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We derive an effective Hamiltonian that describes the dynamics of electrons in the conduction band of
monolayer transition metal dichalcogenides (TMDC) in the presence of perpendicular electric and
magnetic fields. We discuss in detail both the intrinsic and the Bychkov-Rashba spin-orbit coupling
induced by an external electric field. We point out interesting differences in the spin-split conduction band
between different TMDC compounds. An important consequence of the strong intrinsic spin-orbit coupling
is an effective out-of-plane g factor for the electrons that differs from the free-electron g factor g = 2. We
identify a new term in the Hamiltonian of the Bychkov-Rashba spin-orbit coupling that does not exist in
HI-V semiconductors. Using first-principles calculations, we give estimates of the various parameters
appearing in the theory. Finally, we consider quantum dots formed in TMDC materials and derive an
effective Hamiltonian that allows us to calculate the magnetic field dependence of the bound states in the
quantum dots. We find that all states are both valley and spin split, which suggests that these quantum dots
could be used as valley-spin filters. We explore the possibility of using spin and valley states in TMDCs as
quantum bits, and conclude that, due to the relatively strong intrinsic spin-orbit splitting in the conduction
band, the most realistic option appears to be a combined spin-valley (Kramers) qubit at low magnetic fields.
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I. INTRODUCTION

Monolayers of transition metal dichalcogenides
(TMDCs) [1] posses a number of remarkable electrical
and optical properties, which makes them an attractive
research platform. Their material composition can be
described by the formula MX,, where M = Mo or W
and X =S or Se. They are atomically thin, two-dimen-
sional materials, and in contrast to graphene [2], they have a
finite direct optical band gap of approximately 1.5-2 eV,
which is in the visible frequency range [3,4]. This has
facilitated the theoretical [5] and experimental [6—11] study
of the rich physics related to the coupling of the spin and
the valley degrees of freedom.

Very recently, there has also been a growing interest in
the transport properties of these materials. Although con-
tacting and gating monolayer TMDCs is not entirely
straightforward experimentally, progress is being made
in this respect [12—18]. Electric [17] and magnetic field
[19,20] effects are also being studied currently, in both
monolayer and few-layer samples. In addition, a promising
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experimental work has recently appeared regarding spin
physics in these materials, showing, e.g., a viable method
for spin injection from ferromagnetic contacts [16].

The finite band gap in the TMDCs should also make it
possible to confine the charge carriers with external gates
and, therefore, to create, e.g., quantum dots (QDs).
Together with the above-mentioned progress in contacting
and gating TMDC:s, this raises the exciting question of
whether these materials could be suitable platforms to host
qubits [21]. Our work is motivated by this question.

First, we introduce an effective Hamiltonian that accu-
rately describes the physics in the conduction band (CB) of
TMDCs in the (degenerate) K and K’ valleys of the
Brillouin zone (BZ). We confine our attention to the CB
while the effect of the valence band (VB) and other relevant
bands is taken into account through an appropriate choice
of the parameters appearing in the model. This approach is
motivated by the facts that (i) the band-gap energy Ey, is
large with respect to other energy scales appearing in the
problem and (ii) according to experimental observations,
the samples of TMDCs are often intrinsically n doped
[16,22] or show unipolar n-type behavior [23]. To obtain
realistic values of the parameters appearing in the theory,
we perform density functional theory (DFT) calculations.
We discuss the important effects of the intrinsic spin-orbit
coupling (SOC) that manifest themselves through both the
spin splitting of the CB and the different effective masses
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associated with the spin-split bands. We also point out that
a perpendicular magnetic field, in addition to the usual
orbital effect, leads to the breaking of valley degeneracy.
Moreover, due to the strong SOC, the coupling of the spin
degree of freedom to the magnetic field is described by an
out-of-plane effective g factor §$.

We then study the effect of an external electric field and
derive the Bychkov-Rashba SOC Hamiltonian for TMDCs.
This is motivated by recent experiments [11,22], where
strong electric fields were created by backgates to study the
charged excitons. In particular, we find that in contrast to
HI-V semiconductors and graphene, due to the lower
symmetry of the system, the Bychkov-Rashba SOC
Hamiltonian contains two terms, one of which has not
yet been discussed in the literature. Using perturbation
theory and first-principles (FP) calculations, we estimate
the magnitude of this effect for each TMDC material.

Finally, we consider QDs obtained by confining the
charge carriers with gate electrodes (see Fig. 1). We study
the dependence of the spectrum of such QDs on a
perpendicularly applied external magnetic field. We show
that, while pure spin and pure valley qubits are possible,
e.g., in small QDs in MoS,, they require large magnetic
fields because of the relatively strong intrinsic SOC in the
CB. On the other hand, combined spin-valley qubits
represented by a Kramers pair can be operated at small
magnetic fields. QDs in nanowires consisting of a MoS,
nanoribbon with armchair edges or crystallographically
aligned confining gates have recently been discussed [24].
Our proposal does not require atomically sharp boundaries
or a precise control of the placement of the confining gates;
therefore, it should be easier to fabricate experimentally.
Moreover, we explicitly take into account the intrinsic spin
splitting of the CB.

The paper is organized as follows. In Sec. II, we derive
an effective Hamiltonian describing electrons in the CB.
We take into account the effects of perpendicular external
electric and magnetic fields. Using the results of FP
calculations, we obtain values for the important parameters

FIG. 1 Schematics of a QD defined with the help of four top
gates in a monolayer TMDC. S and D denote the source and the
drain, respectively.

appearing in our model. In Sec. III, we use this model to
study the magnetic field dependence of the bound states in
a QD. We also discuss the possible types of qubits that QDs
in TMDCs can host. We conclude in Sec. IV. In
Appendixes A and B, we present the details of the
derivation of the effective Hamiltonian. We collect some
useful formulas in Appendix C, and the details of our DFT
calculations can be found in Appendix D.

II. EFFECTIVE HAMILTONIAN

We consider a monolayer TMDC and introduce a low-
energy effective Hamiltonian that captures the most impor-
tant effects in the spin-split conduction band at the K (K")
point. The detailed derivation of the model, which is based
on a seven-band (without the spin degree of freedom) k - p
Hamiltonian, is presented in Appendix A. It is important to
note that, as pointed out in Refs. [25-27], there are several
band extrema in the band structure of TMDCs that can be of
importance: see Fig. 2, where we show the band structure of
MoS, obtained from DFT calculations. Since we assume
that the system is n doped, the maximum at the I" point of
the VB is not relevant. More important are the secondary
minima in the CB, which are usually called the Q (or T)
points. The exact alignment of the Q-point energy mini-
mum with respect to the K-point minimum is difficult to
deduce from DFT and GW calculations, because it depends
quite sensitively on the details of these computations [28].
We found that by using the local density approximation
(LDA), all compounds, with the exception of MoS,,
become indirect gap semiconductors if we take into account
the SOC, because the Q-point minimum is lower than the
K-point minimum. More advanced GW calculations also
give somewhat conflicting results and are quite sensitive to
the level of theory [29] (GyW,, GW,, etc,) and the lattice
constant used. Experimentally, monolayer TMDCs show a
significant increase of photoluminescence [10,22,30,31]
with respect to few-layer or bulk TMDCs, which is usually
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FIG. 2 Spin-resolved band structure of MoS, from DFT
calculations. The qualitative features of the band structure are
the same for all TMDCs. An enlargement of the region in the
black frame is shown in the upper panel of Fig. 3.
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interpreted as evidence that they are direct gap semi-
conductors. Therefore, we assume that for low densities
it is enough to consider only the K and K’ points of the CB.
For the formation of QDs from states around the K point,
the safest material appears to be MoS,, where the secon-
dary minima are most likely above the K-point minimum
by a few hundred meV [26,32]. However, for operation at
low temperatures, the other TMDCs may also be suitable,
as long as the Q point lies a few meV higher than the K
points. In cases where the Q point lies below the K point,
one can envisage QDs formed within the Q valley, but this
is beyond the scope of this paper.

