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ISOMORPHISM PROBLEMS OF NONCOMMUTATIVE
DEFORMATIONS OF TYPE D KLEINTAN SINGULARITIES

PAUL LEVY

ABSTRACT. We construct all possible noncommutative deformations of a
Kleinian singularity C2/T" of type D, in terms of generators and relations, and
solve the isomorphism problem for the associative algebras thus constructed.
We prove that (in our parametrization) all isomorphisms arise from the action
of the normalizer Ng,(2)(I") on C/T'. We deduce that the moduli space of iso-
morphism classes of noncommutative deformations in type D, is isomorphic
to a vector space of dimension n.

0. INTRODUCTION

Let V be a complex vector space of dimension 2 and let I' be a finite sub-
group of SL(V'). Such subgroups are classified: up to conjugacy, they are in one-
to-one correspondence with the simply-laced Dynkin diagrams A,(n > 1),
D, (n > 4),Es, E7, Es. Let A be the Dynkin diagram of I'. The quotient V/T,
which has coordinate ring C[V]" and embeds as a hypersurface in A® is a Kleinian
singularity or rational double point of type A. The Dynkin diagram A arises as the
exceptional configuration of the minimal resolution of the singularity V/T' (see [IT7,
§6]) or as the type of the McKay graph of I', which is isomorphic to the extended
Dynkin diagram A ([I5]).

It follows from the identification of V/I" with the set of zeros of a weight homoge-
neous polynomial in C? that there is a Poisson bracket on C[V]' and an associated
Poisson structure on the polynomial ring C[X,Y, Z]. (See Section 1 for the defini-
tions. This Poisson bracket is a nonzero scalar multiple of that given by restricting
a choice of symplectic bracket on C[V] to the ring of invariants C[V]'.) In [§],
Crawley-Boevey and Holland constructed a family of (in general noncommutative)
deformations Oy of (the Poisson bracket on) C[V]'', parametrised by A € Z(CI).
This generalized work of Hodges [14] and Smith [I8] who constructed deformations
of, respectively, a Kleinian singularity of type A and the corresponding Poisson
structure on C[X,Y, Z]. The algebras of Hodges were earlier studied by Bavula in
[2, B] in the context of generalized Weyl algebras. It is perhaps a little surpris-
ing that until recently no one had attempted to describe the possible deformations
of the nontype A singularities in terms of generators and relations. In Section 1
we carry this out for type D. We construct all noncommutative deformations of

Received by the editors March 21, 2007.
2000 Mathematics Subject Classification. Primary 16580, 16S38.

(©2008 American Mathematical Society
Reverts to public domain 28 years from publication

2351



2352 PAUL LEVY

a Kleinian singularity of type D,,, parametrised by a pair (Q,~), where Q(t) is
a monic polynomial of degree (n — 1) and v € C. We denote the corresponding
associative algebras by D(Q,~) (Definition [[T]). We also classify the noncommuta-
tive deformations of the corresponding Poisson structure on C[X,Y, Z], which are
parametrised by v € C and a polynomial P with leading term (n — 1)t"~2. We
denote the associative algebras thus produced by H(P,~). (One could perform this
process for the exceptional types. The calculations are rather detailed, but not
impossible.)

Let g be a complex simple Lie algebra with Dynkin diagram A and let E be a
subregular nilpotent element of g. Choose an sl(2)-triple {H, E, F'} C g containing
E. Tt was proved by Brieskorn [7] that the intersection of the Slodowy slice E+34(F)
with the nilpotent cone of g is isomorphic to V/I'. (This was generalized to the
case of nonsimply-laced A by Slodowy [17].) Singularities can be constructed in this
manner for arbitrary nilpotent orbits. In [I6], Premet proved that all singularities
constructed in this way have natural noncommutative deformations (see [13] for
a simplified proof). It was recently proved (by Arakawa [I] for regular E and in
the Appendix of [10] for general E) that Premet’s deformations are isomorphic to
the finite (quantum) W -algebras of mathematical physics, constructed via quantum
Hamiltonian reduction and the BRST cohomology (see de Boer and Tjin [9]).

The associative algebras of Hodges-Bavula and Smith have straightforward pre-
sentations in terms of generators and relations: if @ and P are polynomials, then
let A(a) (resp. R(P)) be the algebra with generators e, f,h (resp. H, A, B) and
relations

he—eh=e, hf — fh=—f, ef =a(h—1), fe =a(h)
(resp. HA — AH = A, HB — BH = —B, AB — BA = P(H)).

If P(t) = a(t — 1) — a(t), then A(a) is the quotient of R(P) by the ideal generated
by the central element AB — a(H — 1) = BA — a(H). The problem of when two
algebras A(a1), A(ag) are isomorphic was solved by Bavula and Jordan in [4]: the
isomorphisms are precisely the ‘obvious’ ones. Namely, A(a1) = A(az) if and only
if a1(t) = nao(7 £t) for some n € C*,7 € C. A similar isomorphism theorem for
the algebras R(P) then follows. In Section 2 we tackle the isomorphism problem for
the algebras D(Q,~). This turns out (unsurprisingly) to be more straightforward
in the case n > 4, where we have the following result (Theorem [2Z22)):

Theorem. Let n > 4, let Q1,Q2 be monic polynomials of degree (n — 1) and let
v1,72 € C. Then D(Q1,71) = D(Q2,7v2) if and only if Q1 = Q2 and v1 = +s.
The automorphism group of D(Q1,71) is trivial unless v1 = 0, in which case it is
cyclic of order 2.

It follows that the moduli space of isomorphism classes of deformations of (the
Poisson bracket on) a Kleinian singularity of type D,,, n > 4, is isomorphic to affine
n-space (Corollary 2:23]), generalizing the same result for type A,. In Section 3 we
carry out specific calculations for the case n = 4, where the situation is rather
more interesting. Here there are six sets of isomorphisms, corresponding to the six
elements of Ngp,vy(I')/T = S3, or equivalently to the six graph automorphisms of
a Dynkin diagram of type D4 (Theorem ). The moduli space of isomorphism
classes is nevertheless isomorphic to a vector space of dimension 4 (Corollary B.g).
We also apply our results on D(Q,~) to solve the problem of when two algebras

H(P,v),H(P,%) are isomorphic (Theorem and Theorem B.9)]).
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Our methods share a certain similarity with those of Bavula and Jordan [4],
who adapted Dixmier’s approach to solving the isomorphism problem for the case
dega = 1,2 ([II [12]). In particular, we construct a filtration of D(Q,~) by the
additive group Z? endowed with the lexicographic ordering (which compares to
Bavula and Jordan’s family of filtrations of A(a) [4, Thm. 3.14]) and exploit a pe-
culiar property of one of the generators for D(Q,~) to analyse its possible images
in the corresponding graded algebra (Lemma[2H]). On the other hand, at this point
we diverge sharply from the path of [4], since elimination of the remaining cases
requires an in-depth study of certain expressions involving commutators. How-
ever, one advantage of this analysis is the explicit construction of the ‘nontrivial’
isomorphisms in type Dy (Definition B3]).

Since the first version of this article was completed we have learned that a con-
struction of all possible noncommutative deformations of type D Kleinian singular-
ities was carried out in the Ph.D. thesis of Boddington [5]. Boddington defines a
family of noncommutative deformations D(q) parametrised (in type D,,) by a poly-
nomial of degree n (which can be assumed to be monic) and solves the problem,
for n > 5, of when two such algebras are isomorphic as filtered algebras. The con-
struction in [5 [6] identifies D(g) with a subalgebra of an Ore localization of A(a)
for suitably chosen a. More recently [6] Boddington has proved that each D(q) is
isomorphic to some D(Q, ) (and vice versa), and that any noncommutative defor-
mation in type D is isomorphic to one of the algebras Oy. Let I be the vertex set
of the McKay quiver for I', with the vertex corresponding to the trivial represen-
tation labelled by 0. Recall [8] that O, is isomorphic to egll*eq, where II* is the
deformed preprojective algebra and eq is the trivial path at 0. For each ¢ € I there
is a simple reflection s; of the lattice ZI and a corresponding dual reflection r; of
the centre Z(CT'). (See [8] for definitions.) In [8] §5], Crawley-Boevey and Holland
introduced certain Morita equivalences called ‘reflection functors’ E; : II* — II7.
Hence there is such a Morita equivalence E,, for any element w of the affine Weyl
group W of type D. If w fixes 0 (in particular if w is in the subgroup Wy of W gen-
erated by the r;, i # 0), then there is an induced Morita equivalence Oy — Oy, (y)-
Moreover, it turns out that such reflection functors F,, with w € W} are not merely
Morita equivalences but are isomorphisms, and after nonzero scaling in Z(CI') any
isomorphism between noncommutative Crawley-Boevey-Holland deformations can
be described in terms of such reflections and graph automorphisms [6 Thm. 8.2].

Boddington’s parametrisation of the noncommutative deformations is more
closely related to the Crawley-Boevey-Holland construction than our parametri-
sation, as we now explain. Let Y be the set of A € Z(CT") which have trace 1 on
the regular representation of I'; hence any noncommutative O, is isomorphic to
some Oy with A € Y. Then Boddington’s parametrisation of the noncommutative
deformations of type D,, corresponds to the set Y, that is, factoring out Crawley-
Boevey-Holland by nonzero scaling. Our parametrisation via (Q,~) corresponds
to taking the quotient of Y by Wy, that is, a Weyl group of type D,,. Also, the
moduli space of isomorphism classes corresponds to the quotient of Y by the full
automorphism group of a root system of type D,, (namely, a Weyl group of type B,
if n > 4, and a Weyl group of type Fy if n = 4). We expect similar constructions
to exist for the exceptional type Kleinian singularities.

Notation. We denote by [z,y] the commutator xy — yx. If m and j are positive
integers, then [m/j] will denote the integer part of m/j.



2354 PAUL LEVY

1. GENERATORS AND RELATIONS

Let V be a complex vector space of dimension 2. Identify SL(V') with SL(2) by
a choice of basis for V', and let z,y be the corresponding coordinate functions on
V. Up to conjugacy, there is a unique binary dihedral group I' C SL(V') of order
4(n — 1) for each n > 3. Following [I7], we choose the following generators for I':

_(¢ 0 _( 0 1 _ _mi/(n—1)
U—(O - and 7 = 1 0 , where ( =e .

The quotient V/T" is a Kleinian singularity or rational double point of type D;,41.
It is easy to see that the coordinate ring C[V]" is generated by x2y?, (z2"~1) 4+
y?>(»= 1) and zy(z2» Y —y2(=1D) hence is isomorphic to C[X,Y, Z] /(X" + XY? +
Z?%). Accordingly, we consider the grading on C[X,Y, Z] in which X has degree 4,
Y has degree 2(n—1) and Z has degree 2n. Clearly the polynomial X" + XY?+ 72
is homogeneous with respect to this grading.

Recall that a Poisson algebra is a commutative algebra B endowed with a Poisson
bracket {.,.} satisfying:

(i) (B,{.,.}) is a Lie algebra,

(ii) {b,.} is a derivation of B for each b € B.

