R™):
-1
= i)+ Yt (x) +0(p(x)), ©24)
=2
and that, forall k =2,3,...,7,
50 ) — 3 g0
m ) = Y it (x) + ot ()p(x)), (9.25)
j=0
where the function #(x) satisfies the conditions (9.7) and (9:19) for r(x). Then

there exists—see Lemma [9.8] below—a solution to the equation (9:18) which
may be represented as

-1
r(x) = Z rit! (x), (9.26)
j=1
for some reals rq, ..., ry_1. The function r(x) satisfies the conditions @]) and

(9:19). In addition, since its derivative,

r(x) =1 (@) (1+0(t(x))) =1 (x)(1+0(1)),

is non-positive ultimately in x, we may redefine the function #(x) on a compact
set so that the function r(x) becomes decreasing.
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Theorems [0.1)and 0.2] give, at first glance, the same answer:

. (x ot h} etz

T PeUK)
The difference consists in the choice of the function r(x). In Theoremthis
function should satisfy (9.6), while in Theorem [0.2] we use (9.18) instead of
(©:6). In order to explain the difference between (9.18)) and (9.6) we consider
the case where the first moment behaves regularly at infinity. We first assume
that (©.6) holds with r(x) = x~P¢(x), B € (0,1). Due to the condition (0.4) we

may apply Theoremfor B > 1/2 only. In this case

/y dywilﬁﬁ() as x — oo,
1-p
Recalling that U (x) ~ @ER("), we then get
il "By 9.27
7(x,00) ~ c——exp< — as x — oo .
(x,00) e p{ /Oy (y)y} (9.27)
and, in particular,
1
1-B

If B < 1/2 then we have to use (9.18) with y = min{k € Z: kB > 1}. This
choice of ¥ follows from (9.17). In order to have a simpler representation for
the answer we assume that ([9.24) and (9.25) are valid with 7(x) = x P £(x). As
mentioned above, then

log 7 (x, <o) X 7Pe(x)  asx — oo, (9.28)

r(x) =x Pex) er Bl (x)
Consequently,
X Y "X . .
= / yPey)ydy+Y r; / y P ei(y)dy
0 = o
and
o By + Y s [y B 9.29
ﬂ(x,w)Ncmew —/Oy ») y+jf,2rj/0y (dy¢.  (9.29)

Taking the logarithm and comparing with (9.28)), we see that the logarithmic
asymptotics are the same for all 8 € (0, 1), however the exact asymptotics are
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different. If, for example, B € (1/3,1/2] and ¢(x) = 1 then we get from (9.29)
that

1
7(x,00) ~ cxPexp {l_ﬁxl_ﬁ + 1_"22[3)(1—23} .
For B > 1/2 we have only the first summand in the exponent. Finally, in the
borderline case 8 = 1/2 we have

1
7(x,00) ~ cxPT72 exp{— 1 Bxlﬁ},

which again differs from the case f > 1/2.
Lastly, let us discuss the case § = 1, so where r(x) = ¢(x)/x and £(x) — oo,
Let us consider a special case where ¢(x) = clogx, ¢ > 0. Then

R(x) = glogzx—i-cl +o(1);
c(log?x)/2

U(x) ~ czie

as x — oo,
logx

which, due to Theorem gives rise to the log-normal type of the tail be-
haviour of the invariant measure:

—c(log?x)/2

x
TT(x,00) ~ c3—e as x — oo,

logx

9.2 Lyapunov function and corresponding change of
measure

In this section we construct a Lyapunov function which will be used to derive
exact asymptotics in Theorems[9.1]and

Consider a function r,(x) := r(x) — p(x). We have 0 < r,(x) < r(x); this
function is decreasing because

rp(x) =7 (x) = p'(x) <0,

by the condition (9.7). Define R, (x) = U,(x) = 0 for x < 0 and, for x > 0,
Rox)i= [ )y 0 < Ry() < R,
Up(x) = /OxeRl’(y)dy, 0<Uy(x) <U(x).

Since the function r,(x) is decreasing, the function R),(x) is concave. Since

/0 r(y)dy =0 and Cp, := /O p(y)dy < e,
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we have that

R,(x) =R(x) —Cp+0(1) asx—co. (9.30)
Therefore,
Up(x) ~ e rU(x)  asx — oo, (9.31)
and, by (0.12),
1 1
U, (x) ~ —eR0=Cr fr) agx — oo, (9.32)
! r(x) rp(x)

Notice that the increments of the function U, obey the following useful up-
per bound, for all x, y > 0,

y
Up(x+y) —Uy(x) :/ R+ g,
0
< /yeR(erz)dZ
—Jo
Y
< ["fas = Kup),  039)
0

provided the function r(x) is decreasing, because then the function R is concave
as an integral of a decreasing function r.

Lemma 9.3. Under the conditions of Theorem[9.2} as x — oo,

[s(x)] (x)

EU(x+& () = Up(®) = —p(x)r)Up(x) (5= +0(1)). 934)

Proof. 'We start with the following decomposition:

=
Nay
(VA
—
=
Nay
A
|
o2}
—
=
Nay
—

BUp(x+&(x)) — Up(x) = E{Up(x+ & (x)) — Up(
+E{Up(x+&(x)) — Up(x);
+E{U,(x+&(x)) —Up(x); E(x) > s(x)}.  (9.35)

=

)=
) —

Since the function U, (x) increases, the first term on the right hand side may be
bounded as follows:

|E{U,(x+&(x)) = Up(x); &(x) < —s(x)}| < Up(x)P{&(x) < —s(x)}
=o(p(x)r(x))Upy(x), (9.36)

due to the condition (9.21)). To estimate the second term on the right hand side
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of (9:33)), we make use of Taylor’s expansion:

E{Up(x+&(x)) = Up(x); 1E(x)] < s(x)}

Y k) (g (r+1) .
= Z Upk'( )ml[(S(X)]<x)+E{ UIJ (}E+_|_1)9'5( ))éﬁl(x); |€(x)| SS(X)}7

= (9.37)

where 0 < 6 = 0(x,£(x)) < 1. By the construction of U,

U/

) =0 U ) = ()t = (r(x) — p(x)efr, (9.38)

P
and, fork=3, ..., y+1,
Ulgk)(x) _ (eRp(x>)(k*1) _ (r;fl(x) +0(p(x)))eRp(x) as x — oo,

where the remainder terms in the parentheses on the right are of order o(p(x))
by the conditions and (9.19). By the definition of r,(x), for k > 3,

ry () = (r(x) = ()" = @) +o(p(x),
which implies the relation
U,5k> (x) = (rk*1 (x) +o(p(x)))eRP<x) as x — oo, (9.39)

It follows from the equalities (9.38) and (9:39) that

v U(k) X o
k; pk!( )m][( @) ()
Yokl ol [s(x)]
1)) (Z ky(X) ml[c( )l (x)+o(p(x)) — p(x) ) 5 (x>>
k=1 :

e
= (alpt) =0 ™25 ).

by the conditions (9:18)). Hence, the equivalence (9.32) yields
7 U ) mE™) (x)
¥ 2 W) = )0 "2 P, (1) ) )V )
“ (9.40)

Owing to the condition (9.19) for y > 3 and (9.7) for y = 2 on the derivatives
of r(x) and the condition (9:17),

U () = (77 (x) + o(p(x)))eFr®
o(p(x))eRr™ = o(p(x)r(x))Up(x).

I
SN—"
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Then, due to (9:9), ©.10) and (9:12)), the last term in (9.37) possesses the fol-

lowing bound:

+1
‘E{U;(ﬁ’ zﬁiéunéw(@; £l <50}
< o(p(x)r(x))Up(x)) E{IE @)™ 1E ()] < s(x)}
= 0o(p(x)r(x))Up(x),
by the condition (9.23). Therefore, it follows from and (9.40) that

E{Up(x+&(x)) = Up(x); | ()] < s(x)}
[s(x)]

= )" D0+ U ). ©41

Finally, the last term in (9.33) is of order o(p(x)r(x))U,(x) due to the upper
bound (9:33), the equivalence (9.32)) and the condition (9:22). Substituting this
together with (9.36) and (9.41) into (9.33)), we arrive at the lemma conclusion.

O

Corollary 9.4. Let the conditions of Theorem[9.2 hold true. Then there exists
an X such that the mean drift of the function U, (x) is sandwiched as follows

—bp(x)r(x)Upy(x) < EUp(x+&(x))—Up(x) < 0 forallx>X.

9.3 Proof of Theorem

Let us define a new transition kernel via the following change of measure

Up()’)
Up(x)

where B = (—o0,x], X is defined in Corollary[9.4} and

Q(x,dy) = IPX{XI €dy, 8 > 1}3 (9.42)

T :=min{n > 1:X, € B}.

It follows from the upper bound in Corollary [9.4] that

_E{U,6+EW) > 1} _ BU 4 EW)
Up(x) N Up(x) N

Q(x,R)

for all x > . In other words, Q is a substochastic kernel on (X, e). Furthermore,
combining the lower bound in Corollary [9.4] with the estimate — due to (9-21))

E{Up(x+&(x));t8 =1} SUp(X)P{x+ & (x) <x} = o(p(x)r(x)),
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we obtain that

q(x) := —log O(x,R) = O(p(x)r(x)). (9.43)
Let us consider the following normalised kernel
D Q(x7 dy)
P(x,dy) =
W)= o0 R)

and let {X,,} denote the corresponding Markov chain; let E (x) be its jump from
the state x. Consequently, performing the inverse change of measure we arrive
at the following basic equality, see (7.8)):

Up(x)

- ~YioaX). ¥
P{X, € dy, 15 > n} U,0) E{e ; Xy € dy}. (9.44)
Lemma 9.5. Under the conditions of Theorem[9.2] as x — oo,
EAE(: [E(0] < ()} ~ or(). ©045)
E{(E())%: [E()| < s()} = b, (9.46)
P{IE () > s(x)} = o(p(x)r(x)). (9.47)

Moreover, there exists a sufficiently large X such that
—~ ~ b N
E{&(x); E(x) <s(x)} > Zr(x) forall x > X. (9.48)

Proof. We apply Lemma so we need to check its conditions. The con-

ditions and (7.13) are met due to the conditions (9.1) and (9.3). The
condition is met because of (9.21)). Further, it follows from (9.30) and

(9:32) that

U[’,(x) _ oRp(®) . eR)=Cp )
Up(x)  Up(x) _L_oR(x)=Cp ’

1
r(x)

So, the function U, satisfies the condition with ¢y = 1. Also U,, satisfies
(7.15) for any s(x) = o(1/r(x)) because

Uprty) _ ef0) | k)—r) _ P r0d: _ ,006Wr) _ o)

= ~ € = e'x = =

Ux) R

as x — oo uniformly for all [y| < s(x), and, by (9:32),

Uplx+y)  r0) e kv
Up(x) r(x+y) eR0

Finally, U, satisfies by Corollary 0.4 So, all conditions of Lemma

are met and (9.43)—(9.48) follow. 0O

— 1.
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Owing to (948), the chain {X, } satisfies the condition @13) in Theorem
with ¥(x) = br(x) /4, hence we conclude that, for T'(+) = min{n > 1: X, > t},

E,T(t) = E,L(X,T(r)) <o forallt>y.
Thus, for any initial state X = ¥,

IP’{lim sup)?,, = oo} =1.

n—yo0

In its turn, then it follows from Theoremmmat X, — oo with probability 1.

Further, v(x) introduced above satisfies the condition #.24) due to (9.9).
Therefore, Theorem is applicable to the chain {)?n}, and there exists a
¢ < oo such that

Ay (ext 1/r(0)] = ¥ Py, € (ot 1/r(x)]}
n=0
< % for all x,y > 0. (9.49)

Having this estimate we now prove the following result.
Lemma 9.6. Under the conditions of Theorem|[9.2]

h(z) := lim Ezef):zzoq(?") >0, z>X

n—eo

Moreover, h(z) — 1 as z — oo.

Proof. The existence of /(z) as a limit is immediate from the monotonicity
of the sequence e~ Tiz09Xt) jn p. By the convexity of the function e™*, to show
positivity it suffices to prove that

E. Y g(Xy) <e, z>X. (9.50)
k=0

Note that
EZqu /q . (dy) <c/p (y)H.(dy),

because g(y) = O(p(y)r(y)), see (9.43). But it has been already shown in the
proof of Lemma [4.1] that the last integral is finite under (9.49), thus the first
statement of the lemma is proven.

To prove the second claim we notice that it follows from Theorem@that,
for every fixed N > 0,

P.{X, >N foralln>1} —1 asz— oo,
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hence

H,(N) =0 asz—s oo
Then, for any fixed N,
imE, Y q(X;) < sup / q(y)H(dy).
e 120 >3 JIN

According to (#.6),
lim suE/N q(y)H.(dy) = 0.

N—peo >x

Therefore, we infer that

—ro0

limE, Y ¢(X;) =0.
k=0

From this relation and Jensen inequality we finally conclude lim,_,c A(z)

o

1.
Consider the following weighted renewal measure on (X, )
A (dx) = i E.{e T0d®); %, € dx}, (9.51)
j=0
and its finite time horizon version,
A9 (dx) = Z E.{e” Eio4(%e). X; € dx}. (9.52)

j=0

Corollary 9.7. Under the conditions of Theorem for every fixed z > X and
h>0,

a9 (x,x—ki} Nh(z)ﬁz(x,x+ %} ~ h(z)ZL as x — oo,

r(x) r?(x)
Proof. 1t follows from Lemma which applies to {)?n} due to Theorem
B.16land Lemmas[9.5] and O

We again use the representation (7.47) applied to the test function U, which
reads

x+h/r(x) ﬁ(q) (dy)
w(x,x+h/r(x :c*/ —_—
( /r(x)] i 0,0

where H@ is defined in (743), with initial distribution (7.44). We proceed
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with splitting the interval (x,x+ h/r(x)) into small equal subintervals. So, let
us fix a large m € Z* and consider points
k—1 h

Xe(m) =x+——

—, ke{l,2,... 1}.
m r(x)a E{ 9%y 7m+ }

Then

Up(y) k=1 Xk (m) Up(y)

Since the function U, (y) is increasing, we have the following lower and upper
bounds

HD (x(m), xi.1 (m)] () 6 (dy)  HW (x(m), x50 (m)]
Up (karl (m)) = /xk(m) Up (y) = Up (xk (m)) '

For every fixed m, it follows from Corollary |Z7| that, as x — oo,

/x+h/r(x) A (dy) i /’xk+1(m) A (dy)

~

A (x.(m) x5 (m)] ~ H (x.(m), 2051 (m / h(2)P{Xy € dz}
Jph(2)Up(2)u(dz)
JpUp(2)u(dz)

where the measure Jt is defined in (7.43). In its turn, Theorem [5.16] yields the
following asymptotics

. h

= ﬁ(xk(m),xk+1(m)]

H(Q) ~NC————— oo
(Xk(m),Xk+1(m)} cmr2(xk(m)) as x — oo,
because
h h
St ) =X =6 )
where
_ Jsh(@)Up()u(dz)
JpUp(2)pu(dz)
This implies the following asymptotic upper bound
x+h/r(x) fj(@) (dy) s
————= < (c+of .
/x Up(y) ; DY, (xk(m))

Substituting the asymptotic relation (9:32) for U,, we arrive at the following
upper bound:

/x+h/r(x) ﬁ(q) (dy)
x Up(y)

m - o—R(x(m))
< (c+o(1) ﬁzi as x — oo,
mi=r

x(m
(xk(m))
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Letting m — oo we approximate the sum on the right multiplied by #/m by the

integral
xX+h/r(x h/rx
) [ dy~ [T e
- R(x+y/r(x)) 4
r(x)/o ¢ dy
1k / " gy L R
r(x)e A e Vdy= o e

as x — oo, where we make use of (9.10). In this way the upper bound of Theo-
rem[9.2]is done.

The corresponding lower bound may be derived in the same way and the
proof of Theorem[9.2]is complete.

9.4 Sufficient condition for existence of r(x) satisfying (9.18)

Lemma 9.8. Ler y € {2,3,...}. Assume that m[ls<x)] (x) possesses the following

decomposition with respect to some nonnegative decreasing function t(x) €
CY(R™) satisfying the conditions (9.7) and (9.19) on r(x):

1= ,
mi () = —1(x)+ ¥ a1t/ (x) +o(p(x)). 9.53)
j=2
and that, for every k =2,3,...,7,
Z%M ot *(x)p()). (9:54)

Then there exists a solution to the equation (9.18)) which possesses the follow-
ing decomposition:

-1
=Y rit!(x), (9.55)
Jj=1

for some reals ry, ..., ry_1.

Proof. Ttis sufficient to find r(x) satisfying the equality

m @)+ Y =l () = o(p(), 9.56)
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In order to find the coefficients r;, let us substitute (9.53), (©.54) and (9.53)
into (9:36). Then we arrive at the following equality:

(—t(x) +j¥;a1,jtj(x)> +jéj1' <§aj,kfk(x)> <ZZi rkfk(x)>j1 =o(p(x)).

The coefficient of ¢ equals to —1 +rjaz /2, which implies
ri=2/asp.
The coefficient of 12 equalstoay»+ %(a2,0r2 +ap )+ %ag’or%, which implies

2611,2 +az1r —|—a370r%/3

ry =
a0

All further coefficients may be evaluated in recursive way. O

9.5 Local asymptotics of stationary probabilities

Similarly to the case of m(x) ~ —p/x, in this section we derive sharp local
asymptotics for stationary measure 7 of a recurrent irreducible Markov chain
with asymptotically zero drift of order r(x), xr(x) — co. Following Section[6.3]
we assume that the jumps & (x) converge weakly to some random variable &
on R, that is, the condition (6.52) holds.

Theorem 9.9. Let {X, } be a positive recurrent Markov chain on R and 7t(-) be
its invariant probabilistic measure. Let © have right unbounded support, that
is, (x,00) > 0 for all x.

Let y € {2,3,...}. Let the first Y moments of jumps truncated at some in-
creasing level s(x) = o(1/r(x)) satisfy the conditions (9.1) and ©I8)) with
functions r(x) and p(x) satisfying @.17), (0.7) and (©19). Let the following

integrability conditions hold

EU(x+&(x))
WU ©-7
and, as x — oo,
P{I&(x)| > s(x)} = o(r(x)p(x)), (9.58)
E{U(§(x)); &(x) > s(x)} = o(p(x)), (9.59)
sng{lé(x)lV“: E()] < s(x)} <ee. (9.60)
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Furthermore we assume convergence &(x) = & and that EE = 0 and EE? = b.
In addition, let

—E <4 ExX) <y E, forallx, (9.61)
where E2 < o0 and EU(E.)E3 < oo. Then, in the lattice case,
(x) ~ce 00 g x oo,
for some ¢ > 0. In the non-lattice case, for any h > 0,
T(x,x+h] ~ che 07O g5 x —5 oo, (9.62)

Corollary 9.10. Let, in addition, r(x) = y/xP where B € (1/2,1) and y > 0.
Then, in the lattice case,
_ Y ,1-B
n(x) ~ce TB* as x — oo,
which agrees with the global asymptotics given in @ In the non-lattice
case,
Y A
w(x,x+hl=e TP as x — oo.
Proof of Theorem[9.9} It is very similar to that of Theorem[8.14] Particularly,
as it is shown there,

~

w(x,x+h] ~ c*w as x — oo,
Up(x)

The Markov chain {X,} satisfies all the conditions of Corollary |6.14| with
(x) = r(x)b/2 and b = b. Indeed, the drift conditions and (6.9) are checked in
Lemma and (6.1)) right after that. The weak convergence (6.52) for E(x),
that is E (x) = &, follows from that for the original jumps & (x) because U, (x+
¥)/Up(x) = 1 asx — oo, for any fixed y € R. Finally, the majorisation condition
(6:33) holds with a square integrable majorant, since it follows from (9.43),
(9:42)), and (0.33)) that, for all sufficiently large x,

PIE() > y) = L2
B(U,(x+ () £0) > )
Up(x)

<2P{E(x) >y} +2€F

<2

wE{UEW)); E(x) >y}
Up(x)
<2P{E(x) >y} + a1 E{U(E+); E4 >y},

owing to (9.32) and (9.61). Therefore, due to the condition EU(Z4)E2 < oo,
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there exists a random variable &, such that &(x) <, Z, and E@i < oo In
addition,

PIE() < ) = ==Y

<L BUp(r+8()); S(x) < —y}
- Up(x)

<2P{E(x) < —y} < 2P{E_ >y},

which implies that E (x) >y —E_ where EE? < oo due to the condition EE2 <
oo, and the proof of existence of a square integrable majorant for the family of
&(x) is complete.
Hence, by Corollary and Lemma applied to the Markov chain {)?n},
we deduce that
~ h 2h
HY (x,x+h)] ~ cq@ ~ cqm as x — oo,

which concludes the proof because U, (x) ~ c3U (x) as x — oo, see (0.31). [

9.6 Pre-stationary distributions

In this section we assume that the distribution of X,, converges to 7 in the total

variation distance, see (8.60).

Theorem 9.11. Assume that all the conditions of Theorem [9.2] are valid. If
r(x) is a regularly varying at infinity with index —3 € [—1,0] and satisfying
¥ (x) = O(r(x)/x), then, for any fixed h > 0,

P{X, € (x,x+h/r(x)]} cp( n—V(x)

7 (e, x+ h/r()] e

+o(1)

as x — oo uniformly for all n, where the function V (x) is given by

-1
x [ Y m[S(y)] )
Vix)= / kirk71 dv.
©W= (,;(k—z)!k O) ) dy
Proof.  Splitting all the paths according to the time of the last visit of {X,} to
B = (—o0,x], see (T.48)), we get, for x > X,

P{X, € (x,x+h/r(x)]}

n o i) [ Ped . e Tioa) h
= X, i€dz / P(z,du)U,(u {,\;x<X<_ <x+},
;A; i€} [ Plad Uy s v <t

(9.63)
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where g(x) > 0 and {X,} are defined in (7.9) and (7.10) respectively.

Fix a sequence N, — o of order o(1/r?(x)). Then, since ¢ > 0 and U, is
increasing,

Jj=n— NX+1

= o(l/rz(x)Up(x)), (9.64)

where the second bound follows from the condition (9.20). Furthermore, the
distribution of X,_; converges in total variation to 7 uniformly for all j <
n— Ny, see (8:60). Therefore,

2

n— NX e TicodX) h
/IP’{X" Jedz}/ P(z,du)Uy,(u)E, {A; x<Xj1§x+}
Uy(X; 1) r(x)
n— Na ZA oq(Xk) . h
/ n(dz) / P(z,du)U,(u)E, { — x<X,-1§x+}.
U, (Xj 1) ’ r(x)

(9.65)

Similarly to (9.64),

-2 %
zn: /n(dz) /.mP(z duw)U,(u)E M' x<)?-_1<x+i
- y P u U 5 j—1> r(x)

j=n—Ny+17/B p(Xjfl)

= o(1/r*(0)Uy(x)).  (9.66)
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Combining (9.63)—(9.66), we obtain

P{X, € (x,x+h/r(x)]}

= Z/ 7(dz) / P(z,du)U, { Uj&;jq(i) x<)?j]§x—|—r(hx)}
+o(1/r* (x)Up(x))
—/ dz/ (z,du)Up(u)

n x+h/r(x) Zk 0‘]()?) - 5
y [ E{ S edy}+o<1/r (WU, ()

j=17% Up()’)
oo x+h/r(x) G9)
- [ty [T B o120, ) .67

as x — oo, where
w(du) = /B 7(d2)P(z, du)

is a measure on (X,0), see (7.43)), and
n ~
HLEqn)(A) = Z]E { ):k oq(Xk> X1 EA}
=1
is a measure on (X, o°) too.
Lemma 9.12. Under the conditions of Theorem[9.11]

A (e, x+ h/r(x)] = h(2) o (x,x+ 1/ r(x)] + 0(1 /72 (x))
_ h n—V(x) 1
_h(z)rz(x)q)( p B _x ) +0(r2(x)>

1438 3 (x)

as x — oo uniformly for all n, where ® is the standard normal distribution
function.

Proof. 'We want to apply Lemma and Theorem to {5(\,,} keeping in
mind Lemma(9.6)
In order to apply Theorem [5.18| we need to identify a regularly varying de-
creasing function v(x) such that v/(x) = O(v(x)/x) and
i) = E{E): W] < s()} = v(x)+o(VV()/x).  (968)
By the definition of 5 (x),

509 () — E{Up(x+&(x))&(x); 1€ ()] < s(x)}
O(x, RT)Up(x) '

(9.69)
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By Taylor’s expansion,
E{Up(x+6(x))S (x); [S(x)| < s(x)}
-3Y kl“”[(Wm+EC4W?;““”a“@x&un<«m}
It is clear that the assumption (9.23) implies boundedness of functions m,[:(xﬂ (%)
for all k < y+ 1. From this fact and from (9:38) and (9:39) we infer that
E{Up(x+E&(x)E(x): 1§ (x) < s(x)}
— U, (ol x i ! )]( )

S
k=2
+0pw<>><>+ow%»wu>

By (@:17),
E{Up(x+&(x))&(x);1& (x)] <s(x)}

[s(2)] )
= Up(x)m;" (x) + U, (x) Z (Ilz—l)! 72 (x) + 0(p(x))Up (x).

k=2

Substituting this relation into (9.69) and using Q(x,R") = 1+ O(r(x)p(x)),
which is immediate from (9.43), we conclude that

(x A G e
iy ) = mi ) + rp(zl))z(f )<x> L 1() L0+ 0(p). 070
=2 :

Recalling that U, (x) = e®r™) and using 1, (x) = O(rp(x)/x) we get
M)

(U =,V () = =1 (x)Up(x) = O
Since r,(x)U,(x) ~ efr(¥) we have

X eRP(y)

dy for some c| < oo.

Uy = U] < e [

The derivative of U,(x)/x is asymptotically equivalent to eR»(¥) /x because
r(x)x — oo. Therefore, by L’Hopital’s rule,

U, (x) = rp(0)Up(x)| = O(Up(x)/x),

or, in other words,

=14+ 0(1/xr(x)).
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Plugging this into (9.70), we obtain

m,[{s(x)] (x)

ORI UE)

Y
I?l[ls(x”(x) _ m[IS(X)](x)+Z
k=2
According to (9:18),

v 0l
b ) =~y kT“rH(x) +o(p(x)).
k=2 ’

As a result we have the following asymptotic expansion for the expectation of
the truncation at levels +s(x) of jumps for the chain {X,}

v s
S[s@] oy me T (x) gy
my o (x) = Z (k—2)!kr (x)+0(1/x).
Now it is clear that (9.68) is valid with

Y m’[:(x)] (x) rk—l
v(x) = Z m (x),

k=2

because, for some ¢; > 0,

x/v(x)/x = /v(x)x > eay/r(x)x = oo asx — oo,

and so
1/x = o(y/v(x)/x) asx—oo.
The function v(x) is regularly varying at infinity since

v(x) ) (x)
w2

)

NS

and the proof follows. O

Since U, is increasing, we deduce the following lower and upper bounds

9.71)

B (exvh/rx)] i) B (dz) _ HY (xx b/ r(x)]
Uy + hfr(x)) < U, = U

For any fixed u > X, due to Lemma[9.12}

() rolaw) o™

14+3B r3(x)

115”,2 (x,er %x)} = h(u)
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as y — oo uniformly for all . In addition, due to g > 0,

supﬁ,ﬁff,f (x,x—|— %} < SLIpiIP’u{?/(\jfl € (x,x-l— r(hix)}}

u>x u>x j=1

<e/ri(x) 9.73)

for all x and n, for some ¢ < o as follows from (9.49).
From the estimate (9.72) and the equivalence U, (x+h/r(x)) ~ "U, (x)—as
follows from (9.10)—we infer from (9.71) that, for any fixed u > X,

x+h/r(x) Azgf]rg (dZ)

n—V(x)
Up(x)rz(x)/x AR < h(u)h@(m> +o(1)

and
x+h/r(x) 7j(a) _
Uy ()P (x) / Hun(d2) e hao (=YY 4oy,
X Up(Z) b I+ x
1+3B 3 (x)

Splitting the interval (x,x+ h/r(x)] into smaller intervals as it has been done
in Theorem[9.2] we can justify the following asymptotics

X+h/r(x) 7y(q) _
Up(x)rz(x)/ Hun(dz) h(u)(1— e _n=V) +o(1)
x U, (2) b11+3lz$ 3);)
+3p r(x

as x — oo uniformly for all n.
Similarly, it follows from that

x+h/r(x) g9
sup s (dz) < 3 e .
u>%Jx Up(z) r>(x)Up(x)
In addition,
o= [ nwU,wp(dw)
X
— [ 7taz) [ bV, P (zdu) < o,
B X
as follows from the condition (9.13). Hence the dominated convergence theo-
rem is applicable to (9.67), so plugging (9.74) into (9.67), we obtain
1—eh cp( n—V(x)

2 (x)Up(x) b%%@) +0<r2(x)Up(x)>

P{X, € (x,x+h/r(x)]} =¢

as x — oo uniformly for all n and the proof is complete. O
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9.7 Comments to Chapter 9]

Markov chains with drift satisfying xm;(x) — e were considered by Men-
shikov and Popov in [122] along with drift of order 1/x. They have derived
rough asymptotics for {7(x),x € Z" } for countable Markov chains with asymp-
totically zero drift and with bounded jumps. Some rough theorems for the local
probabilities 7(x) were proven; if
2mi(x)/my(x) ~ —0/xB  asx— oo,

then for every € > 0 there exist constants c_ =c_(g) >0and c; =c1(€) <
such that

P e PR O R L

The same bounds were obtained by Aspandiiarov and ITasnogorodski in [9].

