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Abstract

Physics-Informed Neural Networks (PINNs) have emerged as a powerful framework for
solving partial differential equations (PDEs) by embedding physical laws directly into the
loss function. However, as a fundamental optimization issue, internal covariate shift (ICS)
hinders the stable and effective training of PINNs by disrupting feature distributions and
limiting model expressiveness. Conventional remedies for [ICS—such as Batch Normalization
and Layer Normalization—aim to stabilize feature distributions through statistical
regularization. However, PINNs require deterministic coordinate-to-solution mappings for
enforcing physical constraints, making such strategies fundamentally misaligned with their
formulation. To address this issue, we propose Mask-PINNs, which introduce a smooth,
learnable mask to adaptively regulate internal features without altering the pointwise physics-
based formulation. We provide a theoretical analysis showing that the mask suppresses the
expansion of feature representations through a carefully designed modulation mechanism.
Empirically, we validate the method on multiple PDE benchmarks across diverse activation
functions. Our results show consistent improvements in prediction accuracy, convergence
stability, and robustness. Furthermore, we demonstrate that Mask-PINNs enable the effective
use of wider networks, overcoming a key limitation in existing PINN frameworks. The codes
of the experiments can be found on https://github.com/flongjiang/Mask-PINNs.

Key words: Deep learning, Physics-informed neural networks, Partial differential equations,
Scientific machine learning

1 Introduction

As a bridging approach between classical scientific computing and machine learning,
Physics-Informed Neural Networks (PINNs) have emerged as a powerful framework for
solving partial differential equations (PDEs) [1]. In PINNs, neural networks approximate the
solution of a PDE, with the governing equations enforced through the loss function. This
approach enables data-efficient learning and provides a flexible framework for incorporating
prior physical knowledge [2-5]. Due to their strong interpretability and ease of
implementation, PINNs have found successful applications in diverse fields such as fluid
mechanics [6], heat transfer problems [7], solid mechanics [8], geoengineering [9], chemical
engineering [10], finance [11], and climate modelling [12].

Despite their growing popularity, training PINNs effectively remains challenging. Numerous
studies have been conducted to improve their performance. Most of these methods focus on
training pathologies of PINNs. To mitigate activation sensitivity, several methods have been
proposed to learn or adapt activation functions during training thereby improve efficiency and
stability of training [13], [14]. To address the performance degradation in deeper PINN
architectures, methods like PirateNets, HyResPINNs, and Deeper-PINNs are proposed to



improve the scalability of PINNs [15-17]. To overcome vanishing or exploding gradients
caused by poor initial choices, theoretically informed initialization approaches are proposed
to ensure stable training and robust convergence in PINNs [18], [19]. Another well-known
challenge comes from the composite loss function. Different loss components (e.g., PDE
residuals, boundary conditions, data terms) often compete, leading to gradient conflicts,
which hinder convergence. Numerous methods have been proposed to alleviate such
imbalanced optimization [20-25]. Moreover, as demonstrated in [26-30], adopting more
effective network architectures can strengthen the representational capacity of PINNG,
offering a promising route to improve the performance of PINNs.
One critical yet underexplored challenge in PINNs is internal covariate shift (ICS)—the
instability of feature distributions during training—which undermines both the learning
dynamics and the expressiveness of PINNs [31]. While normalization techniques such as
Batch Normalization (BN) and Layer Normalization (LN) are widely used in deep learning to
mitigate ICS, their normalization mechanisms are not naturally aligned with the functional
structure of PINNs. Specifically, BN introduces cross-sample dependence through batch
statistics, breaking the pointwise enforcement of PDE constraints. LN preserves pointwise
determinism but enforces identical sample-wise mean and variance, restricting coordinate-
dependent feature variation and thereby limiting expressiveness.

This raises a fundamental question: how can feature distributions be stabilized in PINNs

without disrupting their pointwise, coordinate-dependent functional structure?

In this paper, we introduce Mask-PINNs, a novel PINN architecture designed to address this

issue. Our contributions are summarized as follows:

e We propose Mask-PINNs, which introduce a learnable nonlinear mask to regulate feature
distributions in a pointwise, input-conditioned manner. This preserves the pointwise
mapping while maintaining coordinate-dependent feature variation throughout the
network.

e We demonstrate that the proposed mask mechanism effectively suppresses feature drift,
resulting in more centered and stable feature distributions throughout training, thereby
improving optimization stability and expressiveness of PINNs.

e Extensive experiments across diverse PDE benchmarks and activation functions show
that Mask-PINNs achieve consistent and significant improvements in prediction accuracy
and training stability.

e We show that Mask-PINNs enable effective training of wider neural networks,
overcoming a critical limitation in conventional PINNs where increasing network width
typically leads to performance degradation. This makes wider networks viable in practice,
expanding the design space for PINNS.