If B is graded, then the Poisson bracket on B is of degree (—r) if {b,c} € Biyj_»
for all b € B;, c € B;.

Any polynomial ¢ € C[X,Y, Z] induces a Poisson structure on C[X,Y, Z], which
we denote {.,.}4, such that

[X.Y}y = 00/0Z.{X, Z}y = ~00/0Y. (Y, Z}4 = 06/0X.

Moreover, since (¢) C C[X,Y, Z] is a Poisson ideal, there is an induced Pois-
son bracket on the quotient C[X,Y, Z]/(¢). If ¢ is a weight homogeneous poly-
nomial (that is, homogeneous with respect to a grading of C[X,Y, Z] obtained
by attaching certain degrees to X,Y,Z), then C[X,Y,Z] and C[X,Y, Z]/(¢) are
graded Poisson algebras. (It is easy to see that the Poisson bracket has degree
(deg d —deg X —degY —deg Z).) In the case ¢ = X"+ XY?2 + Z?2 and the grading
of C[X,Y, Z] defined above, the Poisson bracket has degree —2. The Poisson struc-
ture is equivalent to that obtained by considering C[V]' as a (Poisson) subalgebra
of C[V], equipped with the symplectic bracket satisfying {z,y} = 1. We will first
construct (all possible) noncommutative deformations of the Poisson bracket on
ClX,Y, Z]. We denote the algebras thus produced by H(P,~), parametrised by a
polynomial P with leading term nt"~! and a scalar v € C. The H(P,~) are the
analogues in type D of the algebras R(P) constructed by Smith [I8]. In Lemma [[.4]
we show that the centre of H(P,+) is a polynomial ring C[{2] on one generator, and
provide a precise description of Q. The various factor algebras H(P,v)/(Q — ¢),
¢ € C, thus determine all possible noncommutative deformations of the Kleinian
singularity C[X,Y, Z]/(¢) of type Dy 1.

Recall that an associative C-algebra B is (Z-)filtered if there exist vector sub-
spaces B; of B such that B = Uz’GZ B; and B; - B C B;4;. The correspond-
ing graded algebra of a filtered algebra B, denoted gr B, is the graded algebra
D,z Bi/Bi—1. For any b € B\ {0} there exists a minimum ¢ such that b € B;.
(If ez Bi # {0}, then we could of course have i = —oo. However, in this paper
we will always assume that a Z-filtration satisfies B; = {0} for all ¢ < 0.) We call
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this ¢ the degree of b and write grb = b+ B;_1 € gr B. For completeness, define
gr0=0.

For our purposes, a noncommutative deformation of a graded Poisson algebra
(Ao, {., .}) with Poisson bracket of degree —r is a filtered associative algebra A
such that

-grA= A,

- griz,y] = {gra,egry} for any z,y, € A.

For the moment we wish to determine all noncommutative deformations of
the graded Poisson algebra (C[X,Y,Z],{., .}). Since grA = Ay and the Pois-
son bracket is of negative degree, we can choose generators U, V, W such that
{UWVIW* : 4,5,k > 0} is a basis for A. In particular grU = X, grV = Y, and
grW = Z and hence the filtration on A satisfies degU = 4,degV = 2n — 2 and
deg W = 2n. (We note that since the grading of C[X,Y, Z] is even, Ag;11 = Ag;
for all i« > 0.) More generally, we have

ITYWITWE = ; — 9}
degi’j’%;o ai; U VW a%3§0(4z + (2n —2)j + 2nk).
Moreover, with respect to this filtration, [U,V] = 2W + lower terms, [U, W] =
—2UV + lower terms, and [V,W] = V2 + nU""! + lower terms. We wish to find
the possible expressions for these commutators which satisfy the Jacobi identity.
But it clearly changes nothing to replace U (resp. V, W) by an equivalent element
modulo the scalars (resp. Ag,—4, Aap_2).

Hence, after substituting for W, we assume that [U,V] = 2W. Now [U, W] =
—2UV 4+ aW + BV + p(U) for some polynomial p € C[t] of degree < (n+1)/2 and
some a, 8 € C. Substituting (U — 3/2) for U, we may assume that 5 = 0. Let
p =tq+~ for g € C[t],y € C. Replacing V by (V — q(U)/2), we may assume that
[U,W] = —=2UV + oW + ~. Finally, there exist polynomials P, my,ms € C[t] with
my of degree < (n—3)/2, ms of degree < (n—2)/2 and P with leading term nt"~!
such that [V, W] = V2 + P(U) +my (U)W +mz(U)V. But the Jacobi identity now
requires that [U, [V, W]] = [V, [U, W]], hence that m; = mz =0 and o = 2.

Definition 1.1. Let P(¢) be a polynomial of degree (n — 1) and let v € C.
The algebra H(P,7) has generators U, V,W and relations [U,V] = 2W, [U,W] =
—2UV +2W +~ and [V, W] = V2 + P(U).

This definition does not require P to have leading term nt"~!; but by scaling
generators (U, V,W) — (U, aV,aW) we can easily see that H(P,+) is isomorphic
to H(a?P,ary) for any o € C*. Lemma 1.2 follows immediately from the above
discussion.

Lemma 1.2. Let A be a noncommutative deformation of (C[X,Y, Z],{.,.}¢), where
¢ = X"+ XY2+ Z2. Then A is isomorphic (as a filtered algebra) to H(P,~) for
some polynomial P(t) with leading term nt"~! and some y € C.

We now describe the centre of H(P,~). To do this we need a little preparation.
By definition [U,V] = 2W and [U,W] = —2UV + 2W + 4. It follows that there
exist polynomials a,, (3, € C[t] such that [U", V] = a,(U)[U, V] + B, (U)[U, W].
Indeed, then

(U™ V] =U"U, V] + (an(U)[U, V] + Bu(U) U, W])U
= U" +an(U) + 208, (U))[U, V] + (U = 2)Bn(U) — 20 (U))[U, W].
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Hence a1 = t" +tay, +2t06, and B,41 = (t—2)8, —2a,. To solve these difference
equations, let ¢ : C[t] < C[s] be the algebra embedding which sends ¢ to —s(s+1).
For f € C[t] (temporarily) denote by f the image ¢(f). Let p, = @, — 53, and let
n = Qp+(5+1)3,. A straightforward calculation shows that p, 1 = (—s(s+1))"—
s(s=1)pn and piny1 = (=s(s+1))" = (s+1)(s+2)pn. But p1 = p1 = 1, hence p,, =
((=s(s— 1)) —(—s(s+1))") /25 and g = ((—s(5+1))" — (—(5+1)(s+2))")/2(s+1).
It would be straightforward to write explicit expressions for «,, and [,, but this
will suffice for our purposes. Let p,pu : C[s] — CJ[s] be the linear maps given by
p(p) = (p(=s) — p(s))/2s and p(p) = (p(—(s + 1)) — p(s +1))/2(s + 1). We note
that for any f € C[t] there exist unique polynomials a(f),5(f) € C[t] such that

a(f)—sB(f) = p(f). Indeed, by the above discussion there exist unique a(f), B(f)

such that a(f)—sB(f) = p(f) and a(f)+(s+1)8(f) = n(f). But —s(s+1) is stable
under the algebra endomorphism of Cls] which sends s to —(s + 1), hence the first
condition implies the second. Thus we introduce the linear maps «, 8 : C[t] — CJt]

such that a(f) — sB(f) = p(f) for all f € C[t].

Lemma 1.3. (a) [f(U), V] = a(/)(U)[U, V] + B(f)(0)[U, W].
(b) [F(U), W] = ~UB()(O)[T, V] + (alf) + BNV, W),

Proof. The first assertion is an immediate consequence of the discussion in the
paragraph above. For (b), we note that 2[U, W] = [U, [U, V]] = 2a(f)(U)[U, W] —
20B(NW)IU, V]I +268(/)(O)[U, W]. O

Lemma 1.4. Let P(t) be a polynomial with leading term nt"~1 and let vy € C. Then
there is a unique monic Q € C[t] up to addition of scalars such that Q(—s(s—1))—
Q(—s(s+1))=(s—1)P(=s(s—1))+ (s+1)P(—s(s+1)). Let Q=QU)+UV?+
W2 - 2WV —~V € H = H(P,v). Then Z(H) = C[Q).

Proof. Let h be an element of H of the form Q(U) +UV?2 +W?2 +aWV + 3V2 +
p1(U)YW + po(U)V, where Q@ € C[t] is monic of degree n and py,ps € C[t] are
polynomials of degrees < (n — 1)/2 and < n/2 respectively. To find the possible
Q,p1,p2 such that h € Z(H), we have only to find the conditions under which
[z,U] = [2,V] = 0 (since then [z, [U,V]] = 0, hence z € Z(H)). It is easy to see
that

[U,UVZ+W?] =2UWV —2WUV +4W? + 29W = [U,2WV +~V].

It follows that [U,h] = 0 if (and only if, though this is unnecessary) h = Q(U) +
UVZ+W? - 2WV — V. Assume h is of this form. To determine when [h, V] =0
we apply Lemma [[L3 By a straightforward calculation,

[UVZ4+ W2 —2WV,V]= —[V,[V,W]]—2P(U)W + [P(U), W]
= [P(U),V]+[P(U),W]-PU)[U,V]

But therefore h € Z(H) if and only if [Q(U) + P(U),V]+[P(U), W] = P(U)[U,V].
By Lemma [[3] a(Q) = P+ t3(P) — a(P) and 3(Q) = —(a + 28)(P). It follows
that a(Q) — sB(Q) = P + (s — 1)(a — s3)(P). Hence @ is the unique polynomial
modulo addition of scalars such that Q(—s) — Q(s) = (s — 1)P(—s) + (s + 1) P(s).

This proves that Q@ = Q(U) + UV? + W2 — 2WV —+V € Z(H). Let B be
the Poisson algebra (C[X,Y, Z],{.,.}). It is well-known (and easy to check) that
the Casimir elements CasB = {f € B : {f,g} = 0Vg € B} = C[¢]. It is easy
to see that if h € Z(H), then grh € Cas B. Suppose therefore that h € Z(H),
but h ¢ C[2]. We may assume that the degree of h is minimal subject to this
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condition. Then grh € CasB, hence grh = £¢' for some i and some ¢ € C*.
But now h — £Q° € Z(H) has degree strictly less than h, which contradicts our
assumption on h. (I

We note that the condition on @, P is equivalent to the condition
(1) Q(—s(s+1))+ (s+1)P(—s(s+1)) is an even polynomial in s.

Moreover, for each monic polynomial Q(t) there is a unique P(t) satisfying (D),
necessarily with leading term nt™~! (where n is the degree of Q).

Definition 1.5. Let Q(t) be a polynomial of degree n and let v € C. We define
D(@Q,~) to be the associative algebra with generators u, v, w and relations

[u,v] = 2w, [u,w] = —2uv+ 2w+, [v,w]=v*+ Pu)
and Q(u) + uv® + w? — 2wv — yv = 0,
where P(t) is the unique polynomial of degree (n — 1) such that
Q(—s(s—1) —Q(—s(s+1))=(s—1)P(—=s(s — 1))+ (s + 1) P(—s(s + 1)).