The paper [107] by Korshunov is devoted to the existence and non-existence
of moments of invariant distribution. In particular, it was proven there that if
my (x) ~ —p/xP and b(x) — b hold and the families of random variables

{e%1°g2(1+5+(">>(§+(x))2, x>0} forsomey>0

and {(£~(x))?,x > 0} are uniformly integrable, then, for X, having invariant
distribution 7,

o Ee™ " < oofor y<2u/(1—PB)b;
. Ee”X(;iB = oo if 7 has unbounded support and y > 2u /(1 — f3)b.

This result implies that for every € > O there exists a c¢(€) such that
7(x,00) < c(g)e”H/(1=Bo—elx P (9.75)

In that paper there is also some analysis for y =2u /(1 — 3)b.
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Markov chains with asymptotically non-zero
drift in Cramér’s case

In this chapter we consider Markov chains with asymptotically constant (non-
zero) drift. As shown in the previous chapter, the slower m (x) tends to zero the
higher moments should behave regularly at infinity in order to make it possible
to describe the asymptotic tail betaviour of the invariant measure. Therefore, it
is not surprising that in the case of asymptoticaly negative drift bounded away
from zero we will assume that the distribution of jumps & (x) converges weakly
as x tends to infinity. This corresponds, roughly speaking, to the assumption
that all moments are regularly behaving at infinity. In this chapter we slightly
extend the notion of an asymptotically homogeneous Markov chain by allow-
ing extended limiting random variable.

Definition 10.1. We say that {X,,} is asymptotically homogeneous in space if
S(x) =& asx—eo, (10.1)
where & is an extended random variable taking values in RU {—co}.

The class of asymptotically homogeneous chains is larger than the class of
additive Markov chains, which has been introduced by Aldous [4]], where & (x)
is assumed convergent in the total variation norm.

The simplest and one of the most important examples of asymptotically ho-
mogeneous Markov chains is a random walk with delay at zero (Lindley recur-
sion):

W1 = Wa+&pi1), n>0, (10.2)

where {&,} are independent copies of £. In this example we observe conver-
gence in total variation. The process {W,} describes the waiting time process
in a single-server queue which is a basic model in queueing theory.

Another popular class of models closely related to asymptotically homoge-
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10.1 Local renewal theorem 307
neous chains is originated from stochastic recursions
Ry, =AuRy—1+ By, n >0,

where {(A,,B,)} are independent identically distributed random vectors in
R™ x R. The sequence R, does not satisfy (T0.1]), but some function of it is an
asymptotically homogeneous Markov chain, for details see Goldie [[73, Section

2] or Section below.

10.1 Local renewal theorem

In this section we assume that (I0.1) holds and that the mean of the limiting
variable & is positive. Our aim is to study the asymptotic behaviour of the
renewal measure

H(B) == ¥ P{X, € B).
n=0

In contrast to the case of asymptotically zero drift, one can derive a renewal
theorem for an asymptotically homogeneous chain {X,} without use of limit
theorems for X,,. Instead, we apply some ideas of the operator approach pro-
posed by Feller [63]].

Theorem 10.2. Ler &(x) = & as x — o and EE > 0. Let the family of random
variables {|§ (x)|, x € R} admit an integrable majorant E, that is, EE < o and

|E(x)| < & forallx eR. (10.3)

Assume that X,, — oo with probability 1 as n — o and, moreover, its renewal
measure satisfies

supH (x,x+ 1] < eo. (10.4)
xeR
If the limiting random variable & is non-lattice, then H(x,x+h] — h/E& as
x — oo, for all fixed h > 0.

If the chain {X,} is integer-valued and 7. is the minimal lattice for the vari-
able &, then H{n} — 1/E& asn — co.

The condition EE > 0 excludes possibility of an atom of £ at point —eo,
The condition and the dominated convergence theorem imply |&| < E,
E|é| < o and E&(x) — E& as x — oo; in particular, the chain {X,} has an
asymptotically space-homogeneous drift.



308 Chains with asymptotically non-zero drift

Proof.  First of all, the condition allows us to apply Helly’s Selection
Theorem to the family of measures {H(x+-), x € R*} (see, for example,
Theorem 2 in [63, Section VIIIL.6]). Hence, there exists a sequence of points
tn — oo such that the sequence of measures H (z, +-) converges weakly to some
measure A as n — o. The following result characterises A, it follows from

Lemma with v(x) = 1.

Lemma 10.3. Let F denote the distribution of &. A weak limit A of the se-
quence of measures H(t, + -) satisfies the identity A = A % F.

In the sequel the following auxiliary result is useful.

Lemma 10.4. Let A, be a sequence of measures on R weakly convergent to
an absolutely continuous o-finite measure A. Let F, : R — R be a sequence
of increasing functions weakly convergent to an increasing function F (that is,
F,(n) is convergent at all points of continuity of F(x)). Then, for any A > 0,

A A
/0 Fo(x) A (dx) — /0 F()A(dx) asn—s oo.
Proof.  Firstly, by Fubini’s theorem, as n — oo,
A A X
| B0 = F) (=)0 = [ (ha=2)(a) [ Fulaw)
A
= [ =) wAIF () = 0

because A,(u,A] — A(u,A] as n — oo uniformly for all u € [0,A], due to the
weak convergence A,, = A and the absolute continuity of the measure A. There-
fore,

/OAF,,(x)(l,, —A)(dx) =0 asn— o,

Secondly,

A A
/0 Fy(0)A(dx) — /O FOOA(dx) asn — oo,

by the dominated convergence theorem, because F,(x) — F(x) almost every-
where due to the weak convergence of F,, and monotonicity of Fy,(x) and F (x).
Altogether implies the desired convergence of integrals. O

The concluding part of the proof of Theorem will be carried out for the
non-lattice case. Choose any sequence of points #, — oo such that the measure
H(t, + ) converges weakly to some measure A as n — oo. It follows from
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Lemma|10.3|and Proposition that then A (dx) = o - dx with some @, i.e.,
H(ty +dx) = a.-dx asn — oo.

Now it suffices to prove that @ = 1/E& for any sequence #, such that the
measure H (¢, + -) is weakly convergent. Fix some k € N. Put

9() = Y P{X € }
=k

k—1
— Z P{Xj S }
=0

Then, due to the weak convergence P{X; € 1, +-} = 0 for all j,
HY (1, +dx) = a-dx asn — oo (10.5)

Consider the measure H) — H (k“); by the definition of the renewal measure
it equals the distribution of X, that is, for any bounded Borel set B, H (k) (B) —
H*+1)(B) = P{X; € B} (the equality may fail for unbounded sets, say, for
(x,0]). In particular,

(H® — H* DY (0,x] = P{X; € (0,x]} — P{X; > 0} asx — oo.

(10.6)
On the other hand,
(H(k) H k+l))(0 x]
= [ =P (0. H (@)
/ P(y,(0,x])H dy+/Py, —o0,01)H ™ (dy)
+/ P(y, (x,00))H®) (dy) / P(y,(0,x))H® (dy).  (10.7)

By Lemma [10.4] the asymptotic homogeneity of the chain and weak conver-
gence (10.3) imply the following convergences of the integrals, for any fixed
A>0:

tn A
/ P(y, (ta,0))H®) (dy) — o / P{E > z}dz (10.8)
th—A 0

as n — oo, and

th+A A
/ P(y, (0,1,))H") (dy) — a /0 P{E < —z}dz. (10.9)
tn
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The majorisation condition (T0.3) allows us to estimate the tails of the inte-
grals:

n—A oo
/ot P(y, (tn,0)) H® (dy) < — / P{E > z}H (t, —dz) (10.10)
A
and
| Po0a) @) < [TPE=BH@+d). (01
A A

Since the majorant Z is integrable, the condition (T0.4) guarantees that the right
hand sides of the inequalities (T0.10) and (T0.11]) can be made as small as we
please by the choice of a sufficiently large A. For these reasons we conclude

from (T0.7)—(10.9) that

(HY D)0,
o [ PO @)+ [P0 (om0 )

+oc/0mIE”{§ >z}dz—a/0wIP’{€ < —z}dz asn—co.

Together with (T0.6) it implies the following equality, for any fixed k:
0 oo
P >0} = [ PO (0.)HOdy) + [P (o, 0)HY) (dy) + oEE.
- (10.12)

Now let k — oo, then both integrals go to zero. For example, the first integral
can be estimated as follows, for all A > 0:

[ PO < [ Bz > i)+ B (-A.0]

Here, for any fixed A, H®)(—A,0] — 0 as k — oo, due to (T0.4). Therefore,
(T0.6) and (10.12) imply that 1 = oE€ and the proof is complete. O

In the next theorem we provide some simple conditions sufficient for the
condition (T0.4), that is, for local compactness of the renewal measure. Denote
aANb=min{a,b}.

Theorem 10.5. Suppose that there exist A > 0 and € > 0 such that
E(E(x)NA) > € forallxeR. (10.13)
In addition, let
P{X, >xforalln>1|Xo=x} >8>0 forallxeR. (10.14)

Then H(x,x+h] < (A+h)/€8 for all x € R and h > 0; in particular, (10.4)
holds.
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Proof. By the Markov property, it suffices to show that
Hy(x,x+h] < (A+h)/ed (10.15)
for all y € (x,x+ h]. Given Xy € (x,x+ h], consider a stopping time
T(x+h)=min{n>1:X,>x+h}.
Since X7 () A (x+h+A) — Xo < A+ h with probability 1,
A+h > E(Xp(p A(x+h+A) —Xo)

=Y E([X,A(x+h+A) =Xy 1 A(x+h+A){T (x+h) >n}).
n=1
Hence, the definition of 7' (x + &) implies

A+h> Y E{X,A(x+h+A) =X, | A(x+h+A):; T(x+h) >n}

n=1

=) E{X,AN(x+h+A)—X,—1 | T(x+h) >n}P{T (x+h) > n}.
1

n

The Markov property and condition (I0.13) yield
E{Xy A (x+h+A)— X1 | T(x+h) >n} >E(E(X,—1) NA) > €

for all n. Therefore,

A+h>eY P{T(x+h)>n}=eET(x+h).
n=1
So, the expected number of visits to the interval (x,x + A] till the first exit
from (—eo,x+ h] does not exceed (A + h) /¢, independently of the initial state
Xo € (x,x+ h]. By the condition (T0.14), after exiting (—eo,x + &] the chain is
above the level Xr(x+ h) forever with probability at least §; in particular, it
does not visit the interval (x,x+ /] any more. With probability at most 1 — & the
chain visits this interval again, and so on. Concluding, we get that the expected
number of visits to the interval (x,x + /] cannot exceed the value of

A+h & A+h
Atn (1-8)" = i7
= €0
and (T0.T3) is proven. The proof of Theorem[T0.5]is complete. O

Corollary 10.6. Let the family of jumps {&(x),x € R} possess an integrable
minorant with a positive mean, that is, there exists a random variable { such
that E¢ > 0 and & (x) > § for all x € R. Then

H(x,x+h < (A+h)A/e
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for all A > 0 such that e =E({ AA) > 0; in particular, (10.4) holds.

Proof. Consider the partial sums Z, = {1 + ...+ §, of independent copies of
. Denote the first ascending ladder epoch by 1 = min{n >1:Z, > 0}. It is
well known (see, for example, Theorem 2.3(c) in [8, Chapter VIII] that

P{Z, >0foralln>1} =1/En.
Since
P{X, >xforalln>1|Xo=x} >P{Z, >0foralln>1}

by the minorisation condition, the § in Theorem is at least 1/En. Since
Zam, <Awhere Zy := G ANA+---+ G AAand Ny :=min{n > 1:Z, , > 0},
we get Eny < A/e by Wald’s equality EZ;, = EnaE{; AA. Then it follows
from 1 < n4 that En < A/e, which yields 6 > /A and the corollary conclu-
sion follows. O

10.2 Large deviation principle for stationary distribution

We now turn to the asymptotic behaviour of the stationary distribution of an
asymptotically homogeneous chain, that is, we assume that holds with
an extended limiting variable &. We shall also assume that the limiting variable
& satisfies Cramér’s condition:

there exists a § > 0 such that EePS =1. (10.16)

As is well-known, the stationary measure of the random walk {W,} de-
layed at the origin—defined in (10.2), say my, coincides with the distribution
of sup,~oY¢_; & where &’s are independent copies of &. Then, due to the
classical Cramér—Lundberg approximation, for some ¢ > 0,

X

Ty (x,00) ~ ce P¥  as x — oo, (10.17)

under the additional assumption E& ePS < oo, in the non-lattice case; in the lat-
tice case x is restricted to the lattice values. Since the jumps of the chains {X,, }
and {W, } are asymptotically equivalent, one could expect that the stationary
tail distributions of {X,} and {W, } are asymptotically equivalent. It turns out
to be true on the logarithmic scale only.

Theorem 10.7. Assume the asymptotic homogeneity (10.1) and Cramér’s con-
dition (10.16)). If an invariant measure 7 has right unbounded support then the
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following lower bound holds:
1 oo
liming 22 %)
X—ro0

> —B. (10.18)
If, in addition,

supEekg(x) < oo, supEel(”g(")) < o forall A €10,B), (10.19)

x>0 x<0
then
1 o
limsup 2EF5) o g (10.20)
X—$oo X

As it concerns applications, we apply this result to derive logarithmic asymp-
totics of the stationary distribution of positive recurrent stochastic difference

equations in Theorem

Proof. Fix some X € R and consider an aggregated Markov chain {X;'} on
[X,e0) with transition probabilities defined in and (7.37). As mentioned
there, the measure 7* that aggregates states from (—eo, X] to X, that is, 7*{x} =
7t (—eo,x] and n*(B) = m(B) for all B C (X, o), is an invariant measure for {X, }.

First we derive the lower bound via comparison of {X} with a
random walk delayed at zero; we choose X sufficiently large as follows. For
any u consider a random variable 1) («) with tail distribution

P{n(u) >z} = inf P{E(V)>z+2/u}.
v>u—1/u

Then 7 (u) stochastically increases as u grows and & (v) > 1n(u) for all v >
u—1/u. For any A > 0, define N4 («) := min{n(u),A}. Since the chain {X,}
is asymptotically homogeneous, we have 14 (u) <g & for all u and s (u) = &
as A, u — oo. Hence, for all sufficiently large A and u, there exists a unique
solution B4 () to the equation EeP1(M1() — 1 which is always not less than
B. In addition, B4 (u) decreases as A and u grow, and

Ba(u) | B asA, u—oo.

Fix an € € (0, 1) and choose sufficiently large A and x such that 84 (%) € [B, 8 +
€] and w(x — 1/x,x] > 0, which is possible because 7 has right-unbounded
support. Denote 7 := 14 (%). It follows from (7.37) that, for u > X,

. 1 x+0
P(X, (u,00)) > T(—ood) f,l/gP(Z’ (u,00))7(dz)
zfglﬂﬁﬂmﬁ>ufﬂ. (10.21)

7[(—007)?]
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Consider the random walk {W,} delayed at %, that is,
ﬁ\/n = max(fa ‘//f/n—l +ﬁn)a

where 7j, are independent copies of 7). By the construction of 7j = 14 (%), {W,}
is dominated by {X, } above X, more precisely, the following inequality is valid
for all u > X, y > x and m:

P{X; >xforallk <m, X, >y|Xo=u}
> P{W; > xforallk <m, W,, >y | Wy =u}. (10.22)
Consider a stationary version of {X,}, that is, X,, has distribution 7 for all
n > 0. Then the distribution of max (X, X,,) on (X, ) is the same as of X;* given
X has distribution 7*. Then, at any time 7, the decomposition of all trajectories

with respect to the last visit of {X;} to the state X gives the following lower
bound, for y > X,

T(y,e0) = P{X,; >y}
n—1

> Y P{x; :;?}/A P*(E,du)P{X; > Rk € [j+2,n—1],X; > y| X}, = u}
j=0 x+0

n—1 reo

=a(-w A Y, [P @R > R E [+ 20— 1% > | X =}
j=0 x+0
n—1 0 ~ o~ A~

> a0 R Y [ P EAP{Wi> Tk (12,01, > v | Wit =},
j=0 x40

due to (T0.22). Since the probability P{W, > %,k € [j+2,n— 1], W, > y |
W41 = u} is increasing in u, the stochastic domination condition (I0.21)) yields
that

/ P*(ﬁdu)P{Wk >xkej+2,n—1], W, >y | Wj+1 =u}

x+0

_ AE- 1R [

- 7'[(—007ﬂ X+0
XP{W/( >xkel[j+2,n—1], Wn >y Wj+] =u}.

P{x+1 €du}

Therefore,
n—1 (e N
7o) 2 2(E-RA Y [ PE+ € du}
j=0 x40

XP{W, > %k € [j+2,n—1], Wy >y| Wiy =u}. (10.23)

On the other hand, applying the decomposition of all trajectories of {Wn} with
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respect to the last visit of {W, } to the state ¥ we deduce, for Wy = Tand y > %,
P{W, >y}
:'EP{WJ- :f}/f P{W; .1 € du| W; =5}
=0 TH0
XP{W, > X k€ [j+2,n—1], Wy >y | Wy1 =u}

n—1 re
< Z[ P{Z+7 € du}P{We > %k € [j+2,n—1], Wy >y | W1 = u}.
j=0 x+0

Together with (T0.23) it implies the following lower bound
7y, o) > (&~ 1/%,5P{W, >y} fory>%.

As W, —Xis a Lindley recursion, the Cramér—Lundberg approximation (T0.17)
yields that

log]P’{Wn >y}

tim fim P = (9,
so hence
.. logm(y,e) -
liminf ————~ > —B4(X).
min y 2 Ba(x)

Letting € | 0 we conclude the assertion (T0.18) because B4 (x) < B + €.

Let us now prove the upper bound (10.20). Fix any A < 3. Then the bound-
edness (I0.19) of exponential moments of jumps of order (8 +1)/2 € (1, )
and weak convergence & (x) = & imply convergence of exponential moments
of order A,

Ee* ) 5 Eet® < EePe = 1 asx— oo,
hence there exist X € R and € > 0 such that
Ee**™ <1—¢ forallx>7% (10.24)

Fix an A > ¥ and consider the function g(x) = min(e**,e*4). Let {X,} be in
stationary regime, that is, let X,, have distribution 7 for all n. Since g is bounded
above—by eM,

0= B(&(x) ~ g%0)
- ([xm+/fA+Aw) (Eg(x+&(x)) —g(x))m(dx).  (10.25)

The third integral on the right hand side is non-positive because the increasing



316 Chains with asymptotically non-zero drift
function g(x) is constant for x > A. The first integral is bounded above by

c1:=supE{g(X;) —g(x) | Xo =x} < supEeH¢),

x<x x<x

which is finite due to the condition (I0.19). The second integral is not greater
than

[ ®gte+ £09) gm0 < [ @A —Am(a)
< —8/: e)“‘ﬂ:(dx)7
by (10.24). Therefore, it follows from (10.25)) that
0<c— s/; e (dx).

Due to the arbitrary choice of A, we get

/A Mr(dx) <ci /e,

X

which implies 7(x, o) < cje~**/e for all x > X. Now the upper bound (T0.20)
follows because we may chose A < f as close to 3 as we please. O

10.3 Sharp asymptotics for stationary distribution

While logarithmic asymptotic law is universal for stationary distribution of
asymptotically homogeneous in space Markov chains, it turns out that the exact
asymptotic tail behaviour of 7 depends not only on the distribution of &, but
also on the speed of convergence in (I0.1).

The next result describes the case where this convergence is so fast that
the measure 7 is asymptotically tail proportional to the stationary measure of

{Wa}.

Theorem 10.8. Assume the asymptotic homogeneity (10.1) and Cramér’s con-
dition (10.16)). Let T have right unbounded support. Suppose that

E(x) <4 E,  x€R, (10.26)
for some random variable & such that EZeP® < oo and
BP0 — 1] < y(x) (10.27)

Sor some decreasing integrable at infinity function y(x).
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If the distribution of & is non-lattice then there exists a positive constant ¢
such that

X

T(x,00) ~ ce P asx — oo (10.28)

If {X,,} takes values on Z and Z is the minimal lattice for & then (10.28) holds
with x restricted to integers.

As it concerns applications, we apply this result to derive precise asymp-
totics of the stationary distribution of positive recurrent stochastic difference
equations in Theorem [IT.15]

The condition is quite close to be optimal. If, for example, all values
of EeP5®) — 1 are of the same sign and not summable, then ﬂ(x)eﬁx converges
either to zero or to infinity, see Corollary [T0.12] below. Thus, if is vio-
lated, then 7(x,o) may only have exponential asymptotics like (T0.28) in the
case where EePS®) — 1 is changing its sign infinitely often.

Example 10.9. Consider a Markov chain {X,,} on Z" with jumps to the nearest
neighbours only:

PEW) =1} =1-P{E() = —1} = p+ ().

Assume that, as i — oo,

o=
¢ i, i=2k+1

for some y € (1/2,1). Clearly, then the asymptotic homogeneity (10.1) and
Cramér’s condition (10.16)) hold true while the condition (10.27) fails.

Let us have a look at values of {X,} at even time epochs, i.e., let us consider
the chain

Y =X, k=>0.

Then we have

Pi{r —i=-2} = (g—9())(g—oi—1)),
P{Y1—i=0}=(g— @) (p+o@i—1))+(p+o@)(g—e(i+1)),
P{ri—i=2}=(p+ () (p+o(i+1)),
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where g := 1 — p. From these equalities we obtain

Yi—i 2 2
q p . q .
Ei(p) —1:<q2—I)P,’{Y]—l:—Z}—‘r(pz—I)P[{Yl—ZZZ}

2 2
(% =1)ta=ena— o1+ (% -1) o)+ oli+1)
2

2
=—q <Z - 1) () +o(i—1))+p (ZZ - 1) (@) +@(i+1))+ 0.

Noting that @(i) + (p(l +1) = 0@ """) as i — o, we conclude that the se-
quence |E;(¢/p)"1~" — 1| is summable and, consequently, we may apply The-
orem Since 7 is stationary for Y too, we obtain (i) ~ c(p/q)’ as i — oo.

Proof of Theorem[I0.8]  We start, as usual, with the construction of an appro-
priate Lyapunov function which is sufficiently close to a harmonic function.
Let p be a bounded decreasing function p(x) : R — R™ which is regularly
varying at infinity with index —1 and integrable at infinity. Set

g(x) = min(l, /x ) p(y)dy) (10.29)
and consider
Uy(x) := P (1 +g(x)). (10.30)
We want to show that there exists a p(x) such that
EU, (x+&(x)) — U, (x) = —eP*p(x) (EEPE +0(1)) as x — 0. (10.31)
By the definition of U, (x),
EUp (x+&(x)) = Up(x)
= P (Bl (14 g(x+E(x) — 1-g(x))
= P (1+2(x)(EePE) — 1) + P E(g(x+& (x) —g(x))eP™). (10.32)

Owing to Lemma the assumption (T0.27) yields the existence of p(x)
satisfying the conditions above and such that

IEePSW) — 1) = o(p(x)). (10.33)

Fix some increasing function s(x) = o(x) and split the second term on the right
hand side of (T0.32) into three parts:

E(g(x+&(x) —g(x)ef*0) = B{(g(x +&(x)) - g(x))e’sé("), 5(
+E{(g(x+&(x) —g(x
+E{(g(x+&(x)) —g(x

=
~—
A
\_/
()
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Due to the decrease of g and the boundedness of g by 1,
0 < B{(g(r+&(x) —g(x)ef*; &(x) < —s(x)} <e M. (1034

Since p(x) is assumed regularly varying at infinity, we have an equivalence
glx+&(x)) —g(x) ~ —p(x)&(x) as x — oo uniformly on the set |€ (x)| < s(x).
Therefore,
E{(g(x+&(x)) —g(x)eP™; [§(x)] < s(x)
~—plx )JE{é(X)eﬁg IS < s(0)}

Recalling that the family & (x) possesses a majorant Z with EZeAE < oo, we
infer that

E{&(x)ePSM); |E(x)| <s(x)} — EEePS  asx — oo,
As aresult,
E{(g(x+&(x) —g(x)eP™; [E() <s(x)} ~ —p(x)E&PS.  (1035)

The existence of Z implies also that the function E{efW); &(x) > s(x)} is
dominated by E{efZ; Z > s(x)}. Since EZeP is finite, the last function is
decreasing and summable provided that s(x)/x — 0 sufficiently slow. Conse-
quently, there exists p(x) such that

E{(g(x+&(x) —g(x)eP*W; E(x) > 5(x)} = o(p(x)).  (10.36)
Combining (10.34)—(10.36), we conclude that
E(g(x+E(x) — g(x)ePs) = —p(x)(EEePS +0(1)).
Plugging this relation and (10.33)) into (T0.32)), we obtain (T0.31).

Consider, as usual, the transition kernel

Q(x,dy) = gi 8 P(x,dy), y=>X.

It follows from (10.31) that, for all x sufficiently large,

O(x,R) = E{Up(x+&(x)); x+5(x) 2 3}

b
Up(x)

1
< ——FEU,(x+&(x)) <1 forallx>x. (10.37)
U,,(x) P( ( ))

In other words, Q is a substochastic kernel. Furthermore, it follows from the
asymptotic homogeneity that

O(x,R) > P{&(x) >0} > P{§>0}/2 forallx>Xx, (10.38)



320 Chains with asymptotically non-zero drift

if ¥ is chosen sufficiently large. Using (I0.31)) once again, we conclude that
q(x) == —logQ(x,R) = O(p(x)) asx— co. (10.39)

Let {X,} be a Markov chain on (&, o) with the transition kernel

) = o)

and let E (x) denotes its jump from state x. It is immediate from the definition
of U, that E (x) converges weakly to the distribution efPYP{£ € dy} as x — oo.
Furthermore, the assumption that EZePT < oo and (T0.38) imply that the family
of jumps |€ (x)| possesses an integrable majorant. Therefore, there exists an X
such that the family of jumps {E (x); x > X} possesses a stochastic minorant
with positive expectation. Thus, Corollary applies to the chain {)?n} which
in its turn allows us to apply Theorem If & is non-lattice then, for all

h>0,

H(x,x+h] — as x — oo,

h
E&ePE
If {X,} is an integer-valued Markov chain and Z is the minimal lattice for &
then the previous relation is valid for /# and x restricted to integers.

Combining (T0-39) with the upper bound sup, H (x,x + h] < e we conclude
as in Lemma [8.9] that

Y Eq(Xi) < oo.
k=0

Thus, by Lemma[4.3]

~ h w
(9) _ " WeYico q(Xk)
H'Y (x,x+h] — FE 0P Ee as x — oo, (10.40)
Here, again, & is an arbitrary positive number in the case when & is non-lattice
and £ is integer in the lattice case.
For the invariant distribution & we have the following representation, see
(7.47),

H (dy)
n(dy) = ch————
(@) Up(y)
If & is lattice then
H(q){n}
m{n} = ¢ )
tn} Up(n)

and the result follows from (T0.40) and the fact that U, (x) ~ P*.
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In the non-lattice case, for any fixed & > 0,

H (x,x+h]

miny<y<y1 Up(y)

H (x,x+h]

C
" maxy<y<yih Up(y)

<zm(x,x+h) < ¢

Using again (T0.40), we obtain lower and upper bounds
che PPh(14+0(1)) < m(x,x+h] < che P*(1+0(1)).

Choosing h small and summing bounds for 7(x + kh,x + (k + 1)h] we obtain
the required lower and upper bounds for 7(x,e) which completes the proof of
the theorem. O

We now turn to the case where Eefé() converges to 1 in a non-summable
way. Our next result describes the behaviour of 7 in terms of a non-uniform
exponential change of measure.

