LINEAR SYSTEMS, SPECTRAL CURVES AND DETERMINANTS
GORDON BLOWER AND IAN DOUST

ABSTRACT. Let (—A, B,C) be a continuous-time linear system with state space a sep-
arable complex Hilbert space H, where —A generates a strongly continuous contraction
semigroup (e~*4);>0 on H, and ¢(t) = Ce "B is the impulse response function. As-
sociated with such a system is a Hankel integral operator I'y acting on L2((0,00);C)
and a Schrodinger operator whose potential is found via a Fredholm determinant by
the Faddeev—Dyson formula. Fredholm determinants of products of Hankel operators
also play an important role in Tracy and Widom’s theory of matrix models and as-
ymptotic eigenvalue distributions of random matrices. This paper provides formulas
for the Fredholm determinants that arise thus, and determines consequent properties of
the associated differential operators. We prove a spectral theorem for self-adjoint lin-
ear systems that have scalar input and output: the entries of Kodaira’s characteristic
matrix are given explicitly with formulas involving the infinitesimal Darboux addition
for (—A, B,C). Under suitable conditions on (—A, B,C) we give an explicit version
of Burchnall-Chaundy’s theorem, showing that the algebra generated by an associated
family of differential operators is isomorphic to an algebra of functions on a particular

hyperelliptic curve.

1. INTRODUCTION

Fredholm determinants and determinants of multiplicative commutators arise in the
theory of continuous-time linear systems (—A, B, C') with state space H, a complex sepa-
rable Hilbert space. Associated to each such system is its impulse response (or scattering)
function ¢(t) = Ce "4 B and a corresponding Hankel operator Ty acting on L2((0, c0); C),
given by Ty f(z) = [~ ¢(x +y) f(y) dy.

We are motivated here by applications from random matrix theory and the spectral
theory of Schrodinger operators. The tau function plays a central role for the linear sys-
tem. Writing ¢(,)(t) = ¢(t+2z), we define the tau function by the Fredholm determinant
7(z) = det(I+Ty ). The tau function provides a connection between the scattering func-
tion and the potential in Schrodinger’s equation. Starting from a Schrodinger equation
—f"+uf = \f, Faddeev and Dyson showed that under suitable hypotheses, given its scat-
tering function ¢ one could recover the potential u via the formula u(z) = —2%5 log 7(z).
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FIGURE 1.

Figure 1 expresses the connections between various functions and key equations in the
theory. The left-hand column involves Hankel operators built from the scattering data.
The scattering function ¢ is said to be realised by a linear system if there exists (— A, B, C)
such that ¢(x) = Ce ®4B; in the terminology of linear systems, this is the impulse
response function. Scattering functions can be so realised under hypotheses discussed in
[21], [39] and [1], as in Example 6.1.

Under mild hypotheses, we show in Theorem 4.2 that R, = [~ e ““BCe " dt gives a
family of trace-class operators on H such that det(I + Ry) = det(I +I',). The R, may
be defined as compositions of shifted reachability and controllability operators as in [1,
p. 318], although it is more illuminating to observe that they satisfy Lyapunov’s equation

dR,
dx

(ddix)xzo - —BC. (1.1)

This opens the route towards a family of algebraic identities linking various operators.

=—-AR, — R, A

The middle column of Figure 1 gives the route from the linear system down to the solution
of the corresponding Schréodinger equation via the Gelfand-Levitan equation (5.6), which
we solve using the integral kernel Ty, The formula Ty (z,y) = —Ce (I + R,) ‘e 4B
from (5.5) motivates the choice of R,. For convolution equations on a finite interval, there
are analogous formulas [33] and [27].

On the right, we introduce the xi function and diagonal Green’s function, which are
closely related to the spectral data and determine those equations that are integrable.
Formal definitions of these functions are given below in (6.20) and (6.6) .

Tracy and Widom [57] introduced a systematic theory of matrix models involving Fred-
holm determinants of products of Hankel operators. Unfortunately the space of Hankel
integral operators does not have an obvious multiplicative structure, which inhibits cal-

culations. In previous papers [1],[2],[5] and [4], we introduced various tools to reveal the
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latent algebraic structure of the Hankel operators. In particular we introduced a differen-
tial ring of operators £ on H. This differential ring, which in general is not commutative
and not self-adjoint, provides a tool for computing the Fredholm determinant of the Han-
kel integral operators. There is a bracket operator | - | taking £ to complex functions on
(0, 00), which is an essential linkage in Figure 1.

In section 2, we recall some basic results concerning continuous-time linear systems
and associated Hankel operators. We develop ideas from [4], and obtain Fredholm deter-
minants via linear systems that have input and output space C. In Proposition 2.8, we
obtain a necessary condition for an integral kernel to be the product of Hankel operators.

In [57], many formulas involve products of Hankel integral operators that are associated
with first order linear ordinary differential equations with 2 x 2 matrix coefficients. Prod-
ucts of Hankel operators arise as noncommutative differentials, and so we begin section 2
with a discussion of this and the role that the ring of stable rational functions plays in the
theory. Some of our computations for products of Hankel operators involve the diagonal
derivative of integral kernels. In section 3 we provide a framework for considering these
objects which we use in the subsequent parts of the paper.

Let (—A, B, C) be a linear system as above and let £!(H) denote the ideal of trace class
operators on H. A central role in the theory is played by the subalgebra & of L(H) that
is generated by I, BC and (A — A)(A + A)~!, and the corresponding quotient algebra
Ao = (Eo+ LY(H))/L(H). The algebra Ay is commutative and unital, and hence may be
regarded as a space of functions on its maximal ideal space X. For the specific examples
we have in mind, it is helpful to regard X as a spectral curve. In particular cases, we
can identify X with a curve in the sense of algebraic geometry, and introduce suitable
tau functions over the curve as in [42] and [43]. These ideas, which lead to a number of
determinant formulas, are examined in section 4.

In section 5 we examine a important family of examples of (—A, B, ) which come
from Howland operators on L2((0,00); C). Our results explain why the spectral theory of
Howland operators is closely linked to that of Hankel integral operators and Schrodinger
operators. We show that the systems which come from these operators satisfy the hy-
potheses of the results in section 4 and hence give specific examples of the determinant
formulas obtained.

As above, associated to the linear system (—A, B, C') is a potential u(z) = —2% log 7(x)
and corresponding Schrodinger differential operator L = 7% + w. In section 6 we show
that the operator (A — L)~ may be expressed via a Green’s function G(x,y; \) (see Equa-
tion (6.6)), and the diagonal G(x,x;A) may be expressed in terms of the linear system
(Equation (6.14)).
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For arg(—() € (—n/2,7/2) we can define the linear systems
Yo = (—A, (CT+A)(CT—-A)'B,C). (1.2)

which are related to the original (—A, B,C) by the process of Darboux multiplication;
see, for example, [5] and [4, Section 2]. As discussed in [4, Proposition 2.5] and [39)],
the diagonal Green’s function (6.14) describes the infinitesimal Darboux addition via
X(u) = —22LG(z,x; \), as discussed in [4, Proposition 2.5] and [39).

For Schrodinger’s equation on the real line, Gesztesy and Simon [25] introduced the
xi function £ and established the formula £(z;\) = (1/7)Imlog(—G(x,x;A)). The xi
function is a convenient intermediary between the scattering data and the potential for
solving the inverse spectral problem. These connections are pursued in section 6.

In section 7 we give a sufficient condition for (—A, B,C) to produce an integrable
Schrodinger equation, and we provide an explicit version of Burchnall-Chaundy’s theorem,
showing how a potential that satisfies the finite stationary KdV hierarchy gives a spectral
curve X of finite genus ¢. The proof uses identities which originate from Lyapunov’s
equation (1.1). In [27, (1.1), 5.11)], Gohberg, Kaashoek and Sakhnovic develop a state
space approach to the forward and inverse spectral problem for the matrix Schrodinger

which involves some aspects that are similar to those of the current paper.

2. LINEAR SYSTEMS AND HANKEL OPERATORS

Throughout, let H be a separable complex Hilbert space, regarded as the state space.
Let L£(H) be the algebra of bounded linear operators on H with the operator norm and
the adjoint T — Tt. We write H' = L(H;C). We shall let £2(H) denote the space of
Hilbert—Schmidt operators on H, which is a Hilbert space when equipped with the usual
inner product (K, L) = trace(KL'). Let £L'(H) denote the space of trace class operators.

Let Hy be another complex Hilbert space, which serves as the input and output space
for our linear system (—A, B, C'), so that the input operator is the bounded linear operator
B : Hy — H and the output operator is the bounded linear operator C': H — Hj. Let

—A be the infinitesimal generator of a strongly continuous (Cp) semigroup (e*4)

t>0 of
linear contractions on H. Let D(A) be the domain of A, which is a dense linear subspace
of H and itself a Hilbert space for the graph norm || f||%,4, = I/ 1l7 + | Af[1%-

For bounded input « : [0,00) — Hy, output y : [0,00) — Hy and state z : [0,00) — H,

the continuous time linear system is governed by the ordinary differential equation

d
d—f:—A:c—&—Bu
y=Cz

2(0) = 0. (2.1)
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The impulse response function is ¢(t) = Ce~*4 B, which gives a weakly continuous function
(0,00) — L(Hp), also known as the scattering function. (In many cases we shall take H,

to be C and so ¢ is scalar-valued.)

Definition 2.1. Suppose that ¢ € L?((0,00); L(Hp)). The Hankel integral operator with

impulse response function ¢ is
Tof() = [ nfta (72 (0.00) > ). (22)

If Ty is trace class on L?((0,00); Hy), then the Fredholm determinant det(l 4+ I'y) is
defined, and we shall be concerned with the problem of computing this determinant in
cases of interest.

Given a complex unital algebra R, we say that H is a (left) Hilbert module if there is
a unital homomorphism ® : R — L(H) which provides a natural pairing (a,n) — ®(a)n
for all @ € R, n € H; see [18]. The crucial step is to introduce a differential ring of
operators on H. Our results on commutative algebras of ordinary differential operators
are also related to those of [20] and [53], except that we use (—A, B, C') as the fundamental
datum instead of Grassmannian of subspaces of Hilbert space. Via (1.1) we address the
functional identities more directly.

Now we consider the stable rational functions, which are fundamental to linear systems
theory as in [58] and [48]. Suppose that (—A, B,C, D) is a linear system with finite-

dimensional state space H. Then the linear system is described by the transfer function
T(s)=D+C(sl +A)'B,

which is a proper rational function, as in [3]. If (e7*4),5¢ is of exponential decay, then
T(s) is a stable rational function. Here D is the feedthrough operator, included here for
completeness. Let . be the ring of stable rational functions and R the subring of . given
by R = C[A] where A = 1/(1 4+ s). Both R and S are principal ideal domains, so every
prime ideal is maximal and they have Krull dimension one. The quotient field of R is equal
to C(s). The state space H is then a finitely-generated torsion module over the principal
ideal domain R, and hence has a Jordan decomposition. The Laplace transformation of
these variables is simple. Starting from the formula nl/(1+ s)"*! = [ ¢"e~ TGt we
can conveniently express elements of R in term of the Laguerre basis of L?((0,00);C);
see [3] and [57, (5.36)]. In Lemma 2.5, we obtain conditions for Hankel operators on
L*((0,00); C), defined via the Laplace transform, to be bounded or Hilbert-Schmidt. In
Proposition 2.8 we obtain a characterization of products of Hankel operators in terms
of Poppe’s semi-additive operators; see [45]. These are interesting in their own right,
and lead to cocycle formulas as in Theorem 3.13. We now consider the consequences for

operators.
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Definition 2.2. For h € L2((0,00); C) we shall let .Zh(s) = h(s) = JoZ e th(t) dt,
Re s > 0, denote the Laplace transform of h.

