THE OPERATOR ALGEBRA GENERATED BY THE TRANSLATION,
DILATION AND MULTIPLICATION SEMIGROUPS

E. KASTIS AND S. C. POWER

ABSTRACT. The weak operator topology closed operator algebra on L?(R) generated by
the one-parameter semigroups for translation, dilation and multiplication by e, X\ > 0,
is shown to be a reflexive operator algebra, in the sense of Halmos, with invariant subspace
lattice equal to a binest. This triple semigroup algebra, Ay, is antisymmetric in the sense
that A, NAy, = CI, it has a nonzero proper weakly closed ideal generated by the finite-
rank operators, and its unitary automorphism group is R. Furthermore, the 8 choices
of semigroup triples provide 2 unitary equivalence classes of operator algebras, with A,
and A}, being chiral representatives.

1. INTRODUCTION

Let D, and M, be the unitary operators on the Hilbert space L?(R) given by
D,f(x) = f(z —p), Mf(x)=e™f(x)

where g, A are real. As is well-known, the 1-parameter unitary groups {D,, u € R} and
{M),\ € R} provide an irreducible representation of the Weyl-commutation relations,
M,\D, = e*D,M,, and the weakly closed operator algebra they generate is the von
Neumann algebra B(L?*(R)) of all bounded operators. (See Taylor [19], for example.)
On the other hand it was shown by Katavolos and Power in [8] that the weakly closed
nonselfadjoint operator algebra generated by the semigroups for 4 > 0 and A > 0 is a
proper subalgebra containing no self-adjoint operators, other than real multiples of the
identity, and no nonzero finite rank operators. We consider here an intermediate weakly
closed operator algebra which is generated by the semigroups for ;1 > 0 and A > 0, together
with the semigroup of dilation operators V;,¢ > 0, where

Vif(a) = 2 f(ew).

Our main result is that this operator algebra is reflexive in the sense of Halmos (see
[16]) and, moreover, is equal to AlgL, the algebra of operators that leave invariant each
subspace in the lattice £ of closed subspaces given by

L={0U{L*(—a,00),a >0} U {e?H*R), >0} U{L*R)}

where H?(R) is the usual Hardy space for the upper half plane. This lattice is a binest,
being the union of two complete nests of closed subspaces.

We denote the triple semigroup algebra by A, since it is generated by A,, the operator
algebra for the translation and multiplication semigroups, and Ay, the operator algebra for
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the multiplication and dilation semigroups. The notation reflects the fact that translation
unitaries here are induced by the biholomorphic automorphims of the upper half plane
which are of parabolic type, and the dilation unitaries are induced by those of hyperbolic
type. The hyperbolic algebra A;, was considered by Katavolos and Power in [9] and the
invariant subspace lattice LatAj, viewed as a lattice of projections with the weak operator
topology, was identified as a 4-dimensional manifold. See also Levene and Power [14] for
an alternative derivation.

The operator algebras considered here are basic examples of Lie semigroup algebras [§]
by which we mean a weak operator topology closed algebra generated by the image of
a Lie semigroup in a unitary representation of the ambient Lie group. A complexity in
the analysis of such algebras, defined in terms of generators, is the task of constructing
operators within them with prescribed properties. Establishing reflexivity can provide a
route to constructing such operators and thereby deriving further algebraic properties. The
reflexivity of the hyperbolic algebra, that is, the identity A, = AlgLatA;,, was obtained
by Levene and Power in [13] while the reflexivity of the parabolic algebra A, was shown
earlier in [8]. We also note that Levene [12] has shown the reflexivity of the Lie semigroup
operator algebra of SLs(R,) for its standard representation on L?*(R) in terms of the
composition operators of biholomorphic automorphisms.

The parabolic algebra A, in fact coincides with the Fourier binest algebra AlgLpg, the
reflexive algebra for the lattice Lgg, the Fourier binest, given by

Ly = {0} U{L*(—a,0),a € R} U {P*H*(R), 3 € Ry U{L*(R)}

With the weak operator topology for the orthogonal projections of these spaces, Lgp is
homeomorphic to the unit circle and forms the topological boundary of a bigger lattice
LatAlgLyg, the so-called reflexive closure of Lrg. This lattice is equal to the full lattice
LatA, of all closed invariant subspaces of A, and is homeomorphic to the unit disc. In
contrast we see that the binest £ for A, is reflexive as a lattice of subspaces; £ = LatAlgX.

A complexity in establishing the reflexivity of A,, Aj; and A,, is the absence of an
approximate identity of finite rank operators, a key device in the theory of nest algebras
(Davidson [2], Erdos [4] and Erdos and Power [5]). The same might be said of H*(R),
the classical Lie semigroup algebra with which these operator algebras bear some affini-
ties. As a substitute we identify the dense subspace A,, N €y of Hilbert-Schmidt integral
operators. Also, by exploiting the Hilbert space geometry of €y we are able to identify
various subspaces of Cy associated with the algebras A, A, A, and their containing nest
algebras.