Theorem 10.10. Suppose the asymptotic homogeneity condition (10.1) and
that Cramér’s condition (10.16) holds and, for some € > 0,

supEeP+850) < oo, (10.41)

x€R

Assume also that there exists a differentiable function B(x) > 0 such that
[EBWSH) 1] < y(x), (10.42)

and |B'(x)| < y(x) where y(x) is a bounded decreasing integrable at infinity
function. Then, for some ¢ > 0,

"X
T(x,00) ~ ce 0 BOID g x5 oo,
where x runs through integers in the lattice case.

Proof.  The proof is quite similar to that of Theorem [I0.8] the only alter-
ation is a slightly trickier choice of the Lyapunov function U,. Instead of
(1+ g(x))eP* we now define

Uy(x) :== (1 +g(x))ef€ﬁ(y)dy.

Let § < € and ¢ > 1/(g — &). Observe that, with necessity, (x) — B so that,
by the condition (T0.4T), for all sufficiently large x,
E{emx)é(x); | (x)| > clogx}
< E{e(ﬁ+5)5(x); &(x) > clogx} —|—E{e(ﬁ_5)§<x); &(x) < —clogx}
— O(efc(efﬁ)ng_|_efc([375)logX) — 0(1/X€<875)) (10.43)
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as x — oo, where without loss of generality we assume that € < f8. Similarly,
]E{ef;‘+5<*>ﬁ<y>d.v; E(x)] > clogx} = O(1/x€79)) asx — oo,
Further, by the mean value theorem, for some 6 = 6(x,§) € (0,1),
[E{el 00N |6 (x)] < clogr} ~ E{ePWE0; |E(x)| < clogx}|

- ‘E{eﬁwé(x) (el FBLI-BEID _ 1Y 1 (x| < Clogx}’

b}

_ ’E{ / B B () — B))dy x PSR L B0y,

09 < cloge )
< wmgz(@eﬁ(né(x)+./;‘+5<*>\ﬁ(y)—mx)\dy; E)] < clogx),
(10.44)

because, by the condition |’ (x)| < y(x) on the derivative of §(y), for |€ (x)| <
clogx,

x+E (x) ()
[ B0 -peonas] < [ 1p0) - ool
< sup [B'(x+2)|&3(x)/2
|z|<clogx
< Y= clogn) E2(x) 2.
Uniformly on the event |€ (x)| < clogx, we have

Y(x—clogx)E%(x) < c*y(x—clogx)log’x — 0 asx — oo,

since the function y(x) is decreasing and integrable at infinity. Therefore, for
all sufficiently large x, the right hand side of (TI0.44) is not greater than

Y(x— clogx)E{E2(x)ePME0); |£(x)] < clogx} = O(y(x — clogx))
as x — oo, owing to the condition (T0.4T). Hence, as x — o,
Eel S B0y — RBWEW 4 0(y(x— clogx) 4+ 1/xE).

Taking into account (T0.42)) and ¢ > 1/(& — &), we conclude that there exists a
decreasing integrable at infinity function p; (x) such that

Eeli B0 — 1 4 0(py(x)) asx — oo. (10.45)
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We have an equality

U, (x+&(x)) — Up(x) = Uy (x) (B~ BOMy _ 1)
el BODE(g(x+ E(x)) — g(x))e.ff%(’“) By
Using (10.43)) and recalling that g(x) is bounded, we get
EUp (x+ & (x)) = Up(x) = O(p1(x)Up(x))
+e D PODE(g(x+&(x)) — g(x))eP 0,
Repeating the corresponding arguments from the proof of Theorem [10.8] and
using (10.41)), we obtain
E{(g(x+&(x) — g(x))eP D= & (x)] > clogx} = o(1/x7%)
and
E{(g(x+&(x)) — g(x)eP ;18 (x)| < clogx} ~ —p(x)EE (x)eP D0
Therefore, taking p(x) > pi(x), we get
EU,(x+&(x) = Up(x) ~ —p(x)Up(x)EE (x)ef I

Using (T0.4T) once again, we deduce convergence EE (x)eP()5() 5 BEEBS,
Consequently, as x — oo,

EU,(x+ &(x)) — Up(x) = —p(x)U, (x)EEEPS (1 4+ 0(1)).  (10.46)

This means that U, is an appropriate Lyapunov function, and the remaining
part of the proof literally repeats that of Theorem [10.8] O

Since B(x) is not given in a closed form, Theorem |10.10| cannot be seen as
a final statement. For that reason we describe below two cases where f3(x) can
be computed provided regular behaviour of the difference EeP £k —

Corollary 10.11. Assume the condition (10.41) and that there exists a differ-
entiable function o(x) such that

alx) = o(1/x'**®), (10.47)
a'(x) =0(y(x)) asx— oo, (10.48)

and
EePS) —1 = a(x)+O(y(x)) asx— oo, (10.49)

where y(x) is a decreasing integrable at infinity function. Suppose also that

EE(x)eP™) = m+ 0(y(x)/au(x))  asx— o, (10.50)
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where m := EEePS. Then

7(x,00) ~v ce PAHAD/M g x5 oo, (10.51)
where ¢ > 0 and A(x) := [ a(y)dy.

Proof. Take B(x) := B — a(x)/m. By Taylor’s theorem, uniformly on the
event [€(x)] < 1/a(x),

e HIED/M — | a()E () /m+ 0@ (WENR) asx—en
Similar to (T0.43)), it follows from the condition (10.4T)) that
E{POW: |E(x)| > 1/a(x)} = O(e ¢/2*W)) a5 x — oo,
Altogether yields, by (10.50),
EeP() = P — (x)EE (x)ePS ™) /m+ 0(a® (x) + e 8/2%()

=EeP20) — a(x) + O(y(x) + 0 (x) ¢ 2
=14 0(y(x) +1/x"+2€ 4 7¢/200)) a5 x — oo,

Thus, the function f(x) satisfies all the conditions of Theorem [10.10{and the
proof is complete. O

Notice that the key condition on the rate of convergence of EeP £ 10 1 that
implies the asymptotics (T0.51)) in the last corollary is that the function o (x)
is integrable at infinity. If this condition fails, then the asymptotic behaviour
of 7(x,e0) is different from (T0.51) and requires higher moment assumptions,
which is specified in the following corollary.

Corollary 10.12. Assume the condition (10.41) and that there exists a differ-
entiable function o(x) such that

lou(x)| :0<1/xﬁ+e) as x — oo,
for some K € Nand € > 0,
o (x)] < ¥(x) (10.52)

and
EePs™) —1 = a(x) +0(y(x))
Sfor some decreasing integrable at infinity y(x). Assume also that, for all k =1,

2,...,K

K—k
Mi(x) = Mg+ Y Dy jo (x) + O(y(x) /¥ (x)), (10.53)
j=1
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where My(x) := EE¥(x)ePSY) and My := EE*ePS. Then there exist real num-
bers c >0and Ry, Ry, ..., Rx such that

”(X,“)NCCXP{ ﬁx-f—ZRk/ )dy} as x — . (10.54)

Proof. Define
K
X) = Z Rk(xk(x)
k=1
In view of Theorem [T0.10] it suffices to show that there exist Ry,R,...,Rk
such that
’Eg(ﬁ—A(x»é(x) _ 1’ <q(x) (10.55)
for some decreasing integrable function g(x). Indeed, A(x) is differentiable
and |A'(x)| < C|a’(x)]. Therefore, we may apply Theorem [10.10| with §(x) =
B —A(x).

By Taylor’s expansion, uniformly on the event |& (x)| < 1/0¢(x),
_ k k
x ) 5 (x) O(AK+I(X)‘§K+I(X))

kik(x) +0(aK ! (0)EKT! (x)) as x — oo.

f

Similar to (]]E[), it follows from the condition (T0.4T) that
E{ePW0; E(x)| > 1/a(x)} = O(e /7)) as x — oo,

Therefore, as x — oo,

EeB—AX)E()

— ReBEX) 4 +0( K+ (x) _’_efs/Za(x))
:K
=1+oax K+ O0(y(x) + afH (x) + e &/22),
So, we need to identify constants Ry, Ry, ..., Rk such that
W+Y M’I‘c(‘x) (—AW) = 0(a* (1), (10.56)
= "

It follows from the assumption (10.33) and the bound A(x) = O(a(x)) that
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(10.36) is equivalent to
K | K—k , K \Fk
Y (Mk+ Y Dk,,zf) (— ZR,-zf) =0 asz—0.
k=1% Jj=1 j=1

Consequently, the coefficients of ZX must be zero for all k < K, and we can
determine all R; recursively. For example, the coefficient of z equals 1 —mR;.
Thus, Ry = 1/m. Further, the coefficient of 2Zis —D1 1R —miR, —l—ng%/Z
and, consequently,
—Dy 1R +myR3 )2

mq '

Ry =

All further coefficients can be found recursively. O

If a(x) from Corollary [10.12| decreases slower than any power of x but
(10.32) and (10.53) remain valid, then one has, by the same arguments,

ﬂ(x,oo):exp{ Bx-i—ZRk/ dy+0</ K+1()dy)}

which can be seen as a corrected logarithmic asymptotic for . To obtain pre-
cise asymptotics one needs more information on the moments M; (x).

Corollary 10.13. Assume the condition (10.41)) and that there exists a differ-
entiable function o.(x) such that (10.52)) holds,

EePeM —1=a(x), x>0 (10.57)
and

Mi(x) =M+ Y. Dy o (x)  forallk>1. (10.58)
j=1

Assume furthermore that

sup Z Dk’jrj < oo for somer > 0.

Then there exist real numbers Ry, Ry, ..., such that
TT(x,00) ~ cexp{ Bx+ ZRk/ )dy} as x — oo,

Proof.  For all sufficiently large x there is a positive solution f3(x) to the equa-
tion
EB®E® — 1.
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Since Ee?6™ is finite for all Y < B + €, we may rewrite the last equation as
Taylor’s series:

X o (—A(x k X
EoBE( >+k; %Egk(x)eﬁiw _

where A(x) = B — f(x). Taking into account (10.57) and (10.38)), we then get

o X k o )
ax)+ ) FAW) Ak(, ) (Mk+ Y Dy ja-/(x)> =0. (10.59)
k=1 ' j=1

Define
M Dy
F(z,w):=z+ Y, F(—w)k—i— Z ki!’/z-’(—w)k.
k>1 kj>1

Therefore, (I0.39) can be written as F(ct(x),A(x)) = 0. In other words, we
are looking for a function w(z) satisfying F(z,w(z)) = 0. Since F(0,0) = 0
and %F (0,0) = —M; < 0, we may apply Theorem B.4 from Flajolet and
Sedgewick [65] which says that w(z) is analytic in a vicinity of zero, that is,
there exists a p > 0 such that

w(z) = ) R, o] <p.
n=1

Consequently,

for all x such that |oc(x)| < p.
Applying Theorem[10.10|with B (x) = B — A(x), we get

(x,00) ~ ce PHRAND a9 x 4 oo,
Integrating A(y) term-wise, we complete the proof. O

We finish with the following remark. In the proof of Corollary [I0.13] we
have adapted the derivation of the Cramér series in large deviations for sums
of independent random variables, see, e.g., Petrov [[132]. There is just one dif-
ference: we need analyticity of an implicit function instead of analyticity of
the inverse function.

10.4 Local central limit theorem

We first state a version of the central limit theorem for Markov chains on R
with asymptotically constant drift.
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Theorem 10.14. Let the family of jumps |E(x)| possess a square integrable
majorant. Let my(x) = pt+0(1/4/x), 4 > 0, let my(x) — b > 0 as x — oo, and
let

limsupX,, = oo with probability 1. (10.60)

n—soo

Then the strong law of large numbers holds

Xn/ncﬂfu asn— oo, (10.61)
Further,
X, —un
=Ny1 asn—
vbn '
and

maxg<y, X — un
Vbn

These statements are immediate from Corollary [5.3] Theorems [5.7] and [5.9]
respectively with v(x) = u, so B = 0. In this special case there is a shorter proof
based on the characteristic functions method, see Korshunov [[105, Theorem 5].

= No,1 asn— oo,

Theorem 10.15. Let the family of jumps {&(x),x € R} possess a stochastic
square integrable minorant with positive mean (so that the condition (10.60)
holds true) and a square integrable stochastic majorant. Assume weak con-
vergence & (x) = &, relation mi(x) = u+o(1/+/x) and upper bound P{Xo <

—x} =0(1//x) as x — oo.

If € has a non-lattice distribution and, for all A > 0,

sup |Ee"}“§(") —Ee*¢ |=0(1/x) asx— oo, (10.62)
[Al<A

then, for all h > 0,

sup|v2bnP{X, € (x,x+h]} — he*("*"’“‘>2/2b"{ —0 asn—oo.

xeR

If & is integer-valued and, 7 is the minimal lattice for & and

sup |]Eeil‘§(x) —Ee*¢ | =0(1/x) asx— oo, (10.63)

[Al<m
then

sup|vV27bnP{X, = x} — e*<x*"”)2/2"”| —0 asn—oo.
XEZ
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Proof. Let n be a square integrable minorant with positive expectation for
the family {§(x),x € R}. Let {n,} be independent copies of 1 and set S, :=
M1 + ...+ N, Then, by the minorisation assumption, for all n,

P{X; < kEn/2 for some k > n}

<P{Xp < —nEn/4} +P{Sy —kEn/4 < kEn/2 for some k > n}
Sk —kE

< 0(1/\/ﬁ)+P{sukan < —En/4}.

k>n

The sequence (S; — kIEn) /k constitutes a reverse martingale and hence it fol-
lows from the Kolmogorov inequality that

E(S, — n]E”r])2 B

P{sup 2 < —En /4 < RS — 0(1/m) = of1/ Vi),

k>n
Therefore,
P{X; < kEn/2 for some k > n} <o(1/y/n) asn— . (10.64)

We proceed with the proof for the lattice case only, the non-lattice case can
be treated similarly. By the inversion formula for lattice distributions,

1 [ovn e Xaon
\/ﬁp{xn:x}:ﬂ/ P H RSV dA.
N
Therefore, using standard arguments,
1 2
sup | /aP{X, = x} — —— ¢~ (x—nH)7/2b
> ViP{X, = x} V27nb
A .n Xn—n,
<L |Eel}”7u —eilzb/2|dl
—2m /A
.0 Xn—np
+/W< ﬂ|Ee”LT ydwr/w M2a0. (10.65)
€(A,m\/n >A

id Xn—nu
It follows from the weak convergence to the normal law that Ee” Vi —

e A2 uniformly on compact A-sets. Therefore, the first integral on the right
hand side of converges to zero as n — oo, for any fixed A. Choosing
A sufficiently large we can make the integral f‘ A|>A e 2?24}, as small as we
please. Thus, it remains to prove that the second integral in is small
too.

In order to prove this we need to show that the modulus of the character-
istic function in the second integral is sufficiently small. Let us introduce an
auxiliary time-inhomogeneous Markov chain {X, } with jumps at time n

~ [ &(x) forx>nEn/4,
Snlx) = { &(xy) forx <nEn/4,
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where x, > nEn /4. Consider for simplicity even n and define X for k > n/2
only; set X, ;» = X, />. Then it follows from the construction that, for all u € R,

‘]Eei”X’l’ < ‘Eeiu’?n| +P{X; # X, for some k > n/2}

< [Ee™*| +-P{X, < kEn /4 for some k > n/2}.

From this estimate and (10.64) we obtain

|Ee"¥| < ’Eei”)?" +o0(1/y/n) asn— oo uniformly for all u € R.

(10.66)

By the construction of {X;}, we have
Eeiu)?k“ N Eeiué Eeiu)?k | _ |Eeiu)?k (E{eiugk()?k) |)'(Vk} o ]Eeiuf) |
< ’E{eiugk()?k) X} — Ee|

< sup |0 RS
x>kEn /4

Then, for all k > n/2,

‘Eeiu)?k“ _ Eeiutg Eeiu)?k | < sup |Eeiu§ (x) Eeiué |
x>nEn/8

< sup sup |Ee™0) —[Ee|
x>nEn /8 |u|<m

=:8, = o(1/n),
by the assumption of the theorem. Consequently, for m = n/2 we have

|Eeiu)?,, _ (Eeiué )nmeeiu)?m

n—1

_ Z (Eeiué )nfkfl (Eeiufkﬂ _ Eeiué Eei“)?k)
k=m
n—m—1 . X
<8, Z |Eem§ |]’
=0
so hence
~ n/2—1 )
’EeiuX,, < ’Eeiué |n/2 45, Z |Eeim§ |./'
=0

Since Z is the minimal lattice for &, there exists an € > 0 such that \Eei"5| <
e~ forall u € [—7, z]. This implies that
n/2—1

’]Eei”)?” <e /21, Z eien
Jj=0
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Substituting this into (T0.66) we obtain, uniformly for all u € R,

, w2
|Ee™*| < e 12 4 o(1/y/n) +o(1/n) ) e /B asn — oo,
=1

Hence the second term in (T0.63) possesses the following upper bound:

ip Xnonpt
/ ‘Ee v ‘dl
IAle(A, i)
) n/2 .
< / 24 +0(1) +o(1/n) Y / e-e¥iingy,
|Ale(A,my/n] j=171A€(A,m/n]
°° 2 2 e 2;
< 2/ e e /2d/1+o(1)+o(1/n)2/ e €Milngy,
A — | .,
j=1
e 2 n/2 n
= 2/ e 1240 +o(1) +0(1/n) Z — asn—oo,
Therefore,
i Xn—nu o
limsup/ |]Ee/l Vi |dl §2/ 229
n—oo  J|Al€(A,m\/n) A
Letting A — oo, we conclude the desired result. O

Theorem 10.16. Assume that all the conditions of Theorem[I0.13] hold.
If € is a non-lattice random variable then, for all h > 0,

iP{Xk € (x,x+h)} = ﬁ<I>( el ) +o(1)
k=0

HoNy/xb/u

as x — oo uniformly for all n > 0.
If € is a lattice random variable and 7 is the minimal lattice for & then

L 1 nyL—x
P =xt=—-®
YR =)= ( T

as x — oo uniformly for all n > 0.

)Jro(l) as x — oo,

Proof. 'We again consider the lattice case only. By the local limit theorem, for
any fixed A, BER, A < B,

x/ufx/i X/#fjﬁ 1 (el /25
P{X; =x} = e +o(1)
k=x/u-+Av/x kex/prays YV 2Tbk
x/U+By/x 1

—(v—pk)*/2bx | o(1).

= —¢
k=x/§¢—A\/fc V/2mbx/p
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Thus, as x — oo,
x/u+By/x Bx |

P =a}= Y ——
k:x/uzmﬁ k:;\/fc \V/27xb/

e WIVRI/2b 4 (1)

_y2“3/2bdy+o(l)

B 1
:/A \ /Zﬂb/ue

— L (@(u?2B/ V)~ ®(uA/VE)) +o(1).
K (10.67)

Together with Theorem [10.2]it implies that, for any € > 0, there exist A and B
such that, for all sufficiently large x,

x/U+AV/x oo
Z ]P){Xk :X} + Z P{Xk :x} <e.
k=0 k=x/u+B\/x
Therefore,
x/H+AVX
Y P{Xi=x}—0
k=0
as A — —oo uniformly for all x. Combining this with (10.67)), we get the desired
relation. O

10.5 Pre-stationary distributions

Theorem 10.17. Let the distribution of X, converge towards a stationary dis-
tribution T in the total variation norm. Assume that the conditions of Theo-
rem|10.8|are valid and that the majorant E satisfies also the condition

EZ2ePE < co. (10.68)
Assume also that
EE (x)ePS™) = BEPS +0(1/v/x) asx — co. (10.69)
If the limiting variable & is non-lattice we assume that, for any A > 0,

sup |Ee<ﬁ+ik)£("> —EelBH+it)E | =0(1/x) asx—oo. (10.70)
A=A

If € is a lattice distribution and 7. is the minimal lattice for & we assume that

sup [EePHME0 _EeBHAC| — 5(1/x) asx—eo.  (10.71)
[Al<m
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Then, uniformly for alln > 1,

P{Xn>x}_q) (nEéeﬁé—x
m(x,0) o’ Vx/E&ePE

where 62 = EE2ePS — (EEPS)2,

)—l—o(l) asx—oo,  (10.72)

Proof. Let {)?n} be the chain constructed in the proof of Theorem m We
have shown there that the family of its jumps E (x) possesses a stochastic mi-
norant with positive mean and finite second moment and a stochastic majorant
with finite mean. Assumption (10.68)) implies that there is a majorant with fi-
nite second moment. N

We now turn to the asymptotic behaviour of E&(x). As we have shown in
the proof of Theorem IEE (x) — E&ePE. But, in order to apply Theo-
rem[10.16] we have to show that

EE(x) = EEePS +0(1/v/x) asx — . (10.73)
It follows from (10.39) that
20y EE@Up(x+&(x))

ES(x)

U, (I+o0(1/x)) asx—oo.  (10.74)

It is immediate from the definition (T0.30) of U, that
E{E(Up(x+&(x)); §(x) > s(0)} < Up(x)E{E(x)eP™); &(x) > s(x)}.
Thus, due to (T0.68)), for any s(x) = o(x),
E{§(x)Up(x+&(x)): E(x) > s(x)}
Up(x)
Furthermore, we have an upper bound

E{E(x)Up(x+E(x)); E(x) < —s(x)}
Up(x)

=o(l/s(x)) asx— co. (10.75)

=o0(e M2 agx — 0. (10.76)

Uniformly on the set {|& (x)| < s(x)} we have g(x+&(x)) —g(x) ~ —p(x)& (x),

see (10.29). Therefore,

E{&(x)Up(x+E(): [E ()] < s(x)}
= PE{EW)(1+g(x+E(x)))ePEM: [E()] < s(x)}
= Up(0)E{E(x)eP20; €(x)] < s(x)}
—p(x)(1+0(1))ePE{E2 (x)ePE0; [E (x)] < s(x)}.
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Using again (T0.68), we obtain

E{E(x)Up(x+E(x)); [E(x)] <s(x)}
Up(x)
Combining this estimate with (T0.73)) and (T0.76)), and choosing s(x) such that
5(x)/y/x = oo, we conclude that

E{S()Up(x+E(x)}
Up(x)

The relation (T0.73) follows now from the assumption (T0.69). The same argu-
ments show that (10.62) and (T10.63)) follow from (10.70) and (T0.71) respec-
tively. Thus, {X, } satisfies all the conditions of Theoremw

It follows from the conditions on jumps that EePXr < oo for all n which
implies P{X, > x} = o(e~P¥) for any fixed n and hence (10.72). So it remains
to consider the case where n — co.

Fix an h > 0. Applying (7-49) with U = U,, we deduce that, for x > ¥,

=EE(x)ePSY) + O(p(x) +1/s5(x)).

= E&(x)ePs@ 4 0(1/V/x).

P{X, € (x,x+h]}

Y [, cat [Py, e i}
= n—i €dz / zZ,du )y, ——=—; Xj—1 € (x,x+ .
=18 ! ® g Up(Xj1) "

By the conditions (10.26)) and (10.68),

P(z,(,0)) < P{E>u—3} < coe P*/u? forall z <xand u > x.
(10.77)

The function U, is increasing. Hence, for any N, = o(/n),

/ P{X,_; € dz}

):k oq(Xk) ~
/ P(z,du)U,(u)E, { —_— lee()@x-i-h]}
UP(XJ 1)

Jj=n— Nn+l

< 1
~ Ul

/IP’{X _jedz}

Jj=n— Nn+1
/ P(z,du)U, ()P, {X; 1 € (x,x+h]}

3

< W, 2 NH/}P’{X,, Jedz}/ P(z,du)Uy(u)
4N, /Uy (x)v/n = o(1/Upy(x)) asn — oo, (10.78)

IN
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where the second inequality follows by Theorem [10.15|applied to {)?,,} Since
the distribution of X,,_ ; converges in total variation to 7, for any N, — oo,

n— N,, e~ TioaX)
/}P’{Xn f edz}/ P(z,du)U,(u)E {A; X 6(x,x+h]}

Up(Xj—l)
n— Nn
(I+o(1 / n(dz) / P(z,du)U

{ Zk 0‘1()?k) R ( h] 079
uy ——=—; Xj—1 € (x,x+ } (10.79)
Up(Xjfl) !

Similarly to (10.78)),

n o e TioaX)
Y [t [ Peanu, s S R e}

j=n-Na+17B Up(Xj-1)

- O(Upl(x)>'

Combining this with (T0.78) and (10.79), we obtain

P{X, € (x,x+h]}
= (1o)X [ ) [Pty
e~ TioaX)
]EM{U()?;Il) Xj- 1€(xx+h} ( )

n Zkoq(xk) N
(1+o(1 //,LduU,, Z {U ,1€xx+h}

j=1 (Xj 1)
—HJ(UP(x))

as x — oo where
w(du) = / 7(d2)P(z, du)
B
is a measure on (X, ), see (7.43). Therefore, as x — oo,
PO, € (et} = (1+o(1) [ vy [ e P ) + ole P

where

j=1
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In the non-lattice case, due to Lemma.3] for any fixed A > 0,

S (ry+4] ~ Eye Tt Y PR, € (ny+A} asy oo,
=1

hence
P{X, € (x,x+ h]}

00 - X+h R
= (1+0(1) [ (U (Ee ot [0 PR ) +ole P,
X X
where the partial renewal measure of {X,},

ﬁu,n(dy) = ZPu{X\j—l S dy}u
j=1
weakly converges to the Lebesgue measure on the interval [x,x + A], with co-

cont L np—x 2 o
efficient u(DaZ( \/16/7)’ for any fixed u > x, by Theorem |10.16} here u :

EE P& Then, for any fixed u > X, as x — oo,

x+h N 1 —x\ 1—e¢Bh
/x e_ﬁyHuvn(dy) = ﬁdD(,g <M> ;e_ﬁx+0(e_ﬁx).

Vx/u

Secondly,
g Brf B
e P'H,n(dy) < e P Hyu(x,x+h) < cse” P,
X

hence the dominated convergence theorem is applicable owing to (10.77)), so,
as x — oo,

P{X, > x}
= chaz (M>/A ,u(du)Up(u)Euefzfzoq()?k)efﬁx+0(67Bx).

Bu NETITRRE

Together with Theorem [T0.8]that yields the required result (TI0.72).
The lattice case can be concluded in a similar way. O

We can determine the asymptotic behaviour of pre-stationary distributions

also in the case when (10.27) fails.

Theorem 10.18. Assume that the conditions of Theorem [[0.10] are valid. As-
sume also that

EE (x)ePWEW) = BEPE +0(1/1/).
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If the limiting variable & is non-lattice we assume that, for any A > 0,
sup |Ee(ﬁ(X)+i/1)5(X) _Ee(ﬁﬂl)é‘ =o(1/x).
[A]<A
If 7 is the minimal lattice for & we assume that
sup ‘Ee<ﬁ(x)+i/1)é<m _]Ee(ﬁ+m>§| =o(1/x).
A|<m
Then, uniformly for alln > 1,
P{X, >x} @ (nEéeﬁg —X
o) O\ /x/RERE

)—l—o(l) as x — oo,

where 62 = EE2ePS — (BEPS)2,

The proof of this theorem is identical to that of Theorem|10.17|and for that
reason we omit it.

10.6 Comments to Chapter [10]

Theorem specifies Theorem 1 from Korshunov [[102]] for transient Markov
chains on R.

Borovkov and Korshunov [24], [23| Sect. 27] proved exponential asymp-
totics for 7 under the condition

| dx [P IBE <3h-PE <pflay<s (1050

without assuming a domination condition like (T10.26).

On the other hand, it is worth mentioning that is weaker than con-
ditions we found in the literature. Firstly, (10.80) is definitely stronger than
and implies, in particular, that also the expectations E& (x)eP¢() con-
verge at summable rate. Furthermore, to show that the constant ¢ in front of
e Pris positive the following condition is introduced in [24]:

/w (EePo™ — 1) xlogxdx < co.
0

Secondly, for chains on Z* Foley and McDonald [66] used an assumption,
which can be rewritten in our notation as follows

Y B BLEG) = } — P{E = | <o
i=0jez

Theorems and [10.17| were proven first time in [L06] via so-called evo-
lution of masses, that is, via analysis of non-stochastic kernels.



338 Chains with asymptotically non-zero drift

A lattice version of Theorem[T0.10| was proven by Denisov, Korshunov, and
Wachtel [43]] following a different approach based on some useful method of
construction of harmonic functions for Markov kernels on Z+.



11
Applications

The main goal of this chapter is to demonstrate how the theory developed in
the previous chapters can be useful for the study of various Markov models
that give rise to Markov chains with asymptotically zero drift. Some of that
models are quite popular in stochastic modelling: random walks conditioned to
stay positive, state-dependent branching processes or branching processes with
migration, stochastic difference equations. In contrast to the general approach
discussed here, the methods available in the literature for investigation of these
models are mostly model tailored.