The remainder of the paper is organized as follows: Section 2 reviews relevant prior work and
discusses key limitations; Section 3 presents Mask-PINNs and shows theoretically how the
mask improves stability and signal propagation; Section 4 presents comprehensive
experimental validation; Section 5 provides further theoretical and practical insights,
including NTK-based analysis, advanced optimization studies, and sensitivity analysis of the
mask parameter; and finally, Section 6 summarizes the findings and discusses potential
directions for future research.

2 Problem Statement

This section introduces the working principle of PINNs. We also discuss traditional
normalization techniques’ limitations in PINNs.



2.1 Physics-Informed Neural Networks
Given the following partial differential equation (PDE):
N [u(x):lzf(x), x € Q, (1)
B[u(x)]zg(x), X € 0Q), (2)
where u(x) indicates the solution, N [-] represents a differential operator, B[] indicates

boundary operator.
The task of PINNs is approximating the solution of the given PDE by a deep neural network

u, (x), where 0 denotes all trainable parameters. For PINNs, u, (x)is constrained by the

following loss function:
L(6)=4,L,(0)+4L,(6), 3)

where

L(0)=—Y B[u, (x})]-2(x)[ (4)

N;, i=1

L (0) =5 SN [ () ()

A is responsible for balancing the weight of different loss terms. x, are collocation points in

; )

the domain. x, are boundary points.

2.2 Why Standard Normalization Fails in PINNs

During training, the feature distributions at each layer can drift in mean, variance and overall
shape, a phenomenon referred to as internal covariate shift. For bounded activation functions
such as Tanh, such drift can drive outputs toward their saturation limits, leading to vanishing
gradients and reduced expressiveness [32]. Although unbounded activations such as GELU,
SiLU, or SoftPlus can alleviate this effect, they remain susceptible to ICS and often behave
quasi-linearly when inputs are far from zero, limiting the network’s ability to capture
complex nonlinear patterns [33], [34].

In conventional deep learning, ICS is typically addressed by normalization techniques such as
BN or LN [31], [35], [36]. However, in the context of PINNSs, these traditional methods can
distort the underlying physical relationships between inputs and outputs, due to their reliance
on batch-level or feature-level statistics.

To clarify this issue, we briefly revisit the formulations of BN and LN:

The output of a BN layer can be written as:

. h(x.)—

h(x:S) =7(M]+ﬁ, (6)
oz+¢€

where h(xl.) is the pre-activation feature map for input Xx,, Sis the current batch containing

X,, ¢ is for numerical stability in case the denominator becomes zero by chance. yand S are
learnable scale and shift.

Hp :%Zx/esh(xj )’ (7)
21 2
05 = s (%)) ®)

where N denotes the batch size.



As uzand o, are computed using all samples in the batch, the normalized output ﬁ(xi; S) is

no longer solely a function of x,, but also depends on the batch-level statistics determined by

the sample set S. Based on these, the following proposition is presented
Proposition 1: For a fixed parameter set &, a PINN equipped with BN does not represent a
pointwise solution function. Instead, the network output u,(x;) depends on the composition

of the batch S. This is incompatible with the PINN formulation that requires a deterministic
solution at each collocation point.

The proof is detailed in Appendix A

Unlike BN, LN operates independently on each input sample. Given an input X;, and

h (xl.) e[l be the pre-activation output of an FC layer. LN produces:

A hix )—u
h(x):)/MJrﬂ, 9)

’ o, +é&

1 & , 1 2
where "‘i:gzhj(xj)’ i :EZ(hj(Xi)_ﬂi) '
J= J=

The normalized representation satisfies:
1 & - 1 & -
—>h =0, =) h=1 10
de, ) d; ; (10)

Based on these, we characterize the effect of LN as follows:

Remark 1: LN enforces identical sample-wise mean and variance at every input. In PINNS,
scale and shift variations are directly induced by the input coordinates and reflect how
intermediate representations vary with the input. By suppressing these variations, LN impairs
the expressive capacity of the network by restricting how such input-dependent signals
propagate through the model. This effect is consistently reflected in the following
experiments.

In the following, we empirically confirm these issues with an experiment on the heat
conduction problem:

u_0u_y (x,1)€[0,1]x[0,1] (11)
or o' R
u(x,O):sin(ﬂx), xe[O,l], (12)
u(O,t)zu(l,t)zO, te[O,l], (13)
the analytical solution for this problem is:
u(x,t)=sin(7zx)-exp(—m2). (14)

Experiments are conducted on vanilla PINN, BN-based PINN, and LN-based PINN. For BN
and LN, both pre-activation and post-activation placements are evaluated, as the
normalization position can significantly influence training behavior and gradient propagation.
All the outcomes are averaged from 5 independent trials.

