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Abstract
We consider an open, bounded, simply connected (Lipschitz) domain in R

d , which
contains a closed polyhedral surface or polygonal contour, referred to as the interface.
From this interface, forces are exerted in the normal direction. The forces are continu-
ously distributed over the interface, resulting in an integral expression. This features an
important characteristic of the immersed interface method. Since the integral cannot
be resolved exactly, one relies on numerical quadrature rules to approximate the inte-
gral. Therefore, we consider two different linear elasticity problems with forces over
a curve or surface (interface) that is located within the (open) domain of computation:
(1) The force is defined by an integral over the interface; (2) The force is defined by a
quadrature approximation of the integral over the interface.We prove that theL2-norm
of the difference between the solutions from the two elasticity problems is of the same
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order as the error of quadrature. The results are demonstrated for both bounded and
unbounded domains. The proof that we establish relies on the use of: (i) fundamental
solutions for linear elasticity, exhibiting singular behaviors (in particular around points
of action) and not being inH1, and (ii) on the use of singularity removal principle and
the Extended Trace Theorem. Convergence is demonstrated in the L2-norm on curves
and manifolds. We show some numerical experiments on the basis of fundamental
solutions with a Midpoint quadrature rule in an unbounded and a bounded domain.
The numerical experiments confirm our theoretical results. We note that the difference
between the interface integral and the quadrature rule over the interface holds for the
exact solution in the bulk and not for any discretization carried out in the bulk. Hence,
in the numerical finite element-based simulations, the numerical results contain an
additional error due to the finite element approach.

Keywords Linear elasticity · Point forces · Dirac delta distribution · Fundamental
solutions · Singularity removal technique · Convergence

1 Introduction

In many biomedical processes such as wound healing, tumor growth, organ develop-
ment or metastasis of cancer, cell migration is a fundamental process. Whenever a
cell needs to migrate, it adheres to the substrate and applies pulling forces to ’crawl’
optimally [14, 38, 43]. These pulling forces are then transmitted to the extracellular
matrix (ECM) and remodel the ECM [25, 35, 36]. The way cellular forces impact
the ECM, often causes significant biological implications: as an example, we men-
tion dermal contractures that are caused by excessive forces exerted by fibroblasts and
myofibroblasts [26] after a severe burn injury or other deep tissue injury; in the context
of cancer, cellular forces facilitate and promote the migration and invasion of cancer
cells to other body parts through remodeled ECM [14, 23, 41].

There are variousmathematical frameworks tomodel how the cellular pulling forces
deform the ECM [4, 30, 31, 43]. A physically accurate way to model the interaction
of cells and their surroundings (tissue) is to define the intra- and extracellular regions
as separate subdomains and to implement the forces by an inhomogeneous Neumann
boundary condition on the cell membrane [31]. However, when cells migrate, the
mesh structure needs to be regenerated at every time step, increasing the computational
workload, which is not ideal, particularly for a large number of cells. Therefore, amore
computationally efficient model is to utilize the Immersed Interface Approach [33, 42]
(also known as Immersed Boundary Method), where the forces are implemented by
(migrating) point forces in the form of a Dirac delta distribution at the cell membrane.
This approach also has the flexibility of handling more complicated and migrating
geometries [29, 32, 34].

Linear elasticity is one of the fundamental models for describing how the material
deforms in response to the forces applied to it. Of course, we are aware of the crude
and inaccurate nature of the approximation that Hooke’s Law for linear elasticity
provides for tissue mechanics. Large deformations from cellular and external forces
typically require more accurate hyperelastic, viscoelastic, or morphoelastic models.
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However, this paper does not aim to develop the most precise method for computing
displacement fields. Instead, we focus on demonstrating and analyzing the accuracy of
the Immersed InterfaceMethod in its simplest mechanical context (i.e. linear elasticity
model without inertia) before investigating more complicated models. The advantage
is that one can utilize the superposition principle and the fundamental solution.

In Peng and Vermolen [31], the authors have shown the transition between the
so-called ’hole’ approach (the cellular force modeled as a smooth function in the inho-
mogeneous Neumann boundary condition over the cell membrane) and the immersed
interface approach (the cellular force modeled as an integral of the Dirac delta distri-
butions over the cell membrane), for the case that the displacement field was obtained
by the use of the finite element method (FEM). While the discretization error from
the FEM applied to the boundary value problem (BVP) is well-known, the numerical
implementation of the immersed interface method introduces an additional error as a
result of the quadrature method that is needed to approximate the integral expression
over the interface for the forcing.

In this study, our aim is to investigate how this quadrature error will influence
the accuracy of the solutions to the immersed boundary approach, where the cellular
forces are expressed as Dirac delta distributions, in the context of linear elasticity.
Theoretically, the forces over the interface are in the form of an integral, whereas in
the context of numerical simulation, this integral becomes a summation of terms that
results from the choice of the quadrature rule. Unlike the approach used in Peng and
Vermolen [31], the analysis conducted in the current study utilizes the fundamental
solution of linear elasticity in the fields R2 or R3, and is valid for the solution to the
continuous problem.

This study shares some similarities with the Boundary Element Method (BEM)
[2, 10, 24] in its reliance on fundamental solutions (Green’s functions) for linear
elasticity problems. However, there are several important distinctions: unlike BEM
which uses a variational formulation with boundary integrals (Somigliana’s identity
[19]) to enforce boundary conditions and requires solving a system of linear equations
with a dense coefficient matrix, which makes it tedious from an algebraic point of
view. Our approach does not require (iterative) adjustment of solutions such that
boundary conditions are satisfied. Hence, our formulation paves the road for efficient
computation.

The novel aspects of our work include the application of forces on an internal
closed contour or surface within a bounded domain, the use of fundamental solutions
for steady-state linear elasticity with infinitesimal strain, and the use of the extended
trace theorem to establish convergence rates in regions away from where forces are
applied. As mentioned earlier, these features allow our method to bypass some of
the computational complexities inherent in traditional BEM approaches [2, 24] while
maintaining rigorous convergence properties, as demonstrated through our analytical
results.

