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1 | INTRODUCTION
Routing problems have attracted the attention of many researchers and practitioners during the last 60 years because
of their big economic impact and themathematical challenges involved in their study and solution. Routing problems
can be classified into Node Routing Problems, in which customers can be represented by nodes in a network, and Arc
Routing Problems (ARPs), in which the service is performed on the arcs or edges of a network.

Although the research on routing problems has traditionally been focusedmore onNode Routing Problems, the
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literature on Arc Routing Problems is growing every day, and the number and efficiency of algorithms designed for these
problems have increased considerably in recent years. Moreover, changes in the business of transportation logistics and
technological innovations require new problems to be defined and studied, as well as incorporating new features to
already existing problems.

Some examples of technological advances that are relevant include new types of vehicles, radio frequency identi-
fication (RFID) technology, or availability of real-time data, such as geolocalization, traffic flows and communication
between customers and drivers. Much early research concentrated on single objective problemswhere the objective
was tominimize costs. There have already been developments to examine other objectives, such as themaximization of
profit or to minimize emissions giving rise to greenhouse gas effects. Some approaches attempt to deal with two or
more objectives using amulti-objective approach.

This paper aims to give an updated vision of the current state of the art of arc routing problems and tries to foresee
what will be themost relevant topics and research lines in this area in the next years.

Over 230 references are cited to enable those interested to follow up particular lines of research and details of
existing methods. Of these references, over 23 of them are to articles published in Networks, illustrating the important
role that this journal has played in the development of research into ARPs.

The contents of this paper are structured as follows. Section 2 gives a general view of the history of arc routing
problems. The areas that we think will bemore relevant in the near future are presented in Section 3, while Section 4
deals with several features that are important from the theoretical and practical point of view and can appear in many
ARPs. Section 5 describes themost important applications of ARPs nowadays, aswell as potential new applications, such
as 3D printers, that will need to be studied from an arc routing perspective and tackled using arc routing techniques.
Section 6 describes some of themain libraries and instance repositories related to ARPs. Finally some conclusions and
perspectives are briefly presented in Section 7.

2 | HISTORY AND CURRENT STATE OF KNOWLEDGE
The origins of arc routing can be traced back to the 18th century when the Swiss mathematician Leonhard Euler studied
the Königsberg bridges problem. This was based on the layout of seven bridges over branches of the river Pregel, as
it flowed through Könisberg (now known as Kaliningrad in Russia) connecting Kneiphof Island and different areas of
land. The problem concerned whether it was possible for anybody to find a closed walk that traversed each of the seven
bridges, without traversing any bridge more than once. Euler developed a graph representation of the problem and
was able to show that it was impossible to find such a path and generalized his result for other graphs. A history of the
bridges of Könisberg can be found in Gribkovskaia et al. [108], while an account of Euler’s achievements is provided in
Assad [21].

Euler showed that for a closed walk in an undirected connected graph to exist, all vertices must be of even degree.
In this case, the graph is now called Eulerian.

However Euler was not concernedwith the distance traveled in any path. It was not until the 1960s that a Chinese
mathematician, Meigu Guan (Mei-Ko Kwan) introducedwhat has now become known as the Chinese Postman Problem
(CPP). Guan [109] studied the plan for a mailman’s route. The mailman has a set of street segments assigned to him
and the problem is to find the shortest walking distance for the mailman from the post office, to visit each assigned
street segment and return to the post office. The CPP can be expressed as the problem of finding a subset of edges
withminimum total distance on an undirected connected graphwhich when added to the original graph produces an
Eulerian graph.
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F IGURA 1 Euler and amap of the city of Königsberg

The paper by Edmonds and Johnson [81] provided a polynomial algorithmwhich solves the CPP to optimality. It is
based on a procedure for optimally matching the odd vertices of a graph that was developed in Edmonds [80].

If the underlying graph is directed, then Edmonds and Johnson [81] also showed that an optimal solution can be
found efficiently by using the transportation algorithm to decidewhich arcsmust be added to obtain a closedwalk (tour)
of minimum distance that covers each arc in the graph. This was also proposed at about the same time byOrloff [177]
and Beltrami and Bodin [28].

Although the undirected and the directed CPP can be solved to optimality in polynomial time, many variations of
arc routing problems are NP-Hard so that the size of problem that can be solved to optimality is limited. For example,
themixed CPP, where the underlying graph contains both undirected edges and directed arcs, is NP-hard, as shown
by Papadimitriou [183]. Norbert and Picard [173] present an optimal algorithm for the mixed CPPwhich includes a
polynomial-time procedure to identify a violated balanced-set inequality in amixed graph if one exists.

Another important variation is the Rural Postman Problem (RPP), where some arcs or edgesmay require service,
but others do not, though they are available for traversal in the solution. The objective of the RPP is to find aminimum
cost tour that includes all the required arcs and edges. The RPPwas introduced byOrloff [177] andwas shown to be
NP-hard by Lenstra and Rinnooy Kan [138].

In 1981, the Capacitated Arc Routing Problem (CARP) was introduced by Golden andWong [104] where each
required edge or arc in a RPP is associated with a demand. In the CARP, a set of routes is to be found for a set of vehicles
with limited capacities based at a depot, such that the total demand serviced on each route does not exceed the vehicle
capacity and the total cost is minimized. Many exact and heuristic algorithms have been proposed for the CARP since its
introduction. Among them, the recent work by Pecin and Uchoa [184] analyzes the best existing exact algorithms for
the CARP and proposes a new branch-and-cut-and-price algorithm that solves almost all instances from the classical
benchmark CARP sets.

Since the 1980s, more arc routing problems have been studied, where the extensions have been designed tomodel
practical applications more closely or to try to optimize other objectives. In general, these all represent challenging
optimization problemswhere finding good solutions to problems of the size found in practice is not easy. Some of these
extensions will be discussed in the following sections, but introductions into the current state of knowledge can be
found in Corberán and Prins [63], Corberán and Laporte [58], andMourão and Pinto [167].

Examples of these extensions are: the windy RRP, where the cost of traversing an edge depends on the direction of
travel (Minieka [162]), the addition of timewindows or time deadlines for the completion of service of sets of required
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arcs or edges (e.g. Bodin and Kursh [36]), an objective relating tomaximizing profit (e.g. Malandraki andDaskin [153])
andmany others.

As different algorithms and approaches have been suggested for arc routing problems, one general issue has been
whether it is better tomodel the problem as an arc routing problem and to take advantage of the structure of the graph
representing a road network where the degree of each vertex representing a junction is usually a small number, or
whether it is better to convert the original arc routing problem to a node routing problemwith the addition of extra
nodes and/or constraints, and then use a suitable node routing algorithm that has already been developed. The first
approach is used to exploit sparcity by Letchford andOukil [140]. An example of the second approach is given by Longo
et al. [145].

3 | CURRENT STATE OF KNOWLEDGE AND FUTURE DEVELOPMENTS IN RE-
LEVANT PROBLEMS

In this section, we summarize the state of the art of arc routing problems that we consider that will be relevant in the
near future, namely Periodic ARPs, ARPs with Profits, Close-Enough ARPs, Location ARPs, and ARPswith Drones. Their
importance can be due to their intrinsical difficulty that requires sophisticatedmathematical methods to deal with them
and their extensions, or to their applications in fields that we think will be the focus of great attention in the future.

3.1 | Periodic Arc Routing Problems
Some real applicationsmay require the repetition of a service in some periods of time (e.g. days) on a time horizon (e.g.
weeks ormonths). If the problem to solve at each period is modeled as an RPP or a CARP, for example, an instance of
that problem has to be solved at each period. Since often not all the customers require service every day, the instances
corresponding to different periods are different. Periodic ARPs (PARPs) arise when the requirement of service for some
customers is not associated with some fixed periods but is defined as a given periodicity, or a given number of periods
over the time horizon. The aim is to design a set of routes for each period satisfying the service requirements during the
time horizon, while minimizing the total cost.

As far as we know, the most general way to define periodicity is the one proposed in Monroy et al. [163] and
Benavent et al. [30] for the Periodic CARP (PCARP) and Periodic RPP (PRPP), respectively, with irregular services. In
the Periodic RPPwith irregular services (PRPP-IS), for example, each customer (link) is associated with a partition of the
set of periods. This partition is formed by a family of subsets of periods and each one of these subsets has associated a
frequency (maybe zero) that indicates the number of times the linkmust be serviced during the days of the subset. For
example, for a time horizon defined by the seven days of aweek, a customer could have the partition defined by the three
subsets {Monday, Tuesday,Wednesday, Thursday}, {Friday, Saturday}, and {Sunday}, with corresponding frequencies 2,1
and 0. This means that the customermust be serviced twice betweenMonday and Thursday, once either on Friday or
Saturday, and never on Sunday.

Note that most of the ARPs described in later sections, such as ARPswith Profits, Close Enough ARPs, ARPs with
drones, Time-Dependent or Hierarchical ARPs, may have to be solvedwith a certain periodicity.

At first sight, PARPs may be considered as the repetition of a given ARP in each period of the time horizon.
Nevertheless, decomposing the problem into an ARP per period and then solving each one of these problems separately
does not yield the ‘global’ optimal solution. Since the PARP consists of finding this ‘global’ optimal solution over the time
horizon, it is significantly more difficult than the corresponding ARP and, hence, it is typically NP-hard.
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PARPs appear naturally to deal with repetitive actions such as urban garbage collection, snow plowing, etc. In
fact, some authors (Kiilerich andWøhlk [130]) claim that periodicity fits reality better. In urban garbage collection, it
is necessary to collect the garbage periodically and streets with different rates of garbage accumulationmay need to
be servicedwith different frequencies. In the inspection of power lines, water and gas underground pipelines or road
networks, the frequencies of service in the required links may be regularly planned. In the inspection of road networks,
periodicity may also appear because the traffic conditions change during theweek considerably. In other applications
such as collecting or delivering cash, personal protection, patrolling areas, etc., periodicity may be implied for security
reasons.

In what follows, we present some variants and extensions of the PARP. Regarding the number of vehicles, we can
consider PARPs with only one vehicle per period or with several vehicles. Each vehicle may have a limited capacity and a
maximum travel distance (or time). The vehicle fleet can be homogeneous or heterogeneous and timewindowsmay
arise, for example, when it is not recommended to perform a service such as waste collection at rush hour (see Thomaz
et al. [220]).

Biobjective PARPs, minimizing the total routing cost and the number of vehicles, are studied in Mei et al. [159]
and Zhang et al. [234]), while Fröhlich andDörner [96] considers costs and security as the two objectives to optimize.
The security of a solution is associated with route inconsistency, whichmeasures how often links are used within given
periods andwhether the sequences in which the services take place have similar subsequences.

Riquelme-Rodriguez et al. [198, 197] describe the PARPwith inventory constraints. Arcs in the network represent
customers consuming a commodity (water in this case) over time. When the vehicle arrives, it services the arc by
replenishing the commodity up to an inventory level. Huang and Lin [123] generalize this problemwith the inclusion of
some refill nodes in the network where vehicles make a pit stop to recover their capacity.

Monroy et al. [163] study the PCARPwith irregular services (PCARP-IS), where roads are serviced a given number
of times in subperiods along the time horizon and according to a hierarchy of link classes. The authors claim that this
model is a better fit to applications such as roadmaintenance and street security surveillance.