In common with the convention for type A, we have not assumed that @ is monic
in the above definition. But the change of generators (u,v,w) — (u,&v, {w) gives
a natural isomorphism D(Q,v) = D(£2Q, &7). Hence any such algebra D(Q,7) is
isomorphic to some D(Qg, o) with Qo monic.

2. THE ISOMORPHISM PROBLEM

Recall that if A = J;c;, Ai is a Z-filtered algebra satisfying A; = {0} for all
1 < 0, then there is a uniquely defined degree function on nonzero elements of A:
degz = minge 4, 4. In fact this degree function defines the filtration. Fix a monic
polynomial Q(t) of degree n > 3 and v € C, and let A = D(Q,~). Let P(t) be the
unique polynomial such that Q(—s(s+ 1)) + (s + 1)P(—s(s+ 1)) is even in s. By
construction A is a Z-filtered algebra such that {u'v/w® : i,5 € Z > 0,¢ € {0,1}}
is a basis for A and deg}_, ; ajjcu'v/w® = maxg,;, £0(4i + (2n — 2)j + 2ne).

However, for any integer N > n we can also define a Z-filtration on A with degree
function deg, ; aijeu'vIw® = maxg,; +0(4i + (2N — 2)j + 2Ne). To see this we
have only to check that if z,y € A, then degxy < degz + degy. Hence suppose
z =Y ajjuviw® and y = Y bijeu'viw. Then 4i+ (2N — 2)j + 2Ne < degz for
all ajje # 0, and 4k + (2N — 2)l + 2Nn < degy for all by, # 0. It follows that

4(i+ k) + (2N —2)(j +1) + 2N (e +n) < degz + degy
for all a;jebriy 7# 0. But

xy = Z ijebpry (TR Tl 1 — iRy [pb ™ — wt[u®, vl wlolw™).
i,5,k,1>0,e,ne{0,1}
Hence by induction on degx + degy we have only to show that the commutator
relations [u, v] = 2w, [u, w] = —2uv+2w+7, [v, w] = v2+ P(u) and the substitution
w? = —Q(u) — uv? — 2vw + 202 + 2P (u) + yv are of nonpositive degree; that is, the
terms on the right are of equal or lower degree than the corresponding terms on the
left. This is easily checked. We remark that the corresponding graded algebra of
A under this filtration is C[X,Y, Z]/(XY? + Z?), with X in degree 4, Y in degree
(2N —2) and Z in degree 2N. It will be extremely useful for us to consider the ‘limit
as N tends to infinity’ of these filtrations. Hence consider the group of pairs (a, b)
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of integers, with the lexicographic ordering (a,b) > (a’,b’) if and only if a > a’ or
a=da and b> V. Let Aéo) =C C A, and let AW (a,b € Z) be the subspace of A
spanned by all monomials of the form u‘v7w® with (j+¢, 2i+¢€) < (a,b). (We assume
that € € {0,1}, although this isn’t strictly necessary.) Note that AY = Uy ez Agb_)l

for any a € Z and any b < 0. Let AY® = ALY for all a € Z. Tt is straightforward

to check that the commutation relations [u,v] = 2w, [u,w] = —2uv 4+ 2w + v and
[v,w] = v? + P(u) satisfy deg[z,y] = degz + degy — (0,1) and that the equality
w? = —uw? —Q(u)+2wv+~v replaces w? by a term of equal degree (2, 2) (congruent

to —uwv? modulo Aél)). It follows by the argument above that A ={J, ,cz AP is a

well-defined filtration of A, which we call the limit filtration. It is easy to see that
the corresponding graded ring is isomorphic to C[X,Y, Z]/(XY? + Z?2), where X
has degree (0,2), Y has degree (1,0) and Z has degree (1,1). (The induced Poisson
bracket satisfies {X,Y} = 27, {X,Z} = —2XY, {Y,Z} = Y2, and is of degree
—(0,1).)

Until further notice we fix the limit filtration on A. It turns out to be significantly
easier for us to calculate using the monomials u‘wv’~! rather than u‘v/~w. (This
does not affect our definition of the filtration since wv = vw+terms of lower degree.)
Hence we express elements of A in terms of the basis {u‘wv? : i,j > 0,e = 0,1}.
Denote by gry;,,, A the associated graded ring, that is, gry;,,, A = 3_, ez Aflb)/Agb_l).
Since gry;m A = >, 150 A,(lb)/A((lb_l) and any subset of Z>o x Z>o has a minimal
element (in the ordering on Z?), there is a well-defined degree function on nonzero
elements of A. Hence we can associate to any element a of A a corresponding
element gry;,, a € gry;,,, A. It is easy to see moreover that u’w®v’ has degree (a, 2b)
if and only if i = b, 5 = a and € = 0, and has degree (a,2b + 1) if and only if
a>0,e=1,i=band j =a— 1. Hence each component in the grading of gr;;, A
is of dimension 1. We will write “z = &u'w v/ +lower terms” to mean that z is
congruent to &u‘wv?! modulo A;ijefl) (implicitly assuming & # 0). We refer to
Sulwe? as the ‘leading term’ in .

Note that [u,v™] = 2mwv™ 14 lower terms and [u, wv —2muv™+lower
terms; thus the cosets of (adu)?(v™), j > 0, form a basis for AS,?O)/Af;i)l. Define
polynomials F),, € C[S,T], m € Z>q, by Fy =S and

Foo = (8% —2m?*S + m?(m? — 1) + 4m>T)

for m > 1. For z € A, let adz denote the derivation y — xy — yx of A. Clearly
ad u and left multiplication by w, denoted [,,, commute.

Lemma 2.1. Let x € A. Then there exists m such that [}~ Fi(adu,l,)(z) = 0.

Proof. Since ad u and [,, preserve each of the subspaces A,(ﬁo ), it is enough to show
that F,(adu, 1,)(z) € ALY, for any 2 € ALY But A /A, is spanned by (the

mfl] —

cosets of) (adu)*(v™), i € Z>, hence it will suffice to show that Fo(adwu,l,) (™) €
A
Clearly
[u,0™] = 2wu™ 1 + 20wv™ 2 + .+ 20 L

= 2mwv™ !+ Z;";ll [v], wp™ =179,
but since [v, w]=v? (mod A(()OO)), we deduce that [v7,w]v™ 177 =ju™ (mod ASCL)Q).

It follows that [u, v™] = 2mwv™ 1 + m(m — 1)v™ (mod A%,). Now [u, wv™~1] =
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—2uv™ 4 2wu™ " 4 ™+ wlu, v™ 7. Thus
[u, wv™ ] = —2uv™ + ((m — 1)(m — 2) + 2)wo™ !
+ 0™ 4 2(m — Dw?v™ 2 (mod Agffi)Q).
But w? = —uv? + 2wv + yv (mod A(()OO)) by the defining relations for A. Hence
[u, wv™ '] = —2muv™ + m(m + Dwo™ ! 4+ (2m — 1)y0™ ! (mod Ag,fi)z).
This proves the statement about v™. In fact we have shown that
Fp(adu,l,)(v™) = 2m(2m — 1)y™ ! (mod A,(so_)z). O

Lemma 2.2. Let P(S,T) = [[i-,F:(S,T). If P is written in the form
Z?:OH a;(T)S?, then agms1 = 1 and deg agym1—; < i/2.

Proof. Let S be the set of all polynomials in C[S,T] of the form Zf\;o a;(T)S?,
where ay # 0 and degay—; < /2. The product of any two elements of S is also
in S, since the coefficient of S in (3" a;(T)S7) (X b(T)SY) is > =i 0 (T)bu(T).
But clearly F; € S for all ¢, hence P € S. (]

Lemma 2.3. Let © be a monomial in X,Y,Z. Then unless ¢ = Y? or x = X?,
there exists some monomial y in X,Y, Z such that {x, .} (y) # 0 for all M > 0.

Proof. Since Z? = —XY?, we have only to prove the lemma in the case where
r = X*Y"Z¢ with € € {0,1}. Suppose 2’ = x" for some 7 > 2. Then {z/,.}(y) =
ra"~Ha,y}. Hence {2/, YM(y) = rMgMT=Dlg AM(y) Tt follows that we need
only prove the lemma in the case where = cannot be expressed as a power of any
other monomial. Note that if (,7) is the degree of x in gr;,,, A, then this holds if
and only if ¢ and j are coprime.

Suppose first of all that + = X?Y? such that b and 2a are coprime (and
ab # 0). By calculation {X2Y? X°Y4} = 2(ad — be) Xote=tyb+d=17 Moreover,
{XaY? XY41Z} = (b(2¢ + 1) — 2ad)) X ¢y +4. Hence by our condition on z,
{x,y} = 0 if and only if y = 2" for some 7. We claim that {z,.}?*1(X°Y?) = 0 if
and only if (¢, d) = (ka+j, kb) forsome k > 0,0 < j <, and {x,.}*(X°Y91Z) =0
if and only if (¢, d) = (ka + j, kb) for some k& > 0, 0 < j < (¢ — 1). This is true for
i = 0 by the above calculations. Hence suppose the claim is proved for (i —1). Then
{x, }?(X°Y91Z) = 0 if and only if (b(2c + 1) — 2ad){x, . }2~H(X*teyPHd) = 0.
By the induction hypothesis, this is true if and only if (¢, d) = (ka + j, kb) for some
k > 0and some j, 0 < j < (i—1). This proves the induction step for X¢Y4~1Z. But
now {z,.}2t1(X°Y?) = 0 if and only if 2(ad — be){x, .} (Xate-lyb+td=17) = 0. It
follows from the above step that {z,.}?*1(X°Y?) = 0 if and only if (c,d) = k(a, b)
or (¢c—1,d) = (ka+ j,kb) for some j, 0 < j <i— 1. This proves our claim. Thus
{z, }M(y) = 0 for some M if and only if y = X*ateykd or y = Xhetaykd=17 for
some k € N. Therefore (for example) {z,.}(Y)) # 0 for all M > 0.

Suppose now that x = X?Y*~1Z where b and (2a + 1) are coprime. By the
above {x, XY} = (2bc — d(2a + 1)) X*TeY?*d. It follows that {z, X°Y9~17} =
(b(2¢ + 1) — d(2a + 1)) XteyY?*+d=17Z Thus (once more) {z,y} = 0 if and only
if y = «" for some r. If a and (b — 1) are not both zero, then it follows that
{z, }M(Z) is a nonzero multiple of XMy Mb+M 7 for each M > 0. On the other
hand, if * = Z, then {z,.}*(Y) is a nonzero multiple of YM*! for each M > 1.
This completes the proof. ([
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Remark 2.4. We note that it follows from the proof of Lemma that if x and y
are monormials of coprime degrees (m, i) and (m’,i’), then {z,y} = £(mi’ —im’)z,
where z is the standard monomial of degree (m + m/,i +1i — 1).

Lemma 2.5. Suppose f is an element of A satisfying the condition: for any a € A
there exists m such that [~ F;(ad f,lf)(a) = 0. Then either f € Clu] or there
ezist v and £ # 0 such that f = &v"+lower terms.