We also introduce some new models, where our approach is applicable. For
example, in Section [IT.4] we introduce a risk process with surplus-dependent
premium rate, which converges to the critical threshold in the netto profit con-
dition. Furthermore, we introduce a new class of branching processes with
migration and state-dependent reproduction.

11.1 Random walk conditioned to stay positive

Let {S,} be arandom walk with independent identically distributed increments
&, thatis, S, =& +& +...+ &, n > 1. Let 7(x) be the first time epoch when
{S,} starting at x is non-positive:

7(x) :=min{n > 1:x+S, <0}.
We shall assume that the random walk {S,,} is oscillating, that is,

liminfX, = —co, limsupX, = with probability 1.
n—eo n—oo

In particular, P{7(x) < e} = 1 for all starting points x. Let y ~ denote the first
weak descending ladder height of {S,}, thatis, y = = —S;(g). Let V(x) denote

339
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the renewal function generated by the weak descending ladder heights of the
random walk:

V(x) ::1+ZP{%1_+%2_+~~+7C/¢_ <x}
k=1

= E6(x), (11.1)
where "~ are independent copies of y~ and
O(x) = min{fk>1:x +x, +...+x =>x}.

In particular, V(0) = 1.
It is well-known—see e.g. Kozlov [109]—that V(x) is a harmonic function
for {S,} killed at leaving (0, ). More precisely,

V(x) =E{V(x+S81);7(x) > 1} forallx>0.

This implies that Doob’s A-transform

P(x,dy) := MP{x+Sl edy,t(x) > 1} (11.2)

V(x)
defines a stochastic transition kernel on (0,00). Let {X,,} be the corresponding
Markov chain. It is usually called the random walk conditioned to stay positive.
This definition via Doob’s h-transform is equivalent to the construction of a
random walk conditioned to stay positive via the weak limit of conditional

distributions, see Bertoin and Doney [13]]:
P(x,B) = lim P{x+S; € B| t(x) > n}.
n—yo0

We now show that if E§; =0 and EE? =: 62 € (0,0), then {X, } has asymp-
totically zero drift. We first observe that these moment conditions allow us to
apply Lemma with y =2, o = B = 1 and to conclude that, for some in-
creasing s(x) = o(x) and decreasing integrable at infinity p(x) = o(1/x),

E{[&:

in particular, E{§;; & > —x} = o(1/x), since E&; = 0. Then it follows from
the definition (TT.2) of the kernel P that

1

il >s(x)} =o(p(x)) asx—eo, (11.3)

b}

my (x) = mE{V(xﬂL&)éu & > —x}
— %X)E{(V(XJré])*V(x))él; E > —x}+E{&; & > —x}
1

= WE{(V(X—i_&) —V(x))gl; & > _x}_|_0(1/x).
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The finiteness of the second moment also implies that the ladder heights have
finite expectation, so by Blackwell’s renewal theorem (see, e.g. Durrett [56),
Theorem 2.6.4]), for any fixed y > 0,

V()C—H))—V()C)—)IE))7 as x — oo, (11.4)

in the non-lattice case; in the lattice case both x and y are restricted to the

lattice. Hence (V (x+&;) —V(x))& converges to E2/Ex ~ as x — o. By (TT.4),

cy = st;p(V(x—i—l)—V(x)) < oo,

which yields
V(x+y) =V <ev(ly[+1). (11.5)
This allows us to apply the dominated convergence theorem to infer that

E{(V(r+ &)~ V)& £ > —x) o ook = T ey
— X . —X = oo,
X+ 15 61 By By
By the elementary renewal theorem (see, e.g. Durrett [56, Theorem 2.6.3]),
V(x) ~x/Ex~ and hence
o2
ml(x)NT as x — oo, (11.6)

For the second moment of jumps we have

my(x) == ﬁﬁ{v(wél)éf; &1 > —x}

= ﬁE{(V(X'f‘él)_V(x))élz, .51 > _x}+E{€12; ‘51 > _x}
— ﬁE{(V(H&])*V(x))gf; & > ,x}+62+0(1)'

It follows from (11.5) that
V(x+&) = V)IE <ev(1+[6)EF < ev(1+x)& forall &1 <x,

hence

Vx+6) -V
V(x)

|§12%0 as x — oo,

and, again by the dominated convergence theorem,

1

@E{(V(Hé:l) ~V(0)&:

E|<x}—0 asx—>oo.
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Therefore,

() = Gr BV 8 V)R &> 5)+0 (1)
If ]E{&f, &1 > 0} is finite, then we may apply the dominated convergence the-
orem to the expectation over the event {& > x} too and get that m,(x) — &>
as x — oo, Butif E{&7; & > 0} = oo then E{(V (x+ &) -V (x))&Z; & > x}is
infinite for all x > 0. Therefore, m;(x) = oo for any random walk with infinite
E{&}; & > 0}.

Clearly, one can show directly that any random walk conditioned to stay pos-
itive is transient while the classical Lamperti criterion for transience—where at
least the second moment of jumps is assumed to be finite—is only applicable to
a random walk conditioned to stay positive in the case of finite E{&}; & > 0}.

Moreover, to the best of our knowledge, all known results on the conver-
gence towards I'-distribution for Markov chains, see Klebaner [99], Kersting
[94], or Denisov, Korshunov, and Wachtel [42]], assume finiteness of my(x).
However it is well-known that finiteness of ¢ for a random walk is sufficient
for the convergence of X? /n towards I-distribution for X,, being a random walk
conditioned to stay positive.

Random walks conditioned to stay positive represent an important class of
Markov chains with asymptotically zero drift. So it would be great if general
limit theorems for Markov chains with asymptotically zero drift covered the
well known results for random walks conditioned to stay positive. This obser-
vation motivated us to state conditions for I'-convergence in Chapter[d]in terms
of truncated moments and tail probabilities.

Repeating the arguments used above for the truncation at level —x, we con-
clude that

’ (0]

m%f(x)](x) ~ % ad my M (x) = 0% asx— oo, (11.7)
x

where s(x) = o(x) is defined in (IT.3). Hence, for any € > 0,

Zm[l‘v<x)] (x) S 2—¢

) T

for all sufficiently large x.

Thus, in order to apply the criterion for transience, Theorem [2.21] it remains
to show that

P{E) < —s()} < 29, (11.8)

X

for some decreasing integrable function p. According to the construction of
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{Xy}, this is equivalent to the following upper bound

FEEV e E) & < st < 2,

The function V is increasing, hence it suffices to show that
Pl > () < 2, (119)

which in turn follows from Lemma with y=2, 8 =0, and o = 1. Thus
{X,} is transient, by Theorem [2.21]

To apply Theorem [4.8] on convergence to a I'-distribution, we additionally
need to check that

P{IE(x)| > s(x)} < @, (11.10)

which is equivalent to, due to (TT.9),

1 p(x)
—E{V ; 61 > < —=.
PR ea): &> s@) < 2
Since V has asymptotically linear growth, we may reduce the previous condi-
tion to

E{x+&i; & >s(x)} < p(x),
which follows from (T1.3)) and (T1.9). Therefore, by Theorem 4.8]

2
7”:>F3/220-2 as n — oo, (1111)
n ,

and, by Theorem 4.11} the sequence of processes

X
L refo,
no?
converges weakly in D[0,1] to the Bessel process with drift coefficient 1/x,
that is, the three-dimensional Bessel process. In addition, the convergence to
a I'-distribution is also accompanied by asymptotics for its integral renewal
function; by Theorem
oo x2
H O = P X, < ~ — as x — oo,
0] = LPXo<ah ~ 55 asa
That random walk conditioned to stay positive converges weakly to a limit
was shown by Iglehart [85]. with further improvements by Bolthausen [20].
Random walk conditioned to stay positive is a special example of a Markov
chain with asymptotically zero drift. Its close connection to ordinary random
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walk allows us to obtain a number of further results. More precisely, by the
definition of the transition kernel of X,
V()
P X, €dx} = mP{z—!—Sn € dx,7(z) > n}. (11.12)

This allows us to use the fluctuation theory for random walks in order to derive
results for random walk conditioned to stay positive. For example, Caravenna
and Chaumont [32] have proved a functional limit theorem for X, Bryn-Jones
and Doney [30] proved a local limit theorem for X. Using results of Doney [50]
one can also derive asymptotics of local probabilities of small deviations of
{X, }. Finally, results by Jones and Doney [51] can be transferred into asymp-
totics of large deviation probabilities for a random walk conditioned to stay
positive.

We demonstrate the advantage of this connection to the fluctuation theory
of ordinary random walks by the following version of Blackwell’s theorem for
random walks conditioned to stay positive.

Proposition 11.1. Assume that E§| = 0, 62 := EE? € (0,0). Then, for every
fixed A > 0,

h(x) := H(x+A)—H(x) ~ %x as x — oo

if the distribution of &, is non-lattice, and

2A

h(Ax)N?x asx—»oo, X € Z,

if AZ is the minimal lattice for &;.

Proof. Consider the non-lattice case. Define

T()fl

u(x) == E Y IS, € (x,x+A]} = i]P’{Sn € (x,x+A],7(0) > n}.

Let x,:r be independent copies of the first strict ascending ladder height ¥ :=
Sp., where ny = min{n > 1:S, > 0}. Then, by the classical duality lemma,
see e.g. Feller (63| Sect. XII.2],

oo oo

Y P{S.€ (x.x+A],7(0)>n} = Y P{x{ +2 +...+ 2 € (x.x+A]}.
n=1 k=1

Applying Blackwell’s theorem (see, e.g. Durrett [56, Theorem 2.6.4]), we con-
clude in the non-lattice case that

A
u(x)—>]E—%+ as x — oo, (11.13)
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This gives us the asymptotics for /£ in the case of initial value Xp = 0. Indeed,
by (IT.12) with z = 0 where V(0) =0,

ZPO{XGHM Z/ IP’{S € dy,7(0) > n}

Z P{S, € (x,x+A],7(0) >n}

n=1

=V(x)u(x) asx— oo,

by (TT.4) which implies long-tailedness of the function V, V(x) ~ V(x+A) as
x — oo, Recalling that V (x) ~ x/Ex~ and using (IT.13), we obtain

d A
Po{X, € (x,x+A]} ~ ————x asx— oo
n; ! Ex Ex*
Then it only remains to apply the following identity which holds true for any
zero drifted random walk with finite variance, see e.g. Feller [63] Sect. XVIIL5,

Theorem 1, or Sect. XII.10, Problem 10],
Ex Ex* = o?/2. (11.14)
Now let us consider an arbitrary initial value X = z. In view of (TT.12) and
V(x) ~V(x+A) as x — oo,
AR
ZP{X € (x,x+AJ} V) ZP{ +8, € (x,x+A],7(z) > n}
n=1 2) n=1
V(x *(z
CV(2)

Z I{S, € (x—z,x—z+A]}.

Splitting the trajectory of {S,} by descending ladder epochs into independent
cycles and recalling the definition of u(x), we obtain

T(z)—1 6(z)—
E Y I{S,€(x—zx—z+A}= Z ulx—z+x +. 4+ ),
) = (11.15)

where 6(z) is defined in (TT.1). By (TT.13),

-1

N9

7(z)—

E

15

A
I{S, € (x,x+A]}~WEGZ as x — oo,

n=1

Recalling that E6(z) = V (z), see (T1.1)), and that V (x) ~ x/Eyx~ as x — oo, we
finally get

- A 2A
P{X, A~ —m—x = —
n;l AXn € (x,x+A]} IE)(ﬂEx‘x o2~
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for all fixed z, due to (TT.14).
In order to derive the same asymptotics for any initial distribution of the
chain it suffices to show that

sup ZIE”{X € (x,x+A]} < oo, (11.16)

z>0, x>1 x

which allows us to apply the dominated convergence. It follows from (TT.12)

and (TT.13) that

i P{X, € (x,x+A]}
n=1

< V(x+A) (

0(z)—
<G ; ulx—z+x; +.. +xk))

Since ug := sup, u(x) < oo,

> V(x+A)
n;]P’Z{Xn € (x,x+A]} < VG

Now (TT.16) follows from the asymptotic linearity of V and the proof in the
non-lattice case is complete. The lattice case is similar. O

uE6(z) = V(x+A)ug

Let us demonstrate an alternative proof based on Corollary [6.12]

Proof. Let us show that under the conditions stated the random walk con-
ditioned to stay positive satisfies all the conditions of Corollary [6.12] Firstly,
the condition (6.2) holds with 4 = 62 and b = 62 as shown above in (T1.7).
Secondly, the condition (6.3) follows from (TT.10).

Thirdly, we also need to check the conditions (6.4), (6.3) and (6.53). To
check the first one, we note that,

c| = Sl;p V(xVJE;)(x)) < oo,
hence, for t < s(x) = o(x),
P& > el st = ([ + 7)ot can
< alP{|&] >f}7

and (6.4)—(6.5) follows if we take E defined by its tail as

P{E >t} = min{1,c;P{|& ] > 1}},

which is square integrable because &; is so.
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Next, using once again (I1.5) we obtain

P{|E(x)[ >}
:</ +/) x+u P{&, € du}
<P{§1<—t}+/ I+ey ()>P{§1edu}

<SPG < —ih (L g JBLE > b+ o BUS 1G] > 1)
<c(P{l&1| >t} +E{|&i|;1&1| >¢}) forallx, > 0.

The right hand side is integrable due to EE? < oo, so the condition (6.53) is
satisfied too.

Finally, the asymptotic homogeneity (6.52) is immediate from (T1.2), with
& = &, because, for any fixed u € R, V(x+u)/V(x) — 1 as x — oo, and the
proof is complete. O

11.2 Reflected random walk with zero drift

Let n,, n > 1, be a sequence of independent identically distributed random
variables with zero mean and finite variance. The chain defined by

Xns1 = |Xn+NMns1], n>0, (11.17)
is usually called a reflected random walk. It follows from that
§() = (x+m{x+n >0} = (x+m)H{x+1n <0} —x
=n-2(x+n{x+n <0} =n+2(x+n)".
This representation implies that, for any function s(x) < x,
i )

=E{m[n| <sC}+E{N+2(x+1)73 0 +2(x+1)7| < s(x), 1 < —x}
=E{m:[n| <500} —E{2x+m; [2c+1] <s(x)}.

From this equality and the assumption En) = 0 we infer that
i ] <E{Ink:[n] > s()} +s()B{n < ~2x+5(x)}
< 2E{|nl:[n| > s(x)}.

The assumption En? < oo implies that there exists a function s(x) = o(x) such
that E[|n|;|n| > s(x)] is integrable, see Lemma withy=2, a=f=
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Consequently, |m[ls<x)] (x)] is also integrable. Taking into account that
my () = En? € (0,2),

we finally obtain

m[ls(x)] (x) _ o(p(x))

m[ZS(X)] (x)
for some decreasing integrable function p(x) satisfying p’(x) = o(1/x?). There-
fore, the reflected random walk X, satisfies (8:7) with r(x) = 0. This implies
that U (x) = x in this case. Furthermore, the validity of (8:12)), (§.14) and (8-13)
easily follows from the assumption En? < co. Consequently, we may apply
Theorems [8:2} [8:18] and [8.24] to the invariant measure 7 of the reflected ran-
dom walk {X,}:

m(ax,x] ~c(l—a)x asx— oo, (11.18)
to the down-crossing probabilities, for a sufficiently large X,

V(x) a2

Pi{te>nt ~ ——— asn —» oo (11.19)
AT > n} I'(3/2)\/2En2
and to the conditional distribution
P{X, > uy/n| 7% >n} — e CE a5 s oo, (11.20)

In addition, we can apply Theorem [8.14]to conclude local asymptotics for the
invariant measure 7 of the reflected random walk

w(x,x+h] = ch asx— oo, (11.21)

for all 4 > 0 in the non-lattice case; in the lattice case both x and / should be
restricted to the lattice.

Asymptotics in (TT.19) and (TT.20) coincide with that for ordinary random
walk, only the function V (x) can be different. This difference comes from the
fact that reflection at zero can happen in such a way that the position after the
reflection is again bigger than x.

One can also obtain asymptotics (I1.19) using the asymptotics for the first
visit of a bounded set by a one-dimensional random walk. Namely one can
interpret 7; as the first time the random walk visits a compact interval [—£, £].
Then, for arithmetic random walks the asymptotics (T1.19) follow from the
results of Kesten and Spitzer [97] and for general random walks from Vysotsky
[150], see also references therein.

Relation (TT.18) implies that {X,} is null recurrent. Recurrence of a re-
flected random walk with finite second moments of increments has been shown
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by Kemperman [91]]. Non-positivity in the case of zero mean is immediate from
the fact that any ordinary driftless random walk is null-recurrent.

The local asymptotics (I1.21)) was proven by Brofferio and Buraczewski in
[28, Theorem 1.3] under the assumption that E|n~|3/? < co and E(n*)? < oo,

11.3 State-dependent branching processes with migration

In this section we consider branching processes with reproduction law depend-
ing on the number of particles in the population: If there are k particles in the
population then the number of offspring of every particle is an independent
copy of a random variable (k) > 0. Furthermore, we assume that there is a
migration of particles. This will be modelled by n’s: given k particles in the
system, the number of migrants at time » is an independent copy of a ran-
dom variable 1 (k)—which may take both positive and negative values. As a
consequence we have the following Markov chain:

Zn +
VATRERES (ZCn+1,i<Zn)+nn+l(Zn)) , n>0, (11.22)
i=1

where {§,;(k), n>0,i > 1} are independent copies of § (k) and {n,(k), n > 1}
are independent copies of 1) (k). Then {Z,} is a Markov chain on Z*.
There is also an alternative way to introduce migration of particles:

(Yt (Ya))*
Yo = Y, Gi(Y), n>0. (11.23)

i=1
The only difference between these two models consists in the order of branch-
ing and migration at every time step. In (T1.22)) one performs first branching
and then migration, and in (I1.23) these two mechanisms appear in the re-
versed order.
We shall assume that offspring random variables { (k) are such that

KEL(k)—1) — ag €R ask — oo, (11.24)
and
o2(k) := Var{(k) — o€ (0,00), (11.25)
and that the expectation of the migration quantity 1 (k) converges:
En(k) — an € R ask — oo. (11.26)

Under these assumptions the asymptotic behaviour of the first two moments of
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jumps is as follows:

E{Zy1—Z,|Z, =k} — ag +any,
B{(Zps1—2Z2)* | Zy =k} ~ 0%k ask —> oo}

for the second relation we need to assume that En?(k) = o(k).
Linear growth of variances significantly complicates the analysis of the Markov
chain {Z,}. In order to get bounded variances we consider a chain

X, :=/Zp, n>0, (11.27)

whose jumps are

1=~

k +
E(Vk) (; Cl,i(k)+n1(k)> —Vk

= V/(S(k) +m (k)" = V&,

where S(k) := {y,1(k) +...4 i x(k). It follows from the proof of the first result
in the next subsection that this Markov chain has asymptotically zero drift and
bounded second moment of jumps.

11.3.1 Classification of near-critical branching processes
We start with classification of branching processes satisfying (T1.24)—(T1.26).

Under some mild conditions on { (k) and 1 (k) we show that

(i) if ag +ay > /2 then {Z,} is transient;
(i) if 0 <ag +an < 62 /2 then {Z,} is null recurrent;
(iii) if a; +ay < 0 then {Z,} is positive recurrent.

We start with evaluation of the first two truncated moments of jumps &(\/E)
of the chain {X,,} defined in (I1.27) and of their left tails.

Proposition 11.2. Let the moment conditions (I1.28)—(T1.26) hold and let the
Sfamily of random variables {|n (k)|,k > 0} possess an integrable majorant 1,

that is,
INk)| <q¢ m forallk>0 and En < . (11.28)
Then, there exists an increasing function s(x) = o(x) such that

P{E(Vk) < —s(Vk)} < p(Vk)/Vk  for all k >0, (11.29)
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where a decreasing function p(x) > 0 is integrable at infinity. If, in addition,
for some increasing function t(x) = o(x),

E{&2(k); {(k) >t(k)} =0 ask— oo, (11.30)
then there exists an increasing function s(x) = o(x) such that, for all s(x) >
s(x), as k — oo,

s ag+a 762/4 s(Vk 62
mP VO (Vi) ~ 52”—\/]; and w5V - S a1
Proof. Let us introduce events
Ae:={IE(VR) < s(Vi)}
= {|V/(S(k) +n (k)" — Vk| <s(Vk)}. (11.32)

Provided s(x) = o(x), an equivalent way to define A for all sufficiently large k
(Vk=s5(VE))* < S(k)+n(k) < (Vi+s(VE)),
that is,
—2Vks(VE) +5* (V) < S(k)—k+n(k) < 2Vks(Vk) +5*(VE).
Therefore, again due to s(x) = o(x), for all sufficiently large k we have
{&* (Vi) > s(Vi)}
C {(Stk)—k)* > 3VEs(VROYU{nT (k) > (VE)}.  (11.33)

The condition (TT.24) may be rewritten as ES(k) —k — ag as k — oo, hence for
all sufficiently large &,

P{E*(VE) > s(Vh)}
< P{(S(k) —ES(k))* > Vks(Vk)} +P{n > s*(Vk)}, (11.34)

owing to the majorisation condition (TT.28).
By exponential Chebyshev’s inequality,

P(S() ~ES() < ~VAs(VR)} < (B 1 ) eV,

By Taylor’s expansion, for some 6 € [0, 1],

Eg(k)—E(k) 1 2 o BEEW) (k)
Ee =1+ EEK) -0’

<14 %{w;(m ELWIVE
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because the § (k) is non-negative. Therefore, for some ¢ < o,
P{S(k) —ES(k) < —Vks(Vk)} < ce*VH). (11.35)

Further, since E(,/7)? = En < o, by Lemma there exists an s(x) = o(x)
such that

P{vn > s(x)} < pi(x)/x,
for some decreasing integrable at infinity function p; (x). Therefore,
P{n >s*(Vk)} < pr(Vk)/Vk. (11.36)
Substituting (T1.33) and (T1.36) into (T1.34) we obtain
P{E(VK) < —s(VK)} < ce VR 1 py (Vi) /VE,

so (TT:29) follows provided s(x) > 3logx.
Let us now show the relations (T1.31) for the truncated moments. We start
by showing that, as k — oo,

E{(S(k) —k)?; |S(k) —k| > Vks(Vk)} = o(k). (11.37)

Since the variance of {(k), k > 1, is bounded, taking y = x/2 in 2:127) we
conclude

E{(S(k) —ES(k))*; S(k) —ES(k) > x}
< 2C(2)(k/x)* +KE{( (k) —EL (k))*; $ (k) —EL (k) > x/2}
+ KPP{L (k) —E& (k) > x/2}. (11.38)

For x = v/ks(v/k) which is greater than 3¢ (k) provided s(x) > 3¢(x?) /x = o(x),
we obtain

E{(S(k) —ES(k))*; [S(k) — ES(k)| > Vks(Vk)}
< ck( +E{G2(K): S > 1(k)}),  (1139)

1
s2(Vk)
and, by the condition (T1.30),

E{(S(k) ~ES(K))*: [S(k) ~ES(K)| > Vks(Vk)} = o(k) ask — oo,

which implies (I1.37) because |ES(k) — k| is bounded due to the condition

(129
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It follows from (IT.33) and then from (IT.37) that
E{(S(k) —k)*: A}
<E{(S(K) —k)%; (k) — k| = VAs(VE)} +E{(S(K) —k)%; n (k) > (Vi) }
— oK)+ (VarS(k) + (ES(K) — K2 P{n (k) = s> (V)
=o(k) ask— oo,
because the second moment of both §’s and the sequence |ES(k) — k| is bounded

by the conditions (TT.24) and (TT.23). Hence the condition (TT.23) allows us
to conclude that

%]E{(S(k)—k)z;Ak}:crz(k)—i—o(l) — 02 ask—oeo.  (11.40)
Note also that
%E{In(k)(S(k) —k)|; A} < %Eln(k)(S(k) — k)]

= TEI®IEISK) A

1
< CEnE(S(k) —k)?
=0(1/Vk), (11.41)

by the independence of 7 (k) and S(k), and the majorisation condition (TT.28).
Moreover, since

Ap = {k—2Vks(Vk) + 5> (Vk) < S(k) +n(k) < k+2vVks(Vk) +5* (Vi) },
for all sufficiently large k, we have
Ar C{In(k)| < 3Vks(Vk) +[S(k) — K[}, (11.42)
hence
E{n*(k); A} <E{n*(k); [n(k)| < 3vVks(V) +[S(k) =k}

By the assumption E7) < oo on the majorant for 71 (k)’s, it follows from Lemma
with V(x) =x and p = 2 that

SI;pE{nz(k);

nk)| <x} =o(x) asx— oo,

Thus, as k — o,
E{n*(k); A} < o(Vks(VE) +E|S(k) —k|) = o(k).  (11.43)
Combining (11.40), (11.41) and (11.43), we conclude convergence

%E{(S(k)—k—kn(k))z;Ak} — 0% ask—oo. (11.44)
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The upper bound (IT.37) implies that, for any fixed n > 1,
E{|S(k) —kJ; [S(k) —k| > k/n} < %E{(S(k) — k)% IS(k) — k| > k/n}
—0 ask— oo, (11.45)
Therefore, for some s(x) = o(x),

E{[S(k) —k|; |S(k) —k| > Vks(Vk)} =0 ask—oo.  (11.46)

It follows from (T1.33)) that

E{|S(k) —k+n(K)]; [E(VE)| > s(VK)}
<E{IS(k) —k+n(K)]; [S(k) —k| > Vis(V)}
+E{|S(k) —k+n(K)|; [n (k)| > s*(Vk)}
< E{[S(k) —kl; [S(k) — k| > Vks(V&)} + EnP{|S(k) — k| > VEs(VE)}
+ EIS(k) —k|P{n > s*(Vk)} +E{n; n > s*(Vk)}, (11.47)

by the independence of S(k) and 7 (k), and by the majorisation condition (TT.28).
Applying now (T1.46) and (TT.36) we get that

E{|S(k) —k+n(k)|; A;} =0 ask—oo. (11.48)

In its turn, this implies that
E{S(k) —k+n(k); A} = E(S(k) —k+n(k))+o(1)
s ag +an, (11.49)
by the conditions (T1.24) and (I1.26).

Owing to Taylor’s expansion we conclude that

E(VE) = \/1€<\/1+S<k>"]‘c+"(") - 1)

_ S(k)—k+n(k) 1 (S(k)—k+n(k)?
== 5 T (1+0(1))

as k — oo uniformly on the event A;, where uniformity of o(1) on this event fol-
lows from the relation s(x) = o(x). Then, using (T1.49) and (11.44) we obtain

Vil YO (V) = VAE(E(VE): A
ag +an —0%/4
2

To determine the asymptotic behaviour of the second truncated moment we

as k — oo,
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note that, uniformly on the event Ay,

oo Sk)—k+n  \?
Fvh = <\/S(k)—|—n(k)+\//;>
Z(S(k)_i;_n(k))z(l-i-O(l)) as k — oo.

Using (T1.44) once again we conclude that
PV (Vi) = B{E2(VR): Ak — 02/4 ask — o,

So, both convergences in (I1.31)) hold true and the proof is complete. O

Theorem 11.3. Assume that (11.24)—(11.28) and (I1.30) hold, and
limsupZ, = o with probability 1. (11.50)

n—yoo

Ifag +ay > 6% /2, then {Z,} is transient.

Since {Z,} lives on the non-negative integers, the assumption (T1.30) cor-
responds, modulo some periodicity issues, to irreducibility of the state space
of the branching process. This assumption obviously excludes existence of ab-
sorbing states. So, standard non-degenerate critical Galton-Watson processes
do not satisfy this condition, but if one adds a non-trivial immigration at zero,
then (TT.30) follows. The same is true in the case of space-homogeneous im-
migration.

Probably the simplest sufficient condition for (TT.50) is the following one

P{n(k) >0} >0 forallk>0.

In this case no any further restriction on the offspring numbers § (k) is needed

to guarantee (T1.50). For a near-critical process satisfying (T1.24) and (11.23)
one can relax the restriction on the migration mentioned above. Indeed, (11.24)

and (T1.23) imply that

EL(k)({(k)—1) = 6% >0 as k — oo.

Consequently, there exists a kg such that
ki;l}f()IP{C(k) >2}>0.
Therefore, the desired irreducibility then follows from the conditions
P{n(k) >0} >0 forallk<ko

and
P{n(k) > —2k+1} >0 forall k > ko.
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Proof of Theorem[I1.3] 1Tt is sufficient to check that the chain {X,} = {\/Z,}
satisfies all the conditions of Theorem[2.21] Fulfillment of the condition (2:108))
of Theoremmfollows from (TT:31) and assumption a; +an > 6% /2, while
(2.109) follows from which completes the proof. O

Theorem 11.4. Assume that (11.24), (T1.26) hold and, for some € > 0,
P{{(k) =0} < 1-—2¢, (11.51)
E{n(k); n(k) < —ke} -0 ask— co. (11.52)

If ag +an <0 then the chain {Z,} is positive recurrent.

