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Abstract

We present a novel quantitative approach to the representation theory
of finite dimensional algebras motivated by the emerging theory of graph
limits.

We introduce the rank spectrum of a finite dimensional algebra R over
a finite field. The elements of the rank spectrum are representations of the
algebra into von Neumann regular rank algebras, and two representations
are considered to be equivalent if they induce the same Sylvester rank
functions on R-matrices.

Based on this approach, we can divide the finite dimensional algebras
into three types: finite, amenable and non-amenable representation types.
We prove that string algebras are of amenable representation type, but
the wild Kronecker algebras are not. Here, the amenability of the rank
algebras associated to the limit points in the rank spectrum plays a very
important part.

We also show that the limit points of finite dimensional representa-
tions of algebras of amenable representation type can always be viewed
as representations of the algebra in the continuous ring invented by John
von Neumann in the 1930’s.

As an application in algorithm theory, we introduce and study the
notion of parameter testing of modules over finite dimensional algebras,
that is analogous to the testing of bounded degree graphs introduced by
Goldreich and Ron. We shall see that for string algebras all the reasonable
(stable) parameters are testable.
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1 Introduction

By Maschke’s theorem, the complex group algebra CG is semisimple if G is
a finite group. Hence all the infinite dimensional representations of G can be
decomposed into finite dimensional subrepresentations. The situation becomes
much more interesting if the characteristic of the coeflicient field divides the
order of the group.

Example 1. Let G = Zs X Zy be the Klein group and K be the field of two
elements. Let K (t) be the transcendent extension of K by the element t. Then

s =(y 1) ow=(; 1)

defines an indecomposable representation ¢ : G — GL(2,K(t)), where G =
{1,a} x{1,b}. That is, the representation of G on the infinite dimensional space
K(t) x K(t) cannot be decomposed into finite (or even infinite) dimensional
subrepresentations.

Infinite dimensional representations of finite dimensional algebras has been stud-
ied for decades (see e.g. [24], [I1]). The aim of our paper is to develop a theory
for such representations guided by the convergence and limit theory of finite
graphs (see the monograph of Laszl6 Lovész [21]). Our philosophy is to view
infinite dimensional representations of a given algebra (when it is possible) as a
sort of limit of its finite dimensional representations.

The rank spectrum. Let K be a finite field and R be a finite dimen-
sional K-algebra. Let R-Mod denote the set of finitely generated (left) R-
modules (up to isomorphism). If M € R-Mod, then ¢™ : R — Endg (M) =
Mat gim(ar)xdim(ar) ()C) is the corresponding representation, where oM (r) =rm
and dim(M) is the K-dimension of the module M. For any k,l > 1 the map
oM extends naturally to the homomorphism

o+ Mat i (R) = Mat & dim(ar) x 1 dim(ar) (K) -
If A € Mat x;(R), then let

rank (ot (A
) o )
dim(M)
Then rkps is a Sylvester rank function, that is
o k(1) = 1, where I is the unit element of R considered as a 1 x 1-matrix.

o vkt <‘g g) — rkar(A) + rha(B) |

o rkuy <é g) > rkay(A) + rka(B) ,



o rky(AB) < min(rka (A),rka(B)),

provided that the R-matrices A, B, C' have appropriate sizes. Observe that

’I”kM = TkMEBMEB---@M .

We will show that if for two modules rky; = rky, then there exist k,I > 1 such
that M* = N!. We say that a sequence {M, }2°; C R-Mod is convergent
if for all pairs k,0 > 1 and A € Mat gx;(R), lim,— 0o ks, (A) exists. The
notion of convergence is based on the Benjamini-Schramm convergence notion
(see the Introduction of [15]). Since the set of all finite matrices over R is
countable, from each sequence { M, }22 ; one can pick a convergent subsequence.
Let us consider the locally convex, topological vector space C' = RrMat (B) where
Mat (R) is the countable set of all finite matrices over R. The set of all Sylvester
rank functions on Mat (R), Syl(R) forms a convex, compact subset of C. We
will also consider the subset of Sylvester rank functions corresponding to finite
dimensional representations

Fin(R) := {rkym | M € R-Mod}.

Let K be a finite field as above. A K-algebra S is called a rank algebra (see
[17] for an introduction of rank functions on von Neumann regular rings) if

e S is a von Neumann regular ring,
e Mat (5) is equipped with a Sylvester rank function rankg.
e rankgs(A) = 0 implies A = 0.

The most important examples of rank algebras are skew fields, matrix rings
over skew fields and more generally, semisimple Artinian rings. If we have
a representation p : R — S into a rank algebra we still have an associated
Sylvester rank function

rk,(A) :=rankg(p(A)),

where p is the appropriate extension for matrices. We say that two such rep-
resentations p; : R —+ S1 and pp : R — Sy are equivalent if rk, = rk,,. The
rank spectrum of R, Rank(R) is the set of Sylvester rank functions that are
in the form rk, for some representation p : R — S. We say that the infinite
dimensional representation p : R — S is the limit of the convergent sequence
of finite dimensional representations {p, : R — Mat p,,, xm,, (K)}52, if for any
A € Mat (R),
lim rk,, (A) =rk,(A)

n—00

that is, if rk, is the limit point of the sequence {rk,, }>%, in Syl(R).

Example 2. Let {K(t,) = E,}32 be a sequence of finite dimensional field ex-
tensions of K with generators {t,}52 . Suppose that dimg (E,) — co. Let G =



Zo X Lo as in Example[l and define the representation ¢, : KG — Matox2(Ey,)

& (11 (1t
¢"(“)_(0 1)’ ¢"(b)_(o 1)'

Then, the representations {¢, 52, converge to the representation ¢ : KG —
Mat2x2(K (t)) described in Example [

Proposition 1.1. For any finite dimensional algebra R, the set Rank(R) is a
convezx, compact subspace of Syl(R).

The following question is the somewhat analogous to the famous Connes Em-
bedding Problem [7].

Question 1. (see Theorem [3]) Is the closure of Fin(R) in Syl(R) equals to
Rank(R)?

Note that if rk € Syl(R) is a Sylvester rank function such that the values of rk
are in the set Z/d for some d € N, then by Schofield’s Theorem (Theorem 7.12
[25]), there exists a skew field D and a representation p : R — Mat 4xq(D) such
that rk = rk,

Hyperfiniteness. Let R be a finite dimensional algebra as above and
{M,}7, C R-Mod be a set of modules. We say that {M,,}52; is hyperfinite,
if for any € > 0, there exists a finite family { N1, Na, ..., N;} C R-Mod so that for
any n > 1, there exists a submodule P, C M,,,dimg (P,) > (1 — ¢) dimg (M,,)
and non-negative integers oy, aa, ..., as such that P, = @le Nf‘ An algebra
R of infinite representation type (that is the set of indecomposable modules
Ind(R) in R-Mod is infinite) is called of amenable representation type, if
R-Mod itself is a hyperfinite family. In the course of the paper, we shall see
(Proposition [I0T]) that string algebras are of amenable representation type and
the wild Kronecker algebras (Theorem [6]) are not. These results suggest a
relation between the tame/wild and the amenable/non-amenable dichotomies.

Let dr be a metric on Syl(R) defining the compact topology. Two modules
M, N € R-Mod are e-close to each other if there exist submodules P C M, Q C
N, P = (@ such that dimg (P) > (1 —¢) dimg (M), dimg(Q) > (1 —¢) dimg (N).
Motivated by graph theoretical results (Theorem 5. [14]), we make the following
conjecture.

Conjecture 1. Let R be an finite dimensional algebra of amenable represen-
tation type. Then, for any € > 0 we have a § > 0 such that for two elements

M,N C R-Mod, 1 —§ < ?ﬂi%) < 1496, dr(rky,rkn) < 6, then M and N

are e-close to each other.

The meaning of the conjecture is that if we have a finite dimensional algebra of
amenable representation type, then the almost isomorphism of two R-modules
of the same dimension can be decided by checking the ranks of finitely many
matrices. This observation leads to the representational theoretical analogue of



the Constant-Time Property Testing Algorithms developed by Goldreich and
Ron for bounded degree graphs. (see Section [I4)). The main result of our paper
is the following.

Theorem 1. Conjecturedl holds if R is a string algebra.

Amenability of infinite dimensional algebras. Amenability and hy-
perfiniteness are intimately related notions in group theory. The notion of
amenability for algebras were introduced by Misha Gromov [18] and plays an
important part in the study of the rank spectrum.

Definition 1.1. An element rk, in the rank spectrum of R is amenable, if there
ezists a hyperfinite sequence { My}, C R-Mod such that lim, o 7knr, = 7k,.

The following conjecture is motivated by the theorem of Oded Schramm on
hyperfinite graph sequences [26].

Conjecture 2. If p: R — S defines rk,, where S is an amenable rank algebra,
then rk, is hyperfinite.

We confirm this conjecture in the case, where S = Maty;(D) and D is an
amenable skew field (Theorem [B)). For the converse, one can hope that the
limits of hyperfinite sequences can be represented by homomorphisms p : R — S,
where S is an amenable rank algebra.

The continuous algebra of John von Neumann. It is well-known that
any countable amenable group algebra has a trace-preserving embedding into
the unique separable hyperfinite I;-factor. In the world of ranks the role of
the hyperfinite I;-factor will be played by an algebra constructed by John von
Neumann in the 1930’s [27]. The construction goes as follows. We consider the
following sequence of diagonal embeddings.

K — MatQXQ(K) — Mat4><4(K) — Matgxg(K) — .,

where K is a finite field. Then all the embeddings are preserving the normalized
ranks. Hence the direct limit lim Mat 5k ok (C) is a rank algebra. The addition,
multiplication and the rank function extends to the metric completion Mg of
the direct limit algebra. The resulting algebra Mg is a simple continuous rank
algebra (see also [17]).

Conjecture 3. All the countable dimensional amenable rank algebras embeds
into Mg . Conversely, all the countable dimensional rank subalgebra of Mk is
amenable.

Theorem 2. Let M = {M,,}>2, C R-Mod be a hyperfinite convergent sequence
and rkap = limy, o0 Tkp, . Then there exists a representation p : R — My such
that vk, = rkpm.

Acknowledgement. The author is grateful for the hospitality of the Bernoulli
Center at the Ecole Polytechnique Fédérale Lausanne , where some of this work
was carried out.



2 The continuous ultraproduct of rank algebras

First, let us prove Proposition[[l Let {S,}52; be rank algebras and {p,, : R —
Sy }22  be a convergent sequence in the rank spectrum Rank(R), that is, for any
matrix A € Mat (R), lim,,_, 7k, (A) exists. Let w be a non-principal ultrafilter
on the natural numbers and lim,, be the associated ultralimit. We define the
continuous ultraproduct [] S, a quotient of the classical ultraproduct, the
following way. Let I C [[.2, S, be the set of elements {a, }°2; such that

limrankg, (a,) = 0.

