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ABSTRACT

Microstructure modelling quantifies subvoxel tissue features by combining an MRI acquisition with a mathematical model,
which is typically fitted voxel-by-voxel with least-squares (LSQ) minimisation to give voxelwise maps of microstructural quan-
tities such as diffusivity and compartmental fractions. Such approaches are susceptible to voxelwise noise, which can lead to
erroneous values in parameter maps. Hierarchical Bayesian modelling (HBM) can address this limitation but has only been
demonstrated for simple models. We previously derived an HBM approach for an arbitrary microstructure model with flexible
parameter constraints, utilising a Markov chain Monte Carlo algorithm for parameter estimation; here, the method is demon-
strated and evaluated using simulated and human data for two previously unexplored diffusion MRI techniques, namely, diffu-
sion kurtosis imaging and blood-brain barrier filter exchange imaging. When compared with LSQ minimisation, HBM increased
the accuracy, precision, contrast-to-noise ratio and parameter map quality in both simulated and human data. HBM was also
able to resolve local parameter variations associated with white matter lesions in a small sample of cerebral small vessel disease
subjects, which were obscured by high noise levels in the LSQ-derived parameter maps. Finally, a noise sensitivity assessment in
simulations showed that HBM improved the contrast-to-noise ratio and parameter map quality even at low signal-to-noise ratios.
This generalised HBM framework can improve parameter estimation for more complex diffusion MRI microstructural models
that extend beyond linear combinations of exponentials.

Abbreviations: ADC, apparent diffusion coefficient; AXR, apparent exchange rate; BBB, blood-brain barrier; BSP, Bayesian shrinkage prior; CNR, contrast-to-noise
ratio; cSVD, cerebral small vessel disease; DKI, diffusion kurtosis imaging; dMRI, diffusion MRI; DTI, diffusion tensor imaging; FA, fractional anisotropy; FEXI,
filter exchange imaging; FLAIR, fluid-attenuated inversion recovery; GM, grey matter; HBM, hierarchical Bayesian modelling; HCP, Human Connectome Project;
IQR, interquartile range; IVIM, intravoxel incoherent motion; LSQ, least-squares; MCMC, Markov chain Monte Carlo; NSA, number of signal averages; PDF,
probability density function; RMSE, root mean squared error; ROI, region of interest; SD, standard deviation; SNR, signal-to-noise ratio, WM, white matter; WMH,
white matter hyperintensity.
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1 | Introduction

Diffusion MRI (dMRI) is sensitive to the microscopic motion of
water molecules. Microstructure imaging combines specialised
dMRI acquisitions with tissue models to estimate quantitative
parameters of tissue microstructure and microcirculation. This
approach has been widely applied in neuroimaging—demon-
strating estimation of neurite density [1], soma density [2], ax-
onal diameter [3] and water exchange [4-6]—as well as being
used in body imaging [7-9].

Such tissue models are typically fitted to dMRI data in each
voxel separately to estimate the model parameters. This pro-
cess has traditionally employed least-squares (LSQ) regres-
sion, although machine learning is emerging as an attractive
alternative that can improve the precision [10] of microstruc-
tural maps. However, maps generated through voxel-by-voxel
fitting are heavily affected by noise in individual voxels and
do not optimally exploit the data, disregarding dependencies
between voxels. In supervised machine learning approaches,
the distribution of the training data effectively acts as a prior
on the parameter estimates, providing some degree of noise
robustness; however, this prior is fixed in advance by the
choice of training data, and it has been shown that this choice
influences the resulting estimates [11]. Methods that explicitly
capture dependencies between neighbouring voxels demon-
strate fast and robust fits—often using convolutional neural
networks [12-15]—but these spatial regularisation techniques
only capture patterns across predefined local windows, rather
than capturing regional or global patterns.

Hierarchical Bayesian modelling (HBM) offers a promising al-
ternative approach that breaks the assumption of independent
voxels, while allowing for the incorporation of dependencies
at various scales to enhance fitted maps [16]. HBM assumes a
prior, typically Gaussian in this context, on model parameters
over a region of interest (ROI). Rather than being user defined,
the prior is estimated in a data-driven manner. This prior re-
duces sensitivity to noise in single voxels, leading to improved
parameter maps.

Orton et al. [16] introduced the HBM approach for dMRI, for-
mulating the model and a Markov chain Monte Carlo (MCMC)
algorithm for fitting the intravoxel incohorent motion (IVIM)
model to dMRI data, and demonstrated improved IVIM pa-
rameter maps in the liver. However, HBM has still primarily
only been applied to a limited number of simple diffusion mi-
crostructure models. Notably, it has been used extensively with
the IVIM model [16-26], as well as with a three-compartment
model for placental MRI [27].

In our previous preliminary work [28], we introduced a gener-
alised (i.e., not model specific) HBM framework in condensed
form and applied it to the ball and stick model. In this paper, we
build on our preliminary work, providing a complete derivation
and demonstrating our general hierarchical Bayesian frame-
work for microstructure modelling in two advanced neuroim-
aging applications. Specifically, our contributions in this work
constitute: (i) evaluation of the framework in both simulated and
in vivo data in two previously unexplored neuroimaging appli-
cations, namely, mean signal diffusion kurtosis imaging (DKI)

[29] and blood-brain barrier filter exchange imaging (BBB-
FEXI) [5, 6] using the apparent exchange rate (AXR) model [4];
(ii) an assessment of the noise sensitivity of the regional priors;
(iii) an analysis of the ability of different regional priors to re-
solve local parameter variations (e.g., lesions); (iv) a full der-
ivation of the method for completeness, given in Appendix A;
and (v) presentation of two open-source toolboxes, one Matlab
(https://github.com/e-powell/hbm-matlab) and one Python
(https://github.com/e-powell/hbm-dmipy). The HBM approach
is shown to enhance parameter mapping relative to traditional
voxel-by-voxel fitting, demonstrating that the advantages of
HBM in dMRI extend beyond models that are linear combina-
tions of exponentials.

2 | Methods

2.1 | Background: A General Hierarchical
Bayesian Microstructure Model

The mathematical formulation for a general hierarchical
Bayesian microstructural modelling framework is summarised
here, building on our preliminary work [28] which extends the
methods of Orton et al. [16]; see Appendix A for the full deriva-
tion and algorithm pseudocode.

Consider a general microstructure model (Appendix A.1) with
C compartments and a set of microstructure-related parameters
given by

o={5N L ) o

where f, denotes compartment signal fractions and x; all other
parameters (e.g., diffusivities, orientations and radii). The sig-
nal equation in voxel i for an acquisition of length N can be
written:

S; =5, 8(0;1), @

where S; = [S;, ..., Sy]! is the noise-free model-predicted signal,
t=[t,....ty]7 is the set of acquisition parameters (e.g., diffu-
sion encodings) and 6, represents the underlying parameter
values.