If, in addition, (T11.23), (I1.28) and (T1.30) hold and a; +an < 62 /2, then

the chain {Z,} is recurrent.

Proof.  For positive recurrence we show that the drift of {Z,},
E{Zrz+l -7, | Zy = k} = E(S(k) + T’(k))Jr —k
= E(S(k) +n(k)) —k+E(S(k) +n(k))",

is negative and bounded away from zero for all sufficiently large k if ay +an <
0, because

E(S(k) +n(k)~ =E{(S(k) +n(k))"; n(k) < —ke}
FE{(S(k)+n (k)" n(k) > —ke}
<E{n~(k); n(k) < —ke} +E(S(k) — k).
The first expectation on the right hand side tends to zero as k — oo due to
the condition (TT.52)). The second expectation tends to zero too, because, by

the condition (TT.51), all {(k)’s stochastically dominate a Bernoulli random
variable { with success probability 2¢€, so

E(S(k) —ek)” <E((§i—€)+...+ (& —€))”
<ekP(({i—¢e)+...+ (& —€) <0)
< ek(1—8)*F for some & >0,

owing to E({ — €) = € > 0; here {;’s are independent copies of {.

Let us now check that the chain {\/Z, } satisfies all the conditions of Corol-
lary in the case a; +an < 6%/2. In view of the condition (TT-30),

P{{(k) >t(k)} < E{Cz(k);tf(g)>t(k)} =o(1/k*)  (11.53)

as k — oo, possibly with a faster growing level z(x). It follows from (I1.46) and
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Chebyshev’s inequality that
P{S(k) —ES(k) > Vks(Vk)} = o(1/k) ask — oo,

possibly with a faster increasing s(x). Together with (T1.36) and (T1.33) this
yields an upper bound

P{E(VK) > s(VK)} = o(1/k) as k — co. (11.54)
The condition (2.84) follows from upper bounds
E{§3(\//;) E(Vk) €10, Vk]}
<E{&(VE): (V) € [0,s(VII} +E{&}(VE): E(VE) € (s(VE), VK]}
< s(VRE{E*(VA): E(Vk) € [0,s(VA)]} +KPPLE(VE) > s(VE)}
=o(Vk) ask— oo,

because the first term on the right hand side is of order O(s(vk)) = o(v/k)
due to the second convergence in (TT.3T)) while the second term is of the same

order by (T1.54).

In order to show the validity of (2:83) we first note that, by the concavity of

Vs
E(WVk) <\/S(k) —k+mn(k) on theevent &(Vk) >0

and
{E(Vk) > Vk} = {S(k) —k+1 > 3k}
Then, by the Markov inequality,
E{&°(VE); E(VE) = VE}
< E{(S(k) —k+mn(k)*/*; S(k) —k+n(k) > 3k}

< WE{S(k) ke (R): SO0 — k+ (k) > 3k},

hence (2:83)) follows because the expectation on the right hand side tends to

zero as shown in (TT.48).
For recurrence, it remains to prove that
M) 1-e
vy T VR
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for all sufficiently large k. Since s(x) < x, we have

2N VB 2 M (VR
s (vE) T mb (V)
20t (B 2E(EWR): E(VR) € (s(VR), VAT}
= NIy BB/ '
2 2
It follows from (TT.3T)) that
2l VO(VER) agtan—o?/4 1
Wby oA VK

b

By (T1.54),
E{E(Vk); E(Vk) € (s(Vk), VE]} < VEP{E(WVE) > s(Vk)} = o(1/Vk),

so hence the desired inequality follows because a¢ +an < o’ /2. O

Theorem 11.5. Assume that (11.24)—-(11.28) and (T1.50) hold. Let the family
of random variables {{?(k), k > 1} be uniformly integrable, that is,

sup B{&2(k); {(k) >t} =0 ast— oo. (11.55)
k>1

Ifag +ay € (0,62 /2), then the chain {Z,} is null-recurrent.

Proof.  'We apply Corollary 2.16] Note that the condition (I1.55) implies ful-
fillment of (TT.30), so the first two truncated moments of jumps & (v/k) satisfy
the asymptotic relations (I1.31).

Now let us show that the family of squares &2(v/k) is uniformly integrable.
It follows from the definition of & (\/l;) that, for all y > 0,

P{E(VK) >y} =P{\/S(k)+n(k) > Vk+y}
=P{S(k) —k+n(k) > 2Vky+y*}
< P{S(k) —k > Vky} +P{n > y*}. (11.56)
For the left tail, we have
P{E(VE) < -y} =P{/(S(k) + n (k)" < Vk—y}
<P{S(k) —k+n(k) < —2Vky+y*}
<P{S(k) —k < (=2Vky+y*)/2} +P{n > (2Vky —?)/2}.

Since é(\/l;) > —\/IE, we only have to consider the values of y < vk in the
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last formula. However for such values of y we have —2v/ky +y? < —v/ky and
—2vky +y* < —y?, therefore

P{E(Vk) < —y} S P{S(k) —k < —Vky/2} +P{n >y /2}.
Combining this estimate with (T1.56), we obtain

PUEVAI 20y < B{ |20 502} Bvm> /) a1

By the conditions (T1.24) and (T1.23) and by the uniform integrability of
£%(k), the family of random variables (S(k) — k)2 /k is uniformly integrable
too. The random variable /7] is square integrable. Altogether implies uniform
integrability of the family of squares {E2(v/k), k > 1}.

The condition ([2.60) follows from (TT.29) and (TT.31), due to &(vk) >
—+/k. Then uniform integrability and asymptotics (T1.31)) allow us to apply
Corollaryin the case a; +ay € (0, 62 /2) and to conclude the null recur-
rence of {X,}, and hence of {Z,}. O

11.3.2 Convergence to I'-distribution

Theorem 11.6. Assume that (11.24)—(11.28), (T1.30) and (11.50) hold, and

that

P{C(k) > 1(k)} < q(k)/k (11.58)

for some increasing t(x) = o(x) and a decreasing integrable function q(x) such
that the function q(x)+/x decreases. If a; +an > 02 /2 then

Zy X?

nc?/4  no?/4

converges weakly as n — o to a U-distribution with mean 4(ag + ay)/c? and
variance 8(a; +an)/ 62. In addition, the sequence of processes

Zi]
nc?/4’

t €[0,1],

converges weakly in the space D[0,1] to a Bessel process with drift coefficient
(2(ag +an)/0* —1/2)/x and unit diffusion coefficient.

A sufficient condition for (TT.38)) is the existence of a square integrable ma-
jorant E for the family of random variables {{(k),k > 1}, see Lemma
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Proof. Tt is sufficient to check that the chain {X,} satisfies all the conditions

of Theorems - and- By Theorem [11.3] the chain {X,,} is transient and
by Proposition [11.2|the truncated moments of its jumps & (v/k) satisfy (TT.31),

so the condition (@) follows with it = (ag +an — 6%/4)/2 and b = 62 /4.
Then it remains to show that, for all %,

P{IE(VK)| > s(Vh)} < p(VE) VK, (11.59)
which in particular implies, due to & (vk) > —v/k, that
E{|§(VK)[; §(VK) < —=s(VE)} < p(Vk),
where a decreasing function p(x) > 0 is integrable at infinity. It follows from

the Fuk-Nagaev inequality (2Z.126) with x = v/ks(v/k) and y = x/2 that

P{|S(k) — ES(k)| > Vks(Vk)} < —— +kP{L (k) > Vks(Vk)/2}.

c
(Vi)

Let us choose s(x) = o(x) such that s(x) > x¥/* and xs(x) > 2¢(x?) which is
possible because #(x) = o(x). Then, by the condition (TT.38),

P{|S(k) ~ES(k)| > Vks(Vk)} < (k) >1(k)}

C
Vo

—~

_\[<(\% +q(k)\/l€). (11.60)

Together with (T1.34) the upper bounds (T1.60) and (T1.36) imply
P{E(VA) 2 s(VA)} < qVE).

(<
VE\Way

where ¢(x) is a decreasing integrable function. Since

/Im(;—l—cﬂ )>dx—C+ [Ty < =

the chain {X,,} satisfies the condition (T1.39) and the proof is complete. ~ []

Assume that all the conditions of Theorem[TT.6|apart from (TT.50) are valid
but P{n (k) <0} = 1, so the state 0 is absorbing and the extinction probability
is positive. Denote

q := P{Z, — =} €(0,1).

In parallel, let us introduce a branching process {Z } governed by the same
stochastic mechanism as {Z,} with just one alteration: we add a transition at
zero, if Z, = 0 we put Zn+1 = 1; this alternated chain is transient provided it
is irreducible and Theorem |11.6|is applicable to it. Since {Zn} visits O finitely
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many times, we conclude that the distribution of Z,/nc? conditioned on the
event {Z, — oo} converges to the same I'-distribution as Z, /nc? is converging
to which implies

P{Z,/n6? <x} — (1 —q)+ql(x) asn— oo. (11.61)

The next result is aimed at covering the null-recurrent case.

Theorem 11.7. Assume that (I1.28)—(T1.28) and (11.50) hold, ag+an >0
and there exists a decreasing function €(y) — 0 such that

P{C(k)>y}<£)g) forallk>1,y>0, (11.62)
and
/w iy)dy<<>o, (11.63)
Ly

then 4Z, /nc?* converges weakly as n — oo to a T-distribution with mean 4(ag+
an)/o?* and variance 8(ag +an)/ o2. In addition, the sequence of processes

Zim)

2
noc?’

t€[0,1],

converges weakly in the space D[0,1] to a Bessel process with drift coefficient
(2(ag +an)/0* —1/2) /x and unit diffusion coefficient.

The conditions (T1.62)-(T1.63) imply the existence of a square integrable
majorant & for the family of random variables {{ (k),k > 1}, and not the other
way around. A sufficient condition for (TT.62)—(T1.63) is the existence of a
majorant Z such that EZ?log! (1 + Z) < oo for some £ > 0. Note that we use
the monotonicity of the function £(y) when justify (T1.64) below.

Also, instead of the conditions (TT.62)—(T1.63) we can assume existence of a
majorant Z for the family {{ (k)} such that Z2log(1+ Z) is integrable, because

—

then the function E{Z?; Z > y} /y? is integrable at infinity.

Proof. Note that the condition (TT.62) implies that the family {{?(k),k > 1}
is uniformly integrable, hence (I1.30) holds, so the first two truncated mo-
ments of jumps & (v/k) satisfy the asymptotic relations (TT.31). Also, by The-
orem the chain {X,} is either null recurrent or transient.

To prove convergence to a I'-distribution, let us check the conditions of The-
orem Firstly, null recurrence or transience of {X,} implies convergence
X,, — oo in probability as n — co. Secondly, the sequence |& (v/k)| possesses
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a square-integrable majorant Z. Indeed, using (Z.126) with x = v/ky/2 and
y =x/2 we get from (TT1.57) that

P{IE(VK)| 2y} < e/y* +kB{|C (k) ~EL (k)| > Vhy/4} +P{y/n > y/2}.

Since {(k) > 0 and the sequence E{ (k) is bounded, there exists an yy such
that, for y > yo,

P{IE(VK)| =y} < e/y* +kP{L (k) > Viy/2} +P{y/7T > y/2}.
Due to (T1.62) and monotonicity of the function €(y),

P{C(k) > Vhy/2} < 48<{’;§/Z> Sfy/f),

<4

(11.64)

hence

P{E(VR)| 2} < c/y* +4e(y/2)/y +P{yn > y/2} fory=>y.

Let & be a random variable taking values in [yg, o) such that

P{E >y} =min{1, ¢/y* +4e(y/2)/y* +P{y1 >y/2}} fory> y.

Clearly, Z is a stochastic majorant for the sequence & (v/k). The finiteness of
EZ? follows from the condition (TT.63)) and the assumption En < co.

So it only remains to determine the asymptotic behaviour of the first two full
moments of jumps, that is, of m;(v/k) and ma(v/k). We know from the proof
of Theorem that

s ar +ap —oc?/4
m[l (\//;)](\/];) ~ 6_7277—\/];

for any s(x) such that s(x)/x — 0 sufficiently slow. From the existence of the
majorant we infer that

as k — oo,

. 1
E{[E(V)L: [E(V)| = s(VE)} < )

Consequently, we can choose s(x) = o(x) such that
E{|E(VK)|; |E(VE)| > s(VE)} = 0(1/Vk) ask— .

This yields asymptotics

mi (Vk)

E{&%; & > s(Vk)}.

N ag"_an _62/4
2k

The existence of a square-integrable majorant also gives that my(v/k) — 62 /4
as k — oo. Thus, the weak convergence of Z,/nc? to a I'-distribution now
follows from Theorem f.10]and the functional convergence follows from The-

orem 111 O

as k — oo,
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11.3.3 Tail asymptotics for non-extinction probability of recurrent
branching processes

Basic topics in the theory of critical and near-critical recurrent branching pro-
cesses are the asymptotic behaviour of the non-extinction probability and the
limiting behaviour of the process conditioned on the non-extinction. Let us
demonstrate that corresponding results for general Markov chains—Theorem
[8:18]and Corollary [8.22}—may be applied to near-critical branching processes.
For that, we have to find restrictions on {(k), n(k), and  which guarantee
fulfillment of (§.4)—(8.6) and B-12)-(8-13).

The hardest task, from the technical point of view, consists in finding a reg-
ular function r(x) such that (8.3) takes place. In what follows we concentrate
on the case when one can take r(x) = ¢/x.

We first prove a refined version of Proposition where we assume re-
fined versions of the conditions (T1.24)—(T1.28)) on the moments of {(k)’s and
n(k)’s. Hereinafter we consider s(x) = x/log! *€ x.

Proposition 11.8. Let, for some € > 0,

sup E&2(k)log® 3¢ (1 + & (k)) < oo, (11.65)
k>1

let the majorisation condition (11.28) hold with 1 satisfying
Enlog! ™% (141) < oo, (11.66)

and let there exist a decreasing integrable at infinity function v(x) such that
xv(xz) is decreasing too and, as k — oo,

EL(k) = 1 +ag /k+o(v(k)), (11.67)

En(k) =a n+0(kv(k)) (11.68)

Var £2(k) = 6% + o(kv(k)), (11.69)
E{G(k): S(k) <k} < Kv(k). (11.70)

Then, for s(x) = x/log' "€ x, there exists a decreasing integrable function p(x)
such that

N + B g 4
IR = S (), (a7
mg(\/%)](\/];) _ 62/4+0(\//;p(\/];)) as k — oo, (11.72)

Proof. Due to the condition (T1.63)), the condition (T1.30) is valid with any
t(k) — oo. Take (k) = v/k. Then it follows from the upper bound (TT.38) with
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s(x) = x/log! "€ x and the condition (TT.63) that
E{(S(k) —k)%; 1S(k) —k| > Vs(Vk)}
< C(1og 2 k+KE{L2(K): LK) > VEs(VR)})

ES? (k) log™¢ (1 + C(k)))
log*™3 (1 + k)
= O(k/1log> k) ask — co. (11.73)

< C(log2+28k+k

Therefore,

E{|S(k) —kl; [S(k) —k| > Vks(vk)}
< E{(SH0) —K)*: 1S(k) —k| > VEs(VK)}
B Vks(Vk)
= 0(1/10g* % k) as k — co. (11.74)

By Taylor’s expansion,

E(VK) = Stk) —k+n(k) 1 (S(k) —k+n(k)* ) (SK) = k+n(k)*

2 b
2vk 8 Kk VK (17s)

where 8 = 8((S(k) — k+n(k))/vk) is bounded on the event A; defined in
(TT:32). Let us estimate the expectation of every term in (T1.73).

Recalling from (TT.33) that AS C {|S(k) — k + 1 (k)| > Vks(v/k)} for all k
sufficiently large, we obtain

‘E{S(k) —k+n(k). Al ag +ay

N Vk
ES(k) —k—ag| |En(k)—ay
= ’ vk *’ N
+%E{|S<k> k() 1S() — k+ (k)| > VAs(VE)}.

The first two terms on the right hand side are of order o(v/kv(k)) by the con-
ditions (T1.67) and (T1.68). Taking also into account the upper bounds
and (11.74) we derive
’ S(k) —k+n (k) ag +dn
p[SE kb,
vk vk
+—= (EIS(k) — KP{n > *(VI)} +E{n; n > 2(VK)}).

< o(Vkv(k)) +0(1/Vklog? ¢ k)

§H
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The assumption (TT.66) implies that
1
vk
=o(1/Vklog' k) ask — oo,

LB > 2}

E{n; n > k/log” % Vk
7 {n; n > k/log }

hence, by the Markov inequality,
P{n >s*(Vh)} <E{n; n > s*(Vk)}/s* (V)
=o((log'*€k)/k) ask — oo,
Combining this with the upper bound E|S(k) — k| = O(v/k), we conclude that

‘E{S(k) —k+n(k) Ak} _ag+ap

7 : 7 < o(Vkv(k)) +0(1/Vklog" € k)

= o(p(Vk)), (11.76)

where the function
p(x) == xv(x?) +1/xlog! "¢/ x (11.77)

is decreasing and integrable at infinity because € > 0 and
w(xdx = = [ v(y)dy < oo.
1 2
For the second term on the right hand side of (T1.73), we have
k)—k k))?
’E{(S( ) k+n( ) A} o

)

E{(S(k) —k)* A}
k
o LS —nid): A B8 A
k k
= E1+Ey+E3+E4. (11.78)

The first term on the right hand side may be bounded as follows:

M‘ < o(kv(k))+0(1/k),  (11.79)

by the conditions (TT.67) and (I1.69). Using (I1.33), we obtain

< E{(S(k) k)% (k) —k| > Vks(vVk)}
= k

E, = [Var{ (k) — 6> +

E

E{(S(k) —k)*; [n(k)| > s*(Vk)}
k
< O(1/10g> 38 k) + c2P{n > s*(Vk)}  as k — oo,

+
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by the upper bound (T1.73) and independence of S(k) and 7 (k). Therefore, by

the condition (TT.66),
Ey = 0(1/1log*3¢k). (11.80)
By (IL41),
Es=0(1/Vk) ask— oo (11.81)
Finally, due to the condition (T1.66) we deduce similarly to (T1.43)) that
Ey=o0(1/log""¥k) ask — oo, (11.82)

Combining (TT.78)—(1T.82), we obtain

E{(S(k) —/:\;]g(k))z; Ar} _ \c;z]; +o(p(Vk)), (11.83)

where p(x) is defined in (TT.77).
As follows from the definition of Ay, see (T1.32),

IS(k) —k+n(k)| < 3vVks(vk) on the event Ay,
hence the remainder term in (T1.73)) possesses the following upper bound:

% A} < 3VEs(VRE{(S(k) — k+n (k)% A}
= O0(kvVks(Vk)) ask — oo, (11.84)

E{IS(k) —k+n(k)

as follows from (T1.83).
Combining (T1.73), (I1.76), (11.83) and (I1.84), we colclude that

2Vk
where p(x) is defined (T1.77), so (TI.71) is proven.

In order to prove (T1.72) we first use Taylor’s expansion for the function

E{&(Vk); A} = o(p(Vk)), (11.85)

(mf1)2:127”—373 61 €(0,1)
4 64(1+91u)5/2’ 1 s 1)y

to conclude

E2(VR) = (S(k)—/;:n(k))z+5(S(k)—11<{2+n(k))37

where 6 = 6(S(k),n(k)) is bounded on the event A. Then we apply (TT.83)

and (TT.84) to conclude (TT.72). O
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Under the conditions of Proposition we have that, with s(x) = x/log! "€ x,

[s(x)] 2
2 o2/4—ar —
%(x) _ Ol m il ) asx—e.

() 4 x
This means that (8.3) holds with

_p-1
r®) = 14+x’

where

62/2—a§fan
P

Theorem 11.9. Assume that all the conditions of Proposition [[1.8 are valid
and that ag +an < c?/2.
Assume that Enlog> 3¢ (1 +1) < oo and EnP/? < oo, Assume that

supELP/% (k) < oo. (11.86)
k>1

Then, for each starting state z,

P{Z > z, for all k < n} ~ @ n e (11.87)
nP/Z
and, for all u > 0,

27,

Zk>z*forallk§n} —e " asn— oo, (11.88)

where z, is the minimal accessible state of {Z,}.

It is easy to see that if P{{ (k) =0} > 0 and P{n (k) <0} > 0 for all k then
2. = 0. Furthermore, if P{n (k) < 0} = 1 then O is an absorbing state and we
have typical for branching processes statements:

P.{Z, >0} ~c(z)/nP> asn— oo

and, for all u > 0,

27,
IP’Z{ 2>M‘Zn>0}—>e” as n — oo,
no

Proof. We again put s(x) = x/log! "¢ x and check sufficient conditions for
results from Section [8.6] We start with the following auxiliary upper bound,
forall p > 0,

E{(S(k) —ES(k))P/*; S(k) ~ES(k) > Vks(Vk)} = (VAP o(q(Vk))
(11.89)
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as k — oo, for some decreasing integrable at infinity function g(x). By Lemma
for all p > 0, E|S(k) — ES(k)|P/> = O(kP/*) and hence E|S(k) — k|P/? =
O(kP/*). Then, by the condition (TT.86),
E{(S(k) — ES(k))P/%; S(k) — ES(k) > Vks(vVk)}
< EIS(k) —ES(k)|P/?
= (VRPto(1/(Vi)PF
= (VP lo(q1(Vk)) ask— o,

for some decreasing integrable at infinity function g; (x), provided p > 4.1If p €
(0,4] then, by the Chebyshev-type inequality and by the upper bound (TT.38),

E{(S(k) — ES(k))P/%; S(k) —ES(k) > Vks(Vk)}
- E{(S(k) —ES(K))*; S(k) —ES(k) > Vks(vk)}
B (Vks(Vk))2=p/2

= (wzswclz))z—p/z s2<1¢E)+"E{CZ(">; E(k) > Vs(Vi)/2} .

Applying the condition (TT.63) we conclude that

E{(S(k) — ES(k))P/%; S(k) —ES(k) > Vks(Vk)}
ol k
= (Vis(VR) PP log Vi
G

L log(HP/2(1+8) /i (11.90)

= (VOP o(q2(Vk)) ask— o,
which completes the proof of (I1.89) for all p > 0.
In Proposition we have checked the condition (8:3)) for the chain {/Z,}.
The fulfilment of the condition (8:12)) for the left tail was proven in Proposition

[IT.2] For the right tail, it is enough to notice that, by the Chebyshev inequality
and by the upper bound (TT.90) with p = 2,

P{S(k) —ES(k) > Vks(Vk)}
- E{(S(k) —ES(K))*; S(k) —ES(k) > Vis(Vk)}
a (Vks(Vk))?
= O(1/klog"™k) as k — oo.

So it only remains to validate the conditions (8:11), (8.13) and (8.14) under the
assumptions of Theorem[TT.9]

Since r(x) = ’f—;i the function U (x) is asymptotically equivalent to cx? with
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some positive constant ¢. Thus, we can replace U (x) by x” in (8.1T) and (8:14).

In particular, then (§.1T) follows from (8:14).
We start with (8:13). It follows from the upper bound

[Stk) —k+n (k)]
E(VR)| < 7
and (TT.84) that
E{E(VRIP: 1E(VA)| < s(VR)) = O(s(VE)) = O(VEP/VRlog k).
This implies (8:13) with, say p(x) = 1/xlog' "¢/ x.

Let us now check fulfillment of (8:14). First we note that, due to the concav-
ity of the root function,

E{&P (Vk); &(VEK) > s(Vk)}
<E{(S(k) — k+n(k)P’*; E(Vi) > s(Vi)}
< E{(S(k) —k+n (k)P S(k)+n(k) > (Vi+s(Vk)*}
<E{(S(k) —k+n(k)P’*; S(k) —k > Vks(V)}
+ E{(S(k) —k+n(k))?/%; n(k) > s>(Vk)}.  (11.91)

Owing to the independence of S(n) and 1 (k), the first expectation on the right
hand side is not greater, up to a constant factor, than the sum

EnP/?P{S(k) —ES(k) > Vks(Vk)}
+E{(S(k) — ES(k))P/%; S(k) —ES(k) > Vks(Vk)}
< cE{(S(k) — ES(k))P/%; S(k) —ES(k) > Vks(Vk)}, ¢ <oo,

due to the condition EnP/? < co. Then it follows from (TT.89) that, as k — oo,
E{(S(k) — k+n(k))P/?; S(k) —k > Vks(Vk)} = (VK)P o(g(Vk)). (11.92)

The second expectation on right hand side of (T1.97) is not greater, up to a
constant factor, than the sum

E(S(k) —k)P*P{n > (V) } +E{n?/*; n > $(Vh)},
owing to the independence of S(n) and 7. Again by Lemma[2.38]
E|S(k) — kP> = O(Vk)P'?) = O((Vk)P~'/(VK)P/>1)  forall p > 0.

For all p > 0,

P{n > S2(\//;)} < w’
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SO

o 2+2¢
E(S(k) — k)P*P{n > s*(Vk)} = (m”IO(W)

= (VK o(g3(VE))  ask— oo,

If p > 1 then, due to the condition EnP/? < oo,

E{n?% n>s(Vi}=o(1) = (VK lo(1/(Vk)P)

= (VKk)Plo(ga(Vk))  ask — oo,
If p € (0,1] then, due to the condition En log>*3¢(1 +1) < oo,
E{nlog>*n; n > s’ (Vk)}
(s>(VK))1=P/210g* " 2 (V)
(2-p)(1+€)

(e
= (VE)P o(gs(Vk)) ask — co.

E{n"? 1 >s*(Vi)} <

Altogether implies that
E{(S(k)+n(k)P/* n(k) > s> (VE)} = (Vi og(VK).  (11.93)

Substituting (T1.92) and (I1.93) into (TT.9T) we get (8:14).
Relations (T1.87) and (T1.88) now follow from Corollaries [8:22] and [8:23]
O

The processes {Z, } and {Y,, }—defined in (T1.22)) and (T1.23)) respectively—
are formally different. But it is intuitively clear that the difference in their def-

initions should have no influence on their asymptotic behaviour. Let us show
how, in the case of identically distributed { (k) and non-positive 71, one can
transfer asymptotics for one process into corresponding asymtotics for another
one. Indeed, if we define

Wak+1

Woes1 = War+ M), Wagso = Y Gevrin k>0,
i=1
then ¥y = Wy = m implies that ¥, = W5, and Z, = W5, | with Zg = (m+1;) ™.
In the case of emigration process—where P{n < 0} = I—we have that the
sequence of events {W; = 0} is increasing. If (IT.87) is valid for every fixed
starting point Zy then it is also valid for Zy = (m+1)". As a result, we have

P{Y,>0|Yo=m}~ Y P{m+n=j}P{Z,>0|Z =}
j=1

~ c(m)nP/?.



11.3 State-dependent branching processes with migration 371

Furthermore, let {Z, = Wa,,+ } satisfy the conditions of Theorem [I1.9} Then
it follows that

P{Z,<k|Z,>0} -0 asn— oo, forall k > 0. (11.94)

Recalling that ¥,, = ):l.Z;]‘ Cn.i» it implies the following version of the weak law

of large numbers: for all € > 0,
Y,

IP{Z —1’>e‘zn,1>o}—>o as 1 — oo, (11.95)
n—1

This yields, due to (TT.88),

2Y,
]P’{ n2 >u
no

27,
Zn,1>O}NPZ{ ;>M
no

Zo1> 0}, u> 0.
We also have inequalities
P{Z,1 >0} > P{¥, >0} >E[l-P»1{{=0}].
Combining this with (TT.93) we conclude that
P{Z,—1 >0} ~P{Y, >0} asn— oo,

Therefore,

2y,
]P{ "2 >u‘Yn>0}—>67”, u>0.
no
If infy P{n (k) > 0} > 0 then O is not absorbing and, consequently, {Z,} is
irreducible. Then we can apply Theorem to v/Z, and derive the tail be-
haviour of the stationary measure of {Z,}: for any constants a < b we have

YCI
1ty (ak, bk ~c/ Py as k— oo,
z( ) ) W

It follows from Theoremthat {Z,} is positive recurrent when p > 2. In
this case we may apply also Theorem[8:17]and obtain tail asymptotics for Z,.

