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Abstract

Whilst surface ice melt from the Greenland ice sheet is one of the largest contrib-
utors to sea level rise, our understanding of this phenomenon arises mostly from case
studies of specific melt events and the meteorological conditions leading up to them.
Although informative, such studies do not facilitate the prediction of future melt nor
do they support spatial extrapolation. To address this, we use MODIS satellite sur-
face temperature data to build a statistical spatial extreme value model which can be
applied across the entire ice sheet. The model uses a Gaussian mixture model to de-
scribe point-wise temperature behaviour, whilst capturing the magnitude, extent, and
melt implications of spatial melt events using the full spatial model. By capturing the
dependence structure of extreme temperature events, our model enables a better un-
derstanding of the stochastic behaviour of extreme melt event characteristics. Through
simulation from the model we can also provide predictions of melt probabilities and
regional differences in extreme event characteristics. This directly contributes to the
Sustainable Development Goals (SDG) - most prominently to SDG 13 (Climate Action)
- that aim to improve global sustainability through goals established by the United Na-
tions. Our analysis shows that extreme temperature events are more widespread in the
north and east of the ice sheet than in the south, and that the drainage basins of the
ice sheet show varying extremal dependence structures.
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1 Introduction

Rising global sea levels caused by increased ice melt running off ice sheets and glaciers
are set to cause devastation in low-lying coastal areas in the near future. The Antarctic
and Greenland ice sheets between them provide the largest contribution of melted ice
mass to sea level rise (Alley et al., |2005). Their combined influence has increased over
the last 30 years (Bamber et al. [2018)) and is predicted to contribute up to 25cm to sea
levels by 2100 (Golledge et al., 2019). The Greenland ice sheet alone has contributed
heavily to the acceleration of sea level rise since the 1970s due to increased mass loss
(Frederikse et al., 2020)). The mass balance of the ice sheet has been negative since
1998 (van den Broeke et al., [2016; [Mouginot et al., [2019) and the ice sheet has been
losing ice at an accelerating rate in this recent period (Hanna et al, 2013).

The cause of the increasing melt rates on these ice sheets is climate change, which
falls under the remit of the Sustainable Development Goals (SDGs). The SDGs are a
set of goals and targets established by the United Nations (UN) in 2015 (Walsh et al.)
2022)). The goals aim to improve global sustainability and human development by
2030, as well as guiding and shaping global policy on these topics. The SDGs build
upon the previous Millennium Development Goals (MDGs) (Evans and Steven, [2012]),
bringing together economic, environmental and social goals into a single development
framework.

Climate change and increasing melt rates are primarily associated with the remit of
SDG 13 - take urgent action to combat climate change and its impacts. However, the
resulting continued sea level rises will result in the degradation of massive swathes of
low-lying coastal land, particularly in Bangladesh, India and China. The consequence
of this will impact on the success of multiple other SDGs. As coastal areas become
increasingly uninhabitable, the resilience of the poor and vulnerable populations living
in these areas will be reduced (in contrast to SDG 1 - No Poverty) and their housing
security will decline (in contrast to SDG 11 - Sustainable Cities And Communities).
Further, widespread coastal flooding will reduce biodiversity on land (in contrast to
SDG 15 - Life On Land), also damaging food security in affected areas (in contrast to
SDG 2 - Zero Hunger). The ideal approach would be to halt both climate change and
ice melt; however this will not happen fast enough, if it can happen at all. Alongside
measures to halt climate change, there must therefore be measures to identify, manage
and mitigate the ongoing impacts of climate change. For sea level rise, an improved
understanding of how melt is changing can feed predictions of the risk and magnitude
of continued sea level rises, which in turn can inform strategic policies to mitigate the
adverse effects on coastal regions.

Despite clear evidence that ice melt is increasing, there remains considerable un-
certainty on how to forecast this melt and its contributions to sea level rise (Kopp
et al., 2017). Estimates of surface mass balance changes are most commonly derived
from Regional Climate Models (RCMs) (Fettweis et al., |2017; van Angelen et al., 2013}
Burgess et al., 2010), which estimate the total surface mass balance and its constituent
components (Lenaerts et al., |2012). RCMs are highly effective at calculating overall
totals for melt and surface mass balance but are often less effective at local scales (Med-
ley et all [2013). For local melt events, observational Ice Surface Temperature (IST)
data has been found to better capture the event characteristics (Leeson et al., 2018)).
However, while observational data has been used to analyse some specific events in



detail (Nghiem et al., [2012)), these studies focus on understanding the conditions that
led to the events (Bennartz et al. 2013; [Hanna et al., 2014)) rather than the structure
or rarity of the event itself.

The aim of this paper is to address this gap by developing a spatial statistical
modelling framework for the frequency, magnitude, and extent of extreme IST events
on the Greenland ice sheet. We base our analysis on remote sensing data for the period
2011-2020. Our approach focuses on surface temperatures rather than the binary melt
events as understanding how extreme temperature events change over space and time
- particularly in regions that have not historically seen ice melt but are likely to do
so in the future - is in itself a valuable objective. The insights into melt occurrence,
extent, and spatial dependence enhance our ability to predict melt, thereby supporting
the climate mitigation and adaptation priorities at the heart of SDG 13. Moreover, the
added value of a temperature-based model can be seen by observing that while such a
model can be used to predict melt, the reverse is not true.