A Bayesian shrinkage prior (BSP) is assumed, following Orton
et al. [16], but is here extended to accommodate multiple ROIs
(Appendix A.2). The prior on parameters in voxel i, which is in
ROI k, is therefore

P(O;| i, Zi) = N (05 pye, Z)- ©))
The posterior distribution and BSP parameters over each ROI, y,
and X, can be directly formulated [16]. The posterior distribu-
tion (Appendix A.3) is

POy s i Zy Y14, ) < PO, 101 POy, s ZOP(is 2, (4)

where 6,,; = {6,,...,0, } are the microstructure parameters and
Yig, = (Y1, ¥, } the measured dMRI signal for all I, voxels in

ROI k, where each y; = [y, ...,yy]" corresponds to §; with added
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noise. Samples can be drawn from this posterior distribution
with an MCMC algorithm. Once more following Orton et al.
[16], the updates for p,, X, are Gibbs moves (Appendix A.5.1)
and the updates for 6,; are Metropolis-Hastings moves
(Appendix A.5.2). Single parameter estimates for each voxel are
obtained by taking the mean of the posterior distribution after
the MCMC burn-in period (Appendix A.5.4).

A schematic of the full HBM framework is shown in Figure 1.
The framework is demonstrated here in two distinct microstruc-
ture estimation problems: (i) the well-known mean signal DKI
[29] experiment and (ii) the more recent innovation of filter ex-
change imaging (FEXI) [4] applied to the blood-brain barrier
(BBB) [5, 6].

2.2 | Exemplar Microstructure Models

2.2.1 | DKI

DKI [29], an extension of diffusion tensor imaging (DTI), pro-
vides information on the non-Gaussianity of water diffusion
in the brain, from which microstructural tissue information
can be inferred. DKI modelling uses higher order cumulant
expansion terms of the displacement distribution to extract
kurtosis information. This requires higher b-values than
needed for DTI, which, in addition to the increased model
complexity, increases noise susceptibility and commonly leads
to extreme values in the parameter maps when using conven-
tional estimation methods.

-
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FIGURE 1 | Schematic of the hierarchical Bayesian modelling method. Top panel. A general microstructure model, g(@,-,t), maps the
microstructure-related model parameters 0; and the diffusion MRI acquisition parameters ¢ to the signal S; in voxel i, where the acquisition volume

S

in a multivolume acquisition is indexed n = 1, ..., N. The model parameters can be grouped according to parameter type as 8 = {{f.}. ",
where {f, CC:_1 Lare the compartmental signal fractions and {x; }le represent all other parameters. Middle panel. Definitions of the voxelwise likelihood
function and ROI-wide Gaussian priors. Bottom panel. Definitions of the voxelwise parameter posteriors and examples of the corresponding param-

eter maps.
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The spherically averaged DKI signal model is given by [30]
_ _ 1,202
S—Soexp( bD + 6bDK), (5)

where S, is the signal without diffusion encoding, D is the ap-
parent diffusion coefficient (ADC) and K is the mean signal
kurtosis.

2.2.2 | BBB-FEXI

Models parameterising water exchange rates across the BBB are
highly noise sensitive, often requiring spatial or cross-subject
data averaging [5, 6, 31-33]. Bayesian techniques offer a poten-
tial solution to this problem and could enable subject-specific
voxel-level exchange rate estimates.

The BBB-FEXI technique [5, 6] utilises a double diffusion encod-
ing sequence that was originally developed to measure the AXR
of water across cell membranes [4, 34]. First, a low b-value dif-
fusion filter selectively suppresses the signal from fast pseudo-
diffusing intravascular spins. The intravascular signal recovers
during the mixing time via exchange across the BBB, such that
the signal measured after the second diffusion encoding block
is a weighted combination of intravascular and extravascular
signals, dependent on the mixing time and exchange rate. The
FEXI AXR model [4] is defined as

S=exp(-b-D'(t,)), 6)
where

D'(t,) =D[1-ocexp(—t, - AXR)], @)

and D and D'(¢,,) are the ADCs at equilibrium (i.e., filter inactive)
and at each mixing time ¢, with the filter active, respectively,
and ¢ is the filter efficiency.

2.3 | Data

The HBM algorithm is demonstrated in both the DKI and FEXI
AXR models first in simulations, where there is a known ground
truth, before being applied in human data.

2.3.1 | DKI

2.3.1.1 | Simulations. Synthetic data were generated
for two distinct ROIs representative of healthy human white
matter (WM) and grey matter (GM). Parameter values were
obtained by fitting the DKI model (Equation 5) using LSQ esti-
mation to a randomly selected subject from the Human Connec-
tome Project (HCP; details below) and calculating the mean
and standard deviation (SD) of fitted parameters in WM and GM.
Ground truth parameters were then drawn from normal distri-
butions defined over these means and SDs. In WM, they were
Dw,, ~ #(0.87,0.29)um?/ms, K,,, ~#(1.04,0.41); in GM, they
were D, ~ #(1.12,0.50)um?/ms, K, ~ .#(0.63,0.22). The total

matrix size was 50x50, with 1204 voxels in the ‘WM’ ROI
and 1296 in the ‘GM’ ROI. Zero-mean Gaussian noise was added
to the complex signal (i.e., to the real and imaginary components
independently) to give a signal-to-noise ratio SNR = 20in the mag-
nitude b = 0 data. Signals were generated for b =0, 1,2, 3ms/um?
with a number of signal averages NSA =2,9,9,9, respectively,
mimicking multiple gradient directions (Table 1); the magnitude
signals were averaged for each b-value.

TABLE 1 | DKI protocol. The DKI parameters shown are those used by the Human Connectom Project (HCP). Note that only 2,9,9,9 gradient
directions (29 volumes total) were used for the analysis here. The T,-weighted MPRAGE data (resolution = 0.7 X 0.7 X 0. 7mm?; TR = 2400ms;
TE = 2.14ms; flip angle = 8°) were additionally utilised to obtain WM/GM segmentations. BBB-FEXI protocol. Cerebral small vessel disease
(cSVD) subject data were acquired on a Philips 3T Ingenia Elition X system using an in-house double-diffusion encoding sequence. A T,-weighted
FFE (resolution=1x1x1mm?* TR =6.8ms; TE=3.1ms; flipangle=8°) was acquired for WM/GM segmentation, and a FLAIR

(resolution = 0. 86 x 0. 86 X Imm?; TR = 4800ms; TE = 340ms; inversion time TI = 1650ms) for WM hyperintensity segmentation.