A. Electronic part and intrinsic spin-orbit coupling

Because of the absence of a center of inversion and
strong SOC, the bands of monolayer TMDC materials are
spin split everywhere in the BZ except at the high-
symmetry points I' and M, where the bands remain
degenerate. In addition, the projection of the spin onto
the quantization axis perpendicular to the plane of the
monolayer is also preserved. This is a consequence of
another symmetry, namely, the presence of a horizontal
mirror plane o;,. Therefore, a suitable basis to describe the
CB is given by the eigenstates 1 and |, of the dimensionless
spin Pauli matrix s, with eigenvalues s = £1. In what
follows, we often use the shorthand notation 1 for s = 1
and | for s = —1.

In the absence of external magnetic and electric fields,
the effective low-energy Hamiltonian that describes the
spin-split CB at the K (K’) point in the basis 1, | is

S | i n? 914
HE + HY' = = =+ thcs.. (1)
eff
Here, we introduce the inverse effective mass

= L where 7 =1 (—1) for K (K’) and the

wegve r;umbersé 4+ = q * iq, are measured from the K
(K") point. Leaving the discussion of the effects of a
magnetic field to Sec. II B, we set g,.q_ = qi—kq?,
and, therefore, the dispersion described by the
Hamiltonian [Eq. (1)] is parabolic and isotropic. The
trigonal warping [26], which is much more pronounced
in the VB than in the CB, is neglected here.

The strong spin-orbit coupling in TMDCs has two
consequences. First, as already mentioned, the CB is spin
split at the K (K’) point, and this is described by the
parameter Acg. Second, the effective mass is different for
the 1 and | bands. Our sign convention for the effective
mass assumes that the spin-up band is heavier than the spin-
down band at the K point (for details on the effective mass
calculations, see Appendix B). The effective mass mff’fs of
different TMDCs, obtained from fitting the DFT
band structure [33], is shown in Table I (note that
me‘ = meff *). As one can see, the difference between

m ffT and m ffl is around 10%-14% for MoS, and MoSe,,

TABLEI. Effective masses and CB spin splittings appearing in
the Hamiltonian [Eq. (1)] for different TMDCs. m, is the free-
electron mass.

MOSZ WSZ MOSCZ W362
m&t m, 0.49 0.35 0.64 0.4
m&tm, 0.44 0.27 0.56 0.3
2Acp [meV] 3 —38 23 —46

while it is 230% for the WX, compounds. In the seven-
band k - p model, this can be explained by the fact that the
effective mass depends on the ratio of the spin splittings in
other bands (most importantly, in the VB and the second
band above the CB) and the band gap Ej,. For the heavier
compounds, the spin splittings are larger, but E},, remains
roughly the same or even decreases, leading to a larger
difference in the effective masses.

The results of DFT calculations also suggest that, in the
case of MoX, materials, there are band crossings between
the spin-split CB because the heavier band has higher
energy. For WX, materials, such a band crossing is absent.
Taking MoS, and WS, as an example, the dispersion in the
vicinity of the K point is shown in Fig. 3. A similar figure
could be obtained for MoSe, and WSe, as well, except that,
due to the larger spin splitting, the band crossings for
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FIG. 3 Upper panel: Spin-split DFT CB of MoS, in the vicinity
of the K point, which is indicated by a vertical dashed line. Lower
panel: The same for WS,. A band crossing, which can be seen in
the case of MoS,, is absent for WS,. The small asymmetry in the
figures with respect to the K point, especially in the case of
the band-crossing points in the upper panel, is due to the fact that
the calculations were performed along the I'KM line.
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MoSe, occur farther away from the K point. Within the
present model, which focuses on the CB, such a different
behavior can be accounted for by a different sign of Ay for
MoX, and WX, materials. A discussion about the possible
microscopic origin of this sign difference is presented in
Appendix B.

We note that a model Hamiltonian similar to Eq. (1), but
without taking into account the difference in the effective
masses, was used in Refs. [34,35] to study spin-relaxation
processes in MoS,. The effective mass difference and the
sign of the effective SOC in the CB was discussed recently
in Ref. [36].

B. Effects of a perpendicular magnetic field

We assume that a homogeneous, perpendicular magnetic
field of strength B, is applied. The k - p Hamiltonian can be
obtained by using the Kohn-Luttinger prescription, which
amounts to replacing the numbers ¢, and g, in the above
formulas with operators q - q = %V + %A, where A is
the vector potential in Landau gauge and e > 0 is the
magnitude of the electron charge. Note that, due to this
replacement, g, and g_ become noncommuting operators,
G-,q.] = % where |B,| is the strength of the magnetic
field. Therefore, their order has to be preserved when one
folds down a multiband Hamiltonian, which lies behind the
low-energy effective Hamiltonian [Eq. (1)]. As a conse-
quence, for a finite magnetic field, further terms appear in
the effective Hamiltonian. The derivation of these terms
within a seven-band k - p model is given in Appendix B.

One finds that in an external magnetic field H' in
Eq. (1) is replaced by

g a_ 1+
- 7
2meff 2

-+ Yy + iy = sen(B)ho

T

3 1
=5 GunsB: + Eﬂngf)ssz (2)

where hwc® = e|B,|/m;.

The term ~w&* in the bulk case introduces a shift in the
index of the Landau levels, so that there is an “unpaired”
lowest Landau level in one of the valleys. The next term,
ﬁ]f,l = —1guppB,, breaks the valley symmetry of Landau
levels. Here g, is the valley g factor. Similar effects have
also been found in gapped monolayer [37] and bilayer
[38,39] graphene, and have recently been noted for MoS,
as well [40—42]; therefore, we do not discuss them here in
detail.

A new term, that to our knowledge has not yet been
considered in the literature of monolayer TMDC, is due to
the strong SOC in these materials. It can be written in terms
of an out-of-plane effective spin g factor g¢:
H, = Lgdups.B., where up is the Bohr magneton. In

addition, the well-known Zeeman term H, = %ge,uBssz

TABLE II. Valley (3,1, g,1) and spin (g, g#) g factors for
different TMDCs.

M052 WSz MOSCZ Wsez
v 3.57 4.96 3.03 4.34
lgs| 0.21 0.84 0.29 0.87
Gyl 0.75 1.6 0.42 1.46
9% 1.98 1.99 2.07 2.04

also has to be taken into account [43]. Here, g, ~ 2 is the
free-electron ¢ factor. The coupling of the spin to the
magnetic field can, therefore, be described by

~ 1.
ng,tot = Eggﬁ:uBsszv (3)

where the total g factor in the CB is g3, = g, + gs- Values
of g, and |gs| obtained with the help of our DFT
calculations are shown Table II. The sign of g% cannot
be obtained with our methods; it should be deduced either
from experiments or from more advanced FP calculations.
For the numerical calculations in Sec. III A, we assume
that g& > 0.

