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The symmetry reduction of dynamical systems that are invariant under changes of global scale is
well-understood for classical theories of particles, and fields. The excision of the superfluous degree
of freedom generating such rescalings leads to a dynamically-equivalent theory, which is frictional
in nature. In this article, we extend the formalism to physical models, of both particles and fields,
described by singular Lagrangians. In order to work with a finite-dimensional (velocity) phase
space, our construction requires that we treat classical field theories within the De-Donder Weyl
formalism, in which a multisymplectic structure is introduced on the first jets of the bundle of fields.
The results obtained are subsequently applied to a number of physically-motivated examples, as well
as a discussion presented on the implications of our work for classical General Relativity.

I. INTRODUCTION

Singular field theories are often amongst the most interesting class of models encountered in the descrip-
tion of natural phenomena. Indeed, the most precisely tested mathematical theory to date, the Standard
Model of Particle Physics, is a chiral quantum field theory, gauged under local transformations of the group
SU(3)exSU(2), xU(1)y [1]. Further, it is conjectured that in any UV-complete theory of quantum gravity,
all symmetries must be either spontaneously broken, or gauged [2]. It is thus clear that singular theories are
of central importance to modern theoretical physics. In the present context, we take the word ‘singular’ to
refer to any theory whose Hamiltonian (or Lagrangian) description must, in some way, be constrained due
to the presence of degeneracies.

It is often found that classical theories described within the Lagrangian or Hamiltonian framework are
dependent upon a degree of freedom which is entirely inconsequential for the deduction of the dynamical
evolution of the system’s observables. In slightly more mathematical parlance, one may frequently identify
a degree of freedom within the mathematical description of a system, without which the dynamical algebra
of observables continues to close. It is trivially true that changes in a variable that may be excised from a
dynamical algebra without affecting its closedness cannot be deduced from measurements of the remaining
elements of the algebra. It follows, therefore, that there exists a description, entirely consistent with the
dynamics of the elements of the algebra to which we have ontological access, which makes no reference to
this degree of freedom.

As an example of this somewhat abstract line of reasoning, we might consider an isolated two-dimensional
simple harmonic oscillator. The only dimensionful quantity in this system relating to length is the radial
distance of the particle from the origin. Any observer internal to this system may perform measurements,
but has access only to ratios of dimensionful quantities. Indeed, since the only parameter with dimensions of
length is the particle’s radial displacement, it follows that the dynamical evolution of the oscillator requires
knowledge of ratios of the radial displacements at different instants of time, but is wholly insensitive to any
absolute value of this displacement. Stated equivalently, we could rescale the whole experimental configu-
ration by a factor of, say, ten, and the subsequent dynamical evolution would remain unaltered. Referring
to the discussion of the previous paragraph, we would say that the dynamical algebra of observables closes
without reference to the value of radial displacement at a particular instant of time.

We propose that the correct interpretation of this situation is that the conventional description of the oscil-
lator contains a redundant scaling degree of freedom, corresponding to the value of the radial displacement.
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Following the reasoning of Leibniz, a description that grants ontological distinction between two configura-
tions which differ only by unobservable features should be rejected [3]. The hallmark of the presence of such
a redundant degree of freedom is invariance under a class of non-strictly canonical transformations known
as scaling symmetries [4, 5]. Following the Leibnizian line of argumentation, we should seek to remove this
redundant degree of freedom from our ontology. Indeed, this procedure - known as contact reduction - is
well understood for regular theories of particles [6] and fields [7]. The objective of the present article is to
construct a framework in which to analyse singular theories that possess scaling symmetries.

For our study of theories of particles, we utilise the pre-symplectic constraint algorithm developed in [§],
and refer to [9] for a somewhat more practical exposition. This same review also contains a detailed analysis
of the geometry of the constraint surface, as well as a presentation of the analogous geometric constraint
algorithm for pre-contact manifolds, and so we shall limit our discussion to a brief introduction to contact
Hamiltonian systems. The reader familiar with contact geometry and its applications in the description of
mechanical systems may therefore safely skip section .

Following a succinct discussion of the formalism of contact reduction for regular systems, the remainder
of section contains novel ideas on how this process may be extended to cases in which degeneracies
require constraints to be placed upon the dynamical system of interest. We also consider the commutative
relationship between excising redundant scaling degrees of freedom, and the restriction of a system’s phase
space, finding that the order of operations is inconsequential for the final dynamics. Our formalism is then
applied to a complete example.

The latter half of our work focuses on classical theories of fields. Both symplectic and contact geometry
may be generalised to accommodate a finite-dimensional, manifestly covariant description of field theories,
in which we work on the first jet bundle over a system’s covariant configuration space. In [7], it was
demonstrated that contact reduction may be extended to a field-theoretic context, and that once a scaling
degree of freedom is eliminated, the multisymplectic structure with which we begin becomes multicontact
[10, 11]. Multicontact field theories have the peculiar feature that they are action-dependent; as a result,
they describe systems which are non-conservative. Drawing upon the results of [7], section contains
the field-theoretic analogue of the results of section .

Finally, in a similar spirit to our treatment of the particle case, we conclude with a second complete example,
in which we analyse a string-inspired, low-energy effective non-Abelian gauge theory [I2]. The ideas developed
over the course of this article constitute a foundational framework, within which to analyse singular (field)
theories from a systematic perspective. It has recently been shown that the classical Einstein-Hilbert action
possesses a redundant scaling degree of freedom, which is made manifest upon decomposing the spacetime
metric into the product of a conformal factor and a symmetric rank-two tensor of fixed determinant [I3].
Further comments on the application of our work to General Relativity, together with a number of open
questions, are presented in section .

II. CONTACT AND PRE-CONTACT GEOMETRY

In the context of analytical mechanics, symplectic geometry is, without doubt, the prevailing framework.
Its even-dimensional manifolds and conserved phase space volumes make it the most appropriate formalism
within which to construct a geometrical description of conservative mechanical systems. Contact geometry,
by contrast receives far less attention within the literature, and so we dedicate this short section to a
summary of the most relevant ideas. The interested reader is encouraged to consult [T4HI6].

In general, a contact manifold is an odd-dimensional manifold C, together with a maximally non-integrable
distribution ¢ C T'C. Locally, this distribution may be described as the kernel of some n € QY(U C C),
referred to as a contact form. If the quotient line bundle TC/¢§ — C' is trivial, as we shall assume, ¢ is
said to be coorientable, and 1 may be extended to a global contact form on C'. With the assumption of
coorientability, we shall henceforth designate a contact manifold via the pair (C,n). Every contact manifold
admits a distinguished Reeb vector field R € X°°(C), defined via

trdn =0 g =1 (2.1)



As for symplectic manifolds, around each point p € C, we may always find a local chart of Darboux coor-
dinates (2!, --- , 2™, 91, -+ ,Yn, 2), in which n takes the form 7 = dz — y; dov’. We shall refer to this as the

canonical contact form.

The extended cotangent bundle T*Q x R of the n-dimensional configuration space @ is the canonical example
of a contact manifold, upon which local coordinates are denoted (q*, p;, S). Here, S refers to the action, and
as described in the introduction, the contact theories we shall study have the particular feature of being
action-dependent. The canonical contact form on T*Q x R reads n = dS — p; dq*, and the Reeb vector field
R follows from (2.1]), and will often be taken to be R = 9/95.

If (TQ xR,ng, Er) is a hyperregular Lagrangian system (that is to say, one for which the Legendre map F'L
is a global diffeomorphism) we introduce the unique function H : T7*@Q x R — R, such that FL*H = Ey, in
which F, is the Lagrangian energy function. The triple (T*Q x R, n, H) is then said to constitute a contact
Hamiltonian system, and there exists a bundle morphism

b+ T(T*Q x R) — T*(T*Q x R)

2.2
v > Ly dn 4 (Lun)n (22)
The equations of motion are deduced seeking a vector field Xy € X°°(T*Q x R), which satisfies
b(Xy)=dH — (R(H)+ H)n (2.3)
Suppose that we decompose the vector field Xy as
.0 0 0
Xg=A"—+DB; C— 2.4
o= g T T a8 24)
then the coefficient functions A?, B;, and C satisfy
. OH OH OH OH
At = B, =— . P — C=p,— —H 2.5
o (5 7 %s) "o, 29

III. CONTACT REDUCTION OF SINGULAR SYSTEMS

Over the course of the following sections, we shall demonstrate how the contact reduction of Hamiltonian
systems is to be modified when the system of interest must also be constrained, due to the presence of
degeneracies. In order to facilitate this, we begin with a brief motivational discussion of scaling symmetries
and contact reduction in a more general setting.

