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Abstract

Every Model of High-Level Computation (MHC) has an underlying composition mechanism
for combining simple computing devices into more complex ones. Composition can be done by
(explicitly or implicitly) defining control flow, data flow or any combination thereof. Control
flow specifies the order in which individual computations are activated, whereas data flow
defines how data is exchanged among them. Unfortunately, traditional MHCs either mix
data and control or only consider one dimension explicitly, which makes it difficult to reason
about data flow and control flow separately. Reasoning about these dimensions orthogonally
is a crucial desideratum for optimisation, maintainability and verification purposes. In this
paper, we introduce a novel MHC that explicitly treats data flow and control flow as separate
dimensions, while providing modularity. As the model is rooted in category theory, it provides
category-theoretic operations for compositionally constructing sequential, parallel, branching
or iterative composites. Compositionality entails that a composite exhibits the same properties
as its respective constituents, including separation of concerns and modularity. We conclude
the paper by demonstrating how our proposal can be used to model high-level computations
in two different application domains: software engineering and artificial intelligence.

1. Introduction

In the context of theoretical computer science, compositionality refers to the property of
Models of High-Level Computation (MHCs) that allows the inductive definition of complex
computing devices from simpler ones [1, 2, 3, 4]. MHCs raise the level of abstraction of their
classical, low-level counterpart (e.g., Turing Machines) by giving a birds-eye-view of multiple
interacting devices which can individually correspond to low- or even high-level computations
per se. As such devices are treated as black boxes, their internal details are irrelevant. What
matters is how to compose/glue them into high-level abstractions, e.g., a sequential process
to trigger the computation of devices A and B, in that order. Apart from moving up the
ladder of abstraction, another characteristic defining difference with respect to their classical
counterpart is that MHCs can be open in the sense they can compute on data streams coming
from the external world, which make them suitable to be useful in the actual construction or
simulation of complex computing systems [5]. Examples of MHCs include component models
[6], workflow languages [7] and process algebras [8].

When composition is done algebraically, the resulting computation structures (known as
composites) exhibit the same characteristics as their constituents [6]. Algebraic compositional-
ity can be realised by the composition of control flow [9] or data flow [10]. Control flow defines
the order in which individual computing devices are computed, whereas data flow defines how
data is passed among them. Traditionally, MHCs do not support algebraic composition and
they allow the definition of computations in which data follows control. This sort of coupling
makes it difficult (i) to (formally) reason about computation order and data production/con-
sumption separately and (ii) to explicitly distinguish between control and data dependencies
[11]. Consequently, it is hard to (1) verify these dimensions independently [12, 13], or (2) mod-
ify /optimise/transform control flow without affecting data flow (or vice versa) [14, 15]. As
separating control from data addresses (1) for increased reliability and (2) for enhanced main-
tenance, enabling such a separation within the foundational semantics of any MHC is a crucial



desideratum. Facilitating this in a compositional manner is far from trivial but it can provide
additional benefits such as modularity for reusing high-level computations at scale (i.e., func-
tional scalability [9]) and compositional verification towards soundness-by-construction [16].
For example, we can verify termination compositionally through the analysis of control flow
only, i.e., without considering data flow at all.

While control-based composition approaches define explicit control flow for the coordination
of computing devices, data-based composition defines implicit control in the collaborative
exchange of data [17]. Thus, the notion of control flow has higher precedence than that of
data flow because it is always present in any composition mechanism (and not the other way
round).! In fact, it is possible to compose complex computations by control flow only and
without the need of passing data at all (cf. actuator composition [18]).2 More generally,
in every model of computation, control flow is always present no matter if it is implicit or
explicit. For instance, a finite state automaton can describe the finite control of a Turing
machine when data is abstracted away. Here, control structures (e.g., sequencing, branching
or looping) are not explicitly given but they rather emerge from state transitions [3].

As control flow is ever present, we believe that the right way of constructing complex,
high-level computational behaviours is through a control-based composition mechanism that
does not neglect the role of data passing. Accordingly, in this paper we propose a model in
which fundamental units of composition (known as computons) are passive open systems able
to interact with their environment via an interface which consists of input and output ports.
As a port is a structural construct that can exclusively buffer either data or control, computons
exchange data and control separately. Our model is compositional in the sense computons
can be inductively composed into larger ones via well-defined control-based composition op-
erations. Such operations are rooted in category theory and allow the formal construction
of sequential, parallel, branching or iterative computons from simpler ones. As a result of
composition semantics, composites preserve the structure of the composed entities, so they
also separate data and control and their port-based interface is inductively constructed from
the composed computons. Remarkably, unlike existing compositional approaches, any two
computons can always be composed sequentially or in parallel, regardless of the data they
require or produce. Rather than focusing on specific operational semantics, the focus of this
paper is to provide formal category-theoretic operators, built upon colimit semantics, for the
compositional construction of computing devices (i.e., computons) that separate data flow and
control flow. Although different ways of expressing computon behaviour are possible, because
the model is independent of concrete execution semantics, in this paper we use the token game
from the theory of classical P/T Petri nets for this purpose, as shown in Figure 1.

Category-Theoretic
Computons Composition

Semantics

Operational
P/T Petri Nets
Semantics

Figure 1: This paper is primarily focused on (category-theoretic) composition semantics to study control-based
composition in its pure form, without adhering to specific execution details. Separating composition from
operation allows us to describe computon behaviour through different execution models. Although here we use
the well-known token game from classical P/T Petri nets, other formalisms can be used for the same purpose
such as natural semantics [20], small-step semantics [21] or even timed Petri nets [22], just to name a few.

LA potential explanation is that the notion of control flow is tightly linked to the arrow of time, whereas
data is just a piece of information that is sent from one place to another in some specific time-dependent order.

2Even if we argue that control is a piece of information/data, the act of sending it from one computing device
to another is still governed by the grandiose, apparently unavoidable, notion of control flow (cf. interleaving
semantics for global execution traces in concurrent systems [19]).



By focusing on the fundamentals of control-based composition while capturing the core
mechanisms that underlie all MHCs (i.e., control flow and data flow), the model we pro-
pose is intended to be a universal meta-framework for the formal reasoning of every possible
high-level computation. This generality, coupled with the fact that we do not subscribe to con-
crete execution semantics or implementation details, allows the model’s foundations to serve
as the basis for the future development of concrete specification languages, implementation
frameworks or even standard tools that can be used by software engineers to compositionally
construct complex software systems that exhibit separation of control and data flow. For
example, the proposed model can be implemented via the Alloy specification language [23] so
as to support model checking. If less assurances are preferred or visual modelling is required,
mainstream languages can be used instead such as Java or JavaScript.

Offering generality also enables the combination of distinct models of computation. For
example, the behaviour of a (non-composite) computon can be expressed as a Turing machine,
whereas the behaviour of another (non-composite) can be defined as a (typed) lambda ab-
straction. Then, using the proposed sequencing operator, we can form a composite computon
for executing the Turing machine before supplying its output to the lambda abstraction in
order to perform a reduction operation.? If a parallelising operator is used instead, then these
two computing devices can be triggered at the same time.

Apart from enabling generality, orthogonalising data and control and separating opera-
tional from composition semantics, our model facilitates modularity and encapsulation as a
result of realising compositionality. Encapsulation allows treating computons unifiedly, and
is realised by the fact that a composite defines explicit control and data flow structures that
can only be accessed through a well-defined interface. Thus, a computon can be perceived as
an encapsulated black-box that can only interact with other computons via its visible ports.
Hiding internal structure in this way enable us to build computons of considerable complexity.

As control is what governs computation, one of the primary objectives of the computon
model is to facilitate the compositional formation of explicit control flow structures. As such
structures are orthogonal to data, data flow can be “disregarded” to independently reasoning
about execution order, i.e., unlike models where control is implicit, execution order does not
need to be “discovered”. In Section 2, we formalise functors for this purpose, which can be
useful for static analysis or verification purposes.

The rest of the paper is structured as follows. Section 2 presents the definition of compu-
tons by treating them as set-valued functors in a category we introduce which we refer to as
the category of computons and computon morphisms. Although this paper is mainly focused
on the compositional construction of such entities and not on their operational semantics,
Section 3 discusses the notion of computon execution via the well-known token game that has
been used in the context of classical P/T Petri nets for many years. Sections 4 and 5 present
the most elementary classes of computons that serve as building blocks for constructing com-
plex composites. Section 6 describes formal category-theoretic operations to form sequential,
parallel, branching or iterative composites. Section 7 provides two applications of the pro-
posed model in the domains of software engineering and artificial intelligence, by discussing
compositional system construction and showing how the separation of control and data flow
can be exploited for model transformation purposes. Section 8 presents and analyses related
work, and Section 9 outlines the conclusions and future directions of our work. A mapping
from Petri net syntax to the graphical notation we use to represent computons is provided in
Appendix A.

30f course, in practice, the Turing machine’s output might need to be encoded to make it compatible
with the input expected by the lambda abstraction, either by a run-time environment or by introducing an
intermediate computon for doing the encoding.



2. Computons

Intuitively, a computon is a bipartite graph with two types of nodes: computation units
and ports.® A computation unit is a construct that receives information in ports, performs
some computation and produces new information in other ports. A port that is connected
between two computation units is known as internal port (or i-port), whereas a port that is
exclusively connected to or from a computation unit is called external (or e-port). As ports
and computation units are connected via edges, edges represent information flow ranging from
control signals to complex data values.’

The interface of a computon towards the outside world is determined by its collection
of e-ports each being an external control inport (ec-inport), an external control outport (ec-
outport), an external data inport (ed-inport) or an external data outport (ed-outport). An
ec-inport is where control flow originates, an ec-outport is where control flow terminates,
an ed-inport stores data coming from the external world whereas an ed-outport stores data
resulting from the computon’s operation. A port that is ec-inport and ec-outport is called
ec-inoutport. Similarly, if it is both ed-inport and ed-outport, it is called ed-inoutport.

Figure 2 presents the naming system we employ to derive port names where it is clear
that, just as there are ec-ports and ed-ports, there are also internal control ports (ic-ports)
and internal data ports (id-ports).

in — port
c /out — port

e T~
o inout — port
N in —— port
d (out — port
inout — port
¢c— port

i

™~ d ——— port

Figure 2: Taxonomy of port types. The letter e stands for external, ¢ for internal, ¢ for control and d for data.
External ports serve as inputs, outputs or both for facilitating interaction with the external world. Internal
ports lack this characteristic as they solely mediate communication within the internals of a computon. For the
sake of conciseness, we write dashes only after c or d, rather than writing them for each level of the hierarchy.
For example, the path e-c-out-port is abbreviated as ec-outport. In total, there are eight possible paths, i.e.,
eight possible port types.

The dichotomy between data and control in our proposal entails that a computon is a unit
of control-driven computation wherein control signals and data values travel independently
via edges. Ports are differentiated by colours which, in practice, can be abstract data types
such as the type of booleans or the type of integers. In this paper, in order to provide a
general “type distinction framework”, ports are deliberatively coloured with natural numbers.
Although non-concrete sets could be used in principle, N is particularly convenient because it
simplifies the presentation and interpretation of our approach by offering familiar, ready-to-
use elements (i.e., colours) that can later be associated with concrete types. For example, in
one type system, 2 may represent the type of booleans, 3 the type of floats and 4 the type of
strings; whereas in another system, such numbers may denote characters, strings and integers,
correspondingly. Such a description is straightforward precisely because we work with N; using
a fully abstract set would make this kind of explanations considerably less intuitive. In any
case, we require a designated colour for control ports so we use 0 for that purpose. Any other
natural number is used for data ports, as shown in Figure 3(a).

“The word computon derives from the Latin root for computation (i.e., computatio) and the Greek suffix
-on. In Physics, such a suffix is traditionally used to designate subatomic particle names [24].
5In the context of resource theories [25], data ports correspond to resource wires.



Syntazx | Colour Set | Incoming Edges | Outgoing Edges
ec-inport o {0} Never Always
ec-outport . {0} Always Never

Control
ec-inoutport o {0} Never Never
ic-port o {0} Always Always
control flow | ----
ed-inport o N+ Never Always
ed-outport . Nt Always Never
Data
ed-inoutport ° N+ Never Never
id-port o N+ Always Always
data flow —
(a) Syntax for ports and flows.
Syntaz
L1}
L1}
ni o
n2 o

Trivial Computon

F—>-m

n3 o——
A

ng o——|

Functional Computon

Fork Computon

o ->--
->--a
o ->--

F->--u

Join Computon

F->-m
n7y o—— ——e N9

ng o——j ——e MN10

Composite Computon

(b) Syntax for computons. Here, n1,...,n10 € Nt and the A-box and triangles denote computation units. The other
box corresponds to a composite computon whose internals depend on the composition operator being used. More details
on such operators are provided in Section 6.

Figure 3: Graphical syntax of the computon model.

A glance at Figure 3(a) reveals that control ports are associated with square shapes,
whereas data ports are displayed as circles. As control ports are always zero-labelled, we will
omit their colour for clarity purposes, and we just display the colour of data ports. Figure 3(a)
shows that e-inports and e-outports are depicted on white and black backgrounds, respectively.
As e-inoutports are a combination of e-inports and e-outports, their background is half black
and half white. It is important to mention that e-inports do not have any incoming edges
but just outgoing ones, while e-outports only have incoming edges. Ec-inoutports have no
edges at all and ic-ports have adjacent edges on both ends. So, even if they share the same
graphical representation, ic-ports and ec-inoutports can be distinguished by their connected
edges (the same is true for id-ports and ed-inoutports). We decide to use the same syntax for
them because, intuitively, both i-ports and e-inoutports receive and forward information.

Figure 3(b) displays the rest of the syntax we will be using throughout this paper to



discuss the computon model. We acknowledge that the semantics of these diagrams is not
obvious at this stage so we refer the reader to Sections 4, 5 and 6 for further details on this
matter. The use of boxed diagrams with port-based interfaces is getting increasingly popular
in the literature on compositionality. Like existing notations, our graphical syntax maintains
a clear distinction between computation units and ports, and differentiates between inputs
(i.e., e-inports), outputs (i.e., e-outports) and input-outputs (i.e., i-ports). The difference lies
in the support to distinguishing among different types of (high-level) computing devices which
we refer to as computons (viz., trivial, functional, fork, join and composites). Distinguishing
between them is of vital importance for immediately recognising individual computational be-
haviour while providing a clear visualisation of the structural parts of a composite. Structural
clarity would be less evident if all computon types used identical syntax.

Another key difference with respect to existing notations is that our syntax offers a clear
syntactic separation between control and data ports and between control and data flows;
thus, emphasising the explicit separation of control flow and data flow provided by our model.
Furthermore, we introduce syntactic constructs for expressing input-output ports that are
never connected to computation units, which we refer to as e-inoutports.

A glance at Figure 3(b) reveals that a collection of e-inoutports gives rise to what we
call trivial computons (see Section 4). This figure also shows that functional computons are
able to receive data and exactly one control signal before producing further data and a new
control signal (see Section 5). Figure 3(b) also shows that fork and join computons do not
require or produce any data, but just control (see Section 5). All these properties can be
immediately devised by just looking at our graphical syntax, without the need of delving into
formal definitions. Trivial, functional, fork and join computons can be used to form even more
complex entities which we refer to as composite computons (see Section 6).

Given the above reasons, we believe that our graphical syntax is more suitable than existing
ones for discussing compositional construction over a wide range of diverse computons that
explicitly separate control flow and data flow. Our syntax is indeed ready to be used by a
visual programming language built on top of the computon model theory, which we intend to
develop in the near future.

In Section 5, we will see that functional, fork and join computons belong to the class of
primitive computons. We say they are primitive because each of them captures a (potentially
low-level) computation in a single unit that can be composed into high-level computations
(i.e., composite computons) via the operators we propose in Section 6. Although different
operational rules can be given to computation units due to the separation of execution from
composition semantics, the expectation is that a unit must encapsulate a halting computation
that can only be triggered when all the unit’s e-inports have information. As a unit always
has at least one ec-inport and ed-inports are optional, execution is necessarily driven by
control. Upon termination, a unit must produce information in all its e-outports (which
always include ec-outports), no matter whether computation is functional or relational. This
operation strictly guarantees that composites do not diverge and that the intended semantics
of sequencing, parallelising, branching and iteration are consistently preserved. Although we
adhere to this strict operation scheme in Section 3, the computon model is flexible enough to
accommodate other execution semantics for additional features such as time, costs, weights,
pre-/post-conditions, probabilistic randomness or any combination thereof.

Regardless of the chosen operation scheme, the internal structure of a computation unit
must never be made visible from a high-level perspective, in order to support modularity of
primitive computons and, by extension, of the composite computons built upon them. Com-
position does not depend on such internal details, but only on defined interfaces. Computon
interfaces use natural numbers as an abstraction of data types to specify a contract that
tells what inputs to supply and what outputs to expect from computation, without exposing
internal workings such as internal control or data routing.

The way control and data are consumed within a computation unit depends on the concrete
interpretation given to computation units themselves. For example, if a unit is a Turing



machine for realising an n-ary computable function, the unit shall have at least one ec-inport
(for receiving control signals) and exactly n ed-inports (one for each argument). As previously
stated, even if all the ed-inports have data, it is expected that the unit will not be triggered
until receiving a control signal in each ec-inport. Once all e-inports have information, the
corresponding Turing machine can be executed on the n data inputs so input control signals
can be safely disregarded.® Upon termination, a control signal can be assigned to each unit’s
ec-outport to indicate that the machine’s computation has terminated and that output data
(stored in ed-outports) is ready to be consumed by other units.” Consumption order is dictated
by control flow within composite computons.

2.1. Formal Definition

Formally, a computon is a functor from Comp to Set (see Definition 1) where Set is the

category of finite sets and total functions and Comp is the free category generated by the

following diagram:®?

U/OKP%
A

which consists of five objects and twelve morphisms (including identity and composite
morphisms given by trivial paths and path concatenation, respectively).

by

Definition 1 (Computon). A computon A is a functor Comp — Set that maps:
o U to a (possibly empty) set A(U) of computation units,
o P to a (non-empty) set A\(P) of ports,
o O to a (possibly empty) set A(O) of edges,
o I to a (possibly empty) set A(I) of edges,
e X to a (non-empty) set A(X) C N of colours where 0 € A\(2),

o 0 to a surjective function A(o) : A(O) — A(U) that specifies the outgoing edges of each
computation unit,

o T to a surjective function A(7) : A({) = A(U) that specifies the incoming edges of each
computation unit,

o t to a function A(t) : A(O) — A(P) that specifies the incoming edges of each port,
e s to a function A(s) : A(I) — A(P) that specifies the outgoing edges of each port, and
e ¢ to a surjective function \(c) : A\(P) — A(X) that assigns to each port a colour

such that o [(.op)-1(0) Is surjective, T [(cos)-1(0) is surjective and there is:

5Recall that any Turing machine can use special delimiters in the tape to process multiple inputs.

"A Turing machine’s output can be read from the tape upon termination.

8Following the notation of function abstraction in Lambda Calculus, we use A to denote computons.

9Lifting conditions can be established to enforce (non-)emptiness, injectivity, surjectivity and even unique-
ness, among others. Although such constraints can be straightforwardly applied on Comp, we do not present
them for the clarity of argument. We simply assume that computons are well-defined if and only if the condi-
tions imposed by Definition 1 are met (e.g., the surjectivity of the colouring function). A similar approach has
been used in the context of databases for constraining database schemas [26].



o an identity function 1y, in Set for each object z of Comp,

» a composite function A\(g) o A(f) in Set for each pair (f, g) of composable morphisms in
Comp,

o at least one port p € [A(P) \ Im(A(s))] with A(c)(p) = 0 and
o at least one port ¢ € [A(P) \ Im(A(t))] with A(c)(g) = 0.

As a computon \ is a set-valued functor, it can be expressed in the form of a tuple
(U,P,1,0,%,0,71,t,8,¢). Without loss of generality, we took the liberty of simplifying the
expression in order to reduce clutter, e.g., we write U for A(U). For the rest of the paper,
the reader must bear in mind that each component of A is an actual set or a function, not an
object or a morphism in Comp. To distinguish between computons, we use natural numbers
as subscripts which carry over computon components. If the symbol for a computon has no
subscript, the computon components have no subscript either.

In Definition 1, we write o [(cop)-1(0) and T [(cos)-1(0) t0 express the restriction of the
functions ¢ and 7 to the fibers (cot)~1(0) and (co s)~1(0), respectively. The surjectivity
condition on these two functions ensures that every computation unit (if any) has at least
one incoming edge and at least one outgoing edge connected from and to a 0-coloured port,
respectively. As every function we deal with is total and o and 7 are surjective in general,
every edge always runs from a port to a computation unit or viceversa. That is, a computon
has neither dangling edges nor dangling computation units. When the set of units is empty,
a computon is necessarily made up of coloured ports only. In Section 4, we will see that such
a class of entities, referred to as trivial computons, is needed for the coherence of our theory.

Definition 2 (Computon Interface). The interface of a computon A towards the external world
is a tuple (P*, P7) where P := P\ I'm(t) is the set of e-inports of A and P~ := P\ Im(s)
is the set of e-outports of A\. A port p € Im(s) N Im(t) is called an i-port of A.

Notation 1. Given a computon A, CT denotes its set of ec-inports, C~ its set of ec-outports,
D7 its set of ed-inports and D~ its set of ed-outports. These sets are defined as follows:

C:={pe P |c(p) =0} with O e {+, -}
DY :={pe P |c(p) >0} with O € {+,—}

As the last two conditions of Definition 1 state that computons must have at least one
ec-inport and at least one ec-outport, it trivially follows that CT # () # C~. Data ports are
optional so DT and D~ can be empty. Fork computons are an example where D" =) = D~
Particularly, Figure 3(b) shows that they always possess only one element in Pt and exactly
two elements in P~. It also shows that this sort of computons have no i-ports either, i.e.,
Im(s) N Im(t) = (). For more technical details on fork computons, see Section 5.

Notice in Definition 2 that the sets P™ and P~ are not necessarily disjoint so a port
can be e-inport and e-outport at the same time. If p € CT N C~, then p is an ec-inoutport.
If pe DTN D™, it is an ed-inoutport. Figure 3(b) shows that trivial computons have all
e-inoutports, i.e., P = PT N P~. For more technical details on them, see Section 4.

In Figure 3(a), it is indicated that e-inports and e-outports only possess outgoing and
incoming edges, respectively. This property follows from Proposition 1. Using Definition 2,
it is easy to additionally show that e-inoutports have no edges at all and that i-ports have
both incoming and outgoing edges. Thus, even if ic-ports and ec-inoutports share the same
graphical representation, they can be distinguished by their connected edges, with the same
being true for id-ports with respect to id-inoutports.

Proposition 1. If \ is a computon, then P™\ P~ = P™ N Im(s)and P~ \ PT = P~ N Im(t).



Proof. Let p € PT\ P~ beaport ofacomputon A\. Then,p € PT\ P~ < pe PTAp¢ P~
< pe P A=(pe PAp¢g Im(s)) by Definition 2 < pe PT A(p¢ PV pe Im(s))

<= pe€ P" Ape Im(s) because p € P is always true <= p € P* N Im(s). The proof of
P~ \ Pt =P~ nIm(t) is completely analogous. O

As control ports and data ports are identified as separate entities, information movement
within a computon corresponds to either data flow or control flow. Particularly, we say that
any control port is connected to or from a computation unit via a control flow edge, whereas
a data port is connected analogously but with a data flow edge (see Definitions 3 and 4). The
collection of ports receiving information from a computation unit v and sending information
to u are denoted ue and eu, respectively. Similarly, ep and pe denote the source and target
computation units of a port p, respectively (see Definition 5). When there is information flow
from every e-inport or i-port to some e-outport, we say that the computon is connected (see
Definition 6).

Definition 3 (Information Flow). Given a computon A, let p € P and u € U. We say there
is information flow from p to u if there is an edge i € I such that s(i) = p and 7(i) = u.

This is denoted p - u. If there is an edge o € O with ¢(0) = u and t(0) = p, we say there

is information flow from w to p, written u = p. We use pp 3, pn to denote the existence

21 01 12 02 Ip—1 On—1
of p1 — up — ps — uy — -~ Up—1 > pp, for pi1,...,pn € P, oup,...,un1 € U,
01y...,0p-1€0,01,...,0p-1 €1 and n > 2.

Definition 4 (Control Flow and Data Flow Edges). Given a computon A and an edge
e € IUO, we say e represents control flow if ¢(s(e)) =0 or c(t(e)) = 0; otherwise, it rep-
resents data flow.

Definition 5 (Pre- and Post-Sets). For a computation unit v € U of a computon A, eu

and ue denote the sets {p € P | (i € I)(p > u)}and {p € P | (3o € O)(u > p)}, respectively.
Similarly, for a port p € P, ep and pe denote the sets {u € U | (3o € O)(u > p)} and

{uc U] (Fiel)(p>u)}, respectively.

Definition 6 (Connected Computon). We say that a computon A is connected if and only if
for each p € I'm(s) U P* there exists some q € P~ such that p 3 q holds.

A glance at Figure 3(b) reveals that functional computons satisfy Definition 6, whereas
trivial ones do not. In general, the existence of at least one e-inoutport implies that the
corresponding computon is not connected, as captured by the contrapositive of Proposition 2.
When a computon is connected, there always are computation units and there is information
flow from every e-outport or i-port to some e-inport (see Propositions 3 and 4).

Proposition 2. If \ is a connected computon, PT NP~ = (.

Proof. Assume for contradiction that A is connected with some p € P* N P~ so that p & I'm(t)

and p ¢ I'm(s). Using Definition 6, we know there must be some g € P~ where p EN q, i.e.,
s(p) =i for some i € I as per Definition 3. As this clearly contradicts p ¢ I'm(s), we conclude
pPtnpP=0. O

Proposition 3. Every connected computon has at least one computation unit.

Proof. Assume for contradiction ) is a connected computon with U = (), meaning o and 7 are
well-defined only if I = () = O. Since \ is connected, for each p € Im(s) U PT there is some

q € P~ for which p = ¢ holds.
o If p € I'm(s), there must be some i € I where s(i) = p; thereby, contradicting I = ().

e If p € P, we have two possibilities:



— There is some ¢ € I where s(i) = p which also contradicts I = ().

— There is no i € I where s(i) = p so there is no information flow from p to any other
port, including e-outports; thus, contradicting the fact that X\ is connected.

Therefore, we conclude U # (). O

Proposition 4. If ) is a connected computon, for each ¢ € P~ U I'm(t) there is a port p € P™
where p EN q.

Proof. If A is a connected computon with ¢ € P~ U Im(t), we know by Proposition 2 that
g€ P~ NPT cannot hold. So, if ¢ € P~, then ¢ ¢ P'; in other words, q ¢ I'm(s) and
q € Im(t). So, it suffices to show ¢ € I'm(t) only. For this, we perform the following recursive
procedure by initially considering the set V := {q} of visited ports:

As q € Im(t), there is some o € O where t(0) = q. Applying the surjectivity of o and 7

and the totality of s, we derive p = u 2 ¢ for some u € U, some i € I and some p € P\ V. If
p € PT, then the proof is complete. Otherwise, p € I'm(t) so we simply repeat this procedure
with V' U {p} in place of V' and p in place of q.

The above procedure will eventually terminate since the sets U, I, O and P are finite, and
because we use V' C P to explore new ports at each step. It is guaranteed that an e-inport
will be chosen for exploration at some point since every computon has at least one ec-inport
and there are no dangling computation units (see Definition 1). O

At this stage, we have provided sufficient details about the general structure of computons
by treating them as set-valued functors. Defining computons in this way gives rise to a functor
category which we refer to as SetC°™P.

2.2. The Category of Computons

SetC°™P g a category whose objects and morphisms are computons and computon mor-
phisms, respectively (see Definition 7).

Definition 7 (Computon morphism). If A\; and Ay are two computons, a computon mor-
phism «: A1 — Ao is a natural transformation whose components are the total functions
ay: Uy = Us, ap: PP = P, ap: O1 = O3, ar: I1 — Iy and ax: X1 < Yo such that the
diagrams of Figure 4 commute and i(a)Ud(e) € P U P . Here, i(a) and &(a) denote
{p1 € P1 | ea(p1) \ a(ep1) # 0} and {p1 € P1 | a(p1) @ \cw(p1®) # 0}, respectively.

t1

P 5 I — Uy 72— 0y L — P O
o R S S T
Py — Yo Iy —— Uz «5;— O2 Iy —= Py — 02

Figure 4: A computon morphism is a natural transformation a: A1 — Az.

Notation 2. To simplify notation when referring to the components of a computon morphism
a: A\ = Ag, we write a(u) for ay(u), a(p) for ap(p), a(o) for ap(o) and «a(i) for as(i). For
the rest of the paper, we also write a(A) to denote Im(ap|a)if A C P or Im(ayl|a) if A C Uy.
Likewise, we use a(B)~! to denote {p; € Py | a(p1) € B} if BC P, or {u1 € Uy | a(u1) € B}
if B C Us.

Remark 1. Naturally, composition of computon morphisms « and S is defined component-
wise:

(Bu, Bp, Br,Bo, Bx) o (ar, ap, g, o, axy) = (Bu o o, Bp o ap, Br o aur, Bo © o, P © ax)
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Figure 5(a) describes a computon morphism « from A; to A2. The top-level diamond
specifies that A1 has ports p; € P, and py € P; connected to and from a computation unit
uy € Uj through the edges i1 € I and 01 € Oy, respectively. Thereby, forming the information
flows p1 = u1 =% ps. As p; has no incoming edges and ps has no outgoing edges, we use
Definition 2 to deduce P;" := {p1} and P; := {p2}. Since both p; and py are zero-coloured
and they are the only ports in A;, we further deduce P = C}f, P, = C] and Df =0 = Dy
Therefore, by Definition 4, both 41 and 01 denote control flow. The top-level diagram of Figure
5(b) shows the graphical representation of A\; using computon syntax.'’

{o1}

o1 (01)2114 t1(01)=p2
c1(p1)=0

{u} {p1,po} 2222 (0

Tl(il)wk s1(i1)=p1

{ir}

A

o2 (Og)zug {027 03} to (02):p5
o2(03)=us t2(03)=ps

/;

{UQ,Ug} {p37p47p5}02(p43):»0{0} P4 [Ff?ffug/b;;
/ c2(pa)=0 3
T2 (i2)=u2 y s2(i2)=p3 c2(ps)=0
T2(i3)=us3 {ig, i3} s2(i3)=pa
(a) Using commutative diagrams. (b) Using computon syntax:

o Ec-inport = Ec-outport

-» - Control flow edge
Figure 5: Example of a computon morphism a: A\; — As.

The diamond at the bottom of Figure 5(a) specifies that Ao has ports ps € P, and p5 € P,
connected to and from a computation unit us € Us via the edges io € I and 09 € O, respec-
tively. This computon also includes the edge iz € I for connecting the port py € P> to a
computation unit ug € Us which, in turn, is connected to ps via the edge o3 € O3. Thereby,

forming the information flow pj3 2y g B D5 &g pg. Similar to A, we observe that
p3 and pg have no incoming edges and that ps has no outgoing edges. So, by Definition
2, Py :={p3,ps} and P, := {ps}. As all ports of \g are also zero-coloured, it follows that
P2+ = C’;, P, =C5 and D;r = () = D5 . By Definition 4, this means all the edges of A rep-
resent control flow. The bottom-level diagram of Figure 5(b) displays the graphical structure
of Ay through the use of computon syntax.