Themanuscript is structured as follows. Themathematical formulation is presented
in Section 2. In Section 3, we show the convergence between the solutions to the linear
elasticity model, which use the integral and summation forms for the cellular forces
in any dimensionality larger than one. Section 4 presents the numerical results, and
finally we deliver the conclusions in Section 5.
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Fig. 1 A schematic of two-dimensional case is shown, in which� ⊂ R
2 is an open bounded square domain

with boundary ∂�;� represents the boundary of a (circular) cell (or tumor), which is split into finite number
of line segments and point forces are applied at the midpoint of these line segments; S is a circular curve
strictly embedded in � and strictly enclosing �. We evaluate the L2–norm of the solution over S. Note that
this schematic can also be regarded as a side view of the three-dimensional setting with cube and spheres,
respectively

2 TheModel Equations and the Fundamental Solutions

Starting from the immersed interface approach in Peng andVermolen [31],we consider
the linear elasticity equation with cellular forces, expressed as a collection of Dirac
delta distributions, both in the form of an integral and a summation. By virtue of the
availability of Green’s function, in this section, we treat two- and three-dimensional
cases.

2.1 The Boundary Value Problems

We consider a non-empty, open, bounded, simply connected Lipschitz domain � ∈
R

d , bounded by ∂� (hence, �̄ = � ∪ ∂�) for d ∈ {2, 3}. In �, there is a non-
degenerate closed curve or surface (begin and end points coincide) that is denoted by
�, ofwhich the non-empty enclosed region is regarded as a cell (or tumor) in the context
of biological application. The forces are applied on � in the normal direction towards
or away from the cell center. We note that the direction of the cellular forces can be
reverted or generalized easily. For the purpose of evaluating the solutions (which will
be elaborated in Section 3),we define a larger circle (or sphere in three dimensions) that
encloses �. This circle (or sphere) is denoted by S and we evaluate the displacement
over S. Figure 1 presents a two-dimensional schematic with a circular cell, circular
S and square �. The sketch can also represent a side view for the three-dimensional
case, with a spherical cell, spherical S and a cubic domain of computation �.

Let x ∈ � ⊂ R
d denote the spatial coordinate, where � is the computational

domain. The displacement field is denoted by u : x −→ u(x), u : � −→ R
d ,

representing the displacement of a material from its reference configuration. In the
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current study, inertial effects are neglected and linear elasticity is considered, which
gives

−∇ · σ (u) = f ,

with f representing the body force. Here, the stress-strain relation is defined by
Hooke’s law: ⎧

⎪⎪⎨

⎪⎪⎩

σ = E

1 + ν

{

ε + ν

1 − 2ν
tr(ε)I

}

,

ε = 1

2

[
∇u + ∇uT

]
,

where σ and ε, represent the stress tensor and infinitesimal strain tensor, respectively;
E denotes the Young’s Modulus of the material (cell and immediate surroundings), ν
is the Poisson’s ratio.

For the computational domain � and together with the homogeneous Dirichlet
boundary condition, the two BVPs with the cellular forces in the integral and summa-
tion forms are given by

(BVPint)

⎧
⎨

⎩

−∇ · σ (u) =
∫

�

Q(x′)n(x′)δ(x − x′)d�(x′), x ∈ �,

u(x) = 0, x ∈ ∂�,

and

(BVPsum)

⎧
⎪⎪⎨

⎪⎪⎩

−∇ · σ (uh) =
m∑

j=1

w j Q(x j )n(x j )δ(x − x j ), x ∈ �,

uh(x) = 0, x ∈ ∂�,

where Q(x) is the force magnitude, n(x) is the unit norm vector on � towards the cell
center, δ(x) is the Dirac delta distribution, m is the number of discretized segments
of � (as shown in Figure 1) for the application of the quadrature rule to the numerical
simulation and w j is the weight resulting from the selected quadrature rule.

2.2 Fundamental Solutions and Convolution-Based Solutions

For a single point force in an infinite domain in the field R
d for d = 2, 3 with force

F, the linear elasticity equation reads as

−∇ · σ (u) = F δ(x − x′), x ∈ R
d .

The solution to this equation in R
d is given by

u(x) = G(x, x′)F, x ∈ R
d ,
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where G denotes the Green’s tensor given by [39]

G(x, x′) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

8πμ(1 − ν)

(

−(3 − 4ν) log(||x − x′||)I2 + (x − x′) ⊗ (x − x′)
||x − x′||2

)

, in R2

1 + ν

16π E(1 − ν)

[
(3 − 4ν)I3
||x − x′|| + (x − x′) ⊗ (x − x′)

||x − x′||3
]

, in R3

(1)
with the Lamé coefficients μ and λ are related to the Young’s Modulus and Poisson
ratio through the following equations:

μ = E

2(1 + ν)
and λ = Eν

(1 + ν)(1 − 2ν)
.

In R
d , we consider the linear elasticity model with the forces in (BVPint) and

(BVPsum), respectively:

− ∇ · σ (u∗) =
∫

�

Q(x′)n(x′)δ(x − x′)d�(x′), x ∈ R
d , (2)

and

− ∇ · σ (u∗
h) =

m∑

j=1

w j Q(x j )n(x j )δ(x − x j ), x ∈ R
d . (3)

Solving the above equations with applying the Superposition Principle, we obtain
the following theoretical ‘field results’:

u∗(x) =
∫

�

Q(x′)G(x, x′)n(x′)d�(x′), x ∈ R
d , (4)

and

u∗
h(x) =

m∑

j=1

w j Q(x j )G(x, x j )n(x j ), x ∈ R
d . (5)

At this point, it is important to introduce some notation for Hilbert spaces of vector-
fields. The space L2(�) for vector-fields is defined by

L2(�) :=
{

v : � −→ R
d :

∫

�

||v||2d� < ∞
}

,

with its associated norm

||v||2L2(�)
=

∫

�

||v||2d�.