As already mentioned, the Periodic ARP is much more difficult than the ARP associated with each time period.
Still, several exact procedures based onmathematical formulations have been proposed. Benavent et al. [30] present
amathematical model and a branch-and-cut algorithm for the PRPP-IS. Othermathematical formulations and exact
procedures are proposed inMonroy et al. [163], for the PCARP-IS, Riquelme-Rodriguez et al. [198] for the PCARPwith
Inventory Constraints, Laganà et al. [135] for the PeriodicMulti-Vehicle ARP, and Thomaz et al. [220] for the PARPwith
TimeWindows.

More useful in real applications, as they can address larger instances, are the heuristic algorithms. Mei et al. [159]
and Zhang et al. [234] propose two memetic algorithms for the PCARP, Monroy et al. [163] present a cluster-first
route-second heuristic for the PCARP-IS and in [197] an adaptive large neighborhood search is proposed for the PCARP
with Inventory Constraints. As in other applications, transformations of the studied ARP into a Node Routing Problem
have also been proposed in Huang and Lin [123] and Fröhlich andDörner [96].

In the near future there will surely be advances in the solution of classic ARPs such as the RPP, the General Routing
Problem (GRP), and the CARP. These methods may be applied to their corresponding periodic versions, either to
optimally solve larger instances or, at least, to obtain good lower bounds that can be used to test the quality of the
solutions provided by heuristic algorithms. Many periodic versions of well-knownARPswill surely be studied in the
near future and applied to real-life applications that cannot be addressed nowadays due to their complexity and the
lack of methods that guarantee a solution of good enough quality. The difficulty of these problemswill make the use of
tailored heuristic algorithms necessary.
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3.2 | Arc Routing Problemswith Profits
In some applications the number of links to service is so large that it is not possible to service them all in a day because
vehicles or time, for example, are not sufficient. Therefore, the goal is not to traverse all the required links (those
requiring a service) but only themost “valuable” of them. If a link is serviced, the company obtains a profit, and themore
links are serviced, the greater is the profit obtained. Frequently, the company has a set of links that must be serviced
and there is a large set of potential customers that may be chosen for service only if it is worthwhile. A penalty cost may
also be consideredwhen a customer is not serviced (see Archetti et al. [19]).

To illustrate the increasing applicability of the ARPs with profits, we comment on two real-life applications related
to leisure and tourism. The first one (Souffriau et al. [214]) deals with the design of cycling tours formed by selecting
some arcs representing sections of routes. Each arc has an associated score (profit) and the problem is to maximize the
total collected score within the defined characteristics of the tour. The second application (Gavalas et al. [99]) describes
the route planning for tourists who are visiting a destination with several points (nodes) and panoramic views (street
segments) of interest. The objective is to design walks that maximize the score collected with a duration below a certain
threshold and so that the nodes and edges are visited within its timewindow.

In ARPswith Profits three nonnegative valuesmay be associatedwith the traversal of each link: a traveling cost,
a demand, and a traveling time. In addition, a deadheading cost and deadheading time may be associated with the
traversal of a link without servicing it. There is a set of (profitable) links that may be serviced or not, and a non-negative
profit associatedwith the service of any profitable link. Moreover, theremay be a set of links that must be serviced. A
single vehicle or fleet vehicles are available at the depot and each vehicle has a given capacity and a limit on the traveling
time of its route. In street cleaning, snow plowing, snow salting, or security patrolling, for example, the service of a link
can be done several times andwith different costs and profits. These are problemswithMultiple Services (Euchi and
Chabchoub [86], Corberán et al. [61], Shafahi and Haghani [208]) where the aim is to decide howmany times each link is
serviced tomaximize the benefit.

Beyond the type of underlying graph (undirected, directed, mixed or windy), if the problem is a single or a multivehi-
cle problem, etc., the classification of ARPswith profits depends on the objective function pursued (see Archetti and
Speranza [20] andMourão and Pinto [167]):

• Profitable ARPs (P-ARPs), in which the objective is to maximize the net profit, given as the difference between the
collected profit and the traversal cost,

• Orienteering ARPs (OARPs), where the objective is tomaximize the total collected profit within a limited traveling
time for the vehicles, and

• MinimumBound Collected Profit ARPs (MBARPs), in which the objective is to minimize the total travel cost while
collecting aminimum profit threshold. These problems are also known as Prize-Collecting ARPs.

Among the variants and extensions of ARPswith profits we canmention theWindy Clustered P-ARP (Corberán
et al. [57]), in which the required links are divided into clusters and, if a required link is serviced, all the links in the
same cluster must also be serviced. Arbib et al. [12] are the first exploring the integration of facility location issues in a
P-ARP. The authors consider that the selection of a profitable link implies the selection of the two facilities located at
the end-points of the link, with a fixed installation cost. Fernández et al. [88] introduce the Collaboration Uncapacitated
ARP, where there is a set of carriers and a set of link tasks, each assigned to a carrier, which can be performed by a
collaboration of carriers tomaximize the total profit.

ARPs with profits are not necessarily harder than their associated ARPs with a fixed set of customers, and several
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exact procedures based onmathematical formulations have been proposed for their solution.
For single-vehicle problems, Benavent et al. [29] propose flow-based models evaluated by CPLEX for several

ARPswith profits onmixed graphs: OARP, P-ARP andMBPARP, solving to optimality instances with up to 426 nodes
and 1012 links, in short computational times. Archetti et al. [16] use large families of facet-inducing inequalities in
a branch-and-cut algorithmwith the help of a heuristic for theOARP, andmany instances with 100-2000 nodes and
7,000-14,000 arcs were solvedwithin a fewminutes. Colombi andMansini [55] propose inequalities that are added to
an existingmodel of Archetti et al. [19] for the P-ARP, while Ávila et al. [22] have developed a branch and cut for the
Windy P-ARP that optimally solves instances with up to 1,500 nodes. For the P-ARPwithMultiple Services, Corberán et
al. [61] propose a formulation and a branch-and-cut algorithm that solves instances with up to 1,000 nodes and 3,000
edges. Arbib et al. [12] present an ILPmodel for the Profitable Location ARP and a branch-and-cut procedure to solve
instances with up to 102 nodes and 200 arcs.

Regarding problems with several vehicles, Archetti et al. [17] presented a branch-and-price algorithm for the
undirected TeamOrienteering ARP (TOARP) capable of optimally solving instances with up to 50 nodes, 97 profitable
edges, and 2-4 vehicles. A directed TOARP is studied in Archetti et al. [14], who propose a branch-and-cut algorithm
embedding families of valid and facet-inducing inequalities. Riera-Ledesma and Salazar-González [196] transform
the same problem into a node routing problem and describe two exact algorithms, a branch and price and a branch
and price and cut, to solve it. Riera-Ledesma and Salazar-González [196] report a kind of complementarity between
branch-and-cut and column generation approaches, and point out that in instances with a tight time limit constraint
column generation works better.

In Benavent et al. [29], aggregated compact flow-based models for the TOARP, the K-vehicles P-ARP and the
K-vehicles MBPARP, are presented. The model for the TOARP was tested on the same set of instances as [17] and
[14], obtaining slightly worse gap values. The procedures for the K-vehicles P-ARP and the K-vehiclesMBPARPwere
tested on two sets of instances with up to 50 and 428 nodes, 156 and 1074 links, and 4-12 and 2-4 vehicles, respectively.
As expected, as the number of vehicles increases, the results deteriorate. Archetti et al. [13] propose a two-phase
exact algorithm for a profitable GRP, in which, in addition to profitable edges, there are also profitable nodes. First, an
aggregated formulation is solved to optimality with a branch-and-cut algorithm. Then, the inequalities found in the first
phase are used on a branch-and-cut algorithm for the complete disaggregate formulation.

Among the heuristic algorithms for ARPswith profits with a single vehicle we canmention the ant colony procedure
for the Windy P-ARP proposed by Schaeffer et al. [207] and the GRASP and path relinking heuristic of Aráoz et al.
[10] for the undirected clustered P-RPP. Black et al. [34] propose twometaheuristics for the Time-Dependent P-ARP,
obtaining good quality results. For the same problem, Yu and Lin [227] describe an iterated greedy heuristic that
provides the best solutions for most of the instances presented in [34].

A number of metaheuristics have been proposed for multivehicle ARPs with profits. For the undirected TOARP,
Archetti et al. [17] present a variable neighborhood search (VNS) and two tabu searchmethods, and Cura [66] proposes
a bee colony approach. For the directed TOARP, the algorithm proposed in Archetti et al. [15] successfully combines
the solution of integer models with a tabu search. For the Multiple Profitable Arc Routing (KP-ARP), Zachariadis
and Kiranoudis [228] describe a local searchmetaheuristic for a bi-objective problem. Instead of considering the net
profit, theymaximize the gross profit andminimize the travel time. For themultiple vehicle GRPwith profits and time
windows, Gavalas et al. [99] present a formulation, a preprocessing procedure, an iterated local search, and a simulated
annealing algorithm. Euchi and Chabchoub [86] present two metaheuristics for the Multiple P-ARP with Multiple
Services (KPARPM), both based on an adaptivememory procedure but combinedwith two different methods: a tabu
search and a VNS. They report small gaps, of up to 1%, over the best known solution values on instances with up to 140
nodes.
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The study and solution of ARPs with Profits will be increasingly useful in the future because their applications
involvemore andmore customers, companies, and services, and have a larger global component. With the exception
of multiservice problems, in which the same link can be traversed several times with a different cost and producing a
different profit each time, it seems that ARPs with profits are very similar to classic ARPs in complexity and in the way
they are solved. Hence, it is very likely that all the advances in the solution of the classic ARPs, that will surely occur in
the future, will be directly applied to the solution of the ARPswith profits.

3.3 | Close Enough (or Generalized) Arc Routing Problems
The term “close enough” in routing problems refers to situations in which the vehicle is not required to reach the exact
point where the customer is located in order to perform its service, since the service can be performed from a certain
distance and the vehicle only needs to pass “close enough” to the point where the customer is actually located (Figure 2).

F IGURA 2 Close Enough ARPs for meter reading

This situation was first described in Gulczynski et al. [111] for a node routing problem, the Close Enough Traveling
Salesman Problem (CETSP). In the CETSP customers are located at points in the plane and the salesmanmust travel
within a required radius r of each point to service the customer. Since then, this problem and some variants where the
radius associated with each customermay vary, or the shape of the area around the customer is not a circle, have been
studied by several authors: Dong et al. [72], Mennell [161], Shuttleworth et al. [211], Behdani and Smith [25], Coutinho
et al. [65], and Carrabs et al. [44]. Also closely related is the Covering Tour Problem studied byGendreau et al. [100].
These articles deal with node routing problems as inmost of them it is assumed that the salesman canmove between
any pair of points in the plane following a straight line whose cost is the Euclidean distance.

The first paper in which the concept “close enough” is related to an ARP is the one of Shuttleworth et al. [211]. In
this paper, although the original problem is a CETSP, the proposed heuristic procedures have a phase that consists in the
solution of a directed RPP. But it was Há et al. [114] who first considered that the vehicle is restricted to a road network
and the customers are points that can be located on the network links or even outside the network. They called it the
Close Enough Arc Routing Problem (CEARP) because, to service a customer, the vehicle has to pass close enough to
the customer while it travels through the network links. Since a customer c is a point on the plane, a customer is fully
determined by the set of links Hc whose distance to the point is less than a given value. The goal of the CEARP is to
find a shortest route, starting and ending at the depot, such that at least one link from eachHc is traversed. In [114], a
formulation for the CEARP and a branch-and-cut algorithm producing very good computational results are proposed.
Ávila et al. [23] present two new formulations, a polyhedral study and a branch-and-cut algorithmwhose performance is
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comparedwith that of the algorithm described in Hà et al. [114]. In Cerrone et al. [47] a new flow-based formulation is
given, as well as some techniques to reduce the size of the graph. The results obtained on one of the set of instances
proposed in [113] using this new formulation improve those of Hà et al., but are slightly worse than those in [23]. A
stochastic version of the CEARP has been studied by Renaud et al. [194]. Authors point out that the remote reading
of ametermay fail and therefore there is an uncertainty in the collection of the data. They introduce the probability
of reading ameter as a function of the distance of the customer from the vehicle route, and propose amathematical
formulation and a cutting-plane algorithm and several heuristics for its solution.