As shown in Fig. 1, BN-based PINN and LN-based PINN show worse results than vanilla
PINN. For BN-PINN, even though the loss curve decreases during the training, the relative L2
error curve stays almost flat. This indicates that for PINN with BN, the model is not trained
with the given physical constraint. Although LN-PINN shows a consistent decrease in both
loss and relative L? error, the accuracy is lower than that of vanilla method. This indicates that
LN impairs the model's ability to capture physical details.
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Figure 1. Performance comparison of vanilla PINN, BN-PINN, and LN-PINN. (a) Mean
relative L? error. (b) Averaged loss curve. (c) Averaged relative L? error curve.
In summary, BN breaks the pointwise formulation by making outputs batch-conditioned,
resulting in an invalid mapping. LN suppresses input-dependent variations, thereby restricting
the expressive capability of PINNs.
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3 Methodology

3.1 Motivation and Design Principles

Instead of forcing the feature representations to conform to fixed statistical distributions, as
BN and LN do, we propose an input-conditioned modulation mechanism. Fig. 2 shows the
schematic illustration of the proposed method.

The input coordinates are first mapped into a high-dimensional feature space through an
embedding layer (e.g., a fully connected layer or random Fourier features), followed by a
stack of N residual blocks. Within each block, a tailored mask function is applied to modulate
intermediate representations, stablhzmg feature distributions across hidden layers.
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Figure 2. Illustration of the architecture of the Mask PINNS.
Given an input vector x, a mask function can be expressed as:

F(x)zl—exp{—(uD x)z} (15)
where a is a learnable vector that controls the sharpness of the mask function. a is initialized
as a positive vector. Fig. 3 shows the visualization of the proposed mask function. The
proposed mask function, resembling an inverted Gaussian centered at zero, is smooth and

differentiable, ensuring the network output remains differentiable as required by PINNSs.
Because the mask is applied pointwise as a deterministic function of the pre-activation, the



transformation remains coordinate-conditioned, and variations induced by distinct
coordinates continue to be encoded in the propagated representations.
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Figure 3. Mask function with different a.
With the mask inserted, the feed-forward process of layer / can be expressed as:
2 =wH + b, (16)
HY = FOEYD a(2"), (17)
where z represents the pre-activation, / is the number of the layer, H denotes the output of a

layer, w represents weights and b represents biases. Since the mask satisfies F(z) < 1, the
multiplicative form in Eq. (17) introduces a suppressive effect on the features.

3.2 Theoretical Analysis
Remark 2. For any scalar input u €[ , since F(u)<1, we have:
|H ()| < |o@)|. (18)

Thus, the mask contracts activation magnitudes globally, suppressing extreme values and
yielding a more compact feature distribution.
Proposition 2. For any » > 0, quantify local sensitivity by the minimal Lipschitz constant on

[-r.r]:

H(x)-H -
L, (r)=sup | () (y)|, L, (r)=sup M. (19)
il [x— e bl x= Y]
For differentiable scalar functions on an interval, the mean value theorem implies
L,(r)= su<p|H'(u), L (r)= ‘51‘1<p a'(u)|. (20)
As r—0
L, (r) O(r) if o(0) =0,
— = 2\ - @2y
L,(r) |o(r)ifc(0)=0.

Proof. The proof is detailed in Appendix B

Remark 3. Under Xavier initialization, pre-activations typically concentrate near zero. In this
regime, Proposition 2 shows that the proposed mask contracts the local Lipschitz constant by
at least one order compared to the vanilla method. This contraction dampens the effect of
perturbations, thereby keeping the output zero centered and stable around initialization.

In summary, the proposed mask mechanism globally contracts activation magnitudes,
suppressing extreme values and keeping feature distributions compact, while it locally



stabilizes behavior near initialization by reducing sensitivity to perturbations. Collectively,
these properties suppress the distributional drift thereby mitigating internal covariate shift in
PINNS.

3.3 Mask Placement

Notice that unlike normalization methods, which are typically applied before the activation

function, our mask function is applied alongside it. Such design helps the mask function

robustly scale down the feature values across different activation functions.

Suppose placing the mask function before the activation function, we have the output as:
H=0(zU F(2)). (22)

Although this may seem to be a more straightforward approach, the distribution of H

depends heavily on the properties of the activation function, which can therefore reintroduce

the ICS. For activations with U(O) #0(e.g., SoftPlus), such design leads to biased outputs

even for zero-centered inputs, causing a systematic shift in feature distributions across layers.
In contrast, applying the mask alongside the activation function can effectively suppress the
activation magnitude while alleviating the mean shift caused by activation functions.

To verify this claim, we conduct an experiment on the heat conduction problem introduced in
Section 2.2 under the same configuration, with SoftPlus adopted as the activation function.
The mask is applied either before the activation function or alongside it for comparison.