In some instances, we also need the L2-norm of the vector-field over the (outer)
boundary, given by

||v||2L2(∂�)
=

∫

∂�

||v||2d�.
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Since we also deal with tensors, we introduce the L2-norm of a tensor function V ,
V : � −→ R

d × R
d by

||V ||2L2(�)
:=

∫

�

V : Vd�,

where ‘:’ stands for the matrix (tensor) scalar product. This allows the introduction of

H1(�) :=
{
v ∈ L2(�) : ‖∇v‖L2(�) < ∞

}
.

Note that ∇v is a tensor. Taking the closure of C1
0(�) (compact support) in H1(�),

we get

H1
0(�) :=

{
v ∈ H1(�) : v|∂� = 0

}
.

Finally, we introduce the trace operator T , denoting

T : H1(�) −→ L2(∂�), such that T (u) = u|∂�, ∀ u ∈ H1(�) ∩ C(�̄),

with the corresponding function space

H1/2(∂�) := T (H1(�)) := {v ∈ L2(∂�) : ∃ u ∈ H1(�) such that T (u) = v}.

Note thatH1/2(∂�) ⊂ L2(∂�) and thatH1
0(�) represents theH1–functions with zero

trace.
The Green’s function G(x, x′) does not lie inH1(Rd), hence, the solutions defined

in Equations (4) and (5) are not in H1(Rd) either for d = {2, 3}. We note that for any
subset of Rd excluding the location of the point force, the solution is in H1.

3 Convergence of the BVPs with Different Forms of Forces

In this section, we investigate the convergence between the solutions to (BVPint) and
(BVPsum). Inspired by the singularity removal technique introduced in Gjerde et al.
[18], we express u and uh as

u = u∗ + v and uh = u∗
h + vh, (6)

where u∗(x) and u∗
h(x) are defined in Equations (4) and (5), respectively; v(x)

and vh(x) are the auxiliary solutions. Substituting Equation (6) into (BVPint) and
(BVPsum), together with Equations (2) and (3), v and vh satisfy the BVPs below,
respectively:

(BVPv)

{
−∇ · σ (v) = 0, x ∈ � ⊂ R

d ,

v(x) = −u∗(x), x ∈ ∂�,

and

(BVPvh)

{
−∇ · σ (vh) = 0, x ∈ � ⊂ R

d ,

vh(x) = −u∗
h(x), x ∈ ∂�.

123



   40 Page 8 of 22 La Matematica             (2026) 5:40 

As neither u∗ nor u∗
h lie in H1(�), solutions u and uh to (BVPint) and (BVPsum),

respectively, are not in H1(�) either. However, since G and, therefore u∗ and u∗
h are

smooth away from �, we have u∗, u∗
h ∈ L2(∂�). Note that ∂� is away from �. Of

course, away from the point where the Dirac measure acts, the solution is in H1. This
is characteristic in general for equations like the Poisson or heat equation, which has
been investigated, for instance, in [8, 16, 31, 40]. However, the solution lives inL2(�).
Bearing in mind that

C∞
0 (�) ⊂ H1

0(�) ⊂ L2(�),

and since C∞
0 (�) is dense in L2(�), it follows that H1

0(�) is dense in L2(�), and
therefore the solution can be approximated arbitrarily well by spans of functions in
H1

0(�), provided that we take a sufficient number of these functions. However, the
convergence rate is jeopardized by the solution not being in H1

0(�). For this reason,
the solution is sought in weighted finite element (Sobolev) spaces [8] or in different
Sobolev spaces, such asW1,1 [13], or one assesses the convergenceof theFEMsolution
away from the point of action of the Dirac delta distribution [22]. Boon and Vermolen
[8] assessed well-posedness in weighted Sobolev spaces in R

2 for the equation of
elasticity with a Dirac point force. Köppl [21] applied a Zenger correction to assess
an elliptic partial differential equation with a Dirac term.

The convergence of the solutions to (BVPint) and (BVPsum) is verified by analyzing
the convergence between v∗ and v∗

h , as well as u
∗ and u∗

h . For the concision of the
manuscript, we denote up = {u, uh}, u∗

p = {u∗, u∗
h}, and v p = {v, vh}, where

the asterisk symbolizes the field solution that are obtained by a convolution of the
fundamental solution; the subscript h symbolizes the approximation of the solution
by the use of a quadrature rule to approximate the integral over �.

We start with the existence and uniqueness of the auxiliary solution v p ∈ H1(�),
then we verify the convergence between v and vh . Consider the weak form of (BVPv)

and (BVPvh):

(WFvp)

⎧
⎪⎨

⎪⎩

Find v p ∈ H1(�) subject to v p|∂� = −u∗
p such that, for all φ ∈ H1

0(�),

we have a(v p, φ) = 0, where a(v p, φ) =
∫

�

σ (v p) : ε(φ) d�.

Then the existence and uniqueness of v p are warranted by Lemma 1 (see Appendix 1
for its proof):

Lemma 1 The variational problem (WFvp)has one and only one solutionv p ∈ H1(�).

In cases where the bilinear form satisfies a(., .) : H1 × H2 −→ R, where H1 and
H2 are two different Hilbert spaces such as in the case of the use of weighted Sobolev
spaces, one uses Necas’ Theorem [11] as a generalization to establish existence and
uniqueness. The coercivity condition is replaced with the inf-sup condition and for all
u ∈ H1 there must be a v ∈ H2 such that a(u, v) �= 0.

As u∗
p is involved as boundary condition for (BVPvp), the convergence of v p

requires the convergence of u∗
p, which solves Equations (2) and (3) with integral

and summation form of forces, respectively. We first quantify the difference between
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the forces, which amounts to a multidimensional generalization of the standard com-
posite midpoint rule, over a polygon (2D) or a closed surface (3D). The numerical
validation will be done for this quadrature rule.

