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Abstract. Let X be the unique normal martingale such that Xy =0 and
diXl; =1 —1—X;—)dX; +dr

and let Yy := X; + ¢ for all #+ > 0; the semimartingale Y arises in quantum probability, where it is the monotone-independent
analogue of the Poisson process. The trajectories of Y are examined and various probabilistic properties are derived; in particular,
the level set {r > 0: Y; = 1} is shown to be non-empty, compact, perfect and of zero Lebesgue measure. The local times of Y are
found to be trivial except for that at level 1; consequently, the jumps of Y are not locally summable.

Résumé. Soit X I’unique martingale normale telle que X =0 et
diX], = —1— X,_)dX, +dt

et soit Yy := X; + ¢ pour tout ¢ > 0; la semimartingale Y se manifeste dans la théorie des probabilités quantiques, ou c’est analogue
du processus de Poisson pour 1’indépendance monotone. Les trajectoires de Y sont examinées et diverses propriétés probabilistes
sont déduites; en particulier, I’ensemble de niveau {t > 0: ¥; = 1} est montré &tre non vide, compact, parfait et de mesure de
Lebesgue nulle. Les temps locaux de Y sont trouvés étre triviaux sauf celui au niveau 1; par conséquent les sauts de Y ne sont pas
localements sommables.
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0. Introduction

The first Azéma martingale, that is, the unique (in law) normal martingale M such that My =0 and
d[M]; = —M,_dM, + dt,

has been the subject of much interest since its appearance in [3], Proposition 118 (see, for example, [4,13] and [17],
Section 1V.6); it was the first example to be found of a process without independent increments which possesses the
chaotic-representation property. It shall henceforth be referred to as Azéma’s martingale.

From a quantum-stochastic viewpoint, the process M may be obtained by applying Attal’s D transform ([1], Sec-
tion IV) to the Wiener process. Furthermore, thanks to the factorisation of D provided by vacuum-adapted calculus [5],
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M appears as a natural object in monotone-independent probability theory; the distribution of M, (the arcsine law) is
a central-limit law which plays a r6le analogous to that played by the Gaussian distribution in the classical framework
([16], Theorem 3.1).

The Poisson distribution also occurs as a limit (the law of small numbers): if, foralln > 1, (x,, m):lnzl is a collection
of independent, identically distributed random variables and there exists a constant A > 0 such that

lim nE[x |=4 Vk=1,
then x, 1 + --- 4+ x, , converges in distribution to the Poisson law with mean A. (A simple proof of this result is
provided in Appendix A.) In the case where x, 1, ..., X, , are Bernoulli random variables taking the values 0 and 1
with mean A /n, this is simply the Poisson approximation to the binomial distribution ([8], Example 25.2).

A corresponding theorem holds in the monotone set-up ([16], Theorem 4.1), but now the limit distribution is related
to the D transform of the standard Poisson process (with intensity 1 and unit jumps) in the same way as the arcsine
law and Azéma’s martingale are related above [6]. (This result also holds for free probability: see [20], Theorem 4.)
The classical process Y which results is such that Y; = X, + ¢ for all # > 0, where X is the unique normal martingale
such that Xg = 0 and

diX];, =0 —t—X,-)dX, +dr.

This article extends the sample-path analysis of ¥ (and so X) which was begun in [7]. Many similarities are found
between Y and Azéma’s martingale M; for example, they are both determined by a random perfect subset of R and
a collection of binary choices, one for each interval in that subset’s complement. In Section 1 some results from the
theory of martingales are recalled; Section 2 defines the processes X and Y and presents their Markov generators.
A random time G, after which Y is deterministic is discussed in Section 3: by Proposition 3.1 and Corollary 3.5,
G oo < 00 almost surely and, in this case,

Yi4Go = —Woi(—exp(=1—1)) V>0,

where W_ is a certain branch of the inverse to the function z — ze® (see Notation below). In Section 4 the process X is
decomposed into an initial waiting time So which is exponentially distributed and an independent normal martingale Z
which satisfies the same structure equation as X but has the initial condition Zy = 1; Lemma 4.2 implies that, for all
t>0,

X, — —t ift € [0, So[,
= Zi_sy— So ift €[Sp, ool.

Explicit formulae are found for the distribution functions of G, and J, a random variable analogous to G, but for
Z rather than X. In Section 5 it is shown that (H; :=1— (Z; + t)_l)tzo is a martingale which is related to Azéma’s
martingale M by a time change; this gives a simple way to find various properties of the level set i/ :={t > 0: ¥; =1}
in Section 6. Finally, Section 7 presents some results on the local times of Y. The appendices contain various supple-
mentary results which are not appropriate for the main text.

0.1. Conventions

The underlying probability space is denoted (§2, F, P) and is assumed to contain a filtration (F;);>0 which generates
the o-algebra F. This filtration is supposed to satisfy the usual conditions: it is right continuous and the initial o -
algebra F contains all the P-null sets. Each semimartingale which is considered below has cadlag paths (that is, they
are right-continuous with left limits) and two processes (X;);>0 and (¥;);>0 are taken equal if they are indistinguish-
able: P(X; =Y, for all t > 0) = 1. Any quadratic variation or stochastic integral has value 0 at time 0.

0.2. Notation

The expression 1p is equal to 1 if the proposition P is true and equal to O otherwise; the indicator function of a
set A is denoted by 14. The set of natural numbers is denoted by N := {1, 2, 3, ...}, the set of non-negative rational
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numbers is denoted by Q. and the set of non-negative real numbers is denoted by R . The branches of the Lambert
W function (that is, the multi-valued inverse to the map z — ze®) which take (some) real values are denoted by Wy
and W_, following the conventions of Corless et al. [10]:

Wo(0) =0, Wo(x) € [—1,0[ and W_;(x) €]—o0,—1] Vxe[—e 0L

~

If Z is a topological space then B(Z) denotes the Borel o-algebra on &. The integral of the process X by the
semimartingale R will be denoted by f X:dR; or X - R, as convenient; the differential notation X; dR; will also be
employed. The process X stopped at T is denoted by X T thatis, X ,T := X a7 forall > 0, where x A y denotes the
minimum of x and y. For all x, the positive part xT := max{x, 0}, the maximum of x and 0.

1. Normal sigma-martingales and time changes

Remark 1.1. Let A € F be such that P(A) > 0. If G is a sub-o -algebra of F such that A € G then
G:={BC2: BNA€G)

is a o -algebra containing G; the map G — G preserves inclusions and arbitrary intersections. If

~ L~ _ P(B N A)
P:=P(|A): F — [0, 1]; BI—)—P(A) ,

then ($2, F, ﬁ) is a complete probability space; if (G):>0 is a filtration in ($2, F, P) satisfying the usual conditions
then (G;)>0 is a filtration in (§2, G, P) which satisfies them as well. ~
If T is a stopping time for the filtration (G;)>0 then it is also one for (G;);>0 and, if B C 2,

BeGr < BNAeGr <= BNAN{T<t}eG Vt>0,
— BN{T<t}eG V>0 <= Be@r,

so the notation Gt is unambiguous.