In Sec. III A, we study the interplay of the magnetic field
and the quantization due to confinement in QDs. While
Eq. (4) is a convenient starting point to understand the
Landau level physics, for relatively weak magnetic fields,
when the effect of the confinement potential is important
with respect to orbital effects due to the magnetic field, one
may rewrite Hg', Hy, and Hg, in a slightly different
form:

g g 1
ng + Esgn(BZ)ha)Z's
T

2

Hi' + Hy + Hp o =

1
GuksB; + = Hpgsps.B.. “)

- 2

where 9gv1 = (Zme/mgff) - gjvl and ggf) = §$ - (Zme/(smeff)'
This form shows explicitly that, in contrast to H7;’, which
depends on the product of 7 and s (through m;), HY, and
H, o depend only on 7 and s, respectively. This can help
to understand the level splittings patterns in QDs: see
Sec. III A. In particular, for states that form a Kramers pair,
7-s = 1 or —1; therefore, H;’, which depends only on the
product of 7 and s, would not lift their degeneracy in the
presence of a magnetic field. Because of H 11> however, the
degeneracy of the Kramers pair states will be lifted.
Assuming g& > 0 and B, > 0, as in the calculations that
lead to Figs. 4 and 5, the values of g,; and gﬁi) are shown in

Table II.

C. External electric field and the Bychkov-Rashba SOC

The effective Hamiltonian [Eq. (1)] describing the
dispersion and the spin splitting of the CB is diagonal in
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spin space. An external electric field has two effects: (i) it
can induce Bychkov-Rashba— type SOC, which will couple
the different spin states, and (ii) it can change the energy of
the band edge. We start with the discussion of the Bychkov-
Rashba SOC.

For simplicity, we assume that the external electric field
is homogeneous and that its strength is given by E,. Then,
the Bychkov-Rashba SOC in TMDCs is described by the
Hamiltonian

HER = A{BR(S_VLIX - sty) + j'lr3R<sx%c + Syqy)

_ < 0 ﬂaRq_> -
ABRY + 0

The first term, ﬂ{;R(Sny — 8¢qy), is the well-known
Bychkov-Rashba [44] Hamiltonian, which is also present
in GaAs and other III-V semiconductor compounds. It is
equivalent to the Bychkov-Rashba Hamiltonian recently
discussed in Ref. [45] in the framework of an effective two-
band model, which includes the VB. The second term,
Agr (8¢, + 5,q,), is also allowed by symmetry (see Table I
of Ref. [46]) because the pertinent symmetry group at the K
point in the presence of an external electric field is C3. A
derivation of the Hamiltonian [Eq. (5)] is given in
Appendixes A and B. We note that the coupling constants
Jsr and Ahp cannot be tuned independently, because both
of them are proportional to the electric field but with
different proportionality factors. Using our microscopic
model and FP calculations similar to those in Ref. [47], we
can estimate the magnitude of Agg but not A5x and A
separately. The |Agr| values that we have obtained are
shown in Table III. They give an upper limit for the real
values because we have neglected, e.g., screening in these
calculations (for details see Appendix B). More advanced
DFT calculations, such as those recently done for bilayer
graphene [48], would certainly be of interest here.
Comparing the numbers shown in Table III to the
values found in InAs [49] or InSb [50], one can see that,
for relatively small values of the electric field
(E, <1072 V/ A), where the perturbation theory approach
can be expected to work, |1gr| is smaller by an order of
magnitude than in these semiconductor quantum wells.
Nevertheless, the Bychkov-Rashba SOC is important
because it constitutes an intravalley spin-relaxation chan-
nel, which does not require the simultaneous flip of spin
and valley. Thus, it may play a role in the quantitative
understanding of the relaxation processes in the recent

TABLEIIL.  Estimates of the Bychkov-Rashba SOC parameters
|4gr|- The perpendicular electric field E. is in units of V/A.

MOSZ
0.033E,

WS,
0.13E,

MoSe,
0.055E,

WSEQ
0.18E,

|pr| [eV Al

experiment of Jones et al. [11], where a large backgate
voltage was used.

The external electric field has a further effect, which,
however, turns out to be less important for our purposes.
Namely, it shifts up the band edge of the CB, and the shift
is, in principle, spin dependent [see Eqs. (B2c) and (B3c) in
Appendix B]. The shift of the CB edge can be understood
in terms of the electric field dependence of the band gap
(we note that the band edge of the VB also depends on the
electric field, and the shifts of the VB and CB edges
together would describe the change of the band gap). In
contrast to Ref. [40], however, in our model the shift of the
band edge depends quadratically on the strength of the
electric field and not linearly. We think this is due to the fact
that in the model used in Ref. [40], the p orbitals of the
sulfur atoms are admixed only to the CB. In fact, symmetry
considerations [26,45] and our DFT calculations show that
the p (or d) orbitals of the X atoms have a small weight at
the K point both in the VB and in the CB. Taking this into
account, as in the tight-binding model of Ref. [27], one
would find that for a weak electric field regime, the
dependence of the band gap is quadratic in the electric
field. Moreover, both our perturbation theory and prelimi-
nary DFT results suggest that the shift of the band edge in
the CB is actually very small, at least in the regime where
the perturbation theory approach is applicable (see
Appendix B for details). Therefore, we neglect it in the
rest of the paper. The spin dependence of the band-edge
shift, being a higher-order effect, is expected to be even
smaller.

III. RESULTS
A. Quantum dots in TMDCs

QDs in novel low-dimensional structures, such as bilayer
graphene [38,51-53] and semiconductor nanowires with
strong SOC [54,55], are actively studied and the appli-
cability of these structures for hosting qubits has also been
discussed. Motivated by the interesting physics revealed in
these studies, we now consider QDs in two-dimensional
semiconducting TMDCs defined by external electrostatic
gates (see, e.g., Fig. 1). In particular, we are interested in the
magnetic field dependence of the spectrum and discuss
which eigenstates can be used as two-level systems for
qubits. We consider relatively small QDs that can be treated
in the ballistic limit. The opposite limit, where disorder
effects become important and the spectrum acquires certain
universal characteristics, can be treated along the lines of
Ref. [56], but this is beyond the scope of the present work.

Nevertheless, based on the findings of Sec. II A, the
following observations can be made. Assuming a chaotic QD
with mean level spacing § = 2%/ (miA), where A is the
area of the dot, one can see that one needs relatively small
QDs in order to make o larger than the thermal energy k7.
For instance, taking a dot of radius R =~ 40 nm, we find for,
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e.g., MoS, that 6~0.2 meV, corresponding to 7 =
2.3 K, whereas for WS,, due to its smaller effective mass,
the mean level spacing is 7' ~ 3.4 K. In this respect, TMDCs
with smaller m.g, such as WS, and WSe,, might be more
advantageous. Although the required temperatures are smaller
than in the case of GaAs (which has mq; ~ 0.067m,), they are
still achievable with present-day techniques.

In the following, for simplicity, we study circular QDs
because their spectrum can be obtained relatively easily and
can illustrate some important features of the spectrum of
more general cases. In particular, we consider QDs in MoS,
and WS,. The total Hamiltonian in the K, K’ valleys
(t = £1) reads

H=Hy +Hy" + Hygg + Hy + Hyy o + Vo, (6)

where V is the confinement potential for the QD. As we
have shown, Hgp, is relatively small; therefore, we treat it as
a perturbation, whereas the stronger intrinsic SOI is treated
exactly. The Hamiltonian of the nonperturbed system is
given by

Hdot = H;is + Hisrfl)“ + Hf/] + Hsp.tot + Vdot; (7)

i.e., it is diagonal both in valley and in spin space. We
consider a circular QD with hard-wall boundary conditions:
Viaot(r) =0 for r <R, and Vyy(r) = o0 if r> R, In
cylindrical coordinates, the perpendicular magnetic field
can be taken into account using the axial gauge, where
Ay = B.r/2 and A, = 0. With this choice, since the rota-
tional symmetry around the z axis is preserved, H iy
commutes with the angular momentum operator , and
they have common eigenfunctions. The Schrédinger equa-
tion, which determines the bound state energies and
eigenfunctions, can be solved by making use of the fact
that, as noted in Ref. [57], the operator g, (§_) appearing in
HY, acts as a raising (lowering) operator on a suitably
chosen trial function. Introducing the dimensionless new
variable, p :%(i)z where [z =,/ is the magnetic
length, one finds for B, > 0 that )