Lemma 2 Let �p be a polygon, a closed curve consisting of line segments �̃q ,
embedded in � ⊂ R

2 that is composed of a union of line segments �� j , that is
�p = ⋃m

j=1 �� j , such that each �̃q consists of an integer number of line segments
��p. Further, let line segment �� j be bounded by vertices x j and x j+1, such that
xm+1 = x1, and let x j+ 1

2
be the midpoint of a line segment �� j , and let f be a C2–

smooth function that is defined over an open set that includes �p. Then there exists a
C1 > 0, such that

∣
∣
∣
∣

∫

�p

f d� −
m∑

j=1

f (x j+ 1
2
)||x j+1 − x j ||

∣
∣
∣
∣ ≤ C1h2.

where h = max j∈{1,...,m} ‖ x j+1 − x j ‖.
In three dimensions, let �p be a closed surface in � ⊂ R

3, that is composed of a
union of surface segments ��̃q . Let �p be divided by triangular elements �� j , such
that �p = ⋃m

j=1 �� j , let x j be the centre of �� j , then there exists a positive constant
C2, such that for each component we have

∣
∣
∣
∣
∣
∣

∫

�p

f (x) dx −
m∑

j=1

|A j |
2

f (x j )

∣
∣
∣
∣
∣
∣
≤ C2h2,

where h is the maximal diameter among all the surface elements over �p and |A j |/2
is the area of the (triangular) surface element �� j .

Proof First we treat the 2D case of a closed curve. Using a midpoint rule for a multi-
variate function, let us consider

x(s) = x j+ 1
2

+ s

2
(x j+1 − x j ), −1 ≤ s ≤ 1,

Hence, x(0) = x j+1/2 and x′(s) = 1
2 (x j+1 − x j ), and therefore,

‖ x′(s) ‖= 1

2
‖ (x j+1 − x j ) ‖ .

We calculate the contribution over a line segment �� j :

∫

�� j

f (x)d� =
∫ 1

−1
f (x(s)) ‖ x

′
(s) ‖ ds = 1

2
‖ x j+1 − x j ‖

∫ 1

−1
f (x(s))ds.
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Let H(x(s)) be the Hessian matrix of f (x(s)), then Taylor’s Theorem (see Theorem
1.6.8 in [37]) warrants the existence of a ŝ(s) ∈ (min(0, s),max(0, s)) such that

∫

�� j

f (x)d� = 1

2
‖ x j+1 − x j ‖

∫ 1

−1
f (x(0)) + s

2
(x j+1 − x j )∇ f (x(0))

+ 1

2
s2

(
x j+1 − x j

2

)T

H(x(ŝ(s)))(
x j+1 − x j

2
)ds

= 1

2
‖ x j+1 − x j ‖

[

2 f (x j+1/2) + 0 + 1

8

∫ 1

−1
s2(x j+1 − x j )

T H(x(ŝ(s)))(x j+1 − x j )ds

]

=‖ x j+1 − x j ‖ f (x j+1/2) + 1

16
‖ x j+1 − x j ‖

∫ 1

−1
s2(x j+1 − x j )

T H(x(ŝ(s)))(x j+1 − x j )ds.

Since f is smooth in an open region around �p, it follows that there exists a K̂ j > 0
(maximum eigenvalue), such that

∣
∣(x, H(x))

∣
∣ ≤ K̂ j ‖ x ‖2, on �� j .

Therefore, we obtain that

∣
∣
∣
∣

∫

�� j

f (x)d�− ‖ x j+1 − x j ‖ f (x j+1/2)

∣
∣
∣
∣ ≤ 1

24
K̂ j ‖ x j+1 − x j ‖3 .

Let K̂ = max j (K̂ j ), then summation of the boundary elements over �p gives

∣
∣
∣
∣

∫

�p

f (x)d� −
m∑

j=1

‖ x j+1 − x j ‖ f (x j+ 1
2
)

∣
∣
∣
∣ ≤

m∑

j=1

∣
∣
∣
∣

∫

�� j

f (x)d�− ‖ x j+1 − x j ‖ f (x j+ 1
2
)

∣
∣
∣
∣

≤ 1

24
K̂

m∑

j=1

‖ x j+1 − x j ‖3≤ 1

24
K̂ max j∈{1,...,m}(‖ x j+1 − x j ‖2) · ∣∣�p

∣
∣ = 1

24
K̂ h2

∣
∣�p

∣
∣,

where h = max j∈{1,...,m} ‖ x j+1 − x j ‖, and |�p| is the perimeter of the polygon �p.

Subsequently, we treat the three dimensional case. In three dimensions, the surface
element over a manifold is a patch of a surface (a portion of a plane, i.e a triangle).
Suppose e j is a triangular surface element in three dimensional space with vertices
(x1, x2, x3). We compute the midpoint xc of e j as xc = 1

3 (x1 + x2 + x3). We map
the triangle in (x, y, z)−space to the reference triangle in (s, t)-space with points
(s1, t1) = (0, 0), (s2, t2) = (1, 0) and (s3, t3) = (0, 1). The parameterization from
the reference triangle e0 to the original (physical) triangle e j is given by

x(s, t) = x1(1 − s − t) + sx2 + tx3, 0 ≤ s ≤ 1, 0 ≤ t ≤ 1 − s.
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For any function f (x) ∈ C2(�), the integral of f (x) over the original triangle is given
by ∫

e j

f (x)dx =
∫

e0
f (x(s, t))|A j |d(s, t),

where |A j | = √| det(JT J)|, where J is the Jacobian matrix, and e0 = {(s, t) ∈ R
2 :

0 ≤ s ≤ 1, 0 ≤ t ≤ 1 − s} given by

J = ∂(x, y, z)

∂(s, t)
=

⎛

⎝
x2 − x1 x3 − x1
y2 − y1 y3 − y1
z2 − z1 z3 − z1

⎞

⎠ ,

and
√| det(JT J)| is twice the area of the original triangle e j , i.e.,

|A j | :=
√

| det(JT J)| = ‖(x2 − x1) × (x3 − x1)‖.

