MOTIONS OF GRID-LIKE REFLECTION FRAMEWORKS

DEREK KITSON AND BERND SCHULZE

ABSTRACT. Combinatorial characterisations are obtained for symmetric and anti-symmetric in-
finitesimal rigidity of two-dimensional frameworks with reflectional symmetry in the case of
norms where the unit ball is a quadrilateral and where the reflection acts freely on the vertex
set. At the framework level, these characterisations are given in terms of induced monochrome
subgraph decompositions, and at the graph level they are given in terms of sparsity counts and
recursive construction sequences for the corresponding signed quotient graphs.

1. INTRODUCTION

Recent work in geometric rigidity has seen an analysis of frameworks in which the standard
Euclidean norm is replaced by a non-Euclidean norm (see [6] [7, [8,[9]). In this article we continue
this theme. In particular, we consider two-dimensional frameworks and norms for which the
unit ball is a quadrilateral (eg. the ¢! or £>*° norms). Such frameworks are grid-like in the sense
that the allowable motions constrain vertices adjacent to any pinned vertex to move along the
boundary of a quadrilateral which is centred at the pinned vertex and obtained from the unit
ball by translation and dilation. By way of motivation, consider a two-dimensional formation
of mobile autonomous agents with the added constraint that each agent may only move in a
straight line and may only move in the direction of one of the two coordinate axes. The problem
of maintaining rigid formations of autonomous agents is a well-known application of geometric
rigidity theory and its associated “pebble game” algorithms (see for example [3]). However, with
this restricted mobility, standard Euclidean rigidity is no longer applicable and we are instead
lead to consider rigidity with respect to the > norm.

There are three main aims of this article. The first is to formally introduce and develop
symmetric and anti-symmetric infinitesimal rigidity for Zs-symmetric frameworks in normed
linear spaces (see Section . This development includes an analysis of orbit matrices and a
derivation of necessary sparsity counts on associated signed quotient graphs. Analogous to the
Euclidean situation (see [4, [18| [19], for example), these orbit matrices and sparsity counts are
important tools for rigidity theory in general normed spaces. The second aim is to characterise
symmetric and anti-symmetric rigidity for grid-like 2-dimensional frameworks with reflectional
symmetry, where the reflection acts freely on the vertex set. A combination of these results
yields a characterisation for general infinitesimal rigidity in terms of the corresponding signed
quotient graphs (see Section . The third aim, which is in the spirit of Laman’s theorem
(see [10, 20l 22]), is to provide complete characterisations for graphs which admit placements
as rigid grid-like frameworks with reflectional symmetry. This is achieved in Section [3.2] for
both symmetric and anti-symmetric infinitesimal rigidity. The results on symmetric rigidity
are analogous to the corresponding results for Euclidean reflection frameworks in [4, [IT]. It
is important to note, however, that unlike the Euclidean situation (see [18]), the respective
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characterisations of graphs which admit symmetric or anti-symmetric rigid placements as grid-like
reflection frameworks cannot be combined to characterise graphs which admit rigid placements as
grid-like reflection frameworks. This is due to the fact that the respective sets of symmetric and
anti-symmetric rigid grid-like realisations of a graph may be disjoint (see Fig. |§| for example).
Note that a combinatorial characterisation of graphs that admit a realisation as a grid-like
isostatic reflection framework was recently given in [9]. However, as shown in [8, 9], such a
framework must have a vertex which is fixed by the reflection.

In Section [2] we consider the rigidity of a Zo-symmetric framework in a general normed linear
space (X, ||]|). As in the case of Zy-symmetric Euclidean frameworks [5, 15 16], each infinitesimal
flex may be decomposed in a unique way as a sum of a symmetric and an anti-symmetric
flex. Moreover, the rigidity operator is shown to admit a corresponding block decomposition
which leads in a natural way to a consideration of orbit matrices. We then derive necessary
counting conditions, in terms of an associated signed quotient graph, for frameworks which are
symmetrically or anti-symmetrically isostatic.

In Section [3| we consider grid-like frameworks with reflectional symmetry. The results of
Section [3.1] reside at the framework level while those of Section may be viewed as graph-
theoretic statements. In Section |3.1] we provide complete characterisations of symmetric, anti-
symmetric, and general infinitesimal rigidity. These characterisations are expressed in terms
of edge colourings for the signed quotient graph which are induced by the positioning of the
framework relative to the unit ball. In Section [3.2] we provide a complete characterisation of
graphs which admit a symmetric or anti-symmetric rigid placement as a grid-like reflection
framework. These characterisations provide the sufficiency direction for the necessary counting
conditions derived in the general theory of Section 2| The proof applies an inductive construction
for signed quotient graphs together with the results of Section We note that these matroidal
counts can be checked in polynomial time using a straightforward adaptation of the algorithm
described in [4, Sect. 10] (see also [I]).

2. Zo-SYMMETRIC FRAMEWORKS IN NORMED SPACES

Throughout this article G = (V, E) will denote a finite simple undirected graph with vertex
set V and edge set E. An edge e € E which is incident to vertices v,w € V will be denoted
vw. An automorphism of G is a bijective map h : V — V with the property that vw € F if and
only if h(v)h(w) € E. The group (under composition) of graph automorphisms of G is denoted
Aut(G). Consider the multiplicative group Zs with elements {1, —1}. A Zy-symmetric graph is
a pair (G, 0) consisting of a graph G and a group homomorphism 6 : Zo — Aut(G). When there
is no danger of ambiguity, #(—1)v will be denoted by —v for each vertex v € V and (—v)(—w)
will be denoted by —e for each edge e = vw € E. The action 6 is assumed throughout to be free
on the vertex set of G which means that v # —v for all v € V. It will not be assumed that the
action is free on the edge set of G and so there may be edges e € E such that e = —e. Such an
edge is said to be fized by 6. The vertex orbit of a vertex v € V under the action 8 is the pair
[v] :== {v, —v}. The set of all vertex orbits is denoted Vp. Similarly, the edge orbit of an edge
e € E is the pair [e] := {e, —e} and the set of all edge orbits is denoted Ej.

2.1. Symmetric and anti-symmetric motions. Let (X, || -||) be a finite dimensional normed
real linear space. A rigid motion of (X, || - ||) is a family of continuous paths {a, : [-1,1] —
X}aex, such that o, (t) is differentiable at ¢ = 0 with a,(0) = = and ||au(t) — oy (t)|| = ||z — Y|
for all pairs z,y € X and all t € [—1,1].

The rigidity map for G = (V, E) and (X, || - ||) is defined by,

fa: xV R|E|7 (Ty)vev (”xv - xw”)vwEE-
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The directional derivative of the rigidity map fg at a point p € X!Vl and in the direction of a
vector u € X!Vl is denoted D, fo(p),

Dufa(p) = lim 7 (falp+ tu) — fa(p)).

=1

t—

A bar-joint framework in (X, | - ||) is a pair (G,p) where p = (py)vey € X!VI and p, # py, for
all vw € E. A subframework of (G, p) is a bar-joint framework (H,pg) (or simply (H,p)) where
H = (V(H), E(H)) is a subgraph of G and py = (pv)yev(m)- A subframework (H, p) is spanning
in (G,p) if H is a spanning subgraph of G and proper if H # G.

An infinitesimal flex for (G,p) is a vector v € X!Vl such that D, fq(p) = 0. The collection
of all infinitesimal flexes of (G, p) forms a linear subspace of X!V| denoted F(G,p). It can be
shown (see [7, Lemma 2.1]) that if {a; },ex is a rigid motion of (X, [|-]|) then («aj, (0))sev € XVl
is an infinitesimal flex of (G,p). An infinitesimal flex of this type is said to be trivial and the
collection of all trivial infinitesimal flexes forms a linear subspace of F(G,p), denoted T (G, p).
A bar-joint framework is said to be infinitesimally rigid if every infinitesimal flex is trivial and
isostatic if, in addition, no proper spanning subframework is infinitesimally rigid.