The components of the computon morphism «: A\ — Ay are displayed in gray on Figure
5(a), in order to distinguish them from the diamond diagrams that define computons. Figure
5(b) shows that this morphism maps the unique computation unit of A\; to wug, the sole ec-
inport of A\; to the ec-inport ps, the unique ec-outport of A\; to the unique ec-outport of A,
the edge i; to the edge i2 and the edge 01 to the edge oo. This mapping is sound since it
ensures the diagrams of Figure 5(a) commute, meaning that the structure of A; is preserved
within Ag.

Observe in Ao that us and us are the only computation units connected to ps so that

10Recall that ports are coloured with natural numbers and edges are not coloured at all. The diagram on
the right-hand side of Figure 5 just displays port and flow labels for illustrative purposes. For now, we just
display computation units as labels but, in upcoming sections, we will use specific syntax to distinguish among
different types of such units.
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ops = {u2,us} by Definition 5. Considering ap(p2) = ps, as shown in Figure 5(a), we have
ops = {ug,us} = eap(pz). A further inspection of Figure 5(a) reveals that the set of all
computation units mapped from wu; is {ug} because ay(u;) = ug is the only mapping given
by ay, ie., ay({u1}) = Im(ay |{u,}) = {u2}, according to Notation 2. Definition 5 allows
us to deduce {u;} = epy because w; is the only computation unit connected to ps. So,
ay({ur}) = Im(ay |(u,}) = {u2} = av(ep2). As eap(p2) \ av(ep2) = {uz,us} \ {ua} # 0, we
use Definition 7 to conclude py € i(). Basically, i() denotes the set ports in A; that are
mapped to ports in Ay connected to computation units not included in the a-embedding (in
this case, u3). The set d(«) is similar but contains Aj-ports that are mapped to Ag-ports con-
nected to computation units excluded from the a-embedding. As we did to verify ps € Z(oz),

we can show d(a) = ) in our example. This is because the information flow p; 2 ur 25 po of

A1 is entirely inserted into the information flow ps -2 ug —2» ps of A9, and there are no flows
of the form p3 — u or ps — u in As.

The example we just described allows us to intuitively perceive a computon morphism
as an embedding (or an insertion) of a computon into a (potentially more complex) one,
while preserving ports (with their respective colours, incoming edges and outgoing edges) and
computation units (with their respective incoming and outgoing edges). As a result of this
preservation, an e-inport is mapped to an e-inport or an i-port (e.g., ap(p1) = ps € Py in
Figure 5) — see Propositions 5, 6 and 7. Similarly, an e-outport is mapped to an e-outport
or an i-port (e.g., ap(p2) =ps € Py in Figure 5) — see Propositions 5, 6 and 7. While a
computon morphism can map external ports to internal ones, the latter can never be mapped
to external ports due to the commutative diagrams presented in Figure 4.

Proposition 5. If a: A\; — Az is a computon morphism, o~ (P,f) C P;" and = 1(P; ) C Py .

Proof. By letting a: Ay = Ao be a computon morphism, we only prove ofl(PQ+ ) C P1+ by
contrapositive, since the proof of a=*(P, ) C P; is completely analogous.

If p; € P\ P, then (Jo; € O1)[t1(01) = p1] (see Definition 2). By commutativity, we
know t2(a(01)) = a(t1(01)) = a(p1) which implies a(p;) ¢ Py (see Definition 2) and, conse-
quently, p1 ¢ o~ }(P;"). As the implication p; ¢ P;t = p1 ¢ o 1(Py") is logically equivalent
topr € a”H(Py) = p1 € P{, we conclude a~(Py") C P;", as required. O

Proposition 6. If a: \; — A2 is a computon morphism, P; N Z(a) =) = o }(P) =P
and P; Nd(a) =0 = o (Py) =Py .

Proof. Let a: A1 — X2 be a computon morphism and assume Pfr N f(a) = (). This assump-
tion says that if p; € P;" then p; ¢ i(c) so that ea(py)\ c(epy) = 0 which is true when
ea(p1) = a(ep1). As ep; =0 because p; € P;", we have ea(p;) =0 = a(ep;). The fact
ea(p1) = 0 implies a(p1) € Py, ie., p1 € a ' (Py). Thus, proving P;” C a~}(P)). Since
a~1(P) C P also holds by Proposition 5, we conclude P;" Ni(a) = = o~ (Pyf) = P,

The proof of P Nd(a) =0 = a~'(P;) = P, follows analogously. O

Proposition 7. If A\; is a connected computon and a: A\; — A9 is a computon morphism,
(P Nila)) U (P Nala)) € a~ (Im(tz) N Im(s2)).

Proof. Let a: A\ — A2 be a computon morphism from a connected computon A\; to an ar-
bitrary computon Xg. If p; € P;” Ni(a), then there is some ug € e (p1) \ a(ep1). By Def-
inition 5, there must also be some 0y € Oy where 03(02) = ug and t2(02) = a(py). That is,
a(pr) € Im(ta).

Now, since A1 is a connected computon and p; € Pfr , there is some 47 € I and some
uy € Uy where p; - u; holds (see Definition 6 and Proposition 3). By commutativity and
because s1(i1) = p1, s2(a(i1)) = a(s1(i1)) = a(p1). That is, a(p1) € Im(s2).

As having a(p1) € Im(t2) N Im(sz) implies p1 € o~ (Im(t2) N Im(sz)), we have just proved
P Ni(a) € a'(Im(ty) N Im(sz)). The proof of P Nd(a) € o~ (Im(ta) N Im(sy)) is com-
pletely analogous. O
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2.3. Colimits in the Category of Computons

Although computons are set-valued functors, general colimits in Set©°™P do not always
exist because morphisms need to satisfy the special conditions imposed by Definition 7 and
there are no initial objects, i.e., SetC°™P is not cocomplete. When colimits exist, they are
canonically computed component-wise in Set so they constitute formal category-theoretic
operations to glue multiple computons together, according to the instructions given by the
morphisms of a certain diagram. For example, a pushout construction glues computons by
identifying their common parts in the form of an apexr computon. This notion is formalised in
Definition 8.

Definition 8 (Pushout Construction). Given a span A\ S X 2 Ay of computon mor-
phisms, the pushout of the corresponding diagram in SetComp.

Ao

N

)\1 >\2

AN
A3

denoted (51: A1 = A3, A3, B2: A2 = A3) or A +), A2, is obtained by computing the pushout
in Set of each individual computon component, except 3 which simply is the union of 3; and
Yot

P3 =P +p, P2
Us = Uy +y, U
Is=1 +p, I2
O3 = 01 +0, O2
Y3 =321 U9

with 73, 03, s3, t3 and c3 being defined in the obvious way:
T3: I1 +1y Io = Uy +y, U2

o3: 01 +0, O2 — Uy +y, Uz
s3: 11 41 I2 — Py +p, P
t3: O1 +0, O2 — P1 +p, P»
c3: PL+p, Pr— X1 4y, 22

Unfortunately, a pushout operation cannot be computed for every span of computon mor-
phisms. To understand why, let us recall that Definition 7 enforces a computon morphism to
insert a computon into another only at the boundaries, so that computons can only “interact”
through their e-ports. Four examples of valid computon morphisms are depicted in Figure
6(a).

Figure 6(b) shows that, unfortunately, defining a span of valid computon morphisms is
not sufficient to compute a pushout in SetCompP. A pushout only exists for spans that adhere
to Definition 9.

Definition 9 (Pushable Span). A span \; SL X 25 Ay of computon morphisms is pushable
if a1 (i(az2)) Uai(d(az)) € PF U P and as(i(ar)) Uas(d(al)) € Py U Py .

Basically, Definition 9 says that a span A\; <= \g — Ay of computon morphisms is push-
able when, for every port p € Py, the following holds:

13



R - - > - S a - O--%--U4- - -1

< A O - > - -U5— — > — 4k - > 2
R a7 R a7
S us- S ur-
(a) The pushout can be computed because (b) The pushout cannot be computed because o1 and ag do
a1 and ag form a pushable span. not form a pushable span.

—*- Control flow edge o0 Ec-inport m Ec-outport b Ic-port

Figure 6: An example to illustrate the semantics of a pushable span of computon morphisms.

1. If ay(p) is connected to/from a computation unit of A; that does not form part of the
a1-embedding, then as(p) must be either e-inport or e-outport in \o.

2. If ay(p) is connected to/from a computation unit of Ag that does not form part of the
ag-embedding, then aq(p) must be either e-inport or e-outport in \;p.

To understand these conditions, consider the span formed by a; and ay in Figure 6(a),
which embeds the apex computon into the parts highlighted in gray. Here, a; maps the e-
inport pg of the apex to the e-inport of the left leg. As the e-inport of the left leg is connected
to the computation unit ue, which does not form part of the a;-embedding, it follows that
po € 0(a1) (see Definition 7). According to the Condition 1 presented above, as(pp) must
be either e-inport or e-outport. As in this case ag(pp) is indeed an e-inport and the other
conditions of Definition 9 are analogously satisfied, we conclude that our span is pushable.

Figure 6(b) presents a counterexample in which s does not map the e-inport of the
apex computon to an external port of the right leg but to an i-port that lies between the
computation units uz and ug. As pg € 0(a) and aa(po) is neither e-inport nor e-outport, we
have that the Condition 1 presented above is not satisfied. Hence, the span from Figure 6(b),
although valid, is not pushable.

In particular, the pushout of such a span cannot be computed because the induced com-
puton morphism S violates Definition 7, i.e., aa(po) € 0(B2) but aa(pg) is neither e-inport
nor e-outport. The fact a pushout construction can only be computed for pushable spans
(see Proposition 8) entails that SetC°MP does not have all pushouts. Nevertheless, when
such a construction exists for a span whose legs are connected computons, the result of the
corresponding operation is a connected computon (see Proposition 9).

Proposition 8. Let a1: A\p — A1 and aa: A\g — Az be two computon morphisms. The pushout
of oy and g exists <= A\ <+ A0 22y \g is pushable.

Proof. (=) Assuming that the pushout (51: A1 — A3, A3, f2: A2 — A3) of a;: Ag — Aj and
a2: Ao — A exists in Set €™ we just prove oy (i(az)) € P;” U Py since the other conditions
of Definition 9 follow analogously.

Supposing there is some p; € a;(i(az)) \ (P;F U P, we know there is a port py € i(ay)
where aq(pg) = p1. As the pushout (51, A3, 52) exists in SetC°™P  the equation 8 (a1(po)) =
Bi(p1) = Ba(az(po)) holds. Since pg € i(an), there is some uy € eaa(po) \ aa(epg) so that
Bi(p1) = Balaa(po)) € Ba(uz)e. As pr ¢ PFU P, p1 ¢ i(B1) (see Definition 7), meaning that
there is some wuj € ep; where fi(u1) = Ba2(u2). Using commutativity, we deduce the ex-
istence of ug € Uy such that aj(ug) =wu; and ag(ug) = ug. As this contradicts the fact
uy € eaz(po) \ ca(epp), we conclude o (i(aw)) € P U Py .

(=) Assuming \; <% \g 22 )y is a pushable span of computon morphisms (as per
Definition 9), we prove that the pushout (81: A1 = A3, A3, B2: A2 = A3) of oy and ay can be

14



constructed via Definition 8. For this, we first prove that 8; and 2 are computon morphisms.
Below we provide the proof for £; only, since the other is completely analogous.

As Set has all pushouts, the existence of each component of 51 and (2 can be directly
deduced. For example, the [i-component embedding ports of P into P3 exists because
P3 = P; +p, P, can always be computed in Set. Consequently, the equations 3; o ¢c; = c3 0 f3;,
Biom =130, Biooy =030, Biosy =s300; and B; 0ty =t30f; hold for i = 1,2 (see
the commutative diagrams of Definition 7).

For the ¥-component of §; to be an inclusion (as required by Definition 7), we simply
choose the canonical function f:X; — X UXs given by f(z) =z for all x € ¥;. We now
show (1) Ud(B1) € P;" U P[ holds.

If p1 € i(B1) then oB1(p1) \ Bi(ep1) # 0 so there exists some uz € B3 (p1) \ f1(ep1) and
no u; € ep; where f1(u1) =us. Since Us = U +y, Uz (by Definition 8), there must be
some ug € Uy where B2(u2) = us € of31(p1) \ S1(ep1) and, consequently, some o3 € O3 where
Ba(uz) 22 B1(p1) (see Definition 5). As thereisno oy € Oy satisfying B1(o1(01)) = 03(B81(01)) =
o3(03) = us because there is no w; € Uy satisfying 51(u1) = us, O3 = O1 +0, O2 implies

that there must be some o9 € O for which f2(02) = 03 is true. As fa(ug) M B1(p1)
holds, we use the commutativity property to deduce the existence of py € P> such that
B2(p2) = P1(p1) and uz € opa. As [a(p2) = Si(p1) and Ps = Py +p, P>, we use again com-
mutativity to deduce there also is a port py € Py with aq(pg) = p1 and az(py) = p2 so that
uz € eaa(pg). Since Us = Uy 4y, Us and (Fur € U1)[B1(u1) = uz = Ba(uz)], we have that there
is no ug € Uy where ao(ug) = ug. That is, ug ¢ as(epg) because epy C Uy. Thus, it is true
that uy € eaa(pg) \ ca(epg) and, therefore, that py € 7(a) (see Definition 7).

Since o (i(an)) € P;" U P; (by Definition 9) and py € i(az) (by the above), we have
a1(po) = p1 € P U P . A similar approach can be used to show that ¢; € 6(f1) implies
q1 € PFUP;. So, i(B1)Ud(B1) € PruU Py,

Having proved (1 is a computon morphism, we now assume y;: Ay — Ag and y2: Ao = Mg
are computon morphisms with 1 o a3 = 79 0 g, in order to show there is a unique computon
morphism ~3: A3 — A4 such that the corresponding diagram commutes. As it is obvious that
the Y-component of 3 is an inclusion function because the Y-components of 5; and ~; also
are (for i = 1,2) and because X3 = %, U ¥y, we just prove i(v3) Ud(y3) C P3" U Py .

Let p3 € i(73) so ey3(p3) \ v3(eps) # 0. As Py = Py +p, Py, we observe p3 = f3;(p;) for
some p; € P; with j = 1,2. With this in mind, we perform the following operations:

0 # oy3(ps) \ y3(ep3) = ®13(B;(p;)) \ 13(98;(p;))
= o;(pj) \ 13(*B3;(p;)) because y3 0 Bj = ;
C o7;(ps) \ 3(B;(ep;)) because 3;(ep;) C o8;(p;)
= o7;(pj) \ 7j(*p;) because 3 o 3; = 7;

By the above, we deduce p; € ;(*yj) and, consequently, p; € Pj+ U Pj_ (because v; is a compu-
ton morphism with 7(7;) C P;r U P;” — see Definition 7). Using the facts p3 = 3;(p;) € i(y3)
and p; € PjJr U P;, we further deduce 3; Y(ps) € Pf U P; . Hence, p3 € P;" U P; by Propo-
sition 5. The proof of g3 € 6(v3) = g3 € P;" U Py is completely analogous.

As the ¥-component of 3 is an inclusion function and i(y3)Ud(y3) € Psf UP; , we conclude
that 3 is a computon morphism. Such a morphism is unique because each of its components
are unique (by the fact that a pushout in Set satisfies the universal property). O

Proposition 9. Let \; <X Ao 22 )y be a pushable span of computon morphisms. If A\; and
Ao are connected computons, then the pushout of oy and «» is a connected computon.

Proof. Let A\; <= \g =2 Xy be a pushable span of computon morphisms and assume \; and
A2 are connected computons. By Proposition 8, (51: A1 — Az, Az, f2: A2 — A3) can be con-
structed from o7 and as.
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To prove A3 is a connected computon, let p3 € I'm(s3) U P3+ . Since P3 = Py +p, P, we
know ps is identified with a port from (1) A, (2) A2 or (3) both. Before considering these
three scenarios, let V; be a sequence of visited e-outports of \; for i € {1,2}. The sequence V;
is initially empty and is iteratively updated through the following process.

1. If ps is exclusively identified with a port from Aj, i.e., there is a port p; € P; where
B1(p1) = p3, we have that p; € P, cannot hold because:

o If B1(p1) = p3 € Im(s3), then there is some i3 € I3 where s3(i3) = B1(p1) = p3. As
there is no iy € I} with s1(i1) = p1 because p; € Py, Is = I +1, I implies there
must be some iy € I5 for which §3(i2) = i3 holds. By the totality of s9, there must
also be some py € Py where sy(i2) = p2. Using the commutative equations derived
from P2, we obtain: [a(sa(iz)) = s3(B2(i2)) = s3(iz) = B1(p1) = ps which violates
our assumption that ps is exclusively identified with a Aj-port.

o If B1(p1) = p3 € P;, we use Proposition 5 to deduce p; € P;". As Proposition 2

says P;" N P[ = because \; is connected, we have that p; € P;" N P, cannot
hold.

Now, if p; ¢ P, , then there is some i; € I; where s1(i1) = p1, i.e., p1 € Im(s1), meaning
p1 3 q1 must hold for some q; € P, with ($k)[Vi[k] = ¢1] (because \; is a connected
computon). By the commutativity property of 1, 51(p1) EN B1(q1) must also hold. We

now append (q1) to V7 and consider the following two cases:

e (1(q1) € Py when there is no pp € P, such that 51(q1) = B2(p2) (i-e., f1(q1) is exclu-
sively identified with a Aj-port) or when f;(q;) is identified only with e-outports
of Xa. As Bi(p1) = p3 € Im(s3) U P5" and B1(q1) € Py, A3 must be a connected
computon.

e 51(q1) ¢ Py when there is some py € P\ Py with £1(¢q1) = B2(p2). As Ag is a

connected computon, po 3 g2 for some g2 € P, and, therefore, B2(p2) 3 B2(q2)
must also hold by the commutativity property of 3. Considering (51(p1) = p3

and B1(q1) = B2(p2), we have p3 3, B2(p2) 3, B2(q2). If Ba(ge) € P5, then A3 is a
connected computon. If not, perform 1, 2 or 3, whichever holds for f2(g2).
2. The proof when p3 is exclusively identified with a Ag-port is symmetric to that of (1).
3. The port ps is identified with a port from both A\; and Ao, i.e., ps = B1(p1) = P2(p2)
for some p; € P; and some py € P,. In this case, if p; € Im(s1) U P, there is some
q1 € Py for which p; 2 g1 and (PK)[V1[k] = q1] because \; is a connected computon;
consequently, we append (g1) to V; and infer 51 (p1) 3, B1(q1) from the commutativity
property of 1. If ps € Im(s2) U Py, there is some go € P; such that (Ak)[Va[k] = g2
and po 3, g2 because A9 is a connected computon; hence, we append (g2) to V5 and infer
Ba2(p2) EN B2(q2) from the commutativity property of .
Now, perform the following check nondeterministically for each j = 1,2: If 8;(p;) EN B(q;)
and f;(g;) € P5 , there is information flow from ps = f1(p1) = B2(p2) to an e-outport of

A3, meaning A3 is a connected computon. If 3;(p;) 3 Bj(q;) and S;(q;) ¢ Ps , perform
1, 2 or 3, whichever holds for 3;(g;).

Checking from 1 to 3 is an iterative process which is repeated until yielding ps ENRRREN qs3
for the initial ps and some g3 € P; . Termination is guaranteed because (i) the number of
ports, edges and computation units of A3 is finite; (ii) V; contains all the visited e-outports of
Ai so each iteration extends the information flow pipeline to a new e-outport; and (iii) A\; and
Ao are both connected computons. As the iterative process will eventually devise information
flow from p3 to an e-outport of A3, we conclude A3 must be a connected computon. O
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Pushouts are not the only colimits that can be computed in Set®°™P. Another useful
operation for describing our theory of computons is that of coproduct which intuitively allows
the definition of a side-by-side computon. As per Proposition 10, this operation can always be
computed in SetC°™P g0 that such a category has all coproducts. Computing the coproduct
of two connected computons results in another connected computon, as shown in Proposition
11.

Proposition 10. The coproduct A; + A of computons A\; and Ay always exists in SetCo™P.
Proof. The coproduct A3z of a computon A; and a computon Ay, written A\ + As, is obtained
by computing the following in Set: Ps =Py + P>, U3 =U; + Us, I3 =11 + 15, O3 = O1 + O>
and X3 = X1 U 9. Particularly, the operation to obtain >3 can always be computed since
the cospan X1 < X1 U Xy <= Xy of unique inclusion functions always exists in Set (because
31,39 C N). This operation also satisfies the universal property in the sense that, for any
set ¥4 C N with inclusions ¥ < Y4 and X9 < ¥4, there is a unique inclusion X1 U X9 < 4.
Consequently, the function c3 is canonically identified with the mapping P; + P> — X1 U X9
which is surjective by the fact (Vj € {1,2})(Vp € P;)(3'z € ¥;)[cj(p) = «]. All the func-
tions of As, including c3, are defined in the obvious way to make the corresponding squares
(B1o01)(o1) if o3 = B1(01) for some o1 € Oy
(B2 002)(02) if 03 = PB2(02) for some 02 € Oo
where (Bi: A\ — Mg is the canonical injection into the coproduct As.

The existence of each component of S follows directly from the fact that Set has all co-
products. Particularly, the ¥-component of 5 is the unique inclusion ¥ < 1 U 39 while the
others are obvious morphisms of the form A; — A; + As such as Uy, — Uy + Us. Computing
Us as the disjoint union of Uy and Uy implies (8;) U 6(Bx) = 0 C PruP; .

As the coproduct of each component of A3 is computed in Set and Set has all coproducts,
it is true that coproduct in SetC°™P satisfies the universal property. This means that, if there
is a computon A4 with morphisms v;: A1 — A4 and v2: Ao — A4, there is a unique morphism
v3: A3 — A4 such that y30 81 =1 and 3 0 B2 = 2. As the Y-components of 41 and 79 are
both inclusion functions it is easy to see that the ¥-component of 3 is the unique inclusion
>3 < 34. The other components of 3 are given in the obvious way. For example:

commute. For example: Yos € O3, 03(03) = {

~v1(p1) if ps = B1(p1) for some p; € Py

Vps € P3,v3(p3) = { )
v2(p2) if ps = Pa(p2) for some py € Py

To meet the rest of the requirements of Definition 7 for 3, we just now have to prove
i(v3) Ud(y3) € P U Py . Below we provide the proof of i(y3) € Pt U Py since the other is
completely arialogous.

Let p3 € i(y3) so ey3(p3) \ v3(ep3) #0. As Py = Py + P>, we observe that p3 = f,(pn)
for some p, € P, (n=1,2). Using a similar reasoning as the proof of Proposition 8, we
deduce p, € Z(vn) which implies p, € P, U P, because 7, is a computon morphism with
i(ym) € P UP; (see Definition 7). As i(8,) Ud(Bn) = 0, P, Ni(8y) =0 = P, N&(B,) and,
consequently, 8,1 (P;) = PF and 8,1 (P;) = P, (see Proposition 6). That is, p,, € P,” U P,

<= pp € B, 1(P;7) U B, H(P;). Using the fact p3 = B, (pn), we conclude p3 € P UP; . [
Proposition 11. The coproduct of two connected computons is a connected computon.

Proof. By Proposition 10, we know the coproduct A3 of connected computons A\; and \g exists.
To prove A3 is also connected, consider a port ps € I'm(s3) U PS’L which is necessarily identified
with a port from either A\; or Ay by the definition of coproduct. Assuming ps = Si(p) for some
p € P, and k € {1,2}, we prove by cases:

o If p3 € Im(s3), there is some i3 € I3 where s3(iz) = p3 = Bx(p). By commutativity,
there also is some i € I}, for which By (i) = i3 and sg(i) = p, i.e., p € Im(sg). As A\ is a
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connected computon, p EN q holds for some ¢ € P, (see Definition 6). Again, by com-

mutativity, Bk (p) 3 Br(q) so that ps 3 Br(q). Using coproduct definition and ¢ € P, ,
we deduce Bi(q) € P5 .

o« If p3 € P3Jr , then p € P,j by Proposition 5. As Ag is a connected computon, we have
some g € P, for which p EN q. Hence, Si(p) 2, Br(q) by commutativity and, therefore,
3 EN Br(q). Using coproduct definition and ¢ € P, , we deduce fi(q) € P5 .

Having information flow from an arbitrary port in Im(s3) U Py to an e-outport of A3 entails
that A3 is a connected computon. ]

2.4. Control Flow and Data Flow Structures

The control flow structure of a computon can be expressed as an object in the category of
directed labelled graphs and graph homomorphisms, Set®*, which is formalised below.

Definition 10. Let Gr be the category freely generated by the following diagram:

E=—=V 1> 1
i

which gives rise to the functor category Set®* of directed labelled graphs and graph homo-
morphisms [27]. In this category, composition is defined component-wise and the components
of every identity morphism are all identity functions (which map domain elements to them-
selves). Even though a directed labelled graph G is a functor Gr — Set, we simplify notation
by writing V' for the set G(V') of vertices, E for the set G(E) of edges and L for the set G(L)
of labels. We similarly write § for the source function G(3), ¢ for the target function G(#) and
[ for the labelling function G(I). Whenever there is a subindex for a graph, we use the same
subindex for its components, e.g., Vi for G;. The notation § and # is used to avoid confusion
with the s and ¢ functions of a computon A.

As the control flow structure of a computon is an object in Set®T, we refer to it as a
Control Flow Graph (CFG) which is constructed via the application of the functor described
in Definition 11.

Definition 11 (Computon CFG). The functor €: SetC°™P _; SetST maps each computon
A to its underlying CFG %(\) as follows:

o The set V of vertices of €(\) is UU{p € P | ¢(p) = 0}.
o The set E of edges of €'(\) is {i € I | ¢(s(i)) =0} U{o € O | ¢(t(0)) = 0}.
o The set L of labels of ' ()) is {0, x}.

s(e) ifeel

o The source function §: E — V of €()) is given by s(e) =
ole) ifeeO

tle) ifecO

o The target function t: E — V of €()\) is given by t(e) = )
T(e) ifeel

clv) ifveP
K ifoelU

The labelling function [: V' — L of €'()\) is given by [(v) = {
For a computon morphism a: A\; — Ag, there is a graph homomorphism €' («): €' (A1) — € (A2)
such that:

ay(v) ifvel;

o ¢(a)y: Vi — Vais given by €(a)y(v) = {a (0) ifveP
P 1
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ar(e) ifeely

« ¥ : B — Es is gi by € =
(Oé)E 1 2 1s given Dy (a)E(e) {ao(e) if e € Oy
axp(z) ifred;

K otherwise

o €(a)r: L1 — Ly is given by € (a)r(x) = {

Definition 11 indicates that a computon CFG is obtained by just considering control flow
edges, control ports and computation units, while ignoring data elements. As computation
units are not labelled within computons, all of them take the constant label x in the corre-
sponding CFG. The construction given by Definition 11 is functorial in the sense &€ preserves
the structure of Set©°™P  including composition and identities (see Proposition 12).

Proposition 12. The process of building a computon CFG is functorial, i.e., % is a functor.

Proof. Given Definition 11, we first prove that, for every computon morphism a: A\; — Ag,
C(a): €(\1) — €()2) is a graph homomorphism that preserves labels and oriented incidence.
To verify this, we show that the following diagram commutes:

B —= Vi — Ly
t1
on [¢@v e
By — = Vo —— Ly
ia 2
For our proof, we simplify notation by omitting the («) part of a ¢’ («)-component; for example,

we write € for € (a)p. We only verify the equation lp03820%r = €1 0lj 05 since the equation
lyotyo%br =% oly oty can be showed analogously. By letting e € E;, we have two cases:

1. e€ Iy:
l2(52(%E(e))) = l2(S2(ar(e))) by the definition of €' («)p and considering e € I;

= la(s2(as(e))) by the definition of §5 and considering a;(e) € Iy
= las(ap(si(e))) because sy o0 ar = apos;
= co(ap(s1(e))) by the definition of Iy and considering ap(si(e)) € Py
= ax(ci1(s1(e))) because ca0oap =axocy
= €L(c1(s1(e))) by the definition of € (a)r, and considering c;(s1(e)) € £y
=%r(li(s1(e))) Dby the definition of [; and considering s;(e) € Py
= %1(11(51(e))) by the definition of 57 and considering e € I

2. e€ 01

12(52(€r(e))) = l2(52(ap(e))) by the definition of € (a)r and considering e € O
= la(o2(ap(e))) by the definition of §3 and considering ap(e) € O
=K by the definition of ls and considering o2(ap(e)) € Us
= %L(K) by the definition of €7, and considering x € L \ 31
=%r(l1(o1(e))) Dby the definition of /1 and considering o1(e) € Uy
= %L(l1(51(e))) by the definition of § and considering e € Oy

As the above diagram commutes, it follows that & («) preserves labels, sources and targets.
To verify ¢ preserves identities, we have to show ¢'(15) = lg(y) for any computon A, which
is trivially true since both identity computon morphisms and identity graph homomorphisms
are built upon identity functions. Considering the computon morphisms aj: A\; — Ay and
a2: Ay — A3, we now show that composition is preserved too.
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If v € V1, then either v € Uy or v € P;. We only prove the first case since the proof of the
other is symmetric:

C(azoar)y(v) = (a

s0a1)y(v) by the definition of € (a9 o a1)y and considering v € Uy

= ag(ai(v)) by Notation 2
= (% (az)y o 041)( ) by the definition of € (asg)y and considering a;(v) € Uy
= (% (a2)y 0 €(a1)y)(v) by the definition of € (a1)y and considering v € Uy

A similar approach can be used to show € (agoa1)p = € (a2)p o€ (a1)p and €(agoaq)r =
€ (a2) o€ (1)L, 80 € (a20a1) = € (a2) 0% (o) in general. As € preserves structure, identities
and composition (the proof of associativity of composition is similar to the above), we conclude
that the construction presented in Definition 11 is functorial. ]

Interestingly, the control flow structure of any computon can always be embodied by some
other computon; thus, giving rise to the endofunctor described in Definition 12.

Definition 12 (Control Flow Endofunctor). The endofunctor &: SetC°™P — SetC°™P maps
a computon A to a computon () as follows:

o The set (U) of computation units is U,

o The set &(O) of edges is given by {o € O | ¢(t(0))

Il
(@)
—

(
(
o The set &(I) of edges is given by {i € I | ¢(s(i)) = 0},
o The set &(P) of ports is given by {p € P | ¢(p) = 0},
o The set &(X) of colours is {0},

o The function €(o) is given by o [¢(0),

o The function &(t) is given by ¢ [¢(0),

o The function &(7) is given by 7 [¢(1),

o The function €(s) is given by s [¢(7) and

o The function €(c) is given by ¢ [¢(p).-

Given a computon morphism a: A\ — Ao, the components of €(a): E(A1) — E(\y) are defined
as follows:

« Ea)u: E(U1) = €(Us) by €(a)y = av,

Jo: €(01) = €(02) by E(a)o = ao le(0,)
a)r: €(I1) — €(I2) by €(a)r = ar )
a)p: €(P) — €(P) by €(a)p = ap [¢p,), and
o Ela)n: €(X1) — €(X2) by €(a)y = ax [¢z))-

Remark 2. A glance at Definition 12 reveals that a computon &(\): Comp — Set is a
subfunctor of its source computon A: Comp — Set. That is, there exists a natural transfor-
mation &(A) — X\ whose components are monic.

20



Although the structure of any computon can be expressed as another in terms of computa-
tion units and control flow/ports only, connectivity is not always preserved by the construction
presented in Definition 12. As an example, consider the computon A displayed in Figure 7(a),
which clearly is connected because there is a sequence of information flows from each ec-inport
to the only ec-outport. Figure 7(b) shows the resulting object &(\) which, although valid,
does not satisfy Definition 6. This follows from the fact that the upper ec-inport does not
have any sequence of information flows that can take it to the only ec-outport.!