Let x(1/3, 1/3) coincide with the midpoint xc of element e j , using the midpoint rule
(Taylor’s Theorem) for a multivariate function gives

∫

e j

f (x)dx =
∫

e j

(

f (xc) + (x − xc) · ∇ f (xc) + 1

2
(x − xc)

T H(xc + θ(x)(xc − x))

(x − xc)

)

dx

= 1

2
|A j | f (xc) + 0 + 1

2

∫

e j

(x − xc)
T H(xc + θ(x)(xc − x))(x − xc)dx,

∃ θ(x) ∈ (0, 1).

Since f (x) ∈ C2(�), it follows that there exists a K̂ j > 0 (maximum eigenvalue,
different from the 2D-case), such that

∣
∣(x, H(x))

∣
∣ ≤ K̂ j ‖ x ‖2, on e j .

Therefore, we obtain that

∣
∣
∣
∣
∣

∫

e j

f (x) dx − |A j |
2

f (xc)

∣
∣
∣
∣
∣
≤

∣
∣
∣
∣
∣

1

2

∫

e j

(x − xc)
T H(xc + θ(x)(xc − x))(x − xc) dx

∣
∣
∣
∣
∣
≤ |A j |

4
K̂ j h

2,

where h is the maximal diameter in the original triangle e j .
Let K̂ = max j (K̂ j ), considering all the surface elements over �p, we get

∣
∣
∣
∣
∣
∣

∫

�p

f (x) dx −
m∑

j=1

|A j |
2

f (x j )

∣
∣
∣
∣
∣
∣
≤ K̂ h2

4

m∑

j=1

|A j |
2

= K̂ h2

4
|�p|,
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where h is the maximal diameter among all the surface elements (i.e., triangles) and
|�p| is the sum of the areas (area inR3) of all the surface elements over �p. Therefore,
in three dimensions, we can conclude that there exists a constant C2 > 0 such that:

∣
∣
∣
∣
∣
∣

∫

�p

f (x) dx −
m∑

j=1

|A j |
2

f (x j )

∣
∣
∣
∣
∣
∣
≤ C2h2.

��
In principle, we demonstrated the convergence of the midpoint rule for quadrature in
a more generic setting. We note that this result for a generic curve or manifold was
also demonstrated in other works [30], among others, although it was not labeled as
a formal result. Different quadrature strategies may be used, such as Newton-Cotes
or Gaussian-based quadratures, which have their respective orders of convergence.
For a generic convergence result for the computation of

∫

�p
f (x)dx with ‘sufficient’

smoothness, one obtains an error that is bounded byC2hr for a certainC2 > 0, r > 0,
where r represents the order of convergence. Assuming such an error bound, we arrive
at the following important results.

Proposition 1 Let u∗ and u∗
h, respectively, be given by Equations (4) and (5), and

suppose that the numerical quadrature method over the closed surface or contour
over �p is bounded from above by Chr for a C > 0, r > 0 then for all x ∈ �δ =
{x ∈ � | dist(x, �) > δ}, δ > 0 (that is away from �), there is a C2 > 0 and a C̄ > 0
such that for x ∈ �δ , |u∗

h −u∗| ≤ C2hr , and ‖ u∗
h −u∗ ‖L2(�δ)

≤ C̄hr . Note that here
δ represents a positive constant but does not represent the Dirac delta distribution.

Proof SinceG(x; x′) is smooth for any x ∈ �δ (away from �), and hence the require-
ments of Lemma 2 are fulfilled, we have |u∗

h −u∗| ≤ C2hr for any x ∈ �δ . Integration
over �δ gives

[∫

�δ

|u∗
h − u∗|2d�

]1/2

≤
[∫

�δ

C2
2 (x)h2r d�

]1/2

≤ sup
x∈�δ

C2(x)hr |�δ|1/2 = C̄hr .

Hence,
‖ u∗

h − u∗ ‖L2(�δ)
≤ C̄hr . (7)

��
Proposition 2 Let u∗ and u∗

h, respectively, be given by Equations (4) and (5), and
suppose that the numerical quadrature method over the closed surface or contour
over �p is bounded from above by Chr for a C > 0, r > 0. Further let S and �̃

be a bounded surface and curve, then there are CS > 0 and C�̃ > 0, such that
‖ u∗

h − u∗ ‖L2(S)≤ CShr and ‖ u∗
h − u∗ ‖L2(�̃)≤ C�̃hr , respectively.

Proof SinceG(x; x′) is smooth for any x ∈ S, and hence the requirements of Lemma
2 are fulfilled, we have |u∗

h − u∗| ≤ C2hr for any x ∈ S. Integration over S gives
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[∫

S
|u∗

h − u∗|2d S

]1/2

≤
[∫

S
C2
2 (x)h2r d S

]1/2

≤ sup
x∈S

C2(x)hr |S|1/2 = CShr .

Hence,
‖ u∗

h − u∗ ‖L2(S)≤ CShr . (8)

and analogously,
‖ u∗

h − u∗ ‖L2(�̃)≤ C�̃hr . (9)

��
The above lemmas and propositions lead to one of the key results in this manuscript,

regarding the convergence between the auxiliary solutions v and vh :

Theorem 1 Let v and vh solve (BVPv) and (BVPvh), respectively, then there is a
K > 0 such that ||v − vh ||L2(�δ)

≤ K hr .

Proof From Lemma 1, we have existence of v, vh ∈ H1(�), as well as of their
difference. With Proposition 2, one obtains

||u∗
h − u∗||2L2(∂�)

≤ C3hr , ∃ C3 > 0.

Note that the right-hand side is a constant, hence it is in H1/2(∂�) ⊂ L2(∂�) (recall
from Equation (6) that {v, vh} = −{u∗, u∗

h} on ∂�), therefore since

||vh − v||L2(∂�) = ||u∗
h − u∗||L2(∂�) ≤ C3hr .

The Trace Extension Theorem [1] asserts the existence of a β > 0 such that

||vh − v||H1(�) ≤ β||vh − v||L2(∂�) = β||u∗
h − u∗||L2(∂�) ≤ βC3hr .

