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ABSTRACT. We consider arrangements of tropical hyperplanes where the apices of the hyperplanes are
taken to infinity in certain directions. Such an arrangement defines a decomposition of Euclidean space
where a cell is determined by its ‘type” data, analogous to the covectors of an oriented matroid. By work
of Develin-Sturmfels and Fink-Rincén, these ‘tropical complexes’ are dual to regular subdivisions
of root polytopes, which in turn are in bijection with mixed subdivisions of certain generalized
permutohedra. Extending previous work with Joswig-Sanyal, we show how a natural monomial
labeling of these complexes describes polynomial relations (syzygies) among ‘type ideals” which arise
naturally from the combinatorial data of the arrangement. In particular, we show that the cotype ideal
is Alexander dual to a corresponding initial ideal of the lattice ideal of the underlying root polytope.
This leads to novel ways of studying algebraic properties of various monomial and toric ideals, as well
as relating them to combinatorial and geometric properties. In particular, our methods of studying the
dimension of the tropical complex leads to new formulas for homological invariants of toric edge rings
of bipartite graphs, which have been extensively studied in the commutative algebra community.

1. INTRODUCTION

The study of tropical convexity has its origins in optimization and related fields under the guise
of max-plus linear algebra; see [But10}|/CGQO04, LMSO01]. A geometric approach was initiated by
Develin and Sturmfels in [DS04], where the notion of a tropical polytope was defined as the tropical
convex hull of a finite set of points in the tropical torus RY/R1. A tropical polytope can also
be defined via an arrangement of tropical hyperplanes in R%/R1. Such an arrangement leads to a
decomposition of R4/R1 called the tropical complex, and the subcomplex of bounded cells recovers
the tropical polytope. In [DS04], it was shown that the combinatorial types of tropical complexes
arising from n tropical hyperplanes in R?/R1 are in bijection with the set of regular subdivisions of
a product of simplices A1 x Ag_1. Via the Cayley trick these are in turn encoded by regular mixed
subdivisions of the dilated simplex nA4_;.

An arrangement of tropical hyperplanes gives rise to combinatorial information captured by the
type data of cells in the tropical complex, a tropical analogue of the covector of an oriented matroid.
In [DJS12], the second author, Sanyal, and Joswig studied monomial ideals defined by fine and
coarse type data and showed that various complexes arising from the tropical complex support
minimal (co)cellular resolutions, leading to a number of combinatorial and algebraic applications.
These results extend work of Block and Yu [BY06|, who first exploited the connection between
tropical polytopes and cellular resolutions. The ideas go further back to a paper of Novik, Postnikov,
and Sturmfels [NPS02] who studied ideals arising from (classical) oriented matroids. In [BY06] the
authors also establish a connection between type ideals and Grébner bases of initial ideals of toric
ideals, based on results developed by Sturmfels in [Stu96]. In particular, it is shown that the fine
cotype ideal of a tropical hyperplane arrangement is Alexander dual to a certain initial ideal of the
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ideal of maximal minors of a 2 x n matrix of indeterminates, where the term order is determined
by the underlying arrangement.

1.1. Generalizations to root polytopes. A natural generalization of the product of simplices is
given by the root polytopes introduced by Postnikov in [Pos09]. For a finite graph G on vertex
set [n], the root polytope Qg C R™ is the convex hull of e; — e; for all edges (i,j) € E(G) with i <j.
We will mostly be interested in root polytopes determined by bipartite graphs B. The root polytope
Qg associated to the complete bipartite graph Kq , is a product of simplices Ag_1 x A,_7, and for
general B C Ky, the root polytope Qg is the convex hull of a subset of the vertices of Ag_1 x An_7.
It follows that Qg inherits unimodularity from the product of simplices.

A bipartite graph B C Kg,, also gives rise to a polytope Pg obtained as a Minkowski sum
of simplices, an example of a generalized permutohedron [Pos09]. The Cayley embedding of the
corresponding simplices naturally recovers the root polytope Qg, and in particular the fine mixed
subdivisions of Py are in bijection with the triangulations of Qg. For these (and other) reasons, the
study of triangulations of Qg is an active area of research, and for instance an axiomatic approach is
introduced in [GNP24]. In [FR15], Fink and Rincén show how the combinatorics of triangulations
of root polytopes can be encoded in a generalized version of tropical hyperplane arrangements,
where one is allowed infinite coordinates in the defining functionals. The finite entries in such
an arrangement define a bipartite graph B, and in [FR15] it is shown how the combinatorics of
the resulting tropical complex are described by the corresponding regular subdivision of the root
polytope Qg. This theory was also worked out from a more combinatorial perspective by Joswig
and Loho in [JL16]. Once again the faces in the tropical complex are encoded by tropical covectors
which give rise to fine/coarse types and associated monomial ideals.

1.2. Our contributions. In this paper we apply methods from [DJS12] to the more general setting
of root polytopes and find surprising connections to other well-studied objects. We consider the
fine and coarse (co)type ideals of a generalized tropical hyperplane arrangement and relate them
to well-known algebraic objects, including determinantal ideals and toric edge ideals. Using this
‘tropical perspective’” we establish new results and provide novel and more compact proofs of
several known theorems from the literature.

In what follows, we fix A to be a d x n matrix with entries in R U {co} (Which we will hereby
refer to as a tropical matrix), and let H = H(A) denote the corresponding arrangement of n tropical
hyperplanes in R?/R1. The finite entries of A define a bipartite graph BA C Kqn. The values of
these entries define a lifting of the vertices of the polytope Qg,, which in turn induces a regular
subdivision S(A) of Qg,. We say that A is sufficiently generic if S(A) is a triangulation. The
arrangement H(A) also defines a subdivision C(A) of R%/R1 called the tropical complex, and we let
B(A) denote the subcomplex consisting of the bounded cells of C(A). We refer to Example|l.1|and
Figure|l|for illustrations of these constructions.

Our first result is a combinatorial formula for the dimension of B(A), which will be pivotal for
our algebraic applications. For a bipartite graph B, denote by A(B) the recession connectivity of B,
defined in terms of subgraphs of B that induce strongly connected directed graph structures (see
Definition 3.5). Extending earlier work on tropical convexity, we establish the following.

Theorem A (Proposition[3.7, Corollary [6.8). Let B C Kqan be a connected bipartite graph. Then for any
d x n tropical matrix A satisfying B = Ba we have

dim(B(A)) < A(Ba) — 1.
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Furthermore, if A is sufficiently generic then we have equality in the above expression.

1.2.1. Resolutions of type ideals. We next turn to algebraic applications. For a tropical hyperplane
arrangement H = #(A), the cells of the tropical complex C(A) (and hence of B(A)) have a natural
monomial labeling given by their fine/coarse type and cotype. These in turn define the fine/coarse
type and cotype ideals; see Section 2l Our next collection of results describes how homological
invariants of these ideals are encoded in the facial structure of the associated tropical complexes. In
particular, by employing methods from [DJS12]|, we establish the following.

Theorem B (Propositions [M.5). Let H = H(A) be a sufficiently generic arrangement of tropical
hyperplanes in RY/R1. Then with the monomial labels given by fine type (respectively, coarse type), the
complex C(A) supports a minimal cocellular resolution of the fine (resp. coarse) type ideal. Similarly, the
labeled complex B(A) supports a minimal cellular resolution of the fine (resp. coarse) cotype ideal.

Recall that the finite entries of the matrix A define a bipartite graph B = Ba C Kgqn. We let Py
denote the corresponding generalized permutohedron (sum of simplices), and note that the coarse
type ideal is generated by monomials corresponding to the lattice points of Pg. An application
of the Cayley trick therefore implies that Pg supports a minimal cellular resolution of the ideal
generated by its lattice points; see Corollaries [4.6|and We refer to Figure 2| for an illustration.

Our results involving cellular resolutions of type ideals allow us to interpret volumes of general-
ized permutohedra in terms of algebraic data. For instance, we compute the volume of Pg as well
as other combinatorial data including G-draconian sequences, in terms of a computation in initial
ideals (see Proposition[4.23). If % = #(A) is a graphic tropical hyperplane arrangement, i.e., each
column in the tropical matrix A has exactly two finite entries (see Definition , the associated
polytope Pg is a graphical zonotope, and its volume is given by the dimension of the largest syzygy
of the underlying type ideal (see Corollary [4.21).

The entries of the tropical matrix A naturally define a term order on the polynomial ring whose
variables are given by the vertices of the associated root polytope Qg. This in turn defines an initial
ideal ina (L) of the toric ideal L defined by Qg. Extending results of [BY06] and [D]S12] we relate
this ideal to the cotype ideal associated to the arrangement H(A).

Theorem C (Proposition 4.14). Let H = H(A) be any arrangement of tropical hyperplanes, and let L
be the lattice ideal of the associated root polytope Qg,. Then the fine cotype ideal associated to H is the
Alexander dual of M(ina (L)), where M(ina (L)) is the largest monomial ideal contained in ina (L).

In the case that every entry of A is finite (so that each hyperplane in H has full support) we have
that B = Kg », is the complete bipartite graph. In this case we see that Qg is a product of simplices
Ag—1 X An_1, Pp =nA4_1 is a dilated simplex, and the toric ideal L is generated by the 2-minors of
an d x n matrix of indeterminates.

1.2.2. Toric edge rings. Our primary application of type ideals will be their connection to toric edge
rings. Fix a field k, and let G be a finite graph G on vertex set V and edge set E. The edge ring
K[G] is the k-algebra generated by the monomials x;x; where {i,j} € E. Define a monomial map
7t : K[E] — K[V] by e; — vj,vj,, where e; = {vj,, vj, }. The toric edge ideal of G is Jg = ker 7, so that

k[G] = k[E]/]G.

Homological properties of toric edge rings have been intensively studied in recent years; see
Section 5| for references. Such ideals are homogeneous and are known to be generated by binomials
corresponding to even closed walks in G (see [Vil95]). We apply our results regarding type ideals
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to provide new insights into homological properties of toric edge ideals of bipartite graphs. For
instance, because type ideals always have linear resolutions, we give a short proof that toric edge
rings of bipartite graphs are Cohen-Macaulay, see Proposition[6.5] Alexander duality also provides
us with the following geometric interpretation of the regularity of toric edge rings.

Theorem D (Theorem[6.6, Corollary 5.5). Suppose B C Kq, is a connected bipartite graph. Let A be a
sufficiently generic tropical matrix satisfying B = Ba, and let B(A) denote the bounded subcomplex of the
arrangement H(A). Then the reqularity and Krull dimension of the toric edge ring K[B] are given by

reg(K[B]) = dim(B(A));

dim(k[B]) =d+n—1. 1)

This geometric perspective on the regularity of toric edge rings of bipartite graphs leads to a
number of further results. For instance, in Theorem we observe a monotonicity property for
regularity, in the sense that if B’ C B is a connected subgraph then

reg(K[B']) < reg(Kk[B]).

This was proved for the case of induced subgraphs (in the not necessarily bipartite context) by Ha,
Kara, and O’Keefe in [HBO19].

We apply our combinatorial characterization of dim(B(A)) from Theorem |A| to obtain new
bounds on the regularity of toric edge rings. For instance, in Theorem [6.13|we prove a bound on
reg(K[B]) for all connected bipartite graphs, in terms of the bipartition of B. This extends a result of
Biermann, O’Keefe, and Van Tuyl from [BOVT17], who established the bound for chordal bipartite
graphs. Our Theorem also immediately implies a result of Herzog and Hibi (see [HH20]), who
bound reg(k[B]) by one less than the matching number of the graph B. It is clear that A(B) < mat(B)
and hence we obtain a strengthening of this result, see Corollary

For our next result recall that K[B] has a g-linear resolution if the Betti numbers satisfy (3;; = O for
alliand all j # q + i — 1. Note that in this case we have reg(k[B]) = q — 1 and Jp is generated by
homogeneous polynomials of degree q. Our techniques lead to the following.

Theorem E (Theorem [6.19). Suppose B C Kqn is a finite connected bipartite graph. Then we have

o K[B] has a 2-linear resolution if and only if B is obtained by appending trees to the vertices of K3 4.
o If q > 3 and K[B] has a q-linear resolution then K[B] is a hypersurface.

The first statement was established by Ohsugi and Hibi in [OH99b, Theorem 4.6] and the second
statement recovers a result of Tsuchiya from [Tsu21]. Our short proofs of these results demonstrates
how tropical and discrete geometric methods can be brought to bear.

In recent years we have seen a number of mathematicians working on the combinatorics of
subdivisions of root polytopes, and a mostly disjoint group studying the homological properties of
toric edge ideals. As far as we know there has been no dialogue between these communities and it
is our hope that the work presented here will lead to more fruitful connections and applications.
We explore some potential projects in Section 7]

1.3. Running example. We end this section with an extended example to illustrate some of the
main results described above. These particular constructions will be used throughout the paper.
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Example 1.1. Consider the 3 x 4 tropical matrix

0 3 o 0
A=|0 0 2 3

0 o 0 o

The matrix A defines the bipartite graph B, the arrangement #(A) of four tropical hyperplanes in
R3/R1, as well as the bounded subcomplex B(A) depicted in Figure
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FIGURE 1. The bipartite graph Ba, hyperplane arrangement # = #(A), and
bounded complex B(A) associated to the tropical matrix A from Example The
points in R?/R1 are labelled by their representative with p; = 0.

One can check that the graph B has recession connectivity A(Ba) = 3, and hence Theorem@tells
us that dim(B(A)) = 2, as indicated in the figure. The natural labeling of cells in the decomposition
of R3/R1 determined by #(A) defines the fine/coarse type ideals, as well as the fine/coarse cotype
ideals. Theorem [B|says that the type ideals have cocellular resolutions supported on the tropical
complex C(A), whereas the cotype ideals have resolutions supported on the bounded complex
B(A). See Figure l]for an illustration of the resolution of the fine cotype ideal.