. P iy ' —iv2,
P1+4+2 = 8
== lB 2 ( * 8 Pa(p) lp a-, (a)

. i 4 i iv2 |
q. E gelﬁa <1 —26[]—;8(/,) :?(XJH (Sb)
The eigenfunctions of the operators &, and a_, which
are (i) regular at p = 0 and (ii) also eigenfunctions of 1 -, are
Gai(ps @) = e'plll2e=r2M(a, || + 1,p), where [ is an
integer and M (a, , p) is the confluent hypergeometric
function of the first kind [58]. One can show that

i (p.0) —aga(p,p) 10 ©
aa_g,(p.p) = .
HEREEET 1= )guilpg) it 1> 0.
(For details, see Appendix C.) Considering now
the Schrodinger equation for the bulk problem, i.e., for
Vot = 0 in valley 7 for spin s, it reads

1 ,
[ha)i‘&Jr& +—sgn( hwe’ + tAcgs,

+ (nglﬂvl += gspﬂBS ) z:| U= E\IJ’ (10)

2

where O(x) is the Heaviside step function. The wave

functions \I/( and \Illl(p,go) =

%(?)‘DI(P) will be eigenfunctions if @,(p) =

0) =92 ()2(0)

pl2e=r2M (a,, |I] + 1, p) and

, E™* it /<0
hwe'a; = . (11)

E™ + lhwl® if [ > 0.
Here, E™ = (1/2)sgn(B,)hw’ + tsAcp + 3 (tgupa+
sg$ﬂB)BZ — E. The bound state solutions of the QD

problem are determined by the condition that the wave
function has to vanish at » = Ry; i.e., one has to find the
energy E;* for which M(a;,|l| 4+ 1,p[r = Ry]) = 0. The
task is, therefore, to find, for a given magnetic field B, and
quantum number /, the roots of M (ay, |I| + 1, p[r = Ry]) =
0 as a function of a;. The a; values can be calculated
numerically. Once the nth root a, ; is known, the energy of
the bound state E;SZ can be expressed using Eq. (11).

The numerically calculated spectrum for a QD with
R; =40 nm in MoS, is shown in Fig. 4(a). At zero
magnetic field, because of the quadratic dispersion in
our model, there is an effective time-reversal symmetry
acting within each valley and, therefore, states with angular
momentum =/ within the same valley are degenerate. For
finite magnetic field, all levels are both valley and spin
split. For even larger magnetic fields, when [z < R, the dot
levels merge into Landau levels. Since Acg is relatively
small with respect to the cyclotron energy #we*, spin-split
states | and 1 from the same valley can cross at some
larger, but still finite, magnetic field [see, e.g., the crossing
between the black and green lines for £ > 3 meV for states
in valley K in Fig. 4(a)].

Taking into account the Bychkov-Rashba SOC turns the
crossings between states |a, [, 1) and |a, [ + 1, ), [ > Ointo
avoided crossings. The selection rules for Hjp can be
derived by rewriting Hgg in terms of the operators a_
and o, and calculating their effect on the nonperturbed
eigenstates (see Appendix C for details). For the low-lying
energy states, in which we are primarily interested, the effect
of the Bychkov-Rashba SOC is to introduce level repulsion
between these states and higher energy ones allowed by the
selection rules. Taking |Aggr|/lz as a characteristic energy
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B, [T

0 05 1

FIG. 4 (a) Spectrum of a MoS, QD of radius R; = 40 nm as a
function of the perpendicular magnetic field B, > 0. Black
(purple) lines: spin | (1) in the K valley; red (blue) lines: spin
1 (}) in the K’ valley. States up to |/| = 2 and n = 2 are shown.
(b) Part of the spectrum shown in (a) for small magnetic fields and
low energies. Labels show the valley, orbital quantum number /,
and spin state for each level. The values of m_j;, gy, and g# used in
the calculations can be found in Tables I and II.

scale of this coupling and using Table III, one can see that for
magnetic fields <10 T and electric fields E, < 1072 V/ A
the level repulsion is much smaller than the spin splitting
Acg and, therefore, we neglect it.

Figure 4(b) shows the low-field and low-energy regime
of Fig. 4(a). As one can see, for B, = 1 T the lowest energy
states reside in valley K. We emphasize that, in contrast to
gapped monolayer [38,59,60] and bilayer [38,60] gra-
phene, the energy states are also spin polarized. This
suggests that QDs in MoS, can be used as simultaneous
valley and spin filters.

Figure 5 shows the low-energy spectrum of a WS, QD
with radius R; = 40 nm. Qualitatively, it is similar to
MoS,, but because the spin splitting Ac-g between the 1
and | states belonging to the same valley is much larger
than was the case for MoS,, they do not cross for the
magnetic field range shown in Fig 5. One can also observe
that the B, = 0 level spacing is somewhat larger than in the
MoS, QD [see Fig. 4(b)]. Another important observation
that can be made by comparing the results for MoS, and
WS, is the following: for a given magnetic field, e.g.,
B, =5T, the splitting between states belonging to

E [meV]

B,[T]

FIG. 5 Spectrum of a 40 nm WS, QD as a function of the
perpendicular magnetic field B, > 0. Black (red) lines show the

spin 1 (|) states from valley K (K'). The values of m(j can be

found in Table I, whereas g,; = 1.6 and gslp = 1.99 (see Table 2).

different valleys is significantly larger for the former
material than for the latter [compare Figs. 4(b) and 5].
This is due to the different sign of Acp and, hence, different
spin polarization of the lowest levels in the two materials: in
the case of MoS,, the valley splitting (described by HY))
and the coupling of the spin to the magnetic field (given by
Hg, o) reinforce each other, whereas for WS,, they
counteract, and since g,; and g# have similar magnitude,
in the end the valley splitting of the levels at large magnetic
fields is small. This suggests that for spin and valley
filtering the MoX, compounds are better suited.

The qualitative difference between MoS, and WS,
regarding the valley splitting does not depend crucially
on the exact values of the bulk parameters g, and gg.
However, on a more quantitative level, the valley splitting
does depend on the exact values of the valley and spin g
factors, which were calculated using the DFT band gap and
the k - p parameter y; (see Appendix B for details). It is
known that DFT underestimates the band gap, and the value
of y5 depends to some extent on the way it is extracted from

E [meV]

B,[T]

FIG. 6 Spectrum of a 40 nm WS, QD as a function of the
perpendicular magnetic field B, > 0. The values of m( can be
found in Table I and we used g, =2.31 and gﬁf,: 1.84
(cf. Fig. 5). Black (red) lines show spin 1 ({) states from the
K (K') valley.
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the FP computations. As a result, the values shown in
Table II probably overestimate g,; and gs. To illustrate this
point, in Fig. 6 we show the low-energy spectrum of the
same WS, quantum dot as in Fig. 5 but using a g, (gﬁf,),
which was obtained from a g,; (g5) that is ~20% smaller
than the one shown in Table II. The valley splitting of the
bound states can now barely be observed.

