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Covariant constitutive relations and relativistic
inhomogeneous plasmas
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The Cockcroft Institute, Daresbury Laboratory, Daresbury Science & Innovation Campus,
Keckwick Lane, Daresbury, Warrington, Cheshire WA4 4AD United Kingdom

(Received 24 November 2010; accepted 15 February 2011; published online 4 April 2011)

The notion of a 2-point susceptibility kernel used to describe linear electromagnetic
responses of dispersive continuous media in nonrelativistic phenomena is general-
ized to accommodate the constraints required of a causal formulation in spacetimes
with background gravitational fields. In particular the concepts of spatial material
inhomogeneity and temporal nonstationarity are formulated within a fully covariant
spacetime framework. This framework is illustrated by recasting the Maxwell-Vlasov
equations for a collisionless plasma in a form that exposes a 2-point electromagnetic
susceptibility kernel in spacetime. This permits the establishment of a perturbative
scheme for nonstationary inhomogeneous plasma configurations. Explicit formulae
for the perturbed kernel are derived in both the presence and absence of gravita-
tion using the general solution to the relativistic equations of motion of the plasma
constituents. In the absence of gravitation this permits an analysis of collisionless
damping in terms of a system of integral equations that reduce to standard Lan-
dau damping of Langmuir modes when the perturbation refers to a homogeneous
stationary plasma configuration. It is concluded that constitutive modeling in terms
of a 2-point susceptibility kernel in a covariant spacetime framework offers a nat-
ural extension of standard nonrelativistic descriptions of simple media and that its
use for describing linear responses of more general dispersive media has wide ap-
plicability in relativistic plasma modeling. © 2011 American Institute of Physics.
[doi:10.1063/1.3562929]

. INTRODCTION

The behavior of a material medium in response to electromagnetic and gravitational fields
encompasses a vast range of classical and quantum physics. For media composed of a large collection
of molecular or ionized structures recourse to a statistical description is required and this often leads
to a coarser description in terms of a few thermodynamic variables and their correlations. Such a
description relies on the efficacy of particular constitutive models or phenomenological constitutive
data that serve to circumscribe its domain of applicability.

For phenomena where the relative motions of the constituents approach the speed of light
in vacuo or the material experiences bulk accelerations or gravitational interactions such constitutive
descriptions must be formulated within a relativistic framework. However, even within a space-
time covariant formulation there remains great freedom in how to accommodate electromagnetic
responses that depend on material dispersion induced by spatial correlations or temporal delays of
electromagnetic interactions.! The incorporation of such effects in a theoretical description often
relies on a detailed structural model of the medium particularly if it is inhomogeneous or external
gravitational gradients are relevant. Notwithstanding these complexities simple constitutive mod-
els have proved of considerable value for homogeneous polarizable media that exhibit temporal
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dispersion in a laboratory frame where gravity plays no essential role. Indeed the notion of permit-
tivity and permeability tensors is often adequate to parameterize a large range of experimental linear
responses of simple polarizable media to external static and dynamic electromagnetic fields. More
generally, for nondispersive media these tensors can be subsumed into a susceptibility kernel that
readily accommodates special relativistic effects on the bulk motion of media.

In this article the degree to which the notion of a susceptibility kernel can be generalized to
describe linear electromagnetic responses of dispersive continuous media is explored. In particu-
lar the effects of spatial material inhomogeneity and nonstationarity will be formulated within a
fully covariant spacetime framework. In this manner the formulation can accommodate arbitrary
gravitational and electromagnetic interactions. The framework will be illustrated by recasting the
Maxwell-Vlasov equations for a collisionless plasma in a form that exposes a 2-point? electromag-
netic susceptibility kernel in an arbitrary external gravitational field. This permits the establishment
of a perturbative scheme for nonstationary inhomogeneous plasma configurations in terms of such
a kernel. Explicit formulae for the perturbed kernel are derived in both the presence and absence of
gravitation in terms of the general solution to the equations of motion of the plasma constituents.
In the absence of gravitation this permits an analysis of collisionless damping in terms of a sys-
tem of integral equations that reduce to standard Landau damping of Langmuir modes when the
perturbation refers to a homogeneous stationary plasma configuration.

Itis concluded that constitutive modeling in terms of a 2-point susceptibility kernel in a covariant
spacetime framework offers a natural extension of standard nonrelativistic descriptions of simple
media and that its use for describing linear responses of more general dispersive media has wide
applicability in relativistic plasma modeling.

Il. CONSTITUTIVE RELATIONS

In the following spacetime M is considered a globally hyperbolic, topologically trivial four-
dimensional manifold endowed with a metric tensor g with signature (—1, +1, +1, +1) describing
gravitation. A closed 2-form F describes the electromagnetic field. The bundle of exterior p-forms
over M is denoted A? M and its sections ' A? M are p—forms on M. The bundle of all forms is
AM = UZig AP M. Associated with g is the Hodge map *. Thus for ¢ € I'A” M its corresponding
Hodge dual is denoted »a € I'*~? AM. The tangent bundle over M is denoted 7 M and its sections
I'T M are vector fields on M. We call the 1-form J = g(J, =) € T A'M the metric dual of the vector
field J € I'T M. Maxwell’s equations for the electromagnetic field F € I'A%2M in a polarizable
medium containing an electric current J € I'T M, satisfying the continuity (or current conservation)
equation d J = 0, are written

dF =0, d*G=—x]. (1)
The excitation 2-form G € I'A?M can always be expressed,
G=¢eF +11, 2)

in terms of the permittivity €y of free space. The polarization® 2-form IT € I' A2M results from all
electromagnetic field sources not made explicit in J.

In general IT and J are nonlinear functionals of F and other fields such as matter and initial
data on any initial spacelike hypersurface ¥, C M. Such functionals are the constitutive relations
describing G and J in terms of F and the other fields.

It is convenient to introduce integration on a fibered manifold A of dimension n + r with
projection 7wxr : N — N over a manifold N of dimension 7. Thus at each point o € N one has the
fiber N, = JTA_/I {o}={(0".c)eN ENCGAE o} so dim(N,) = r is the fiber dimension. For
a € TAPT" N we define*> the form 4., @ € TAPN by

fﬂ/\% ot:/r[j‘{/(ﬂ)/\oc 3)
N TN N

forall B e TA"PN.
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In terms of local coordinates (¢!, ..., 0" and (¢!, ..., 0", ¢c'...¢") for patches on N and NV,
respectively, one may write the fiber integral

(f.<)

where N, = nj(/l({a}) is the fiber over the point o € N and iy, is the contraction on forms.
Observe that if & does not contain the factor dg! A --- A d¢” then 5&” a = 0. The proof of this is
given in Lemma 2 in the Appendix.
A key result of fiber integration, used to establish the current continuity equation, is that it
commutes with the exterior derivative,
~(f, )
o N

(4f.)

for o not on the boundary of N provided the support of o does not intersect the boundary of A/. The
proof is given in Lemma 3 in the Appendix.

In general models for IT demand a knowledge of the dynamics of sources responsible for
polarization as well as any permanent polarization that may exist in the medium. A full dynamical
description depends on a specification of appropriate initial value data ¢ on X,. The exact structure
of ¢ depends on the sources of the polarization. For the plasma model described in Sec. III the initial
data corresponds to the velocity profile for each particle species at each point on X, in the plasma.

In this article IT is considered to be an affine functional of F of the form

- Z dol‘/\.../\dalpf ia/0000 - - a0 @l (,)s 4)
N,

g I<h<..<lp<n §&Ng

®)

[

H[F,;]:% X A py(F)+ Z[g] (6)
Px

for some functional Z of ¢. The first term on the right is expressed in terms of the fiber integral of a
2-point susceptibility kernel x € T A*(Myx x My) expressible locally as

X = %Xabcd(x, V)dx® A dxb A dy°® A dyd_ o

Here My and My are two copies of M, locally coordinated by (x°,...,x%) and (%, ..., y%), re-
spectively, with projections px : Mx x My — My, py : Mx x My — My, px(x,y) = x, py(x, y)
=y and initial hypersurfaces ¥y, C Mx and X);, C My. Throughout, summation is over roman
indices a, b, c = 0, 1, 2, 3 and greek indices u, v, 0 =1, 2, 3.