The most common statistical models for spatial processes are Gaussian processes
(Gelfand and Schliep|, 2016; Murakami et al., [2020) or Gauss-Markov random fields
(Rue and Held,, 2005)). These models are popular because statistical inference reduces
to making inference on a multivariate Gaussian distribution, for which both parameter
estimation and prediction are mathematically tractable and relatively straightforward.
However, Gaussian processes are rarely suitable for inference on extreme events with a
more subtle treatment needed to capture the dependence structure of multivariate, spa-
tial, or temporal extreme values (Schlather and Tawn, |2003]). Fortunately, there exist
families of multivariate extreme value distributions which are specifically designed to
make inference on rare events that occur in the joint tails of a multivariate distribution.

Some excellent and comprehensive reviews of statistical models for extreme events
have been conducted in recent years, for example Huser and Wadsworth| (2022) and
Cooley et al.| (2012). We give the briefest of overviews of the two main methods: hi-
erarchical and process-based modelling. In the hierarchical approach, a parametric
distribution is used to model the data at each location. The parameters of this dis-
tribution are themselves modelled as a smooth spatial process (Sharkey and Winter),
2019; [Sang and Gelfand, 2008; |Daniel Cooley and Naveau, 2007; Mendes et al., [2010]).
In contrast, spatial process models seek to model the joint distribution of the response
at a finite number of locations on the surface. Examples of processes used in such
models include max-stable (S. A. Padoan and Sisson, 2010; Ribatet et al., 2016) and
Pareto processes (Palacios-Rodriguez et al.l 2020).

In this paper, we use the spatial conditional extremes model (Wadsworth and Tawn,
2022a} Richards et al., [2022; Shooter et all 2021) which directly models the spatial
dependence in the measurements, but is not based on a limiting stochastic process as
is the case for max-stable and Pareto processes (Smith, 1990; |S. A. Padoan and Sis-
son, 2010; Ribatet, |2013). This gives it advantages in both flexibility and scalability,
providing a strong basis to identify melt patterns and regional climate patterns on the
Greenland ice sheet. A second, and perhaps more important, difference between the
conditional model and other spatial extremes models, is that the conditional model
allows a smooth transition between the two types of extremal dependence. The condi-
tional model smoothly shifts from asymptotic dependence to asymptotic independence
with increased separation distance between two locations. This is not the case for
max-stable or Pareto processes, which imply asymptotic dependence regardless of sep-



aration distance, and Gaussian processes, which imply asymptotic independence at all
separation distances. The flexibility of the conditional model provides a strong basis
to identify regional climate extremes on the Greenland ice sheet across varying scales
and to improve spatially informed climate risk assessments aligned with SDG 13.

To understand why it is desirable to have a model that can transition across the two
types of extremal dependence, consider Figure [I| which shows a map of Greenland with
two transects. At each location s; on the transects, we transform the data Y'(s;) to
the standard uniform scale Uf(s;) by application of the probability integral transform
U(sj) = F(Y(s;)), where F is the empirical cumulative distribution of the measure-
ments at location s;. For each transect we select an origin location sy (grey dots in
Figure 1)) and obtain the empirical estimate of the metric x(u), defined by (Coles et al.
(1999)) to be

x(u) =Pr{U(s;) > ulU(sg) >wu], 0<u<l1.

For u close to 1, this metric is interpreted as the conditional probability that the tem-
perature at location s; is high given that the temperature at the base location is high.
The edge cases of x(u) = 1 and x(u) = 0 correspond to exact dependence and asymp-
totic independence respectively. For 0 < y(u) < 1, asymptotic dependence increases
with x(u). Figure [1| shows x(u) approaching zero - that is asymptotic independence -
as the distance between locations s; and sq increases. However, it also shows evidence
of strong asymptotic dependence at shorter distances. It follows that a model that
allows only asymptotic dependence or asymptotic independence will result in under- or
over-estimates of the risk of joint extreme events for at least some separation distances.
This is crucial for accurate melt risk quantification and assessments of the impacts of
climate change.

The remainder of the paper is structured as follows. In Section [2] we describe the
IST data set and the methods used to clean the data. In Section [B] we define the
marginal Gaussian mixture model and the spatial conditional extremes model. Results
of the full spatial extreme value analysis of the Greenland ISTs are presented in Section
with a discussion in Section [f]
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Figure 1: Empirical estimates of x for u = 0.975 across two transects (left), and the
estimates of y plotted against longitude (centre) and latitude (right) for the hori-
zontal and vertical transects respectively. The red diamonds indicate the locations
of sg for each transect.



2 Data

We use ISTs from the Multilayer Greenland Ice Surface Temperature, Surface Albedo,
and Water Vapor product which is derived from Moderate Resolution Imaging Spec-
troradiometer (MODIS) measurements (Hall and DiGirolamo) [2019)). The product has
a spatial resolution of 0.78km? and has a cloud mask enabling the removal of mea-
surements made when clouds are present in order to avoid measurement noise caused
by water vapour in the clouds. Since, at any given time of year, clear days are gener-
ally cooler than cloudy days (Koenig and Hall, 2010), the missing data is not entirely
missing at random. Further, there is more cloud, and hence more missing data, in
winter than in summer (Clarkson et al. [2022). Fortunately, the most extreme tem-
perature events occur almost exclusively in the summer when there are fewer cloudy
days and hence less missing data. We use daily data between 2011 and 2020 (inclusive)
for all models to balance having an informative sample size against the potential for
longer-term climate trends to invalidate modelling assumptions.