A. Scaling Symmetries of Regular Hamiltonian Systems

In general, mechanical systems possess a multitude of degrees of freedom, the dynamics of which encode how
the system (or parts of) evolve over time. We consider an ‘observable’ to be any quantity that is accessible
via empirical methods to somebody within the system; it is frequently the case that these observables form
a dynamical algebra (with operations of addition and multiplication inherited from those defined on phase
space). Within this algebra, there may also be a number of unobservable quantities, whose presence is
required to make the algebra close. In the introduction, we described how scaling symmetries indicate the
existence of degrees of freedom that play no role in the closure of the dynamical algebra of observables.
Indeed such parameters often arise when one constructs a mathematical framework which introduces super-
fluous structure, such as external rods and clocks, whose sole purpose is to expedite practical computations.

We propose that such an approach to theorising is misguided, and justify our stance from various physical
and philosophical standpoints. In addition to Leibniz’s principle of the Identity of Indiscernibles, to which
we made extensive reference in the introduction, we also appeal to the work of Ismael and van Fraassen
[17, 18]. Here, it is argued that when attempting to construct a theory of the natural world, the resulting



model should be minimally sufficient to describe the phenomena of interest, without adding any superfluous
elements - even if such elements provide a means to make practical calculations more streamlined. From
a physical perspective, there are also several reasons one should advocate for a minimalistic approach, the
majority of which are exemplified by the field of cosmology. When we study a system in the lab, we may
always justify the introduction of external rods and clocks, claiming that they are external to the system,
but accessible to us as observers. Such reasoning fails when the system of interest happens to be the
universe as a whole - of what kind of apparatus may we conceive, which resides outside of the universe?
A further motivating factor is that classical General Relativity ceases to provide reliable predictions at
points where the spacetime geometry becomes singular. In many instances, the resulting pathologies are
superficial - an artifice of the additional structure, rather than a breakdown of the underlying physical theory.

A particularly simple example of this is the case of a (flat) FLRW cosmology with minimally-coupled scalar
matter. Typically, the scale factor plays a central role in the description of these models, and yet it is
known that the value of a(t) itself carries no physical meaning. Inferences about the underlying spacetime
geometry are made by observing how the matter evolves over time. The only way in which the scale factor
encodes physically observable information is through ratios of its values at different times. In this way, a(t)
is a redundant degree of freedom within the cosmological description. Further, the association of the scale
factor with an overall notion of size becomes highly problematic as one approaches the initial singularity.
Indeed, it has been shown that by working with a contact-reduced system, which makes no reference to a(t),
solutions may be continued predictively beyond this point [19].

After this somewhat lengthy motivational introduction, we turn to a more mathematical discussion of scaling
symmetries and contact reduction. Examples and further comments may be found in [6l 20], for example.
Given a symplectic Hamiltonian system, (M,w, H), we declare a vector field D € X>°(M) to constitute a
scaling symmetry of degree A € R if the following two conditions hold

Lpw=w CpH =AH (3.1)

in which £ denotes the Lie derivative. As a consequence, we see that if Xy € X°°(M) is the unique
Hamiltonian vector field corresponding to H via tx,w = dH, then

tpxmw = [£€p,tx,|w=(A—1)dH (3.2)

Since w is, by assumption, non-degenerate, it follows that [D, Xg] = (A — 1) X g, and the generator D acts
only to rescale the Hamiltonian flow. A non-trivial corollary of this is that the equations of motion of the
invariants of D, i.e those quantities ¢ such that £p¢ = D[¢] = 0, are unaffected by the action of D. Further,
these invariants are found to form an algebra [4].

If the vector field D is such that its flow acts freely and properly on M, then the quotient space M/~ formed
by identifying points connected by D-orbits has the structure of a smooth manifold of dimension dim M — 1;
moreover, the map m: M — M/~ sending each point of M to its equivalence class, is a submersion [16]. In
addition to being a smooth manifold, the quotient space also inherits a contact structure £ := m, ker (tpw).
We define a scaling function to be any p : M — R, such that £pp = p; the existence of a global scaling
function allows the contact distribution & to be expressed as the kernel of a well-defined 1-form 1 on M/~

Tn = tbw 3.3

== (3.3)
Assuming the existence of a global scaling function, we adopt the notation (C,7) to refer to the contact
manifold M/~. Orbits of the symplectic Hamiltonian system project to curves on C; more precisely, the
Hamiltonian vector field Xy € X°°(M) generates a line field span (Xg) on M, which is projected to a line
field 7, span (Xpg) on C. Additionally, there exists a contact Hamiltonian function H¢ : C' — R, which, on
the level-set m(H = 0), is calculated according to

T H® = — 3.4

o (3.4)

Elsewhere, i.c on C'\7(H = 0), the appropriate function is |[H¢|'/*. If Xy denotes the Hamiltonian vector
field of H¢, and R is the Reeb field of 7, then the vector field

X=Xy +(A—1)HR (3.5)



generates 7, span(Xpg). A contact vector field is one whose flow preserves the contact distribution. Unless
our scaling symmetry is of degree one (which is often the case) or we restrict ourselves to the zero-set of
He¢, the vector field X does not generally preserve & = kerrn. Further, the presence of the scaling function
p introduces a temporal reparameterisation on C. For a scaling symmetry of degree A, trajectories on the
symplectic phase space, parameterised by t, are projected to curves governed by 7, with dr = p~ldt.
Accordingly, if (¢*(7),pi(7), S(7)) describes an integral curve of , the equations of motion read

dg'  9H®  dp, __<8H 8H> ds _ OH® ., 56)

dr — Op; dr oq’ T a8 dr = i Op;

This concludes our introductory treatment of contact reduction, and we now apply these ideas to constrained
Hamiltonian systems. Note that there are two ways to proceed: given a Hamiltonian Hy, corresponding to
a singular Lagrangian, we may deduce the final constraint manifold, and then make the contact reduction,
or identify a scaling degree of freedom within the unconstrained Hamiltonian system, excise this from our
ontology, and then use the pre-contact constraint algorithm.

B. Singular Systems: Reduction & Restriction

A Lagrangian system (T'Q,wr,, Er) is said to be almost-regular if
* My := FL(TQ) is a closed submanifold of T*@Q
* F'L is a submersion onto its image
x For every p € My, the fibres FL~!(p) are connected submanifolds of TQ

Given such a system, we begin by deducing the canonical Hamiltonian Hy : My — R, defined on the primary
constraint manifold jo : My < T*@Q. This is then extended to a function H : T*Q — R on the full phase
space, such that H|y, = Hy. We remark, for future reference, that a quantity is said to be weakly-
vanishing if it is zero when restricted to the constraint surface. In local Darboux coordinates, the canonical
symplectic form on T*Q reads w = dq’ A dp;. If My is described as the zero-set of the primary constraint
functions ¢“ (these arise as a direct consequence of the non-invertibility of F'L, rather than as a result of
using the equations of motion) we seek a vector field D € X*°(T*Q) which satisfies

SpH = AH Lpw=uw Lpo® = C%e° (3.7)

for a set of functions C% € C(T*Q), with det C'}4 # 0. The first two conditions identify D as a scaling
symmetry, while the third ensures that the flow of D maps My onto itself. This is essential, as My describes
the maximal subset of points at which solutions to the equations of motion could exist; the flow of D must
not, therefore, map points of My, which are (potentially) dynamically admissible, to points of T*Q \ My,
which are not.

In principle, we should now verify that the flow of D acts freely and properly on T*Q; supposing that this
is the case, the space C := T*Q/~ is a contact manifold with submersion 8 : T*Q — C, and contact
distribution £ := f, ker (tpw). The contact form n and Hamiltonian H¢ are defined precisely as in and
respectively, with the result that (C,n, H¢) constitutes a contact Hamiltonian system. We highlight
that this construction does not directly produce a pre-contact manifold, as we have symmetry-reduced the
full phase space, into which the pre-symplectic system is embedded. The map 3 : T*Q — C allows us to
construct functions v* € C*°(C), whose zero-set defines a submanifold kg : Cy < C, which does inherit a
pre-contact structure; in particular, we have

(o7
Co={ycC |+ =0} with B'y® = %A (3.8)
The contact Hamiltonian H¢ is restricted to a function H§ := H¢|¢,, and similarly, ny := n|¢c, defines a

pre-contact form on Cjy, with the result that the triple (Co,no, HS) is a well-defined pre-contact manifold,
to which the geometric constraint algorithm may freely be applied. While constructed in detail in [9], we
briefly recall that the pre-contact algorithm seeks a vector field solution to the contact Hamiltonian equation



of motion. At each stage, we have a constraint submanifold «; : C; — C;_1, which is some restricted
subset of Cy. Each stage of the algorithm requires that the vector field solution be tangent to the constraint
surface, else the dynamics would tend to evolve off this surface, and the system would cease to respect
the constraints. Recursively imposing this tangency condition is what produces the series of embedded
submanifolds x;4+1 : Ci41 — C;. Supposing that the algorithm stabilises on the final constraint surface Cy,
we eliminate any gauge degrees of freedom, obtaining a physical state space C», with k5 : C» < C§, which
inherits a contact form 7,, and Hamiltonian H¥.