To consistently remove any reference to M (without a subscript) let F € [TA’My, € F €
IC'A’My, G e TA’My, J e TTMy, and TI[F, ] € T A>My. Thus €, can be regarded as a map
€0 : TA’My — T'A>My which is the pullback of the natural isomorphism My — My, together
with a scaling to accommodate the choice of electromagnetic units.

In terms of local coordinate bases on Mx and My the components of (6) are

[UF, £1up(x) = / Kabed (6. ¥) Fur ) dy* ) + Z[Z 1 ®)

yeM

in a multiindex notation with

dx® % =dx“ A Adxr,

i

=i ---1_2 .
al...a,,

(Note the reverse order for internal contraction.) Summations over multiindices I C {1, ..., n}
considered as an ordered p-list I < I, < ... < I, of length |/| = p will also be employed. Thus

dx! =dxr =dx" A Adx,

l[ :l11-~~[p—l 9 el 0

axlp axl1

so that, via summation, if « € TA?M then dx’ A iﬁx)a = «, where || = p.
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In this notation the product manifold Mx x My inherits the following maps that will be em-
ployed below

dy : TAP(Myx x My) — TAPYY(My x My),

3
dy(@) = 22 gxa n dx! A dy?
0x4
dy : TAP(My x My) — TAPT (My x My),
3
dy(@) = S ay n dx' A dy’

dy
*y . FA(MX X My) — FA(MX X My),

*x(@) = ap (xdx") Ady”,

where o = a;; dx! Ady”’.
Since F = dA and for A with compact support away from any boundary of My it follows
from (6) that

N[F, 81 = —4 dyx) A py(A) + Z[§].

Px
Hence T1[F, ¢] remains invariant® under the gauge transformation

X — x+dyi ©)

for any Z = Eubcdx‘”’ ANdy© e CA3(Mx x My). Since the support of A can be made arbitrarily small
dy x is uniquely specified by I1[F, ¢]. Furthermore,

d«TI[F, ¢] = —jf (dy *x dyx) A P3A) +d % ZIE],
Px

hence d » I[1[F, ¢] is invariant under the gauge transformation
X = x+dyl+axdyd (10)

for any f = Z‘abcdx“b A dy‘ and § = éa;,cdx“ A dybc. Similarly dx *x dy x is uniquely determined
by d x T1[F, ¢].

In general, the permittivity functional IT is a nonlocal functional in spacetime given by the
integral (8). If x is smooth, and not identically zero, then IT is always nonlocal. However, for
distributional susceptibility kernels it is possible for IT to remain local. In this category one has the
local, linear Minkowski constitutive relations

M[F] = eo(e, — DiyF AT+ eo(n,' — D) * ((iy* F) A F),

where v € I'T My is a vector field representing the bulk 4-velocity of the medium and €,, i, €
I'A°My are the relative permittivity and permeability scalars of the medium. These relations
can be represented by a distributional susceptibility kernel with support on the diagonal set
{(x,y) € Mx x My|x = y}.

In general IT is said to be causal on all of M if 1|, only depends of the values of F which lie
on or within the past light-cone”® J~(x) C My of x. If IT depends on ¢ it may be causal on M},
where M;{ =Xy, U {x lies to the future of Xy, } The functional IT is causal on M;{ if TI[F, ¢]|x
only depends on the values of F and ¢ which lie on or within its past light-cone J~(x) N M5 of x
and x € M;{. The data functional Z is casual on M; if Z[¢]|, depends only on & € Xy, N J 7 (x)
for all x € M. For I to be causal on M} it is necessary and sufficient (Lemma 5 in the Appendix)
that the following be satisfied:

e Z is causal on My,
o (dy x)lx,yy = O0forall (x, y) € M;{ X M;,’ such that y ¢ J~(x), and
° L%My()() | x,yy =0 for all (x,y)e€ M}r X Xy, such that y ¢ J~(x), where Lsy, * M;(L X

Tu, <> My x My is the natural embedding.
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A. Spacetime homogeneous constitutive relations for media in Minkowski spacetime

Minkowski spacetime has properties that underpin the notions of material spatial homogeneity
and stationary processes. Being isomorphic to a real four-dimensional vector space it can be given an
affine structure in addition to its light-cone structure. Physically this implies that no particular point
in a spacetime without gravitation has a distinguished status and the concepts of material and field
energy, momentum, and angular momentum can be defined in terms of the Killing symmetries of
the spacetime metric. Since all points of the spacetime are equivalent relative to this affine structure
it is sufficient to denote Mx and My by M and, relative to any point chosen as origin, a point with
coordinates x can be identified with a vector denoted by x € R*. It is then convenient to introduce
the Minkowski translation map A, : M — M, A (x) = x + z that maps points x to x + z on M.

If the electromagnetic properties of an unbounded medium are independent of location in
spacetime they will be called spacetime homogeneous. Such electromagnetic constitutive properties
imply that variations in F at event y € M produce an induced variation in a functional ITg[F] at
event x € M, via akernel x,p.q4(x, y) that depends on the 4-vector x — y. If the constitutive relation
is causal then there is no induced variation if x ¢ J*(y). Furthermore, in a spacetime homogeneous
medium Z[¢] = Zg, where Zgy € ' A?M is independent of ¢.

In terms of A; an electromagnetic constitutive functional ITgy is given by

My[F] :jé X A DPy(F)+ Zq. (1)
Px

The functional ITy is said to be spacetime homogeneous® if
MyglAF] = AIIH[F]. (12)
This follows if the susceptibility kernel x satisfies

X |(x+z,y+z) =X |(x,y) (13)

and A7Zy = Zpg. The contribution Zpy may model the presence of an externally prescribed sta-
tionary uniform permanent magnetic or electric polarization. Equation (13) implies the components
of x in (7) can be written

Xabcd(xa )’) = Xabcd(x - y)’ (14)
where
Xabcd(x) = Xabcd(xa O) (15)

Thus, in a Minkowski spacetime for materials with electromagnetic spacetime homogeneous prop-
erties, (8) can be written in terms of a convolution integral

MY Fla(x) = 1 / Xavea(x — Y)For DAY + (ZgDab
yeM

= 1€ (X upea * For)x) + (ZHabs (16)

where €%/ = 41, 0 denotes the Levi-Civita alternating symbol in coordinates in which the metric
tensor takes the form g = n,,dx* ® dx®, where nap = diag(—1, +1, +1, +1). In these coordinates
the (Zfp)a» are all constants.

Let Fgf(k) and ﬁH[F]ah(k) denote the Fourier transforms of Fy(x) and ITgg[F].s(x), respec-
tively, i.e.,

Fef(k) = / Fef(x)eik'xdx0123,
xeR4

[ Flap(k) = /

xeR

HH[F]ab(x)eik'xdx0123’
4
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where k = k,dx“, k-x =kox® Similarly let X,,¢ (k) be the Fourier transformation of
7€ Xapea(x), e,

Xap ! (k) = e / Xavea ()" dx"'%. (17)

xeR*

If Zg = 0 then it follows from (16) that
NHIF (k) = 5 Xap (k) Foa (k). (18)
Since yupcq 1s a real function on M its Fourier transform satisfies
Xap 100" = Xap (=),

The 36 components of X, “(k) subject to this symmetry can be expressed in terms of permittivity,
permeability, and magnetoelectric tensors relative to any observer frame. A specification of these
components together with relations that determine the electric current J serve as an electromag-
netic model for a spacetime homogeneous medium in Minkowski spacetime. If the medium lacks
this electromagnetic homogeneity recourse to the Fourier transform (16) is not possible and the
constitutive properties must be given in terms of a 2-point kernel and (8).

lll. CONSTITUTIVE MODELS FOR A COLLISIONLESS IONIZED PLASMA

As noted in the Introduction the computation of the susceptibility for homogeneous stationary
dispersive media owes much to phenomenological models and input from experiment. For certain
conductors, semiconductors, insulators, and low-dimensional structures much can also be learnt
from the application of quantum theory. For inhomogeneous and anisotropic media subject to
nonstationary electromagnetic fields linear responses are often the subject of a perturbation approach.
This is particularly so in the case of ionized gases.