If in the CEARP we consider the links covering each customer as a subset of the network links, the CEARP is
equivalent to the Generalized RPP introduced and studied by Drexl in [73] and [74]. The CEARP is also related to the
Generalized Arc Routing Problem defined in Araoz et al. [11], but both problems differ in that in the CEARP the subsets
of links associated with the service of the customers do not need to be disjoint nor to induce a connected graph.

Only a few articles deal with the CEARP, or variants, with several vehicles. The first multi-vehicle version of a
CEARPwas the Distance Constrained CEARP (DC-CEARP) introduced by Ávila et al. [24] and also studied in Corberán
et al. [60]. Several formulations and valid inequalities have been proposed in both papers, as well as exact solution
methods producing good computational results. Amatheuristic for the same problem is described in [59]. Bianchessi et
al. [32] study theMin-Max version of themulti-vehicle CEARP (MM-CEARP). The aim of these problems is to find a set
of K routes, starting and ending at the depot, such that at least one link from eachHc is traversed by at least one route.
In the DC-CEARP, the length of each route must not exceed a given limit while the total distance is minimum. In the
MM-CEARP, the objective is tominimize the length of longest route in order to find a set of balanced routes.

A natural application of CEARPs is on the design of routes for meter readers that use electronic devices with radio
frequency identification technology, allowing utility meters to be read from a distance under a threshold. Eglese et al.
[83] present a very interesting survey of meter reading applications, including the historical evolution of the associated
problems and the proposed solution approaches. Other potential applications arementioned in Araoz et al. [11] and
are related to quality control for networksmaintenance, where only a small subset of the links of a network has to be
traversed.

Recent real-life problems involving “close enough” features are related to routing with drones. In surveillance and
maintenance tasks, for example, the drone does not need to pass exactly over the nodes or lines to bemonitored. It is
enough that the drone approaches the target less than a certain distance that depends on the technical characteristics
of the device. As, in general, drones are not constrained to fly over the links but can fly freely between any two points
in the plane, these applications would bemodeled as node routing problems. However, as the use of drones becomes
widespread, it is increasingly frequent for drone flights to be restricted to certain flight corridors. In these cases, the
applications aremodeled as arc routing problems. As an illustration, a combination of CEARP and CETSP is presented in
[203] tomodel some real-world applications related to drone routing. The authors distinguish between the Free Flight
Zone and the Constrained Flight Zone, where the flight is constrained to specific moving corridors. See Section 3.5
for more details about this interesting area offering a large number of research and applications opportunities for the
future.

3.4 | Location Arc Routing Problems
Location Arc Routing Problems (LARPs) is the name for a family of problems involving decisions related to the location
of facilities and the design of routes for vehicles based at these facilities (depots) that service some or all the links (arcs
or edges) of a graph.

Like other arc routing problems, LARPs can be defined on undirected, directed or mixed graphs. They can consider
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capacities for the facilities and fixed costs for opening a facility or an upper bound on the number of open facilities.
Vehicles can perform one or several trips, can have the same characteristics or not, and theremay be a fixed cost per
vehicle used. Moreover, different objectives can be defined as, for example, to minimize the total cost, or the length of
the longest route, or maximize the sum of collected profits associated with the service of the customers.

Since most location and arc routing problems are NP-hard, the combined problems are also NP-hard and more
complex and difficult to solve that those problems separately. This may explain the small number of papers devoted to
these problems and that most of them deal with the design and implementation of heuristic or metaheuristic algorithms
for LARP variants or related problems. Among them are the papers by Ghiani et al. [101], Del Pia and Filippi [68],
Hashemi et al. [118], Borges-Lopes et al. [37], and Riquelme-Rodríguez et al. [199]. Recent articles summarizing the
workdoneonLARPs are thosebyAlbareda-Sambola [5] andMourão andPinto [167]. Although focusedon location-node
routing, the paper by Nagy and Salhi [172] is a very good discussion of many aspects related to this subject.

As far as we know, the most recent and successful exact methods for several classes of LARPs are proposed in
Fernández et al. [90]. In that paper, the authors model and solve six problems defined on undirected graphs with
different objective functions (minimizing the total routing cost or themakespan) and characteristics (capacities for the
facilities or an upper bound on the number of open facilities). Although edge capacities are not considered in these
models, some of them contain an upper bound on the number of edges that can be serviced from an open facility. For
the six studied problems, Fernández et al. [90] present ILP formulations and branch-and-cut algorithms providing very
good computational results.

Borges-Lopes et al. [37] applied LARP to the following location arc routing problemwith capacities on facilities
and vehicles. Their definition, the arc routing counterpart (defined on a directed graph) to the node routing version
(defined on an undirected graph) given in Prodhon and Prins [191], is as follows. Consider a directed graph, a subset of
vertices representing the set of potential depot locations and a set of required arcs (customers). Each potential depot
has associated an opening cost and a capacity, while there is a demand and a cost associated with the service of the
required arcs. A fleet of vehicles with the same capacity is available, and there is a fixed cost per vehicle used. The
problem consists of deciding which depots to open, assigning the required arcs to the depots, and building the routes
for each depot in such a way that the total cost is minimized and: (i) the total demand of customers assigned to one
depot does not exceed its capacity; (ii) each route begins and ends at the same depot; (iii) each vehicle performs at most
one trip; (iv) each customer is served by a single vehicle; and (v) the total demand of customers serviced by a vehicle
satisfies vehicle capacity. Since, as said before, there is no a single LARP but many problems involving location and
routing decisions, we think it is better to consider the previous problem, defined on an undirected, directed ormixed
graph, as a base capacitated LARP.

The above capacitated LARP, although “simple” if we think in terms of real-world applications, is a very difficult
problem forwhich no exactmethod has been proposed so far. Even the existing approximate procedures do not consider
all the characteristics and possible extensions of these problems. Note that, as pointed out in [5], the subproblem
obtainedwhen the set of depots to open is fixed is a CARPwithmultiple depots (MDCARP), which is also a NP-hard
problem recently studied byHuet al. [121] andKrushinsky andVanWoensel [131]. The uncapacitated case, themultiple
depot Rural Postman Problem has been considered in Fernández and Rodríguez-Pereira [91], Chen at al. [49], and
Fernández et al. [88] and [89].

In the next years we may expect some progress in the exact solution of the CARP on undirected and mixed
graphs mainly. This will lead to the development of exact methods capable of solving small/medium instances of
MDCARPs and capacitated LARPs or, at least, the ability to provide good lower bounds by possibly using aggregate
or set covering/packing formulations such as the ones summarized in Belenguer et al. [26]. It is through the use of
metaheuristics/matheuristics by which we think that a good number of variants or generalizations are going to be
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addressed successfully. These models will represent better the problems of this type that we find in practice. In
particular, we expect some progress inmore complex problems that, besides the conditions on the number, type and
costs of the vehicles, the number of trips per vehicle, etc., take into account the stochasticity in the demands or travel
times, consider a planning horizon divided into several periods, deal with several objectives simultaneously or consider
also inventory decisions, to mention just a few.

3.5 | Arc Routing Problemswith drones
Aspointed out bymany authors, the use of aerial, ground, andmaritimedrones provides newopportunities for improving
the service in routing applications because of their higher speeds, reduced costs, and safety improvements. The idea in
Drone ARPs is to use drones to optimize the coverage or service (imaging, inspection, surveillance, etc.) of certain edges
in a pipeline, street, railroad or power lines network.

Usually, drone delivery problems aremodeled as extensions of well-known node routing problems and have been
extensively studied in the last few years (see, for example, the excellent survey by Otto et al. [179]). However, the
extensions of classical arc routing problems when drones are used instead of ground vehicles have received little
attention, possibly because of their greater difficulty. Some papers dealing with aerial or ground drones and ARPs are
those by Easton and Burdisck [79], Sipahioglu et al. [213], Oh et al. [176] and [175], Dille and Singh [71], Yazici et al.
[226], Chow [53] and Li et al. [142]. A brief description of them can be found in Campbell et al. [40].

In routing problems, the streets, roads or railway lines are represented bymeans of arcs or edges of a graph and
their real shape is usually ignored. The reason is that vehicles have to traverse the edges (or arcs) from one of their
vertices to the other one. While this does not seem to be a big problem in node routing because the service has to be
performed in the vertices, it can represent a serious limitation in arc routing when drones are used to perform the
service of the edges of the graph. This is because the dronesmay travel directly between any two points in the plane
and, therefore, do not need to follow the edges of the graph andmay start their service at any point of them.

As the example in Figure 3 (taken from [40]) shows, the shape of the lines to servicemust be taken into account in
ARPswith drones. This, and the fact that dronesmay start and end the service of an edge at any point of it, make a big
difference with respect to the way of modeling and solving classical ARPs. In fact, Drone ARPs are continuous optimiza-
tion problems with an infinite and non countable number of feasible solutions. In [40] this drawback is circumvented by
approximating the curved lines bymeans of polygonal chains and allowing the drones to enter and leave each curve
only at the points of the polygonal chain. The authors substitute each curve by their end points and a set of segments
defined by some intermediate points. Associated with each segment there is a service cost such that the sum of the
costs associated with these segments coincides with the service cost of the curve. Hence, the segments define the set of
required edges of the transformed graph and the set of non-required edges defines a complete graphwith costs given
by the Euclidean distances.

The Drone RPP is introduced in Campbell et al. [40]. Given a set of lines, each one with an associated service
cost, and a point called the depot, and assuming that the cost of deadheading between any two points is the Euclidean
distance, the Drone RPP consists of finding a minimum cost tour starting and ending at the depot and traversing all
the given lines. For this problem, authors propose an algorithm that exactly solves several RPP instances with an
increasing number of intermediate points. The algorithm is capable of solving instances with up to 92 original lines and
16 connected components.

The extension of the Drone RPP to the casewhereK drones are available and the length of their routes is limited by
amaximum distance is also introduced and briefly discussed in [40]. Authors point out that in the Length Constrained
K -Drones Rural Postman Problem (LC K -DRPP) two or more drones may be necessary to serve a given customer (edge)
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(a) (b)
F IGURA 3 ADrone ARP instance (a) and its optimal solution (b)

and that, unlike what happens with the Split Delivery Vehicle Routing Problem, two drones can share the service of
more than one edge, as can be seen in Figure 4, where red and black drones, for example, share the service of two edges.
Note also that an edge can be serviced by more than two drones, as happens with the red, black and cyan drones. A
matheuristic for the solution of the LC K -DRPP is proposed in [41]. The procedure includes an optimization procedure
that exactly solves RPP instances associated with each single route. The algorithm has been tested on instances with up
to 137 original lines andwith 2 to 6 drones.