The bipartite graph B also defines a generalized permutohedron Py, and if B = B for some
tropical matrix A we obtain a mixed subdivision of Py that is dual to the arrangement #(A). A
corollary to Theorem [B| (see Corollaries [4.6|and [4.7) says that this mixed subdivision supports a
minimal cellular resolution of the ideal generated by the lattice points of Pg (which coincides with
the coarse type ideal associated to A). See Figure [2|for an illustration.

Next recall that any graph B on edge set E defines a toric edge ring k[B] a toric edge ideal
Jg C K[E]. For the bipartite graph B = B, depicted in Figure[l|we have

S = K[E] = Kx11, %12, X145 X21, X22, X23, X24, X31, X33),
and the corresponding toric edge ideal is given by

IB = <XHX22 — X12X21y  X11X24 — X14X21y  X12X24 — X14X22,  X21X33 — X23X3] >

Note that the binomial generators are describe by the minimal closed even walks in B.
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FIGURE 2. The generalized permutohedron Pg along with the mixed subdivision
dual to the hyperplane arrangement in Figure[l} The monomial ideal generated by
the vertices is minimally supported by this complex.

Our observations imply that the ideal Jg corresponds to the lattice ideal of the root polytope
Qg. Furthermore, the entries of the tropical matrix A provides a monomial term order on §, which
in turn defines an initial ideal (ina (Jg)). In our example (ina (Jg)) is generated by the underlined
monomials above. The Alexander dual of this ideal (in the polynomial ring S)is given by

- v
(ina(JB))" = (x12X23X24, X11X12X23, X11X31X12, X31X12X24, X21X31X24, X21X23X24).

Our Theorem then says that (ina(Jp))" coincides with the fine cotype ideal associated to the
arrangement H = H(A), which has a minimal resolution supported on the bounded complex B
(again see Figure[I). Also by construction the arrangement #(A) depicted in Figure [] satisfies
B = Bx, and from Theorem [D]we conclude that

reg(K[B]) = dim(B(A)) = 2.

Note that in this case Jp is generated by binomials of degree 2 but reg(k[B]) = 2. Hence this ideal
does not have a linear resolution, which can also be deduced from our Theorem

1.4. Organization and notation. The rest of the paper is organized as follows. In Section [2, we
establish fundamental notation and terminology for the remainder of the paper surrounding
tropical hyperplane arrangements with not necessarily full support, root polytopes, and generalized
permutohedra. In Section 3} we study the topology of the bounded complex obtained from such a
tropical hyperplane arrangement. We also define the recession graph (Definition [3.5) of a bipartite
graph, whose connectivity properties can be used to detect bounded cells (Proposition 3.2) and
bound the dimension of the bounded complex (Proposition 3.7).

In Section 4, we introduce the fine and coarse type and cotype ideals associated to an arrangement
(Definition and show that the bounded complex supports a minimal cellular resolution of
cotype ideals (Proposition[4.5), and that for sufficiently generic arrangements, the tropical complex
supports a minimal, linear, cocellular resolution of type ideals (Proposition[4.4). These results imply
that the fine mixed subdivision of the generalized permutohedron associated to the arrangement
supports a cellular resolution of the type ideal (Corollary [£.6), which we apply to bound the
(homological) types of type ideals in the case of graphic arrangements (Corollary and give a
novel way of computing volumes of generalized permutohedra (Proposition 4.23).

In Section |5, we establish that the toric edge ideal of a bipartite graph B is exactly the toric
lattice ideal of the associated root polytope Qg, and observe conditions on the root polytope such
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that its lattice ideal corresponds to well-studied ideals in commutative algebra such as ladder
determinantal ideals and Ferrers ideals. This crucial observation drives the results of Section [6]
where we relate combinatorial and topological properties of the bounded complex associated to
an arrangement with homological properties of the associated toric edge ideal. In particular, our
methods recover and strengthen several results in the literature bounding regularity of toric edge
ideals of bipartite graphs; see Theorem [5.7|and Corollary[6.14} In addition, we give a novel proof
characterizing toric edge ideals of bipartite graphs with linear resolution (Theorem . Finally,
we conclude the paper with Section [/, where we collect questions and potential directions for
further exploration.

1.5. Notation. Throughout the paper we make use of several mathematical objects that may not be
familiar to the reader. For convenience we collect notations here.

T = (RU{—o0}, ®, ®) is the (max)-tropical semiring (Definition 2.1));

R4/R1 is the tropical torus;

A is a d x n matrix with entries in R U {co} (a tropical matrix);

H(A) is the tropical hyperplane arrangement associated to A (Definition [2.2);

C(A) is the tropical complex associated to H(A), B(A) is the bounded subcomplex (Defini-
tion ;

I7(3) and Iy, are the fine type and cotype ideal, and Iy(3) and Iy are the coarse type and
cotype ideal, associated to H (Definition [4.2);

B C Kg,n is a bipartite graph, B, is the bipartite graph associated to A;

Qg is the root polytope associated to B (Definition ;

Pg is the generalized permutohedron (sum of simplices) associated to B (Definition ;
K[B] is the toric edge ring and Jp is the toric edge ideal associated to B with underyling field
k (Definition 5.2);

R(S; B) is the recession graph of S inside B (Definition ;

e A(B) is the recession connectivity of B (Definition ;

o LD(B) is the left-degree vector of B and RD(B) is its right-degree vector (see Definition [2.5).

2. TROPICAL HYPERPLANES, ROOT POLYTOPES, AND GENERALIZED PERMUTOHEDRA

In this section, we review relevant notions from tropical convexity and establish notation that will
be used in the rest of the paper. We discuss tropical hyperplane arrangements and corresponding
tropical complexes, and how their combinatorial data is encoded in both fine and coarse types
and cotypes. We then discuss the connection to regular subdivisions of root polytopes and mixed
subdivisions of generalized permutohedra. For proofs and further reading, we refer to [Jos22].

2.1. Tropical Hyperplane Arrangements.
Definition 2.1 (Tropical Semiring). Let T = (R U{—o0}, ®, ®) be the (max)-tropical semiring where
x®y =max(x,y) and xOY=x+y.

One can also define the (min)-tropical semiring by replacing —co with oo, and the operation max
with min; the two semi-rings are isomorphic via

—max(x,y) = min(—x, —y).
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Unless stated otherwise, we shall work with the max-tropical semiring, and note that all statements can
be rephrased in terms of the min-tropical semiring. If we need to work with both simultaneously,
we shall differentiate between them by denoting them respectively by Tmin and Tmax.

We can extend the operations on T to addition and scalar multiplication on T9, giving it the
structure of a semimodule:

XPYy= (X1 ®Y1y...,xa®Ya) , cOX=(cOX,...,cOXq) , YVxyeTd ceT.

Restricting T to R gives a similar semimodule structure on R%. This will be convenient when
considering tropical convexity in Section

Following [FR15], we generalize the notion of a tropical hyperplane arrangement by allowing
some of the hyperplanes to be “taken to infinity” in some directions.

Definition 2.2 (Tropical Hyperplane Arrangement). Leta € (RU{co})¢ with at least one finite entry.
The (max)-tropical hyperplane H with apex a is the set

H(a) = {p eRY| (—ay OP1)®(—a0p2) ® - ®(—aqg ©pq) is attained at least twice} ,

that is, it is the vanishing locus of a max-tropical homogeneous linear polynomial whose coefficients
are —a.

A d x n matrix A = (ay,...,an) with entries € R U {oo} such that each a; has at least one finite
entry will be called a tropical matrix. Such a matrix gives rise to an (ordered) (max)-tropical hyperplane
arrangement H(A) = (Hy, ..., Hy) in R whose ith hyperplane H; := H(a;) is the tropical hyperplane
with apex a;.

An important observation is that if H(a) is a max-tropical hyperplane, its apex a has entries in
Tmin, and vice-versa. Unless stated otherwise, we shall work with max-tropical hyperplanes, so
that their apices will be elements of T4, . Although we allow tropical hyperplanes with infinite
apices, we will only consider their vanishing locus in R%.

Observe that for any point p € H(a), the point p + A - 1 is also contained in H(a), where 1 € R% is
the vector of all ones. For this reason, one typically views tropical objects in the tropical torus R4/R1,
by definition the quotient of the Euclidean space R? by the linear subspace R1. By interpreting
this quotient in the category of topological spaces, R4/R1 inherits a natural topology which is
homeomorphic to the usual topology on R4~. While R4/R1 is a convenient space to view geometric
objects, we must define said objects in R¢ first, as the addition operation of the tropical semiring is
not well defined in R4/R1.

Definition 2.3 (Support of a Hyperplane). The support of a tropical hyperplane H(a) is supp(H) =
{k € [d] | ay finite }. The support of a hyperplane arrangement #(A) = (Hy,... H,) is the set

supp(A) ={(i,j) € [d] x [n] | 1is in the support of H;},
so that supp(#(A)) is equal to the support of the matrix A.
The combinatorics of supports can be described by a bipartite graph in the following way.

Definition 2.4 (Bipartite graphs from tropical matrices). Suppose A is a d x n tropical matrix and let
H(A) denote the corresponding arrangement of n tropical hyperplanes in R%/R1. Define BA C Kqn
to be the bipartite graph whose edges encode the support of A, i.e.,

(i,j) € E(BA) <= (i,j) € supp(A).
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We refer to Figure[l] for an illustration of H(A) and Ba described in Definitions[2.2]and One
can encode information about a tropical hyperplane arrangment #(A) via left and right degree
vectors of the associated bipartite graph Ba.

Definition 2.5 (Left/right degree vectors). For a bipartite graph B C Kg,, the left degree vector
LD(B) = (l,...,1q) is the tuple of node degrees of vertices 1,...,d, and the right degree vector
RD(B) = (r1,...,Tn) is the tuple of node degrees of vertices 1,...,n.

Example 2.6. We continue with our running example

A=|0 0 2 3

0 oo 0 o

03000}

The corresponding bipartite graph B and tropical hyperplane arrangement #(A) is depicted in
Figure The tropical hyperplane H(aj) has full support {1, 2, 3}, hyperplanes H(a;) and H(a4) have
support set{1, 2}, and hyperplane H(az) has support set {2, 3}. This support data can be combined to
give the corresponding bipartite graph B, (see Figure , with left degree vector LD(BA) = (3,4, 2)
and right degree vector RD(BA) = (3,2,2,2).

2.2. Types and cotypes. By definition, a point p € R%/R1 is contained in H(a) if and only if
maxje(q (p; — q;) is attained at least twice. The points that obtain this maximum value in one
particular term form a polyhedral sector, and a tropical hyperplane decomposes R4/R1 into these
sectors.

Definition 2.7 (Sector). The i-th (closed) sector of the (max)-tropical hyperplane H(a) is
Si(a) ={p € RY/R1 | Pi—ai > pj — qj forallj € [d]}.

The definition of a min-tropical sector is identical except with the inequality reversed, as the
corresponding tropical linear functional is looking to minimize.

Given an arrangement # of tropical hyperplanes, to each point in R%/R1 we can record which
sector it sits in with respect to each hyperplane. This leads to the notion of types and cotypes.

Definition 2.8 (Fine type/cotype). Let A = (aj,...,a,) bea d xn tropical matrix, and let H = H(A)
denote the corresponding arrangement of n tropical hyperplanes in R4/R1. The fine type of a point
p € RY/R1 with respect to H is the table Ty (p) € {0, 1}4*™ with

Ty (p)ik = 1if and only if p € Si(ax)

for (i,k) € supp(H). The fine cotype T#(p) € {0,1}9*™ is defined by Ty (p)ik = 1 — T (p)ix for
(i,k) € supp(#H), and zero for (i, k) ¢ supp(H).

Definition 2.9 (Coarse type/cotype). Let H = H(A) be an arrangement of n max-tropical hy-
perplanes in R4/R1. The coarse type of a point p € R%/R1 with respect to # is given by ty(p) =
(t1,t2,...,tq) € Nd with

fori e [d].
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FIGURE 3. The tropical complex and bounded complex corresponding to the tropical
hyperplane arrangement in Figure

Notation 2.10. We will often view fine (co)types as (complements of) bipartite subgraphs of the
support graph Ba described in Definition Explicitly, a fine type T € {0,1}9%™ encodes a
subgraph Bt C Ba whose edges are (i, k) whenever T has a 1 in the (i, k)-th entry. Similarly, a fine
cotype T encodes a subgraph B+ C B given by the complement of By inside Ba. As a bipartite
graph, the corresponding coarse (co)type is the left degree vector LD(Bt). As they are equivalent,
we will only explicitly use Bt when graph properties are required.

Observe that not all tables or bipartite graphs can arise as fine types, as every point in R4/R1 is
contained in at least one sector of a tropical hyperplane. Each column of a viable table must have
at least one non-zero entry, and viable bipartite graphs must have no disconnected nodes in [n].
These tables and graphs are called type tables and type graphs.

Remark 2.11. Tropical types are also referred to as tropical covectors in the literature (see e.g. [FR15]).
As we will work with both types and cotypes, we choose to follow the terminology in [DJS12] .

As discussed in [DS04] and [JL16], the type data of points p € R%/R1 gives rise to a polyhedral
complex associated to a tropical hyperplane arrangement as follows.

Definition 2.12 (Tropical complex, bounded subcomplex). Let A be a d x n tropical matrix and let
H(A) denote the corresponding arrangement in R4/R1. For a fixed fine type T = Ty/(p), the set

Cy={qeRIY/RL|T(q) =T}

is a relatively open subset of R4/R1 = R4 called the relatively open cell of type T. The set of all
relatively open cells C° = C°(A) partitions the tropical torus R4/R1.

Denote by Cy the closed cell of type T, the set of all points q € R4/R1 such that T(q) 2 T. The
collection of all closed cells yields a polyhedral subdivision C = C(A) of R4/R1 called the tropical
complex. The cells which are bounded form the bounded subcomplex B = B(A).