As in the analysis of A, and A the classical Paley-Wiener (in the form FH?*(R) =
L*(R,)) and the F. and M. Riesz theorem feature repeatedly in our arguments. Also,
for the determination of the subspace A,, N €, we obtain a two-variable variant of the
Paley-Wiener theorem which is of independent interest. See Corollary 5.4. This asserts
that if a function k(z,y) in L*(R?) vanishes on a proper cone C' with angle less than 7,
and its two-variable Fourier transform Fyk vanishes on the (anticlockwise) rotated cone
R_+/C, then k lies in the closed linear span of a pair of extremal subspaces with this
property. These subspaces are rotations of the ”quarter subspace” L*(R;) ® H*(R).

We also obtain the following further properties. The triple semigroup algebra A, is
antisymmetric (or triangular [7]) in the sense that Ay, N Ay, = CI. In contrast to A,
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and Aj, the algebra A,, contains non-zero finite rank operators and these generate a
proper weak operator topology closed ideal. Also, A, has the rigidity property that its
unitary automorphism group is isomorphic to R and implemented by the group of dilation
unitaries.

We also see that, unlike the parabolic algebra, A,, has chirality in the sense that
Apn and A7, are not unitarily equivalent despite being the reflexive algebras of spectrally
isomorphic binests. Furthermore the 8 choices of triples of continuous proper semigroups
from {M, A € R}, {D, : p € R} and {V; : t € R} give rise to exactly 2 unitary equivalence
classes of operator algebras.

2. PRELIMINARIES

We start by introducing notation and terminology and by recalling some basic facts
about the parabolic algebra, its subspace of Hilbert-Schmidt operators and its invariant
subspaces.

The Volterra nest N, is the continuous nest consisting of the subspaces L?([\, +00)),
for A € R, together with the trivial subspaces {0}, L>(R). The analytic nest N, is defined
to be the unitarily equivalent nest F*N,, where F' is Fourier-Plancherel transform with

Ff(z) = % /R F(t)e it

By the Paley-Wiener theorem the analytic nest consists of the chain of subspaces
" H*(R), scR,

together with the trivial subspaces. These nests determine the Volterra nest algebra
A, = AlgN, and the analytic nest algebra A, = AlgN, both of which are reflexive
operator algebras.

The Fourier binest is the subspace lattice

Lrp =N, UN,

and the Fourier binest algebra Arp is the non-selfadjoint algebra AlgLrp of operators
which leave invariant each subspace of Lpp. It is elementary to check that App is a
reflexive algebra, being the intersection of two reflexive algebras. Also, since the spaces
e’ H2(R) and L?(7y, 0o) have trivial intersections it is elementary to see that Axp contains
no non-zero finite rank operators and is an antisymmetric operator algebra.

The parabolic algebra A, is defined as the weak operator topology closed operator
algebra on L?(R) that is generated by the two strong operator topology continuous unitary
semigroups {Myx, A > 0}, {D,,, p > 0}. Since the generators of A, leave the subspaces of
the binest Lpp invariant, we have A, C App. Katavolos and Power showed in [8] that
these two algebras are equal and we next give the proof of this from Levene [11].

Write Gy for the ideal of Hilbert-Schmidt operators on L*(R) and let Intk denote the
Hilbert-Schmidt integral operator given by

(Inth f)(x) = /R ke, ) f(y)dy

where & € L?(R?). Also let ©, be the unitary operation on the space of kernel functions
k(x,y) given by ©,(k)(z,t) = k(z,z —t). Since a Hilbert-Schmidt operator in A, lies in
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both the nest algebras AlgN, and AlgN, and in this sense is doubly upper triangular, it
is straightforward to verify the following inclusion.

Proposition 2.1. The subspace of Hilbert-Schmidt operators in the Fourier binest algebra
satisfies the inclusion

App N Cy C {Intk|06,(k) € H*(R) ® L*(R,)}

For h € H*(R) and ¢ € L*(R)NL*(R,) let h® ¢ denote the function (x,y) — h(x)g(y).
Then the integral operator Intk induced by the function k = @;1(h®¢>) is equal to M A,
where Ay is the bounded operator defined by the sesquilinear form

@of.9) = [ [ 0D @igdeds, where 1.9 € (R),

Noting that A, lies in the weak operator topology closed algebra generated by {D,,t > 0}
it follows that the integral operator Intk actually lies in the smaller algebra A,. Since
the linear span of such functions & with separable variables is dense in the Hilbert space
H?*(R) ® L*(Ry) it follows from the proposition that

ArgNEy C {I?”Ltk‘ | @p(/{?) S HQ(R) X LQ(R_;,_)} C .Ap NGy CApgNECy

and so these spaces coincide.