(a) A connected computon A. (b) Computon &(A) which, evidently, is not connected.

- >- Control flow edge o Ec-inport m Ec-outport o Ic-port —— Data flow edge o Id-port

Figure 7: An example to show that the endofunctor € does not preserve connectivity in general. Like in Figure
5, for now we just display computation units as labels. In upcoming sections, we will use specific syntax to
distinguish among different types of units. We use opacity to illustrate the mapping done by € and, thereby,
highlighting that the data elements of A\ are “forgotten” in &()\).

Despite not preserving connectivity, € retains all control ports and computation units,
together with their flow adjacency and port colouring. More generally speaking, such end-
ofunctor is functorial because it preserves the structure of Set®°™P_ including composition
and identities. Checking functoriality can be trivially done in a similar manner as the proof
of Proposition 12. We just need to check that the objects and morphisms in the image of &
are indeed computons and computon morphisms in the sense of Definitions 1 and 7. For this,
we have Propositions 13 and 14.

Proposition 13. If X is a computon, then €(\) is also a computon.

Proof. By Definitions 1 and 12, it is clear that &(\) must have a (possibly empty) set €(U)
of computation units, a non-empty set €(P) of ports, a possibly empty set &(O) of outgoing
edges, a possibly empty set €(I) of incoming edges and a non-empty set €(X) = {0} C N of
colours. As €(s) = s [¢(r) and s is total (by Definitions 12 and 1), €(s) is a total function.
Analogously, &(t), (o) and &(7) are total too.

To show &(7) is surjective in addition, simply use Definition 12 and the fiber of cos
over 0 to derive &(7) =7 [¢()= T [ficl|e(s(i)=0}= T l(cos)~1(0)- AS T [(cos)-1(0) 15 necessarily
surjective according to Definition 1, it follows that &(7) also is. An analogous approach can
prove surjectivity for &(o). Since €(c)(p) =0 for all p € &(P), it is obvious &(c) is total
surjective.

Now, if we consider an arbitrary unit u € (U), there must be some i € €(I) because
&(7) is onto, i.e., i € {j € I | ¢(s(j)) = 0} as per Definition 12. By noticing s [¢(1) and ¢ [¢(p)
respectively map input flows to control ports and control ports to 0, we deduce ¢ [¢(p) ©5 [¢(1)
must map input flows to 0. In other words, i € (¢ [¢(p) 05 [@([))*1(0) or, in line with Definition
12, i € (&(c) o &(s))~1(0). Hence, €(7) [(&(c)oe(s))~1(0) 1S @ surjective function.

Finally, to show &()\) has at least one ec-inport and at least one ec-outport, let ¢ € P+
with ¢(q) = 0 (i.e., ¢ € €(P)) and consider ¢ € Pt = ¢ ¢ Im(t) = q ¢ Im(&(t)) =
q € €(P)*. Since q € (P)* and €(c)(q) = ¢(q) =0, ¢ must be an ec-inport of E(\). An
analogous reasoning can additionally show that €(\) has at least one ec-outport.

Having satisfied all the conditions from Definition 1, we conclude &()\) is a well-formed
computon. ]

"Erom the example presented in Figure 7, we can observe that the endofunctor € could be useful to detect
potential non-termination. Our concept of termination is formalised in Section 3.
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Proposition 14. If a: \; — Ay is a computon morphism, then &(a): E(A1) — E(A\2) is a
computon morphism.

Proof. Assuming a : A — Ay is a computon morphism, we first check 7(€(a)) U 0(€(a))
¢(P))t U &(P)~. For this, let p € i(€(a)) U G(E(a)) so that e&(a)(p) \ €(a)(ep) # 0
E(a)(p) o \E(a)(pe) # 0. By Definition 12, we have €(«)(p) = a(p) because p € E(P;). So
ea(p) \ a(ep) # 0 or a(p) @ \a(pe) # 0. Using Definitions 7 and 2, p € i(a) U d(e)
p € PFUP sop ¢ Im(t) or p ¢ Im(s1). As €(t1) = t1 l¢0,) and €(s1) = s1 [e(n),
p & Im(E(t1)) or p & Im(€(s1)). Hence, p € E(P)T UE(Py)™.

Now, notice ar, ap, ap and o are necessarily total functions by Definition 7. As €(a)y =
ay, €(a)p = ap [gp), €(a)o = ao [eo0,) and €(a)r = as [¢(r,), we use the definition of
function restriction to deduce &(a)y, &(a)p, €(a)o and E(a)r must be total too. As E(a)x
is necessarily a function {0} — {0} given by 0 — 0 (see Definition 12), &(«)y is trivially an
inclusion. Therefore, we conclude €(«) satisfies all the conditions from Definition 7, i.e., €(«)
is a computon morphism. O

e IN

I

Unfortunately, the data flow structure of a computon cannot be fully embodied by an-
other computon, since Definition 1 enforces objects in SetComP {4 always have control ports.
Nevertheless, such a structure can still be presented as a Data Flow Graph (DFG) which is
just a directed labelled graph obtained via the application of the functor from Definition 13.
Again, as computation units are not labelled within computons, all of them take the constant
label k in the corresponding DFG.

Definition 13 (Computon DFG). The functor Z: Set“°™P — Set®" maps a computon A
to its underlying DFG Z(\) as follows:

o The set V of vertices of Z(\) is given by UU {p € P | ¢(p) > 0}.
o The set E of edges of Z()\) is given by {i € I | ¢(s(i)) > 0} U{o € O] ¢(t(0)) > 0}.
o The set L of labels of () is given by ¥ U {x}.

s(e) ifeel

o The source function §: E — V of Z()\) is given by §(e) = ]
ole) ifeeO

g Y t ifeec O
o The target function t: E — V of Z()\) is given by t(e) = (e) 1 e
T(e) ifeel
ifveP
o The labelling function [: V' — L of 2(\) is given by l(v) = c(v) 1 v
K itvelU

For a computon morphism a: A\; — Ag, we define the components of the corresponding graph
homomorphism Z(a): Z(A1) — Z()\2) as follows:

ay(v) ifvely

o D(a)y: Vi = Vo by Z(a)y(v) = {ap(v) ifoe P,
. D(@)p: By — By by F(a)s(e) = {Z;(fj) o

ifzeX
e 92(a): L1 — Ly by Z(a)p(z) 1
otherwise

I
—N—
x 9

\gl
8
~—
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Definition 13 indicates that a computon DFG Z()\) is constructed in a similar fashion as
its counterpart. The only difference is that, rather than considering control elements, Z(\)
considers data ports, data flows and computation units only. That is, Definitions 11 and 13
just differ in how vertices, edges and labels are constructed. By Proposition 15, Definition 13
also yields a functorial construction.

Proposition 15. The process of building a computon DFG is functorial, i.e., & is a functor.

Proof. Definitions 11 and 13 define the labelling, source and target functions in the same way.
Similarly, the components of a graph homomorphism are defined analogously. Therefore, the
proof of this proposition is similar to that of Proposition 12. O

3. Operational Semantics

The operational behaviour of a computon can be described via token game semantics be-
cause the structure of a computon can be expressed as a classical P/T Petri net (S, T, in, out)
where S is a set of places, T is a set of transitions and in, out : T — S are functions assigning
to each transition its corresponding pre- and post-set.'?> Here, S® denotes the free commuta-
tive monoid generated by S. As each element of S? is a formal finite linear combination with
natural number coefficients, @& denotes addition of linear combinations. Given this notion,
Definition 14 formalises the category of Petri nets.

Definition 14 (Category of Petri Nets). Petri is the category of Petri nets, where each
morphism f : (S1,71,in1, outy) — (S2, T, ine, outy) consists of a total function fr: Ty — Th
and a monoid homomorphism f& : SiB — SS9 that make the following diagram commute:

Ty s SY
outy
fTJ/ lf ®
ino S
T2 outo ’ 52

As it is a sound category, Petri satisfies the identity law and is closed under associative compo-
sition (which is defined component-wise) [29]. For monoidal structure preservation, f® leaves
the identity fixed while respecting addition of linear combinations. This homomorphism, which
is the unique extension of a function f: S7 — Ss, is given by f@(@sesl nss) = Dges, Msf(S)
where ng € N denotes the multiplicity of a place s € S;. In other words, f® respects the
combinatorial structure of S7 in Ss.

Using Definition 14, we now specify a functor to map each computon to its underlying
Petri net, i.e., we provide operational semantics for computons in the theory of classical Petri
nets.

Definition 15 (Computons as Petri Nets). The functor A : Set€°™P — Petri sends any
computon A to its underlying Petri net A/(\) such that:

o N()) has the set P of ports as its set of places.
o N()) has the set U of computation units as its set of transitions.

e The pre-set function in : U — P® is given by in(u) = @ 1p for all w € U.

pEeu

e The post-set function out : U — P? is given by out(u) = @ 1p for all w € U.

pEUe

2In this paper, we use the term classical (P/T) Petri net to refer to a categorical Petri net, which are
equivalent in expressive power [28].
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On mappings, A takes a computon morphism « : A\; — Ay to a net morphism NV («a) : N'(\1) —
N(X2) as follows:

e N(a)r:U; — Us is a function given by N(a)r(u) = ay(u) for all uw € Uy, and

o N(a)®: P? — Ps’ is a monoid homomorphism which leaves the identity fixed and re-
spects the monoid operation & such that, for every combination p; @ --- @ p,, given by
Py, we have N (a)®(p1 @ -~ @ pn) = ap(p1) ® -~ & ap(pn).

Here, for j = 1,2 we clearly abuse notation by the use of U; and Pj@ to respectively denote
the set of transitions of A/(\;) and the free commutative monoid on N (\;)-places.

A glance at Definition 15 reveals that the functor A preserves the structure of the cate-
gory of computons in Petri, including composition of computon morphisms, the identity law
and associativity of composition. The functoriality of A can be trivially checked by noticing
that a net morphism N («) is completely built upon the U- and P-components of a computon
morphism «, and that a Petri net A'()\) includes all the ports (i.e., places) and computation
units (i.e., transitions) from A. Particularly, the pre- and post-set functions of A'()\) only
consider unitary coefficients with no repeated places. So, there is a one-to-one correspondence
between the input places of a transition v and the ports in eu, and between the output places
of u and the ports in ue (see Definition 5). That is, the pre- and post-set of u can directly
be treated as sets of places rather than bags. This formalisation can be done without any
consequences since multiplicity of inputs/outputs is explicitly specified in a computon, as a
result of operating directly on individual port elements and individual edges. Controlling mul-
tiplicity outside Petri nets is an example of how composition semantics can dictate operational
aspects. Although we decide to use Petri nets because they fit naturally with the structure of
computons, other formalisms can be used to specify operational semantics for computons (e.g.,
timed Petri nets [22]).!3 This flexibility is due to the separation of structure/composition (in
computons) from operation (in P/T Petri nets in our case).

Although the categorical structure of Set©°™P is totally preserved in Petri, the structure
of individual objects (computons) is not fully preserved because port colouring is not taken
into account. Despite of forgetting port colouring, control and data flow is implicit in the
underlying net of any computon. To explicitly present control flow as a net, the proof of
Proposition 16 says we can construct a functor from A that does not operate on the whole
category of computons but on the image of the endofunctor & from Definition 12.

Proposition 16. There is a composite functor C o & : SetC°™P — Petri to present the con-
trol flow structure of any computon as a Petri net.

Proof. The image €(Set©°™P) of the category SetC°™P under the endofunctor € is triv-
ially a full subcategory of Set®°™P (see Definition 12). Then, there is an obvious functor
C : &(Set®°™P) _; Petri given by the restriction of N to &(Set®™P). That is, C uses
the mapping from Definition 15 to send the control flow structure &(\) of a computon
A to a Petri net C(€(\)) and a computon morphism E(A;) — &(A\2) to a net morphism
C(E(M)) = C(E(M)).

Evidently, the composite functor C o & : SetC°™P — Petri is well-defined because the im-
age of € is the domain of C. O

Unfortunately, presenting the data flow structure of a computon as a net cannot be done
as elegantly as we did for Proposition 16, since computons always require control ports and,
therefore, there is no way of solely representing data flow in the form of a computon. Despite
of this, Proposition 17 shows that data flow can indeed be presented as a net through a
functorial construction akin to Definition 15.

13A same computon can behave differently depending on the chosen operational semantics.
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Proposition 17. There is a functor D : Set®°™P — Petri to present the data flow structure
of any computon as a Petri net.

Proof. Proving this proposition requires the construction of a functor D : SetC°™P — Petri
which, given a computon A, defines a Petri net D(\) as follows:

o D(M\) has {p € P|c(p) > 0} asits set S of places, i.e., S® is the free commutative monoid
on the set of data ports of A.

e D(A) has the set U of computation units as its set of transitions.
o The pre-set function in : U — S% is given by in(u) = @,ceuns 1p for all u € U,
+ The post-set function out : U — S is given by out(u) = @)c eng 1p for all u € U.

On mappings, the functor D takes each computon morphism « : A1 = A2 to a net morphism
D(a) : D(A1) — D(Ag) as follows:

o D(a)r : Uy — Us is a function given by D(a)r(u) = ay(u) for all u € Uy, and

e D(a)?:S7 — S5 is a monoid homomorphism which leaves the identity fixed and re-
spects the monoid operation @ such that, for every combination p; @ --- ® p, given by
ST, we have D(a)®(p1 @ -+ ® pp) = ap(p1) & - & ap(pn).

Here, for j = 1,2 we clearly abuse notation by the use of U; and Sj@ to respectively denote
the set of transitions of D();) and the free commutative monoid on D(\;)-places.

Consider the net morphism D(«) : D(A1) — D(\2) and without loss of generality assume
up € Uy is a transition of D(A1) where ini(u1) =p1 @ --- ®p,. As each p; € eu; NS has a

unitary coefficient and occurs only once, we can treat p; @ --- @ p,, and the set {p1,...,pn}
interchangeably. Leveraging {pi,...,pn} C euj, we use the commutativity property of « to
deduce ay(uy) € Uz and {ap(p1),...,ap(py)} C eay(ur). With this in mind, we now prove

D(a)® oing = ing o D(a)r:

D(a)®(in1(u1)) = D(@)®(p1 @ --- ® p,) since ing(u1) =p1 © - D py
=ap(p1) ® - ®ap(p,) by the definition of D(a)®
={ap(p1),...,ap(p,)} treating the combination as a set (see above)

C eay(uq) by the commutativity of a (see above)

Having {ap(p1),...,ap(pn)} C eay(uq) allows us to use Definition 5 to deduce ap(p;) € P>
and (3i € Iy)[ap(p;) = ay(ug)] for all j=1,...,n. Since c1(p;) > 0 because p; € S1, the
colour preservation of a says co(ap(pj)) > Oforallj =1,...,n,ie, {ap(p1),...,ap(pn)} C So.
Hence:

{ap(P1),...,ap(pn)} = ap(p1) & - D ap(p,) treating the set as a combination
=ing(ay(ui)) because {ap(p1),...,ap(pn)} C eay(ui) NSy
=ingo(D(a)r(u1)) by the definition of D(a)r

Thus, showing D(a)§ oiny = ing o D(a)r in general. Since the proof of D(a)§ o out; =
outy o D(a)r is completely analogous, we conclude that the functor D preserves transi-
tions (i.e., computation units) and place adjacency (i.e., data port adjacency). To check
D also preserves composition, it suffices to observe that the T-component of a net mor-
phism D(«) corresponds to ay and that the other component is entirely built upon ap.
Therefore, D(az 0 a1) = D(a2) o D(ap) for any pair of computon morphisms aj : A\j — Ao
and ag : A2 = A3. As 1Ip(y,) 0 D(a) = D(a) = D(a) o Ip(y,) holds component-wise, the iden-
tity law also follows trivially.
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For transitions, associativity of composition holds because associativity is satisfied in
SetC°™P and the T-component of a net morphism corresponds to the U-component of a
computon morphism. We just need to verify associativity for the corresponding monoid homo-
morphism by considering the net morphisms D(a1) : D(A1) — D(A2), D(az) : D(A2) — D(A3)
and D(a3) : D(\2) — D(A3). Assuming q; @ --- @ ¢, is a linear combination from S, we
obtain:

D(as)?[(D(e2)® o D(a1)¥) (1 & -+ @ )]
=D(a3)?[(D(ag 0 al) (1@ D am)] by composition preservation
—D(a3)®[(a2 oa1)(q) @ @ (g 0a1)(gn)] by the definition of D(ag o ay)®

=as[(az01)(q1)] @ @ as[(ae 0 a1)(gm)] by the definition of D(a3z)?

=(ag o a)[a1(q1)] ® - ® (ag o ag)[a1(gm)] by associativity of computon morphisms
Wlai(q) @@ al(qm)] by the definition of D(a3 o ag)®

VP [D(ay)® (q1 DD am)] by the definition of D(ay)?

=[D(a3)?® o DP(a2)][D(a1)® (q1 @---dqp) by composition preservation

=D(a3 0 s

=D(ag o ay

Thus, showing D(as3)® o [D(ag)® o D(a1)?] = [D(a3)® o DP(as)] o D(a1)® and, hence, demon-
strating that the construction given by D is indeed functorial. That is, D preserves the
structure of data ports (i.e., places) and computation units (i.e., transitions) together with
identities and composition, while satisfying associativity of composition. Thus, we conclude
D is a sound categorical construction to faithfully present the data flow structure of any
computon as a Petri net. ]

Definition 15 together with Propositions 16 and 17 constitute three alternative ways of
studying information flow within a computon in the theory of classical P/T Petri nets. The
former allows us to describe both control flow and data flow as a net, whereas the second
and third one serve to respectively present control flow and data flow.' In any case, a net’s
behaviour corresponds to the classical token game:

1. A transition u is enabled at some state if and only if each input place of u has at least
one token. This rule is a consequence of having a unitary coefficient for each element of
in(u) and is applicable to a net under N, C o € or D.

2. If u is enabled at some state, then it fires to reach a new state in which u consumes
exactly one token from each corresponding input place and produces exactly one token in
each corresponding output place. Token consumption and token production are unitary
because all the elements of in(u) and out(u) have unitary coefficients. This rule is
applicable to a net under N, Co € or D.

In the context of Petri nets, a state is just a distribution of tokens over places given by a
marking function, as formalised in Definition 16.

Definition 16 (State of a Net). The state of a Petri net (S, T, in, out) at some point in time
is a marking function M: S — N which assigns zero or more tokens to each place. We say
M is initial if M (p) > 0 for every input place p € S and M (q) = 0 for every non-input place
g € S. Dually, M is final when M (r) > 0 for every output place r € S and M (s) = 0 for every
non-output place s € S. We write M; and My for the initial and final states, respectively.

As the functors N, C o € and D map to Petri nets, Definition 16 can be used to determine
the state of computon nets at some point in time. Passing from one marking to another
constitutes an evolution of states in which control and/or data flow occurs implicitly. This

1 Although N defines execution semantics that include data flow, one might prefer to use the composite
functor C o € to exclusively model execution since it is well known that control flow comprehensively captures
computational behaviour.
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operational aspect is a consequence of deriving a net from the category of computons which
explicitly indicate which ports store control and which ones buffer data. Particularly, for nets
under N, if a computation unit u has m control ports and n data ports connected to it,
the corresponding transition will have m input places to buffer incoming control and n input
places to store incoming data. Consequently, by Rule 1, u will fire with m “control tokens”
and n “data tokens”. Assuming u has j control ports and k data ports connected from it, Rule
2 says u must produce j “control tokens” and k “data tokens” upon firing. We use quotation
marks to indicate token colouring is implicitly defined in a computon’s net. '°

Apart from controlling multiplicity of places and token colouring, separating composition
from operation allows us to dictate crucial execution aspects by construction. For instance,
connected computons provide their underlying nets with enhanced coverability for better
reachability analysis. Evidently, by Propositions 9 and 11, this advantage extends to pushouts
and coproducts, respectively.

As there is a path from every input place to some output place in the net of a connected
computon (under N or Co &), a state marking all the input places of such a net has an option
to reach a state marking all the corresponding output places (in which no further transitions
can fire). Although this provides connected computons with a weak potential to complete,
there is no guarantee all execution paths will lead to successful completion. For stronger
termination guarantees, we need to verify additional properties such as deadlock-freedom. In
Section 6, we demonstrate how this additional operational aspect can be statically enforced
by our composition operators, i.e., from the (structural) composition dimension and without
any domain knowledge. Our precise notion of deadlock-freedom is formalised in Definition 17.

Definition 17 (Deadlock-Freedom). A Petri net is deadlock-free if, for every marking state
M reachable from M; with M # My, there exists some enabled transition at M.

Remark 3. Recall that the reachability relation on Petri net markings satisfies the reflexive
property. So, every marking is trivially reachable from itself by zero transition firings.

Remark 4. By Definition 16, a final state M does not enable any transitions. Consequently,
if the condition M # M; were removed from Definition 17, the net corresponding to a ter-
minating computon would necessarily exhibit deadlocks. Although M; would constitute a
deadlock state under a classical notion of deadlock-freedom, Definition 17 does not classify it
as such since our goal is to prevent unwanted blocking during execution only. Similar notions
of deadlock-freedom have been adopted in other works [7, 30].

Remark 5. In Section 6, we are interested in verifying deadlock-freedom only for nets that
have an initial and a final state in the sense of Definition 17. As Definition 1 enforces compu-
tons to have ec-inports and ec-outports, nets under N or Co € satisfy these two conditions. For
D-nets, we only check deadlock-freedom when such conditions are satisfied. This is because
some of them do not necessarily have input and output places (to buffer data) by the fact
Definition 1 does not require computons to have ed-inports or ed-outports.

Enforcing deadlock-freedom at the level of composition semantics contributes towards sat-
isfying termination-by-construction and, hence, to building large-scale complex systems with
predictable behaviour and enhanced reliability. Having a weak option to complete together
with deadlock-freedom constitute necessary conditions for termination in some cases, but they
are not sufficient in general. Hence, it is important to reasoning about other crucial opera-
tional properties such as livelocks and boundedness. Given the compositional nature of the
proposed model, such additional assurances can be verified compositionally using existing
Petri net tools.

15Computon nets do not explicitly colour places or tokens to distinguish between control and data. However,
if token/port colouring is explicitly needed, one can define functors from Set©°™P to the category of coloured
Petri nets.
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Although this paper is primarily focused on the static (structural) dimension given by
composition, this section briefly discussed how operational aspects (i.e., dynamics) can be
dictated by construction. As our main focus is composition, we did not discuss algebraic
operations on Petri nets (e.g., refinement). Petri nets just serve as a medium to express
computon behaviour. Our overarching tenet is that operations for manipulating behaviour
must be realised at the composition-level and then propagated to the operational-level through
the functors we propose in this section. In Section 6, we further discuss how execution can be
dictated by construction. In the future, we plan to study additional advantages derived from
the separation of composition from operation such as using formalisms beyond Petri nets to
describe and analyse computon behaviour. Using functors on Petri to endow computons with
execution semantics entails that all the theory of categorical Petri nets [31] is applicable to
our work.

In the future, we intend to explore computon processes in more detail, e.g., by studying
computon behaviour within symmetric monoidal categories [32].16 For now, we would just
like to highlight that in the token game for computons, due to the inherent concurrent nature
of Petri nets, “control tokens” can arrive before “data tokens” (or viceversa). By implicitly
having “control places” separated from “data places” in a net under A/, a transition only fires
when both “control” and “data” tokens are placed in their respective input places. This means
a transition is a passive construct with blocking behaviour which implicitly synchronises data
and control before firing. After firing, it produces exactly one token in each corresponding
output place.

4. Trivial Computons

A trivial computon has no computation units, no edges and no i-ports at all, but just
a number of e-inoutports (see Definition 18). Up to isomorphism, it is the only object in
SetC°™P with no computation units (see Proposition 18); consequently, it is not connected
in the sense of Definition 6 (see Proposition 19).

Definition 18 (Trivial Computon). A trivial computon A is a computon whose diagram in
Set has the form:
0

%
‘/T\(B

Proposition 18. A computon has no computation units if and only if it is a trivial computon.

0

X
P—5X

Proof. ( = ) Let A be a computon with U = (). By the definition of empty function, we
have U = () only if I = () = O so that o and 7 are surjective. Definition 1 states that any
computon is required to have at least one coloured port so |[P| > 1 and |X| > 1. As s and ¢
are not surjective by the definition of empty function, we have p € PT NP~ for all p € P (see
Definition 2). Particularly, if ¢(p) = 0, then p € C*T N C~; otherwise, p € D™ N D~. As the
function c is surjective by Definition 1, we conclude that A is a trivial computon.

( <) This follows directly from Definition 18. O

Proposition 19. A trivial computon is not connected.

Proof. If X is a trivial computon, then U = (). Therefore, A is not connected as per Proposition
3. O

16The exploitation of symmetric monoidal categories to study concurrent behaviours in Petri nets started
long before [32]. Early works include [29], [33] and [34].
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The general structure of a trivial computon with j ec-inoutports and k ed-inoutports is
depicted in Figure 8, together with its corresponding Petri nets. Definition 19 states that, in
our theory, there is a distinguished computon of this sort consisting of a single ec-inoutport,
which we refer to as the unit computon.

C(pl) l'] 1 O P1 O
: . o Ec-inoutport
c(pj) © i O P O o Ed-inoutport
c(dy) © dy O di O
c(dg) © dy, O dy O
(a) Trivial computon A (b) N(N) (c) C(E(N)) (d) D(N)

Figure 8: A trivial computon A\ and its corresponding Petri nets. By Definition 18, A does not have any
computation units but just e-inoutports; consequently, N'(\), C(€()\)) and D(A\) have places only so they are
behaviourless. The net A(A) embodies the whole structure of A, whereas C(€(A\)) and D(\) have places for
control and data only, respectively. Labels on places are just for reference purposes since we deal with non-
labelled Petri nets, as discussed in Section 3.

Remark 6. By Definition 1, a trivial computon A always includes control ports (i.e., j > 1)
and can optionally possess data ports (i.e., k > 0). Therefore, N'(\) and C(€())) always have
at least one place, whereas D(\) can have no places at all.

Definition 19 (Unit Computon). The unit computon is a trivial computon with |P| = |X| = 1.
We use A to denote it.

The existence of A can be proven by the fact that, according to Definition 1, the set of
ports and the set of colours are never empty. By the same definition, we can observe that
a computon can have no computation units and no edges at all. Proposition 20 uses this
observation to show that A is unique up to unique isomorphism.

Proposition 20. A is unique up to unique isomorphism.

Proof. By letting A1 and Ay be two unit computons, we construct a computon morphism
a: A — M. AsUy =Us; =01 =09 =1 = I, =0, the only choice we have for ay, ap and
ar is the empty function. For ap, Definition 19 forces us to exclusively consider the unique
function given by ap(p1) = pe for the unique ports p; € P; and py € P». By this mapping, p;
can never be in 7(a) U 6(ar) because esa(p1) = epy = a(p1)e = poe = 0 (as per Definition 18) so
i(a)Ud(a) =0 C P} UP. The inclusion ax(0) = 0 is the only option we have for oy, given
that 31 = {0} = X3 (see Definitions 1 and 19). As this construction satisfies Definition 7, «
is indeed a computon morphism. More specifically, « is a computon isomorphism because its
inverse is necessarily constructed in the same way, and it is unique because the components
of a are unique functions in Set (i.e., empty functions or trivial injections).

Given that most of the a-components are empty functions, the only equation that needs
to be verified from the commutative squares of Definition 7 is ay oc; = co o ap. Having
ax(ci(p1)) = ax(0) = 0 = ca(p2) = c2(ap(p1)), we conclude that the naturality condition of
the unique isomorphism « holds. Thus, proving that the unit computon is unique up to unique
isomorphism. O

Since a computon is required to have at least one coloured port, A can be perceived as the
“simplest” object in SetC°™P | which corresponds to ® in graphical notation. In spite of this
structural feature, A is not an initial object in such a category since there are k > 1 computon
morphisms from it to any other computon ), where k is the number of control ports in A.!7
Under this premise, as mentioned in Section 2, Set®°™P has no initial objects.

" This can be easily proved by induction on the number of control ports of an arbitrary computon.
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In Set®°™P  there are distinguished morphisms that respectively embed a trivial computon
into all the e-inports or all the e-outports of some computon. These morphisms are referred
to as in- and out-markers, respectively. The intuition behind these notions is captured in
Definition 20.

Definition 20 (In- and Out-markers). An in-marker of a computon A is a computon monomor-
phism « : A\g = A where )g is a trivial computon with a(Py) = PT. If a(Py) = P, then « is
an out-marker of \.

Notation 3. For convenience, we write AT and A~ for the respective in- and out-markers of a
computon A. We use the word “the” because all the in-markers of a computon are isomorphic
to each other, with the same being true for the corresponding out-markers. When the context
is clear, we simply use the word “markers” to unifiedly refer to such morphisms which by,
Proposition 21, always exist for any computon.

Proposition 21. Every computon has markers.

Proof. The proof follows directly from the fact that every computon has at least one e-inport
and at least one e-outport (see Definition 1). O

As the image of a marker covers all the e-inports or all the e-outports of a computon, it is
easy to show that every span of markers is pushable. For convenience, we capture this truth
in Proposition 22. Also, as only e-ports are identified in the pushout of a span of markers, it
is true that the induced morphisms of the pushout of in- or out-markers preserves e-inports
or e-outports, correspondingly (see Proposition 23).

Proposition 22. Every span of markers is pushable.
Proof. The proof follows directly from Definitions 9 and 20. O

Proposition 23. Let O € {+,—} and j=1,2. If (S1: A1 = A3,A3,82: A2 = A3) is the
pushout of a span A\ )i Ao & A2, then @»(A?(Pg)) =Py
AT AT

Proof. Suppose (31 : A\1 — A3, A3, B2 : Ada — A3) is the pushout of a span A\; <— \g — Ay of
in-marker morphisms, and assume for contradiction there is some p3 € Bj()\;_(P()))AP; for
je{l,2}. If ps € Bj()\j(Po)) \ P;", then there is some uz € ep3 and, by pushout commuta-
tivity, some u; € ep; for p; € )\j(Po) such that 8;(u;) = usz and B;(pj) = p3. As Definition
20 says )\j(Po) = Pj+, we have p; € /\j(Po) > p; € P;r7 i.e., a contradiction to the as-
sumption u; € ep;. The case p3 € Py \/Bj()\;_(P())) never holds since this would violate the
commutativity property of pushout constructions.

Proving the statement fyj()\;(P4)) = P, for the pushout (71 : Ai = A5, A5, 72 1 Ao = As)

A A
of a span A\ < A4 —= \o is completely analogous. Therefore, we conclude that our initial
proposition is true. O

The existence of marker morphisms gives rise to the notion of dual computons. Informally,
the dual of a computon A is constructed by structurally swapping e-inports with e-outports
and vice versa, so the domains of AT and A\~ precisely correspond to the domains of the out-
and in-markers of its dual, respectively. This is formalised in Definition 21.

rs AS Ay Ay A
Definition 21 (Dual Computons). If there are spans Ay +— A\g — Az and Ao +— A} —> A3,
we say that Ao is a dual of a computon A3 and vice versa.

A computon A can have multiple duals (with different structure each) because Definition 21
only requires a dual to swap the interface of \, without imposing any constraints on internal
structure. More precisely, duals are not unique up to isomorphism, so a dual of a dual is
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not necessarily isomorphic to the original computon. Although uniqueness is not satisfied in
general, Proposition 24 states that for a connected computon, it is possible to have a dual
with inverted information flows. Therefore, when connectivity is guaranteed, the construction
given in the corresponding proof can be applied twice to obtain a connected computon that
is isomorphic to the original one.