C. Singular Systems: Restriction & Reduction

In order to carry out the process in which we seek a scaling symmetry within the constrained theory, we
must apply the pre-symplectic constraint algorithm to the system (My,wp, Hy), which produces a series
of submanifolds 7,41 : M;j;1 — M;, and terminates on the final constraint surface M;. We must then
either make a choice of gauge-fixing, or formally quotient out by the action of the gauge transformations.
Since we are concerned with the dynamics of observable, gauge-invariant quantities, this choice is somewhat
inconsequential, and we denote the physical phase space P, with 7, : P < M. This space is symplectic,
with non-degenerate 2-form w, and Hamiltonian H,. As such, we now seek a vector field Z € X°°(P), such
that

Lr0p = wp e,H, = AH, (3.9)

Note that, by construction, the constraint algorithm produces a surface to which all dynamics remain tangent;
thus, we need impose no conditions on the preservation of the constraints. The dynamical evolution of some
f € C*=(P) is determined via the bracket induced by wp, that is

f: {vaP}”P = wP(Xf7XH7>)

in which X refers to the Hamiltonian vector field associated to f via tx,wp = df, and similarly for Xy, .
Assuming the flow of Z acts freely and properly on P, we have the quotient space P/~, with submersion
o:P—P/~;if p: P — Ry is a global scaling function, the contact form and Hamiltonian read

H
o'np = % c*H; = p—: (3.10)

Supposing that (¢%,I1;, S) constitutes a set of local Darboux coordinates on P/~, so that n, = dS — I1;dq’,
the symmetry-reduced equations of motion are simply the contact Hamiltonian equations (3.6]).

From the constructions given above, it should be clear that the pre-symplectic and pre-contact constraint
algorithms run in parallel. At the i'" stage of the former, the submanifold M;, with inclusion 7; : M; < M;_1,
may be described as the zero-set of the functions d’?i)v whose projection defines a second set of functions ’yg)

(03
Bgy = % (3.11)

Up to multiplicative factors, these 75) coincide with the constraint functions obtained in i*" iteration of the
pre-contact algorithm. These ideas are summarised in figure

IV. AN EXAMPLE

We now apply the formalism developed throughout to a simple example; for completeness, we obtain the
reduced space dynamics via both paths of figure [I} providing an explicit illustration of the commutativity of
the reduction and constraint processes.



(T"Q,w, H)
/ \
(Cv'thC) (M07w05H0)
KQ J1
(0077707H8) M1
K1 J2
1f
My
rf P
Cy (P,wp, Hp)
~P /

(07” nr, H7C’)

FIG. 1. Commutative diagram showing how the two constraint algorithms run in parallel. Starting from the cotangent
bundle, the right-hand path shows implementation of the pre-symplectic algorithm, to deduce the final space P. This
manifold is symplectic, and allows a contact reduction to be carried out. Alternatively, the scaling variable may
be excised from the full symplectic phase space, defining the contact manifold C'. Upon projecting the primary
constraint functions that define My, C' is restricted to the pre-contact space Co, and the left-hand path depicts the
implementation of the pre-contact algorithm. Both paths lead to the same final reduced space Cp.

A. Restriction & Reduction

For this particular example, we take Q) = Ri, with local coordinates (x,y,u, ¢), and Lagrangian function
1 . .
L=20" + u?| 6% + (¢ +§ — ¢)* = (2 + ¢ — 267) (4.1)

Our motivation for choosing this particular Lagrangian is purely pedagogical; we do not consider this to
represent any realistic physical system. Clearly, the Lagrangian is singular (in the sense of the discussion of

the introduction), as the Hessian matrix with respect to the velocities (&, ¢, @, qb) is

1 1 0 -1
1 1 0 -1
0 0 4u™? 0
-1 -1 0 2

W = u?

which is of constant rank 3, since u # 0. The non-invertibility of this matrix indicates that, as expected, we
have a singular system. Making the change of variable u — e?/2, the Lagrangian reads

Lep{;(p2+¢2)+;(¢+y¢5)2;(x2+y2)+¢2] (4.2)

This is the most convenient parameterisation of L, and the one with which we shall henceforth work. The
momenta conjugate to (&, ¥, U, ¢) are given by

pp=€p pz:ep<:b+y—gi>)

po = (20— (i +3) py=e (& +9-9)



From this, we see that there is a single primary constraint, defining the submanifold jo : My — T*Q

My:={peT*Q|¢'(p) :==ps —p, =0} (4.3)
The canonical Hamiltonian Hy : My — R is readily calculated to be
e P

Ho= 5 [ ol 4 2] + e | 302 40 - ] (4.4

Pulling back the canonical symplectic form w on T*Q to My, we have
wo = dp Ndp, + do N dpy + (dx + dy) A dpy (4.5)

Applying the steps of the pre-symplectic constraint procedure presented in [9], we find that the algorithm
stabilises after a single iteration, yielding a final submanifold

My =M;={peTQ|¢ (p)=p. —py,=0; P*(p) =¢’ (x—y) =0} (4.6)

Introducing the matrix of Poisson brackets J*# := {4*, 4}, we deduce that 9! and 1)? are both second-class
(non-weakly-vanishing Poisson bracket with some or all other constraints), as J is invertible; indeed

0 -2 . e’ /r0 1
— P - _
J_e(go) — _2(_10)

With this, there are no gauge degrees of freedom, and so we write M = P. Since we have only second-class
constraints, these may be imposed as strong equalities. In order to be able to do this before computing the
equations of motion, we must introduce a modification of the Poisson bracket, known as the Dirac bracket.
In the current context, the Dirac bracket of two functions f,g € C°°(T*Q) reads

e’ e’
{figtp ={f.g} - T{fﬂ#l}{w,g} + S P H', g} (4.7)
The equations of motion for our phase space variables then follow from f = {f,Ho}p|p, and we find

.e? . . .
= (2 +ps) =4 pe = =€z =P,
¢ =e" (ps +ps) By = 2¢°¢ (4.8)
S — P Lo e, 2.2\ p (.2 42
p=e""p, Bp=— (Pp+ (o +1)" +17 ) =€ (a7 = &%)

These are the dynamical equations that must be reproduced by the symmetry-reduced model. Now, note
that the symplectic form on P is

wp =wolp =dp Adp, + do A dpy + 2dx A dp,
We also have the following restricted Hamiltonian
e P
Hp = H0|79 = 7
In accordance with the results of section (IIIC|), we now seek a vector field Z € X°°(P) that satisfies

Lr7wp =wp, and £ H, = AHp; a series of short calculations confirms that

7] 0 0 0
L= +ppr— +Ppr— + Pz 4.9
op " Pop,  Copy T Opa (49)

(2 + (02 + o) + 03] + e [2 - ¢7]

satisfies both requirements, and is a scaling symmetry of degree one, i.e. it satisfies the conditions of (3.9)
with A = 1. An obvious choice of scaling function is e?; thus, we introduce the map o : P — P/~, and
construct the 1-form and contact Hamiltonian as

« _ lzWwp
o Np =
eP

Hy
ot HE = =2
epP



We take coordinates on P/~ to be (z,II;, ¢,I14, S), where

oI, = ba oIl = P¢ o*s ="e (4.10)
er er er

It then follows that n, and HS have the following local coordinate expressions
1
e = dS — Mydp — 21, dzx Hy =3 S? 4 (M, + I1y)* + 112 | + 22 — ¢? (4.11)
The contact Hamiltonian equations of motion are deduced in the standard fashion; however, it should be

noted that the multiplicative factor of two in our expression for 1, shows that (z,2II,, ¢,II,,S) provides
the correct set of local Darboux coordinates on P/~. Consequently, we have

1 :
T = 3 (211, + I1,) I, = — (22 + I1,.S)
¢ =TI, + T, I, = 2¢ — 1145 (4.12)

L1
§=3 — 82 4 (M, +11)* | — 2% + ¢°

It is clear that the equations of motion for the coordinates x and ¢ coincide with those given in (4.8)); after
some work, it can be shown that the additional action-dependent terms in the momentum equations correctly
reproduce the original dynamics.