Since

||vh − v||L2(�) ≤ ||vh − v||H1(�) ≤ C4hr , C4 = β C3,

it follows that there is a K > 0 such that

||vh − v||L2(�δ)
≤ ||vh − v||L2(�) ≤ K hr , (10)

��
Subsequently, after having proved the convergence between v and vh , as well as

between u∗ and u∗
h , the convergence between the solutions to (BVPint) and (BVPsum)

(namely, u and uh) is warranted by the theorem below.
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Theorem 2 Let u and uh be the solutions to (BVPint) and (BVPsum), respectively.
Then for all x ∈ �δ = {x ∈ � | dist(x, �) > δ}, δ > 0 (that is away from �), there
is a C0 > 0 such that ‖ uh − u ‖L2(�δ)

≤ C0hr .

Proof Since ||.||L2(�δ)
is a proper norm, we apply the Triangular Inequality and com-

bine the results from Proposition 1 and Relation (10), in order to obtain

‖ uh − u ‖L2(�δ)
=‖ u∗

h + vh − (u∗ + v) ‖L2(�δ)
=‖ u∗

h − u∗ + vh − v ‖L2(�δ)

≤‖ u∗
h − u∗ ‖L2(�δ)

+ ‖ vh − v ‖L2(�δ)
≤ (C + K )hr = C0hr .

��
Note that the above result is valid for two- and three-dimensional cases, and that

this amounts to convergence being determined by the quadrature rule that is used over
the contour or surface where the forces are applied. This result agrees with common
intuition.

4 Numerical Validation

In this section, we conduct the simulations in two and three dimensions to numerically
verify the convergence between u∗ and u∗

h and between u and uh in a predefined subset
in �δ , which excludes the positions where point forces are applied. In particular, we
evaluate solutions (i.e. u∗

h, uh and vh) over a curve (or a surface in three dimensions),
which is denoted by S ⊂ �δ in line with Figure 1.

The parameter values are listed in Table 1 for both two- and three-dimensional
simulations. The computational domain is � = (−2, 2)d with d = {2, 3}, the cell and
the closed curve S is centered at the origin with radius r and R, respectively. For the
two-dimensional case, the finite element method (FEM) was implemented in Python
3.12 using the FEniCS package version 2019.2.0.dev0 [3].

4.1 Two Dimensional Simulations

We model a regular polygonal curve � centered at the origin in R
2 that exerts radial

pulling forces at the midpoints of its edges. As the number of polygon edges (line

Table 1 Parameter values for two- and three dimensional simulations in Section 4

Parameter Description Value Units Source

E Young’s Modulus 1.0 × 107 kg/(μm · min2) Peng et al. [32]

Q Magnitude of the force exerted on the cell 1.0 × 103 kg · μm/min2 Peng et al. [32]

R Radius of the boundary outside the cell 0.5 μm Estimated in this study

r Radius of the cell 0.3 μm Chen et al. [12]

ν Poisson’s Ratio 0.25 − Peng et al. [32]
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Fig. 2 Magnitude of the displacements and displacement field around a circular cell of radius r = 0.3μm,
where the point forces are applied, are shown in the sub-figurrs (a) and (b), respectively. For the displacement
field (sub-figure (b)), it is zoomed in. The input parameters can be found in Table 1.

segments) approaches infinity, the polygon tends to a circle. Figure 2 displays the
resulting displacement uh from (BVPsum) field within the domain [−2, 2] × [−2, 2],
when the cell is pulling the immediate environment. Figure 2(a) shows the magnitude
of the displacement and Figure 2(b) zooms in the certain region and shows the vector
field of uh .

We evaluate the convergence of the solution u∗
h with respect to the number of mesh

points, m, on the cell boundary. Convergence is quantified by the L2–norm over the
circle centered at the origin and radius R = 0.5. To approximate theL2–norm over this
circle ∂ B(0, R), the circle is divided into N segments so that a polygon results. The
length of each line segment is��, and the midpoint of the line segment of the polygon
is denoted by x j . Then the L2–norm over ∂ B(0, R) can be numerically computed by

||u∗
h ||2L2(∂ B(0,R))

=
∫

∂ B(0,R)

||u∗
h ||2d� ≈

N∑

j=1

||u∗
h(x j )||2��. (11)

The finite element discretization has been chosen such that h ∼ ��. The numerical
error of this composite midpoint rule is given by O(��2). Richardson’s estimate of
the order of convergence [20] is used to estimate the order of convergence.

Table 2-3 present the order of convergence ofL2–norm of uh (solution to (BVPsum)

with singularity removal technique), uFEMh (solution to (BVPsum) using classical finite-
elementmethod), u∗

h (fundamental solution expressed inEquation (5)) and vh (solution
to (BVPvh)). In Table 2, the interface boundary is divided into line segments according
to the FEM mesh (i.e., the endpoints of the line segments over the interface boundary
coincide with the nodal points of the FEM mesh), that is, the number of edges of the
interface boundary doubles upon doubling of the resolution of the FEMmesh. Hence,
the numerical errors result from both FEMand the quadrature rule in Equation (3). The
results in Table 2 confirm the quadratic (second order) convergence of the Midpoint
Rule for the quadrature over the interface.
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Table 2 Weighted L2–norm and the corresponding order of convergence for circular domain in the two-
dimensional case for the closed curve S, as indicated in Figure 1. The number of edges on the cell boundary
is a consequence of FEM mesh refinement

Number of
edges on �

FEM mesh size ‖uh‖L2(S) Order of
conver-
gence

∥
∥
∥uFEMh

∥
∥
∥
L2(S)

Order of
convergence

9 0.2416 1.0259604×10−5 – 1.0359142×10−5 –

18 0.1208 1.0603018×10−5 – 1.0631187×10−5 –

36 0.0604 1.0694758×10−5 1.904331227 1.0700364×10−5 1.975480139

72 0.0302 1.0718094×10−5 1.9749689 1.0719390×10−5 1.862294754

Number of
edges on �

FEM mesh
size

∥
∥uh∗∥

∥
L2(S)