DKI (HCP data)

BBB-FEXI (cSVD data)

Resolution (mm?) 1.25%1.25%1.25

No. slices 111
Repetition time, TR (ms) 5520
Echo time, TE (ms) 90
Filter block echo time, TE; (ms) —
b-values, b (ms/um?) 0,1,2,3
Gradient directions 18, 90, 90, 90
No. repetitions, Ny, 1
Mixing time, t,,, (ms) —
Filter block b values, b; (ms/um?) —
Total no. volumes 288

3x3x5
18
5000
63
42
0,0.25 0,0.25 0,0.25 0,0.25

6,6 6,6 6,6 6,6
1,1 1,1 1,1 1,1
16 16 200 400
0 0.25 0.25 0.25

48

Abbreviations: BBB-FEXI, blood-brain barrier filter exchange imaging; DKI, diffusion kurtosis imaging; FFE, fast field echo; FLAIR, fluid-attenuated inversion

recovery; MPRAGE, magnetisation-prepared rapid acquisition gradient echo.
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2.3.1.2 | Human Connectom Project Data. Images
for two subjects (in native space) were obtained from the pub-
licly available data sets provided by the HCP [35] (WU-Minn
Consortium; 1U54MH091657; funded by the 16 NIH Institutes
and Centers that support the NIH Blueprint for Neuroscience
Research and by the McDonnell Center for Systems Neuro-
science at Washington University) (Test Retest Data Release,
release date: 1 March 2017, available online at humanconne
ctome.org). To better demonstrate the efficacy of the HBM
approach, which is most beneficial when applied to lower
SNR data, the number of gradient directions was reduced to
2,9,9,9 for b =0,1,2,3ms/um? respectively, in line with the NSA
of the simulated data. WM/GM segmentations were obtained by
first fitting the diffusion tensor then calculating ADC and frac-
tional anisotropy (FA) maps with the MRtrix3 [36] functions
dwi2tensor and tensor2metric, respectively. GM masks were
defined by selecting voxels with ADC < 2um?/ms and FA < 0.15
and WM masks by selecting voxels with ADC <2um?/ms
and FA > 0.15.

Average ROI sizes across the two subjects for WM/GM (one
slice) were 2757/7626 voxels, respectively.

2.3.2 | BBB-FEXI

2.3.2.1 | Simulations. Model parameters were gen-
erated for two ROIs, again representing healthy WM/
GM with a total matrix size of 50x50. Parameter val-
ues were drawn from normal distributions with means
and SDs taken from literature values for healthy subjects
[6]. In the ‘WM’ ROI, these were D,,, ~ .4#(0.90,0.04)um?
/ms, Gum ~ (0.14,0.02), AXR,,,, ~ #(2.00,0.30)s™; in
the ‘GM’ ROI they were D, ~.#(1.20,0.08)um?*/ms,
Ggm ~ A(0.18,0.03), AXR,,, ~ #(1.40, 0.35)s™%. Six signals were
generated for each parameter combination using the acquisition
parameters in Table 1; zero-mean Gaussian noise was added to
each complex signal to give SNR = 30 in the equilibrium magni-
tude data (i.e., with the filter inactive, b, = 0ms/um?, the mini-
mum mixing time, ¢,, = 16ms, and without diffusion weighting,
b=0ms/um?), comparable with the human data (see below
and Table 1). Each set of six noisy magnitude signals were then
averaged (i.e., NSA = 6) to mimic the six gradient directions used
in the human data.

2.3.2.2 | Cerebral Small Vessel Disease (cSVD) Sub-
jects. Two exemplar subjects from an ongoing cSVD study
were analysed to provide proof of principle in the presence
of pathology. Patients were recruited from Lancashire Teach-
ing Hospitals NHS Foundation Trust and Salford Royal NHS
Foundation Trust. The study was approved by Yorkshire
and The Humber (Leeds West) Research Ethics Committee (21/
YH/0119), the Health Research Authority and local research
governance panels.

Subjects were scanned on a Philips 3T Ingenia Elition X system
using a 32-channel head coil. BBB-FEXI, T,-weighted and fluid-
attenuated inversion recovery (FLAIR) data were acquired;
see Table 1 for protocols. Susceptibility and eddy current dis-
tortions in the BBB-FEXI data were corrected using FSL topup

and eddy [37, 38]. The T -weighted data (in native space) were
segmented using FreeSurfer [39] to produce WM/GM ROIs. The
T,-weighted and FLAIR data were used to produce WM hyper-
intensity (WMH) masks using the Lesion Segmentation Toolbox
[40] in SPM12 with a locally established threshold of 0.3. The
T,-weighted and FLAIR images were registered to the BBB-
FEXI data using FSL FLIRT [41] and the respective warps used
to propagate the WM/GM/WMH masks to the BBB-FEXI data.
Average ROI sizes across the two subjects for WM/GM/WMH
(18 slices) were 8373/10,202/1825 voxels, respectively.

2.4 | Model Fitting
2.4.1 | LSQ Estimation

LSQ fitting was performed on all data sets using in-house code
to provide priors for the HBM method and to provide conven-
tional fitting results against which the HBM results could
be compared. The LSQ algorithm (fminsearchbnd in Matlab
R2024b) was initialised using 25 and 27 starting values for the
DKI and FEXI AXR models, respectively, uniformly distrib-
uted between parameter constraints to avoid local minima.
The DKI model (Equation 5; estimating D and K) fits were con-
strained such that D € (0.1,3.5)um?/ms and K € (0, 3); parame-
ter constraints for the FEXI AXR model (Equations 6 and 7;
estimating D, ¢ and AXR, with D'(z,,) calculated from the data)
were D € (0.1,3.5)um?/ms, ¢ € (0,1), AXR € (0,50)s™ .. The AXR
upper bound was chosen as this is approximately the fastest
exchange rate that is likely to be detectable given the shortest
mixing time.

2.4.2 | Hierarchical Bayesian Estimation

The HBM framework implemented in Matlab (R2024b) was
used for all experiments. Parameter values were initialised
with the voxelwise LSQ fit and constrained with the same
bounds (Section 2.4.1); the ROI priors were initialised using
the mean and standard deviation of the LSQ fits in each ROI.
For the simulated and human DKI data, the MCMC algorithm
was run for N, = 1x10° steps. For the human BBB-FEXI data
the MCMC algorithm was similarly run with N, = 1x10° steps;
for the simulated BBB-FEXI data, the MCMC chain length
was increased to N, =4x10° steps to improve the condition-
ing of the regional priors given the reduced number of vox-
els (2500 voxels) compared with the human data (~20,000
voxels). In all cases, the burn-in period was defined as the
first Ny,,, = N,/2 steps. Weights were updated every 100 steps
during the first half of the burn-in period (Appendix A.5.3),
which was heuristically found to be sufficient to sample the
posterior distributions. Two ROIs were used for the regional
priors—one each for WM/GM—for the DKI data (simulated
and human) and the simulated BBB-FEXI data; a third ROI
was utilised in cSVD patient BBB-FEXI data for WMH.

Parameter posterior distributions and representative statistics
were calculated from the MCMC samples after the burn-in.
Voxelwise parameter maps were generated using the mean of
the posterior distributions in each voxel i:
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~ 1

~—_
i
Ns Nbum §=Nyym +1

)
0 ®

where 8, is the expected value of a single parameter (Equation 1)
and 0% the value sampled at each MCMC step.