2.1 Data cleaning

Exploratory data analysis identified a moderate number of observations that were
highly likely to be erroneous. A recent validation of the MODIS data against in-situ
measurements from 17 measurement stations on the ice sheet by |[Zikan et al.| (2023]),
who found a progressive cold bias in MODIS as temperatures decrease, confirms this.
Zikan et al.| (2023) also found inconsistency between MODIS and in-situ measurements
in the above-freezing period, potentially due to errors in the MODIS algorithm, failure
of MODIS to correctly identify clouds, or instrumental errors at specific humidities.
However, they used only a small number of validation locations, most of which lie close
to the coast at relatively low altitudes. Furthermore, above-freezing temperatures are
unclipped in MODIS data in contrast to the in-situ measurements, which are truncated
at 0°C. Despite this, they still show good agreement.

Because of the agreement between the MODIS data and the non-clipped in-situ
observations, and since there is currently no validation across the whole ice sheet, we
apply a data-driven approach to filter values that are inconsistent with the expected
behaviour for the time of year. For each year-day (1 < d < 366), we take a window
comprising all observations within four days of d, treating the year-days as circular such
that year-day 1 follows year-day 366. For example, for year-day 10, the observation
window consists of observations from year-days 6—14 inclusive. Year-days for leap years
are calculated in the same manner as in other years, as the impact on the calculated
values is negligible given the size of the window used, and this avoids either omitting
data from leap days or interpolating data for non-leap years. We then calculate the
within-window mean pg and variance J?i, removing any observations on day d that
lie outside of the range (ug — )\Ufl, d + )\03). A value of A = 3 was found to give
a suitable balance between excluding outliers and retaining as many observations as
possible. Sensitivity to window size was also checked, with 4 days on each side of d
found to be large enough to calculate the summary statistics pg and 03, whilst not
overly smoothing the data.



2.2 Exploratory Data Analysis

Spatial trends in the ISTs can be seen in Figure 2 A strong seasonal cycle results in
a large range in temperatures, as demonstrated by the difference in the 5% and 95%
cell-specific quantiles which can be as great as 45°C at a given cell. Melt occurs almost
exclusively between May and September (inclusive) and whilst there is variability in
temperatures throughout the year, it is insufficient to result in melt temperatures being
reached in the winter when mean temperatures are at most —30°C.

The other spatial trends of note are in relation to elevation and latitude/longitude
location on the ice sheet. In general, it is warmer at lower elevations and cooler at
higher elevations which are mainly in the centre of the ice sheet. The coastal region is
also generally warmer, although the rate of change in temperature from the centre to
the coast is not consistent across the whole ice sheet. For example, on the west side
just below the centre of the ice sheet, both temperature quantiles gradually decrease
from the coastline to the centre. In contrast, on the east side, the sharp decline in the
temperature quantiles close to the coast becomes a more gradual change closer to the
centre of the ice sheet. There are also differences in behaviour in the drainage basins,
which split the ice sheet into distinct topological areas that are each drained by a single
outlet glacier. These differences will be explored in more detail in Section
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Figure 2: 5% and 95% quantiles of ISTs on the Greenland ice sheet between 2011
and 2020 inclusive. Quantiles are calculated for each individual cell across the entire
time period.

3 Methodology

Statistical models for extreme events of spatial processes have a marginal component
and a dependence component. The marginal model is usually fitted separately at each
location in such a way as to incorporate site-specific behaviour, such as that illustrated



in Section[2.2] The dependence model accounts for any spatial dependence that remains
after accounting for the marginal behaviour.

3.1 Marginal model

The objective of the marginal model is to capture the large range of physical charac-
teristics of ISTs across the ice sheet. Because our focus is on the highest ISTs, the
routine approach would be to fit a generalised Pareto distribution to the threshold ex-
ceedances and model the distribution below the threshold non-parametrically (Davison
and Smith, 1990)). However, a key characteristic of IST data, referred to as the soft up-
per limit (Clarkson et al., 2022]), makes this approach infeasible. ISTs generally cannot
exceed 0°C due to the melting point of ice acting as a physical limit, with additional
heat energy contributing to melting rather than increasing the temperature of the ice
itself. Consequently, the upper tail of the distribution does not decay as is required for
standard extreme value analysis. This challenge is compounded by spatial variability
in the marginal distributions since in warmer coastal locations, there are more obser-
vations close to 0°C than in the cooler central regions. Consequently, the distributions
in cold and warm regions are radically different, requiring a bespoke marginal model
in order to maintain a consistent model structure across the ice sheet.

These properties are accounted for using a truncated Gaussian mixture model first
defined in our previous study (Clarkson et al.l 2023)). The model’s key assumption is
that temperatures indicative of melt have different characteristics and distributional
properties than standard ice temperatures. Each component is a truncated Gaussian
distribution with truncation points set according to the physical characteristics of the
ISTs being modelled. Melt temperatures - modelled by a single mixture component
- are lower bounded by —1.65°C as a conservative lower limit of melt temperatures
(Hall et al., 2004), and form a single peak in the IST distribution. Ice temperatures
are upper bounded by 0°C, modelled by three mixture components as a compromise
between parsimony and capturing their multi-modal distribution. ISTs between these
limits have an estimated probability of melt to reflect the uncertainty of their true
nature.