Clearly, I is a two-sided ideal in [[°~;S,. Then ¥ =[] S, := [[,—, Sn/I
is a von Neumann regular ring. Indeed, if [{an};2;] € [[,S» and z, €
Sny AnTnn, = Ay, then

Han il {zntniil{an}nii) = {an}nla] -

That is each element of [] .S, has a pseudoinverse. Now, if A € Mat ,;(¥) =
{An}52,], then let ranks(A) = lim, ranks, (A4,). Then ranks is a Sylvester
rank on ¥ and ranks(a) #0ifa e X.

The representation py, : R — X is defined by px(r) = [{pn(r)}52,]. Then,
rks(A) = lim, o rk,, (A) holds for any matrix A € Mat (R). Hence, Rank(R)
is a closed subset of Syl(R).

If the elements rky resp. rky are represented by homomorphisms p; : R — S
and ps : R — T, where S, T are rank algebras, then A\ - rky + p - rko,

(A >0,A+pu=1),is represented by p: R — S & T, where

rankggr = A - rankg + p - rankyp .

Hence, Rank(R) is a convex subset of Syl(R). O

The following lemma is implicite in [I5], nevertheless we include the proof for
the sake of completeness.

Lemma 2.1. Let K be a finite field, R be a finite dimensional K -algebra and
p: R — S be a representation of R into a rank algebra. Then there exists a
countable dimensional subalgebra S’ C S that contains the image of p. That is,
all the elements of the rank spectrum can be represented by countable dimensional
rank algebras.

Proof. Let X be a finite dimensional linear subspace of S containing the unit.
Denote by P(X) the finite dimensional linear subspace of S spanned by elements
in the form
{1‘1&[:2 | xr1,T2 € X} .

Also, let R(X) be an arbitrary finite set such that for any = € X, there exists
y € R(X) such that zyz = z. Let X; = Imp(R) and X,,+1 = R(P(X,)). Then
Up; X, is a countable dimensional von Neumann regular ring containing the
image of R. O



3 The Ziegler spectrum

The goal of this section is to recall the notion of the Ziegler spectrum [28] (see
also [23]) and show that finitely generated indecomposable modules are isolated
points of the closure of Fin(R).

Let R be a finite dimensional algebra over a finite field K. A pp-formula ¢ of
type t is given by a matrix

M, 17>

Let M be a module over R. We say that v = {v1,ve,...,v;} € M? satisfies ¢ if
there exists {ys11,Yer2,---,Yn} € M™7t such that for any 1 <i <m

t n
Zaijvj + Z QijYj = 0.
j=1

j=t+1

The elements v satisfying ¢ form the pp-subspace M (¢) C M*. We say that two
formulas (of the same type) are equivalent, ¢ = v, if for any M, M (¢) = M (¢).
Also, ¢ > o if for any M, M(¢) D M (). For any t > 1, the equivalence classes
of pp-formulas of type ¢ form the modular lattice pp*(R). The Ziegler spectrum
of R, Zg(R), consists of the pure-injective indecomposable modules over R. The
basic open sets of Zg(R) are given by pp-pairs (¢, 1), where ¢ > ).

Usyp ={M | M(¢) 2 M)} .

Then, the set of isolated points in Zg(R) are exactly the finitely generated
indecomposable modules and they form a dense subset in the quasi-compact
(not necessarily Hausdorff) space Zg(R) (Corollary 5.3.36. and Corollary 5.3.37.
[23]). Let ¢ be a pp-formula of type ¢ and let M be a finitely generated module.

Set )
Do) = Tl
Then, Dy is a dimension funcion on pp'(R), that is
e Dy(0)=0
o Dy(1)=1

o Dy(aAb)+ Dyr(aVb) = Dya) + D (b)

(Note that we do not require that @ < b => Dps(a) < Dps(b).) Nowlet p: R —
S be a representation (possibly infinite dimensional) into a rank algebra. Recall
[17] that the finitely generated right submodules of S, Mod-S, are projective, all
exact sequences of such modules split and the rank function defines a dimension
function dimg on the modular lattice Mod-S. Let A : S™ — S™ be a module



endomorphism (we nonchalantly consider A as an m X n-matrix in Mat (5)).
Then
ranks(A) = dimg(Im (A)) = n — dimg(Ker (A)) .

Let us consider S as a left R-module.

Lemma 3.1. For any ¢ € pp'(R), S(¢) € Mod-S and its dimension dimg(S(¢))
can be computed by knowing only the element rk, in the rank spectrum.

Proof. Recall that S(¢) is the set of elements {s1,s2,...,s:} € S* such that

there exists {ys411,Yea2,--+,Yn} € S so that for any 1 <i <m
t n
Zaiij + Z ;Y5 = 0,
j=1 j=tt+1

where the matrix A defines ¢. Therefore, S(¢) is a right S-module. Let @ be
the set of elements {21, 22, ...,2,} € S™ such that

n
E Aijz5 = 0,
j=1

and z; =0, if 1 <¢ <t. Then
0—Q —Ker(A) = S(p) >0

is an exact sequence, where @ is the kernel of a matrix B € Mat (R) C Mat (S) .
That is @ and Ker (A) are both finitely generated right S-modules and S(¢) is
also finitely generated since it is a quotient of Ker (4). We have that

Dg(¢) = dimg(S(¢)) = dimg(Q) — dimg(Ker (4)) =t +rk,(B) —rk,(A) O

Corollary 3.1. If {M,}52, € R-Mod is a convergent sequence, then for any
pp-formula ¢, { D, (9) 52, converges.

So, one can identify the elements of the rank spectrum with certain dimen-
sion functions on ppt(R). Note that if {M,,}2°, is a convergence sequence of
modules, (¢, ) is a pp-pair, for any n > 1 M, (¢) # M,(¢) but

Jim (Dar,, (¢) = D, (4)) = 0.
then if p : R — S represents the limit of {M,}>2, in the rank spectrum, we
have S(¢) = S(¢). This phenomenon signifies an important difference between
the topology of the Ziegler-spectrum and the rank spectrum.



4 The geometry of the rank spectrum

The goal of this section is to understand the geometry of the closure of Fin(R)
(the ranks associated to finitely generated modules) in the rank spectrum. Let
M € R-Mod. By the Krull-Schmidt theorem, M can be written in a unique way
as M = @7_, Q" , where the ();’s are indecomposable modules. The weight of
an indecomposable module @; in M is defined as

n; dimK (Qz)

wa, (M) = = an

That is,

we (M) dim ¢ (M)
M= P Q mwEw
Qelnd(r)
and Zand(R) wo(M)=1.

Proposition 4.1. If M, N € R-Mod, then rky = rkn if and only if wg(M) =
wq(N) for all Q € Ind(R). In particular, rkg # rkp, whenever P # Q €
Ind(R) .

Proof. First, suppose that M =~ &5, Q7.
Lemma 4.1. rky; = Zf wg, (M)rkg,

Proof. Let A € Mat ,xn(R) be a matrix. Then, using the definition in the
Introduction,

dlm M _
- Zw@ ) rank(0, ().
That is,
rank(¢
Tk (A) = dlmK ZUJQI Jrkq, (A).

So, by the lemma above, if for all @ € Ind(R),wq(M) = wg(N) holds, then
rkyr = rky. Note that it means that for certain integers k£ and [, Mk NL O

Now, suppose that for some Q, wo (M) # wo(N). Let (¢, 1) be a pp-pair, that
isolates @, that is

Q) # Q)
o P(¢)=P()if P2 Q,PeInd(R).

wQ (M) dim g (M)

By, Lemma 1.2.3. [23], M (¢) = ®Qelnd(R) Q™ K@ (¢). Hence,

D (9) = D () = wo(M)(Do(¢) — Do(¥)) (1)

10



That is,

Du(9) = Du(¢) = wo(M)(Do(9) — Do(¥)) # Dn(¢) — Dn(¥) -

Hence by Lemma B, rkp; # rky. O

Note that (), has the following corollary.

Corollary 4.1. If {M,,}°>°, C R-Mod is a convergent sequence, then for all
Q € Ind(R) the sequence {wq(My)}22, is convergent as well.

Now, let @1,Q2,... be an enumeration of the indecomposable modules in
R-Mod. Let {a,}52; be non-negative real numbers, such that > - a, = 1.

Then a = Y77 | anrkq, is a well-defined element of Rank(R). We denote these

n

set of elements by Conv(R).

Proposition 4.2. Let {a' = Y77 alrkg, }52, be a convergent sequence such

that lim; oo a® = b = Yool barkg, € Conu(R). Then for any n > 1,
lim; oo ail =b,.

Proof. Let suppose that for some n > 1 and subsequence {i;}7°

klg{)lo ar =cp # by .

Let (¢, 1) be a pp-pair that isolates @Q,. Then,

im (D (¢) = Dyin (¥) = en(Dq, (¢) — D, (¥)) #

k—o00

# bn(Dq, (9) — Dq, (¥)) = Dy(¢) — Dyp(¥) ,

leading to a contradiction. O

Corollary 4.2. The limit points of Ind(R) in the rank spectrum form a non-
empty closed set that is disjoint from Conv(R).

5 Sofic algebras

Let R be finite dimensional algebra over the finite field K as in the previous
sections and p : R — S be a homomorphism to a rank algebra. In this section
we will get a sufficient condition under which rk, is an element of the closure
of Fin(R) (see Question[I]). Let A be a countable dimensional algebra over the
finite field K with basis {1 = ey, ea,...}. Following Arzhantseva and Paunescu
[1], we call A a sofic algebra

e if there exists a non-negative function j : A — R such that j(a) > 0 if
a # 0, and a sequence of real numbers k1 > ko > ... tending to zero,

11



e for any n > 1, there exists a unital, linear map ¢, : A — Mat ,,, xm,, (K)

so that
Rank(¢,, (ab) — ¢ (a)pn (D))

mMn

<k,

whenever a,b € Span(ey, ez, ..., ey,)

Rank(s, (@) - j()

[ ]
My, 2

, if n is large enough.

We call such a sequence {¢,}°2, a sofic representation sequence of A. Tt is
not hard to see (Proposition 5.1 [I5]) that A is sofic if and only if there ex-
ists an injective, unital homomorphism ¢ : A — Mat, where MatM is the
continuous ultraproduct of the matrix algebras M = {Mat ,,, xm, (K)}22,.
Recall from Section 2] that the rank rkx¢ on Mat M is given by rka([{an}] =
limy, rkm,, (an), where rk,,  is the normalized rank function on the matrix alge-
bra Mat 1, xm,, (K). By the proof of Proposition[I] it follows that any element
of the closure of Fin(R) is associated to a unital homomorphism p : R — Mat M.
Now we prove the converse.

Theorem 3. Let A be a sofic algebra over our finite base field K with a rank
rka derived from the injective homomorphism ¢ : A — Mat M. Let R be a finite
dimensional algebra over a finite field K, and p : R — A be the corresponding
element of the rank spectrum Rank(R). Then vk, is in the closure of Fin(R).