B. Qubits in TMDC quantum dots

Circular hard-wall QDs in two-dimensional semicon-
ducting TMDCs have a spectrum similar to the character-
istic Fock-Darwin spectrum for harmonically confined QDs
(Fig. 4). Taking MoS, as an example, due to the intrinsic
spin-orbit splitting of about 3 meV, each of the spin- and
valley-degenerate states |/} splits into two Kramers pairs at
vanishing magnetic field B =0, namely, (|/,K,1),
|ILK',|)) and (]I, K’, 1), |I,K, |)). Only at relatively high
magnetic fields do we observe a crossing of two states
with the same spin and opposite valley or within the same
valley with opposite spin. These valley and spin pairs
could serve as valley or spin qubits, respectively, but the
required high magnetic field and the other overlapping
levels with different I’ quantum numbers complicate their
realization. (The energy of higher angular momentum
states can, in principle, be increased by making the QD
smaller.)

In view of the above, the most realistic approach seems
to be to use the lowest Kramers pairs around B = 0, e.g.,
|l=0,K,1) and |l = 0,K, | ), as a combined spin-valley
qubit [54,61]. The energy splitting of these two-level
systems could be tuned using the external magnetic field.
The relaxation time of such spin-valley qubits in TMDC
QDs will be limited only by the longer spin or valley
relaxation time, while the pure dephasing time will be
limited by the shorter of the two. The exchange inter-
action then provides the necessary coupling of adjacent
spin-valley qubits for the realization of two-qubit gates.

IV. SUMMARY

In summary, we study TMDCs as possible host materials
for QDs and qubits. We consider n-doped samples, which
can be described by an effective model that involves only
the CB. Using our FP calculations, we obtain the param-
eters that appear in the effective Hamiltonian (effective
masses, g factors) for four distinct TMDC materials. We
discuss the effects of external magnetic and electric fields,
pointing out that the former leads to the splitting of the
energy levels in different valleys, while the latter induces a
Bychkov-Rashba SOC, which, however, appears to be
rather small. We use the effective Hamiltonian to calculate
the spectrum of circular QDs, finding that all bound states
are both spin and valley split. Our results suggest that, at
large magnetic field, QDs in TMDCs can be used as spin
and valley filters, but that this effect may depend on

material-specific details. Finally, we discuss the possible
types of qubits that QDs in TMDC materials can host. We
find that Kramers pairs around B, = 0 appear to be the
most realistic candidates.

The effective one-band model and the material para-
meters that we obtain for different TMDCs will hopefully
be helpful in other fields as well, e.g., for studying
plasmonic excitations [62].
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was published (Ref. [63]).

APPENDIX A: SEVEN-BAND MODEL

1. Introduction

Our aim is to derive a low-energy effective Hamiltonian
valid close to the K (K’) point of the BZ, which describes
the band dispersion, the effects of intrinsic SOC, and the
SOC induced by an external electric field (Bychkov-
Rashba effect). To this end, we consider the SOC in the
atomic approximation, apply k - p perturbation theory, and
take into account the effect of an external electric field
perturbatively. We consider a seven-band model (without
spin) that contains every band from the third band
below the VB (which we call VB-3) up to the second
band above the CB (denoted by CB + 2); i.e., we take the
basis {|\I’£3_3,S>,|\IJZ,]B_2,S>,|\I/£3_1,S>,|\I’X;B,S>,|‘I/g{3,s>,
(WSPHs), \Ilg?”,sﬂ. The upper index b = {VB —3,
VB —-2,VB—1,VB,CB,CB + 1,CB + 2} denotes the
band, and the lower index p indicates the pertinent
irreducible representation of the point group Cjj,, which
is the pertinent symmetry group for the unperturbed basis
functions at the K point of the BZ. The spinful symmetry
basis functions are represented by |U5, s) =|U2) @ |s),
where s = {1, |} denotes the spin degree of freedom.
Note that the basis states can be separated into
two groups. The first group contains those states whose
orbital part is symmetric with respect to the mirror

. - B+42

operation o,: {|UYE, s), [WSE, ), [WYB=3,s), [WEPH2 5) )
1 2 1

the second group contains antisymmetric ~ states:

(W25 WP s). [P ).

2. Intrinsic spin-orbit coupling at the K (K') point
of the Brillouin zone

The intrinsic SOC is treated in the atomic approximation,
whereby the SOC is given by the Hamiltonian [43]
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TABLE IV. SOC matrix of TMDCs at the K point in the seven-band model.

HE W) P ) R ey upls) [Pty
[TYE, s) s,A, 0 0 0 s Ay R 0

|WCE, s) 0 sA, 0 0 0 S_A. LA
|‘I’VB ) 0 0 $:0, 3 $:0 3012 LAV 0 VAV
|\I/C:3+2, s) 0 0 SAS 5 5.0 S, A2y 0 S Ao eqn
|\IIVB 2s) SyAS 0 S_AY 5 S_AY 5,0 SA, 0 0

|‘I’VB Ls) S_AL 1 S+ AL 0 0 0 S8, 0
|‘I’CB+1’ 5) 0 S-Acei SHAL 3 eh S+AC 241 0 0 S8t

M — no1 dV( ) £.8 (AD) edge energy differences. One is, therefore, tempted to first

4m2c r o dr

Here, V(r) is the spherically symmetric atomic potential,
L. is the angular momentum operator, and § = (s, s Sy, 8;) is

a vector of spin Pauli matrices s, sy, s, A(wi}h elgegvalAues
+1). One can rewrite the product L -S as L-S =
Ls.+L,s_ +1L_s,, where L, =L ,+ iI:y and s, =
(s, £is,). The task is then to calculate the matrix
elements of Eq. (Al) in the basis introduced in
Appendix Al at the K (K’) point of the BZ. To this
end, one can make use of the symmetries of the band-edge
wave functions. For instance, the diagonal matrix elements
are proportional to s,. This is because the L, is symmetric
with respect to o, whereas L, is antisymmetric.
Conversely, most of the off-diagonal matrix elements will
be proportional to s, reflecting the fact that they are related
to matrix elements having different symmetry with respect
to o;,. The only exception is the off-diagonal matrix element
between |43, s) and | W42, s), which connects symmetric
states. In addition, one has to consider the transformation
properties of the basis functions and angular momentum
operators with respect to a rotation by 2z/3. The general
result for the K point is shown in Table IV.

Before showing further details of the calculations in
Appendixes A 3 and A 4, some comments are in order. As
long as one considers states close to the K point, the largest
energy scale is the band gap and other band-edge energy
differences. The next largest energy scale comes from the
SOC. As an upper limit of the various diagonal and off-
diagonal matrix elements (see Table IV) one can take the
spin splitting of the VB. The reason is that the main
contribution to this band at the K point comes from the
metal d orbitals, and the metal atoms, being much heavier
than the chalcogenides, are expected to dominate the SOC
(with the possible exception of the CB). This is smaller than
the typical interband energies for the MoX, materials, and,
therefore, the different bands are only weakly hybridized by
the SOC. For the heavier WX, compounds, the VB spin
splitting is 425-460 meV, indicating that some matrix
elements may not be small any more with respect to band-

perform a diagonalization of the SOC Hamiltonian (see
Table IV) to obtain the eigenstates |\I/f; ., ), which will be
some linear combination of the original basis states | U2, s),
and then perform the k - p expansion and the perturbation
calculation for the external electric field using this new
basis. Diagonalization of the Hamiltonian (Table IV) is
possible if one neglects the matrix elements A, 5.,
A, 3.40,and A, _, ., between remote bands. The eigen-
states are linear combinations of a symmetric and an
antisymmetric basis vector. However, the subsequent cal-
culations in Appendixes A 3 and A 4, as well as the final
Lowdin partitioning, are more tractable if we do not make
this diagonalization and stay with the original basis states
throughout the calculations. The two approaches give the
same results in the leading order of the ratio of the various
SOC matrix elements and band-edge energy differences.
For MoX, compounds, the approach outlined below is
adequate: for the heavier WX, materials, it still gives
reasonable results, but the numerical estimates for, e.g., the
effective ¢ factor might have to be revised, once exper-
imental and theoretical consensus is reached regarding the
magnitude of the band gap and SOC band splittings.
The SOC Hamiltonian at K’ can be obtained by making
the following substitutions: A, = A}, Apy — A,
sy — —Sg, s, = —s,. These relations follow from the fact
that the orbital wave functions at K and K’ are connected by
time-reversal symmetry; ie., |V2(K)) = K0|\I/b (K')),
where K, denotes complex conjugation. Cons1der as an
example, a matrix element (\IIZ(K’)\LZ|\I/5(K’)>.