If p € (0,2) then the pre-limiting behaviour of Z, is described in Theo-
rem If p = 2 then, due to (T1.87), {Z,} is also null-recurrent but its
behaviour is not covered by Theorem [4.10] Here we can apply Theorem [8:29]
Since G(x) ~ logx under the assumptions of Theorem we conclude that

logZ,
limIP’{ OF Zn <x}=x, xe[0,1]. (11.96)

n—yeo logn —
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11.4 Cramér-Lundberg risk processes with level-dependent
premium rate

In context of the collective theory of risk, the classical Cramér—Lundberg
model (Sparre Andersen model) is defined as follows. An insurance company
receives the constant inflow of premium at rate v, that is, the premium income
is assumed to be linear in time with rate v. It is also assumed that the claims in-
curred by the insurance company arrive according to a homogeneous renewal
process N(t) with intensity A and the sizes (amounts) &, > 0 of the claims are
independent copies of a random variable & with finite mean. The &’s are as-
sumed independent of the process N(¢). The company has an initial risk reserve
x=R(0) > 0. Then the risk reserve R(¢) at time # is equal to

N(t)
R(t)=x+vi—) &.
i=1
The probability
P{R(t) > 0 forall 1 > 0} = IP’{H%lR(t) > o}
>
is the probability of ultimate survival and
y(x) :=P{R(r) <0 for some ¢ > 0}
= P{minR(t) < O}
>0

is the probability of ruin. We have
N(t)
v(x) zlP’{Z & —vt > x for some 1 > 0}.
i=1

Since v > 0, the ruin can only occur at a claim epoch. Therefore,
n
y(x) = P{Zéi —vT,, > x for some n > 1},
i=1

where T, is the nth claim epoch, so that 7,, = 71 + ... + 7, where the T7;’s
are independent copies of a random variable 7 with finite mean 1/A, so that
N(t):=max{n>1:T, <r}. Denote X; := & —vt; and S, :==X; +... + Xy,
then

y(x) = P{supSn > x}.

n>1
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This relation represents the ruin probability problem as the tail probability
problem for the maximum of the associated random walk {S,}. Let the net-
profit condition

v > v, = EE/ETt = AEE

hold, thus {S,} has a negative drift: ES; = E&; —vET < 0. Hence, by the strong
law of large numbers S, — —oo a.s., s0 Y(x) | 0 as x — co.

If v < v, then y(x) = 1 for all x.

The most classical case is when the distribution of X satisfies the following
well-known Cramér condition: there exists a § > 0 such that

EefXi = 1. (11.97)

Under this condition, the sequence e#5 is a martingale and, by the Doob max-
imal inequality, the following Lundberg’s inequality holds true

y(x) =P {supe’”” > eﬁx} <e P x>o0. (11.98)

n>1

If we additionally assume that
EX; E‘B X < oo

and the distribution of X; is non-lattice, then the Cramér-Lundberg approxi-
mation holds, that is, there exists a constant c¢o € (0, 1) such that

V(x) ~coe P¥ asx — oo, (11.99)

see e.g. Theorem VI.3.2 in Asmussen and Albrecher [2]; in the lattice case x
must be taken as a multiple of the lattice step. The most important feature of
these results is the fact that the upper bound depends on the distribu-
tion of X; only via the parameter . If the moment condition on the
distribution of X; does not hold then the tail asymptotics for y(x) are typically
determined by the tail of the claim size £. The most prominent situation is
when the distribution of £ is of subexponential type, see the discussion on the
maximum of random walk in Section [[.3}

The risk models with non-constant premium rates have also become rather
popular in the collective risk literature. There are two main approaches, one
of them leads to a Markovian model when the premium rate is a function of
the current level of the risk reserve R(¢), see e.g. Asmussen and Albrecher
[2, Chapter VIII], Albrecher et al. [3], Boxma and Mandjes [26], Czarna et
al. [40], Marciniak and Palmowski [[120]. The second approach considers the
premium rate that depends on the whole claims history, see e.g. Li, Ni, and
Constantinescu [[117].
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In this section we follow the first approach and consider a risk process where
the premium rate v(y) depends on the current level of risk reserve R(¢) =y, so
R(r) satisfies the equality

1 N()
R(t) :x+/0 v(R(s))ds — Zl & (11.100)
iz

v(y) is assumed to be a bounded cadlag function bounded away from zero
on each interval; as v is a cadlad function, there are countably many at the
most discontinuity points of v, which together with boundedness of 1/v on
any interval implies by the Lebesgue—Vitali theorem that the function 1/v is
Riemann integrable. The probability of ruin given initial risk reserve x is again
denoted by y(x), it is a decreasing function of x as it is in the classical case.

Since the ruin can only occur at a claim epoch, the ruin probability may be
reduced to that for the embedded Markov chain R, := R(T,), n > 1, Ry :=x,
that is,

y(x) =P{R, <0 for some n > 0}.

In this section we consider the case where v(y) approaches the critical value
Vv at infinity, that is,

v(y) = ve asy— oo (11.101)

Then the Markov chain {R,, } has asymptotically zero drift and, as follows from
Theorem[3.T} the ruin probability decays slower than any exponential function,
that is, for any A > 0,

MY (x) =00 asx —» oo,

The main goal in this section is to investigate how the rate of convergence in
(TT.T0T) is reflected in how quickly the ruin probability y/(x) is vanishing for
large x. Let us get some intuition on what kind of phenomena we could expect
here by considering a model where y/(x) is known in closed form.

To the best of our knowledge, the only case where y(x) is explicitly calcu-
lable is the case of exponentially distributed 7 and &, say with parameters A
and U respectively, so hence v, = A /L. In this case, for some ¢y € (0, 1),

W(X)=00/;le)e><p{—#y+l/oy%}dy
:co/;$exp{a/oy(%—Vic)dz}dy, (11.102)

provided the outer integral is convergent from 0 to infinity, see, e.g. Corollary
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1.9 in Albrecher and Asmussen [2, Ch. VIII]. Then, by (TT.10T),

l//(x)wi—i/xwexp{l/oy(v(l—z)—vlc)dz}dy as x — oo,

If the premium rate v(z) > v, approaches v, at the rate of 6/z, 6 > 0, more
precisely, if

0
‘v(z)—vc——lgp(z) forall z> 1, (11.103)
Z

where p(z) > 0 is an integrable at infinity decreasing function, then we get

1 1 0 5
—— = ———40(pz)+z
D v T (p(x)+277)

and consequently

v/l 1 Ou?
N - 1 =)
A/O (V(Z) Vc)dz 1 logy+ci+o(l) asy— oo,

where ¢/ is a finite real. Let @ > A /u?. Then, for C := coe! /(0 — A /u) >0,

C
W(X)NW as x — oo. (11.104)

A similar asymptotic expression can be obtained also in the case where the
Laplace transforms of variables &; and 7| are rational functions, see Albrecher
et al. [3]].

If the premium rate v(z) approaches v, at the rate of 8/z%, 6 > 0 and o €
(0, 1), more precisely, if

0
‘v(z)—vc——a]gp(z) forallz> 1, (11.105)
Z

where p(z) > 0 is an integrable at infinity decreasing function, then we get

1 1 & 0\J 1
v(z):\/cj;)<_vc) E‘FO(P(Z))'

Let y:=min{k € N: ka > 1}. Then

r-1 j
le) _ i Z()(_z)’;j+o<p1<z>>,

where p(z) = p(z) +z~"* is integrable at infinity. Consequently, if 1/ is not
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integer, then

| 1 A ol el
L G )=o) B) e erow

R AV
AR O o) sy
Ve iITpN Ve 1—oj

where c3 is a finite number because pj(x) is integrable. In the case of integer

l/a,
/ ( (1 vc)
—2

7L 0N\ yIT% A 6\ 711
( ) +—<——) logy+cq+o(1) asy — oo.
Vc j=1 Ve Ve

1—aj v

Let, for example, a € (1/2,1). Then

Yol 1y e,
)./0 (@_vj)dz__il(l—a)y +c3+o(l) asy—oo.

Therefore, for C) := cpe®? /O >0 and Gy := Ou? /A (1 —a) >0,

Y(x) ~ Cra%e " asx — oo, (11.106)

Let us extend these results to not necessarily exponential distributions where
there are no closed form expressions like (TT.102)) available for y(x). In that
case we can only derive lower and upper bounds for y(x) which have the same
decay rate at infinity.

11.4.1 Approaching critical premium rate at rate of 0 /x

Denote the jumps of the embedded Markov chain {R, = R(T;)} by &(x) and
by m[A (%) its kth truncated moment.

To avoid trivial case where y(x) = 0 for all sufficiently large x, we assume
that

y(x) >0 forall x. (11.107)

A sufficient condition for that is that, for all xo > O there exists an € = £(xp) >0
such that

P{&(x) < —e} >¢€ forallx € [0,x].
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In its turn, for that it suffices to assume that the random variable ¢ is un-
bounded, due to the inequality &(y) < vt — § which is valid for all y, where

V1= sup,.ov(z).
Theorem 11.10. Assume (I1.107) and that both EE* and Bt* are finite. If

- Var§ +v2Vart

0
2EtT

then R, is transient in the sense that W(x) < 1 for all sufficiently large x. Set

2ET

=0—p———-1>0.
Var§ +v2Vart

P

If both Et*1og(1 + 1) and EEP*2 are finite, then there exist positive constants
c1 and ¢y such that

o<y < 2

(1—|—x)p <S <S m fora”x>0.

To prove this result we firstly need to establish some truncated moments
relations.

Proposition 11.11. Assume the rate of convergence (11.103) and that both
Et? and EE? are finite. Then there exists an increasing function s(x) = o(x)
such that

2m ) pt1

. > +o(pi(x)) asx—eo,
m[zﬂ(x)] (x) X

for some decreasing integrable function p|(x), where

o 20E7 _
p= Varé +v2Vart

If. in addition, both Et?log(1 + t) and EE*1og(1 + &) are finite, then there
exists an increasing function s(x) = o(x) such that

) _pd

[s()]

T +o(p2(x)) asx— oo,

X

for some decreasing integrable function p;(x).

Proof. The dynamics of the risk reserve between two consequent claims is
governed by the differential equation R'(r) = v(R(r)) where by R’ we mean the
right derivative of V. This equation is solvable in R because the function 1/v
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is Riemann integrable, due to the boundedness of 1/v and its right continuity.
Let V,(r) denote its solution with the initial value x, so then

Vi(t) = x+ /0 V(Vals))ds.

By (IL.IG3),

v(y) <ve+8/y+p(y)
<v.+60/x+p(x) forally>x,

therefore
Vi(t) —x <vet+0t/x+p(x)t, t>0. (11.108)
On the other hand, again by (TT.103),

v(y) 2 ve+6/y—p(y)
>v.+0/y—p(x) forally>x,

Hence,

Velt) —x > vct+0/0t d(ss) )t

Vi
ds

zvct—I-B/O et 8/xt p())s — p(x)t

log(1+ (ve+ 6 /x+ p(x))t/x) — p(x)t,

0
— t _—
vet ve+0/x+ p(x)

where the second inequality follows from the upper bound (TT.108). Therefore,

Ve(t) —x > vet + log (14 vet/x) — p(x)t. (11.109)

e]
ve+6/x+ p(x)
Since & (x) = Vi (1) —x — &, it follows from (TT.108) and (TT.T09) that

T
log(l + VLT) —px)T

g0
¢ ve+0/x+ p(x)

0t
< &) < vcf—§+7—|—p(x)17. (11.110)
Recalling that v. = EE /Et, we get

Elog(l + V;—T) —p()Et <my(x) < QET-i-p(x)ET.

ve+0/x+ p(x) x
By the inequality log(14-z) >z —z?/2 for 7 > 0,
vEt VE7?

x 22

VeT

Elog(1+7) >




11.4 Risk processes 379

Therefore,
0E
ml(x)z—r—l—O(p(x)—i—l/xz) as x — oo, (11.111)
X
From this expression we have
m3(x) = Var§ (x) +mf (x)
= Var (Vi(7) —x— &) +0(p*(x) + 1/x*)
= Var (Vy(t) —x) + Var€ + 0(p*(x) + 1/x*)  asx — oo

Recalling that
vet —p(x)t < V(1) —x < ver+ gt +p(x)t,
we get
(ve = p(¥))ET <E(Vi(7) —x) < (ve+6/x+p(x))ET
and
(ve — p(x) BT <E(Vi(t) ~2)° < (ve +8/x-+ p(x)"ET.
Hence,
Var (Vi(7) —x) =v2Vart+0(1/x) asx — oo,

which in its turn implies

my(x) = Varé +v2Vart+0(1/x) asx — oo. (11.112)
Together with (TT.1T1) it yields that
2my (x) 20ET 1

= 240 1/:2 -,
my(x)  Varé +v2Vart T (p(x)+1/x7) asx—

Recall that we need such kind of expansion for the truncated moments. For
any truncation level s(x) we have

Va(7) —x = EI{|Va(7) —x = &| > s(x)}
< (Ve(1) —x+ E)I{Vi(7) —x > s(x) or & > s(x)}
< (Va(7) =) I{Vi(7) —x > s(x) } + GI{§ > 5(x) }
+E{ Vi (1) —x > s(x)} + (Vi(7) —x)I{€ > s(x)}. (11.113)

Since V() —x < vt where ¥ = sup_v(z) < oo, we get

g () = m O] < B{Vi(2) —x— E: Va(7) —x— E] > 5(x)}
<VE{7; 7> s(x)/v} +E{&;& > s(x)}
+EEP{T > 5(x)/v} +VETP{E > s(x)}.
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It follows from the finiteness of Et? and EE? that there exists an increasing
function s (x) = o(x) such that both E{t; 7 > s(x)/v} and E{&; & > s1(x)}
are integrable, see Lemma Consequently, |m; (x) — m[lxl &l ()| is bounded
by a decreasing integrable function. Combining this with (IT.111)), we con-
clude that

m[lsl(x)] (X) — ? +O(p2(X)) as x — oo, (11114)

where p» is a decreasing integrable function.

It follows from (T1.112)) and (T1.114) that

ZmES(X)] (x) < ZmES(x)] (x) S I+p N

mg"@)] x)  m (x)

o(p3(x)) asx— oo,

and the first result follows.
Similar to (TT.113)),
(Ve(®) = EPI{IVelr) —x— &| > ()}
< 2[(Ve(T) —x)> + EXI{Vi(T) —x > s(x) or & > s(x)}
<2(Vi(t) = x)°T{Vi(T) — x > s(x) } +2E2T{& > s(x)}
F2EX V(1) —x > s(x)} +2(Vi(1) — x)°T{& > s(x)}.
Then, due to the upper bound V,(¢) — x < ¥, for some ¢, < oo,
0 < ma(x) = ms ™ (x) = B{(Vi(7) 2= ) [Va(r) —x— &| > s(x)}
<c (]E{rz; 7> s(x) /T +E{EZ € > s(x)}
FEEP{T > s(x)/7} + ET*P{E > s(x)}).

It follows from the finiteness of EE?log(1 + &) and Et2log(1 + 7) that there
exists an increasing function s, (x) = o(x) such that both x 'E{7?; 7 > s55(x) /v}
and x 'E{&%; & > sp(x)} are integrable at infinity, see Lemma Then
(ma(x) — mgz @l (x))/x is integrable too. From this fact and (TT.112)) we get

m[ZSZ(X)] (x) = Varé +v2Vart+o(xps(x)) asx—oo,  (11.115)

for some decreasing function p4(x) integrable at infinity. Taking now s(x) =
max(s; (x),s2(x)) = o(x) we conclude the desired result from (TI.114) and
O

Proof of Theorem By Proposition [TT.11]
550
my " (x) S 1te

m[zs(x)] (x) - x
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for some small € and for all x > xj(€). Furthermore, from the elementary bound
P{E(x) < —s(x)} <P{& > s(x)} and the finiteness of EE? we infer that, for
some increasing function s(x) = o(x),

P{&(x) < —s(x)} < p(x)/x,

where p(x) is a decreasing integrable at infinity function, see Lemma In
addition, there exists a sufficiently large xo such that the Markov chain {R,}
dominates above the level x( a similar Markov chain generated by a risk pro-
cess with constant premium rate v.. The latter represents a zero-drift random
walk which is null-recurrent and hence satisfying the condition (2.100). Thus,
all the conditions of Theorem@ are valid and, consequently,

P{R, >xp foralln} — 1 asx— oo,

which implies the first conclusion of the theorem.

To prove the second part of the theorem, let us firstly show that all conditions
of Theorem 3.2 hold true. The conditions (3:9)~(3-T1) are valid for {R,} with
r(x)=(p+1)/(x+1) as follows from Proposition|I .11} For this r(x) we have
U(x)=1/p(x+1)P forx > 0and U(x) = 1/p for x <0. The condition (3:14)
on the right tail of & (x) holds because

P{E(x) > s(x)} < P{Vi(7) —x > s(x)}
<P{r>s(x)/v} = o(p(x)/x) asx— oo,

due to the assumption Et? < oo, see Lemma [2.33| and due to the relation
U(x) ~ xe X% /p. By the same argument, the condition (3.15) holds because

E{U(x+E(): E(x) < —s(x)} < cPLE() < —s(x)}
< cP(E > 5(x)}
= o(p(x)/xP*) asx oo,

due to the assumption EEPT2 < oo, again by Lemma Obviously,
E@I<Vi(1) —x+& < at+§ = &,

where E is square integrable, so by Lemma [2.27] with oo = 1 and y = 2, the
condition (3.13) on the third truncated moment is also met for {R, }.

Hence, Theorem @ applies, thus we conclude a lower bound, for some
x>0andc >0,

P.{R, <X for some n} > cU(x) forallx>X,

and hence the second conclusion of theorem follows, because by the strong
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Markov property, for all x > 0,
y(x) = P{R, <0 for some n} > P, {R, <X for some n} i%fA] v(y)
yel0,x

> cU(x)y(%), (11.116)

since the y(x) is decreasing; here y(x; ) > 0 owing to the condition (11.107).
O

11.4.2 Approaching critical premium rate at the rate of 6 /x*
In this subsection we consider the case with some ¢ € (0, 1). Define
y:=min{k > 1: otk > 1}.
The main result in this subsection is as follows.

Theorem 11.12. Assume (I1.107) and the rate of convergence (11.103). Let
Et7! < 0o and Ee™s' " < oo for some

> )
" -«
where
20ET
= 11.117
" Var& +v2Vart ( )
Then there exist constants ra, 13, ..., ry—1 € R, defined recursively in the proof

below, and 0 < C| < Cy < oo such that

(i) if o« =1/(y—1) for an integer y > 2, then, for all x > 1,
Cix% =2 rj l—oi
xrylexp{—z 1—Ocjx @5 < y(x)

j=1
—2
Cox® L4 i _ai
< — E -y
= -1 eXp l—a]x )

(11.118)
(ii) ifa < 1/(y—1) then
o = Tj 1-aj
Cix%exp{ — x YA <wyx
1 p j:le—OtJ v(x)

r—1

i -
< Cux%expe — Sy l-ai
s Q2 P{ j:zll_aj

(11.119)
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As seen from these bounds, the ruin probability is decaying, roughly speak-
ing, as a Weibullian distribution with shape parameter 1 — oc. However further
terms in the exponent are needed to make lower and upper bounds precise up
to a constant multiplier.

To prove these bounds for the ruin probability under the rate of approaching
the critical value v, (IT.I03), we firstly derive asymptotic estimates for the
moments of V,(T) —x.

Lemma 11.13. Let Et? < oo and
v_(x) <v(x) < vi(x) forallx, (11.120)
where both v_(x) and v (x) are decreasing functions. Then, for all k <y,
Ethv_(x+ vy (x)) < E(Vi(t) —x)F <A (0)ET. (11.121)
If. in addition, ET"'=% < oo and (I1.105) holds true, then there exists an
integrable decreasing function pi(x) such that, for all k <,
E(Ve(t) —x)* = (ve + 0/xET* + O(p1 (x)) asx—o.  (11.122)
Proof.  Due to (TI.120), v(z) < v (x) for all z > x. Hence,

Vi(t) = x+ /0 CV(Va(s))ds

1
§x+/ vi(x)ds = x+1tvi(x), (11.123)
0

and the inequality on the right hand side of (TT.121) follows. It follows from
the left hand side inequality in (TT.120) and from the last upper bound for V,(r)
that

Vx(t)—xz/otv_(Vx(t))ds > v (v (), (11.124)

and the left hand side bound in (TT:121)) is proven.

Owing to (TT.103), v(z) is sandwiched between the two eventually decreas-
ing functions v (z) := v, + 0/z% & p(z). Therefore, applying the right hand
side bound in (TT-12T) we get

E(Vi(t) —x)* < (ve + 0 /x*% + p(x))'ET
= (e +0/x)EF +0(p(x)) asx—oeo.  (11.125)

From the lower bound in (TT.121) we deduce, for all k < ¥,
0 k
e
2]
(x4+v1)*

E(Vy(t) —x)k > E¢k (vc +

)k—l-O(p(x)), v =supv(z) < oo.

Z

> Etk (vc +
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By the inequality 1/(14+y)% > 1— ayA 1, we infer that, for ¢, = av,
1 1 cot
> (1-Z A1),
(x471)* — x@ ( X
Therefore, for all k < 7,

E(Vy(t) —x)

e <) - Llie > v/e)) + )

ONEL k@3 k.
> (V”+ﬁ) Et fﬁE{T s T>x/cp}

> EtF (vc +

1

k
_ ket ). _
C3j§xi<a+l>E{T s T<x/cr} —e3p(x), (11.126)

for some ¢3 < oo. Then, due to the integrability of p(x), in order to prove that
E(Vi(t) —x)* > (ve + 0/x*)'ETh — p; (x) (11.127)
for some decreasing integrable function p (x), it suffices to show that
x *E{t"; t>x}
and
xIEHDRELH T < x}

are bounded by decreasing integrable at infinity functions. Indeed, the integral
of the first function—which decreases itself—is finite due to the finiteness of
the (y+ 1 — o) moment of 7. Concerning the second function, first notice that

E{t"; t <x}

—jla+1) v+i.
X E{t"; 1<x} < Tra ,

j>1.

The right hand side is bounded by a decreasing integrable at infinity function
due to the moment condition on 7 and Lemma [2.27] So, (I1.127) is proven
which together with (IT.125) completes the proof. O

Proposition 11.14. Assume the rate of convergence (IT1.103). If both Et'*7Y
and RE'™Y are finite, then there exists s(x) = o(x*) such that, for all k < 7,

k .
m) =y ] L o(x** =V py(x))  asx — o,

where p(x) is a decreasing integrable at infinity function and

k\ . .
= (1) OET(vet- ), j<k<y.
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Proof. It follows from the definition of & (x) that

B2 () = BM0) - &) = 1 (B0 ~0B-9),

i=0
Applying Lemma[TT.13] we then obtain

i=0
£ (2 o
3 %400 (0) w5
where B
Qe

KT =i\ L L

_ (k) QJEZ (k .]) TH»](_g)kfj*lvlC
J i=0 \ !
k P ; k—i

= |60/Et/(vet = &),
J

Now, in view of (TT.113) we have
i) = m ) ()

= O(E{(Vx(f) =) Vie(0) —x > s(0)} + E{E4 € > s(x)}

385

+ BEFP{V,(7) —x > s(x)} + E(Vi() — x)'P{E > s(x)})

= O(E{Tk; 7> s(x)/V}+E{EKE > s(x)}) as x — oo,
Since ET7*! < oo, for all k <,

x MEDE{T 1> 5(x) /5 = o(1/x4E D57 (1))
=o(1/s7(x)) asx—eo,

for any s(x) = o(x%*). By the definition of the y, ay > 1. Therefore, for an
increasing function s(x) = x%/logx of order o(x%), the function 1/s¥(x) is
integrable at infinity. The same arguments work for &, hence the function

=KD g (x) — mP™ (%) is dominated by a decreasing integrable at infin-

k
ity function, and the proof is complete.

O
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Proof of Theorem|11.12] We first show that there exist constants ry, 72, ...,
ry—1 such that the function

r-1 rj
rx) =) ——
( ) j; (b +x)a_/
satisfies (3.45); here b is a positive number. We can determine all these num-
bers recursively. Indeed, as proven in Proposition|11.14}
0ET

X%

m[ls(x)] (x)

+o(pa(x)) asx— oo
and
my ) (x) = Var€ +12Vart+0(x %) asx — oo.

For r; defined defined in (11.117)),

< L4 mbe) (x) .
_m[lA(x)] (x)+ Z(_l)JfTrkl(x) _ O(xfza) as x — oo,
Jj=2 :
for any choice of 75, 13, ..., ry—1. Then we can choose r, such that the coeffi-

cient of x 2% is also zero,

_ E(wet—&)*r{/3—20E1(v.t—&)ry
Var +v2Vart

3

and so on. It is clear that the numbers r, 2, ..., ry—1 do not depend on the pa-
rameter b. Therefore, we can take b so large that the function r(x) is decreasing
on [0,0). The conditions (3.44) and (3.46) are satisfied for r(x).

We have

- -1
U(x) :/X exp{—/oyi;Wdz}dy.

The conditions (3.47), (3.48) and (3.49) are immediate from the moment as-
sumptions on T and £. Thus, the announced bounds for the ruin probability

follow from Theorem [3.10] as in (T1.116). O

11.5 Stochastic difference equations: approach via
asymptotically homogeneous chains

Let (A,,B,) be a sequence of independent identically distributed random vec-
tors in (R*)? and let Ry be independent of them. Consider a stochastic linear
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recursion
R,=A,R,_1+B,, n>1, (11.128)

with starting point Ry. The sequence {R,} is a Markov chain. The assumption
B, > 0 is by far not standard but we choose it, because non-negative stochas-
tic difference equations allow us a more straightforward analysis via Markov
chains on R™.
We also assume that P{A; > 1} > 0 which guarantees that
P{limsupR” = oo} =1

n—roo

It is immediate from (T1.128) that

n

n n
Rn:ROHAj+ZBk HAj’ n>1.
=1 =1 j=k+1

Then, for every n > 1, the distribution of the variable R, coincides with that of

n n k=1
D,:=Ro[]JA;+ Y. B [A) (11.129)
j=1 k=1 j=1
which is called a perpetuity. The coincidence of marginal distributions is not
the only connection between sequences {R,} and {D,}. Vervaat [147] has
shown that the Markov chain {R,,} is positive recurrent if and only if

=

k—1
D, := ZBk HA.,- < oo as.
k=1 j=1

In this case, the sequence {R, } converges weakly to the distribution of Do and,
furthermore, this distribution is a unique solution to a fixed point equation

Do L AD.+B,

where DL, is independent of (A1, B;) and D, and D.. are identically distributed.
We are going to show how one can determine the asymptotic behaviour of
the invariant distribution of {R,, } by using results from Chapter First we no-
tice that the chain {R,} is not asymptotically homogeneous in space. In order
to transform it to an asymptotically homogeneous chain we define a function

| logx forx>e,
Flx) = { x/e  forxe|0,e, (11.130)

so f(x) : RT™ — R is a continuous strictly increasing function such that f(x) >
logx for all x > 0. Since f(x) is strictly increasing, the sequence

X, = f(R,), n>0, (11.131)
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is a Markov chain on the state space R*. Let £(x) denote the jumps of this
chain. It is immediate from the definition of f(x) that, for all x > 1,

log (A B if A B >
co-{ AP ez, o
Therefore,
G (x) = logA; € [—oo,00),
that is, {X,,} is asymptotically homogeneous. Furthermore,
P{R, > x} =P{D, > x} =P{X, > logx}, x>e. (11.133)

11.5.1 Positive recurrent case

If ElogA; € [—0,0) then, according to Lemma 1.7 in [147]], D.. < oo provided
Elog(1 + B;) < . In the following theorem we describe the asymptotic be-
haviour of the distribution of D.., which is also a stationary distribution for the
chain {R,}.

Theorem 11.15. Suppose that EAP = 1 for some B > 0 and (A} 4 By )P < oo,
Then

logP{De > x} ~ —Blogx asx— oo. (11.134)

If, in addition,
E(log* (A1 4+ B1))(A; + B1)P < oo (11.135)

and the distribution of log A is non-lattice then, for some ¢ > 0,
P{Do>x}~ 5 asx— oo, (11.136)
X

Proof. The logarithmic asymptotics follow from the asymptotic homogenuity
of the chain {X,, = f(D,)} and Theorem

It follows from that
E(x) <log™(A; +By), x>1.
For x <1 we have
E(x) < f(Arex+By) < 1+1log" (A; +By).
As aresult,

E(x) < E:=141log"(A;+B;) forallx>0, (11.137)
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and EZeP¥ < oo, Thus, to apply Theorem it is sufficient to check that
|EePE™) — 1] is dominated by a decreasing integrable function.
Using (T1.132)), we get the following lower bound, for all x > 1,

EePe® > E{(A —|-efxBl)ﬁ; Ay +e "B > elf"}
>FEAP —E{(A,+¢B))P; A|+¢ B <e' 7}
>1—ePBr,
To obtain an upper bound, we first notice that, for all x > 1,
EePo) — B{ePCW); £(x) <1—x} +E{ePW; E(x) > 1—x}
<P P LE{(A1+e*B)P Al +e7 B > ')
<P PYLEA +e7B))P.