Example 2.13. Consider the running example discussed in Example Figure [3|shows the tropical
complex and bounded complex, along with certain distinguished cells whose types are given in
Figure

The combinatorics of tropical types of an arrangement H# = #(A) reflect the geometry of the
tropical complex C(A). In the following we consider fine types as bipartite graphs, and use c(G) to
denote the number of connected components of a graph G.
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By Bs Br

FIGURE 4. The tropical types corresponding to the tropical complex and distin-
guished cells in Figure

Lemma 2.14 ([DS04], [JL16]). Suppose A is a d x n tropical matrix with corresponding arrangement
H(A), and let C(A) be the tropical complex. Let T be the collection of fine types that appear. Forall S, T € T,
we have:

(1) Cs N Ct = Csyt (where Bsut = Bs U By),
(2) Cs € Cr & Bs 2B,
(3) dll’n(CT) = C(BT) -1

Proof. See Remark 28 and Corollary 38 of [JL16]. O

Tropical hyperplanes arrangements enjoy a natural notion of duality that we will need in
our work. Explicitly, an arrangement #(A) of n hyperplanes in R%/R1 is “dual” to H(AT), the
arrangement of d hyperplanes in R™/R1 obtained by taking the transpose of the tropical matrix.
Moreover, despite being in different ambient spaces, these arrangements have isomorphic bounded
complexes; this follows from [FR15| Proposition 6.2].

Proposition 2.15. Let A be a d x n tropical matrix. There exists a piecewise linear bijection between the
bounded complexes B(A) and B(AT) that induces an isomorphism between their face posets.

Example 2.16. Consider the tropical matrix

00
A=|(0 1].
0 2

The tropical hyperplane arrangements #(A) C R3/R1 and H(AT) C R?/R1 are given in Figure
In particular, both bounded complexes consist of two edges and three vertices.

2.3. Subdivisions of root polytopes and generalized permutohedra. As discussed in [FR15], an
arrangement H = H(A) of n hyperplanes in R4/R1 defined by a d x n tropical matrix A gives
rise to a regular subdivision of a root polytope associated to A. An application of the Cayley trick
then provides a regular mixed sudivision of a certain generalized permutoheron. For the case of
hyperplanes with full support, this recovers the connection to subdivisions of products of simplices
and mixed divisions of dilated simplices, as worked out in [DS04]. We first recall some definitions.

Definition 2.17 (Root Polytopes). Let B C K4, be a bipartite graph and denote by E(B) its edge set.
Define Qg to be the root polytope

Qg = conv{e; —e; | (i,j) € E(B)} ¢ R™™,

where eq,...,eq, e1,..., ey are the coordinate vectors in R4™,
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R?/R R2/R
(0,0) (0,1) (0,2)

(0,0,0)

FIGURE 5. The tropical hyperplane arrangements H(A) and H(AT). Their bounded
complexes, shown in bold, are isomorphic.

Example 2.18. A well-studied class of root polytopes arises when B = Kg , is a complete bipartite
graph. In this case, the root polytope Qx, , is the product of simplices Aq—1 X Aq—. For other
bipartite graphs, Qg is the convex hull of some subset of vertices of Ag_1 x An_7.

The root polytope Qg of a bipartite graph B C Ky, is also closely related to another convex
body obtained as a sum of (not necessarily full dimensional) simplices in R%. Such polytopes are
examples of the generalized permutohedra studied by Postnikov in [Pos09].

Definition 2.19 (Generalized permutohedra). Let B C K4, be a bipartite graph and let N;(B) C [d]
denote the set of neighbours of j € [n]. The generalized permutohedron associated to B is the polytope

n
Pe =) Anym) CRY,
j=1

where AN; (B) denotes the subsimplex of Aq_; whose vertices are labelled by N;(B).

Definition 2.20 (Mixed subdvision). Suppose Pg = 3 ' ; Ay;p) C R4 is a generalized permuto-
hedron of dimension k. A Minkowski cell in this sum is a polytope of dimension k of the form
Ay, + -+ + Ay, where I; € N;(B). A mixed subdivision M of Py is a decomposition into a union of
Minkowski cells, with the property that the intersection of any two cells is their common face.

Remark 2.21. Our definition of a mixed subdivision of a sum of simplices is a special case of the
corresponding concept for any Minkowski sum of polytopes. In the more general case, stricter
conditions must be satisfied that are always satisfied for simplices; see [San02] for further details.

The Cayley trick [San05] provides a geometric correspondence between the generalized permuto-
hedron Pg and the root polytope Qg. In particular we recover Py by intersecting Qg with the affine
subspace R x {— Z]Tl:] e;}. Under this intersection, polyhedral subdivisions of Qg are in one-to-one
correspondence with mixed subdivisions of Pg [HRSO0]. In our context a d x n tropical matrix A
induces a regular subdivision S(A) of the root polytope Qg, by lifting the vertex e; — e to height
vy and projecting the lower faces of the resulting polytope back to R4*™. Via the Cayley trick, this
gives rise to a corresponding regular mixed subdivision M(A) of the generalized permutohedron

Pp, = Z?:] AN]‘(BA) C RY
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Notation 2.22. We say that a d x n tropical matrix A is sufficiently generic if the corresponding
subdivision S(A) of the root polytope Qg, is a triangulation.

In [DS04] it was shown that the tropical complex associated to an arrangement of tropical
hyperplanes (with full support) is dual to the corresponding mixed subdivision of a dilated simplex.
Furthermore, this duality is described by fine type data and descriptions as mixed cells. This was
generalized to the setting of arbitrary tropical matrices by Fink and Rincon as follows.

Proposition 2.23. [FR15, Proposition 4.1] Let A be a d x n tropical matrix and let H = H(A) denote the
corresponding arrangement of tropical hyperplanes. Then the tropical complex C(A) is dual to the mixed
subdivision M(A) of Pg . A face of C(A) labelled by fine type T C Ba is dual to the cell M(A) obtained as
the sum Z?:] AN (T)-

We refer to Figure E] for an illustration of this duality in the context of our running example.

o o

202 © 022

Nt

\/ 031

121

TN 12l )
040 \ " \
130 '\ . \\\
310 220

T 130 | 040

301 211 031

220
310 ‘

FIGURE 6. The tropical hyperplane arrangement #(A ), where A is from Example
along with the corresponding mixed subdivision of a generalized permutohedron.

3. THE BOUNDED COMPLEX AND TOPOLOGY OF TYPES

In this section, we extend existing techniques in tropical convexity to derive new results regarding
the bounded complex and the topology of type data associated to tropical hyperplane arrangements.
These results will be interpreted in the algebraic setting later in the paper.

3.1. The recession cone and dimension of the bounded complex. For the case of a tropical matrix
A with only finite entries, the bounded complex B(A) can be recovered as the min-tropical polytope
tconv(A), i.e. the smallest tropically convex set containing the columns of A; see Definition [3.10}
In this case there is a very simple combinatorial characterization for when a cell is contained in
tconv(A): the cell Ct is contained in B(A) if and only if its type T has no isolated left nodes [DS04].

For a general tropical matrix A, this characterization of tconv(A) still holds (see [JL16]), but
if A has infinite entries then the corresponding tropical polytope will have unbounded cells. In
particular, the bounded complex B(A) will be a subcomplex of tconv(A), and so T having no
isolated left nodes becomes a necessary but not sufficient condition for Ct being contained in
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o
/ Cr
: R(T; A) R(T'; A)

. )
azo’

FIGURE 7. A tropical complex with two distinguished cells, Ct, Cy/, along with
their corresponding recession graphs. Thin edges are directed only from [d] to [n],
while thick edges are bidirected.

B(A). In this section we give a precise combinatorial condition on T that characterizes when Cr is
contained in B(A) for a general tropical matrix A.

Definition 3.1. Let B C K4, be a finite simple bipartite graph and S C B a subgraph. We define
the recession graph R = R(S; B) to be the directed bipartite graph with vertices V(B) = [d] U [n] and
with edges e € E(B) \ E(S) directed from [d] to [n], and e’ € E(S) bidirected, i.e. directed from [d]
to [n] and [n] to [d].

If B = Ba for a tropical matrix A and S = By for some fine type T, we will also write R(T; A) for
the recession graph.

See Example [3.3and Figure 7] for an example of recession graphs arising from a tropical hyper-
plane arrangement.

The recession graph is so named as it describes the recession cone of a cell. Recall that the recession
cone of a polyhedron P is the cone

rec(P):{yeRd|x+7\yerXeP,7\zo},

which describes the directions in which P is unbounded. The following proposition shows the
relation between the recession cone and the recession graph. Recall that a digraph is strongly
connected if one can find a directed path from any vertex to any other vertex.

Proposition 3.2. [JL16] Let A be a tropical matrix, and suppose Cy is a cell in the tropical complex C(A).
Then the dimension of the recession cone of Ct in R%/R1 is equal to the number of strongly connected
components of R(T; A), minus one.

In particular, the cell Ct is contained in the bounded complex B(A) if and only if the graph R(T; A) is
strongly connected.

Proof. This can be deduced from a number of results from [JL16] via weighted digraph polyhedra,
all results cited within this proof are contained there. By Lemma 7 and Proposition 30, the cell Cy is
affinely isomorphic to a weighted digraph polyhedron. In particular, the recession cone of Cr is
the weighted digraph polyhedron Q(R(T;A)). By Proposition 9, the dimension of Q in R*™/R1
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is equal to the number of strongly connected components of R(T; A) minus one, which extends
to Ct in RY/R1 by affine isomorphism. Therefore Ct is bounded if and only if R(T; A) is strongly
connected. O

Example 3.3. Consider the tropical complex depicted in Figure[7] along with the recession graphs
for the cells Ct and Ct/. The cell Ct is bounded, as reflected by the fact that the recession graph
R(T; A) is strongly connected. The cell Cy- is unbounded, since in the recession graph R(T’; A), the
edge (2, 3) can only be traversed from left to right. Hence there is no path from left node 3 to any
other left node that respects edge orientation.

We get the following as an immediate corollary.
Corollary 3.4. The bounded complex B(A) is non-empty if and only if B is connected.

Proof. The bounded complex is non-empty if and only if it contains a 0-cell, as any bounded k-cell
must contain a O-cell. By Lemma a cell Ct is zero dimensional if and only if By C Ba is
connected. This immediately shows B(A) non-empty implies B4 is connected.

Conversely if B is connected, the root polytope Qsg,, is full-dimensional [Pos09, Lemma 12.5] and
the maximal cells of its regular subdivision S(A) correspond to O-cells of C(A) by Propositionm
As C(A) contains a 0-cell, the bounded complex must be non-empty. O

Inspired by these observations we define the following invariant of a bipartite graph. Recall that
we use c(B) to denote the number of connected components of a graph B.

Definition 3.5. For a bipartite graph B define the recession connectivity of B to be the integer

A(B) = SC&lé({c(S) | R(S;B) is strongly connected } .

Remark 3.6. Note that for any bipartite graph B we have
A(B) < mat(B),

where mat(B) denotes the matching number of B. Indeed, any S C B realizing A(B) contains a
matching of size c(S).

Proposition 3.7. Let B be a finite simple connected bipartite graph. For any tropical matrix A satisfying
B = Ba, we have dim(B(A)) < A(Ba) — 1. Furthermore, there exists a generic tropical matrix A with
dim(B(A)) = A(Ba) — 1.

Proof. The first part of this statement is an immediate corollary of Proposition[3.2} as the dimension
of any bounded cell is bounded above by A(BA) — 1. For the second part, let S C B be a subgraph
realizing A(B), i.e. R(S;B) is strongly connected, and has A(B) connected components. We can
assume that S is a forest, as removing an arbitrary edge from any cycle in S does not strongly
disconnect R(S; B) nor does it affect the number of connected components of S.

It remains to show that we can find a tropical matrix A and fine type T such that B = Bx and
S = Bt. We define the matrix A by setting aj; = 0 for all (i,j) € S, sufficiently large generic values
for (i,j) € B\ S, and oo otherwise. Then B = B, and the regular subdivision of Qg induced by A
is a triangulation that contains the cell Qs. After applying the Cayley trick, Qs corresponds to a
mixed cell dual to the cell Ct in the tropical complex. By Proposition Cr is contained in the
bounded complex, and its dimension is A(B) — 1. Furthermore, as A(B) — 1 is the maximum possible
dimension of a bounded cell, this shows dim(B(A)) = A(B) — 1. O



16 AYAH ALMOUSA, ANTON DOCHTERMANN, AND BEN SMITH

Lemma 3.8. For the complete bipartite graph Kqn we have A(Kq ) = min{d, n}.

Proof. Without loss of generality assume that d < n and denote the vertices of B = Kg, as
vi,.. o, vat U{wr,...,wn} Itis clear that A(Kgqn) < d. For the reverse inequality, define S to be
the graph with edges viwr, ..., vqgWg4,vVawa+1, ...vawn. Then S has d connected components and
R(S; B) is strongly connected. The result follows. O

The following lemma shows that A is monotone on subgraphs, and will be useful at numerous
points.

Lemma 3.9. Let B be a finite simple connected bipartite graph and B’ C B a connected subgraph. Then
A(B’) < A(B).

Proof. Let S’ C B’ be a graph realizing A(B’) i.e. ¢(S’) = A(B’) and R(S’;B’) is strongly connected.
Note that we can assume S’ is a forest: removing an edge from any cycle in S’ does not disconnect
R(S’; B’) as we can traverse the cycle in the opposite direction. Let Tg, be a spanning tree of B’ that
contains S’. We then extend this to Tg, a spanning tree of B that contains Tg. We define S C B as
the graph

S=S'u (Tg \ Tg/) .
We claim that R(S; B) is strongly connected and that ¢(S) > ¢(S’).