Choose sequences h,,, ¢,,n =1,2,..., of such functions so that the operators M}, and
Ay, are bounded in operator norm and converge to the identity in the strong operator
topology. This leads to the following proposition.

Proposition 2.2. A, N Cy contains a bounded approximate identity - that is, a sequence
that is bounded in operator norm and converges in the strong operator topology to the
rdentity.

Combining this fact with the identification A, N €y = Arp N €y we obtain the following
theorem.

Theorem 2.3. The parabolic algebra A, is equal to the Fourier binest algebra App.

We now describe LatA, from which it follows in particular that the binest N, UN, is
not a reflexive subspace lattice. See Fig. 1.

Let Ky, = MyM,, H*(R) where ¢,(z) = e~%***/2. This is evidently an invariant subspace
for the multiplication semigroup and for s > 0 one can check that it is invariant for the
translation semigroup. Thus for s > 0 the nest Ny, = My N, is contained in LatA, and
these nests are distinct. In fact any two nontrivial subspaces from nests with distinct s
parameter have trivial intersection. With the strong operator topology for the associated
subspace projections it can be shown that the set of these nests for s > 0, together with
the Volterra nest N, is homeomorphic to the closed unit disc, as indicated in Figure 1. A
cocycle argument given in [8] leads to the fact that every invariant subspace for A, is one
of these subspaces. Thus we have

(2.1) LatA, = {K\s|A € R,s > 0} UN,
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{0}

FIGURE 1. Parametrising LatA, by the unit disc.

3. ANTISYMMETRY

We now show that A, like its subalgebras A, and Aj, is an antisymmetric operator
algebra. In fact we shall prove that the containing algebra AlgL is antisymmetric. A key
step of the proof is the next lemma which will also be useful in the analysis of unitary
automorphisms. We write C* for the set of complex numbers with positive imaginary
part.

Lemma 3.1. Let h,g € H*(R), ¢,d € CT and let (z + c¢)h(x) = (x + d)g(z) for almost
every x in a Borel set A of positive Lebesque measure. Then (x + c)h(z) = (z + d)g(x)
almost everywhere in R.

Proof. We have
(# + o)h(z) = (v + d)g(z) < z(h(z) — g(x)) + c(h(z) — g(z)) + (c — d)g(z) =0

& (z+0)(h(z) — g(x) + (z + c)% =0
& (z+¢) (h(.r) —g(x) + (c%ﬁgfz)) =0.

Since = € H*(R) we have h(x) — g(x) + (C;d—frgc(x) € H*(R) and so it suffices to prove the
following. Given h € H*(R) and ¢ € C*, with (z + ¢)h(z) = 0 almost everywhere in A,

then (x+c)h(z) = 0 almost everywhere. This is evident from basic properties of functions
in H*(R). O]

In the next proof we write D, for the operator FM,F* with g € H>*(R). This lies in
the weak operator topology closed algebra generated by the operators D, = FM,F*, for
i > 0, and so belongs to A, and to AlgL.

Theorem 3.2. The selfadjoint elements of AlgLl are real multiples of the identity.
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Proof. Let A € AlgL N (AlgL)*. Then A is reduced by subspaces L?(—u, +00), for u > 0,
and M, H*(R), for A > 0. Tt follows that A admits two direct sum decompositions

A= PLz(R_)MfPLz(R_) + PLz(R+)XPL2(R+) = PHz(R)DgPHz(R) + Pmypm,

where f € L®(R_) and g € H*(R). Let h(z) = -+ with ¢ € C*. Then, by the first
decomposition,

Ah - th + PLQ(R+)XPL2(R+)h,
hilAh — f + hilpLQ(R_F)XPLQ(RJ'_)h

and so for z in R_ we have h™!(z)(Ah)(z) = f(x). Also Ah is in H*(R) and so by the
previous lemma, h~'Ah is determined by f and there is a function ¢ independent of c
which extends f. Thus h='Ah = ¢ and Ah = ¢h. Since the linear span of the family
{h : R = C|h(z) = =, ¢ € C*} is dense in H*(R), we have A‘HQ(R) = M¢|H2(R).

r+c’
However, by the second decomposition A’HQ(R) = DQ‘HZ(R)‘ Thus, given hy € H*(R)\{0},

we have for every u € R,
MyDyhy = DyDyhy = D,Dyhy = D, Myh,.
Thus ¢(z)hi(z — p) = ¢(x — p)hy(z — p) for almost every z € R and so ¢(z) = ¢ almost

everywhere for some ¢ € C. Now we have A| H®) = A} E) = cl and it follows that
A = cl, as required. O