(WKL) (K) = (KoWi(K)|L|Ko WY (K))

)
= (KoWl(K)|L KW (K))
= (KoW(K)|(=1)Ko[L. VY (K)))
= ~([L V) (K)][W2(K))
= ~((W2(K)IL, W (K)))".

Here, we have made use of K,L, = —L K. Relations for
the matrix elements involving the operators L, can be
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obtained by noting that K,L, = —lA,;f(O and, there-
fore, (W (K")|Lo| W0 (K")) = —((W)(K)|L+ |9 (K)))".

3. k - p matrix elements at the K (K’) points

The Hamiltonian Hy., = 2m h(g.p_+ q_p.) has non-
zero matrix elements only between states |U2,s) and
|\Ilﬂ,, s), which are both either symmetric or antisymmetric
with respect to the mirror operation o;,. For the discussion
in the main text, we need only the matrix elements between
symmetric states. These matrix elements, which are diago-
nal in the spin space, have already been obtained in
Ref. [26], but for convenience they are replicated in
Table V. We note that, in addition to p., another operator
due to SOC appears in the calculation of the k - p matrix
elements [43,64], but it can be neglected. The diagonal
elements in Table V are the band-edge energies.

The matrix elements at the K’ point can be obtained with
the substitutions y; — y; and g, — —q. This follows
from

(R (K [ M |90 (K7)) = (Ko W2 (K) [ Hicp | Ko W) (K)
(KoWl (K)|(=1)Ko[Hicp ¥ (K)])
=—(H

=—(

ko U (K)][ P2 (K))
(U2 (K) | Hicp @) (K)))"

As mentioned in Ref. [26], concrete values for the y;
parameters can be obtained from either fitting the band
dispersion or using the Kohn-Sham orbitals to directly
evaluate the matrix elements (U2|p_ | \Ilz; ). The latter can be
done, e.g., with the help of the CASTEP code (see
Appendix D for computational details). To estimate the
effective valley and spin g factor (Appendix B1) and the
Bychkov-Rashba SOC parameter (Appendix B4), we need
the value of y5, for which the two approaches give similar
results.

External magnetic field —The effects of an external
magnetic field in the k - p formalism can be obtained by
using the Kohn-Luttinger prescription [43], which amounts
to replacing the numbers g, g, in the above formulas with
the operators § = 1 =V + £ A, where A is the vector poten-
tial and e > 0 is the magmtude of the electron charge. Note

TABLE V. The k - p matrix elements between symmetric states
at the K point.

Yy IURe) NP ) URT)
1 5 )
V5. 5) & 734- 724+ Vad-
2SE. 5) 739+ £ vsq ved.
|\IIVB_3 s) v5q- vid. e s 0
|\IICB+2 s) Yaq- Yed. 0 Eorn

TABLE VI. Matrix elements of the external electric field at the
K point between symmetric and antisymmetric states.

HE W) s L)
|WX;B, S> 0 O é'v,(r-%—l
|\I}g?’ S> 56,072 0 0
|\II¥/2B_37 S> 0 ":v—3,1.'—1 0
|\I}gf+2* S> 0 §U+2,1:71 0

that, due to this replacement, ¢, and §g_ become non-
commuting operators and their order has to be preserved
when one folds down the above multiband Hamiltonian to
obtain a low-energy effective Hamiltonian. Using the
Landau gauge to describe a homogeneous, perpendlcular
magnetic field, the commutation relationis [§_, ¢, ] = T'
4. External electric field

In order to derive the Bychkov-Rashba SOC, we assume
that a homogeneous, perpendicular external electric field is
present, which can be described by the Hamiltonian
U(z) = eE_z. It breaks the mirror symmetry o, and,
therefore, couples symmetric and antisymmetric basis
states, while the matrix elements between states of the
same symmetry are zero. The full symmetry at the K point
is lowered from C;j, to Cj; i.e., the threefold rotational
symmetry is not broken. The matrix elements of HE
between the symmetric and antisymmetric states are shown
in Table VI.

The matrix elements &, = eE <\I/b|z|‘llb> =eE.(yy
are in general complex numbers. The magnltude of {;,;, can
be calculated using the band-edge Kohn-Sham orbitals, as
in Ref. [47], where this approach was used to estimate the
electric field—induced band gap in silicene (see Appendix D
for computational details). Since the Kohn-Sham orbitals
are defined only up to an arbitrary phase, we cannot extract
the real and imaginary parts of {,, from the actual
calculation. The matrix elements at the K’ point can be
obtained by complex conjugation of the K-point matrix
elements.

APPENDIX B: EFFECTIVE LOW-ENERGY
HAMILTONIAN FOR THE CONDUCTION BAND

The total Hamiltonian of the system is then given by

H = Hy,+Hy + Hy. (B1)
Because our seven-band model contains bands that are far
from the CB, our next step is to derive an effective
Hamiltonian for the spin-split CB. This can be done by
systematically eliminating all other bands using Lowdin
partitioning [64]. Because the trigonal warping in the CB is
weak, we consider terms up to second order in q. We also
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keep the lowest nonvanishing order in the product of g
and the SOC and electric field matrix elements.

At the K point, one finds that the effective Hamiltonian is
given by

2
K s L.
Hels — . +gf’s 8§Sq+q_
lysI* lrel> 1. .
+ g4, (B2a)
B S
HKS AK | cc+1|2 | c$1)71|
so,intr — + K. K.l +7+ K.l K’TS,SJr
& — €. Ec " —E,
(B2b)
7K. |§c,072|2
HUS KS_SKS ’ (B2c)
=2
- 0 ey
Gy = ( e ) (B2d)
ABRG + 0
whereas at the K’ point,
-k NG ly3]?
HYY = ——+— -4
el 2m, XS — f""q T
|J/5|2 |}’6|2 PO
+ |: K' s K',s + K s K',s q+9-; (B3a)
Ec " —E& 3 & —E0
K'.s 4 |A Jrl| |A 171|
Higime = SAE + " rr $-84 + gy 945-
c €41 e — &1
(B3b)
2
S = e, (B30)
—€
o 0 ey
aK = ( o e > (B3d)
AR+ 0

In the above formulas, m, is the bare electron mass and
we use the notation sf(K b= e, + sAf’(K ) where s = +1

is the spin quantum number, Af’(KI) are the diagonal SOC
matrix elements from Appendix A2 at the K, (K’) point,
and ¢, are the band-edge energies defined in Appendix A3,
i.e., not taking into account the SOC. For convenience, we
introduced the shorthand notation 1 for s = 1 and | for
s = —1 in Egs. (B2b) and (B3b). Making use of the fact
that the K and K’ valleys are connected by time-reversal

symmetry (see Appendix A2), we write Af’m) =1A,,
where 7 =1 (—1) for K (K’), and we can introduce the
notation &,° = €, + 75A,,.