Lemma 1.2. If T is a stopping time such that P(T < 00) > 0 and M is a local martingale then N :t +—
Il£<<>o(Mz+T — Mr) is a local martingale for the conditional probability measure P := P(-|T < 00) and the filtration
(Fi+1)1>0, such that

[Nl; = 17 <oo((Ml+7 — [M]r) Vi >0.

Proof. If T < oo almost surely and M is uniformly integrable then the first part is immediate, by optional sampling
([18], Theorem I1.77.5), and holds in general by localisation and conditioning. The second claim may be verified by
realising [N] as a limit of sums in the usual manner (see [17], Theorem I1.22, for example). U

Definition 1.3. A martingale M is normal if t — (M, — Mo)?> — t is also a martingale. (If My is square integrable
then this is equivalent to t +— M,2 — t being a martingale, but in general it is a weaker condition.)

Definition 1.4. A semimartingale M is a sigma-martingale if it can be written as K - N, where N is a local martingale
and K is a predictable, N -integrable process. Equivalently, there exists an increasing sequence (An)n>1 of predictable

sets such that Unzl Ay =Ry xQandly,-Me H' foralln > 1, where H' denotes the Banach space of martingales
M with |M|| g1 = E[[M]ééz] < 00. Every local martingale is a sigma-martingale and if M is a sigma-martingale
then so is H - M for any predictable, M -integrable process H. (The class of sigma-martingales, so named by Delbaen
and Schachermayer in [11], was introduced by Chou in [9], where it is denoted (X,,); the equivalence mentioned

above is due to Emery ([12], Proposition 2).)

Theorem 1.5 ([14]). If M is a semimartingale with Mo = 0 then the following are equivalent:

i) Mandt— M,2 — t are sigma-martingales;
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(i) M andtw— [M]; —t are sigma-martingales;
(iii)) M and t — M,2 — t are martingales;
@(iv) M and t — [M]; —t are martingales.

Proof. Since M2 — [M]=2M_ - M, the equivalence of (i) and (ii) is immediate; it also follows from this that (iv)
implies (iii) ([17], Corollary 3 to Theorem I1.27). To complete the proof it suffices to show that (ii) implies (iv).

Suppose (ii) holds and let (A,),>1 be an increasing sequence of predictable sets such that Un>1 Ap =R x 2
and both 14, - M € H! and la, Ne H! for all n > 1, where N :¢ — [M], — t. (Note that if X € H! and B is a
predictable set then 15 - X € H'.) Let T be a bounded stopping time; since 1 A, - N is a martingale,

T T
E[(lAn.[M])T]ZE[(lAn-N)T]JrE[/O lAnds}:E[/(; 1Ands:| )

and therefore E[[M]r] = E[T] < co, by monotone convergence. It follows that E[|N|r] < E[[M]r] + E[T] < o0
and E[N7] =E[[M]r — T]=0, so N is a martingale. (Apply [17], Theorem 1.21 to N stopped at ¢ for any ¢ > 0.)
Furthermore, since (14,\4,, - [M]); < (lA% -[M]); forallm <nandt > 0, where A, := (R x £2) \ A, the sequence

(14,nq0,11x2) - M)p>1 is Cauchy in H 2 so convergent there; it follows (by [17], Theorem IV.32, say) that M stopped
at ¢ is an H?-martingale. O

Theorem 1.6. If M is a normal martingale and T is a stopping time such that P(T < oo) > 0 then N:t
17 <co(Mys7 — M7) is a normal martingale (for the measure P :=P(-|T < 00) and the filtration (}",+T),>0)

Proof. As M and ¢ — (M; — My)? — t are local martingales, so are N and
Q:t > 17 coo((Miy1 — Mo)> — (t + T) — (M7 — Mo)* +T)
= 17 <oo((Mry7 — M1)* — 1 +2(M7 — Mo)(My 7 — M7)),

by Lemma 1.2. Hence ¢ +— (N; — No)2 —t = Q;—217 (M1 — Mp) N, is also a local martingale (as local martingales
form a module over the algebra of random variables which are measurable with respect to the initial o -algebra) and
the conclusion follows from Theorem 1.5. (]

Lemma 1.7. If A is a right-continuous, increasing process such that Ay > 0 and each A; is a stopping time then
(Fa,)i=0 is a filtration which satisfies the usual conditions.

Proof. This is a straightforward exercise. (]

Lemma 1.8. Let K and L be independent martingales and let A be a continuous, increasing, (.EK )i>0-adapted
process with Ag = 0 and Asc = 00, where (]-'tK )i>0 denotes the smallest filtration satisfying the usual hypotheses to
which K is adapted.

If G :=FK v FE forall t > 0 then each A, is a (Gy);>0-stopping time, (Ga,):=0 is a filtration satisfying the usual
conditions, L is a (Ga,)r=0-local martingale and [Ls] = [L]a. If H is an (}"tL),Zo-predictable process which is
L integrable then Hy is (Ga,)r=0 predictable and L 4 integrable, with (H - LYo = Hp - L 4.

IfH,:=FKv ]—',LA forallt > 0then H; C Ga, forallt > 0. If there exist disjoint, (H;);>o-predictable sets B and
C suchthat 1p - [K]=[K]and 1¢ -[L]a =[L]a and if ([K]+ [L14)Y/2 is (H:)t>0-locally integrable then K + L 5
is a (H;)r>o0-local martingale and [K + La]=[K]+[L]a.

Proof. This is immediate from Lemmes 1-3 and Théoréme 1 of [21]. U

2. The processes X and Y

Definition 2.1. Let X be the normal martingale which satisfies the (time-inhomogeneous) structure equation

diX]; =0 —1t—X;_)dX; +dt
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with initial condition Xo = 0 and let Y; := X; +t for all t > 0. (The process X was introduced in [7)], where it was
constructed from the quantum stochastic analogue of the Poisson process for monotone independence. Existence also
follows directly from [23], Théoreme 4.0.2; uniqueness (in law) and the chaotic-representation property hold by [2],
Corollary 26.) Then Yo = 0 and

d[Yl; = = Y,_)dY, + Y,_drt, 2
which implies that AY, € {0,1 —Y;_} forall t > 0. If

G = sup{s e[0,t]: Yy, = 1} € {—oo}U ]0,¢] 3)
then (by [7], Theorem 24)

Yy =—W(—exp(—1 —1+Gy)) )

forall t >0, where We = W_1 if Y; > 1 and We = Wy if Yy < 1; a little more will be said in Proposition 6.3. (It
follows from this description of the trajectories that X and Y are uniformly bounded on [0, t] for all t > 0.)