4. FINITE RANK OPERATORS IN Algl

It follows immediately from the definition of the binest £ that the weak operator topol-

ogy closed space
J= P+B(L2(R))([ - Q+)

is contained in AlgL, where P, and Q. are the orthogonal projections for L?(R,) and
H%*(R). From this and Lemma 5.2 it follows that, in contrast to the subalgebras A, and
Ay, the algebra A, contains finite rank operators. Also, it is straightforward to construct
a pair of nonzero operators in J whose product is zero, and so, unlike the semigroup algebra
H*>(R), it follows also that the triple semigroup algebra A, is not an integral domain.

We now show that in fact the space J contains all the finite rank operators in AlgL. Let
N and N} be the subnests of N, and N, whose union is £.

Proposition 4.1. The weak operator topology closed ideal generated by the finite rank
operators in AlgL is the space J. Moreover, each operator of rank n is decomposable as a
sum of n rank one operators in AlgL.

Proof. Let
Intk: f = (f hy)g;
j=1

be a nonzero finite rank operator in AlgL, with {h;} and {g,} linearly independent func-
tions in L?(R). There is some \g > 0, such that M), H*(R)Nspan{g; : i =1,...,n} = {0}.
Since M,,H?*(R) € £ it follows that if f € M, H?*(R) then (h;, f) = 0, for every
i=1,...,n. This in turn implies that h; € M, ,H?(R).
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We see now that the functions h; have full support and, moreover, their set of restrictions
to R, is a linearly independent set of functions. Thus there are functions fi,..., f, in
L*(R,) with (f;, h;) = ;5. Since Intk is in AlgN, it follows that each function g; lies in
I2(R,).

Since Intk € AlgN} it now follows that if f € H*(R) then (f,h;) = 0 for each j. This
holds for all such f and so h; € HQ(IR)L for each j. Since J C AlgL the rank one operators
determined by the h; and g; lie in Alg£L and the second assertion of the proposition follows.
The first assertion follows from this. OJ

As we will see in the next section, the ideal J plays a key role in the proof of reflexivity

of the triple semigroup algebra.

5. REFLEXIVITY

We now show that the algebra A, is reflexive, that is A,, = AlgLatA,, and for this
it will be sufficient to show that A, is the binest algebra AlgL. Figure 2 depicts the
inclusion of LatA,, in LatA, implied by the following lemma.

Lemma 5.1. LatA,, = £

Proof. Since A, is a superalgebra of A, we have LatA,, C LatA,. Given a subspace
K € LatA,, as in Eq. (2.1), there are two cases to consider.

Suppose first that K = MyM, H*(R), where ¢ (z) = e *"/2 where s > 0,\ € R.
Then K € LatA,, if and only if V,K C K for ¢t > 0. Given f € H*(R), we have

‘/;(e_isxzﬂei)\xf(x)) _ et/2€—is(etx)2/26i)\(etx)f(etx) — 6t/2€—i(se2t)x2/26i(/\et)xf(etx)

Thus VK C K if and only if s =0 and A > 0.
For the second case let K = L*[a, +0), for a € R. Then V;K C K if and only if a < 0

and so the proof is complete. O
L*(R)
H2(R) L2(R,)
MyH?*(R) D,L*(Ry)

{0}

FIGURE 2. The binest £ shown (in bold lines) as a subset of the Fourier binest.
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Since A,, € AlgL is evident, it suffices to prove the converse inclusion. Our strategy is
once again to identify the Hilbert Schmidt operators in these two algebras.

Given a function k € L*(R?) let kg, kp+ and V;k denote the kernel functions of the inte-
gral operators F'IntkF™, F*IntkF and V,Intk respectively. We now note that kp = JF5k,
where J is the flip operator, with (Jf)(z,y) = f(x, —y), and F, is the two-dimensional

Fourier transform
1 .
(FQf)(€7 w) = 2_ / / f<x7 y)€71(15+yw)dxdy
T Jr JR

FIntkF*)( (IntkF*f)(y)e "™"d
(FInth ) o " = [tk ey

- = [ ([ ser s evay
Sl o)
( / [ Mo Wewﬁdydw) F(€)de

| (Fk) (@, =) f(E)d

The significance of the above observation is that we can make use of properties of the 2D
Fourier transform, and especially the fact that it commutes with the rotation operators.
That is

Indeed

| ~

\

FyRyg = RoF>

where Ry represents the operator of clockwise rotation, for § > 0, and 6 € [—m, 7).
Considering the rotation operators as acting on the space of the kernel functions we have
the following reformulation of the characterization of the Hilbert-Schmidt operators of the
parabolic algebra;

A, NCy ={Intk : k € R_W/4(H2(R) ® L*(R_))} = {Intk : kr € RW/4(L2(R+) ® H*(R))}.
The convenience of the above characterization is apparent in the next lemma.