The first term in Egs. (B2a) and (B3a) is the free-electron
contribution [43,64]. Regarding the other terms in
Eqgs. (B2a) and (B3a) that contain ¢, and §g_, we do not
assume that they commute; see Appendix B1. Note that
Hg, Hgjne» and Hy are diagonal in spin space, but the
Bychkov-Rashba Hamiltonian Hgyy introduces coupling
between 1 and |. Now, we briefly discuss each of the
terms appearing in Eqgs. (B2) and (B3).

1. Electronic effective Hamiltonian H

In the electronic Hamiltonian H, we took into account
the fact that, in the presence of an external magnetic field,

the operators ¢, and g_ do not commute. To obtain Eq. (1),

2eB

one has to use the commutation relation [§_, ¢, ] = and

w heB.
rewrite h q as isd- + 5. One finds

2m,
2/\ A
FKs — h"q.q_ heB,
el 7=1,s =1,
2mg Mg

1 2l73?
- (Zme _;_81 s s heB, (B4)
c v
in the K valley and

24 A
s — n°q.q_

el 2 =—1,s
Mg

! 2l73/°
- <2me o e | heB: (BS)
L v

in the K’ valley. The effective mass mz; is given by
LR IAP
2mi  2m, el —e€"

~ 12
|76|

s 7.5 T, °
€ —& 3 & —E

(B6)

In the above formulas, 7; =7v;/h. The inverse of the
effectlve mass mg; can be then rewritten in terms of

m%; and Smeg, as shown below Eq. (1).

The difference émg; in the effective masses comes
mainly from the spin splitting A, and A.,, of the VB
and CB + 2, respectively, with other diagonal SOC matrix
elements being much smaller. We attribute the heavier
effective mass at the K point to the 1 band. This assignment
is based on the following. (i) From DFT calculations, we
know that both the VB and the CB + 2 are mainly
composed of d2_,» and d,, orbitals. Using group theo-
retical considerations, we take a VB Bloch wave function
~d_» —id,,, whereas in the case of the CB +2, the
Bloch wave function is ~d,>_» + id,,. (ii) Taking into
account (i), we assume that A, <\I/Vb( ) HE WU (K)) <0
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and A, = (@2?*2(K)|H§f,|\112?+2(1()> > 0. Regarding
(1), we note that, since the states at the K point are related
to the states at K’ by time reversal, our choice for the VB
Bloch wave function is equivalent to other choices in the
literature [5,27] up to a possible relabeling of the valleys
K<K'. The sign of A,, as shown below, affects the sign of
the effective spin g factor; therefore, it should be possible to
deduce it experimentally. (From symmetry considerations
[25,26] and FP results [27], we also know that there is a
small X-p orbital contribution to the VB and CB + 2 as
well, but in contrast to the CB, which is discussed in
Appendix B 2, this can be neglected in the case of the VB
and CB + 2 spin splitting.)

The physical meaning of the term [2|75]%/(el’ —
€y’ )|heB, appearing in Egs. (B4) and (B5) is probably
more transparent if one expands it in powers of
(A, —A,)/(e. —¢€,), where E,, =e.—¢, is the band
gap in the absence of SOC. The zeroth-order term yields
the valley-splitting Hamiltonian HYy; = —zg,jugB,, with

gu=1+ 4me|773|2/Ebg' (B7)

The higher-order terms in the expansion determine
how the coupling of the spin to the magnetic field is
modified due to the strong SOC in TMDCs. Keeping the
first-order term only, one arrives at the Hamiltonian Hg, =
L g&upB,, where gy, is an out-of-plane effective spin g
factor,

A.—A,
(Ebg)2

where m, is the bare electron mass. The value of A, i.e.,
the spin splitting coming from the X-p orbitals in the CB
(see Appendix B 2), is not known; however, we can safely
assume that it is negligible with respect to A . As explained
above, we assume that A, <0, so we find that
gso ~ 8m,|73*|A,|/ (E},). We note that in the case of bulk
semiconductors, a similar formula to Eq. (B8) is called
Roth’s formula [65].

The relevant parameters A,, |y3|, and Ey, to calculate g
and g% are shown in Table VII.

The parameter y; was obtained with the help of Kohn-
Sham orbitals (see Appendix A 3), while the band gap
Ey, = e. — ¢, is readily available from our DFT calcula-
tions. We note that, because Ebg is underestimated in DFT,

Gso ® 8m,[73]> ; (B8)

TABLE VII. Parameters appearing in the expressions for g,
and g, for different TMDCs.

M082 WSz MOSGZ W862
lys| [eV/A] 3.01 3.86 2.51 3.32
2|A,| [eV] 0.146 0.42 0.184 0.456
Epg [eV] 1.85 1.98 1.624 1.736

the values of g, and ¢, shown in Table II are
overestimated.

2. Intrinsic SOC Hamiltonian H, ;¢

Starting from Eqs. (B2b) and (B3b), it is easy to show
that, apart from a constant term, the intrinsic SOC
Hamiltonian H,;, can be written as shown in Eq. (1),
with Acg = A, + (0] — @,)/2, where @, ~|A. . |*/
(80 - 8c‘+l) and wy & |Ac,v—l|2/(€c - ev—l) and in the
denominators we use €," ~ €.

The spin splitting in the CB is discussed in
Refs. [26,36,45]. Using our latest FP results, we revisit
and expand our previous discussion [26] of the problem.
Generally, the intrinsic SOC Hamiltonian H,;,, has two
contributions. One contribution comes from the coupling of
the CB to other, remote bands and is, therefore, second
order in the off-diagonal SOC matrix elements. In our
seven-band model, the couplings to VB — 1 and CB + 1,
described by A. .., and A.,_, are nonzero. These con-
tributions are expected to be dominated by the metal d
orbitals. If one neglects the chalcogenide p orbital admix-
ing to the CB, these are the only terms that can explain the
spin splitting of the CB, which is found in FP calculations
[26,32,36,66,67], and this is the motivation to consider
these second-order terms in Ref. [26]. For the 1 states at the
K point, the term |A. ., |*/(e. — €.,1) predicts a negative
shift. This would mean that the heavier 1 band would be
lower in energy than the lighter | band. In our DFT
calculations, this is indeed the case for WS, and WSe,, but
not for MoS, and MoSe,. However, from the orbital
decomposition of the FP results (see, e.g., Ref. [27]), we
know that there is small chalcogenide p-orbital contribu-
tion to the CB as well. The X-p orbitals, which have
initially been neglected [26,45] in the discussion of the spin
splitting in the CB, give rise to the first term in Egs. (B2b)
and (B3b) (the largest weight in the CB comes from the
M-d orbitals, but these carry no angular momentum, so
they play no role in the SOC). Taking A. > 0 at the K point
(the corresponding Bloch wave function is an eigenfunc-
tion of f,z with positive eigenvalue, see Table IV in
Ref. [26]), the contribution of the X-p orbitals to the
energy of the 1 states is positive. Therefore, a plausible
explanation of the presence or absence of the band crossing
in the spin-split CB for MoX, /WX, materials is that these
two contributions compete. Namely, from Eqgs. (B2b) and
(B3b), it is clear that the X-p orbitals contribute to the spin
splitting in first order, whereas remote bands contribute in
second order; therefore, it is not obvious which is dom-
inant. It is possible that for MoX, materials the first, X-p
orbital-related term is larger, whereas in the case of WX,
which contains a heavier metal, the second term is larger,
explaining the difference between the MoX, and WX,
materials regarding the energy of the heavier or lighter CB
(this possibility has also been mentioned recently
in Ref. [36]).
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In addition, the X-p orbital contribution to the CB spin
splitting seems to be the simplest way to explain the
difference between the spin splitting of MoX, and
MoSe,: in our DFT calculations, we find that it is larger
in MoSe, (Alc\w/k’s‘32 ~ 23 meV), which contains a heavier
chalcogenide than in MoS, (AM°%? ~ 3 meV). On the other
hand, the above reasoning would suggest that, because of
the competition between the two SOC terms of different
origins, the splitting in WS, (AY® ~ 38 meV) should be
larger than in WSe, (AXVS‘32 ~ 46 meV), which is not the
case according to our DFT calculations. This might be
related to the larger orbital weight of the M-d orbitals in the
relevant bands in the case of WSe,. In any case, the detailed
understanding of the SOC in the CB requires further study.