Proof. Let f be such an element, let a € A and suppose [[;" Fi(ad f,lf)(a) = 0.
Recall by LemmaZ2that P(S,T) = [/~ Fi(S,T) is of the form S+ +a5,, 52"+
azm—1(T)S*™ 1 4+ ... + ao(T), where degagmi1—i < i/2. Suppose gry;,, f = x is
not of the form £X* or €Y. Then by Lemma 2.3 there exists y € gry;,, A such that
{z, M (y) # 0 for all M > 0. Let a € A be such that gr;;,,,a = y. Then it is
easy to see that deg(ad )M (a) = deg{z, .} (y). Let degz = (r,s) with r > 0 by
assumption. Then it follows that

deg(ad £)*™ Y (a) = (2m + D)r +¢,(2m + 1)(s — 1) + d),

where dega = (¢, d). But each remaining term in the equation for F,,(ad f,lf)(z)
is of strictly smaller degree. Hence P(ad f,lf)(a) # 0, which contradicts the as-
sumption on f. O

Our approach here is similar to that of [4] in that we exploit the Poisson structure
on gry.,, A to pin down the possible images of the minimal degree element u € A.
However, u is not strictly semisimple in the sense of [4, 3.3]. To determine all
isomorphisms D(Q2,72) — D(Q1,71) we carry out a case-by-case study of the
possible images of the standard generators for D(Q2,72).

Hence let Q2 (resp. (1) be monic of degree N > 3 (resp. n > 3) and let f, g, h
be the respective images of the standard generators for D(Q2,7v2) in D(Q1,71)-
Assume until further notice that f = &v"+ lower terms. Recall from the proof of
LemmaZTlthat Fy(ad f,1£)(g) = 2v2. Thus Fi(ad f,15)(2h) = Fi(ad f,1¢)([f, 9]) =
[f, Fi(ad f,1)(g)] = 0. It follows that either g = 'wv*~!+lower terms or g =
¢vi+lower terms, for some & # 0 and s. Similarly, either h = ¢”"wv!~!4+lower
terms or h = £"vi+lower terms, for some £’ # 0 and t. By considering the equalities
[f,g] = 2h, [f,h] = =2fg + 2h + vo and Q2(f) + fg* + h? = 2hg + Y29, we obtain
the following list of possibilities:

(i) g = Ewo™/2=Ur=1tlower terms, h = £"v™N"/?4lower terms, where £”2 +
¢V =0,

(ii) g = &vN=D/2 tlower terms, h = £"wvN=17/2=1 Llower terms, where &2 +
N1 2,

(iii) g = vV =D/21lower terms, h = "v'4+lower terms, where (N — 1)r/2 <
t < Nr/2and £? +¢N-1 =0,

(iv) g = &v+lower terms, h = £"vN"/2+lower terms, where (N/2 — 1)r < s <
(N —1)r/2 and €2 + &N =0,

(v)g= f’v +lower terms, h = £"v5+7/24lower terms, where s > (N —1)r/2 and
5512 +£N2

2(\/1) g= 5’ —Dr/2 ower terms, h = £"vN"/2+lower terms, where £V 4 ££7% +
é‘// _ 0

To deal with these cases, we examine in detail the monomials in f, g, h of highest
degree in the expression for H?Z)l F;(ad f,17)(g™), and similarly for hg™=1. We
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will show that the degree of any expression in f, g, h is too high to be equal to u
unless N = 3, where the only possible case is (ii) with r = 1.

From now on, all monomials in f, g, h will be of the form f*h¢g? with e € {0,1}.
For each monomial z in f, g, h and for each nonnegative integer r, let J,.(z) denote
the (finite-dimensional) subspace of A generated by all monomials f'h¢g’ with
j 4+ € <rand deg fih¢g! < degz.

Lemma 2.6. Let f,g,h be as in one of the cases (i)-(vi) above.

(a) [f,g™] = 2mhg™ ! +m(m — 1)g™ + m(m — )N fN=1g™=2 + a, for some
a € Jym_o(fN"Lg™=2) for all m > 2,

) £ gl = —2mfgm — 2m — DV 4 mim + g +
(2m—1)y2g™ t+(m—1)(m—2)NfN"thgm3+a', where a’ € Jp_o(fN"1hg™3)
for all m > 3.

Proof. Clearly

=

m—1 m

(g™ =2 ¢’hg™ 7 =2mhg™ "+ Y (g7 hlg™
j=0

j=0 J

and [g7, ] =312, g'[g, hlg’ ~'~!. Moreover, g'[g, hg/ =1~ =g/*1 4 Ng! fN~1gi— 1~
= gItl 4+ NfN=1gi=1t 4 b for some b € J;_1(fN~1g’~1). It follows that [¢7, h]
=jgI T+ jNfN1gi=1 4 b for some b € J;_1(fN~1g~1). But then clearly bg™ 17
€ Jm_o(fN"1gm=2). We deduce that [f,¢g™] = 2mhg™ ! + m(m — 1)g™ +
m(m — )N fN=1gm=2 (mod J,,, 2(fN g™ ?2)).

For (b), [f,hg™ '] = [f,hlg™ ! + h[f,g™ ']. By the definition of D(Q2,72),
[f,h]lg™ ! = —2fg™ + 2hg™ ! + y29™ L. Moreover,

hlf,g™ ] =2(m = g™ % + (m —1)(m — 2)hg™ "
+(m—=1)(m—2)NfN"Thgm=3 4+

for some b € hJy_3(fN"1g™m3) C Jp_ao(fN"thg™™3). The result now follows
from the equality h? = —Qa(f) — fg* + 2hg + Y29 O

Corollary 2.7. (a) If m > 2, then there exists a € Jpn(fg™) + Jm_o(fN g™ 2)
such that

Fi(ad f,15)(g™) = —4(m* — i*) fg"™ — 4m(m = 1) f¥¢" % + a.
(b) If m > 3, then there exists a’ € Jo(fhg™ ) + Jom_ao(fNhg™3) such that
Fi(ad f,17)(hg™ ") = —4(m® — %) fhg™ ™" — 4(m — 1)(m — 2) fVhg™ > + d'.
Proof. By Lemma
[£,1f, g™ = [f, 2mhg™ " + m(m — 1)g™ + m(m — )N fN~"1g™1 4 qq),

where ag € J,_2(fNg™~2). But then clearly [f, g™] € J,(fg™) and [f, fN~1g™ 2],
[f,a0] € Jm_2(fNg™2). Applying Lemma again, we see that [f, hg™ 1]=
—2mfg™ —2(m—1)fNgm 24 a; for some a1 € Jp (fg™) 4+ Jm_2(fNg™2). Hence
the result for Fj(ad f,{;)(¢g™) follows.
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Similarly, Lemma implies that

[fv [fa hgmil]] = [fa _megm - Q(TTL - l)ngm72
+m(m+1)hg™ !+ (2m + 1)7'g" ! + (m — 1) (m = 2)N fN "1 hg™ 2 + as),

where ay € J,_o(fN"thg™3). But it is immediate that [f, hg™ 1], [f, g™ ] €
I (fhg™™ 1) and [f, fN"Thg™ 3], [f, az] € Jm—2o(fNhg™ 3). Hence the result for
Fy(ad f,17)(hg™~1) follows by Lemma 2Z.6)(a). O

For ease of notation, for the rest of this section let P; = H;:o Fi(ad f,15).
Corollary 27 allows us to describe the monomials in f, g, h which are of highest
degree in the expression for P;(g™) (resp. P;(hg™~')). We begin with cases (i) and
(iv) listed after Lemma Here we use the notation = x f*h°g’ +lower terms to
mean that z = xf*h¢¢’ + a, where a is a sum of monomials in f, g, h, each of lower
degree than fiheg’.

Lemma 2.8. Suppose h = &"vN"/?+lower terms and either g = &woV/2= =14
lower terms (case (1)) or g = {'v3+lower terms, where (N/2—1)r < s < (N—1)r/2
(case (iv)). Then for any m > 1:
(a) Pi(g>™) = Xi fNhg?™ =21 4 lower terms if 0 <i<m,
g N Xif”(m*l)(N*l)hg + lower terms if m < i < 2m.
(b) Pi(g>m1) = Xif N hg?m =272 4 lower terms  if 0 < i <m,
i T xafiTmDWN=Dh 4 lower terms  if m < i < 2m — 1.
 fOHDN g2m=Q2i42) o lower terms  if 0 <i < m
P 2m—1Y _ sz‘ g < ,
(¢) Fi(hg ) { N fHH N 4 lower terms ifm <i<2m.
£(i+1)N 2m—(2i+3) 0 < B
(d) P;(hg?—2) = ani+1+(7r?—1)(N—l) + lower terms zlfO <i< m 1,
ni f g+ lower terms if m—1<i<2m — 1.
Here x; (resp. m;) is a real number of sign (—1)% (resp. (—1)"1).

Proof. Our proof is by induction on m and i. Since Py = ad f, the lemma is true
for ¢ = 0 by Lemma and the fact that deg f¥ > deg fg?. For m = 1, this
proves (b) and (d). By a direct calculation, P;(g?) = —48fhg+lower terms and
Pyi(hg) = 24fN+14lower terms. Hence (a) and (c) are also true for m = 1. We
assume therefore that m > 2.

By Corollary 27 Pi(g') = [f, —4(12 — 1)fg' — 41(1 — 1)fNg'=2 + a] for some
a € Ji(fg") + J_2(fNg"=2). Let § be equal to (r,—1) in case (i), and equal to
(N7/2 — 5,0) in case (iv). Then deg[f,¢'] = degg' +  for any I > 1. More-
over, if x is any monomial in f, g, h and 3 a;;cf*h¢g’ is the unique expression for
[f,x] in terms of monomials in f, g, h, then it follows from Lemma that each
nonzero term aijgfihegj has degree less than or equal to degxz + §. But there-
fore [f,a] and [f, fg'] are both of degree less than fNhg'=3. Hence Pi(¢') =
—81(1 — 1)(I — 2) fNhg'=3+lower terms for any [ > 3. This proves (a) and (b)
for i = 1. A direct calculation establishes that P;(hg?) = 144fN+!g+lower
terms. Hence (d) is true for m = 2 and i = 1. We therefore consider P;(hg'™!)
for I > 4. By Corollary 21, Fi(ad f,l7)(hg'™!) = —4(1% — i®)fhg'~t —4(1 — 1)
(1—-2)fNhg'=2 + a’, where a’ € J;(fhg'™Y) + Ji_o(fVhg'=3). The highest degree
term here is fVhg!=3. Moreover, [f, fNhg'=3] = —2(1 — 3) 2N g!~*+lower terms,
and deg f?Ng'=* = deg fNhg!=® + 6. By the remarks above, P;(hg'~!) = 8(I — 1)
(I —2)(1 - 3)f*Ng'=*4lower terms, which confirms (c) and (d) for i = 1.
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An equivalent statement for the lemma can be formulated in terms of degrees
(and leading coefficients) of the P;(g'), P;(hg'~t). Specifically:

omy om _ | (20+1)0 if i <m,
deg Pi(g™") — degg —{ 2m — 16+ (i —m+1)(r,0) ifm <i<2m.
o om—1y om—1_ J (2i+1)8 if i <m,
deg Fi(g™") —degg { 2m—1)6 + (i —m+1)(r,0) ifm <i<2m— 1.