Definition 2.2. Let

a:Ry — 10, 1; t> —Wo(—e™'7),
b:Ry — [1,00[; t|—>—W_1(—e_1_’)
and
b(t t
010, 00[— Ry:  tr> B(1) —a(t) = —) a(t)

b(t)—1 1—a()

Note that a(0) = b(0) = 1, both a and b are homeomorphisms (which may be verified by inspecting their derivatives
on 10, 00[) and c(t) \( 1 as t — oo.

Lemma 2.3. For all t > 0 the random variable Y; is distributed with an atom at O (of mass €~") and a continuous
part with support [a(t), b(t)]:

1 1
P(Y; e A) = ]l()eAe_t + —/ Imit_ dy VAeBR).
T JAN[a),b@)] W-1(—ye!™Y)

Proof. See [7], Corollary 17. O

Remark 2.4. The (classical) Poisson process is simpler when uncompensated, similarly, it is easier to work with Y
than with X . These processes are strongly Markov (by [2], Theorem 37, for example) and Emery’s Ité formula ([13),
Proposition 2) implies that, if f :R — R is twice continuously differentiable,

t

t
f(Xt)=f(0)+f g(Xs—,S)dXx+/ h(Xs—,s)ds ®)
0 0

and

t

t
(Y= fO0)+ fo g(¥,—,0)dX, + /0 (h(Ys—,0) + f'(Y,_)) ds ©6)

forallt >0, where g, h :R? — R are such that

fad-—0—-7fx

+ L1 f'A—1)
l—x—1t

glx, 1) =Tyz1—
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and

fA=0—f@)-0-x—-1)f"(x)
(1—x—1)2

1
h(x, 1) =T1yz1— +]]-x:l—t§f//(l_[)

forall x,t € R. It follows that

Jtim %E[f(xtﬂ) — FXDIF] = (X F) (X))
and

Jim éE[f(YHe) — FODIF] = (T £) ),

for almost all t > 0, where

fA=D—f@O-U—x-—0)f'x) .
(X)) = { 1 t (I—x—1)? t fr#l-t,
> f"1—1) ifx=1-—t,
1 " / Sl—t(dy)
- ) = (y— o144y 7
iy | @ o @) p ™

JO—f@)—x(1-x) f'(x) ifx#1

(FYf)<x):={1 o A= .
7+ () ifx=1,

! s1(d
= L3 /@) + f10 + / (fO) = F) = (6 =0 f () o) ®)

R\(x} (y—x)?

and §; denotes the Dirac measure on R with support {z}.

3. The final jump time

Proposition 3.1. If G :=sup{G;: t > 0}, where G, is defined in (3), then the random variable G« (the final jump
time of Y) is almost surely finite and has density

1

Wo—e ) )

1
800 R— R; x> 1ys0—Im
-7

Proof. Note first that G; =141 — Y; +logY; for all # > 0, by (4), so G; is F; measurable. As ¢ — G, is increasing,
it is elementary to verify that

Goo =sup{G;: t > 0} =sup{G,: n> 1} = lim Gy;
n—>oo

in particular, G is F measurable. If # > 0 then 1g,c10,/] = L1Ge0.1]> because G, /' G, and the dominated-
convergence theorem implies that

P(Goo €10,1]) =E[1g..ej0,] = lim E[lg,e10.1]= lim P(G, €]0,1]).
n— 00 n— oo
Since P(Goo = —00) =P(Y =0) <P(Y; =0)=e¢" — 0 as t — o0, it follows that P(G, = —00) =0 and

P(Go <1) = lim P(G, €10, 1])
n—oo
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forallt >0.If n > 1 and ¢ € [0, n] then
O<l4+n-Y, +10gYn <t — —e_l_” >_Ynexp(_Y”)Z_e—l—n+t
&  Yy€ am),atn—)]U[bn—1),bmn)|

and, by Lemma 2.3,

1 1
Ya(t) :=P(G, €10,1]) = —

/ Im ——dy.
T Jla@),a—010bai—n,bm)  W-1(—ye"™)

Note that y, is continuously differentiable on [0, n[, with

1
ya(s) =1 (b1 —5) —d'(n = 5)) = c(n = 5)go0(5)

mi
T W,l(—e_H‘S)

for all s € [0,n[. If n > ¢ and s € [0, ¢] then, by the remarks in Definition 2.2, ¥, (s) \{ goc(s) as n — oo and the
monotone-convergence theorem implies that

t t
lim Ya(s)ds =/ go(s)ds Vr>0.
0 0

n— o0
This gives the result, because fooo goo(s)ds =1 (by Proposition B.1). O
Remark 3.2. It follows from Proposition 3.1 that E[G ] = 00; a proof is given in Proposition B.1.

Remark 3.3. Calling G the final jump time is perhaps a little misleading, since it is not a stopping time; it is,
however, almost surely the limit of a sequence of jump times. (See Corollary 6.2 and Corollary 6.4.)

Proposition 3.4. lim,_, o P(Y; <1)=0.

Proof. By Lemma 2.3,

1! 1
PY,<)=e 4+ — Im—dy Vi>0. 10
=D T x ay  W-i(=ye'=) Y - 10

If y €]0, 1] then there exists x € [0, oo[ such that y =a(x), and if # > x then

1 1
=1
W (e T W (—e 1y

=Tgoo(t —x)— 0

as t — 00. (This last claim follows from Proposition B.1.) Furthermore, as goo is bounded, the integrand in (10) is
bounded uniformly in y and ¢, so the result follows from the dominated-convergence theorem. (]

Corollary 3.5. Ast — oo, the process Yy — 0o almost surely.

Proof. If G, < oo then, as t — oo, either Y; — 0 or ¥; — o0; furthermore,
o o0
{Goo<oo}ﬂ{tlirgoY,=oo]={Goo<oo}ﬂq U (¥ > 1),
n=1m=n

Since P(Goo < 00) =1 and P(Y,, < 1) — 0 as n — o0, it follows that

IP’( lim Y; = oo) >limsupP(Y, > 1)=1— lim P(¥Y,<1)=1.
n— o0

—>0o0 n— 00

(The inequality in the previous line holds by [8], Theorem 4.1(i).) U
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4. The active period
Proposition 4.1. The stopping time Sy := inf{t > 0: Y; = 1} is exponentially distributed and has mean 1.
Proof. Note that Y; = 0 only if Yy =0 for all s € [0, ¢[, by (4); the claim now follows from Lemma 2.3. O

Lemma 4.2. If Z; := X5, + So for all t > 0 then Z is a normal martingale for the filtration (F;4s,)i>0 such that
Zo = 1, which satisfies the structure equation

diZl;=dt+ (1 —t—-2,_)dZ, an
and which is independent of Fs, .