Proposition 24. If ) is a connected computon, there exists a connected computon which is
a dual of .

Proof. Assuming \s is a connected computon, we construct a computon Az by letting P, = P,
Uy = Us, Iy = O3, O3 = I3 and ¢ = c3. For each o € O3, we set 03(0) = 72(0) and t3(0) = s2(0)
to yield Im(o3) = Im(m2) and Im(t3) = I'm(s2). Similarly, for each i € I3, we let s3(i) = t2(7)
and 73(7) = 02(i) to have I'm(s3) = Im(t3) and Im(73) = Im(o3). That is, A\3 has the same
coloured ports and computation units as A9, but with inverted information flows. So, p 3 q
for Ao iff ¢ 3 p for A3. Moreover, P; =P; and P, = P3Jr because:

P2 €P2+ = py & Im(ta) < p2 ¢ Im(s3) < p2 € Py

p2 € Py <= pa ¢ Im(s2) <= pa ¢ Im(t3) <= py € P§

By the above, Im(s3) U Py" = Im(t2) U Py is evident. As Xy is connected, we simply use
Proposition 4 to deduce that, for each g3 € Im(t2) U P, , there is a port ps € P2+ where
3 EN q3. Bquivalently, for each g3 € I'm(s3) U Py, there is a port p3 € Py where g3 EN p3.
That is, by Definition 6, A3 is also connected.

To finalise our proof, we construct a trivial computon A\g and a trivial computon A; by
letting Py = P;‘, co=cy | P2+, Pi=P, andci =c2 | Py . As Py = P2+ = P, there evidently

is an in-marker Ao — A2 and an out-marker A\g — A3. Analogously, having P, = P, = P3Jr
implies the existence of an out-marker Ay — Ao and an in-marker A\; — A3. By Definition 21,
we conclude that A3 is a connected computon and a dual of A9, as required. O

5. Primitive Computons

Like a trivial computon, a primitive one has no i-ports. The difference is that there is
exactly one computation unit to which all ports are attached via edges (see Definition 22). So,
every port can be either e-inport or e-outport, never both (see Proposition 25). This implies a
primitive computon is connected, i.e., it has neither dangling ports nor dangling computation
units (see Proposition 26). For these reasons, the underlying net of any primitive computon
is deadlock-free (see Proposition 27 and Remark 8). In this paper, we consider three classes
of primitive computons, namely fork computons, join computons and functional computons.

Definition 22. A primitive computon is a computon whose diagram in Set has the form:'®

0]
RN
1 P—%3 with P = Im(s)AIm(t)
\ /
I
Remark 7. A glance at Definition 22 reveals that a primitive computon has no i-ports because

Im(s)NIm(t) =0 follows from P = Im(s)AIm(t). Consequently, Im(s)\ Im(t) = Im(s)
and Im(t) \ Im(s) = Im(t) also hold.

8We use 1 and — to denote a singleton set and an injective function, respectively. The symbol A is the
operator for symmetric difference given by AAB = (A\ B) U (B \ A) for sets A and B.
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Proposition 25. If \ is a primitive computon, then P = PTAP~.

Proof. If X is a primitive computon, then p € P <= p € I'm(s)AIm(t) (see Definition 22).
e Ifp € Im(s)\Im(t), then p € PT\ P~ because (3i € I)[s(i) = p] and (Fo € O)[t(0) = p].
o Ifp € Im(t)\Im(s), then p € P~\ Pt because (Jo € O)[t(o) = p] and (Pi € I)[s(i) = p].

By the above cases and by the definition of symmetric difference, we have that p € P <~
p € Im(s)AIm(t) <= pe (Pt\ P )U (P~ \P") < pe PTAP~. Hence, we conclude
P =1Im(s)AIm(t) = (PT\ P7)U (P~ \ P") = PTAP~, as required. O

Proposition 26. Every primitive computon is a connected computon.

Proof. Assuming \ is a primitive computon with p € Im(s) U P*, we first show Im(s) = Pt
as follows: p € Im(s) <= p ¢ P~ by Definition 2 <= p € P by Proposition 25. Having
Im(s) = P* implies we just have to prove for either p € I'm(s) or p € P™.

If p € Im(s), we know there must be some i € I for which s(i) =p. If u is the only
computation unit in U (see Definition 22), 7(i) = u because 7 is total and surjective (see
Definition 1). As o is also surjective, there exists some o € O where o(0) = u. By the totality
of t, there is some g € P where t(0o) = q. Having ¢ € Im(t) and P = Im(s)AIm(t) allows us

to deduce q ¢ I'm(s) so that ¢ € P~ by Definition 2. As p EN q holds for p € Im(s) U Pt and
q € P, we conclude that A adheres to Definition 6 and it is therefore a connected computon.
O

Proposition 27. If A is a primitive computon, the nets AV'(A) and C(€(\)) are deadlock-free.

Proof. The proof is obvious since every primitive computon’s net has only one transition to
which all input places (i.e., e-inports) and output places (i.e., e-outports) are attached (see
Definition 22 and Proposition 25). O

Remark 8. The only scenario in which D(\) satisfies Remark 5 (i.e., initial and final states
exist) is when A has both ed-inports and ed-outports. When this occurs, the proof that D(\)
is deadlock-free is analogous to that of Proposition 27.

5.1. Fork Computons

A fork computon has exactly one ec-inport and two ec-outports, i.e., it has no data ports
at all (see Definition 23). Intuitively, it just duplicates the control received in its unique
ec-inport into all its ec-outports.

Definition 23. A fork computon A is a primitive computon with |O| =2 and |I| = |¥] = 1.

From Definition 23, we can deduce a fork computon A has exactly three ports because s and
t are injective, P = Im(s)AIm(t), |O| =2 and |I| = 1. Specifically, |[P~| =2 and |PT| =1
because P = PTAP~ (see Definition 2 and Proposition 25). As |X| =1 and c is total and
Ct #£( # C~ (see Definition 1), 3 = {0} so (Vp € P)[c(p) = 0]. The general structure of a
fork computon, together with its underlying Petri nets, is depicted in Figure 9.

->--ac(p2)
C(pl)D7977<[*>*JC(Z§) PO '|<:g
(a) Fork computon A (b) N(N) or C(€(N)) (c) D(N)

q Computation unit -»- Control low edge © Ec-inport = Ec-outport

Figure 9: A fork computon X and its corresponding Petri nets. As A has control ports only, the Petri nets A/(\)
and C(&(\)) are isomorphic. By the same reason, D(A) has no places at all but just a single transition. Labels
on places are just for reference purposes since we deal with non-labelled Petri nets, as discussed in Section 3.
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5.2. Join Computons

A join computon is the dual of a fork computon since it has exactly two ec-inports and
one ec-outport (see Definition 24). Intuitively, it merges the control received in its ec-inports
into its unique ec-outport.

Definition 24. A join computon A is a primitive computon with |O| = [£| =1 and |I] = 2.

The properties of a join computon A are almost identical to that of a fork computon so it
is true that ¢(p) = 0 for all p € P. The only difference is in terms of the number of ec-inports
and ec-outports. The general structure of a join computon, together with its underlying Petri
nets, is depicted in Figure 10.

pP1
e i
(a) Join computon A (b) N(X) or C(€(X)) (c) D(N)

b Computation unit  -+- Control flow edge 0 Ec-inport = Ec-outport

Figure 10: A join computon A\ and its corresponding Petri nets. As A has control ports only, the Petri nets
N(X) and C(€())) are isomorphic. By the same reason, D(\) has no places at all but just a single transition.
Labels on places are just for reference purposes since we deal with non-labelled Petri nets, as discussed in
Section 3.

5.8. Functional Computons

A functional computon has exactly one ec-inport, one ec-outport, any number of ed-inports
and any number of ed-outports, as formalised in Definition 25. Intuitively, the unique com-
putation unit is a high-level representation of a (potentially halting) computation, triggered
after receiving a control signal and a number of input data values. The successful termination
of such a computation results in a single control signal and a number of output data values.

Definition 25. A functional computon ) is a primitive computon where (3!'p € PT)[c(p) = 0]
and (3l¢g € P7)[e(q) = 0].

The general structure of a functional computon with j ed-inports and k& ed-outports is
illustrated in Figure 11, together with its corresponding Petri nets.!”

c(po) o -+ - F -~ -m c(qo) Po @
P q1 p1
cpr) o——f [ ela)
: : : : Po O
c(pj) o—— F——e c(qx) Py O/ O ar pj
(a) Functional computon A (b) N(N) (c) C(EN))
i Computation unit -»- Control low edge o Ec-inport u Ec-outport

—— Data flow edge o Ed-inport e Ed-outport

Figure 11: A functional computon A and its corresponding Petri nets. Evidently, there always is a place to
buffer incoming control and another one to buffer outgoing control, in order to respect the structural constraints
given by Definition 25. Particularly, the net A'(\) embodies the whole structure of A, whereas C(€())) and
D()) have places for control and data only, respectively. As places to store data are optional as per Definition
1, we have j, k > 0. Labels on places are just for reference purposes since we deal with non-labelled Petri nets,
as discussed in Section 3.

9We acknowledge that the definition of computons does not include labels for computation units. However,
for increased clarity, we took the liberty of using the symbol of a functional computon for labelling its unique
computation unit.
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Up to isomorphism, there exists a particular functional computon which possesses only one
ec-inport and only one ec-outport. This sort of computon, referred to as the glue computon,
is explicitly defined when |I| = |O| = 1. Intuitively, it just echoes the control signal received
in its unique ec-inport into its only ec-outport.

6. Composite Computons

A composite computon is algebraically formed via a composition operator which defines an
explicit control flow structure for the execution of computons in some order. More formally, a
composite computon is the finite colimit of some diagram in Setcomp, whose construction is
given by a composition operation characterised as a colimit computation. In this section, we
describe separate operations to form sequential, parallel, branching and iterative computons.
Table 1 summarises the colimit constructions each composition operation builds upon as well
as resulting composites. This table also shows the subsection each operation is described in.

Table 1: Relationship between our composition operations and colimits in Set©°™P,

Composition operation Built upon Result Subsection
Total sequencing Pushout Total sequential computon 6.1
Partial sequencing Pushout Partial sequential computon 6.1
Asynchronous parallel Coproduct P-async computon 6.2
Synchronous parallel | Pushout and coproduct P-sync computon 6.2
Branching Pushout and coproduct Branching computon 6.3
Head-iteration Pushout and coproduct Head-iterative computon 6.4
Tail-iteration Pushout and coproduct Tail-iterative computon 6.4

For each operation, we describe their category-theoretic foundations, operational seman-
tics (in Petri) and encapsulation. The latter is a property that allows hiding the internals
of composites so as to treat them as self-contained, black-box units. In this section, we will
focus on encapsulation of control and data flow and we we will show that, while control flow
is explicitly defined, data flow is implicitly sewn through our colimit-based composition oper-
ations. Contrary to what might seem obvious, data does not always follow control, especially
in the cases of partial sequencing and parallel composition.

Compositionality is a key term in this section, which refers to the property of constructing
complex computons from simpler ones through the proposed operators, while ensuring closure
and structure preservation of the simpler entities in the complex ones. By closure, we mean
an operation from Table 1 remains within Set®°™P i.e., the result of composing computons,
each adhering to Definition 1, is another computon which also conforms to Definition 1.
By preservation, we mean ensuring that the computation units, ports, colouring and flow
adjacency of the composed entities are retained in the corresponding composite.

To realise preservation, our operators build upon pushout and coproduct which, in turn,
rely on computon morphisms to (intuitively) “insert” a computon into another (see Definition
7). That is, these two constructions do not introduce new structures but just embed computons
in different ways, as discussed in Section 2. In the case of pushouts, two computons are merged
into another via an apex object which represents the common part between the entities being
merged. When it comes to coproduct, two computons are put in a side-by-side structure
without identifying any elements.

As Set©°™P has all coproducts (see Proposition 10), it is true that any two computons
can always be combined under this colimit. Pushouts only exist for pushable spans (see
Proposition 8) so computons A; and Ay can only be combined under this construction when
there is a computon Ay that allows the formation of a pushable span A1 <+ Ay — As.

In this section we prove that, although Set®°™P does not have all pushouts, such a
category is closed under the operators we propose since the colimits they define always exist,
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i.e., they build upon coproduct, pushouts over pushable spans or any combination thereof.
The respective proofs of existence are given for each operator in the corresponding subsection.

6.1. Sequential Computons

Sequential composition is an operation we characterise as a particular pushout in SetCemp,
It is particular because, intuitively, the common object needs to be a trivial computon Ay that
can be “embedded” into some or all the e-outports of a computon A\; and into some or all the e-
inports of a computon Ao. Particularly, every port pg € Py that is embedded into an e-outport
p1 € P[ needs to be embedded into an e-inport ps € P, and vice versa (see Definition 26).
This restriction, given by so-called sequentiable spans, enables a strict sequence in which A; is
computed before \o. A converse computation is possible and requires a different embedding
since sequencing is a non-commutative operation in which order matters. The notion of
a sequential computon is formalised in Definition 27 and its proof of existence is directly
derivable from Lemma 1.

Definition 26 (Sequentiable Spans). A span A; ¢+ \g =2 Xy of computon morphisms is
sequentiable if (i) Ao is a trivial computon with Py = i(c1) N d(a), (i) A\ and Ag are connected
computons, (iii) a1(6(ae)) € P and (iv) ao(i(ay)) € Py Particularly, if ay(d(as)) = Py
and as(i(c)) = Py, then the span is totally sequentiable. Otherwise, if a;(d(az)) C Py or
aa(i(a)) C Py, the span is partially sequentiable.

Remark 9. If a span p is totally sequentiable, then neither a1 (6()) € P nor aa(i(c)) € Py

can hold because equality forbids proper inclusion; conversely, if p is partially sequentiable
then at least one of the equalities a (6(a)) = P; or ag(i(ay)) = P; fails. Therefore, totally
sequentiable spans are not partially sequentiable (and vice versa), i.e., these two notions are
mutually exclusive.

Lemma 1. Every (partially or totally) sequentiable span of computon morphisms is pushable.

Proof. Let A1 <= Ao =% X\ be a sequentiable span of computon morphisms. By Definition
26, pg € Py < po € 5(041) N d(az) so a1(po) € Py and as(pg) € PyF. That is, the equation
ai(pp)e = 0 = eas(pg) holds. As ppe = () = epy (because )¢ is a trivial computon), it fol-
lows that ay(po) @ \a1(poe) = 0 = eax(po) \ az(epp), meaning pg ¢ d(a1) Ui(as) and, hence,
d(a1) Ui(ag) = 0. For j € {1,2}, we observe that Pf # 0 # P, (by Definition 1) and that
Aj is not a trivial computon because it is a connected computon (see Proposition 3). Thus,
o1 (i(a2)) Uay(6(az)) € Py € PP U P and as(i(ar)) Uas(d(ar)) € P c P UP;. O

Corollary 1. For a sequentiable span A; < \g — A\ of computon morphisms, we have
o(a1) Ui(ag) = 0.

Proof. See the proof of Lemma 1. O

Definition 27 (Sequential Computon). Let p be a sequentiable span Ay SN 225 )\ of com-
puton morphisms. If p is partially sequentiable, then its pushout is called a partial sequential
computon, written A; >, Ao. Otherwise, if p is totally sequentiable, then its pushout is called
a total sequential computon, written A; >, A2. In any case, \g is called the apex computon,
A1 the left operand and Ao the right operand.

When an apex computon is embedded into all the e-outports of the left operand and
into all the e-inports of the right one, we say that the respective span is totally sequentiable;
otherwise, we say it is partially sequentiable (see Definition 26). Basically, a sequentiable span
chooses the e-outports of the left operand and the e-inports of the right one that will become
i-ports in the corresponding sequential composite. Port renomination, which is realised by
the induced pushout morphisms, follows Proposition 7. By Proposition 28, total sequentiality
implies partial sequentiality in the general case. The only exception occurs when the left and
right operands have exactly one e-outport and one e-inport, respectively, in which case total
sequentiality is the only alternative.
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Proposition 28. If p; is a totally sequentiable span A\; <= \g — Ao of computon morphisms
with |P;| > 1V |P5| > 1, there exists a partial sequential computon Aj I>,, As where po is the
partially sequentiable span A\; <22 A 22°%% Xy with ag : A — Ao.

Proof. Let A1 >, A2 be the pushout of a totally sequentiable span A; S X 25 Ay of com-
puton morphisms. Since \g is required to have at least one ec-inoutport (see Definition 1),
we know there exists at least one computon morphism ag : A — Ag such that ag(p) € Py <
ao(p) € i(a1) N &) (see Definition 26). Consequently, the span py := A <220 A 22990, ),
exists.

As ap(p) € 0(az) and a;(d(az)) = Py (by Definition 26 of totally sequentiable spans),
we have ai(ag(p)) € P;, ie., ar(ao(p))e =0. The fact that A\; is a connected compu-
ton implies there exists some computation unit u; € ea;(ag(p)) so that eay(ap(p)) # 0 (see
Proposition 3). As ep =0 because A is a trivial computon, ea;(ag(p)) \ ai(ag(ep)) # 0
holds, meaning p € i(a o ag) (see Definition 7). A similar reasoning can be used to de-
duce as(ag(p)) € Py and p € d(az o ap), i.e., eaz(ag(p)) = 0. Having P = {p} together with
ez (a(p)) = o (ap(p))e = ep = pe = 0 allows us to deduce (g 0 a) = 0 = G(cv; 0 ag). That
is, P = i(aq 0 ) N &g 0 ap).

The facts ai(ap(p)) € P and p € (g o ap) together imply a(ag(d(az o agp))) C Py .
Similarly, as(ag(p)) € Py and p € i(aq 0 o) imply ao(ap (i 0 ag))) € PyF. Hence, by Def-
inition 26, ps is a sequentiable span.

The morphisms of such a span are particularly injective because |P| = 1. So, if |[P; | > 1 or
|Py | > 1, a1(ag(d(as 0 ap))) € Py or as(ap(i(ar o ag))) € Py, That is, by Lemma 1, py is a
partially sequentiable span whose pushout forms a partial sequential computon Ay >,, A2. [

Any computon operand can be put in any order within a sequential computon, since ec-
inports and ec-outports always possess the same colour (i.e., zero). This property, combined
with the fact that a computon always has at least one ec-inport and at least one ec-outport,
allows us to compose any two connected computons sequentially regardless of the data they
require or produce (see Theorem 1). Composing two connected computons sequentially always
results in another connected computon (see Proposition 29).

Theorem 1. Let A; and Ay be two computons. Then, there is a span p whose pushout is
A1 D>y A2 0r A B>, A2 <= Ay and Ay are connected computons.

Proof. (=) This part of the proof follows directly from Definition 26.

( <= ) Assuming \; and A2 are connected computons, we first prove there exists a se-
quentiable span p := A\; <= \g —2 Ao of computon morphisms. For this, we choose \g to be A
which is a trivial computon with a unique port p € PT NP~ and ¢(p) = 0 (see Definition 19).
Below we construct computon morphisms o1 : A — Ay and as : A — Ao by only considering
port mapping because I = O = U = () and ¥ = {0}.

Since any computon has at least one ec-inport and at least one ec-outport, O] # () # C5.
If we trivially define a1(p) = p1 € C; and aa(p) = p2 € C5, then p € Z(Oq) N () because
A1 and A are connected computons (see Definition 6 and Proposition 3). As P = {p}, we
have P = i(a1) Nd(az) so a1(6(az)) € C; C Py and ag(i(a)) € Cf C Pyf. That is, p is a
sequentiable span of computon morphisms (by Definition 26), whose pushout is a sequential
computon (by Lemma 1).

If o1(6(aw)) € Cf then a1(d(as)) € P{ because Cp C Py . Similarly, as(i(aq)) € C
implies as(i(a1)) € Py because Cy C Py Thus, A; >, A2 would be the pushout of p in both
cases. Now, when «a;(0(az)) = Cy, we have two possibilities: C; € P; or Cf =P, . If
C] C Py, then ay(d(a2)) C Py so that A\; >, A2 would also be the pushout of p. A similar
approach can be used to prove that the partial sequential computon A; >, A2 is the pushout
of p when both as(i(a1)) = C5 and Cy € Py hold.

The only scenario in which A; &>, Az is the pushout of p is when A1 posesses only one ec-
outport with no ed-outports while As has only one ec-inport with no ed-inports. More precisely,
A1 >, g can be formed exactly when a;(5(az)) = Cf = P; and as(i(ay)) = Cyf = Pyt
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Therefore, we conclude that for every pair (A1, A2) of connected computons, either A; >, Ao
or A1 B>, Ap exists. O

Proposition 29. A sequential computon is a connected computon.

Proof. We know that a sequential computon is the pushout of a sequentiable span p of com-
puton morphisms (as per Definition 27) and that the legs of p are connected computons (as
per Definition 26). By Proposition 9, the pushout of p must be a connected computon. O

Theorem 1 is important for our theory since it entails that any two connected computons
can always be composed sequentially. Although an apex computon always exists, it is im-
portant to note that it does not need to correspond to the entire common part between the
e-outports of the left operand and the e-inports of the right operand. By common, we mean
ports sharing the same colour. Figure 12 depicts a scenario of this sort.

(o5} Q2
3
©
O - - F-»-m o - - F-—-a
1 o—— ——e 3 3 o—— ——e 5
A1 A2
2 o—— ——e 4 4 o——
B1 \ j B2
O+ — F-»--0--3- F—>-m
3
1o )\1 ———© )\2 * 5
2 O
4 o\\_/><¥//- 4
(a)
[J Computation unit - - Control flow edge o Ec-inport m Ec-outport o Ic-port

—— Data flow edge o Ed-inport e Ed-outport o Id-port

Figure 12: Constructing a partial sequential computon A1 >, A2 from a partially sequentiable span
pi=A &L Ao 22, A2 of computon morphisms.

Figure 12 shows that, when a partial sequential computon A >, Ay is constructed from a
partially sequentiable span p := \j <= A9 — \a, there is an implicit effect in which all the
e-outports of A; that are not in the image of a1 become e-outports in A >, A2. Similarly, all
the e-inports of Ay that are not in the image of g become e-inports in A\; >, A2. Naturally, this
generative effect does not occur in the case of total sequential composition since the images of
the computon morphisms involved would cover every e-outport of the left operand and every
e-inport of the right one. Instead, each p; € P; and each py € Py" would be mapped to an
i-port of A\; >, A2. No matter whether a partial or a total sequential computon is formed, it is
true that every e-inport of the left operand and every e-outport of the right one are preserved
in the resulting sequential computon (see Propositions 30 and 31).

Proposition 30. If (81 : A1 = A3, A3, 52 : Ao — A3) is the pushout of a sequentiable span
A Ao 22 Ao of computon morphisms, then 34 (P{") C Pyt and Bao(Py ) C Py .

Proof. By letting (81 : A1 — A3, A3,082 : A2 — A3) be the pushout of a sequentiable span
A< 2o 22 Xp of computon morphisms, we just show 51(Pl+ ) C P3+ since the proof of
B2(P5y ) C Py is completely analogous.
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Assume for contrapositive that ps ¢ P3Jr so there is some 03 € O3 where t3(03) = p3. The
fact O3 = O1 +0, O2 implies three possibilities: (i) there exclusively is some 01 € O; where
B1(01) = o3, (ii) there exclusively is some 0y € Oy where B2(02) = 03 or (iii) there are o4 € Oy
and o5 € Oy such that (31(04) = 03 = B2(05). The third scenario never holds since )y is a
trivial computon by Definition 26. So, we just prove for (i) and (ii).

For (i), B1(t1(01)) = t3(B1(01)) = ts(o3) = ps implies there is some p; € P; with t1(01) = p1
and B1(p1) = p3. Consequently, by Definition 2, p; ¢ P;" so p3 ¢ f1(P;7). If (i) holds,
Ba2(ta(02)) = t3(P2(02)) = t3(03) = ps implies there is some py € P, for which t2(02) = py and
B2(p2) = ps. If there is some p; € P, where (1(p1) = p3 = Ba2(p2), there is some py € Py
where aq(po) = p1 and as(pg) = p2. As (Po1 € O1)[B1(01) = 03 = B2(02)] and o9 is surjec-

= -

tive, po € i(az2) which contradicts the fact i(«2) = 0 (see Corollary 1). So, there is no p; € Py
where 51(]91) = p3 = Bg(pg). That iS, pP3 é ﬁl(Pfr)

Proving p3 ¢ Pyt = p3 ¢ B1(P;") in the above cases entails 41(P;") C P5", as required.

0

Proposition 31. If (81 : A1 = A3, A3, B2 : A2 — A3) is the pushout of a totally sequentiable
span A <<% \g 2% Ay of computon morphisms, then 8 (P;") = Py and Bo(Py ) = P; .

Proof. Assuming (81 : A1 — A3, A3, B2 : A2 — A3) is the pushout of a totally sequentiable
span p = A1 <= \g =2 Ay of computon morphisms, below we just show (; (P1+ ) = P3Jr since
the proof of B2(P, ) = P5 is completely analogous.

As Proposition 30 says B1(P;") C P;", we just have to prove Py C B1(P{"). If we let
p3 € P;", by Proposition 5 and by the fact Py = P; +p, P, we have three options: (i) there
exclusively is some p; € P1+ such that (1(p1) = ps, (ii) there exclusively is some ps € P2+ such
that Ba(pa) = p3 or (iii) there are py € P;" and p5 € P; such that B1(ps) = p3 = Ba(ps). If (i)
is true, then p3 € B1(P;") follows directly. We now show that (ii) and (iii) cannot hold.

Supposing (ii) is true, we have ps € ao(i()) because as(i(a1)) = Py (by the fact that p
is totally sequentiable). Therefore, (Ipg € Py Ni(a1))(3p1 € Py)ai(po) =p1 A az(po) = pal.
As commutativity contradicts (ii), there is no ps € P5 such that B2(p2) = ps € P;". That is,
p3 & Bo(Py7). To disprove (iii), we deduce by commutativity the existence of some p € Py
where a1(p) = ps and az(p) = ps. Since py € P; and ps € Py, Proposition 5 says p € Py
The fact that Ao is a connected computon and that as(p) = ps € Py entail p € 5(az). Because
p is totally sequentiable, it is true that o;(d(az2)) = P; and, consequently, a;(p) = ps € Py .
But A is also a connected computon, so ps € P;” N P, cannot hold because that would con-
tradict Proposition 2. This contradiction implies there is no p5 € P;~ where $2(ps) = p3 € P57,
i.e., P3 ¢ /BQ(P;_)

Proving (i) and disproving (ii) and (iii) entails p3 € Py" == [ps € B1(P;") \ Ba( Py )], i.e.,
P Cp (P{"), as required. O

Although Figure 12 shows an example of partial sequential composition, the same com-
puton operands can be used to perform total sequential composition. This is because, in this
case, there exists an apex computon that can be inserted into all the e-outports of A\; and
into all the e-inports of Ao. Such an apex does not always exist so partiality does not imply
totality and, thus, the reverse of Proposition 28 does not hold. Proposition 28 combined
with Theorem 1 states that if any two connected computons can be composed into a total
sequential computon, they can also be composed into a partial sequential computon, only if
the left operand has more than one e-outport or if the right operand has at least two e-inports;
otherwise, such computons can only form a total sequential computon. While total sequential
composition is an associative operation (see Proposition 32), partial sequential composition
is not (see Proposition 33). In both cases, commutativity does not hold in the sense that the
order of the operands matters (see Proposition 34).

Proposition 32 (Total sequential composition is associative). There is an isomorphism be-
tween A1 B,, (A2 ), A3) and (A1 B,, A2) B,, Az for any choice of total sequential computons
AP Ao, Ao By, Az, AL By (A2 Bp, A3) and (A B, A2) ), As.
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Proof. Let p1 := A\ SNy 25 Ny and P2 = Aa &2\ 24 23 be two totally sequentiable spans
of computon morphisms. By Definition 27 and Lemma 1, we know that the pushouts of p;
and py are the total sequential computons A\; >,, A2 and A2 >, A3, respectively. Accordingly,
consider the following commutative diagram:

/\4 *) )\3
asl lﬁ4
B
Ao —=2 A2 > A2 B>p, A3
o L
)\1 T )\1 Epl )\2 T) )\5
where A\ >, )\2 )\2 %y Ao >, A3 is a pushout-induced span of computon morphisms,

which evidently is not sequentiable by the fact that Ao is not a trivial computon. As it is
routine to show it is pushable, we have that its pushout A5 can be constructed. Consequently,
each square of the above diagram is a pushout. Using categorical algebra to horizontally and
vertically compose morphisms, we obtain the following diagrams:

)\0 Paoar )\2 |>p2 )\3 )\4 L )\3
a{ lﬂg ﬂzoasl LB6054
)\1 W )\5 )\1 IZPI )\2 T )\5

By letting p3 be the (above) span A; <= \g Psooa, A2 B>,, A3, we now show its pushout A5

is the total sequential computon )\1 > s (A2 B>p, A3). For this, we first prove that p3 is totally
sequentiable: py € Py <= po € (o) N d(c) (because py is sequentiable) <= po € i(ay)
and az(po) @ \aa(poe) # 0 (by Definition 7) <= pg € Z(Ol_}) and B3(a2(po)) e \Bs(az(poe)) # 0
(by the preservation of computation units) <= po € i(a1) N 3(B3 o az) (by Definition 7).
Therefore, Py = i(a1) N (B3 0 az), i.e., Condition (i) of Definition 26 is met by ps.

As A1 and Ay B>, A3 are Connected computons (by Definition 26 and Proposition 29), i
follows that Condition (ii) of Definition 26 is also met by ps. To prove aq(0(f3 0 a2)) = P1 ,
consider the following chain of double implications: p € a1(d(83 0 a2)) <= p € a1(P)
(because Py = 0(f3 0 az)) <= p € Py (because a1(Py) = P; by the fact that p; is totally
sequentiable) To prove the last condition of totally sequentiable spans, we proceed as follows:
q € B3(aa(i(e1))) <= q € B3(Py) (because az(i(a1)) = Py by the fact that p; is totally
sequentiable) <= ¢ is an e-inport of Ay >>,, A3 (by Proposition 31).

Above we proved that ps is a totally sequentiable span of computon morphisms where Ag is
the apex computon, A; the left operand and A2 >, A3 the right operand. Using Lemma 1 and
Definition 27, we have that the pushout of ps3 is the total sequential computon A\ > ,, (A2 p2 A3).
Deducing that (A B>,, A2) B>,, Az is the pushout of the span py := A\ >, Ay —— Broas M —2 A3
can be done analogously.

As A1 By (A2 Bp, A3), As and (A B>, A2) B, A3 are evidently isomorphic, we conclude
that total sequential composition is an associative operation up to isomorphism. O

Proposition 33. Partial sequential composition is not associative.

Proof. We show there is no isomorphism between (A; >, A2) >p, A3 and A\j >, (A2 Dy A3)
for some choice of partial sequential computons A; I>,, A2, (A1 >p, A2) Dy, Az, A2 Dy Az and
A1 > p4 (A2 > ps A3).

For this, let us consider Figure 13( ) in which there are two partially sequentiable spans
of computon morphisms: p; := A\; <= \g == A and pg = = (A1 >p; A2) e B P N ¥
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(a) Constructing the partial sequential computon (A1 >p; A2) >py A3.
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(b) Partial sequential computon A2 >3 A3.
0 Computation unit -+ - Control flow edge o Ec-inport n Ec-outport o Ic-port
p g p P P

—— Data flow edge o Ed-inport e Ed-outport o Id-port

Figure 13: Counterexample that disproves the associativity of partial sequential composition.