(20 +1)d if i <m,

. 2m—1y\ _ 2m—1 __
deg Py(hg™ ") — deghg _{ 2m —1)5+ (i —m+1)(r,0) if m<i<2m.

deg P;(hg®™ %) — deg hg*™?

o @2i+1)8 ifi<m—1,
Ol @2m =30+ —m+2)(r,0) ifm—-1<i<2m-—1.

(We retain of course the assumption on the signs of the leading coefficients x;, 7;.)
Assume therefore that ¢ > 2 and that (a)-(d) are known to be true for all pairs
(m/,d") with m’ < m or m’ =m and i’ < i. By Corollary 211

Fy(ad f,11)(¢°™) = —4(4m® = i*) fg*™ — 8m(2m — 1) fNg"" > + a

for some a € Jop(fg*™) + Jom_o(fNg*™2). But let a = a; + as, where a; €
Jom (fg*™) and as € Jom_o(fNg*™2). By the induction hypothesis and the re-
marks above,

deg P;_1(a1) — degay < deg Pi_1(fg*™) — deg fg*™

and
deg P;_1(az2) — degas < deg Pi,l(ngZm_g) —deg fNg*m 2,

Hence Pi(g?™) = —4(4m? — i®)P,_1(fg*™) — 8m(2m — 1) P,_1(fN g™ 2)+ lower
terms. If i < m, then by the induction hypothesis P;_;(fg>™) = x;_1 fNE- D+
hg®>™ =22 lower terms and P;_1(fNg?™ %) = x\_, fiNhg?™ 21 {lower terms,
where y;_1 and x}_; are both of sign (—1)*"!. It follows that P;(¢*™) =
—8m(2m — 1)xi_1fNhg*™=2~14lower terms, which proves the induction step
for (a) in the case i < m. If 2m — 1 > 4 > m, then by the induction hy-
pothesis Pi_1(fg*™) = xi_1 fH = DWE=Dpgtlower terms and Py (fNg?>m?) =
X, fiHm=DWN=Dpgtlower terms, where x;_1 and x/}_, are of sign (—1)*~'. This
proves the induction step in this case. Finally, P, _o(f~N ¢?>™"2) = Py, _o(az) = 0,
hence P, 1(g*™) = —4(dm — 1) Pap,—2(fg?™)+lower terms. But Py, _2(g*™) =
Xom_a f2mIHm=D(N=Dpgtlower terms, where Yo, _o is positive. It follows that
Pom_1(g%™) = —4(4m — 1) x2m_of" DN hgtlower terms.

This proves the induction step for (a). The arguments for (b) and (c¢) are identi-
cal. For (d) we need to be slightly careful, for if z is a monomial in Jo,,_1(fhg*™?),
then it is not necessarily true that deg P;_;(z) — degz < deg P;_1(fhg®™ 2) —
deg fhg®*™~2 (and similarly for Jo,, 3(fVhg®™*)). In fact, one can see easily
from the description of degrees above that if x is a monomial in Jo,,_1(fhg*™2),
then deg P;_1(z) — degz > deg P;_1(fhg*™~?) — deg fhg®™~2 if and only if i =
mand 2 = ¢° ! or x = fg*"~!. However, in this case we still have that
deg P,_1(x) < degPi_1(fhg®™~2). Similarly, if * € Jop,_3(fNhg?™ %), then
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deg P;_1(x) < deg P;_1(fNhg®"=%). It follows that
Pi(hg®™™?) = —A(4m® —*) Pi_1(fhg™™?)
—4(m —1)(m — 2)Pi_1(fNhg®™~*) + lower terms.
The rest of the argument now proceeds as above. O

Corollary 2.9. Suppose g,h are as in Lemma 28 Then there is no possible
expression for u in terms of f, g, h.

Proof. Suppose there exists such an expression u = Zi,j20766{071} aijef*heg?, and
let m = maxy,,, 201(j +€). Clearly degg™ < deghg™ ' < degfg™. More-
over, deg P,,_1(g™) < deg P,,_1(hg™ ') < deg Pp,_1(fg™) by Lemma B8 Ap-
plying P,,—1 to both sides of the equation, we have the equality P,,_1(u) =
ZjJrE:m aijePm—1(f'hg?). Thus degPn,_1(u) > degP,_1(¢g™). To show that
there can be no such expression for u, it will therefore suffice to show that

deg mel(u) < deg mel(gm)

If m =1, then deg P,—1(u) = (r,1) < deg Pp,—1(g) = (N7/2,0). Suppose therefore
that m > 2, hence deg P,,,—1(u) < ((2m — 1)r,0).

If m is even, then by Lemma 28 P,,_1(g™) = xm_1f™/ >~ DWN+D+1hg 1 lower
terms; hence deg P,—1(¢™) = (m(N + 1)r/2,1) in case (i) and deg Pp,—1(¢g™) =
(m(N+1)r/2+(s—(N/2=1)r),0) > (m(N +1)r/2,0) in case (iv). But N +1 >
4, hence deg Pp,—1(¢™) > ((2m — 1)r,0) in both cases. Similarly, if m is odd,
then P,_1(¢g™) = Xm_1fM=DWNVED/2h 4 lower terms, hence deg P,_1(g™) =
((m(N +1) —1)r/2,0) > ((2m — 1)r,0). This completes the proof. O

Next we deal with case (v). This case is fairly straightforward, since the highest
degree term in the expression for h? is fg2. Once more we write 2 = x f*h¢g’ +lower
terms to mean & = x f*h¢¢’ +a, where a is a sum of terms az f*h<g', each of degree
strictly less than that of fihcg’.

Lemma 2.10. Suppose g = £v°+lower terms and h = £"v°T"/>+lower terms,
where s > (N — 1)r/2 (hence r is even). Then for any 0 < i < m, Pi(¢™) =
Xi fithg™ Y +lower terms, where x; is a real number of sign (—1)%, and P;(hg™~') =
n; fi g™+ lower terms, where m; is a real number of sign (—1)*T1.

Proof. We apply a similar argument to that in the proof of Lemma 2.8 The
statement of the lemma for ¢ = 0 follows immediately from Lemma Hence
assume ¢ > 1 and that the lemma is known to be true for all pairs (m/,i’) with
i < m’ and either m’ < m or m’ = m and i < 4. Note that the induction
hypothesis implies that deg Py (g™ ) — deg g™ = (2i’ + 1)(r/2,0) for any such pair
(m/,i'), and similarly for hg™~t. It follows that if a € J,,(fg™) (resp. a’ €
Jn(Fhg™ 1)), then deg P;_1(a) < deg fihg™ " (resp. deg P,y (a) < deg fi*1g™).
By Corollary 27 F;(ad f,1)(g™) = —4(m? — i%)fg™ + a, where a € J,(fg™).
Moreover, P;_1(fg™) = xi_1f hg™ *+lower terms, where y;_1 is a real number of
sign (—1)"~1. Hence

Pi(g™) = Pi_y(—4(m? —i®) fg™ + a) = —4(m? — i*)xs_1 f'hg™ ! + lower terms.

This proves the induction step for P;(¢g™). Similarly, Fj(ad f,ls)(hg™ ') =
—4(m? — i®)fhg™ ! + o/, where o’ € J,(fhg™'). But P,_i(fhg™ ') =
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ni_1f g™ +lower terms, where n;_; is real of sign (—1)®. Since P;_1(a’)
€ J(fit1g™), we deduce that

Pi(fhg™ 1) =—dn;_1(m? —i*) f g™ + lower terms.
This completes the proof. (I

Corollary 2.11. Suppose g and h are as in Lemma 210 Then there is no possible
expression for u in terms of f, g, h.

Proof. Suppose there exists an expression u = Y a;jcf'hg?, and as in the proof
of Lemma 28 let m = max(,,  +0y(j +¢€). Applying P, 1 to both sides, we
have an equality P,_1(u) = Zj+€:m aijef Pp—1(htg?). Moreover, it is immediate
from Lemma 210 that deg Py, _1(¢g™) < deg P, _1(hg™ 1) < deg fP,,_1(g™), thus
deg Pp,—1(u) > deg P,,—1(g™). Hence to prove the lemma we have only to prove
that deg Pp,—1(u) < deg P,,_1(g™). Clearly [u,v"] = 2rwv"~!+lower terms, hence
deg Po(u) = (r,1). But Po(g) = 2h is of degree (s +7/2,0) > (Nr/2,0) > (r,1).
On the other hand, if m > 2, then deg P,,—1(u) < ((2m — 1)r,0). Furthermore,
deg Pr—1(¢g™) = (ms + (m 4+ 1/2)r,0) > ((m(N + 1) — 1)r/2,0). Since N > 3,
deg Pp,—1(¢g™) > deg Py, —1(u). This completes the proof. O

We have therefore eliminated cases (i), (iv) and (v) listed after Lemma
Roughly speaking, the highest degree monomial in the expression for h% (fV in
cases (i) and (iv), fg? in case (v)) contributes the highest degree monomial in the
expression for Fj(ad f,l7)(¢™), and thus eventually in the expression for P;(¢™)
(and similarly for P;(hg™~1')). For the remaining cases, we must replace h? by
terms of possibly higher degree, since we wish to find the expressions for P,,_1(¢g™)
and P,,_1(hg™ 1) in terms of the monomials f'h¢g’ with ¢ € {0,1}. In these
circumstances fV and fg? are now of equal degree; hence our final expression for
the leading term of P,,_1(¢™) will contain a number of monomials in f,g,h of
equal degree. Here we write x = Xjfi“'j(N_l)hgm_Qj_l—i—lower terms (resp. x =
Sy fiFHI N =D gm=25 L ower terms) to mean that o = Y y; fH (N =D pgm=2i-1 4
a (resp. x = > n; fHHIWN=Dgm=2] 1 q) where a is a sum of monomials in f, g, h,
each of degree less than that of fthg™~! (resp. fitlgm).

Lemma 2.12. Suppose that g = &vN=D7/2Llower terms and that either h =
"N =021 lower terms (case (ii)) or h = £'vt+lower terms, where (N —1)r/2
<t < Nr/2 (cases (iii) and (vi)). Then for any i < m:

(a) Let I = min{i, [(m — 1)/2]}. Then Pi(¢g™) = 22:0 x; [N pgm=2i—1
+lower terms, where the x; are real numbers of sign (—1)".

(b) Let | = min{i + 1,[m/2]}. Then P;(hg™ 1) = Y\, fritiV-1gm=2j
+lower terms, where the 1; are real numbers of sign (—1)"1.