Proof. By Proposition 5.1 [I5], we have a sequence of unital maps {¢, : A —
Mat . xm,, (K)}22; such that for any € > 0 and for any a,b € A

{n | 1k, (dn(ab) — dn(a)dn (b)) < €} €w
and for any k,1 > 1 and A € Mat;(A)

dimg (¢! (A))

{n | o —rky(A)] < €} € w,

where ¢F! is the extension of ¢, onto Mat;(A). Therefore, by taking a sub-
sequence we can assure that for any a,b € A

lim rkp,, (¢n(ab) — ¢n(a)dn (b)) =0 (2)

n—r oo

and for any k,l > 1 and A € Mat y;(A)

TCLLTCCY) rk,(A). (3)

n—00 My,

If the sofic representation sequence {¢,, }52 ; satisfies (@), then we call it a con-
vergent sofic representation sequence. It is enough to construct for all
n > 1 a subspace V,, C K™ such that

dlmK(Vn) — 1 .

o limp oo =

12



e For any a € R, ¢, (a)(V,,) C Vy,

where ¢/, = ¢, o p. Indeed, for such sequence of subspaces {V,,}>2; the maps
@], define R-module structures on V,, and for any matrix A € Mat;(A),

iy (AmOBIA) _ R A))

Mn Mn

n—oo

where %! is the restriction of ¢f! onto V!. By (@), for any pair a,b € R,

. i (Ker (6, (ah) — ()6}, )

n— 00 My,

=0.

Hence, for Vi, = NaperKer (), (ab) — ¢/, (a)@), (b)), limp_yoo 2252 = 1 We
need to show that if v € V,,, then ¢/, (c)(v) € V,,, that is for any a,b € R

b (ab), (c)(v) = ¢y, (), (b)¢y, (c) (v) - (4)
Since ¢, (ab)¢y, (c) (v) = ¢, (abe)(v) and ¢, ()@}, (b) ¢, (c)(v) = ¢, ()@, (be)(v) =
@l (abe)(v), @) follows. O

Let p : R — Mat ,,x (D) be an infinite dimensional representation, where D
is a skew field over the base field K. Clearly, there exists a countable dimensional
subskew field E C D such that Im (p) C Mat ,,x,,(E). Since Mat ,,x,, (E) is sofic
if and only if E is sofic and Mat ,x,(F) has a unique rank, by Proposition B3]
we have that if E is sofic, then 7k, is in the closure of Fin(R). It is an open
question, whether there are non-sofic skew fields or not. In [I5] it was proved
that all the amenable skew fields (we discuss them in Section [7) and the free
skew field (we will prove that it is a non-amenable skew field in Section [7]) are
sofic. Hence for these skew fields and homomorphisms p : R — Mat ,,xn(E),
rk, is always in the closure of Fin(R).

6 Amenable elements in the rank spectrum

As we have seen in the previous section, one can construct convergent sequences
of finite dimensional representations of a finite dimensional algebra R by map-
ping R into a sofic algebra 4. Now we investigate that using this construction,
how can we obtain amenable elements (see Definition [[T))in the rank spectrum
of R. So, let A be a countable dimensional algebra over the finite field K, with
basis {1 = ey, ez,...} and let {¢y, : A — Mat ,, xm, (K)}52; be unital linear
maps forming a convergent, sofic representation system. We call the family
{bn}22, hyperfinite (see [15]) if for any € > 0, there exists Le > 0 such that for
any n > 1, we have independent K-linear subspaces N} N2, ...  NEO — fomn
satisfying the following three conditions:

e For any 1 <i < k(n), dimg(N;}) < L,

13



Mn

>1—¢€

o The subspaces \/ ,cSpange, es.....c.} én(a)(N}) are independent and for any

1 <i<k(n), <1+ €, where s is the

integer part of 1/e.

dimg (N})

So, as opposed to the case of finite dimensional algebras, the pieces N are not
exactly A-modules, only in an approximate sense. First, we prove a technical
lemma that will make the proof of some of our results easier. It states that part
of the third condition is not necessary to check in order to prove that a certain
sequence is hyperfinite.

Lemma 6.1. Let {¢, : A = Matm, xm, (K)}22, be a convergent sofic repre-
sentation sequence. Suppose that for any e > 0, there exists L, > 0 such that for
any n > 1, we have independent K -linear subspaces ZL, Z2, ..., Zﬁ(n) c K™mn»

satisfying the following three conditions:

e Forany 1 <i<k(n), dimg(Z) < L.

. PO iimK(Zi) >1—c¢.
dimg ( V ¢n(a)(Z})
e For any 1 <i<k(n), ( 0eSPaTerca . es) ) <1+ €, where

dimx (Z2)
s is the integer part of 1/e.

Then {¢n} is hyperfinite.

Proof. We start with a simple linear algebra lemma.

Lemma 6.2. Let V C Z be finite dimensional K -spaces and T, S C Endg (Z).
Suppose that dimg (T(V) + V) < (1 + ep) dimg(V), dimg(S(V)+V) < (1 +
es)dimg (V), then

o There exists a linear subspace W C 'V such that T(W) C V and
dlmK(W) Z (1 — eT) dlmK(V)

L] dlmK(TS(V) + V) < (1 +er + es) dlmK(V)

Proof. Let mp : V — W be the natural quotient map. Since
dimg (Im (m7)) < ep dimg (V'), we have that

dim g (Ker (mr)) > (1 — er) dimg (V).

On the other hand, T'(Ker (mr)) C V. For the second part, let S(V)+V = QaV
for some complementing space @, then TS(V)+V C T(Q) + T(V) + V, hence

dimg (TS(V)+ V) < (1 +ep + eg) dimg (V) .
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Lemma 6.3. For anyn > 1 and 1 <i < k(n), there exists a subspace Q°, C Z!
so that

dimg (Q%) > (1 — ve)dimg (Z7).

e For any a € Span{ey, ez, ..., €5}
$n(a)(Q7) C Z,,,
where s(€) is given in such a way that |Span{ey, e, ..., e5 )}t < ﬁ

Proof. For a € Span{ey, es, ... ey}, let W, C Z;, (Lemma [62) such that
o dimg(W,) > (1 —¢€)dimg(Z7).
o ¢n(a)(Wa) C Z,,.

Let _
Q= m¢zeSpan{el,e2 ..... es(e)}Wa'
Then, . .
dimg (@) = (1 - ve) dimg (Z,)
and for any a € Span{ey,ez,... ey}

$n(a)(@n) C Z, O

The existence of the systems {Q;}fﬁ? clearly implies the statement in Lemma

6.11 a

If {¢n, : A = Mat p, xm, (K)}52, is a hyperfinite sofic representation system,
then the associated sofic representation system

{d)n : Matlxl(A) — Matmnlxmnl(K)}

is still hyperfinite. Indeed, the spaces M} := (N:)! ¢ K™»! will be the in-
dependent subspaces satisfying the approximate module condition. Now, let
p: R — Mat x;(A) be a unital homomorphism from a finite dimensional alge-
bra R. By Theorem Bl we have a sequence of subspaces V;,, C K™»! so that

e ¢n0p(V,) CV, (that is V, is an R-module).

dimg (Vi) -1

e lim, ., ol

representing the element rk, in the rank spectrum.

Proposition 6.1. rk, is an amenable element of the rank spectrum, that is,
{Vo}52, is a hyperfinite sequence of R-modules.

15



Proof. The first step is to show that the sequence {V,,}52; is hyperfinite in the
weaker sense, described in Lemmal6.Il As opposed to the graph theoretical case,
it is not a priori obvious. The reason is that although the subspaces {V,}5%;
are almost as big as the total spaces K™»! it is not true that they contain
all (or even one single copy) of the pieces M. The following lemma resolves
this problem. First, fix a basis {f;}$2, for the algebra Mat ;«;(A4). By taking a
subsequence, we can suppose that the subspaces vaeSpan{fl,fz,...,fs} brla)(ME)

are independent, where s is the integer part of 1/e and for any 1 <14 < k(n),

dimnsc (Vaespanis g1 4o(0)013))
T (013

<1+e,

Lemma 6.4. For any € > 0 and large enough n > 1, we have independent
subspaces QL, Q32 ... Qi,(n) iV, such that

n’

e Forany 1 <i<lI(n), dimg(Q%) < L.

(n) 3: i
o iz dimr(Qy) i‘lmK(Q”) >1—2e.

n

o Forany 1 <i<l(n),
s is the integer part of 1/e.

T (O < 1+e¢€, where

Proof. We call the subspaces M} and M equivalent if there exists a linear
bijection a;; : K™»! — K™»! 5o that
e «;; bijectively maps M into M.

e For any a € Span{fi, fa,..., fs} and v € M}

@ij(fn(a)(v)) = Pn(a)(ai;(v)).

Notice that by our finiteness conditions, there exists a constant C' > 0 such that
for any n > 1, the number of equivalence classes is at most C. Now, let u =

{Mi M2 ... M:;“(t)} be an equivalence class and let o; : K™n! — K™n! be the
corresponding bijections mapping M’ into M,/ . For A= {1, A2, 0, )‘ium} €
KH®) define

) (t) _
My = (O \joy) (M)
j=1

Then

dimg \/ én(a)(M,;\) <(1+¢) dimK(Mf;‘) :
aeSpan{fi, fa,....fs}

16



Also, if 5\1, 5\2, e 5\q are independent vectors in K#®*) then the corresponding

subspaces Mgl , M,%?, ceey M,’z\ ¢ are independent as well. We call an equivalence
class u large if
. 1—¢€)e
p(t) dim () > L0,

holds, where M} is representing the class p. It is not hard to check that

, 3
dime( @@ @M = (1= Feymal, (5)
u is large

holds, where { M1+, M2+ ..., Mﬁ(t)’”} are the subspaces in the class u. Now let
n be a large class for some n > 1 and M* be its representative. For v € M,

let Hi»  K#(®) be the set of vectors A such that ?;gt) Ajaj(v) € V,. Since

lim,, o SREWVn) e get

myl
di Ny HE"
lim dimp (N HE") 1. (6)
n—00 Hn (t)
For each large class u,,, when n is large enough we choose a basis 5\1, 5\2, ey 5\1)
in N, HY™ and set QF, := M. Then, by ([5) and (@) the subspaces Q7 ~will

satisfy the conditions of our proposition, provided that n is large enough. O

So, we have a convergent sequence of representations
{tn : R = Endg (V) }2,

that are hyperfinite in the weaker sense, that is for any ¢ > 0 we have L, > 0

and for large enough n independent subspaces QL, Q2,..., Q"™ C V,, such that

e For any 1 <i <l(n), dimg(Q%) < L.
o YU dim(QL) > (1 - 26) dimp (V).
e For any 1 <i <l(n),

dimg <\/ wn(ﬂ(QZ;)) < (1+€) dimg (QF) -

reR

Note that we used the fact that if s is large then Span{fi, fa,..., fs} contains
p(R). Our proposition immediately follows from the following lemma.

Lemma 6.5. Let 7: R — Endg (V) be a unital representation and L C 'V be a
subspace such that

dimg (\/ T(T)(L)) < (14 €)dimg(L).

reR
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Then there exists a subspace L' C L, % > 1 — |R|e such that L' is an
R-module (that is for any r € R, 7(r)L' C L').