1

F IGURA 4 Drone ARP solution with 5 vehicles

An ILP formulation of the LC K -DRPP and a polyhedral study of its solutions is presented in [42]. Based on
the introduced families of valid inequalities, and in the use of the upper bounds provided by the above commented
matheuristic, the authors propose a branch-and-cut algorithm that produces good computational results.

From the previous comments, the reader will realize that only a few ARPs with drones have been studied so far.
There are many aspects that are worth being studied both for their practical applications and for their theoretical
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interest. For example, servicing arcs (for imaging or inspection) and nodes (for delivery) simultaneously, considering
recharge or battery replacement points for the drones ([4]), several depots, capacities for the drones, combining trucks
and drones ([144]), etc. In general, all the classical arc routing problems have their associated (and different) versions
for drones that will need to be studied and solved in the near future. Furthermore, the possibility of drones of servicing
areas close enough to their trajectories makesmodeling the service of a given surface (for example, by inspecting it)
bymeans of straight or curved lines another field of research of great interest. Note that this alsomakes the study of
combined problems of the type "close enough"(see Section 3) and arc routing problemswith drones an important and
attractive research subject. The recent papers byOruc and Kara [178], Singgih et al. [212] andDi Placido et al. [203]
already consider this possibility. And we should not forget that the advances in the design and manufacture of new
types of drones will cause new problems to arise that will have to be addressed.

ARPs with a single drone are also related to the problems of designing paths for cutting machines or drawing
plotters, as will be discussed in Section 5.1.7.

4 | FUTURE DEVELOPMENTS IN HANDLING DIFFICULT/NEW/RELEVANT AS-
SUMPTIONS

While Section 3 is devoted to the discussion of ARPs that we consider relevant in the near future, in this section we
present several features that can be common tomany of these ARPs and are important from both the theoretical and
practical point of view. Some applications require the services to be performedwithin a certain timewindow. In other
applications, the data can change in a dynamic fashion or there can be some uncertainty in the data. Considering several
commodities or time dependent costs are very common features in most real-life problems.

4.1 | TimeWindows
In arc routing problemswith timewindows, the service performed on an edgemust begin within a certain time interval.
If the service cannot be performed outside of this interval, it is called a hard timewindow. Most of the ARPs treated in
literature consider this type of time window. When the service can be carried out outside of this interval but with a
greater cost, it is called a soft timewindow.

Most of the works that deal with timewindows on arc routing problems focus on the CARP or variants of it (see
Eglese [82], Mullaseril [168], Gueguen [110], Golbaharan [103],Wøhlk [224], Labadi et al. [133], Johnson andWøhlk
[128], and Afsar [1]). Only a fewmore recent papers deal with single vehicle problems like the CPP (Wang andWen
[222], Aminu and Eglese [9],) or the RPP (Monroy-Licht et al. [164], [165]). A variant of the Windy RPP including
zigzag service has also been addressed in Lum et al. [150] andNossack et al. [174]. Several articles consider particular
real-life applications of arc routing problems with timewindows, such as mobile mapping (Vansteenwegen et al. [221]),
city-courier and scheduling problems (Chang and Yen [48]), railroadmaintenance (Lannez et al. [136], Pelikánová et al.
[180]), and snow removal (Razmara [193]).

As for the solutionmethods proposed, the onesmost commonly used are column generation ([103], [128], [1], [136],
[193]) andmetaheuristics such as Iterated Local Search [221], Scatter Search [48], ALNS [165], Simulated Annealing
[82], and GRASPwith Path Relinking [133]. Heuristics have also been proposed in [128], [150], [168], and [224], while
only few papers propose other methods like cutting-plane [164], branch-and-cut [174] or matheuristics [136].

Many of the cited papers transform the problem into a node routing problem before attempting to solve it. In parti-
cular, very few attempts have beenmade at solving ARPswith timewindows exactly using an arc routing formulation
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(only [9]). In the future, we may see more efforts trying to find efficient arc routing formulations, at least for single
vehicle arc routing problemswith timewindows, since this would also be of help for solvingmulti-vehicle problems like
the CARPwith TimeWindows. There are other variants of ARPs with timewindows that have not been studied yet, like
theOrienteering Arc Routing Problem or the TeamOrienteering Arc Routing Problem, so this could also be a line for
future research.

4.2 | Dynamic Changes
In deterministic ARP’s all the data associated with the instance of the problem being solved is known in advance.
However, unexpected events that modify the instance during the implementation of the solution may occur. Such
disruptions include vehicle breakdowns, blocked roads, changes in the costs or the demands andmore. These events
may cause the current solution to become suboptimal or make it impossible to carry out. In such cases, the routes must
be redesigned in order to adapt to the new situation.

Several different types of disruptions have been considered recently in the literature. The appearance of new tasks
has been addressed by Archetti et al. [18], Liu et al. [143], Padungwech [181], and Padungwech et al. [182]. The possible
cancellation of tasks has also been studied in [18] and [143]. Liu et al. [143], Monroy-Licht et al. [166], and Yacizi et al.
[226] take into consideration the breakdown of vehicles. Some edgesmay be blocked unexpectedly, e.g. because of road
works or accidents, and then the corresponding edge should disappear from the graph. This is considered in Liu et al.
[143], Mei et al. [160], and Yacizi et al. [226]. If the vehicles have a limited capacity, sudden variations in the demand of
the customers with respect to the initial data can render the solution infeasible. This type of disruption is considered in
[143] and [160]. Finally, the cost/length/traversal time of the edgesmay change over time, as taken into account by Liu
et al. [143] and Tagmouti et al. [218].

The usual approach for dealing with disruptions consists of applying heuristics ([18], [160], [166], [181], and [226])
or metaheuristics (Variable NeighborhoodDescent in [226] andMemetic algorithms in [143]) to reoptimize the route.
These heuristics may be applied every time a disruption takes place or once every time a certain number of occurrences
have taken place. Obtaining a new solution that can overcome the disruptions in a short computing time is critical in
these situations, since vehicles are already on the road and a delay in the responsemay have negative consequences
for the service costs and customer satisfaction. For this reason, exact methods are not usually applied for this type of
problem. However, the increase in performance of current computers maymake the use of other approaches, such as
matheuristic algorithms, possible. Furthermore, new technologies can nowadays provide nearly instant updates on
road conditions and travel times, so we can expect newworks that consider this kind of dynamic information. Moreover,
most of the works on dynamic ARPs focus on one or two types of disruptions only, the only exception being Liu et al.
[143], in which several different types of events are considered. Future works could develop solutionmethods that can
deal withmultiple types of events and dynamic changes simultaneously.

4.3 | Stochastic Data
In real-world applications of arc routing problems, it is not uncommon that some of the data are not exactly known
in advance. When trying to incorporate this feature in the solution of the problems, this can be approached in two
differentways. One is treating the data as deterministic anddesigning procedures that can adapt the solutionswhenever
unexpected changes in the data appear (see Section 4.2). The other approach consists of considering that the data
follow a certain probability distribution. The solution procedures take this uncertainty into account and try to find
solutions that are as robust as possible.
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There aremanyworks on the CARP that consider uncertainty in the demands of the arcs. Fleury et al. [92] tackle
this problem using an evolutionary algorithm. A branch-and-price method is presented by Christiansen et al. [54],
while Laporte et al. [137] propose an ALNS procedure. Beraldi et al. [31] present an integer formulation and solve the
problem using a branch-and-cut algorithm and a heuristic. Monte-Carlo simulation and a randomized version of the
saving heuristic is proposed by González-Martín et al. [106]. In Chen et al. [52] it is not the size of the demand that is
considered stochastic, but its existence.

Some other papers deal with uncertainty in both demands and travel times or costs. This is the case of Mei et
al. [157], who test existing metaheuristics for the CARP with this version of the problem and compare them using
a repair-based robustness measure. An evolutionary method is developed by Mei et al. [160], while Liu et al. [143]
propose a genetic algorithm.

Recently, uncertainty has also been consideredwithin other contexts in the arc routing area. Renaud et al. [194]
study theClose-EnoughARPbut consider that the reading of themeters can fail with a certain probability. They propose
a cutting-plane procedure to solve the problem, aswell as some heuristics. Majumder et al. [152] deal with a bi-objective
CPP in which profit is maximizedwhile travel times areminimized. Both profits and travel times are considered to be
stochastic. The CARPwith uncertain demands is also addressed byMacLachlan et al. [151], but in this case vehicles can
collaborate to handle the negative effects of uncertainty. It seems that, even if uncertainty has been extensively studied
for the CARP, only some recent papers have taken into account this feature in other ARPs, so this is something that
could be addressed in future works.

4.4 | Time and Load-dependent Costs
Manyworks on ARPs assume the traversal cost of the arcs to be constant, but this is usually not true inmany real-life
applications. Traversal times can change during the day due to traffic or weather conditions, for example.

Time-dependent cost functions have been used in someworks since the early 00’s. It is usually considered that a
time-dependent cost function should satisfy the First In First Out (FIFO) rule, that is, if two vehicles reach the beginning
of an arc at different times, the first one that arrives will always be the first one to finish traversing this arc. Ichoua et al.
[125] introduced amodel for time-dependent travel times in which they divide the planning horizon in several intervals
and consider that the speed of the vehicle changes when the boundary between two consecutive intervals is crossed.
Although this model was initially proposed in the context of VRPs, it has also beenwidely used for ARPs. Another way of
representing time-dependent costs consists of constructing a road timetable as proposed by Eglese et al. [84].

Several different ARPs using time-dependent functions have been studied, such as the CPP (Sun et al. [215]), the
Directed CPP (Wang andWen [222]), the RPP (Tan and Sun [219], Calogiuri et al. [39], Zannoti et al. [229]), the CARP
(Tagmouti et al. [216, 217, 218], Martinelli et al. [155]), the Prize-Collecting ARP (Black et al. [34], Yu and Lin [227]) and
the Hierarchical CPP (Çodur et al. [46]).

In recent years, advances in technology havemade it easier to obtain more accurate estimations of travel times. In
order to incorporate this huge amount of information to the problems, newways ofmodelling time-dependent functions
and algorithms capable of dealing with huge amounts of information will be needed. Data updates about traffic and
travel times in real time can also suggest to use this information in a dynamic fashion (see Section 4.2).

In addition to considering time-dependent travel times or costs, there are other data that can also vary with time.
Lu et al. [147] study anOrienteering Problem (OP) in which not only the travel times are time-dependent, but also the
profits associated with the arcs. In Ahabchanu et al. [2], theMixed Capacitated GRPwith time-dependent demands is
considered. Nossack et al. [174] present theWindy RPPwith time-dependent zigzag option. In this problem, both sides
of the streets of a networkmust be cleaned. To do so, the vehicle can traverse the street twice, once in each direction, or
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only once performing a zigzag. However, the zigzag service can only be performed during certain hours.
Another factor that can affect the cost of the routes is the load of the vehicle. The higher the load, the greater

the fuel consumption, and as a consequence, the polluting emissions. Therefore, the cost of traversing an arc depends
on which arcs have been serviced previously by the route. This is addressed in the CPPwith Load-Dependent costs
(CPP-LC), introduced by Corberán et al. [56], and in the Cumulative Capacitated Arc Routing Problem, studied by Rivera
and Lenis [200]. In [56] it is proved that the CPP-LC is strongly NP-hard evenwhen it is defined on a weighted tree. For
this problem, the authors provide two formulations, one based on a pure arc-routing representation, and a second one
based on a transformation of the problem into a node-routing problem, but they could only solve very small instances
optimally in a reasonable time. Hence, ARPswith load-dependent costs are very difficult problems thatmay receive
greater attention in the near future.