Full details of the model specification and inference methods can be found in (Clark-
son et al., 2023).

3.2 Spatial conditional extremes

The conditional extreme value model introduced by Heffernan and Tawn (2004) and
modified by Keef et al| (2013) provides a flexible and efficient way to describe and
predict multivariate extreme events. Given a d-dimensional random vector W =
(Wi,...,Wy) with Laplace margins, the model describes the joint stochastic behaviour
of the (d — 1)-dimensional vector W_; = (W1, ..., W;_1, Wiy1,...,Wy) and W;, condi-
tional on W; >t as t — oco. The assumption of Laplace margins is not restrictive since
the probability integral transform can be applied to convert data from the original
margins to Laplace margins. For the IST data, this transformation uses the Gaussian
mixture model described in Section 3.1l

The first step in the model is to define the normalised, or residual, vector Z with



components

Z, - Wi — az',j(wi)7
bi,j(w;)
where the normalising functions a; j(w;) = o jw; and b; j(w;) = wf “J have dependence
parameters —1 < o ; < 1 and —oo < f3;; < 1. The values of the dependence parame-
ters reflect the rate at which w; increases with w;. Asymptotic dependence, which oc-
curs when the two variables increase at the same rate, occurs when a; ; = 1 and 3; ; = 0.
Otherwise, W; and W; are asymptotically independent. If either 0 < a;; ; < lor oy j =1
and 3; ; > 0, then the variables are positively dependent, and if —1 < «a;; < 0 they
are negatively dependent. Exact independence occurs when «; ; = 0 and 3; ; < 0.
The second step is to define the limiting joint behaviour of (Z, W;)|W; > v, as
v — 00, to be

Pr(Z <z, W; —v > y|W; >v] - G(z;0¢) exp{—y}, (1)

where G is a non-degenerate (d — 1)-dimensional distribution. |[Heffernan and Tawn
(2004)) derive the limit distribution G for a number of common multivariate distribu-
tions, but found that there was no unifying class of parametric distributions. For the
purposes of parameter estimation, G is therefore routinely taken to be a multivari-
ate Gaussian distribution with unknown mean g and diagonal covariance matrix X.
The conditional extremes model is fitted separately for all d conditioning components,
resulting in a total of 4d(d — 1) parameters.

For spatial data, it is possible to considerably reduce the dimension of the parameter
space by directly incorporating spatial structure into the model. This approach has
the additional benefit that the resulting model can be used for spatial interpolation.
We now briefly describe this extension; further details can be found in [Wadsworth and
Tawn| (2022b)).

Let {Y(s) : s € S} be a spatial process on the region of interest S which, in our
study, is the Greenland ice sheet. Let {W(s) : s € S} be the same process but on
Laplace margins. For each conditioning location sy € S, define the spatial residual
process {Z(s) :s € S} as

W(s) — GSO,S(W(SO))

28 = = W (s0))

where ag, s(W(sp)) € R and bs,s(W(sp)) > 0 are normalising functions for location
s. Then the joint behaviour of the residual process and the conditioning variable, as
v — 00, IS

({Z(s)}, W(so) —v) [W (s0) > v 3 ({2°(s)} , E) (2)

where ZY(s) is a spatial process for which Z%(sg) = 0 almost surely and F is a standard
exponential random variable which is independent of Z°(s). We note that this limit
is the infinite-dimensional extension of limit . The key assumption for the spatial
conditional extremes model is that the limit on the right-hand side of holds exactly
provided that the conditioning site is sufficiently large.

The functions as,s and bs, s describe the extremal dependence between location
s and location sg. Following Wadsworth and Tawn| (2022al), we assume that the



strength of dependence decreases smoothly with distance from the conditioning lo-
cation ||s — so||. This is achieved through the following parameterisation,

asos(w) = wexp{—[(|ls —sol) /AI"}
b5075(w) = 1"‘“50,5(“])/8:

where A > 0, k > 0 and § > 0. Note that as,s,(w) = w, ensuring that Z(sp) = 0.
Furthermore, this parameterisation allows for exact independence at large separation
distances, since ag, s, (w) — 0 and bg, s,(w) — 1 as ||sp —s|| — co. A consequence of
this is that, at the greatest separation distances, Z(s) ~ W (s) and therefore for such
locations Z(s) should have the same marginal behaviour as W (s).

The model for the limiting residual process {Z%(s)} is subject to two constraints.
First, that Z%(sg) = 0, and second that it must have Laplace margins for locations s
that are sufficiently far away from the conditioning location sg. An intuitive way to
build such a process is to start with a standard stationary Gaussian process {Zg(s)}
with kernel

p(d) = exp{—(d/¢)"}

where d = ||s — §/|| is the distance between two locations s and s’

A feature of the Gaussian process is that for any set of locations s1,...,s,,, the
joint distribution of Zg(s1),. .., Zg(sm) is a finite-dimensional Gaussian distribution.
In particular, the margins are univariate Gaussian.

To incorporate Laplace margins for longer separation distances, the probability in-
tegral transform can be used to switch from standard to generalised Gaussian margins.
The density for the generalised form of the Gaussian takes the form

650 s 0s0.2
R (N

with location p, scale o > 0 and shape ds, s parameters. Restricting § € [1, 2] results
in a class of distributions that progresses from the Laplace (6 = 1) to the Gaussian
(6 = 2). To enable spatial interpolation, Js g, is parameterised to vary with separation

distance,
5 s = soll\
s =1+ dgep d — (15200 (3)
1

for shape parameters d1,d9,d3 > 0. As the separation distance increases the value of
Jso,s decreases from 2 to 1, to incorporate the shift from Gaussian to Laplace margins.
The constraint that Z%(sg) = 0 is straightforward to implement, since the conditional
distribution of a multivariate Gaussian distribution is also multivariate Gaussian.