If the rigidity map f¢ is differentiable at p then the differential is denoted dfg(p). In this case,
(G, p) is said to be well-positioned in (X, | - ||) and dfc(p) is referred to as the rigidity operator
for (G, p). Note that the rigidity operator dfg(p) satisfies,

(1) dfa(p)u = (Spv,w(uv — Uy) )vweE )

for all u = (uy)pey € X VI where Yuw : X — Ris a linear functional defined by,

1
Yuw(x) = lim —([lpy — pw +tz| — |Ipo — Pull), VzeX.
t—0 t

In this way the rigidity operator may be represented by a rigidity matriz of linear functionals
with rows indexed by E and columns indexed by V. (For details see [g]).

Let Isom(X, || - ||) denote the group of linear isometries of (X, || -||). A bar-joint framework
(G,p) is said to be Zg-symmetric with respect to an action 6 : Zy — Aut(G) and a group
representation 7 : Zg — Isom(X, || - ||) if 7(=1)(py) = p—y for all v € V.

Lemma 2.1. Let (G,p) be a well-positioned bar-joint framework in (X,| - ||) which is Za-
symmetric with respect to an action 6 : Zs — Aut(G) and a representation T : Zg — Isom(X, ||-||).

(i) XV may be expressed as a direct sum XV = X1 & Xy where,

X: = {(@)oey € XV 2y = 7(-Day, YveV}
Xy = {(@)ey € XV z_, = —7(=Da,, Vv eV}
(ii) RIE! may be expressed as a direct sum RIFl =Y, @ Yy where,
Vi = {(ve)eer €RFl:y o=y, VeeE}
Yoo = {(ye)een €RFl iy . = —y., Vee E}.

(iii) With respect to the direct sum decompositions,
X=X, ® Xy, and, RF =V, ®Ys,
the differential dfc(p) may be expressed as a direct sum of linear transformations,

dfG(p) = Rl ©® R27
where Ry : X1 — Y1 and Ry : Xo — Y5.
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Proof. Bach (z,)yey € X!V may be expressed as a sum a+b where a = (3 (@0 + T(—l)(x,v)))vev

and b = (1 (z, — T(—l)(x_v)))vev. Note that a € X; and b € Xo. Similarly, each (y.)ccr € RIZ!
may be expressed as a sum a+b where a = (%(ye + y,e))eeE €Y and b= (%(ye — y,e)) €Ys.
To prove (i) and (i) it only remains to note that X; N Xo = {0} and Y1 NY2 = {0}.

To prove (iii), let vw € E and note that if (x,)yev € X7 then,

ecE

Pow(@o = Tw) = Pev,—w(T(=1)(20 — Tw)) = P—v,—w(Tv — T—w).
Similarly, if (x,),cy € X5 then,

Pvaw(Ty = Tw) = P —w(T(=1)(Ty = Tw)) = v, —w(—(T—v = T—)) = —P—v—w(T—v — T—w)-
By equation [1]), dfc(p)(X1) C Y1 and dfc(p)(X2) C Ya and so the result follows. O

A vector u = (uy)yey € XV will be called symmetric if u € X; and anti-symmetric if u € X.
The vector spaces of symmetric and anti-symmetric infinitesimal flexes of (G, p) are respectively
denoted Fi(G,p) and Fo(G,p). Similarly, the vector spaces of symmetric and anti-symmetric
trivial infinitesimal flexes are respectively denoted 7i(G,p) and T2(G,p). A straight-forward
verification shows that F(G,p) = Fi(G,p) ® Fa2(G,p) and T(G,p) = T1(G,p) ® T2(G, p).

The following observation will be applied in the next section.

Lemma 2.2. Let (G,p) be a well-positioned and Za-symmetric bar-joint framework in (X, ||-||).
If the group of linear isometries Isom (X, || - ||) is finite then,

(i) dim T (G, p) = dim X.

(11) dim 71 (G, p) = rank(I 4+ 7(—1)).
(i1i) dim T2(G, p) = rank(l — 7(—1)).
Proof. It is shown in [7] that if Isom(X,| - ||) is finite then 7(G,p) = {(z,...,z) € XVl : z €
X}. Part (i) is an immediate consequence of this while (i7) and (éi7) follow on considering the
definitions of X7 and Xs. O
Definition 2.3. A Zs-symmetric bar-joint framework (G, p) in (X, || - ||) is said to be,

(1) (anti-) symmetrically infinitesimally rigid if every (anti-) symmetric infinitesimal flex of
(G,p) is a trivial infinitesimal flex.

(2) (anti-) symmetrically isostatic if it is (anti-) symmetrically infinitesimally rigid and no Zo-
symmetric proper spanning subframework of (G, p) is (anti-) symmetrically infinitesimally
rigid.

Let G = (V, E) be a Za-symmetric graph with V[ the set of vertex orbits and Ej the set of

edge orbits. The subset of Ey consisting of edge orbits for edges in G which are not fixed is
denoted E).

Lemma 2.4. Let (G, p) be a well-positioned and Za-symmetric bar-joint framework in (X, | -||).
(i) If (G,p) is symmetrically infinitesimally rigid then,
|Ep| > (dim X)|Vp| — dim 71 (G, p).
(ii) If (G,p) is anti-symmetrically infinitesimally rigid then,
(| > (dim X)[Vo| — dim Ta(G, ).
Proof. Consider the decompositions constructed in Lemma[2.1] Note that dim X; = (dim X)|Vy|,
dim Xy = (dim X)|Vp|, dimY; = |Ep| and dimYs = |E{|. (In the case of Y the dimension is

determined by the number of edge orbits for edges which are not fixed). If (G, p) is symmetrically
infinitesimally rigid then 71 (G, p) = F1(G, p) = ker Ry and so,

|Ep| > rank Ry = (dim X)|Vp| — dimker Ry = (dim X)|Vp| — dim 71(G, p).
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A similar argument applies if (G, p) is anti-symmetrically infinitesimally rigid.
Il

Lemma 2.5. Let (G,p) be a well-positioned and Zo-symmetric bar-joint framework in (X, |- ||).
If (G, p) is anti-symmetrically isostatic then G contains no fized edges.

Proof. Suppose e = v(—v) is a fixed edge in G and let H = G —e. Then there exists a non-trivial
anti-symmetric infinitesimal flex u € Fo(H, p). Note that u € ker df(p) and the linear functional
o, —p satisfies,

(Pv,—fu(uv_u—v> = w—v,v(T(_l)(uv_u—v)) = QO—v,v(_(u—v_uv)) = _(p—v,v<u—v_uv) = _(Pv,—v(uv_u—v)~

Thus ¢y, —y(ty —u—y) = 0 and so, from equation (1)), it follows that u € ker dfg(p). In particular,
u is a non-trivial anti-symmetric infinitesimal flex of (G, p). O

Let Z and W be linear subspaces of X such that X = Z@® W and suppose W has dimension 1.
A linear isometry T € Isom(X, || - ||) is called a reflection in the mirror Z along W if T' =1 — 2P,
where I : X — X is the identity operator on X and P : X — X is the linear projection with
range W and kernel Z.

Lemma 2.6. Let (K2,p) be a placement of Ko in (X, | - ||) which is Za-symmetric with respect
to an action 0 : Zs — Aut(G) and a representation T : Zo — Isom (X, | - ||). If 0 acts freely on
V(K2) and 7(—1) is a reflection then (Ka,p) is symmetrically isostatic.

Proof. Let v and —v be the vertices of Ky and let u € F1(K2,p) be a symmetric infinitesimal
flex of (K3,p). The isometry 7(—1) has the form 7(—1) = I — 2P where P is a projection as
described above. Note that,

1 1

2@’0,—11(([ - T(_l))uv) = iwv,—v(uv - u—v) = 0.

Thus u, € Z or W C ker ¢, _,. Note that p, —p_, = (I — 7(—1))p, = 2P(p,) € W. Thus if
W C ker ¢, —, then,

(pv,—U(Puv) =

Hpv - p—v” = (Pv,—’u(pfu _p—v) =0,

and so p, = p_, which is a contradiction. We conclude that u, € Z and so u_, = 7(—1)u, = uy.
Thus u is a trivial infinitesimal flex. O

2.2. Signed quotient graphs. The quotient graph Gy = G /7y for a Zs-symmetric graph (G, 0)
has vertex set Vj consisting of the vertex orbits for (G, 6) and edge set Ey consisting of the edge
orbits. An edge [e] € Ey is regarded as incident to a vertex [v] € Vj if e (equivalently, —e) is
incident to either v or —v in G. In general, Gy is not a simple graph as if e € F is a fixed edge
in G then [e] is a loop in Gy. Also, if e = vw and ¢ = v(—w) are distinct edges in G then [¢]
and [¢/] are parallel edges in Gy.