If B <1 then (u+v)p’ < uP +vP forall u,v>0. Set u =A; and v = e "By,
then

EeP) < BAP 4+ (ef + EBP)e P,
If B > 1 then
(4 v)P <uP 4+ Bv(u+v)P~!
< uﬁ —l—c[;vuﬁ*l —l—c[;vﬁ,
where cg = B2B-1. Therefore,
EePet) < IEIAll3 +(eP —l—cﬁ]EBlf)e*ﬁx +c‘367"EA?71B1
=1+ (eP Jrcﬁ]EBf)e_ﬁ"chBe_"EA?_le
where ]EAII3 71B1 < oo, because
Al]a7131 < (A +B)P YA +B)) = (A1 +B))P.

As aresult,
\Eeﬁé(x) —1|= O(e*(mﬁ)x)’

which completes the proof. O

11.5.2 Null-recurrent case

As mentioned above, the distribution of R, is the same as that of D,, defined in
(TT.129). The sequence D, dominates an increasing sequence

k—1
T.:=) Bc[]A;
1 j=1

™=

k
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If ElogA; =0 then S, :=1logA| +...+1ogA, is an oscillating random walk,
so S, > 0 infinitely often with probability 1. Equivalently,

k=1

HA ;> 1 infinitely often with probability 1,

j=1
which implies convergence 7,, — oo as n — oo with probability 1. Hence, in the
case ElogA; =0,

R, — oo in probability as n — oo. (11.138)

Theorem 11.16. Assume that ElogA; =0, 62 :=Elog?A; € (0,0), and Elog? B <
oo, Then

where 1 has a standard normal distribution. In addition, the process

IOgR[m]

, 1 €[0,1],
o2n

converges weakly in D[0, 1] to a Bessel process with drift 0 and diffusion coef-
ficient 1 as n — oo, that is, to a reflected Brownian motion |B(t)|.

Proof. Note that the weak convergence of 13% to |n| is equivalent to the
weak convergence of ;(—;2” = % towards 12. Since n? is I'-distributed with
parameters 1/2 and 1/2, the desired convergence would be proven if it was
shown that the conditions of Theorem [4.10/ hold with p = 0. Then automati-
cally the functional convergence follows too, see Theorem . T1]

We start by construction of a square integrable majorant for the jumps & (x).
It follows from the definition of f(x) that

E(x) = f(A1e"+By) —x >log(A1e" +B;) —x >logAy,
because B; > 0. Furthermore, according to (T1.137),
E(x) <1+log" (A +By).
From these two inequalities we infer that
€2 <2(1+10g?A; +log?(A; +B))).

Since the random variable on the right hand side is integrable, we have con-
structed a suitable majorant.
Recalling that & (x) = logA; and using the Lebesgue theorem, we infer that

my(x) = EE3(x) — Elog?A; =02 asx — oo,
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Therefore, it remains to determine the asymptotic behaviour of m; (x) = E€ (x).
We start with the following decomposition, for all x > 1,

ES(x) =Ef(Aie" +B1) —x
:E{log(Al—ke*xB]) A"+ B >€}

{A1ex—|—Bl

+E —x; A1e* +B; ge}.

Hence the following upper bound

|EE (x) —Elog(A; +e *By)|
A€+ B

< ‘]E{]og(Al Lo B+
e

—x; A1e*+B; < e}‘
We have, by the positivity of By,

E{|log(A| +e*B;)|; Aje* + B < e}
=E{|log(A;+e*B;)|; log(A; + e *B;) <1—x}
<E{|logA;|; logA; <1—x}

=o(p1(x))

and, since ’@ —x€[—x,1—x]ifAje*+B; <e,

E{’Alex—‘rBl B
e

< e} < xP{logA; <1—x}
=o(p1(x))

for some decreasing integrable at infinity functions p;(x), due to the assump-
tion Elog2A1 < oo, see Lemma Therefore,

|EE (x) —Elog(A; +e “Bi)| =o(pi(x)) asx—oo. (11.139)
By the assumption ElogA; =0,

Elog(A; +e*B;) = ElogA; +Elog(1+¢ B /A})
= E{log(1+e *Bi /A1); Bi /A1 < &%}
+E{log(1+e *B1/A1); Bi/A; € (¢"/%,¢"]}
+E{log(1+e *Bi/A1); Bi/A| > €'}
= E1+E)+E;s.

Using the inequality log(1 4 u) < u we derive E; < log(1 4+ e /%) < e~¥/2,
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Next,
E, < (log2)P{B,/A; > ¢"/?}
< P{logB; —logA; > x/2}
<P{logB; > x/4} +P{—logA; > x/4}
=o(pa(x)) asx—eo,
for some decreasing integrable at infinity function p;(x), due to the assump-

tions Elog?A; < e and Elog? B; < oo, see Lemmam Finally, by the same
moment conditions,

Ez <E{log(2B1/A1); log(B1/A1) > x} = o(p3(x)) asx — oo,

for some decreasing integrable at infinity function p;3(x), see Lemma
Combining altogether, we obtain

my (x) = o(pa(x)). (11.140)

for some decreasing integrable at infinity function p4(x). Thus, all moment
conditions of Theoremd.10|are met with 1 = 0. Together with the convergence
to infinity (TT.138) this completes the proof. O

Theorem 11.17. Under the conditions of Theorem the chain {Ry} is
null recurrent. In addition, if g is an invariant measure of {R,} satisfying
7r[0,x] < oo for all x, then

7R (x1,%2] ~ clog(xa/x1)
as xi, xp — o in such a way that

1 I
lzgxz < limsup Ing2 <

gX1 0gx1

1 < liminf

Proof.  We start with checking the moment condition of Corollary [2.16] for
{X,}. It follows from the existence of a square integrable majorant for the
family of jumps that, for any s(x) — oo,

m[zs(x)](x) — 0°>0 asx— oo,
and that there exists an s(x) = o(x) such that

E{[E(X)1S()] = s(x)} = o(ps(x)) asx— oo, (11.141)

for some decreasing, integrable at infinity function ps(x), see Lemma
Together with (TT.140) it implies that

m[l‘y(x)] (x) = o(pa(x) + ps(x)), (11.142)
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and, hence,

zm[ls(x)] (x)
()

Thus, applying Corollary we conclude that the chain X,, = f(R,,) is null
recurrent. Consequently, {R, } is null recurrent as well.

Furthermore, (T1.142) and m[zs(x) ] (x) — o imply that the function U (x) de-
fined in has asymptotically linear growth, U(x) ~ Cx as x — c. Notice
that the chain {X,} satisfies the moment conditions (8.12)), (8-13)), and (8.14)
from Theorem Indeed, the condition is immediate from the exis-
tence of a square integrable majorant, For the same reason, the condition
follows from Lemma[2.27|with & = 1 and y = 2. The condition follows
from (IT.141) and from the fact that U (x) ~ Cx.

Then it follows from Theorem [8.2]that the stationary measure of {X, } has a
linear growth:

= o(pa(x)+ps(x)) = o(1/x) asx—>oo.

mx (y1,y2) ~ c(y2 —y1)

provided y1, y» — o0 in such a way that

1 < liminf22 < limsup 22 < oo,
b Y1
But it is clear that g (x,x2] = 7y (logx;, logx;] for all x| < x; sufficiently large
and the proof is complete. O

11.6 Application to the ALOHA network

We also illustrate the results with the Markov chain arising from the model of
the original ALOHA packet switching network, originally proposed by Abram-
son [1]], and which was indeed a motivation for Borovkov, Fayolle and Kor-
shunov [25]). Let us first briefly recall the salient features of the system.

(a) A single error-free channel is shared among an infinite population of
users (or stations), which retransmit messages of constant length (packets).
Time is slotted and may be considered discrete. Users are syncronised with
respect to the slots, so that packets are transmitted at the beginning of slots
only. Each slot is equal to the time required to transmit a packet.

(b) Each transmission is within reception range of every user. When more
than one user transmits simultaneously, packets collide (interfere) and none
is received correctly. These collisions are treated as transmission errors, the
corresponding users (stations) become blocked, and each user must strive to
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retransmit its colliding packet until it is correctly received. The users all em-
ploy the same algorithm for this purpose and have to resolve the contention
without the benefit of any other source of information on other user’s activity
save the common channel.

(c) Each user with a colliding packet will repeatedly transmit each time with
a certain probability, until it hits a free slot and thus succeeds.

The main drawback of the ALOHA protocol described above is that, left to
their own devices, the nodes congest the channel which, in the absence of addi-
tional control, is non-ergodic. The approach suggested by Lam and Kleinrock
in [[110] was to let retransmission probabilities be a function of the number of
blocked stations at time ¢. Such a retransmission control policy can stabilise
the channel.

Let A, be the number of new packets generated by the stations which are not
blocked during the nth slot. We shall assume the A,,, n > 1, form a sequence of
independent identically distributed random variables, with P{A| = k} = p(k),
k > 0, and finite expectation. Let X,,, n > 0, be the number of blocked sta-
tions at time 7 (i.e. observed at the beginning of the nth slot) and f(X,) the
probability that a blocked station retransmits during this nth slot; so we con-
sider centralised ALOHA algorithm where information about the number of
blocked stations is available to the stations. Given X,, = k, the random number
of messages in the nth slot has a binomial distribution with success probability
f(k). Hence, {X,, } forms a Markov chain with transition probabilities

P(0, j) :{ p(0)+p(1) for j=0;

r(J) for j > 2,
and, fori > 1,
POV (1~ f@)~ for j=i—1:
N for j — i
PED=N p)1- (12 7@))  forj=it1
p(j—1i) for j > i+2.

Define the quantity

q(k) = p(O)kf (k) (1= f(k) " +p(1)(1 = f(K))*,  (11.143)

which represents the probability of successful transmission in the nth slot,
given the event X, = k. Clearly, if

FEA; < liminfg(k),
k—yo0

then {X,,} is positive recurrent and possesses a probabilistic invariant measure.
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If
EA; > limsupg(k),

k—so0

then {X,} is transient.
Our goal is to describe the asymptotic behaviour of {X,} in the asymptoti-
cally zero drift case. Assume that, for all sufficiently large k,

f(k)=f/k forsome f > 0. (11.144)

Then (11.143) gives the following limiting probability of successful transmis-
sion:

g=limg(k) = ¢~/ (£p(0)+p(1)). (11.145)

Its maximal value p(0)e?()/P(0)=1 s attained at f = 1 — p(1)/p(0).
By direct computation, the first and second moments of the jumps of {X,}
are equal to
my (k) =EA; —q+ p/k+O(1/k%), (11.146)
my(k) =b+O(1/k) ask—> oo, (11.147)

where

fret 2 —f
= [p(1)+po(f=2)], b = EAT+(p(0)f—p(1))e .

It can never happen that 4 < —b/2 because

e/ (21 +b) = f2p(1) + po(f —2)] + e BAT + (p(0) £ — p(1))
> 2 p(1) + po(f —2)]+ (14 £)p(1) + (p(0)f — p(1))
=2+ fp()+pof(f—1)* > 0.

Theorem 11.18. Let EA| = q. Then the Markov chain {X,} of the ALOHA
protocol is non-ergodic and the following main situations can take place:
(i) If U > b/2 then {X, } is transient;
(ii) If =b/2 < u < b/2 then {X,} is null recurrent.
In addition, X,% /n converges weakly as n — oo to a I'y /241 /b2p-distribution
and, moreover, the process
lOgX[m]
—, 1t €|0,1],
T (0,1]
converges weakly in D|0,1] to a Bessel process with drift 1L /bx and diffusion
coefficient 1 as n — oo,
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Proof. It is immediate from Corollaries [2.19] and Theorems and
411 O

11.7 Comments to Chapter 11

11.7.1 Cramér-Lundberg risk processes with level-dependent
premium rate

This section is based on Denisov et al [45].

11.7.2 Near-critical branching processes

Apparently Lamperti [114] was the first who applied Markov chains to the
study of branching processes and, in particular, Markov chains with asymptoti-
cally zero drift, see [[115]]. The use of square root transform for critical Galton—
Watson branching processes has been suggested by Nagaev and Wachtel in
[131].

Kersting [92] has studied transience and recurrence criteria for sequences of
the form X,, 1 =X, +g(Xy) + &:41 where {&} are square integrable martingale
differences. It is worth mentioning that state-dependent branching processes
with migration—which were considered in Section [[T.3}—can be represented
in this form.

For state-dependent processes without migration the weak convergence to a
I'-distribution has been obtained in several papers. Klebaner [98] has shown
this convergence for processes satisfying max> E{™ (k) < oo for all m > 1.
Hopfner [81] has proved the same result under weaker moment assumptions.
He has shown that (TT.6I) holds for processes satisfying EC (k) = 1 + a/k,
|6%(k) — 0% = O(1) and max;>; E¢?(k)log(1 + §(k)) < . Restrictions in
Theorem [T1.6]are significantly weaker than those in the papers cited above.

Convergence of critical branching processes with immigration to a I'-distri-
bution has been first proven by Seneta [140]. More precisely, he has shown
that if { (k) are identically distributed with expectation 1 and variance ¢ and
if 11 is non-negative with finite expectation then Z,/n converges weakly to a
I-distribution. If En > ¢2/2 then this is a particular case of our Theorem
If En < 62 /2 then, in order to apply Theorem we have to check
the validity of (T1.62) and (11.63). For identically distributed variables this
condition is particularly satisfied if E{?1log! *€(1+ ¢) < oo for some & > 0.

For size-dependent processes without migration the asymptotic behaviour of
the non-extinction probability and the corresponding conditional distribution
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has been studied earlier by Hopfner [82]]. Assumptions in that paper are quite
restrictive: E¢ (k) = 1+ a/k with some a € (0,02 /2], |6%(k) — 6%| = O(1/k)
and max;> B>+ (k) < oo for some § > 0. If a < 62 /2 then the results in [82]
coincide with that in Theorem but if a = 6% /2 (this corresponds to p = 0)
then (T1.88) is still valid and P{Z, > 0} ~ ¢/logn. This particular case is not
covered by Theorem

Zubkov [[153] has investigated the recurrence times to zero for branching
processes with immigration. He has shown that if En] < 62 /2 then there exists
a slowly varying function L such that

P{minZ; >0} ~ L(n)an”/szl.
k<n

It is also shown there that one can take L(n) = C > 0 if and only if Enlog(1+
1) < eo. Vatutin [146] has shown that (TT.88) holds under the same conditions.
Zubkov’s result shows that the restrictions E|n|log(1+ |n|) < e and (T1.63)
in Theorem[TT.9]are optimal for purely power tail of the recurrence times.

Vatutin [145] has initiated the study of branching processes with emigration.
More precisely, he has considered sequence {Y,} given by (I1.23) with identi-
cally distributed ¢ (k) with mean one and 1 = —1. For 62 =E({ —1)? > 2 he
has proven that P{Y,, > 0| Yo =m} ~ Lm(n)n_l_z/"2 and that L,,(n) = ¢, >0
if anf only if E¢?log(1 + {) < . Moreover, for 62 < 2 he has shown that
P{Y, > 0¥y = m} ~ cpn~'"%/%" if and only if E'+2/°" < co. Finally, as-
suming that all moments of { are finite, he has proved that 2Y, /nc? condi-
tioned on non-extinction converges weakly to a standard exponential distri-
bution. Kaverin [89] has generalized this results to all processes Y, satisfying
E(—1)2+2/%%] < 00, EC172/9” < oo in the case 62 < 2 and EE21og(1+ ) < oo
in the case 6 = 2. Specialising Theorem to identically distributed & (k)
and non-positive 17, we conclude that (T1.87) and (TT.88)) hold for all processes
Z, satisfying E(—1) < o, E¢2log(1 + &) < o and EE172/9° < oo in the case
6% < 2. We see that our restrictions on the emigration component 71 are much
weaker than that in [89].

Kosygina and Mountford [108] have proved for a special model of
branching processes with migration. This model appears in the description of
excited random walks on integers.

First result of this type has been obtained by Foster [69] for a critical Galton—
Watson process with immigration at zero. Formally, we cannot say that Foster’s
result follows from (T1.96). But since all calculations we have made in the
proof of Theorem are valid for processes without migration, it is easy to
see that adding immigration at zero does not change the asymptotic behaviour
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of truncated moments. Therefore, Theorem [8.29] is applicable to the process
from [69] if the number of immigrating individuals has finite mean.

Nagaev and Khan [130] have proved for a critical process with
migration. More precisely, they have considered the sequence Y, defined in
(IT.23) with identically distributed { (k) with mean one and finite variance.
Let us compare our moment assumptions with that in [130]]. First we note that
if § (k) are identically distributed and have finite variance then (T1.67)-(T1.70)
hold automatically. The assumption which states E¢2log! t¢(1+[¢]) <
oo is a bit more restrictive than the second moment assumption in [130]. Fur-
ther, we have assumed that E|n|log(1 4 |n|) is finite, which is weaker than
the corresponding condition in [130]. It is assumed there that En? < oo and
P{n > —m} =1 for some m > 1.

Comparing our theorems with the known in the literature results for branch-
ing processes with migration, we conclude that the only weakness of the trans-
formation /Z, is the fact that it is not clear how to deal with the case when
one has tail asymptotics with non-trivial slowly varying functions. Recall that
the only obstacle is to show in the case when 2m[ls(x>)] (x)/ mg(xm (x)—c/x
is not integrable for any constant c.

11.7.3 Stochastic difference equations

Theorem is due to Kesten [95, Theorem 5]; for a complete proof and
further related results see Goldie [[73, Theorem 4.1]. In these papers a weaker
moment condition E(logA; )A? < oo has been used. We have imposed
since we have to construct a majorant = for the jumps & (x) such that EePE < oo,
One can prove the Kesten—Goldie result by using results for asymptotically
homogeneous chains under optimal moment assumptions. Such a proof can be
found in Korshunov [103]].

Theorem [IT.16]has been proven by Hitczenko and Wesolowski in [[78]].

The asymptotic behaviour of 7g in the null recurrent case discussed in Theo-
rem[IT.17]has been studied in the literature. The most general results have been
proven by Babillot, Bougerol, and Elie [11]] and by Brofferio and Buraczewski
[28]: if ElogA; = 0 and E|logA;|**® +E|logB;|*"® < oo then it was proven
in [11]] that there exists a slowly varying function L(x) such that

ng(ax,bx] ~log(b/a)L(x), x— oo;

it was shown in [28] Theorem 1.1] that L(x) is a constant.

Theorem|[11.17|says nothing about 7z (ax, bx], since log(bx)/log(ax) — 1 as
x — oo. But our result implies that a slowly varying function from the previous
relation cannot converge to either zero or infinity. Based on our Theorem|[IT.17]
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it is plausible to expect that L(x) is a constant under the assumption that the
second moment of both A and B; is finite.

For thorough discussion on the topic see the book by Buraczewski, Damek,
and Mikosch [31]].






(1]
(2]

(3]

(4]
(5]
(6]
(7]
(8]
(9]
[10]
(11]
[12]
[13]
[14]
[15]

[16]

References

N. Abramson. The ALOHA system—another alternative for computer commu-
nications. Proc. Fall Joint Computer Conf., AFIPS Press, 37:281-285, 1970.
H. Albrecher and S. Asmussen. Ruin Probabilities, 2nd Ed. World Scientific
Publishing Co. Pte. Ltd., Hackensack, NJ, 2010.

H. Albrecher, C. Constantinescu, Z. Palmowski, G. Regensburger, and
M. Rosenkranz. Exact and asymptotic results for insurance risk models with
surplus-dependent premiums. SIAM J. Appl. Math., 73:47-66, 2013.

D. Aldous. Probability Approximations Via the Poisson Clumping Heuristic.
Springer, New York, 1989.

K. S. Alexander. Excursions and local limit theorems for Bessel-like random
walks. Electron. J. Probab., 16:1-44, 2011.

K. S. Alexander and N. Zygouras. Quenched and annealed critical points in
polymer pinning models. Commun. Math. Phys., 291:659-689, 2009.

S. Asmussen. Ruin Probabilities. World Scientific, Singapore, 2000.

S. Asmussen. Applied Probability and Queues. Springer, New York, 2003.

S. Aspandiiarov and R. Iasnogorodski. Asymptotic behaviour of stationary dis-
tributions for countable Markov chains, with some applications. Bernoulli, 5:
535-569, 1999.

K. B. Athreya, D. McDonald, and P. Ney. Limit theorems for semi-Markov pro-
cesses and renewal theory for Markov chains. Ann. Probab., 6:788-797, 1978.
M. Babillot, P. Bougerol, and L. Elie. The random difference equation X,, =
ApX,—1 + By, in the critical case. Ann. Probab., 25:478-493, 1997.

Q. Berger. Strong renewal theorems and local large deviations for multivariate
random walks and renewals. Electron. J. Probab., 24:47 pp., 2019.

J. Bertoin and R. A. Doney. On conditioning a random walk to stay nonnegative.
Ann. Probab., 22:2152-2167, 1994.

J. Bertoin and R. A. Doney. Some asymptotic results for transient random walks.
Adv. Appl. Probab., 28:207-226, 1996.

J. Bertoin and 1. Kortchemski. Self-similar scaling limits of Markov chains on
the positive integers. Ann. Appl. Probab., 26:2556-2595, 2016.

P. Billingsley. Convergence of Probability Measures. J. Wiley & Sons, New
York, 1968.

401



402
[17]

(18]
[19]

(20]
(21]
(22]
(23]

[24]

[25]
[26]

[27]

(28]
[29]
(30]
(31]

(32]

(33]
[34]
(35]
(36]
(37]

(38]
[39]

References

N. Bingham, C. Goldie, and J. Teugels. Regular Variation. Cambridge Univer-
sity Press, Cambridge, 1987.

D. Blackwell. A renewal theorem. Duke Math. J., 15:145-150, 1948.

D. Blackwell. Extension of a renewal theorem. Pacific J. Math., 3:315-320,
1953.

E. Bolthausen. On a functional central limit theorem for random walks condi-
tioned to stay positive. Ann. Probab., 3:480-485, 1976.

A. N. Borodin and P. Salminen. Handbook of Brownian Motion — Facts and
Formulae, 2nd Ed. Birkhduser Verlag, Basel, 2002.

A. Borovkov and K. Borovkov. Asymptotic Analysis of Random Walks. Heavy-
Tailed Distributions. Cambridge University Press, Cambridge, 2008.

A. A. Borovkov. Ergodicity and Stability of Stochastic Processes. John Wiley,
Chichester, 1998.

A. A. Borovkov and D. Korshunov. Large-deviation probabilities for one-
dimensional Markov chains. Part 1: Stationary distributions. Theory Probab.
Appl., 41:1-24,1997.

A. A. Borovkov, G. Fayolle, and D. Korshunov. Transient phenomena for
Markov chains and their applications. Adv. Appl. Probab., 24:322-342, 1992.
O. Boxma and M. Mandjes. Affine storage and insurance risk models. Math.
Oper. Res., 46:1282-1302, 2021.

H. Brézis, W. Rosenkrantz, and B. Singer. An extension of Khintchine’s esti-
mate for large deviations to a class of Markov chains converging to a singular
diffusion. Comm. Pure Appl. Math., 24:705-726, 1971.

S. Brofferio and D. Buraczewski. On unbounded invariant measures of stochastic
dynamical systems. Ann. Probab., 43:1456-1492, 2015.

B. M. Brown. Martingale central limit theorems. Ann. Math. Statist., 42:59-66,
1971.

A. Bryn-Jones and R. A. Doney. A functional limit theorem for random walks
conditioned to stay non-negative. J. Lond. Math. Soc. (2), 74:244-258, 2006.
D. Buraczewski, E. Damek, and T. Mikosch. Stochastic Models with Power-Law
Tails. The Equation X = AX + B. Springer, Switzerland, 2016.

F. Caravenna and L. Chaumont. Invariance principles for random walks con-
ditioned to stay positive. Ann. Inst. H. Poincare Probab. Statist., 44:170-190,
2008.

F. Caravenna and R. Doney. Local large deviations and the strong renewal theo-
rem. Electron. J. Probab., 24:48 pp., 2019.

A. S. Cherny and H.-J. Engelbert. Singular Stochastic Differential Equations.
Springer, Berlin, 2005.

G. Choquet and J. Deny. Sur I’équation de convolution t = u* . C. R. Acad.
Sci. Paris Série A, 250:799-801, 1960.

K. L. Chung and J. B. Walsh. Markov Processes, Brownian Motion, and Time
Symmetry. Springer, 2005.

D.R. Cox and W. L. Smith. A direct proof of a fundamental theorem of renewal
theory. Scand. Actuarial J., 36:139-150, 1953.

H. Cramér. Collective Risk Theory. Esselte, Stockholm, 1955.

E. Csdki, A. Foldes, and P. Révész. Transient nearest neighbor random walk and
Bessel process. J. Theoret. Probab., 22:992—-1009, 2009.



[40]
(41]

(42]

[43]

[44]

[45]

[46]
[47]
(48]
[49]
(501
[51]
[52]
(53]
[54]
[55]
[56]
[57]
(58]
[59]

[60]

References 403

I. Czarna, J.-L. Pérez, T. Rolski, and K. Yamazaki. Fluctuation theory for level-
dependent Lévy risk processes. Stochastic Process. Appl., 129:5406-5449, 2019.
J. De Coninck, F. Dunlop, and T. Huilett. Random walk weakly attracted to a
wall. J. Stat. Phys., 133:271-280, 2008.

D. Denisov, D. Korshunov, and V. Wachtel. Potential analysis for positive re-
current Markov chains with asymptotically zero drift: Power-type asymptotics.
Stochastic Process. Appl., 123:3027-3051, 2013.

D. Denisov, D. Korshunov, and V. Wachtel. Markov chains on Z™: analysis of
stationary measure via harmonic functions approach. Queueing Syst., 91:265—
295, 2019.

D. Denisov, D. Korshunov, and V. Wachtel. Renewal theory for transient Markov
chains with asymptotically zero drift. Trans. Amer. Math. Soc., 373:7253-7286,
2020.

D. Denisov, N. Gotthardt, D. Korshunov, and V. Wachtel. Probabilistic approach
to risk processes with level-dependent premium rate. Insur. Math. Econ., pages —
,2024.

D. E. Denisov. On the existence of a regularly varying majorant of an integrable
monotone function. Math. Notes, 76:129-133, 2006.

H. Dette. First return probabilities of birth and death chains and associated or-
thogonal polynomials. Proc. Amer. Math. Soc., 129:1805-1815, 2001.

S. W. Dharmadhikari and K. Jogdeo. Bounds on moments of certain random
variables. Ann. Math. Statist., 40:1506-1509, 1969.

R. A. Doney. An analogue of the renewal theorem in higher dimensions. Proc.
London Math. Soc., 16:669-684, 1966.

R. A. Doney. Local behaviour of first passage probabilities. Probab. Theory
Related Fields, 152:559-588, 2012.

R. A. Doney and E. M. Jones. Large deviation results for random walk condi-
tioned to stay positive. Electron. Commun. Probab., Paper no. 38:11 pp., 2012.
J. L. Doob. Conditional Brownian motion and the boundary limits of harmonic
functions. Bull. Soc. Math. France, 85:431-458, 1957.

J. L. Doob. Classical Potential Theory and Its Probabilistic Counterpart.
Springer-Verlag, New York, 1984.

J. Duraj and V. Wachtel. Invariance principles for random walks in cones.
Stochastic Process. Appl., 130:3920-3942, 2020.

R. Durrett. Conditioned limit theorems for some null recurrent Markov chains.
Ann. Probab., 6:798-828, 1978.

R. Durrett. Probability—Theory and Examples. Fifth Ed. Cambridge University
Press, Cambridge, 2019.

P. Embrechts, C. Kliippelberg, and T. Mikosch. Modelling Extremal Events for
Insurance and Finance. Springer, Berlin, 1997.

P. Erdos, W. Feller, and H. Pollard. A property of power series with positive
coefficients. Bull. Amer. Math. Soc., 55:201-204, 1949.

K. B. Erickson. Strong renewal theorems with infinite mean. Trans. Amer. Math.
Soc., 151:263-291, 1970.

S. N. Ethier and T. G. Kurtz. Markov Processes. Characterization and Conver-
gence. J. Wiley & Sons, New York, 1986.



404

[61]

[62]
[63]

[64]
[65]

[66]

[67]
[68]
[69]
[70]
[71]
[72]
(73]
[74]

[75]

[76]
(771
(78]
[79]
[80]
(81]

[82]

References

G. Fayolle, V. A. Malyshev, and M. V. Menshikov. Topics in the Constructive
Theory of Countable Markov Chains. Cambridge University Press, Cambridge,
1995.