Summary statistics for the regional priors were calculated as
1 <
o ©
Hok = N, Z Ho g ©

(s)

where i, is the prior mean of parameter 6 in the kth ROI and 4,

the prior mean estimated at each MCMC step.

2.5 | Evaluation

A series of metrics were used to test the ability of the methods
to (i) accurately and precisely recover ground truth parame-
ter values under variable SNR conditions (simulations) and
(ii) obtain contrast between different ROIs (simulations and
human data).

2.5.1 | Accuracy and Precision

In simulations, the precision of fitted parameters was evaluated
using the root mean squared error (RMSE):

n H
1 ~\2
RMSE={ — i—0; 10
s <n;(9‘ 0l)>, 10)
where 6, is the ground truth of a single model parameter in

voxel i and 9, the estimated value. Bias (accuracy) was defined
as

n

. (n 1 ~
blas(e, 6) = i; (Gi - Hi). 11)
Maps of the percent relative error between ground truth and fit-
ted values were also generated, with the error for voxel i given by
0. —0.
€; = 100X le - 12)

i

The data were also smoothed prior to LSQ fitting to evaluate
the performance of more simple filtering and non-local means
methods against the HBM approach; full details are provided in
Supporting Information S1 and S2.

2.5.2 | Contrast-to-Noise Ratio (CNR)

The CNR between two ROIs in parameter maps was quantified
according to [42]:

|ftox, — B,
CNR = L 2 s
13)

N

(IQR;M +IQR?, )

where f and IQR are the median and interquartile range of vox-
elwise parameter estimates in each ROL.

2.5.3 | Noise Sensitivity of Regional Priors

The noise sensitivity of the regional priors was investigated
in the DKI and BBB-FEXI simulated data. Data were simu-
lated with additional noise characteristics to give three data
sets per model: for the DKI model, data were simulated with
SNR,; = 10, 20, 30; for the FEXT AXR model, data were simulated
with SNR,,, = 10, 30, 50.

2.5.4 | Resolving Local Parameter Variations

The ability of the HBM algorithm, and its dependence on the
defined regional priors, to resolve small local variations in
AXR—as is hypothesised to occur in WMH regions in cSVD
subjects—was investigated in the human data. The HBM
model was run three times using different prior configura-
tions: (i) one whole brain global prior (k = 1); (ii) two regional
priors, one each for WM/GM (k = 2); and (iii) three regional
priors, with an additional prior for WMH (k = 3). The CNR
between WM and WMH was evaluated as a surrogate for le-
sion discrimination quality for the LSQ output and for each
HBM output. Simulations were performed post hoc to support
the in vivo experiments; details are provided in Supporting
Information S3.

3 | Results
3.1 | Accuracy and Precision

Figure 2 shows example parameter maps for the simulated
data (with SNRy,; =20 and SNR,,,. = 30), estimated using the
LSQ and HBM approaches. Qualitatively, HBM parameter
maps were less affected by noise and showed improved pa-
rameter estimation over LSQ maps; the HBM approach also
outperformed more simple filtering (Supporting Information
S1) and non-local means (Supporting Information S2) meth-
ods. The effect of this noise on parameter accuracy and preci-
sion is visualised in Figure 3, which shows percent error maps
and correlations with ground truth values. Improvements in
the estimation of kurtosis and AXR—the most challenging pa-
rameters to fit in the DKI and FEXI AXR models, respec-
tively—were most apparent: the number of extreme values in
the LSQ kurtosis fit was reduced in the HBM fit (Figure 3A;
see also Table 2), while the large and numerous errors in the
LSQ FEXI AXR outputs were substantially reduced using the
HBM approach (Figure 3B). Correlations with ground truth
values were also improved using the HBM method: the cor-
relation coefficient increased from Ry, =0.87 to Ry, =0.93

for kurtosis (Figure 3C) and from R, = 0.14 to Ry, = 0.41 for
AXR (Figure 3D).

The RMSE (Table 2) was also improved using the HBM ap-
proach, decreasing by 25% for kurtosis (from RMSE,;, = 0. 20 to

RMSEy,;,, = 0.15) and by 89% for AXR (from RMSE,;, = 19.257!

to RMSE,;,, = 2.1s™!). Bias was minimal in the DKI model for
the LSQ and HBM outputs of both parameters; for the FEXI
AXR model, the HBM fit reduced bias in the AXR estimation by
88% (from bias,, = 8. 557" to bias,, = 1.0s™").
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FIGURE2 | Parameter maps for the simulated data, showing ground truth (GT) values (top row) along with the least-squares (LSQ) outputs (mid-

dle row) and hierarchical Bayesian modelling (HBM) outputs (bottom row). LSQ output maps were generally noisier than the HBM output maps. (A)

DKI model, showing the apparent diffusion coefficient (D) and kurtosis (K) maps. (B) FEXI AXR model, showing the apparent diffusion coefficient

(D), filter efficiency (¢) and apparent exchange rate (AXR) maps.

Minimal or no improvements were seen in the HBM diffusivity
estimates of either model as it is typically a stable parameter to
fit, even when using LSQ methods.

Parameter estimation using the LSQ and HBM approaches took
approximately 6 and 64min, respectively, for the DKI model,
and 6min and 5.5h, respectively, for the FEXI AXR model.

32 | CNR

With the HBM method, CNR improved in the simulated data by
a factor of 1.2 for kurtosis (from CNRs, = 0.6 to CNRy,,, = 0.7)

and by a factor of 6 for AXR (from CNR;; = 0.1t0 CNRy,, = 0.6)
(Table 2). This improvement was most visually striking in the
AXR parameter maps (Figure 2B), where ROI boundaries were
obscured by high noise in the LSQ output maps but were well
resolved in the HBM output maps.

3.3 | Noise Sensitivity of Regional Priors

Figure 4 shows the ground truth distribution of parameter
values, along with the parameter distributions obtained from
the LSQ and HBM outputs and the HBM prior distributions
(averaged over the MCMC chain after the burn-in period). For
the DKI model (Figure 4A), the LSQ and HBM outputs and

the HBM priors were well matched to the ground truth across
SNR levels. For the FEXI AXR model (Figure 4B), the HBM
priors became less informative at lower SNRs, displaying
wide, flat profiles; however, this weak influence still helped
resolve the WM/GM ROIs, although biases were introduced.
LSQ AXR outputs provided no contrast between the separate
ROIs at low SNRs, with parameter estimates clustered at the
bounds for both ROIs. The information content of the HBM
priors improved at higher SNRs, more closely resembling the
ground truth distributions.