3. Band-edge shift Hy,

The Hamiltonian Hy; in Egs. (B2c) and (B3c) describes
the dependence of the band edge on the external electric
field. An order-of-magnitude estimate can be obtained by
calculating {., , using LDA Kohn-Sham orbitals, gener-
ated by the CASTEP code. As one can see from Table VIII, it
is a small effect for the electric field values
(E, £1072 V/A), where the perturbation theory should
be valid, and therefore we neglect it. We note that, as one
can see in Egs. (B2c) and (B3c), the value of H also
depends (indirectly) on Ej,. The band gap, according to
GW calculations [32,68-71], is most likely to be

|

(1).K 1

(ec — €5 (€0 — £041)

TABLE VIII. Band-edge shift H, in meV, if E, is expressed in
V/A.

MOSZ WSZ MOS€2 WS€2
Hy [meV] 24.6E2 24E? 30.3E2 3.0E2

underestimated by our DFT-LDA calculations. On the
other hand, &., , is probably overestimated, because
screening is neglected in our perturbative Kohn-Sham-
orbital-based calculations. As a consequence, the values
shown in Table VIII overestimate the real value of Hy,. This
conclusion is supported by our preliminary DFT results on
the £, dependence of Ej, obtained by the CASTEP code.

The shift of the band edge is, in principle, spin
dependent, but as one can see from Egs. (B2c) and
(B3c), this is a higher-order effect and can be safely
neglected.

4. Bychkov-Rashba Hamiltonian Hgy

Finally, we discuss the Bychkov-Rashba Hamiltonian
[Egs. (B2d) and (B3d)]. It is a sum of several terms, each
having the same structure and related to the matrix elements
év,c—}—l’ 51}—3,1)—1» gc-&-l,v—lv and éc.v—Z- USing Lowdin partl-
tioning, one finds for the most important term at the
K point,

(V§q+5v.c+15—Azc+1 + 73‘1752,c-+15+Ac,c+1)

1),r (1), 1),r (1),
= (R + idpR ) s + (" — iR )a_s

1),r 1),i
= ’1]<31% <Sx%c + Sy‘]y) + l](?.l% <Sy%c - sx‘]y)

(1)«
_ < <1(>) (5e) q). (BIb)
ABRY+ 0

To make the results more transparent, in the above
formula we neglect the spin splittings of the CB and
CB + 1, which are much smaller than the splitting of the
VB. The product y3&, .41 A7 ., 1s, in general, a complex
number and, therefore, the Bychkov-Rashba coupling
constant

y;iv.ﬁ»lA:,CJrl
(gc - 67%)('86‘ - 86‘-‘1—1)
is also complex. By separatin)g the real and imaginary parts
of Agg, one can write Hgl%‘ in the more familiar form
shown in Eq. (B9a)).

One can estimate the magnitude of /Iglg in the following

way. As mentioned in Appendix A4, one can calculate
the magnitude of {7 .., and the parameter y; using the

AN = (B10)

(B9a)

l

band-edge Kohn-Sham orbitals (see Table IX). The band-
edge energies ei v, ey, and slﬁl are known from DFT-LDA
band structure calculations; we have collected their values
in Table IX. Unfortunately, the off-diagonal SOC matrix
element A, ., is not directly given by the DFT calcu-
lations. However, information about the weight of the M-d
orbitals in each of the bands can be obtained from DFT
computations, and, therefore, we can relate this matrix
element to A,, because the dominant contribution to the
SOC should come from the M-d orbitals. Because the M-d
orbital weight in both the CB and the CB + 1 band is
similar to the one in the VB, we take |A. .| S |A,|.

A similar procedure can be performed to estimate the
terms proportional to the other nonzero &, ;» matrix elements
as well. We find that the magnitude of these further terms
are significantly smaller than that of igﬁ, mainly because of
the prefactors, which are inversely proportional to the
product of band-edge energy differences between remote
bands. Therefore, as an order-of-magnitude estimate of the
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TABLE IX. Parameters appearing in Eq. (B10) for different
TMDCs. &, .. is calculated using DFT-LDA Kohn-Sham
orbitals. The other parameters are obtained from DFT-LDA
band structure calculations. E, is in units of V/A.

MOSZ W52 MOSCQ WSez
|€sci1] eV Al 0.54E, 0.6E, 0.57E, 0.64E,
e, —el [eV] 1.77 1.71 1.54 1.44
£ — €. [eV] -1.16 —133 —0925 —1.14

strength of the Bychkov-Rashba SOC, one can just use /1](311%.

Taking values for |y3;| from Table VII and for the other
parameters from Table IX, one finally arrives at the results
shown in Table III.

The method outlined here most likely overestimates the
real values of the Bychkov-Rashba parameters. In addition
to the uncertainties in the values of the SOC matrix elements
and the y; parameters, there are two other sources of error:
(1) the calculation of { 2  did not take into account screening
effects (see Ref. [47]) and, (ii) according to GW calculations,
the real band gap is larger then the DFT one, and this affects
the energy denominators in the above formulas.

APPENDIX C: EIGENFUNCTIONS OF
THE a_ AND a, OPERATORS

Considering the functions Jai(p, @) =
e pll2e=2M(a,|l| + 1, p), one can show that

& gu1(pr0) = { mﬁgaﬂ,m(ﬂy ¢) 1<0, n
e 190.1-1(p. @) >0
and
19a—i141(p @) 1<0,
4 p) = ’ c2
B8P 0) { (1 =249 9air1 (P 0) 120, €2

To prove these relations, one may use the following
identities for the confluent hypergeometric functions:

O,M(ab.p) =S M(a+1,b+1.p)  (C3)

(b—a)M(a.b+1,p) =bM(a,b,p)—bd,M(a,b,p),

(C4)
(b—1)M(a,b—1,p)=(b—1)M(a,b,p)
+pd,M(a.b.p), (C5)
(b—1)M(a—1,b—1,p)=(b—1—p)M(a,b,p)
+pd,M(a.b,p). (C6)

TABLE X. DFT-LDA lattice parameters.

MOSz WSz
3.129 3.131

MoSe,
3.253

W862
3.253

ay [Al]

APPENDIX D: COMPUTATIONAL DETAILS

The band structure calculations are performed with the
VASP code [72] using the LDA. The plane-wave cutoff
energy is 600 eV. We use a 12 x 12 Monkhorst-Pack k-
point grid in the 2 D plane to relax the geometry and a
24 x 24 grid to calculate the band structure. The artificial
periodicity in the vertical direction is 20 A. The optimized
lattice parameter a, for each TMDC is shown in Table X.

The matrix elements of the momentum operator p, and
the Hamiltonian describing the perpendicular electric field
are evaluated within the LDA using the CASTEP code [73]
because the necessary plane-wave coefficients of the Kohn-
Sham orbitals at the band edges were readily accessible in
the output of CASTEP. We use norm-conserving pseudopo-
tentials, a plane-wave cutoff energy of 2177 eV, an artificial
periodicity of 15.9 A in the vertical direction, and a
21 x 21 Monkhorst-Pack mesh. The optimized lattice
parameters are similar to those found in the vAsp
calculations.
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