W. Feller. On the integral equation of renewal theory. Ann. Math. Statist., 12:
243-267, 1941.

W. Feller. An Introduction to Probability Theory and Its Applications, Vol. 2.
Wiley, New York, 1971.

W. Feller and S. Orey. A renewal theorem. J. Math. Mech., 10:619-624, 1961.
P. Flajolet and R. Sedgewick. Analytic Combinatorics. Cambridge University
Press, Cambridge, 2009.

R. D. Foley and D. R. McDonald. Constructing a harmonic function for an
irreducible nonnegative matrix with convergence parameter R > 1. Bull. London
Math. Soc., 44:533-544, 2012.

S. Foss, D. Korshunov, and S. Zachary. An Introduction to Heavy-Tailed and
Subexponential Distributions, 2nd Ed. Springer, New York, 2013.

F. G. Foster. On the stochastic matrices associated with certain queueing pro-
cesses. Ann. Math. Statist., 24:355-360, 1953.

J. Foster. A limit theorem for a branching process with state-dependent immi-
gration. Ann. Math. Statist., 42:1773-1776, 1971.

D. X. Fuk and S. V. Nagaev. Probabilistic inequalities for sums of independent
random variables. Theor. Probab. Appl., 16:643-660, 1971.

P. Gaenssler, J. Strobel, and W. Stute. On central limit theorems for martingale
triangular arrays. Acta Mathematica Acad. Sci. Hungaricae, 31:205-216, 1978.
A. Garsia and J. Lamperti. A discrete renewal theorem with infinite mean. Com-
ment. Math. Helv., 37:221-234, 1962.

C. M. Goldie. Implicit renewal theory and tails of solutions of random equations.
Ann. Appl. Probab., 1:126-166, 1991.

I. S. Gradshteyn and I. M. Ryzhik. Table of Integrals, Series, and Products, 7th
Ed. Elsevier/Academic Press, Amsterdam, 2007.

D. Guibourg and L. Hervé. Multidimensional renewal theory in the non-centered
case. Application to strongly ergodic Markov chains. Potential Anal., 38:471—
497, 2013.

Y. Guivarc’h, M. Keane, and B. Roynette. Marches Aléatoires sur les Groupes
de Lie. (French). Springer-Verlag, Berlin-New York, 1977.

T. E. Harris. First passage and recurrence distributions. Trans. Amer. Math. Soc.,
73:471-486, 1952.

P. Hitczenko and J. Wesolowski. Renorming divergent perpetuities. Bernoulli,
17:880-894, 2011.

J. L. Hodges and M. Jr., Rosenblatt. Recurrence-time moments in random walks.
Pacific J. Math., 3:127-136, 1953.

J. Hoffman-Jgrgensen and G. Pisier. The law of large numbers and the central
limit theorem in Banach spaces. Ann. Probab., 4:587-599, 1976.

R. Hopfner. On some classes of population-size-dependent Galton—Watson pro-
cesses. J. Appl. Probab., 22:25-36, 1985.

R. Hopfner. Some results on population-size-dependent Galton—Watson pro-
cesses. J. Appl. Probab., 23:297-306, 1986.



[83]

(84]
[85]

(86]
(87]

[88]
[89]
[90]
[91]
[92]
[93]
[94]
[95]
[96]
[97]
[98]
[99]
[100]
[101]
[102]
[103]
[104]

[105]

References 405

O. Hryniv, M. V. Menshikov, and A. R. Wade. Excursions and path functionals
for stochastic processes with asymptotically zero drift. Stochastic Process. Appl.,
123:1891-1921, 2013.

T. Huillet. Random walk with long-range interaction with a barrier and its dual:
exact results. J. Comput. Appl. Math., 233:2449-2467, 2010.

D. Iglehart. Functional central limit theorems for random walks conditioned to
stay positive. Ann. Probab., 2:608-619, 1974.

S. Karlin and J. McGregor. Random walks, volume 3. 1959.

S. Karlin and H. M. Taylor. A First Course in Stochastic Processes, 2nd Ed.
Academic Press, New York, 1975.

S. Karlin and H. M. Taylor. A Second Course in Stochastic Processes. Academic
Press, New York, 1981.

S. V. Kaverin. A refinement of limit theorems for critical branching processes
with an emigration. Theory Probab. Appl., 35:574-580, 1990.

G. Keller, G. Kersting, and U. Rosler. On the asymptotic behaviour of discrete
time stochastic growth processes. Ann. Probab., 15:305-343, 1987.

J. H. B. Kemperman. The oscillating random walk. Stochastic Process. Appl.,
2:1-29, 1974.

G. Kersting. On recurrence and transience of growth models. J. Appl. Probab.,
23:614-625, 1986.

G. Kersting. A law of large numbers for stochastic difference equations. Stochas-
tic Process. Appl., 40:1-13, 1992.

G. Kersting. Asymptotic ['-distribution for stochastic difference equations.
Stochastic Process. Appl., 40:15-28, 1992.

H. Kesten. Random difference equations and renewal theory for products of
random matrices. Acta Math., 131:207-248, 1973.

H. Kesten. Renewal theory for functionals of a Markov chain with general state
space. Ann. Probab., 2:355-386, 1974.

H. Kesten and F. Spitzer. Ratio theorems for random walks i. J. Anal. Math., 11:
285-322, 1963.

F. C. Klebaner. On population size dependent branching processes. Adv. Appl.
Probab., 16:30-55, 1984.

F. C. Klebaner. Stochastic difference equations and generalized gamma distribu-
tions. Ann. Probab., 17:178-188, 1989.

C. Kliippelberg and S. Pergamenchtchikov. Renewal theory for functionals of a
Markov chain with compact state space. Ann. Probab., 31:2270-2300, 2003.

D. Korshunov. On distribution tail of the maximum of a random walk. Stochastic
Process. Appl., 72:97-103, 1997.

D. Korshunov. The key renewal theorem for a transient Markov chain. J. Theoret.
Probab., 21:234-245, 2008.

D. Korshunov. A look at perpetuities via asymptotically homogeneous in space
Markov chains. arXiv: 1603.08410, 2016.

D. A. Korshunov. Tightness and continuity of a family of invariant measures for
Markov chains depending on a parameter. Sib. Math. J., 37:730-746, 1996.

D. A. Korshunov. Limit theorems for general Markov chains. Sib. Math. J., 42:
301-316, 2001.



406

[106]

[107]
[108]

[109]

[110]
[111]
[112]
[113]
[114]
[115]
[116]
[117]
[118]
[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

References

D. A. Korshunov. One-dimensional asymptotically homogeneous Markov
chains: Cramér transform and large deviation probabilities. Siberian Adv. Math.,
14(4):30-70, 2004.

D. A. Korshunov. Moments for stationary Markov chains with asymptotically
zero drift. Siberian Math. J., 52:655-664, 2011.

E. Kosygina and T. Mountford. Limit laws of transient excited random walks on
integers. Ann. Inst. Henri Poincaré Probab. Stat., 47:575-600, 2011.

M. V. Kozlov. The asymptotic behavior of the probability of non-extinction of
critical branching processes in a random environment. (russian. english sum-
mary). Teor. Verojatnost. i Primenen., 21:813-825, 1976.

S. S. Lam and L. Kleinrock. Packet switching in a multiaccess broadcast chan-
nel: Dynamic control procedures. IEEE Trans. Commun., 24:891-904, 1975.

J. Lamperti. Criteria for the recurrence or transience of stochastic processes i. J.
Math. Anal. Appl., 1:314-330, 1960.

J. Lamperti. A new class of probability limit theorems. J. Math. Mech., 11:
749-772, 1962.

J. Lamperti. Criteria for stochastic processes ii: passage time moments. J. Math.
Anal. Appl., 7:127-145, 1963.

J. Lamperti. Maximal branching processes and ‘long-range percolation’. J. Appl.
Probab., 7:89-98, 1970.

J. Lamperti. Remarks on maximal branching processes. Theory Probab. Appl.,
XVIL:46-54, 1972.

D. Levin and Y. Peres. Markov Chains and Mixing Times. 2nd Ed. American
Mathematical Soc., 2017.

B. Li, W. Ni, and C. Constantinescu. Risk models with premiums adjusted to
claims number. Insurance Math. Econom., 65:94-102, 2015.

M. Maejima. On local limit theorems and Blackwell’s renewal theorem for in-
dependent random variables. Ann. Inst. Stat. Math., 27:507-520, 1975.

V. A. Malyshev and M. V. Menshikov. Ergodicity, continuity and analyticity of
countable Markov chains. Trans. Moscow Math. Soc., 1:1-48, 1982.

E. Marciniak and Z. Palmowski. On the optimal dividend problem for insurance
risk models with surplus-dependent premiums. J. Optim. Theory Appl., 168:
723-742,2016.

M. Menshikov, S. Popov, and A. Wade. Non-homogeneous Random Walks. Lya-
punov Function Methods for Near-Critical Stochastic Systems. Cambridge Uni-
versity Press, Cambridge, 2017.

M. V. Menshikov and S. Y. Popov. Exact power estimates for countable Markov
chains. Markov Proc. Relat. Fields, 1:57-78, 1995.

M. V. Menshikov and A. R. Wade. Rate of escape and central limit theorem for
the supercritical Lamperti problem. Stochastic Process. Appl., 120:2078-2099,
2010.

M. V. Menshikov, I. M. Asymont, and R. Yasnogorodskii. Markov processes
with asymptotically zero drifts. Probl. Inform. Trans., 31:248-261, 1995.

M. V. Menshikov, M. Vachkovskaia, and A. R. Wade. Asymptotic behaviour of
randomly reflecting billiards in unbounded domains. J. Stat. Phys., 132:1097—
1133, 2008.

S. Meyn and R. Tweedie. Markov Chains and Stochastic Stability. Wiley, 1993.



[127]
[128]
[129]
[130]
[131]
[132]
[133]
[134]
[135]
[136]
[137]
[138]
[139]
[140]
[141]

[142]

[143]
[144]
[145]
[146]

[147]

[148]

References 407

M. D. Moustafa. Input-output Markov processes. Proc. Koninkl. Ned. Akad.
Wetensch. Ser. A, 60:112-118, 1957.

A. V. Nagaev. Renewal theorems in r?. Theory Probab. Appl., 24:572-581,
1980.

S. V. Nagaev. Large deviations of sums of independent random variables. Ann.
Probab., 7:745-789, 1979.

S. V. Nagaev and L. V. Khan. Limit theorems for a critical Galton—Watson
branching process with migration. Theory Probab. Appl., 24:514-525, 1980.

S. V. Nagaev and V. I. Vakhtel. Probability inequalities for a critical Galton—
Watson process. Theory Probab. Appl., 50:225-247, 2006.

V. V. Petrov. Sums of Independent Random Variables. Springer-Verlag, Berlin,
1975.

J. Pitman. One-dimensional Brownian motion and the three-dimensional Bessel
process. Adv. Appl. Probab., 7:511-526, 1975.

S. Popov. Two-Dimensional Random Walk—from Path Counting to Random In-
terlacements. Cambridge University Press, Cambridge, 2021.

D. Revuz and M. Yor. Continuous Martingales and Brownian Motion, 3rd Ed.
Springer, Berlin, 1999.

B. Rogozin. Asymptotics of renewal functions. Theory Probab. Appl., 21:669—
686, 1977.

T. Rolski, H. Schmidli, V. Schmidt, and J. Teugels. Stochastic Processes for
Insurance and Finance. Wiley, Chichester, 1998.

W. A. Rosenkrantz. A local limit theorem for a certain class of random walks.
Ann. Math. Statist., 37:855-859, 1966.

N. Sandri¢. Recurrence and transience property for a class of Markov chains.
Bernoulli, 19:2167-2199, 2013.

E. Seneta. An explicit-limit theorem for the critical Galton—Watson process with
immigration. J. Roy. Statist. Soc. Ser. B, 32:149-152, 1970.

V. Shurenkov. On Markov renewal theory. Theory Probab. Appl., 29:247-265,
1984.

W. L. Smith. On some general renewal theorems for nonidentically distributed
variables. Proc. 4th Berkeley Sympos. Math. Statist. and Prob., Vol. 2: Contribu-
tions to Probability Theory:467-514, 1961.

F. Spitzer. Principles of Random Walk. D. Van Nostrand Co., Inc., Princeton,
N.J.-Toronto-London, 1964.

V. A. Vatutin. The asymptotic probability of the first degeneration for branching
processes with immigration. Theory Probab. Appl., 19:25-34, 1974.

V. A. Vatutin. A critical Galton—Watson branching process with emigration.
Theory Probab. Appl., 22:465-481, 1977.

V. A. Vatutin. A conditional limit theorem for a critical branching process with
immigration. Math. Notes, 21:405-411, 1977.

W. Vervaat. On a stochastic difference equation and a representation of non-
negative infinitely divisible random variables. Adv. Appl. Probab., 11:750-783,
1979.

M. Voit. Strong laws of large numbers for random walks associated with a class
of one-dimensional convolution structures. Monatsh. Math., 113:59-74, 1992.



408
[149]

[150]

[151]
[152]

[153]

References

M. Voit. Central limit theorems for Markov processes associated with Laguerre
polynomials. J. Math. Anal. Appl., 182:731-741, 1994.

V. Vysotsky. Limit theorems for random walks that avoid bounded sets, with
applications to the largest gap problem. Stochastic Process. Appl., 125:1886—
1910, 2015.

J. A. Williamson. Some renewal theorems for non-negative independent random
variables. Trans. Amer. Math. Soc., 114:417-445, 1965.

W. Woess. Denumerable Markov Chains. European Mathematical Society
(EMS), Zurich, 2009.

A. M. Zubkov. The life spans of a branching process with immigration. Theory
Probab. Appl., 17:174-183, 1972.



Abramson, N.,[393]

Albrecher, H., 373} B73]|
Aldous, D.,[306]

Alexander, K. S.,[A1][153]
Asmussen, S.,[ii} 373} B73|
Aspandiiarov, S.,[279}[303]
Asymont, I. M.,[T0] [88|
Athreya, K. B.,219]

Babillot, M.,[398]

Berger, Q.,2T9]

Bertoin, J.,[153] 233] 340
Billingsley, P.,[13§]

Blackwell, D.,219|

Bolthausen, E., 343

Borovkov, A. A, [iii} [iv} B37] 393
Borovkov, K. A, [ifi]

Bougerol, P.,[398]

Boxma, 373

Brézis, H.,[133]

Brofferio, S.,[349] 98|

Brown, B. M,,[T73]

Bryn-Jones, A.,[T52] B44]
Buraczewski, D., [iii} 349} 398} 399

Caravenna, F,,[T52] 219 344
Charna, 1,373

Chaumont, L.,[T52] 344]
Chung, K. L.,[222] 233]
Constantinescu, C.,[373|
Cox, D.R,,219

Cramér, H.,[T3] {11 P21]
Cséki, E.,[133]

Damek, E., [ifi

De Coninck, J., ]

Denisov, D.,[79] 220 [338] 342]
Dette, H.,279]

Author index

Dharmadhikari, S. W.,[87]

Doney, R,m@@@
Doob, J. L.,222] 234

Durrett, R., BA1344

Elie, L., 398

Embrechts, P, [ifi]

Erickson, K. B.,m

Ethier, S. N..[[33]

Fayolle, G.,[iv] 393

Feller, W., [iii] 219] 3071 344] 343]
Foley, R. D., 337

Foster, F. G.,[871[397]

Fuk, D.,[33]

Garsia, A.,219]

Goldie, C. M., 507} [398]
Guibourg, D.,2T9|
Guivarc’h, Y.,[133]

Hopfner, R.,[396] 397]

Harris, T. E.,[16]

Hervé, L.,[219]

Hitczenko, P.,[398]

Hodges, J. L., [8§]

Hryniv, O.,

Huillet, T.,279]
Tasnogorodski, R.,m@
Iglehart, D.,[343]

Jogdeo, K.,[87]

Jones, E. M.,344]

Karlin, S.,[T6] 22} [153} 279]
Kaverin, S. V.,@

Keller, G.,[T89]

Kemperman, J. H. B.,[349]
Kersting, G.,[T52][T89] [342} 39¢]
Kesten, H., 219} 267} B43] 393

409



410 Author index

Khan, L. V.,[39§]

Kliippelberg, C.,[iii]

Klebaner, F. C.,[152][342] [396]

Kleinrock, L.,[394]

Korshunov, D., 2791 303} 328} 337}
(33813421 393} 398

Kortchemski, L.,[T53]

Kosygina, E.,[397]

Kozlov, M. V., @

Kurtz, T. G.,[133]

Lam, S.S.,[394]

Lamperti, J., [iii] B} [T0} [T3] £0} [68] [88} [T33]
[132} 189 [39¢]

Levin, D.,222] 233

Li, B.BT3]

Maejima, M., 219
Malyshev, V. A.,[iv] B8]
Mandjes, M., 373
Marciniak, E.,[373|
McDonald, D. R.,[220[337]
McGregor, J.,[T53]
Menshikov, M. V.,[V] [T0 {T] ™
i)
Meyn, S.,[81 B4
Mikosch, T., [iii} B99]
Mountford, T.,[397]
Moustafa, M. D.,[8§]

Nagaev, S. V., [83] 219} [396] 398
Ney, P.,[220]

Ni, W.,[373

Orey, S.,2T9|

Palmowski, Z.,[373]

Peres, Y.,[222] 233
Pergamenchtchikov, S.,[220]
Petrov, V. V., [iil} B27]

Pitman, J.,[152]

Popov, S.,[iv] 222] 233} 279 B03]
Rolski, T., i

Rosenblatt, M.,[8§]

Rosenkrantz, W. A.,[T153]

Rosler, U.,[189]
Sandrié, N.,[§§]
Schmidli, H., [
Schmidt, V.,
Seneta, E.,[396]
Shurenkov, V.,
Singer, B.,[T53|
Smith, W. L., 2T9]
Spitzer, F., [iii] 348]

Taylor, H. M., [T§]

Teugels, J., [iii]

Tweedie, R.,[8] [4]

Vatutin, V. A.,[TT0| 97]
Vervaat, W., 387

Voit, M.,[T53}[T89]

Vysotsky, V.,[348]

Wachtel, V., 220 B38] 3421 39¢]
Wade, A.,[iv} [88] [T90} [280]

Walsh, J. B.,[222] 233
Wesolowski, J.,[398]

Williamson, J. A.,219]
Woess, W.,222] 234]
Yasnogorodskii, R.,[T0] [88]
Zubkov, A. M.,[397]
Zygouras, N., ]



Subject index

ALOHA packet switching network
convergence to I'-distribution, 393
null recurrence, 393

transience, [393]

Asymptotic distribution,

Bessel process, [36]
classification, 37]
index, 36]
transience

Green function, [3§]
transition density, [37]
Branching process
near-critical
classification,
convergence to I'-distribution, 359 [361]
null-recurrence, 338
positive recurrence, [356]
recurrence, |3506}

transience, 353

with migration of particles, [349]

Central limit theorem, [T1]
for Markov chains
asymptotically homogeneous in space,
BZ1BZ
with asymptotically zero drift, [T66] [T70}
78]
for martingales, [T66]
for triangular array of ma.rtingales,
Convergence in total variation metric,
Cramér case,[13]
Cramér-Lundberg
approximation, 312} B73]
classical model,[372]
ruin probability, 372]

ruin probability bounds, [377] [382]
Diffusion process
asymptotics for
Green function, 36|
condition for
positive recurrence,
recurrence,
transience,
invariant density function, [31]
positive recurrence, @
recurrence
harmonic function,[33]
transience
harmonic function, [3T]
Distribution
class 8( ﬁ),
heavy-tailed, [13]
integrated tail, [T4]
light-tailed, [T2]
long-tailed, T3]
subexponential, [T3]
Doob’s h-transform, 23] [223]
inverse, 224]
Down-crossing probability
drift of order l/x,
drift slower than 1/x,[100] [102]
heavy-tailedness, [00]
nearest neighbour Markov chain,m

upper bound, [T03} [T06} [T08]

Dynkin’s formula, [TT7]
Function

long-tailed, T3]
Green function, B} [T§]

diffusion process, [36]
nearest neighbour Markov chain

411



412 Subject index

asymptotics, 20]
Harmonic function
nearest neighbour Markov chain, [22]

Invariant density function
diffusion process, [31]
Invariant measure,
heavy-tailed, 237]
local power asymptotics, 251} 252]
nearest neighbour Markov chain,lﬂl
power asymptotics, 240} 241]
Weibullian asymptotics, [284] 283]
Kesten’s bound, 267]
Kolmogorov forward equation, m

Lindley recursion, [TT} [306]

Local renewal theorem for
T limit, [T44) [130]
Markov chain, [307]
normal limit,[T87]
Markov chain, [§]
aggregated, [230]
aperiodic, 3]
asymptotic distribution,

asymptotically homogeneous in space, [T1]

3006)

central limit theorem, [327]

exponential asymptotics, 316} [321] 323

large deviation principle, 312]
local renewal theorem,m
pre-stationary distribution, 332}
renewal theorem, [331]
asymptotically zero drift,ﬁ
condition for
non-positivity, 53] 5]
null recurrence,
positive recurrence, 2
recurrence, [62] [63]
transience, [67H69] [71] [72]
countable, 4]
cycle structure, 232
Green function, [3]
hitting time, 3]
homogeneous in space,@
invariant measure, [6] 0]
heavy-tailedness, 237]
local power asymptotics, 251} 252]

power asymptotics, 240] 241]

Weibullian asymptotics, 284] [283] 297]

irreducible, 3]

jumps, 9]
kth moment, 9]

killed, 223]
last visit decomposition, 234]
limit theorem in critical case, 276]
nearest neighbour, [T4]
Doob’s h-transform, 23]
down-crossing probabilities,
Green function asymptotics,
harmonic function, 22]
invariant probabilities, [T7]
positive recurrence, [T3} [Tg]
non-positive, 5] P} 54
null recurrent,
period,
persistent, [3]
positive recurrent, [5] f]
pre-stationary distribution
asymptotics, 254
Weibullian asymptotics, 299
recurrent,
renewal function
integral asymptotics,
local asymptotics, [T44]
upper bound, [TT9}[T24]

renewal theorem, [T64]
state space, [4]
stationary measure, [f]
stopping time, [3]
strong Markov property, [3]
time of entry,[9]
transient,[3] 0]
transition probabilities, [
truncated moments of jumps, A0
Non-positivity, 5] [0} 54
Null recurrence, [5] 0]
convergence to

[-distribution,

Perpetuity, 387]
Persistence, 5]
Positive recurrence,
asymptotics for return time,@
diffusion process, 28]
drift criterion, 3]
nearest neighbour Markov chajn,@
Pre-stationary distribution
power asymptotics,
Weibullian asymptotics, 299]

Queueing system, GI/GI/1,

Random variable
heavy-tailed, [T3]
light-tailed, [T7]



Subject index 413

Random variables
condition for uniformly integrability, E
uniformly integrable, [74]
Random walk, [T0]
central limit theorem, [TT]
conditioned to stay positive,
Blackwell’s theorem, [344]
convergence to I-distribution, 343
renewal theorem, [343|
delayed at zero,[TT] [306]
central limit theorem,
classification of invariant measure,@
Cramér—Lundberg approximation, [T3]
null-recurrence, [12]
positive recurrence, [12]
subexponential approximation, [T3]
transience, [12]
transition kernel, [TT]
killed at leaving (0,c0)
harmonic function, [340]
null recurrence, [TT]
positive recurrence,m
reflected, 347
down-crossing probability, @
invariant measure, 343
return probability, [348]
simple
conditioned to stay positive,@
strong law of large numbers,m
transience, [T1]
transition kernel,
Recurrence, [5] [0]
drift criterion, [44]
Reference drift function, 4]
Renewal function
Markov chain
integral asymptotics, [T40]
local asymptotics, [144]
upper bound, [TT9]
Renewal measure, [TT9]
asymptotics on fixed intervals, 209H2TT]
asymptotics on growing intervals,[T92}[T93]
key theorem, [2T1]
Renewal theorem
for I limit, [[40} 250} 294]
for normal convergence, [T8T}[T33)
under law of large numbers,@
Ruin probability,
Sparre Andersen model, 372]
Stationary measure, [6]

Stochastic linear recursion, 307} 387
null recurrent
limit theorem, 390} 393
stationary distribution, 392
stationary distribution
tail asymptotics, [388]

Stopping time, [3]

Strong law of large numbers,@
for Markov chains, [T60] [T61]
for martingales,

Strong Markov property, [3]

Transience, [5][9]

central limit theorem, [T66} [T70] [T72] [T76]
convergence to
[-distribution, [T29} 246]
Bessel process, [I33] 273|
Brownian motion, [T73|
drift criterion,
law of large numbers,m
strong law of large numbers, [T60} [T61]
Transition kernel, [§] 223]
Transition probabilities, ] [3]



	Notation and conventions
	Introduction
	Countable Markov chains
	Real-valued Markov chains
	Random walks
	Nearest neighbour Markov chains
	Heuristics coming from diffusion processes
	General approach and plan of the book

	Lyapunov functions and classification of Markov chains
	Reference drift function
	Positive recurrence
	Non-positivity
	Recurrence and null recurrence
	Transience
	Auxiliary lemmas on dominating functions and random variables
	Comments to Chapter 2

	Down-crossing probabilities for transient Markov chain
	Markov chains with asymptotically zero drift: slow decay of down-crossing probability
	Drift of order 1/x
	The case where xm1(x) but m1(x)=o(1/x)
	General case where xm1(x)
	Upper bound for down-crossing probability
	Comments to Chapter 3

	Limit theorems for transient and null-recurrent Markov chains with drift proportional to 1/x
	Truncation of jumps
	Upper bound for average up-crossing time for transient chain
	Transient chain: integro-local upper bound for renewal function
	Factorisation result for renewal function with weights
	Convergence to -distribution for transient chain
	Convergence to Gamma distribution for non-positive chain
	Functional convergence to Bessel process for non-positive chain
	Integral renewal theorem for transient chain with Gamma limit
	Local renewal theorem for transient chain on Z with Gamma limit
	Comments to Chapter 4

	Limit theorems for transient Markov chains with drift decreasing slower than 1/x
	Law of Large Numbers
	Strong Law of Large Numbers
	Integral renewal theorem for transient chain satisfying law of large numbers
	Central limit theorem
	Functional central limit theorem
	Normal approximation at high level
	Integro-local renewal theorem for transient chain with Normal limit
	Local renewal theorem for transient chain on Z with Normal limit
	Comments to Chapter 5

	Asymptotics for renewal measure for transient Markov chain via martingale approach
	Asymptotics for renewal measure on growing intervals
	Proof of integro-local renewal theorem on growing intervals
	Asymptotics for renewal measure on fixed intervals
	Key renewal theorem
	Proof of results of Section 6.3
	Comments to Chapter 6

	Doob's h-transform: transition from recurrent to transient chain and vice versa
	Doob's h-transform for transition kernels
	How to increase drift via change of measure with weight function close to harmonic function
	How to decrease drift via change of measure with weight function close to harmonic function
	Cycle structure of Markov chain and Doob's transform
	Last visit decomposition and Doob's transform
	Comments to Chapter 7

	Tail analysis for recurrent Markov chains with drift proportional to 1/x
	Markov chains with asymptotically zero drift: heavy-tailedness of invariant measure
	Stationary measure of recurrent chains: power-like asymptotics
	Local asymptotics of stationary probabilities
	Pre-stationary distribution of positive recurrent chain with power-like stationary measure
	Tail asymptotics for recurrence times of positive and null recurrent Markov chains
	Limit theorems for positive and null recurrent chains conditioned to stay above some level
	Limit theorem in critical case 2=b
	Comments to Chapter 8

	Tail analysis for positive recurrent Markov chains with drift going to zero slower than 1/x
	Stationary measure of positive recurrent chains: Weibullian-type asymptotics
	Lyapunov function and corresponding change of measure
	Proof of Theorem 9.2
	Sufficient condition for existence of r(x) satisfying (9.18)
	Local asymptotics of stationary probabilities
	Pre-stationary distributions
	Comments to Chapter 9

	Markov chains with asymptotically non-zero drift in Cramér's case
	Local renewal theorem
	Large deviation principle for stationary distribution
	Sharp asymptotics for stationary distribution
	Local central limit theorem
	Pre-stationary distributions
	Comments to Chapter 10

	Applications
	Random walk conditioned to stay positive
	Reflected random walk with zero drift
	State-dependent branching processes with migration
	Cramér–Lundberg risk processes with level-dependent premium rate
	Stochastic difference equations: approach via asymptotically homogeneous chains
	Application to the ALOHA network
	Comments to Chapter 11

	References
	Author index
	Subject index