Let Vo = {@1,...,,} be a choice of representatives for the vertex orbits of (G,6). A signed
quotient graph (or quotient Za-gain graph [4,[18]) is a pair (Gy, ) consisting of a quotient graph
Go and an edge-labeling (or gain) ¢ : Ey — Zgo where ¥([e]) = 1 if either e or —e is incident to
two vertices in Vo and ([e]) = —1 otherwise. See Figure |1/ for an example.

In the following, G will be referred to as the covering graph of (Gy, ) and, to simplify notation,
¥([e]) will be denoted Y[e)- Note that the covering graph is required to be a simple graph and so
signed quotient graphs are characterised by the following two properties.

(1) If two edges [e] and [¢/] in Gg are parallel then ¢ # Yo
(2) If [e] is a loop in G then 9y = —1.
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The gain of a set of edges F' in a signed quotient graph (Gg, ) is defined as the product
Y(F) = Hep Y- A set of edges F is balanced if it does not contain a cycle of edges, or, has the
property that every cycle of edges in F' has gain 1. A subgraph of Gy is balanced in (Go, ) if it is
spanned by a balanced set of edges, otherwise, the subgraph is unbalanced. (See also [4, 23, 24]).

FIGURE 1. A Zs-symmetric graph (G, ), where 6 describes the reflectional sym-
metry shown in (a) and a corresponding signed quotient graph (Gp, ) (b).

Lemma 2.7 ([, 23]). Let (Go, ) be a signed quotient graph for a Zo-symmetric graph (G, 6)
and let Hy be a balanced subgraph in (Go,1). Then,

(i) Hy is a balanced subgraph in (Go, ") for every gain ¢ induced by a choice of vertex orbit
representatives for (G,0), and,

(ii) there exists a choice of vertex orbit representatives Vy for (G,0) such that the induced gain
Y satisfies d}fe] =1 for all [e] € E(H).
A subgraph of G will be referred to as balanced if it is balanced in (Gp, ) for some (and
hence every) gain 1 induced by a choice of vertex orbit representatives.

Definition 2.8. A subgraph of Gy for which every connected component contains exactly one
cycle, each of which is unbalanced, is called an unbalanced map graph in Gy.

If a representative vertex 1is replaced by the vertex —, then a new signed quotient graph
(Go, ) is obtained, where wfe] = —yq if [e] is incident with [v], and %a} = 1| otherwise. This
is referred to as a switching operation on [v].

2.3. Orbit matrices and sparsity counts. Let (G,p) be a well-positioned and Zs-symmetric
bar-joint framework in (X, | - ||) and let V{ be a choice of vertex orbit representatives.

Definition 2.9. A symmetric orbit matriz for (G,p) is a matrix of linear functionals on X,
denoted O1(G, p) or simply O1, with rows indexed by Ejy and columns indexed by Vj.
The matrix entry for a pair ([e], [v]) € Ey x V} is given by,
Po,pq0 if [€e] = [vw] and [e] is not a loop,
O1(le], [v]) = § 2ps,—5 if [e] is a loop at [v],

0 otherwise,
where 0, W € ‘N/(Lare the representative vertices for [v] and [w] respectively and 1 is the gain on
Gy induced by V.

Each symmetric orbit matrix determines a linear map O1(G,p) : X Vol — RIFol Explicitly,
the row entries of O1(G, p) which correspond to an edge orbit [e] = [vw] which is not a loop are,

[v][w][e]0 - - - 035y 0 -+ - 035 49,50 - 0,
while if [e] is a loop at a vertex [v] then the row entries are,
[v][e]0 -+~ 0 295 5 0---0.
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Lemma 2.10. Let (G,p) be a well-positioned and Zy-symmetric bar-joint framework in (X, |-||).
If Oy is a symmetric orbit matriz for (G,p) then there exist linear isomorphisms,

Sy x Vol 5 X, Ty : RIEol 5 yp,

such that the following diagram commutes.

X\Vo| 01 N R‘E0|

s I

Xl L)Yl

In particular, Ry and Oy are (isomorphically) equivalent linear transformations.

Proof. Let Vj be the choice of vertex orbit representatives from which Oy (G, p) is derived. Each
vertex v € V is expressible in the form v = ~,0 for some =, € Zo where v € V} is the chosen
representative for [v]. Define,

S1: XVl X0, (@) pevy = (T(w) @) vev,

Ty : RIFol Y1, (y[e})[e]EEo = (y[e})eeE-
Let u = (up))pjew, € XVl 1t is sufficient to compare the entries of (T3 o O1)u and (R; o S1)u
in Y7 (note that these entries are indexed by E).
Suppose e = vw € E is an edge in G which is not fixed. Then the edge orbit [e] is not a loop
in the quotient graph Gy and so the entry of O;(u) corresponding to [e] is given by,
P10 (U)) = Pgon(Uw)) = Popgo(U)) = P (T(Ve) Upw))
= o5 (Up) — TV Upw))-
This is also the entry of (77 o O1)u corresponding to e. Note that e = (7,0)(yw) where
Y] = Y Yw- Thus, the entry of (Ry o S1)u corresponding to e is,
Sov,w(T(PYv)u[v] - T(’Yw)u[w]) = 90%17,%;117(7—(7@)“[11] - T(’Yw)u[w})
= (@ﬁ,w[e]ﬁ) © T('Yv)) (T(’Vv)u[v} - T(’Vw)u[w])
P10y (U] — T (Ve ) Ufuo))-

Now suppose e = 0(—0) € E is a fixed edge in G. The edge orbit [e] is a loop in the quotient
graph and so the entry of (7T} o O1)u corresponding to e is 2@5,,5@[1;]). Likewise, the entry of
(Ry o S1)u corresponding to e is,

o,—o(up — 7(=Dug) = eo-(up) + p—os(m(=1Dug)
= wi,-i(ug) + ¢o,-5(up)
= 205 —5(up)

g

Consider again a Zg-symmetric bar-joint framework (G, p) and fix an orientation on the edges
of the quotient graph which lie in Ej, (i.e. the edges in Gy which are not loops).

Definition 2.11. An anti-symmetric orbit matriz for (G, p) is a matrix of linear functionals on
X, denoted O2(G,p) or Oz, with rows indexed by E{ and columns indexed by V.
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The matrix entry for a pair ([e], [v]) € Ej x Vj is given by,

Db,y if [e] = [vw] and [e] is oriented from [v] to [w],
Os([e], [v]) = § ¥y Piyqw if [e] = [vw] and [e] is oriented from [w] to [v],
0 otherwise,

where 0, € Vj are the representative vertices for [v] and [w] respectively and ¢ is the gain on
Gy induced by V4.

The row entries of O2(G, p) corresponding to an edge orbit [e] oriented from [v] to [w] are,
[v][w][€]0- - - 0pg gy O - -+ - -+ 0tpe] Pu,yy50 - - - 0.

Lemma 2.12. Let (G,p) be a well-positioned and Zy-symmetric bar-joint framework in (X, |-||).
If Oy is an anti-symmetric orbit matriz for (G,p) then there exist linear isomorphisms,

Sy x5 Xy RPN Sy,

such that the following diagram commutes.

In particular, Re and Oy are (isomorphically) equivalent linear transformations.