Lemma 5.2. Let Intk lie in the ideal I generated by the finite rank operators of AlgL.
Then Intk € Ay, N Cy.

Proof. Tt follows from the previous section that k € L*(R, )®H?*(R) and so kp is an element
of H2(R) ® L*(R_). Without loss of generality we may assume that kr(z,y) = h(x)g(y),
where h € H2(R), g € L*(R_). Define for every ¢ > 0 the functions

hi(z) = Vib(z) = e?h(e'z) and g,(y) = g(—y).

Consequently, each function kh(z,y) = h(z)g(z — y) lies in R_./4(H*(R) @ L*(R_)).
Since this space can be written as R, /4(L*(Ry) ® H?(R)), it follows that Intk' € A, N C,
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where k' = (k) p+. Therefore, since ViIntk = F*V_,IntkpF, it suffices to show that V_,k%
converges in norm to kg.

Voikb(z,y) = e 2 kb (et y) = e Y2 hy(e7x) go(etr — 9)
= e 2 lPh(eleta)g(y — e ta)e P = h(a)g(y — e 7'w) = hl2)g(y),

as t — +o00. By the dominated convergence theorem, V_,Intkk converge to Intkr and
hence Intk € A,, N Cs. O

The next lemma is crucial for the proof of the reflexivity of the triple semigroup algebra
and also yields the two-variable variant of the Paley-Wiener theorem given in Corollary
54.

Given 0y € [0,7), let

fo — {(x,y) € R?: arctan(y/z) € [—g — 0o, g]}
Q% = {(x,y) € R? : arctan(y/z) € [—W,Qo]}-
Define also the set
Ko, = {k € L*(R?) : ess-supp k € @'} N {k € L*(R?) : ess-supp kr C Q3'}

(see Figure 3) and the set

S, = span{Re(L3(R.) ® H2(R)), 0 € {0,00)) -

TK T N SR T

0o ess-supp k ess-supp kr

FIGURE 3. A function k € L?(R?) is an element of Kjy,, if and only if both
ess-supp k and ess-supp kg lie in the respective shaded areas.

Lemma 5.3. Ky, = 8,, for every 6y € [0, ).

Proof. Let k € Ry(L*(Ry) ® H?*(R)), with 6 € {0,6,}. Then ess-suppk C Q%. Also the
function kg lies in the space JFyRy(L*(R,) ® H?(R)), which can be written as

JFyRo(L*(R1) ® H*(R)) = R JF2(L*(Ry) ® H*(R)) = R_o(H*(R) ® L*(R-)).

Hence ess-supp kr C ng, and so it follows that 8g, C Ky,.
To prove the other inclusion, assume that there is a function k € Ky, N SQLO . Then the
Hilbert space geometry of L*(R?) ensures that

(5.1) 1k + Esll > |[k]l, V ks € 8,\{0}.
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Define now the orthogonal projections Py = proj(R_g¢(L*(R) ® L*(R_)), 6 € {0, 6, 7/2}.
Noting that Py, = proj(L*(R}) ® L*(R)), decompose k as the sum of two orthogonal
parts,

where Pﬂl/2 = I — Py /. Applying to both sides the operator JF,, we have

ke = (Pajzk)p + (Prja k)p.
Consider now the representation
(5.2) ki = Po(Prj2 k) + Py (Prja k)r + Poy(Prjo k) r + P (Prjy ) r
Since Py(Pyr2 k)r € H2(R) ® L2(R_) which is the space JFy(L*(Ry) ® H?(R)), it follows
that (Py(Py/2k)r)r- lies in 84,. Similarly, taking into account that k € L*(Q{"), we have

Pw/2 k € Ry, (L*(R,) ® L*(R)), which implies that (PL/2 k)p lies in R_p (H?(R) @ L*(R)).
Therefore,

Py (Prjp k)r € Rog,(H*(R) ® L*(R-))

and so (PgO(PWL/2 k)r)p- lies in 8y, .