Proof. As Z; = X5, — X5, + 1 for all > 0, Theorem 1.6 implies that Z is a normal martingale. Furthermore,

t+So

t
[ZJI=[X11+SO—[X]SO=/ (1—r—xr7)dxr=/0 (1—s—2,)dz,

So
for all + > 0. (The first equality is a consequence of Lemma 1.2; the last may be shown by expressing the integrals
as the limit of Riemann sums, as in [17], Theorem II.21, for example.) It now follows from [2], Theorem 25, that,
for all t > 0, the law of Z; conditional on Fg, depends only on the initial value Zo = 1 and the coefficient functions
a:s+—1—sand B = —1 restricted to [0, 7], so Z; is independent of Fg,. [l
Remark 4.3. Ift > 0 then

Zi+1=Ys5 =—We(—exp(=1 = (t + So) + Gi1s,)) € [a(0), b(®)],

since Gy, > So. Consequently, Z is uniformly bounded on [0, t] for all t > 0.

Remark 4.4. Let m, (t) :==E[(Z; +t)"] for alln > 1 and t > 0, where Z is as in Lemma 4.2. It may be shown using
Emery’s Ito formula ([13), Proposition 2 and the subsequent remark) that

t
mn(t)—mn—l(t)Zn/ my—1(s)ds 12)
0

foralln > 1andt > 0 (where my = 1). Hence (compare [6], Section 4)
n
ma(p)=p ' [0 +ip7")
j=l1
ifn>1, where fdenotes the Laplace transform of f, and so

mn<t)=1+2( > j1~--jk>
k=1

=1 l=ji<-<jizn

tk

n k
_ n—+1 t
H_;O[nﬂ—k]ﬁ (43

for all t >0, where [] denotes the unsigned Stirling numbers of the first kind [15]. (The final identity holds by [7],
Proposition 3 and Remark 6, for example.)

Theorem 4.5. If't > 0 then Z; + 1t =Y, s, is continuously distributed, with density

1

R T a—— 4

1
fZ;-H ‘R— R+; i ]]-ze[a(t),h(t)];I
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Proof. Letx > 0. Since Y; = 1;>5,(Z_s,)+ + — So) for all ¢ > 0, it follows that

PO<Y, <x)=P(So <tand Z;_gp+ +1— So <x)

t px—t+s
:// dFz,_ (z)e”"ds
0 J—oo
t px—u
:e*t// dFz,(z)e" du,
0 J—oo

where Fy denotes the distribution function of the random variable V. (For the second equality, note that

E[]lsogz]lz(,_so)++z—s05x] = E[ﬂ-SoStE[ﬂ-Z(t_SO)++t—50§)c|f50]]
- E[HSoftE[ﬂz([75)+ +l—S§x]|s=S()],

since Z is independent of Fy,.) Hence
4 d d
P(Z;+t<x)=e E(e PO <Y; §x))=]P°(0< Y: <x)+ 5P(0< Y: <x).

Thus if ¢ > 0 then either x < a(t), sothat P(Z, +t <x) =0,0rx > b(t), whence P(Z; +t <x)=1—-e""+e ' =1,
or x € la(t), b(t)[, in which case

X

nIP(Z,+t§x)=/ I

X9 1
m—— —d
ay  W-oi(—ze'72)

—Im——d
W_i(—a(r)e'—*®) " /u(r) o1 Woi(—ze )

z—a'(t)Im

X
1
:f Im dz,
ay 1+ W_i(—ze'=%)

as claimed. (This formal working is a little awkward to justify: a rigorous proof is provided by Proposition C.2.) [

Proposition 4.6. The random variables So and J := Goo — So are independent and J is continuous, with density

1 1
fr:R— R,; x> 1y-0—Im (15)

T 14+ W (—e1tx)’
Proof. To see that Sp and J are independent, note first that
J = lim Guis,—So= lim (1= Z, +log(Z, +n)
almost surely, where (Z;),>¢ is as defined in Lemma 4.2, which implies that G, s, — So is independent of Sy for all

n > 1 and, therefore, sois J.
If Fj(z) :=P(J <z) for all z € R then, by independence and Proposition 4.1,

V4
/ goo(w) dw =P(J + S < 2) = / / dF;(0) 1,200~ dy
{(x,y)eR2: x+y<z}

—00
z v

:/ e_”f e"dF;(u)dv
—0Q —0Q

for all z € R, using the substitution (u#, v) = (x, x + y). Thus, for almost all v € R,

goo(v) =€ /v e dFy(v);

—00
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in fact, this holds for all v € R, as both functions are continuous, and, since g.,(0) =0,

t
goo(t)ze_[/ e*dF;(s) Vt=>0.
0

Now g« is continuously differentiable on R \ {0} and f(x) = goo(x) + L2085, (x), 50 if 0 < & < ¢ then integration
by parts yields the equality

t t
/ e’ f7(s)ds = e goo () — € goo(e) — / e dF;(s) ase— 0+.
e 0
Hence fot e’ f7(s) ds exists for all # > 0 (as does fé fs(s)ds, by comparison) and

w:B(Ry) > Ry; Af—)/eSdFj(S):/eSf](S)ds
A A
is a positive Borel measure on R ; by [19], Theorem 1.29,
t r '
/ fr(s)ds = / e du(s) 2/ dF;(s) = F;(t) — F;(0)
0 0 0
for all # > 0 and
o0
1= lim F;(t) = F;(0) —|—/ goo(s)ds + lim goo(t) = F7(0) 4+ 1,
11— 00 0 t—00
by Proposition B.1, so F;(0) = 0. The result follows. O

Remark 4.7. The distribution of J may also be found by imitating the proof of Proposition 3.1, with Z; + t replac-
ing Yy, since J has the same relationship to Z as G, does to X.

Proposition 4.8. Ift > 0 then

1 1
P(Goo 5t)=—;1m<W_1(—e_l+’)+ m) (16)

and
P(J <1) =—%Im W_i(—e ) =P(Goo < 1) + 800 (0). a7

Proof. These follow immediately from the identities

/f 1 (L+W_i(=e'")?
————dx =1 —

0 Woi(—e~1+) Wi (—e=1+)
and

t
1
dy =1 —W_j(—e 1T —1,
/0 1+ W_(—e~1+x) 1( € )

which are valid for all # > 0 and may be verified by differentiation. For brevity, let w = W_i(—e 1) and v’ =
W’ (—e~1*7); note that dw/dt = —e~'"*"w’ and —e~!*(1 + w)w’ = w, whence

d(t (1~|—w)2)_1 —2e” "M (1 +wyw'w + e /(1 + w)?

dt w w?