We first show strong connectivity. Consider v,v’ € V(R(S;B)). If v,v’ € V(B’), the same path in
R(S’;B’) connects them in R(S;B). If v,v' € V(B \ B’), the edges of Tg \ Tg: give a path between
them. If v e V(B \ B’),v € V(B’), the edges of Tg \ T’ give a path into B/, where we can use the
same path in R(S’; B’).

Finally we show that c(S) > ¢(S’). Let S’ = S;U- - - LISy be the decomposition of S’ into connected
components. Suppose that there exist some set of edges E C Tg \ T that connect two components
Siand S;. As Tg is a spanning tree, there exist edges E/ C Tg that connect S;, S; that are disjoint
from E. This implies S; U S; U E U E’ contains a cycle, and is contained in Tg, a contradiction as Tg a
tree. Therefore S has at least as many components as S’. O

From the previous two lemmas we observe that if B C Kg4,, is any connected bipartite graph then
A(B) < min{d, n}.

3.2. Topology of types. In this section, we investigate topological properties of certain subsets
of R4/R1 induced by a tropical hyperplane arrangement. In particular, our goal is to show that
these subsets are contractible, which will be central to applications to (co)cellular resolutions in
Section 4 Note that none of our results in this section require H to be generic nor have full support.
The results here mimic those in [D]S12, Section 2.3], but require some additional considerations to
account for not necessarily full support.

We begin by recalling the notion of tropical convexity. It was established in [DS04, Theorem 2]
that tropically convex sets are contractible.

Definition 3.10 (Tropical convexity). A subset S of RY is tropically convex if the set S contains the
pointp=coOx@doyforallx,y € Sandc,d € R.

If the distinction is important, we shall specify that a set is max-tropically convex (resp. min) if
the tropical addition operation is max (resp. min). Note that all tropically convex sets contain R1,
therefore we often view them as subsets of RY/R1. When we refer to a tropically convex set S in
R4/R1, we mean that S + R1 is tropically convex; recall that @ is not well defined on R%/R1.
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Given a tropical matrix A = (ay,...,an) with entries in Tyin, we can define the min-tropical
polytope tconv(A) to be the set of points of R¢ obtainable as a min-tropically convex combination of
columns of A, i.e.

tconv(A) = {p e RY| I\ e Rsit. p= @7\1 © ai} .
i=1
Notation 3.11. For two fine types T, T' € {0,1}™*4, we write T < T'if T < Ti’j for all i,j. This
is equivalent to saying that the bipartite graph Bt is a subgraph of By/. We let min(T, T’) and
max(T, T') denote the table with entries given by the component-wise minimum and maximum,
respectively. Equivalently, By 17/ := Bt N By is the largest subgraph of Ba contained in both T
and T', and Bax(r1) := Bt U By is the smallest subgraph of Bs containing both T and T'.

The following theorem is the main theorem of this subsection. It says that down-sets of cells
partially ordered by (either fine or coarse) type are tropically convex and hence contractible.

Theorem 3.12. Let A bea d x n tropical matrix and let H = H(A) denote the corresponding arrangement
of n tropical hyperplanes in RY/R1. Let U € {0,114 and u € N4. With labels determined by fine (resp.
coarse) type, the following subsets of RY/R1 are max-tropically convex and hence contractible:

(CA)Tcu = {peRYRLITy(p)<UW = [ JICeC(A)|Tu(C) <)
(C(A), t)<u = {peRYRLIty(p)<u} = | JCeC(A)|ty(C) <ul

Analogously, the following subsets of R%/R1 with labels determined by fine (respectively, coarse) cotype are
min-tropically convex and hence:

(CA),Tcu = {PeRYRLITup)<W = |J{CeCA)ITu(C) <)
(C(A), <y = {peRYRLItu(p)<u} = [J{CeCA)|tu(C) <ul
The following lemma gives the first step towards proving Theorem 3.12}

Lemma 3.13. Let A bea d x n tropical matrix and let H = H(A) denote the corresponding arrangement
of n tropical hyperplanes in R%/R1, and let p,q € RY/R1. Then

min(Tx(p), Tu(q)) < Ty (r) < max(Ty(p), Tu(q))
and
ty(r) < max(ty(p), tx(q))
for r € tconv™™{p, q} on the max-tropical line segment between p and q.

Proof. To allow us to take tropical sums of points, we will prove the result in RY. Recall that
hyperplane sectors and tropically convex sets are closed under scalar addition, and so the result
will also hold in R4/R1.

Letr=A0p)® (L®q) =max{A+ p,u+ q} for A, u € R, and fix some k € [d]. Without loss of
generality, assume that 1y = A + py > pu+ qx.

First we show that min(Ty(p), Ti(q)) < Tx(r). If at least one of the points p and q are not in
the kth sector of some hyperplane H(v;), then min(Ty (p)xi, T (q)ki) = O and certainly Ty (r)y; > 0.
Now suppose that both p and q are in the kth sector for some hyperplane H(v), so px —pi > vk — Vi
and qx — qi > v —Vv; for all i € supp(H(v)). Fix some j € [d]. If rj = A +p; > u+ gj, then
Tj — Tk = Pj — Pk and 1 is in the kth sector of H(v); similarly, if r; = w4+ q; > A + pj, then
Tj — Tk = qj — qx and 1 again lies in the kth sector of H(v).
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Now we show that Ty /(r) < max(Tx(p), Tx(q)). We show that if r is in the kth sector of some
hyperplane H(v), then at least one of p and q must be, too. Assume that 1, — 7 > v — vj for all
j € [d], and also assume without loss of generality that r, = A+py > p+qi. Then A4+-py > vie—vj+7;
for all j € [d]. We also know that r; > A + p; by the definition of r, so A + py > v —v; + A + p;. This
implies that pi — p;j > vi — vj, so p is in sector k of the hyperplane H(v).

The last claim follows from the definition of coarse types. O

With this lemma in hand, we may now prove the main theorem of this subsection.

Proof of Theorem The max-tropical convexity of the sets (C(A), T)<y and (C(A), t)<y follows
from Lemma Reasoning similar to that of the proof of Lemma shows that if r is a point
in the min-tropical line segment between p and q, then Ty/(r) > min(Ty(p), Ti(q)); passing to
complements, we obtain that Ty(r) < max(Tx(p), Tx(q)) and t(r) < max(ty(p),tx(q)). This
gives the claim for cotypes.

]

We will also need to extend Theorem to downsets of cotypes restricted to the bounded
complex.

Proposition 3.14. The following subsets of R4/R1 with labels determined by fine (respectively, coarse)
cotype are contractible:

(BA),T<u = [JICeBA)|Tx(C) <}
(B(A),B<w = |J{CeBA)t(C) <u}.

Proof. We prove the theorem for downsets of fine cotypes, the proof for coarse cotypes is identical.
If (B(A), T)<u is empty then we are done, so assume it is non-empty.
We first note that every cell C C C(A) is a (min)-tropical polytope. To see this, observe that we

can write Ct as the solution set of the linear inequalities:
{xi—aw >x—aj | Tiw =1, ai, ajx # oo}.

Each of these inequalities can also be written as min-tropical inequalities, and so Cy is the solution
set of finitely many min-tropical inequalities. By the Tropical Minkowski-Weyl Theorem [Jos22,
Theorem 7.11], this implies that Ct is a min-tropical polytope.

For each cell C € (C(A), T)<u, let V¢ denote a finite generating set such that C = tconv(V¢) and

V = |J V¢ the union of these finite generating sets. For any p € (C(A), T)<u, we can write p as a

min-tropical convex combination of elements of V, and so (C(A), T)<y C tconv(V). However, the

set (C(A), T)<u is min-tropically convex itself by Theorem and so (C(A), T)<y = tconv (V).
Letting m = |V|, one can view V as a d x m tropical matrix. By [JL16, Theorem 33], tconv (V) is

obtainable as the upper hull of the envelope of the tropical matrix V (see also [Jos22, Section 6.1])
E(V)={(y,z) € RS x R™ | Yi —z < vij)

orthogonally projected onto RY. Moreover, this projection is an affine isomorphism when restricted
to the bounded cells of £(V) and tconv(V) respectively. Note that the bounded cells of tconv(V)

are precisely (B(A), T)<u.
As (B(A), T)<y is non-empty, tconv(V) has at least one bounded cell and therefore so does £(V).
This makes £(V) a pointed polyhedron, a polyhedron with no lineality space. By [Jos22, Example

10.54], £(V) is projectively equivalent to a polytope with a distinguished face at infinity and the set
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FIGURE 8. An arrangement of four degenerate tropical hyperplanes whose bounded
complex is not tropically convex. The tropical line segment (blue) between any two
points in the interior of different maximal cells must leave the bounded complex at
some point.

of faces of £(V) that are disjoint from the face at infinity are precisely the bounded cells of £(V).
Therefore by [MS05|, Theorem 4.17] the bounded part of £(V) is contractible . As this is affinely

isomorphic to (B(A), T)<u, this implies that (B(A), T)<y is also contractible. O

The proof of Proposition is much cleaner for arrangements with full support. When all
entries of A are finite, the bounded complex B(A) agrees with the tropical polytope tconv(A) and
hence is min-tropically convex. This immediately implies (B(A), T)<y is min-tropically convex
as an intersection of min-tropically convex sets, and therefore contractible. When A has infinite
entries, B(A) is only a subset of tconv(A) and no longer tropically convex in general. Figure
shows an example of such a complex consisting of two maximal cells. For any pair of points in
the interior of these two cells, the tropical line segment between them must leave the bounded

complex.

4. IDEALS AND RESOLUTIONS FROM TROPICAL ARRANGEMENTS

In [DJS12] the authors introduce monomial ideals arising from the type data associated to
a tropical hyperplane arrangement, and prove that the facial structure of the various tropical
complexes describes algebraic relations (syzygies) among the generators. In this section we extend
these constructions and results to the case of tropical hyperplanes with not necessarily full support.
In particular, we show that the cellular complexes from Definition support (co-)cellular
resolutions of certain ideals arising naturally from the combinatorics of the arrangement.

4.1. Ideals from the arrangement. The ideals that we study will live in polynomial rings defined
by the finite entries of a tropical matrix.

Notation 4.1. Suppose A is a d x n tropical matrix. We let Xo denote the d x n generic matrix with
entries

. xij if (i,j) € supp(A)
Xa(,j) =14 " . , PP
0 otherwise

and for a field k define S = k[Xx] to be the polynomial ring in the indeterminates in X». Note that
if B = Ba is the bipartite graph associated to A, then the number of indeterminates of Sis given by
|E(B)I, the number of edges of B. We let S denote the polynomial ring S = K[x1,...,xql.

Let the weight of the variable x;; in S be vij and the weight of a monomial x* =[] x;” € She
> aijvij. The initial form ina (f) of a polynomial f = ) cix* is defined to be the sum of terms c;x?
such that x? has maximal weight.
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The fine and coarse (co)-type data from Definitions[2.8]and 2.9 naturally give rise to monomial
ideals. These ideals were first introduced in the full-support case in [DJS12] as a means of giving
a tropical analogue of the oriented matroid ideals studied by Novik, Postnikov, and Sturmfels in
[NPS02].

Definition 4.2 (Type/cotype ideals). Let A be a d x n tropical matrix and let H = #(A) denote the
corresponding arrangement of n tropical hyperplanes in R4/R1. The fine type ideal and fine cotype
ideal associated to ‘H are the squarefree monomial ideals

Ity = (x"P [p e RY/RL) C S
It = (X" [peRI/RL) C S

where x"P) = H{XU | T(p)i; = 1}. Analogously, the coarse type ideal and coarse cotype ideal associated
to H are given by

Ty = (P [p e RY/RL) C S
gy = P | p €RY/RL) C S

where x!P) = x7" ... xtr with t(p) = (t1,...,ta).

We will see in the following sections that an arrangement # gives rise to complexes that support
minimal free resolutions of these ideals. This provides a means to understand the projective
dimension and regularity of our type ideals. Later in the paper we will use our techniques to obtain
a formula for the Krull dimension as well, see Section|5.1

4.2. Cellular resolutions of type and cotype ideals. Next we show that the tropical complex and
bounded complex of a tropical hyperplane arrangement support minimal (co)cellular resolutions
of the various type and cotype ideals. This provides a tropical analogue of the work of [NPS02]
and generalizes results from [BY06] and [DJS12]. For a reference on cellular resolutions we refer the
reader to [MS05, Chapter 4]; for details on cocellular resolutions, see [MS05, Section 5.3]. The main
criteria we use in this section to check whether a resolution is cellular is [MS05, Prop. 4.5], and the
analagous co-cellular version which follows from the same proof techniques.

Proposition 4.3. Let A be a d xn tropical matrix and let H = H(A) denote the corresponding arrangement
of n tropical hyperplanes in R%/R1. For every cell C € C(A) of codimension at least 1,

T3(C) =max{Ty(D) | C C D}, and
ty(C) = max{ty(D) | C c DL

Therefore, both the fine type and the coarse type yield a monomial colabeling for the complex C(A).
Similarly, for every cell D € C(A) of dimension > 1 we have

T (D) = max{T4(C) | C c D}, and
ty (D) = max{ty(C)| C c D}.

Thus, both the fine and coarse cotypes yield monomial labelings for the complex C(A).

The proof is essentially identical to that of [DJS12, Propositions 3.4 and 3.8].
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Proposition 4.4. Let A be a d x n tropical matrix and let H = H(A) denote the corresponding tropical
hyperplane arrangement in R%/R1 with tropical complex C(A). Then with labels given by fine (respectively
coarse) type, the labeled complex C(A) supports a minimal cocellular resolution of the fine (respectively
coarse) type ideal It,, (respectively Ly ).