Definition 2.3. (i) Let £2(H) be the space of Hilbert-Schmidt operators on H with
the usual inner product (K, L) = trace(K L).
(ii) Let S be a domain in C with a C* smooth boundary 0§, and let ds be the arclength
measure on 0S. Let Dg be the subalgebra of L>°(9S;C) such that the norm

L e e (23)

™

is finite. Saitoh [52, Section 5] discussed equivalent conditions for finiteness of this
integral.

(iii) For h € L>(9S;C)) let M, € L(L*(dS;C) denote the operator of multiplication by
h, namely f+— hf.

Definition 2.4. Let £, F be a vector subspaces of L(H).

(i) We write &1 = {XT: X € £} and say that £ is self-adjoint if £T = £.
(i) With [X,Y] = XY -Y X for the additive commutator, we write [€, F] = span{[X, Y] :
X € £,Y € F}. The commutator subspace of an algebra & is [£, £].

By the Paley-Wiener Theorem, . : L?((0,00);C) — H?(RHP) gives a unitary op-
erator. In (2.2), T'y is a bounded linear operator L*((0,00);C) — L*°((0,00);C). If
t2¢(t) € L?((0,00);C) then I'y is a Hilbert-Schmidt operator on L2((0,00);C). The
following result links . with I'y.

Lemma 2.5. Let h € L>(0,00) N L?((0,00);C) and let ¢ = Lh. Then
(i) Ty = LM, % and so gives a bounded Hankel integral operator on L*((0,0);C).

(it) Suppose further that [t~ '|h(t)|* dt converges. Then Ty is Hilbert-Schmidt.

Proof. (i) Let P,(t) be the Laguerre polynomial of degree n and let £,,(t) = v/2e P, (2t).
Then (£,)3, forms an orthonormal basis for L*((0,00); C) which gives a Hankel

matrix

e’} 2(t _ 1)n+m
(Lol b 12 0rmerc) = /O ) G gyt

1
1
:/ h( +u)u"+mdu (n,m=0,1,...). (2.4)
-1

1—u
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For f € L*((0, 00); C),

LML f(z) = /0 (s /O e (1) dids (2.5)
— / h / h e @ (s) ds f(t) dt
:/Ooogzb(x+t)f(t)dt. (2.6)

Thus I'y = ZM,;.Z is a composition of bounded operators and hence is bounded.
(ii) The Laplace transform £ on L?((0,00);C) is a self-adjoint operator, with square

£? given by Carleman’s Hankel operator [46, Theorem 2.6] with integral kernel

1/(z+y) on L?*((0, 00); C) which is known to have spectrum [0, 7]. We have equality

of spectra as operators on L*((0, 00); C)
o(Ly) \ {0} = (LM, 2) \ {0} = o(M;2%) \ {0},

where M}, .#? has kernel h(t)/(z+t) as an integral operator on L*((0, 00); C), and this
kernel is Hilbert—Schmidt. We momentarily assume that ¢ is real-valued; otherwise,
we split into real and imaginary parts. Then by [54, Theorem 8.1], the singular
numbers satisfy

S (LML <Y (ML)

n=0 n=0

so LM% is also Hilbert—Schmidt. O

Definition 2.6. (i) For ¢ > 0, let S; € L(L*((0,00);C) denote the shift operator
Sif(x) = f(x — )00 (x — 1), x > 0, and let Sf be its adjoint.
(ii) [45] Let (K})¢=o be a family of integral operators on L?((0, 00); C) with kernels (k¢ );o,
so Ky f () = [;° ki(x,y) f(y) dy. We say that (K;)io is semi-additive if there exists
a function k such that ky(z,y) = k(z +t,y +¢t) for all z,y,¢t > 0.
(iii) For a differentiable function of two variables, we write da for the diagonal derivative,
50 ak(z, ) = (£ + 2)(x, ).

The families (S;);~0 and (Sg)bo both give strongly continuous contraction semigroups
on L2((0,00); C), and (S;)s~0 is a semigroup of isometries. Note that for ¢ € L*((0,00); C)
the space Y, = clspan{d(z +¢) : ¢ > 0} gives a closed linear subspace of L?((0,00);C)
that is invariant under the adjoint shift semigroup (StT )i>0, SO Y(z} = [? ©Y} is invariant
under the shift semigroup (S;);~0. The space Yq} is the null space of I',, which has kernel

¢(x + y); indeed, by Plancherel’s formula,

heY) «— /Dogb(:v+y)Th(y)dy:0 (z > 0)
0

= [ daii L0 @>o)

)
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Hankel integral operators I" on L?((0,00); C) are characterized by the intertwining re-
lation ST = I'S, for all ¢ > 0. Péppe [45] called such operators additive in view of
¢(x + t) in their kernels (2.2). The notion of semi-additivity is related to products of
Hankel operators, as in Proposition 2.8 below.

For ease of notation we shall write £? for £2(L*((0,00);C)) in the lemma below. For
t > 0 define oy : £2 — L2 by 04(K) = SIKS,. A small calculation shows that if K € £2
has kernel k(z,y) € L2((0,00) x (0,00); C) then o(K) = S]KS, is the integral operator
with kernel k(z +t,y 4+ t). Let 5,(K) = S,KS].

Proposition 2.7. Let (04)i>0 and (G¢)i>0 be as above. Then

(i) (0¢)i>0 s a strongly continuous contraction semigroup on L2.

(ii) For all K € L%, 0,(K) — 0 in the strong operator topology as t — oo.
(7ii) the infinitesimal generator of (0y)i~o is the diagonal derivative On .
(iv) (5¢)i>0 is a strongly continuous contraction semigroup on L.

(v) For all K, L € L?, 6,(KL) =6,(K)5,(L) and (64(K), L) = (K, 0(L)).

Proof. (i) This is straightforward. Note that ||S{K S| z2 < |SIIIK |2 ]|Se] = || K]l 2.
(ii) If K € £? has kernel k then

oK) 22 = / / k(e 4ty + 1) dedy
(0,00) % (0,00)

which converges to 0 as t — oo.

(iii) For suitable differentiable k the operator do,(K')/dt has kernel (ai —)k(m+t, y+t),
80 Jp is the diagonal derivative.

(iv) Asin (ii), we have

1K = o) = / / k(e y) — ke + Ly + 0 dedy
(0,00) % (0,00)

which converges to 0 as t — 0+.
(v) For the first identity we have that since S§S; = I,

6(KL) = S,KLS] = S,KS}S;LS] = 6,(K)54(L).
For the second,
trace(d,(K) L") = trace(S, K S] L) = trace(K S L'S,) = trace(Ko,(L)). d

Proposition 2.8. Suppose that ¢, € L*((0,00); C") with ¢ and v absolutely continuous
and let K = Fgfw have kernel k. Then the kernel Oaki(x,y) determines an integral

operator that has finite rank.

Proof. We have k(x,y) fo (v+ 2) " (z +y) dz. Then by integration by parts, we find

Oa / oz +2) Tz +y) dz = —¢(z) (y). 0
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3. COMMUTATORS7 COCYCLES AND HANKEL PRODUCTS FOR MULTIPLY CONNECTED
PLANAR DOMAINS

We extend the notion of a Hankel operator to Hardy spaces on multiply connected
planar domains, and show that Hankel operators and Toeplitz operators together sat-
isfy semi-commutator identities. Products of Hankel operators arise as noncommutative

differentials, which are defined as follows.

Definition 3.1. Let R and £ be unital complex algebras.

(i) We define the space of noncommutative differentials, denoted Q'R, as the subspace
of R ® R that makes the sequence

0— QR -—-ROIRLR—0 (3.1)

exact, where p(a ® b) = ab is the multiplication map. The space Q'R is spanned by
adb=ab®1—a®bfor a,b € R. Evidently Q'R is a left R-module.

(ii) Let p: R — L be a C-linear map. We define its curvature to be w : RQR — L
where as the bilinear operator determined by w(f1, f2) = p(f1f2) — p(f1)p(f2), so
fidfa — w(f1, f2) is a linear map Q'R — L. (The curvature is related to the
notion of semi-commutator on operator theory. This is not to be confused with the
curvature of modules discussed in [18, p. 116]). The dual space of Q'R is identified
in Definition 3.5.

(iii) Suppose further that R is commutative. Then Q'R may be regarded as an ideal in
R ® R with square ideal (2'R)?, so the quotient of ideals Q) = Q'R/(Q'R)? is a
left R-module called the space of first-order Kéhler differentials; see [29, p. 173].

(iv) The space of n'"-order Kéhler differentials Q% is the skew-symmetric subspace 0, A

-+ AQp of @7 Qp with n factors, in which our tensors are formed over the field C.

In Proposition 2.8, the diagonals of kernels emerge in the course of calculations involving
products of Hankel operators. In the following section, we express these in a unified
framework which will enable us to formulate results in later sections more easily, such as
Theorem 4.2.

Suppose that A is a commutative and unital Banach algebra, so the projective tensor
product A®A is likewise. Let A’ denote the dual space of A, let X be the maximal
ideal space, identified with a subspace of A’, and let @ — a be the Gelfand transform
A — C(X;C). From the formula 1)(ag ® a1) = ¥(ag ® 1)1(1 ® a1), Tomiyama observed
that the maximal ideal space of A®A is X x X. Let Xa = {(¢,¢) : ¢ € X} be its diagonal.

Proposition 3.2. Let A be semisimple.

(i) Under the Gelfand transform A®A — C(X x X;C), the space Q' A is mapped into
{a e C(XxX;C):alXa =0}
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-

(1t) For every nonzero derivation 0 : A — A, there exists a unique map aoday — (agda,)

which is nonzero.

Proof. (i) Here X, is the image of the canonical inclusion X — X X X : ¢ — (¢, ¢), which
is compatible with ¢+ ¢ o i, and Q' A is the nullspace of u.

(ii) We can regard A as a natural A-bimodule for multiplication. Then the map Q' A —
A 1 apday + agda; exists by the universal property of Q' A; see [50, Proposition 8.4.4].

The Gelfand transform is injective on the semisimple Banach algebra A. O

For a complex unital algebra R, there is a unique differential graded algebra QR =
@ Q"R such that Q"R = R with a graded differential d : Q"R — Q"R with the
following universal property. Given any differential graded algebra S and homomorphism
u: R — S, there is a unique homomorphism of differential graded algebras QR — S that

extends u.

Definition 3.3. Let b: QR — QR be the linear map determined by b : Q"HR — Q"R

b(wda) = (—1)"(wa — aw). Then b* = 0, so there is a complex
0¢— R+ QR +— PR+ ---

with differential b of order (—1). Then the Hochschild homology H H.(R) is the homology
of the complex (QR, D).

Remark 3.4. Let R be a complex and unital algebra with the commutator subspace
[R,R] = span{[r,s] : r,s € R}. Let

0—7Z—R—A—0

be an exact sequence of algebras and homomorphisms such that [R,R] C Z.

(i) Then A = R/T is a unital and commutative algebra. Indeed, [A, A] = {0}, so A
is commutative. There is an injective map @), — HH;(A) from the Kéhler differentials
to the Hochschild homology of A by [50, Prop 7.2.3] or[38, Prop 1.1.10] for j = 1,2,....
From this we have HHy(A) = A, and QY = HH,(A); also Q2 is a direct summand of
HHy(A). If Ais smooth, then Q% = HH,(A) by [38, Theorem 3.4.4]. In particular, the
polynomial algebra Clzy,...,x,] is smooth. Also, if A is the ring of algebraic functions
on a nonsingular algebraic variety over C, then A is smooth by [38, Prop 3.4.2].

