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1. NOTATIONS AND SET-UP

First some limit notations and conventions are given. For two sets A and B, the sum of inte-
grals [, f(z)dx + [ f(x)dxiswrittenas ([, + [5)f () dz. Foraconstant d X p matrix A, let
the minimum and maximum eigenvalues of AT A be A2, (A) and A2, (A) where Apin(A) and
Amax(A) are non-negative. Obviously, for any p-dimension vector x, Apin(A)||z]| < ||Az|| <
Amax (A4)||z||. For two matrices A and B, we say A is bounded by B or A < B if Apax(A) <
Amin(B). For a set of matrices {A; : ¢ € I'} for some index set I, we say it is bounded if
Amax (4;) are uniformly bounded in i. Denote the identity matrix with dimension d by I;. Nota-
tions from the main text will also be used.

The following basic asymptotic results (Serfling, 2009) will be used throughout.

LEMMA 6. (i) For a series of random variables Z,, if Z, — Z in distribution as n — o0,
Zyn, = Op(1). (ii) (Continuous mapping) For a series of continuous function g (z), if gn(x) =
O(1) almost everywhere, then g,,(Z,,) = Op(1), and this also holds if O(1) and O,(1) are re-
placed by ©(1) and ©,(1).

Some notations regarding the posterior distribution of approximate Bayesian computation are
given. For A C R? and a scalar function h (0, s), let

math) = [ [ 0,970 s | 0K (s = sone) e d,
and
Rt = [ [ hOms) s | 0K (s = save) e ds.

Then II.(0 € A | sghs) = ma(1)/7p(1) and its normal counterpart II.(6 € A | sops) =

Ta(1)/7p(1).
The following results from Li & Fearnhead (2015) will be used throughout.

LEMMA 7. Assume Conditions 1-4. Then as n — oo,
(i) if Condition 5 also holds then, for any § < o, 7TB§(1) and 7~TB§(1) are op(1), and

s .. .
O, (e~ =) for some positive constants c5 and a5 depending on d;
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(ii) wps (1) = Tps ({1 + Opla, 1)} and sup o [ma(1) — Fa(1)] /75, (1) = Op(a,');

(iii) if en = o(ay '/
@p(aﬁlfg )s ~

(iv)ifen, = o(aﬁl/ ) and Condition 5 holds, 0. = 0. + op(ant). Ifen = o(a 3/5) 0. =0+

op(ayt).

Proof. (i) is from Li & Fearnhead (2015, Lemma 3) and a trivial modification of its proof
when Condition 5 does no hold; (ii) is from Li & Fearnhead (2015, equation 13 of supplements);
(iii) is from Li & Fearnhead (2015, Lemma 5 and equation 13 of supplements); and (iv) is from
Li & Fearnhead (2015, Lemma 3 and Lemma 6). O

), 7B;(1) and wp,(1) are © (ans ), and thus wp(1) and wp(1) are

2. PROOF FOR RESULTS IN SECTION 3-1
Proof of Lemma 1. For any fixed v € R?, recall that ﬁ(& € A | sobs + €nv) is the posterior

distribution given sqps + £, v With prior 75(0) and the misspecified model f, (- | #). By Kleijn &
van der Vaart (2012), if there exist A, 5, and Vp, such that,

(KV1) for any compact set K C t(Bs),
ﬁz(sobs + env | 60 + ar_th)
fn(Sobs + €nv | 00)

in probability as n — oo, and
(KV2) E{Il(ay||0 — 6p]] > My, | Sobs + €nv)} — 0 as n — oo for any sequence of constants
M,, — oo,

sup
teK

log

1
— TV, Apg, + 5tTVHOt -0,

then

sup
Aegp

ﬁ{an(e —0y) € A| Sops + Env} — / Nt An 6o, Vegl) dt‘ — 0,
A

in probability as n — co. B
For (KV1), by the definition of f,,(s | 6),

fn(sobs + env ‘ b +a 1t) — log N{Sobs + env; 5(00 + a"r;lt)v GJQA(OO + aﬁlt)}
fn(sobs + epv | 90) N{Sobs + env; 3(90>7 a;QA(00>} .