Proof. By Lemmal[6.2] for any r € R, there exists a subspace L, C L such that
dimg (L,) > (1 — €)dimg (L)

and 7(r)L, C L. Then dimg (NyerLy) > (1 — |R|e) dimg (L) and for any r € R,
7(r)(NrerLy) C L. Hence the subspace L' = \/ cp(7(r)(NrerL,)) satisfies the
condition of our lemma. O

Proposition 6.2. Let K[X] be the polynomial algebra over K. Then the family
of all the finite dimensional representations K[X]-Mod are hyperfinite.

Corollary 6.1. If ¢ : R — Mat;x(K[X]) is a homomorphism, then
@*(K[X]-Mod) is a hyperfinite family in R-Mod.

Proof. (of Proposition[6.2)) It is enough to show that the class of indecomposable
finite dimensional K[X]-modules is hyperfinite. By Jordan’s theorem indecom-
posable elements in K[X]-Mod are in the form of K[X]/f"K[X], where n > 1
and f € K[X] is an irreducible, monic polynomial. The module structure of
M¢n = K[X]/f"K[X] is given the following way,

o My = Span{l,z,22,... g/ )n=1}
o X -t'=¢"if 1 <i<deg(f)n—2
o X tng(f)n — 1= tdcg(f)n _ fn(t) '

Let ¢ > 0 and k > 1/e. We will show that for any module My, we have
independent subspaces N, Nin, ..., N;f(f ) M n such that

e For any 1 <4 < k(f"), dimg(N}.) < 2k?
e For any 1 <i < k(f"),

dimg (X (Nja) + Njn)

<l+e

o SFU dime (N,) > (1 — €) dimg (Mn)

If deg(f)n < 2k2, let k(f™) = 1 and N}n = Myn. If deg(f)n > 2k?, let C be the
integer such that
Ck—1<deg(fin<(C+1)k—-1

and for 1 <i< C+1 let
N}n = Span{t(ifl)k, AL T N
Then dimK(X(N}n) + N}n) = dimK(N}n) + 1 and all the three inequalities

above are satisfied. O
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7 Amenable and non-amenable skew fields

In this section we recall some basic definitions and results about amenable and
non-amenable skew fields. We will confirm Conjecture 2] for amenable alge-
bras Mat ;x;(D), when D is an amenable skew field. We also prove the non-
amenability of the free skew field D’ . This result is hopefully interesting on its
own right, nevertheless it will be important for us in the proof of Theorem
Let A be a countable dimensional algebra over the base field K. We say that
the algebra is (left) amenable ([I8], [12]) if there exists a sequence of finite
dimensional K-linear subspaces {W,,}7%; C A such that for each a € A

. dimg (W, + aW,,)
lim

=1.
n—»00 dimg (W)

Let us recall some basic facts on amenable algebras.

e If A is an amenable domain, then it has the Ore property and its classical
skew field of quotients is amenable as well (Proposition 2.1, [12]).

o If A= KT is a group algebra, then A is amenable if and only if I' is an
amenable group [12], [2].

e If £ C D are skew fields over the base field K, and FE is non-amenable,
then so is D (Theorem 1. [12])

e If D and E are amenable skew fields and D®k F' is a domain, then DQ g F
is amenable (Proposition 2.4 [12]).

Now let KF, be the free algebra K{x1,x2,...,2¢) on r indeterminates. Let
K F,.-Mod be the set of all finite dimensional modules over K F,.. So, any element
M € KF,.-Mod defines a Sylvester rank function on KF, and the convergence
of such representations is well-defined (see [I5]) exactly the same way as for
finite dimensional algebras. Note that a convergent sequence of representations
can always be viewed as a sofic approximation of the algebra KF,./I, where I
is the ideal of elements a € K F,. for which lim, . rk, (a) = 0.

Let M = {M,}>2, C KF,-Mod be a convergent sequence of modules and
ém : KF, — MatM be the ultraproduct representation as in the previous
sections (we suppose that K is a finite field). Then the division closure of the
image of K F, in Mat M,, is a skew field if and only if the rank function rk,, is
integer-valued (Theorem 2. [15]).

Furthermore, D is an amenable skew field if and only if the convergent sequence
M is hyperfinite (Theorem 3. [I5]). According to Proposition 7.1 [15] the
free skew field D}, on r generators over the base field K is sofic (for the free
skew field see e.g.[8].) That is, there exists a convergent sequence {M,}5%; C
K F,-Mod , for which the division closure in Mat M is the free skew field. In [12]
using operator algebraic methods we proved that the free field over the complex
numbers is non-amenable. Now we prove the following theorem.
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Theorem 4. The free skew field on v > 1 generators over an arbitrary base
field K is non-amenable.

Proof. First, observe that for any base field K, the free algebra KF, is iso-
morphic to its opposition algebra K F?P, hence the free skew field D = D7, is
isomorphic to its opposite algebra D°P. Recall that D Q¢ D is a domain (The-
orem 3.1, [10]). Hence, it is enough to prove that there exists an embedding of
D ® D°P-modules

7:(D®DP)? = DD, (7)

Indeed, if D is amenable, then by the properties listed above D ® D°P is an
amenable domain and therefore D ® D°P has the Ore property. Thus two non-
trivial left ideals of D® D°P have non-zero intersection, in contradiction with the
existence of the embedding (). In order to construct the embedding, we follow
the lines of Lemma 4.21 in [5] (I am indebted to Andrey Lazarev for calling my
attention to this paper). First, consider the two-terms free resolution of KF,
as a bimodule over itself

0— KF, Qk [v1,22) ®x KF, - KF, @x KF, = KF, =0

as in [5]. Here [21, x2] denotes the 2-dimensional vector space spanned by 1, zs.
If we tensor the resolution above by D on the right, we obtain an exact sequence
of KF, — D -bimodules

0— KF, ®k [21,22) @k D - KF, ®x D — D — 0,

since Tort*" (K F,, D) = 0 by the definition of the functor Tor. Now let us
tensor this exact sequence by D on the left. Notice that Tork “ (D, D) = 0 (|25]
Theorems 4.7,4.8). Hence, we obtain an embedding of D — D -bimodules

1: DRk [x1,22)] @k D > D® D.
That is we have the embedding of left D ® D°P-modules
j:(D® DP)? - D® D
we sought for. This finishes the proof of our theorem. O

Theorem 5. Let p: R — Matx;(D) be an infinite dimensional representation
of a finite dimensional algebra R over the finite field K, where D is a countable
dimensional amenable skew field. Then the associated element vk, € Rank(R)
is amenable.

Proof. Let {di,dz,...,d,} be the set of all entries in the matrices {p(s)}scr-
Let 7 : KF, — D be the unital homomorphism mapping x; to d;. Let E C D
be the sub skew field generated by {di,ds,...,d.} (that is the division closure
of Im (7)). From now on, we can suppose that p maps R into Mat ;x;(E) and
7w maps KF, into E. Let S := KF,./Ker(n),and § : KF, - Sand #: S > E
be the natural quotient maps, so m = @ o . Then, the homomorphism ¢ : R —
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Mat ;x;(S) can be defined in a unique way to satisfy ## o ( = p (note that 7 is
injective). Finally, pick a lifting p: S — KF,.. that is y is an injective, unital,
linear map such that 6 o 4 = Idg. Then, 7o u = 7.
Since F is amenable, it is sofic. Hence, we have a sofic representation sequence
{bn : E = Mat p, xm, (K)}5,. Therefore, we have the sofic representation
sequence

{dno@: S = Matm, xm, (K)}2,

that factors through the sofic representation system
{(bn oT: KFT — Mat Moy X Moy (K)}Zozl .

By Proposition 11.1 [15], {¢, o w}52, is hyperfinite hence {¢, o #}32; is a
hyperfinite sofic representation. Therefore by Proposition [6.1] rk; = rk, is an
amenable element of the rank spectrum. O

8 The wild Kronecker algebras are of non-
amenable representation types

First recall the notion of Kronecker quiver algebras and the wildness phe-
nomenon (see e.g. [3]). Let » > 3 and @, be the finite dimensional algebra
with basis p1, p2, {€;}i_;, where

o pi =p1.p3 =p2,p1 + P2 =1,p1p2 = pap1 = 0.
e Forany 1 <i,5 <r, e;p1 = e, pre; =0, e;p2 = 0, pae; = ¢;, e;e; = 0.

The algebra @), defined the way above is the Kronecker quiver algebra of index r.
The wildness of @), means that the classification of finitely generated indecom-
posable modules over @, is as complicated as the classification of finitely gener-
ated indecomposable modules over noncommutative free algebras. To make it
precise, there exists a representation 7, : Q, — Mat 2x2(K F,._1) such that

e The associated functor 7} : K'F,._;-Mod — @Q),-Mod is injective.

e If M € KF,_1-Mod is indecomposable, then (M) is indecomposable as

well.
. . . . 1 0
The following representation satisfies the conditions above: m,.(p1) = 0 ol
0 0 0 0 0 0f...
7 (p2) = {O J , mr(e1) = [1 0] , mr(ej) = [le O] if j > 1.

Proposition 8.1. Let 7, : Q, — Matoxo2(KF,._1) the representation as above.
Then the family of modules {mf(M,)}5, C Q,-Mod is hyperfinite if and only
if {M,}52, C KF,._1-Mod is hyperfinite.
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Proof. The “if” part follows from Proposition [6.Il For the converse, let us
suppose that {7} (M,)}>2, is a hyperfinite family. That is, for any ¢ > 0,
we have L, > 0 and for any n > 1 we have independent @,-submodules
NI N2 ... NE™ ¢ 7*(M,) such that

o dimg(Ni) < L.

. Zfi’;) dimg (NE) > (1 — €)2dimg(M,,). Note that as a vector space
75 (My,) is isomorphic to M, & M, and p; acts on 7w} (M,) as the pro-

T
jection onto the i-th coordinate.

Let us consider the subspaces pyNi C M, @ 0, poN{ C 0@ M,. We use the
notation [p1 N!] resp. [p2N:] for the subspaces in M, that are the projections
of the spaces above onto the first resp. second component of M, & M,,. Then,
forany n > 1,1 <i<k(n)

o [P1N;] C [p2N,]
o z;[p1N!] C[p2N:if1 <j<r—1.
Also, the subspaces {[plNZ]} 1 are independent. Since

Z(dlmK[pl 1+ dimg [paN2]) > (1 — €)2dimg (M),

we have the inequality

k(n)
> dimg[pr Ny > (1= 2¢) dimg (M) .

Lemma 8.1. Let C > 0, {az}Z s b }Z 1, be positive real numbers satisfying
the following inequalities.

o iV a2 (1-20C

o YHWy, <

o a; <b;.
Let S = {i | Z—"i<1—|-\/g}. Then 3,45 ai < 2/€C.
Proof. We have

k(n)
C> Zb >) 1+ Veai+ ) a; >
¢S €S
> (1=2)C+ (> ai)Ve.
¢S
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Therefore Z#S a; < 24/eC'. O

Let us apply the lemma above, for C' = dimg (M,,), a; = [p1N]'], b; = [p2N[].
We get that

. Zi¢s dimg ([p1 N]']) < 2y/edimg (M,) .

e If i € S, then dimg ([plNi”] ® 69}7;11 xj [plNi”]) < (14 +/e) dimg ([p1 N*))

o dimg([p1N]']) < L.