(ii) With X the maximal ideal space of A, there is a Gelfand map A — C(X; C), so Qi‘
may be regarded as a space of Kahler differential forms on X.

(iii) There is a surjective map HH,,(R) — HH,(A) for n =0,1,... by [38].

In our applications in Proposition 3.8 and 4.8, R is an algebra of operators and A
may be viewed as a commutative algebra of symbols of these operators. The Kéhler
differentials give a measure of the complexity of R. We consider the dual space of Q'R

in Definition 3.5 as in [50, section 7.2].
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Definition 3.5. Let D a complex unital algebra.

(i) Let ¢, : D" — C a multilinear functional. Then the Hochschild coboundary is
bp,) : D2 — C given by
2

n

(bcpn)(ao, o 7an+1) = Z(_i)jS‘Qn(aO» ces QGG . 7an) + (_1)n+1§0n(an+1a07 o ;an)-
=0

If (bp,) = 0, then we call ¢, a Hochschild n-cocycle.

(i) Suppose further that ¢, (a1, ..., a,,a0) = (—1)"@,(ao, ..., a,). Then ¢, is a cyclic
n-cocycle. By [13, p. 186], such a ¢, is equivalent to a trace @, : Q"D — C via
onlag, ..., an) = @nlaoday ... day).

(iii) An even normalized cochain is a C-linear map 1, : D*™*1 — C such that

me(GO; ai, ..., a2m) =0
if a;j = 1 for some j = 1,...,2m. Equivalently, 9y, is a multiplinear map D x
(D/C) x ---x (D/C) — C, where we identify C with the subspace of D spanned by

the unit.

Definition 3.6. Let D a complex unital algebra and let J be an ideal in £(H). Let
p:D — L(H) be a C-linear map such that the curvature takes values in J. Then p is

said to be a homomorphism modulo 7.

Example 3.7. Let J = L™(H) so the ideal generated by m-fold products of elements of

J is J™ = L'(H), the trace class operators and suppose that @ takes values in 7, so

Yom (g, a1, - . ., Gom) = trace(p(ao)w(ah ag) ... w(agm_1, agm))

gives a normalized even cochain. We can write apdaidas — p(ag)w(ay, as).

We consider cocycles over multiply connected domains. Let S be a bounded planar
domain with boundary dS made of C'*° smooth and positively oriented Jordan arcs C;
j =0,...,¢ that do not intersect. We let D; be the inside of C;, and suppose that D;
are disjoint for j = 1,...,¢, 50 § = Do \ U'_, cI(D;). That is, S may be regarded as a
lake surrounding islands D;, and so may be multiply connected; see [14]. Let s denote
arclength measure on 98, and let L? = L?*(0S;ds; C).

Let %; be the Cauchy integral operator

€j f(¢) d¢
N =L —d L? 3.2
where g = 1 and ¢; = —1 for j = 1,...,¢. Let H? be the Hardy subspace of L?

consisting of functions that are the boundary values of holomorphic functions on §; then
the orthogonal projection Rpy2 : L? — H? is the Riesz-Szegd projection. For this S, let
D be as in (2.3) for S, let Mp = {M; : f € D}, and let A be the subalgebra of D given
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by the functions that are holomorphic on §. The following results address the technical
issue that Cauchy integrals are convenient to use for computations, and definitions such

as (4.8), whereas R g2 is more convenient as an operator.

Proposition 3.8. (i) Let Es be the subalgebra of L(L?) that is generated by Mp and
C; for j = 0,...,0. Then Es/(Es N L*(L?)) is a commutative complex algebra.
Furthermore MRz, My, |[Ruz, My,] is trace class for all fo, f1, f» € D, and

wQ(fO» f1, f2) = tlaace(‘]wfo [Rsz Mfl} [Rsz Msz (33)

gives a cochain D* — C.

(ii) Let € be the subalgebra of L(L?) that is generated by Mp and Ry=. Then £/(E N
L2(L?)) is a commutative and self-adjoint complex algebra.

(iii) Let Egz = {X € & : XRpy2 = Ry2XRy2}. Then Ey2 is a complex subalgebra of
E and there is homomorphism Epy> — L(H?) : X — XRpy2, such that the range
contains the Toeplitz operators Ry2M;Ry2 on H* with symbols f € A.

() Let Ty = Ry2M(I — Ryz) for f € A. Then [T},Tf] is trace class if and only if T's
is Hilbert-Schmidt.

Proof. (i) By repeatedly applying Cauchy’s theorem, one shows that €€}, = 0 for all j # k
and 6;6; = €; for j =0,...,¢. Note that s is a unital complex algebra. For all f € D,
the operator [%}, M;] has kernel (f(z) — f(¢))(z — ¢)~*(dz/ds), which is Hilbert-Schmidt
on L*(0S;ds; C). We also have [M;, M,] = 0 for all f,g € D.

The next step is to check that the commutators of any pair of elements of the form
M€, . .. €, My, is Hilbert-Schmidt. Since £2(L?) is an ideal, and T — [T, U] is a
derivation for all U € L(L?), this reduces to showing that the commutators of pairs of
elements of {¢;, M;: f € D,j =0,...,¢} are Hilbert-Schmidt. Hence [Es,Es] C L2(L?)
and all the commutators belong to the Hilbert-Schmidt ideal, so [€s,Es] € L*(L?). Tt
follows that the ideal generated by [Es, Es| is contained in the ideal Es N L2(L?) of Es, so
Es/(Es N L2(L?)) is a commutative algebra.

We observe that ¢ = Zf:o 6; satisfies

SEDRTICEDY _ L[ SO g

27m C—zds 211 Jos ¢ — 2

If f is continuous on cl(S) and holomorphic on S, then €f = f by the Cauchy integral
formula. Also €}, My,][€, My,] is trace class for all fo, fi, fo € D, so My, [€, My, ][, My,]

is trace class with

1/) (vaflan) = tI'a‘ce(‘Z\Jf(l % Mfl][% Mfz})
(2) = f1(Q) f2(Q) — fa(2)

dzd 3.4
anas z2—C ¢—=z 2dt, ( )
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where ¥y (fo, 1, f2) = ¥a(fo, f1,1) = 0. Hence 9, gives a bounded linear functional Q*D —
C. We pause to note that this formula for the even cochain 1) is not to be confused with
the superficially similar expression for the odd cocycle in [13, p. 209]; indeed, by, is an
odd cocycle, possibly nonzero. See [50, 7.10].

Except in special cases such as when 0§ is a circle, € does not give a self-adjoint
operator and is not equal to Rp2. Hence we need to convert (3.4) into a statement about

the Riesz projection. We consider Plemelj’s formula

1 1 f(¢) d¢
Ef() = 2f(z)+2mp.v./88<_zdsds, 2 as, (3.5)

which is defined for all f € C*(9S;C)), and gives E € L(L?) such that ERy2 = Ry
and Ry2E = E. Then one can easily show that E?> = E, and H?> = EL.

While E is not self-adjoint, we proceed to show [34, Theorem 5.2] by calculus that
i(E" — E) is Hilbert-Schmidt and self-adjoint. With a unit speed parametrization of Cj,
we have z = v(t) and ¢ = y(u) where 7/(t) = €® for some real function @, hence by the
mean-value theorem

V(1) N ' (u)
2mi(y(t) — y(u)  2mi(y(t) — (u)
1 1
B (uw—1t)+ (/2)(u — t)20(t)eO-) B (u—1t) + (i/2)(u — t)20(u)ed(w)—0@)
B (i/Q)(Q/(ﬂ)eie(u)—ie(u) _ 9/(t‘)ei9(£)—i0(t))
(14 (i/2)(u = )0 () D=0O) (1 + (i/2)(u — )6 (u)e?()=0@)

for some ¢ and @ between u and ¢, so the kernel of Ef — F is continuous and vanishes on
the diagonal. We can therefore form Ef — E and remove the principal value used in the
definition (3.5) of E, and deduce that ET — E is Hilbert-Schmidt; equivalently one can
work with the more intuitive expression 47 — ¢. Further, one has the Hilbert-Schmidt
operator Ry2(ET — E) = Ry2 — E. As in Definition 2.3 [M;, %] is Hilbert-Schmidt for
h € D. Hence we have an identity of Hilbert—Schmidt operators

[My, Ry2] = [My, E] + [My, Rip2(E' — E)] = [My,, €] + [My, Rip2 (€1 — €)).

(ii) We need to show that [£,€] C L£2(L?). As above £?(L?) is an ideal, and T+ [T, U]
is a derivation for all U € L£(L?), so it suffices to note that [M;, Ryz] € L2(L?) for all
f € D. Hence the ideal generated by [Es, Es] is contained in the ideal £2(L?)NE of €, so
E/(EN L2(L?)) is a commutative algebra. Note that M} = My and RLQ = Ry, so the
algebra is self-adjoint.

(iii) Let A be the commutative Banach algebra given by the f € D that are holomorphic
on S. Then S is contained in the maximal ideal space of A. Let Ty = Ry2M;Ry2; then
{Ty : f € A} gives a commutative unital subalgebra of £(H?), such that the spectrum
of Ty is cl{f(2) : z € 8} for all f € A. Indeed, for all z € S, there exists h, € H? such
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that (h,h.) = h(z) for all h € H?, then T}hz = f(2)h., so the spectrum of T} contains
c{f(z): 2€ 8} Also( A= f)t e Aforall A € C\ cl{f(z): 2 € S}. For f e A, we
can identify Ty = MyRy2 with an element of g2, and thereby obtain a homomorphism
A= Ep, =Ty

(iv) For f € D, we introduce Ty € L(H? H?),T; € L(L*> S H? H?),T; € L(H? [*©
H?) and Ty € L(L? © H? L? © H?) by the operator block matrix

H2

Ty Ty
e T L2 o H?

Mi=\p, 7
f 4f

From My = M}, we deduce TF = T; and 'y = f‘} Then from My, = M;M,, we obtain
the semi-commutator identity T, = TyT), + I';T. For f € A, we have T'y = 0, so I'y=0.
Now for f,h € A, we have Ty, = TyT},. Also,

Tfﬁ = TfT;’L + Fffﬁ = Tng + Pf].—‘;rl;

and likewise
Ty = TiTy + T3y = T, T,
so by subtracting these equations, we deduce that FfFT = [TJ,TA. If T'y and I'y, are

Hilbert—Schmidt, then [T:L, Ty] is trace class. Conversely, if [T;r ,Ty] is trace class, then I';
is Hilbert—Schmidt. O

Definition 3.9. Let H be a complex Hilbert space and let £ be a complex subalgebra
of L(H) with commutator subspace [€,€&]. If [£,€] C LY (H) and & is self-adjoint, then
€ is said to be crypto-integral of dimension one; see [31]. (Note that all higher order
commutators [[U, V], W] have zero trace for U, V,W € £.)

Corollary 3.10. Let & be the complex subalgebra of L(L?) that is generated by L'(L?), €},
‘5; and My for all f € C*(0S;C). Then

(i) & is crypto-integral of dimension one.

(ii) The map p : C*(0S;C) — &, f— EM;E, is a homomorphism modulo L'(L?);
(iii) The cyclic 1-cocycle p : C*(0S; C)xC>*(dS;C) — C, ¢(fo, f1) = trace(My,[E, My,]),

satisfies

P ) = 3 [ )T b (3.

and
trace(My, [E, My,]) = trace(M[Rpg2, My,]) (fo, f1 € C*(0S;C)). (3.7)

Proof. (i) Each C} is diffeomorphic to the unit circle C'(0,1), so one can use Fourier series
to show that (f(z)— f(¢))/(z—() gives a trace-class integral kernel for all f € C>*(C};C).
The proof of Proposition 3.8 shows that €; — CKJ»T € LY(L?).
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(ii) The operator My, [E, My, ] may be expressed as an integral operator on L*(9S; ds; C)
with kernel A0 - fu2)d
— fi(z) dz
folz) 127m(§ —12) ds
by (3.5), so trace M, [E2, My,)] is given via the chain rule by the integral along the diagonal,
as stated in (3.6).