As 2T Az —y"By = 27(A — B)x + (x — )T B(z + y), for vectors = and y and matrices A
and B, by applying a Taylor expansion on s(f + xt) and A(6p + xt) around = = 0, the right
hand side of above equation equals

log

{Ds(6y + et} A(6y) ¢ (v, t)—Lgn {ZDQA (0o + ePt)t }Cn(v t)

+ agl {Dlog )A(Ho + 6%3)15))}T’5a

where ¢, (v,t) = A(00)*Weps + anenv — %Ds(@o + eg)t)t and for j = 1,2, 3, egj) is a func-

tion of ¢ satisfying |e7(3 )] < a,;! which is from the remainder of the Taylor expansions. Since
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Ds(#), DA=Y(0) and D log |A(6)| are bounded in Bs when § is small enough,

Fn(Sobs + €nv | O + a;, 't)
Fa(Sobs + €nv | o)

in probability as n — oo, for any compact set K. Therefore (KV1) holds with A, g, =

Bo{A(60)"*Wops + ccv} and Vg, = I(6o).

For (KV2), let 7,,(s | 60) = an{fu(s | 00) — fu(s | 60)}. Since r,,(s | fp) is bounded by a
function integrable in R% by Condition 4,

1
sup —t71(00)Bo{ A(0) /> Weps + ccv} + §tTI(00)t -0,

teK

log

E{T1(anl|0 = 8ol > M | Sobs + £n0)} — / T(@nll6 — B0l > Mo |5+ 00) Fals | 60) d
R

Sa;l /Rd |rn(s | 0o)| ds = o(1).

Then it is sufficient for the expectation under f,(s | 6) to be o(1). For any constant M > 0,
with the transformation v = a,{s — s(fp)},

/ M(anll0 — O]l > Mo | 5 + e00) fals | 00) ds
Rd

</ fl\t||>Mn T(t,v | v)dt
~Jlel<m ft(Bé)%(t’T) | v)dt

where 7 (£, | v) = m5(00 + a; 't) fn{s(60) + a; 0 + env | 6 + a;; 't}. For the first term in the
above upper bound, it is bounded by a series which does not depend on M and is o(1) as M,, —
00, as shown below. Obviously ft( Bs) 7(t,v | v)dt can be lower bounded for some constant

mg > 0. Choose § small enough such that Ds(6) and A(#)'/? are bounded for § € Bj. Let Amin
and Apax be their common bounds. When ||o]| < M and M,, is large enough,

SUPge, | Ds(0)]
2

N{;0, A(6p)} dv + /” o N{5;0, A(6p)} da,

{t||t]| > My} C {t : > |lanenv —f—v”}. (1)

Then since for any v satisfying ||0|| < M, by a Taylor expansion,
Fals(60) + a3 "0+ eqv | Oy + a; 't} = a’ N{Ds(6y + e\Vt)t; 0 + anenv, A(6y + a; ')},

7(t,v | v) < eN(ApicAminllt]|/2;0, 1), where c is some positive constant, for ¢ in the right hand
side of (1). Then

/ f||t||>Mn 7(t,v | v)dt
ll

|| <M ft(B(;) %(t, v | U) dt

N{5:0, A(69)} d < mglc/ NOGL Ainllt]/2:0, 1) dt,

max
[[t]|>Mp

the right hand side of which is o(1) when M,, — co. Meanwhile by letting M — oo, it can be
seen that the expectation under f,,(s | 6y) is o(1). Therefore (KV2) holds and the lemma holds.[]

The following lemma is used for equations [, gn(t,v)dt = |A(60)|"/%G(v) and
Jiw 9(t,0) dt = | A(60)| 712G (v).

LEMMA 8. For a rank-p d X p matrix A, a rank-d d X d matrix B and a d-dimension vector
C}

N(At; Bv+¢,15) = N {t; (ATA) AT (c + Bv), (AT A)~ '} g(v; A, B, ¢), 2)
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145 where P = AT A, and

146 1 1

ij; g(v; A, B,c) = T P {—2(c + Bu)T(I — A(AT AT AT (e + Bv)} :

149 Proof. This can be verified easily by matrix algebra. O

150

151 The following lemma regarding the continuity of a certain form of integral will be helpful

152 when applying the continuous mapping theorem.

153

154 LEMMA 9. Letly, I}, lo, I}, and 3 be positive integers satisfying I} < 1y andll, < ly. Let A and

155 B be Iy x I} and ly x l matrices, respectively, satisfying that AT A and BT B are positive defi-

156 nite. Let g1(+), g2(+) and g3(-) be functions in R"', R'2 and R, respectively, that are integrable

157 and continuous almost everywhere. Assume:

158 (i) gj(+) is bounded in RY for j = 1,2;

159 (ii) gj(w) depends on w only through ||w|| and is a decreasing function of |w||, for j = 1,2;

d

160 an(... " . ] . ! such th LAl J

161 iii) there exists a non-negative integer | such that [p, [1221*" wi,g3(w) dw < oo for any

162 coordinates (w,, . . . ,wz-l,1+l,2+l) of w.