B. Reduction + Restriction

In order to obtain the contact Hamiltonian equations (4.12)) via the alternative method presented in section
(LTI B|), we return to the canonical Hamiltonian Hy on the primary constraint manifold; in accordance with
our general procedure, we extend Hy to a function H on the full phase space T*Q

67p

1
= [ oo +22] e |30 40) - ] (4.13)

The vector field

0 0 0 0 0
D=—_—+ppa—+pPs7g— +Psg— +Dy7— 4.14

op " "op,  ops  TOp.  Y0p, (.14)
is a scaling symmetry of degree one, and, crucially, preserves the primary constraint ¢!, since £pyp! = 1.
Thus, we know that the quotient space C' := T*(Q/~ is a contact manifold, and we introduce the surjective
map S : T*Q — C, and take coordinates on C to be (z, 7y, y, 7y, #, 74, S), where

x _ Dz x_ _ Py T xa_ Po
pr.=2 pm=2 g g (4.15)
so that the contact form and Hamiltonian on C become
1

1
n=dS — mydx — m,dy — wede Hc=§ 52+<7Tw+77¢)2+775 +§( 2+y2)—¢2

We emphasise that (C,n, H) is a contact Hamiltonian system, and that the symmetry-reduced analogue of
the primary constraint manifold Mj is found by projecting the function v, to obtain

1)[}1

1
=T+
P Y x y

B*,Yl —

Consequently, the primary constraint submanifold Cj is precisely the zero-set of 7!, and the pre-contact
system (Co,no, H§) is obtained, restricting n and H® to this space

1 1
1o = nlc, = dS — m, (dz + dy) — medo Hi = Hflc, = 5 |S* + (72 + )+ 2| + 5 (@ +y?) = ¢
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A single iteration of the pre-contact constraint algorithm gives rise to a secondary constraint
Ci={peCo|7’(p):=2-y=0}
As expected, comparing this space to M; found in (4.6]), we see that the constraint 72 satisfies

wQ

er

B*?

Further iteration produces no additional constraints, and so the algorithm stabilises on C;. In order to
compute the equations of motion, we require the matrix of Jacobi brackets [9] K := {y~ 7%},

(0 =2 1 _1/0 1
K—<2 0) - K _2<—10)
The invertibility of this matrix confirms that, as expected, v and ¥? are both second-class constraints; thus,
in order to calculate the equations of motion, we impose such conditions as strong equalities, and introduce

the Dirac-Jacobi bracket. The Dirac-Jacobi bracket is the contact-analogue of the Dirac bracket, which we
introduced above for symplectic systems. Here, this Dirac-Jacobi bracket reads

U 0hps = (Fahs — 304" 7 abs + 50070 b (116)

The evolution of a function f is then computed from {f, H§}ps |c,, and we find that

1
&= 3 (27, + 7y) e = — (22 + 7,5)
¢=my+my fry =20 — 148 (4.17)
. 1
§=3 — 8% 4 (my +my)* | —a2® + ¢°

which coincides precisely with the corresponding set of expressions , deduced by first restricting the
pre-symplectic system, and then making a symmetry reduction. In this example, we have provided an explicit
illustration of how a constrained Hamiltonian system may be reduced to a simpler, dynamically-equivalent
theory, by identifying and excising a superfluous scaling degree of freedom. Whilst relatively simple in
nature, the system considered has allowed us to present a fully-worked example of the commutativity of
contact reduction and phase space restriction, and thus concludes our treatment of particle dynamics.

V. MULTISYMPLECTIC FIELD THEORY

The use of multisymplectic geometry to describe classical field theories is an area of active research interest, as
the fibred manifolds it employs provide an arena in which a manifestly covariant formalism may be developed,
in a finite-dimensional setting [21], 22]. Despite this, the multisymplectic Hamiltonian formalism of singular
field theories is still not well-understood; for example, there exist certain classes of Lagrangian, for which
the construction of the Hamiltonian is either ambiguous, or ill-defined [10]. Additionally, multisymplectic
manifolds are not, in general, equipped with a well-defined bracket structure, and since the local constraint
algorithm dispenses with such structures, our analysis of singular field theories will favour the Lagrangian
formalism, rather than the Hamiltonian picture employed for particles [23] 24]. In what follows, we provide
a heavily abridged summary of the most pertinent ideas, referring to [7] for further details.

A. Lagrangian Field Theory

In general, an m-dimensional manifold M is said to be multisymplectic if it admits a closed, 1-non-degenerate
k-form Q € QF(M) (with 1 < & < m) [10]; the 1-non-degeneracy condition may be expressed locally as the
requirement that for every p € M and X, € T, M

X, =0 =  X,=0
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If © is closed but 1-degenerate, we refer to the pair (M, ) as a pre-multisymplectic manifold. The field
equations of a dynamical system are expressed geometrically in terms of multivector fields. A multivector
field of degree r on M is a section X € T'(A"TM) of the r*! exterior power of the tangent bundle. We
denote the space of all such multivector fields X"(M) := T'(A" T M), and declare some X € X"(M) to
be locally decomposable if, around p € M, there exists an open neighbourhood ¢, C M, and vector fields
X1, -, X, € X°(Uy), such that Xy, = X1A--- AX,. Wesay that an m-dimensional distribution D C T M
is locally associated to a non-zero X € X™ (M), if there exists some connected open set V C M, such that
Xy is a section of A"™D|y; further, X is said to be integrable if its locally associated distribution is integrable.

Consider a fibre bundle 7 : E — M over the d-dimensional spacetime manifold M; we shall suppose that
M is orientable, with volume form w. Local coordinates on M are denoted (z*), with p =0, -+ ,d — 1,
so that w = d2® A - Ada?"! := d%z. The (n + d)-dimensional manifold E is referred to as the covariant
configuration space, and the first jet bundle x : J'E — E of sections of 7 is the natural space upon which
to introduce a Lagrangian density [25]; local adapted coordinates on J'E are given by (z*,y%,y;), with
a =1, ---,n. Introducing the bundle projection 7 := 7ok : J'E — M, the Lagrangian density £ may be
expressed as a d-form on J'E

L,y y,) = L(a", y", y,) T°w (5.1)

in which L : J'E — R is referred to as the Lagrangian function, and 7*w is the volume form on M,
pulled back to J'E. The Lagrangian function is then used to define the Cartan forms O € Q%(J'E) and
Qp € Qd+1(J1E); in local bundle coordinates (z*,y?, yz), these are expressed as

oL oL
= dy® Ad* g, — @_r) q? Qy :=—d 2
01 = G = (G L) Lo (5.2

where d4" 'z, := 1,,d%z. The pair (J'E, Q) defines a Lagrangian system, which is said to be regular if Q0 is
multisymplectic, and singular if it is pre-multisymplectic. Given a regular Lagrangian system (J1E, Qp), the
dynamical equations are derived from a variational principle [I0], which defines critical sections ¢ € T'(M, E);
the canonical lifting j'¢ of these objects to J'E are then integral sections of an equivalence class of locally
decomposable, T-transverse holonomic multivector fields { X 1}, each of which satisfies

LXLQLZO (53)

The most general expression for a locally decomposable field X, is

d—1
) . 0 . 0

Xp=f N\ (WJFFMWJFGWW) (5.4)
=0 v

for some non-zero f € C°(J'E). The 7-transversality condition is most readily enforced by setting
tx, (T*w) = 1, which fixes the multiplicative function f to unity. When X, is holonomic, it is integrable,
and the coefficient functions F are simply yy;; if X1, has local coordinate expression (5-4), with F, W= Y
but is not integrable, it is referred to as semi-holonomic. The critical sections ¢ of the variational problem
are such that their canonical lifting j'¢ satisfy the Euler-Lagrange field equations

o (0L oL .

VI. PRE-MULTICONTACT SYSTEMS
A. DMulticontact Lagrangian Field Theory

As described in the introduction, the excision of a superfluous scaling degree of freedom leads to a
theory which is action-dependent, and thus has the interpretation of being non-conservative (The non-
conservative/frictional character arises as a result of the fact that the contact manifolds upon which our
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action-dependent theories are defined do not respect a Liouville-like conservation of phase space volumes
along the Hamiltonian flow). For field theories, this continues to be the case; now, however, the Lagrangian
depends on the action density. The fibred manifolds 7 : E — M, and « : J'E — E (with dim M = d and
dim E = n + d) of the multisymplectic formalism continue to assume a prominent role in the description of
frictional field theories; in particular, the Lagrangian density is now a d-form on the manifold

S:i=JExy A“'T*M = J'E x RY (6.1)

which is a bundle over both E, with projection 7 : § — FE, and M, with 8 = 7ro7 : S — M. Local
coordinates on S are denoted (x“,y“,yz, s*), in which the quantities s* correspond to the action density
mentioned above. As in (5.1)), we write the Lagrangian density in terms of a local function

L,y yy,, ") = L, y*, yy, s") Bw (6.2)
In contrast to the multisymplectic case, when the Lagrangian is singular, the d-form ©p
oL oL
0, = (ds“ - adya) AdTre, + (ayf; - L) diz (6.3)
ys, ys,

does not necessarily define a pre-multicontact structure. It is therefore necessary that a number of additional
criteria be met, which we now introduce. To facilitate this, we let = := g*w € Q%(S). While O, endows S
with the formal geometrical structure of a pre-multicontact manifold, = serves as a reference object. Given
a regular distribution D C T'S, we introduce the space of r-forms which annihilate all sections of D

Anmn"(D) :={£e€Q"(S) | ix6 =0 foral X eI'(D)} (6.4)
The Reeb distribution associated with (S, ©p, Z) is then defined pointwise as
Df ={X ekerE, | 1xdO € AnnZ(ker =)} (6.5)

Sections of D are the Reeb vector fields; we denote this space R := F(DR). In practice, we shall always
work in coordinates such that = = dz® A --- A dz? !, so that ker = consists of those vector fields whose
vertical components V#8,. are vanishing. The space Ann(ker Z) then comprises all d-forms ¢ € Q4(S), for
which ¢x& = 0 for any choice of vector field of the form

0 0

0 \pad \on?