Proof. Proposition[4.3|implies that the polyhedral complex C(A) is colabeled by both fine and coarse
types. Combining Theorem 3.12]and a cocellular version of the criterion in [MS05, Prop. 4.5] gives
the result. Minimality follows from the fact that if C is strictly contained in D, then Ty (D) < Ty/(C);
see e.g. [DS04, Corollary 13]. O

In a similar argument to that above, one can combine Proposition Proposition and
[MS05, Prop. 4.5] to obtain the following result.

Proposition 4.5. Suppose A is a d xn tropical matrix, let H = H(A) denote the corresponding arrangement
of tropical hyperplanes, and let B(A) be the subcomplex of bounded cells of C(A) (if it exists). Then B(A),
with labels given by the fine (resp. coarse) cotype, supports a minimal cellular resolution of the fine (resp.
coarse) cotype ideal.

4.3. Resolutions supported on mixed subdivisions of generalized permutohedra. Recall from
Definition that the support of a tropical matrix A also gives rise to a generalized permutohedron
Pg,, given by

n
d
Pe, =) Anea SR
j=1
Furthermore, the entries of the matrix A gives rise to a regular mixed subdivision M(A) of Pg,, .
We define a ‘fine monomial labeling” on M(A) (with monomials in S) in the following way. Given
afaceF = Z}l:] Ay, where I; € Ng, (j), we assign to F the monomial

H HXU’. (2)
jelnl i€l
Similarly we obtain a ‘coarse monomial labeling” of Pg, (with monomials in S) by specializing the
monomials above to the second index xj; — ;. Note that under this coarse labeling a 0-cell v of
Pg, is labeled by a monomial whose exponent vector is precisely the coordinates of v. See Figure
for an example. Using Proposition[2.23] it turns out these monomial labelings are dual to the type
labelings of the corresponding tropical complex. From this we observe the following.

Corollary 4.6. For any d x n tropical matrix A, the monomial labeled mixed subdivision M(A) of the
generalized permutohedron Py, , with labels given by fine (respectively coarse) type, supports a minimal
cellular resolution of the ideal Ity (respectively Ly)).

Proof. From Proposition 2.23|we have that the tropical complex C(A) is dual to the mixed subdi-
vision M(A) of Pg,, and in addition the fine (respectively coarse) monomial labeling of a cell in
Pg, has the same fine (respectively coarse) type of the corresponding cell in C(A). The result then
follows from Proposition O

Corollary 4.7. For a sufficiently generic d x n tropical matrix A, the coarse type ideal 1y is generated by
monomials corresponding to the lattice points of Py, .

Proof. Corollary |4.6/gives that the generators are the labels of the 0-dimensional cells of M(A). It
suffices to show this is all lattice points when A is sufficiently generic, i.e. when M(A) is a fine
mixed subdivision.
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Every 0-dimensional cell is a sum Z)T‘:] ey, for some kj € Nj(Ba), so is a lattice point. Conversely,
let p be a lattice point and C = Ay, + - - - + Ay, the smallest fine mixed cell containing p. By [Pos09,
Lemma 14.12], we can write p = Z)Tl:] ey, where k; € 1. If C # {p}, then p is contained in the
relative interior of C, and so we can perturb p in any direction in the affine span of C. The mixed
subdivision structure implies that there exists some k,1 € [d] such that p £+ (ex —e;) € C. In
particular, this means k, 1 € I; N I for distinct s,t € [n]. This contradicts C being a fine mixed cell,
as dim(Aj, + Ay, ) # dim(Ay, ) + dim(Ay,). Therefore C = {p}, and so is a cell of M(A). O

Recall that a minimal free resolution of any finitely generated S-module is unique up to iso-
morphism. The fact that any regular fine mixed subdivision of Pg, supports a minimal resolution
of I3 allows us to recover the strong equidecomposability of such complexes, generalizing
[DJS12, Corollary 5].

Corollary 4.8. Suppose B C Kg, is a bipartite graph and let Py denote the generalized permutohedron
associated to B. Then for any fine mixed subdivision of Pg, the collection of coarse types t(C) for cells C with
dim C = k, counted with multiplicities, is the same. In particular, any fine mixed subdivision of Pg has the
same f-vector.

4.4. Alexander duality and initial ideals of lattice ideals. In the case of arrangements of tropical
hyperplanes with full support, Block and Yu [BY06] observed that the fine cotype ideal is Alexander
dual to a corresponding initial ideal of a certain toric ideal. Here we establish a similar result for
the case of arbitrary A, which will be important for our applications to toric edge ideals studied in
Section[5l We first recall some relevant notions.

Definition 4.9 (Lattice ideal). Let A be a set of vectors in Z™. Then the lattice ideal associated to P is
the ideal I 4 = ker @ 4, where

oa: Kixplpe Al — Klxiy...,xq]

P1 .. yPn
Xp > X xbhr.

In the case of a root polytope Qg associated to a bipartite graph B, we have A = {e; —e; | (i, j) €
E(B)} and the lattice ideal of Qg will be the kernel of the map

O Klxij | (1) € EB)) — Kbxry.oyxayy s uy ) o

Xy Xiy]’_] .
Remark 4.10. Since Qg is unimodular, it is known that monomial initial ideals of the lattice ideal of
Qg are in bijection with regular triangulations of Qg. As we have seen, regular triangulations of
Qg are encoded by sufficiently generic tropical hyperplane arrangements #(A) where A satisfies
B =B

Example 4.11. Let Qg be the root polytope corresponding to the bipartite graph in our running
example (see Figure[l), where
0 3 oo 0
A=10 0 2 3

0 oo 0 o

Then the lattice ideal L = I 4 of Qg is the ideal generated by

<X11X22 — X12X21, X11X24 — X14X21, X12X24 — X14X22, X21X33 — X23X31 >- (4)
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Recall from Notation4.1|that a d x n tropical matrix A gives rise to a monomial term order on Sand
hence an initial ideal ina (I) for any ideal I C S. The underlined terms correspond to the generators
of the leading term ideal of L with respect to the monomial term order on S induced by A.

Definition 4.12 (Crosscut complex). Let S(A) the subdivision of Qg, induced by A. Define the
crosscut complex CrossCut(S(A)) to be the unique simplicial complex with the same vertices-in-facet
incidences as the polyhedral complex S(A).

Remark 4.13. If S(A) is a triangulation of Qg,, then Crosscut(S(A)) = S(A).

Proposition 4.14. Let A be a d x n tropical matrix and let H = H(A) denote the associated arrangement
of tropical hyperplanes in RY/R1. Let L denote the lattice ideal of Qg (or, equivalently, the toric edge ideal of
Ba). Then the fine cotype ideal I associated to H is the Alexander dual of M (ina (L)), where M (ina (L))
is the largest monomial ideal contained in ina (L).

Proof. Let ] be the Stanley—Reisner ideal of Crosscut(S(A)). Then | is the Alexander dual of the
fine cotype ideal associated to H.

It remains to check that ] = M(ina(L)). Because A is unimodular, one has that ina(L) is
squarefree and therefore M(ina (L)) is radical. The proof of [D]S12, Lemma 6.7] applies directly
here, so one has

M(ina (L)) = Rad(M(ina(L))) =]
as desired. 0

Combining Propositions 4.5{and gives the following result. Here for a squarefree monomial
ideal I we use IV to denote its Alexander dual.

Corollary 4.15. For any tropical matrix A the bounded complex B(A) of the corresponding tropical
hyperplane arrangement supports a minimal cellular resolution of the ideal M (ina (L)) In particular, if
H(A) is sufficiently generic, then ina (L) is a monomial ideal and B(A) supports a minimal free resolution
of (ina (L))"

Moreover, if A is sufficiently generic, one can say more about the resolution of the (fine or coarse)
cotype ideal.

Corollary 4.16. If A is sufficiently generic, then (ina (L))" has a linear minimal free resolution.

Proof. If A is sufficiently generic, then S(A) is a triangulation of Qg, corresponding to the Stanley—

Reisner complex of the (squarefree) monomial ideal ina (L) [Stu96, Theorem 8.3]. In this case, B(A)

supports a minimal /inear free resolution of (ina (L) ). This follows from the following observations:

(i) If A is sufficiently generic, then the labels on the vertices of B(A) are all of the same degree:
each vertex is “outside of” the same number of regions as every other vertex.

(ii) Let D be a cell in B(A). For any cell C C D with dimC = dim D — 1, the cotype Ty (C)
differs from Ty (D) in exactly one spot if A is sufficiently generic. Therefore, the monomial
labeling of the cell D is exactly one degree higher than the monomial labeling of any cell
C c Dsuch thatdimC =dimD — 1.

0

Example 4.17. Consider the tropical hyperplane arrangement of Figure[l, The bounded complex
supports a minimal cellular resolution of the fine cotype ideal

L3y = (x12%23%24, X11X12X23, X11X31X12, X31X12X245 X21X31X24, X21X23X24)-



24 AYAH ALMOUSA, ANTON DOCHTERMANN, AND BEN SMITH

The Alexander dual of this ideal in the polynomial ring K[x;; | (i,j) € supp(A)] is

(X21X12, X31X23, X11X24, X12X24)

which is exactly the ideal ina (L) corresponding to the underlined leading terms of the ideal L from
).

Example 4.18. Now consider the tropical hyperplane arrangement associated to the tropical matrix

0 0 oo O
Al=10 0 2 3
0 oo 0 o

This arrangement corresponds to the same one as in Figure |1, except that now the hyperplane
corresponding to v; lies on top of the hyperplane corresponding to v, so it is no longer generic.
However, the bipartite graph for A and A’ coincide, and therefore so do their lattice ideals L. In
this case, the fine cotype ideal is

IT(H(A/)) = (X23%X24, X24X31, X11X31X12, X11X12X23)

and the Alexander dual of the fine cotype ideal has generators

(X11X24, X12X24y X23X31).

This coincides with the largest monomial ideal inside of the initial ideal of L in (4) with respect to
the term order induced by A’, which is

inas (L) = (x11%22 — X12X21, X11X24, X12X24, X23X31).

4.5. Volumes and syzygies. Recall that a bipartite graph B C K4, encodes a generalized permuto-
hedron Py obtained as a sum of simplices, as described in Definition For any tropical matrix
A satisfying B = Bao we have from Corollary (4.6 that the corresponding mixed subdivision of Pg
supports a minimal cellular resolution of the resulting fine type ideal I3 as well as the coarse
type ideal Iy(3). In particular, the Betti numbers of these ideals can be read off from the f-vectors
of the underlying subdivision. In many cases the volume of these cells can also be understood in
terms of combinatorial data, and in this section we explore this connection.

4.5.1. Graphic tropical hyperplane arrangements. The most straightforward application arises in the
case of tropical arrangements where the apex of each hyperplane has exactly two finite coordinates.
This inspires the following definition.

Definition 4.19. An arrangement #(A) of n tropical hyperplanes in R%/R1 is graphic if each column
a; in the underlying d x n matrix A = (ay,...,an) has exactly two finite coordinates.

We explain the choice of terminology. First note that a graphic tropical hyperplane arrangement
H(A) in RY/R1 consists of Euclidean subspaces that are each dual to a line segment, so that #(A) is
in fact a collection of (ordinary) affine hyperplanes in (d — 1)-dimensional Euclidean space. In fact
if a column ay € A has finite entries aj and aj, then the corresponding hyperplane H(ay) consists
of the set

xe Rd/Rl | xi — Xj = Qjk — Qix ).
We can now think of the rows of A as vertices of a graph G(A ), where each column of A describes
an edge. One can then see that the tropical hyperplane arrangement #(A) corresponds to a
perturbation of the classical (central) graphic hyperplane arrangement associated to the graph G(A).
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For a graphic tropical hyperplane arrangement #(A), the corresponding generalized permutohe-
dron Py, is the (graphic) zonotope Zg(a) given by the sum of line segments of the form [e;, e;], where
iand j are the finite entries in some column of A (or in other words some edge in the graph G(A)).
A generic perturbation of the central graphic hyperplane arrangement corresponds to a fine mixed
subdivision (in this case a zonotopal tiling) of Zg ). In our case the subdivision we obtain is dual
to the subdivision of tropical space RY/R1 induced by the sufficiently generic tropical hyperplane
arrangement 7 (A) discussed above.

Example 4.20. As an example, we can take A to be the tropical matrix

0 oo oo 0
0 1 oo o
A_OOZ 4 oo
o oo 6 9

One can see that G(A) is a 4-cycle, and the corresponding zonotope Zg ) is depicted in Figure E] as
a Minkowski sum of edges of the simplex. That fine mixed subdivision (zonotopal tiling) of Z5(a)
induced by A is also depicted, computed via Polymake [G]OO].

2101 1201
| |
I I
| |
| 1201I 0202
2011 ! Ry !
$2110_/ _ _ _ 41210
/ / S
/ / ~
/1012 TEE) N
’ y 50211
/ /
————— - - &
2020 1120~ o
1021 0121
2 4
1
1 2 + / + N
4

FIGURE 9. The zonotope Zg () and its fine mixed subdivision from Example

Now suppose H = H(A) is a sufficiently generic graphic tropical hyperplane arrangement with
underlying graph G = G(A). Combining our results with well-known properties of zonotopes
provides enumerative interpretations of certain Betti numbers of our type ideals.

Corollary 4.21. Suppose H = H(A) is a graphic tropical hyperplane arrangement with underlying
connected graph G = G(A). Then the number of generators of the fine type ideal 113y, as well as the coarse
type ideal 1y(3), is given by the number of forests in G. The rank of the highest syzygy module of both Ity
and lyyy) is given by the number of spanning trees of G.