As shown in Fig. 4, applying the mask before the activation function fails to stabilize the
feature distributions. In particular, the pre-activation statistics exhibit progressive dispersion
as the network depth increases, indicating that internal covariate shift is not effectively
mitigated. Consequently, the corresponding loss decreases slowly and quickly plateaus at a
relatively high level. In contrast, when the mask is applied alongside the activation function,
feature distributions remain well-controlled across layers, demonstrating effective
suppression of activation-induced mean shift.
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Figure 4. (a) Loss and relative L? error curves of different mask placement. (b) Pre-activation
feature distributions of different mask placement.



4 Experiments

To demonstrate the effectiveness of the proposed method, we conducted experiments across
several benchmarks. The methods compared against the proposed methods include vanilla
PINNSs [1], ResNet-based PINNs (ResNet-PINN), Weight Normalization-based PINNs (WN-
PINNSs), locally adaptive activation functions (LAAF) based PINNs [37], PirateNets [15], and
ABU-PINN][13]. All the methods are trained with Tanh, GELU, SiLU, and SoftPlus as
activation functions. Note that ABU-PINN is specifically designed to automatically select
activation functions during training, and therefore produces only one result, while the other
methods are evaluated separately with each of the four activation functions. Due to the
difference in the structure, the depth of each model may vary, but the total trainable
parameters are kept about the same. Adam is utilized as the optimizer. All experiments are
conducted on a single NVIDIA GeForce RTX 4090 GPU. All results are averaged over 5
independent trials.

4.1 Convection Equation

We consider the convection equation expressed as below:

0 0
a—”;+ﬂa—:l:0, xe[O, 27[], te[O, 1], (23)
u(0, x)=sin(x), (24)
u(t, 0):u(t, 27), (25)

where we set f as 30.

Each model is composed of 13 hidden layers, each containing 256 neurons, and is trained for

50,000 iterations. For the proposed method, a is initialized with all entries set to 1.0.

Table 1 shows the outcomes of different models. The best-performing method under each

activation function is underlined, while the overall best result across all methods is

highlighted in bold. As seen, the proposed method achieves consistently the best results

across different activation functions. Specifically, for Tanh, the proposed method achieves a

relative L2 error one order of magnitude lower than that of the vanilla method. For SoftPlus,

the result of the proposed method is 2 orders of magnitude lower than the vanilla method.
Table 1: Convection equation: relative L2 error of different models.

Method Tanh GELU SiLU SoftPlus
Vanilla 7.29e-3 9.91e-4 1.37e-3 3.55e-1
ResNet-PINN 1.75e-2 1.74e-3 1.50e-3 2.41e-2
LAAF 7.30e-3 9.44¢-4 7.23e-4 7.35e-2
PirateNet 1.98e-3 9.73e-3 4.54e-3 1.39¢-2
WN-PINNs 3.17e-3 1.02e-3 4.89¢-3 5.12e-3
ABU-PINN 2.98¢-3

Mask-PINN 6.93¢-4 5.26¢-4 4.79¢-4 1.66e-3
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Figure 5. Convection Equation: pre-activation distributions of the vanilla and proposed
methods.

Fig. 5 gives the pre-activation distributions of the vanilla and proposed methods at the end of
training, using SoftPlus and Tanh as activation functions. For Tanh, most of the vanilla pre-
activations drift away from the origin, pushing many neurons into the saturated regime where
gradients vanish. However, the proposed method maintains a more uniform, Gaussian-like
distribution across hidden layers, which prevents saturation and ensures stable gradient flow
throughout the network. This distributional stability accounts for the superior performance of
the proposed method over the vanilla baseline. For SoftPlus, as the layer goes deeper, the
spread of the feature values changes dramatically, and more values shift to the negative side.
This arises from the fact that SoftPlus is an asymmetric activation function with
SoftPlus(O) # 0, which introduces a systematic bias in the feature values, as discussed in
Section 3.3. Besides, such phenomenon implies that during training, the vanilla method’s pre-
activations tend to drift toward the linear regime of the SoftPlus activation function, which
can negatively impact both the training dynamics and the model’s expressiveness. In contrast,
the proposed method shows a much slower change in the scale and keeps the feature
distributions in a Gaussian-like form. This distinct difference between the feature

distributions explains why our method yields significantly better performance when using
SoftPlus.

4.2

Here we consider the 1D wave propagation equation as:
o*u P o*u

E

u(0,t)=u(1,¢/)=0, t€[0,5],

1D Wave Propagation

(x,7)€[0,1]x[0,5], (26)

27



u(x,O):sin(ﬂx), xe[O,l], (28)

ou
—(x,0)=0, 29
o =0) %)
the analytical solution for this problem is:
u(x,t) =sin(7zx)cos(cxt). (30)

Here we set ¢ =1. All the models have 7 hidden layers, each containing 256 neurons, and are
trained for 20,000 iterations. For the proposed method, a is initialized with all entries set to
1.0.

Table 2: 1D Wave propagation: relative L2 errors of different models.