4.5 | Split Service
Applications where the service on an arc can be shared by two different vehicles are not so frequent as those of split
delivery in the node routing context. The first of such applications is introduced byMullaseril et al. [169], where the
authors define the Split Delivery Capacitated Rural Postman Problemwith TimeWindows applied to the planning of the
feed distribution to the cattle in a livestock ranch, although it should really be considered a Split Delivery CARPwith
TimeWindows. This same problemwas later studied by Gueguen [110], who transforms it into a node routing problem
and solves it using column generation.

The Split Delivery CARP (SD-CARP) is studied by Labadi et al. [132], who solve it using a memetic algorithm,
and Belenguer et al. [27], who discuss its application towaste collection, propose a cutting-plane algorithm to obtain
lower bounds, and propose an evolutionary local searchmethod reinforced by amultistart procedure and a variable
neighborhood descent.

There still seems to be room for improvement in the solution of the SD-CARPwith or without timewindows. No
recent papers have tried sophisticated metaheuristics other than [132] and [27]. Only two formulations have been
proposed for these problems, one based on a node routing transformation ([110]) and an incomplete one that is used
only to obtain lower bounds ([27]). A new complete pure arc routing formulation could help to solve instances of
moderate size using exact methods.

More recently, split service has been considered in problemswith several commodities byMuyldermans and Pang
[171] and Zbib and Laporte [231]. Here a fleet of vehicles with several compartments must collect several different
types of waste at each arc. Two ormore vehicles can collect waste from the same arc, although all the waste of a single
type in the arc must be collected by the same vehicle.

Another problem that can be seen as a split service problem is the k-Drones Arc Routing Problem (K-DARP). In the
K-DARP, a set of required arcs must be traversed by a fleet of drones. Since drones can leave or enter any arc at any
point, part of an arc can be traversed, and thus serviced, by a drone, while the other part is traversed and serviced by
another one. This problem has been recently addressed by Campbell et al. [41].

The study of bothmulti-commodity problems and drone arc routing problems has only started in recent years, so
more works on these subjects are expected in the near future (see sections 4.7 and 3.5).

4.6 | Handling Different Objectives
Typical objectives in arc routing problems include, for example, minimizing the total cost/length/duration of the routes,
themakespan, the number of vehicles used or maximizing the profit collected. However, many real applications require
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solutions that achieve a balance between two ormore of these objectives.
Since it is usually not possible to optimize both objectives simultaneously, themost common approach consists of

obtaining a set of non-dominated solutions defining the Pareto frontier. To do this, many authors use epsilon-constraint
methods. In these procedures, only one objective is optimized, while aminimum ormaximum level of epsilon is set for
the other objectives bymeans of a constraint. By changing the value of epsilon, different non-dominated solutions can
be obtained. Another popular procedure consists of adding all the objectives in the objective functionmultiplying each
one by a certain weight. Different solutions can be obtained by changing the weights assigned to each objective.

In addition tominimizing the total cost of the route, most papers in the literature also try to balance the length of
the routes. This is mostly done byminimizing themakespan, as in Fleury et al. [93], Lacomme et al. [134], Mei et al. [158],
Grandinetti et al. [107], Shang et al. [210, 209], Mandal et al. [154], and Amini et al. [8]. Other functions to achieve the
balancing of the routes are also explored in Halvorsen-Weare and Savelsbergh [115], where the difference between the
longest and shortest routes, the sum of the differences between the distance of each route and the average distance or
the sum of the differences between the distance of each route and a desired target distance are also considered.

Recently, other objectives other than the balancing of routes have also been considered. Zachariadis andKiranoudis
[228] maximize the gross profit collected while minimizing the total travel time. Huber [124] considers minimizing the
sum of delivery times in order to try to perform the services as soon as possible. Corberán et al. [64] and Lum et al. [148]
incorporate different aesthetic measures tomake the routes visually appealing in addition tominimizing themakespan.
A non-linear dispersionmetric that tries to keep vehicles as far from each other as possible is also observed by Dhein et
al. [70], while Fröhlich andDörner [96] study the route inconsistency in order to construct routes that are as different
from each other as possible. All these alternative objectives have been studied only recently, andwill probably receive
more attention in the near future.

As for the solution methods most commonly used for multiobjective arc routing problems, different variants of
evolutionary algorithms seem to be the most frequent ones ([93], [134], [158], [210], [209], [154], [70], [8]). Other
heuristic andmetaheuristic methods are proposed in [228], [107], [148], and [96]. Very fewworks consider the use of
exact procedures ([64]), so this could be another future line of research.

4.7 | Handling Several Commodities
Multi-commodity arc routing problems have been mainly addressed in the context of waste collection. There are
different types of waste, which can be collected by vehicles equippedwith several different compartments. This family
of problemswas first introduced byMuyldermans and Pang [171], who propose theMulti-Compartment Capacitated
Arc Routing Problem (MCCARP). They solve it bymeans of a local search heuristic and compare the results with those
obtained using vehicles with just one compartment. In this version of the problem, each arc has certain demand for each
type of commodity. While the demand of a single commodity in an arcmust be serviced by one single vehicle, several
vehicles can service the same arc as long as they collect different types of waste. This problem has later been called the
Commodity Split MCCARP (CS-MCCARP) in literature, while the problem in which the same vehicle must collect all the
types of waste of the arc is called the No Split MCCARP (NS-MCCARP).

Zbib and Laporte [231] study the CS-MCCARP and solve it using a 3 phase heuristic. The NS-MCCARP has been
studied by Eydi and Javazi [87], Zbib [230], and Zbib andWøhlk [233]. In [87] a variant of the NS-MCCARP is described
in which two objectives (total cost and number of vehicles) are minimized and the demand on the arcs is uncertain. The
authors present amulti-objective genetic algorithm that uses the Pareto ranking technique hybridized with stochastic
simulation. Several different variants of a path-scanning construction heuristic are proposed and compared in [230],
while amulti-move descent algorithm is presented in [233].
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Kiilerich andWøhlk [130] consider several variants of theMCCARP, including the above-mentioned CS- andNS-
MCCARP, as well as the Multi-Day CS-MCCARP and the Coordinated CARP. Formulations for these problems are
proposed and a set of large-size instances based on real data is presented. Wøhlk and Laporte [225] also study the
CoordinatedCARP. In this problem, each vehicle can collect only one type ofwaste, and the routes of the vehiclemust be
coordinated so that each arc is serviced with a certain frequency. Amulti-phase districting-based heuristic is described.

The literature on arc routing problems with several commodities is scarce andmost of the references are quite
recent, so we can expect further works on these problems in the near future. In particular, although some formulations
have been proposed, no attempt to solve these problems exactly nor to obtain good lower bounds has beenmade to
date, so this could be a promising line of research.

5 | APPLICATIONS

Applications of the large family of Vehicle Routing Problems (VRPs) abound in society. The development of models and
solutionmethods for variants of the VRP has been tremendous since the start in 1950.

In the literature, there is a fairly clear dichotomy between node routing and arc routing problems. It might seem
that the categorization is straightforward. VRPs are defined on graphs. If the application is such that all service is
located on nodes, it is a case of node routing. Conversely, if the service is located on the links, it is an arc routing problem.
In practice, it is not so simple.

Onemay argue that there are applications that are clear cases of arc routing. Street cleaning, winter gritting, and
snow clearing are examples of applications where segments of a street networkmust be serviced. It would seem natural
to model such applications as an ARPwhere the abstract graph representation is derivedmore or less directly from the
concrete street network with only minormodifications.

However, as described in Section 2 above, an arc routing problemmay be transformed to a node routing VRP, thus
making it solvable by node routing algorithms. Conversely, a node routing problemmay be transformed into an ARP. A
mainmotivation for the latter type of transformation is abstraction. For household applications like a postal service,
newspaper delivery, andmunicipal collection of waste, the basic demand is located in points, so a node routingmodel
would seem appropriate. However, the sheer size of such node routing instances, and in fact all types of node routing
instances, may call for abstraction through demand aggregation, thus transforming them to ARP instances. Another
motivation is that, if the service is done with trucks, for example, once it enters a street segment, the truck cannot
turn around and must traverse it completely to the next street intersection. Hence, in this case, the demand can be
associated with the street segment.

Particularly in dense urban areas, onemay assume that aggregating demand per street segment for household type
of delivery or pickupwill not introduce large errors. This is the background for the fact that historically, applications
with demand that is fundamentally point based such as a postal service, newspaper delivery, andwaste collection are
presented as typical cases of the ARP in the literature. For less dense rural and combined areas, simple aggregation of
demand per street segmentmay be crude. More sophisticated aggregation heuristics may leavemany demand points
unaggregated for a given instance, thus forming an instance of some variant of the General Routing Problem that
combines node and arc routing.
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5.1 | Applications where service is applied to arcs
The applications in this section are all ones where a service is being applied along the edge or arc in the graph used to
model the application. In most applications, the edge or arc represents a section of a road network. In these cases, an
arc routingmodel is themost natural and appropriate way tomodel the activity.

5.1.1 | Street cleaning
Street cleaning operations include road sweepingwhere roadside kerbs need to be swept and cleaned from detritus.
This is usually performed by a special vehicle equipped with a rotating brush on one side that can move along the
roadside and sweepmaterial into a container on the vehicle that can later be emptied at a waste site. A keymodelling
consideration is that if the vehicle only has a brush on one side, then each road sectionmust be treated by the vehicle
passing once in each direction of travel. A paper by Eglese andMurdock [85] describes a heuristic for road sweeping in a
rural area using amodel that depends on this feature of the formulation.

Various constraints may be relevant in different applications that require amore complicatedmodel than a Rural
Postman Problem. For example, several vehicles may be needed to cover the roads to be swept and these vehicles may
have limited capacities so that the length of road each vehicle treats is limited before it must travel to a site to empty the
waste. In some urban areas, time window constraints may be relevant. Bodin and Kursh [36] describe a street sweeping
application where some streets in New York city can only be swept when there are parking restrictions preventing
parked cars from obstructing the sweeper. More recently, Blazquez et al. [35] give an application to street sweeping
where the sweeper routes must also take account of additional constraints such as prohibitions for some types of turns.

The objective is normally related to minimizing the cost of the operation which is closely related to amount of
deadheading needed. The length of roadside kerb swept before the sweeper is full may vary according to the type of
road, the time of year and prevailing weather conditions, so this is a particularly challenging feature tomodel effectively.

5.1.2 | Salt spreading
This operation is part of winter road networkmaintenance activities in many countries. It is sometimes referred to as
winter gritting. It may be combinedwith snow removal in some circumstances, which is covered in the next subsection.
Surveys andmore detailed descriptions of the operation andmodels used can be found in Perrier et al. [188], Perrier et
al. [185] and Eglese et al. [83]. The key operation is to spread a de-icing agent, such as salt, on to the surface of roads to
prevent ice forming and somaking the roads dangerously slippery for traffic. Most vehicles used for this operation can
spray the salt on to both sides of the carriageway if there is no central barrier, so it is possible tomodel some roads as
edges that can be treated in any direction. Other roads with one-way restrictions or with central reservations need to
bemodelled as arcs.