As an application of the above formalism the classical linear response of a fully ionized
inhomogeneous nonstationary collisionless plasma to a perturbation is considered in the presence
of an arbitrary background gravitational field. The perturbed constitutive tensor will be calculated
in terms of solutions to the classical Maxwell-Vlasov equations for the system. This system is
described in terms of the electromagnetic 2-form F € ' A>M ™ over a gravitational spacetime M,
lying in the future of an initial hypersurface X,,, and a collection of “one-particle distribution”
forms (of degree 6), 9“1 € ' A°€T (one for each charged species of particle |o] with mass m“ and
charge ¢'“!) on the upper unit hyperboloid bundle w : £+ — M™ over M. The seven-dimensional
manifold £1 is a subbundle of the eight-dimensional tangent bundle 7M™t over M+ whose sections
are all future pointing timelike unit vector fields on M. Thus generic elements of £ can be written
(z, w) withz € M+, w(z, w) = z, and g(w, w) = —1. The initial values of the one-particle forms
are given on the hypersurface X¢, where e = 7' {X )} C €.

The Maxwell-Vlasov system is usually written in terms of the Maxwell system in vacuo and
all sources are contained in the total current J € DT M. This in turn is given by the sum over each
species current

J= Z Je, (19)
o]
where /¥ € TT M ™. Thus in terms of F and J the Maxwell subsystem is
dF =0,epd x F = — % J. (20)

The dynamic equations for each 9 can be written succinctly in terms of forms on £+ and
a collection of Liouville vector fields W € T'TE* describing the flow of the charged particles
associated with each species [«],

o]

of q g
Wl = Hew@ w) + —2Vew(licn F), @1
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in terms of certain horizontal and vertical lifts.!? With these vector fields the distribution forms 6 lor]
are defined to satisfy the collisionless conditions,

do¥ =0, (22)
iww 09 = 0. (23)
To close this system one requires
TR =qmj£em (24)
T

The closure of 89 leads, from (5), to the continuity equation for each species current,

i T :d(jfetﬂ):j(dew 0, (25)

T

so the total current 3-form *J is closed away from the boundary Xj,.

Alocal coordinate system (z°, . . ., z*) for aregion containing z on M* induces alocal coordinate
system (z°, ..., 23, w', w?, w?) on £T. Since £ C TM™ the tangent vector for a generic element
(z, w) € £T may be written

d
(Z, IU) = waﬁ‘ € g;r C TZMJr,
z

where £ = 77 1({z}) is the three-dimensional fiber of £* over z coordinated by (w', w?, w?) and
w(z, w) is the solution to gapw? w? = —1 with w® > 0. All indices in the range 0, 1, 2, 3 are raised
and lowered using g"” and g, so that wy = w?g,o. Given a pair of vectors (z, w), (z, v) € 5;“ C
T,M™ the horizontal lift of the vector (z, v) to the point (z, w) € T will be denoted H;, 4)(z, v) €
T;.u)ET and is given by

a a v e 8
Hin (@) = (v 57 =T @uv/ =) 26)

d9z¢

where I'? . are the Christoffel symbols determined by the metric components g“. Furthermore, if
g(v, w) = 0 then the vertical lift of the vector (z, v) to the point (z, w) € £* is given by

Viwter) = (o)

Thus from (21), each Liouville vector field in these coordinates can be expressed as

(z,w)7

€ oo™ 27)

(z,w)

W) = w? aia + ( — IV @uww! + Z—EFef(z)g“fwf) P (28)
Denote by 2 € 'A7E7 the natural 7-form measure on £ given in these coordinates by
o= LAU8] g0 1 g2 (29)
wo
In Ref. 11, Eq. (94)] it is shown that for all species |o],
diga2 = 0. 30)
The distribution function ' € T A°E™ relative to 2 for the species |o] is defined implicitly via
09 = iy (). (31)
From (30) and (31) it follows that (23) is equivalent to
WE(f) =0 (32)

and from (24) the components of the species current |o/] are given in terms of f(z, w) by

b 12
7910 = qu WM™ ce ) !, (33)
& wolz, w)
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A. Perturbation analysis
Let QIM € TASET and F| € ' A2M™ be perturbations of 90@] and Fy, i.e.,

0 =6/ +6" +---, F=F+F+ -, (34)
where
oy =0, iy =0,
35)
dF():O, éod*F():_ZqL(ﬂ%e(%dlv
o] i
a gl —
W' lean = Hiean @ w) + — Ve (i Fo). (36)

i.e., given by substituting F = F into (28). Substituting F into (21) yields W = W + W + ...
where WIM = WIM(FI) and the map W, : TA2M+ — I'TET is given by

o] —

A o q .

WA FD e =~ Ve (i F1)- (37)
The first order linear system for the perturbation (6;, F}) is then
dor =0, (38)
iy 0 = —iga 057 (39)
dF, =0, (40)
od * Fy = —quj( 0. (41)
T

o

Using (5) and (38) it follows that each species current in the sum on the right hand side of (41)
is closed away from the initial hypersurface %j,. In terms of the excitation field G; € TA?M™*
Eq. (41) will be written

dxG, =0, (42)
where
G| =€ F +I1[Fy, &] (43)
for some linear functional IT; of F; and ¢ such that
d*nl[Fl,;.]z—Zj( 61 (44)
el v

and ¢, = {{lt‘"”, e .], where ¢ = €|, for some £ € D A’E} which solves 0 = d&/*.

Thus {}Oﬂ is related to the initial velocity profile of the species |«].
In Sec. III B the general susceptibility kernel x € TA%(M} x M) and linear functional Z,,

determined by QOM and Fy, are found such that

I [F1, &1« =%‘ x A py(F) + Zi[g,] (45)

Px
satisfies (44).
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B. A general formula for the functional I1; in an unbounded plasma

In this section a general expression for a susceptibility kernel will be constructed in terms of the
integral curves of the vector field W[“] € I'TET. Such curves describe segments of particle world
lines under the influence of the Lorentz force due to the external electromagnetic field Fy. Although,
for a general Fp, it is not possible to derive an analytic form for such integral curves, special cases
are amenable to an analytic analysis.

It proves convenient to let the final and initial states of each species of particle reside in fibers over
M; and M;” , respectively, bounded by the equivalent hypersurfaces Xy, C M; and Xy, C M;” .
Thus the corresponding upper unit hyperboloid bundles 7y : £ — My and 7y : £ — M, with
boundary hypersurfaces Z¢, C 5 and g, C &, are used to accommodate the final and initial 4-
velocities of the particles. The generic elements of these bundles are written (x, v) € £ ;{ and (y,u) €
&Y, where x € My, y € My and g(v, v) = g(u, u) = —1. The induced coordinate systems for &5
and & are (x%, ..., x3, v', 02 0¥ and (00, ..., 3, ul, u?, u?). Let v0(x, v), volx, v), u°(y, u), and
uo(y, u) be defined in the same way as wO(z, w) and wy(z, w).

The contribution to the tensor IT;[F, ¢;] due to all dynamic sources, arises from all particle
histories in the past light-cone of x € M. The history of the species particle |o] which passes
through event x with 4-velocity (x, v) € £} will therefore be parametrized by negative proper time
.Y | OL“] (x,v),0] > M*™, 7 > c (7). Such a history is the unique solution to the Lorentz

(x,v) = L (x,v)
force equation,

ol

ol
Ver Com = —a liew o, F 0), (46)
with
(€l Gl = —1 @7)
and final condition
0 =x, C§,0) = (x,v), (48)

where C(x U)(r) = C(Lﬂv)*(arh) = C(@j)(t)a - and the value 7, W(x v) < 0 solves

el (! (x,v)) € By, (49)
This defines the prolongation of C, C(Lfcﬂv) [z, 1o (x,v),0] — E*. For each species |d], (x,v) €
5; and T € [tm(x v), 0] let (y,u) € & denote the initial state, i.e., y = C(Lfv)(t) and (y, u)

(X U)(r) see Fig. 1.
The family of all such histories is described in terms of the maps

o NG > & 9 x v =CE (), (50)
where

N =@ v e R xef |7l n =7 <0},

Y

FIG. 1. A segment of the solution curve C y) to the unperturbed Lorentz force equation (46) with final position x, final
velocity (x, v), initial position y = C(x,.)(7), and initial velocity (y, u) = C'(X,v)(r).
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The manifold V¥ with boundary is naturally a fiber bundle over £ with projection 1 : N

— 6;, (t,x,v) — w}fﬂ(t, x,v) = (x, v) and for any form a € I" AP Ny it follows from (4) that
0
% a=dx' A dyj/ a(l)(r,x, v)dt,
w ¥ (x,v)

where o = aV(z, x, v)dx! Ady’! Adt +aP(t, x, v)dx! Ady’.
Let A3, & be the set of sections over X, with values in A’EY, ie., if « € TAY, &) then

for each (y, u) € X¢,, a|(y,u) € Afy’u)é';r. Let the map ¢ : I‘A';’:gy EQL — I‘ASE; be given by

g lalx 5 +
(I,M(a)kx,v) = ¢rg“1(x,v)(“|ré“(x,v>) € Al néxs (51)

where ¢ : EF — EF, ¢ (x, v) = @(1, x, v). For each species |o] let the initial data be given by
¢ € TAY, & withiyug™ =0.