X =A°
oy * oy Osh

In addition to the Reeb distribution, we also have the characteristic distribution C, defined as the intersection
C := ker ZNker O Nker dO,. The conditions under which the triple (S, 01, Z) constitutes a pre-multicontact
manifold are then that, for some 0 < k& < n(1 +d)

* rank ker =2 = d +n + nd

x rank D =d + k

* rankC = k

* Ann? ! (kerZ) = {1zgOL | Re R}

In practice, when working in adapted coordinates, the local Reeb fields are deduced from vg,© = di=tz,,;
however, note that this does not determine the R,, uniquely, for it is possible to add to R, an element of
the characteristic distribution, that is to say 9t = span(R,) +C.

From Oy, the (d 4 1)-form 2, is not defined as in ([5.2)) for multisymplectic systems, rather

QL:d@L—%dlﬂ/\ O (66)

Given a (pre-)multicontact Lagrangian system (S,0p), the equations of motion for sections ¥ € T'(M,S)
are given by

U0, =0 and U*1,Q, =0 forall Z € X(S) (6.7)
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We also have a similar pair equations for locally decomposable S-transverse multivector fields X € X4(S),
which take the form

LXL@L:O LXLQL:O (6.8)

When (8, ©1) is multicontact, the multivector field solutions are integrable, with holonomic integral sections;
in local coordinates, such a section may be expressed as

with which the coordinate-free equations become

0 (0L ow) = oL n oL oL o
Oz \ Oy, — \ oy ys Dst
os*

Oah

(6.9)
=LoVW

We refer to these expressions as the Herglotz-Lagrange field equations [26]. When (S, ©,) is pre-multicontact,
if multivector field solutions of do exist, which is not guaranteed, they are generally not integrable.
Consequently, the goal of the constraint algorithm, is to deduce the maximal submanifold Sy < S upon
which holonomic multivector field solutions exist, and crucially, are tangent to Sy.

B. The Pre-Multicontact Constraint Algorithm

Recall that the dynamical problem to be solved is the following: given a pre-multicontact Lagrangian system
(8,0r), we seek the maximal submanifold Sy < S, upon which there exist locally decomposable, (-
transverse, holonomic solutions to . We therefore begin by introducing the space of d-multivector
fields which are solutions to the equations of motion, but not necessarily S-transverse or integrable

kerd(OL,QL) ::{XLE:fd(S)ILXLG)LZO and LXLQLZO}

Within this space, we then seek the subset of those multivector fields which are locally decomposable and
[S-transverse, denoting the resulting subspace ker% (©1,91). In practice, as a first step, we shall simply
assume that a solution X has the local coordinate decomposition

d—1

0 0 0 0
X = — + FY— ¢ —— + KV Nl
’ Ao<axﬂ+ g+ Oy + i) (6.10)

which is clearly an element of ker% (©r, Q). Upon substituting this into the dynamical equations tx, O = 0
and tx, €1, = 0, we must ensure that the resulting expressions do not contain inconsistencies. Supposing
that we obtain a compatible set of equations, we now restrict ker% (©1,9r) to the subset of semi-holonomic
solutions, which amounts to setting Fjj = y;; in the decomposition ; in general, this step gives rise to
further consistency conditions, and possibly to new constraints.

At every stage, we must ensure that the dynamics of the system remain confined to the constraint subman-
ifold; thus, for each local constraint function @, if X, is expressed as the product X = Xo A -+ A Xg_1,
we must demand that £x,® =0 for p =0, --- ,d — 1. If these tangency conditions themselves give rise to
additional constraints, such functions must again have vanishing Lie derivative along each of the X,,. The
final step of the algorithm requires us to examine the integrability of our semi-holonomic solutions. Such an
analysis is conducted by considering the constraints which arise as a result of imposing that [X,, X,] =0
for u,v =0, --- ,d — 1. This leads to the final subspace ker‘,ﬂ (©1,9Qr), consisting of locally decomposable,
B-transverse, holonomic multivector fields, which, in general, will only exist on the submanifold Sy — S.
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VII. CONTACT REDUCTION OF SINGULAR FIELD THEORIES

Following closely the framework developed in [7], we now present a field-theoretic generalisation of the ideas
of section (III)). Let us consider the pre-multisymplectic system (J!E, ), with corresponding Lagrangian
function L : J'E — R. From the Cartan d-form Oy, we define

oL
le = T logq Lo (@L A dl‘u) = oy dya (71)
i
The vector field ¥ € X>°(J!E) is said to constitute a scaling symmetry of degree A if
LxL=AL and Lxbf =07 forallp=0,---,d—1 (7.2)

Consider a Herglotz (i.e multicontact) Lagrangian L, embedded within a multisymplectic manifold of one
dimension higher through the expression

L=e’ (L7 + p,st) (7.3)
in which L¥ depends upon the scalar fields ¢® (a = 1, --- , k), and their first derivatives ¢y, together with
the action density s*, and the field p is such that

oLH
Pp=— st (74)

It is straightforward to verify that the equations of motion derived from L directly imply the Herglotz-
Lagrange field equations for L¥, when the former is restricted to the subspace upon which L is defined.
In light of this, suppose that, having identified a scaling symmetry ¥ of our pre-multisymplectic system, we
adopt coordinates on J'E in such a way so as to render this vector field of the form

0 0

In these coordinates, the Lagrangian function depends upon both £ and &,,, together with a set of unscaled
field variables ©%, and their corresponding velocities ©%. Finally, we make the redefinition £ = e”/%, so that
the scaling symmetry vector field is simply ¥ = Ad,, and the Lagrangian takes the form

L= epf(p#ﬂ 7/}&’ Z) (76)
for some function f. The Euler-Lagrange equation for p then implies that f may be written as
of o of
f =

—Pu Ay T P dp,,
which, when compared to (7.3)), and recalling that Oust = LH | suggests we should identify

i

= LT = f—p,st 7.7
apu 13 ( )

We must now take into account that L was a singular Lagrangian. As such, the d-form ©p# calculated from
the symmetry-reduced function L7 is not guaranteed to be pre-multicontact. Consequently, after making
the ‘naive’ contact reduction, we must as an additional non-trivial step compute the characteristic and Reeb
distributions. If these do not satisfy the conditions given in section , the symmetry reduction procedure
fails. For most physically interesting cases, this will not occur; however, the conditions must nevertheless be
verified.

Having calculated ©#, and confirmed that rank D¥ = d + k and rank C = k, for some 0 < k < n(1 +d), we
have a pre-multicontact manifold (Sp, ©r# ), in which Sy denotes the reduced space obtained upon excising
the scaling variable p. Geometrically, if the quantity £ in corresponds to a single field variable on
E, then upon writing the Lagrangian in the form , FE separates into two connected pieces Fi, where
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each of Fi is the product of a trivial bundle, and a codimension-1 subspace: Fi & E xp (M x Ry).
The change of variable & — e?/? selects only the positive component of &; in order to cover the full range,
we must also consider the change of variables ¢ — —e?/A. Within each of E, it is precisely the trivial
bundle that is eliminated by the contact reduction. Thus, provided we consider both components, so as
not to lose any dynamical information, the reduced space is locally isomorphic to .J I'E x R?, in which the
codimension-1 subspace E is identified as a configuration space comprised of all field variables except p.
Note that Sy is not simply J'E - such an outcome would be dimensionally inconsistent with the elimination
of a single degree of freedom. Instead, the velocities p,,, which have not been eliminated, span a copy of R¢
as action density components, thereby restoring the expected dimensional difference of dim J' E—dim Sy = 1.