It follows then, subtracting these operators, that Intk’ is an operator in Ky, where
K = (Py (Prjak)r)pe + (Poy(Prja k)r)re
and

Ky = Py (Prja k) + Pi(Prjo k)r

The first function in the sum for k% is in H2(R) ® L?(R, ), and is supported in the upper
half plane, while the second function is supported in the half plane y < —xz6,. However, we
also have kf, € L*(Q%) and so it follows that the component functions for k% have disjoint
essential supports, as indicated in Figure 4. This figure also depicts the two forms of the
semi-infinite lines on which (almost every) restriction of k7. agrees with the restriction of

a function in H%(R). (This local co-analyticity follows from the observations following the
identity 5.2.)
It now follows from these essential support observations that

1ER11% = | Py (Pryo k)plI* + || Po(Pryg k) r)?
and hence that
1K1 = | (Pog(Pr/2 k) ) e

Comparing norms we have
K[ = 1Pz kI* + (| Prjo Bl = [[(Prje k) e l* + [1(Prye ) el
= || Poy By (Prya k) plI* + 1(Poy Py ) (Prjo B)p 1 + | P Po(Prjo B)p 1 + (P Po) ™ (Prjo ) ||
= K I? + 1| (Poo Po ) (Prp2 K)pl1* + 11(Pog Po) ™ (Prjo k)1

and so ||k|| > ||k%|| = ||K'||. Since k has been chosen extremally the inequality (5.1) now
implies that ||k|| = ||k’|| and so

(Poo Py ) (Prya k) = (Pay Py ) (Pyja k)p = 0.

(Po(Pyys k)r)e-1?
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Y

N\

FIGURE 4. The essential support of kp.

But (Pr2 k) € H?(R) ® L*(R) and (P, k)r € R_g,(H*(R) ® L*(R)) and so both func-

tions are equal to zero, since every H?(R)-slice is zero on a non-null interval. Consequently
kr = 0, which implies that £ = 0 and this completes the proof. Il

Corollary 5.4. Let 0 < a < 7w/2 and let C, be the proper cone of points (x,y) with
x >0 and |arctany/z| < a. Then the following conditions are equivalent for a function
k e L*(R?).

(i) k vanishes on Cy and Fyk vanishes on R_;2C.,.

(ii) k lies in the closed linear span of Ry /2(H*(R)QL*(R_)) and R_,2(H*(R)®L*(R})).

Our next goal is to make use the previous lemma to show that

AlgLneCy = (A, NG+ 3.

First, we determine the Hilbert - Schmidt operators of AlgL.
Lemma 5.5. {k: Intk € AlgL N Co} C Ky

Proof. Suppose first that k& € L*(R?) is a kernel function such that IntkL?[\, +o0) is a
subspace of L[\, +00), for every A < 0. Let x < A < 0, and take f € L?()\, +00). Then

/R k(. ) (y)dy = (Intkf)(z) = 0.

Thus k(z,y) = 0 for almost for every y > X and ess-supp k C Qf/ .

Suppose next that k& € L?(R?) and IntkMyH?*(R) C MyH?*(R) for every A > 0. Then
the following equivalent inclusions hold for all A > 0.

IntkMyH*(R) C M\H*(R),
FIntkF*FM\H*(R) C FM\H*(R),
FIntkF*Dy\L*(R)) C D\L*(R,),
FIntkF*L*[\, +00) C L*[\, +00).
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Thus IntkpL*[\, +00) C L*[\,+0), for every A > 0. Given z < 0 and f € L*(R,) we
have

/R () F(y)dy = (Inthpf)(z) = 0

and so it follows that kp(z,y) = 0 for almost for every y > 0. Also, for z > 0 and
f € L2\, +00) with A > 2, we again have (Intkpf)(z) = 0 and so ess-supp kp C Q3/*, as
required. 0

Lemma 5.6. The algebras A,, N Cy and AlgL N Cy coincide.

Proof. By the previous lemma and Lemma 5.3, we have {k : Intk € AlgL N Ca} C 8,4,
where

Sx/1 = Ry (PP(Ry) ® IP(R)) + PP(R,) © IP(R) |

Thus, noting the form of the kernels for Hilbert-Schmidt operators in A, (given prior to
Lemma 5.2) and the form for operators in J (given in Section 4) it follows that

Suja={k: Intk € (A,NC)+7 '},
Applying Lemma 5.2, the desired inclusion follows. 0

We have noted in Section 2 that A, N €, contains an operator norm bounded sequence
which is an approximate identity for the space of all Hilbert-Schmidt operators. Since
this sequence also lies in A, it follows from the previous lemma that the weak operator
topology closures of A,, N €y and AlgL N €y coincide. Thus, the following theorem is
proved.

Theorem 5.7. The operator algebra Ay, is reflexive, with Ay, = Algl = A, + 3T,

6. THE UNITARY AUTOMORPHISM GROUP OF A,

In the case of the parabolic algebra the group of unitary automorphisms, X — AdU(X) =
UXU*, was identified in [8] as the 3-dimensional Lie group of automorphisms Ad(M,D,V;)
for A\, p and ¢ in R. The following theorem shows that the larger algebra A, is similarly
rigid.

Theorem 6.1. The unitary automorphism group of Ay is isomorphic to R and equal to
{Ad(V;) : t € R}.