In terms of these maps, it will now be shown that the general polarization functional IT; on M}’
is given by

m[F.¢0=) q" *j( j( e A G (i e 05" + *d (E1[F1])
5 X Y
+qu*j( 0 () +xd(Z4[¢,)),

lo] X

(52)

where 2, and Z; are arbitrary linear functionals of F} and ¢ |, respectively. The excitation I, [ F, &, ],
in (52), is the general solution to (44) where the source 9, satisfies (38) and (39). The first two terms
on the right hand side of (52) are linear functionals of F; whereas the last term is a linear functional
of the initial data ¢ ,. Clearly *d (E[F)]) and xd (Z 1[¢,]) are in the kernel of d, the homogeneous
differential operator associated with (44).

The proof that (52) solves (44) requires the following lemma which is proved in the Appendix.

Lemma 1: Let N be a manifold with a boundary ¥y C N andlet V € T'TN be a nonvanishing
vector field on N such that every integral curve of V intersects Xy precisely once. For eacho € N
let the integral curve of V terminating at o be given by y, : [19(c), 0] = N, where y,(0) = o and
Y (10(0)) € Zn. The set N' = {(cr, T)CR™ x N ‘ Tmin(0) < T < O} is a fibered manifold over N
with projection wy : N' = N, (t,0) — @wn(t,0) = 0. The family of integral curves of V can be
described by the map ¢y : N — N, ¢n(t,0) = v5(7). Let ¢ € FA;NN such that iy¢ =0, ie.,
¢ is a p-form on Xy with values in AP N. Let @y : FA;NN — ['APN be given by on()|s =
dN 1;0((7)(;'7.’0(0')) € A’éN N.

If B € TAPN is a p-form on N with compact support such that iy = 0 and & € T AP N has
the form

E=4 oyB)AdT+on() (53)

N

then
ivd§ = B, (54)

Elsy =¢.
This lemma is applied with N = &£, my = w};ﬂ, V= WOM, 0= rom, on = oY oy = @,
¢ = IM, and

: o]
B =—iymp 05 (55)

Thus £ in (53) becomes the 5-form £ € TASES,
o] *(: o] o] * (s o] o]
1 = _ém ¢ (lW]M(F])GO ) AdT + (™) zéﬂﬂ dv A ¢* (’WF”(F.)QO ) + @™,
X X

(56)
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since deg (¢“*(i W FI)Q(%DA )) = 5. In order to satisfy (38) let

6 = dg. (57)
Furthermore, from (54) and (55)
iy 6 = iyud = —iga . 60"

so (39) is satisfied. In terms of élm (52) can be written

MilF &0k = Y g *j( £ + %d (B1lF)) | + +d(Z112,)).
o] X

Then from (5)

dxTL[F), ¢,] =d**(2q@4jﬁ

lo i

5@)

==Y qaf & =-3 g as
o] X lo] X
Z_unﬂ% 91[0[‘.
o] ™

Thus the Maxwell equation (44) is also satisfied. That (52) is the general solution to (44) follows from
the fact that the difference between any two solutions of (44) satisfies the homogeneous differential
equation associated with (44).

Thus we have succeeded in eliminating OIM from the perturbation system (38)—(41), thereby
reducing the system to d F; = 0 and

cod* Fi + 5 q“d jﬁ AT A g 05 + ) qkﬂdjﬁ ey =0 (58)
Tx YWy

o] ol Tx

in terms of (6y, Fy), for the perturbation Fj. The perturbation 0, is then given by (57) and (56).

C. The susceptibility kernel for an unbounded collisionless plasma
Equating (52) and (45) with the initial data,
Zig1=) q“ *j( 0 ) + %d(Z:112,1). (59)
le X
yields

7( XA DPYF) =Y q" *j(
Px

ler] i

jﬁ AT A g 0 + (BRI (60)
@y

Away from the initial hypersurface boundary d(My x M) = Ty, x My U M5 x Zy,, using (5)
and (A2) one has

j( *xdx& A py(F) =j( *xdE A py(F1) =xdp & A py(F)) = xd(E1[F1]),
Px Px Px

where Z,[F}]is a linear functional of F;. The gauge freedom y — xxd xé given in (10) is equivalent
to the addition of the term xd (E,[F}]) in (52).
If F) is restricted to have support in a certain domain one may find x such that

j( XAPYE) =Y q" *jﬁ j( AT A G 5. 61)
Px o ey
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To find such a susceptibility kernel requires the following maps.

For (y,u) € &, 1etC8l, : RT — M*and C, [0, 7' (y, u)) — E* be the unique solutions

to the unperturbed Lorentz force equation (46) and (47) with initial conditions
Coly@=y €80 = (., (62)
where rlm (y,u) € Rt U {oo} is the supremum of the values of 7 such that C(L;ﬂ’u)(r) € M. Let
oyel :./\/)Fﬂ — M} x My,
(7, y,u) = (C&,) (). ¥). (63)
where
N}‘ﬂ = {(r, y,u) e Rt x &f | 0<7t< rlm(y, u)}.

This map gives the final and initial positions of a solution to the unperturbed Lorentz force equation
in terms of the initial position, velocity, and proper time parameter T € [0, rlm (&, u)).

Observe that 1 is never surjective, since if ®¥I(z, y, u) = (x, y) thenx € J*(y). Also ®“ is
never injective since ®1(0, y, u) = (y, y) forall (y, u) € & . Thus ®¥! does not possess an inverse
and one must work locally on M; x M ;,L in order to establish the diffeomorphism ¥ : D — D',

¥ = (08e) (64)
i.e.,
W (Ciyun(1), y) = (T, y, u)

with D € M3 x My and D' c N} given by

D= {(x, y) ’ There exists a unique u €€, and TR ™" such that C(L‘;Tu)

(t) = x forall Loﬂ}, (65)

D' ={@ )

®¥(z, y, u) € D for all |_o[|}.

This map W encodes the solution to the 2-point problem, namely given an initial event y € My
and final event x € My find the unique worldline to the unperturbed Lorentz force equation which
passes though these two points. This worldline is specified by its initial velocity (v, u) € £ ; and its
proper time 7. The statement that ®! does not have an inverse is equivalent to the statement that
in general there may not be a unique solution to the two point problem on an arbitrary domain. The
domain D is the set of all pairs (x, y) such that there is a unique worldline.