Proof. We follow a similar argument for the proofs of Lemmas 2.8 and If
i = 0, then (a) and (b) are direct consequences of Lemma Assume therefore
that m > 4 > 1 and that the lemma is known to be true for all pairs (m/,i)
with i < m/ and either m’ < m or m’ = m and i’ < i. By a direct calculation,
Pi(ad f,17)(g?) = —48fhg—+lower terms and P;(hg) = 48f%¢* + 24N +lower
terms. Hence assume m > 3. Let § = degh — degg < (r/2,0). By Corollary 27

Fi(ad f,l5)(g™) = —4(m* —®) fg™ — 4m(m — 1) f¥ g™ +a
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and F;(ad f,17)(hg™™ ') = —4(m? — i?) fhg™ 1 — 4(m — 1)(m — 2) fNhg™ 3 + d/,
where a € J,,,(fg™) and a’ € J,,(fNhg™1). We note that if i — 1 < m/ < m,
then by the induction hypothesis Pi_l(gm/) is a sum of monomials in f, g, h, each
of degree less than or equal to § + ((¢ — 1)r,0) + deggm/. On the other hand,
P,_1(hg™ 1) is a sum of monomials of degree less than or equal to (ir,0) — § +
deghg™ 1. But therefore Pi_1(a’) € Jpn(fit1g™) for any o’ € Jn(fhg™ 1), Tt
follows by the induction hypothesis that

Pi(hg™ ) = Pioy (=4(m?® = %) fhg™ "' = d(m = 1)(m = 2) ¥ hg™* + a)
= —A(m® — #)Pa(Fhg™ ) — Alm = 1)(m 2P a(FVhg™ ) + 0

where b’ € J,,(fiT1g™). This proves the induction step for (b).

For (a) we have to be careful, for it is not in general true that if z is a monomial
in f,g,h, then deg P;_1(z) — degz < deg P;_1(¢™) — degg¢g™. In fact we can see
that this is true if and only if x = filgm/ for some #',m’. On the other hand, if
x € Jnu(fg™) is of the form fihg™ =1, then degz < degg™ — (r,0) + 6. By our
statement above on the degrees of P,_1(g™ ), Pi_1(hg™ ~'), we nevertheless have
that P,_1(x) € Jo,(fthg™ 1), hence that P,_1(a) € J,,(fihg™™1). The argument
now proceeds exactly as above. O

Suppose therefore that g, h are as in Lemma [Z12] Then
Pro1(g™) = Xxof ™ thg™ T+ xa fN T2 hg™ T 4L 4,

where a € J,,(f™ 'hg™ ') and the y; are real numbers of the same sign. Since
deg g? = deg fN—1, the monomials f~ 1T/ (N=Dpgm=2i—1 are of equal degree. We
ask therefore whether it is possible that the highest degree terms of these monomials
(expressed in terms of u, v, and w) cancel out. Specifically, this holds if and only if
o€/ M=) oy N1/ m=3) |\ e2(N=1)¢/(m=5) L — () which is true if and only
if xo + x1pt + x2p? + ... =0, where u = ¢V71/(¢')2. In cases (ii) or (iii), p = —1.
In case (vi) p # —1, since ¢V + €2 + ¢ = 0.

Lemma 2.13. (a) P—1(g™) = xof™ 'hg™™ 1+X fNFm=2pgm=3 4 +a, where

a € Jp(fm thg™ 1) and x; = xo - < m 7; ) JA for 0 <i < [(m—1)/2].

(b) Pp_1(hg™ 1) = nof™g +771fm+N lgm=2 4. .. +d, where a' € J,,(f™g™)
and = (( ") (7 ))/4Zf0r0<z<[m/2]
Proof. The fact that P,,_1(¢g"™) has the above form for some constants xo, X1, - - -
follows immediately from Lemma Moreover, Fp,(ad f,{f)(Pmn-1(¢™)) = 0.

Let w; = (m —2i +1)(m — 2i)x;_1 + ((m — 2i)2 —m?)y; for 1 <i < [(m —1)/2].
By application of (the argument in the proof of) Corollary 7]

[(m—1)/2] _
Fm(ad f, lf)(Pm = 4 Z fm 14+i(N l)hgm72171
m(ad frlg)(a).
But by the observation in the proof of Lemma 2.12]

Fo(ad f,1;)(a) € Jp(fN T thg™=3).
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Hence each of the coefficients (m — 2i)(m — 2i + 1)x;—1 — 4i(m — @) x; is equal to
zero. We deduce that

Xi . (m=1! 1 (m—i—1) 1<m_i_1>/42..

Xo (m—2—1)! 4 (m—1) 4 i

Similarly, the existence of some constants 7; and an expression for P, 1(hg™1)
as in (b) follow immediately from Lemma We apply the same argument as
above. Thus let w} = (m —2i+2)(m —2i + 1)n;—1 — 4i(m —@)n; for 1 <i < [m/2].
Then

[m/2]
Fm(ad f, lf)(mel(hgm_l)) — 4 Z w;fm+1+i(N—1)gm—2i
0

+ Fy(ad f,1)(d') = 0.

By Lemma 212 F,,(ad f,lf)(a') € Jn(f™ N g™=2). Hence each of the coefficients
(m —2i+2)(m — 2t + 1)n;—1 — 4i(m — 7)n; is equal to zero. We conclude that

ni _ m! (m—i—1)! 1  (m—i-1)! m
no  (m—2)! dllm—1! 40 il(m—2i)! 4%
from which (b) follows. O

We thus introduce the polynomials

) [(mi)/m (m _;' — 1) (¢/4)'

and
)= S (") (T Dy

Lemma 2.14. (a) ppmt1(t) = pm(t) + tpm—1(t) /4 and ¢ma1(t) = @m(t) + tgm—1(t).
(b) Qm(t) = pm(t) + tpm—l(t)/Q'
(C) pm(_]-) = m/2m71 and qm(_]-) = 1/2m71'

)
= (m z_f 1_ 2) and similarly for (mz— Z), (m z_—zl_ 1). For part (b), we see by
a simple re-indexing exercise that ¢, (t) = pm+y1(t) + tpm—1(f)/4, hence that the
equality is true by application of (a). If a,;, = pm(—1) and G, = gm(—1), then
it follows that 11 = apm — am—1/4 and Bpy1 = Bm — Bm—1/4. The general
solution to this difference equation is (Am + B)/2™. But as = 1, a3 = 3/4. Hence
Qi = m/2™. Similarly, 8 = 1/2 and 33 = 1/4, hence 3, = 1/2mL. O

Proof. Part (a) follows immediately from the fact that mn _Z.Z B 1) - (m i 2)

Corollary 2.15. If h = £"wv™N=U7/2=1 tlower terms (case (ii)) or h=_£"vi+lower
terms, where (N — 1)r/2 <t < Nr/2 (case (iii)), then

deg Pp_1(g™) = deg f™ 'hg™ ' and degP,,_1(hg™ ") = deg fMg™.
Proof. We remarked after Lemma that the degree of P,,_1(¢™) (resp.
Py _1(hg™1)) is lower than that of f™~thg™~! (resp. f™g™) if and only if
X0+ X1+ AX[(mo1)/2 2= 0 (vesp. no+mupt . A1 ul™ = 0). But
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here yu = —1; hence by Lemmas 213l and BT xo + X1 4+ - -+ X[(m—1) 2 p[(™ D/ 2
0 and 1o + 1+ . . . + o ™2 £ 0. O

Corollary 2.16. If u # —1, then there exists no m such that p, (1) and g, (1) are
both zero. Hence if h = &"vN"/24-lower terms (case (vi)), then either deg Py,_1(g™)
=deg f™ thg™ ! or deg P,,_1(hg™™!) = deg f™g™.

Proof. Suppose there exists an m such that p, (1) = pmi1(p) = 0. Let m' be
minimal such. Then by Lemma 2T4(a) p,, —1(p) = 0, which contradicts the min-
imality of m’. Hence there exists no m such that p,,(¢) = pma1(p) = 0. But if

Pm (1) = gm () = 0, then p,,—1(p) = 0 by Lemma 2T4(b). O

Lemma 2.17. Let a € Jy,11(f'hg™) and o' € Jp,(fig™). If h = £"vN"/2+lower
terms (case (vi)) then [f,a] € Jmi1(f1g™ ™), and [f,d'] € T (fihg™1).

Proof. In case (vi), we have [f,g] = 2h and degh — degg = (r/2,0). Moreover,
[f, h] = —2fg+lower terms, and deg fg—degh = (r/2,0). It follows that deg[f, y]—
degy < (r/2,0) for any monomial y in f, g, h. Hence [f,a] € Jpp1(fiTtg™T) for
any a € Jyy1(fthg™), and [f,a’] € Jn(fthg™™ 1) for any o’ € J,,(f'g™). This
completes the proof. O

Note that Lemma [ZT7] is not true in cases (ii) and (iii). (Hence the proof of
Lemma [2.T§ really requires different arguments for the cases p = —1, u # —1.)

Lemma 2.18. Suppose f,g,h are as in Lemma 2.12]

(a) If N > 4, then there is no possible expression for u in terms of f, g, h.

(b) If N = 3, then there exists no possible expression for uw in terms of f,g,h
unless f = Ev+lower terms, g = {'v+lower terms, and h = £"w+lower terms.
Moreover, in this case any expression for uw must be of the form c19 + caof + cs,
where ¢1,c0 € C* and c3 € C.

Proof. Suppose there is such an expression u = 3, _a;jc f'hg’ (with the sum taken
over all 4,5 > 0, € € {0,1}). Let m = maxg,,,20(j + €). Assume m > 1: we will
show that such an expression is impossible for all N. Suppose first of all that
@imofig™ is the term of highest degree in the expression for « among those of the
form fig™, fihg™~'. By Lemma 2I2 P,,_1(u) = aimof Pm_1(9™) + a, where
a € Jpn(fFmthgm=1). If u = —1 (cases (ii) and (iii)), then by Corollary 215
deg P,,_1(g9™) = deg f™ thg™~1. But
deg f™ thg™ ' > ((m(N 4 1)/2 — 1)7,0) > ((2m — 1)r,0) > deg Py,_1(u),

hence such an equality is impossible. On the other hand, if p # —1 (case (vi)),
then either deg P,,_1(9™) = deg f™ *hg™~! or deg P,, _1(hg™ 1) = deg f™g™. If
deg P,,_1(g™) = deg f™ thg™~!, then the argument above provides a contradic-
tion. If not, then we consider the equality [f, u] = 2maimofihg™ 1 +a’, where a’ €
I (fihg™1). By Lemmas2ZITand 212 P, —1([f,u]) = 2maimo f* Pr—1(hg™ 1)+
a, where a € J,,,(f™¢g™). But now

deg Pp—1([f, u]) < (2m,0)

and
deg f'Pp_1(hg™ ") > deg f™g™ = (m(N + 1)r/2,0).

Hence there is no such expression for w.
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Assume therefore that a;(,,—1y1f*hg™ ! is the highest degree term in the expres-
sion for u among those of the form f7¢™, f7hg™ '. Once more we apply P,_1:
Pri(u) = ai(mfl)lfipm—l(hgm_l) +a, where a € Jp,(f**™g™). If p = —1 (cases
(ii) and (iii)), then deg Py,_1(u) < ((2m—1)r,0) and deg f*Py,_1(hg™ ') > (m(N+
1)r/2,0), which gives a contradiction. If o # —1 (case (vi)), then
either degP,,_1(hg™™ ') = (m(N + 1)r/2,0) or degP,_1([f,hg™']) =
((m(N + 1) + 1)r/2,0). In the first case, the argument for ;4 = —1 shows that
equality of degrees is impossible. In the second case, by Lemma 217 there is
an equality [f,u] = —Qmai(m,l)lfi+1gm + a, where @’ € J,,(f*tg™). Then
deg Pr—1([f,u]) < (2mr,0). But deg fiPy,_1(f*1g™) > (m(N + 1)r/2,0). This
proves our claim.