Proof. In [Pos09, Proposition 2.4] it is shown that for a connected graph G the volume of the graphic
zonotope Z(G) equals the number of spanning trees of G, and also that the number of lattice points
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of Z(G) equals the number of forests in G. Our first claim then follows from the fact that Z(G)
supports a minimal resolution of both Itz and Iy3;), whose generators in each case are in bijection
with the lattice points of Z(G) (see Corollaries and . The second claim follows from the
fact that any maximal cell in a zonotopal tiling (in this case a parallelepiped corresponding to a
spanning tree of G) has volume 1. O

Remark 4.22. We observe that the type ideals coming from graphic tropical hyperplane arrangements
can be realized as oriented matroid ideals studied by Novik, Postnikov, and Sturmfels in [NPS02|]. As
we have seen, a graphic tropical hyperplane arrangement can be realized as a perturbation of the
corresponding central graphic hyperplane arrangement. The oriented matroid ideal of the resulting
affine arrangement can be seen to coincide with the underlying fine type ideal.

On the other hand, the authors of [NPS02] study a different oriented matroid ideal arising from
a graph G. Namely, they use the affine oriented matroid A obtained by intersecting the central
graphic hyperplane arrangement of G by a generic affine hyperplane. It is proved that the resulting
oriented matroid ideal O 4 is Cohen-Macaulay, and in [NPS02] the authors provide formulas and
interpretations for the Mobius invariants and coinvariants of both the complete graph K,, and
complete bipartite graph Ky .

In particular, our methods provide a different way to obtain an oriented matroid ideal from a
graph G. It is not clear to us how these two ideals relate (note they live in different polynomial
rings).

Graphic tropical hyperplane arrangements also have connections to G-parking function ideals
and other concepts coming from the theory of chip-firing on a graph G. Such ideals M were first
introduced by Postnikov and Shapiro in [PS04], where connections to power ideals were studied.
In [DS14] Dochtermann and Sanyal proved that a minimal cellular resolution of Mg is supported
on a certain affine slice of the graphic hyperplane arrangement associated to G. One can recover
this ideal as a certain coarse type ideal associated to the underlying graphic tropical hyperplane
arrangement, leading to a number of applications and generalizations. See Section [/| for more
discussion.

4.5.2. Computing volumes via Alexander duality. For Pg a generalized permutohedron obtained as a
sum of simplices Postnikov [Pos09, Theorem 9.3] provides a formula for the volume of Pg in terms
of what he calls G-draconian sequences (where G = B in our context). Given a sufficiently generic
d x n tropical matrix A with BA = B, one may also obtain the volume of Pg by studying the types
associated to the vertices of the tropical complex.

In what follows, recall that a cell in the bounded complex B(A) can be described by its type T.
Also recall from Deﬁnition that for any fine type T we denote by RD(T) = (ay,..., an) the right
degree vector of T.

Proposition 4.23. Let A be a sufficiently generic d x n tropical matrix with corresponding tropical
hyperplane arrangement H(A), and set B = Bao C Kgn. Let S be the set of fine types associated to the
vertices of the bounded complex B(A). Then the volume of the associated generalized permutohedron is

1 1

Vol Pg = .
B %(RD(Th—U! (RD(T), —1)!

Proof. Note that every element T € S is in bijection with a full-dimensional fine mixed cell Mt in
M(A). We can read off the volume of Mt in the following way. Let Bt denote its fine type graph
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and RD(Bt) = (a1, az,..., an) its right degree sequence. Then one can see that
n
1
Vol(Mt) = _—
o ( T) H (ai _ 1)' )

i=1
as the volume of M7 is the product of the volumes of the simplices in the Minkowski sum. Summing
over the elements of S provides the desired volume of Pg. O

Comparing this with Postnikov’s formula for volumes of generalized permutohedra (see [Pos09,
Theorem 9.3]) yields the following.

Corollary 4.24. Let A be a sufficiently generic d x m tropical matrix with corresponding hyperplane
arrangement H(A), and set B = By C Kgn. Let S be the set of fine types associated to the vertices of the
bounded complex associated to H, and let 1 = (1,...,1) € Z™. Then the B-draconian sequences correspond
to the set

{RD(T)—1|Te S}

Given a bipartite graph B C Kg ,,, this gives a novel method to compute and prove statements
about volumes of generalized permutohedra Pg:

(1) Compute the lattice ideal L of the associated root polytope Qs.

(2) Find a sufficiently generic tropical matrix A such that BA = B and compute ina L.

(3) Compute the Alexander dual (iny L)V = IF(3a)) (see Proposition .

(4) Take the complements of the monomial generators of It 3ya) tO obtain the set S described
above.

(5) Compute Pg using the formula in Proposition[4.23]

Example 4.25. Consider the generalized permutohedron defined by B = K3, so that Pg is the
sum of two triangles. To compute its volume we choose the sufficiently generic tropical matrix
00
A = [0 2]. This defines an initial ideal
01

(X11X22 — X12X21, X11X32 — X12X31, X21X32 — X31X22),

generated by the underlined monomials. The Alexander dual of this initial ideal is given by the
fine cotype ideal
Laga)y = (X11x22, X11X31, X22X32).

Each of these generators defines a fine cotype, and the right degree sequences of the correspond-
ing types is given by (2,2), (1,3), (3,1). This provides cells of volume 1, 1/2, 1/2, implying that
Pg has volume 2. Note also that the G-draconian sequences for the case G = K3 are given by
(1,1),(0,2), and (2,0).

5. LATTICE IDEALS OF ROOT POLYTOPES AS TORIC EDGE IDEALS

In this section we describe a connection between cotype ideals associated to tropical hyperplane
arrangements and the class of toric edge ideals. The key observation here is that the lattice ideal of a
root polytope Qg for a bipartite graph B is exactly the toric edge ideal of the corresponding graph B,
see Lemma With this we are able to describe the generators of Qg using a well-known result
of Villarreal, and describe certain classes of lattice ideals which are well-studied by commutative
algebraists. We then use results from Section 4] to show that the regularity of a toric edge ideal of a
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bipartite graph B coincides with the dimension of a corresponding bounded tropical complex. This
leads to new proofs of existing bounds on homological invariants as well as new results. We begin
by establishing notation and recalling some basic results regarding toric edge ideals.

Notation 5.1. Suppose G = (V,E) is a finite simple graph with vertex set V = {vy,...,v} and
edge set E = {ey,...,ex}. If kis any field, let k[E] and k[V] denote the polynomial rings in these
indeterminates.

Definition 5.2. Suppose G = (V,E) is a finite simple graph. The edge ring K[G] is the k-algebra
generated by the monomials x;x; where {i,j} € E(G).
We define a monomial map

7t : K[E] — K[V]
€ 7 VirVj,
where e; = {vj,, vj,}. The toric edge ideal of G is defined to be the ideal Jg = ker 7, so that

k[G] = K[E]/]G.

An effective way to study the edge ring of a graph G is via a certain polytope associated to G
called the edge polytope.

Definition 5.3. Let G be a finite simple graph with vertex set V = [n]. For an edge e = {i,j}in G
define p(e) € R™" by p(e) = e; + ej, where e; is the ith unit coordinate vector in R™. The edge polytope
Pg is the convex hull of all such vectors

Pg = convip(e) | e € E(G)} C R™

One can see that for any graph G, the toric edge ideal ] is recovered as the toric ideal of the
edge polytope Pg. For this note that Pg N Z™ = {p(e) : e € E(G)} and also that the vertices of Pg
coincide with Pg N Z" (see [HHO18, Lemma 5.2]). For the case that G = B C Ky, is bipartite the
ideal Jg can be recovered in another way. The proof of the following lemma is straightforward.

Lemma 5.4. If B C Kq, is a bipartite graph, then the toric edge ideal g is equal to the lattice ideal of the
root polytope Qg.

Recall that the Krull dimension of a toric ring associated to a matrix M is given by rank(M)
[HHO18, Proposition 3.1]. The toric edge ring K[B] of a bipartite graph B C Kg, is the toric edge
ring of its incidence matrix, which is known to have rank d + n — 1. Hence we get the following.

Corollary 5.5. For a bipartite graph B C Kqn the Krull dimension of K[B] is given by
dim(k[B]) =d+n—1.

Toric edge rings are a particular example of a construction called special fiber rings, which are
blow-up algebras that give insight into the Rees algebra of an ideal but which are often more tractable
to compute. In general, there is interest in bounding the regularity of the Rees algebra of an ideal I
because this provides information about the regularity of powers of I. Finding the defining ideal of
the special fiber ring is a challenging problem and is still open for many classes of ideals. However,
a famous result of Villarreal [[Vil95] tells us that we can write down a minimal generating set for the
special fiber of the edge ideal of a bipartite graph by studying its minimal cycles.

The following proposition gives an explicit generating set for the toric edge ideal of a graph.
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Proposition 5.6. [Vil95| Proposition 3.1] Let G be a finite simple graph. For any even closed walk
w = (i1,j1,..., 1k, jx) in G, define a binomial

fw = Xigjr Xigjz « « « X = XjriaXjaiz o - X1t Xuds -

Then the toric edge ideal ] is generated by all fv, where w is an even closed walk in G. In particular, if G is
bipartite then ] is generated by all fy where w is a minimal even cycle in G.

A bipartite graph B is chordal bipartite if it contains no induced cycles of length longer than four.
In [OH99a], the following algebraic characterization of the toric edge rings of such graphs is given.

Theorem 5.7. [OH99a|| Suppose B is a finite connected bipartite graph. Then the following are equivalent.

(1) B is chordal bipartite;

(2) The toric edge ideal |y admits a quadratic binomial Grobner basis;
(3) The edge ring k[B] is Koszul;

(4) The toric edge ideal ]y is generated by quadratic binomials.

Toric edge ideals of chordal bipartite graphs also have a connection to certain determinantal ideals.
For this recall that for a d x n tropical matrix A we use X5 to denote the matrix associated to
the finite entries A, see Notation [4.1} We will let L, denote the lattice ideal associated to the root
polytope Qg,. Using the language established in Laura Ballard’s thesis [Bal20], a 2-minor of XA is
called a distinguished minor if it is a 2-minor involving only nonzero entries of Xa. The following
result also appeared in [Bal20].

Proposition 5.8. Suppose A is a tropical matrix with bipartite graph Ba. If Ba is chordal bipartite, then
the lattice ideal associated to the root polytope Qg , is generated by all distinguished minors of Xa.

Observe that in the case that the tropical matrix A has full support, L5 is generated by all
2-minors of a generic d x n matrix as in [BY06].

Example 5.9 (Ladder determinantal ideals, Ferrers graphs). Suppose the tropical matrix A satisfies
the following property:

if (1,j), (h, k) € Supp(A) and i < h,j <k, then (i, k), (h,j) € Supp(A).

Then B is chordal bipartite and La is called a ladder determinantal ideal. Ladder determinantal
ideals have been well-studied in commutative algebra and algebraic geometry; see work of Conca
[Con95,Con96], Gorla [Gor07], and more recently Rajchgot, Robichaux, and Weigandt [RRW23].
One particular case of this example is the case of toric ideals associated to Ferrers graphs. A Ferrers
graph F is a bipartite graph such that if (i,j) is an edge of F, then so is (p,q) for 1 < p < iand
1 < q <j. Inaddition, (1,n) and (d, 1) are required to be edges of F. The monomial edge ideals
and toric edge ideals of these graphs were studied by Corso and Nagel in [CNO8}[CN09].

Example 5.10. We return to our running Example whose corresponding tropical hyperplane
arrangement is depicted in Figure|l| In this case the matrix X, is

x11 o x12 0 x4
XA = |X21 X22 X23 X4
x31 0 x33 O

The lattice ideal L is generated by all the distinguished 2-minors of this matrix:
ker = (x11X22 — X12X21, X21X33 — X23X31, X11X24 — X14X21, X12X24 — X14X22).

Note that one can realize Lo as a determinantal ideal by rearranging the columns of A.



30 AYAH ALMOUSA, ANTON DOCHTERMANN, AND BEN SMITH

Example 5.11. For an example of a lattice ideal that is not a ladder determinantal ideal, consider
the tropical hyperplane arrangement corresponding to the tropical matrix

0 1 o©
A=10 o 0
oo 0 1

Then the corresponding lattice ideal is (x11%23%32 — X21X33X12).
In the case that B has no cycles, we easily recover a result of Postnikov [Pos09, Lemma 12.5].
Corollary 5.12. Suppose that B = B, is a forest. Then Qg is a simplex.

Proof. 1f B is a forest, then it contains no cycles and the generating set of L5 is empty. Therefore, Qg
has no nontrivial triangulations and must itself be a simplex. O

5.1. Krull dimension of type ideals. Most of our results involve applying methods from tropical
geometry to say something about toric edge rings, this is the focus of Section|6] We can also apply
results in the other direction to understand algebraic properties of type ideals.

Proposition 5.13. Suppose d,n > 2. Let A be a sufficiently generic d x n tropical matrix with correspond-
ing bipartite graph B = Ba and tropical hyperplane arrangement H(A). Then the Krull dimension of the
fine cotype ideal satisfies

dim(ls ) < [E(B) -2,

with equality if and only if B is bipartite chordal.

Proof. First recall that Iy, is a squarefree monomial ideal in the polynomial ring S with [E(B)]
indeterminates (see Notation[4.1and Definition [4.2). Let Ay, denote the associated Stanley-Reisner
simplicial complex, so that dim(IT(H)) = dim(Ay). To see that dim(IT(H)) < |[E(B)| — 2, note that
since d,n > 2 we have that a generic element in R4/R1 must sit in some region of 2 distinct tropical
hyperplanes. Hence Ay, has a missing edge, from which it follows that dim(Ay) < 2. This proves
the first claim.

For the case of equality, recall from Theorem [5.7| that B is bipartite chordal if and only if Jg
admits a Grobner basis consisting of quadratic binomials. The term order underlying such a basis
corresponds (via its weight vector) to a regular triangulation of the root polytope Qg. Let A be
the corresponding d x n tropical matrix (with finite entries corresponding to the height of the
lifted vertices of Qp, and with infinite coordinates otherwise). For this term order <5 we have that
the initial ideal in<, (Jg) is a quadratic monomial ideal. If we let Iy denote the Stanley-Reisner
complex of this ideal, it then follows that the minimal nonfaces of I'y have cardinality 2 (so that I'y
is a so-called flag complex).