Order of
conver-
gence

‖vh‖L2(S) Order of
conver-
gence

9 0.2416 1.0801511×10−5 – 5.4240216×10−7 –

18 0.1208 1.1148931×10−5 – 5.4614627×10−7 –

36 0.0604 1.1241513×10−5 1.907866181 5.4708112×10−7 2.001824342

72 0.0302 1.1265049×10−5 1.975908187 5.4731631×10−7 1.990877149

Meanwhile, the results in Table 3 have been computed on a high-resolution FEM
mesh with an average mesh size of 0.01912 in all simulations. Hence, the integra-
tion points on the interface have no relation with the meshpoints of the FEM mesh.
Therefore, the results in this table only reflect the error of the quadrature rule over the
interface (cell boundary) �. Again, a second-order convergence is observed, which
provides an excellent agreement with the theoretical results we obtained.

For both aforementioned simulation settings, the order of convergence of the L2–
norm is about two, which indicates excellent agreement with Proposition 2 and
Theorems 1 - 2. Note that the convergence of uFEMh is less satisfying compared to
uh solved by the singularity removal technique. This convergence characteristic is in
line with the findings by [22] of convergence of finite element solutions for Laplace
equations with Dirac measures, where it was found that the L2–error away from the
singularity behaves like O(h2 ln(h)) for linear Lagrangian elements.

4.2 Three Dimensional Simulations

In the three dimensional set-up,we consider a regular surface� composed of triangular
faces and radially pulling forces are exerted from the barycenter of the faces inwards.
As the number of faces increases, the surface � approaches the sphere ∂ B(0, r). As in
the two dimensional case, we evaluate the convergence of the fundamental solutions
u∗

h , Equation (5), with respect to the number of faces on the boundary of the cell.
Convergence is quantified by the L2–norm over the parallelograms as sketched in
Figure 3, where we consider two cases:

- a plane not intersecting the cell �, that is, S ∩ � = ∅;
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Table 3 Weighted L2–norm and the corresponding order of convergence for circular domain in the two-
dimensional case for the closed curve S, as indicated in Figure 1. Note that the FEMmesh is fixed regardless
of the increasing number of edges on the cell boundary. Here, the FEM mesh size is 0.01912.

Number of
edges on �

‖uh‖L2(S) Order of
convergence

∥
∥
∥uFEMh

∥
∥
∥
L2(S)

Order of
convergence

10 1.1606485 × 10−5 – 1.1605940 × 10−5 –

20 1.2375921 × 10−5 – 1.2375388 × 10−5 –

40 1.2549946 × 10−5 2.1444506522 1.2549403 × 10−5 2.144607035

80 1.2591117 × 10−5 2.079605617 1.2590573 × 10−5 2.079559888

Number of
edges on �

∥
∥uh∗∥

∥
L2(S)

Order of
conver-
gence

‖vh‖L2(S) Order of
convergence

10 1.2241133 × 10−5 – 6.3486279 × 10−7 –

20 1.3052789 × 10−5 – 6.7702553 × 10−7 –

40 1.3236332 × 10−5 2.144751170 6.8654559 × 10−7 2.146926574

80 1.3279755 × 10−5 2.079605661 6.8879784 × 10−7 2.079604572

- a plane intersecting the cell �, that is, S ∩ � �= ∅.
We consider successive refinements of �, whereas the mesh for the quadrature on
S is not further refined. For each refinement, each triangular face in � is divided
into four similar triangles. Furthermore, the region S is divided into 2500 uniform
sub-parallelograms, and the Midpoint Rule for numerical integration is used.

Using the input data from Table 1, and taking the region enclosed by � centered
around the origin, we consider the situations in Figure 3. The results for the L2–
norm have been listed in Table 4, and in both cases a quadratic O(h2) convergence is
observed. Note that h represents a measure for the largest diameter of the triangular
elements on �. In the first case (Figure 3(a)), S represents a parallelogram that does
not intersect the spherical surface �, and the result is entirely in line with our findings.
In the second case (Figure 3(b)), S represents a parallelogram that intersects the sphere
�. The observed quadratic convergence is attributed to the fact that the fundamental
solution is in L2(R3) \ H1(R3), and to the fact that the intersection, being a curve,
has zero measure on a surface. Furthermore, the integration points on S and � may
not coincide. The observed convergence rate agrees excellently with the predicted
theoretical rate. It is a key result of this study which strongly supports the validity
of our proposed methodology. This convergence exceeds our expectations, and has
triggered our interest for further research.

Currently, we omitted the assessment of the complete error in the three dimensional
setting. The reason is that in order to assess this error, it is required that all other
errors are negligible. That is, the finite element errors, as well as the quadrature error
over S should be negligible, which requires either ultra-fine meshes or higher-order
discretization methods. In order to figure this out, we either have to rely on more
computational power or on higher order finite elements and quadratures over S.
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Fig. 3 Geometry inR3 with the spherical cell B(0, 0.3) and two regions S. (a): S is the parallelogramdefined
by the points A(0.5, 0.5, 0), B(0, 0.5, 0) andC(0.5, 0.5, 0.5) (S∩� = ∅). (b): S is the parallelogramdefined
by the points A(0.5, 0.5, 0), B(0, 0, 0) and C(0.5, 0.5, 0.5), which intersects the sphere (S ∩ � �= ∅). The
dimensions of both configurations are the same

Table 4 Weighted L2–norm of u∗
h for two parallelograms in the three-dimensional case, namely, a case not

intersecting the cell and a case intersecting the cell; see Figure 3 as a schematic. The order of convergence
is also presented for each case accordingly

Number of faces on � S ∩ � = ∅ Order of convergence S ∩ � �= ∅ Order of convergence