3.4 | Healthy Volunteer Data

Figure 5 shows parameter maps for the healthy volunteer DKI
data, estimated using the LSQ method and the HBM method
with k = 2 regional priors. A reduction in the number of extreme
fits in the kurtosis estimation was shown using the HBM ap-
proach (Figure 5, inset), in accordance with the simulated data
(Figure 2A). A reduction in diffusivity was observed near the
ventricles in the HBM-derived maps.

3.5 | Exemplar cSVD Subject Data

AXR parameter maps of the two exemplar cSVD subjects are
shown in Figure 6 for the LSQ approach and the HBM approach
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FIGURE 3 | Error metrics for the least-squares (LSQ) and hierarchical Bayesian modelling (HBM) outputs in simulated data. The HBM outputs
typically showed reduced errors and improved correlations with ground truth values relative to the LSQ outputs. (A) Percent error maps for the ap-
parent diffusion coefficient (D) and kurtosis (K) parameters of the DKI model. (B) Percent error maps for the apparent diffusion coefficient (D), filter
efficiency (o) and apparent exchange rate (AXR) parameters of the FEXI AXR model. (C) Correlations with ground truth (GT) values for the LSQ-
and HBM-derived DKI model parameters. (D) Correlations with ground truth values for the LSQ- and HBM-derived FEXI AXR model parameters.

TABLE 2 | Error metrics for the simulated DKI (SNR = 20) and BBB-FEXI (SNR = 30) data. Extreme fits were defined as parameter values within
1% of the fitting bounds; values in brackets indicate the total proportion of voxels containing one or more parameters with extreme fits.

DKI model AXR model
D K D c AXR
(nm?/ms) (a.u.) (pm?/ms) (a.u.) (s™hH
RMSE LSQ 6.5x1072 0.20 8.1x1072 13.2x 1072 19.2
HBM 7.9%1072 0.15 4.6x102 3.5%x1072 21
Bias LSQ 0.1x1072 0.03 0.6x1072 4.3x1072 8.5
HBM 0.2x1072 0.05 0.1x1072 0.6x1072 1.0
CNR GT 0.3 0.7 2.6 0.8 1.0
LSQ 0.3 0.6 1.5 0.1 0.1
HBM 0.3 0.7 2.8 0.6 0.6
Extreme fits (%) LSQ 0.0 2.6 (2.6) 0.0 7.4 32.9 (39.6)
HBM 0.0 0.0 (0.0 0.0 0.0 0.0 (0.0)

Abbreviations: AXR, apparent exchange rate; CNR, contrast-to-noise ratio; DKI, diffusion kurtosis imaging; FEXI, filter exchange imaging; RMSE, root mean squared
error.
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FIGURE 4 | Impact of SNR on parameters fitted using least-squares (LSQ) (yellow) and hierarchical Bayesian modelling (HBM) (purple) ap-
proaches. The histograms show voxelwise parameter estimates from the simulated ‘white matter’ (WM) and ‘grey matter’ (GM) regions. Ground
truth distributions are indicated in black; HBM priors are shown in blue. (A) DKI model, showing the apparent diffusion coefficient (D) and kurtosis
(K) parameter distributions. (B) FEXI AXR model, showing the apparent diffusion coefficient (D), filter efficiency (¢) and apparent exchange rate
(AXR) parameter distributions. Inset figures for SNR = 10 are re-scaled to better show the prior distributions.

with k = 3 regional priors; other parameters are shown for each
subject, respectively, in Figures S4.1 and S4.2. Noise was sub-
stantially reduced in the HBM parameter maps, revealing an
increase in AXR in WMH relative to both WM and GM; by com-
parison, high noise levels in the LSQ maps obscured any differ-
ences in the WMH AXR.

Box plots of parameter estimates in WM, GM and WMH
are shown in Figure 7A,B for each of the different prior
configurations (k=1,2,3). Without a separate prior for
WMH (k =2), median WM and WMH values were simi-
lar, with AXR]" =5.9,4.5s7! and AXRVkTZh =5.5,8.0s7!
for subjects S1, S2, respectively. When using a separate
prior for WMH (k = 3), a substantial increase in the median
WMH AXR compared with the median WM AXR was ob-
served: AXR!™ =4.9,3.85' and AXR}™ =9.1,15.757
for subjects S1, S2, respectively. Median WMH AXR val-
ues estimated using the LSQ approach were considerably
lower at AXRZ;"h=2.4,3.6 s71 for subjects S1, S2 (with
Af(R‘l’:m =1.4,1.3 s7!) but showed a wider distribution across

voxels than all of the HBM-derived estimates.

Figure 7C shows the CNR between WM and WMH for
each prior configuration. The CNR was higher for k=3

(CNR;_; =0.2,0.5 for subjects S1, S2, respectively) than for
k=1,2 (e.g., CNR;_, =0.02,0.2 for subjects S1, S2), demon-
strating the potential for differentiating between WM and
WMH AXR values when using a separate WMH prior. The
CNR between WM and WMH was minimal when using
the LSQ approach (CNR, =0.04,0.08 for subjects S1, S2).
Post hoc simulations showed similar behaviour (Supporting
Information S3).

The average SNR in the brain, estimated using the mean and SD of
the six repetitions with b, = Oms/um?, t,, = 16ms, b = 0ms/um?,
was SNR = 26, 32 in subjects S1, S2, respectively.

4 | Discussion

Our generalised algorithm, which enables HBM fitting for any
dMRI microstructural model and incorporates arbitrary param-
eter constraints and regional priors, is demonstrated here in two
previously unexplored neuroimaging applications. The algorithm
is implemented in both Matlab (R2024b) and Python (v3.9.20) and
is publicly available at https://github.com/e-powell/hbm-matlab
and https://github.com/e-powell/hbm-dmipy, respectively; in
Python, the Dmipy [43] software package is utilised and extended.
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FIGURE 5 | Diffusion kurtosis imaging (DKI) parameter maps for the two test cases (top panel, subject S1; bottom panel, subject S2), showing
the least-squares (LSQ) and hierarchical Bayesian modelling (HBM) (with k = 2 regional priors: white matter and grey matter) outputs. Inset images
highlight regions of reduced diffusivity (D) around the ventricles in the HBM maps (indicating a potential a reduction in CSF contamination) and
reduced noise in the HBM kurtosis (K) maps.