Supposing that (Sp, O # ) does constitute a pre-multicontact system, we calculate the (d+ 1)-form Qp =, and
introduce a multivector field X n € X%(Sp), with local decomposition

d—1
o L0 . 0 , 0
= (5o * i e + g * i)

in which we employ notation consistent with the decomposition , denoting the unscaled fields °.
Following this, we compute the constraints that arise as a result of setting tx ,Ors = 0and tx ,Qpu =0,
following the algorithmic procedure detailed in section (VIB]). The final constraint submanifold Sy < Sp is
the maximal space upon which holonomic multivector field solutions exist, and on this space, we faithfully
reproduce the dynamics of the observables of the constrained pre-multisymplectic system.

VIII. EFFECTIVE NON-ABELIAN GAUGE THEORY

The appearance of scalar fields that directly couple to gauge curvature terms is a phenomenon which arises
most notably in string-inspired models [27]. Indeed, the imprint of dilaton-like fields on low-energy effective
actions has speculatively been regarded as a means to offer novel insight into problems such as colour
confinement [28]. In this section, we present an example of a non-Abelian gauge theory coupled to a scalar
field. Having implemented the reduction procedure, we discuss the physical implications of our results.

A. Geometrical Setting

We suppose that the spacetime manifold M is equipped with a Lorentzian metric g of signature (+, —, —, - -+ ),
which is parametric, and non-variational [29], so that physically, our theory is defined on a curved background,
but is not coupled to gravity. The appropriate covariant configuration space for this theory is

E=C(P) xn (M xR) x5 Symy?~ (M) (8.1)

Here, P is the principal bundle over M, with structure group G, and C(P) — M refers to the bundle of
connections on P, with C(P) = J'P/G [30]. Finally, the space Symy® (M) denotes the set of symmetric
covariant tensors of rank 2 and Lorentzian signature (1,d — 1) on M, and thus parameterises our choice of
metric. Local coordinates on £ are denoted (z*, Aj, b 9uv), in which the semicolon separates the parametric
and variational degrees of freedom, and the index a runs from a = 1, -+ ,dim £(G) := n. The Lagrangian
density is a d-form on the space

Q:= J' (C(P) xp (M x R)) x 3 Symy®~ (M) (8.2)

upon which we take local coordinates to be (z*, Al &, AL Ly s guv). The corresponding Lagrangian function
L:9—=Ris

¢2

L="Tr —@

1
F, F" +2J, A" + ig‘“'(éuqﬁy - V() (8.3)

where the trace is taken over the indices of £L(G), and F refers to the Lie algebra valued curvature 2-form.
In what follows, we shall consider the dilaton to transform trivially under G, and adopt group-theoretic
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conventions more prevalent in the physics literature, taking the generators T, of the Lie algebra to be
Hermitian, with [T,,Ty] = if,,° Tc. In the fundamental representation, we adopt the following normalisation
with respect to the trace

1
Tr (T Th) = 5as (8.4)

We raise and lower Lie algebra indices with 6% and 0,5, Writing fape = 0ca abd, for example (while we
continue to raise and lower spacetime indices with g and g,,). Returning to the Lagrangian , Jy
is a Lie algebra valued 1-form that couples to the gauge field, acting as a source term, and V(¢) is the
non-perturbative dilaton potential. For simplicity of exposition, we shall take V' (¢) to be a simple mass term
Lm2¢?, and neglect the source. Thus, we have

v 1 v 1
L= TF;;VF;‘ ig” budy — §m2¢2 (8.5)

in which the curvature is expressed locally as Fjj, = A} , — A}, + be“AZAﬁ. The degeneracy of this
Lagrangian arises as a result of the gauge symmetry; the Hessian matrix is, as expected, non-invertible.
From (6.3), we calculate the 1-forms 6%, finding that

2
0% == —19, | -+ Lo, (Op Ndat) = — %Fgw dA; + g" ¢, do (8.6)

From the structure of 6/, and the Lagrangian (8.5), it is relatively clear that the vector field

1 0 0
o3 (¢55+ 2z,

satisfies £5,04 = 07 and £5,L = L, with which we conclude that ¥ is a scaling symmetry of degree one.

B. Contact Reduction

Upon making the change of variables ¢ — e?/2, the scaling symmetry vector field ¥ is now simply 0p, and
the Lagrangia reads

a v 1 v 1
L= 4 2F/WF# + e’ (89N PuPv — 2m2> (8.7)

Recall that when the Lagrangian is expressed in the form L = e” f(p,,, Au, Au,w), the action density is found
from s* = df /Op,, whilst the Herglotz Lagrangian takes the form L = f pus“ for the former, we find

st=—=-9"py = Pu = 4Guws” (8.8)

while the Herglotz Lagrangian for this system is

1 a v 1 v
L = v — P FrY — §m2 — 2g,,5"s (8.9)

Geometrically, referring to the decomposition (8.1), we see that the excision of the dilaton corresponds
to the removal of the trivial bundle M x R — M, defining a reduced covariant configuration space Eyeq.

More formally, since ¢ is a global scaling function, the symplectification Erea 18 a trivial R*-bundle over M,
composed of two connected components Sred, which, with the change of variables ¢ — e?/2, correspond to
symplectification via +e?/2. Provided that both components are considered, we may somewhat informally
write Ereq =2 C(P) X s Sym1 d= 1( ). The Herglotz Lagrangian is defined on the space

Ored = (JIC(P) xar Symy®” 1(M)) x R (8.10)
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where the additional factor of R¢ comes from the d velocities pu, which have assumed the role of the action
density s*. The task is then to deduce whether the d-form O, given by

1 v d—1 1 "y 1 v d
Opu = <ds“ + ?F; dA‘;) Az, + (- ?F; A+ Tg2F5 Fo, + 2m + 20, 5"s ) d'z  (8.11)

endows Q,.q With a pre-multicontact structure. Noting that 1 .0 n = ddilx#, and that the coordinates
A7, only appear in the antisymmetric combinations A7 , — A7, , it is straightforward to deduce that the
characteristic and Reeb distributions are given by

/0 0 w ] 0 R
C_<3A‘;,u+8Aa > P <aAa +aAg7y’aSu> (8.12)

v v,

for y,v =0, --- ,d—1land a=1, --- ,dim £(G) = n. The ranks of these distributions are

dd+1 dd+1
rankC:n% rankDRzn%—i—d

which, referring to the discussion of section (VI A)), are consistent with a pre-multicontact distribution with
k = d. Consequently, we conclude that ©p= does in fact define a pre-multicontact structure on Q..q, and
so may proceed with the constraint analysis; for the purpose of constructing multivector field solutions, we

introduce the map [ : Qreq — M, in-keeping with the notation of section (VIB]).

C. The Constraint Algorithm

The constraint procedure commences supposing that a locally decomposable, [-transverse solution X €
ker% (©pu,Qpu) to the equations of motion exists, with

0 0
X = kT 1
/\ <6 H WaAa_FGWR@A%’V_F uasu) /\V (8.13)

The contraction of X with the pre-multicontact form ©#» provides a single equation, as the degree of the
multivector field coincides with that of the differential form. Imposing that tx©;» = 0, we find that

1 a a 174 1 14 a 1 v
Kl = 972 (Au,u — C’W) F 4 < 4—2F“ Fi, §m2 — 29, 8"s > (8.14)

Note that the final quantity on the RHS is precisely L¥, and the bracket (A“ v —Cu ) vanishes upon imposing
semi-holonomy. This e resmon therefore provides the vector-field analogue of the Herglotz equation 9,,s* =
LY (cf . From , we compute that

1 v a d— 1 v a v a a v
O = SdEL A dAL N Lo+ (292 (FEvdFe, — 2F1 dAS, — 242 dFM)

v,

(8.15)
4 A v a d
——guas F)V dAY ) Nz
g
The contraction ¢ x ;= then produces a pair of expressions, both of which must vanish separately
= (A0, —AL,) —(CL, —CF) (8.16)
0=g""g" (GZ,M = Glop) + o9 A (CLy = Cp) + foo" (977 AM — g"P A™) C, (817)

+ beEfdeaAbuAcuAﬁ + 4gu)\SkFauu

The next stage of the algorithm requires that we examine the effects of imposing semi-holonomy; for the
multivector field (8.13)), this implies we should set Cj;, = Aj, . With this, (8.16]) is rendered trivial, and (8.14)

reduces to Kf{ = L¥ | as expected. The first term of 1) is then combined with f; ¢ (g”PAb” — g“pAb”) Cr,
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to produce an object we shall denote g*¢*? F'% .. Finally, a number of the remaining terms vanish as a
result of antisymmetry, with the result that (8.17)) becomes
b A