Hence by definition, {M,,}52 ; is a hyperfinite family of K F,_j-modules. O

Theorem 6. The wild Kronecker quiver algebras are of mon-amenable repre-
sentation type.

Proof. Let r > 2 and M = {M,,}52, C KF,-Mod be a convergent sequence of
K F,-modules such that for all K F,.-matrices A

lim T‘k]wn (A) eZ.

n—oo
Let ¢, : KF, — Mat be the limit representation of the sequence {M,,}>°
Then by Proposition 8.1 [I5], the division closure of ¢,,(K F}.) in the ring Mat
is a skew field. We also know that

e The division closure above is an amenable skew field if and only if {M,,}52
is hyperfinite (Proposition 11.1 and 12.1 [15]).

e There exists a convergent sequence of modules {M,}3°; such that the
division closure is the free skew field on r-generators with base field K
(Proposition 7.1 [15]).

Hence by Proposition [R] and Theorem M there exist non-hyperfinite families
of modules for the algebra Q.., r > 3. o

9 Hyperfinite families and the continuous alge-
bra of von Neumann

The goal of this section is to prove Theorem 2l In fact, we will prove a stronger
interpolation theorem. Let K be a finite field, R be a finite dimensional algebra
over K and let M = {M,}>2,; C R-Mod be a hyperfinite convergent sequence
of modules and w be a non-principal ultrafilter.

Theorem 7. Let p, : R — Mat' be the ultraproduct representation cor-
responding to the sequence of modules above. Then there exists a subalgebra
Im(p,) C S C MatM such that S = M.
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According to the theorem, when we pick a countable dimensional subalgebra
from the ultraproduct, we can always land inside M.

Proof. The proof will be given in a series of lemmas and propositions.

Lemma 9.1. Let ay,aq,...,a, be positive integers, € > 0 and U € w. Let us
have an integer m; for each i € U (we suppose that m; tends to infinity as
i tends to infinity). Suppose that for any i € U and 1 < j < r we have a
non-negative integer c;; such that

T

(1 — e)mi S Zcijaj S m; .
Jj=1

Then we have a subset V. C U, V € w, and non-negative integers {pj}gzl,
{lx}32, such that for anyi eV

(1 — 26)7’)@1 S li(ijaj) S my .
Jj=1

Proof. For large enough i € U, let

€Em; €Em;
! <l < !

2r(maxy <j<r a;) r(maxi<j<r a;)
be an integer. Then, for any 1 < j < r, we have ¢;; = l;d;; + gij, where

0< gij < l; and

2rmaxi< <, a;
0< dij S —1_J_T J .

€

glaj_ g a; < em;,
maX1<]<r a]

we have that > 7, gija; < em; that is

Since

(1 — 2e)mi S ll Z dijaj S m; .

j=1

Since the set {d;;}icui<j<r is bounded, there are non-negative integers
P1,P2,.-.,Pr such that

V={i|ldj=pjforanyl1 <j<r}ew.

Therefore if 1 € V', we have

Jj=1
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Definition 9.1. The module A € R-Mod e-tiles the module B € R-Mod, if there
exists k > 1 and A¥ = C C B such that dimg (C) > (1 — €) dimg (B).

Lemma 9.2. Let U € w be a subset of the naturals. Suppose that {M;}icu is a
hyperfinite family. Then for any e, there exists A € R-Mod and V C U,V € w
such that for each i € V' the module A e-tiles M;.

Proof. By hyperfiniteness, we have modules A1, As, ..., A. € R-Mod such that
for each n > 1 there exist constants {c,;}1<;<r so that

@1 AjY = B, C M,
satisfying the inequality
(1- %) dimg (M,,) < dimg (Bn).
By Lemma [0.T] there exist constants {p;}j_;, a module A = EB;:lAfj and

V CcU,V €wso that A e-tiles M; ifi € V.

Lemma 9.3. Suppose that the module A € R-Mod e-tiles all elements of the
sequence {Bp 152, C R-Mod, where lim,_,o dimg(B,) = oo. Then for any
1> 1, A 2e-tiles B, if n is large enough.

(the proof is straightforward)

Lemma 9.4. Let 0 < ¢ < 1 and A* = C C B finitely generated R-modules such
that
(1 — 6) dlmK(B) S dlmK(C) .

Let 6 < m and B' C B is a submodule such that
(1 —6)dimg (B) < dimg(B').
Then, there exists k' > 0 and A =~ ' c B’ such that
(1 —2¢)dimg (B') < dimg (C').
Proof. Let b = dimg (B), that is,
(1—¢e)b<kdimg(A) <b.

Let us write A* into the form of A ® x K* and for each a € A define the vector
space
Voi={v|a®veBY}.

Since
dimg (a ® K*) 4+ dimg (B') = dimg ((a ® K*) N B') + dimg ((a @ K*) v B')
we have that

k+(1—8b<k+dimg(B) < dimg(V,) +b.
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That is, k — 6b < dimg (V) . Hence, k —dimg (A)db < dimg (NgeaVy) . Observe
that
O/ =A QK (ﬁaGAVa) C B’

and
(1 —2€)b < kdimg (A) — dbdim3 (A) < dimg (C”).

This finishes the proof of our lemma. O
Now we put together the previous lemmas to have a single technical proposition.

Proposition 9.1. Let {M,}52, C R-Mod be a convergent, hyperfinite sequence.
Then there exist modules {N;}32, C R-Mod, subsets ND Vi D VoD ...,V €w
and a monotonically decreasing sequence of real numbers {a, }52 1, an, — 0 such
that

o For any i, N; a;-tiles M;, whenever j € V.
o For any i, N; ay-tiles Ni4q.
e For any i, dimg (N;y1) is divisible by dimg (N;).
o For any k,l > 1 and matrix A € Mat x;(R).
lim rkps, (A) = lim rky, (A).
n—oo 11— 00
Proof. We proceed by induction. Our inductional hypothesis goes as follows.
Suppose that Nj, Na,...N; have already been constructed together with the

sets V1 DOVo DD Viandag >ag > - >, a; < %, satisfying the following
conditions.

e Forany 1 <i¢<[—1, N; ay-tiles M; if j € V;.
e For any 1 S ) S [ — 1, Nz ai—tiles NrL'Jrl.

N; oy /2-tiles M; if j € V.

e For any 1 <4 <1l —1, dimg(N;11) is divisible by dimg (N;).

By Lemma@.2] we have a set V', C V;, V/; € wand N/, ; € R-Mod such that
the module N; , ayy1/2-tiles M; if j € V/ |, where ;11 < ﬁ;(%)' Then
by Lemma [9.4] there exists some m > 1 such that N; a-tiles (N}, ;)™. Hence,
N; ay-tiles (Nl’H)mdimK(Nl) as well. Let Ni4q = (Nl’H)mdimK(Nl). By Lemma
[0.3] there exits n; > 0 such that Nyy1 aqq1-tiles M provided that j € Vl/+1 and
j >mnj. So, let
Vier =V n{n | n>n;}.

Clearly, V;41 € w. Then, we satisfy the inductional hypothesis with V3 2 V5 D
-+ 2 Vi41 and the modules N1, No, ..., Niy1. In order to finish the proof of our
proposition, we need to show that for any k,1 > 1 and matrix A € Mat «;(R)

lim rkpr, (A) = lim rky, (A).
n—oo 11— 00

Therefore, it is enough to prove the following approximation lemma.
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Lemma 9.5. Let N C M be finitely generated R-modules such that dimg (N) >
dimg (M)(1 —€) for some 0 <e<1. Let k,1 > 1 and A € Matyx;(R). Then

|7‘kM(A) — T‘kN(A)| S 2€l

Proof. By definition,

riy (A) = SRy () = SR

where A is viewed as a linear map from M! to M* (and from N! to N*) and
rankyi(A) := dimg (Im |pp (A)). Then,

[rka (A) — rhn (A)] =

ranky (A)  ranky:(4) <
dim}( (M) dimK (N)

< rank i (A) — rank i (A) rankyi (A)  rankpi(A) < 2]
— €
- dlmK(M) dlmK(M) dlmK(N) -
Hence our lemma and the proposition follows. o

Now we turn to the proof of Theorem [l We will use the spaces and constants
of Proposition [0l Set n; = dimg (N;), m; = dimg (M;). We need three maps
for the proof of our theorem, p, : R — [][, Endg(M;) = Mat! is already
constructed in Section

The map p: R — Mkg:

Let V, W be finite dimensional K-spaces such that dimg (W) =l dimg (V') and
let W =W &Wa®---®W, be a decomposition together with isomorphisms s; :

V —W;, 1 <j <l Then, we have the corresponding diagonal homomorphism
D : Endg (V) — Endg (W) defined by

D(A)(wy ©wy @ --- D wy) =

= (s1(A(s7" (w1))) ® s2(A(sy " (w2))) @ - @ s (A () -

Let N1 = Nzl @ Vi1 ®---®Viyp,, where the first component is the submod-
ule defined in Proposition and {V; ; }?;1 are arbitrary subspaces satisfying
dimg (V; ;) = n,;. Note that the subspaces V; ; can be constructed by the divisi-
bility condition and that l;n;/n;11 > 1—«;. Let 7; : Endg (N;) — Endg (Nig1)
be the corresponding diagonal map. So, we have a sequence of injective maps

Endg (N;) B Endg (No) 3 ...
Hence we have a direct limit of matrix algebras

T = lim Endg (V).

27



Let T be the closure of the algebra with respect to the unique rank metric,
where d(A, B) = Rank(A — B). Then by [19], T = M. Note that this result is
originally due to von Neumann. Let p; : R — Endg(N;) be the map given by
the R-module structure. Observe that

rkN'H»l (pi-i-l(r) —T;© Pi(T)) <q;.

Hence, the sequence {p;(r)};2, is Cauchy in T. Thus, lim; e pi(r) = p(r)
defines a homomorphism p: R — T = Mg .

The map ® : Mg — [], Endg (M;):

Let j € V; and M; = Niti’j @ Z; ; a decomposition into linear subspaces, where
the first component Nit “/ is the submodule obtained by the a;-tiling of M; by
the module N; and Z; ; is an arbitrary complementing subspace. So, we have

dimK(Zw-) S (67 dlmK(Mj) (8)

Using the decomposition above, we define a non-unital injective homomorphism
‘I)iyj : EndK(Nl-) — EndK(Mj) by

P j(A)=A0A®---®@ADO,

where there are ¢; ; copies of A in ®; ;(A4). For j € N, let

e q(j)=jifjeV;

* q(j) = max{i | j € Vi}, if j ¢ Vj.
Let A € T such that A € Endg (N;) but A ¢ 7,1 (Endg (N;—1)) Then, let

e U, (A)=0ifj ¢ V.

o U;(A) = Py),i (Tq()—1 © Tq(j)—2 © - - 0 Ti(A)) if j € V;, that is ¢(j) > i.
Finally, let

®'(4) = [{¥;(A)}52] € [ ] Endx (M15).

Lemma 9.6. ®' defines a unital, rank preserving homomorphism from T to
[L, Endx (M;).