—e M+ ww'Quw—(1+w) _
w? N w o ow

_1 _w—l_l
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and, if r > O,
d | w 1
—(r — =1 — 1+ /:1——:—’
dt( w) te v 1+w 14w

as required. (To see the existence of f(; 1/(1+ W_(—e~1*¥))dx, note that if > & > 0 then, letting W_; (—e~!T*) =
—vcotv +iv, where v € |-, [,

[

and the function v — (1 — 2v cotv + v2 cosec? v)/v? is continuous on ]—1t, O with limit 1 as v — 0—.) O

1
14+ W_j(—e~1+x)

/”(S) 1 —2vcotv + v2 cosec? v
= dv
v

® v?

5. La martingale cachée
The martingale H discussed in this section was discovered by Emery [14].
Theorem 5.1. If H; :=1— (Z; + 1)1 forallt >0 then H is a martingale such that Hy =0,
d[H], = (1 — H,_)*dt — H,_ dH, (18)
and H; — Hyo := 1 almost surely as t — o0.

Proof. If r > 0 and £(—Z) denotes the Doléans-Dade exponential of the normal martingale —Z then £(—Z) is square
integrable on [0, ¢] for all # > 0 and (11) implies that

(Zi +E(=2);

t t
=Z,-|—t—/ (dZS—i—ds)f E(=2Z)s_dZ,
0 0

=Z, +1t— /O[(ZS_ +5)E(=Z)_dZ, — /0[(1 — E(=Z)y-)(dZ; +ds) — /01 E(=2Z),_d[Z]s
=1.
Thus H =1 — £(—Z) is a martingale and dH; = £(—Z);-dZ; = (1 — H;_)dZ;, whence
d[H]; = (1 — H,)*d[Z];
=1 —H-)*(dt+(1- (1 - H-)"")dz,)
= - H,_)*dt — H,_dH,,

as claimed. Since Y; — oo almost surely as t — oo, by Corollary 3.5, so does Z; +t = Y;4s,, and the final claim
follows. (]

Remark 5.2. As H,=0ifandonlyif Z; +t =1,
U={t=0:Y, =1}={s+ So: Yst5, =1} ={s + So: Hy =0}
the structure of U is determined by the zero set of H.

Definition 5.3. Let

t
TRy xR >Ry (fo) > 1) :=f (1— Hy_ () ds
0
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and note that T is adapted to the filtration (F;);>0 and has paths which are continuous, strictly increasing and bi-
Lipschitzian on any compact subinterval of R, since the derivative

t=(1—-H_)Y=(Z—+1)*e[b() at)?]

forallt > 0. Let
o0
Too :=/ (1 — H,_)*ds €]0, 00]
0

and extend 1™ (defined pathwise) to all of Ry by letting ‘L’S_l =00 forall s € [Too, 0[. If s > 0 then {‘L’s_l <t}=
{s<n}eF forallt >0, so r;] is an (F;)r>o stopping time. Thus (G := _7-'1_1 )s>0 is a filtration which satisfies the
usual conditions, by Lemma 1.7. )

Proposition 5.4. The process K = (K := H -1)s>0is a martingale for the filtration (Gs)s>0 and satisfies the equa-
tion ’

N
[K]s:s/\roo—/ K,_dK, Vs=>0. (19)
0

Proof. Fix s > 0;as 7, lisan (F1)¢>0 stopping time, H% "isa martingale for this filtration ([18], Theorem I1.77.4).

Let (T,)n>1 be an increasing sequence of stopping times which reduces the local martingale H_ - H and note that
T
E[T‘[s_]/\Tn - [H]rs—]/\rn] = ]E[(H— ) H)r—l] =0,
by the optional-sampling theorem. As 7 is increasing, the monotone-convergence theorem implies that

Els A tool = lim Elt 1, 1= lim E[(H], 1, ]=E[[H% ] ].

so H% ' isa square-integrable martingale ([17], Corollary 4 to Theorem I1.27). Hence K is a martingale, by a further
application of the optional-sampling theorem: if 0 < r < s then

-1
E[K;|G, 1 =E[H |F,1]=H 1=K,

Moreover,

s ! 7!
/ K,_dK, =/ K, _dH, =/ H,_dH,
0 0 0

(which follows from [17], Theorem I1.21, for example), so

K 7!
[Kly=K2— K3 — 2/ K,-dK, = H>, — Hj — 2/ H,_dH, =[H] -
0 s 0 :

and this equals
7! s
T -1 —[ H,_dH,:s/\roo—[ K,_dK,.
s 0 0
Theorem 5.5. Let M be Azéma’s martingale, that is, the normal martingale such that My = 0 and

d[M][ :dt - Mt_ dM[

If T :=inf{t > 0: M, =1} then MT and K are identical in law.
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Proof. Let L be a normal martingale which is independent of K such that Lo =1 and
d[L]; =dt — L,_dL;,

that is, L is an Azéma’s martingale started at 1; existence of such follows from [13], Proposition 5. For all ¢ > 0, let
Pt = 14€00,0000 Kt + Lte[roo, 00l Li—10o = Kt + Ly—g, )+ — L.

In the notation of Lemma 1.8, oo =inf{t > 0: K; =1}isa (ftK),Zo-stopping time, s0 0, 7] is (ﬁK)zzo predictable
and 170,71 [K]=[K] (since K = K*) whereas 119,¢,,1-[La] =0,if A; :== (t — 7o) T, because (LA),TOC =LA, =
0 for all + > 0. Since [K]; = 2(t A Too) — Kt2 <2t and [L]4, = 24; — Li/ < 2¢t, Lemma 1.8 implies that P =
K + L4 — 11is alocal martingale such that Py =0 and

[Pli=[K] +[L]a, =t — (K- - K); —(L--L)a,.
However,
[P1=[K]+[Lal
=K>—2K_-K+L4—1-2La_-Lya
=(K+Ls—1)?+2K+2L4—2—2KLa—2K_-K —2(L_-L)
and KLy, =P, so
P2—2P_.P=[P]=P>—2K_-K—2(L_-L),.

Thus [P]; =t — (P— - P);, so P is a normal martingale, by Theorem 1.5, and, by uniqueness ([13], Proposition 6),
P is equal to M in law. Since 1o = inf{r > 0: P; = 1}, the processes K = P™ and M T are identical in law, as
claimed. O

6. The level set U

The level set
U=A{t+So: H =0}= r_l({s € [0, Tool: K5 =0}) + So,

where t is a homeomorphism between R and [0, too[ which is bi-Lipschitzian on compact subintervals. This obser-
vation, together with Theorem 5.5, leads immediately to the following theorem, thanks to well-known properties of
the zero set of Azéma’s martingale (or rather, by [17], Section IV.6, properties of the zero set of Brownian motion: see
[8], Theorem 37.4 and [24]).

Theorem 6.1. The set U := {t > 0: Y; = 1} is almost surely non-empty, perfect (that is, closed and without isolated
points), compact and of zero Lebesgue measure. If a > 0 then U N [Soy, So + a] has Hausdorff dimension 1/2.