FIGURE 6 | Apparent exchange rate (AXR) parameter maps for cerebral small vessel disease (cSVD) subject S1 (top row) and subject S2 (bottom
row), derived using least-squares (LSQ) and hierarchical Bayesian modelling (HBM) (with k = 3 regional priors: white matter, grey matter and white
matter hyperintensities) approaches. Noise was substantially reduced in the HBM parameter maps, revealing regions of increased AXR within cSVD
white matter hyperintensities (outlined in red) that were obscured in the LSQ maps.
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FIGURE 7 | Impactof different regional priors in cerebral small vessel disease (cSVD) subjects. (A) Boxplots of voxelwise apparent exchange rate

(AXR) estimates are shown for cSVD subject S1 in grey matter (GM), white matter (WM) and white matter hyperintensities (WMHs) for the least-

squares (LSQ) and hierarchical Bayesian modelling (HBM) approaches; the number of regional priors used for the HBM approach is denoted by the
subscript, where k = 1 indicates one global prior, k = 2 indicates two priors (WM and GM) and k = 3 indicates three priors (WM, GM and WMH).
Using a separate prior for WMH (i.e., k = 3) lead to a substantial increase in the median AXR in WMH, while median WMH AXR values fork =1, 2
were closer to WM AXR values. (B) As for (A), but for cSVD subject S2. (C) Contrast-to-noise ratio (CNR) between WM and WMH for subjects S1 and
S2. The CNR was higher for k = 3 than for k = 1, 2, indicating superior discrimination of WMH AXR alterations when using a separate WMH prior.

Note that all results reported in this work used the Matlab imple-
mentation; examples are provided alongside the implementation
on GitHub to aid users in generalising the code for other micro-
structural models. The HBM algorithm was shown to outperform
conventional LSQ approaches in both simulated and human data
for the diffusion-based DKI and FEXI AXR models.

The greatest improvements were observed for the least stable
parameters in the LSQ fit (kurtosis in the DKI model; AXR in
the FEXI AXR model), particularly for the more complex FEXI
AXR model. Complex models often suffer from parameter de-
generacy—where multiple combinations of model parameters
give rise to similar MRI signals—and high sensitivity to noise;
consequently, voxelwise fitting techniques often return values
associated with erroneous local minima in the fitting objective
function. Exploiting information across a region—as is the role
of the prior distributions in the HBM method—can reduce the
sensitivity of a model to these effects, as the prior information
increases the likelihood of selecting parameter combinations
more similar to the rest of the region.

This is exemplified in the DKI model (Figures 2A and 5), where
the HBM method demonstrated potential reductions in partial
volume effects compared with the LSQ approach. For example,
areas of high diffusivity around the ventricles in the LSQ maps
were reduced in the HBM maps, potentially indicating a reduc-
tion in partial volume effects arising from CSF contamination by
the HBM method, while small areas of noise in the LSQ-derived
kurtosis maps—which are demonstrably fitting artefacts in the
simulated data—were also removed in the HBM maps.

The benefits of the HBM approach were most apparent for
the FEXI AXR model (Figures 2B and 6), likely reflecting the
higher noise susceptibility (and subsequently noisier LSQ fits)

of FEXI AXR model parameters relative to DKI model param-
eters. Experiments with simulated data in this work provide
confidence that, for the noise levels expected in human data
[6], HBM can still infer the true FEXI AXR model parameter
values, as demonstrated by the error maps in Figure 3. The
cSVD case studies (Figure 6) best exemplify the HBM advan-
tages: A clear contrast between AXR values in WMHs and
surrounding brain tissue was revealed in HBM maps, while
noise in the LSQ maps obscured any regional variation (re-
flecting the simulation results in Figure 2B). The AXR was
generally higher in WMH (although this was variable) than
in surrounding tissues, suggesting increased BBB damage;
this has been reported in studies using dynamic contrast-
enhanced MRI [44]. As this work was designed to introduce
and demonstrate proof of principle of the HBM algorithm, a
detailed interpretation of the observed WMH AXR values in
relation to underlying pathophysiology is out of scope here;
however, it is noted that cSVD is a diffuse and heterogeneous
disease process with multiple factors contributing to small
vessel and BBB damage [45, 46|, potentially explaining the
AXR variability within WMH. Previous studies have demon-
strated altered BBB water exchange in cSVD subjects using a
diffusion-prepared pseudo-continuous arterial spin labelling
sequence [47, 48], although a decrease in water exchange rate
was observed while an increase was detected here. It may be
important to note that these previous studies included genetic
causes of cSVD (representing a minority of cSVD cases) in
contrast to the two cSVD subjects included in this work who
are older adults with vascular risk factors; careful consider-
ation of the differences between MRI acquisition techniques
and factors such as relaxation time differences (known to
influence the FEXI AXR model [4, 6]) in WMH, along with
increased sample sizes, are also required before drawing con-
clusions. However, without loss of generalisability, these data
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provide evidence that localised pathology can be resolved
and detected using the HBM method, even in high noise
conditions.

A limitation of the HBM method is that, in high noise condi-
tions, it is possible that the prior (and subsequently parameter
estimates derived using HBM) may tend towards the mean of
the parameter range if individual voxels do not contain suffi-
cient information for inference. Noise sensitivity analysis on the
regional priors demonstrated that, for the models chosen here,
some priors became heavily biased at low SNR (e.g., AXR at
SNR = 10; Figure 4B) but maintained enough information con-
tent to resolve the separate ROIs and did not reduce parameter
distributions to the mean of the parameter bounds.

A related issue under high noise conditions—and one of the
primary concerns of any hierarchical method—is that regions
with underlying parameter values distinct from the regional
prior (e.g., lesions) may become obscured. For example, in the
cSVD patient data, using a separate regional prior for WMH
substantially improved discrimination between WM and
WMH AXR estimates (Figure 7). The unbalanced ROI sample
sizes between WM (~10,000 voxels) and WMH (~1200 voxels)
in combination with the large difference between underlying
WM/WMH AXR values (as observed for k = 3 regional priors)
could explain this finding: a prior combining two distinct ROIs
may be dominated by the larger ROI (i.e., WM here) as voxels
in the smaller ROI (i.e., WMH here) may be treated as outliers
by the prior, such that greater biases will be incurred in the
smaller ROI for larger differences between underlying regional
parameter means. For example, AXR prior means (Equation 9)
were substantially different for WM and WMH when using
k=3 regional priors (Hayyom = 8.0,6.8571 and
Haxrwmn = 13.8,16.65~ ! for subjects S1, S2, respectively), while

the WM AXR prior mean for k =2 (i.e., no WMH regional
prior) was skewed towards the WM prior mean observed for
k =3 (Hygpom = 9-3,8.657"). This supports the suggestion that,

when WM and WMH are combined under one regional prior,
the likelihood of selecting parameter combinations that reflect
the true WMH distribution may be reduced. Post hoc simula-
tions (Supporting Information S3) supported the use of a sepa-
rate regional prior for pathological tissues.

The above considerations suggest a requirement for identifica-
tion of localised pathology before applying the HBM method,
particularly in the context of noisier data with more complex
models. This could be addressed by developing an adaptive hi-
erarchical model that selects the number of ROIs during infer-
ence to determine the appropriate number of regional priors.
Identifying additional independent ROIs—that is, spatially lo-
calised voxel clusters with similar parameter values—and up-
dating voxel ROI membership accordingly at each MCMC step
may improve parameter estimation in small distinct regions.
However, small ROIs are more susceptible to noise, and hence,
the trade-off between regional prior size and noise bias needs to
be carefully managed. Simulations could help elucidate any such
sample size dependencies. An adaptive model could additionally
remove the need for obtaining tissue segmentations from sepa-
rate MRI acquisitions, as was required here for the cSVD data.