This implies that the facets of the Alexander dual complex I'y has facets of cardinality |[E(B)| — 2
(recall that the vertex set of Ay, is given by E(B)). But from Propositionwe gave that Ay =T,
and the claim follows. U

6. HOMOLOGICAL PROPERTIES OF BIPARTITE TORIC EDGE IDEALS

In this section we use results from above to investigate homological invariants of toric edge
ideals of bipartite graphs. We take advantage of the fact that for a bipartite graph B, the lattice ideal
of the root polytope Qg is exactly the toric edge ideal of B. We can then utilize results of Section [4]
We first define the invariants that we will be interested in.
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Definition 6.1. Suppose R = K[x1,...,xm] and M is a graded finitely generated R-module. The
(Castelnuovo-Mumford) reqularity and projective dimension of M are given by the values

regp (M) = max{j | Bii;(M) # 0 for some i},
pdimy (M) = max{i | Bii4j(M) # 0 for some j},

where 3; (M) are the Betti numbers of M.

Regularity corresponds to the highest degree that appears in any of the matrices in a minimal
free resolution, and projective dimension measures the number of steps needed in constructing the
resolution. Hence one may think of these invariants as measuring the “complexity” of the module.

Definition 6.2. A finitely generated graded R-module M admits a q-linear free resolution if its Betti
numbers satisfy 3;;(M) = 0 for each 1 < i < pdim(M) and for eachj # q +1i— 1.

For the case of M = R/I this means that I is generated by homogeneous polynomials of degree q
and reg(R/I) = q — 1. It turns out that regularity and projective dimension of R/I for a squarefree
monomial ideal I are related via Alexander duality, and a key tool for us will be the following result
of Terai.

Theorem 6.3. [Ier97, Theorem 0.2] For I C R a squarefree monomial ideal, the projective dimension and
regularity satisfy
pdim(R/I) = reg(I\/).

In particular, this implies that R/I has a linear resolution if and only if R/IV is Cohen-Macaulay,
a fact first observed by Eagon and Reiner in [ER98]. We will also need the following recent result of
Conca and Varbaro.

Theorem 6.4 ([CV20]). Let I be a homogeneous ideal of a polynomial ring R such that in(1I) is a square-free
monomial ideal for some term order. Denote by hY (M) the dimension of the degree j component of its ith
local cohomology module H., (M) supported on the maximal ideal m. Then

h(R/1) = W (R/in(1)).
In particular, the depth, reqularity, and projective dimension of S/I and S/ in(1) coincide.

Recall that an R-module M is Cohen-Macaulay if depth(M) = dim(M), where dim(M) is the
Krull dimension of M. If B is a bipartite graph, it is known that the toric edge ring k[B] is Cohen-
Macaulay. This follows by combining the fact that toric rings of bipartite graphs are normal (by a
result of Villarreal [Vil95]]), along with a celebrated result of Hochster [Hoc72] that says all normal
semigroup rings are Cohen-Macaulay. We can easily recover this property by applying our results
from previous sections.

Proposition 6.5. For any connected bipartite graph B the toric edge ideal Jg is Cohen-Macaulay.

Proof. The root polytope Qg corresponds to a (sufficiently generic) hyperplane arrangement
H(A) where A is a tropical matrix satisfying B = Ba. By Corollary the bounded com-
plex B(A) supports a linear minimal free resolution of the Alexander dual of ina(Jg). It fol-
lows from Theorem that S/ina(Jg) is Cohen-Macaulay. Applying Theorem one has
depth(g /J) = depth(g /ina(Jg)), and the result follows. O
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We will see that our knowledge of a minimal resolution of the fine type ideal allows for a novel
way to compute regularity of toric edge rings of bipartite graphs. The main tool in our study is
the following result, which provides a tropical geometric interpretation for the regularity of a toric
edge ring.

Theorem 6.6. Suppose A is a sufficiently generic d x n tropical matrix. Let H = H(A) denote the
corresponding arrangement of n tropical hyperplanes in RY/R1 with bounded complex B(A). If B = Ba is
the bipartite graph corresponding to finite entries of A we have

reg(k[B]) = dim(B(A)).

Proof. By Lemma the toric edge ideal ] is exactly the lattice ideal of the root polytope Qg. By
Corollary the bounded complex B(A) supports a minimal free resolution of $/I, where I is
the Alexander dual of the ideal ina (Jp). Hence we have that pdim(S/1) = dim(B(A)) + 1. From
Theorem we also have reg(ina (Jg)) = pdim( S/1). Moreover, ina (Jg) is a squarefree initial ideal
of ], so the result follows from Theorem above and the fact that reg(k[B]) =reg(Jg) —1. O

While Theorem gives a precise formula for the regularity of |, a priori it depends on the
matrix A. Proposition 3.7| gives a sufficiently generic A such that the regularity can be charac-
terized in purely in terms of graph properties of B. In what follows recall that A(B) denotes
recession connectivity of a bipartite graph B, see Definition 3.5

Corollary 6.7. Let B be a finite simple connected bipartite graph, then reg(K[B]) = A(B) — 1.

As the regularity of k[B] is invariant under any choice of sufficiently generic A satisfying B = B,
we get that the dimension of the bounded complex is also invariant of B.

Corollary 6.8. Let A be a sufficiently generic tropical matrix with corresponding tropical hyperplane
arrangement H(A) and bipartite graph Ba. Then dim(B(A)) = A(Ba) — 1.

6.1. Warm-up: Complete bipartite graphs. We first study the case of toric edge ideals Jp in the
case that B = Ky, is a complete bipartite graph. These ideals are very well understood but we will
see that the tropical perspective lends further insight into their homological properties. We first
note that for B = K4, the corresponding arrangement consists of n tropical hyperplanes in R¢/R1,
each of which has full support. The algebraic properties of the corresponding type and cotype
ideals were studied in [D]S12]].

Proposition 6.9. Suppose A is a sufficiently generic tropical matrix with only finite entries, and let
H = H(A) denote the corresponding arrangement of n tropical hyperplanes in RY/R1. Then the fine cotype
ideal 13 4, satisfies

reg(lx;) = (d—=T)(n—1),

pdim(Ig,,) = min{d,n} — 1. ®)

Proof. Recall from Proposition 4.5/ that a minimal resolution of the fine type cotype ideal Iz, is
supported on the bounded tropical complex B(A). From Proposition 3.7/ and Lemma [3.8 we see
that dim(Ba) = min{d,n} — 1 and hence the formula for projective dimension follows.

For the regularity claim, note that since A is sufficiently generic we have from Corollary
that the fine cotype ideal I5 ;) has a linear resolution. Hence the regularity of I, is equal to the
(common) degree of its generators. Note that if v is the apex of any hyperplane of 7 (A) then it
is not contained in d — 1 regions of the remaining n — 1 tropical hyperplanes. But v corresponds
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to a 0-cell of the bounded complex, and hence a generator of L3 of degree (n —1)(d — 1), as
desired. 0

Applying Proposition[6.9 and Theorem[6.6] we recover a result from the literature regarding the
toric edge rings of complete bipartite graphs (see for instance [HBO19, Lemma 3.10]).

Corollary 6.10. For B = Kq ., a complete bipartite graph, the toric edge ring K[B] satisfies
reg(k[B]) = min{d,n} —1,
pdim(k[B]) = (d—1)(n—1).

Note that in this case we have reg(k[B]) = mat(B) — 1, where B is the matching number of B. We
discuss this connection in futher detail below.

6.2. Regularity bounds for general bipartite graphs. We next consider toric edge ideals of ar-
bitrary connected bipartite graphs. Most of our results will be applications of Proposition
where the regularity of a toric edge ring is described in terms of the dimension of a certain tropical
complex. Our first observation is subgraph monotonicity in the regularity of toric edge rings of
bipartite graphs.

Theorem 6.11. Suppose B C Kqn, is a connected bipartite graph and let B' C B be a connected subgraph.
Then we have

reg(k[B']) < reg(k[B]).
Proof. This follows directly from Lemma[3.9/and Corollary O

In [HBO19|] the authors consider a similar question in the context of arbitrary (not necessarily
bipartite) graphs. They prove in [HBO19, Theorem 3.7] that if G is any graph with induced subgraph
G’ then we have reg(k[G’]) < reg(k[G]). We note that the induced property is necessary here: for
instance if G’ is the graph on 7 vertices consisting of a pair of triangles connected by a path of
length 2 (for a total of 8 edges) then we have reg(k[G']) = 3, whereas reg(k[G]) = 2 for any graph
on 7 vertices with 19 edges. We thank Tina O’Keefe for providing us with this example. In this
example we see that K[G'] is not normal. Recall that the toric edge ring of any bipartite graph is
normal, and hence a natural question that arises in the following.

Question 6.12. Suppose G is a connected graph with connected subgraph G’ such that both K[G] and k[G']
are normal. Is it true that reg(k[G']) < reg(k[G])?

After posting a version of this paper to the arXiv, Akiyoshi Tsuchiya provided a positive answer
to our question. Here we include a proof based on his ideas.

Proof. As k[G] is normal, it follows that the Hilbert function of k[G] is equal to the Ehrhart function
of the edge polytope Pg, see [HHO18, Lemma 4.22(b)]. Explicitly, the Hilbert series of k[G] is given
by
hi +hit+ - +hitd

H(k[G], 1) = 2— d

where dim(Pg) = d — 1 and (h§,hj,...,h}) € Zdzgl is the h*-vector of Pg. Let (hg’,hf{/, . ..,hfi/)
be the h*-vector of Pg-, note that Pg is a subpolytope of Pg. Therefore by Stanley’s monotonicity
theorem [Sta93], we have hf/ < hf forall 0 < i < d. Since K[G] is normal, we have from
[BV15, Lemma 2.5] that reg(K[G]) = max{s | h} # 0} . The result follows. O
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We next use tropical methods to establish new regularity bounds on toric edge rings.

Theorem 6.13. Suppose B is a bipartite graph with bipartition V. = {v1,...,vn} U {wi,...,wq} for
n,d > 2. Let v = [{v; : deg(vi) = 1}{ and s = [{wj : deg(wj;) = 1}|. Then

reg(k[B]) < min{n —r,d —s}—1.

Proof. Let A be a sufficiently generic tropical matrix satisfying B = Ba. Let H(A) denote the
corresponding arrangement of tropical hyperplanes with bounded complex B(A). By Theorem
it suffices to show that dim(5(A)) < min{n —r,d — s} — 1. By Proposition the bounded
complex is a subcomplex of both H(A) and H(AT), where B := B, is just B where the vertices
have swapped sides. The degree 1 vertices of B and B' correspond to hyperplanes comprised of a
single unbounded sector and hence cannot contribute to the dimension of the bounded complex.
Hence the dimension of the bounded complex is at most min{n —r,d — s} — 1. O

We note that Theorem [6.13] was established for the case of chordal bipartite graphs by Biermann,
O’Keefe, and Van Tuyl in [BOVT17]. An alternative proof can be given via recession graphs: we
observe that if R(S; B) is strongly connected then the subgraph S C B must contain all leaves of B.
Moreover, these leaves cannot form their own connected component, and hence removing them
does not decrease recession connectivity. Note that we can repeatedly apply this result to remove
certain trees from the graph without decreasing the recession connectivity.

Next we use our tropical tools to recover a regularity result of Herzog and Hibi [HH20]. Recall
that mat(B) denotes the matching number of a graph B.

Corollary 6.14. [HH20, Theorem 1] If B is a connected bipartite graph then
reg(k[B]) < mat(B) — 1.
Proof. This follows from Proposition[3.7, Theorem 6.6, and Remark [3.6] O

We next observe that our bound k[B] = A(B) — 1 can be arbitrarily stronger than the matching
number bound. For this consider the following families of examples.

Example 6.15. Let B be the path on 2n vertices. As B contains no cycles, the edge ring k([B] is just
a polynomial ring and has regularity zero. This can be seen from the recession connectivity, as
R(S; B) is strongly connected if and only if S = B, and so trivially we have A(B) = 1. However, B
has a maximal matching of size n, and hence the bound in Corollary [6.7is as bad as possible.

Example 6.16. Let B be the 4-cycles Cy, ..., Cx with an edge between C; and Ci ; foreach1 <1 <k,
as shown in Figure[10} Taking two disjoint edges in each C; gives a maximal matching of size 2k,
however the recession connectivity of B is k + 1. This is as any subgraph S such that R(S; B) is
strongly connected must contain all edges between cycles; Figure 10| gives an example of such a
subgraph.

We note that adding a single edge to a graph can have a huge impact on the regularity of the
edge ring. Consider the bipartite graph B’ obtained by adding a single edge to B between the cycles
C;y and Cy, as depicted in Figure (10| B’ has the same matching number as B, but setting S to be a
maximal matching now ensures R(S; B’) is strongly connected, and the bound in Corollary [6.7]is
an equality in this example. To see this note that S no longer needs to contain the edges between
cycles, as one can now walk directly from Cy to Cy without having to backtrack through earlier
cycles.
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Cq Cs Ck Ch Cy Ch

FIGURE 10. The bipartite graphs B and B’ discussed in Example Both graphs
have matching number 2k, but very different recession connectivity: A(B) =k + 1
while A(B’) = 2k. Examples of subgraphs that realize the recession connectivity are
highlighted in bold.