Proof. Each vertex v € V is expressible in the form v = 7,0 for some 7, € Zy where ¢ € Vj is
the chosen representative for [v]. For each edge e = vw € E which is not fixed, define v, = ~, if
[e] is oriented from [v] to [w]. Also define,

S X1Vl 5 X, (@) jeve = (o™ (1)) v,

T - R|E6| — Yy, (y[e})[e]EE() = (’yey[e})ee&

where, in the definition of 75, we formally set 7.y = 0 if e is a fixed edge of G. The com-
mutativity of the diagram can now be verified in a manner analogous to the proof of Lemma
2. 10

O

Let (H,p) be a Zg-symmetric framework. If Hy is balanced then, by Lemma there exists a
choice of vertex orbit representatives V; such that the induced gain is identically 1 on the edges
of Hy. Tt follows that Hy may be identified with the vertex-induced subgraph on Vj in H. With
this identification, (Hy, p) is a well-defined subframework of (H, p).

Lemma 2.13. Let (G, p) be a well-positioned and Zs-symmetric bar-joint framework in (X, || - )
and let (H,p) be a Za-symmetric subframework of G.

(i) If (G, p) is symmetrically isostatic then,
|B(Ho)| < (dim X) |V (Ho)| — dim T; (H, ),
and if Hy is balanced in Gq then,
|E(Ho)| < (dim X)|V'(Ho)| — dim T (Ho, p)-
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(ii) If (G,p) is anti-symmetrically isostatic then,
(B(Hy)| < (dim X)[V(Ho)| — dim T3(H, p),
and if Hg is balanced in Gy then,
|B(Ho)| < (dim X)|V(Ho)| — dim T(Ho, p).
Proof. By Lemma[2.10] if (G, p) is symmetrically isostatic then O (H, p) is row independent and,
|E(Hp)| = rank O1(H,p) = (dim X)|V (Hy)| —dimker O1(H, p) < (dim X )|V (Hp)|—dim 71 (H, p).

If Hy is balanced then for some choice of vertex orbit representatives each edge of Hy has gain
1. By the remark preceding the lemma, (Hy,p) is a well-positioned framework in (X, || - ||) and,

by equation , dfu,(p) = O1(H,p). Thus,
|E(Ho)| = rank O;(H, p) = rank df g, (p) < (dim X)|V (Hp)| — dim T (Ho, p).

This proves (i) and the proof of (i7) is similar.

3. GRID-LIKE FRAMEWORKS WITH REFLECTIONAL SYMMETRY

In this section we consider bar-joint frameworks in (R?, || - ||p) where the norm || - || has the
property that the closed unit ball P = {z € R? : ||z||p < 1} is a quadrilateral. (The ¢! and ¢*°
norms are familiar examples of such norms. In general, every absolutely convex quadrilateral
is the closed unit ball for a unique norm on R? defined by the Minkowski functional for the
quadrilateral). The norm is expressed by the formula,

|z||lp = max |Fj -z, VzeR?

where P = ();_; 5 {7z € R? : |z - Fj| < 1}. Note that the boundary of P consists of four facets

+Fy, £F5 and that for each j = 1,2, FJ is the unique extreme point of the polar set of P for
which F; = {z € P : F} -« = 1}. Also note that each facet F; determines a linear functional,

or; X = R, xHFj-x.

3.1. Monochrome subgraph decompositions. Let (G, p) be a bar-joint framework in (R?, ||-
|lp) and let F' be a facet of P. An edge vw € E is said to have the induced framework colour
[F] if py, — py is contained in the cone of F' or —F. The subgraph of G spanned by edges with
framework colour [F] is denoted by G and referred to as an induced monochrome subgraph of
G. Note that if (G, p) is well-positioned then each edge vw has exactly one framework colour [F]
and the linear functional ¢, ,, is given by either ¢ or ¢_p. The following result was obtained
(for d-dimensional frameworks) in [7].

Theorem 3.1. Let (G,p) be a well-positioned bar-joint framework in (R?, || - ||p). Then (G,p)
15 1sostatic if and only if the monochrome subgraphs G, and G, are both spanning trees in G.

We will now prove symmetric analogues of the above theorem for frameworks with reflectional
symmetry. Let (G, p) be Zg-symmetric with respect to 0 : Zo — Aut(G) and 7 : Zg — Isom(R?, |-
||p) where 7(—1) is a reflection in the mirror ker ¢, along ker ¢ p,. Then for each edge e € E, both
e and —e have the same induced framework colour and this will be referred to as the framework
colour of the edge orbit [e]. Define Ggo to be the monochrome subgraph of the quotient graph
Gy spanned by edges [e] with framework colour [F].

In the following, the set of vertex orbit representatives for G will be denoted by Vo = {1,...,n }
and V; will denote the set {=1,--+,—n}
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Theorem 3.2 (Symmetrically isostatic frameworks). Let (G,p) be a well-positioned and Zs-
symmetric bar-joint framework in (R%| - ||p) where P is a quadrilateral and G # Ks. Suppose
0 acts freely on V and 7(—1) is a reflection in the mirror ker pp, along ker pp,. The following
are equivalent.

(i) (G,p) is symmetrically isostatic.
(i) GF, 0 is a spanning unbalanced map graph in Gy and Gp, o is a spanning tree in Gy.

Proof. (i) = (ii) Suppose there exists a vertex [vg] € Vo \ V(GF, o). Choose a non-zero vector
x € ker pp, and for all v € V define,

xz if v =0,
Uy, =< —x if v = —,
0 otherwise.

Then w is a non-trivial symmetric infinitesimal flex for (G, p). Similarly, if there exists a vertex
[vo] € Vo \ V(GR,,0) then choose a non-zero vector = € ker ¢,. For all v € V define,

wy = { xif [v] = [vo,

0 otherwise.

Again, u is a non-trivial symmetric infinitesimal flex for (G,p). In each case we obtained a
contradiction and so G, ¢ and G, o are both spanning subgraphs of Gy.

Suppose GF, 0 has a connected component Hp which is a balanced subgraph of Go. Then by
Lemma by applying switching operations if necessary, we may assume each edge of Hy has
trivial gain. Thus, if H is the covering graph for Hp, then there is no edge vw € E(H) with
v e Vpand w € V. Choose a non-zero vector z € ker ¢, and for all v € V define,

x if [v] € V(Hp) and v € Y:/o,
uy =< —x if [v] € V(Hp) and v € V7,
0 otherwise.

Then u is a non-trivial symmetric infinitesimal flex for (G, p) which is a contradiction. Thus
each connected component of G, o is an unbalanced subgraph of Gj.

Suppose G, 0 is not connected, and let Hy be a connected component of Gf, 9. Choose a
non-zero vector x € ker ¢, and for all v € V' define,

wy = { x if [v] € V(Hy),

0 otherwise.

Again u is a non-trivial symmetric infinitesimal flex for (G, p) and this is a contradiction. Thus
G, 0 is a connected spanning subgraph of Gy.

By Lemma [2.2] dim 7;(G, p) = rank(I + 7(—1)) = 1. Thus by Lemmas and |Eo| =
2|Vp| — 1. Note that each connected component of G, o must contain a cycle (since it is unbal-
anced) and so if G, o has n connected components, Hi, Ho, ..., Hy, say, then |E(H;)| > |V (H;)|
for each j and,

|E(Gr o)l = Y |E(H;)| > [V(H;)| = Vol
i=1 i=1

Since Gp, o is connected it must contain a spanning tree and so |E(Gp, )| > |Vo| — 1. It follows
that |E(Gr0) = [Vol, |[E(Gry0)| = [Vo| — 1 and |E(H;)| = |V (H;)| for each j. Thus Gp, o is an
unbalanced spanning map graph and G, o is a spanning tree in Gj.

(74) = (¢) Suppose (i7) holds and let u be a symmetric infinitesimal flex of (G,p). Let v € V
and note that since G, ¢ has a unique unbalanced cycle, the covering graph for Hy is a connected
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subgraph of G, which contains both v and —v. In particular, there is a path vvy, vive, ..., v (—v)
in Gp, from v to —v and so,

Uy — Uy = (Up — Upy ) + (U, — Upy) + -+ (Up,, — U_y) € ker pp.