Suppose therefore that m = 1. Hence u = my(f)g + ma(f)h + ms(f) for some
polynomials m;(t), ma(t), ms(t). Applying (ad f), we have an equality [f,u] =
ma(f)If, 9] + ma(f)[f,h]. But degh = deg|f,g] < deg[f,h] < deg f[f,g] and
deg[f,u] = (r,1). Hence such an equality is only possible if h = £"w-+lower terms,
that is to say, if N =3, r =1 and we are in case (ii). Thus (b) follows. O

Lemma [2.1§] essentially completes our determination of the isomorphisms

D(Q?afy?) - D(levl)

in the case N > 4 (or n > 4). The following straightforward lemma is the final
step.

Lemma 2.19. Let Q1 and Q2 be monic polynomials of degree > 3 and 1,2 € C.
Suppose ¢ : D(Qa,7v2) — D(Q1,71) is an isomorphism, and let f, g, h be the images
in D(Q1,71) of the standard generators for D(Q2,72). If f € Clu], then f = u,
Q1 = Q2 and either:

(i) v1 = v2 and g = v,h = w (the trivial isomorphism) or,

(1) y1 = —v2 and g = —v, h = —w.
Proof. Since the cosets of (adu)’(v™), j > 0, form a basis for A" /AT, the
centralizer of v in D(Q1,7v1) is C[u]. But therefore the centralizer of f in D(Q1,v1)
is C[f]. It follows that f = au + b for some a € C*, b € C. By (the proof
of) Lemma 21 Fi(ad f,lf)(h) = 0. Suppose g = u'vi+lower terms (resp.

g = &ulwvi~t+lower terms). Then h = £’ulwvi~'+lower terms (resp. h =
¢"uiTyi+lower terms). Thus Fj(adu,l,)(h) € Ag-ofl), and if P € C[S,T] is any

polynomial of the form S? + ¢1.5 4 ¢ + dT' which is not equal to Fj;(ad u,l,,), then
P(adu,l,)(h) & Ago_ol) (This is clear since h, [u, h], uh are linearly independent over

Aﬁol)) Hence we must have Fi(ad f,l;) = a®Fj(adu,l,). It follows that a = 1/52
and b = 1/4 — 1/452. But by the same argument for the inverse isomorphism
¢~1: D(Q1,71) — D(Q2,72), we must have u = f/k* + (1 — 1/k?) for some k > 1.
It follows that k = j = 1. Hence f = u.

Now g = &u'v+lower terms or g = &'u‘w+lower terms for some i > 0 and
some ¢ € C* by Lemma 21l Applying the same argument to ¢!, there is an
equality v = ¢1(u)g + g2(u)h + ¢3(u) for some polynomials ¢;(t), ¢2(t), g3(t). But if
g = ulv+lower terms (resp. g = &'ulw-+lower terms), then h = &'ulw-+lower terms
(resp. h = —¢u"Ttv+lower terms). In other words, the leading terms of q1(u)g
and ¢o(u)h are of different degrees. Hence g = £’v + p(u) for some polynomial p(t).
Moreover, Fi(adu,l,)(g) = 2§y + 4up(u) = 272, hence p(t) = 0. Thus g = v
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and h = £w. But now
Q1 (u) +uv® + w® = 2wv —yv = Qo (u) + (¢)*ur® + (¢)*w?
—2(&")*wv — € yv = 0.
It follows that £2Q1(u) — £2y1v = Qa(u) — &'v2v, hence that ¢’ = +1. This leaves

only one nontrivial possibility: that ¢ = —v and h = —w. But one can clearly
define such an isomorphism D(Q1, —v1) — D(Q1,71). This completes the proof of
the lemma. (]

We have therefore solved the isomorphism problem in type D, 1, n > 4.

Definition 2.20. Let Q(¢) be a monic polynomial of degree n > 4, let v € C
and let u,v,w be the standard generators for D(@,~). Then we denote by © the
isomorphism D(Q,~) — D(Q, —) which maps u — v/, v — —v', w +— —w’, where
u',v',w’ are the standard generators for D(Q, —v).

Remark 2.21. This definition of © should perhaps refer to the defining parameters
@, in its definition. However, © can be thought of as the action of the non-
identity element of Ngr,y)(I')/I" on our space parametrising the noncommutative
deformations of V/T.

Theorem 2.22. Let Q(t) be a monic polynomial of degree n > 4 and let v € C.
(a) If Q is monic of degree greater than or equal to 3 and 7 € C, then D(Q,7)
is isomorphic to D(Q,?) if and only if Q = Q and 7 = +7.
(b) The automorphism group of D(Q,~) is trivial unless v = 0, in which case
the automorphism group is cyclic of order 2, generated by ©.

Proof. This follows from Lemma 219 Lemma 2.I8] Corollary 2.I1] and Corollary
0

Corollary 2.23. The moduli space of isomorphism classes of noncommutative de-
formations of a Kleinian singularity of type D,, n > 5, is isomorphic to a vector
space of dimension n.

Proof. The vector space V of monic polynomials of degree (n — 1) is isomorphic to
C"~1. Hence we map the isomorphism class of D(Q, ) to (Q,7?) € VeC =C". O

We apply this to determine when two of the algebras H(P, ) (where P(t) has
leading term nt"~!, n > 4) are isomorphic.

Theorem 2.24. Let P(t) be a polynomial with leading term nt" 1 (n > 4), let
P(t) be a polynomial with leading term NtN=1 (N > 3) and let 4,57 € C. Then
H(P,~) = H(P,%) if and only if P = P and v = +7.

Proof. Suppose there exists some isomorphism ¢ : H (P,v) — H(P,%). Let Q(¢)
(resp. Q(t)) be the unique monic polynomial with zero constant term such that
Q(—s(s+ 1))+ (s+1)P(—s(s+1)) (resp. Q(—s(s+ 1))+ (s+1)P(—s(s+1)))is

an even polynomial in s. Let Q = Q(U) + UV? + W? —2WV =V (resp. Q =

QU)+ UV24+W2—-2WV — ':/f/), where U, V, W (resp. U, Vv, W) are the standard

generators for H(NP7 v) (resp. H(P,%)). By L@nmafﬂl Z(H(P,~)) = C[Q] and
Z(H(P,7)) = C[Q]. But therefore ¢(Q2) = af2 + ¢ for some a € C*, c € C. It

follows that ¢ induces an isomorphism H(P,~)/(Q) — H(P,3)/(Q — ¢/a). But
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P.3)/(Q — ¢/a) = D(Q — ¢/a,7). Tt follows that

H(P,7)/(©) = D(Q,7) and H(P,
e P=DP. O

4 =+~ and Q = Q + ¢/a, henc

3. ISOMORPHISMS IN TYPE Dy

Theorem solves the problem of determining all isomorphisms D(Q2,72) =
D(Q1,71), where the degree of Qs is greater than or equal to 4. Hence we have
only to deal with the case N = 3. When considering the inverse isomorphism, we
see that n = 3 as well. Furthermore, if ¢ : D(Q2,v2) — D(Q1,7v1) is not of the
form described in Lemma 219 then by Lemma 218 f = v +p(u), g = &'v+q(u),
h = ¢"w+lower terms and u = ¢19 + cof + ¢3 for some polynomials p(¢), ¢(t) and
some c1,cp € CX,c3 € C. Replacing ¢ by ¢!, we may assume that p is linear.
(Evidently this therefore holds for both ¢ and ¢~'.) Since Q2(f)+ fg*>+h?—2hg—
Y29 = 0, we must have &’ = +i£. After composing with an isomorphism of the form
given in Lemma [2.19] if necessary, we may assume furthermore that £’ = ¢£. Now
2¢"w = 2h = [f, g] = i€[p(u),v] — £[q(u),v]. It follows that ¢ is also linear. Hence
assume p(t) = at + b and ¢(t) = ¢t + d. Then &" = £(ia — ¢). Moreover,

[f,hl = €%(ia — o)[v, w] + &alia — c)[u, w]
= &(ia—c)(v? + Py(u)) + a(ia — ¢)&(—2uv + 2w + 71),

where P (t) is the unique polynomial such that Q1(—s(s+1))4 (s+1)Pi(—s(s+1))
is even in s. On the other hand, by assumption [f,h] = —2fg + 2h + 72 and
fg =i&%0? + ((ai + c)u + (bi + d))év — 2iaéw + (au + b)(cu + d). We deduce that
a=-1/2,¢=23i/2,d = —bi and —4i&% Py (u) + 2iy1 = i(u — 2b)(3u — 2b) + 2.
Suppose P (t) = 3t + Xju + Y7. Then it follows that £2 = —1/4, 8b = —X; and
2 = i(Y1/2— X3} /32)+i&y1. We choose € = i/2. (The case £ = —i/2 will then arise
as the inverse of the isomorphism we construct below, composed with the nontrivial
isomorphism from Lemma [ZT9) Assume therefore that

f=w/2—u/2—X1/8, g=—v/2+ 3iu/2+iX,/8, h=w.

We wish to determine for which values of Q2,7 there exists an isomorphism ¢
mapping the standard generators for D(Q2,72) onto f,g,h. By the calculation
above, we must have 2 = i(Y;/2—X?/32)—~1 /2. We note the following description
of the coefficients of the polynomial P(t) in terms of those of Q(¢).

Lemma 3.1. Suppose Q(t) = t3 + At> + Bt + C and P(t) = 3t> + Xt +Y. Then
Q(—s(s + 1)) + (s + 1)P(—s(s + 1)) is an even polynomial in s if and only if
X=2A+8andY =2A+ B +38.