Proof. Let Ad(U) be a unitary automorphism of A,,. Since A,, = AlgL it follows from
Lemma 5.1 and the asymmetric order structure of the binest £ that

(6.1) UH*(R) = H*(R), UM\H*(R) = M,H*(R)
where 1 > 0 depends on A > 0 and p: R, — R, is a continuous bijection. Also
(6.2) UL*R.) = L*(R_), ULX(~N,0) = L¥(—,0)

with ¢/ : R, — R, is a continuous bijection.

Note that the subspaces L?(—\,00) of L*(R_) form a continuous nest of multiplicity
one and so it follows from (6.2) and elementary nest algebra theory (see Davidson [2]
for example) that the unitary operator U has the form U = MyC; @& U, where ¢ is a
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unimodular function in L*(R_), f : R_ — R_ is a strictly increasing bijection, and C is
the unitary composition operator on L?(R_) with

(Crg)(@) = (f'(x)2g(f ().
Let h € H*(R). Then for z € R_ we have
(UMxh)(z) = (VCpMah)(2) = ()™ O (f(2))2h(f(x)) = e (UR) ()

Take ¢ € C* and let h. € H*(R) be the function for which (Uh,)(x) = —-. Then
, 1
(UM,\hc) (,I’) = BZAf(x)x—_i_c
and so

(& + )gae(z) = M,

where gy . = UM h. € H*(R). By Lemma 3.1 the functions (z +c¢)gy () are independent
of ¢ and agree for all real 2. Thus there is a unique extension of e*@) to R, say ¢, (z),
such that

ox(z) = M@ for almost every z € R_
and
ox(x) = (x + c)gre(x), for almost every z € R.
It now follows that
UMyh. = My, Uh,.

Since the closed linear span of the functions h, = U* xic, c € CT, is equal to H*(R), we
obtain

UM\H?*(R) = My, UH?*(R).
Now (6.1) implies that
M,H*(R) = My, H*(R).
Therefore, ¢ is inner and ¢y (x)/e** is equal to a unimodular constant ¢y = €’** depending
on A. Thus, for every x € R_, we have
INf(z) — ipx = day
or equivalently

fla) = %x + %

It follows that ay = 0, since f(0) = 0, and that g = X for some positive constant f.
Thus, for x < 0,

(Cyh)(x) = BY2h(Bx) = (Viegph)(2).
Writing ¢ = log 3, we have Uh = ¢ V;h + Uyh, and so with h(x) = x+rd and z < 0 we have
(Uh)(x) = (x)(Vih)(z) and

L UN @) = ().
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By Lemma 3.1 again, e:f/*;d Uh is determined by ¢ and there is analytic function ¢ such
that

elr +d

WU h = ¢.

We conclude that Uh = ¢V;h for all such h and so ¢ is unimodular. Since UH?*(R) = H*(R)
it follows that almost everywhere ¢ is a unimodular constant, n say. Thus U = nV; and
the proof is complete. |

Remark 6.2. Note that the binest £, g given by
Log = {0} U{L*(o/,00),0 < a} U{""H*R), ' > B} U {L*(R)}

is equal to D,MgL. Thus £, is unitarily equivalent to £. Also the unitary operator
U = D, Mg provides a unitary isomorphism AdU : AlgL — AlgL, g between their reflexive
algebras.

7. FURTHER BINESTS

Once again, write N and N} for the subnests of N, and N, whose union is £. Also let
NI, N be the analogous subnests of N, and N, for which P_ = (I — P,) is the atomic
interval projection for N;f and @ is the atomic interval projection for N .

By the F. and M. Riesz theorem the orbit of H?(R) under the Fourier-Plancherel trans-
form F is the subspace H?(R) together with the three subspaces

FH*R) = [*(R,), F*H*R)= H*(R), F’H*(R)=L*R_).

More generally, the lattice LatA,, with the weak operator topology for subspace pro-
jections, forms one quarter of the Fourier-Plancherel sphere, and the Fourier-Plancherel
transform F effects a period 4 rotation of this sphere. (See [9, 14].)

We now note that there are 8 binest lattices which are pairwise order isomorphic as
lattices and which have a similar status to £ = N U N, . These fall naturally into two
groupings of 4. Write J for the unitary operator F2, so that Jf(z) = f(—x). (There will
be no conflict here with notation from the previous section.) Writing K for {f : f € K},
these groupings are

NIUN,, NFUNS, NFUJN,, JNFUN;
and L

NoUNS NOUNF, NS UJINS TN UNS
forming the orbits of the subspace lattices NZ UN, and N, UN;" under F. Note that the
symbols “+” and “—” indicate the “upper” and “lower” choices for the atomic interval of

the nest. Since F' induces an order isomorphism of the lattices, I’ respects these symbols.
By Theorem 2.3 and the identities

FM,F*=D,, FD,F*=M_, FV,F*=V,

it follows that the binest algebras for these 8 binests are (respectively) equal to weak opera-
tor closed operator algebras for the following generating semigroup choices for {M,},{D,}
and {V; }:

4+ - ——F

- —H+ ——— o+
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View the lattice £ = N} UN; as the right-handed choice in Figure 2, write £, for £,
and view £; = N, UNJ as the left-handed choice. From the observations above the 8
binests determine either 1 or 2 unitary equivalence classes of triple semigroup algebras. In
fact there are two classes.