Also note that u, —u_, = (I — 7(—1))uy = 2Pu, € kerpp,. Thus u, = u_, for all v € V.
Since u_, = 7(—1)u, it also follows that u, € keryp for all v € V. Let e = vw € E. It
is clear that w, — u, € kerpp,. Since Gp,o is a spanning tree in G there exists a path in
G, from [v] to [w] with gain " say. Thus there exists a path in Gp, from v to v'w and so
Uy — Uy = Uy — Uyt € ker pp,. We conclude that u, = u,, for all vw € E and so u is a trivial
infinitesimal flex of (G, p). To see that (G, p) is symmetrically isostatic note that |Ey| = 2|Vy|—1
and apply Lemma O

The following theorem characterises anti-symmetric isostatic frameworks and is a counterpart
to the previous theorem. While the statement and proof are similar there are some key differences.
In particular, the roles of the monochrome subgraphs are reversed.

Theorem 3.3 (Anti-symmetrically isostatic frameworks). Let (G,p) be a well-positioned and
Zao-symmetric bar-joint framework in (R%, | - ||p) where P is a quadrilateral. Suppose 0 acts
freely on 'V and 7(—1) is a reflection in the mirror ker pp, along ker op,. The following are
equivalent.

(i) (G,p) is anti-symmetrically isostatic.
(1) GF, 0 is a spanning tree in Gy and G, is a spanning unbalanced map graph in Gy.

Proof. (i) = (ii) Suppose there exists a vertex [vg] € Vo \ V(GF, o). Choose a non-zero vector
x € ker pp,. For all v € V define,

wy = { x if [v] = [,

0 otherwise.

Similarly, suppose there exists a vertex [vg] € Vo\V(Gp,,0). Choose a non-zero vector x € ker o,
and for all v € V define,

T if v =0,
Uy = <& —x ifv=—,
0 otherwise.

In each case u is a non-trivial anti-symmetric infinitesimal flex for (G, p).

Suppose G g, 0 has a connected component Hy which is a balanced subgraph of Gy. Then,
using some switching operations if necessary, we may assume Hy has trivial gain. Choose a
non-zero vector x € ker ¢, and for all v € V' define,

x if [v] € V(Hp) and v € %,
uy =4 —x if [v] € V(Hp) and v € Vi,
0 otherwise.

Similarly, suppose G r, o is not connected, and let Hy be a connected component of G, ¢. Choose
a non-zero vector x € ker pg, and for all v € V' define,

S if [v] € V(Hy),
Y71 0 otherwise.

Again, in each case u is a non-trivial anti-symmetric infinitesimal flex for (G, p). The remainder
of the proof is similar to Theorem

(i1) = (i) Apply an argument as in Theorem [3.2]but with the roles of G, o and G, o reversed.

Il
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The previous two theorems can be combined to obtain the following characterisation of general
infinitesimal rigidity, again expressed in terms of monochrome subgraph decompositions in the
quotient graph.

Corollary 3.4 (Infinitesimally rigid frameworks). Let (G, p) be a well-positioned and Zz-symmetric
bar-joint framework in (R%,| - ||p) where P is a quadrilateral. Suppose 6 acts freely on V and
7(—1) is a reflection in the mirror ker ¢, along ker pr,. The following are equivalent.
(i) (G,p) is infinitesimally rigid.
(it) Go contains a spanning subgraph Hy such that the monochrome subgraphs Hp, o and H, o
are both connected spanning unbalanced map graphs.

Proof. (i) = (i7) If (G, p) is infinitesimally rigid then it is both symmetrically and anti-symmetrically
infinitesimally rigid. By removing edge orbits from G we arrive at a Zo-symmetric subgraph A
such that (A, p) is symmetrically isostatic. By Theorem AF, o is a spanning unbalanced map
graph in Gp. Similarly, by removing edge orbits from G we arrive at a Zs-symmetric subgraph B
such that (B, p) is anti-symmetrically isostatic. By Theorem Bp, o is a spanning unbalanced
map graph in Go. Now Hy = Ap, o U Bp, o is a spanning subgraph of G which satisfies (ii).

(73) = (i) Suppose (i7) holds and let H be the covering graph for Hy. Note that Hp, o is a
spanning unbalanced map graph in Hy and Hp, o contains a spanning tree in Hy. By Theorem
3.2, (H,p) is symmetrically infinitesimally rigid. Similarly, Hp, o contains a spanning tree in Hy
and Hp, o is an unbalanced spanning map graph in Hy. Thus by Theorem (H,p) is anti-
symmetrically infinitesimally rigid. It follows that (H,p), and hence also (G, p), is infinitesimally
rigid.

O
3.2. Existence of rigid placements with reflectional symmetry. In this section, necessary
and sufficient conditions are obtained for a Zs-symmetric graph to have a well-positioned sym-
metric or anti-symmetric infinitesimally rigid realisation as a grid-like reflection framework. A
signed quotient graph (Gp, ) is (2,2, 1)-gain-sparse if it satisfies
(i) |F| < 2|V (F)| — 2 for every balanced F' C Ey;
(i) |F| <2|V(F)|—1 for every F' C Ej.

If, in addition, |Ey| = 2|Vp| — 1, then (Gg, ) is said to be (2,2, 1)-gain-tight.

We will now describe a number of recursive operations on a (2,2, 1)-gain tight signed quotient
graph (Go, ). See also [4], [14} 18] for a description of some of these moves.

Definition 3.5. A Henneberg 1 move is an addition of a new vertex [v] and two new edges [e1]
and [ez] to (Gop, 1), where [e1] and [e2] are incident with [v] and are not both loops at [v]. If [e;]
and [es] are parallel edges, then the gain labels are assigned so that Vley] # U

ea]*

If [e1] and [eg] are non-parallel and neither is a loop then the move is called H1la. If these
edges are parallel the move is called H1b. If one of the edges is a loop, then the move is called
Hlec. See also Figure 2

Definition 3.6. A Henneberg 2 move deletes an edge [e] of (Gp,®) and adds a new vertex [v]
of degree 3 to (Go,v) as follows. The edge [e] is subdivided into two new edges [e1] and [e2]
(both incident with [v]) so that the gains of the new edges satisfy V(o)) - ¥je,] = ¥j¢). Finally, the
third new edge, [e3], joins [v] to a vertex [z] of (Go,) so that every 2-cycle [e;][e;], if it exists,
is unbalanced.

Suppose first that the edge [e] is not a loop. If none of the edges [e;] are parallel, then the
move is called H2a. If two of the edges [e;] are parallel (i.e., [z] is an end-vertex of [e]), then the
move is called H2b. If the edge [e] is a loop, then the move is called H2c. See Figure
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FIGURE 2. Henneberg 1 moves (with gain labels of edges omitted): (a) Hla-move;
(b) Hlb-move; (c) Hlc-move.
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FIGURE 3. Henneberg 2 moves (with gain labels of edges omitted): (a) H2a-move;
(b) H2b-move; (c) H2c-move.

Definition 3.7. A vertez-to-K4 move removes a vertex [v] (of arbitrary degree) and all the edges
incident with [v], and adds in a copy of K, with only trivial gains. Each removed edge [z][v] is
replaced by an edge [z][y] for some [y] in the new Ky, where the gain is preserved. If the deleted
vertex [v] is incident to a loop, then this loop is replaced by an edge [y][z] with gain —1, where
[y] and [z] are two (not necessarily distinct) vertices of the new Kjy.

See Figure [4f(a).

FIGURE 4. (a) Vertex-to-K4-move. (b) Edge-to-K3-move (vertex splitting). Gain
labellings of edges are omitted.

Definition 3.8. An edge-to-K3 move (also called vertex splitting [12}21]) on a vertex [v] which is
incident to the edge [v][u] with trivial gain and the edges [v][u;], ¢ = 1,...,¢ (which may include
the edges [v][u] and [v][v] with gain —1), removes [v] and its incident edges, and adds two new
vertices [vo] and [v1] as well as the edges [vo][v1], [vo][u] and [vi][u] with trivial gains. Finally,
each edge [v][u;] (with [w;] # [v]), i = 1,...,t, is replaced by the edge [vo][u;] or the edge [v1][w;]
so that the gain of the new edge [v;][us], j € {0,1}, is the same as the gain of the deleted edge
[v][wi]. The loop at [v] (if it exists) is replaced by a loop either at [vg] or [v1] with gain —1.