Method Tanh GELU SiLU SoftPlus
Vanilla 7.33e-2 5.09¢-3 8.52e-3 3.61e-2
ResNet-PINN 4.85¢e-2 7.52e-3 5.22e-3 7.67e-1
LAAF 1.04¢-2 4.37e-3 5.73e-3 1.31e-2
PirateNet 1.59¢-2 8.83e-3 9.95¢-3 5.04e-2
WN-PINNs 6.14e-2 5.60e-3 7.30e-3 1.46e-1
ABU-PINN 4.82¢-2
Mask-PINN 2.72¢-3 2.90e-3 4.82¢-3 6.38e-3

Table 2 shows the outcomes of different models. The proposed method consistently achieves
the best result across different activation functions. Interestingly, while the vanilla method
yielded the poorest performance with Tanh, the proposed method achieved its best result
using the same activation function. In Fig. 6, we show the variance evolution of the proposed
method and vanilla method with Tanh as activation function. The variance for the vanilla
method increases notably with training, suggesting severe distribution drift. The variance
curves of the proposed method show relatively smaller values and stable trends after initial
iterations, indicating controlled variance growth. This reflects effective regulation of pre-
activations as depth and training progress.
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Figure 6. 1D wave propagation equation: variances of pre-activations of vanilla and proposed
methods with Tanh activation.



4.3 Helmholtz Equation
We consider the Helmholtz equation expressed as below:

2 2
ZTZ+2y—Z+k2u—q(x,y):0, xe[—l, 1], ye[—l, 1], (31)
u(—l,y)=u(1,y)=u(x,—1):u(x,l):O, (32)

where the source term ¢(x, y)is in the form of:

q(x,y) = —(alﬁ)sin(alﬂx) sin(azﬂy)
—(a,7)sin(a,zx)sin(a,zy) (33)
+k* sin (a,7x)sin(a,7y),

here we seta, =6,a, =6andk =1.

All models are composed of 11 hidden layers with 128 neurons each, except PirateNet, which
uses 10 hidden layers to keep about the same number of parameters with other methods. Each
model is trained for 50,000 iterations. For the proposed method, a is initialized with all
entries set to 10.0 for GELU and SiLU, 5.0 for Tanh, and 2.0 for SoftPlus.

Table 3: Helmholtz equation: relative L? errors of different models.

Method Tanh GELU SiLU SoftPlus
Vanilla 9.37e-1 7.20e-1 1.00 1.00
ResNet-PINN 3.48e-1 8.02¢-1 7.10e-1 1.00
LAAF 3.26e-2 2.26e-2 1.93e-1 5.89¢-1
PirateNet 1.17 3.56e-2 2.68e-1 7.15¢e-1
WN-PINNs 7.70e-1 7.12e-1 7.12e-1 1.00
ABU-PINN 2.83e-2
Mask-PINN 9.94¢-3 1.52e-2 1.99¢-2 1.75e-2

Table 3 shows the outcomes of different models. As seen, the proposed method achieves the
best performance across different activation functions. Notably, for activation functions SiLU
and SoftPlus, other methods fail to get reliable results. In contrast, our model maintains
comparable accuracy across all activation functions. This highlights its robustness across
different activation functions.

Since the vanilla method performs best with GELU, we report the averaged loss curves of all
models under this activation in Fig. 7 (ABU-PINN is excluded as it dynamically selects
activation functions during training.) As shown, our method converges faster and reaches a
lower final loss, indicating improved training dynamics.
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To further explore the reason behind such difference, Fig. 8 presents the loss landscapes of
vanilla method and the proposed method with GELU as activation function. We visualize the
loss landscape by perturbing the trained model along the first two leading eigenvectors of the
Hessian and evaluating the loss at each perturbed point. It’s evident that the proposed method
yields a smoother loss landscape. For vanilla method, the surface is highly non-smooth,
characterized by sharp spikes and irregular fluctuations. The irregular and rugged nature of
the loss landscape indicates a tendency for the optimizer to become trapped in local minima
with high loss value, which is consistent with the loss curve shown in Fig. 7.

4.4 Wider Structure

Although it is well-known that deeper and wider neural networks can improve approximation
capability, for PINNs the situation is quite different. Theoretical analysis and empirical
experiments have proven that PINNs degrade when the neural networks become wider or
deeper [15]. While some solutions have been proposed to address the degradation problem in
deep PINN architectures [15], [17], [38], the challenge of effectively utilizing wider



architectures remains largely unexplored. Here we show that with the proposed method,
PINNSs can effectively utilize wider structures.

With the Convection equation mentioned above, we conduct experiments on neural networks
with different widths across different activation functions. For all the neural networks, we fix
the depth to 3 hidden layers. Other settings are aligned with section 4.1. All the results are
averaged from 5 independent trials. As shown in Fig. 9, vanilla PINNs suffer from a
degradation issue as the width of the neural network increases. For the proposed method, a
consistent improvement is witnessed as the neural network becomes wider. This indicates that
the proposed method can mitigate the degradation problem observed in vanilla PINNS.