Lastly, we note that the spatial conditional extremes model need only be defined for
a single conditioning location since, under the assumption of stationarity, the parame-
ters are the same regardless of conditioning location. Model inference therefore requires
estimation of the parameter vector 8 = (84ep, Omar, Osp) Where Oqep, = (A, K, 3) param-
eterise the dependence functions as, s and bs, s, and the spatial process has marginal
Omar = (1, 0,01, 02,03) and kernel O, = (¢, ) parameters.

Z—p
g




3.2.1 Inference

Parameter estimation uses a composite likelihood function L(8) = HZ:1 Ly (0), where
each component Ly (0) is the contribution for a conditioning location. Recall that
the limit approximates the spatial process only when the conditioning location is
extreme, i.e. when the spatial process y(sg) at conditioning location sy exceeds a high
threshold level vg. Let wy; denote the realisation of the spatial surface W (sy) at time
t. For k € {1,...,d}, the contribution to the composite likelihood from location sy is
then

L6 = [[ f=

tiwyg, ¢ >v

Wmt — Asy,sp, (wk,t§ edep) .
b 0 5 0mar7 esp
Sk,Sm (wk,t, dep) me{l,...,d}\k

H bsk,sm (wk,t; Hdep)i1 .
me{l,....d}\k

The function fyx(z) is the density for the conditional distribution of z given that
zr = 0. Assuming a Gaussian process with generalised Gaussian margins this takes the
form

foe(2) = ¢aa(25F) ]

me{l,....d}/k

t(zm) ‘

where z° = (t(z1),...,t(zi_1),t(zix1), ..., t(zq)), and t(z) = @ Y(Fyr(2m; Omar)),
where ® and Fy;, are the cumulative distribution functions of the standard normal
and delta Laplace distributions respectively. The double application of the probability
integral transform provides the desired flexibility for the marginal distribution of the
residual spatial process. The function ¢4_1 is the density of a (d—1)-dimensional multi-
variate Gaussian random variable with mean 0 and correlation matrix =% = (3_;, ;)™
where

Yij = pij = exp{—(llsi —s;ll/¢)"}.

3.3 Uncertainty and bootstrapping

To assess the uncertainty of the model fit and the parameter estimates, we use a
stationary bootstrap method (Politis and Romano, 1994) to re-fit the model. We
repeat a bootstrap fit of each drainage basin model 100 times, sampling from the set of
exceedance days with block lengths generated from a geometric distribution. A mean
of 10 is chosen for the geometric distribution as, from exploratory analysis of the data,
the expected duration of most climate events is less than 10 days. The resulting set of
parameter estimates is then compared to fits of the full non-bootstrapped sample for
each drainage basin to assess the uncertainty in the parameter estimates.

3.4 Prediction

It is straightforward to make predictions of the spatial surface {Y'(s)} given an extreme
at a specific conditioning cell sg. First, the extreme w*(sp) is simulated from a standard
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exponential distribution conditional on w*(sg) > vy where vy is the dependence mod-
elling threshold for location sg. We then independently simulate z%*(s) from the fitted
conditional Gaussian process with delta Laplace margins. From these two quantities,
we can simulate {W(s) : s € §} by the reverse transformation

{w"(8)[W (s0) = w*(s0) > v} = as,s(w”(0)) + bsy s(w"(80)) 2" (s). (4)

The simulated process {w*(s)} is transformed back to the original scale {y*(s)} by first
applying the probability integral transformation with the Laplace cumulative distribu-
tion function and then with the quantile function of the mixture model. Unconditional
simulation from the full process is more complex, and we refer the reader to Wadsworth
and Tawn| (2022a)) for full details.

4 Results

We now present our spatial analysis of extreme ISTs in Greenland. For computational
reasons, we thin the full data set described in Section [2] retaining only one in every 90
cells in both latitude and longitude directions. As mentioned at the end of Section
the ice sheet is split into distinct drainage basins that are pre-defined for all locations
on the ice sheet. We categorise all sample cells by the basin in which they fall, excluding
cells not assigned to any of these since such cells occur on the coast and do not form
part of the continuous spatial surface. We also exclude all cells in drainage basin five,
which is located at the southern tip of the ice sheet. This basin is considerably smaller
than the other basins. In addition, it has a higher proportion of coastal cells, which
tend to have different characteristics to non-coastal cells, and would therefore require
a finer sub-sampling scale than the other basins.

4.1 Model Fitting

As discussed in Section there are a lot of missing values as the remote sensing
equipment fails to make reliable measurements on cloudy days. Not all locations ex-
perience missingness simultaneously and whilst an average of 80% of data is available
for any given day, in rare instances the number of cells with valid data reaches single
digits. Restricting the analysis to only complete cases would result in discarding many
surfaces for which measurements are available for the majority of cells. To minimise
loss of information, we therefore include days with incomplete observations. This re-
sults in 881 days on which an extreme occurs for at least one location, with an average
of 90% of cells having an observation on these days.