Carefully observing Figure 13(a) reveals that, up to isomorphism, there is only one partially
sequentiable span psz := A9 &2 \s 2% N3 where )5 is a unit computon which can only be
injected into the unique ec-outport of Ao and into the unique ec-inport of Az to yield the
partial sequential computon A >, A3 depicted in Figure 13(b). Now, to construct a partial
sequential computon Ay >,, (A2 B>p, A3) isomorphic to (A; >, A2) D>, A3, ps must necessarily
be totally sequentiable. So, the proposition being proved is true. ]

Proposition 34. Sequential composition is not commutative.

Proof. For this proposition, we show:

1. There is no isomorphism between Aj >, A2 and Az >,, A\; for some choice of partial
sequential computons A; >, A2 and Az >p, A1.

2. There is no isomorphism between A3 >,, Ay and A\s >,, A3 for some choice of total se-
quential computons A3 >,, Ay and Ag B, As.

For 1, let us consider the partially sequentiable span p; := A\ <= Ao — Ao described in
Figure 12 and the obvious partially sequentiable span ps := g <= A 2 \; given by s (p) =
p2 € Cy and y1(p) =p1 € Cfr. As it is trivial to check that A; >, A2 and A2 I>,, A1 are not
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isomorphic, we have just constructed an example that disproves the commutativity of partial
sequential composition. For 2, consider the example depicted in Figure 14 which evidently
shows that the total sequential computons (a) and (b) are not isomorphic. Hence, we conclude
that total sequential composition is not a commutative operation either.

o
3
© o
a3z Qq Y3 Y4
4 1
© ©
o -> - F-> = O - - F-> - o - - F-> - o -> - F-> =
1 o—— )\ ——e 3 3 o—— )\ ——e 1 3 o—— )\ ——e 1 1 o—— )\ ——e 3
3 4 4 3
——e 4 4 o—— 4 o—— ——e 4
B3 k ‘264 Bs K 256
ot - F->--0-->- - -m ot - F-—>-0-=->-1 - -m
3 1
1o ————— o 1 3 o ——o ® 3
A3 4 A4 Ag A3
————— 4 o ° 4
(a) (b)
[J Computation unit -+- Control flow edge o Ec-inport m Ec-outport o Ic-port

—— Data flow edge o Ed-inport e Ed-outport o Id-port

Figure 14: Counterexample that disproves the commutativity of total sequential composition.

6.1.1. Operational semantics for sequential computons (in the theory of Petri nets)

No matter whether we use any of the three functors presented in Section 3, the Petri net
of a sequential computon does not introduce any additional places or transitions, as a result
of using a pushout operation on a sequentiable span of computon morphisms. In the case of a
total sequential computon, the corresponding net takes all the e-inports from the left operand
as input places and all the e-outports of the right operand as output places (see Figure 15(a)
and Proposition 31). The net of a partial sequential computon has a similar structure, with
the addition it has the unmatched e-inports of the right operand as input places and the
unmatched e-ouports of the left operand as output places (see Figure 15(b)).

(a) Net of a total sequential computon A1, constructed (b) Net of a partial sequential computon A1 >, A2 con-
from a connected computon A1 that has n e-inports and structed from a connected computon A; that has n e-
j e-outports, and a connected computon A2 that has j e- inports and j + [ e-outports, and a connected computon
inports and k e-outports. A2 that has j + m e-inports and k e-outports.

Figure 15: General structure of sequential computon nets. Both figures are applicable to all the functorial

constructions from Section 3, namely AV, C o € and D. In the case of D, j,k,I,m,n > 0 and for the others,
3y k,l,m,n > 0 according to Definition 1.
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Although there are no new places or transitions that could cause deadlocks in the net of a
(partial or total) sequential computon, there is no guarantee such a net is deadlock-free, even
though the nets of the composed computons are. To fully ensure deadlock-freedom, we have to
synchronise the e-outports of the left operand with the e-inports of the right one, in order to
prevent the net of the right operand from being executed before reaching its initial state. This
can structurally be done by introducing a primitive computon that acts as a synchronisation
point between the left and right operands. The formal notion of such a computon is given in
Definition 28.

Definition 28 (In- and Out-Sync Computons). A primitive computon A is an in-sync of a
connected computon ) if the domain of A{ is the domain of both A* and A~. It is an out-sync
of A1 if the domain of A] is the domain of both AT and A~.

Evidently, for any connected computon there always are in- and out-sync computons by the
fact marker morphisms always exist (see Proposition 21). Propositions 35 and 36 show that
the process of adapting an in- or an out-sync to a connected computon precisely corresponds
to a total sequencing operation.

Proposition 35. If A is the in-sync of a connected computon A;, there is a span p whose
pushout is the total sequential computon A >, A1.

Proof. Assuming A is the in-sync of a connected computon A;, Definition 28 says there is a
_ >\+
trivial computon Ag that gives rise to the span p := A & Ay —= A1. Verifying p is totally

sequentiable follows directly from Definition 20 and Proposition 26. So, by Definition 27, the
pushout of p is the total sequential computon A >, A1. ]

Proposition 36. If ) is the out-sync of a connected computon A, there is a span p whose
pushout is the total sequential computon A1 >, A.

Proof. The proof is analogous to that of Proposition 35. O

Proposition 37. Let A\; >, Ay be a total sequential computon and A the in-sync of \p. If
N (A1) and N(A2) are deadlock-free, there are spans p; and pa such that N'(A; >,, A>, o)
is deadlock-free.

Proof. Let A1 >, Ay be a total sequential computon constructed from the totally sequentiable
span p := A\ <+ \g =2 Xy of computon morphisms. If X is the in-sync of Ay, Proposition

_ >\+
35 says there is a trivial computon A3 such that the pushout of p; := A & A3 = A9 is
the total sequential computon A>, Ao. If 8: Ay — A>,, Ag is one of the morphisms induced

by such a pushout, we deduce the existence of ps := A\; & Ao % A D>, A2 which trivially
is totally sequentiable by the fact p; and p are. Consequently, by Definition 27, there is a
total sequential computon A\ >,, A >, A2 whose underlying net N > p2 Ao A2) has the
following form when applying the functorial construction from Definition 15:

q1

N O— O !
}<: Cre L N() : .
o : ™0

By Definition 16, the initial state M; of the above net is a marking function where
M;(p) > 0 for all p € {p1,...,pn} and no tokens for all the other places, including those
inside N'(\1) and N (\2). As this marking corresponds to the initial marking of A'(\1), only
states from N'()\1) are reachable from M; in the next time step. Assuming A/(A1) and N (\2)
are deadlock-free, we now have the following cases:

P1 O\‘
Pn O/

N(A1)
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o If no state of /(A1) puts tokens in all the input places of N'(\), no state of N'()\) or
N (X2) will ever be reached. Even though N (A1) will not terminate successfully, there is
a guarantee N'(A\; >,, A, X2) will never be stuck because N'(A1) is deadlock-free.

o Ifastate of N'(\1) puts tokens in all the places in {q1, ..., q;}, the only transition of N'()\)
will be fired to reach a state that marks all the places in {r1, ..., 7}, which evidently cor-
responds to the initial marking of N'(A2). As N(X2) is deadlock-free, N'(A; B>,, A >, A2)
will not be stuck.

Hence, we conclude N (A >, A, o) is deadlock-free, as required. O

Proposition 38. Let A\; >, A2 be a total sequential computon and A the out-sync of A\;. If
N (A1) and N(Xg) are deadlock-free, there are spans p; and p2 such that N (A >, A>,, A2)
is deadlock-free.

Proof. Let A1 >, Ay be a total sequential computon constructed from the totally sequentiable
span p:= A\ < X\g =2 A of computon morphisms. If X is the out-sync of A;, Proposition

AT +
36 says there is a trivial computon A3 such that the pushout of p; := A\ <+ A3 AT M is the
total sequential computon A\ &, A. If 3: A\ — A B, A is one of the morphisms induced by

such a pushout, we deduce the existence of py := A1 >, A & Ao =25 Ay which trivially is
totally sequentiable by the fact p; and p are. Consequently, by Definition 27, there is a total
sequential computon A\; &, A>,, As.

Applying the functorial construction A/ from Definition 15 on A; > p1 A Bp, Ag Tesults in a
Petri net with the form shown in the proof of Proposition 37. Therefore, by that proposition,
N(A1 >, A, No) is deadlock-free. O

Corollary 2. Let A1 >, A2 be a total sequential computon, A3 the in-sync of Az and A4 the

out-sync of ;. Then, there are spans p1, pa, p3 and pg such that N(\; D>, A3 B>, o) =
N()\l D s A >4 A2).

Proof. The proof follows directly from Propositions 37 and 38, with the observation that As
must necessarily be isomorphic to A4. O

Propositions 37 and 38 together entail it is always possible to construct a deadlock-free net
from any total sequential computon. To do so, it suffices to place a sync computon between
the left and right operands. More precisely, we can attach either an in-sync computon to the
right operand or an out-sync computon to the left one (see Corollary 2) via a total sequencing
operation (see Propositions 35 and 36). The resulting composite can then be composed into a
new total sequential computon that respects the mapping given by the original sequentiable
span of computon morphisms. No matter whether we adapt the right or the left operand, the
net of the resulting composite is deadlock-free by Propositions 37 and 38. For partial sequential
computons, a similar approach enables deadlock-freedom, as described by Propositions 39 and
40.

Proposition 39. Let A\; >, Ay be a partial sequential computon and X the in-sync of Ay. If
N (A1) and N (X2) are deadlock-free, there are spans p; and py such that N' (A >, (A, A2))
is deadlock-free.

Proof. Let A\ >, A2 be a partial sequential computon constructed from the partially sequen-
tiable span p := A1 <= \g —2 Ay of computon morphisms. If \ is the in-sync of Ay, Proposition

_ >\+
35 says there is a trivial computon A3 such that the pushout of p; := A 2 A3 2 Ao is the
total sequential computon A >, Aa. If B: Ay — A, A2 is one of the morphisms induced

by such a pushout, we deduce the existence of ps := A1 S M A, A2 which trivially
is partially sequentiable by the fact p is. Consequently, by Definition 27, there is a partial
sequential computon Aj >,, (A, A2) whose underlying net N (A; >,, (A, A2)) has the
following form when applying the functorial construction from Definition 15:
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By Definition 16, the initial state M; of the above net is a marking function where
M;(p) >0 for all p € {p1,...,Pn,q1,---,q¢n} and no tokens for all the other places, includ-
ing those inside N (A1) and N (A2). This initial marking can only reach states from A'()\1) in
the next time step, since the only transition of A'()) is not yet enabled (j > 0 by Definition
1). Assuming N (A1) and N ()\2) are deadlock-free, we now have the following cases:

o If no state of N'(\;) puts tokens in all the places in {ry,...,r;}, the only transition
of N(\) will not be enabled. Consequently, no state of AM'(\) or N(\y) will ever
be reached. Even though A()\1) will not terminate successfully, there is a guarantee
N (A1 >p, (M), A2)) will never be stuck because N (A1) is deadlock-free.

o If a state of N'(\;) puts tokens in all the places in {rq,...,r;}, the unique transition
of N(A\) will be enabled since there are also tokens in {qi, ..., ¢y} previously placed by
M;. As firing such a transition will evidently reach the initial marking of A'(A2) and
N (A2) is deadlock-free, N'(A1 ), (A2, A2)) will not be stuck.

Hence, N'(A1 >, (A>,, A2)) is deadlock-free, as required. O

Remark 10. Due to the non-associativity property of partial sequential composition (see
Proposition 33), the total sequential computon A >, A2 must be defined before constructing
the corresponding partial sequential computon. This is the reason we use parentheses for the
syntactic expression Aj >, (A, A2).

Remark 11. Having the same subindex for r- and s-places (and for ¢- and w-places) is not a
coincidence. We did this to reflect the fact there is a one-to-one correspondence between the
input and outputs places of the net of a sync computon. As we are adapting As rather than
A1 and py is partially sequentiable, there are some input places of A'(\) for which there is no
match (i.e., g1,...,qmn) and some output places of N'(A\1) for which there is no match (i.e.,
Z1,...,2z). This evidently is a structural consequence of partial composition semantics.

Proposition 40. Let A; >, Ay be a partial sequential computon and A the out-sync of A;. If
N (A1) and N (X2) are deadlock-free, there are spans p; and pa such that V(A1 B, A) >p, A2)
is deadlock-free.

Proof. The proof similar to that of Proposition 39. O

Remark 12. Although Propositions 37-40 and Corollary 2 are statements about the functor
N, they are applicable to the functors C o € and D presented in Section 3. The proofs are
valid for C o & since Proposition 16 says C is just a restriction of A" to &(SetCo™mP),

By Remark 5, we only need to check deadlock-freedom for D-nets that have initial and
final states. In the case of Proposition 37, this occurs when n,l > 0. As total sequencing
connects all the ed-outports of the left operand with all the ed-inports of the right one, we
only have to check the cases when j = 0 = k and j, k > 0. In the first one, only states of D(\1)
are reachable from the initial marking. If such a net is deadlock-free, D(A\; B,, A >, A2) is
deadlock-free too. When j, k > 0, the proof is identical to that of Proposition 37. Proposition
38 and Corollary 2 follow analogously for D.
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For Proposition 39, we observe D(A; >, (A >, A2)) has the following possibilities for j
and m (considering n,l > 0 by Remark 5):

1. If j =0 and m = 0, D(A;) and D(A2) do not share any data. In this case, M; marks the
places pi,...,p, so only states of D(A;) are reached. Since such a net is deadlock-free,
D(A1 >, (AB>p, A2)) is deadlock-free too.

2. If j = 0and m > 0, D(\1) and D(A2) do not share any data. In this case, M; marks the
places pi,...,Dn,q1,- ., qm to reach states from D(\;) and D(A) simultaneously. Since
j = 0, the only transition of D(\) is enabled by M; and firing it results in tokens in
w1, ..., W, thereby reaching the initial state of D(A2). As D(A1) and D(A2) are both
deadlock-free, D(A1 >, (A B>, A2)) is deadlock-free too.

3. If j > 0 and m = 0, D(A\1) and D(A2) do share data. In this case, M; marks the places
D1, ..., Pn to solely activate D(\1). If no state of D(\1) ever puts tokens in all the places
in {r1,...,r;}, no state of D(A) or D(A2) will ever be reached. As D(\;) is deadlock-free,
DA >py (A, A2)) will not get stuck. If a state of D(A\1) puts tokens in all the places
in {r,...,r;}, then states of D(A2) will be reached. Since D(\2) is deadlock-free too,
D(Ai >y, (A>), A2)) will not get stuck.

4. If 5 > 0 and m > 0, D(\1) and D(\2) do share data. In this case, the proof is identical
to that of Proposition 39.

A similar reasoning applies to D((A1 >p, A) >, A2) with respect to Proposition 40.

6.1.2. Encapsulation of control flow and data flow in sequential computons

A total sequential computon encapsulates sequential control flow and up to sequential data
flow, as a result of matching all the e-outports of the left operand with all the e-inports of
the right one via a pushout operation on a totally sequentiable span of computon morphisms.
Sequential control flow allows the strict execution of one computon after another, whilst
sequential data flow serves to transfer all the computation results of the left operand to
the right one. Figure 16 illustrates how the total sequential computon from Figure 14(a)
encapsulates both sequential control flow for the invocation of A3 and A4 (in that order) and
sequential data flow for passing two data items between them.

Ot - F-»--0--5-1 F—>|-u o
3
1o ———— o1
)\3 4 >\4
.

\
: ! O
¢
), @ K@

Figure 16: Sequential control flow and sequential data flow encapsulated by the total sequential computon from
Figure 14(a). We label some places for mapping purposes even though Petri nets are not labelled (see Section
3).

We know a partial sequential computon A; >, A2 is the pushout of a partially sequentiable
span p = A\ <= Ao = Xy of computon morphisms. By Definition 26, some of the e-outports
of A1 are matched with some of the e-inports of A9, with the characteristic there always is
at least one ec-outport in C| identified with some ec-inport in C2Jr (because the apex Ay is
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necessarily a trivial computon with at least one ec-inoutport — see Definition 1). For this
reason, A1 >, A2 also encapsulates sequential control flow and up to partial sequential data
flow. By partial, we mean some data elements are passed from the left operand to the right
one. To give a concrete example, Figure 17 shows the encapsulation given by the partial
sequential computon that results from the pushout construction depicted in Figure 12.
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Figure 17: Sequential control flow and partial sequential data flow encapsulated by the partial sequential
computon from Figure 12. We label some places for mapping purposes even though Petri nets are not labelled
(see Section 3).

In Figure 17, it is easy to observe that not all data from A; is passed to Ay, even though
control flow is necessarily sequential. In other words, data does not always follow control
within a partial sequential computon, as a result of identifying some ed-outports of the left
operand with some ed-inports of the right one. For example, in our scenario, only a 3-coloured
data item is passed from A; to A2, whilst Ay/A; consumes/produces a 4-coloured data item
from/for the external environment.

6.2. Parallel Computons

In this subsection, we present two major classes of parallel computons, p-async and p-sync,
which allow the asynchronous and synchronous execution of connected computons, respec-
tively. These two classes serve to capture parallel processes that do not interfere with one
another.

6.2.1. Asynchronous Parallel Computons

A p-async computon intutitively permits the independent, simultaneous execution of two
connected computons, without the need of forking or synchronizing control. Its formal notion
is given in Definition 29.

Definition 29. A p-async computon is the coproduct of two connected computons.

Definition 29 implies that a p-async composite puts two connected computons side by
side by offering multiple ec-inports to trigger some control-driven computation concurrently.
Figure 18 depicts a self-descriptive example for the construction of a p-async computon in
which the connected computons being put in parallel are the same we used in Figure 12. This
example demonstrates a particular feature of our theory, which is to allow the composition of
the same connected computons into sequential or p-async composite structures, no matter the
data such computons require or produce. Theorem 2 generalises this assertion by stating that
two arbitrary connected computons are sufficient and necessary to form a p-async computon
which, by Proposition 41, is always connected. As per Propositions 42 and 43, the operation
for forming a p-async computon is both commutative and associative.
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(] Computation unit - - Control flow edge o Ec-inport m Ec-outport

—— Data flow edge o Ed-inport e Ed-outport

Figure 18: Constructing a p-async computon A\; + A2 where A\; and A2 are isomorphic to the respective left
and right operands presented in Figure 12.

Theorem 2. A\; and A\, are connected computons <= the p-async computon A; + Ao exists.

Proof. The implication and reverse implication follow from Proposition 10 and Definition 29,
respectively. O

Proposition 41. A p-async computon is a connected computon.
Proof. The proof trivially follows from Definition 29 and Proposition 11. 0

Proposition 42 (Asynchronous parallel composition is commutative). There is an isomor-
phism between A; + Ay and Ay + A; for any (connected) computons A\; and .

Proof. The proof follows directly from the well-known fact that categorical coproduct is com-
mutative up to unique isomorphism. ]

Proposition 43 (Asynchronous parallel composition is associative). There is an isomorphism
between (A1 + A2) + Az and A\; + (A2 + A3) for any (connected) computons Aj, Ay and As.

Proof. The proof follows directly from the well-known fact that categorical coproduct is asso-
ciative up to unique isomorphism. ]

6.2.2. Operational semantics for p-async computons (in the theory of Petri nets)

No matter whether we use any of the three functors from Section 3, the Petri net of a
p-async computon does not introduce any additional places or transitions and the nets of the
operands do not interact in any way. This structural organisation, depicted in Figure 19,
results from defining a p-async computon in the form of a coproduct construction. By Propo-
sition 44 and Remark 13, any p-async’s net is deadlock free when the nets of the composed
computons are too.

Proposition 44. If N (A1) and N'()\2) are deadlock-free, N'(A1 + \2) is deadlock-free.

Proof. 1f the net from Figure 19 corresponds to N/ (A1 4+ A2), Definition 16 says the initial state
M; of such a net is a marking function where M;(p) > 0 for all p € {p1,...,pn, "1, ,"m}
and no tokens for all the other places, including those inside M (A1) and N(A2). As this
marking evidently reaches states from N (A1) and N'(\2) in parallel, we have that N'(A\; + \2)
is deadlock-free whenever N (A1) and N (\y) are. O
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Figure 19: General structure of the Petri net of a p-async computon A; + A2 constructed from a connected
computon A1 with n e-inports and j e-outports, and a connected computon A2 with m e-inports and k e-
outports. This structure is applicable to all the functorial constructions presented in Section 3, namely N/,
Co € and D.

Remark 13. Although it is a statement about N, Proposition 44 is applicable to the functors
C o € and D presented in Section 3. The proof is valid for C o € since Proposition 16 says C is
just a restriction of N to &(SetComP).

For D, we are only interested in nets with initial and final states (see Remark 5). Thus,
considering the form depicted in Figure 19, we have the following cases for a net D(A1 + \2):

1. If m=0and n > 0, or m > 0 and n = 0, only states of D(\;) or D(\2) are reached
from M;. Since both nets are deadlock-free, D(A1 + A2) is deadlock-free.

2. If m > 0 and n > 0, states of D(A\1) and D()\2) are simultaneously reached from M;. As
both nets are deadlock-free, D(A; + A2) is deadlock-free.

6.2.3. Encapsulation of control flow and data flow in p-async computons

By Definition 29, we know a p-async computon results from a coproduct construction
built upon disjoint union. Consequently, there are no ports of one computon identified with
ports of the other, meaning there is no way of structurally exchanging either data or control.
For this reason, a p-async computon encapsulates asynchronous parallel control flow and
up to asynchronous parallel data flow. To give a concrete example, Figure 20 shows the
encapsulation given by the p-async computon from Figure 18.
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Figure 20: Asynchronous parallel control flow and asynchronous parallel data flow encapsulated by the p-async
computon from Figure 18. We label some places for mapping purposes even though Petri nets are not labelled
(see Section 3).

6.2.4. Synchronous Parallel Computons

Structurally, a p-sync computon consists of a fork computon, two arbitrary connected
computons and a join computon. The roles of the fork and join are to split into and syn-
chronise control from the connected computons, respectively. Formally, a p-sync computon is
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constructed from a so-called p-diagram which satisfies the requirements imposed by Definition
30. Such a composite computon is defined as a colimit in SetC°™P which, by Lemma 2, can
always be computed via coproduct and pushout constructions.

Definition 30 (P-Diagram). A p-diagram p is a diagram with the following shape in Set ©°™P:
A4
)\0 )\1
o N
k A'

>\6 )\7
Ao A3
As
where:
1. Ao, A1, A2 and A3 are unit computons (see Definition 19),
2. A4 and Ag are connected computons,
3. Xg is a fork computon,
4. )7 is a join computon,
5. A6 2 X0 =2 Agy A <R A B 0 A5 5 A3 25 A7 and Mg <2 Ny 2% )5 are partially

sequentiable spans of computon morphisms,
6. as(Py) # ay(Ps) and
7. az(Pr) # as(Ps).

Definition 31 (P-Sync Computon). A p-sync computon is the colimit of a p-diagram.

Notation 4. For convenience, we use a pipe to reflect the fact that two connected computons
are being put into a synchronous parallel structure. For example, we write A4 [, A5 for the
p-sync computon obtained by computing the colimit of the p-diagram p shown in Definition
30.

Lemma 2. A p-sync computon can always be constructed in SetC°™P.

Proof. Considering the p-diagram shown in Definition 30, let (81 : A\g — Ag, Ag, B2 : Ay — Ag),
(63 Ay — )\9,)\9,54 : )\7 — )\9), (,35 : )\6 — )\10, )\10,66 : )\5 — )\10) and (67 : )\5 — )\11,)\11,ﬁ8 :
A7 — A11) be the respective pushouts of the partially sequentiable spans Ag 2 00 2 A\,
MR E A7, Ae &2 X 25 A5 and A5 <= A3 =% \7. By Definition 27 and Lemma 1, we
know such pushouts can be constructed to yield partial sequential computons. For example,
Ag corresponds to the partial sequential computon Ag I>,, A4 constructed from the partially
sequentiable span p; := Ag E2 0 29 .

We now show that the induced span Ag & A4 6—3> Ag is pushable. For this, let pg €
B2(0(P3)) so there exists some py € 0(f3) where S2(ps) = ps. Since py € 0(f3) and f3 is induced
by the pushout of the partially sequentiable span Ay <= A\ =% A7, we have o (p1) = ps € Py
for the unique port p; € P; (recall A\; is a unit computon and A4 is an arbitary connected
computon — see Conditions 1 and 2 of Definition 30). By Proposition 30, 82(P; ) C Py
because Ag is the partial sequential computon Ag >, As. So, Ba(ps) = ps € Py .

As the other conditions of Definition 9 follow analogously, we have that the pushout

(Bg : Ag = A12, M2, B10 : Ag — A12) of Ag ﬁ A4 ’8—3> Ag can be constructed. A similar approach
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can be used to prove the existence of the pushout (811 : Ao — A13, A13, B12 : A11 — A13) of the

induced span Ajg & A5 6—7> A1-

Now, Proposition 10 says that Ag + A7 can be formed. By the universal property of co-
products, we deduce there are unique computon morphisms (89 o 81, f10 © f4) : A6 + A7 = A2
and (B11 0 Bs, B12 0 Bs) : A¢ + A7 — A13. Considering Conditions 6 and 7 of Definition 30, it is

routine to check that the pushout A4 of A3 AEM A6 + A7 w A12 can be
constructed.
To check that A14 is indeed the colimit of the p-diagram shown in Definition 30, consider

the following cone:

al a3

)\4 )\1
e ezt
)\0 )\3
e =z

A2 A5

A7

A6

a4 ag

A5
Since Ag, Ag, A1;g and A;; are pushouts of the spans of the original p-diagram, by the uni-
versal property of pushouts, it is true that there are unique computon morphisms Ag — Ays,

A9 — A5, Ao — A15 and A1 — Aq5 that make the corresponding diagram commute. Like-
wise, as such morphisms exist, there also are unique computon morphisms from the respective

pUShOUtS of )\8 & )\4 6—3> )\9 and )\10 & /\5 ﬁ> /\11. That iS, )\12 — )\15 and )\13 — )\15 exist.

In the above cone, it is clear there are morphisms Ag — A15 and Ay — A5. Using the
universal property of coproducts, we deduce the existence of a unique computon morphism
A6 + A7 — A15. Finally, as A3 — A5 and A3 — A5 exist, we use the universal property of
pushouts again to deduce there is a unique computon morphism A4 — A15. As Ay — Ags
makes everything commute in our construction, it is true that A14 is the colimit of the original
p-diagram. O

Corollary 3. A p-sync computon is a connected computon.

Proof. Consider the construction presented in the proof of Lemma 2. By Proposition 9, we
have that Ag, Ag, A9 and A1 are connected computons because A4, A5, A\g and A7 also are
(recall forks and joins are primitive computons which, by Proposition 26, adhere to Defini-

tion 6). Consequently, the pushouts A2 and Aj3 (of the induced spans Ag & A4 5—3> Ag and
A10 ﬁ A5 ﬂ> A11, respectively) are connected computons too. Using Proposition 9 again, we

deduce that the pushout A14 of the unique span A3 M A6 + A7 M A12
is a connected computon. As 14 is the colimit of the original p-diagram (shown in Definition
30), we conclude that every p-sync computon is a connected computon. O

To elucidate the proof of Lemma 2, Figure 21 provides a complete, self-descriptive example
for constructing a p-sync computon from the connected computons used as operands in one
of our examples of partial sequential composition (see Figure 12). A glance at Figure 21
reveals that the initial p-diagram p (displayed in the middle) specifies the basic building
blocks for constructing a p-sync computon, namely four unit computons, a fork computon, a
join computon and two connected computons (i.e., the computons being put in parallel). The
construction starts by computing four pushout operations that produce a partial sequential
computon each as per Definitions 27 and 30 (see the squares marked with S). The induced
morphisms of such pushouts form two spans whose respective pushouts freely behave as in
Definition 8, i.e., they are pushouts that just “merge” computons via some common object (see
the squares marked with M). In this case, such common objects are A\; and g, respectively.
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Figure 21: Constructing a p-sync computon A1|,A2 where A\; and A2 are isomorphic to the operands presented in
Figure 12 and p is the p-diagram in the middle (whose morphisms are displayed as black arrows). Intuitively, the
pushouts marked with ‘S’ are first computed to form four partial sequential computons. Then, the pushouts
marked with ‘M’ are computed to merge such partial sequential computons into the top- and bottom-level
composites, respectively. Finally, the pushout of the span formed by (811 0 5, 812 © 8s) and (B9 o 1, B10 © B4)
is computed to yield the p-sync computon A1 |, A2 (displayed on the rightmost part of this figure).

Our construction finalises by computing the pushout of the unique computon morphisms
deduced from the universal property of coproducts. The coproduct, in this case, is the juxta-
position of a fork computon and a join computon (in fact a p-async computon), which serves
as a common object for the pushout of the unique (induced) span of (511 o 85, f12 © fs) and
(Bg © B1, B1o © Pa), i.e., for constructing the p-sync computon A; |, A2 (see Notation 4).

As A1 |, A2 is constructed from pushouts that rely on unit computons as apices, only an
ec-inport p; € Oy, an ec-outport q; € Oy, an ec-inport ps € C5 and an ec-outport gz € Cy
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become i-ports in A; |, A2. The rest of e-inports and e-outports of the arbitrary connected
computons become e-inports and e-outports in A |, A2, respectively. This structural implica-
tion is derived from the fact that fork and join computons have control ports only; so, unlike
sequential composition and like p-async computons, A; and A2 do not have any structural
means to exchange data when composed into a synchronous parallel structure. To ensure a
consistent construction of the p-sync computon A; |, A2, Condition 6 of Definition 30 intu-
itively says that p; and ps cannot be mapped to the same ec-outport of the fork computon.
A similar constraint is imposed by Condition 7 which states that ¢; and ¢» cannot be mapped
to the same ec-inport of the join computon.

Another difference with respect to sequential composition is that the order of the com-
putons being parallelised does not matter. So, even if A\; and Ay are interchanged in the
p-diagram from Figure 21, we will always have the same colimit result, i.e., synchronous par-
allel composition is a commutative operation (see Proposition 45). Proposition 46 shows that,
unlike total sequencing, synchronous parallel composition is not associative so that grouping
matters. Although such an algebraic property is not satisfied, the result of synchronous par-
allel composition is always a connected computon (see Corollary 3). Also, any two connected
computons can be put into a synchronous parallel structure regardless of the data they require
or produce (see Theorem 3).

Proposition 45 (Synchronous parallel composition is commutative). There is an isomor-
phism between A; |, A2 and Ay |,, A1 for any p-sync computons A |, A2 and Az |5, A1

Proof. The proof is obvious. It follows from the fact that fork computons are trivially isomor-
phic, with the same being true for join and unit computons. ]

Proposition 46 (Synchronous parallel composition is not associative). There is no isomor-
phism between (A |5, A2) |po A3 and Aj |,, (A2 |ps A3) for some choice of p-sync computons
A o1 A2y (A1 |pr A2) [pe A3y A2 [ps Az and Ap [p, (A2 [ps A3)-

Proof. Suppose p1, p2, p3 and py are p-diagrams. Considering Figure 22, we let (a), (b), (c)
and (d) be the colimits of p1, p2, p3 and py, respectively. As it is clear there is no isomorphism
from the p-sync computon (b) to the p-sync computon (d), we conclude that the proposition

being proved is true. Lo
2a Jos Ml
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(a) Colimit Ay |p; A2 of p-diagram py. (b) Colimit (A1 |p; A2) |po A3 of p-diagram pa.
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(c) Colimit Az |p; A3 of p-diagram p3. (d) Colimit A1 |ps (A2 |p3 A3) of p-diagram py.