We have curvature

@(fo, [1) = p(fo)p(f1) — p(fof1) = EMy[E, My |E

where by a computation written in detail in [50, page 76]

trace prz(p(f1)p(fo) — p(f1.fo)) = trace r2((E' — 1) My, [E, My,])
and
trace pr2(p(fo)p(f1) — p(fifo)) = trace p2(EMy,[E, My]);

hence the corresponding bilinear map is

©(fo, f1) = trace gr2 (w(fo,fl) —w(f1, fo)) = trace ;2 (MfO[E,Mfl]). (3.8)

The key point is that £ € L£(L?) is an idempotent, E* = E; self-adjointness is not
required. From (3.8) it is clear that o(f1, fo) = —p(f1, fo); the proof that by = 0 is
known as the noncommutative Bianchi identity [50, Proposition 2.8.2]. Hence ¢ is indeed
a cyclic 1-cocycle.

(iii) Asin (ii), p(1) (fo, f1) = trace(My,[Ryz2, My ]) gives a cyclic 1-cocycle on C*°(9S; C).
We proceed to show that ¢, coincides with . We introduce the one-parameter family
E,=(1—-u)E+uRy: for u € [0,1], and we find that E2 = E, and E,Rg> = Rp2 and
Ry2E, = E,. Then Rz — B, = (1 —w)Ry2(E" — E), so £ = Rp2(E" — E) is trace
class. Then

Sﬁ(u)(fﬂa fl) = traCe(]w’fo [Euv Mfl})

satisfies
d dE,
%apu(fo, fi) = trace(Mfo [%7Mh])
dE,
= trace(E[l\/[f1 ; Mfo}) =0, (3.9)
SO W(O)(f()a f1) = 90(1)(an f1)» as required. O

Remark 3.11. We now introduce the pairing of cyclic 1-cocycles with K;(C*°(9S;C)).
Let A = C*(0S;C), B = My»,(C), and A ® Myxi(C) = Myxi(A), which are complex
unital algebras; let GLi(A) = {X € Myxx(A) : IY € Myyxx(A); XY =YX = I}. There
is a natural homomorphism of differential graded algebras 7 : Q(A® B) — Q(A) ® Q(B),
and the dual operation is the cup product of cochains, as in [12, Theorem 9]. We let ¢ be

an n-linear cochain on A, and ¢ be a m-linear cochain on B, so ¢y = (p @ ) o7 is an
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n 4+ m-linear cochain on A ® B. Then by [12, Proposition 15|, there is a pairing between
cyclic 1-cocycles and elements of G L (A)
1
(. [ = (ttrace(u™ ~Lu—1) (o€ Zhu € GL(A)).
The Chern character maps the group K;(C/(9S; C)) to the odd-dimensional Cech cohomol-
ogy groups H*(9S; Q) with rational coeflicients as in [56, page 174], so K;(C'(9S;C))@Q
is isomorphic to H°¥(9S;C). This discussion may be compared with [20, Theorem 5.2].

Given XY € L(H), and a complex polynomial f(x,y) = ngzo apr?y*, we write
FXY) = g apnXIVE,
Proposition 3.12. Let £ be as in Corollary 3.10 and let Z € £, and let X =
andY = L(Z — Z1) so that Z = X +iY .
(i) Then (i) X, Y and i[X,Y] are self-adjoint elements of & and i[X,Y] € LY(L?).
Z =X +1Y where X|Y € & are self-adjoint and i[X,Y] € & is a self-adjoint and

trace-class operator.

(Z+Z1)

1
2

(ii) There exists a compactly supported function Py € L'(R? dzdy;R) such that

trace([f(X,Y), h(X,Y)]) = 2% //]R Pz(x,y)gg’ ’;; dedy (3.10)

for all polynomials f,h € Clx,y].
(i1i) Let Py be as in (ii) and let

o(f, h) // Py(x ;dazd (3.11)
Then ¢ : C*(C;C) x C=(C;C) —» C deﬁnes a cyclic 1-cocycle.

Proof. (i) This follows immediately, since £ is self-adjoint and [Z, Z1] € [€,E] C LY(L?).

(ii) By (i), the map C[z,y] — L(L?) : f(z,y) — f(X,Y) is a homomorphism modulo
L'(H). The existence of Py follows from Pincus’s theorem [44] and uniqueness follows
from [9, Proposition 5.2]; see also Lemma 4.7.

(iii) Clearly o(f,h) = —¢@(h, f) and by elementary calculus,
Ifofi, f2)  O(fo, frfs) | Ofafo, f1)

- + =0, 3.12

o) | day) | o) 12

hence ©(fof1, f2) — ©(fo, fuf2) + ©(fafo, f1) = 0, so bp = 0. The Kéhler differential
d : Q<1C[z,y] — Q%[zw] takes fdh — 8(f h)d:cdy Since Pz has compact support, we can

assume that f,h are C°° and of compact support. Then we can define eX € L£(L?) via

the usual power series and use the Fourier inversion theorem to introduce
1 . RN
f(X)Y)=—= // e Xe™Y f(t, ) dtdu (f € C=(R?;C)).
(2m)? ) Jwe

where the integral converges as a Bochner-Lebesgue integral in £(L?).
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One can regard (3.11) as determining @ : Q'C*(S;C) — C, ¢(fdh) = ¢(f,h), or as a
linear functional QQCOO(S;C) — C such that df A dh — @(f,h). O

We encounter a variant of the formula (3.10) in Proposition 4.8. One can deduce the
following result from [13, Theorem 5, p. 75/291] or (1.5) of [49], and we give a more
explicit formula (3.14) for the cocycle.

Proposition 3.13. Let D = Dyp be the subalgebra of L>(0D;C) as in Definition 2.3.
(i) Let Ty = Ry2M;Ryz. Then the Toeplitz map p : D — L(L*(0,00);C), f — T}
gives a homomorphism modulo £'(L*(0,00);C), and the associated curvature is a

product of Hankel integral operators

@(fi. fo) = p(fifo) = p(f)p(f2) = T T, (3.13)

(ii) The range of @ : Q'D — L'(L*(0,00)) is the set of trace-class integral kernels
K € L*((0,00) x (0,00); C) such that LK (z+t,y+1) is a finite rank kernel, namely
a product of vectorial Hankel integral operators.

(iii) The map

1 A f1, f2)
o1(fr, fo) = %i//ﬂ)wdxdy (f1, f2 € D). (3.14)

defines a cyclic 1-cocycle.

Proof. (i) There is a natural unitary isomorphism H?(D) — H?(RH P) given by f(z) —
(C+1)71f((¢=1)/(¢+1)) for Re¢ > 0. Then there is a unitary isomorphism H?*(RHP) —
L*((0,00);C), f = (2m)~' [7_ ™! f(iw) dw as in the Paley—~Wiener Theorem. The compo-
sition of conjugation by these unitary maps takes I';, € L(H?*(D)) to a Hankel integral op-
erator in L(L*((0, 00); C)), which belongs to L*((L?*(0, c0); C)) whenever I, € L*(H?*(D)).

Each h € Dp determines a harmonic function h : D — C via the Poisson integral; then

we can introduce a harmonic function A((¢ —1)/(¢ + 1)) on {¢ : Re¢ > 0}; note that
1

|h zw+} (w+1 |2 // ) _ (ei¢)|2
w w dvdw ; dfde. 3.15
//RXR lw — vl? 0,2] x[0,27] |€Z€ ei?|? i (3.15)

(ii) As in Proposition 2.8 have

o

(f1, f2) = trace(Th Tp,) = > (0 + 1) f1(0) fo(—0).

=0
In particular, each h € Dp produces a Hilbert—Schmidt Hankel operator via this route,
so the semi-commutator is trace class.

(iii) By (i), we can introduce
e1(f1, f2) = trace(w(f1, fo) — @(f2, f1)), (3.16)
so @ is well defined and we clearly have ¢1(fs, f1) = —1(f1, f2). We can extend f, h € Dp

to harmonic functions on D via the Poisson integral so that V f, Vh are square integrable
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with respect to area measure, so the Jacobian 0(f, h)/d(z,y) is integrable by the Cauchy—
Schwarz inequality. Note that by [31, p. 151] or (3.13),

trace(w(f, h) —w(h, f)) = tface([ (f), p(h)])
I( ,h)
~ om // x,y)

f h (3.17)

2m

and the identity (3.12). Hence the Hochschild coboundary operator is

(b%)(fla f27f3) = trace(w(flfz, f3) - W(fsa f17f2) + w(f17f2f3)
— @ (fafs, 1) + @(fsf1, f2) — @(f2, f3/1))
= trace(p(fs)p(f1f2) — p(fif2)p(fs) + p(f1)p(fof3)

— p(faf3)p(f1) + p(f2)p(frfs) — p(f1fs)p(f2))
—0. (3.18)

This result justifies introducing D, since the integral in the cocycle formula converges
absolutely only for fi, fo € D. O

In the next section we introduce cocycle formulas for linear systems and determinants

of multiplicative commutators.

4. LINEAR SYSTEMS AND FREDHOLM DETERMINANT FORMULAS

Let (—A4, B,C) be a continuous time linear system with state space H and input and
output space C. In Theorem 4.2 below we introduce an operator algebra on the state
space that captures most of the essential information about the linear system and shows
how the ODE (2.1) gives rise to a differential equation in this operator algebra. Under
further hypotheses, we use Theorem 4.2 in Corollary 4.4 to define an essential spectrum
S, for a linear system. In Lemma 6.8, we introduce a special differential ring which relates

the algebras in Theorem 4.2 to differential equations on the real line.

Definition 4.1. (i) Let (R,)s>0 be a family of operators such that (R, f, h) is differen-
tiable for all f € D(A) and h € D(AT). Then Lyapunov’s equation for (—A, B, C)

is

dR, . iR,y
L= AR, — R, A, 1> 0; ( — ) = -BC.

(ii) Suppose that [(AI + A)~, (ul + AN)7!] € LY(H). Then we say that A and A are

resolvent commuting modulo £'(H), or almost resolvent commuting.

Theorem 4.2. Suppose that A has dense domain D(A) and is mazimally accretive. Sup-
pose also that C(sI + A)™' € H*(RHP; H') and (sI + A)™'B € H*(RHP; H). Let Es be
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the unital complex subalgebra of L(H) that is generated by I, BC, and (A—XI)(A+\I)~*
for all A > 0, and let £ be the closure of Es in the weak operator topology.

(i) Let Ay = E/(Eo N LY (H)). Then Ay is a commutative unital complex algebra, and

there is an exact sequence of algebras
0— LYH) — &+ L' (H) — Ay — 0.

(i1) Let o1 : E x & — C be the bilinear form ¢ (V,W) = trace([V,W]). Then V —
1(V, W) gives a trace on & for all W € &, and ¢y is a cyclic 1-cocycle such that

@1(V,W) =logdet(e"e"e Ve ™) (V,W € &). (4.1)
(i1i) Also € contains the family of trace class operators

R, = / e BCe ™ dt x>0, (4.2)

and (R;)z>0 satisfies Lyapunov’s equation.

Proof. (i) Since £'(H) is an ideal in £L(H), one can check that all commutators of elements
of & belong to L!(H), so the commutator subspace of & + L' (H) is contained in £'(H).