The marginal models ae fit independently to each cell in the sample using the
Expectation-Maximisation (EM) algorithm. Using the Kolmogorov-Smirnov (KS) test
as an indication of fit, almost all models are assessed to be a good fit for the data. Six
cells were found to have a poorly fitting marginal model from their KS test statistics
and were therefore removed from the final sample, leaving 324 cells for use in the spatial
models. More details of the marginal model fitting process and results can be found in
Appendix including boxplots of the bootstrapped parameter estimates in Figure
9k

Figure [3] shows a map of the seven drainage basins that remain after the removal
of drainage basin 5, as discussed above. The basins are obtained from the drainage

11



basin mask contained in the MODIS Greenland product (Hall and DiGirolamo), 2019)).
The spatial conditional extreme value model is fit separately to each of the seven
drainage basins in our sample. Point estimates of the model parameters, shown in
Table[I] are obtained by taking the median of the bootstrapped sampling distributions.
The full bootstrap sampling distributions can be seen in Appendix [6.2] Using the
point estimates, we can also estimate the dependence functions a and b as functions of
distance from the conditioning site.
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Figure 3: Sample of points for spatial conditional extremes model fits in each
Drainage basin.

Table 1: Parameter estimates for the spatial conditional extremes model fitted to
seven of the Greenland drainage basins.

Basin 1 o ) v 01 09 03 A K 15}
11-0.12 | 0.48 | 491.34 | 0.55 | 239.80 | 0.24 | 1.29 | 3466.37 | 0.63 | 0.77
2| 0.080.56 | 805.93 |0.56 | 44.99 | 0.21 | 2.05 | 1837.73 | 0.48 | 0.77
31-0.53 | 0.66 | 4668.97 | 0.31 | 230.86 | 0.25 | 1.60 | 1459.41 | 1.03 | 0.66
41-0.56 | 0.76 | 5014.91 | 0.36 | 89.08 | 0.27 | 1.35 | 861.35 | 0.56 | 0.76
6| 1.22]0.98 | 5021.81 | 0.35 | &85.71 | 0.31 | 0.42 19.23 | 0.23 | 0.87
71 0.010.64 | 424.75]0.59 | 82.99 | 0.14 | 2.03 | 1784.54 | 0.49 | 0.60
81| 0.16 | 0.67 | 667.20 | 0.50 | 134.22 | 0.28 | 1.82 | 1045.81 | 0.56 | 0.66

Figure [4] shows that the dependence functions for basins 6, 4, 8, 2, and 7 (in order
from fastest to slowest rate of decrease) decrease faster than those for basins 1 and 3,
indicating that cells in these basins have weaker dependence at greater distances.

Basins 4, 8, 2, and 7 each have estimated a functions that decrease steadily over
the range of distances observed, reaching minimum values close to 0.4 (basins 4 and 8),
0.5 (basin 2), and 0.6 (basin 7). In contrast, the estimated b functions of all of these
basins remain above 1.5. This indicates that at the maximum distances observed, the
dependence in any basin does not reach asymptotic independence, even in the case of
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basin 6. Basins 1 and 3 display higher values in their dependence functions. Basin 3
has the highest dependence estimates over short distances, although basin 1 decreases
at a slower rate and therefore has a higher estimate for a and b at the extent of its
range.

Basin 6, located in the south west, displays particularly distinctive behaviour, with
dependence function estimates that fall very rapidly to a level below those of the other
basins. This arises from the very small estimated value for A for this basin, implying
that there is only very localised extremal dependence between cells in this basin. Whilst
basin 6 does not have any obvious physical or geographical features that distinguish
it in terms of shape, coastal properties, or size, note that - as distance increases - the
two southern basins (4 and 6) see the fastest decrease in dependence, whereas basin 1,
the most northerly basin, sees the slowest decrease. Furthermore, in general basins on
the east side of the ice sheet have higher dependence than those on the west of the ice
sheet. Combining these points suggests that events become more localised for basins
further to the south and west of the ice sheet.
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Figure 4: Dependence functions as, s and by, s estimated from the fitted parameters
for each drainage basin. Distance is measured from the conditioning cell, |[sg — s||.
Dotted lines indicate that estimates are taken outside the maximum sample distance
within each drainage basin.

The estimates for ds,s vary less between the drainage basins. The general trend
seen across all basins (Figure [5)) is that, as a function of distance from the conditioning
cell, the estimated ds,s quickly decreases below 1.5 for distances less than 100km,
before stabilising at values between 1.2 and 1.35. This re-affirms the inference from
the dependence function estimates that temperatures are asymptotically dependent to
some degree over all observed distances in the drainage basins. The estimates also
demonstrate that dg, s quickly changes from its value at sy to other cells in the sample.
Estimates of ds,s start at values greater than 1.5 for all basins then quickly decay
below this, even for short distances. This suggests that the marginal distributions of
exceedances are distinctly different once the model moves away from sg, and that the
distributions do not reach a Laplace distribution for which ds, s = 1.
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Figure 5: Estimates for ¢ from the fitted parameters for each drainage basin. Distance
is measured from the conditioning cell, ||so —s||. Dotted lines indicate that estimates
are taken outside the maximum sample distance within each drainage basin.