Consequently, it allows PINNs to utilize wider structures, enhancing their robustness and
accuracy.
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Figure 9. Relative L? errors of vanilla PINNs and the proposed method across various
network widths.

To further explore the underlying reasons behind this improvement, we present the pre-
activation distributions of the vanilla and proposed methods in Fig. 10. It clearly shows that
with the width increasing, the pre-activation distribution of vanilla PINNs tends to drift away
from the origin. Also note that for the GELU, SiLU, and SoftPlus activation functions, the
pre-activation distributions in the vanilla method exhibit a clear tendency to drift toward the
negative range. This suggests that neurons may become inactive or saturated due to these
activation functions’ activation properties, which severely limit the network’s expressive
power. The proposed method can effectively retain the balanced distribution shape with a
narrower variance.

The results presented above highlight that the feature distribution instability and neuron
saturation issues of wider neural networks lead to the degradation of PINNs. Our approach
directly mitigates these issues by maintaining stable pre-activation distributions, allowing
wider architectures to maintain their representational capability and achieve better accuracy.
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Figure 10. The pre-activation distributions of the 3 hidden layer at the end of the training.

5 Discussion

5.1 Neural Tangent Kernel Analysis

In this section, we employ the neural tangent kernel (NTK) framework as a diagnostic tool to
probe the training dynamics of Mask-PINN. While classical NTK theory is rigorously
established in the infinite-width, small-learning-rate regime where the kernel remains nearly
constant [39], recent studies have extended its use to finite-width PINNs by analyzing the
instantaneous NTK during training [40-42]. From this perspective, the instantaneous NTK at
each training stage allows us to examine convergence behavior through its spectral properties,
even as the kernel evolves over time.

The neural tangent kernel operator K can be defined as:

(o)) Ko ()] o
K, () K, (7)
where K | (z') = K; (2') . Here 7 represents iteration. The specific entries are given by:
dB(x}:60) dB(x/:0)
Ke), )=\ o

; (35)

(k) )= 2Bi0) N [d0)

dN [u(xi;@)] dN [u(xrj;é’)]

(K,), ()= = : = : (37)

: (36)




NTK theory demonstrates that, with an infinitesimally small learning rate the gradient
descent process can be represented as a continuous-time gradient flow:

dB(x,;6(r))

dt e B(xbéa(f))—g(xb)
dN [U(XV;Q(T))] =K N [u(xr;é?(z-)ﬂ_f(xr) > (38)
dt

6(7)denotes the parameters of the network at 7. The solution of the ODE can be expressed as:

B(xb;ﬁ(z')) (7 Ke\ g(xb)
N [u(x:0())] e ){f (x”)} (39)

Since K is positive semi-definite, we can apply its spectral decomposition as K = QAQ’,

where Q is an orthogonal matrix whose i-th column is the eigenvector g, of K. Ais a

diagonal matrix containing the corresponding eigenvalues. Using the identity e *" =Q"e 70,
we obtain:
B(xb;ﬁ(r))—g(xb) ~AryT g(xb)
~—e , (40)
N [u(xr;é’(r))]—f(xr) f(x)

The above equation indicates that the NTK’s eigenvalues directly govern the convergence
behaviour. Here we analyse the spectral properties of NTK under Burger’s equation which
expressed as follows:

ut+uux—(0.01/7r)uXX:0, xe[—l,l], te[O,l], (41)
u(0,x)=—sin(7x), (42)
u(t,—l):u(z‘,l):O. (43)

The comparison is conducted between the proposed method and vanilla PINN. Both have 5
hidden layers with 512 neurons each, and Tanh is adopted as activation function. The
evolution of the NTK eigenvalue spectra is given in Fig. 11. Fig. 11 (a) reveals that the NTK
spectra of the proposed method consistently outperforms vanilla across training. At small 1, it
exhibits noticeably larger leading eigenvalues and a slower decay, which indicates richer
feature representation and faster convergence. As 1 increases, the gap narrows, but the
proposed spectra still stay above vanilla across most of the range, showing it maintains a
persistent advantage. In Fig. 11 (b), the proposed method’s NTK spectrum converges to its
steady shape significantly earlier than vanilla method, indicating stable optimization and
efficient learning. These are confirmed by the loss and relative L? error curves observed
during training. As shown in Fig. 12, both the curves of the proposed method decrease faster
and to lower final values.

The NTK spectra reveal that Mask-PINNs maintain higher eigenvalues and converge to a
steady shape earlier than the vanilla PINN, indicating more stable and efficient training
dynamics.
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Figure 12. Loss and relative L? error curves during training.

5.2 Mask-PINN with Strong Optimization Protocols

While Mask-PINNs have shown consistent advantages across different benchmarks, recent
studies suggest that optimization strategies can substantially affect the attainable accuracy of
PINNs [43]. We therefore employ advanced optimization protocols to further unlock the
performance potential of Mask-PINNs and compare our results with current state-of-the-art
benchmarks.