Set

x=>_ x“. (66)
o]

where

o] 2
q . (y * .
R e T T e R GRS )| L

for points (x, y) € D. In the Appendix (Lemma 6) it is shown that given x € My (61) and F; with
support in

D, =DNpy'{x} ={y € My|(x,y) € D} (68)

then (61) holds at x. Furthermore, although (dy X )|(x, ) is unique, x has the gauge freedom given by
).
One may write (67) implicitly as

X APy = 4" xS ‘I’M*<d7 Ao, O )) 69)
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forall y € TA>M; where S : A°

(x,y

)(MJr x M) — A(x y)(M;(r x M),
S() = iy A dy®', (70)
The tensor projector S has the simplest representation in the coordinate basis employed here since
(}) b
dy’ = =94,.
From (64) for a chosen species |o] one must consider T and u to be functions of (x, y) as well as

the species label |«]. Thus let & ] be given by the functions T = t(x, y) and u* = u*(x, y), where
we have dropped the species label, i.e., 7(x, y) and u*(x, y) solve the implicit equation

o]
Clyutx, y))(t(x,y)) =X, (71)

where u (x y) is the solution to u®(x, Y)u’(x, )ga(y) = —1 and uo(x, y) = gao(y)u’(x, v). Let
fo o] foa (y, u) represent the unperturbed probability function on &;. The contribution to the
susceptibility kernel from species |&] is given in local coordinates by (Lemma 7 in the Appendix.)
€12 | det g3/
el w@q " |detg pey bedejke
X |(x,y) - 0 m o 4140 8 € €chin€pvo X

u® at Jdu’ ou®  u® ot Jdu’ ou® u® 9t Ju’ Iu’

S v avd a5 3xddvaaee T 3 30d 3ue dud (72)

2 Jdy* 9x4 dx¢ 2 9x“ dy* 9x¢ 2 Jdx® dx¢ 9y

g ot ou’
v ryf vy, f
+( r prutu + el F()pfg )axd Ixe

)dxjk A dy™,

where g, Fo, and I'V ¢ are all evaluated at y € M ;r and each 7 and u belongs to the species |«]. This
is a key result of our article.

D. A spacetime inhomogeneous microscopically neutral plasma

In a Vlasov model, a plasma or gas is deemed microscopically neutral if in its unperturbed
state Fo = 0. Let M be Minkowski spacetime with global Lorentzian coordinates so that I}, = 0.

Assume that f; I solves the zeroth order Maxwell-Vlasov system (35) with GOM =1 Wl ( fom Q) and
0
Fy = 0. In this scenario one can calculate y explicitly.
Since Minkowski spacetime is flat and F = O the integral curves C(, ., in global Lorentzian
coordinates are the straight lines

(x =)
r=yV-g—y -y u=T— (73)
Differentiating with respect to x“ and y“ gives
ot -, ot . ou® _ 6 + uauh)’ ou? _ _((SZ + uau;,)' (74)
dx dy? dxb T ayP T
If follows from (72) that
o ¢l ., . X
Xy = L0 greybe, (g, + €9 g uVugd i) Ay, (75)

where t(x, y) and u(x, y) are given by (73).
It is often useful to explore the response of an inhomogeneous plasma due to a monochromatic
electromagnetic plane wave with constant amplitude E,

Fl — Ee*iwxowLikxldel ) (76)
Setting the initial hypersurface as Sg, = {y° = yJ}, the general initial 5-form ¢! € FAi“gy &S
satisfying i W(J{lm = 0 is given in terms of its components by

Z]La”((),y“,u") — (uody1 _ uldy ) (é-lkﬂdy A dulZ’% + §Bx1dy3 A du123) + CIL?[;dyZS /\du123
(77)
—i—(uodym _ uldy023)(§1kﬁdu12 + ;ﬂdu” + {Fédu”),
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where ;F‘] = ;L‘ﬂ (y*,u")for A =1, ...6. For the integral curves (73) and the initial hypersurface
X, = {y = yO} one has ty(x, v) = (yg — xo)/v0 and the map ¢ is given by (51) with ¢Z(y“) =
x? 4 vy and ¢ (u?) = v?. From (45) with x given by (75) and Z,[¢] given by (59) one has

Ii[Fy, 8] =

o] 2 02 _ (5,12
_ZCI . Ee—iwx0+ikx‘{del/dleTLo[\ (v°) O(U) +dx'2/dv'23TL‘ﬂv2
m“ v
o]

1
—dx02/dv BTM +dx13/dv123TL‘ﬂv3+dx°3/d 123T“” 3 }
V0 v
o vl(xo —)’0) o
+qu{dx02/dv123(§l{l S 0 _§1L!}v1>
o]
+dx03/ 123(;1@2” (xvo_ yo) Clhﬁvl)

+dx12/dvm( La] Loﬂ(x 0))+dx13/dvm(v CM Loﬂ(x _YO))

3,0 1,200 _ 1
+dx23/dU123<§]k1;+§]le v EXO)Z ) v Exo)z ) e )(_0_ ))}

+*d(51[F1])+*d(21[C1]), (78)

where [ dv'? denotes the triple integral operator [[[% dv'?, v = /T + v, 0¥,

0
T = T (x v) = / /TR gl (4 1y v)rdr, (79)
(g —x0)/°
and g“ﬂ = L‘ﬂ (k) = {M (x# — x%*/v°, v") in (78). This response is not in general plane
fronted.

For the particular case of a plane fronted plasma distribution,
e, v) = A0, 11, vHsHs(?), (80)
with initial data,
o =0,

(78) becomes the plane fronted 2-form,

I [F1, E]lx
o] 2 )
_ _del Z C] e iox 0tikx! / dv / dt etr(fwvoJrkv‘)h(%a.l(xO + TUO, xl + ‘[Ul, vl)io
0__x0) /90 v
|_O[| (yg—x%)/
+xd(Ei[F]), ®1)

describing the response of a spacetime inhomogeneous unbounded plasma to (76).

E. Spacetime homogeneous unbounded plasmas

The previous discussion simplifies considerably if the unperturbed plasmas is homogeneous in
space and time. In Minkowski spacetlme M, an unbounded unperturbed plasma is deemed spacetime
homogeneousif A Fy = Fpand A*G el — =6, i forall z € M, where the translationmap A, : M — M,
A;(x) = x 4 z induces the map A‘. E— 5 A, = A.,. Such spacetime homogeneity 1mphes that
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in all inertial frames the medium is stationary and spatially homogeneous in all directions. Such
a spacetime homogeneous plasma will give rise to a spacetime homogeneous electromagnetic
constitutive relation. In addition to the components (Fy),, with respect to an inertial frame being
constant, the functions f“!(x, v) are independent of event position x and can therefore be written

).
In this scenario the Fourier transform (17) of the susceptibility kernel (18) for each species, is
then given by

2 ap < (odx

= Lq¥dx h[ dr/du123f“ﬂ(u) ~ik Ll Y (g”euf ”fue)(LL‘ﬂvh(t)— Z—;Lkﬂo”(r)),
(82)

where F| is the 4 x 4 real matrix with components (F)* , = n%(Fp).» generating the matrices

DY (1) = exp( ) Fo) , D", (v) = gpe D1 y(x)g™,
T (83)
L (7)) = f DY ,(thdt,  L¥,%1t) = g, LY y(1)g%,
0
k- L9y =k, L9 (t)v,
u®(z, v', 2, 03 = DY (. (84)

The susceptibility kernel (82) can be shown to agree with the results of O’Sullivan and Derfler.'
Furthermore, for a microscopically neutral spacetime homogeneous plasma with Fy = 0,
Gy =0,and fM(v) = h¥ (")8(v2)8(v%) it follows from (81) and (43) that for Im(w) > 0,

o] 2 lol /1 1
1=y 1 / hy (v)dv (85)
l

mley J_o vO(— a)v(’—l-kvl)2

The relativistic Landau damped dispersion relation for plane fronted Langmuir modes in an unper-
turbed spacetime homogeneous plasma arises by analytic continuation of the integral (85) to the
lower-half complex w plane.

F. Langmuir modes for an inhomogeneous unbounded plasma in Minkowski spacetime

If the plasma is microscopically neutral but spacetime inhomogeneous in its unperturbed state the
Landau dispersion relation corresponding to (85) becomes more involved. We define the generalized
Langmuir sector to contain perturbations described by (81) but with the external polarization specified
by E;[F1] set to zero. Since {l‘ﬂ =0, I1{[F,, O] will be denoted IT;[F;]. Thus (43) with G; =0
becomes

e b1 = —TIIi[F1]. (86)

Consider the case where planar inhomogeneities in a plasma composed of electrons and ions arise
from the unperturbed spacetime inhomogeneous solution to the Maxwell-Vlasov system Eqgs. (35)
and (36) with Fy = 0 and

fLe“(x xbx2 a3 vl 020 folmﬂ(x xbx2, x3, 00, 02, 03)
1,0 (87)
- h(xl - 0 )aeDse),
v

where g1 = —glio,
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For example, one might consider

 lioml 3,0 )

(e, v') = nBoT (e AT (1) exp ( ~ orGn)
B 101 x

where AlM(x!) normalizes (87). Then fU° initially at x° = 0 represents a distribution of
ions where, at each spatial point x', the velocities belong to the one-dimensional Maxwell—
Jiittner distribution. In such a distribution the temperature T1°(x') and the number den-
sity of ions ni®(x') depend on position. It follows from (87) that 1 also initially repre-
sents a position dependent Maxwell-Jiittner distribution, where 71 (x!) = nlioW(x!) and 7©1(x")
= Tl (x Ty el /ol After the initial moment, the ions and electrons drift according to (87) and
velocities do not remain in the Maxwell-Jiittner distributions. Alternatively (87) might describe a
plasma composed of particles and antiparticles.