Proof. Let A € Endg (Ns), A ¢ Ts_1(Endg(Ns—1)) and B € Endg(N,), B ¢
Tt—1(Endg (N¢—1)). Then, by Proposition [0.1]

{7 €l V;(AB) = V;(A)¥;(B)} € w

and
{j €l ¥;(A+B)=¥;(A)+¥,;(B)} cw.
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Since the direct limit ring has a unique rank, the only thing remains to be proved
is that ®’ is unital. By (&),

k(U5 (1) = Idgng . ar,) < Q0) -
Since for any ¢ > 1,
{1eNlq() 2}t ew
we have that
liurjn(rij (‘I)](l) - IdEndK(MJ)) =0.
Thus, ®’ is indeed unital. O
Now let ® : My — [], Endg (M;) be the closure of &’ that is

. 1 ’
@(nlirrgo Tp) = nhﬂngo D' (xy,) .

Since @' is rank preserving, ® is a well-defined homomorphism. There, we have
three homomorpisms.

e p: R— Mg

e p,:R— 1], Endg(M;).

o &: My — [, Endg(M;).
The following lemma implies that Im (¢) contains Im (p,,), hence it completes
the proof of Theorem [7}
Lemma 9.7. ®op=p,.

Proof. Let kj : R — Endg(M;) be the homomorphism given by the module
structure. By @), if j € V; and r € R,

kg, (P (pi(r)) — k(1)) < o
Therefore, for any ¢ > 1
P (® 0 pi(r) — pulr)) < .

Since, lim;_, oo pi(r) = p(r) and @ is rank preserving map, ® o p(r) = p,(r). O

10 String algebras are of amenable representa-
tion types

The significance of string algebras is due to the fact that the system of f.g.
indecomposable modules over such algebras can explicitely be described (see
e.g. [23] and the references therein). First, let us recall the notion of a string
algebra. Let @ be a finite quiver with vertex set Qo and arrow set Q1. Let KQ
be the associated path algebra and I <K@ be an ideal, generated by monomials
in the path algebras, satisfying the following four conditions.
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1. For any vertex a € o, there are at most two arrows with source a, and
at most two arrows with target a.

2. For any arrow « € ()1, there exists at most one 8 € @1 such that s(8) =
t(a) and B ¢ I.

3. For any arrow « € @)1, there exists at most one 8 € @1 such that ¢(8) =
s(a) and of ¢ I.

4. There exists ¢ > 1 such that any @-path of length at least ¢ is inside 1.

Example 3. KQ = K{(xz,y), I = (™, y", zy,yz} is a string algebra. The path-
algebra of the 2-Kronecker quiver is itself a string algebra.

Let R = KQ/I be a string algebra. First we describe the so-called string
modules over R, For every arrow a € Qp,a ! will denote its formal inverse
such that s(a) = t(a™1) t(a) = s(a~!). We denote by Q7' the set of all inverse
arrows. The elements of Q1 U Q] are called letters. A string of length n > 1 is
a sequence C1C5 ..., such that

2. C;#C L if1<i<n-1

3. No substring C;Cj1,...C} or its inverse C; ' .. .ijrll C;l lies in the ideal
I

Additionally, any vertex a € Qg is considered to be a string of length 0. Note
that for any string C1Cs...Cp, (C1Cy...Cp) "1 = C,le;_ll e Cl_l is also a
string. The set of strings is denoted by W. For each string C1Cs...C, =S € W
we can associate an R-module M (S) the following way. A K-basis for M (S)
is z0,21,...,2n For a vertex a € Qo and e, (path of length zero starting and
ending at a):
eq2i = 7o if i =0 and ¢(Cy) =
0 otherwise
For an arrow « € Q1 we define
Zi—1 if Ci,1 =«
azi =1 zip1 if C; = o™t
0 otherwise
Observe that M (S) = M(S~1). On the other hand, if S; # Sa, M (S1) 2 M(S2)
whenever S; # S .
Now we describe the band modules over the string algebra R. A string
S = S(O) = 0102 RPN Cn is called CyCliC if S(l) = CQCg RPN Ol,S(g) = 0304 RPN 02,
.,S(n_l) = (C,Cy...C,h—1 are also strings. Let S = C1C5...C), be a cyclic
string and V' be a finite dimensional vector space over K. Fix an indecom-
posable transformation ¢ on V by identifying V' with K[z]/f(x)", where f is
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an irreducible monic polynomial, d = ndeg(f), and ¢ is the multiplication by
x. The band module M (S, ¢) is defined the following way. M (S, ¢) = &, V;,
where V; =2 V', that is for each v € V and 1 < ¢ < n we fix v; € V;. For any
a€Qrand i #1,2:

Vi—1 if Ol =
aV; = § Vi1 if Ci+1 =a !

0 otherwise
Also,

v, if C1 = «
avy = ¢ (¢ (v))2 if Co = a1

0 otherwise

((25(’1}))1 if CQ =«
avy = S v3 if C3 = ot

0 otherwise
By the Butler-Ringel classification of indecomposable modules [6], M (.S, ¢) =
M(T,¢') if and only if § = ¢’ and Sy = T for some ¢ > 1. Also, a band
module and a string module is never isomorphic and any finitely generated
indecomposable module over a string algebra is either a string module or a
band module.

Proposition 10.1. Any string algebra R is of hyperfinite type.
The proof will be given in two lemmas.

Lemma 10.1. The family of string modules over a string algebra R is hyperfi-
nite.

Proof. By 61l it is enough to show that there exists some m. > 0 such that if
n > meand w = C1C5 ... C, is a string, then there exist independent subspaces
Wo, W1, ..., Wy C M(w) such that

[ ]
ac@Q1
(we only need to check the elements ae @)1 not the whole path algebra by

Lemma [6.2])

dimg (®_ W;) > (1 — €) dimg (M (w)) .

Let m be an integer such that msz <1+ € and let m, > % Finally, let t > 1
such that tm <n < (t + 1)m.
Let W; be the subspace spanned by the vectors {zim, zim+t1,- -, 2(i+1)m—1} -
Then,
dimg (W; & €D aWi) <m+2 < (1+€) dimg (W5).
ac@1
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Also,
dimg (M (w)) — dim g (Bi_yW;) < m < edimg (M (w)). O
Lemma 10.2. The family of band modules over a string algebra R is hyperfinite.

Proof. The proof will be very similar to the previous one. Fix € > 0. It is enough
to prove that there exists L. > 0, such that for any band module M (S, ¢) there
exist independent subspaces {V,} e such that

e For all p € G, dimg (V) < Le.
o dimp (D ,cq, @V + V) < (1 +¢) dimg(Vy)
* > e dimg (V) < (1 —¢€)dimg M(S,¢)

Let m € N such that ’"T” <1+4e¢€and me > QTm Let S = C1C>...C,. First,
suppose that n > m,.. Consider the basis {1,z,22,... ,:Cd_l} for V and let
t € N such that tm +2 <n < (t4+1)m+ 1. Then, for any pair 0 <i <t —1
and 0 < j < d—1 let W/ be the subspace of M(S,¢) spanned by the set
{20 @ 7xzi+1)m+l}' Then, it is easy to see that for any pair 4, j

dim g ( Z oW +Wj) < (1+e¢) dimg (W/) .
a€Qy

and

S Y dimg(W)) < (1-e)dimg M(S, ).

0<i<t—10<j<d—1

Now, suppose that for the length of the cyclic string, we have n < m, and for
the dimension of V' we have d > m.. Let ¢t be as above, and for 0 < ¢ <t -1
let Z, € M (S, ®) be the subspace spanned by the set

U, Uit m=t iy

Jj=qm i

By the definition of the band module structure,

dimp (D aZg+ Zg) < (1+ €) dimg (Z,) .
aEQy

and

t—1

> dimg Z, > (1 - e)dimg M(S, ).

q=0
Also, for any ¢, dimg(Z,) < mm.. Observe that there are only finitely many
band modules M (S, ¢) for which n,d < m.. Let M be the maximal K-dimension
of these modules. So, in order to finish the proof of the lemma we need to set
L. := max(mm,., M) . O
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11 Benjamini-Schramm convergence implies the
convergence of string modules

For the next three sections we fix a string algebra R over the finite field K.
The sole purpose of the next two sections is to establish a relation between
the convergence of string modules and the Benjamini-Schramm convergence of
the associated edge-colored graphs. This will be the preparation for the proof
of Theorem [I Let M(S) be the string module corresponding to the string
S = (C1Cy...Cy). We can associate a graph Gg to S in a very natural way.

e The vertex set V(Gg) has n elements {zg,x1,...,Tn}-

e For any 1 < i < n, we have a directed edge between z;_; and z;. If
C; = a € ()1, then the edge is directed from x;_; to x; and colored by a.
If C; = a~! € Q1, then the edge is directed from x; to z;_; and colored
by «. That is, all the edge-colors are from Q1.

Note that the graphs Gg and G are isomorphic as edge-colored, directed graphs
if S =T or S =T"'. By definition, if = is a vertex of Gg and e, f are edges
both pointing into resp. pointing out of z, then the edge-colors of e and f are
different.

Definition 11.1. A directed Q1-edge colored graph is called a string graph if all
of its components are in the form of Gg for some string S. So, for each finitely
generated R-module M that is a sum of string modules, we have a unique string
graph Gpr and two R-modules are isomorphic if and only if the corresponding
string graphs are isomorphic.

Now we recall the Benjamini-Schramm graph convergence (see [4] and [14]). A
rooted string graph is a connected string graph with a distinguished vertex x
(the root). The radius of a rooted string graph is the shortest path distance
between a vertex of H and the root. The finite set of rooted string graphs of
radius less or equal than r is denoted by U”, that is U"~' Cc U”. Let H € U"
and G be a string graph and let P(H, G) denote the set of vertices y in G such
that the rooted r-neighborhood of y is isomorphic to H (as rooted, edge-colored,

directed graphs). Let p(H,G) := \1‘3‘(/121&6;')\' That is, p(H,G) is the probability
that a randomly chosen vertex of G has rooted r-neighborhood isomorphic to

H. The following definition was originally given for simple graphs [4].

Definition 11.2. A sequence of string graphs {Gp}S2, is convergent (in
the sense of Benjamini and Schramm) if for any r > 1 and H € U",
lim,, oo p(H, G,) exists.

Note that for any H,G and k > 1, p(H, G) = p(H, G*), where G* is the disjoint
union of k copies of G and it is easy to see that p(H, G1) = p(H, G>) if and only
if GT* = G% for some m,n > 1. So, by Proposition T we have the following
lemma.
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Lemma 11.1. Let M, N be finite direct sums of string modules. They represent
the same element in the rank spectrum if and only if p(H, Gpr) = p(H, Gn) holds
forallr>1and H e U".

Now we can state our main proposition in the section.

Proposition 11.1. Let {M,}2, C R-Mod be a sequence of modules such that
for any n > 1, M, is the sum of string modules. Suppose that the graphs
{G, }22, converges in the sense of Benjamini and Schramm. Then {My}5°
s a convergent sequence of R-modules.

Proof. The proof will be given in a series of lemmas. First we need the definition
of e-isomorphism for string graphs.