5.2.1 Korteweg—De Vries Equation

The Korteweg—De Vries (KdV) equation is a nonlinear partial differential equation that
describes the propagation of dispersive solitary waves. In this work, the KdV equation is
considered in the following form.

ut+77uux+lu2uxxx :0’ tE[O,l], XE[—I,I], (44)
u(x,0)=cos(7zx), (45)
u(t,~1)=u(1,1), (46)

where 77 =1and 1 =0.022.

The model has 4 hidden layers, each containing 64 neurons. Tanh is employed as the
activation function. a is initialized with all entries set to 1.0. We adopt a two-stage



optimization strategy: an initial 100,000-iteration Adam phase for coarse training, followed
by 5,000 iterations of the SSBroyden method for fine refinement. The comparison of different
models is presented in Table 4. The proposed method outperforms state-of-the-art model
while utilizing an order of magnitude fewer parameters.

Table 4. KDV equation: relative L? errors of different models.

Method Parameters Rel. L? errors
Dirac delta function causal training [44] 3.35¢4 2.45e-3
PirateNets [45] 5.27e5 4.27e-4
Deeper-PINNs [46] 1.52e5 2.95¢-4
PINN with Optimized Optimizer [43] 1.68¢e4 4.15e-4
Mask-PINN 1.72¢4 2.03e-4

The loss and relative L? error curves of the proposed method and vanilla PINN are shown in
Fig. 13. As can be observed, the proposed method achieves faster convergence and higher
final accuracy compared with the vanilla methods.
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Figure 13. KDV equation: Loss and relative L? error curves of the proposed method and
vanilla PINN under the Adam—SSBroyden hybrid optimization scheme.

5.2.2 Navier—Stokes Flow around A Cylinder

We consider steady incompressible flow with density p =1 past a cylinder, described by the
Navier—Stokes equations.

uVu—-vAu+Vp =0, (47)

Vu=0. (48)

u:(u,v) denotes the velocity field and p the pressure. The kinematic viscosity is set to

v'=0.001. The computational domain is a pipe geometry defined as Q=[0,2.2]x[0,0.41] ,

containing a circular cylinder of radius 0.05 centered at (0.2, 0.2). No-slip boundary
conditions are imposed on the wall and cylinder boundaries, i.e., u(x,y) = v(x,y) = 0. A
parabolic velocity profile is prescribed at the inlet:

4Uy(0.41-y)
u(0,y)=| ———=,0, 49
(0.») [ i (49)
with U =0.3. For the outlet, the following outflow condition is adopted:
vo,u—pn =0, (50)

nrepresents the outer normal vector.

The model has 6 hidden layers, each containing 64 neurons. Tanh is utilized as activation
function. a is initialized with all entries set to 1.0. A two-stage training strategy is employed,
consisting of 100,000 iterations of Adam optimization followed by 1500 iterations of the
SSBroyden method. Table 5 shows that Mask-PINN outperforms existing PINN variants in



terms of accuracy while maintaining fewer or comparable parameters. Compared to the
vanilla model, relative L? error is reduced by nearly 50%.
Table 5. Navier—Stokes flow around a cylinder: relative L? errors of different models.

Method Parameters Rel. L? errors
Expert PINNs [47] 5.03¢4 541e-4
Deeper-PINNs [46] 3.96e4 2.90e-4
PINN with Optimized Optimizer [43] 2.53¢e4 1.36e-4
Mask-PINN 2.58¢4 7.39e-5

As illustrated in the convergence plots in Fig.14. Mask-PINN consistently achieves lower
training loss and relative L? error across iterations, indicating improved optimization
efficiency and better solution quality.
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Figure 14. Navier-Stokes flow around a cylinder: Loss and relative L? error curves of the
proposed method and vanilla PINN under the Adam—SSBroyden hybrid optimization scheme.

5.3 Sensitivity Study of a

In our experiments, the performance is observed to vary with the initialization strategy of the
scaling parameter a. We therefore provide a sensitivity study to characterize this dependence
and offer practical initialization guidelines. The sensitivity study of @ is conducted on
Helmholtz equation mentioned above. Table 6 reports the relative L?errors for different initial
values of a. The results consistently show that neither very small nor very large a values
yield optimal performance. Instead, satisfactory accuracy is obtained within a moderate range.
To understand this behaviour, we revisit the masked activation defined in Section 3. For a
hidden layer, the pre-activation and masked activation are defined as:

z=wH +b, (51)
H=F(z;a)U o(z). (52)
During backpropagation, the gradient with respect to the pre-activation z®Pis given by:
a o o 59
oz OH =z
where
oH ,
—=0'(2)U F(z;a)+o(2)0 F'(z;a), (54)
z
and
F'(z;0) = 20200 z[] exp[—(au z)z] (55)

For sufficiently small a, both F(z; @)and F'(z; &) are uniformly small over the typical
initialization range. This leads to suppressed gradient propagation across layers. When a is
large, the contraction region of F(z; a)shrinks to a narrow neighborhood around the origin,
so the mask behaves nearly as an identity mapping and provides limited global regularization.
Meanwhile, the sharp transition induces strong localized gradient amplification near the



origin. As a result, features in this region may undergo rapid updates, weakening the intended
stabilization effect of the mask.