In the theory of a spacetime homogeneous plasma w and k satisfy the transcendental dispersion
relation (85). This relation contains an integral that is potentially singular. The Landau prescription
circumvents this singularity by complexifying w and defining an analytic continuation for the integral
in the complex w plane.

Setting 7§ (x%, x', v1) = A(x! — v'x°/v°, v') in (80) yields (87) and (81) becomes

I [F1]lx

1 ox it [ v!x0 0 ; T
delq le] 2 ( o + o )ngta)x°+thf dvlh(xl_ —, vl)/ dt elf(fwvovaul)_O'
m v (yg—xo)/uo v

(88)

To compare with the results (85) given for the homogeneous case, consider the limit yg — —00
with Im(w) > 0. Furthermore, for the nonevanescent modes considered here Im(k) = 0. Thus (88)
becomes

h(x' —v'x0/00 vh)

o0
. F — _dx%¢ 2Eefiwx0+ikx‘v/ dv! ’ 89
1[F1]lx 0<% . (w0 T kol (89)
where
) qle112 qLCHZ

QO = eomﬁon-‘ + eom\ﬁﬂ ’

In a spacetime inhomogeneous plasma there is no time-harmonic solution or associated transcen-
dental dispersion relation between w and k. We therefore propose solving (86) with a longitudinal
field F; represented as the packet

o) 00 .
F(x% xh = dx" / dé / dk E(®, ke iox"+ikx", (90)

Substituting (89) and (90) into (86) yields

f d(,()/ ]’{‘ E ]2 —idxO4ikx!

A A oa ©  pie! — ply®
= QO/ da)/ dk E@@, k)e —ioxO+ikx! / dv! (x! —vlx /v v ).
—00

VOOV + kv')?

Performing the inverse Fourier transform gives

A7 E(w, k)

0
—Qof dx/ dx/ da)/ dk E@& ’((“’“’)x0+(k k)")/oodvlh(x — v/, v).
—o0 VO(OV0 + kv!)?
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Since
=) ) R
/ de/ dxlei(—(é)—w)x0+(k—k)x')h(x1 _ leo/vo, vl)
—00 —00
= 2h(k —k,v")8(d — 0 + v'(k — b)/v°),
where
~ o .
h(k, v = f e ®p(s, v)ds,
—00
one has

2
E(w, k) = Q/ dwf dk/ d'—— 2 E@ k) h(k —k, v"8(d — o + v' (k — k) /v°).

2 VO(OV0 + kv')?
On

Since we restrict to nonevanescent modes k and k are real. For E(w, k) to be nonzero one requires
the argument of the §-function to be zero. Since v' is real and therefore v'(k — k)/v° is real it
follows that although Im(w) > 0 and Im(®) > 0O the difference w — @ is real. Furthermore, from
& —w—+v'(k —k)/v° = 0 it follows that |& — w| < |k — k|. Thus (91) becomes

Q2 A A
E(w, k)= / dk I(w, k, k), 92)
2
where
. PP (2 5) ( . k—k )
I(w, k, k)= do E(®, ky——=——h| k — k, 93
@ . /;(wklé) oL@ )(c?)k—ka))2 V& =02 =@ - w)? ©3)

and the contour of integration for @ in (93) is the straight line S(w, k, k) where Im(®) = Im(w) > 0
and —|k — k| < Re(® — w) < |k — k|. Since (& — w)? < (k — k)? the arguments of / in (93) are
always real and nonsingular on S(w, k, k).

To accommodate the situation when E(w, k) describes damped electromagnetic waves one must
continue (93) to Im(w) < O for real k. However, there is a double pole in the complex @ plane at
& = & = kw/ k that coincides with S(w, k, k) when Im(w) = 0 and |w| < |k|. To define an analytic
continuation of (93) to Im(w) < 0 when |Re(w)| < |k|, we indent S(w, k, 12) to encircle the pole in
the standard manner and write the contour integral in terms of a principle part and associated residue,
see Fig. 2. Such a continuation scheme gives rise to branches in the w plane for I(w, k, k) as shown
in Fig. 3.

This analytic continuation of (93) to Im(w) < 0 acquires the residue

ok = Bl S -k )

—m (w? &) b~k Z2EE ),

Im(@) A Im(w) >0
w - C-plane w—|k—le ( de —ewt |k
_H..vﬁjo

w—lk—k|

FIG. 2. The upper contour denotes S(w, k, k) when Im(w) > O for real k, k. The lower contour of integration is used when
Im(w) < O for real k, k.

Downloaded 22 Nov 2011 to 194.80.32.9. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



042901-18 J. Gratus and R. W. Tucker J. Math. Phys. 52, 042901 (2011)

Im(w) w - C-plane
I3 (.
\//{32 —2 >0 Rc(w)

branch cut
branch cut

FIG. 3. Branch cuts in w for I(w, k, 12).

where h,i(k, v') = %(k, vh), s¢ = k/|k|, and Sp_p = (k — k)/|k — k|. In the case when Im(w) = 0,
the principle value of (93) is taken together with residue %R(w, k, l%). Equation (92) then gives

. k [ A

E(w, k) = 2—[ I(w,k,k)dk if Im(w)>0 or |Re(w)| > |k|,
‘7T — 00

R k o0 n “ . o0 n n

E(w, k) = —/ I(w, k, k)dk — lk/ R(w, k, k)dk
2 J o —00

if Im(w) <0 and |Re(w)| < k|,
ko[> ik [ .
E@h=-| Ple.kbdk-= | Rokkd

if Im(w) =0 and |Re(w)| < |k,
%94)

where P1(w, k, k) in (94) refers to the principle part of (93) when Im(w) = 0 and |Re(w)| < |k| and
hence the pole at @ lies on the contour S(w, k, k). Thus in each domain above, the perturbation
E(w, k) must be determined by solving a nonstandard integral equation.

IV. CONCLUSIONS

In this article a classical covariant description of electromagnetic interactions in continuous
matter in an arbitrary background gravitational field has been formulated in terms of a polarization
2-form that enters into the macroscopic Maxwell equations. Linear dispersive constitutive rela-
tions arise when this 2-form is expressed as an affine functional of the Maxwell 2-form with the
aid of a 2-point susceptibility kernel. We have explored the constraints on this kernel imposed
by causality requirements, spacetime Killing symmetries and local gauge freedoms. The formal-
ism has been applied to an analysis of constitutive models for waves in collisionless plasmas. In
particular a formula for the linear susceptibility of a fully ionized inhomogeneous unbounded non-
stationary collisionless plasma to a perturbation in the presence of gravity has been given in terms
of maps describing the dynamics of the plasma. This formula has been elucidated by reference
to both homogeneous and inhomogeneous perturbations in Minkowski spacetime. In the former
case one recovers the standard Landau dispersion relation when perturbing Langmuir modes. In
the latter case we have described a generalized damping mechanism for such modes that may
arise when the unperturbed state is both inhomogeneous and nonstationary. Such a mechanism
arises from the analytic continuation of an integral equation that replaces the Landau dispersion
relation.

It is concluded that the use of a covariant 2-point affine susceptibility kernel in describing
the electromagnetic response of dispersive media offers a modeling tool that naturally generalizes
the use of permittivity and permeability tensors used to model electromagnetic interactions in
nonrelativistic media. The formulation in terms of an arbitrary background spacetime metric offers
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potential applications in a number of astrophysical contexts involving electromagnetic fields in
inhomogeneous or nonstationary plasmas.
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APPENDIX: PROOFS OF RESULTS USED USED IN THE TEXT

Lemma 2: Local representation of fmot in (4) from the implicit definition in Eq. (3).