Figure 22: Counterexample that disproves the associativity property of synchronous parallel composition.
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Theorem 3. For every pair (A1, A2) of connected computons, there is a p-diagram p such
that A1 |, Ao exists.

Proof. Let Ay and A5 be two arbitrary connected computons, Ag a fork computon, A7 a
join computon, and A; a unit computon for j € {0,1,2,3}. We first construct the follow-
ing spans of computon morphisms: Ag L N Mgy, g PElE V- A7, As &7\ 25 N\, and
A6 2 Xy 2% Xs5. As the common domain of each span is a unit computon, each morphism is
a diagram of the form:

O O S

In the above diagram, it is evident that the only morphism components that are not empty
functions are those mapping ports and colours, respectively. As the set of colours of a unit
computon is always {0} and 0 is in the set of colours of every computon (by Definition 1),
the respective Y-component of each morphism can be defined in the obvious way to yield
an inclusion function. Now, if p; € P;, the P-component of each morphism is given as
follows: az(po) € Cg, ao(po) € Cf, a1(p1) € Oy, as(p1) € CF, ar(ps) € Cs ', as(ps) € CF,
ay(p2) € Cg and ag(pa) € CF such that az(pg) # aa(pe) and az(p1) # as(ps)-

Since Ay and \g are connected computons and Ay is a trivial computon (see Defini-
tion 6 and Proposition 3), po € i(az) N d(ap) and, consequently, Py = () N &(g) because
Py = {po}. The facts py € i(a2) Nd(ag), aa(po) € C5 and ag(po) € Cf allow us to further
deduce as(d(ag)) € Cy € Py and ag(i(az)) € Cf C P;f. In particular, as(&(ag)) C Py be-
cause |Py| =1 and |P; | = |Cy | = 2 (see the above diagram and Definition 23). This means
that, by Definition 26, g <= Ao —2 A4 is partially sequentiable. Proving that the other spans
are also partially sequentiable is completely analogous.

As our construction corresponds to a p-diagram p whose colimit can be computed by
Lemma 2, it follows that the p-sync computon Ay |, As exists in Set©°™P (see Definition 31
and Notation 4). O

6.2.5. Operational semantics for p-sync computons (in the theory of Petri nets)

No matter whether we use any of the three functors presented in Section 3 (i.e., N, C o € or
D), the Petri net of a p-sync computon does not introduce any additional places or transitions
beyond those from the nets of the computons of the corresponding p-diagram. In the case of
N and C o €, the net of a p-sync has the form depicted in Figure 23(a); whereas for D, the
corresponding net has the form depicted in Figure 23(b).

P1 Oy »Oa P O, »Oa
A1-net A1-net
A3-net Aq-net Asz-net A4q-net
b O~ o O~ ~0 0
! o—»K H J
A2-net A2-net
rm O RO s rm O O s
(a) For N'o € or C. (b) For D, all places buffer data so the transitions

for the fork and join computons do not have any
input or output places (cf. Figures 9(c) and 10(c)).

Figure 23: General structure of the Petri net of a p-sync computon A; |, A2 constructed from a connected
computon A1 with n e-inports and j e-outports, and a connected computon A2 with m e-inports and k e-
outports. The places f and j correspond to the only ec-inport and the only ec-outport of the fork and join
computons, respectively.

By Proposition 47 and Remark 14, the underlying net of any p-sync computon is deadlock-
free only if the nets of the composed computons are deadlock-free too.
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Proposition 47. A Petri net N (A |, A2) is deadlock-free if AV'(A1) and N (A2) are deadlock-
free, and the fork transition of N(A; |, A2) is the only transition enabled in the initial state
OfN(/\l |p )\2).

Proof. 1f the net from Figure 23(a) corresponds to N'(A1 |, A2), we know by Definition 16 that
its initial state M; is a marking function that puts tokens in f together with the input places
of N'(\1) different than p,, and the input places of N'()\2) different than r;, while keeping no
tokens in all the other places, including those inside A'(A1) and N'(Az2). If the unique transition
of N(\3) is the only one enabled under M;, firing it reaches a marking that corresponds to
the initial states of N (A1) and N (\q), i.e., only the places p1,...,p, and rq,...,r, have
tokens. Thus, if N (A1) and N(Xg) are deadlock free, N (A1 |, A2) must be deadlock-free
too, considering it is evident that the places and transitions of A/(\4) do not introduce any
deadlocks. O

Remark 14. Although it is a statement about the functor N, Proposition 47 is applicable to
the functors C o € and D presented in Section 3. The proof is valid for C o & since Proposition
16 says C is just a restriction of ' to €(Set©°™P). As D(\; |, A2) has isolated transitions for
fork and join computons (see Figure 23(b)), deadlock-freedom follows directly from Remark
13.

By restricting the fork transition of A (A; |, A2) to be the only one enabled under M;,
Proposition 47 disregards the possibility of triggering either the Ai-net or the Ao-net be-
fore/upon firing the unique transition of the A3-net. Should any of these two cases occur,
there is a possibility of deadlock.

6.2.6. Encapsulation of control flow and data flow in p-sync computons

By Definition 31, we know a p-sync computon A |, Az is the colimit of a p-diagram p which,
by Definition 30, integrates a fork computon, a join computon, two connected computons and
four unit computons. As a result of the colimit construction described in Lemma 2, a p-sync
computon connects the ec-outports of the fork and the ec-inports of the join with ec-inports
and ec-outports of the connected computons, respectively. Thus, forming a composite that
encapsulates synchronous parallel control flow. It is synchronous in the sense the fork enables
the parallel invocation of A\; and A, while the join waits for their termination. As no data
ports are linked (through the colimit of p), there is no data exchange within a p-sync computon
50 A1 |, A2 encapsulates up to asynchronous parallel data flow (just as p-async computons do).
To give a concrete example, Figure 24 shows the encapsulation given by the p-sync computon
resulting from the colimit construction depicted in Figure 21.

Having synchronous control and asynchronous data entails that data does not follow con-
trol within a p-sync computon. So, data items can be received before forking control or
produced before joining control. Despite of this asynchronous behaviour, the connected com-
putons being paralleised cannot consume data until receiving a control signal from the cor-
responding fork computon. This is enforced in nets under A/. For example, in the scenario
depicted in Figure 24, A/(\1) cannot perform any computation until receiving control from
the fork as well as 1- and 2-coloured data items from the external environment. In other
words, the transition representing A; needs to be enabled by both the transition representing
the fork computon and the external environment.

As computons interact via input/output ports, it might seem that the computon model
is not yet ready to encode synchronised concurrent behaviours (cf. open automata [35]). We
conjecture that an instance of such class of behaviours can be expressed as a p-sync computon
to simultaneously trigger computons that encode the transitions being synchronised. Although
constructing such composites might be infeasible in practice due to their potentially complex
structure, proving this conjecture would support our thesis that control flow is ever present
in any (concurrent or sequential) computation.
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Figure 24: Synchronous parallel control flow and asynchronous parallel data flow encapsulated by the p-sync
computon from Figure 21. We label some places for mapping purposes even though Petri nets are not labelled
(see Section 3).

6.3. Branching Computons

A branching computon structurally consists of two connected computons whose e-inports
and e-outports overlap, respectively. This overlapping restriction is captured by a so-called
b-diagram whose morphisms are all markers (see Definition 32).

Definition 32 (B-Diagram). A b-diagram is a diagram with the following shape in Set©°™P:

Ao
A2
RN
A1

A3

where:

1. )y is a connected computon with an in-marker A\J and an out-marker A, , and
2. A3 is a connected computon with an in-marker )\;{ and an out-marker A;.

Evidently, by Definition 20, A\p and A; are trivial computons, serving as domains for the
markers involved in the b-diagram.

A branching computon operates in a non-deterministic manner by exclusively choosing a
connected computon out of two possible ones. Its role is to capture the essential structure
of decision-making by abstracting away from particular conditions or external environment
influences which might be variable, unpredictable or too complex to enumerate exhaustively.
Intuitively, a branching computon is like an if-else programming construct but without explicit
conditions deciding computational paths.?°

20 Another reason for decoupling control flow from external influences is to facilitate formal verification of
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To construct a branching composite, it suffices to compute the colimit of a b-diagram
by performing a pushout operation along a coproduct construction. More specifically, if we
consider the b-diagram from Definition 32, the operation is A +),4, A3 such that Ay and
A3 are the computons being branched (see Definition 33). As the apex of such a pushout is
the coproduct of a trivial computon A9 (which can be injected into all the e-inports of both
operands) and a trivial computon A; (which can be identified with all the e-outports of both
operands), a branching structure can be constructed only from computons with isomorphic
interfaces. By Lemma 3, this pushout construction can always be computed in SetC°™P.

Definition 33 (Branching Computon). A branching computon is the colimit of a b-diagram.

Notation 5. For convenience, we use a question mark to reflect the fact that computons are
chosen non-deterministically. For example, we write A2?,A3 for the colimit of the b-diagram
p shown in Definition 32.

Lemma 3. A branching computon can always be constructed in SetC°™P.

Proof. Consider the b-diagram shown in Definition 32. By Proposition 10, we know that the
coproduct A\g+ A1 can be formed. As there are markers )\j iAo = Ajand A7t Ay = Ajfor j €
{2, 3}, we use the universal property of coproducts to deduce there also are unique computon
morphisms (AJ, A7) : Ao + A1 — Az and (A], A7) : Ao + A1 — A3. Assuming 51 : Ao — Ao + A1
and s : A1 = Ag + A1 are the canonical injections into Ay + A1, we now prove that the induced
span Ao M Ao+ M ()\;’r—)\?’)> Ag is pushable.

If pp € (A5, A7) (i(AF,A3)), there is some ¢ € i(Af,A3) for which (A\J,\5)(q) = pa, i.e.,
7. A3)(@) \ (07, A3)(q) # 0 which implies (A, A3 )(q) & P§. Consequently, (A 23)(q)
is not in the image of the in-marker )\gr so, by coproduct definition, there must be some
p1 € i(A3) such that A3 (p1) = (AT, A3)(q) € Py. As A3 = (A, A3) o B2 (by coproduct com-
mutativity), we have A3 (p1) = (A, A3)(q) = (A, A3)(B2(p1)). That is, ¢ = Ba(p1) given that
the P-component of ()\gr, A3 ) is injective. Injectivity follows from the fact that )\3{ and A5 are
both injective (see Definition 20) and that P;7 N Py = () because )3 is a connected computon
(see Definition 32 and Proposition 2).

Now, observing A\; = (AJ,\;) o B2 and considering that A, is an out-marker, we ob-
tain A3 (1) = (O, A0)(B2(p1) = (A5, A5 )(@) = p2 € Py Hence, (Af,A3)((M, A7) €
Py C Py U P2+ . As the other conditions of Definition 9 can be proved analogously, the

AT S AP AT
pushout (83 : Ao = Ay, Ay, Ba 1 A3 — Ayg) of Ay M Ao + A1 M A3 can be constructed.

To prove A4 is the colimit of the original b-diagram, suppose there is a cone:
Ao
\
/\+
A
Ay
A1

Bt

crucial control flow properties such as deadlock absence. Without decoupling, a verification problem could
become intractable since, in general, the external environment cannot be modelled completely. Even when
assumptions are made, they might not capture the real-world accurately [7].
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As there evidently are morphisms Ag — A5 and A1 — A5, we use the universal property of
coproducts to deduce there is a unique computon morphism Ay + A1 — A5 such that the cor-
responding diagram commutes. As there also are computon morphisms Ao — A5 and A3 — As,
we use the universal property of pushouts to deduce there is a unique morphism Ay — A5 that
makes everything commute in our construction. Therefore, A4 is the colimit of the original
b-diagram. ]

Corollary 4. A branching computon is a connected computon.

Proof. As a branching computon is the pushout of a pushable span whose legs are connected
computons (see the proof of Lemma 3 and Definition 32), we simply use Proposition 9 to
deduce that any branching computon is a connected computon. O

To clarify the construction presented in the proof of Lemma 3, Figure 25 presents a com-
plete, self-descriptive example for the construction of a branching computon A;7,A2 where p
is the b-diagram displayed at the top. Particularly, for j € {1,2}, A; is a computon with an
in-marker Aj and an out-marker )\; and the computon morphisms 31 and (2 are canonical
injections satisfying the universal property of coproducts. By this property, there are unique
computon morphisms (A{",A\]) and (AJ,\;) whose pushout yields the branching computon
A1?,A2 together with induced morphisms 1 and ~e.

1 o—— )\1

A1

ARA
N

A2

Figure 25: Constructing a branching computon A\1?,\2 where p is the b-diagram at the top (whose morphisms
are displayed as black arrows). Here, A1 and A2 are both isomorphic to the left operand presented in the example
of Figure 12, and the S-morphisms are the canonical injections into the coproduct of the trivial computons in
p. The branching computon A17,\2 is simply the pushout of the unique morphisms induced from the universal
property of coproducts, namely (A}, A\]) and (Af, A;).

Branching is an operation that enables the non-deterministic selection of a computon out
of two possible ones. So, even if we interchange A1 and Ao in the construction depicted in
Figure 25, the colimit would be isomorphic, i.e., constructing a branching computon is a
commutative operation (see Proposition 48). As grouping does not alter the colimit result
either, branching is associative in addition (see Proposition 49).
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Proposition 48 (Branching composition is commutative). There is an isomorphism between
M7, A2 and A7), A1 for any branching computons A1?7, A2 and Aa7,, A1.

Proof. The proof follows directly from the well-known fact that categorical pushout is com-
mutative up to unique isomorphism. ]

Proposition 49 (Branching composition is associative). There is an isomorphism between
(AM1?pA2) 75, A3 and A17,,(A27,,A3) for any branching computons Ai7, A2, (A1?,,X2)7,, A3,
)\Q?pg)\g and Al?p4()‘2?p3)‘3)-

Proof. The proof is similar to that of Proposition 32. 0

Unfortunately, not every pair of connected computons is a candidate to define a branching
composite. This is because the e-inports of one computon must totally match the e-inports
of the other, with the same being true for e-outports (hence the retrictions imposed by the
morphisms of a b-diagram — see Definition 32). Nevertheless, when a pair of computons
meets such restrictions, Corollary 4 states that their corresponding branching composite is
always a connected computon.

6.3.1. Operational semantics for branching computons (in the theory of Petri nets)

No matter whether we use any of the three functorial constructions presented in Section
3, the underlying Petri net of a branching computon does not have any additional places
or transitions beyond those from the composed computon nets. The general structure of a
branching computon’s net is depicted in Figure 26.

Figure 26: General structure of the Petri net of a branching computon A1?7,A2 constructed from connected
computons A; and A2 that have n e-inports and j e-outports each. This structure is applicable to all the
functorial constructions from Section 3, namely A/, C o € and D.

Unfortunately, a net N (A\17,A2) is not deadlock-free in general, especially when A; or Ay
rely on partial sequencing. To fully ensure deadlock-freedom, the composed computons need
to be “adapted” by attaching an in-sync to each of them; thereby, forming total sequential
computons that synchronise e-inports. These sequential entities can then composed into a
branching structure which is guaranteed to be deadlock-free, provided that N (A1) and N (Ag)
are deadlock-free too. Proposition 50 uses this adaptation process to show that it is possible
to convert the net of any branching computon into a deadlock-free one.

Proposition 50. Let A\;7,)\2 be a branching computon and assume A3 and A4 are in-syncs of
A1 and Ay, respectively. If N (A1) and N (\g) are deadlock-free, there are spans p1, p2 and p3
such that N((A3 >, A1)7p,(Aa ), A2)) is deadlock-free.

Proof. If A\17,A2 is a branching computon, we know by Definition 32 that A\; and A2 are con-
nected computons. If A3 and A4 are in-syncs of A\; and Ay, respectively, Proposition 35 says
there must be spans p; and po such that A3 >, A1 and Ay >, A2 exist. By Proposition 31
and Definition 28, we deduce that the in-markers of A3 >, A; and A4 >,, A2 share domain
with )\f and /\;, respectively. Similarly, using Proposition 31, we further derive that the
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out-markers of A3 >, A1 and Ag>,, A2 share domain with A} and A;, respectively. Con-
sidering that the domains of A\] and \J coincide in the b-diagram p (as per Definition 32)
and that sequential computons are connected (see Proposition 29), we have just constructed
a new b-diagram ps out of p. Simply using Lemma 3, we deduce (A3 >, Ai1)7,,(Aa>p, A2)
exists. According to the functorial construction presented in Definition 15, we know the net
N((A3 5, A1)7ps(Aa ), A2)) must have the following form:

N(s) r1

p1

Definition 16 says that the initial state M; of the above net is a marking function where
M;(p) > 0 for all p € {p1,...,pn} and no tokens in all the other places, including those inside
N (A1) and N'(X2). Although M; enables the only transitions of A'(A3) and A(\y), it is clear
that only one of them will be chosen for firing due to mutual exclusion. Consequently, we
have two possible execution paths:

o N(\3) fires to put tokens in each place in {rq, ..., r, }; thereby, reaching a correspondence
with the initial state of N'(\1).

o N()\y) fires to put tokens in each place in {s1,...,s,}, thereby, reaching a correspon-
dence with the initial state of N'(A2).

If we assume that N(A;) and N(A2) are both deadlock-free, it is evident that the net
N((A3>p, A1)?ps(Aa B>p, A2)) cannot get stuck in any of the two possible execution paths.

Therefore, N (A3 B>, A1)?5,(Aa Bp, A2)) is deadlock-free, as required. O

Remark 15. As \17,)2 identifies all the e-inports of A\; with all e-inports of A2, it is evident
that the in-syncs A3 and A4 must be isomorphic. Accordingly, we deliberately use the same
subindices for p-, r- and s-places so as to show that there is a one-to-one correspondence
between the input and output places of N'(A3) and N (Ay).

Remark 16. Although it is a statement about the functor N, Proposition 50 is applicable to
the functors C o € and D presented in Section 3. The proof is valid for C o € since Proposition
16 says C is just a restriction of N to &(Set©o™P).

As we are only interested in checking deadlock-freedom for D-nets with initial and final
states (see Remark 5), we only need to consider the form depicted in the proof of Proposition
50 for j,n > 0. As this is exactly what we have for any net under N (because any computon
always has ec-inports and ec-outports), the proof that any D-net (with initial and final states)
is deadlock-free is analogous to that of Proposition 50.

6.3.2. Encapsulation of control flow and data flow in branching computons

A branching computon encapsulates branching control flow and up to branching data flow,
as a result of matching all the e-inports/e-outports of one computon with all the e-inports/e-
outports of another. It is branching in the sense a corresponding net chooses an execution
path out of two possible ones. For instance, Figure 27 shows the encapsulation given by the
branching computon resulting from the colimit construction depicted in Figure 25.
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Figure 27: Branching control flow and branching data flow encapsulated by the branching computon from
Figure 25. We label some places for mapping purposes even though Petri nets are not labelled (see Section 3).

6.4. Iterative Computons

An iterative computon is structurally made up of four connected computons, one of which
corresponds to the computon A being iterated over while another allows the repeated invoca-
tion of A. The other two connected computons serve as endpoints to respectively enter and
exit the iterative computational structure being defined. In this subsection, we describe two
classes of iterative computons: head-iterative and tail-iterative.

6.4.1. Head-Iterative Computons

A head-iterative computon decides to either continue or terminate an iterative process just
before executing an arbitrary connected computon. To construct it, it suffices to compute the
colimit of a so-called h-diagram which defines basic building blocks, namely four connected
computons and two trivial computons, together with six marker morphisms (see Definitions
34 and 35). By Lemma 4, such a colimit always exists in the category Set®°™P so a head-
iterative computon can always be constructed. By Corollary 5, a head-iterative computon is
a connected computon.

Definition 34 (H-Diagram). An h-diagram is a diagram with the following shape in Set €°™P:

where:
e )\ is a connected computon with an in-marker A™ and an out-marker A\,
e )y is a connected computon with an out-marker A\, ,
e )3 is a connected computon with an in-marker )\;{ and an out-marker A3, and
¢ )4 is a connected computon with an in-marker \}.

Evidently, by Definition 20, Ay and A; are trivial computons, serving as domains for the
markers involved in the h-diagram.

Definition 35 (Head-Iterative Computon). A head-iterative computon is the colimit of an
h-diagram.
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Notation 6. For convenience, we write a star symbol before a computon symbol A to indicate
that the decision-making locus that terminates the iterative process is placed just before the
computational structure of X. For example, we write *,()) for the colimit of the h-diagram p
shown in Definition 34.

Lemma 4. A head-iterative computon can always be constructed in Set©o™P,

Proof. Considering the h-diagram shown in Definition 34, by Propositions 8 and 22, we know

that the pushouts of Ay )\%2 Ao /\—3> A3 and A4 £ A0 & A can be constructed. Let us denote
them (ﬁl t Ao = A5, A5, 02 0 A3 — )\5) and (ﬁg A = Ag A6, Ba s A — )\6), respectively. By
pushout commutativity, we deduce the existence of computon morphisms f : Ay — A5 and
g: Ao — ¢ such that f=B10)\; =fBa0A; and g = B30\ = Bgo AT,

Now, by Proposition 10, we know that the coproduct Ag + A; can be formed. Using the
universal property of coproducts, we also know there must be unique computon morphisms

, oS oM™
(f, B20AF) and (g, B40A 7). To show that A5 M Ao+ A1 19p1027), A is pushable, assume
p6 € (g, B1oA7)(9(f, B20A7)) so there is some g € 6(f, B20A7 ) such that (g, 81027 )(q) = ps. As

(f, B20A3 ) (q)8\(f, B2oAT ) (qe) # 0, it is true that (f, B20N])(q) ¢ P . By coproduct definition

A, Al
and considering that )5 is the pushout of the span Ay <2~ \g —= A3 of out-marker morphisms,
we use Proposition 23 to deduce there is some p; € P; where ﬂg(/\:}f (p1)) = (f, P20 A;‘)(q)
Again, by coproduct definition, we get (g, 540 A7)(q) = ps = Ba(A"(p1)) € Py (because A\~ is

n
an out-marker morphism and (4 is an induced morphism for the pushout of A4 )\%4 Ao g A).
As the other conditions of Definition 9 are proved analogously, it is true that the pushout A7
of (f,B20 )\5'“) and (g, 840 A7) can be constructed. We now show that such a pushout satisfies
the universal property of the colimit of the original h-diagram by supposing there is a cone:

b AT S +
Since A5 and \g are the respective pushouts of Ay <2 \g —= A3 and Ay <— Ao AT A,

by the universal property of pushouts, there are unique computon morphisms A5 — Ag and
A¢ — Ag that make the corresponding diagrams commute.

In the above cone, there are computon morphisms Ag — Ag and A; — Ag. Using the uni-
versal property of coproducts, we deduce there is a unique computon morphism Ag + A1 — As.
Finally, we use the existence of A5 — Ag and Ag — Ag and the universal property of pushouts
to deduce there is a unique computon morphism A7 — Ag that makes everything commute in
our construction. Thus, proving that A is the colimit of the original h-diagram. O

Corollary 5. A head-iterative computon is a connected computon.

Proof. In the construction presented in the proof of Lemma 4, the pushouts A5 and Ag are
connected computons by the fact that A\, Ay, A3 and A4 also are (see Proposition 9). Conse-

(£,82013) (9:81007) .
quently, the pushout A7 of the pushable span A5 «+——= \g + \{ ———— A is a connected

computon. As A7 is the colimit of the (original) h-diagram shown in Definition 34, we conclude
that every head-iterative computon is a connected computon. O

To clarify the construction presented in the proof of Lemma 4, Figure 28 illustrates a
complete, self-descriptive example for the formation of a head-iterative computon *,(\) over
a functional computon A where p is the h-diagram shown in the middle.
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Figure 28: Constructing a head-iterative computon x,(A) where p is the h-diagram shown in the middle (whose
morphisms are displayed as black arrows). Here, f = 810Xy = f20A; and g = fs0 A= pBio AT,

A glance at Figure 28 reveals that *,()) is constructed from three additional connected
computons (i.e., A2, A3 and A\4) and two trivial computons. One of the trivial computons
serves as the domain for the in-markers )\I and A" so the e-inports of A4 and A match. This
trivial computon also serves as the domain for the out-markers A\; and A3 . The other trivial
computon is the domain of the in-marker A\J and the out-marker A7, i.e., the e-inports of A3
are identified with the e-outports of .

The right-most composite in Figure 28 shows that the connected computons \e and A4 serve
as the respective entry and exit points for the whole iterative structure of *,(\). Particularly,
Ao is needed because, without this, *,(A) will enter into a closed loop with no entry points (i.e.,
no e-inports); thus, violating Definition 1. Beyond this, there is no special requirement for
the e-inports of Ay or the e-outports of A4, as evidenced by the h-diagram shown in Definition
34. Not enforcing specific requirements on this matter enables a high degree of modelling
flexibility. For instance, it is possible to deem Ay as a computon that replicates data (when its
e-inports and e-outports are isomorphic) or as a computon that receives data of a certain type,
performs some processing on that data and returns data of a different type. In our particular
example, as its e-inports and e-outports do not coincide, we can treat Ao as a computon that
pre-processes (or filters) information before sending it into the iterative computation defined
over . By Theorem 4, a head-iterative computon can always be formed for any arbitrary
connected computon, regardless of the data such an arbitrary computon requires or produces.
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Theorem 4. )\ is a connected computon <= a head-iterative computon *,(\) exists for
some h-diagram p.

Proof. ( = ) Let X\ be an arbitrary connected computon. By Proposition 21, we deduce
the existence of an in-marker A™ : \g — X and an out-marker A~ : \; — \. Now, if Ay and
Az are connected computons and duals of A (see Proposition 24), Definition 21 says there is
an in-marker )\;f : A1 — A3 as well as out-markers Ay : A\g — A3 and Ay : A\g — M. Finally, if
A4 is a computon isomorphic to A\, A4 must be connected and there must evidently exists an
in-marker )\jl' S A = A4

The above construction corresponds to that of an h-diagram p so we simply apply Lemma
4 to deduce that the colimit of p exists. Using Definition 35 and Notation 6, we conclude such
a colimit is the head-iterative computon *,(X).

( <) This part of the proof follows directly from Definition 34. O

6.4.2. Operational semantics for head-iterative computons (in the theory of Petri nets)

No matter whether we use any of the three functorial constructions presented in Section
3, the Petri net of a head-iterative computon has no additional places or transitions beyond
those from the nets of the computons of the corresponding h-diagram. The general structure
of a net of this sort is depicted in Figure 29.

Figure 29: General structure of the Petri net of a head-iterative computon, considering the h-diagram from
Definition 34. This structure is applicable to the functorial constructions N, C o € and D from Section 3.

Unfortunately, there is no guarantee every head-iterative’s net is deadlock-free even when
the nets of the computons from the corresponding h-diagram are. Despite of this, it is still
possible to enforce deadlock-freedom by using primitive computons as entry, exit and iter-
ation points. Proposition 27 and Remark 8 together say every primitive computon’s net is
deadlock-free. So, as long as the net of the computon being iterated over never gets stuck, the
corresponding head-iterative’s net will be deadlock-free (see Proposition 51 and Remark 17).

Proposition 51. Consider the h-diagram p depicted in Definition 34 and assume M; and
My are the initial and final markings of the net N'()), respectively. The net N (x,(\)) is
deadlock-free if:

1. ); is a primitive computon for j = 2, 3, 4,

2. N()) is deadlock-free, and

3. for every marking M reachable from M;, if M(s) > 0 for each output place s of N(\)
then M = M;.

Proof. Consider the h-diagram p from Definition 34 and assume ); is a primitive computon
for j = 2, 3,4. By Proposition 26, p is a well-defined h-diagram because each ); is a connected
computon. Using Lemma 4, we deduce the existence of *,(\) whose underlying net N (x,(\))
has the following form according to the functorial construction presented in Definition 15:
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The above net evidently has the form depicted in Figure 29. The only difference is that,
rather than black-boxing N ()\;), we display its internals which consist of only one transition
(because A; is primitive). By Definition 16, we know the initial state M; of N (x,(\)) is a
marking function where M;(p) > 0 for all p € {p1,...,pm} and no tokens for all the other
places, including those inside N'(\). This marking evidently enables the only transition of
N ()\2) and nothing else. Consequently, firing A (\2) reaches a state that marks each place in
{q1,--.,qn}. Assuming N'()) is deadlock-free and that only its final state can put tokens in
each element from {si,..., sk} (see Conditions 2 and 3), we now have two possible execution
paths (as per mutual exclusion):

1. If N'(\g) is executed, the final state of N'(*,())) will immediately be reached with tokens
in 71,...,r;. Therefore, N'(x,(\)) will not get stuck.
2. If N(X) is executed, we have two options:

(a) No state of N(\) ever puts tokens in all the places in {s1,...,s,}. In this case,
even though NV () never terminates successfully, there is a guarantee N (x,())) will
not get stuck because N () is deadlock-free.

(b) A state of N'(\) puts tokens in all the places in {s1, ..., sg}. If so, the final marking
of N'(\3) will be reached, which simply puts a token in each place in {q1,...,qn}-
As we have the same two execution alternatives again, we simply repeat 1 or 2
whichever applies.

By the above, it is evident that all the execution paths lead to a deadlock-free execution.
Therefore, we conclude N (x,())) is deadlock-free, as required. O

Remark 17. Although it is a statement about the functor A/, Proposition 51 is applicable to
the functors C o & and D presented in Section 3. The proof is valid for C o € since Proposition
16 says C is just a restriction of N to &(SetCo™P).

Remark 5 says we are only interested in checking deadlock-freedom for D-nets that have
initial and final states. A glance at the figure depicted in the proof of Proposition 51 reveals
this is satisfied when j,m > 0. Starting with the initial state M; that puts tokens in py, ..., pm,
we have the following cases:

e If n =0, M; enables the only transition of D(A2) which, upon firing, makes D(x,(\))
enter into a deadlock state.

o If k=0 and n > 0, D(X\) will never reach its final state. Despite of this, D(x,())) is
guaranteed to be deadlock-free when D(\) also is.

o If k> 0 and n > 0, the proof of deadlock-freedom for D(x,())) is analogous to that of
Proposition 51.

Therefore, to guarantee D(x,(\)) is deadlock-free, we must consider an h-diagram p where the
entry and iteration computons have ed-outports, apart from ensuring that D(\) is deadlock-
free and that satisfies Condition 3 of Proposition 51.
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6.4.3. Encapsulation of control flow and data flow in head-iterative computons

By Definition 35, we know a head-iterative computon #,(A) is the colimit of an h-diagram
p which, by Definition 34, is formed by four connected computons and two trivial computons.
One of the connected computons is A (i.e., the computon being iterated over) whereas the
others serve as entry, exit and iteration points. Thus, *,(\) encapsulates cyclic control flow
and up to cyclic data flow. By cyclic, we mean A and the iteration entity are executed
repeatedly. In a head-iterative computon, the decision whether to repeat A is made before
executing it. To give a concrete example, Figure 30 illustrates the encapsulation given by the
head-iterative computon resulting from the colimit construction depicted in Figure 28.

1B

F - -m

Figure 30: Cyclic control flow and cyclic data flow encapsulated by the head-iterative computon from Figure
28. We label some places for mapping purposes even though Petri nets are not labelled (see Section 3).