6.3. Linear resolutions. We next use our tools to investigate toric edge rings of bipartite graphs
that have linear resolutions (see Definition [6.2). In [OH99b} Theorem 4.6] Ohsugi and Hibi prove
that a toric edge ring K[G] has a 2-linear resolution if and only if G = K3 ;,, in which case K[G] is
isomorphic to the polynomial ring over a Segre product of kK[x1, x2] and K[x1, ..., xn]. In [HMT19]
Hibi, Matsuda, and Tsuchiya prove that if k[G] is the edge ring of a finite connected simple graph
with a 3-linear resolution then K[G] is a hypersurface. Moreover they conjecture that the same is
true for any K[G] with a g-linear resolution. In [Tsu21] Tsuchiya establishes this conjecture for the
case of finite connected bipartite graphs, using combinatorial and algebraic methods. Very recently
Mori, Ohsugi, and Tsuchiya [MOT22] have established the conjecture in full generality.

Example 6.17. Examples of toric edge rings with g-linear resolutions are given by the case of B =
Caq, cycles of length 2q. In this case the toric edge ideal has a single generator (of degree q) given by
the binomial corresponding to the cycle itself. The corresponding tropical hyperplane arrangement
consists of q tropical hyperplanes, each of which has only two finite coordinates (an example of a
graphical tropical hyperlane arrangement from Section[4.5). In this case the bounded complex B(A) is
a simplex of dimension q — 1, and hence by Theoremwe have reg(R/Jc,,) =q —1.

We are able to use our machinery to provide an alternative proof of these results using the
geometry of tropical complexes. Our first observation relates the g-linear resolution property of
toric edge rings to the geometry of tropical complexes.

Lemma 6.18. Let B be a connected finite simple bipartite graph with no cycles of length < 2q, and at least
two cycles of length 2q where q > 3. Then reg(K[B]) > q.

Proof. Let C, C’ be the two 2g-cycles, the proof will be split into cases depending on the structure of
C, C’. In each case, we shall consider a minimal connected subgraph B’ C B such that CU C’ C B.
We then build a subgraph A C B’ with at least q + 1 connected components such that R(A;B’)
is strongly connected, showing that A(B’) > q + 1 for ¢ > 3. As A(B) > A(B’) by Lemma
combining with Corollary [6.7)gives the desired result that reg(k[B]) > q.
We first distinguish the cases of interest. Let V= V(C) N V(C’) be the set of shared vertices and
E=E(C ) N E(C’) the set of shared edges. We claim we have one of the following three cases:
(M) VI<1,E=0,
(2) V ={v,v}, E = () where v,V are distance q apart,
(3) Eis a path of length VI—1<q.
The proof of this claim comes from the following case analysis. If VI <1, clearly there are no
shared edges.
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Suppose that |\7| > 1, and that there exist v,v’ € V that are not connected by edges in E. LetP
and P’ be the shortest paths between v and v’ in C and C’ respectively; the union P U P’ contains
at most 2q edges and must contain a cycle as P # P’. As B contains no cycles less than length 2q,
this can only happen if P, P’ are disjoint and exactly length . Furthermore, V = {v,v'} as all other
vertices of C U C’ are less than distance q from either v or v’.

Suppose all vertices V are connected by edges E. AsEis given by the intersection of cycles, it
must be a path. Furthermore, if it is of length > q, the edges CU C’ \ E form a cycle of length < 2q,
a contradiction.

We now complete the proof by constructing A C B’ C B such that R(A; B’) is strongly connected
and c(A) > q + 1 for each of the cases. An example for the construction in each case is given in
Figure[11]

Case 1: Let B’ C B be the union of C, C’ along with a minimal path between them - such a path
exists as B is connected. We let A be the subgraph of B’ whose edges form a matching in each
cycle, along with all edges in the minimal path between the cycles. The recession graph R(A;B’) is
strongly connected: adding a matching from a cycle to A allows one to move between any vertices
in the cycle, and adding the minimal path allows one to move between cycles. Furthermore, A is a
forest with precisely 2q — 1 connected components: q disconnected edges in each cycle, minus one
as the path between cycles connects an edge from each cycle. As aresult, A(B’) >2q—1>q+1
when q > 2.

Case 2: Let B’ C B be the union C U C’ and let A consist of a matching from each cycle. As
each cycle is covered by a maximal matching, the recession graph R(A;B’) is strongly connected.
Furthermore, A consists of 2q — 2 connected components, coming from the 2q edges that are
disconnected everywhere, except at v,v' where the two matchings share a vertex. As a result,
A(B') >2q—2>q+ 1whenq > 3.

Case 3: Let B’ C B be the union CUC’. Let A be the union of maximal matchings in C, C’ that agree
on E, and the matching on E is also maximal. As each cycle is covered by a maximal matching, the
recession graph R(A; B’) is strongly connected. The number of edges of A is

u-[9].

The only vertices where multiple edges may meet are the endpoints of E. If [E| is odd, the maximal
matching on E covers its endpoints, and so all edges of A are disconnected. If |E| is even, one
endpoint of E is not covered by the maximal matching. Hence there are two edges meeting this
endpoint, giving one connected component with two edges. This means the number of connected
components of A is
2-[5]  Eodd
c(A) = = ~

2q — {%W —1 Eeven

For IEI < g and q > 3, this is greater than or equal to q + 1. This can be checked for small values of
q, after which the 2q term becomes dominant. O

Theorem 6.19. Suppose B C Kq, is a finite connected bipartite graph. Then we have
o K[B] has a 2-linear resolution if and only if B is obtained by appending (possibly no) trees to the
vertices of Ky .
e If q > 3 and K([B] has a q-linear resolution then K[B] is a hypersurface.
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FIGURE 11. The graph B’ depicted each of the three cases. The collection of bold
edges give the bidirected subgraph A.

Proof. For the first part assume that B is a bipartite graph as described. Note that from Proposition
we have k[B] = Kk[K; ], so we can in fact assume that B = K;,,. Now, to obtain a tropical
hyperplane arrangement #(A) satisfying B = Ba we can take a collection of d 0-dimensional
hyperplanes (points) on the real line R?/R1 = R. Then the bounded complex B(A) has dimension 1,
which implies k[B] has a 2-linear resolution.

Next suppose that B C Kq,,, is a connected bipartite graph such that k[B] has a 2-linear resolution.
Let B’ denote the graph obtained from B by removing all cut edges (or, equivalently, all edges not
contained in any cycle). Because k[B] = k[B'], it suffices to show that B’ = K ,. Since Jg must be
generated by quadratics, we know that B’ is chordal bipartite with a nonempty edge set. Notice
that B’ must also be connected, since otherwise the resolution of k[B'] would be the tensor product
of the resolutions of k[B1] and k[B;] and therefore could not be linear.

Assume, seeking contradiction, that B’ has at least 3 vertices in each vertex class. Since B’ is
a nonempty chordal bipartite graph with no cut edges, it must contain a 4-cycle C. Since B is
connected, let e be an edge incident to C. Then e itself is contained in another 4-cycle C’ (since again
B is chordal bipartite and B’ has no cut edges). This leaves us with three cases, since C and C’ can
intersect in no edges, a single edge, or two edges. If C and C’ intersect in a single edge, then there is
a 6 cycle on 6 vertices contained in B/, so A(B’) is at least 3 (by monotonicity of regularity, Theorem
and therefore reg(k[B']) is at least 2 by Corollary [6.7] giving a contradiction. Similarly, if C
and C’ share no edges, then there is an 8 cycle in B’ on 7 vertices and a similar argument shows
that A(B') is at least 3 and the regularity is too high. The only case remaining is if for any edge e
incident to C, the only cycles C’ containing e share two edges with C. In this case B’ is exactly K, »,
proving the claim.

For the second part we assume q > 3 and that B C Kg4, is a connected bipartite graph such k[B]
has a g-linear resolution. To prove the claim, it suffices to show that if B has no even cycles of
length < 2q and has at least two even cycles of length 2q then reg(k[B]) > q. This follows from
Lemmal6.18 O

Recall that J has a g-linear resolution if and only if a square-free initial ideal in(Jg) has this
property, which is the case exactly when the (in(Jg))" (in this case corresponding to the underlying
fine cotype ideal) is Cohen-Macaulay. Hence we have a characterization of which tropical hyper-
plane arrangements give rise to Cohen-Macaulay cotype ideals. Note that since type ideals have
linear resolutions (see Corollary this implies that such ideals are in fact bi-Cohen-Macaulay.
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7. FURTHER COMMENTS AND QUESTIONS

In this section we address some open questions and directions for future research. As we have
seen, the connection between subdivisions of root polytopes (and the associated theory of tropical
hyperplane arrangements and generalized permutohedra) and the study of toric edge ideals have
lead to new insights in both contexts. We expect that further applications of these ideas can be
pursued, and in this section we collect some potential directions.

7.1. Generalized permutohedra. Recall from Definition[2.19 that a bipartite graph B gives rise to
a generalized permutohedron P obtained as a sum of simplices. In Corollary [4.6|we proved that
any regular fine mixed subdivision of Pg supports a minimal cellular resolution of the monomial
ideal generated by the lattice points of Pg. However, not all generalized permutohedra arise as
sums of simplices; instead, it is known that any generalized permutohedron can be realized as
a Minkowski sum and difference of simplices (see for instance [ABD10]]). It is natural to wonder
whether one can extend the algebraic theory we developed here and describe minimal resolutions
of the monomial ideal generated by lattice points of generalized permutohedra. A first step in this
direction would be to understand our constructions for the case of Minkowski differences. This
involves developing a good notion of mixed subdivision in this setting, which is not something we
have seen in the literature.

One particularly well-studied class of generalized permutohedra is the class of matroid or matroid
basis polytopes, which are generalized permutohedra whose vertices are {0, 1}-vectors. The complex
M supports a (non-minimal) cellular resolution of a monomial ideal Iy known as a matroidal ideal.
Furthermore, one can check that the Betti numbers of the ideal Inq are Mobius invariants of certain
deletions of M [Alex Fink, private communication]. A natural question that arises is the following.

Question 7.1. For a matroid M can one describe a minimal cellular resolution of the matroidal ideal Iny?
What about for certain classes of matroids?

One of the simplest examples of a Minkowski difference is the case of a trimmed permutohedron,
Pg =Pg — A[d])

where Pg = ) | Ay, is the generalized permutohedron associated to some bipartite graph B C
Kgn and where for all k we have A;, C R™. One can check [Pos09, Theorem 12.9] that for any
triangulation {Ay,, ..., At} of the root polytope Qg, the set of shifted left degree vectors {LD(T;) —
1,...,LD(Ts) — 1} is exactly the set of lattice points of Pj.

Question 7.2. Does a (subdivision of a) trimmed permutohedron Py support a resolution of any naturally
occurring ideal?

7.2. h-vectors. Stanley famously conjectured that the h-vector of a graded Cohen-Macaulay inte-
gral domain is log-concave in [Sta89]. It is known that Stanley’s conjecture is not true in general,
but it is still open for special cases. For instance, Conca and Herzog conjectured that the h-vector
of a ladder determinantal ring is always log concave and Rubey proved this in the special case
of 2 x 2 ladders [Rub05]. As far as the authors are aware, the question is still open for the case of
larger minors and for toric edge ideals of bipartite graphs.
In our situation, we know that the following polynomials coincide:
o the h-polynomial of the toric edge ideal Jp of a bipartite graph B.
o the h-polynomial of any initial ideal ina Jg with respect to any weight matrix A (such as a
tropical matrix).
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o the h-polynomial of the Stanley-Reisner complex of any in Jg, which is a shellable unimod-
ular triangulation of the root polytope Qs.

e the Ehrhart polynoimal of the root polytope Qs.

o the interior polynomial of either hypergraph of Qg (see [KP17]).

Our hope is that our methods can provide some headway in proving Stanley’s conjecture in the
case of ladder determinantal ideals, or perhaps even for toric edge ideals of all bipartite graphs.

7.3. Polarizations. An arrangement H = 7(A) of n tropical hyperplanes in RY/R1 gives rise
to both a fine type ideal I7(5) C S = Kk[x11,...,xan] as well as a coarse type ideal Iy C S =
K[x1,...,xgl. There is a natural map I3 — Iy given by ‘forgetting the label” on each hyperplane.
This map is a flat deformation and is an example of polarization of monomial ideals. For example,
in the case of hyperplanes with full support, we obtain a family of polarizations of the ideal
(X1y...,xn)4, studied for instance in [AFL22].

On the other hand, an axiomatic approach to triangulations of products of simplices (and more
generally of root polytopes) was initiated by Galashin, Nenashev, and Postnikov in [GNP24]. Here
the notion of a trianguloid is defined as an edge colored graph satisfying simple local axioms, and
in [GNP24] it is shown that trianguloids are in bijection with triangulations of root polytopes. One
can check that requiring a subset of these axioms gives rise to a polarization of the underyling ideal.
The connection between trianguloids and polarizations first appeared in the first author’s thesis
[AIm21]] and is further explored by the authors in a follow up paper [ADS24b].

7.4. Graphic tropical hyperplane arrangements and G-parking function ideals. In Subsection
we saw a connection between graphic tropical hyperplane arrangements and classical hyper-
plane arrangements. In particular, the tropical complex associated to such an arrangement can be
recovered as the subdivision of R4~ obtained from a perturbation of the underlying graphic ar-
rangement. As discussed in Section 4.5, the fine type ideals of these arrangements can be recovered
as the oriented matroid ideals of [NPS02].

In [DS14] it is shown that an affine slice of a graphic hyperplane arrangement associated to G
defines a cellular resolution of the underlying G-parking function ideal M. Here Mg is a monomial
ideal depending on a graph G and a choice of root vertex v € G, and whose standard monomial
ideals corresponding to G-parking functions. These ideals were introduced in [PS04] and have
connections to power ideals and chip-firing on graphs.

One can see that Mg can be obtained as a certain coarse type ideal associated to a graphic tropical
hyperplane. An application of tropical convexity recovers the main result of [DS14], and also places
the theory in a broader context where, for instance, a choice of root vertex is not necessary. In
particular, the tropical theory allows one to define parking functions for arbitrary root polytopes.
We explore these ideas in [ADS24al.
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