Proof: On a fibered manifold N of dimension n + r with projection 7y : N'— N over
a manifold N of dimension n. Thus at each point o € N one has the fiber N, = 71;/1 {o}
={(0',5) e N|nn(0', §) = o} so dim(N,) =r is the fiber dimension. Let (¢',...,0") and
(', ..., o", gl ... ¢") be local coordinates for patches on N and NV, respectively.

Consider first the case when o € TAP*" N consists of a single component «; (o, ¢)do! A
d¢'" with no sum on 1. Hence explicit summation will be used in this particular proof.
Set [ ={1,...,n)\I so that do’! Ado! = £do'" and let B =3, Bs(0)da’ then B Ado’
= +Bja;do " so that

Z/ N”}{[(ﬂj(o‘)do“/) Aa(o, §)do' Adg'"
J J(o.5)eE
- Z[ N:BJ(U)dO’J Aaj(o, o)do! Adct
g J@9E
B Z/ Nﬁj(a)dgj Ado' Nay(o, §)ds "
g J@9E
:/ Bi(0)da’ Ado! Ao, )dg
(0,6)eN
:/ ﬂi(g)dai/\dalf/\/ ar(o, )dg'
oceN

o

= Z/ Bs(o)da’! /\dO’I/ ag(o, g)dgl""
J ogeN No

_ / B Ado! / w0, )ds™.
ogeN N,

Thus by linearity

o

/ TAB) A =Z/ ,BAdUI/ ar(o, ¢)de", (A1)
N 7 JoeN N,

where & = Y, (0, §)do! Adg'".1f (4) holds then for = Y, a; (0, §)do! Adg'",

ﬁ/\j( o= /ﬂ/\dc’/ il = /,B/\dol/ oydct
/N TN ; N ceN, ! ° ; N ceN,

= / THAB) A a.
N

Downloaded 22 Nov 2011 to 194.80.32.9. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



042901-20 J. Gratus and R. W. Tucker J. Math. Phys. 52, 042901 (2011)

Hence (3). Conversely if (3) holds fora = ), (o, ¢)do! Adc'" then from (A1)

/.3/\% a =f nf\/(ﬂ)/\oe=2/ ﬂf\dGI/ i1 0.0)-
N TN N 1 N ceNs

Since this is true for all 8 then (4) holds.
If o does not contain the factor ¢!, ie., @ = a;x (0, ¢)do! Adc¥X, where K # {1,...,r)
then the right hand side of (3) becomes

/ T (B) Ao = Z/ Bk (o, c)do? Ado! AdcK =0
N 7 N

and the right hand side of (4) becomes

Yo' [ ani sk =0
I ceN,

Thus by linearity (3) and (4) are equivalent for all «. O
Lemma 3: Verification of Eq. (5)

(f. o)L= ()

Proof Let deg(a) = p +r, deg(8) =n — p — 1 and N and 9N be the boundaries of N and
N Since o ¢ N one may choose 8 to have support away from 9N thus

fuor(f =0

and since o has support away from A then

o

/ TxyBAa=0.
oN

It follows that
/ B A (% da) :/ T (B) A da
N TN N
= (=1 r7! / d(n/(/(,B) A a) + (—1)”_”/ dry(B) A a
N N

=(—1)"_”_1/ ﬂX/(ﬂ)/\aJr(—l)"_"/ T (dB) N a
N N

- (—1)""’/Nd,3 A <?£,Wa>
— (—1yP /N d(ﬂ A (j(ma)) + /N B A d(%ma)
o [on(f )+ fpnalf o)

=/NﬁAd(j(Ma). o
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% *xQ = *% a. (A2)
Px Px

Proof: The only nontrivial « € TA(My x My) in (A2) can be written o = o;dx! A dy”'?.
Then

% *x (a;de N dyom) 2% a(kdx’y A dy"? = *de/
Px Px

Lemma 4: Proof of

oz,dyo123 = *% ordx’ /\dyom.
X Px

M
O
Lemma 5: T1 is causal on M; if and only if
e Zis causal on Mx T,
e (dy )|,y =0 forall (x, y) € My x My suchthaty ¢ J~(x), and
(A3)

o5, (0 | (r.y) = Ofor all (x, y) € My x Ty, such thaty ¢ J~(x), where

tsy, P MY X Ty, <> My x My is the natural embedding.

Proof: If i, : £y, <> My is the natural embedding then i%) 5, Xy =15, i% X (x.y) and

/ i5) (x| A py(dAly))
yeMy

=/ L iy (X Ady(PyA)) |y
yeE

Y

=_/ (x)dY(X A pyAly )|(x,y) _/ (X)(dyx A Py Aly )‘(X»V)
yEMY yeMy ’

Y

_ () . (x) «
= fyew dy (igy X A PYA|}')|(X_y) - /yew i (dyx A pYA|y)|(x7y) (A4)

Y

= / t::My l'g,)()( A p;A|}')|(x,y) - / N i;?(dyx A P;A|y)|(x,y)
YEZ My YEMy

— +(x) - (x )
- / lab L;:M (X N p;’A|y)|(x,v) +/ lllb EM (X A pYA' )|(x ¥)
YEX My \J~(x) i YEX M, NI~ (X)

_ (x)d/\A _/ (")d/\A
/yeMmJ_(x) (dvx A Py |)|(x,y> Mo (dvx A py |)|(”)

First one argues that (A3) implies that IT is causal on M;. Given x € M; and F, F> € I‘AZM;
such that Fi|, = F>|, =0 for y € J7(y), set F' = F; — F, so that F =0 on J~(x). Since M;r
is topologically trivial F is exact, F = dA, and hence dA = 0 on J~(x). Then since J (x) is
topologically trivial there exists f € ' A°M;" such that A = df on J~(x). Thus one can choose a
gauge A = A — df sothat A = 0 on J~(x). Given ¢ such that ¢|ly =0fory e J7(x) N Xy, then
Z[¢]]x = O since Z is causal. Thus from (A4)

TI[F, £lap(x) = / i (x| A pyAL))
yeMy

— ( ) * -(x) %
- / Lab *EM (X /\pYAl)’)|(x,y)+/ abLEM (X /\p;A|Y)|(x,y)
YEX My \J (%) YESp, NI~ (x)

- i (dyx A phA —/ i (dyx A phA =0,
Aemvm (dvx A py |)|(x,y) eMEnI-Go) (dvx A Py |)|(x,y)

since L%Myx|(x,y) =0fory € Xy, \J " (x),A|, =0fory € J7(x),anddyy = Ofory € M;,’\J‘(x).
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Conversely if IT is causal on M;(L then setting F' = 0 in (6) shows that Z must be causal on M;{.
Then setting ¢ = O then for all A such that A = 0 on J~(x) (A4) yields

0 = TI[F, Zlap(x)

= / i((l/Z)L*EMY (X(x,y) A p;A|V) |(X.V) - / lc(J)}CI) (dYX(qu) A p;A|V) |(x,y)' (AS)
YETmy \J~(x) ’ yeMF\J~(x)

The four-dimensional domain M ;r \J ~(x) denotes points outside the backward light-cone of x, while

the three-dimensional domain X, \ J ~(x) denotes the points on X, that are not causally connected

to x. Choosing such an A to have support about a small neighborhood of y € M\ J ~(x)\ Xy, results

in the first term of (AS) being zero and thus (dy x)|(x,y) = 0. Likewise setting A to have support

about a small neighborhood of y € X, \J ™ (x) implies LEMY (Olex,y) = 0. O

One can now prove Lemma I in Sec. III B.

Proof of Lemma 1: Given o € N, with V nonvanishing there exists a coordinate system

(o',...,0™) on N adapted to V so that V = % and the image of the curve y, : [t9(0),0] - N
is contained in the coordinate patch. Write 8 = 8;do’ then since iyB = 0 the sum is over
I €{2,...,n}. Witho! distinguished write 8;(0) = B;(c!, o), where o = (02, ..., o"). Alsosince

ivB=0,Blu.o) = Bi(c',0)da’. Likewise since iy¢ = 0 one has ¢ |5, = ¢1(09)do’.
Solving for the integral curves of V gives ¢n(7,0',0) = (t + o', 0),

¢7\l(:3)|(r,a1,@ = ﬂl(f + Ul’ Q)dgly

and one may write 7y(c’!, o) = 19o(0) — 0!, giving
N (Dl .0) = Phror.o) (€ o) = & (r0(@), )da’.
Thus,

oo = Pn(B) AdT + oNn(8)

wN

0
= (/ Bi(o" + 7, 0)dT + ¢ (t0(0), g))dg'~

=1(a)—0a'!