See Figure [4(b).
For each of the above moves, an inverse move performed on a (2, 2, 1)-gain-tight signed quotient
graph is called admissible if it results in another (2,2, 1)-gain-tight signed quotient graph.

Theorem 3.9 (Symmetrically isostatic graphs). Let || - ||p be a norm on R? for which P is a
quadrilateral, and let G be a Zo-symmetric graph where the action 0 is free on the vertex set of
G. Let (Go,v) be the signed quotient graph of G. The following are equivalent.
(i) There exists a representation T : Zs — Isom(R?), where 7(—1) is a reflection in the
mirror ker o, along ker ¢p,, and a realisation p such that the bar-joint framework (G, p)
is well-positioned, Zg-symmetric and symmetrically isostatic in (R2,] - ||p);
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(ii) (Go,v) is (2,2,1)-gain tight;
(iii) (Go, ) can be constructed from a single unbalanced loop by a sequence of Hla,b,c-mowves,
H2a,b,c-moves, vertex-to-K, mowves, and vertex splitting moves.

Proof. (i) = (it1). Suppose (G,p) is a well-positioned symmetrically isostatic framework in
(R%)|| - ||p). Then we clearly have |Eg| = 2|Vy| — 1 since, by Lemma the space of symmetric
infinitesimal trivial flexes is of dimension 1 (spanned by the infinitesimal translation along the
mirror). Similarly, by Lemma there does not exist an edge subset F' of Ey with |F| >
2|V(F)| — 1, for otherwise the symmetric orbit matrix of (Gp, ) would have a row dependence.
So it remains to show that we have |F'| < 2|V (F')|—2 for every balanced edge subset F'. However,
this also follows immediately from Lemma [2.13

(74) = (i7i). Suppose (Go, ) is (2,2, 1)-gain tight. If (Go, 1) is a single unbalanced loop, then
we are done. So suppose (Gp, ) has more than two vertices. Then (Gp, ) has a vertex [v] of
degree 2 or 3. If there exists a vertex [v] which is incident to two edges (one of which may be
a loop), then there clearly exists an admissible inverse Hla,b- or c-move. If there is no such
vertex, then there is a vertex [v] which is incident to three non-loop edges, and [v] has either
two or three neighbours. If [v] has two neighbours [a] and [b], and [v], [a], [b] induce a graph
with 5 edges (i.e., a 2K3 — [e]), then there exists an admissible inverse H2c-move. Otherwise,
we may use the argument in [I4] for (2,2, 1)-gain-tight signed graphs to show that there exists
an admissible inverse H2b-move. If [v] has three distinct neighbours, then it was again shown in
[14] that there exists an admissible inverse H2a-move for [v], unless [v] and its three neighbours
[a], [b] and [¢] induce a K4 in (Gp, ) with gain 1 on every edge (plus possibly an additional edge
with gain —1).

In this case there is an admissible inverse vertex-to-K4 move, unless there exists a vertex
[x] ¢ V(K4) such that [z][a] and [z][b] are edges in (Gg,)) which have the same gain. Let Ay
denote the K4 and let A; be the graph consisting of Ay together with the vertex [z] and the edges
[x][a] and [z][b]. By switching [z], we may assume that the gains of [z][a] and [z][b] are both 1.
Note that [z][a] and [z][b] cannot both have a parallel edge, and so, without loss of generality,
we assume that the edge [z][a] with gain —1 is not present.

If there exists a vertex [y] ¢ V(A1) and edges [y][a] and [y][x] with the same gain then let
As denote the union of A; with [y] and these two edges (see Fig. |5). By switching [y] we may
assume that all edges in Ay have gain 1. Again, note that [y][a] and [y][z] cannot both have a
parallel edge, and so, without loss of generality, we assume that the edge [y][a] with gain —1 is
not present. If there exists a vertex [z] ¢ V(A2) and edges [z][y] and [z][a] with the same gain
then let Az denote the union of Ay with [2] and these two edges. Continuing this process we
obtain an increasing sequence of subgraphs Aj, As, As, ... of Gy each of which is balanced and
satisfies |E(A;)| = 2|V (A;)| — 2. This sequence must terminate after finitely many iterations
at a subgraph A; of Go. Let [w] be the vertex in A;\A;—; and suppose [w] is incident to the
vertices [i] and [j] in A;—1. By switching [w] we may assume that all edges in A; have gain 1.
By construction, one of the edges incident to [w] in A, [w][i] say, does not have a parallel edge
and has the property that there is no vertex [k] ¢ V(A:) which is adjacent to both [w] and [i]
such that the edges [k][w] and [k][i] both have the same gain.

Clearly, there cannot exist a subgraph Hy of (Go,) with |E(Hp)| = 2|V (Hp)| — 1 which
contains [w] and [¢], but not [j], for otherwise A; U Hy violates the (2,2, 1)-gain-sparsity counts.
To see this note that |E(A;—1 U Hp)| = 2|V (A;—1UHp)|—1 and A, U Hy is obtained by adjoining
the edge [w][j] to A;—1 U Hy. Similarly, there cannot exist a balanced subgraph Hy of (Go, )
with |E(Hp)| = 2|V (Ho)| — 2 which contains [w] and [i], but not [j]. To see this, note that
A; N Hy must be connected since otherwise A; U Hy violates the (2,2, 1)-gain-sparsity counts.
By [4, Lemma 2.5], A; U Hp is balanced and so, by Lemma we may assume every edge in
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A;UHj has gain 1. Note that A;_1 and Hy have a non-empty (balanced) intersection. Therefore,
|E(Ai—1 U Ho)| = 2|V (A1 U Hp)| — 2. However, if we add the edge [w][j] to A1 U Hy, then
this creates a balanced subgraph of Gy which violates the (2,2, 1)-gain-sparsity counts. It follows
that an inverse edge-to-K3 move on the edge [w][i] is admissible.

[v] [a] ]

[c] (6]

F1cURrE 5. Illustration of the subgraph Ay in the proof of Theorem (ii)) =
(iii). All edges have gain 1.

(7i7) = (i). We employ induction on the number of vertices of Gy. If Gy is a single unbalanced
loop with vertex [v], choose p, ¢ ker pp, and set p_, = 7(—1)p,. Then (G, p) is well-positioned
and Zo-symmetric and so the statement holds by Lemma [2.6

Now, let n > 2, and suppose (i) holds for all signed quotient graphs satisfying (iii) with at
most n — 1 vertices. Let (Go, ) have n vertices, and let (Gy), ') be the penultimate graph in the
construction sequence of (Go, ). If (G, ¢') is a single unbalanced loop, then (Gp, v) is obtained
from (G{, ') by a Hlb-, Hlc-, or vertex-to-K4 move. The loop of G{, belongs to the induced
monochrome subgraph G’Fho of Gy, and for each of the three moves, it is easy to see how to
place the new vertex (vertices) so that the induced monochrome subgraphs Gp, o and G, o of
Go have the property that G, o is a spanning unbalanced map graph and G, o is a spanning
tree of Gg (see also the discussion below). The result then follows from Theorem Thus, we
may assume that G{, has at least two vertices.

In this case, it follows from the induction hypothesis and Theorem that there exists a
well-positioned Zs-symmetric realisation p’ of the covering graph G’ of (Gj, ') in (R?,| - |p)
(where the reflection 7(—1) is in the mirror ker ¢, ) so that the induced monochrome subgraphs
G'r, o and G, , of Gy are both spanning, G7, , is an unbalanced map graph, and GF, , is a tree.
By Theorem it now suffices to show that the vertex (or vertices) of G\ G’ can be placed in
such a way that the corresponding framework (G,p) is Zg-symmetric and well-positioned, the
induced monochrome subgraphs G, o and G, ¢ are both spanning in Gy, GF, o is an unbalanced
map graph, and G, o is a tree.