(ii) A trace on & is equivalent to a linear functional on the commutator quotient space
&o/1&0, Eo). Let M be an &-bimodule, and 6 : & — Der(M), V — §y where oy is the
inner derivation oy (M) = VM — MV. Then the inner derivations give a Lie algebra since
[0v,0w] = dvw). By (i), @1 (V, W) = trace([V, W]) is well defined. Let Rad(p:) = {V €
E :pi(V,M) =0 VM € &}. Then for VW € &, we have [V,W] € L'(H), hence
trace([V, WM — M[V,W]) = 0 for all M € L(H); that is [y, &] € Rad(p;). We have
o1 (VW) = —p1 (W, V) and

o1(UV, W) — o1 (U, VW) + (WU, V)
:trace(UVW—WUV—UVW+VWU+WUV—VWU) =0.

The formula (4.1) is valid by Pincus’s identity [30, p. 182] since [V, W] € L' (H).

(iii) By the Lumer—Phillips theorem [28], — A generates a strongly continuous contrac-
tion semigroup (e~*);59 on H, and (sl + A)~' € L(H) for all Res > 0. For A > 0, let
(—A) = —=(A/2) = (N/2)(A=XI)(A+AI)~L. We note that each (—A), belongs to & and
(—A)f — —Afin Has A\ — oo forall f € D(A). Also (exp((—A)at))i>o gives a uniformly
continuous contraction semigroup on H, since (—A)y € L(H). Hence e *ABCe™* € £ is

an operator of rank one, and hence trace class, with |[e=*ABCe™"| z1 ) < [le " B || Ce= .
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As in [1, Proposition 2.1], we have C'(sI + A)™' = [F e *tCe * dt and (s] + A)™'B =
0
J° e e B dt, where by Plancherel’s formula for Hilbert-space functions
[ee] o0 d
/ ICe A% dt = lim / 1C((e + i) + A) |5 2
0 e—0+ oo

or’

o0 o0 d
/ e ™ B||% dt = lim Il((e +iw)I + A)~'B||% %
0

e—0+ 0

and the right-hand sides are finite by hypothesis. Hence by the Cauchy—Schwarz inequality

o0 o0 1/2 , [ 1/2
| e sce e de < ([ e s a) " ([Cice g a) @)
0 0 0

so Ry, and likewise R, for # > 0, define trace class operators in . The operator — A" gen-
erates the strongly continuous semigroup (e_“ﬁ)tzo of contractions on H by [28, Theorem
4.3]. For f € D(A") and h € D(A), the expression (R,h, f) = [T (BCe *h, e~ f) dt
is differentiable, and one easily checks using the fundamental theorem of calculus that

Lyapunov’s equation holds. O

Remark 4.3. (1) We have used the ideal £!(H) since the Fredholm determinant is defined
on {I+T:T € L'(H)} as we use in Lemma 5.3 below. A similar result to Theorem 4.2(i)
holds with the ideal of compact operators K in place of L}(H), so (& + K)/K is a
commutative subalgebra of the Calkin algebra £(H)/K. This is of interest when A has
essential spectrum, and brings us within the scope of Proposition 3.2.

(2) Let (e7*1);>0 be the shift semigroup (S;);>0 as in Definition 2.6. Then for suitable
B and C, the hypotheses and hence conclusions of Theorem 4.2(1),(ii),(iii) hold.

(3) To deal with self-adjoint Schrodinger operators, as in section 7, we use the following
variant, and refer to [1] for examples relating to scattering theory. Corollary 4.4 introduces
an essential spectrum for linear systems that satisfy some conditions relating to self-
adjointness. Examples 5.1(ii) and 6.1 relate to Corollary 4.4 (i) and (ii), while in Corollary
4.8 we obtain a determinant formula for multiplicative commutators relating to Corollary
4.4(iii).

Corollary 4.4. Suppose that both the linear systems (—A, B, C) and (=AY, Ct, BY) satisfy
the hypotheses of Theorem 4.2, and that either

(i) C = B and A is self-adjoint and non-negative; or

(ii) C' = BT and iA is self-adjoint; or more generally

(iii) A and AT are resolvent commuting modulo L*(H).
Let &, be the unital complex subalgebra of L(H) that is generated by I, BC,C'B' and
(A= XA+ M)t and (AT — uI) (AT + ul)=t for all A\, ju > 0. Then

o &, is crypto-integral of dimension one;

o the weak closure of &, is a von Neumann algebra;
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e the quotient of the weak closure of €, by the compact operators gives a commutative
C* algebra with spectrum S., so there exists a compact set S, and a Iunital -
homomorphism £, — C(S,; C) with dense range. In case (i), S, is a subset of

[0,00); whereas in case (i), S, is a subset of the unit circle S*.

Proof. (i) This is a special case of Theorem 4.2, in which ¢(t) = Ce ' B is real. Hence
& = &, is a self-adjoint subalgebra of L(H) such that the commutator subspace is con-
tained in £!'(H). The canonical quotient map 7 : £L(H) — L(H)/K(H) to the Calkin
algebra restricts to a map on &, which is zero on [&,,&,]. Hence there is commuta-
tive C's-algebra C such that w(&,) is dense in C. By the Gelfand-Naimark theorem, C
is *-isomorphic to C(S,; C) for some compact set S.. Note that BC' is compact, hence
7(BC) = 0; also the spectrum of (A — A)(Al + A)~! is contained in [0, c0) for all A > 0;
hence the essential spectrum of (A — A)(A + A)~! is contained in [0, 00) for all A > 0;
hence S, C [0, 00).

(i) This is a special case of Theorem 4.2, in which (¢4),cg is a unitary group and
B(t) = Ce™tCT has ¢(t) = ¢(—t). Here &, is a self-adjoint subalgebra of £(H) such that
the commutator subspace is contained in £'(H). Here the spectrum of (A —A)(A+A)~!
is contained in S', hence the essential spectrum of (Al — A)(AI + A)~! is contained in S*,
so S, C S'.

(iii) The proof is as for Theorem 4.2. The key identity is
[(A=AD)(A+ M) (AT = uD)(A+ pD)] = 4Ap[(A+ XD (AT +ul)7H, (44)
where the right-hand side is trace class. ([

Example 4.5. For k > 0, let A, = —% + k2 in L*(R;C), so by Fourier analysis one
shows that A, has inverse operator G, where G is the integral operator on L*(R;C)
with kernel g(x,y; k) = e "*=¥/(2K). Let ¢ € L' N L*(R;R), and write ¢ = q1¢o where
01,32 € L*(R;R). Then M, G has kernel ¢ (z)e =¥ /(2x), which is Hilbert-Schmidt;
likewise M,, G is Hilbert-Schmidt. There exists x9 > 0 such that A, + M, is invertible
for all k > kg, with inverse (I + A 'M,)"*A!. We have

[(Ax+ M) A = —(Aw + M) AL+ My, AT (A, + M) ™! (4.5)
= —(I + GM,) ' G(My, [My,, G] + [My,, G] My, ) G(I + M,G) ™
(4.6)

is the sum of terms which involve two Hilbert—Schmidt factors, hence is trace class. Thus,
the operators A, and A, + M, are almost resolvent commuting, although their difference
M, can be an unbounded operator, and A;! is not compact. Likewise, one can show that

A=A, +iM, and AT = A, — iM, are almost resolvent commuting.
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In section 5, we obtain various results in the context of Corollary 4.4(i); Example 6.1
relates to Corollary 4.4(ii). We proceed towards Proposition 4.8, which applies in the
context of Corollary 4.4(iii). The determining function, and related determinants, are
more conveniently introduced via discrete-time linear systems. We shall discuss this next,

before we return to continuous-time systems at the end of the section.

Definition 4.6. (i) Let U € L(H), B € L(Hy,H), C € L(H,Hy), D € L(H,). We

U B
denote by lC D] the discrete-time linear system

Tnt1 = Uz, + Buy

Yn = Cx, + Duy, (n=0,1,...)

with input (u,)e, with w, € Hy, state (z,)2, with x, € H and output (y,)5>,

with y, € Hy. The transfer function for this system is ®(\) = D+ C(\ —U)'B.
(ii) Let V € L(H). For the family of linear systems

U (uI-V)'B

o (e T\o(V). (@.7

Pincus [44, page 223] defined the determining function
E\p)=1+iC\ —U)Yul —V)'B, (AeC\o(U), peC\a(V)). (4.8)

The main application of the determining function is to compute determinants, starting
with the identity

det B\, p) = det(I +i(ul — V)'BCAI —U)™")  1(Ae C\ (), peC\a(V)).

In particular, let U,V € L(H) be self-adjoint and let B € L*(Hy, H) and C' € L*(H, Hy)
satisfy [U, V] =iBC. Then the product iBC is trace class and skew self-adjoint, and by

some straightforward manipulations, one can show that
det(()\l Ul — VY — U) Yl — V)’1> = det (1 O — U) Ml — V)”B),

where the left-hand side is the determinant of a multiplicative commutator. The scope of
this formula is extended via Pincus’s principal function, namely the function P introduced

in the following lemma.

Lemma 4.7. (Pincus) Let Z = U + iV be an almost normal operator.
(i) There exists a unique and compactly supported P € L*(R?; dxdy;R) that satisfies

det(()\l Ul — VY = U) Yl — V)’l) - exp(% // (z_PA(;““(’yy)_m dxdy).
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(i3) In particular suppose that B = C' where C: H — C has rank one with [U, V] = iBC.
Then the function P in (i) is supported on o(U) x o(V), takes values in [0,1] and

satisfies

det E(\, ) = exp(% //U(U)XU(V) ()\_ch(’uy)_y) d:rdy).

Proof. (i) See [9, page 153]. Uniqueness is addressed in [9, Proposition 5.2].
(ii) See [44, Theorem 7.1]. O

Proposition 4.8. Suppose as in Corollary 4.4(iii) that A and AT are almost resolvent
commuting, and let Z = (I — A)(I + A)~L.
(i) Then Z is almost normal and Z = U + iV where U,V € L(H) are self-adjoint with

a principal function as in Lemma 4.7(i) such that

1

trace([f(U,V), (U, V)]) = //U

T omi

a(f,h)
(U)xa(V) Nz, y)

P(z,y) dxdy (4.9)

for all polynomials f(x,y), h(z,y) € Clz,y].

(i1) There exists Hy and a continuous time linear system (—A, B,C) with input and
output space Hy such that & = alg{1, Z, Z'} is crypto-integral of dimension one with
2BC = (71, Z).

(iii) In particular, if [Z1, Z] has rank one, then one can choose (—A, B,C) to have input
and output space C.

Proof. (i) Under the canonical quotient map L(H) — L(H)/L'(H), the images of Z =
(I —A)(I+ A and ZT = (I — AN) (I + AT)~! give commuting elements of the algebra
L(H)/LY(H), so Z is almost normal and as such has an essential spectrum in C. Now
[ZT, Z) = 2i[U, V] € LY(H) is self-adjoint, so (i) of Lemma 4.7 applies.

(ii) We can choose Hy and B € £L2(Hy, H) and C' € £2(H, Hy) such that 2BC = [Z1, Z].
Observe that alg{I, Z, Z'} is crypto-integral of dimension one, and contains BC'.

(iii) If [ZT, Z] has rank one, then we can choose B € L(C,H) = H and C € L(H,C) =
H' such that 2BC = [Z1, Z]. O

Proposition 4.8(i) gives a formula for the cocycle ¢ of Theorem 4.2(ii) in a special case,
where the principal function is defined on C. As discussed in [10, Theorem 5.10], this is

not the typical situation.

5. HOWLAND OPERATORS AND FREDHOLM DETERMINANT FORMULAS

A Howland operator in an integral operator of the form

ki) = [T W ay, g e 0.00k0)
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where b, ¢ € L*((0,00); C). Howland observed [32, page 410] that some tools from the
theory of Schrodinger operators could be adapted to study such integral operators and
that Lyapunov’s equation is fundamental. In our context, Howland operators provide
an important situation where the conditions of Corollary 4.4(i) hold, and such operators
arise from linear systems of a special form which we now describe. In Proposition 5.3, we

compute Fredholm determinants via the Gelfand-Levitan equation.