Hence iyé = 0 and one may write & |1 ) = £(c', 0)do!. Now

0
(0, 0) = / Bi(o"' + 7, 0)dt + ¢ (10(0), 0)
t=19(0)—0"!

/ Bi(x', o)dt’ + ¢ (t0(0), o),

=10(0)

where T/ = 7 + o! and

_ 50,

ivdE|oo) = i2.dE (0", 0)da") = i1 (d&(0", o) Ndo') = =——=da

. 0
T 90!

(| bt +ci(wie).a))da' = pria' o)’ = Bl

=79(0)

Sincec! =0on =y
£l0.0) = £1(10(0, 0), o)da’ = &1(19(0), 0)da" = ¢1(vo(0), 0)da’ = ¢|0.0),
ie. &g, =¢. 0

Lemma 6: Proof that (66) and (67) implies (61) and that (66) and (69) implies (61).
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—~

Proof: First (67) is equivalent to (69) since given y € T'A?M; one has i(y )y = u"yabg”cﬁ

and hence W9 (1) = L9V wGomy) = L9 4y obv 2 From (67) it follows that
L Voawlivuwy) = Luyag . From it follows tha

ou”

2
lqhﬂ

2
o] 2

= Cylnkﬂ *y Si;’b')\IJM*<dr A wYLa]*(g”“ubiS”)G()LM)) A pyy

X Apyy = xoc dy“ A ii’;?m“”‘”'(flf A wYLa]*(g”“u"iﬁ”)f?éﬂ)) A Pyy

lo] 2

l—— *x S\IJM*<dr A w#ﬂw*(g”“ubil()“)eota])) A i;}é)p;y

] 2

e X S\I’M*(d’ A w}“w*(yabgmubii")%ﬁ))

= —q“ e SWET (AT A ™ (i 007)).

i.e., (69). That (69) implies (67) follows since the above argument is true for all y .
To prove (61) note that the domains N, ,%ﬂ and V, YM are related via the diffeomorphism

TN > N Yy ) = (- 1L G (). (A6)
Thus Y¥'*(d7) = —dr and setting (x, v) = C§), (z) with 7 > 0 yields
P (YT, y, w) = ¢ (=7, CE (D) = ¢ (—1. x,v) = (. u) = &y (7. y. 0)
so that @' = ¢ o Y and thus @ ** = T¥* 6 p11*. Now
10 (45 7 6 g1, 08

= Td) A Y (ip i 007) = —dT Ao (i e s, 0

hence
XA pLF = g sy S\IJL"”*TM*<dr A ¢M*(z‘W(Fl)9(§“1)). (A7)
From (63)
px (@9, y. w) = px(C8l, (). y) = & (@
and from (A6)

wx (@ (Y(t, y, w)) = 7x (@ (= 7, €4, (D)) = mx (CY

_
(o <,v.u>(f)) = C(y)(0)-

Hence px o @9 =7y o w};ﬂ oY and so

D o pt =T o M o 72 (A8)

From the definition of S one has

j( Sy = % 4 (A9)
Px Px

forany y € TA3(Mx x My).
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Since W : D — D’ is a diffeomorphism then

/ Yy = f y (A10)
D D

for any y € I'A3(D’). Likewise since T : N, }rﬂ - N ,Eﬂ is a diffeomorphism

Yy, — All
//\/}‘ﬂ Y /NMV (ALT)

X

forany y € TASNVED).
For convenience set ¥l = dt A ¢ (iyy 011, 05) € TASNY. For fixed x assume that F has

support in D;. Then one can choose 8 € I'A>My so that pxB A py Iy has support inside D. Thus
from (A7)

supp(p}(*ﬂ) A \IlLlﬂ*TLa]*aL‘ﬂ) = supp(p}ﬁ A x4 A p;Fl) cD. (A12)

Now
/ ﬂAj£ XA pyF =/ f“% gy SWETYEGE from (A7)
My Px My Px
= qkﬂ/ B /\*% S el g e from (A2)
My Px
_ qkﬂ/ B /\*% lelxylalx 1o from (A9)
My Px
=—q“ [ B) /\% [ 2l
My Px
- _thﬂ/ Py xB) A WET YT from (3)
Mx xMy
= —gl / Pr(xB) A Wyl el from (A12)
D
_ _qm/ qjtcﬂ*(qﬂcﬂ*p;((*ﬂm Tkﬂ*akﬂ) from (64)
D

= —q | D prp) A TEI*G from (A10)

/

s}

= —ql f o DL pY(xB) A YL since D' € N
Ny

_ g / o T ) A Y0 from (AS)
A

= _qtcﬂ/m @ L (xB) A« from (A11)
Ny
== [ mepnf from (3)

Tx
o from (3)
ol
X

Ex
49 [ epa j(
My Tx

=g / B A *% % ol
My Tx wXLa-l
Summing over || gives

/ ﬂAj( XAp;F1=Zqu ﬂmj( j( .
My pPx My X w"‘ﬂ
o] X

Since this is true for all 8 with support in a neighborhood of x then (61) holds at x. m|
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Lemma 7: The derivation of (72) from (67).

Proof: The derivation of (72) from (67) follows by first writing the Liouville vector field (36) as

9 9 «
e TH g Where  H'=-T".u +q o Foerg"u’

W = u

Then setting £ (y, u) = £ (v, u) + £, (y, u) it follows from (31) that

. |detg|
eLtﬂ M(fvﬂg) OMZWM< 8 dy0123/\du]23)
0 Uup

| det g|
e
u

(u"YC Adu'®P + %H“e,w,,Y A du””),
0

where Y, =i s dy®'?3 and Y = dy*'?*. Consequently

det
gﬂaubi‘(’vu)g(\)_oﬂ — fOM |u_g|glmub< _ %MCEWUYC Adu'® — HVE;/,vaY /\du"),
0

det u‘
—dt A g““ubi,(p@om = fOMMg"”ubeMw(?dr ANY.ANdu" + H'dt ANY A du“).
Uo

Under the maps w 1 and ¥ 91* one has
o dy) =dy' . @ (du) = du”,

and

7 e * a a T ol L 8MM a 31,{“ a 7 lo]* 31’ a a
vEdy) =dyt, Yy dut) = —dx + —dy*,  Y(dr) = —dx® + —dy".
dx@ ay® ax4

So using the projector S given in (70) yields
2 9ycaxd axe 2 9x? ay< ox°
+u" at du” du’ L H ot u’
2 9x? 9xe dy° dxd dxe

o det ¢ ot du’ o at ou” 9
_kaﬂ*(dr /\g"”ubiﬁ”)eom) _ fopﬂ g'g”“ub ﬂm(u u” ou’ uc u’ ou®

Uo

)Y/\dxde .

Hence from (67)

g () o]
1 = =L (i) 50 (dr A wy (g uti0) )
e b

= m 0 A qucavd 9ve A a+d Auc

q? o poldetgl L, u¢ dt ou’ du® u® ot Ju’ Ju’
*x g —— & U ”'VU( d e d e
uo 2 dy°© 0x“ 0x 2 0x¢ dy° axe

+uc at Jdu’ du’ L ot Ju® )Y/\d de
2 9x9 9x¢ 9y 9xd 9xe *

| det g| u® dt du’ ou® u‘ ot ou’ ou®
= — *x (fom —gglwubeu.vaeabfg<

o 2 9yc axd dx¢ 2 axd 9y< ax¢

u® 9t ou’ ou’ , 0T ou’
H

)dxde A dyfg)

2 9xd gx¢ 9yc x4 9xe
q? M|detg|3/2 b oa dehi (S OT Ou” ou®  u® 9t Ju” Ju’
= 0 guu €uvo€abfg€ <___d____d__
mel 2ug 2 9y© ox? 9x¢ 2 dx9 dy© Ox¢
_'_uC at ou’ du® Y HY aT 8u">d A dvfe
o A X )
2 dx9 9x¢ 9y axd gxe )Y

O
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