Choose points z1 and x5 in the relative interiors of F} and F5 respectively. Suppose first that
(Go, ©) is obtained from (Gj, ') by a Hla-move, where [v] € G \ G, is adjacent to the vertices
[v1] and [v2] of Gf, with respective gains y; and 72. Set p,, = p,, for all vertices w in G with
[w] # [v]. Let a € R? be the point of intersection of the lines L1 = {7(y1)p, + tz1 : t € R} and
Ly = {7(7y2)p, + tza : t € R} and let B(a,r) be an open ball with centre a and radius r > 0.
Choose p to be any point in B(a,r) which is distinct from {p,, : w € V(G’)} and which is not
fixed by 7(—1). Set p— = 7(—1)p. Then (G, p) is a Zgo-symmetric bar-joint framework and, by
applying a small perturbation to py if necessary, we may assume that (G, p) is well-positioned. If
r is sufficiently small then the induced framework colours for [v][vi] and [v][ve] are [F1] and [Fb]
respectively. Thus, the induced monochrome subgraphs of (Go, ) are G0 = G, o U {[v][v1]}
and G, 0 = G, o U {[v][v2]}. Clearly, GF, o is a spanning unbalanced map graph and G, o is
a spanning tree of Gg. For an illustration of the monochrome subgraphs of the signed quotient
graph see Fig. (a). The edges of G, o are shown in gray and the edges of G, ¢ are shown in
black.
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If (Go, ) is obtained from (Gy), ) by a Hlb-move, then the proof is completely analogous to
the proof above. (See Fig. [2(b)).

Suppose (Go, 1)) is obtained from (Gj),v’) by a Hlc-move, where [v] € G \ G}, is incident to
the unbalanced loop [e] and adjacent to the vertex [w] of (Gf,v’) with gain . If we choose p
to be any point on the line L = {7(y)p + tzo : t € R}, then the induced framework colouring
for [v][w] is [F3]. Moreover, as we have seen before, the induced framework colouring for the
loop [e] is [F1]. It follows that we may place and — in such a way that (G,p) is well-positioned
and Zg-symmetric, and the induced monochrome subgraphs of Gg are G, 0 = G, o U {[e]} and
Gry0 = G, o U {[v][w]}. Clearly, GF, o is an unbalanced spanning map graph and Gp, 0 is a
spanning tree of (Go,v). (See Fig.[2[c)).

Next, we suppose that (Gp,?) is obtained from (Gj, ') by a H2a-move where [v] € G \ G|,
subdivides the edge [e] into the edges [e;] and [ez] with respective gains 7 and 72, and [v] is
also incident to the edge [e3] with end-vertex [z] and gain 3. Without loss of generality we
may assume that [e] € G ;. Let a € R? be the point of intersection of the line L; which
passes through the points 7(v1)p, and 7(v2)p, with Ly = {7(y3)p + tze : t € R}. Let B(a,r)
be the open ball with centre a and radius » > 0 and choose p to be a point in B(a,r) which
is distinct from {p, : w € G’} and which is not fixed by 7(—1). Set p_ = 7(—1)p. As above,
(G, p) is Zg-symmetric and we may assume it is well-positioned. If r is sufficiently small then [e;]
and [ez] have induced framework colour [F}] and [e3] has framework colour [F3]. The induced
monochrome subgraphs of Go are G, 0 = (G, o\{le]}) U {[e1], [e2]} and GF, 0 = G, o U {[es]}.
Clearly, Gp, o is a spanning unbalanced map graph and G, is a spanning tree of Gp. (See
Fig. [3{(a)).

The cases where (Go, ) is obtained from (Gy),1’) by a H2b- or a H2c-move can be proved
completely analogously to the case above for the H2a-move. Note, however, that for the H2c-
move, the edges [e1] and [es] are forced to be in the subgraph G, 0. (See Fig. [3(b),(c)).

Next, we suppose that (Gp,v) is obtained from (Gj, ') by a vertex-to-K4-move, where the
vertex [v] of Gf, (which may be incident to an unbalanced loop [e]) is replaced by a copy of Ky
with a trivial gain labelling (and [e] is replaced by the edge [f]). It was shown in [7, Ex. 4.5] that
K, has a well-positioned and isostatic placement in (R2,| - ||p). Moreover, we may scale this
realisation so that all of the vertices of the Ky lie in a ball of arbitrarily small radius. For any such
realisation, the induced monochrome subgraphs of K4 are both paths of length 3. Let B(p,r) be
the open ball with centre p and radius » > 0. Choose a placement of the representative vertices of
the new K4 to lie within B(p,r) such that the vertices are distinct from {p,, : w € V(G')\{, —}},
none of the vertex placements are fixed by 7(—1) and the resulting placement of the new Ky is
isostatic. If r is sufficiently small then the edge [f] (if present) has the induced framework colour
[F1]. It can be assumed that the corresponding Zs-symmetric placement of G is well-positioned.
Moreover, the induced monochrome subgraphs G, o and Gp, o of Gg clearly have the desired
properties. (See Fig. [4(a)).

Finally, we suppose that (G, ) is obtained from (G{, ') by an edge-to- K3-move, where the
vertex [v] of G{, (which is replaced by the vertices [vg] and [v;]) is incident to the edge [v][u] with
trivial gain and the edges [v][u;], i = 1,...,t, in G. Without loss of generality we may assume
that [v][u] € G, (. If we choose p, = p and p, to be a point on the line L = {p +txs : t € R}
which is sufficiently close to p, then the induced framework colour for [vo][vi] is [F»] and the
induced framework colour for [vo][u] and [v1][u] is [F1]. (Again we may assume the framework
is well-positioned). Moreover, all other edges of Gf, which have been replaced by new edges in
Gy clearly retain their induced framework colouring if p, is chosen sufficiently close to p. It is
now easy to see that for such a placement of ¢ and 1, (G, p) is Zs-symmetric and for the induced
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monochrome subgraphs G g, o and G, o of Gy we have that Gp, ¢ is a spanning unbalanced map
graph and Gp, o is a spanning tree of (G, v). (See Fig. b)) This completes the proof.

(a) (b) () (d)

FIGURE 6. A symmetrically isostatic (but not anti-symmetrically isostatic) re-
flection framework in (R?,| - |l) (a) and its signed quotient graph (Go, 1) (b).
An anti-symmetrically isostatic (but not symmetrically isostatic) reflection frame-
work in (R% || - ||) (c) with the same signed quotient graph (Gg,v). The edges
of the induced monochrome subgraphs G, and Gr, o are shown in gray colour.
(Go, ) does not admit an infinitesimally rigid realisation in (R?, || - |ls) with
reflection symmetry since |Ep| < 2|Vp|.

O

Example 3.10. The smallest signed quotient graph (Gy, 1) whose covering graph G can be
realised as a Zg-symmetric framework in (R2,|| - ||p) which is anti-symmetrically isostatic is
the graph 2K3— shown in Figure [6] (b,d). Figure |§| (c) illustrates such a realisation (G,p)
in (R%,] - |loo). To obtain a realisation (G,p) in (R?, || - ||p) construct a linear isometry T :
(B2, || loo) — (R?, | - ) and set 5, = T(py) for each v € V.

A 2K3 — [e] edge joining move joins a signed quotient graph 2K3 — [e] to (Gp, ) via one new
edge of arbitrary gain, where 2K3 — [e] consists of 3 vertices and 5 edges.

Theorem 3.11 (Anti-symmetrically isostatic graphs). Let || - ||p be a norm on R? for which P
is a quadrilateral, and let G be a Zo-symmetric graph with respect to the action 6 which is free on
the vertex set of G. Let (Go, ) be the signed quotient graph of G. The following are equivalent.

(i) There exists a representation T : Zo — Isom(R?), where 7(—1) is a reflection in the
mirror ker o, along ker ¢p,, and a realisation p such that the bar-joint framework (G, p)
is well-positioned, Zs-symmetric and anti-symmetrically isostatic in (R%, | - ||p);

(i) (Go,v) has no loops and is (2,2,1)-gain tight;

(i1i) (Go, ) can be constructed from 2Ks — [e] by a sequence of Hla,b-moves, H2a,b-moves,
vertex-to-K4 moves, vertex splitting moves and 2K3 — [e] edge joining moves.