163 Then the function,

164

165 ///Pl(wb wa, w3) |91 (Awy + x1w2 4+ Tow3 + x3) — g1(Awi)| go(Bwa + z4ws3 + x5)g3(w3) dwzdwadwy,

166

}2; where 1 € Rl¥ 2o € R 2y € RXB 25 ¢ RN and x5 € R, is continuous almost ev-
erywhere.

169

170 Proof. Let my and mp be the lower bound of A and B respectively. For any

171 (xo1,...,%05) € Ri %l x Rlixls x Rl2xls « Rl x R guch that the integrand in the target

172 integral is continuous, consider any sequence (zp1,...,Zn5) converging to (zo1,...,Z0s)-

173 It is sufficient to show the convergence of the target function at (zp1,...,zn5). Let

174 Va = A{wr : [[Aw1|[/2 = SUDP(a,., 20 ,2s) |Tn1w2 + Tnows + s}, Ve = {ws : [[Bwel|/2 >

175 SUD (4,11 005) 1Tnatws + @ns|| 1, Ua = {wy : [Jwn || < 4my" (Jlzorwal| + [[zozws]| + [[zos])} and

176 Up = {wy : |wa|| < 4mp*(||zoaws|| + [|zos]|)}. We have V§ C Uy and V§ C Up. Then ac-

i;; cording to the following upper bounds and condition (iii),

179

180 |91 (Awy + zpiwe + Tpaws + Tp3) — g1(Awr)| < g1(Awr + zpiwe + Tpows + Tp3) + g1 (Awr),

181 91(Awr + Tpiwe + Tpows + Tng) < gr(mallwi||/2) 1w evyy + sup g1(w)Liw,evays

182 weRM

183 92(Bwsz + z4ws + 25) < ga(mp|wall/2)Liwsevyy + sup g2(w)Liw,evp)

184 weR!2

185 _ _ . .

136 where g1 (w) = g1(||w]|) and g2(w) = g2(||w]|), by applying the dominated convergence theo-

187 rem, the target function at (x,1, ..., Z,5) converges to its value at (xoq, . .., Zos). O

188 Proof of Lemma 2. The first part holds according to Lemma 5 of Li & Fearnhead (2015). For

189 the second part, when ¢, = oo, by the transformation v = v'(v, t),

190

191 // Pl(v)gn(t,v)dtdv:// B{Ds(ﬁg)t—l— Lyt A(90)1/2W0bs}g;(t,q/)dtdv’.
R4 Jt(Bjs) Re Jt(Bs)

192 AnEn AnEn
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5

By applying Lemma 9 and the continuous mapping theorem in Lemma 6 to the right hand
side of the above when ¢, = 00, and to [p4 j;t(Bg) Py(v)gn(t,v) dtdv when ¢, < oo, and using

Jew 9(t,v) dt = |A(80)|~Y/2G(v), the lemma holds. 0
Proof of Lemma 3. (a), (b) and the first part of (c) hold immediately by Lemma 7. The second
part of (¢) is stated in the proof of Theorem 1 of Li & Fearnhead (2015). O

LEMMA 10. Assume conditions 1-5. B _

(i) If c. € (0,00) then 1. {an,(0 —0:) € A| Sobs} and l1.{a,(0 — 0:) € A| Sobs} have the
same limit in distribution.

(ii) If c. = 0 or c. = 0oo then

sup ac o |Te{anc(0 — 02) € A sops} — Me{an (0 — 02) € A sobs}| = 0p(1).
(iii) If Condition 6 holds then
SUp gc He{an (0" —07) € A | Sobs} — ﬁa{an(e* - 5:) € A sops}t| = 0p(1).

Proof. Let \;, = an (0 — 6-), and by Lemma 3(c), A\, = 0p(1). When ¢, € (0, 00), for any
A € %P, decompose I1.{a, (0 — 6.) € A | sobs} into the following three terms,

[Ha{an(e —0.) € Al sops} — {an(6 —0.) € A| sobs}]
o+ [Tefan(0 = 0) € A+ A | sons} — Te{an (0 = 0.) € A 5o}

I {an(0 — 62) € A Sops}

For (i) to hold, it is sufficient that the first two terms in the above are 0,(1). The first term is

0,(1) by Lemma 3. For the second term to be 0,(1), given the leading term of TI.{ay, (6 — 0.) €
A | sops ) stated in the proof of Proposition 1 in the main text, it is sufficient that
sup

— [ ) Nt 1 (0), I(80) "y | = 0,(1).
(/1) |

This holds by noting that the left hand side of the above is bounded by ( [ A, — S 4)cdt for
some constant ¢ and this upper bound is 0, (1) since A, = 0,(1). Therefore (i) holds.