6.4.4. Tail-Tterative Computons

A tail-iterative computon is structurally similar to a head-iterative one in the sense it is
formed from the same basic building blocks, namely four connected computons and two trivial
computons, as specified by the notion of a t-diagram (see Definition 36). The difference lies in
the position of the structure that non-deterministically chooses continuation or termination
of the iterative computation. While a head-iterative computon defines such a structure just
before the computon being iterated over, a tail-iterative one specifies it immediately after.
Analogically, in the realm of imperative programming languages, a head-iterative computon
corresponds to a while construct, whereas a tail-iterative is akin to a do-while statement.
Like head-iterative computons, tail-iteratives are connected computons which can always be
constructed in Set®°™P (see Definition 37, Lemma 5 and Corollary 6).

Definition 36 (T-Diagram). A t-diagram is a diagram with the following shape in Set©°™P:

)\0 >\1

A3 VI

A
2 e \—
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where:
e )\ is a connected computon with an in-marker AT and an out-marker A\~
e )y is a connected computon with an out-marker A, ,
e )3 is a connected computon with an in-marker )\E,f and an out-marker A5, and
e )4 is a connected computon with an in-marker \J .

Evidently, by Definition 20, Ag and \; are trivial computons serving as domains for the markers
involved in the t-diagram.

Definition 37 (Tail-Iterative Computon). A tail-iterative computon is the colimit of a t-
diagram.

Notation 7. For convenience, we write a star symbol after a computon symbol A to indicate
that the decision-making locus that terminates the iterative process is placed immediately
after the computational structure of A\. For example, we write (\)x, for the colimit of the
t-diagram p shown in Definition 36.

Lemma 5. A tail-iterative computon can always be constructed in SetC°™P.

Proof. Considering the t-diagram shown in Definition 36, by Propositions 8 and 22, we know
+ +

that the pushouts of Ay <—)\2— Ao —/\—3—> Az and A3 <—/\3— A ﬁ—> A4 can be constructed. Let us denote
them (51 : Ao — A5, A5, B2 : A3 = A5) and (B3 : A3 — Xg, Ag, B4 : A4 — Ag), respectively.

To show that the induced span As; 2 A3 B, X6 is pushable, we just prove (2(d(33)) C
P; U P; since the other conditions of Definition 9 follow analogously. For this, assume
ps € P2(0(B3)) so there is some p3 € 0(f3) where B2(p3) = ps. As f3 is a computon morphism,
Definition 7 says 5(63) Ua(B3) € P U Py . Supposing for contradiction fa(ps) ¢ Ps™ U Py,
we have t5(05) = [2(p3) = s5(i5) for some 05 € O5 and some i5 € I5. Accordingly, we consider
the following cases:

1. When p3 € P3+, we use Os = Oz +0, O3 to determine the preimage of 05. If 05 = £1(02)
for some 0y € Og, [ oty = t5 0 B1 entails 5q (t2(02)) = t5(,31(02)) = t5(05) = 52(}73). As
B1 and P2 are morphisms induced by the pushout of a span of out-markers, 51 (t2(02)) =
B2(ps) if and only if t2(02) € P, and ps € P;. But A3 is a connected computon as
per Definition 36 so p3 € P; N P;" cannot hold as per Proposition 2. If o5 = B2(03)
for some o3 € O3, B2 0tz = t5 o By entails 52(753(03)) = t5(,32(03)) = t5(05) = 52(]?3). As
ts(o3) = ps € P3+ directly contradicts Definition 2, we focus on t3(03) # ps. By consid-
ering that the P-component of $s can only be non-injective on the image of the P-
component of A3, we deduce B2(t3(03)) = Pa2(p3) with t3(03) # p3 <= t3(03),p3 € Py .
Again, p3 € P; N Py contradicts Proposition 2 because A3 is a connected computon.

2. When p3 € P; , we use I5 = I +1, I3 to determine the preimage of i5. If i5 = (1 (i2) for
some ig € IQ, ﬂl 089 =850 ﬁl entails ﬂl(SQ(’ig)) = 85(51@2)) = 85(i5) = ,82(])3). As 51
and 2 are morphisms induced by the pushout of a span of out-markers, £1(s2(i2)) =
Ba(ps) if and only if sa(iz) € Py, and p3 € P; . But sp(i2) € P, cannot be true because
that would contradict Definition 2. If i5 = B2(i3) for some i3 € I3, (2 083 = 550 o
entails fa(s3(i3)) = s5(B2(i3)) = s5(i5) = Pa(ps). As s3(iz) = ps € P; directly contra-
dicts Definition 2, we focus on s3(iz) # p3. By considering that the P-component
of B2 can only be non-injective on the image of the P-component of A5, we deduce
B2(s3(i3)) = B2(p3) with s3(iz) # p3 if and only if s3(i3),ps € P . Clearly, s3(i3) € P;
contradicts Definition 2.

Disproving the above scenarios implies that our initial assumption must be false. So,

B2(p3) € PsH U Py . Showing As 2 A3 B, Ag is pushable allows us to use Proposition 8 to
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construct its pushout, denoted (85 : A\s — A7, A7, 86 : A\¢ = A7). By pushout commutativity,
we deduce the existence of computon morphisms f : Ag = A7 and g : Ay — A7 where
f=PB50B10); =P50B20X3 = fsofB30A;5 and g = fs0f20A] = Bs0B30A] = fsoBaoA].

Now, by Proposition 10, we know that the coproduct A\g + A1 can be formed. Using the

universal property of coproducts, we also know there must be unique computon morphisms

+ —
(VA7) 5 do+ A — Aand (£,9) : Ao + A — Az, To show that Ay <22 xg 4 A L2270 3 g

pushable, assume p; € (f, ¢)(7(AT, A7) so there is some g € i(AT, A7) where (f, g)(q) = pr. As
e AT AT (@) \ (AT, A7) (eq) # 0, we have (AT, A7)(q) ¢ PT. Consequently, by coproduct defi-
nition, (AT, A\7)(¢) must be in the image of A~. That is, there must be some p; € P; for which
A (p1) = (A", A7)(¢) € P~. As AJ and )\ are in-markers, we can apply Proposition 23, while
recognising that A5 does not identify P3+ -ports, to further deduce g(p1) € P7+ . By coproduct
definition, we have (f,9)(¢) = pr = g(p1) € P and, therefore, (f,g)(i(A*t,\7)) C P U P; .
As proving (f,9)(G(X", A7) € P U Py and (\*, A7 )(7(£, 9)) U (AT, A™)(@(f.9)) € P+ U P~
can be done analogously, the pushout (87 : A — Ag, As, 8s : A7 — Ag) of (AT, A7) and (f,g)
can be constructed. To show such a pushout satisfies the universal property of the colimit of
the original t-diagram, suppose there is a cone:

)\() )\1
Ao - A3 - oV
A
SV

Ay s AT b
Since A5 and \g are the pushouts of Ay <2 \g —= A3 and A3 <~ \; —= A4, respectively, we
know there are unique computon morphisms A5 — Ag and A\g — Ag that make the correspond-
ing triangles commute. Taking into account these morphisms and considering that A7 is the

pushout of the induced span As & A3 LN Ag, we use the universal property of pushouts to
deduce there is a unique computon morphism A7 — Ag that also makes the corresponding
diagram commute.

In the above cone, there are computon morphisms Ag — Ag and A\; — Ag. Using the uni-
versal property of coproducts, we deduce there is a unique computon morphism Ag + Ay — Ag.
As in the cone there also is A — Ag, we use the universal property of pushouts to deduce the
existence of a unique computon morphism Ag — Ag. Thus, proving that Ag is the colimit of
the original t-diagram. O

Corollary 6. A tail-iterative computon is a connected computon.

Proof. Considering the construction presented in the proof of Lemma 5, we know that the
pushouts A5 and \g are connected computons because A2, A3 and A4 also are (see Proposition

9). Consequently, the pushout A7 of the induced span As ﬁ A3 ﬁ—3> Ag is also a connected
computon.

As A7 and A are connected computons, we use again Proposition 9 to deduce that the

AT AT
pushout Ag of the unique (pushable) span A7 M Ao + A1 M A is a connected computon.

As Ag is the colimit of the original t-diagram (shown in Definition 36), we conclude that every
tail-iterative computon is a connected computon. ]

Building upon the proof of Lemma 5, Figure 31 shows a detailed, self-descriptive example
for the construction of a tail-iterative computon (\)*, where X is the same connected computon
we use in Figure 28 and p is the t-diagram whose morphisms are displayed as black arrows.
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Figure 31: Constructing a tail-iterative computon (A)*, where p is the t-diagram whose morphisms are displayed
as black arrows. Here, f = 850810\, = B50820A5 = BeofB30); and g = ﬁ50520)\;— = Bgoﬁgo)\g’ = 560640)\1'.

Figure 31 shows that, like head-iterative computons, the connected computons Ao and A4
serve as entry and exit points for the iterative computation, respectively, while the connected
computon A3 enables the repeated invocation of A. Although in this example the e-inports and
e-outports of Ao are isomorphic (the same for \4), there no strict requirement for enforcing
this as there is no in-marker A5 and no out-marker )\, in the corresponding t-diagram p. Not
enforcing this structural feature enables a certain degree of flexibility in the sense the endpoints
of a tail-iterative computon can or cannot expose the interface of the computon being iterated
over (i.e., A). Again, like head-iterative computons, it is possible to operationally implement
Ao and A4 in different manners. For instance, in our particular scenario, Ao can be treated as
a computon that either duplicates information or transforms data of the same type. As we are
dealing with high-level computations, the internals of such functional computons are irrelevant.
We just focus on structure from a “birds-eye viewpoint”. By Theorem 5, a tail-iterative
composite can always be constructed for any arbitrary connected computon, regardless of the
data such an arbitrary computon requires or produces.
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Theorem 5. ) is a connected computon <= a tail-iterative computon (), exists for some
t-diagram p.

Proof. ( = ) Let X\ be an arbitrary connected computon. By Proposition 21, we deduce
there is an in-marker AT : Ao — X and an out-marker A~ : Ay — \. Now, if Ay, A\3 and M4
are connected computons and duals of A (see Proposition 24), Definition 21 says there are in-
markers /\g,f A1 — Azand /\I : A1 — Ag as well as out-markers Ay : A\g — Ao and A3 : A\g — A3.

As the above construction corresponds to that of a t-diagram p, by Lemma 5, we have
that the colimit of p exists. Using Definition 37 and Notation 7, we conclude such a colimit
is the tail-iterative computon (\)x*,,.

( <) This part of the proof follows directly from Definition 36. O

6.4.5. Operational semantics for tail-iterative computons (in the theory of Petri nets)

No matter whether we use any of the three functorial constructions from Section 3, the
Petri net of a tail-iterative computon has no additional places or transitions beyond those
from the nets of the computons of the corresponding t-diagram. The general structure of a
net of this sort is depicted in Figure 32.
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Figure 32: General structure of the Petri net of a tail-iterative computon, considering the t-diagram from
Definition 36. This structure is applicable to all the functorial constructions from Section 3: A/, C o & and D.

Unfortunately, there is no guarantee every tail-iterative’s net is deadlock-free even when
the nets of the computons from the corresponding t-diagram are. Despite of this, it is still
possible to enforce deadlock-freedom by employing primitive computons as entry, exit and
iteration points. Proposition 27 and Remark 8 together entail every primitive computon’s net
is deadlock-free. So, as long as the net of the computon being iterated over never gets stuck,
the net of the corresponding tail-iterative computon will be deadlock-free too (see Proposition
52 and Remark 18).

Proposition 52. Consider the t-diagram p depicted in Definition 36 and assume M; and
My are the initial and final markings of the net N'(X), respectively. The net N ((\)*,) is
deadlock-free if:

1. ); is a primitive computon for j = 2, 3,4,

2. N()) is deadlock-free, and

3. for every marking M reachable from M;, if M(r) > 0 for each output place r of N (\)
then M = M f-

Proof. Consider the t-diagram p from Definition 36 and assume A; is a primitive computon
for j = 2,3,4. By Proposition 26, we know p is a well-defined t-diagram because each A; is a
connected computon. Then, using Lemma 5, we deduce the existence of (\)%, whose under-
lying net A'((\)#,) has the following form according to the functorial construction presented
in Definition 15:
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The above net evidently has the form depicted in Figure 32. The only difference is that, rather
than black-boxing NV'(}\;), we display its internals which consist of only one transition (since \;
is primitive). By Definition 16, we know the initial state M; of N'((X)#,) is a marking function
where M;(p) > 0 for all p € {p1,...,pm} and no tokens for all the other places, including those
inside A/(\). This marking evidently enables the only transition of A'(A2) and nothing else.
Consequently, firing A/(\2) reaches a state that marks each place in {q1,...,q,}. This new
marking evidently corresponds to the initial state of N'(\). Assuming N'()) is deadlock-free
and that only its final state can put tokens in each element from {rq,...,r;} (see Conditions
2 and 3), we now have the following cases:

1. If no state of AN'(\) ever puts tokens in all the places in {ri,...,r;}, N()\) will never
terminate successfully. Despite of this, there is a guarantee N'((\)*,) will not get stuck
because N()) is deadlock-free.

2. If a state of V/(\) puts tokens in all the places in {r1,...,r;}, there are two possible
execution paths because N'(\3) and N()\4) are both enabled (due to mutual exclusion):

(a) If N(\y) is triggered, the final state of NV ((\)*,) will be reached with tokens in
81, .., 8k S0, N((N)*,) is deadlock-free.

(b) If N'(\3) is triggered, only the places in {qi,...,q,} will be marked in the next
state. As the initial state of A/()\) is reached once again, we simply repeat 1 or 2
whichever applies.

By the above, it is evident that all the execution paths lead to a deadlock-free execution.
Therefore, we conclude N ((X)#,) is deadlock-free, as required. O

Remark 18. Although it is a statement about the functor N, Proposition 52 is applicable to
the functors C o & and D presented in Section 3. The proof is valid for C o € since Proposition
16 says C is just a restriction of N to &(SetCo™P),

Remark 5 says we are only interested in checking deadlock-freedom for D-nets that have
initial and final states. A glance at the figure depicted in the proof of Proposition 52 reveals
this is satisfied when k, m > 0. Starting with the initial state M; that puts tokens in py, ..., pm,
we have following cases:

o If n = 0, M; enables the only transition of D()A2) which, upon firing, makes N((\)*,)
enter into a deadlock state.

o If j =0andn > 0, the net D(\) will never reach its final state. Despite of this, N'((\)x*,)
is guaranteed to be deadlock-free when D(\) also is.

e If j > 0 and n > 0, the proof of deadlock-freedom for N'((\)*,) is analogous to that of
Proposition 52.

Hence, to guarantee D((\)*,) is deadlock-free, we must consider a t-diagram p where the entry
and iteration computons have both ed-outports, apart from ensuring that D(\) is deadlock-
free and that satisfies Condition 3 of Proposition 52.
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6.4.6. Encapsulation of control flow and data flow in tail-iterative computons

By Definition 37, we know a tail-iterative computon (\)*, is the colimit of a t-diagram p
which, by Definition 36, consists of four connected computons and two trivial computons. One
of the connected computons is A (i.e., the computon being iterated over) whereas the others
serve as entry, exit and iteration points. Thus, like a head-iterative, (\)*, encapsulates cyclic
control flow and up to cyclic data flow. By cyclic, we mean A and the iteration entity are
executed repeatedly. In a tail-iterative computon, the decision whether to repeat A is made
after executing it. To give a concrete example, Figure 33 illustrates the encapsulation given
by the tail-iterative computon resulting from the colimit construction depicted in Figure 31.

Figure 33: Cyclic control flow and cyclic data flow encapsulated by the tail-iterative computon from Figure 31.
We label some places for mapping purposes even though Petri nets are not labelled (see Section 3).

7. Applications of the Proposed Model

Compositionality is not exclusive of a single domain, but it appears in many spheres, from
physical [36] to artificial systems [9]. This section describes the application of the computon
model in two different domains: software engineering and artificial intelligence. Although we
are not proposing an end-user modelling language but just an MHC to capture the essence
of high-level computations, this section serves to demonstrate the suitability of our model for
the compositional construction of high-level computations that separate data flow and control
flow.

For each case study, we describe the respective composite computons and show how the
separation of concerns can be exploited to analyse control flow independently from data flow
(and vice versa), in this case for model transformation. We particularly express control flow
as a diagram in Business Process Model and Notation (BPMN) [37] which is the standard
language that has been widely used for many years, in both academia and industry, to canon-
ically model workflow control flow. This conversion process does not consider data flow at
all and is done through the graph transformation system described in Section 7.1.1. For data
flows, we rely upon DFGs in standard notation [38] where arrows represent data flow and cir-
cles denote consumer or producer computations. The conversion process is performed without
considering control flow at all via the graph transformation system described in Section 7.1.2.
Both BPMN diagrams and standard DFGs are far more expressive than Petri nets to express
control and data flow within a system. For completeness, for each scenario, we display the
Petri net under C o € that comprehensively captures system behaviour. Constructing the
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corresponding nets under N or D can easily be done using the mapping from Appendix A,
which adheres to the functorial constructions from Definition 15 and Proposition 17.

For clarity, we do not describe the corresponding colimiting diagrams of composite com-
putons, but their definition is left to the reader as a matter of routine exercise. For each
composite, we try to provide as much internal structure as possible. But when this is not pos-
sible due to space restrictions, we simply make reference to a previously created composite.
Some composites are not shown independently so as to save space and minimise duplication.

7.1. Transformation System

Before presenting our concrete case studies, we describe our model transformation system
which consists of two different modules, one for transforming a computon into its correspond-
ing BPMN diagram and another for retrieving the respective DFG in standard notation. To
simplify transformation, we operate on computon CFGs and DFGs rather than Petri nets.
This is because such constructs are multidirected labelled graphs that embed all the necessary
information about computon flows, without adhering to specific operational semantics (see
Definitions 11 and 13).

7.1.1. Transforming a Computon CFG into a BPMN Diagram

For this, we propose a simple graph transformation system ad hoc to our specific case
studies, whose aim is to realise the syntax mapping displayed in Figure 34. As our purpose
is not to provide general rewriting rules but to demonstrate how the separation of control
and data flow can be used for model transformation purposes in two concrete scenarios, we
do not investigate theoretical properties such as confluence. Instead, we just ensure that
rewriting terminates in a correct state. For this, we implemented our system in Groove [39],
a well-established tool that supports state-space exploration, which enabled us to validate
termination and confirm that, in each case study, all derivations lead to the intended terminal
graph. In the future, we would like to investigate more general, application-independent
rewriting rules as well as efficient rewriting algorithms.

2
14 N q: I: e :{> - - D o -
Computon Syntax

BPMN Syntax <)§ <% % B © ©

Figure 34: Mapping from computon syntax to BPMN syntax.

To understand the purpose of our transformation system, let us consider the example
depicted in Figure 35 in which we first convert a composite computon into its corresponding
CFG via the functorial construction ¢ described in Section 2.4. This CFG serves as the input
to our system which, in turn, performs the mapping from Figure 34 to produce a BPMN
diagram that captures the control flow structure of our composite. Here, for instance, we
can notice that the unique fork construct has been replaced with an AND gateway, whereas
ic-ports (together with their adjacent flows) have been substituted with a simple arrow, known
as sequence flow in the context of BPMN. These two rewritings are just application instances
of the mapping shown in Figure 34.

Although it might seem trivial, realising such a mapping cannot be done directly since tech-
nical considerations need to be taken into account to maintain graph integrity while ensuring
semantic correctness (e.g., avoiding dangling edges during rewriting). For that reason, we
propose a graph transformation system which converts a computon CFG % ()) into a BPMN
diagram G via the sequential application of the injective rules from the set R = {r1,...,r12}
displayed in Figure 36.
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Composite computon

Corresponding CFG
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Ny / > K/\_/

Corresponding BPMN diagram

Figure 35: Example to illustrate the intended purpose of our graph transformation system.

Each of the R-rules from Figure 36 is applied individually until no further match is

found, so our system produces a sequence of derivations of the form €'(\) =, --- = G
for j,k € {1,...,12} and j < k. As we rely on the Double-Pushout Approach for graph trans-
formation [40], a derivation G1 =, G2 exists for ¢ € {1,...,12} if there is a context graph G
that makes the following two squares commute in Set®*:

ﬁi Ii Rz‘

G Go Go

Here, £;, R; and Z; denote the left-hand side, right-hand side and interface of a rule ;.

The purpose of rq is to replace branching sources with XOR gateways (i.e., BPMN elements
that denote alternative control flow) through the match of 0-nodes with exactly two outgoing
edges (i.e., control ports with two salient control flows). In our rule set, XOR join gateways are
not taken into account to facilitate transformation processes, a consideration that is completely
valid since such constructs are not strictly required in BPMN diagrams [41, 42].

Rule r9 removes intermediate branching sinks by matching 0-nodes connected from two
k-nodes to exactly one k-node (i.e., control ports linked from two computation units to some
other unit). Applying 79 results in the removal of a 0-node (together with its adjacent edges)
and in the addition of new edges from the sources of that node to its single target. Rules r3
and r4 rewrite parallel splits and synchronisation points, respectively. Splits correspond to
k-nodes with two outgoing edges (i.e., fork computons), whereas synchronisation points are
k-nodes with two incoming edges (i.e., join computons). Both of them are relabelled as AND
gateways, i.e., BPMN constructs for splitting or merging concurrent execution paths.

Rules r5 to rg manage sequencing by removing all intermediate 0-nodes (i.e., ic-ports)
together with their adjacent edges. Whenever a node is removed, an arc is put instead, from
the source of its left edge to the target of its right one. The purpose of rule rg is to replace
k-nodes (i.e., computation units) with BPMN tasks which are atomic activities that represent
a unit of computation performed by some computing device. Rules r1g, 711 and ri2 simply
relabel ec-inports and ec-outports as start and end events, respectively. In BPMN, start events
denote control flow origin whilst end events represent control flow termination.?!

21We are aware rules 75, 76, 7 and rs can be merged into a single one by the use of node restrictions (the same
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Rule | Left-Hand Side Interface Right-Hand Side
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(a) Rules for rewriting branching and parallel constructs.

Rule Left-Hand Side Interface Right-Hand Side
rs KR—0—>K K K K K
= [ @ P I
TR P S
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(b) Rules for rewriting sequential constructs.

Rule | Left-Hand Side | Interface | Right-Hand Side

T9 k # U

(c¢) Rule for rewriting functional computons.

Rule | Left-Hand Side Interface Right-Hand Side

o—[_J | +—~1]| o~
10

o—P | *—D | O— @
11

)= U=+ L]0
12

(d) Rules for rewriting ec-inports and ec-outports.

Figure 36: Rewriting rules to transform a computon CFG into a BPMN diagram. Here, a hash symbol # is
used as a wildcard to ensure that structure is preserved. This choice is arbitrary and any other label can be
used instead, as long as it is different from the labels used for CFGs or BPMN diagrams. Labels are put in the
place of nodes, and object mapping corresponds to graphical arrangement.

To validate the twelve rules from Figure 36 on the scenarios described in Sections 7.2 and
7.3, we implemented our graph transformation system in Groove [39] which is a reference tool
for specifying and simulating such kind of systems. With the help of Groove, we verified that
our rule set R satisfies dangling conditions and that it correctly produces BPMN diagrams for
the CFG of the total sequential computon from Figure 41 and the memory cell from Figure
46(e). Particularly, the correct BPMN diagram for Figure 41 is produced after exploring

for rules r19 and r11). Our purpose is not to provide a minimal set of rewriting rules but to demonstrate how
the separation of control and data flow can be leveraged to convert a computon CFG into its equivalent BPMN
diagram, without the need of analysing data flow at all. We believe that avoiding the use of node restrictions
clarifies our transformation system and provides additional expressivity in terms of graph matching.
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37 states and 36 transitions, whereas the BPMN diagram for Figure 46(e) is obtained after
exploring 35 states and 34 transitions. For the simulation, we used linear state exploration
which chooses one transition from each open state. For reproduction purposes, our source
code is available at https://github.com/damianarellanes/cfg-transformation.?

7.1.2. Transforming a Computon DFG into a DFG in Standard Notation
For this, we propose a functor S from the category SetS* to the category of graphs with
labelled vertices and labelled edges, whose behaviour is formalised in Definition 38.

Definition 38. Given a computon DFG Z(\), the functor S constructs a graph S(Z()\)) by
letting:

o the set L’ of vertex labels be L,
o the set M’ of edge labels be L U {e} (e denotes the empty label),
o the set of vertices V' C Vbe{v|v =0V vt =0 V l(v) =K},

o the set of edges B/ C V! x V' x L be {(v,w,¢) | (3e € E)[5(e) = v Atle) =
{(v,w,z) | Fe1,es € E)(Ty € V)[5(e1) = vAtler) = yA5(es) = yAtles) = wAl(y) = x]}.

o the source and target functions be mappings E’ — V’ given by §'(v,w,z) =v and
t' (v, w,x) = w, respectively,

o the edge labelling function m’ : E' — M’ and the vertex labelling function I : V' — L’
be given by m/(v,w,z) = z and I'(v) = I(v), respectively.

For a graph homomorphism Z(a) : Z(A\1) — Z()2), the components of S(Z(«)) : S(Z(A\1)) —
S(2(N2)) are:

F(a))v : V{ = V4 given by S(2(a))v(v) = Z(a)v(v),

Checking the functoriality of S is routine and is analogous to that of Proposition 12.

A glance at Definition 38 reveals that S is a functor that preserves all the boundary- and
k-vertices from a computon DFG Z()\), i.e., ed-inports, ed-outports and computation units.
The only edges retained in S(Z(\)) are those connected from a vertex with no incoming
edges to a k-node (i.e., data flows from ed-inports to computation units) and edges connected
from a k-node to a vertex with no outgoing edges (i.e., data flows from computation units
to ed-outports). These preserved edges are all empty-labelled to meet the requirements of
standard DFG notation. To fully satisfy such a notation, it suffices to replace k vertices from
S(2(XN)) with O symbols. For example, the DFGs in standard notation of the total sequential
computon from Figure 41 and of the memory cell from Figure 46(e) are displayed in Figures
43(b) and 48(b), respectively. All these diagrams are created using the functorial construction
S from Definition 38.

Basically, our functor S leverages the separation of concerns of the computon model so
as to optimise computon DFGs. On the one hand, S compresses Z()\)-paths of the form
v — y — w through the preservation of v and w in S(Z()\)) and the creation of an edge
v — w with the label of y. Apart from path compression, S performs multiplicity reduction,

22Groove implicitly creates interfaces, determines context graphs and computes pushouts, given the left- and
right-hand side of a rule as well as a host graph.
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i.e., edges with the same source, target and label are all collapsed onto a single edge.?® This
behaviour is particularly important to simplify large and complex computon DFGs, leading
to more efficient algorithms for data flow analysis and a clearer visualisation of data passing.
Although multiplicity reduction is not relevant for any of the scenarios described in this
section, we consider it to highlight the benefits of separating data and control towards data
flow optimisations that do not consider control and preserve the order of data passing.

7.2. Case Study 1: Compositional AWS Infrastructure Deployment

AWS Step Functions [43] is a serverless orchestration framework by Amazon Web Services
(AWS), which allows software developers the implementation and management of (multi-step)
serverless application workflows in the cloud, using visual and interactive programming con-
structs. A step function is a workflow that defines a high-level computation for the invocation
of web-services in some pre-defined order, with the aim of automating a specific task such
as database provisioning, release management or serverless deployment. In this section, we
focus on a step function for automatic infrastructure deployment, provided as a use case by
the AWS team [44], which follows different execution paths depending on the state of an AWS
CloudFormation stack and intermediate processing results. If the stack does not exist, a new
stack is created and deployment succeeds. Otherwise, a change set is created before inspecting
its resources and deciding whether the change set will be executed or removed. If the change
set is executed, then deployment succeeds; otherwise, deployment fails. The step function we

consider is presented in Figure 37.

k ’ Check Stack Existence ‘

4{ Does Stack Exist? ’7

’ Create Change Set ‘ =

’ Wait Change Set Creation ‘ e

~

Get Change Set Creation Status ‘

N

> Y
o Create Stack ’ Change Set Created? ‘

g2

Y ’ Wait Stack Creation ‘ 2 ’ Inspect Change Set Changes ‘
. l
71 Get Stack Creation Status ‘ ’ Safe to Update Infra? ‘
/ \

Stack Created? e ’ Execute Change Set ‘ ’ Delete Change Set ‘ d

51 ’ Deployment Succeeded ‘ = ’ Deployment Succeeded ‘ ’ Deployment Failed ‘ f2

Figure 37: AWS step function to automate infrastructure deployment.

A step function does not allow the specification of data flow but data exchange is implicit
in the processing of the steps involved in the workflow control flow being defined. Before
executing the workflow, a JSON file is created to specify the initial input in the form of multiple

23 As an edge is a triple (v, w,z) and a set cannot contain repeated elements, it follows that there cannot be
multiples edges with the same source, same target and same label in S(2()\)).
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properties and values. The JSON file is modified as the workflow execution progresses, by
particularly appending the output of each intermediate web service invocation.

To compositionally construct the step function workflow, we use the model we propose in
this paper by considering every service invocation as a functional computon which explicitly
defines data required and produced (i.e., data flow and control flow are both explicit). The
only processes we do not consider are those that branch control such as Stack Created?. This
is because those processes are built-in AWS functions which directly correspond to branch-
ing computons in our model. Although, strictly speaking, multiple computon ports can be
coloured in the same way to represent the same data type (e.g., a boolean), for clarity concerns
and demonstration purposes we treat every deployment parameter as a unique colour. The
description of each port colour is presented in Figure 38.

Colour | Description
1 Colour of an environment type on which the infrastructure code will be deployed
(e.g., development, testing or production).
Colour of a name of an AWS CloudFormation stack.
Colour of a path to an AWS CloudFormation template.
Colour of an identifier of a revision S3 bucket.
Colour of a revision S3 key.
Colour of a flag that specifies whether the AWS CloudFormation stack exists or not.
Colour of a stack creation status.
Colour of a state which can be either success or fail.
Colour of a change set name.
Colour of a change set creation status.
Colour of a change set action which determines whether the stack can be safely updated or not.

© 00 O O k= W N

—_ =
= o

Figure 38: Colours for the AWS step function shown in Figure 37.

As compositionality enforces bottom-up construction, we start by defining the partial
sequential computon wy >, g1 where w; and g; respectively correspond to the processes
wait stack creation and get stack creation status (see Figure 39(a)). This partial sequential
computon, together with three functional computons (e, e3 and e3), serve as the basis to form
the tail-iterative computon (wi >,, g1)%,, which waits until the stack is created (see Figure
39(b)). The additional computons e, ez and eg echo data, remove data of colour 7 and discard
all data, respectively. The only branching structure in (wq >,, g1)%,, determines whether the
stack has been created or not. If the stack has not been created, the loop continues; otherwise,
e3 is invoked to exit the tail-recursive composite and pass control to the external world.

The tail-iterative composite (wq >, g1)%,, is then used to construct the total sequential
computon ¢y B ,, (w1 >4, g1)*,,) Where ¢; is a functional computon in charge of creating the
stack. Such a sequential computon is then used as left operand to construct the (even more
complex) total sequential computon (c1 2, (w1 >, 91)*p,)) Bp, s1 in which s; is a functional
computon that marks deployment as successful. This complex total sequential composite,
depicted in Figure 39(c), corresponds to the left path of the step function workflow shown in
Figure 37.