Corollary 6.2. If T is a stopping time then P(Goo = T) = 0. In particular, the final jump time G« is not a stopping
time.

Proof. If T is a stopping time then so is 7/ = Ly, =1 T + Ly, 2100; let Z; := 17/ oo (X;477 — X7/ + 1) for all 1 > 0.
Conditional on T" < oo, it holds that Z, = 1 and, working as in the proof of Lemma 4.2,

d[Z', =0 —t—Z_)dZ, +dt,

so Z’ is identical in law to Z. In particular, the set i/ N 1T, T + 1[ is almost surely non-empty, given that Y7 = 1, but
UN]G o, Goo + 1[ =¥ by definition. O
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Proposition 6.3. If S and T are random variables such that 0 < § <T < oo and Y is continuous on [S, T[ (both
almost surely) then

Y, = —W.(exp(—l -+ GS)) Ve[S, T[
almost surely, where e =0 ore=—1on[S, T|.

Proof. Working pathwise, assume S < T and note that, almost surely for all n > 1, there exists T, € [S, S + 1/n]
such that Y7, # 1 (otherwise ¥ =1 on [S, S + 1/n], contradicting the fact that ¢/ almost surely has zero Lebesgue
measure). Let

A:={Re1T,,T]: Y # 1 on[T,, R[};

since Y7, # 1, the right-continuity of Y at 7,, implies that A is non-empty. Furthermore, Ry, :=sup A € A: there exists
(Rn)n=1 € A such that R, /" Roc and Y # 1 on |, [Tn, Ru[ = [T, Rool.

If R € A then, working as in [7], Proof of Theorem 24, it follows that Y is continuously differentiable on [7},, R[
(taking the right derivative at 7)) with Y’ =Y /(Y — 1) there. Hence, by [7], Lemma 25,

Y, = —W.(—YTH exp(—t+ T, — YTH)) = —W.(— exp(—1 —¢+ GT,,))

for all ¢ € [T,,, R[, where e = —1 or e = 0. In particular, Yr_ # 1, so if R < T then Y is continuous at R, and
Yr,, # 1, but then there exists A > O such that Roo + A < T and Y # 1 on [Res, Reo + A[, contradicting the definition
of Rx. Thus Y has the desired form on [7},, T'[; letting n — o0, so that T;, N\ S, gives the result. O

Corollary 6.4. If T is a random variable such that YT = 1 almost surely then there exists a sequence (Ty)n>1 of
random variables such that T,, /' T and AYT, # 0 almost surely.

Proof. Let 7, :=sup{r € 10, T]: |AY;| > 1/(n + 1)} for all n > 1; the sequence (7},),>1 is increasing, with each T},
almost surely finite and such that AY7, # 0 (since Y has cadlag paths, so only finitely many jumps of magnitude
strictly greater than 1/(n + 1) on any bounded interval). If S := lim,— 7,, then Y is continuous on [S, T[ and
Proposition 6.3 implies that S = T almost surely, as required. (|

7. Local time

This section is heavily influenced by [17], Section IV.6, hence the proofs are only sketched. Thanks to Theorem 5.5,
the results may also be deduced simply from the corresponding properties of Azéma’s martingale (except, perhaps,
for (21)).

Definition 7.1. Let P denote the predictable o-algebra on Ry x §2. Recall (see [22], Section 1.6, for example) that
there exists a B(R) ® P-measurable function

L:RxR, x 2 —R; (v, 1, w) —> L} (w)

such that, for all v € R, LY is a continuous, increasing process with Ly =0 and

t
Yy —v| = |v] +/ sgn(Ys— — v)dY;
0

+ ) (1Y —vl = ¥, —v] —sgn(Y;— —v)AY,) + L} (20)

O<s<t

Sor all t > 0 almost surely, where sgn(x) := 1,0 — Ly<o forall x e R.
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Remark 7.2. Since X is purely discontinuous ([7], Lemma 23), [Y]¢ = [X]¢ = 0; by the occupation-density formula
([17], Corollary 2 to Theorem IV.51), there exists a null set N C §2 such that

o o o
Oz/ [Y]f(w)dt:/ / L} (w)dtdv VYwe2\N,
0 —00 J0
and so, almost surely, L = 0 on R for almost all v € R. The following theorem gives a more exact result.

Theorem 7.3. If v # 1 then the local time LY = 0, whereas
t
E[L;]= 2/ Zoo(x)dx >0 (21)
0

and the random variable Ltl is not almost surely zero for all t > 0.

Proof. If v =0 then (20) implies that

So t+So
|Yt+So| = _‘/O dy; +/S dYs, +2 Z ]le—=0AYS + L(t)+S0

0 O<s<t+Sy

=—1+Yis - 1+2+LY,

for all £ > 0, so L? = 0. (The first equality uses the local character of the stochastic integral ([17], Corollary to
Theorem I1.18).) If v ¢ {0, 1} then the set {s > 0: Ys_ = Y; = v} is countable and the claim follows as it does in

[17], Proof of Theorem IV.63. For the remaining case, observe that the Meyer—Tanaka—It6 formula (or just [17],
Theorem 1V.49) yields, for all ¢ > 0, the identity

t 1
v, —nt =f Ty, -1dYs + =L}
o 2
Since

t t t
E[/ Ty, >1 ds:| ZE[/ Ty,>1 ds] 2/ P(Y, > 1)ds,
0 0 0

as {s > 0: Y;_ # Y} is countable and thus has zero Lebesgue measure, it follows that
t
E[L}]=2E[(Y; — DT] - 2/ P(Yy > 1)ds.
0

Forallt > 0 and x > 0, let Fy, (x) :=P(¥; <x); Lemma 2.3 implies that

o0 1 [b® x—1 !
E[(Y, — )*] = f] (x = Dy ) = /1 m—"1 g fo b(t — ¥)goo () dy.

m dx
W_i(—xe'=¥)

using the substitution x = b(t — y), and similarly

t 1 [t b 1
/P(n>1)ds=—f/ Im——dxds
0 T Jo J1 W_i(—xes™¥)

t s ¢
:/0/0 b’(S_Y)goo(y)d)’dSZ/O (b(t — y) = 1)goo(y) dy.

Combining these calculations yields (21). (|
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Definition 7.4. A semimartingale R has locally summable jumps (or satisfies Hypothesis A, in the terminology

of [17)) if

Z |ARs| < oo almost surely Vt > 0.

O<s<t
Corollary 7.5. The martingale X does not have locally summable jumps.

Proof. Suppose for contradiction that X (and so Y') has locally summable jumps. By [17], Theorem IV.56, there exists
a B(R) ® P-measurable function

Z:RXR+X9—>R+; (v,t,a))f—>lj;’(a))

such that (v, t) — Z}’ (w) is jointly right continuous in v and continuous in ¢ for all w € §2 and, forall v € R, LV=1L".
This is, however, readily seen to contradict Theorem 7.3. O
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Appendix A. A Poisson limit theorem

The following theorem must be well known, but a reference for it (or a version with weaker hypotheses) has proved
elusive.