When c. = 0 or 00, SUP 4 2 ‘ng{an,g(e —0.) € A sops} — He{ane(0 — 02) € A sops}
is bounded by

sup 4. ggr |Te{@n (0 — 6:) € A | sops} — TMe{ane(0 — 6:) € A | 5005}
+SUPA€:@p ﬁs{an,€(9 - 58) €A+ )‘n | Sobs} - / ¢(t) dt'
A+
+SUp ¢ zv ﬁg{aw(e — 55) € A Sobs} — /Az/)(t) dt
+supaco | [ w@w—/wmﬁy 3
A+ A

With similar arguments as before, the first three terms are op,(1). For the fourth term, by trans-
forming ¢ to t + Xy, it is upper bounded by [p, [¥(t — An) — 9(t)| dt which is o,(1) by the
continuous mapping theorem. Therefore (ii) holds.
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For (ii1), the left hand side of the equation has the decomposed upper bound similar to (3),
with 6, 6., 6. and v (t) replaced by 6*, 0z, 6; and N{t;0,1(6)~'}. Then by Lemma 5, using
the leading term of II.{a, (60" — 0%) € A | sobs} stated in the proof of Theorem 1, and similar
arguments to those used for the fourth term of (3), it can be seen that this upper bound is o, (1).

Therefore (iii) holds. O

3. PROOF FOR RESULTS IN SECTION 3-2
To prove Lemmas 4 and 5, some notation regarding the regression adjusted approximate
Bayesian computation posterior, similar to those defined previously, are needed. Consider trans-
format1ons t =t(0) and v = v(s). For A C R” and the scalar function h(t,v) in R? x R?, let
Taw(h) = ft fRd (t,v)Te 0 (t, ) dvdt.

Proof of Lemma 4. Since (. = cov.(f, s)var-(s) ™!, to evaluate the covariance matrices, we
need to evaluate 7rp { (0 — 09)** (5 — Sobs)*2} /7R (1) for (k1, ko) = (0,0), (1,0), (1,1), (0,1)
and (0, 2).

First of all, we show that ¢ {(6 — 00)*1 (s — sops )2} is ignorable for any § < &y by showing
that it is Op(e_“zfsscé) for some positive constants c; and as. By dividing R? into {v : ||e,v|| <
4§’ /3} and its complement,

sup / (5 — Sobs)2 frls | O) K (S_SObS> e dds
R4

9eBe n
k S — Sobs —d
<o d s sl ) [ - san (T
0eBS | |ls—sobs||<d’/3 Rd €n
+ K Amin(A)es 16 /3)e / (5 = Sobs) fu(s | 0) ds. )
R4

By Condition 2(ii), Condition 6 and following the arguments in the proof of Lemma 3 of Li &
Fearnhead (2015), the right hand side of (4) is Op(e_anfsfcé), which is sufficient for 7733-{(9 -

00)k1 (5 — Sobs)kz} to be Op(e—agfssca).
For the integration over Bs, by Lemma 7 (ii),

75, {(0 — 00)" (s — 50ns) "} — q F1ghe {W
755 (1) e 7Bs,tv(1)
throk2 (0 + ap L)1 (Sobs + env | O + ap L) K (v) dudt
o] 7 ’ {1+ 00}
7TB§7tU(1)

where 7, (s | 6) is the scaled remainder o, { f(s | 0) — fals | 6)}. In the above, the second term
in the first brackets is Oy (ay, 1 by the proof of Lemma 6 of Li & Fearnhead (2015). Then

ms{(0 = 00)" (5 = s00s)™} s ko {W

= IS —
B, (1) L Tse(1)

+ Op(a;1>},

and the moments 7 Bé,w(tklvk?) /TB;.tv(1) need to be evaluated. Theorem 1 of Li & Fearnhead
(2015) gives the value of Tp, 1, (t)/TB;.+v(1), and this is obtained by substituting the leading
term of 7. 4, (¢, v), that is 7(6p)gn(t,v) as stated in Lemma 2, into the integrands. The other