80 1.941412 × 10−4 - 2.890295 × 10−4 -

320 2.147246 × 10−4 - 3.195174 × 10−4 -

1280 2.203262 × 10−4 1.877579 3.278651 × 10−4 1.868786

5120 2.217570 × 10−4 1.969053 3.299971 × 10−4 1.969203

20480 2.221166 × 10−4 1.992241 3.305329 × 10−4 1.992274

81920 2.222066 × 10−4 1.998059 3.306671 × 10−4 1.998067

5 Discussion and Conclusions

We used the Immersed Interface Method for forces exerted on a curve or surface
within two- and three-dimensional media. This method assigns a force density along
the curve or surface, incorporating it into the momentum balance through an integral
with theDirac delta distributions. However, this integral cannot always be simplified to
an explicit expression. Hence, for the purpose of solving the corresponding boundary
value problem with numerical solvers, a quadrature rule is used to approximate the
integral over the surface or curve where the forces are applied. This approximation
introduces an additional numerical error besides the one from numerical solvers (e.g.
finite-element methods or finite-volume methods).

Our investigation on quantifying how the quadrature rule influences the solution
started with the linear elasticity equation in two and three dimensions. To better handle
the Dirac delta distribution in numerical simulations the singularity removal technique
is used, introduced byGjerde et al. [18].We consider an open, non-empty, bounded and
connected domain� in which the solution to the linear elasticity equation is composed
of the fundamental solution in �(Rd) with d = {2, 3} and an auxiliary term. Due to
the singularity in the exact solution that is caused by the Dirac delta distribution, the
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solution does not lie in the classical Hilbert spaceH1. Hence, following [7, 22], we are
more interested in the convergence rate of the finite element solution in the subdomain
of � that excludes the part where the Dirac delta distributions are applied.

We demonstrated that theL2–error in the solution of the linear elasticity problem in
� is of the same order as the error of the quadrature rule that is applied over the curve
or surface where the forces are applied. As a computational validation, we utilized
the Midpoint Rule to approximate the integral form of the force. We observed that
the numerical results agree with our theoretical findings. Two-and three-dimensional
cases have been considered.

The ultimate goal of the current study is to show that the quadrature error for the
evaluation of the integral over the interface determines the difference between the
internal solutions. The results of the model can also be used to subsequently deter-
mine the force that is exerted on the outer boundary by computing σ · n at ∂�. A
practical application could be a tumor that is growing and pushing on its direct envi-
ronment. The stresses in the tissue will lead to stresses on the outer boundary (so on
different surrounding parts of the body). Furthermore, future work will extend the
present study to more complicated modeling frameworks, including viscoelasticity
and morpho-poro-viscoelasticity [5, 6], which are more realistic to accurately model
biological scenarios for soft tissues. These extensions significantly increase the ana-
lytical and computational complexity of the problem. In particular, when fundamental
solutions are unavailable, classical analytical techniques such as boundary integral
formulations cannot be employed. Moreover, if the governing differential operator is
nonlinear, the principle of superposition no longer applies, making it difficult to obtain
closed-form solutions and to establish stability and uniqueness. Consequently, future
studies will require advanced mathematical analysis and robust numerical methods to
address these challenges.
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Appendix A

Here we present the proof of Lemma 1. For ease of reading, we reformulate it:

Lemma The variational problem (WFvp) has one and only one solution v p ∈ H1(�).

Proof The form a(., .) is obviously bilinear and symmetric. Furthermore, Korn’s
Inequality [9] assists in proving that a(., .) is coercive (or positive definite), and
the boundedness of the bilinear form follows from symmetry through the Toeplitz-
Hellinger Theorem [15]. First, we show that there is at most one solution to the
variational problem. Suppose that there are two solutions in H1(�) to (WFvp), then
the difference between them, referred to as �v ∈ H1

0(�), satisfies

a(�v, φ) = 0, ∀φ ∈ H1
0(�).

Using φ = �v and coercivity, it follows that there is α > 0 such that

α||�v||2H1(�)
≤ a(�v,�v) = 0. (A1)

This implies that the difference �v = 0, and hence there is at most one solution (note
that one can also directly use Lax-Milgram’s theorem and substitution of zero).

We establish the existence of v, vh ∈ H1(�) in the variational problem (for the
homogeneous (zero-trace) case with zero right-hand side, see for instance [17, 27]).
From now on, we follow more or less the procedure outlined in Lions and Magenes
[28]. Since u∗, u∗

h are smooth on ∂�, and assuming that ∂� is Lipschitz, it follows
from the Trace Extension Theorem [1] that for both cases (v and vh) there is a vP =
E(u∗|∂�), vP

h = E(u∗
h |∂�) ∈ H1(�) (in other words there are H1–extensions from

∂� to �) such that T (vP ) = u∗|∂� and T (vP
h ) = u∗

h |∂� since u∗|∂�, u∗
h |∂� ∈

H1/2(∂�), for which

||vP ||H1(�) ≤ CI ||u∗||L2(∂�), ||vP
h ||H1(�) ≤ Ch

I ||u∗
h ||L2(∂�),

for a CI , Ch
I = CI , Ch

I (�) > 0. To this extent, we write v = vH + vP and vh =
vH

h + vP
h , where vP |∂� = −u∗(x) and vP

h |∂� = −u∗
h(x). This, respectively, gives

Find vH ∈ H1
0(�) such that a(vH , φ) = −a(vP , φ), for all φ ∈ H1

0(�), and

Find vH
h ∈ H1

0(�) such that a(vH
h , φ) = −a(vP

h , φ), for all φ ∈ H1
0(�).

By substitution and some algebraic manipulations, it follows that the bilinear form is
bounded inH1

0(�). The right-hand side is then also bounded in φ ∈ H1
0(�). Together

with coerciveness, it follows from Lax-Milgram’s Lemma that there exists vH , vH
h ∈

H1
0(�) that solve the above variational problems. Since we observed that vP and vP

h
exist in H1(�), it follows that v = vP + vH and vh = vP

h + vH
h exist in H1(�). We

also saw earlier that there is at most one respective v, vh ∈ H1(�). This concludes
the proof. ��
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