4.2 Predictions

To better understand the spatial extent of IST extreme events, we explore some surfaces
simulated from the fitted models. Since thresholds are defined using a within-cell
quantile, we can assume that all cells in a given basin are equally likely to produce an
exceedance. Taking each cell in turn as the conditioning location, we simulate a total
of 50 events per conditioning cell. For each cell s, this set of simulated events is used
to estimate the co-occurrence probability, that is the probability that an exceedance
occurs in at least one other cell, given that an exceedance has occurred at sy.

The estimated co-occurrence probabilities, shown in Figure [6h, present a more
distinct spatial trend than the dependence function estimates. Specifically, the average
of the cell-exceedance rates for the two southern basins (4 and 6) is much lower than for
the rest of the ice sheet - on average, events contain only 38.3% of the cells in the basin.
In contrast, for the northern (1, 2, and 8) and central-western (7) basins, the mean lies
around 62%. There is also a slight trend for smaller co-exceedance proportions closer
to the coast, although this is less pronounced than the north-south discrepancy.

Events in the central-eastern basin (3) are more widespread than in the southern
basins but more localised than in the northern and central-western basins, with an
average co-occurrence rate of 51%. This conclusion seemingly contradicts the previous
observation from Figure [4] that the dependence on the eastern side is stronger than
on the west. This discrepancy may be explained by noting that the central-western
basin has lower maximum between-cell distances than the central-eastern one. Hence,
although the dependence decays faster with increasing distance in the west than in
the east, the expected dependence at the maximum between-cell distance within the
central-western basin is higher than the equivalent value for the central-eastern basin,
simply because the maximum between-cell distance is much greater in the latter basin

14



Latitude

than in the former. Furthermore, the mean estimate for basin 3 is much lower (around
-0.5) than those of the northern basins (around 0). This means that, despite similar
dependency between ISTs in these basins, the initial drop in IST between sop and
the closest non-conditioning sites is enough to push more cells below their thresholds.
Therefore, fewer cells share extremes with basin 3 than is the case for the other northern
basins.

The event sizes may also indicate that basins with different elevation profiles show
differing dependence characteristics. The two southern basins that show distinct ex-
treme event size properties have overall lower elevation profiles (in terms of mean and
maximum elevation) than the central basins where the peak of the ice sheet is located.
Elevation also distinguishes the two central basins, as the central-eastern basin has the
highest consistent elevation values out of all basins studied. Even after marginal char-
acteristics have been accounted for, the difference in elevation profile between basins
may contribute to the difference in event sizes, as well as the distinction between the
extremal characteristics of the two southern basins and all other basins.
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Figure 6: The mean number of co-exceedances in each cell from conditional simu-
lations of the fitted basin models (a), and mean melt probabilities of each cell from
spatial extreme events. Using simulations from each basin, estimated melt probabil-
ities of each simulation are calculated using the marginal Gaussian mixture model
to estimate melt (b).

There is substantial variance in the size of the model-based extreme event simula-
tions. For each simulated event, we define extent as the proportion of cells in the basin
that experience a threshold exceedance during the event. A boxplot of the resulting
extent estimates is shown in Figure [7] All basins, including those in the south, have
simulations close or equal to both the minimum (1 cell) and the maximum (all cells)
possible extent. Most of the basins are estimated to have the potential for large spatial
extreme events, with only basins 4 and 6 in the south having generally more localised
events that generally cover less than 60% of the basin. The median event size similarly
reflects this, as the southern basins show the same trend for event size as the mean of
the event co-exceedance proportions. However, the distribution of the event extents
for basin 3 are more similar to those for basins 4 and 6 than previously seen in the
co-exceedance proportions, suggesting that basin 3 may have more similar behaviour
to the south than the rest of the ice sheet.
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Lastly, we show how the spatial model for IST can be used to predict the point-
wise melt probabilities (Clarkson et al., 2022) across the ice sheet. For a given cell,
the melt probability is estimated for each simulated event that involves that cell, with
the mean of these melt probabilities used as the point estimate for the cell. Figure
[6b shows a map of the estimated melt probabilities for all cells in the basin samples.
The melt patterns from the extreme events broadly match those of the independent
marginal models. However, because the simulations are based only on extreme events
rather than all temperatures, the estimated melt probability is higher for all cells than
the overall trends. The trends in mean melt probability are more strongly influenced
by the geography of the entire ice sheet rather than that of specific drainage basins.
Cells closer to the coast have a higher mean probability from the simulations, with a
maximum of 0.92 for a cell in basin 8. This does not extend far into the centre of the
ice sheet though, and overall around 71.9% of all cells have a mean melt probability of
< 0.1 even when conditioning on only extreme events.

5 Discussion

The spatial conditional extremes model can be used successfully on data that typically
would not be considered for extreme value analysis via the use of a suitable, well-defined
marginal model. Despite melt being considered an extreme quantity, MODIS IST
data does not have a tail or distributional properties that function within an extreme
value modelling framework. However, by combining the spatial extremes model with a
Gaussian mixture model, we have modelled and simulated spatial melt events to gain
more insight into their structure than is possible from observations alone. In this case,
our marginal model is not a model associated with extreme value analysis and is instead
defined much more specifically using domain-specific knowledge of the variable being
modelled. Finding a suitable marginal form for the data provides a solid foundation of
understanding, without which it would not be possible to analyse these extreme events
spatially.
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From the fitted models and the simulations, we observe differing structures in spatial
extreme events across the ice sheet. While there is a higher probability of melting
further south on the ice sheet, events in the south and west appear more localised than
those in the north and east. This suggests that higher temperatures in the north and
east that cause melt could lead to relatively larger melt events than in the south and
west, even if they are less likely to occur from the observed data. This demonstrates
the potential risk posed by an increase in temperatures on the ice sheet from further
climate change, as while these extreme events are based on quantiles rather than the
melt threshold, higher overall temperatures will result in these extreme events being
pushed further towards and over the melt threshold.