Another avenue of future work is to develop non-Gaussian
priors. It was assumed here that a Gaussian prior was suit-
able for all model parameters; however, particularly for mod-
els that include fibre orientation parameters (e.g., NODDI
[1]), a uniform prior may instead be more appropriate. A
further assumption of the HBM method is that signal noise
is Gaussian, but this may not be suitable for very low signal
voxels (SNR < 2) [49], where the noise distribution becomes
Rician. Parallel imaging further alters the noise characteris-
tics [50], which may show non-central chi or Rayleigh distri-
bution properties at low-to-moderate SNRs (SNR < 30 [51]);
more advanced noise reduction methods, for example, denois-
ing complex channel data prior to image reconstruction [52],
could be included to reduce these effects. Future work could
also extend HBM to approaches that calculate spectra rather
than single parameter values by reformulating the algorithm
to place priors over multidimensional spectra, although this
may necessitate methods such as variational Bayes to manage
the associated computational complexity. It would also be pru-
dent in future work to perform comparisons between differ-
ent MCMC model fitting methods (e.g., Harms and Roebroeck
[53]), which may be able to reduce the computational burden
of MCMC sampling and minimise the adjustments and tuning
traditionally required when applying MCMC sampling to new
microstructure models.

5 | Conclusions

Our generalised HBM and MCMC algorithm, which enables
parameter inference for dMRI signal models with arbitrary
parameter constraints, is shown to improve the accuracy, pre-
cision, CNR and detection of localised pathology over the con-
ventional voxelwise LSQ approach, providing a new option for
reducing erroneous fits in complex dAMRI models. The algorithm
is open source and implemented in Matlab (https://github.com/
e-powell/hbm-matlab) and Python (https://github.com/e-pow-
ell/hbm-dmipy).
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Appendix A

Full Derivation of the General Hierarchical Bayesian
Microstructure Model

In this section, our generalised HBM algorithm, which is extended from
Orton et al. [16] to include the formulation for arbitrary upper/lower
parameter bounds and the extension to multiple ROIs, together with the
MCMC algorithm used for inference are motivated and introduced in
full.

A.1l | General Microstructure Model

Consider a general multicompartment model of C compartments, with
an underlying microstructure-related parameter set 6:

o={1S0 L b (A1)

where f, denotes compartment signal fractions and x; all other parame-
ters (e.g., diffusivities, orientations and radii). Assuming relaxation
times are fixed across compartments, the signal fractions sum to one
c
(Y f.=1), meaning that f, is not a free parameter but fixed as
c=1
c-1
fc =1- Y f.. Grouping model parameters 0 by type, as in Equation
c=1

(A1), allows for notational convenience in enforcing this additional con-
straint on the signal fraction priors (e.g., in Equation AS8).

The general multi-compartment model comprises a function, denoted
g, that relates the underlying tissue-related parameters & and dMRI
acquisition parameters (e.g., b-value and gradient orientations) to the
measured signal intensity. For a dMRI acquisition with N diffusion
weightings, the set of acquisition parameters is defined as
t=[t,...,ty]" and the measured signal in voxel i as S; =[S, ..., Sy]T-
The signal equation across a whole dMRI acquisition can thus be
written:

S; =5, 8(6;,0), (A2)

where S is the signal intensity without diffusion weighting and 0, are
the model parameters in voxel i. The RHS of Equation (A2) is a column
vector where the nth element, S, g(0;,t,), is the model-predicted signal

for diffusion weighting ¢, given model parameters 0.

The experimentally measured signal for voxel i in the presence of
Gaussian noise is hence modelled as

yi=S+e, (A3)

where y = [;,¥,, ...,yy]7 is the measured signal and €; ~ #'(0,67.7) is
the noise and where .#'(u, X) is a multivariate normal distribution with
mean p and covariance matrix X, with ¢; a scalar giving the noise stan-
dard deviation in voxel i and . the N X N identity matrix.

The likelihood for the measurement in voxel i is

N
_N -1 2
PY;10,. Sy, 02) = 270?) zxexp(i > (Vn =S 800, 1,)) >
=1

2
(A4)

Orton et al. [16] demonstrated that the ‘nuisance parameters’ S, and o-i2
can be marginalised out from Equation (A4) to give the following mar-
ginalised likelihood:

-NJ2
,

p3i16) « [y[y, — 78 /g 8] (A5)

where g; =[g(6;,t,), ...,8(0;,ty)] are the model-predicted signals for
voxel i.

A.2 | BSPs

Orton et al. [16] used a multivariate Gaussian BSP on the IVIM model
parameters over a single user-defined ROI, defined as

p(6;|u, Z) = #(6; u, Z), (A6)

where p and X are estimated from the data and effectively encode the
mean and covariance, respectively, of all model parameters across
the ROL.

The method of Orton et al. [16] is extended here to account for multiple
ROIs. Given K ROIs, denoted k =1, ..., K, each voxel is a member of ex-
actly one ROI. Each ROI k has its own Gaussian BSP distribution. For
voxel i in ROI k, the prior on the parameters 6, is then

P(O; | e, Z) = N (05 s Zo), (A7)

where y, is a vector whose elements encode the prior means of the pa-

rameters in ROI k, X, is their covariance and /#/(0; u, X) denotes the
multivariate normal probability density function (PDF). Again, it is em-
phasised that g, and X, are estimated from the data.

To generalise from Orton et al.'s [16] two-compartment model to an ar-
bitrary multi-compartment model, all signal fractions must to sum to
one. This is enforced here (following Harms and Roebroeck [53]) by
modifying the priors to

Cc-1
N0 Z) it Y f.<1
c=1

P(O; | pye, ) = (A8)

0 otherwise

To complete the model, hyperpriors are defined on all y;'s and X;'s as
non-informative Jeffrey's priors:

K
P(Hys o i B Zg) = [ 122 (A9)
k=1

A.3 | Posterior Distributions

Each ROI has an independent posterior distribution. If ROI k comprises
I voxels, its posterior distribution can be written as [16]:

P(91:1k » By T |J’1:1k) °<P(J’1:Ik 161, )P(el;rk [1ic> ZiOP(pges 20,
(A10)
where 0, = {6, ..

the dMRI data for all I, voxels in the ROI. Substituting in
Equations (A5), (A7) and (A9) gives

.0y, }are the parameters and y,,;, = {y, ... .y, }

I I

p(el:lk’ Hi> Dy |y1:1k)°‘ ( H [.V,-T.Vi - (ViT i)z/girgi] _N/2> X< H ACT™ Ek)) |2l -1z,
i=1 i=1

(A11)

from which samples can be drawn with an MCMC algorithm (see
Appendix A.5).