Definition 11.3. The string graphs G1 and Gy are e-isomorphic, if they contain
subgraphs J; C Gy and Jy C Gy such that Jy and Jo are isomorphic string graphs
and |V (J1)| = (1 = )|[V(G1)[, [V (J2)] = (1 — €)|V(G2)].

Lemma 11.2. For any e > 0, there exists § > 0 and n > 1 such that if the string
graphs Gy and G has the same amount of vertices and |p(H, G1)—p(H, G2)| < 6
forany H e U, 1 <r <n, then G1 and G5 are e-isomorphic.

Proof. (of Lemma[IT2)) Our lemma holds for simple planar graphs with a vertex
degree bound by the main result of [22] (see also Theorem 5. in [I5]). Our
strategy is to reduce our lemma to the Newman-Sohler result, by enconding our
@1-edge colored, directed graph with a simple planar graph. Let G be a string
graph. The encoding simple graph G is constructed as follows. The vertex set
of G consists of the vertex set of G plus two vertices Qzy, byy Per each edge of
G. If (z,y) is an edge of of G, then (z,a4y), (agy,bay)s (bz,y,y) will be edges
of G. That is, we substitute the original edge with a path of length three. For
each element of @ € ()1, we choose a planar graph (the edge-color coding graph)
T, with a distinguished vertex t,, such that each T, have the same amount of
vertices and all the vertex degrees of T, are at least three. For each edge (x,y)
of G we stick a copy of T, to azy (by identifying a,, and the distinguished
vertex t,) if the edge is directed towards x and its color is @. On the other
hand, we stick a copy of Ty, to by, if the edge is directed towards y and its color
is . Clearly,

e We can reconstruct G from G.

o If {G,}52, is convergent then {G,}°2, is a convergent sequence of simple
planar graphs.

So, by the Newmark-Sohler Theorem, for any ¢ > 0, there exists n > 1 and
0 > 0 such that if |p(H,G1) — p(H,G2)| < d holds for any H €e U™, 1 <r <mn
and G; and G2 have the same amount of vertices, than C:’l and ég are €'-
isomorphic. Also, it is easy to see that for any € > 0 there exists ¢ > 0 such
that if G; and G are ¢ -isomorphic, than G; and G5 are e-isomorphic. Hence
our lemma follows. O
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Lemma 11.3. For any € > 0, there exists n > 1 such that if for the string
graphs Gy and Gs

V(G
[V(G2)|

and |p(H,G1) — p(H,G2)| < d for any H € U™, 1 <r <n, then G; and Ga are
e-isomorphic.

1-46<

<149

Proof. First, pick a 6 and n to the constant €/2 as in Lemma[IT.2l Let 0 < ¢’ <
min(d/2,€/10) be a constant such that for any H € U", 1 <r <n,

é
|p(H7 G?) _p(H7G3)| < 5

provided that Go C G3 and |V (Gs)| < (1 + §')|V(G2)|. The existence of such
0" can easily be seen. Now we show that §’ and n satisfy the condition of
our lemma. We can suppose that |V (G2)| < |V(G1)|. By adding strings of
one single vertex, we can get Go C Gg such that |V (G3)| = |V(G1)|. Then
[V(G3)| < (14 6")|V(G2)|. Hence for any H € U™, 1 < r < n,

Therefore, by Lemma[IT.2] G; and G2 are €/2-isomorphic. Since ¢’ < €/10, G
and G are e-isomorphic. O

Lemma 11.4. For any e¢ > 0, there exists § > 0 such that if Gy and Gy are
d-isomorphic string graphs, then the modules M and N are e-isomorphic.

Proof. We need some notations. If x € Gy, then let d, be the corresponding
element in M. If z 5 y is an edge, then ad, = dy. Also, if there is no edge
pointing out of = colored by «, then ad, = 0. By the definition of the string
algebra, there exists ¢ > 0 such that any path of the quiver @ of length at least g
isin I, where R = KQ/I. Therefore, if the g-neighborhood of a vertex x € Gy
is in a subgraph L, then

Ré, C Span{d, | y € V(L)}. (9)

Suppose that Ly C Gpr, Lo C Gy are isomorphic string graphs such that
[V(Ly)| > (1 =0)|V(Gm)|,[V(L2)| = (1 —8)|V(Gn)|. We call z € V(L) an
inside point if its g-neighborhood is contained in L;. Obviously, if § is small
enough, then |I1]| > (1 —¢€)|V(Gum)|, I2] > (1 —¢€)|V(GnN)|, where I1 resp. Iz are
the sets of inside points in L resp. in Ly. Since Ly and Lo are isomorphic, the
modules generated by {0, | x € I1} and by {§, | = € I} are also isomorphic.
Thus our lemma follows. O

Therefore, from the previous lemmas we have the following corollary.
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Corollary 11.1. For any € > 0, there exists § > 0 and n > 1 such that if M
and N are sums of string modules and for any H e U™, 1 <r <n,

and also, 1 — 6 < ﬂﬁi((%)) <1+ 4, then M and N are e-isomorphic.

Now, by Lemma [0.5, our proposition follows. O

12 Convergence of string modules implies
Benjamini-Schramm convergence

The goal of this section is to prove the following converse of Proposition I1.1]

Proposition 12.1. Let {M,}°2; C R-Mod be a convergent sequence of modules
such that each module M, is a sum of string modules. Then {Gpr, 5%, is
convergent in the sense of Benjamini and Schramm.

Proof. Let G be a string graph and S = C1C5 ... be a string. Let L = Gg
be a subgraph in G. We have V(L) = {lo,l1, ..., }, where

e The edge (I;-1,1;) is directed towards {;_1 and colored by C;, if C; € Q1.
e The edge (l;—1,1;) is directed towards I; and colored by C’i_l, if C; € Ql_l.

We call I, the right resp. [y the left endvertex of L. By the definition of the
strings, if Ly, Lo are subgraphs in G isomorphic to Gg and their right resp. left
endvertices coincide, then L1 and Lo. For the string S and the string graph
G, let R(S,G) be the set of vertices x in G such that x is the right vertex of a
substring L of G isomorphic to Gg. Let

[R(S, G)|
r(S,G) :=
V(G)|
We say that {G),}52; is stringconvergent if for any S, lim,,_,o r(5, G,,) exists.
The following combinatorial lemma is straightforward to prove.

Lemma 12.1. If {G,}22, is stringconvergent, then it is convergent in the sense
of Benjamini and Schramm.

Let N € R-Mod be a sum of string modules and G be its string graph. That
is, for any 2 € V(Gy), we have a base element §, € N and if 2 % y is an edge
of G, then a(d;) =y

Lemma 12.2 (The String Counting Lemma). For any string S = C1C5 ... Cy,
there exists a pp-pair (¢ps,s) such that

dimg (N(¢s)) — dimg (N (vs)) = R(S,Gn)

holds for any module N that is a sum of string modules.
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Proof. For 1 <1i <k let E; be the equation
e Cin; —n;_1 =0,if C; € Q1.
e Cini1—n; =0,if C; € Q7"
Also, let Ey be the equation n, = 0. Let
N(gg) ={nr € N| Ing,n1,...,nx—1 C Nsuch that Ey, Es, ..., Ej holds}.

N(¢g) ={nr € N | Ing,n1,...,nk—1 C Nsuch that Ey, F1,..., E; holds}.
Then clearly, ¢s > ¥g. Let m : N(¢s) — Span{d, : z € R(S,Gn)} be the

natural restriction map.

Lemma 12.3. The map w is surjective and Ker(w) = N(ig).

Proof. Let x € R(S,Gxn) and L = [zg, 1, ..., 2|, zx = x be the subgraph of
G n isomorphic to Gg. Then for n; = 6,,,0 < i < k the equations E1, Es, ..., Ej
hold. Hence 7 is surjective. If z € N(¢g) and the dy-coordinate of z is A, then
the d04,-coordinate of z is A as well. Hence, if 7(z) = 0, then z € N(¢g). O

So we have d& o d& \
(S, M,) = lm.K( n(s)) _ lm.K( n(¥s)) '
dimg (M,,) dimg (M,,)
By Corollary Bl the sequence {r(S, M,)}>2; converges whenever the modules
{M,,}22, converge. Hence our proposition follows from Lemma [[2:7] O

13 The proof of Theorem [1I

Let dg be a metric on Syl(R) defining the compact topology. Then, for any
€ > 0 there exists § > 0 and matrices 41, Aa,..., A, € Mat (R) so that if for
any 1 < i < n, |rki(A;) — rka(4;)| < 0, then dr(rki,rke) < e. Conversely,
for any set of matrices Ay, Aa,..., A, € Mat (R) and § > 0, there exists € > 0
so that if dr(rky,rks) < e, then for all 1 < i < n, |rki(A;) — rk2(A;)] < 0.
Particularly, by Lemma [0.5] for any € > 0 there exists § > 0 such that if M, N
are d-isomorphic, then dg(rkas,rkn) < €. First, we prove a weak version of
Theorem 11

Proposition 13.1. For any € > 0, there exists § > 0 such that if M, N € R-Mod
are sums of string modules, 1 — § < i]:;;;((]\]\/[[)) <146 and dg(rky,rkn) < 6,
then M and N are e-isomorphic.

Proof. We proceed by contradiction. Suppose that {M,}52 1, {N,,}22; are sums
dimg (M,,)
dimx (Nn)
are e-isomorphic. We can also assume that {M,,}22 ;, {N,,}5°; are convergent
sequences. By Proposition [20] {Ga, }52, and {Gy, }32, are convergent in
the sense of Benjamini and Schramm. Hence, by Lemma [IT.3] for any § > 0
there exists ns such that for any n > ns, Gas,, and Gy, are d-isomorphic. So, by

of string modules such that lim,,_, = 1 and none of the pairs M,,, N,
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Lemma [IT4l M, and N,, are always e-isomorphic, if n is large enough, leading
to a contradiction. O

Now suppose that Theorem [Tl does not hold. Again, we have two convergent
sequence of modules {M,,}5°; and {N,,}22; such that

dimg (M,) _ 1.

o limy oo Fmevey =

o limy, oo rkn, = lim, oo TEN,, -
e For each n > 1, M,,, N,, are not e-isomorphic.

In Lemma [10.2] we observed that for any x > 0, there exists T; > 0 such that
if for a band module B, dimg (B) > T}, holds, then there is a module Lp such
that

e Lp is a sum of string modules.
e B and Lp are x-isomorphic.

Now, we fix some constants. Let x1 > 0 such that if Ly, Lo are sums of string
modules and dg(L1, L2) < k1, then Ly and Lo are €/100-isomorphic. Let k2 > 0
be a constant such that k2 < €¢/100 and if M, N € R-Mod are ks-isomorphic,
then dg(M, N) < k1/3. For each n > 1, we consider the decompositions,

where M}, N! are sums of band modules of dimension less than T}, and M2, N2
are sums of string modules and band modules of dimension greater or equal than
Te,-

Lemma 13.1. The sequences { M, }5°

all convergent. Also, the limits

. dimg (M}) . dimg (M2) . dimp (N}) . dim g (N?2)
hn?nﬂoo dimz (M)’ limy, o0 dimK(Mn)vhmnﬁoo dimz (Nn) and limy, dimx (Nn)
ex1St.