The scale of the ice sheet and the capacity of the spatial conditional extremes model
mean that there is some uncertainty as to how the trends in extremal dependence
would translate to much smaller distances. There is far more data from MODIS IST
(approximately 4,000,000 cells of ice sheet data) than can reasonably be processed in
a spatial extremes model. We choose to focus on the larger-scale events that affect
large proportions of the ice sheet, but analysis of smaller-scale events could provide
different types of insight. Analysis of small-scale events on the coasts compared to
the centre of the ice sheet, events on particular surface conditions, or at locations
exposed to certain atmospheric conditions would all present a different lens into spatial
temperature extremes on the ice sheet that can be obtained from an analysis of the
entire ice sheet at once. Furthermore, a more detailed examination of the impact of
elevation and other physical characteristics of the ice sheets on extreme temperatures
could help to further distinguish and characterise how these events differ across the ice
sheet.

We also note that any inferences apply to clear days only, and acknowledge that the
marginal model fits may be slightly more heavily weighted towards higher temperatures
than they would be if all of the data were available. Accurately replacing the missing
data would provide predictions valid for any weather conditions, but this would also
require data related to weather conditions on the ice sheet and a more well-defined
relationship between temperatures in different sets of climate conditions. Furthermore,
the missing data presents a challenge in applying the spatial model to the data since
almost all days in the sample have some degree of missing data. Although we account
for this by scaling Z° to a dimension matching the amount of available data, more
information about the conditions in the missing regions would be needed to further
develop these model adaptations.

Further work in examining the frequency and impact of extreme events is crucial
in understanding the future effects of climate change on the ice sheets for SDG 13.
Spatial extreme models provide a natural perspective on all spatial extreme temper-
ature events of a chosen magnitude, but statistical analysis of particularly extreme
temperature events that are only seen once or twice in the data would also be of signif-
icant value. In some cases, this type of analysis would lend itself more to a compound
extremes type of model, whereby multiple extreme factors (air pressure, temperature
etc.) contribute to an event larger than the sum of their individual impacts. This
would require collaboration between glaciologists and statisticians to both accurately
represent and model the relevant glaciological conditions, in addition to developing
compound extreme value models that consider the impact of jointly extreme events.
These models are key to understanding the complexity of the climate system and the
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interactions between climate variables in relation to melt. In a similar manner to the
events described in this study, once a statistical form has been identified for compound
events, changes in the inputs to the system such as those resulting from climate change
can be used to examine how these events may change in the future under different
climate scenarios.
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6 Appendix

6.1 Marginal model fits

For each of the 330 cells in the cleaned and thinned data set, we first obtain separate
cell fits of the Gaussian mixture distribution. These will be the marginal models for the
spatial extremes model, but they also provide an initial insight into both the quantity
of melt across the ice sheet and any spatial trends in this melt. The models are fitted
independently to the data for each cell, using the EM algorithm with 6000 iterations.
Model fit is assessed using the KS test. The KS test statistic is defined as:

Dy = sup | Fn(z) — F(2)| ()

where F),(x) is the empirical distribution function for n ordered observations, F'(x) is
the fitted cumulative distribution function, and sup, is the supremum of the set of
distances between the two functions. Using a significance level of 0.05, we find that
at 98.18% (324 of the 330) cells, the null hypothesis that the observations were drawn
from the fitted mixture model distributions is not rejected, indicating that the marginal
models fit well for the majority of cells in our sample.

Figure [§] displays the p-values for the KS test. From this plot, it is clear that
almost all of the poorly fitting mixture models correspond to coastal cells on the edge
of the ice sheet. This is not entirely surprising since ISTs on the coasts of the ice sheet
are known to behave differently from those in more central areas. Ambiguity in the
surface conditions and uncertainty over whether they remain ice for the entire year
can cause some coastal ISTs to far exceed 0°C. Consequently, we remove the six cells
with a significant KS score from our sample to ensure that there is a sufficiently good
marginal fit at all sampled cells, leaving a final sample of 324 cells.
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Figure 8: KS test statistic p-values as defined in Section evaluated for every
mixture model fit in the original sample of cells, where estimates lower than 0.05
indicate a poor fit for the mixture model.
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6.2 Bootstrap parameter estimates

Bootstrap estimate - data estimate
~
1

»&w&ﬁ” J#ﬁ%‘#%%

P P2 P3 (/10000) P4 P5 (11000) P6 P7 P8 (/1000) P9 P10
Parameter (by basin)

Figure 9: Boxplots of the bootstrapped parameter estimates for the spatial condi-
tional extreme model fits minus the parameter estimates of the model fit to the full
data set for each basin. Parameter estimates for each basin are plotted for each
parameter in ascending order from basin 1 to basin 8.

24



	Introduction
	Data
	Data cleaning
	Exploratory Data Analysis

	Methodology
	Marginal model
	Spatial conditional extremes
	Inference

	Uncertainty and bootstrapping
	Prediction

	Results
	Model Fitting
	Predictions

	Discussion
	Appendix
	Marginal model fits
	Bootstrap parameter estimates