289 moments can be evaluated similarly, and give

290

291 by Bo{ A(60)"*Webs + anenEa, (v)}, (k1, ko) = (1,0),
292 %B&m(tklvh) . b;lﬁg{A(Ho)lﬂwobsEGn (U] + anEnEGn (UUT)}, (k?l, kg) = (1, 1),
293 Tesw(l) | Ea,(v), (k1,k2) = (0,1),
;g‘; Eg, (vo7), (k1,k2) = (0,2),
296 + Oplayz) + Oplazey), ()
297

208 where b,, = 1 when ¢. < oo, and a,&, when c. = co. By Lemma 2, Eg, (vvl) = ©,(1). Since

209 a;l = o(an®’®), cove(8,s) =2 Byvarg, (v) + op(an>/"c2) and var.(s) = e2varg, (v){1 +
—2/5

300 op(an™")}. Thus

301

302 Be = Bo + Op( 2/5) (6)

303 and the lemma holds. O

304

305 ForA C RPand B C RY, let (A, B) fA fB 0)fu(s | 0)K{e, (s — sobs)}e_d dsdf and

306 = [, [zn( 0) f(s | O)K{s_l(s — Sobs) Yen @ dsdf. Denote the marginal mean values

307 of s for 7T5(9 S | Sobs) and e (6, s | Sobs) by se and s respectively.

ggg Proof of Lemma 5. For  (a), write II.(0* € B |sqs) as  w[RP {s:0%(0,s) €

310 B} /n(RP,RY). By Lemma 7, m(RP,R%) = mp(1) = G)p(a‘fl Z’). By the triangle inequal-

311 ity,

o TRY, {51 0°(0,5) € B{}] < m(Bj0 RY) + 7l Bya, {18l = son)l| 2 6/2}], - ()

314 and it is sufficient that the right hand side of the above inequality is 0,(1). Since its first term is

315 mge, (1), by Lemma 7 the first term is op(1).

316 ) 7/5 7/5 . .

317 When ¢, = Q(a, ") or O(a, '), by (6),dﬁ8 - 60': op(1) and so f3. is bounded in proba-

318 bility. For any constant [, > 0 and § € RP*¢ satisfying 8 < Sgp,

319 1 0 _

20 s s 1805 — san)] 2 0/20 < K (7150 )

321 o

322 and by Condition 2(iv), the second term in (7) is op(1).

323 When ¢, = o(an 7/ 5) B is unbounded and the above argument does not apply. Let §; be a

324 constant less than do such that infyc s, , Amin{A(0)~Y/2} > m and infyep, J2 Amin{Ds(0)} =

325 m for some positive constant m. In this case, it is sufficient to consider § < ¢;. By Condition 4,

326

327 ra(s | 0) < ap | A)]*rinax[anA0) 72 {s — s(0)}].

328 Using the transformation ¢ = ¢(0) and v = v(s), fn(s | 0) = fals | 0) + a; tr,(s | 6) and ap-

329 : . \

230 plying the Taylor expansion of s(6y 4+ zt) around = = 0,

331 [ B2, {s : [[Be(s — sons)|| = 0/2}] <

332

333 c / / N[A(G + a, )" 2{Ds(00 + eDt)t — A(0)*Wobs — anenv}; 0, L) K (v) dvdt

334 35/2) Beenv||>6/2

335 + C/ / Tmax[A(QO + aglt)_l/Z{DS(QO + egll)t)t - A(90)1/2W0bs - anenv}]K(v) dvdt,
336 Bsz) J || Beenv]|>6/2
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8

for some positive constant c. To show that the right hand side of the above inequality is o,(1),
consider a function g4(-) in RY satisfying that g4(v) can be written as g,(||v||) and g,(-) is
decreasing. Let A,,(t) = A(0y + a;'t)"'/2, C,,(t) = Ds(0 + &1) and ¢ = A(0p)"/*Wps. For
each n divide R? into V,, = {t : ||Cy,(£)t]|/2 > ||c + anenv||} and V.. In Vy,, || An () {Cr(t)t —
¢ — anenv}|| > m?||t||/2 and in VC, ||t|| < 2m~L||lc + anenv]. Then

/ / ga[An(){Ch(t)t — ¢ — apnepv} K(v) dudt
t(Bs/2) J [|Beenv||>6/2

2
S/weanvu»/z{/ a(m[8)/2) dt + sup ga(v )/Vﬁ ldt} K(v) dv,

where f 1dt is the volume of V¢ in RP. Then since B.&,, = 0p(1), anen = 0p(1) and [, 1 dt
is proportlonal to ||c + anenv||P, the right hand side of the above inequality is 0, (1). This implies
m(Bs/2, {s : [[6=(s = sons)[| = 0/2}) = 0p(1). N
Therefore in both cases II.(0* € B | sobs) = 0p(1). For II.(6* € B§ | sobs), since the sup-

port of its prior is Bs, there is no probability mass outside B; , i.e. II.(6* € B§ | sohs) = 0.
Therefore (a) holds.