A.4 | Parameter Transforms

Microstructure model fitting needs to enforce physically reasonable
minimum and maximum values of parameters; for example, diffu-
sivities need to be positive. Here, the transforms used by Orton et al.
[16] are generalised to enable arbitrary minimum and maximum con-
straints. For a single parameter 6, its transform is defined as

0" =1og (0 — 0,,1,,) — 108 (0 o — ), (A12)

which maps the interval (6,,;,, 0, ) to R, allowing updates from uncon-
strained distributions in both the Gibbs and Metropolis-Hastings algo-
rithms. By defining the Bayesian prior on the transformed parameter
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', 0 is therefore constrained between 6,,;, and 8,,,,. The associated in-
verse transform is

0= exp (9,) emax + emin

1+exp(0) (A13)

For notational convenience, from here on, 8 denotes the transformed
parameter.

A.5 | MCMC Algorithm

The MCMC algorithm is derived here and given as pseudocode in
Algorithm Al.

A.5.1 | ROI-Wide Parameters

Following Orton et al. [16], the MCMC updates for the ROI-wide prior
parameters p,.x and X,.p are Gibbs moves. The conditional distributions
are (up to proportionality)

I

P(ul0y,, s yry,) H N (O > Z),

i=1

(A14)

where Hfi , denotes the product over all voxels in ROI k. By rearranging
the multivariate normal PDF so that g, is the variable, it is given that

I

[T 7 s 1020 = 7 (s m, v, (A15)
i=1
where
I
m=1I"" Z 0, and V =I'%,. (A16)
i=1
The MCMC updates are therefore sampled as
Hi ~ N (m, V), (A17)

where 4/ (m, V) is a multivariate normal distribution with mean m and
covariance V. Following the same steps for X, (full details in Orton et al.
[16]) gives the MCMC update:

e ~ WD, I, - N, — 1), (A18)

where W ~1is the inverse-Wishart distribution, N, is the number of free
model parameters to be fitted and

I

o= 36— m)O0;—m)"- (A19)
i=1

A.5.2 | Voxelwise Parameters

For the non-signal fraction voxelwise parameters the posterior distribu-
tion for voxel i in ROI k, up to proportionality, is

_ -N/2
P(xijlxi, —j {fi,c}ccﬂl’ His ) o [.V,-T.Vi _(.yiTgi)z/giTgi] ! N (05 pis i),
(A20)

where x;; is the jth parameter value, x; _; = {x; 1, ., X5 _ 1, X415 -5 X 7 |

denotes the set of all non-signal fraction parameters except x;;, and
{fi..}<; " are the signal fractions.
As in Orton et al. [16], this is sampled with a Metropolis—Hastings al-

gorithm. Proposed parameters, x;}, are first sampled from Gaussian dis-
tributions as

x,-f,- ~ ‘/V(xi,j’wxw)! (A21)

where x;; is the current parameter value and Wy, the proposal distribu-

tion variance, which should reflect the parameter scale and can be
tuned for optimal algorithm performance.

The acceptance probability utilises the ratio of the posterior distribu-
tions for x;; and x5

Cc-1

p(x:/ |xi,—j ’ {ﬁ,c },;Cz_ll > Mk » Zk)
s , (A22)
P(xXiglxi s {fied ey > i Zi)

a(x;; —>x[.’t/.):min{1

where the numerator and denominator are calculated using

Equation (A20).

MCMC moves for the signal fractions are the same, except that the pos-
c

terior distributions now contain the terms enforcing Y f, = 1:

c=1

Cc-1
—-N/2 .
by, -0Tg)*/gle] " it Y fie<1
c=1

P(fielXigs s Xipo iy — o i Zp)

0 otherwise
(A23)

where f; . ={fi1,...fie—1:fics1s .o fic} are the other signal fractions

apart from f; .. Again, proposed values are sampled as

Jie ~ N (ieowy ), (A24)

where f; . is the current signal fraction. The acceptance probabilities are

p (f:c Xi1s oo Xy Sime s B> Zie)
(A25)

P (fichkias -

a(fi, = f5)=min< 1
e ke 3Xi 7 o Jime s Mo > Zi)

A.5.3 | Metropolis—-Hastings Acceptance Ratio

Metropolis—-Hastings jumping variances are tuned during the first half
of the burn-in period (see Appendix A.5.4) to achieve an acceptance
ratio that efficiently samples the posterior distribution. Variances are
adjusted voxelwise for all compartment signal fractions, {wy, 1€~ and

c=1"
other parameters, {qu }j{:l. The tuning strategy of Orton et al. [16] is
extended here by applying the following update rule at every n, MCMC
steps:
wa(”s +1)

T lew)

where inj is the number of accepted updates for parameter x;; during

Wy

(A26)

the previous n steps and w;, is the target acceptance rate. Compartment
signal fractions are updated similarly:

Wf.;c(ns +1)

(Z e+ 0-r,))

The target acceptance rate is set to w, = 0.25[54], adjusting the jumping

Whe = (A27)

variances to aim for an acceptance rate of 25%.

A.5.4 | Burn-In

The burn-in period defines the first N, samples that are discarded
from the calculation of the posterior distribution. Removing these early
samples reduces biases introduced by low-probability regions and sub-
sequent large parameter fluctuations owing to poor initialisation, as
the posterior is estimated from the latter part of the chain that has con-
verged to a more stationary distribution.

16 of 17

NMR in Biomedicine, 2026



ALGORITHM Al. Pseudocode for hierarchical Bayesian model
fitting of a general microstructural model and the MCMC
algorithm used for inference.

for ROIs k=1 to k=K do
for voxelsi=1toi =1I, do

f(o)}cc 1 ,{x(O)} « LSQ estimates

end for
end for
(f@yc-1 (°> }jle « parameter transform (Equation A12)

c 1
Ng « number of MCMC steps
for stepss = 1to s = Ngdo
for ROIsk =1tok = K do
,u(ks) « sample using Equation (A17)
Zf) « sample using Equation (A18)
for voxelsi = 1toi = I, do
for parameters j=1to j=J do
xi*J « sample using Equation (A21)
a(x;; = x;;) < Equation (A22)
u < sample from Uniform (0, 1)

ifu < a then

(s)

x <—X

else

(s) (s—1)

x; i
end if
end for

for compartmentsc =1toc=C—1do

«— X.

f: < sample using Equation (A24)
off;,. — f;%) < Equation (A25)
u « sample from Uniform (0, 1)

ifu < a then

(s)
fie <1
else
(s) (s—1)
fie <L
end if
end for
£ 1= 3

if s mod n, =0and s <N,,,,/2 then
for voxelsi =1toi = I, do
for parameters j = 1to j =J do
w, < Equation (A26)
end for
for compartmentsc =1toC —1do
wy, < Equation (A27)
end for
end for
end if
end for

end for
end for

(e )<t {x(s) } « inverse parameter transform (Equation A13)
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