Theorem A.1. Foralln > 1 let (x,,,m)”m: | be a collection of independent, identically distributed random variables.
If there exists A > 0 such that

lim nE[x} ]=1 VkeN,

n—oo

then x, 1 + - - - + Xxn.n converges in distribution to a Poisson law with mean .

Proof. If n > 1 and 6 € R then

) n ) i n—1
‘]E[exp(i@(xn,l 4+t xn)] - (1 + &(ele - 1)) <n E[elex”’l] —1- M‘(l + 2—A> ,
n n n

using the fact that |7" — w"| < n|z — w|max15k§n{|z|k_l|w|”_k} for all z, w € C. Furthermore, because |el? —

2 NG0)F k! < 6% /(2p)! forall @ e R and p > 1,

n E[eiex"vl] —1- M‘
n
271 k -l ok 21,k
i 0 0 . 0
ofplerr - 52 || S gy )il - 5
k=0 k=1 k=0
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0127 (Ex2P1+2) 227 gk

Since (1 +2A/ n)”_1 — e asn — o0, this sequence is bounded by some constant C. Fix ¢ > 0, choose p > 1 such
that 2|0 |2PA/(2p)! < &/(2C) and choose ng such that

o1k

&
k!

il ] < 1

VYn>no,k=1,...,2p;

the previous working shows that

21012PAC ¢ €
+—+(2p—1)4—<8 Vn > nyg.
P

, koo ) | < 210177AC
E[exp(le(m+...+xn,,,))]—<1+;(e 1)) <ot

Hence

lim E[exp(if(xy,1 + -+ +x5,0))] = lim (1 + ﬁ(eiG —~ 1)) =exp(r(e — 1)),
n

n—o00 n—oo

and the result follows from the continuity theorem for characteristic functions ([8], Theorem 26.3). O

Remark A.2. It follows from the working above that, if m > 1 and 0 € R,
i0x A i0 1 i0b 1

E[e“ ] =14 (=) = 1) 40| = | =E[""] +o[ - ) =1
n n n

as n — 0o, where P(b, =0) =1—A/n and P(b, = 1) = A/n. Thus x, , converges to O in distribution, and so in
probability, as n — 0o, which explains why this result is a “law of small numbers” .

Appendix B. The probability density function g,

Proposition B.1. The function

1 1
R— Ry > 1ysg—Im————
8oo + X XZOTC W_l(—e—1+x)

has a global maximum g~ (xg) ~ 0.2306509575 at xo ~ 0.7376612533, is strictly increasing on [0, xo], is strictly
decreasing on [xq, ool with limy_, » goo(x) =0,

o0 o0
/ goo(x)dx =1 and / Xgoo(x)dx = o0.
0 0

Proof. Let W_i(—e™ ') = u(x) + iv(x) for all x > 0, where u(x) € R and v(x) € ]—, 0]. Since
e (ucosv — vsinv) = —e~ 1H¥,

(u+iv)exp(u +iv) = —exp(—1+x) <— { \
usinv +vcosv =0,

if v = 0 then ue* = —e~!**, which has no solution for x > 0, so v = 0 if and only if x = 0. Suppose henceforth that
x > 0; note that u = —vcotuv,
e U (—ycosveoty —usinv) = —e T = x=1—wvcotv + log(vcosecv)

and g (x) = —v/(u2 + v?) > 0. Observe that

u . .
— = —cotv + vcosec? v = 5 (v —sinvcosv) < — (0 —sin0Ocos0) =0,

dv sin“ v sin“ v
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because (d/dv)(v — sinvcosv) =1 — cos2v > 0, and

dx 1 ) 1 5 2
— =——2cotv+vcosec“v=—(1 —vcosecv)" — ——(cosv — 1) <O,
dv v v sin v
so u is a strictly increasing function of x. As u(0) = —1, u takes its values in [—1, oo[; as v(0) = 0, letting x =

1 —vcotv + log(vcosec v) — oo shows that v — —m (since this function of v is bounded on any proper subinterval
of ]—m, 0[) and therefore u — 0o as x — o0o. (In particular, |geo (x)| < l/u2 — 0 as x — 00.) Since u is continuous,

strictly increasing and maps [0, oo[ to [—1, oo[, there exists xg such that u(xg) = —1/2. Moreover,
1 -1 2 1
() =Im L vQu+1)

dx W_(—e— 1) — Im wt+in(dtutiv) @+ +u)?+v2)

$0 g5, > 0on ]0, xo[ and g/, < 0 on ]xg, oo[. (The approximate values for xo and g« (xo) were determined with the
use of Maple.)
For the integrals, the substitution x = v gives that

o0 0 sinv (1 2
T Zoo(x)dx = 5 - —2cotv +vcosec v | dv
0

—7

0 /sin2y  sin2v sinv°
=T+ > — dv=m+|— =,
_ v v v -7

as required. Finally, if ¢ €10, 7 /2[,

00 0 -2 .
sin sin2
n/ xgoo(x)dx=/ (l—vcotv—i—log(vcosecv))( 2” _ U—i—l)dv
0 —T v v
-7/2 n [T/2
Z/ —vcotvdvz—/ cotwdw = —logsing — oo
—T+e 2 e
as ¢ — 0+. 0

Remark B.2. It follows from Propositions B.1 and 3.1 that the distribution of G« is unimodal with mode xg, that is,
t > P(Gy <t) is convex on 1—00, xo[ and concave on 1xgy, ool .

Appendix C. An auxiliary calculation

Lemma C.1. If f; is as defined in Proposition 4.6 then

1 1
1+ W_(—e 1+ /27

and f; is strictly decreasing on 10, ool.

nfy() =Im ast — 0+

Proof. Forallt >0, let p := —/2(1 — &) = —iv/2t + O(t3/?) as t — 0+; recall that
—W_i(—e"") =1-p+0(p?) =1+iv2r + 0()

ast — 04, by [10], (4.22), and this gives the first result. For the next claim, if 7 > 0 and W_; (—e~ ) = —ycotv+iv,
where v € |—m, O[, then

£1()=Tm —W_j(—e ") (3 —2vcotv)v*cosec’ v — Dy
T W (—e T T ((1 —vcotv)? 4 v2)3
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The result follows if
(3 —2vcot v)v2 coseclv—1>0 < (v2 — sin? v) sinv + 2v2(sin v—uvcosv) <0

2

for all v € ]—, O[, but since sin® v < v? and sin v < v cos v for such v, this is clear. O