The objective is normally to plan the routes of the vehicles carrying out the operation as efficiently as possible so
that the total distance travelled is minimized. This meansminimizing the deadheading, the distance travelled when the
vehicle needs to travel along an edge or arc without treating it. If roads are treated too early before the temperature
falls, then the salt may be blown or washed away. If roads are treated too late, then accidents may occur when vehicles
slide on ice that has formed on untreated sections of road. This means that time constraints are normally important
additional constraints to add to the basic arc routingmodel. Roads are often divided into different categories depending
on their importance, so roads in higher categories should usually be treated before those in lower categories, when a
decision is made to treat roads in an area. Instead of a strict priority system of classification, roadsmay be divided into
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deadline classes where roads in higher categories must be treated within shorter times from the start of the operation.
This gives the option for roads in lower categories to be treated within the deadline of a higher category if it is efficient
to do so (see e.g. Letchford and Eglese [139]).

Traditionally, salt spreading routes have been planned in advance for a set of roads for which the operator is
responsible. However, thermal mapping combined with on-line sensors opens up the opportunity of a more flexible
dynamic approach where particular roads are treated depending on the prevailing weather conditions, e.g. Handa et al.
[116]. Another variation is where service costs are time-dependent as weather reports indicate badweather passing
across a region andwhere each road section has a preferred treatment time, with associated penalties if the service is
carried out earlier or later, as described for example in Tagmouti et al. [218].

Exact solutionmethods have been proposed for some applications for relatively small problems (e.g. Tagmouti et
al. [216]), but most practical applications involve the use of a heuristic approach. Some of the practical applications
described consider other features than simply minimizing the distance travelled by the vehicles. For example, Lotan et
al.[146] involves both depot location and routing for an application in Antwerp, Belgium. Muyldermans et al. [170] is
concernedwith designing appropriate sectors for planning salt spreading operations.

5.1.3 | Snow clearing
This is another operation associatedwith winter maintenance and in some circumstancesmay be combinedwith salt
spreading. It is usually carried out by vehicles equipped with metal blades and is often referred to as snow plowing.
Reviews of snow plowingmodels can be found in Perrier et al. [186], [187], [189], and Campbell et al. [43].

From a modelling perspective, a key difference between snow clearing and salt spreading is that snow plowing
can normally only be applied to one lane of a highway at a time, whereas salt may be spread across the whole width
of a carriageway in one pass. This means that in general the graphs representing the underlying road network for
snowplowing consist of directed arcs and sometimes a road sectionmay be represented by several arcs, depending on
the number of lanes involved. Additionally, the operation of plowing or pushing snow to one side of the vehicle’s path
means that in somemodels there are penalties to discourage plowing straight across a crossroad (and thus leaving a
bank of snow across the adjoining road), as well as constraints or penalties associated with prohibited U-turns or other
route options. There are also applications where teams of vehicles are needed to plowmultiple lanes simultaneously
in echelons e.g. Salazar-Aguilar et al. [205]. As for salt spreading operations, snow clearing is often applied to road
networks where the roads have been divided into categories depending on their importance or urgency to be treated.

Several different objectives may be considered. Typically, the total distance or deadheading distance is to be
minimized, but time to complete the operation may be used or some weighted combination of these together with
penalties describing relevant soft constraints. Solutionmethods include both exact and heuristic methods. Campbell et
al. [43] note that “recent works show a shift from heuristic tomathematical programming-based approaches, as well
as efforts to includemore of the real-world complexity in snow plow routing.” They describe some of themore recent
models used for snow plowing applications. In addition, they provide a description of a case study for snow plowing in
Centennial, Colorado. The case study provides results showing the improvements from using new “optimized” routes,
particularly in reducing the range of times for the new routes and thus giving a significant reduction of 24% for the
completion time for all routes. The case description also emphasizes the importance of linking the new routes to the
route guidance available to drivers through GPS or Sat-Nav units so that drivers can follow unfamiliar routes.

Some recent examples of snow plowing application papers include Dussault et al. [77] and [78]. These use amodel
based on aWindy Rural Postman Problem formulation. Their formulation allows two special features to be taken into
account. The first is that it is difficult or impossible to plow some steep streets uphill. The second is that it is quicker
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to deadhead a road segment that has already been plowed rather than deadheading it before plowing. Heuristics are
developed to address these variants. More recently, Castro-Campos et al. [45] study the same problems and show
that some cases can be solved in polynomial time. Furthermore, they propose faster heuristics for the plowing with
precedence problem.

Another recent application in this area is Quirion-Blais et al. [192]. The problem is formulated as a min-max
problemwithmultiple vehicles on amixed graph with hierarchy. The objective is to minimize the latest finishing time for
each priority class. Additional constraints such as turn restrictions are also included. The solutionmethod involves a
transformation to an equivalent node routing problem. Ametaheuristic approach is developed and tested on three
large real-world networks.

5.1.4 | Roadmarking
Roadmarking is another operation which is natural to formulate as an arc routing problem. However there do not seem
to be many applications reported in this area. Amaya et al. [7] is one example where this problem is addressed. It is
modelled as a CARPwith refill points andmultiple loads. A further complication is that two types of vehicle are involved:
a servicing vehicle of limited capacity that marks the road and a refilling vehicle which needs to meet the servicing
vehicles in order to replenish them. Themodels and solutionmethods are tested on randomly generated test instances
as well as a real road network from a region in Canada.

Salazar-Aguilar et al. [206] model the same application, where both certain nodes and arcs require service and
consideration is given to synchronizing the routes for the two types of vehicle. Their model can be described as a
synchronized General Routing Problem, which they use to test different replenishment policies.

5.1.5 | Streetmapping
Vansteenwegen et al. [221] describe an application where amapping van is required to travel along roads in an area to
photograph streets and road signs. The objective is to minimize the number of days needed for all the required roads to
be photographed. A particular feature of this application is to avoid taking pictures in the direction of the sun as far
as possible as the results may not be usable. The problem is modeled as a CARPwith soft timewindows. The solution
approach is to convert the problem to a VRPwith soft timewindowswhich is then solved by ametaheuristic algorithm.
Themethod is tested on benchmark instances and real-life problem instances.

5.1.6 | Roadmaintenance
One type of operation associated with roadmaintenance is an inspection service. In this application, a set of roads must
be visited by a fleet of vehicles in order to visually check the operational status of the road, to report any defects and
carry out other checks. There is a limit on the time available for each vehicle each day and so amodel can be built based
on a CARPwhere the time available limits the length of each route. Chen et al. [51] describe such an application based
on the road network in Shanghai. The time to service each road or to deadhead along a road can be highly variable
due to traffic conditions, accidents, technicians’ skills and other factors. The authors decided to use a stochastic arc
routingmodel where the service and deadheading times are not fixed, but are uncertain, following a given probability
distribution. A chance-constrained programmingmodel is developed and solved using a branch-and-cut algorithm. This
approach can only solve small problems exactly, so an adaptive large neighborhood search algorithm is used to solve
larger problems and tested on a set of generated instances. In a subsequent paper, Chen et al. [50] describe how this
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application can bemodeled using robust optimization. This enables them tominimize the worst-case service cost over
the uncertainty without being overly conservative. The approach is compared to their previousmodel and sensitivity
tests are carried out on a road network in Shanghai with a total of 93 arcs divided into two sectors, each with their own
depot. The paper illustrates managerial insights that can be gained by varying the level of robustness and the fleet size.

A similar type of inspection problem occurs for rail trackmaintenance as described in Lannez et al. [136]. However,
the inspection in this case consists of using special trains to travel along sections of track to perform ultrasonic inspecti-
ons to detect defects in rails. A deterministic model is used tominimize the total deadheading required. The presence of
several complicating constraints, such as a maximum shift duration and amaximum daily inspection distance, led to
the formulation being described as a rich Arc Routing Problem. Amatheuristic approach is proposed which can solve a
problem based on a dataset provided by the French national railway company describing a network with over 2000 arcs.

Huang and Lin [122] describe an application to road resurfacing work. This is another operation where it is natural
to base models on a CARP formulation. In the application described here, an additional feature is that roads to be
resurfaced require a series of different treatments using different machinery in a particular order. For example, the
old surface must normally be removed before a new surface is laid down. In this study, time windows are used to
impose these precedence constraints. The objective is to minimize the total expected costs. The solution approach is to
transform the problem into an equivalent node routing problem and then to use an Ant ColonyOptimization algorithm
to find a solution. Themethod is tested on adapted benchmark problems and applied to a case based on part of the road
network in Kaohsiung City in Taiwan.

Yet another form of roadmaintenance is provided by road watering in open pit mines as described in Riquelme-
Rodríguez et al. [197, 198]. Watering is required to reduce harmful airborne dust particles. A key feature of this
application is that evaporation of thewatermeans that the operationmust be repeated periodically (see Section 3.1).
Other similar applications include dust suppression in forest roads and watering plants alongside streets. The rate
of evaporation of the water may be different on different roads and leads to an arc routing problem with inventory
decisions and constraints. In a subsequent paper, Riquelme-Rodríguez et al. [199] extend their model to a Location Arc
Routing Problemwhere the best location for the depot is also to be determined.

5.1.7 | Plotters, printers, and cuttingmachines
The paper by Dewil et al. [69] is a good survey of problems arising in laser cutting, mainly on the cutting path problem,
which consists of finding a path minimizing the time required to cut all parts from a sheet. Extending a previous
classification of the different types of problems related to cutting path proposed by Hoeft and Palekar [120], Dewil et al.
describe six classes of cutting path problems: the Continuous Cutting Problem (CCP), where the tool can enter at any
point on the perimeter of the object but must cut the entire object beforemoving to the next one and, hence, the tool
must enter and exit each object at the same point; the Endpoint Cutting Problem (ECP), in which the tool can cut the
contour by sections using only a few specified points to enter and exit; the Intermittent Cutting Problem (ICP), where
the object can be cut into sections and there is no restriction on the points that can be used to enter or exit; the Touring
Polygons Problem (TPP), which is a variant of the CCPwhere the sequence of objects is given beforehand; and two final
classes that can bemodeled as a Traveling Salesman Problem and a Generalized Traveling Salesman Problem.

Althoughmany of the above problems could bemodeled and solved as variations of the Rural Postman Problem,
most of the papers reviewed in [69] propose heuristic or exact solution algorithms based on node routing methods.
Hence, some classes of cutting path problems offer the possibility of being addressed as arc routing problems. Among
them, the Intermittent Cutting Problem deserves a special attention. Note that the ICP is, possibly, themost general
cutting path problem and is a very hard problem to solve. In fact, there are only two articles mentioned in [69] related
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to the ICP. The first one is a paper by Garfinkel andWebb [98], which introduces and provides some properties of an
extension of the RPP, the Crossing RPP, in which the postman can enter and leave the edges of an undirected graph by
any point (as in the Drone RPP), but no solutionmethod is proposed. The other article is by Rodrigues and Soeiro [201],
which present amemetic algorithm for the RPP and apply it to the solution of a cutting path problem appearing in an
industrial application.

F IGURA 5 Cutting plotter

Related problems in the context of cutting plotters (see Figure 5) were alreadymentioned in [62]. Cutting plotters
are equippedwith a razor that can bemoved in two directions and is used to print and cut signs, stickers, etc. The goal is
to plan themovements of the paper (cloth or other material) and the razor to cut all the drawings in the shortest time.
Since the cost of moving the paper in one direction and the opposite may be different, non-symmetric costs for the
edges have to be considered, which leads to a problem that can bemodeled as aWindy RPP.