Theorem 7.1. The triple semigroup algebra A,, = AlgL, is not unitarily equivalent to
triple semigroup algebra Ay, = AlgL,

Proof. By Theorem 2.3, A5, = (Alg(N; UN;))* which is the binest algebra for the union
of the nests (N;))* and (N;)+. We have

(NOF=JN,, (Nt =JNS
and so it suffices to show that the binests
NFUN,, N, UNS

are not unitarily equivalent.
Suppose, by way of contradiction, that for some unitary U the binest U(N} U N;)
coincides with N UN;". Then

FUNFUN,) = F(N; UNS) =N, UNS
We have N = {L*(\,00),\ < 0} and so by elementary nest algebra theory, as in the
proof of Theorem 6.1,
FU=M,Cr® X
for some unimodular function ¢ on R_ and a composition operator C'y on L*(R_) associ-

ated with a continuous bijection f.
We have

FU : " H*(R) — e~ "** H2(R)
with g = p(A) : Ry — R, a bijection.
Take h. € H?*(R) such that FUh,. =

€ H%(R), with ¢ € C*. Then, for z < 0, A > 0,
) = (MyCyMyhe)(x),
) = (eMNOMCrhe) (),
) =
) =

r—cC

(FUMh,)(z

(FUM,he)(z

(FUMh,)(x MJ”“)(FUh)()
(

z)\f 1

Gx,c\T )
xr —C

where g, = FUMh. € H?(R). We may apply Lemma 3.1 as in the proof of Theorem
6.1 (although to H2(R) functions here) to deduce that FU = MV, for some unimodular
function ¢ and some real t. Thus we obtain

H*(R) = FU(H*(R)) = ¢(H*(R)).

This implies that H2(R) is invariant for multiplication by M) for A > 0, as well for A < 0,
and so is a reducing subspace for the full multiplication group {M, : A € R}. This is a
contradiction, as desired, since such spaces have the form L*(FE). ]
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The fact that Ay, = AlgL, and Ay, = AlgL, fail to be unitarily equivalent expresses
the following chirality property. We say that a reflexive operator algebra A is chiral if

(i) A and A* are not unitarily equivalent, and

(i) LatA and LatA* are spectrally equivalent in the sense that there is an order isomor-
phism 0 : LatA — LatA* such that for each pair of interval projections { P — P», Q1 — Q2}
for LatA the projection pairs

{Pr— Py, Q1 — Q2}, {0(P1) — 0(F2),0(Q1) — 0(Q2)}

are unitarily equivalent.

While the spectral invariants for a pair of projections are well-known (Halmos [6]) there
is presently no analogous classification of binests.

Remark 7.2. We remark that the companion binest algebra Alg(N] U N;), in which
both nests have an upper choice for the atomic interval, has no finite rank operators and
it is unclear to us whether this reflexive algebra is a proper superalgebra of A,.

The examination of reflexivity for nonselfadjont operator algebras has its origins in
Sarason’s consideration [18] of the Banach algebra H*°(R) with the weak star topology.
This algebra is isomorphic to both the basic Lie semigroup algebra, for R, , and the discrete
semigroup left regular representation algebra for Z,. In the case of noncommutative
discrete groups the property of reflexivity has been obtained in many settings, including
free semigroups (Davidson and Pitts [3]), free semigroupoids (Kribs and Power [10]), and
the discrete Heisenberg group (Anoussis, Katavolos and Todorov [1]). These operator
algebras satisfy double commutant theorems and partly for this reason their algebraic and
spatial properties, such as semisimplicity and invariant subspace structure, are somewhat
more evident than in the case for Lie semigroup algebras. We note, for example, that the
following questions seem to be open.

Question 1. (See [15].) Does A, contain nonzero operators with product zero?

Question 2. Does the Jacobson radical of A,, A}, or A,, admit an explicit characterisa-
tion bearing some analogy to Ringrose’s characterisation [17] for a nest algebra ?

Question 3. (See [12].) Is the Lie semigroup algebra of an arbitrary irreducible repre-
sentation of SLy(R,) a reflexive operator algebra?
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