Proof. (i) = (it). Suppose (G,p) is a well-positioned anti-symmetrically isostatic framework
in (R%] - ||p). Then, by Lemma (Go, ) cannot contain a loop. The rest of the proof is
completely analogous to the proof of Theorem 3.9 ((i) = (ii)), since the space of anti-symmetric
infinitesimal trivial flexes is also of dimension 1, by Lemma

(74) = (iii). Suppose (Go,v) is (2,2,1)-gain tight with no loops. If (Go,v) is a 2K3 — [e],
then we are done. So suppose (Go, 1)) has more than three vertices. Then (Gg, ) has a vertex
[v] of degree 2 or 3. It was shown in [I4] that there exists an admissible inverse Henneberg la,b-
or 2a,b-move for [v], unless [v] either has three distinct neighbours [a], [b] and [¢] in (Gg, ) and
[v], [a], [b], [c] induce a K, with gain 1 on every edge (plus possibly an additional edge with gain
—1) or [v] has two distinct neighbors [a] and [b], and [v], [a], [b] induce a 2K3 — [e].

In the first case, there is an admissible inverse vertex-to-K4 move or an admissible inverse
vertex splitting move, as shown in the proof of Theorem ((#i) = (#i4)). Thus, we may
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assume that every vertex of degree 3 is in a copy of 2K3 — [e]. But now we may use a similar
argument as in the proof for the characterisation of (2,2,1)-gain-tight signed quotient graphs
given in [I4] (see also [13, Lemma 4.10]) to show that at least one of the copies of 2K3 — €]
has the property that there is exactly one edge which joins a vertex [z] ¢ 2K3 — [¢] with a
vertex in 2K3 — [e]. For a signed quotient graph (H,¢) with vertex set V(H) and edge set
E(H), we define f(H) = 2|V(H)| — |[E(H)|. Let Y = {Y3,...,Y} be the copies of 2K3 — [¢]
in (Gp, ). Then the Y; are pairwise disjoint and satisfy f(Y;) = 1 for all i. Let Wy and Fy be
the sets of vertices and edges of (Go, ) which do not belong to any of the Y;. Then we have
f(Go) = Ele f(Yi) + 2|Wy| — |Fol, and since f(Gyp) = 1, |Fy| = 2|Vo| + k — 1. Every vertex in
Wy is of degree at least 4. So if every Y; is incident to at least two edges in F{y, then there are at
least 4|Wy| + 2k edge-vertex incidences for the edges in Fy. But then we have |Fy| > 2|Wy| + k,
a contradiction. If there exists a Y; with the property that none of the vertices of Y; are incident
with an edge in Fp, then Gy = Y;, contradicting our assumption that Gy has more than 3 vertices.
It follows that there exists an inverse 2K3 — [e| edge joining move.

(7i1) = (i). We employ induction on the number of vertices. For the signed graph 2K3 — [e],
the statement follows from Example

Now, let n > 4, and suppose (i) holds for all signed quotient graphs satisfying (iii) with at
most n — 1 vertices. Let (Go,?) have n vertices, and suppose first that the last move in the
construction sequence of (Go,v) is not a 2K3 — [e] edge joining move. Then we let (Gf,?’) be
the penultimate graph in the construction sequence of (Gp, ). By the induction hypothesis and
Theorem [3.3] there exists a well-positioned Zs-symmetric realisation of the covering graph of
(Gh,¢") in (R%,| - ||p) (where the reflection 7(—1) is in the mirror ker ¢, ) so that the induced
monochrome subgraphs GlFl,o and G’F%O of Gf, are both spanning, G/Fl,o is a tree, and G’FQ’O is
an unbalanced map graph. By Theorem it suffices to show that the vertex (or vertices) of
G\ G’ can be placed so that (G, p) is well-positioned, Zo-symmetric and the induced monochrome
subgraphs G, o and Gp, o of G are both spanning, Gr, o is a tree and G, o is an unbalanced
map graph.

If (Go, ) is obtained from (G, ¢’) by a Hla-, Hlb-, H2a-, H2b-, vertex-to-K4, or edge-to-K3
move, then we may use exactly the same placement for the vertex (or vertices) of G\ G’ as in
the proof of Theorem [3.9) to obtain the desired realisation of G.

So it remains to consider the case where the last move in the construction sequence of (G, ¥)
is a 2K3 — [e] edge joining move. Suppose (Go,1)) is obtained by joining the signed quotient
graphs (G{,¢’) and (Gjj,¢") by an edge [f] with end-vertices [u] € Gf, and [v] € G, where

0 = 2K3 — [e]. By the induction hypothesis, Theorem and Example the covering
graphs of (G{,v¢’) and (G{,9") can be realised as Zs-symmetric frameworks (G, p) and (G”, q)
in (R?, ||-||p) (where the reflection 7(—1) is in the mirror ker ¢, ) so that the induced monochrome
subgraphs G}H,O and G;«“z,o of Gf), and ’191’0 and G%Q?O of Gjj, are all spanning, G}H,O and ’19170
are trees, and G/F2,0 and G}/«“g,o are unbalanced map graphs. Now, consider the line I which
passes through the points p and 7(—1)p, and translate the framework (G”,q) along the mirror
line ker pp, (thereby preserving the reflection symmetry of (G”,q)) so that the points ¢ and
7(—1)qG of the translated framework (G”,§) lie on L. If there are vertices of (G’,p) and (G”,§)
which are now positioned at the same point in (R?, |- ||p), then we perturb the vertices of (G”, §)
slightly without changing the induced colourings of the edges of G until all of the vertices have
different positions. Then [f] has induced framework colour [F}], the realisation of G is well-
positioned, and the induced monochrome subgraphs of Go are G, 0 = G, (UG, o U{[f]} and
Gpo = G/F2,0 U G/{%,o- Clearly, G, o is a spanning tree and Gp, o is a spanning unbalanced map
graph of Gy.

[
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Note that the final argument in the proof of Theorem [3.11] can immediately be generalised
to show that in the recursive construction sequence in Theorem (7i1), we may replace the
2K3 — [e] edge joining move with an edge joining move that joins two arbitrary (2,2, 1)-gain tight
signed quotient graphs by an edge of arbitrary gain.

4. FURTHER REMARKS

At the graph level, we provided characterisations for symmetric and anti-symmetric infinites-
imal rigidity in terms of gain-sparsity counts and recursive constructions (see Theorems and
. However, a characterisation in terms of monochrome subgraph decompositions (analogous
to the results in Section was not given, as it is not clear whether for an arbitrary decom-
position of a signed quotient graph into a monochrome spanning unbalanced map graph and a
monochrome spanning tree, there always exists a grid-like realisation of the covering graph with
reflectional symmetry which respects the given edge colourings. These realisation problems are
non-trivial [8, 9] and even arise in the non-symmetric situation [6].

It is easy to see that a necessary count for the existence of a 2-dimensional infinitesimally
rigid grid-like Zo-symmetric realisation of a graph G is that its signed quotient graph (Go, 1))
contains a spanning subgraph with F' edges which is (2,2,0)-gain-tight, i.e., |F| = 2|V (F)|,
|F'| < 2|V(F')| — 2 for every balanced F' C F, and |F'| < 2|V (F")| for every F' C F. This is
because (Gy, ) needs to contain two monochrome connected unbalanced spanning map graphs,
by Corollary However, these conditions are clearly not sufficient.

Finally, it is natural to ask whether the results of this paper can be extended to grid-like
frameworks in the plane with half-turn symmetry. A necessary condition for a grid-like half-
turn-symmetric framework to be symmetrically isostatic is that the associated signed quotient
graph (Go, ) satisfies |Ep| = 2|Vp|, as there are no symmetric trivial infinitesimal flexes with
respect to the half-turn symmetry group. In fact, (Gg, ) must clearly be (2,2,0)-gain-tight. A
combinatorial characterisation of (2,2, 0)-gain-tight graphs, however, has not yet been obtained
(see also [I4]). For anti-symmetric isostaticity, the situation is much easier, as we need (Gy, )
to satisfy |Ep| = 2|Vp| — 2 and |F| < 2|V (F)| — 2 for every F' C Ej, and these types of signed
quotient graphs have been described in [14].

More generally, it would of course also be of interest to extend the results of this paper to
frameworks with larger symmetry groups and to different normed spaces.
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