Ezample 5.1. (i) Let b,c € L>((0,00);C) N L%*((0,00); C). Consider the linear system
(—A, B,C) with state space H = L?((0,00);C) where D(A) = {f € L*((0,00);C) :
xf(z) € L*((0,00); C)}. The operators are
A:D(A) — L*((0,00); C), fu) — uf(u) (u>0);
B:C — L*((0,00);C), x> bx (x € C);

C:L((0,00):C) 5 C,  fes / o(u) £ () du. (5.1)
0
The impulse response function is given by the Laplace transform of be,

o(t) = Ce B = / b(w)e(u)e ™™ du,
0
while R, = f;o e A BCe™' dt is the integral operator on L?((0,00); C) that has kernel
b(u)c(v)e~ (v
u—+v
Thus R, is a Howland operator for all z > 0. If ¢(u), b(u), c¢(u) /+/u, b(u)/+/u all belong to
L*((0,00); C), then the hypotheses of Theorem 4.2 are satisfied, and Ry € £L'(H). This

was stated in [2, Proposition 2.1]; here we give the crucial estimate

(u,v > 0).

. —12 _ > |C(U)|2
IC((e + iw)I + A) |H,—/0 7|5+iw+u|2 u,

which gives

e ) _ dw e & 1 dw
/ IIC((e +iw)I + A) 1||§{,§:/ \c(u)|2/ —_———du

o 0 e futiwPor
- 1/00 Je(w)Pdu. (5.2)
2 Jo u+ e
Thus C(sI + A)™' belongs to H*(RHP; H'). A similar calculation shows that (s/ +
A)'B € H*(RHP; H).
(ii) Suppose that b = ¢; then C' = B, and Corollary 4.4(i) applies.
(iii) The following Proposition 5.2 introduces a Volterra type group and applies to the

corresponding Ty, from (5.1).

For a > 0, we have an orthogonal decomposition L?((0,00);C) = L?((0,a);C) &
L?((a,00); C) where L?*((a,00);C) is the image of the shift S, and L?((0,a);C) is the
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nullspace of SI. Consider the space T of all measurable T : (0, 00) x (0, 00) — C such that
T(z,y)=0forall 0 <y < aand [;° [*|T(x,y)]* dydz is finite, so T" is upper triangular.
Given T € T define the bounded linear operator Vy : L?((0,0); C) — L?((0,0); C) by

Vefle) = o)+ [ T@prwdy (7 € L(0.0050)). (59
Proposition 5.2. Let
G={Vr : T €T and Vr is invertible in L(L*(0,00);C)}.

Then

(i) for all V € G and a > 0, the operator V restricted to L*((0,a);C) has image in
L*((0,a);C);
(i) G forms a group under operator composition;
(iii) If V € G is unitary, then V =1.
(iv) Suppose that T € T, that T(x,y) is continuous on {(x,y) € (0,00)% : 0 < z < y},
and there exists ¢ > 0 such that @+ T (z,y) is bounded. Then with such a T the
formula (5.3) gives an operator Vi € G.

Proof. (i) Forall0 < a < z, we have foa T(x,y) dy = 0, which is equivalent to the condition
that ['T(z,y)f(y)dy = 0 for all 0 < a < z and f € L*((0,a);C). Recall the shift
operator S, and note that S, S} is the orthogonal projection L?((0,00); C) — L*((a, o); C)
and by the preceding calculation S,SIV (I — S,SI) = 0.

(ii) One considers the equation V(I + H) = I, which is equivalent to H = —V =1V —1),
which is upper triangular.

(iit) By (ii), the condition V'V = I requires the adjoint kernel T'(y,z) also to be upper
triangular, whereas we have m = 0 for all 0 < x < y which implies the adjoint kernel
is lower triangular; so T'(z,y) = 0 for all z,y > 0.

(iv) Suppose that |T'(z,t)| < Me=¢(#+9); then by iterated integration over a simplex,

one shows that

/ T (z,y1)T (Y1, y2) - - T (Yn, y)|dys - . . dyn
{z<y1<y2<--<yn<y}

< M™Hleety) / 6—26(y1+'“+%)dy1 cdyy,

{z<y1<y2<-<yn<y}

Mn+1675(m+y)

5.4
gn2nn! (5:4)

Thus one shows that the series Y, (—1)T7 converges in £?, so the spectrum of Vr is
{1} and V7 is invertible with V' — T € T. O
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Proposition 5.3. Let (—A, B,C) be a continuous time linear system as in Theorem 4.2,

with impulse response function ¢, and let
Ton(x,y) = —Ce (I + R,) e ¥B, z,y > 0. (5.5)
Then Tgy, satisfies the Gelfand-Levitan equation
o +y)+ Ton(z,y) + /OO Tor(z, 2)p(z 4+ y)dz = 0, (5.6)
and (d/dz)logdet(I + R,) = trace T (z, ).
Proof. We recall from [5, Theorem 2.5] the basic identity
Ce AR _ Ce ™A (I + R,) e ¥ B — Ce (I + R,)™" / e ApCe IR

— Ce A (I S+ R) (I + RI)‘le) e VAB =0,
Also, the determinant satisfies

d d
—1 1 = — log(I
7 log det(I + R,) T tracelog(I + Ry)

dR
_ —1 04t
= trace(([ + R,) T )
= —trace((I + R,) e " BCe™"4)
= —Ce ™I+ R,) 'e™B, (5.7)
as required. O

We can apply Proposition 5.3 directly in the context of Corollary 4.4(i). To deal with
Hankel products, we follow the approach of [4] and obtain a formula for the Fredholm
determinant and its derivative from Proposition 2.8(vi). Note that if ¢ is the impulse
response function of (—A, B, ('), then ¢' is the impulse response function of (—Af, CTBY).
Let (—A, By,C1) and (—A, Cy, By) be linear systems with state space H an impulse re-
sponse functions ¢(t)" = Cre By and 1(t) = Cye * By. To combine these, we let A € C

be a complex parameter and let (—/1, B, C’) be the linear system

PO -A 0 0 B AC 0
(—A,B,C) = : o (5.8)
0 —A Bg 0 0 _02
which has impulse response function
A i~ 0 ACie B 0 Ap(t) "
®(zr) = Ce™™B = e H = o) ;
—CgeiwABQ 0 —’l/J(.T) 0

we momentarily defer the proof of existence. We introduce the operator function

. 00 o N [} 0 775ABC/75A
Rx:/ e’SABCe’SAds:/ l ¢

ds. 5.9
/\87814320167514 0 ( )
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Remark 5.4. Tt is straightforward to produce a suitable linear system that has impulse
response function equal to any given rational function. For a € LHP and r € N, we take

the state space to be L?*((0,00); C) and input and output spaces C. Let
e L2((0,00);C) = L*((0,00);C),  flu) = e ™ f(u)  (u,t>0);
B:C — L*((0,00); C), x>y D20/ 2y (x € C);

/ w2682 () du. (5.10)
0

C:L*(0,00);C) = C,  fr r—1)!

Then the impulse response function is

1 o0
t) = —tAB _ / r—1_—tutau du =
o(t) = Ce o, u' e U oy

while R, = [ e A BCe " dt is the integral operator on L?((0,00); C) that has kernel
(uv)(Tﬁl)/Z)e(a/Qfﬁ)(quv)

R, &
u—+v

(u,v > 0),

which has the form of a Howland operator as in Example 5.1 and [32]; here 1/(u + v)
is the Carleman kernel as in the proof of Lemma 2.5, while the other factors arise from
multiplication operators.

Elaborating this example, one can introduce (5.8) to realize the impulse response func-
tions as in ([4, Proposition 3.2]). Given linear systems (—A, By, C) with impulse response

function ¢; and state space H, and (—A, By, Cy) with impulse response function ¢, then

(

has impulse response function ¢, + ¢, and state space H ® C?. Thus one can realise

-A 0
0 -A

B,
By

)

: [01 CQD (5.11)

rational functions via partial fractions by adding the impulse response functions from

systems as in (5.10).

Proposition 5.5. Let K = Fll"w € L2 be a product of vector-valued Hankel operators
and let K; = SJKSt be as in Proposition 2.8(vi). Suppose that A has dense domain
D(A) and is mazimally accretive. Suppose also that C;(sI + A)~' € H*(RHP; H') and
(sI + A)"'B; € H*RHP; H) for j = 1,2 and that (—A, B,C) is defined as in (5.8).
Then

Tor(z,y) = —Ce I + R,) e vAB. (5.12)

satisfies the Gelfand-Levitan equation
b+ 9) + Tor(og) + [ Tor(e, )0 + ) ds =0, (513)

and satisfies

~ d
trace T (z,x) = d—log det(I + \K3). (5.14)
T
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Proof. See [1, Lemma 5.1] for the Gelfand-Levitan equation. With ¢« (y) = ¢(y + 22),

the Fredholm determinant satisfies
det(I + AK,) = det(I + AF¢L)F¢(I))

= det(l + F‘i)(z))

= det(I + R,). (5.15)
Now R, satisfies —% = e *ABCe A, 30 by Proposition 2.4 of [1], we have

A

dz
= —trace((/ + Rm)*le*MBC’e*M)

d . .
o logdet(I + R,) = trace(([ +R,)”

=— trace(CA’e*M(I + I%w)*le*“ié), (5.16)

as required. O

6. THE XI FUNCTION AND DARBOUX ADDITION

Corollary 4.4(ii) applies to several problems about scattering for Schrédinger operators

on the real line, as in the following.

Ezample 6.1. We consider a skew symmetric A as in Corollary 4.4(ii), which arises in the
scattering theory of Schrodinger’s operator. Let by,b; € Cy(R;C) such that b (—k) =
bi(k), by(—k) = by(k), |by(k)| = |by(k)| and let b(k) = by(k)by(k), so b(—k) = b(k). As in
[1, Theorem 4.2] we consider the linear system (—A, B, C) given by

e ™ LA(R;C) = LA(R;C),  f(k) = e f(k);
B:C — L*(R;C), a — by (k)a;

CLARC) 5 C, [ ;ﬂ/m ba () (k) di.

Then (e=*4),cg is a unitary group of operators, and o(A) = iR. For ¢ > 0, the operator
(CI — A)(CI + A)7! is unitary, being given by multiplication by a unimodular function.
This example occurs in scattering problems [1, Theorem 1.3 (3) and Theorem 4.2] and
[21, Section 5]. To convert our notation to that of [21, p. 486], let the left-hand scattering
(reflection) coefficient be sy1(k) = b(k) and ¢(x) = (2m)~" [7 sa1(k)e **dk for > 0;

the condition sq (k) = s41(—k) ensures that ¢(x) = ¢(x). Then the Fredholm determinant
is

V(sg1) = det(I +T'y) = det(I + Ry). (6.1)
Note that with ¢, (z) = ¢(x + 2y), the backward shift ¢(x) — ¢, (x) arises from
multiplication b(k) — e?*¥b(k). Using the argument of [22, p. 158] and [17, p 217], one
shows that T'y is a self-adjoint Hilbert-Schmidt operator with ||Us||z(12(0,00);c) < 1. If there
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are no bound states, then b extends to define a bounded and holomorphic function on the
upper half-plane with [|b]|. < 1, so ¢(z) =0 for z < 0.
We have

d
u(z) = fQ%TGL(x,x)
o d —zA o -1 —zA
=2 (0 (1 = (L + R) 7 Ry)e ™ B)

= 26% (gb(?m) + /:0 Tor(z,2)d(z + x) dz) (6.2)

which is a variant of Rybkin’s formula [51, (5.8)]; see also the trace formula [17, (1)g].
Let H? be the usual Hardy space on the upper half plane and D be the Dirichlet algebra
D of Definition 2.3 for the upper half plane.