Empirically, we recommend the range [1, 10] for activations satisfying 0'(0) =0 and [1, 5]

for activations with o (O) 0.

However, since the optimal a depends not only on the activation function but also on the
underlying PDE and its induced feature statistics, developing a problem-adaptive strategy for
selecting a remains an open research direction.
Table 6. Helmholtz equation: relative L? errors of different configurations
Activation function @ =0.01 a=1.0 a=2.0 =50 a=10.0 a=20.0

Tanh 1.0 2.77e-2 1.11e-2 9.94e-3 1.44e-2 3.26e-2
GELU 1.0 4.07e-2 1.54e-2 1.57e-2 1.52e-2 1.64e-2
SiLU 1.0 4.75e-2 1.77e-1 8.42¢-2 1.99¢-2 2.0le-2
SoftPlus 1.0 3.62e-2 1.75e-2 4.53¢-2 1.02el 2.74¢l

6 Conclusion

In this work, we focus on internal covariate shift, a well-known problem in deep learning that
remains unresolved in PINNs and significantly undermines training stability and solution
accuracy. We proposed Mask-PINNSs, a novel architecture designed to alleviate this issue of
PINNs without compromising the physical constraints encoded in the model. Specifically, a
smooth, learnable mask function is applied pointwise across hidden layers to regulate feature
distributions thereby mitigating activation drift. This leads to significantly improved training
stability, predictive accuracy, and robustness across a wide range of PDE benchmarks and
activation functions. Our experiments demonstrate that Mask-PINNs not only outperform
existing methods across different settings but also enable the effective use of wider network
architectures. By stabilizing feature distributions, Mask-PINNs provide a simple yet powerful
tool for enhancing the representational capability of PINNs. The introduction of Mask-PINNs
represents a significant advancement towards stable and scalable neural network architectures
for solving PDEs, opening several promising avenues for future exploration in PINNS.

Since the proposed mask function mitigates internal covariate shift while preserving the
coordinate-based nature of PINNS, it is worth exploring its applicability to other coordinate-
based tasks, such as implicit neural representations [48]. While our results are promising,
further investigation is needed. Notably, we observed that the initial value of the mask scaling
parameter o has a considerable impact on training dynamics. Future research should aim to
develop principled initialization strategies for o, tailored to specific tasks and network
configurations, to further enhance the reliability and performance of Mask-PINNs.

Appendix A. Proof of Proposition 1

We analyze the network at a fixed training state, with parameters 6 held constant. Let X
denote the set of all collocation points, and let S be a mini-batch sampled from X . Consider
a fixed input coordinate x, € X .

By the definition of BN, the normalized feature h corresponding to X, is given by:

(x:9) = y(—h("")_”B(S)jw. (56)

o5(S)+¢



where the 1, and o, are computed over all samples in the current mini-batch.

Since these statistics are determined by the sample composition of S, there exist at least two
mini-batches S and S’ such that x, e S NS’ and:

(145(8),05(8)) # (145 (S"), 05 (S"). (57)
Consequently, the normalized features at the identical coordinate x, differ across batches:
h(x,;S) = h(x,;S"). (58)

Consequently, the final output:

uy(X;3S) # uy(x,5S"). (59)
Therefore, the network output at x, is not uniquely determined by the input coordinate alone
but depends on the arbitrary grouping of other samples in the batch. This results in an
ambiguous representation that is incompatible with the fundamental requirement of PINNs to
represent a single-valued, deterministic solution field over the domain X .
Appendix B. Proof of Proposition 2

Proof. Using the local expansions near O:

F(u)=(au) +0(u*), (60)
F’(u):2a2u+0(u3). (61)
o(u)=0 0)+0'(0)u+0(u2), (62)
G'(u)za'(0)+0(u). (63)
We have:
H’(u):F'(u)a(u)+F(u)a’(u). (64)
If o(0)=0:
H'(u)=30520'(0)u2 +O(u3). (65)
Hence:
L, (r):3a2|c7'(0)|r2 +O(r3). (66)
If o(0)=0:
H'(u)zZaZJ(O)u+0(u2). (67)
Hence:
L, (r)=2a2|0(0)|r+0(r2). (68)

For vanilla method:
L,(r)=|o"(0)|+0(r). (69)
Dividing the leading asymptotic gives the stated result.
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