In our opinion, the new possibilities offered by the use of 3D printers are very interesting. Iori and Novellani [126]
define three-dimensional printing as a production technology that allows three-dimensional objects with complex
shapes to be constructed by adding one ormorematerials layer by layer. Basically, the 3D object is divided intomany
layers that, in turn, are decomposed into segments thatmust be traversed by the tool (a nozzle in this case) to be printed.
Hence, as authors point out, the time needed to produce a 3D object with this technology is very large and, therefore, is
essential tominimize the printing time. Similarly to the cutting/drawing problems described above, the problem here
consists of optimizing the path that the tool has to follow to build the three-dimensional object. But, as noted by Iori and
Novellani [126], the graph to be printed here is divided into clusters (representing the layers to be printed) that have to
be visited sequentially and involves a huge number of edges. For this problem, authors propose several heuristics whose
behavior compares favorably with CURA, a popular software for 3DP path definition. Fok et al. [94] also deal with this
problem for which they propose a procedure based on the Frederickson algorithm for the RPP ([95]).

Campbell et al. [40] point out that ARPs with a single drone share some characteristics with the problems of
generating paths for laser cuttingmachines or drawing plotters. We think that the Intermittent Cutting Problem, and
other problems related to the search for paths for laser cuttingmachines, drawing plotters and 3D printers, could be
addressed through themethods proposed in [40, 41]. This is another area with a great future whose importance will be
multiplied with the new applications and possibilities offered by 3D printers.
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5.2 | Arc routing applications where demand is point based
Last mile logistics for pickup, delivery or service at households have similar characteristics. Municipal waste collection,
postal service, newspaper delivery, andmeter reading are examples that were discussed in the arc routing literature
early on. Demand is point based, so node routing models would seem natural. However, the total number of nodes
and the high density of demand along links in the street network in questionmay render arc routingmodels the best
choice, particularly for urban areas. As an example, Figure 6 (taken fromHasle [119]) shows a road topology-based
aggregation of service points in a dense urban part of Oslo, where green crossesmark the original points and red lines
mark aggregates. In this section, such applications are discussed.

5.2.1 | Newspaper delivery and postal service
Newspaper circulation numbers are dropping, as people more andmore use alternative channels for news. Still, there
are many major newspapers with high circulation numbers. Large volumes of newsprint are processed in printing
presses, and then packaged, loaded on to vehicles, and distributed from the print works to readers, typically in amulti-
echelon distribution chain. Either, a newspaper copy is delivered to the home of the reader via subscription, or the
reader buys it from a retailer. The final delivery to subscribers is made by carriers, either on foot, by bicycle, by car, or a
combination.

Arc routing models are relevant for optimizing the final delivery to the doormat by carriers. Newspapers are
perishable goods. Subscribers expect to find their freshmorning newspaper on the doormat before breakfast. There
is limited time between printing and delivery. Normally, carrier routes should take less than two hours, and routes
should have balanced duration. In addition to low operational cost, "visual beauty"on the map is a typical desirable
characteristic for a carrier routing plan: routes should be compact and non-overlapping. For successful automatic route
design, a detailed electronic road network (GIS) and goodmodels for travel and service time are crucial.

F IGURA 6 A dense urban part of Oslo

Golden et al. [105] give an account of the newspaper delivery supply chain and what the authors define as the
Newspaper Distribution Problem (NDP). They present an industrial background that also focuses on the serious
challenges that newspaper companies started to face in themid 1990s, and continuewith a literature survey of VRP
algorithms for the NDP. All nine papers discussed focus on the first echelon. The authors present three case studies, two
large dailies in the US and a European newspaper, that all utilize routing software systems for planning and operation.

In a chapter of the 2014 book on arc routing edited by Corberán and Laporte, Hasle [119] discusses logistics for
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newspaper distribution and surveys the relevant literature. No papers that focus on last mile newspaper delivery
were found at the time. A new literature search has not disclosed more recent papers either. However, newspaper
delivery by carriers is mentioned as a relevant application in many papers on arc routing problems, general routing
problems, and in papers on route balance [156] and visual beauty aspects [202]. Hasle also discusses node routing
vs. arc routing and advocates the use of theMixed Capacitated General Routing Problem (MCGRP, see for instance
[38]) as the basis for adequate models for many real-life last mile logistics applications. A case study describing the
development of an electronic carrier guide and a web-based service for carrier route design for a Norwegian solution
vendor is presented. As subscribers became fewer and their requirements more versatile, tactical carrier routing plans
that visited all households became less useful. It became necessary to replace the paper-based delivery guide with
handheld computers or smartphones.

With the falling trend of subscriptions inmany parts of theworld, newspapers and distribution companies have
tried to compensate by utilizing their last mile distribution system also for other products, e.g., from Internet shopping,
to create more revenue. This change also adds dynamics to the routing problems and further strengthens the need for
an electronic delivery guide that specifies which subscribers to visit andwhat products to deliver today.

Postal service and newspaper distribution bear a resemblance. The lastmile delivery is performed by postal carriers
that start at a depot, normally the post office, and visit themailboxes of virtually every house in the surrounding postal
area. The goal of route design for mail carriers is to create aminimum cost, balanced set of routes that visit all mailboxes
in the area. In rural areas, carriers normally drive cars. In cities, they typically walk or use small vehicles. Constraints on
route duration andweight are common. Addressedmail is sorted at the post office before delivery.

In a book chapter [141], Levy and Bodin describe the design of city carrier routes for the US Postal Service. Route
duration should be approximately five hours for each mailman, after three hours of work at the office. The chapter
focuses on revision (route adjustment) for four types of routes. An algorithm based on graph partitioning is described.
The algorithm was implemented in a system and successfully used by the US Postal Service. Twenty years later,
Irnich [127] presents modelling and solutionmethods for real-world postman problems that extend theWindy Rural
Postman Problemwith aspects such as turning and crossing restrictions, alternativemodes, and zigzagging. The solution
algorithm is based on a transformation to the asymmetric TSP.

In a more recent publication, Gussmagg-Pfliegl et al. [112] study the tactical mail carrier route design problem. Car,
moped, bicycle, andwalking are the alternativemodes available. The authors use a node routingmodel and propose
a two-phase solution approach that combines exact and heuristic methods. Computational experiments on real-life
instances show improvements up to 9.5% over current practice at the time.

Like newspaper subscriptions, traditional mail volumes are decreasing. In some countries, carriers no longer
deliver mail every weekday. Internet shopping with home delivery is booming, and last mile delivery drives cost and
is a bottleneck. There are pilot studies on autonomous vehicles for last mile distribution of newspapers, mail, small
packages, and products from Internet shopping such as foodboxes. If they succeed, the cost of last mile deliveries
will drop significantly. Demandwill be highly dynamic, and increase. However, it is difficult for some to envisage how
autonomous vehicles will replace human carriers in reaching the doorstep of every type of household. Joint distribution
by human carriers and autonomous vehicles will create novel routing problems. Arc routingmodels may ormay not
becomemore adequate for last mile applications in the future, depending on the level of consolidation of many types of
demand that will be possible.
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5.2.2 | Meter reading
In parts of the world, utility companies use special employees to read consumptionmeters of every household. Given
the volumes, this is of course extremely costly, and the use of optimization technology has a huge savings potential.
Earlier, visual inspection was needed. Everymeter had to be visited for close up inspection at regular intervals. Again,
the demand for service is point based, but the number and density of visits for urban and suburban areas made arc
routing a natural modelling choice for route design. Also, in meter reading, alternative transport modes andworkload
balancing are important factors in the routing problem.

In their book chapter, Eglese et al. [83] summarize themost important papers onmeter reading from the 1970s
until the late 2000s and describe current practice in the utility industry. Utility meters have undergone a substantial
technological development that has drastically changed the utility meter routing problem in the past decade or so.
Meters were equipped with RFID tags such that meter reading could be performed from a distance, for instance by
vehicles driving through the area, or a number of stationary transceivers. The newmeter technology created novel
and interesting optimization problems such as the Close Enough ARP (see Section 3.3), and solutions for optimization
technology vendors.

In contrast, meter reading has never been an interesting routing application in countries like Norway. By and large,
households only have electricity meters. The utility companies have trusted the consumers to correctly report their
consumption at given intervals. Recently, old electricitymeters have been replaced byAutomaticMeter Readers (AMRs)
that continuously record detailed electricity consumption data and communicate those data to the energy supplier. As
of 2019, all meters in Norway have been replaced by AMRs.

Onewould expect that AMR technology will remove the need for routing technology for meter reading worldwide
in the future. Network inspectionwill still be important to utility companies, with new interesting applications for arc
routing of drones (see Section 3.5).

5.2.3 | Waste collection
There is a substantial number of waste management inspired publications in the routing literature, also due to the very
large costs involved and the importance to human well-being. For municipal curbside waste collection, arc routing
models have been studied for a long time. One or more waste bins are located close to each household. Regularly,
with an interval of a few days, vehicles follow pre-defined routes that cover a given area to pick up and compress the
waste of every household on the route. When full, or at the end of the working day, the vehicles go to the treatment
plant or the disposal site for discharge. There are two basic variants of municipal waste collection systems: single
stream and source separation. In single stream systems, there is only one fraction of waste that is collected by single
compartment vehicles. In source separation systems, households separate the waste in a small number of fractions.
Each fractionmay be collected by single compartment vehicles. Alternatively, all fractions are picked up simultaneously
bymulti-compartment vehicles. There are sub-variants and hybrids of thesemain types.

The Capacitated Arc Routing Problem is the general basis for municipal waste collection route design. The periodic
nature, the need to visit intermediate facilities, waste fractions, and inventory aspects that may follow from waste
bin sensors, call for richer models. Also relevant are working time regulations, driving restrictions, and opening times.
Narrow streets may call for a two-tiered systemwhere small vehicles service the first mile and transfer thewaste to
intermediate storage locations or larger vehicles.

Ghiani et al. give a survey of routing inwaste collection applications in [102]. They describe solidwastemanagement
systems, refer to survey papers, and discuss node routing vs. arc routing also by discussing relevant papers. Finally,
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they present a case study based on waste collection in a part of Lisboa. A matheuristic is proposed for solving an
integer programming model based on a mixed graph. Bing et al. [33] contrast practice with waste modelling issues
discussed in the literature and recommend a holistic view for futureOR in this area. Based on information gathered
in a waste collection research project in Denmark, Kiilerich andWøhlk [130] introduce five new CARP variants and
present large-scale instances inspired from real operations in five urban and rural areas. Based on the same Danish
cases information, Zbib andWøhlk [232] compare transport requirements for single stream and source separation
systems. They find that the "sort, then collect bymulti-compartment vehicles"system outperforms the others in terms
of driven distance, and that the "sort, then collect by single compartment vehicles"system outperforms the others in
terms of number of routes.

Recently, waste bins are equipped with sensors that measure and communicate filling degree. There are still
technical challenges, but when reliable, this "smart bin"technologymay changewaste collection systems drastically.
Instead of a static, frequency-based collection pattern, bins can be emptied when necessary. Instead of a tactical route
plan, routes may be designed dynamically, maybe on a daily basis, according to current demand. Inventory aspects may
be important for the routing problem, given reliable information on filling rates. The density of collection points on
demand-based waste collection routes will be lower, but arc routing models will presumably be relevant, at least in
urban areas.

Some cities with old centers that were built in a time whenwaste collection systems were primitive or non-existent,
have serious challenges with conventional waste collection systems. In themedieval city center of Bergen, they started
operating a pipe based, pneumatic waste collection system in 2016. The underground suction system, also called the
world’s largest central vacuum cleaner, transports both residential and commercial waste to terminals twice per day. Arc
routing is irrelevant for such waste collection systems, but ORmodels for network design and extensionmay be useful.
The costs and difficulties involved in the installation of the pipe infrastructure limit widespread use of this technology.