Proof. We have

Q(—s(s+1))=—s5—-35° 4+ (A —3)s* + (24 —1)s® + (A — B)s> — Bs + C
and

(s+1)P(—=s(s+1)) =35>+ 95" + (9 — X)s* + (3 —2X)s* + (Y — X)s + V.
The lemma follows by comparing odd powers of s. O

To proceed, we therefore calculate Qa(f) + g*f + h? + 2gh — 729, assuming
Q2(f) = f2 + Aaf? + Baf + Cy. By a straightforward calculation

(2) 2= 0?4 — (u+ X1/4)iv/2 +iw/2 + (u+ X, /4)? /4
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and
(3) > =024 — (Bu+ X1 /4)iv/2 + 3iw/2 — (3u+ X, /4)%/4.
Summing (@) and (@)), we obtain f2 + g2 = —2(u + X1 /8)iv + 2iw — 2u(u + X1 /8).
Multiplying on the right by f, we obtain f2 + ¢°f = (u + X1/8)v? — wv +
(X1/4 — 2)u + X3/32)iv — (3u+ (X1/2 — 2))iw + u(u + X1/8)(u + X1/4) + iy1.
Hence f3 + ¢2f + h%2 = wv + (X1/8)v? + ((X1/4 — 2)u + X3?/32 — im1)iv —
(Bu+ (X1/2 = 2))iw + u(u + X1/8)(u+ X1/4) — Q1(u) + iy1. Moreover, X;/8 =
1+ A;/4. We deduce that
P4 f+h%+2gh = Ajv? /4 + (Aju/2 + 2(1 + Ay /4)? — iy )iv
(4) —Ajiw/2+u(u+ 14+ A1 /4)(u+2+ A1/2) — Q1(u) — Pr(u) +im.
It follows that As = A;. Multiplying (@) by A; and substituting for X, we have
A1f2 = —A1U2/4 - (A1U/2 + Al(l + A1/4))Z’U
(5) +Ayiw/2 + Aju? /A + Ay (1+ Ay /4)u + Ay (1 + Ay /4)2.
We notice moreover that vo = i(By/2 + 2(1 — A3/16) + iv1/2). It follows that
(©) —v2g9 = (B1/4 41— A3/16 + iy /4)iv
+ (B1/4+1— A3/16 +iv1/4)(3u+ 2 + A1 /2).
Let By = 6(A%/16 — 1) + 3i~y1 /2 — By /2. Taking the sum of @), (§) and (@), we see
that
P+ A f2+ g% f +h* +2gh — 729 = —Baiv/2

(7) +Bau/2 4+ Bao(1+ Ay /4) + (By —im1 + 4(1 — A}/16)) A1 /4 — C.
Summing By f and (), we deduce that Qo(t) = t3 + Ait?2 + Bot + Cy, where
CQ = Cl — Al(B1/4 — i’yl/4+ 1-— A%/].G)
Lemma 3.2. Let f = iv/2 —u/2 — (1 + A1/4), g = —v/2 + 3iu/2 + i(1 + A1/4)
and h = w. Then 3+ A1 f2 4+ Bof +Cy + fg?> + h? — 2hg — 29 = 0, where

By = 6(A7/16 — 1) + 3iv, /2 — By /2,

Cy=Cy — Ay (B1/4— i /4+1— A2/16),

e =iB1/2 — 2i(A7/16 — 1) — 71 /2.
Moreover, [f, g] = 2h, [f,h] = =2fg+2h+ 72 and [9,h] = g° +3f* + (241 +8)f +
(241 + B2 + 8).

Proof. Let Qa(t) = t3 + A1t + Bat + Cy. By construction, [f,g] = 2h and [f, h] =
—2fg+2h+v2. Moreover, by the discussion above, Qo (f)+g%f+h?+2gh—729 = 0.
But it follows from the commutator relation [f, g] = 2h that g2 f +2gh = fg°? —2hg.
Hence we have only to show that [g,h] = ¢® + 3f% + (241 + 8)f + 2A; + B2 + 8.
We deduce from the Jacobi identity [f, [g, h]] = [[f, g], h] + [g, [f, h]] and the known
commutator relations for f that [f,[g,h]] = 2(gh + hg) = [f,¢?]. Hence [g,h] =
g* + z for some z € Zpq, A1) (f) = Z(f). We claim that Z(f) = C[f]. Indeed, let
x be an element of Z(f)\ C[f] of minimal degree. By considering {gr;.,, f,&lim 2}
we see that © = yv’+lower terms for some y € C* and j. But now x — x(—2if)’
is an element of Z(f) \ C[f] of lower degree than x, which gives a contradiction.
It follows that z = p(f) for some polynomial p(t). Thus there is a homomorphism
H(p,~v2) — D(Q1,v1) which sends the standard generators U, V, W for H(p,72) to
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f,9,h. The equality Q2(f) + fg*> + h? — 2hg — 29 = 0 now implies that p(t) =
3t2 + (241 + 8)t +2A; + By + 8. O

Definition 3.3. For a monic polynomial @) of degree 3 and v € C, let © be the
isomorphism D(Q,v) — D(Q,—7) given by u — v',v — —v',w — —w', where
u', v, w’ are the standard generators of D(Q, —7).

Let B = 6(A%/16 — 1) + 3iv/2 — B/2, C = C — A(B/4 — iv/4 + 1 — A?/16),
5 = i(2(1 — A2/16) + B/2 + iy/2) and Q(t) = 3 + At? + Bt + C. Let ¥ be the
isomorphism D(Q,v) — D(Q7 %) given by

ur—i0/2—a/2—(1+A/4), v— —0/2+3iu/2+i(1+ A/4), w— b,
where u, v, w are the standard generators of D(Q, 7).

Remark 3.4. As for the case n > 4, the isomorphisms ©, ¥ depend on the choice
of @,~ and therefore should perhaps refer to these defining parameters in their
definition. However, one can think of © and ¥ as representatives of elements of
Ngp,(vy(I')/T acting as transformations of the space of noncommutative deforma-
tions of V/I'. Since any element of Ngy,(y) preserves the invariant ring C[V]', there
is a natural action of Ngr,vy(I')/T" on V/I'. Our construction above and Theorem
[B.6 below therefore say that each such element of Ngp,(y)/I" has a unique induced ac-
tion on the space of noncommutative deformations of V/T', and this induced action
produces all possible isomorphisms between points (@, 7).

Lemma 3.5. (a) U3 is the identity map on each D(Q,7).
(b)) ®oc Vo1 = w2,

Proof. Consider ¥ : D(Q,~) — D(Q,7) and ¥ : D(Q,7) — D(Q,’y). Let u,v,w
(vesp, u,0,w, 4,0,w) be the standard generators for D(Q,~) (resp. D(Q,ﬁ),
D(Q,#%)). Then by calculation W2 : u — —id/2 — /2 — 1 — AJ4, v — —0/2 —
3ia/2 —i(1 + A/4) and w — . This proves (b). By considering the compo-
sition of W2 : D(Q,7) — D(Q,4) with ¥ : D(Q,4) — D(Q,7), we see that
U3 2y U, v — U, w — w. But therefore Q = @ and 7 = . (I

We therefore define the isomorphism ¥—! = ¥2: for A,B,C,y € C let B =
6(A2/16 — 1) — 3iv/2 — B/2, let C = C — A(B/4 4 iv/4 + 1 — A2/16), let 4 =
i(2(A%/16 — 1) — B/2) — /2 and let Q(t) = t* + At> + Bt + C. Then there exists
an isomorphism U= : D(Q,~) — D(Q,4) given by u — —it/2 — /2 — (14 A/4),
v —0/2=3i4/2 —i(1 + A/4), w — W, where 4, 0, are the standard generators
for D(Q, 7).

Hence, we have completed our task.

Theorem 3.6. Let Q be a monic polynomial of degree 3 and let v € C.

(a) There are ezactly siz isomorphims from D(Q,~) to algebras D(Q,7), namely
IdD(Q,'y) and U, \I/_l, 0, (@ o \I/), (@ o \I/_l).

(b) If v = 0 and B = 4(A%/16 — 1), then Aut D(Q,~) is isomorphic to the
symmetric group Ss and is generated by ¥ and ©.

(c) Aut D(Q,~) is of order 2 if exactly one of B — 4(A%/16 — 1) — iy, B —
4(A%/16 — 1) + iy and v is zero. If B = 4(A%/16 — 1) + iy (resp. B =
4(A%/16 — 1) — i) and v # 0, then Aut D(Q,~) is generated by © o ¥ (resp.
OoU~1). If y =0 but B # 4(A%/16 — 1), then Aut D(Q,~) is generated by ©.
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(d) If v # 0 and B # 4(A%/16 — 1) £ iv, then there are no nontrivial automor-
phisms of D(Q,7).

Proof. This follows from Lemma 25 Corollary 229 Corollary 211l Lemma 218
Lemma and the discussion above. O

We therefore think of the symmetric group Ss as acting on the space of noncom-
mutative deformations via the representatives ©, W. It is not difficult to describe
the invariants with respect to this action. Let o= (1 2 3 )Jand7=(1 2)
be generators for Ss.

Lemma 3.7. Let S3 act as algebra automorphisms of C[A, B, C,~| with the action
of o (resp. T) given by that of ¥ (resp. ©) on Q(t) = t> + At?> + Bt + C and .
Let x1 = B — 4(A2%/16 — 1) — 43,20 = B — 4(A2/16 — 1) + vV/3,25 = 6C — AB
and T, = A.

Then C[A, B,C,~] = Clzy,z2,x3,24] and o(x1) = e*™/3x1, 0(x3) = e 2™ /3x,,
T(x1) = x2,7(x2) = 1. The action of S3 on x5 and x4 is trivial.

Proof. The fact that C[A, B, C,v] = C[z1, 2, T3, 24] is clear, since x5 — 1 = 274/3,
r1+x9+4(x2—1) = 2B and 23+ AB = 6C. The action of o and 7 on 1, 2, ¥3, 14
follows immediately from Definition O

Corollary 3.8. The moduli space of isomorphism classes of noncommutative de-
formations of a Kleinian singularity of type Dy is isomorphic to a vector space of
dimension 4.

Proof. By Lemma [3.7] the ring of invariants C[A, B, C,~]%® is generated by 3 +
T3, 2179, 23 and x4. But hence the map D(Q,v) — ((B — 4(A2%/16 — 1))
(B —4(A?/16 — 1))? + 9v?), (B — 4(A%/16 — 1))? — 372,6C — AB, A) induces a
bijective map on isomorphism classes of deformations. ([

Finally, we can now solve the problem of when two algebras H(P,~), H(P,#)
are isomorphic.

Theorem 3.9. Let P(t) = 3t>+ Xt+Y, P(t) = 3t*+ Xt+Y and~,57 € C. Then
H(P,~) = H(P,?) if and only if X = X and either
(i)Y =3(X + X2/324iv/2) = Y/2 and +7 = i(Y/2 — X — X?/32) — /2, or
(1) Y = 3(X + X?/32 —i/2) = Y/2 and +7 = —i(Y/2 — X — X2/32) — /2, or
(iii)) Y =Y and 5 = +v.

Proof. Let ¢ : H(P,y) — H(P,%) be an isomorphism. Let Q(t) (resp. Q(t)) be
the unique monic polynomial with zero constant term such that Q(—s(s + 1)) +
(s4+1)P(—s(s+1)) (resp. Q(—s(s+1))+ (s+1)P(—s(s+1))) is even in s and let
Q = Q(u) +uv? +w? — 2wv —yv, Q@ = Q(@) + uv? + W — 2w —49. By Lemma [[4]
Z(H(P,7)) = C[Q] and Z(H(P,%)) = C[Q]. Tt follows that ¢(Q) = aQ + ¢ for some
a € C*, ¢ € C. Hence ¢ induces an isomorphism H(P,~)/(Q) — H(P,7)/(Q—c/a).
But H(P,7)/(Q) = D(Q,~) and H(P,7)/(Q—c¢/a) = D(Q — ¢/a, 7). The theorem
now follows from Theorem [B.6and the fact that Q(¢) = 3+ (X/2—4)t? + (Y — X )t,
Qt) =t + (X/2 — 4)t> + (Y — X)t. 0
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