0=g""g""F,, ,+ foc"g"P A}, + 4guns” F*M (8.18)
In the above, care has been taken to ensure that our notation for the velocity coordinates is merely reminiscent
of a partial derivative with respect to the spacetime coordinates. In particular, until we have examined the
integrability of our system, A7  # 0,A] and G}, # 0,0,A;. However, upon imposing the necessary
conditions for span (V) to define an involutive distribution, we may affirm that the multivector field X
possesses holonomic integral sections v : M — Q,eq, whose local coordinate expression is

0A°
0o = (o, 430, ot ), 5(2)) (5.19)

Only after introducing these integral sections may we identify A7 , with the familiar 9, A7. In light of this,
we now turn to an analysis of the integrability of X; the distribution formed by the V, will be involutive if,
and only if it is closed under the Lie bracket; however, since partial derivatives with respect to the spacetime
coordinates commute, involutivity is only guaranteed if [V},,V,] = 0 for all y,v = 0, ---,d — 1. Thus,
computing the Lie bracket, and demanding that the result be zero, we find that

G, -Gl =A2  —AS (8.20)

vuo puvo o,V o,V

This condition produces no inconsistencies for the coefficients of the multivector field, and so (8.14) and
(8.18) may be reexpressed as

Oust = "

9 v a Ab euv A papy (821)
” + foc P AL + AguasT FY =0
The first two terms of the second expression form the familiar covariant derivative (D, F*")®, whilst the
final term is a common feature of contact-reduced theories which we now explain. The scalar field ¢ is, in
the original theory, the generator of a transformation to which the equations of motion of the remaining
degrees of freedom are entirely insensitive. An observer internal to this system would be unable to detect
rescalings of ¢ via measurement of the quantities to which they have ontological access. This is precisely
the content of the discussion of the introduction, regarding the inaccessibility of changes in any degree of
freedom without which the algebra of dynamical observables still closes. While ¢ is a superfluous degree of
freedom, it still has a mathematical status within the original Lagrangian, coupling to the gauge-kinetic term
Tr (F,, F*). When we pass to a description which makes no reference to the dilaton, our theory becomes
action-dependent, and thus non-conservative in nature. This is made manifest by the final term on the LHS

of (E21).

IX. DYNAMICAL COUPLING PARAMETERS
A. Reduction of Coupled Hamiltonian Systems

In the previous section, we encountered a situation in which the closure of the algebra of dynamical observ-
ables was insensitive to the presence of the scalar field ¢. This may seem somewhat surprising, particularly
for theories in which dimensionful parameters are determined dynamically by the expectation values of scalar
fields. Let us assume, for the present discussion, that the expectation value (¢) determines some coupling
g. The value of g is not directly accessible, but must be deduced via comparison to a reference object that
we call measuring apparatusﬂ This is entirely analogous to how an object of length 1m is only known to
be such because its size is in a 1:1 ratio with that of a previously-standardised instrument. Consequently,
changes in (¢) are accompanied by simultaneous rescalings of the sensitivity of our apparatus, with which we

1 For the purposes of the present discussion, it suffices to consider ‘measuring apparatus’ in an abstract sense.
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would like to ascertain the value of g. It follows that the object responsible for these empirically-inaccessible
changes in g (i.e the field ¢) is redundant, from the perspective of the physical dynamics. This perspective
also suggests that, since parameter values are necessarily ascertained through use of measuring apparatus
that cannot be decoupled from the system to be measured, a scaling symmetry might also act on these
parameters. Until now, we have only considered the vector field generator to act on the coordinates of phase
space. However, the above line of argumentation is suggestive that we might consider an enlarged space
upon which scaling symmetries can act. At present, a discussion of these ideas has only been formulated
within the Hamiltonian description, while in the current work, we have favoured the Lagrangian perspective.
We shall therefore attempt to outline the relevant ideas of the contact Reduction of Hamiltonian systems,
referring to section (VI) of [7] for further details.

The Hamiltonian is a function H : J'E* — R, where J'E* denotes the multiphase space, upon which local
coordinates (adapted to our scaling symmetry discussion) read (ac“, P, 9%, pl, p’g) Here, the ¢ are unscaled
fields, and p# their corresponding momenta; note that, in stark contrast to more traditional approaches
to classical and quantum field theory, each field variable has d momenta - one for each value of u. Upon
making a Legendre transform of the Lagrangian L = e f(p,,, ¢, ¢;;) of section , we find that the scaling
symmetry vector field corresponding to ¥ = Ad, reads

0

D=2 w_ Y w
p Ve opf TPk

pY unscaled momenta (9.1)

This satisfies £pH = H and £pwh = wiy, in which wiy = dp A dpk + dé* A dp};, reminiscent of the familiar
symplectic form in local Darboux coordinates. The reduction is then carried out defining coordinates on
the reduced space, together with a multicontact Hamiltonian function. Letting 7 : J'E* — E.q denote the
projection to the reduced space E..q, we have

« Pl . 2 . He
w._ Fa w._ TP (A0 TTH oM —
TN = o T =, T H (P TIH, s*) = p (9.2)
The equations of motion for such a Hamiltonian read
o9  OH¢ optt OH¢ L OH® st L OH®
— a [ —_— — HC 9-3
oo Opf dar <a¢a e g o~ P 6:3)

This procedure is applicable to a broad class of Hamiltonian systems; however, there often arise situations
where the Hamiltonian comprises a number of pieces, each of which scales differently. Such a scenario
significantly impedes our ability to reduce the theory, and the present goal is to provide a generalisation of
the reduction framework, applicable to this particular type of theory. In order to make our discussion more
concrete, we consider a Hamiltonian H that is expressed as a sum H = Hy + ¢'H;, for scalar couplings ¢
(i=1,---,N, g' > 0). Here, following the definition of Hy is a degree-one Hamiltonian under ,
and we assume that the remaining H; are of degree A; # 1. It is the varied scaling behaviour of the H; that
obstructs the standard contact reduction procedure.

Let us temporarily limit ourselves to a single coupling, so that H = Hy + gH;, with £pHy = Hy and
LpHi = AHy, for Ay # 1. To make the contact reduction, we extend the configuration space from F
to E x R, introducing the coordinate X. On J'(E x R)", we acquire d new momenta P¥, so that our
coordinates become (z#, p, ¢, X, pit, pl;, PY).

The idea is now to assign the scalar coupling g to some power of the Lorentz-invariant contraction 7, Py P%.
In particular, since H; is of degree A, we make the replacement

1—A

1
g — (enuPyP%) 2

(9.4)
in which € = +, as befits the signature of 7,,. On the extended space, we introduce D := D + P)‘éap;, and
why == why + dX A dP%, writing the Hamiltonian as

— 1—A

H = Ho + (en,, PLPY) 2 H, (9.5)
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This construction guarantees that £5H = H, and Lswhy = @4, and so we may make a standard degree-one
symmetry reduction on J!'(E x R)*. Since H is independent of X, the field equations tell us that
9, P% = 0. This is a divergence-free condition, and does not imply that the P§ are constant. We therefore
introduce the following

X, (x) = 8, Px (x) (9.6)

where we have been deliberately insistent with the z dependence. This is necessary because Py are, in
general, coordinates on J*(E x R)*, and so have no z dependence. It is only on-shell, when we evaluate the
equations of motion along some local section i (x) = (x“, p(z), ¢%(x), X (x),ph(z), ph (2), P)’é(m)), that the
P acquire spacetime coordinate dependence. By introducing P in place of the constant coupling g, we
have effectively extended our theory, allowing for configurations not compatible with the original formulation.
This extension must be executed with some degree of care, however. In particular, the extended Hamiltonian
H is only well-defined when the quantity P% := 7,, P P¥% is greater than zero. Consequently, we restrict
attention to a single connected component of the extended space, which we take to be P, = {P% > 0},
excluding the singular locus P)% =0, and P_ := {P)% < 0}, where the construction breaks down. Moreover,
P appears in the extended symmetry generator D through the combination P)%@P;, so that its action is
given by scalings Py — APY, with A\ € R, It follows that the domain P, is preserved under the flow of D,
ensuring consistency of the reduction within this region.

Having extended the dynamical content of our theory, the function x,”(z) is precisely a measure of the
departure from the dynamics of the constant momentum sector. Clearly XMU(I) = 0 is a particular case
within a larger space of possibilities. By working with the larger space of theories, we have introduced
sufficient dynamical structure to make the contact reduction, but crucially, we retain the x,”(z) = 0 case as
a perfectly well-defined special instance, to which we are free to restrict ourselves post-reduction.

An additional observation we must make is that the contraction 7, P%P¥ is well-behaved only because
we are in flat Minkowski space, and Oxn,, = 0. When we pass to a general curved background, there
arise two possible scenarios. On the one hand, we could treat the metric g,, parametrically, as in the
Yang-Mills example. Alternatively, for a theory coupled to gravity, g, is a dynamical variable that features
in the variational calculation. In both cases, we must covariantise our expressions, replacing 0 — V. Thus,
X, () = V,P%(z), and then V) (g,, Py P¥) = 0.