5.3 | Applications where amixed arc and nodemodel is relevant
Prins and Bouchenoua [190] study theMixed CapacitatedGeneral Routing Problem that combines node and arc routing
on amixed graph. They re-baptize the problem theNode, Edge and Arc Routing Problem andmotivate their study by
applications in waste collection. In certain cases, most requests may be aggregated and adequately modeled as located
on streets, but some large point-based demands exist (for instance at schools or hospitals) that should bemodeled on
vertices, hence a need for a general routingmodel on amixed graph.

Hasle [119] argues that a pure arc routing model for applications where demand is fundamentally point based
may be a crude abstraction. In practice, it is better in such cases to apply a qualified aggregation heuristic for demand
that takes proximity, capacity, temporal constraints, and other relevant aspects into account to reduce the number
of requests. Often, the result will be a combination of aggregated requests located on arcs or edges, and point based
requests that have not been aggregated, and probably should not be aggregated. His conclusion is that theMCGRP is a
suitable basis for an adequatemodel for such applications.

Asmentioned in Section 3.5 above, there are applications where drones need to service both nodes and arcs, for
instance as reported by Singgih et al. [212]. A fewmore examples are briefly described in Section 5.4.

5.4 | Other Types of Application
Asmentioned in sections 3.1, 3.3, and 3.5 above, network surveillance and inspection is an important potential applica-
tion area for arc routing. Infrastructure in the form of roads, railroads, power lines, water supply, gas, and sewage pipe
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networks is vital to a well-functioning society. Surveillance or inspection at regular intervals is needed for detection
of potential problems. In case of major failures and disasters, time to find the sources of failure is critical tominimize
harm. Conventional inspectionmethods involve human efforts to a large degree. Hence they are very expensive and
time consuming. Recent technological advances, primarily in robotics and autonomy, have changed theway network
surveillance and inspection operations are performed. Further technology development (more autonomy, higher speed,
better sensors), and increased usage and competition, is expected to lower cost and efficiency of such operations even
more in the near future. As a result, we expect an increasing interest in arc routingmodels and solutionmethods that
will provide the basis for optimization based planning tools.

Power line inspections are typically performed annually, traditionally by foot, by car, or by helicopter. Recently,
man-operated drones equippedwith camera and sensors have been used to inspect power lines withmuch lower cost
and higher efficiency. Similarly, drones are now used to check the condition of roads, bridges, and railway tracks. Drones
with gas sensors are used for leak detection of gas pipes. There are crawling robots for checking leaks, corrosion, and
sludge in pipes.

Planning of network surveillance and inspection operations naturally lead to someARPswhere the abstract graph is
derived directly from the physical network. Utility networks normally have a tree structure, whereas road networks and
bridge structures have amore complex topology. The use of drones or robots may fundamentally change the associated
arc routing problems, as discussed in 3.5. Often, inspection can be donewithin a certain distance from the physical link,
servicemay be started from any point, and the vehicles may need frequent refueling / recharging.

Despite the high potential impact, only a few application oriented papers on arc routing in network inspection and
surveillance have been published, as far as we can see. Liu et al. [144] investigate a systemwith a ground vehicle and a
drone for power line inspection of large areas. The ground vehicle can only stop at predefined potential rendezvous
places, where the drone can be launched or retrieved. They define the combined routing problem for the ground vehicle
and the drone, with the goal of minimizing the completion time, and call it the Two-Layer Point-Arc Routing Problem. It
may be seen as an arc routing and single vehicle variant of the VRPwith Drones. They propose a heuristic and perform
computational experiments based on a real-life case in China where they also investigate sensitivity with respect to
drone inspection speed and battery capacity. In a short conference paper, Harris et al. [117] discuss inspection of truss
bridges with multiple robots where the goal is to design efficient and balanced routes. Theymodel the problem as a
Min-Max k -Windy CPP and propose a genetic algorithm for solving it.

Agriculture is a not much investigated, but promising, ARP application area. Arc routing models for planning of
operations in animal farms were investigated in several papers in the 1990s. Dror et al. [76] discuss the operations
of a large cattle yard in Arizona in a chapter of the arc routing book edited by Dror [75]. The authors focus on arc
routingmodels for pen inspection and feed delivery, where capacity, timewindows, and split delivery are important
aspects. Today, the use of drones and robots in agriculture is rapidly increasing. They are used to automate a variety
of tasks such as plowing, seeding, inspection, irrigation, weed control, spraying, harvesting, picking, and also feeding.
Several robots may collaborate on performing a given task. The optimal planning of such operations may be formulated
as ARPs. Relevant aspects are capacity, refueling / recharging, split delivery, and close enough service. For feeding
robots, storages for various types and qualities of fodder may call for adding inventory aspects. Also for applications in
agriculture we expect an increasing interest in planning tools, and hence an increase in targeted arc routingmethods.

In the context of high level political visions such as Smart Cities andMobility-as-a-Service, there is currently a drive
towards the use of more on-demand public transport, particularly for the first / last mile. A possible approach is to
use non-timetabled, flexiblemini-buses andmore or less dynamic routing based on current demand. In dense urban
areas, suchmini-buses cannot stop at any doorstep. Suitable points or road segments where passengers may embark or
disembarkmust be selected such that the walking distance to / from any household in the area is within a certain limit
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from a selected potential stop. We believe that a variant of the Close Enough ARP could be useful in determining the
selection of stops and road segments.

The recovery phase of disaster operations management (see, e.g., [6] and [97]) involves routing problems. A paper
by De la Torre et al. [67] provides a survey and an analysis of ORmodels for routing of vehicles within disaster-affected
regions, but does not mention arc routing. Many tasks in the recovery phase are naturally modeled as ARPs, however,
some of these have been discussed above. Examples are disaster assessment, debris removal, rebuilding of roads,
bridges, and key infrastructure. Oruc and Kara [178] study an extension of the GRP that they call the Post-disaster
Assessment Routing Problem. It concerns early assessment of damage to populated areas, infrastructure, and facilities
by teams equipped with drones andmotorcycles, for further planning of post disaster actions. They develop two bi-
objectivemathematicalmodelswith accompanying approximationmethods, as response time is critical. An experimental
study is conducted on data from Istanbul. Kasaei and Salman [129] study two arc routing problems for clearing blocked
roads, one for minimizing the time to reconnect the road network, the other for maximizing the total benefit gained
by reconnecting network components within a time limit. Sahin et al. [204] focus on debris removal from blocked
roads, define the so-called Debris Removal Problem in the Response Phase problem as an extension of the GRP. Akbari
and Salman [3] propose a method for generating a synchronized work schedule for road clearing teams to restore
connectivity that minimizes makespan. They provide aMIPmodel for the so-calledMulti-vehicle Synchronized Arc
Routing Problem to Restore Network Connectivity, and also develop and investigate a heuristic approach.

6 | ARC ROUTING LIBRARIES AND INSTANCE REPOSITORIES
There are some instance repositories of many ARPs that provide interesting and useful information about the behavior
and limits of someof the best-knownexisting solution algorithms and that are also available to compare the performance
of new exact and approximatemethods. Among them, we can cite the repository described inWillemse and Joubert
[223] consisting of undirected andmixed CARPs under time restrictions with intermediate facilities. Authors point out
that the benchmark sets include realistic instances that are based on actual road networks and that are consistent in
size with waste collection instances found in practice.

Updated lower and upper bound values and integer solutions for well-knownCARP benchmark instances, including
the KSHS, GDB, BBCM, EGL, EGL-Large and BMCV instances, are reported in the website https://logistik.bwl.uni-
mainz.de/forschung/benchmarks/, maintained by Stefan Irnich. The data for the CARP instances can be found there and
in the website https://www.uv.es/belengue/carp.html, maintained by J.M. Belenguer.

The website http://optimization.dk/index.html, maintained by Sanne Wøhlk, contains information and data of
instances for the CARP and some variations that have their origin in a waste collection problem (see 5.2.3). These
large-scale instances are described in Kiilerich andWøhlk [130], and are based on real-life networks andwaste data
from five areas in Denmark and cover rural as well as urban areas.

In https://www.uv.es/corberan/instancias.htm, data for different types of ARPs defined on undirected, directed,
mixed, and windy graphs can be found, as well as information on optimal or lower and upper bound values (when
the optimal value is unknown) for the instances. In particular, this website provides the data, characteristics, and
information of instances of the Mixed CPP, (Undirected, Mixed andWindy) RPP, (Undirected, Directed, Mixed, and
Windy) GRP,MaximumBenefit CPP, Stacker Crane Problem, Close Enough andDistance-constrained Close Enough
ARP, Orienteering and TeamOrienteering ARP, HierarchicalWindy Postman Problem,Min-Max K-vehiclesWindy RPP,
ProfitableWindy RPP, and Drone RPP.

Finally, we mention the library of arc routing instances and algorithms created by Oliver Lum and hosted at
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https://github.com/Olibear/ArcRoutingLibrary. The library is described in Lum et al. [149] and presented as “an open
source, arc routing Java library that has a flexible graph architecture with solvers for several uncapacitated arc routing
problems and the ability to dynamically generate and visualize real-world street networks”. Implementations of well-
known algorithms for the exact or approximate solution of the (Undirected, Directed andMixed) CPP and the (Directed
andWindy) RPP, as well as some other utilities are available at that website.

7 | CONCLUSIONS AND PERSPECTIVES
The paper has presented a broad survey of developments in Arc Routing. Following the brief historical introduction, the
emphasis has been on discussing the variants of Arc Routing Problems that are of particular interest at this stage of
research into the area.

Section 3 dealt with particular types of problem that are of current and growing research interest. For many of the
types of problem included, a conclusion is that progress in solving simpler classic arc routing problems, such as the RPP
and the CARP, will be able to be incorporated into approaches to solve themore complex and demanding problems are
tackled here. This will lead to advances in the size of problems that can be solved using exact methods and to enhanced
metaheuristics andmatheuristic algorithms that can be used to support decisionmaking for real-world problems.

Section 4 considered several features that are relevant tomodeling ARPs of many different types. In these areas,
the conclusions are varied and point towards further extensions of models that have not yet been researched or the
opportunity tomake use of recent advances in the availability of data and communications tomake newmethods and
approaches possible. For example, the availability of current tracking data for traffic and vehicles can be used to provide
information for dynamic ARPs and thenmodern forms of communication can enable the results to be implemented in
time to be effective.

Section 5 surveyed the use of ARPs inmany different practical applications. Some of these, such as waste collection,
have been a focus for application of ARPs for many years, while others are relatively new. In many applications, there is
a decision to bemade about the level of aggregation of demand that will affect whether themodel to be used is based
on a node routing or arc routing formulation, or whether amixed approach is required leading to some form of General
Routing Problem.

Some applications that have been the focus of studies will become less important. For example, applications in
meter reading will reduce asmore homes are equippedwith smart meters that do not need a visit or local monitoring.
On the other hand, new applications in areas such as the use of drones and in 3D printing will require further research.
It is interesting to see the emergence of a challenging ARP, the Intermittent Cutting Problem, whichmay be relevant to
both of these new applications.

Section 6 gives information onwhere to find standard data sets together with best-known solutions and bounds
from existingmethods.

The review has demonstrated that the study of ARPs is an important area of research and that it will continue
to have a vibrant future inmotivating the technical challenges of discrete optimization andmodellingmore realistic
representations of operations in the real world.
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