For (b),
SUP g v | L= (0" € Ag N By | Sobs) — (0" € Ag N By | sobs)
_ SUPgcgp |7 (RP, {S :0%(0,s) € Ag N B5}) — 7(RP, {8 :0%(0,s) € Ag N B5})| +op(1)
%B(s(l) P
ol fB(g Jram(@)|rn(s | 0)| K {e, (s — sobs) Y&y, * dsdf

+0,(1).
7TB§(1) p( )
Then by the proof of Lemma 6 of Li & Fearnhead (2015) (b) holds.

For (c), to begin with, a, (0} — 0*) = an(0: — 0, .) — anfB(se — Se). By Lemma 7, a, (0 —
6.) = op(1). For ay,f-(s. — s¢), similar to the arguments of the proof of Lemma 4,
Aﬂ:Bé,tv (U)

TBs,., (V) 1 v =
Se — Sobs En { TBs.ao (1 =+ p(an ) { =+ p(an )} Se — Sobs En 7 Ba e (1)

Then anfe(se — s:) = Op(a_lanen) which is o,(1) if €, = o(an, 308 ). Therefore the first part

of (c) holds. Since 9* = 9 — Be(Se — Sobs), by the expansion of 95 in Lemma 3(c), the above
expansion of 5. — sgps and (5), the second part of (c) holds. O

4. PROOF FOR RESULTS IN SECTION 3-3
Proof of Theorem 2. The integrand of pacc q is similar to that of 7s(1). The expansion of
mre (1) is given in Lemma 7(ii), and following the same reasoning, paccq can be expanded as
ed fBa Jga @n(0) f(Sobs + env | 0) K (v) dvdd{1 + op(1)}. With transformation ¢ = ¢(#), plug-
ging the expression of g, (6) and 7. 4, (¢, v) gives that

— —_ %Ev
poca = (aneen) [ (00) Pa(rtt — c)— =B gt 4, (1)),
13

(Bs) 75(00 + anct)

{14+ 0p(a
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where 7, . = 05,/ a;’é and ¢, , = 0y (tn — 6p). By the assumption of y,, denote the limit of
Cu,n by ¢, Then by Lemma 2, pacc 4 can be expanded as

Pacc,q = (an,sgn)d/ (Tn,s)_pQ(rr:ét - Cum)gn(t’ v) dvdt{1 + Op(l)}~ 3)
t(Bs)xRd

Denote the leading term of the above by (), ..

For (1), when ¢, = 0, since sup;crp gn(t,v) < c1K(v) for some positive constant ¢y, Q¢
is upper bounded by (a,&,)%; almost surely. Therefore Dacc,g — 0 almost surely as n — oo.
When r, . — oo, since ¢(-) is bounded in R” by some positive constant ca, @y is upper
bounded by (Tn7g)_p02(an75€n)d fRPde gn(t,v) dvdt. Therefore p,ccq — 0 in probability as
n — oo since [g,. pa gn(t, v) dvdt = ©,(1) by Lemma 2.

For (2), let £() = T'nit(0) — cum and t(A) be the set {¢ : ¢ = £(6) for some # € A}. Since
t=0,(0—0y) — cun and 0,;! — 0o, {(B;s) converges to RP in probability as n — co. With
the transformation ¢ = £(#),

Q — (angn)d j;?(B(;)XRd q(g)gn{rn,e (f + cu;n,), U} d{dv’ C€ < OO7
" j;i:(B(g)X]Rd Q(E)g{n{rn,s (i: + Cu7n), U/} dfdvl, CE = Q.

By Lemma 9 and the continuous mapping theorem,

Ons cd prdef](f)g{r}(f—i- cu),v}~dfdv, Ce < 00,
’ prde Q(t)g{rl (t + C/L)’ U} dtd’(}, Ce = 007

in distribution as n — oo. Since the limits above are O, (1), Pacc,g = Op(1).
For (3), when ¢ =00 and r; =0, in the above, the limit of ), . in distribution is
Jpwga @(t)g(0,v) dtdv = 1. Therefore pacc,q converges to 1 in probability as n — co. O
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