{M2}o  {NLYe2 | and {N2}°2, are

n=1> n=1»

Le By, Bo, ..., By be the set of band modules in R-Mod that have dimension less
than T};,. By Corollary ] for any 1 < 4 < s, the limit lim,,_, o wp, (M,,) exists.
By the definition of the rank (see also Lemma (1) if Py, Ps,..., P, € R-Mod,
then for any A € Mat (R),

l

dimg (P,
k = rkp (A). 10
st p, (A ;dw s (4 (10)

Recall that

wB, (Mp,) dim g (Mp,)

Mi _ @52131_ dim g (Bj) . (11)

Therefore, Gma) = 52 wp, (M,). Then by (D), {M}:2, and {N}}32,
are convergent, hence by ([[0), {M2}5°; and {N2}°°; are convergent as well.
o
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wp, (Mp) dim e (Mn) wp, (Nn) dim g (Nn)

Also, for large n, B, dimc(Bi) and B, dimc(Bi) are e-isomorphic,
hence for large n, M} and N} are e-isomorphic. By our assumptions, we have
modules L, C M2, O, C M? that are sums of string modules such that for
any n > 1, L, and M2 resp. O, and N2 are ks-isomorphic. So, by the def-
inition of ka, we have that dgr(L,, M2) < k1/3, dr(O,, N?) < k1/3. By the
previous lemma, if n is large enough, then dgr(M?2, N2) < k1/3. Therefore if n
is large enough, then dg(Ly,,0,) < k1. Thus by the definition of k1, L, and
O,, are €/100-isomorphic. Since ko < €/100, we can see that M2 and N2 are
e-isomorphic. Since for large n, M}, N are e-isomorphic, we get that for large
n, M, and N, are e-isomorphic as well, leading to a contradiction. Hence our
theorem follows.

14 Parameter testing for modules

A module parameter p is a bounded real function on R-Mod, where R is a finite
dimensional algebra over a finite field K. So, if M = N then p(M) = p(N) (see
[13] for parameters of bounded degree graphs).

Examples:

e Let G(M) be the smallest generating system of the module M. Then
g(M) := % is a module parameter. This parameter is analogous to
the covering number of finite graphs.

e Let I(M) be the largest system {my,ma,...,mrxs)} of elements in the
module M so that Z‘llz(lM)' r;m; = 0 implies that r; = 0 for any 1 <1 <
|I(M)|. Then i(M) := LADL_ 55 5 module parameter, analogous to the

dimg (M)
independence number of a finite graph.

e Let Q € R-Mod. Then the weight function wg (M) is a module parameter.

o Let Q € R-Mod. Then Lo(M) := SmxHOMA(@M) ooy - po(ar) =

dimg (M)

dimx (Hompg (M,Q))
dim (M)
rameters analogous to the left and right homomorphism numbers of finite

graphs.

left and right homomorphism numbers are module pa-

Definition 14.1. The module parameter p : R-Mod — R is stable if it satisfies
the following two conditions:

1. For any ¢ > 0 there exists a § > 0 such that if N C M and dimg (N) >
(1 —6)dimg (M) then |p(M) — p(N)| < e.

2. For any M € R-Mod the limit limy_, o, p(M*) emists.

By Lemma 0.4 for any matrix A € Mat (R), the matrix parameter pa(M) =
rka(A) is stable.
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Proposition 14.1. The parameters g,t,wq, Lg and the parameter Rq provided
that Q is an injective module are stable parameters.

Proof. Clearly, wo(M*) = wq(M), Lo(M*) = Lo(M), Ro(M*) = Ro(M).

Also, |G(M & N)| < [G(M)| + |G(N)| and [I(M & N)| > [I(M)| + [I(N)]. So,
by Fekete’ Theorem on Subadditive and Superadditive Functions

lim 7|G(Mk)| and im 7|I(Mk)|
exist. Note that similar observations were made by Cohn on projective module

parameters in [9]. It remains to show that the first condition of stability holds
for our parameters.

g:R-Mod - R. Let W C M be a K-linear subspace such that N @ W =
M. Clearly, if {t1,t2,...,ts} is a basis of the space W and {ni,ns,...,ns} is
a generating system for N, then {t1,t2,...,ts,n1,Mn2,...,n4} is a generating
system for M. Therefore

G(M) < G(N) + & dim (M) (12)

if dimg(N) > (1 — ¢)dimg(M). Now let {mqy,mg,...,m;} be a generating
system for M and {wi}ﬁzl C W be elements such that m; +w; € N, for any
1<i¢<l. Letne N andnzZézlmmi. Then

l

n = Zn(mz + U}Z) — ZT{LUZ' (13)

i=1 i=1

hence, 22:1 riw; € N. Let [W] be the R-module generated by W, so
dimg ([W]) < dimg (R) dimg (W). Let {u1,us,...,us} be a K-basis for [W]NN.
Then by [@3), {u1,uz,...,us}U{my+wy,ma+ws,...,m;+w} is a generating
system for N. That is,

G(N) < G(M) + 5 dimg (M) dimg (R) . (14)

Now, (I2) and (I4) imply that the first condition of stability holds for the
parameter g.

i:R-Mod =+ R. Clearly, I(N) C I(M). Suppose that we have a sequence
{Ni C My }2, such that

L] dimK(Mk) — 0.
o limy oo SEWR) — 1 guch that |i(Ng) — i(My)| > €.

dimg (M)

We can suppose that I(My) > edimg (My). Let Z1, Zs, ..., Z; be the finite set
of isomorphism classes of principal R-modules. For each k, we have Sy C My,
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S, = @5:1 Z¥ such that 25:1 qi = I(My). By Lemma [@.4] we have r; < ¢;
and Ty, C Ny, Tiy = S0, Z77, S05_, i < I(Ny) such that

lim dim (Z;)(qi —74)

=0.
k—o0 dimK(M)

Therefore, limy_,o0 |#(Ng) — i(My)] = 0 in contradiction with our assumption.
This implies that the first condition of stability holds for the parameter 3.

wg : R-Mod — R. Again, suppose that we have a sequence { Ny, C My},
such that

o dimg (M) = oo.

o limy_ oo giix;‘i% =1 and for any k > 1

lwq (M) — wq(Ni)| > €. (15)

Taking a subsequence, we can assume that {Mj}52, is convergent. That is, by
Lemma @5, for any matrix A € Mat (R),

lim |rkpr, (A) — rkn, (A)] =0.

k— o0

By (@),

Dq(¢) — Do(v) Dq(¢) — Do(¥)

that is limg_ oo |wo(My) — wo(Ng)| = 0 in contradiction with ([I5)). So, we
established the first stability condition for the parameter wg.

wq (M) =

wq(Ng) =

Rg :R-Mod —+ R. Since @ is injective, any homomorphism ¢ : N — @ ex-
tends to a homomorphism ¢’ : M — Q. Therefore,

dim g (Hom(N, Q)) < dim (Hom(M, Q)). (16)
Let 7 : Hom(M, Q) — Hom(N, Q) be the restriction map. Clearly,
dim (Ker (7)) < (dimg (M) — dimg (N)) dimg (Q) -
that is,
dim g (Hom(M, Q) < dim g (Hom(N, Q)) + (dimg (M) — dimg (N)) cumK((ci)7 :

Now, ([I8) and (I7) imply the first stability condition for the parameter Rg,
provided that @ is injective.

Lg :R-Mod — R. Let us consider the following equations on M.
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e For any pair q1,¢q2 € Q

Mg, + Mgy, — Mg 4g, = 0.

e For any pairr € R, ¢ € Q

Mpg —TMg = 0.

The solution set of the equations above is isomorphic with Hom(Q, M). So, the
first stability condition for the parameter Lo immediately follows from the fact
that all matrix parameters ps(M) = rkys(A) are stable.

The theory of constant-time graph algorithms was developed in the last decade
(see e.g. [16]). Let us briefly recall the main idea. Say, we want to estimate
the value of a certain graph parameter p for an immensely large graph G of
small vertex degrees. For certain parameters (such as the matching number)
we can do the estimate in constant-time (that is, independently of the size of
the graph). A parameter p is called testable for the class of graphs G, if for
any € > 0 there exists § > 0 and a family of test-graphs Fy, Fs, ..., F} such that
if we learn all the Fj-subgraph densities for G € G up to an error of §, we can
compute p(G) up to an error of e. The point is that using a fixed amount of
random samplings of G, we can estimate all the subgraph densities above up to
an error of § with very high probability, no matter how large our graph G is.
We have an analogous definition for modules.

Definition 14.2. A module parameter p : R-Mod — R is testable if for any
€ > 0, there exists § > 0, test-matrices A1, Asa,..., Ay and n > 1, such that if
for a modules M € R-Mod, dimg (M) > n, and we know all the rkar(A;)’s up
to an error of 0, then we can compute p(M) up to an error of €.

The following theorem is motivated by the results of Newman-Sohler [22] and
Hassidim-Kelner-Nguyen-Onak [20].

Theorem 8. If Conjecture[dl holds for an algebra R (e.g. R is a string algebra),
then every stable parameter p : R-Mod — R is testable.

Proof. Let p be a stable parameter for R. By our assumptions, we have matrices
Ay, As, ..., Ar and k > 0 such that if |rky(A4;) — rkn(4;)] < & holds for any
1<i<tand

dimK (M)

— <1

dimg(V) = "

then [p(M) — p(N)| < €/3. We can pick A > 0 in such a way that

1-—

o \<kg

e if a module Q A-tiles M (see Section[)), then |rkg(A;) — rka(4;)] < k/2
holds for any 1 < <.

42



In the proof of Lemma we saw that there exists a finite set of modules
{@1,Q2,...,Qs} such that for any M € R-Mod at least one of the @;’s A-tiles
M. Pick n solarge that if 1 < j < s and dimK(Qé) > n/2, then limy,_, o p(QF)—
p(Qé)| < ¢/3. We also assume that dimg (Q;) < kn. Let p; = p(Q}), then for
eachl1 <j<s

| Jim p(QF) —pil <¢/3. (18)

Our algorithm goes as follows. We set § = /2. If we learn all the values
rkar(A;)’s up to an error of 4, we can find at least one 1 < j < s such that

I, (As) — g (4)] < & (19)

holds for all 1 <4 < t. These comparisons are all the computations we do after
learning the estimated values rkps(A4;). Hence, the computation time does not
depend on the dimension of M. Notice however, the role of n > 1. In the
graph parameter case, all the interesting parameters are additive with respect
to disjoint union. Here we only have the stability property.
Note that we might find more than one @;’s for which (I9) holds and we cannot
be sure that the @); we choose M-tiles M. Nevertheless by our assumption, for
some ¢ > 0
11—k S dlmK (M)
dimg (QF)

hence by the choice of k, [p(M) — p(Q%)| < ¢/3, whenever dimg (M) > n.
Therefore by [@8), |p; — p(M)| < e. So, p; estimates p(M) up to an error of
€. (]

<1+n,

Remark: One can easily see that the parameters Lg and wg are testable for
any finite dimensional algebra R. Indeed, they can be computed from the rank
of some matrices.
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