Proposition C.2. If D :={(t,x) e R%: a(t) <x < b(1)},

1
W_i(—xe! =)’
X
F:D—Ry; (t,x) S, y)dy
a(t)

f:D— Ry, (t,x) — Im

and (s,y) € D°:={(t,x) € ]R%_: t>0,a(t) <x <b(t)} then

Fe,m+ Ly f T ! d
s, —(s,y) = m
y at y a(s) 1 + W—] (_ZeS—Z)

(22)

Proof. Note first that, since f is continuous, F' is well defined. If 4 > 0O then

a(s) y 3
/ f(s+h,z)dz+ J+h— 162 dz

(s+h) a(s) h

F(s+h,y)—F(s,y) 1

h h

and the intermediate-value theorem gives ¢, € [a(s + h), a(s)] such that

7 fG+h,2)dz=

a(s) -
3 GG () a1 s a) =0
a(s+h)

as h — 04. For all z € [a(s), b(s)] there exists 0y ; € ]0, 1[ such that

h,z) — , 0
fGs+ Z;z f(s Z)=B—J;(s+9h,zh,z)

by the mean-value theorem, since 7 — f (¢, z) is continuous on [s, s + /] and differentiable on ]s, s + A[. Let

e . af [nfi(t—a'(x) ifxe]a@), 1],
g 07> Ry b0y, ([’x)+f(t’x)_{an(t—b—l(x)) it x e [1, )],

where [ is defined in Proposition 4.6. The continuity of f on [s, s + 1] x [a(s), y] and the dominated-convergence
theorem imply that

y y
F(s,y)=/ f(s,2)dz= lim f(s+06hzh, 2)dz,
a(s) h—0+ a(s)

so the right-hand limit in (22) has the correct value if f ay( 5) g(s, z) dz exists and

y y
lim g(s+6n:h,2) dz:/ g(s,z)dz.
h=0+ J4(s) a(s)

Fix r €]0, s[ such that y > a(r) and note that g is continuous on [s, s + 1] x [a(r), y¥], so the dominated-convergence
theorem implies that

y y

lim g(s~|—9h,zh,z)dz=/ g(s,z)dz.
h—0+ a(r) a(r)
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Next, note that if z € Ja(s), a(r)] and & — 0+ then
g(s+0nzh,2)=mnfi(s+0h:h—a ' @) /nfs(s —a ') =g(s.2),

because f; is strictly decreasing, by Lemma C.1. The first half of the result now follows from the monotone-
convergence theorem, once it is known that f aa((sr)) g(s, z) dz exists. However,

a(r) r s—r
/ g(s,z)dzzn/ fJ(S—u)a/(u)du=—Tt/ fr@®a'(s —1)dr < o0,
a(s) s 0

since, by Lemma C.1, 1t f;(¢) ~ 1/«/5 as t — 0+, fy is continuous on ]0, s — r] and @’ is continuous on [r, s].
Now suppose that 7 < 0 is such that s + 2 > 0 and b(s + k) > y > a(s + h). Then

F(s+h,y)—F(s,y) _/y fls+h,2)— f(s,2) dz_l/amh)
h a(s+h) h h a(s)

fs,2)dz
and the second term tends to O as h — 0—. If z € [a(s + h), b(s + h)] then ¢ — f (¢, z) is continuous on [s + &, s] and

differentiable on ]s + &, s[, so there exists 6y ; € ]0, 1[ such that

+h2) = f(s.2) B
f(s z; fs Z):a_]:(erGh,zh,Z)-

Furthermore, as f is continuous, so bounded, on the compact set D N ([0, s] x R, ), the dominated-convergence
theorem implies that

y
F(s,y)= lim fGs+6h:h,2)dz
h—0—Ja(s+h)
and the result follows if
_ y y
lim §(s + B 2h. ) dz = / g(s.2)dz.
h—0— a(s+h) a(s)

Fix 0 < r; <rp < s suchthata(r;) < y and note that g is continuous on [r2, s] X [a(r]), y], so bounded there, and the
dominated-convergence theorem implies that

y y
/ g(s+6h h,z)dz — g(s,2)dz
a(ry) a(ry)
as h — 0—. A final application of the monotone-convergence theorem completes the result, since if # < 0 is such that
ro < s + h then, letting h — 0—,
ﬂze[a(s+h),a(r1)]g(s + Qh,zhv ) = 1Z€[a(s+h),a(r1)]75fj (S + Qh,zh - a_l (Z))
/' Lzelatsy.arn ™ fr (s — a™! (2))

= Lsela(s),a(r)18(S, 2)- 0

Appendix D. A pair of Laplace transforms

Theorem D.1. If g is as defined in Proposition 3.1 and f; is as defined in Proposition 4.6 then their Laplace
transforms are as follows:
e_p p e_ppp

(P =—L— and Fi(p)=(p+ Dgn(p) =

. 2
T'(p+2) Tp+1) 23)

where I': p — fooo 2P~ Ye~%dz is the gamma function.
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Proof. Let

1 [0 1
fi@® :=—/ Im—— dy Vvr>0.
T Ja@r) W_i(—=ye'™)

Splitting the interval [a(), b(¢)] at 1 and using the substitutions y = a(t — x) and y = b(t — x), as appropriate,

fi() = = /llm<;)6(t —x)dx = (goo x€) (1),
0

T W_l(—e_1+x)

where x denotes convolution of functions on R and c is as in Definition 2.2. Furthermore,
oo o0 oo
o(p) = / c(x)e P* dx =/ b (x)e P dx — / a'(x)e P*dx
0 0 0

00 1
:/ e~ P(=1+y—logy) dy+/ e~ P-lHy—logy) gy,
1 0

[ee] z P
:epf (—) e p~ldz.
0 p
'

The second line follows from the substitutions y = b(x) and y = a(x). Thus, since fi(t) =P(Y; >0)=1—e™’,

flp) 1 ePprtl  emrpp
ap) pp+DHI(p+1D) T(pP+2)’

Zoo(p) =

as claimed. If

b(t) 1
1) =— Im dy Vt>0,
P0):=o /a(t) T+ W_i(—zel )

then, working as above, f> = f; * c. Moreover, since f> = f1 + f{ (by the working in the proof of Theorem 4.5), it
follows that f>(p) = (p + 1) f1(p) and

R (p+Dfip) e PpP

fip) = =+— = :
c(p) c(p) F(p+1
|
Remark D.2. The substitution x =1 — v cotv + log(v cosec v) yields the identity
— 1 (™ /sinv)”
e’ fi(p)=— —— ) exp(pvcotv)dv; (24)
T Jo v

it should be possible to verify directly that the right-hand side of (24) equals p? /T (p + 1). (This would give indepen-
dent proof that

1 1
AQ—)]l()A—I-—/ Im——dy
U n Janobo) Wor(=yet=)

and

1 1
A — Im -
T Jana@),b@)] 1+ Woi(—ze'7%)

are probability measures on B(R).)
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