Proposition 6.2. (i) For u € L?, the impulse response function ¢ has derivative ¢' €

L?((—00,00); C).
|s21(k) — s21(r)|?
//M e (6.3)

(i1) Suppose that
converges. Then Ty is a Hilbert-Schmidt operator on L*((0,00); C), and each sy

determines an element of D
(iii) Let Ty be the Toeplitz operator Tyh = Ryz(fh) for f € D and h € H*. Then the
Toeplitz map p: D — L(H?), f+— T} gives a homomorphism modulo L' (H?).

Proof. (i) The impulse response function has an L? derivative since

/OO ¢ (@) da < — /OO 12|51 () 2 d

0 %

1 ° 1
<[ Ree— 1k
=9 /_Oo BT s (k)P
1 o0
<3 / ()| da (6.4)

where the final step uses the Zakharov-Faddeev trace formula [60] [51, (4.5)]. If —d?/dz*+
u(z) has no bound states, then there is equality in the final line of (6.4).
(ii) By Plancherel’s formula, We have

I, 20 = / lo(t) 2 dt

1 |6iht _ 1|2
X

1 |621(k—|-h) —Sgl(k)|2
= — dkdh.
4n? //]RX]R h?

The coefficients s9; satisfy [sg(k)] < 1 for all k& € R, so when (6.3) is finite, so;

determines an element of the Dirichlet algebra D of definition 2.3.
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(iii) Each s9; extends to a bounded and harmonic function on the upper half plane
{k +ir : k € R,k > 0}; this Poisson extension may not be holomorphic. The algebraic
properties are given by Proposition 3.13. With H? the usual Hardy space on the upper
half plane, and Ry2 : L2 — H? the Riesz projection, each f € D gives a Toeplitz operator
Ty € L(H?) by Tth = Ry2(fh) which is bounded since f € L. By Proposition 3.13, the

semi-commutator Ty, — TT} is trace class on H? for all f, g € D. O

Remark 6.3. (i) In particular, Z = T} has [Z1, Z] = TfT;—TyTf € L' (H?). In Proposition
3.12 , we obtained trace formulas for functions of (Z, Z1).

(ii) Suppose that ¢(t) — 0 as t — oo, that ¢ is absolutely continuous and [ ¢|¢/(t)|d¢
converges. Then by simple estimates, one shows that fooo t|(t)|2dt converges, so Ty is
Hilbert-Schmidt. Compare with the conditions in [22].

Following Krein [36], Gesztesy and Simon [25] introduced the xi or spectral displacement
function associated with a one-dimensional Schrodinger operator, and described how this
function connects the Green’s function (6.20), the potential and other information in the
study of spectral and inverse spectral problems.

Let L denote the densely defined self-adjoint operator L = —j—; +u in L*(R; C) associ-
ated to a potential u € Cy(R,R). Suppose that ., 1_ are solutions of Li) = A such that
1y restricts to function in L?((0, 00); C) and v _ restricts to a function in L?((—o0, 0); C).

Definition 6.4. Kodaira’s [35] characteristic matrix is

2949 (AT

E(x,\) =
Vi + gl 2yl

(6.5)

all evaluated at (x, ).

Then Z(z, ) is an entire function of A and Z(x, \) = Z(x, \) . Let Wr(f, h) = fW — f'h
be the Wronskian. Then Green’s function G for (A — L)™' is

e, y: ) = V(s Y4 (y, )/ Wr(v—, 1) (z <) (6.6)

Uy o (2 )/ Wr(yo, ¢y) - (2> ).

For any f € L*(R,C), the function h(z) = [*_G(z,y; A) f(y) dy satisfies f = Ah+h"—uh.

In their work on the KdV equation, Ercolani and McKean [21] introduced a geometrical
multiplier curve. This spectral curve, which could be of an exotic and singular kind,
encodes the spectral data of the integrable system. Its geometry, via divisors, line bundles
and so forth, can be used to construct explicit solutions to KdV. There is a correspondence
between potentials and divisors (in the sense of algebraic geometry; see [29, p 136]). The
set of divisors forms an abelian group and the addition rule is associated with the Darboux

addition of potentials, as in [39].
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We begin by considering the Darboux addition (6.7). Then we consider the infinitesimal
Darboux addition (6.13), which is directly related to the diagonal of the Green’s function.
Suppose that (e7');>q is a (Cp) contraction semigroup, so A has dense domain D(A);
that A is accretive, so Re(Af, f) > 0 for all f € D(A); and that (A + A)D(A) is dense in
H for some A > 0. Then for all ¢ € R, the operator ((I — A)(¢I + A)~™! is a contraction
on H. In previous papers [4] and [5, p. 79], we have considered the Darboux addition rule

(6.7) on a continuous time linear system, namely
(=A,B,C) = B¢ = (A, ((T+ A)(CT = A)7'B,C)  (Jarg(=Q)| <7/2).  (6.7)

Asin [4], we are particularly interested in the pair 3, = (—A, B,C) and g = (—A, —B, (),
and regard the involution (—A, B,C) + (—A, —B, C) as analogous to the involution on
a hyperelliptic curve, as in [23] or [42]. We introduce the notion of a Darboux curve for

a linear system, where the definition is motivated by [21, 3.4].

Definition 6.5. Let Ay be the unital complex subalgebra of £L(H) that is generated by
the operators (A — A)(AI + A)~! for A € C\ o(—A), and let A be the closure of Ay in
L(H) for the operator norm topology. The Darboux curve of (—A, B, C), denoted S, is

the maximal ideal space of the unital commutative Banach algebra A.

The Gelfand transform gives an algebra homomorphism A — C(S;C), so elements of
A give functions on S; clearly S is unchanged by Darboux addition. Note that H is a
Hilbert module over A, and H is a Hilbert module over the complex rational functions
with poles off 0(A). One regards (¢I + A)(¢I — A)~! as a multiplier on A or a rational
function on S, with inverse ((I + A)~'(¢I — A). Darboux addition then corresponds to
addition of divisors on S. In the special cases covered by Corollary 4.4 we introduced S,
which involves the essential spectrum of A, hence S, is a closed subset of S. The meaning

of ¢ will be revealed in Theorem 7.1 as a spectral parameter for a spectral curve X.

Definition 6.6. For 0 < 6 < 7, we introduce the sector Sy = {z € C\ {0} : |arg z| < 0}.
A closed and densely defined linear operator —A is a generator of type G.A,(6, M) [28,
Theorem 5.3] if there exists 7/2 < § < m and M > 1 such that Sy is contained in the
resolvent set of —A and |A|[|(AM + A) || zy < M for all X € Sp. Let D(A) be the domain
of A and D(A®) =N D(A™). See [28, p. 37].

Lemma 6.7. Let (—A, B, C) be a linear system such that ||e™%|| ¢y < 1 for some ty > 0,
and that B and C are Hilbert-Schmidt operators such that || Bl| z2(me;m)||Cll 22 (5m0) < 1.
Suppose further that —A is of type GAy(0, M). Then the trace class operators (Ry)z>o
give the unique solution to Lyapunov’s equation (1.1) for x > 0 that satisfies the initial

condition.
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Proof. By [28, Theorem 5.3], there is a (Cp) uniformly bounded semigroup (e~*4) which
has an analytic extension to the sector {t € C: Ret > 0, |argt| < § — w/2} so that for all
£ > 0 there exists M. < oo such that |[e™*|| < M, for all + € C such that Ret > 0 and
|argt| < 8 — /2 — e. Then we can follow the proof of [5, Theorem 2.3]. O

Suppose that (—A, B,C) is a continuous time linear system with state space H and
input and output space C which satisfies the conditions of Lemma 6.7, so C' is scalar-
valued. Let &€ C L(H) be as in Theorem 4.2 [5, Theorem 4.4]. Suppose that I + R,
is invertible in £(H) and define F, = (I + R,)™'; then define the bracket operation
L+ Ja: C((0,00); &) = C*((0, 00); C)

| X, = Ce ™ F,XF,e™™B (X € C((0,00);E), z > 0), (6.8)

so that | X |, is a scalar-valued function of x > 0. Here (F,),~¢ is a family of elements of

£. Equipped with the special associative multiplication
X *Y = X(AF, + F,A-2F,AF,)Y  (X,Y € C((0,0);&)) (6.9)
and the formal first-order differential operator
0X = A(I—2(I+RI)‘1)X+%+X(I—2(I+Rz))_1A (X € C*™(0,00);&)); (6.10)
then C*°((0, 00); £) becomes a differential ring in sense of [48].

Lemma 6.8. The bracket operation | - |, : € = C*((0,00); C) gives a homomorphism of

differential rings, so that
d
I X *Y |, = X oY s L@ijzﬁLXJI. (6.11)
Proof. This follows from Lyapunov’s equation (1.1) as in [5, Theorem 4.4]. O

This is a counterpart to Poppe’s identities for Hankel integral operators, as in [40,
section 3.5]. Using Lemma 6.8, one can move between operator identities in the algebra
&y on H to differential equations for C-valued functions on (0, 00); see also [4, Section 2].

To associate a Schrodinger operator with a linear system (—A, B, C'), we introduce the
potential u(z) = —4| A|, , which also depends on the B and C' via the bracket (6.8). This

is equivalent to
2

d
u(r) = — ﬁlogdet(f + R,) (6.12)

as in Dyson’s determinant formula; see [5, (1.12)] and (6.1). By Proposition 5.3, the
corresponding Schrédinger operator is L = —% + u. The Darboux addition rule (6.7),
¢ — E¢, produces a family of linear systems for which we can similarly associate bracket
operations, potentials u; and Schrodinger operators Ly = % + u¢. The evolution of the
potentials under this rule is of the form u; = u — (X (u) + o(¢) where X (u) is a vector

field on the space of potentials. Following McKean [39] we showed in [4, Proposition 2.5]
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that under certain conditions, the infinitesimal Darboux addition X (u) is completely
determined by the diagonal Green’s function. Let F, = (I + R,)~! and introduce
-2
X(u) = W LA(I —2F AN + A+ AN+ AT — 2FI)AJ$. (6.13)

as in [4, Proposition 2.5].

Proposition 6.9. (i) The entries of the characteristic matriz Z(x, \) for x > 0 belong
to £.
(ii) Let L be the Schrodinger operator in L*(R; C), and let Z(z, \) be defined for z € R.

Then ImZ(x, \) determines the spectral measure of L.

Proof. (i) We observe that det Z(z, \) = —Wr(2,, 1_)?, which is a non-zero constant, and
the top-left entry of Z is ¥, 1)_ as in the numerator of —G(x,z; \) given by (6.6).

Let Ag be the bottom of the spectrum of L. Then by [4, (3.2)], the diagonal Green’s
function for (A — L)™' is

o bl AL AL (A%
G(:p,a:,)\)_\/j)\(i— - +) (A < —Xo), (6.14)
where A is a spectral parameter for L. Also X (u) = —2-LG(z,z; \) gives an element of £,

as does %G(ac7 x; A). Correspondingly, the off-diagonal entry is (1)¢_)" = ¢/ W +1p 9.