All barred quantities, such as the Hamiltonian H and the modified scaling field 3, are defined on J! (E x R)"
(restricted, as we have stated above, to P, ), and this is the space upon which the reduction is realised.
From the extended configuration space E' X R, we eliminate p, but the momenta p/; remain, and become the
components s* of the action density. Let S denote the space obtained from the reduction of the extended
JY(E x R)*, and introduce the submersion 7 : J! (E x R)* — S. Define reduced-space coordinates as

_ vl _ ph B P
* . p *TIH - *TTH o X
Tt = THIE = ” T = o (9.7
with all field coordinates unchanged: 7*¢* = ¢®. The contact Hamiltonian we write as 7*H® := e P H,

where the bar on H¢ serves to remind us that we are still on the extended reduced space, and have not yet
reduced the number of degrees of freedom. The equations of motion are then deduced from H€¢ precisely
as in . Temporarily dropping submersions, we note that the vanishing of XMV(IE) may be expressed in
reduced-space coordinates as follows

Xu (z) = 0y (eP1l) = €” (pu x T+ a;LHX) =e’ (WHX + aHHX)

In the final equality, we have introduced the ‘contact y-function’. Clearly, we require that ¢y #”(m) = 0, since
e? # 0. Note that, contracting p and v, the vanishing of CXM“(QL‘) is fully consistent with the multicontact

equations of motion derived from H¢
OH*® G OH® ) OH¢

ro_ o TTM
8MHX == (8X + X asu - (9HH == HX 33#
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which is precisely the statement that CXM”(:L‘) =0.

The reader will have noticed that we have performed a contact reduction on the extended space J*(E x R)*.
While the number of degrees of freedom has certainly decreased with respect to this space, the same is
not true of the original multiphase space. That is to say, at present, the reduced space S is such that
dimS > dim J'E*. It therefore remains to be justified that we have in fact successfully reduced the
number of degrees of freedom of the original system. In order to be more concrete, the dimension of
the original multiphase space is dim J'E* = d + n(1 + d); for each coupling parameter g;, we introduce
one field variable X;, which is accompanied by d momenta P)’é Consequently, if we have N coupling
parameters, the dimension of the extended space J1(E x RV)* is d+n(1+d) + N(1+d). The contact reduc-
tion on the extended space then reduces this by one; however, we still have dim S —dim J!E* = N(1+d) —1.

The resolution of this apparent discrepancy lies in the fact that the additional degrees of freedom introduced
to make the reduction are largely redundant. In particular, S carries a natural R™V-action generated by the
vector fields V; := 7, 0x,, corresponding to translations in the X;. As well as this, while the contact momenta
H‘)‘Q themselves are not constant, we may construct Nd independent invariant quantities by taking ratios of
the components of the momenta. By restricting to a regular level-set of these invariants, and quotienting
out by the (free) RV-action, we remove precisely the excess N(1 + d) degrees of freedom. This gives a space
of dimension dim J'E* — 1, as expected for a contact reduction.

B. A Simple Example

In order to illustrate how this formalism is implemented in practice, we shall consider the example of two
scalar fields ¢ and v, with a quartic interaction term. We take the Lagrangian function to be

A
L= %n”“%qﬁu + %n”"%% - %mz (¢2 + w2) T (¢4 - ¢4) (9:8)

Introducing spherical polars ¢ = Rsinf and 1) = R cos#, we restrict to R > 0 for simplicity, which allows us
to parameterise R = e?/2, with which the Lagrangian becomes

1

1 A
L=c¢" {77*”’ <8pﬂpl, + 9#9,,) - 2m2] + Ie% cos 26 (9.9)

Note that the sign in front of the quartic interaction term has changed; this is due to the fact that we get
a (sin?@ — cos? ) = — cos26 term. It is then an easy exercise to calculate the momenta and pass to the
following Hamiltonian

1 1 A
H=e"nu, (ngpz + 2p‘;pZ) + §m26” - @62’) cos 20 (9.10)

From our discussion, it is clear we take

1

_ 1
Ho := e ", (2pﬁpz-+ QPZPZ) +-m®

1
P — 2p
5 e H, := 4!6 cos 20

so that H = Hy + AH1, with Ay = 2 under the obvious scaling symmetry

0 0 0]
= — n_____ 'ui
pM o + 1, " + Py 6p{j

(9.11)
Thus, we introduce (X, PY), and the exponent of the Lorentz-invariant contraction is (1 — Ay)/2 = —1/2.
Restricting to the domain {P% > 0}, so that our expressions are real and well-defined, the Hamiltonian
becomes

—1/2

1 1 PR P%
H=e"n., <2p‘p‘pZ + prZ) + —m?ef — —(77/\ %)

3 7 1 e cos 20 (9.12)
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The modified scaling vector field

- 0 0] 0 0
2:7 n_- n_= p#i
o +pp8pg +paapg + X Pt

(9.13)

is of degree one for H, as expected. Taking coordinates on the reduced space exactly as in (9.7)), the contact
Hamiltonian reads

—1/2
1 1 A TI
H¢ = Nuv <2$’MSV 2115115> *2 m2 — (TD\ X X)

41

cos 26 (9.14)

The equations of motion of the original multisymplectic Hamiltonian (9.10]) are

IS _ S BN 21
Oup = 4e”"nuup, Ouply = e Ny (pr;pp + ngpg) — §m2ep + Ze% cos 20 (9.15)
_ y 2\ .
0,0 = e nupy ouply = — 162’) sin 26

These must be replicated in the reduced system, upon restricting to a suitable regular level-set of the
invariants. The contact Hamiltonian equations that follow from (9.14) are

9 a']-_-[/\ e —1/2
Oub = 11y 0,11 = — ( (77A )Zi! X) sin 20 + 47, s" 11}
—3/2
(n)\UHé(Hg() n VHV L v
X = 2 K 5 X cos 20 o 05 = —dn,, I s (9.16)
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It is then a relatively straightforward (albeit lengthy) exercise to use the definitions of the contact momenta
II* to show that the dynamics of the original multisymplectic system is captured by the contact system.
This calculation is carried out after having restricted to a regular level-set of the invariants.

X. CONCLUSIONS AND OUTLOOK

Many of the most mathematically rich models in contemporary theoretical physics are characterised by the
presence of gauge symmetries, and are therefore described by singular Lagrangians. In this work, we have
shown that a broad class of such theories — namely, those admitting global scaling symmetries — may
be subjected to a contact reduction procedure analogous to that previously developed for regular systems.
A key aspect of this construction is the consistent treatment of degeneracies: we have demonstrated that
the associated constraint algorithm may be implemented either pre or post-reduction, with both procedures
leading to equivalent results. This compatibility reflects the fact that the constraint structure is insensitive
to the global scaling degree of freedom, and from a physical perspective, is unsurprising. Non-commutativity
of the processes of contact reduction and phase space restriction would be in direct contradiction of the
unobservability of changes in a variable that does not contribute to the closure of the algebra of the
ontologically-accessible degrees of freedom.

The reduction of singular field theories was illustrated through the example of an effective non-Abelian gauge
theory coupled to a dilaton-like scalar. It was observed that this field was redundant, and could therefore be
excised from our description. The superfluous nature of this degree of freedom was not in contradiction with
the notion that coupling parameters of a theory are often fixed by the expectation values of scalar fields.
Instead, we argued that the strength of an interaction is only meaningful relative to some choice of scale,
and that any operational procedure conducted with the aim of measuring the strength of such interactions
will be insensitive to a rescaling of their values. This is a direct consequence of the fact that the apparatus
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used is not separable from the system to be measured.

The framework presented throughout provides a systematic approach to the identification and subsequent
elimination of scaling degrees of freedom in singular (field) theories. This is particularly relevant in gravita-
tional contexts, where it is known that, upon expressing the spacetime metric as a product of a conformal
factor and a symmetric rank-two tensor of fixed determinant, the Einstein-Hilbert action possesses a scaling
symmetry, corresponding precisely to changes in the conformal factor [I3]. Our results suggest that it is
possible to eliminate this degree of freedom prior to implementing a constraint algorithm, thereby working
directly with a reduced ontology. This raises the possibility of reformulating gravitational dynamics without
explicit reference to scale. Such a description may prove highly advantageous, particularly in those regimes
in which the conventional formulation becomes singular, and therefore ceases to be predictive.

Finally, more work is required to consolidate a fully satisfactory field-theoretic implementation of the promo-
tion of coupling parameters to dynamical variables. Developing the prescription in the Lagrangian framework
would provide a means to analyse a much broader class of singular theories within a unified geometric setting.
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