For the other path, we first construct the branching computon (z2 &,; 52)?,, (d2 &, f2)
whose only purpose is to succeed or fail deployment (see Figure 40(a)). In this composite,
x9 B>, 8o corresponds to the total sequential computon which ezecutes a change set via the
functional computon x4, before marking deployment as successful via the functional computon
s2. The other part of the branching composite triggers the total sequential computon da >, fo
which interrupts deployment by first deleting the change set via the functional computon do
and then using the functional computon fs to indicate that deployment has failed.

Returning to the innermost right part of the step function shown in Figure 37, we con-
struct the partial sequential computon ws >, g2 where wo and g2 correspond to the proceses
wait change set creation and get change set creation status, respectively. Such a sequential
computon is then composed into a tail-iterative composite (wa > g g2)*,, which waits until the
change set gets created, and whose structure is similar to that of (w1 >,, g1)*,, (see Figures
39(b) and 40(b)).
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(a) Partial sequential computon to wait stack creation before getting a stack creation status: wi >p; g1
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(b) Tail-iterative computon over (a): (w1 >p; g1)%ps
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(¢) Composite computon corresponding to the left path of the step function shown in Figure 37:
(c1 Bps (w1 Bpy 91)%p2)) Bpy 51

Figure 39: Constructing the composite computon for the left path of the step function shown in Figure 37.
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(b) Total sequential computon that creates a change set, waits until the set is created and then inspects change set
changes: (c2 Bpio (w2 Bpg 92)%pg)) Bp1y d2

b)) T ()
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(¢) Composite corresponding to the right path of the step function shown in Figure 3T:
((e2 Bp1o (w2 pg 92)%pg)) Bp11 2) Pp1y (T2 Bps 82)7p7 (d2 Bpg f2))

Figure 40: Constructing the composite computon for the right path of the step function shown in Figure 37.

The tail-iterative computon (ws I>,4 g2)*,, is subsequently used as a right operand to
define the total sequential computon cp >, ((w2 >4 g2)*,,) Wherein cp is a functional com-
puton in charge of creating the change set. This newly constructed sequential composite is
in turn used as left operand to construct the (even more complex) total sequential computon
(€2 201 ((w2 >pg 92)%*pg)) Bp1; %2 Wherein s is a functional computon that inspects change set
changes to determine whether any of the existing resources need to be deleted or whether the
existing stack can be safely updated. The whole structure of (ca B>,,, (w2 >pg 92)*pg)) Bp1; 92
is shown in Figure 40(b).
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The most complex composite for the right path of the step function from Figure 37 is
constructed by taking the total sequential computon (ca >, (w2 I>pg G2)%pg)) By, t2 and
the branching computon (z2 &, 52)7,,(d2 B, f2) as left and right operands, respectively, in
order to yield ((c2 B>, ((w2 D pg 92)%pg)) Bpi1 12) Bpis (22 45 52)? ), (d2 >p6 f2)) which is the
total sequential computon shown in Figure 40(c).

Once the left and right paths of the intended step function have been constructed, we
compose them into the branching composite ((c1 >p; (w1 >p; 91)%p5)) Bps 51)7p15(((c2 Bp10
(w2l pg 92)%*pg ) ) 11 12) B p1o (@2 ps 52)? pr (A2 f2))) which checks whether a new stack needs
to be created (via the left path) or whether a change set needs to be created and inspected (via
the right path). This branching computon is ultimately composed with k (i.e., a functional
computon that determines whether a stack exists or not) into the total sequential computon
k [ZP14 ((cl IZP:a ((wl B>py gl)*Pz)) E,04 51)?013(((02 Eplo ((wZ > ps 92)*/)9)) IZPII Z'Q) Eplz ((1:2 Eps
52)7,,(d2 B> p6 f2))) which captures the whole behaviour of the step function for infrastructure
deployment shown in Figure 37. The structure of such a complex sequential composite is
depicted in Figure 41 and its behaviour is shown in Figure 42.
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Figure 41: Total sequential computon corresponding to the step function shown in Figure 37:
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Figure 42: Behaviour of the step function shown in Figure 37, expressed as the Petri net
C(@(k Poia ((01 > o5 ((wl B>pq gl)*/)z)) o4 51)7913(((‘32 o0 ((w2 D> ps g2)*p9)) Boir i2) oo ((I2 > 05 52)?,07 (d2 > 06 f2)))))

Rather than presenting behaviour as a net under N, we decide to use the functor C o &
since control flow captures system behaviour comprehensively. Displaying the corresponding
nets under N or D can be easily done using the mapping provided in Appendix A, which
corresponds to the functorial descriptions from Definition 15 and Proposition 17. Here, we
show the equivalent BPMN diagram (for control flow) and the corresponding DFG in standard
notation (for data flow), using the graph transformation system described in Section 7.1. These
models are far more expressive than Petri nets for our purpose which is just demonstrating
the separation of control and data for model transformation.

By Proposition 29, the total sequential computon from Figure 41 is connected because
there is information flow from every non-e-outport to either the unique ec-outport or the
unique ed-outport. A glance at this figure reveals that computons are modular by construc-
tion, a consequence of compositionality that allows hiding the internals of complex composite
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structures. For instance, Figure 41 hides the structure of the total sequential computon from
Figure 40(c) which, in turn, hides the complexity of the composites 40(a) and 40(b). As per
Proposition 29 and Corollaries 4 and 6, all the computons we deal with in this example are
connected, including primitives (such as wq) and composites (such as wy >,, g1).

Apart from modularity, another semantic consequence of our model is the separation of
data and control which can be leveraged to analyse these two dimensions independently. For
instance, we use the functor from Definition 11 to extract the CFG of the computon from
Figure 41 which is then converted into its corresponding BPMN diagram via the graph trans-
formation system proposed in Section 7.1.1 which, in turn, realises transformation without
considering data flow at all (see Figure 43(a)). For data flow, we extract the DFG of the
computon from Figure 41 through the functor from Definition 13, which is then converted
into its equivalent DFG in standard notation via the functor described in Section 7.1.2 which
do not consider control flow at all (see Figure 43(b)). Although the separation of concerns
can be leveraged in other ways (e.g., to formally verify reachability of control flow only), the
purpose of this section is just to demonstrate how control flow and data flow can be analysed
independently for model transformation.

(a) BPMN Diagram (control flow). (b) DFG in standard notation (data flow). For read-
ability, we use a dash symbol between numbers n and
m to indicate the presence of data flows l>, n—H>, cen

I, such that n > 1 and m > n.

Figure 43: BPMN diagram and DFG in standard notation to respectively express the control flow and data
flow structures of the composite shown in Figure 41.
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In the actual implementation of the step function from Figure 37, data is appended at
every step of the workflow execution [44]. This issue is derived from the fact that, apart from
being non-compositional, AWS step functions do not separate control flow and data flow, so
it is neccesary to pass a bundle of parameters as a single data item (i.e., as a JSON object).
In other words, data flow is implicitly defined in the explicit workflow control flow.

Enabling separation of concerns through our model allows us to remove the data modelling
issue of AWS step functions so as to pass only relevant data among computation units. For
example, the functional computon wq, which is just in charge of delaying computation, can
be implemented as a sleep function to wait for a fixed amount of time, without processing any
data at all. Also, the change set creation status can only be used to terminate the loop of the
right path, without the need of passing it onto subsequent computations. Certainly, it is still
possible to pass all data parameters at every step of the computation in the form of a single
port colour (e.g., the JSON object colour), just as in the actual implementation. However,
doing this could not be as expressive as the way we model data flow in our scenario.

7.8. Case Study 2: Compositional LSTMs

A Long Short-Term Memory (LSTM) [45] is a Recurrent Neural Network which has been
widely used in the field of Deep Learning to learn long-term data dependencies. Typical
applications of it include handwriting recognition, automatic language translation and writing
generation. The key idea of a LSTM is to use a container to store and process information for
an extended period of time, in order to allow for constant error flow during training. Such a
container, known as a memory cell, is controlled by three types of interacting gates: an input
gate, a forget gate and an output gate, which respectively decide what information can be
added to, removed from and sent out of the cell. Particularly, the outcome of the forget and
input gates is added so as to produce an updated cell state that can be further consumed by
other memory cells. The abstract, high-level schematic representation of an individual memory
cell is shown in Figure 44(a). Such a scheme is abstract because the specific behaviour of the
components involved is not provided and it is high-level because each component can contain
further internal components which are not exposed to the outside world.

Colour | Variable
1 hi—1
2 Tt
3 Je
4 it
5 O¢
6 Zt
7 Ct
8 ky
9 Ct—1
10 Jt
11 gt
12 hy
(a) Abstract, high-level architecture. (b) Mapping from colours

to variables.

Figure 44: Conceptual representation of a memory cell.

A memory cell can be constructed compositionally using the computon model. Such a
construction is done in a bottom-up manner, starting from the most elementary units of
computation of the memory cell, which are displayed as non-dashed squares in Figure 44(a).
As we are dealing with a model of high-level computation, the specific computation details of
such squares are not required, so non-dashed squares can naturally be defined as functional
computons, i.e., as black boxes that can perform any kind of computation (see Figure 45).
Typically, for a concrete memory cell, the functional computons s;, t;, m; and a; would be
required to compute sigmoid, hyperbolic tangent, Hadamard and element-wise summation
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functions, respectively. For the sake of “high-levelness”, we just say s; and ¢; are activation
computons, while m; and a; are multiplication and summation computons, respectively.

O - - e O - - F->»-m O - - F-»-m
lo—— S1 ——3 1lo0—>— SQ ——e4 1 o0—>— S3 ——e 5
2 o—— 2 o—— 2 o——
o —- - Fo-a O —- - F - a
lo—o>— 1t 6 7To— tg ——=38
2 o——

(a) Activation computons.

O —- - F—o-m O —- - Fo-m O —- F - m O —- - F—o-m

30— M1 +———=10 4 0——MM2+——e 11 5 0——13 +——e 12 10 00— A1 ——e 7

9 o—— 6 o—— 8 o—— 11 o—— ——e 7
(b) Multiplication computons. (¢) Summation computon.

Figure 45: Functional computons for the compositional construction of a memory cell.

Strictly speaking, every ed-port shown in Figure 45 must have the same colour (i.e., the
vector colour) since data being moved within a cell corresponds to a vector of the same
type. But, for clarity and demonstration purposes, we consider 12 different colours, each
corresponding to the type of each variable shown in Figure 44(a). The mapping from colours
to variables is presented in Figure 44(b).

Using a long-term memory vector ¢;—1 (of colour 9), a short-term memory vector hy_;
(of colour 1) and an external input/predictor vector z; (of colour 2), the whole memory cell
performs some computation and then returns a new long-term memory vector ¢; (of colour
7) and a new short-term memory vector h; (of colour 12) which, in turn, can used by other
memory cells to perform subsequent computations.

For the (high-level) computation of a memory cell, the inner forget gate computes the
activation computon s; in terms of h;_; and x; to yield the vector f; (of colour 3). The result
f+ and the long-term memory vector ¢;—1 are then multipled via m; to obtain j; (of colour
10). To capture this computation, Figure 46(a) shows that the forget gate is characterised as
the partial sequential computon sy >,, m;.

Constructing the input gate is done differently since it requires two copies of h;_1 and
two copies of x; to simultaneously compute the activation computons ss and ¢1, in order to
produce the vector i; (of colour 4) and the vector z; (of colour 6). Such results are then
multiplied through ms to produce the vector g; (of colour 11). As sy and ¢; are computed in
parallel before mo, the input gate is naturally characterised as the total sequential computon
(52 |ps t1) Bp; mo whose structure is depicted in Figure 46(b). Figure 46(c) shows that the
structure of the output gate is similar to that of (s |,, t1) >,; m2 so the output gate is
precisely the total sequential computon (s3 |,, t2) &,; m3 whose left and right operands are
the p-sync computon s3 |,, t2 and the multiplication computon ms, respectively. As data
is not shared within a p-sync computon, s3 |,, t2 has the same ed-outports as s3 and t,
namely the vector o; (of colour 5) and the vector k; (of colour 8). The only ed-outport of
(83 |ps t2) Bps mg is hy (of colour 12) which represents the new short-term memory value to
be passed onto subsequent memory cells.

As they have no dependencies among them, the forget gate composite s1 I>,, m1 and the
input gate composite (s2 |, t1) B, Mo are composed into the p-sync computon (s1>,, m1) |
((s2 |py t1) Bp; m2) whose ed-ports are inherited from sy >,, m1 and (s2 |p, t1) &), ma. To
enable the functional computon a; to element-wisely add j; and g¢, the newly constructed
p-sync and a; are composed into the total sequential computon ((s1 >, m1) [ps ((52 [ps
t1) > p; m2)) B>,, a1 which, by Proposition 30, has the same ed-outports as ay, i.e., the next cell
state ¢; (of colour 7) — see Figure 46(d). As ¢ is sent outside the memory cell and is further
required by the output gate, Figure 45(c) shows that a; produces two copies of it. 24

24We decide to model the summation computon a; in this way in order to avoid the unnecessary burden of
introducing extra functional computons to express data replication.
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(e) Memory cell: (((s1>p, m1) |ps ((52 |p2 t1) Bpz m2)) Bp7 a1) Bpg (53 |pg t2) Bp5 m3)

Figure 46: Subfigures (a)-(d) are composite computons that serve as building blocks to construct the memory
cell depicted in (e). Each of them model a dotted box with the same name in Figure 44(a). For example, the
composite (a) models the forget gate by providing ed-inports of colour 1, 2 and 9 which respectively correspond
to hi—1, : and c;—1 (according to Figure 44(b)). The functional computon s1 uses hi—1 and z; to produce a
3-coloured data item (i.e., f¢) which is sequentially passed to the functional computon mi. The output of m;
is the output of (a), viz., a 10-coloured data item corresponding to j:. Evidently, (a) has a single ec-inport to
allow the forget gate to be invoked from outside, and a ec-outport to pass control to other computons. For
example, in (d), (a) passes control to the join computon used to synchronise the composites (a) and (b).

The final step in our compositional construction is forming the composite structure that
represents the whole memory cell. Figure 46(e) shows that such a structure is precisely the
partial sequential computon (((515>p,m1) |ps ((S2 [ps 1) 2p3m2)) 2o a1) 05 ((83 [py t2) 25 m3)
in which the composite ((s1 >, m1) |p5 ((S2 |po t1) Bps m2)) >p, a1 and the output gate
(53 |pq t2) B,5 mg are the left and right operands, respectively. For visualisation purposes, we
treat such operands as black boxes.

The resulting memory cell composite can also be treated as a black box for defining even

more complex composites such as a complete Recurrent Neural Network. Black boxing is
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possible because computons are modular by construction so that their internals can be hidden
without any side effects. In this scenario, the memory cell hides the complexity of the total
sequential computons from Figures 46(c) and 46(d). By Proposition 29 and Corollary 3, all the
composites and primitive computons we deal with are connected in the sense of Definition 6.
This can be easily verified by observing in Figure 46 that there is information flow from every
non-e-outport to either an ec-outport or an ed-outport. For example, there is information flow
from the ec-inport of the p-sync computon of the output gate to the unique ec-outport of ms.
Although a purely sequentially-driven construction could have been used instead, we decide to
rely upon p-sync computons so as to emphasise the parallel nature of computations occuring
within a memory cell. Using p-sync composites instead of p-async constructions allows us to
semantically express the fact that data needs to be synchronised (via control) before being
consumed by subsequent computations.

The behaviour of the whole memory cell is displayed in Figure 47, which corresponds to
the net under C o € of the composite from Figure 46(e). Like in the previous example, we
decide to just display the net that encapsulates control flow since it comprehensively captures
the computational behaviour of the memory cell. The corresponding nets under N and under
D can be easily constructed using the mapping from Appendix A, which captures the mapping
given by the functorial constructions from Definition 15 and Proposition 17. In Figure 48, we
show the equivalent BPMN diagram (for control flow) and the DFG in standard notation (for
data flow) using the graph transformation system described in Section 7.1.

O-’O_>}_>O-> OO~ O\‘Q*O
FO\F%@O} ok St

O+
O

Figure 47: Behaviour of the memory cell computon presented in Figure 46(e), expressed as the Petri net
C(E((((s1 291 m1) |pg ((52 [ps 1) Bpg M2)) Bpr a1) Bpg (83 |ps t2) Bp5 ma)))

(a) BPMN Dlagram (control flow).

G% 0

I

2

(b) DFG in standard notation (data flow). For readability and since they
do not produce or receive any data, we omit the nodes corresponding to
fork or join computons.

Figure 48: BPMN diagram and DFG in standard notation to respectively express the control flow and data
flow structures of the memory cell (((s15>p; mM1) |pg ((S2 |pa t1) P03 M2)) > pr a1) B pg (83 |ps t2)>p5 ma) depicted
in Figure 46(e).
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The process described in Section 7.1 for transforming a CFG into a BPMN diagram does
not consider data flow at all, whereas the process for transforming a DFG does not consider
control flow at all. Although the separation of concerns can be leveraged for other purposes
(e.g., to formally verify termination of control flow only), the purpose of this section is just
to demonstrate how control flow and data flow can be analysed independently for model
transformation.

Figure 48 demonstrates that, as every composite computon captures both control flow and
data flow within a single compositional structure, the proposed model can be perceived as
a unification (or conciliation) of workflow control flow languages [7] and data flow languages
[38] within a single compositional setting.

8. Related Work

In this section, we present the related work of our proposal, namely related compositional
approaches and component models that separate concerns.

The CommUnity component model [46] separates computation from interaction and pro-
vides categorical semantics for architectural configurations. At its core, software components
(called designs) are objects in a category, interrelated through morphisms. The most well-
known structure preserving relationships are the so-called superposition morphisms, which
allow embedding designs into more complex ones, similar to the action of computon mor-
phisms. The difference is that our morphisms force computons to interact exclusively at the
boundaries and that our colimit constructions define explicit control flow structures. Com-
mUnity colimits serve to merge (or amalgamate) designs compositionally & la Definition 8,
leaving control flow implicit without any support to separate it from data.

Prosave [47] is a design language built on top of the ProCom component model, which was
inspired on [48] to allow the definition of nested structures of interconnected components. Like
computons, Procom components are passive units of computation with explicit separation of
control ports and data ports. Despite of this similarity, Procom is not compositional since it
does not provide algebraic operators to perform control-based composition, but just informal
programming constructs for connecting ports either directly or indirectly. Indirect connection
is done through so-called connectors which establish control or data flow interaction between
components via message passing. As the model is not compositional, Procom composites do
not offer a clear separation of concerns like their internal components. They rather have data
ports only where both control flow and data flow terminate.

SCADE [49] is a similar component model which integrates an imperative language (i.e.,
Esterel [50]) and a functional language (i.e., Lustre [51]) to define control flow and data flow,
respectively. Particularly, so-called Safe-State Machines (SSMs) model the discrete control
part of a system, whereas Lustre blocks serve to continuously process data. Like Prosave,
SCADE does not provide formal operators for defining control-based composite blocks, but
just programming constructs to non-compositionally assemble a system.

In the same line of work, [14, 52, 53] describe a component model that provides two
orthogonal dimensions to manage control flow and data flow separately. The model encapsu-
lates control since it offers composition operators to define sequential, parallel or branching
composites in a hierarchical, bottom-up manner. Unfortunately, the semantics of the model
is semi-formal [9, 54] so it is not possible to precisely determine whether the model is fully
compositional or not. Also, components do not have separate ports for data and control, but
just control ports. Consequently, the data dimension is implicitly defined in the underlying
composition mechanism whose goal is to build complex workflows from simpler ones.

Workflow Nets (WF-nets) [7, 55] provide support for modelling workflow processes in
the form of control-driven computations. As they offer well-founded semantics built upon
Petri nets, WF-nets formalise the notion of workflow graphs which are traditionally specified
through industry-oriented languages such as UML diagrams, Event-driven Process Chains or
the BPMN notation. WF-nets do not separate control from data and do not provide formal
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operators for explicitly and compositionally defining sequential, parallel, branching or iterative
composites. The issue of the separation of concerns is resolved by RWFN-nets [56] which
unify extended WF-nets and so-called resource nets for separating the process and resource
perspectives of a workflow. Although the model provides a clear separation of concerns, there
is not a clear distinction between input and output data, and composition is not algebraically
defined. Therefore, RWFN-nets do not separate data and control compositionally. Other Petri
net based approaches, for workflow construction, that non-compositionally separate control
flow and data flow are the functor model [57], extended-time nets [58], the FunState model
[59] and dual flow nets [12].

Existing compositional approaches built upon Petri net foundations rely on the notion
of open interfaces to the external world. Specially designated open places are particularly
used by open Petri nets (ONets) [2] to construct complex behaviours from simpler ones. In
this framework, ONet composition is realised by gluing the output places of one net with the
input places of another. As this composition mechanism is characterised as a pushout in a
categorical setting [60], ONets are compositional. An ONet morphism resembles a computon
morphism in the sense that input and output places can be preserved upon transformation (see
Proposition 5). Nevertheless, like Definition 8, a pushout operation just serves for merging
two ONets via a common object so that there are no specific operators for explicitly defining
sequential, parallel, branching or iterative composites (i.e., ONets do not encapsulate explicit
control flow). Petri box calculus [8], Open WF-nets [61], Petri nets with interface [62], nets
with boundaries [63] and Petri net components [64] also rely on the notion of open interfaces.
Like ONets, all these Petri-net-based approaches do not separate data from control.

Although they do not separate concerns, Whole-grain Petri nets [65] deserve a mention
since, unlike classical Petri net theory and like computons, they abolish the traditional notion
of multisets of places, typically expressed as a free commutative monoid S® on a set S of places
(cf. Definition 14). Accordingly, they also work upon a similar categorical scheme to Comp,
in order to define concrete instances of Whole-grain nets (cf. [65, 66]). The difference is that
Comp has objects that enable computons to have a clear distinction between control and data
ports. Another difference is that our theory identifies particular classes of computon objects
that can be used as building blocks to define more complex computons through sequencing,
parallelising, branching or iteration operations. Although primitive computons are isomorphic
to Whole-grain corollas, Whole-grain Petri nets do not distinguish between different types of
corollas (e.g., join or fork corollas).

Within the realm of related compositional models, we also find string diagrams [67, 68, 69],
whose origins trace back some 50 years to Penrose’s graphical notation for tensor networks
[70], later given a sound and complete categorical foundation by Joyal-Street [71]. To date,
such diagrams have been widely applied across several domains, including quantum mechanics
[72], electrical engineering [73], control theory [74] and natural language processing [75], just
to name a few. String diagrams are becoming increasingly popular because they offer well-
founded syntax to graphically represent symmetric monoidal categories, where boxes represent
processes/morphisms and wires express inputs or outputs for those processes [76, 77, 78, 25,
79, 80, 81, 82, 83, 84, 85]. In this model, string diagrams can be composed sequentially via
morphism composition [83], in parallel via monoidal product [76] and into iterative structures
via traces [86, 85]. Extensions to support probabilistic branching have also been developed [87,
88]. Since sequential composition is done by totally matching outputs with inputs (or domain
with codomain) and there are not distinguished wires for representing control, it follows that,
unlike computons, not every string diagram can be composed sequentially with one another (cf.
Theorem 1). Moreover, there is no distinction between control flow and data flow, as evidenced
by the uniform treatment of wires to carry data only [89]. Some efforts have been made to
colouring wires but not to explicitly separate concerns [90]. The separation of concerns has
more recently been addressed through tape diagrams [91, 92, 93], which are similar in spirit
to [94], but that allow the formation of nested string diagrams where an inner layer represents
data flow and an outer part expresses control flow. Technically, the control/data interplay
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is captured by the laws of rig categories with finite biproducts, featuring two symmetric
monoidal structures on relations, (Rel, ®,0) and (Rel, ®, 1), which respectively serve to model
control and data flow. Both monoidal structures can admit traces to model iteration [92]
and, like string diagrams, total sequencing, asynchronous parallelising and branching are
supported. Unfortunately, the notions of synchronous parallelising and partial sequencing are
not considered, since it is assumed that data always follows control [93]. As a result, tape
diagrams lack the expressive power to model scenarios where asynchronous data can delay
process execution independently of control. Moreover, no independent extraction of control
flow and data flow graphs from tape diagrams has yet been attempted in a categorical setting.
The computon model accommodates this through the functors presented in Section 2.4.

The colimit-based composition operators described in Section 6 might resemble works from
category-theoretic cybernetics. For example, [95] proposes the use of general colimits to bind
components of complex systems. Although binding is hierarchical and bottom-up, as in the
computon model, the proposed operations do not define explicit control flow structures capable
of operationally enacting what the authors describe as causal and informational interactions,
which correspond to those enabled by computons. Composition machines [24] attempt to
address this limitation by composing components into total sequential structures. Rather
than using colimits, composition is realised by morphism composition, applied dynamically
to generate spaces of sequential composites in discrete time. Unlike computons, there are no
operations for forming branching, iterative or parallel composites. A glance at Figure 46(d) in
Section 7 reveals that the structure of a composite computon is like a membrane in which other
computons reside and that can be part of another membrane/composite. An edge connected
to/from a composite’s e-port is akin to a fibre which can traverse other membranes, as long
as the e-port it is connected to/from does not become an i-port. This analogy resembles
the structural organisation of a P-system [96] where membranes are delimiting compartments
of multisets of objects that evolve according to bio-inspired rules. Other models resembling
this structural analogy include Architectural Design Rewriting [97], Fractal [98] and Robin
Milner’s bigraphs [99]. Unfortunately, all these models do not separate data and control, and
some of them just consider these dimensions implicitly.

9. Conclusions and Future Directions

In this paper, we presented a model of high-level computation in which computons are
first-class semantic entities which structurally possess a number of computation units that
can be connected to/from two types of ports: control ports and data ports. Computons are
objects in a functor category, denoted Set®°™P where two major classes of objects reside.
The first class is that of trivial computons which have just ports and no computation units.
The second class pertains to primitive computons which are fully connected entities in the
sense they have a unique computation unit to which all ports are attached. These two classes
serve as building blocks to define complex computons via category-theoretic operations. We
particularly presented separate operations to inductively form sequential, parallel, branching
and iterative composite computons. In Section 6, we proved that all of them are connected
in the sense of Definition 6, meaning there is a sequence of information flows from every non
e-outport to some e-outport. As the model is compositional, composites exhibit the same
properties as their constituents, i.e., they have the same structure with a clear separation of
control flow and data flow.

Generally speaking, both control flow and data flow are inextricably present in any classical
high-level computation (e.g., a workflow process), so it is crucial to separately reason about
them for verification, maintainability and optimisation purposes. For example, in Section 7,
we leveraged the separation of concerns of the proposed model to show how control flow can
be transformed into a BPMN diagram without analysing data flow at all, and how data flow
can be converted into a DFG in standard notation without considering control flow at all.
Evidently, model transformation is not the only way of exploiting the separation of concerns
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of our proposal. By leveraging the fact that the behaviour of a computon can be expressed
as a token game, it is also possible to use standard Petri net tools or relevant graph-based
analysis techniques to separately verify computing properties, such as reachability of control
flow only or data flow only. Taking advantage of graph-based techniques can also enable
an optimal implementation in which functional computons exchange data decentrally while
composites coordinate control flow hierarchically [14]. Although our model does not consider
explicit structures for data processing (e.g., map-reduce or filter constructs), because data flow
is ultimately governed by control flow, we acknowledge that introducing them is important
to increase the expressivity of composite computons. However, doing this in a compositional
manner requires further investigation.

Enabling compositionality is also important to induce modularity which is a well-known
feature for reusing computations at scale. Modularity does not imply compositionality because
modules can be constructed in many different ways (not necessarily algebraically). When an
algebraic composition mechanism is used to realise this feature, computation properties are
preserved across all composition levels. In our proposal, the separation of control flow and data
flow is one of such properties. Thus, as computons only interact through their respective e-
ports, composite computons can be perceived as modular black-boxes that encapsulate control
and data flow structures. Although branching is supported by our theory, not every pair of
computons is a candidate for defining a branching structure, as described in Section 6.3.

In Section 6.4, we showed that a head- or a tail-iterative structure can be formed for any
connected computon (see Theorems 4 and 5). Likewise, in Sections 6.1 and 6.2, we proved
that any pair of connected computons can always be composed sequentially (see Theorem 1)
or in parallel (see Theorems 2 and 3) regardless of the data they require or produce. This is
because, intuitively, a computon has at least one ec-outport that can always be matched with
at least one ec-inport of another. Matching all the e-outports of one computon with all the
e-inports of another one gives rise to total sequential composition which, to the best of our
knowledge, is the de facto way of sequencing computations nowadays (cf. [100]).

In this paper, we argue that sequencing is a particular form of merging because the former
can be expressed in terms of the latter. Particularly, in our proposal, merging corresponds
to a pushout operation in SetC°™P (see Definition 8), while sequencing is characterised as
a pushout with restrictions in the same category (see Definition 27). As sequencing cannot
only be done totally but also partially, our sequencing mechanism is more general than those
prevailing in the existing literature. Partial composition entails that non-matching e-ports are
preserved across every composition level (e.g., see Figures 12 and 21).

If computons are seen as relations from e-inports to e-outports, our composition mechanism
provides the basis to redefine the current notion of composition of relations which states that
the composite So Rof RC X x Y and S CY x Zisgiven by {(z, 2) | Iy[R(z,y) N S(y,2)]}.
Since S o R is a subset of X x Z, it is evident that some relations in X x Y andin Y x Z are
lost. By resorting to the foundations laid in this paper, a more structure-preserving defini-
tion emerges: (SoR)U[(X xY)\ (SoR)]U[(Y x Z)\ (S o R)]. Thus, rather than being a
subset of X x Z, a composite relation would be a subset of (X UY) x (Y U Z). In the future,
we would like to further investigate this new notion derived from the foundations of partial
sequential composition.

Defining computons as preorders in a categorical setting can be achieved by borrowing
ideas from resource theories [25]. We hypothesise there are symmetric monoidal categories in
which computons are morphisms and ports are objects. Defining categories of this sort can be
helpful to study the operational semantics of composite computons through the arrow of time.
Particularly, v-categories and v-profunctors can provide theoretical underpinnings for formally
answering specific questions about the execution of computons. Another potential direction
is to study the operational semantics of computons from the lenses of polynomial-style finite-
set configurations and etale maps in the context of Whole-grain Petri nets and processes.
Studying operational semantics from different angles is possible due to the separation between
composition and execution semantics of the proposed model.
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Appendix A. Mapping Between Petri Net Syntax and Computon Syntax

Table A.1 presents a mapping from Petri net syntax to computon syntax, given by any
of the three functorial constructions presented in Section 3, which is useful to discuss the
operational semantics of computons. A glance at this table reveals that, in general, places
with no incoming arrows correspond to e-inports, whereas places with no outgoing arrows
correspond to e-outports. This reflects the fact that e-inports and e-outports receive and send
information from and to the external world, respectively.

Table A.1: Mapping from computon syntax to Petri net syntax where n; is a natural number greater than zero
forall j =1,...,14.

Computon syntax Petri net syntax
ec-inport o - - O~
Control ec-outport - . -0
ec-inoutport o O
ic-port -5 - O
ed-inport noo— O
Data, ed-outport e 2 2a @)
ng
ed-inoutport ° O
ng
id-port ——o—— -0
: 0
0 O
ns © O
Trivial Computon e © O
o - - L = & O
nr o——— ——e N9 O
A . \ :
Functional Computon | " °— e 1o Q/ O
O
D7$77<t—>—1 ( )—><:O
Fork Computon ->-a
Di%iib—)—] 8>_>O
Join Computon O-s--
O~ -0
0 === r-—--" : .. :
0o - - == - : .. _>O
n11 o—r—| ———e 113 O_' *O
Composite Computon | "2 °— e O~ -0
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