Finally, the remaining entry is

20 = (s )+ 2\ — uy i

By Kodaira’s theorem [35], for Schrodinger’s operator in L?(IR; C), the spectral measure

matrix is

1
p(0,A] = lim —/ Im =(z, v + ic) dv. (6.15)
0

e—0+ 7T
Here p(v, A] is a positive semi-definite matrix for A > v, so one can form a positive matrix
measure du(\) as in Stieltjes integration.
(ii) Let mq(x, ) be the Weyl functions for Lf = 7327’; +uf in L*(R; C) with boundary

0, so that f +myh € L*((0,00);C) and f —m_h € L*((—o0,0);C).

condition f(z)
Then myq (x, A) are Herglotz functions that have boundary limits

my(z, ) = El_i>rgl+ my (@, A+ ig).

From [26, (6.1) and (6.2)], we have the identities

-1
—G(z,x;\) = FRCSVESTR SV (6.16)
L 7m+(x,)\) —m_(z,\)
f%G(x,x, A) = @) (@) (6.17)
and so p
—log(=G(z,z; X)) = my (2, A) — m_(z,\). (6.18)

dx
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Suppose further that the spectrum is purely absolutely continuous. Then the diagonal

Green’s function determines the spectral measure as

d d
—log(~G(,z:))) = 2mick, (6.19)
at Lebesgue points A of the spectral density. O

Ezample 6.10. In Example 6.1 and [1, Theorem 4.2 and Section 6], we have shown that the
hypotheses of Proposition 6.9(ii) hold for the scattering case of Schréodinger’s equation on
the real line. The linear systems (—A, B, C) is associates with a unitary group (e=%4)

that is determined by the scattering data in [1, (4.9)].

reR

Proposition 6.9 amounts to a forward spectral theorem, which determines the spectral
measure. The inverse spectral problem is also solved likewise, in the sense that the

potential u is determined by partial information about G(z, x; \).

Definition 6.11. Let u € Cp(R;R) and let L be Schrodinger’s operator Ly = —‘c%f +

with Green’s function as in 6.6.

(i) The xi function of Krein and Gesztesy—Simon [25] is defined to be
1 . .
£z, )\) = —arg 513&(—(;(1:, ;A +ig))  (AER). (6.20)
(ii) The potential u is discretely dominated if &(z,A\) = 1/2 holds for all z € R and

almost all X\ in the essential spectrum of L with respect to Lebesgue measure.

Now log(—G(z,x; A)) is a Herglotz function, hence has boundary values as in (6.20).
Observe that {(z, ) = 1/2 if and only if G(z,z; A) is purely imaginary. Suppose that u
is discretely dominated, that L has spectrum o (L) with Ao = inf o(L) and

Mo, 00) \ (L) = Uj_y (e, ), (6.21)

so the spectrum has ¢ consecutive gaps (o, ;). When ¢ is finite, the potential is finite-
gap, or algebro-geometric; Theorem 7.1 provides examples. The notion of a xi function
can further be generalized via Pincus’s determining function to a bilinear trace formula
[11, Theorem 3.6].

7. SPECTRAL CURVES

Let (—A, B,C) be a linear system as in Lemma 6.7, and consider the potential u(x) =
—4|A],. As before, let L = —% + u be the corresponding Schrodinger operator. The
main result in this section, Theorem 7.1, gives conditions on (—A, B, ) such that one
can identify the algebra generated by a certain family of differential operators with an
algebra of functions on a particular hyperelliptic curve. This is consistent with the notion

of a multiplier curve, as in [39].



LINEAR SYSTEMS, SPECTRAL CURVES AND DETERMINANTS 35

The diagonal Green’s function contains much more information than simply the po-
tential. Indeed, it acts as a generating function with coefficients that are differential
polynomials in u with universal coefficients which we will identify in the following KdV

recursion. Doubling the coefficients of the term in parentheses in (6.14), we consider the

functions fo = 1, f,, = (=1)™2|A*™71], for m = 1,2,.... The differential algebra gen-
erated by w and its derivatives with respect to z is R = Clu, %, %7 ...]. Following [24],

we regard A, ¢ as variables, and define F,(\) € R[\] by
Fo(z;\) = an,j(x))\j.
=0

These R-valued polynomials satisfy several identities consequent on the stationary KdV
hierarchy. We let Qaon41(A) € R[] of degree 2n + 1 be the polynomial

Q2n+1()\):1(w _l(w 2

2 83:2’ )F"(I;)\) 4 Oz ) — (u(z) = N Fo(z; A%, (7.1)

and Py, 11 be the differential operator of order 2n + 1 in 9/0x with coefficients in R,

- 0 10fn_i(x .
Popy1 = Z(fn—g(l")* _ 10nsle) ))LJ- (7.2)
j=1
We now give the promised version of Burchnall-Chaundy’s theorem which gives conditions
for a pair of commuting differential operators to satisfy a polynomial equation and thereby

determine an algebraic curve.

Theorem 7.1. For (—A, B,C) as in Lemma 6.7 and let (f;) be as in (7.2) and suppose
that there exists an integer £ > 1 such that ajg—;’l =0 but % #£0. Then

(i) the differential operators satisfy Qapi1(L) = —Pgy, y;
(ii) The function f(\,¢) = ¢* — Qau11(N) is independent of x and so f(\,¢) = 0 deter-
mines a hyperelliptic curve X of genus £;
(#ii) the commutative algebra of ordinary differential operators that is generated by L and

Py is isomorphic to the algebra of reqular functions on X.

Proof. (i) In [5, Proposition 5.2], it is shown that the sequence (f,,)_, lies in R and
satisfies the recursion relation of the stationary KdV hierarchy. By [24, Remark 1.5], there

exists a solution of the stationary KdV hierarchy that terminates in the sense there is a

solution (f,)%_, with only finitely many nonzero f,,, m =0,1,...,¢; hence L commutes
with Py 1. Note that R = Clu, g—z, %, e %}, giving a Noetherian differential ring.

On substituting L for A in Qg011()), one obtains a differential operator Qap41(L) of order
40 + 2. The result now follows as in the proof of [24, Theorem 1.3].

(i) Let f(\,¢) = ¢* — Qae41()), which independent of x by the hypothesis on fyy; and
[24, p. 7]. Also, f(\, () is irreducible in C[A, ¢].
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(iii) Let Az be the set of differential operators that commute with L, so Ay is a
commutative algebra by a result of Schur. We have seen that Pyyy1 € Ap. This implies
that the greatest common divisor of the orders of the operators in Ay, is one, and so Aj,
has rank one [59, p. 182]. Let Specm(.A;) be the space of maximal ideals of A, which is
a subset of the space Spec(Ay) of prime ideals. Burchnall and Chaundy [7] showed that
Specm(Ay) is an irreducible algebraic curve that can be completed by adding one smooth
point at infinity; see [59, p. 182] and [43, p. 132] for a modern presentation of this result.

Then C[L, Pay1] is isomorphic to C[A, ¢]/(f(A,¢)), namely the algebra generated by
the coordinate functions on the hyperelliptic curve X; see [47, Remark 2.8]. One can
show that C[L, Py41] is a complex subalgebra of Ay such that the dimension of the
quotient vector space Ay /C[L, Pa1] is finite; see [41, section 2]. We interpret X as sheets
covering C. There is an inclusion C[L] — Az, hence a surjective map of prime ideals
Spec(Ar) — Spec(C[L]) given by P — P NC[L]; see [55, p. 223]. Thus a spectral point
A € C gives the prime ideal generated by L — Al in C[L] which is covered by a prime ideal
of Ar. O

Remark 7.2. In [6, Theorem 3.1], Brezhnev shows that if the system (—A, B, C') satisfies
Theorem 7.1 then the corresponding L is integrable, in the sense that Li) = A\ can be

solved explicitly by Liouville integration.

The curve X is hyperelliptic, so there exists a meromorphic p : X — C, that is typically
2 : 1, with branch points at {p € X : ¢'(p) = 0}; see [42, 3.155]. We introduce the real
points on X by X, = {(), () € X : A\, ¢ € R}, which typically gives a disconnected subset
which projects to {A € R : Qaer1(N) > 0} via (A, () — A

Suppose that u is real, and consider how X, and o(L) are related. In [5, Proposition
3.2] we provide the Baker—Akhiezer function ¥, such that Ly = Ay, so {A € R : 9, €
L>((0,00);C)} is the set of approximate eigenvalues, contained in the L? spectrum of L.
Then int{\A € R : ¢, € L*((0,00) : C)} is contained in the essential spectrum o.s5(L).
The function —G(z, z; A) is holomorphic on C\ o(L). For real potentials that also satisfy
Theorem 7.1, we have p : X — C, restricting to p : X, = 0ess(L). One now has the

geometrical situation addressed in Example 7.3.

Ezample 7.3. Douglas and Yan [19, p. 212] considered cycles on algebraic curves, and
postulated the existence of associated 1-cocycles. Corollary 3.10 on multiply connected
domains leads to such a result. By Riemann’s mapping theorem, we can suppose that
Co = C(0,1) and Dy = D. Then we use the inversion in Cy via z + z/|z|* to take
Cj— C_jand § — S to produce a domain SUC,US; that has boundary Ui_, (C;UC_;);
here Cy is not a boundary, but the circle of reflection joinint S to Sy. By joining C; to
C_jfor j=1,...,¢, we can introduce a compact Riemann surface X called the Schottky
double of §. Let X be the open subset of X that corresponds to S in this identification.
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Then any meromorphic function on X that has all its poles in X; gives an element of A.
As in [55, p 156], one can introduce Q% as the space of differential one-forms that have
holomorphic coefficients, classically called the Abelian differentials of the first kind. Let
V be an open subset of X such that v = 9V is a C! contour; let f,g be holomorphic
functions on cl(V). Then fdg is a holomorphic 1-form on V such that f7 fdg = 0 by
Stokes’s theorem.

As in [16, Figure 1], and [23, p. 103], X has a homology basis {1, ..., as; 01, .-, Be}s
so that ; in X, corresponds to C; and §; is a contour that arises from a cross-cut linking
C; to C_j for j = 1,...,¢. Then one can introduce the group of closed contours on X
modulo homotopy equivalence, to obtain the abelian homology group H;(X;Z). Let Z!
be the space of closed differential 1-forms on X for the de Rham differential {o : do = 0},
so (U} is a complex linear subspace of Z! as in [23, p. 25]. There is a well-defined pairing
Z' x Hy(X;Z) — C given by (w,7) = fvw [23, p. 44].

Let ¥ be the sheaf of holomorphic functions on X and ¥* the sheaf of nowhere-zero
holomorphic functions on X. As in [29, page 446], we have the multiplicative group
of holomorphic line bundles on X denoted Pic(X), which is canonically isomorphic to

H(X;9¥*). From the exponential map ¥ — 9* f +— €™/ we obtain an exact sequence
0 — H'(X;Z) — H'(X;¥) — Pic(X) — H*(X;Z) — ...

where H?(X;Z) = Z. Then the Jacobian variety of X is given by the subgroup Pic(X), =
{p € Pic(X) : p — 0} of Pic(X), as in [29, page 325]. Mumford gives an algebraic
construction of the Jacobian for hyperelliptic curves [42, 3.28].

For spectral theory of self-adjoint operators, as in Theorem 7.1, we introduce X via the
following construction. Consider consecutive and disjoint bounded real intervals [a;, b;]
with union S = Uf_y[a;, b;], so Sy = Coo \ S'is a (£ + 1)-connected subset of the Riemann
sphere. Consider a domain S with boundary dS made of disjoint circles C; for j =0, ..., ¢,
let D; be the inside of C; and suppose that D; C Dy for j = 1,...,¢ and D;N Dy, is empty
for j,k = 1,...,¢; this S is known as a circular domain. By [14, page 7] there exists a
circular domain S and a conformal bijection ¥ : § — §y. We can form the Schottky
double X of § and thus study Sy as an open subset of the Riemann surface X of genus
¢. In [14], [15] and [16], Crowdy and Marshall give an effective computation for ¢ via the
Schottky—Klein function.
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